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Abstract

In the recent past Dirac operators with d-shell interactions on surfaces have been of
special interest. The interest in these operators stems from theoretical physics since
Dirac operators are used to describe particles with spin 1/2 and also comply with
the theory of relativity. Additionally, J-potentials are frequently applied in dealing
with highly localized potentials. However, so far, most publications assumed smooth
surfaces or at least C2 surfaces. The goal of this thesis is to study Dirac operators with
d-shell interactions on Lipschitz and C! surfaces. In the present thesis we discover
that for the case of C! surfaces a majority of the results regarding self-adjointness,
spectrum and the resolvent of Dirac operators with d-shell interactions can be proven.
Moreover, in a lot of cases the results can even be carried over to Lipschitz surfaces,
particularly including the confinement case and the case of purely Lorentz scalar -
shell interactions. The basis of the successful treatment of those operators comes from
studying integral operators on Lipschitz surfaces. Furthermore, the theory of quasi
boundary triples helps to connect integral operators and Dirac operators which allows
us to make use of the obtained properties for integral operators.

Zusammenfassung

In der jiingeren Vergangenheit waren Dirac Operatoren mit d-Interaktionen auf Flachen
im Raum von besonderem Interesse. Dieses Interesse kommt aus der theoretischen
Physik, da Dirac Operatoren Partikel mit Spin 1/2 beschreiben und gleichzeitig mit
der Relativitdtstheorie kompatibel sind. Des Weiteren werden d-Potentiale verwendet,
um stark lokalisierte Potentiale zu modellieren. Bisher wurden dabei hauptséchlich
glatte Flichen oder zumindest C? Flichen betrachtet. Ziel dieser Arbeit ist es, den
Fall von Lipschitz bzw. C! Flichen zu analysieren. Wir finden heraus, dass ein Grofteil
der aus dem C? Fall bekannten Resultate beziiglich Selbstadjungiertheit, Spektrum und
Resolvente sich ebenso fiir C! Flichen zeigen ldsst. AuBerdem konnen in vielen Fillen
diese Resultate auch fiir Lipschitz Flichen bewiesen werden. In diesen Féllen sind
Lorentz-Skalare Potentiale und der Fall des eingesperrten Partikels inkludiert. Der
Grundstein der erfolgreichen Behandlung von Dirac Operatoren mit d-Interaktionen
auf Flachen wird durch das Studium von Integraloperatoren auf Lipschitz Flachen
gelegt. Dabei hilft uns die Theorie von Quasi Randtripel bei der Verbindung von
Integraloperatoren und Dirac Operatoren.
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Introduction

The Dirac operator plays an important role in modelling particles with spin 1/2. Dirac
successfully introduced this operator to describe particles in a quantum mechanical
framework that also takes the theory of relativity into account. From this point of
view the Dirac operator can be seen as a relativistic counterpart of the Schrédinger
operator. He also deduced that L?(R3;C?) is the fitting Hilbert space in this realm.
The Dirac operator in an external field has the general form

3
. 0
=1

in natural units, where the reduced Planck constant and the speed of light equal
one, see [38]. Moreover, ay, s, az, 3 € C** are the self-adjoint Dirac matrices, their
explicit form can be found in Definition [2.30] m € R represents the mass of the particle
and V' denotes a potential which models the external field. In this thesis we focus on
singular potentials of the form

V = (nly + 76)ds (0.2)

with 7,7 € R and I; denoting the identity matrix in C**%. Here, the potential d,
represents a singular potential supported on a compact surface in R? and the two in-
teraction strengths 1 and 7 correspond to electrostatic and Lorentz-scalar potentials,
respectively. Such potentials are called d-shell potentials and are used to approximate
strongly localized potentials. They are a standard tool in the context of Schrodinger
operators and are also valuable for Dirac operators, especially since [27, [36] 39] show
that Dirac operators with d-shell potentials can be interpreted as limits of Dirac oper-
ators with squeezed potentials. Here, it is worth mentioning that [36], B9] consider the
one-dimensional Dirac operator and [27] treats the three-dimensional Dirac operator.

Dirac operators with d-shell interactions have been studied in a wide range of publica-
tions, cf. [2, 3[4 6l [7, 9 23], mostly focusing on the case of C? surfaces. However, the
case of non-smooth surfaces did not get much attention in the literature. Noteworthy is
the paper of Arrizabalaga, Mas and Vega [2] where in Remark 3.4 it is mentioned that
the C? restriction could be weakened to C'. Moreover, [25] 34] discuss two-dimensional
Dirac operators in domains with non-smooth boundaries. In [25] Dirac operators in
polygons with boundary conditions are treated and in [34] Dirac operators with J-shell
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interactions on piecewise C? boundaries are considered.

