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The Mathematics of Computational Complexity
Lorenzo Ciardo

In a world where data processing, decision making, and – to a certain extent – high-level 
reasoning are being increasingly delegated to the machine, understanding the limits of efficient 
computation by describing the border line between tractability and hardness of computational 
tasks is becoming a scientific challenge of fundamental importance. The new developments 
of computational complexity theory have provided us with the mathematical tools to approach 
this challenge for a wide class of problems. Intriguingly, these mathematical tools are now 
proving powerful enough to explain phenomena observed beyond the classical theory of 
computation – in the realms of quantum physics.

The concept of computation is deeply 

rooted in human history. Since ancient 

times, we have devised methods to 

calculate, predict and reason systemat-

ically. And we have realised early on that 

some computational tasks seem to be 

much easier than others. Sorting a list of 

numbers in ascending order is straight-

forward, solving a system of linear equa-

tions is also manageable – but finding 

the optimal route to visit multiple cities 

while minimising the travel distance can 

be extremely difficult. What is the reason 

behind these differences? Is it simply 

because, for some problems, we have 

been clever enough to discover good 

procedures, while for others we haven’t? 

Or is there a deeper reason, something 

intrinsic to the nature of computation 

and the structure of the problems them-

selves rather than to our ingenuity?

The advent of computational complexity 

theory gave a decisive answer to these 

questions in the 1970s. The difficulty of 

certain problems is not merely a reflec-

tion of our current ignorance, for some 

computational tasks are inherently 

harder than others. We can exercise our 

creativity to solve tractable problems 

more efficiently, or to find approximate 

solutions to difficult problems, but there 

exist intrinsic bounds regarding what 

can and cannot be achieved via com-

putation – through both the algorithms 

we already know, and those that are 

yet to be found. A primary challenge for 

computer scientists is then to explore 

and describe the inherent complexity 

landscape of computational problems. 

How does the transition between 

“easy” and “hard” problems happen? 

Is there a sharp boundary between the 

two classes? Or are there problems of 

intermediate complexity, neither easy 

nor completely intractable? Assuming 

the widely believed “P≠NP” conjecture, 

such intermediate problems do exist. 

Yet, strikingly, most natural problems 

studied by computer scientists seem 

to fall on one side or the other. Either 

they admit an efficient (polynomial-time) 

algorithm – in which case, they are said 

to belong to the complexity class P – or 

they are at least as difficult as certain 

prototypical hard problems for which no 

efficient algorithm is believed to exist – 

and are thus named NP-hard. 

Figure 1: Constraint satisfaction problems can be described 
through the formalism of homomorphisms between relational 
structures. The figure illustrates one type of such homomorphisms, 
corresponding to the graph-colouring problem.  
Source: Author’s own illustration.
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t first glance, the Europe-

an AI Act which has been in 

force since February 2025 

has little impact on research on AI 

models and systems at universities 

as the AI Act expressly does not ap-

ply to AI systems or models devel-

oped solely for the purpose of sci-

entific research and development, 

as long as they are not placed on the 
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market or put into service. 

However, applied research on AI in 

collaboration with industry with the 

purpose of developing AI models and 

systems or prototypes thereof that will 

later be used by the industry partner 

obviously affects university researchers, 

who have to ensure that the research 

results meet AI Act regulations when 

further developed and put into service by 

the company partner. Already, low-risk 

AI systems have to meet requirements 

on transparency (users must be clearly 

informed about the use of AI), security (AI 

applications must not pose any risks to 

individuals or data), and data protection 

(GDPR also applies to AI applications if 

they are trained or used with personal 

data). For high-risk AI applications the 

demands are even higher: risk manage-

ment (to identify and minimize potential 

risks at an early stage), data quality 

and fairness (to ensure that training 

and test data are of high quality and 

do not promote bias or discrimination), 

human supervision (critical decisions 

must not be made entirely automatically, 

i.e., humans can intervene in the deci-

sion-making process), robustness and 

security (AI systems must be protected 

against external attacks and manipu-

lation, and regular security checks are 

required), and documentation (detailed 

records of how AI systems work and 

make decisions must be kept in order to 

demonstrate transparency in the event of 

regulatory audits). Given these complex 

requirements it seems mandatory that 

university researchers – from PhD stu-

dents and postdocs to professors – are 

systematically trained in the AI Act regu-

lations. This applies not just to computer 

science or information technology, but 

increasingly also to other engineering 

disciplines using AI techniques. How-

ever, currently there seems to be a lack 

of such training and also of qualified 

trainers at the university.

In this edition of TU Graz research, 

Lorenzo Cicardo, gives us some insights 

on his research. Enjoy reading!


