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The Mathematics of Computational Complexity
Lorenzo Ciardo

In a world where data processing, decision making, and – to a certain extent – high-level 
reasoning are being increasingly delegated to the machine, understanding the limits of efficient 
computation by describing the border line between tractability and hardness of computational 
tasks is becoming a scientific challenge of fundamental importance. The new developments 
of computational complexity theory have provided us with the mathematical tools to approach 
this challenge for a wide class of problems. Intriguingly, these mathematical tools are now 
proving powerful enough to explain phenomena observed beyond the classical theory of 
computation – in the realms of quantum physics.

The concept of computation is deeply 

rooted in human history. Since ancient 

times, we have devised methods to 

calculate, predict and reason systemat-

ically. And we have realised early on that 

some computational tasks seem to be 

much easier than others. Sorting a list of 

numbers in ascending order is straight-

forward, solving a system of linear equa-

tions is also manageable – but finding 

the optimal route to visit multiple cities 

while minimising the travel distance can 

be extremely difficult. What is the reason 

behind these differences? Is it simply 

because, for some problems, we have 

been clever enough to discover good 

procedures, while for others we haven’t? 

Or is there a deeper reason, something 

intrinsic to the nature of computation 

and the structure of the problems them-

selves rather than to our ingenuity?

The advent of computational complexity 

theory gave a decisive answer to these 

questions in the 1970s. The difficulty of 

certain problems is not merely a reflec-

tion of our current ignorance, for some 

computational tasks are inherently 

harder than others. We can exercise our 

creativity to solve tractable problems 

more efficiently, or to find approximate 

solutions to difficult problems, but there 

exist intrinsic bounds regarding what 

can and cannot be achieved via com-

putation – through both the algorithms 

we already know, and those that are 

yet to be found. A primary challenge for 

computer scientists is then to explore 

and describe the inherent complexity 

landscape of computational problems. 

How does the transition between 

“easy” and “hard” problems happen? 

Is there a sharp boundary between the 

two classes? Or are there problems of 

intermediate complexity, neither easy 

nor completely intractable? Assuming 

the widely believed “P≠NP” conjecture, 

such intermediate problems do exist. 

Yet, strikingly, most natural problems 

studied by computer scientists seem 

to fall on one side or the other. Either 

they admit an efficient (polynomial-time) 

algorithm – in which case, they are said 

to belong to the complexity class P – or 

they are at least as difficult as certain 

prototypical hard problems for which no 

efficient algorithm is believed to exist – 

and are thus named NP-hard. 

Figure 1: Constraint satisfaction problems can be described 
through the formalism of homomorphisms between relational 
structures. The figure illustrates one type of such homomorphisms, 
corresponding to the graph-colouring problem.  
Source: Author’s own illustration.
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t first glance, the Europe-

an AI Act which has been in 

force since February 2025 

has little impact on research on AI 

models and systems at universities 

as the AI Act expressly does not ap-

ply to AI systems or models devel-

oped solely for the purpose of sci-

entific research and development, 

as long as they are not placed on the 
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market or put into service. 

However, applied research on AI in 

collaboration with industry with the 

purpose of developing AI models and 

systems or prototypes thereof that will 

later be used by the industry partner 

obviously affects university researchers, 

who have to ensure that the research 

results meet AI Act regulations when 

further developed and put into service by 

the company partner. Already, low-risk 

AI systems have to meet requirements 

on transparency (users must be clearly 

informed about the use of AI), security (AI 

applications must not pose any risks to 

individuals or data), and data protection 

(GDPR also applies to AI applications if 

they are trained or used with personal 

data). For high-risk AI applications the 

demands are even higher: risk manage-

ment (to identify and minimize potential 

risks at an early stage), data quality 

and fairness (to ensure that training 

and test data are of high quality and 

do not promote bias or discrimination), 

human supervision (critical decisions 

must not be made entirely automatically, 

i.e., humans can intervene in the deci-

sion-making process), robustness and 

security (AI systems must be protected 

against external attacks and manipu-

lation, and regular security checks are 

required), and documentation (detailed 

records of how AI systems work and 

make decisions must be kept in order to 

demonstrate transparency in the event of 

regulatory audits). Given these complex 

requirements it seems mandatory that 

university researchers – from PhD stu-

dents and postdocs to professors – are 

systematically trained in the AI Act regu-

lations. This applies not just to computer 

science or information technology, but 

increasingly also to other engineering 

disciplines using AI techniques. How-

ever, currently there seems to be a lack 

of such training and also of qualified 

trainers at the university.

In this edition of TU Graz research, 

Lorenzo Cicardo, gives us some insights 

on his research. Enjoy reading!
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rtificial intelligence, new man-

ufacturing technologies, the 

switch to sustainable energy 

concepts, increasingly sophisticated 

measurement methods and global val-

ue creation networks characterise to-

day’s world and also have a decisive 

impact on the areas of mobility and 

production. 

In order to be optimally equipped for 

these future challenges, excellent and 

future-orientated research activities and 

the corresponding training of the next 

generation of engineers are an essential 

basis. 