The main goal in this thesis is to study three-dimensional Dirac operators with o-
shell interactions on Lipschitz and C! surfaces. In order to do so we apply the theory
of quasi boundary triples, which was introduced by Behrndt and Langer in [12, [13],
as framework. This theory allows us to reduce the problem of self-adjointness mainly
to the treatment of operators on boundaries which are in our case singular integral
operators on surfaces. The construction of a quasi boundary triple includes the choice
of fitting domains for Dirac operators. Roughly speaking, if we choose the domain of
the Dirac operator such that it is contained in a Sobolev space of order s, then the do-
main of the singular integral operators is contained in a Sobolev space of order s —1/2.
Since the singular integral operators are best understood, particularly for non-smooth
surfaces, in the context of L? spaces analogous to [34] we choose s = 1/2. Hence, in
contrast to the most common choice s = 1, as for instance in |7, 10} 22| 23], we are not
able to use the classic trace theorem in our situation and therefore have to formulate
an appropriate trace theorem. For proving the trace theorem we use the ideas from
[8]. After rigorously defining Dirac operators with d-shell interactions in we once
more discuss the aspect regarding the Sobolev regularity in the domains from a differ-
ent point of view. To study the mentioned singular integral operators in L? we use the
work of Coifman, McIntosh and Meyer [14] on Cauchy integrals on Lipschitz curves as
well as the work of Axelsson, Grognard, Hogan and McIntosh [5] concerning harmonic
analysis of Dirac operators on Lipschitz domains. Besides proving the self-adjointness
the quasi boundary triple also helps us to examine the spectrum of Dirac operators
with d-shell interactions. Thereby, we mostly rely on methods which are well known
from the C* case and can be found e.g. in [22].

Next, let us introduce and discuss the main objects of this thesis in more detail.
We assume €2, C R? to be a Lipschitz domain with compact boundary, Q_ := R3\ Q
and ¥ := 02, = 02_. Then, the Dirac operator with d-shell interactions is formally
given by

A, =—i(la- V) +mpB+ (nly + 76)ds, (0.3)
where (a-V) =30 | O‘la%, and 0s f = 3(f4|s+f-|g). Here, fi denotes the restriction
of f to Q4. In the rigorous definition of A, , as an operator in L*(R*; C*) the dx-
interaction is modelled by jump conditions for functions in the domain of the operator
A, -. In the following, we want to motivate these jump conditions. Interpreting A, - f
as a distribution yields for a test function g € D(R3; C*)

L 1
uetog) = [ i@ Dgems-ydor [ alitt0)3(Fuls+ L 1s) - gdo(a). 04)
R b
On the contrary, since dx, is only supported on ¥ we have

A, =—i(a-V)+mp in Q. (0.5)
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Hence, integration by parts gives us

(Ayof.g) = / “i(a-V)f-g+mBf-gdu
200y (0.6)

- f-i(a-V)ngmfﬂgdx—/i(a-V)(f+!z—fIz)-ng(fC),
R3 >

where v denotes the unit outward normal vector of 2, and a- v = Zf’zl aqv;. Com-

paring (0.4) and for all g € D(R3; C*) shows

() (fils = FIs) + T+ 7B) (fols + F ) =0on S (0)

Based on these heuristic considerations we rigorously define the Dirac operator with
0-shell interactions through

domA,, ={f=f.®f € HY Q. CYH e HY(Q_;CY) -
(a-V)fe € L*(Q4;CY) and f fulfills (0:7) } € L*(R%; CY)  (0.8)
Ay f = (—i(a-V)+mpB) f+ & (—i(a-V)+mpB) f- VfedomA,,,

where H'/2(Q.;C*) denotes the Sobolev space of order 1/2 on Q.. Historically, such
operators were firstly considered in 1989 by Dittrich, Exner and Seba in [16] where they
studied Dirac operators with d-shell interactions on spheres. There, they proved self-
adjointness for all n, 7 € R. After a twenty-five year long period with little progress,
Arrizabalaga, Mas and Vega successfully proved self-adjointness of A, , for general C?
smooth surfaces and all n* — 72 = 4 in [2, B]. Such a configuration of the interaction
strengths is called non-critical and the configuration 1n*> — 72 = 4 is called critical.
This distinction is made due to the fact that some theoretical tools fail to work in the
critical case. Moreover, on the basis of the results from [I1], where two-dimensional
Dirac operators are considered, one can not expect the same spectral properties as well
as any Sobolev regularity in dom A, ; in the critical case. Due to these difficulties the
critical case has been excluded in most publications concerning Dirac operators with
d-shell interactions, cf. [2l [3] 4] [6 [7) 23]. In general, the question of self-adjointness of
A, - in the critical case is still open, even for smooth domains. However, in the last
few years this case got more attention and was examined in [9} 1T], 32]. In the present
thesis the critical case is excluded.

Before we summarize the main results of this thesis, let us come back to the discussion
of the Sobolev space order in dom A, ,. For C? surfaces one can show that in the non-
critical case the domain dom A, , is contained in H'(Q2;;C*) & H'(Q_;C*), see [22,
Definition 4.2.1 and Theorem 4.2.3]. Thus, changing the order of the Sobolev spaces
from 1/2 to 1 in would not change the domain of A, ,. However, due to [25],
Theorem 1.2 (ii)] one can not expect this behaviour for interactions on non-smooth
surfaces and therefore it is necessary to work with Sobolev spaces of lower order.
Now, we turn to the discussion of the main results of the present thesis.
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Theorem 0.1. Let Q0 be a Lipschitz domain. Then, there exists a constant M >
such that for n* — 7> ¢ [ﬁ, 16M} the following assertions hold:

=

(i) The operator A, ; is self-adjoint.
(i) Oess(Apr) = (=00, —[m[] U [Im], 00).
(111) 0g4isc(An,-) is finite.

(iv) For A € C\R the difference (A, —\)"*— (Ao —A)~* belongs to the trace class,
i.e. the singular values of (A, — N)™* — (Ago — \)™* are summable.

Moreover, if QU is aC' domain, then M = 1, i.e. the assertions hold for all n*—72 # 4.

The statements and proofs of Theorem [0.1] can be found in Theorem [5.8 and Theo-
rem . Theorem answers the question of self-adjointness of A, . and gives us
information about the spectrum of A, ; for a wide variety of interaction strengths.
Furthermore, item (iv) of Theorem serves as a valuable basis in scattering theory.
We see that for C! domains the self-adjointness can be shown for all non-critical inter-
action strengths. Hence, the results are similar to the results on smoother domains.
In order to stress the significance of Theorem we formulate two corollaries, where
we consider two important special cases. Namely, the confinement case (n? — 72 = —4)
and the purely Lorentz-scalar case (n = 0). Let us start with the confinement case.

Corollary 0.2. Let Q. be a Lipschitz domain. If > — 1> = —4, then the operator A, ,

is self-adjoint and the interface condition (0.7)) can be decoupled into the two boundary
conditions

(i—z(oz : l/) + %(T]I4 + Tﬂ)) f:I:|E =0 on X. (09)

The proof of Corollary [0.2] is stated in Theorem [5.10} In such a configuration of the
interaction strengths, due to the decoupling of the interface condition, the boundary X
becomes impermeable for particles. This phenomenon is also discussed in [3] Section 5],
[22] Remark 4.2.2.] and [7, Lemma 3.1]. Dirac operators with boundary conditions as
in are treated in [10] 22] and are used to describe relativistic particles in domains
as in the quark gluon confinement. Moreover, two-dimensional Dirac operators with
such boundary conditions are called quantum-dot operators and are used to describe
graphene, cf. [25 [34]. Corollary directly implies the self-adjointness of Dirac
operators with boundary conditions as in ([0.9).

The upcoming corollary considers the case of purely Lorentz-scalar interactions.

Corollary 0.3. Let Q. be a Lipschitz domain and 7 € R. Then, Ay, is self adjoint
and, in addition to the assertions in Theorem[0.1], the following statements hold:

(i) A€ 0(Ap,) if and only if —\ € o(Ao.).
(i) The discrete eigenvalues of Ao, have even multiplicity.
(iii) If Tm > 0, then ogisc(Aor) = 0.
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This corollary is shown in Theorem [5.12| and deals with potentials that can be writ-
ten in the form V = 780y and therefore are invariant under Lorentz transformations.
Such potentials are considered in [23] for interactions on smooth surfaces in R? and
in [34] for interactions on piecewise smooth closed curves in R? in further detail. Our
main takeaway from Corollary [0.3]is that the Lorentz-scalar case is fully covered by
Theorem for all 7 € R without assuming additional smoothness of the surface.