This also requires a suffi cient number 

of long-term academic staff who have 

the ability to coordinate, steer and mo-

tivate international research projects and 

the people working on them, and also to 

communicate the new insights gained in 

the process to our students in an under-

standable way, together with the neces-

sary basic principles. Long-term employ-

ees are an essential requirement in order 

A

to maintain and continuously expand the 

knowledge and skills achieved by the re-

search groups.

The tenure track positions at TU Graz of-

fer precisely this opportunity to integrate 

highly qualifi ed scientists into research 

and teaching at TU Graz on a long-term 

basis. International calls for applications 

reach outstanding scientists who then 

may complete a comprehensive qualifi ca-

tion programme at TU Graz before being 

taken on permanently as associate pro-

fessors after around fi ve years. In addi-

tion to independent teaching, the estab-

lishment of a research group and the ac-

quisition of projects, a longer stay at for-

eign research institutions and a larger 

number of high-ranking publications are 

usually required. Also, a habilitation the-

sis must be written at the end of the pro-

gramme. Although fulfi lment of the qualifi -

cation agreement is challenging, it opens 

up the opportunity to implement your own 

ideas and new methods in research and 

to strengthen and expand existing ones.

With tenure track positions, TU Graz of-

fers young talented persons a clear ac-

ademic development path. In the global 

competition for the brightest minds, such 

a long-term commitment is presumed 

to be an important factor, even in our 

fast-moving times – especially in the fi eld 

of research and development – where a 

solid education and long experience in 

the fi eld of research are an essential foun-

dation for success.

The tenure track positions advertised 

and filled this year in the area of FoE 

Mobility & Production will significant-

ly strengthen expertise in current en-

vironmental topics at TU Graz. Markus 

Knoll was selected as the most suita-

ble candidate in the recently conclud-

ed selection procedure for the tenure 

track position “Measurement of traffic-

related emissions”. He will take up his 

position at the Institute of Electrical 

Measurement and Sensor Systems and 

will focus specifically on conducting re-

search into and recording particulate 

emissions from tyre, road and brake 

abrasion (non-exhaust emissions). With 

these activities, he will also strength-

en our TU Graz Lead Project NExT 

(Non-Exhaust Topics). You can read 

more about this and other exciting top-

ics that Markus Knoll will be developing 

at the institute in his article in this issue. 

We wish him all the best, every success 

in his new position and enthusiasm in his 

work, and we look forward to an exciting 

collaboration.

Over the decades, researchers have identifi ed 

many such classes of “natural” problems, that 

provably witness a P vs. NP-hard dichotomy. In 

particular, these include a very general type of 

problems involving constraint satisfaction, where 

the goal is to assign a fi nite number of labels or val-

ues to a given set of variables so that certain rules 

are satisfi ed. While this classifi cation of constraint 

satisfaction problems is itself a landmark achieve-

ment of computer science, an equally important 

outcome has been the mathematical machinery 

developed along the way. Indeed, as complexity 

theory evolved, researchers began to speak less 

about computers and more about structures and 

symmetries. The language of Turing machines 

and algorithms gradually gave way to that of alge-

bra, geometry and logic. Today, many complexity 

theorists are virtually indistinguishable from pure 

mathematicians – working on theories from har-

monic analysis, topology, or universal algebra to 

understand the limits of computation.

As often happens in mathematics, the increase in abstraction has been accompanied 

by a widening of the scope of the tools developed. Techniques originally introduced 

to explore the complexity landscape of constraint satisfaction problems have quickly 

started to illuminate fi elds far beyond classical complexity theory. A fascinating 

example of this phenomenon comes from the area of quantum physics. It is currently 

becoming clear that questions about the separation between quantum and classical 

models in physics and information theory, as well as the properties of quantum entan-

glement – such as those raised in the famous Bohr–Einstein debates on the nature 

of quantum mechanics – can be approached via a similar mathematical formalism to 

the one developed in the context of constraint satisfaction problems. This connection 

promises to bring a cross-contamination of techniques between quantum physics and 

constraint satisfaction theory, and it is currently becoming a remarkably active area of 

research at the intersection of computational complexity and quantum information.  

Figure 2: By associating tensor spaces to the algorithms for the solution of constraint 
satisfaction problems, it is possible to obtain information on the algorithms’ power 
via multilinear algebra. Source: Ciardo, L. and Živný, S., 2023. Approximate graph colouring and the 

hollow shadow. In Proceedings of the 55th Annual ACM Symposium on Theory of Computing (pp. 623-631). 

Figure 3: Illustration of quantum strategies in non-local games. Non-local games 
provide a common framework for studying both the complexity of computational 
problems and the emergence of non-classical phenomena such as non-locality and 
contextuality in quantum systems. Source: Author’s own illustration. 

Lorenzo Ciardo is an assistant 
professor at TU Graz, which he joined 
in 2025 to become part of the newly 
established Institute of Algorithms and 
Theory. Previously, he spent 4.5 years 
at the University of Oxford working 
as a senior research associate, after  
obtaining a PhD in mathematics at the 
University of Oslo in 2020. His research 
activity lies at the intersection of 
computational complexity, quantum 
information and discrete mathematics. 
A long-term goal of his work is to 
understand how far the algebraic and 
geometric methods from classical 
computational complexity can reach 
into quantum theory.
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