Finally, we give a short overview on this thesis. In the first chapter we introduce
necessary notations and theoretical tools which we apply in subsequent chapters. Af-
ter that, we study Sobolev spaces in Chapter 2] There, Sobolev spaces for Dirac
operators are to be highlighted. In this thesis they are the domains of Dirac operators
and allow us to state an extended trace theorem. Afterwards, in Chapter [3] we focus
on the significant topic of integral operators. We study singular integral operators on
Lipschitz and C! boundaries. There, the compactness result of Theorem is espe-
cially important. It allows us to imply that Dirac operators with d-shell interactions
on C! boundaries are self-adjoint for > — 72 # 4 which is a similar result as known
for C? domains. Chapter 4] deals with the free Dirac operator, i.e. the Dirac operator
without a potential, and the construction of a quasi boundary triple for Dirac opera-
tors with interactions on the boundary. This construction succeeds due to preliminary
work done in previous chapters. In the last chapter we use Fredholm theory in order
to prove self-adjointness of A, , for Lipschitz and C' domains. Finally, we discuss
special choices of the interaction strengths n and 7 and deal with differences of powers
of resolvents which are important with respect to scattering theory.






1 Preliminaries

In this chapter we set the stage for this thesis. First, we introduce important nota-
tions, then we deal with different types of operators. Thereafter, we introduce quasi
boundary triples which are an important tool in finding self-adjoint extensions of sym-
metric operators. Last, we define Lipschitz domains and the non-tangential trace of
functions on Lipschitz domains.

1.1 Notations

We fix frequently occurring notations which may be not clear at first sight or deviate
from standard notations.

The natural number n > 2 always denotes the space dimension of the vector space R".
With ¢' > 0 we mean a generic constant which may change in-between lines.

For z € C\ R, we choose the square root such that Im z > 0.

The symbol |-| denotes the modulus of a scalar, the 2-norm of a column vector or the
matrix norm induced by the 2-vector norm. Moreover, || » for 1 < p < oo denotes the
p-norm of a column vector or the matrix norm induced by the p-vector norm. For two
column vectors a, b of the same length k£ we set the dot product to be a-b = Zle aby.
Furthermore, if a = (a1, as,...,ax) is a tuple with values in a complex vector space,
a - b also represents the expression Zle ab;.

Let V be a normed space. Then, we define VV* to be the dual of V' and call the term
v+(f,v), = f(v) the duality product of f € V* and v € V. If W is an additional
normed space, we write V' x W for the Cartesian product of the two normed spaces

and endow this space with the norm |-, .,y = \/|I-[[i- + [|-|I5. Moreover, we write
L(V, W) for the set of bounded linear operators mapping from V' to W.

The expression (-, -);, denotes the inner product of a Hilbert space H. Here, we assume
that (-, -)H is antilinear in the first argument. If G is also a Hilbert space, then G ® H
expresses the outer orthogonal sum of G and H.

If we do not mention a specific measure in context of measure and integral theory, we
are talking about the Lebesgue measure.

15
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1.2 Fredholm Operators

We discuss Fredholm operators and state the Fredholm alternative in Theorem
Furthermore, Theorem [1.2]shows that compact perturbations do not change the Fredhlom
index. For a deeper investigation on Fredholm operators, see [28, Chapter 2].

In this and in the two upcoming sections we assume H;, Ho and Hs to be Hilbert
spaces.

Definition 1.1. Let F' : H; — H, be a linear and bounded operator. We call F' a
Fredholm operator if

(i) ran F' is closed in H, as well as
(ii) dim(ker F') < oo and dim(Hy/ran F') < oo.

In this setting we define the Fredholm index as
index(F) := dim(ker ') — dim(#Hz/ran F'). (1.1)
We make use of the next two theorems in this thesis.

Theorem 1.2. [28, Theroem 2.26] Let F' : Hy — Ha be a Fredholm operator and
K : Hi — Hy be a linear compact operator. Then, F' 4+ K s also Fredholm and
index(F + K) = index(F).

Another well known result corresponding to Fredholm operators is the Fredholm alter-
native. We state a form of the Fredholm alternative which is fitting for our applications.

Theorem 1.3. [28, Theroem 2.27] Assume that F : Hy — Ha is Fredholm with
index(F') = 0. There are two mutually exclusive possibilities:

(i) The homogeneous equation Fu = 0 has only the trivial solution u = 0. Moreover,
in this case the operator F is bijective.

(i) The homogeneous equation Fu = 0 has exactly p € N linearly independent solu-
tions uy, U, . . ., Up.

1.3 Closed Operators and Their Spectra

In this section we recall some basic definitions regarding closed operators and their
spectra. Therefore, let us assume throughout this section that S : H; D dom S — H,
is a closed operator, i.e. G(S) ;= {(z,Sz) : x € dom S} is closed in H; x Hs.

Definition 1.4. The set
p(S):={AeC:(S—N)""eL(HHi)} (1.2)

is said to be the resolvent set of S and o(S) := C\ p(S) is called the spectrum of S.
Furthermore, we define the set of eigenvalues as the point spectrum o,(S) C o(S).
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Next, we introduce the adjoint operator.
Definition 1.5. Let dom S be dense in H;. Then, we define the adjoint operator

dom S* := {g € Hy : I¢* € H; such that (Sf,9)u, = (f,97 )y, Vf € dom S} 13)
S*g:=g". '

Moreover, if H = H; = Hy and S C S*, we call S symmetric and if S = S*, we call S
self-adjoint.

In case of self-adjoint operators it is a well-known fact that the spectrum is real.
Furthermore, in this setting we present two further spectral sets.

Definition 1.6. Let S = 5™ be a linear operator in the Hilbert space H. Then,
Oaise(S) == {\ € 0,(5) : dim(ker (T'— \)) < oo and A is isolated in o(S)}  (1.4)

is the discrete spectrum of S and oe(S) = 0(9) \ daise(S) is called the essential

spectrum of S.

A relevant result concerning the essential spectrum reads as follows.

Theorem 1.7 ([35, Theorem 8.12]). Let A = A* and B = B* be self-adjoint operators
n H. If

(A=)t = (B—p)! (15)
is compact for a p € p(A) N p(B), then Oess(A) = Oess(B).

1.4 Schatten-von Neumann Ideals

In order to qualify compact operators, we use the so-called weak Schatten-von Neu-
mann ideals. Therefore, we assume K : H; — Hs to be in the set of compact operators
from H; to Ha, Soo(H1, Hz). Then, there exists a unique decreasing sequence of sin-
gular values s1(K) > so(K) > s3(K) > ... . It is well known that

si(K) = Vsi(KK*) = V/si(K*K) = si(K”) (1.6)

for { € N. Here, N = {1,2,...,k} in case of k € N singular values and N = N in
case of infinetly many singular values. Before we introduce the Schatten-von Neumann
ideals we define the trace class.

Definition 1.8. We call the set

61(7{1,?‘[2) = {K S 600<H1,7'[2) : ZSZ(K) < OO} (17)

lEN

trace class. For K € &1(Hy, Ha) we define the trace of K as

tr K=Y s(K). (1.8)

lEN
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Definition 1.9. Let 0 < p < co. Then, we define the weak Schatten-von Neumann
ideal of order p

Spoo(Hi, Ha) = { K € Goo(H1, Ha) : (I"7s1(K))ien is bounded} . (1.9)
We summarize some important properties of these ideals in the next theorem.

Theorem 1.10. Let 0 < p,q,r < co. Then, the following assertions are true:
(1) The inclusion &, (H1,H2) C Suo(H1, Hz) holds.
(i) If p <1, then &, o0(H1, Ha) C &1(Hi, Ha).
(111) If p < q, then &, o(Hi1, H2) C Sy o0(Hi, Ha).
(iv) If S, T € Spoo(H1,Hz), then S+ T € Sy oo(Hi, Ha).
(v) ]f%—k% =1 .8€6, (Mo, MHs) and T € Syoo(Hr, Ha), then ST € S, oo (H1, H3).

Proof. The first three assertions are trivial. Item (7v) and item (v) can be found in
[33, Theorem 2.2.5. and Theorem 2.2.9], respectively. O]

1.5 Quasi Boundary Triples

Quasi boundary triples are a useful tool in studying self-adjoint extensions of a sym-
metric operator and spectral properties of those extensions. They were introduced by
Behrndt and Langer in [12] [13] as a generalization of boundary triples and are mostly
applied on differential operators with boundary or interaction conditions. In this the-
sis we use the theory of quasi boundary triples to treat Dirac operators with singular
interactions on the interface.

Throughout this section S denotes a densely defined closed symmetric operator in the
Hilbert space H.

Definition 1.11. [13| Definition 6.10] A triple (G, Iy, I';) is said to be a quasi bound-
ary triple for the operator S* if G is a Hilbert space and there exists an operator T
such that T'= 5§* and I'y,I'; : domT — G are linear mappings satisfying

1) (Tf,9)y — (. Tg)y = (L'1f,Tog)g — Tof,T19); Vf,g€domT,
(ii) ran (Tp,T)7 is dense in G x G and
(iii) Ao :=T | ker[y is self-adjoint in H.

For A € p(Ap) it is easy to see that dom 7" can be decomposed into the direct sum

domT = dom Ag + ker (T'— \) = ker I'g + ker(T" — \). (1.10)

In this case we can introduce two further operators.
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Definition 1.12. Let (G,To,I';) be a quasi boundary triple for S* = T. The two
operator valued functions v and M defined through

p(Ag) 3 A — (T [ ker (T — )~

and p(Ap) 3 A — I'1y(N) (1.11)

are called y-field and Weyl function, respectively.

The ~-field and Weyl function are well defined due to (1.10). We note that () is a
mapping from G, := ran Ty to ker (7"—\) and M (\) maps from Gy to G; :=ranl'y. The
two upcoming theorems list properties of these two functions which are beneficial with

respect to this thesis. The proofs can be found in [26, Propostion 2.11 and Lemma
2.12].

Theorem 1.13. Let (G, Ty, T1) be a quasi boundary triple for S* = T. Then, for
A\ 1€ p(Ap) the following claims hold true:

(i) ¥(\) is a densely defined operator from G to H. Moreover, the adjoint of ()
satisfies the formula

YA =T (A — AL (1.12)

(ii) M(N) is a densely defined operator in G, M(\) C M(X\)* and
(M(A) = M(@)p = A=Wy Ve € Go. (1.13)

Next, we focus on the differentiability properties of M and . Therefore, we introduce
the following notation. We say that a function A mapping from an open set O C C
to a separable Banach space V' over C is holomorphic in A € O if the limit

AN = Ap)

lim _
— p

lim = (1.14)

exists.

Theorem 1.14. Let (G,Ty,T'y) be a quasi boundary triple for S* = T. Then, the
mappings p(Ag) 2 X — (N and p(Ag) 2 X — M(N)¢ are holomorphic for all
v € Go. Furthermore, for A € p(Ap) and k € N the identities

(i) Lr () = ky(N)*(Ag — V)7,
(ii) Trv(N)p = kl(Ag — N Fv(N)p Vg € Gy and
(iii) LM\ = K01 (Ag — N Fy(N)p Vo € G

are valid.
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In order to study self-adjoint extensions of S, we introduce the operator
AB =T [ker(FO—FBFl), (115)

where B denotes a linear operator in G. In the following theorem we state a version
of Krein’s resolvent formula and investigate the relationship between Ag and B.

Theorem 1.15 ([6, Theorem 2.4.]). Let (G,I'0,I'1) be a quasi boundary triple for
S* =T and B be a linear operator in G. Then, for all X € p(Ag) one has

ker(Ap — A) = {v(N)¢ : ¢ € ker(I — BM()\))} (1.16)

and, in particular, X € o,(Ag) if and only if —1 € o,(BM(X)). Furthermore, if
X € p(Ap) is not an eigenvalue of Ap, then the following assertions hold:

(i) g € ran (Ap — \) if and only if By(A)*g € dom (I + BM(\))~*.
(i1) For all g € ran (Ap — \) we have
(A = N)7'g = (Ao = N)'g (NI + BM(N) ' By(N)'g. (1.17)
If B is a bounded self-adjoint operator and (I+BM(\+))~' € L(G) for Ao € CE, then

Ag is a self-adjoint operator in H and (1.17) holds for all X € p(Ag) N p(Ap) and all
geH.

1.6 Lipschitz Domains

As already mentioned, Lipschitz domains play an essential role in this thesis. There-
fore, we introduce them in this section. Let us start with some definitions.

Definition 1.16. Let ¢ : R®! — R be a Lipschitz continuous function. Then, Q is a
Lipschitz hypograph if it can be written in the following form

Q= {a: = (j;) 2 RV g, < C(:v')} . (1.18)

Definition 1.17. Let H be a hyperplane in R”, v the unit normal on H, 7 > 0 and
r > (0. The open cylinder with center xq € H is defined as

Crr(vo,v) ={xeR" 1o =01 +tv,zy € H,|x; —x0| <1t € (—T7,7)}. (1.19)

Definition 1.18. We say () has Lipschitz character at zq € X := 00 if there exists
a hyperplane H, xg € H, r > 0, 7 > 0 and a Lipschitz function { : H — R, with
Lipschitz constant L, such that

Cor(xo,v)NQ={z =21 +tv €Cprr(xo,v): 21 € Ht € (—7,7),t < ((x1)} (1.20)
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and ((zo) = 0. Moreover, we call the rigid motion which maps C, (o, ) to C, (0, e,)
Kz, and define the boundary function (., : R"~! — R through

Coo(@') 1= Z(@(} ("’S)) va' e R™ 1 (1.21)

Definition 1.19. Let 2 C R” be an open set in R” and ¥ = 02 be compact. We call
) a Lipschitz domain if every zy € ¥ has Lipschitz character.

Remark 1.20. If the boundary functions ¢, : R*~! — R are C* and all their derivatives
up to order k are bounded, then we call Q a C* domain.

The surface measure o of Lipschitz domains is the (n — 1)-dimensional Hausdorff
measure H" ! restricted to ¥. On Cr.r(z9,v) N3 we can compute the surface measure
of V.C C, -(xo,v) N Y with the formula

o(V) = / V1 + |V, (2)]2 da’. (1.22)
Qrag (V)

Here, ) maps z = ((x’)T,xn)T € R" to 2’ € R"'. Moreover, for f € L'(X) we can
calculate the integral via

/V f(z)do(z) = /Q i f (m;(} ( g;(;;’))) V14|V, (2) 2 do. (1.23)

Another important property of the Lipschitz domains is the g-a.e. existence of the
unit outward normal vector, which we denote v.

1.7 Non-Tangential Trace

The non-tangential trace is an important concept with respect to traces of functions in
Lipschitz domains. First, we introduce the non-tangential neighbourhood as follows.

Definition 1.21. Let £ > 0 and €2 C R" be a Lipschitz domain. Then, for x € ¥
Fha@)={z€Q:|z—2| < (1+k)dist(z,X)} (1.24)
denotes the non-tangential neighbourhood of x.

Now, we are able to define the non-tangential supremum as well as the non-tangential
trace.

Definition 1.22. Let k > 0, r € N, Q C R” be a Lipschitz domain and u : 2 — C”
be an arbitrary function. Then, the non-tangential supremum is defined as

(Naoqu) (z) := sup |u(z)] forxz e X. (1.25)

z€l,, o(x)
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Definition 1.23. Let x > 0, r € N, Q C R” be a Lipschitz domain and u : 2 — C”
be an arbitrary function. Then, the non-tangential trace is defined as

ulh(z) = lim u(z) forzeX (1.26)

z€l'; o(x)

if the limit exists. Moreover, we say u|%" exists o-a.e. if there exists a k > 0 such
that the limit in ((1.26)) exists for g-a.e. © € X.

Within this realm we have an extended version of the divergence theorem.

Theorem 1.24 (|29 Propositon 2.4.]). Let Q2 C R" be a bounded Lipschitz domain and
assume that U € L},.(Q,C") such that div U = >_,", o,U; € LY(Q). If, in addition,

loc

NeoU € LY(X) and U|E" exists o-a.e., then

/E u(z) - U2t () do(z) = / div U(z) dz. (1.27)

Q



2 Sobolev Spaces

The main object of this thesis are partial differential operators. In such a setting
Sobolev spaces are indispensable. In the first part of this chapter we deal with classic
Sobolev spaces. Afterwards, we discuss certain Sobolev spaces which are important in
the context of this thesis.

2.1 Classic Sobolev Spaces

We present different types of Sobolev spaces on open domains. Here, we base our
presentation on |28, Chapter 3| and refer to that book for a broader and more in-
depth treatment of Sobolev spaces. We focus on definitions and statements which are
helpful with respect to this work. Let us start with Sobolev spaces defined via weak
derivatives.

Definition 2.1. Let r € Ny, p € [1,00] and © C R™ be open. Then,

W2 () :={ue LP(Q) : 0u € LP(Q) Ya € Ny with |a|, < r} (2.1)

p

and the corresponding norm is defined by

1/p
lllwy oy = | D 10%ulfoe) (2.2)
la]; <r
in case of p < oo and
lellwy ) = Sup 10%w]l oo ) (2.3)

in case of p = oo.

Remark 2.2. The Sobolev spaces defined in Definition are Banach spaces and if
p =2, W3(Q) is a Hilbert space. From now on, we omit the index p if p = 2.

There is also another way to introduce Sobolev spaces, namely with help of the Fourier
transform which is defined through

(F(E) = s f(x)e ™ 2™" dy V& € R” (2.4)

23
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for f € L'(R™). Moreover, the Fourier transform can be extended to the dual of
the Schwartz space S*(R") and defines a unitary mapping in L*(R"). We use the
same notation for the Fourier transform defined by and its extension. The state-
ments about the Fourier transform can be found in section "Fourier Transforms” of
[28, Chapter 3].

Definition 2.3. Let s € R. We define the Sobolev space of order s
H®R) = {ues®): (1+|) Fue R} (2.5)
and endow it with the scalar product

wwmwy:«H+ﬁmﬂMLWﬂwf®wm Vu,v € HY(R").  (2.6)

Remark 2.4. It is worth mentioning that H ~*(R") is an isometric realization of (H*(R"))*,
see [28, Eq. (3.22)].

For open subsets of R™ we present another class of Sobolev spaces.

Definition 2.5. Let s € R and {2 C R™ be open. We define
H*(Q) :={u e D*(Q):3U € H*(R") such that U|g = u} (2.7)

and the corresponding norm

|

o) =, _inf )HU| Hs(Q)" (2.8)

UecH*(R™
Ula=u

In many cases the following theorem shows that different approaches in defining
Sobolev spaces yield the same spaces with equivalent norms. It reads as follows.

Theorem 2.6. Let Q2 C R"™ either be a Lipschitz domain or 2 = R™ and r € Ny.
Then,
Wr(Q)=H"(Q) (2.9)

and their norms are equivalent.

Proof. The proof for = R" can be found in [28, Theorem 3.16]. If € is a Lipschitz
domain, combining Theorem 3.18 and Theorem A .4 from [28] proves the statement. [

Theorem comes in handy since, depending on the situation, both definitions prove
to be useful. It is well known that D(R™) is densely contained in H*(R"), see e.g.
section "Sobolev Spaces - First Definition” in [28, Chapter 3]. This property generally
does not hold for open sets, but we have the following density statement for Lipschitz
domains.
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Theorem 2.7. Let s > 0 and 2 C R™ be a Lipschitz domain. Then, the set
D(Q) := {u: 3U € D(R") such that Ulg = u} (2.10)
is densely contained in H*((2).

Proof. See [28, Theorem 3.21 (i)]. O

We introduce the spaces H3(Q) and W7 (). They can be interpreted as Sobolev spaces
containing functions which vanish at the boundary.

Definition 2.8. Let s € R and {2 C R" be open. Then,

H(Q) = D) e, (2.11)
Moreover, for r € Ny we define the space

W (Q) = D) e, (2.12)

Remark 2.9. Certainly, applying Theorem gives us Hj(Q2) = WT(Q) for Lipschitz
domains and r € Ng.

The last classic Sobolev space on open domains we work with is defined as follows.

Definition 2.10. Let s € R and 2 C R™ be open. Then,
() := D(oy e, (2.13)

Remark 2.11. Although not explicitly mentioning it, all Sobolev spaces we introduced
are complete, making them Banach spaces or even Hilbert spaces. This is a well-known
fact and can be found in the sections "Sobolev Spaces - First Definition” and "Sobolev
Spaces - Second Definition” in Chapter 3 of [28].

In case of Lipschitz domains there exist interesting relations between the different

types of Sobolev spaces.

Theorem 2.12. Let s € R and Q2 C R™ be a Lipschitz domain. Then, the following
assertions hold true:

(i) The sets H*(Q) and {ue H*(R") : suppu C Q} are equal.
(i) The mapping

H™*(Q) = (H*(Q))"

2.14
u+— F, ( )

with Fy(v) :=pg-s@n) (@, V) gogn), where V€ H*(R") and Vg = v, is isometric.
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(11i) The mapping

(@) = (T()

2.15
u— Gy ( )

with G (V) ==pg-s@n) <U7U>H8(Rn)7 where v € HY(R™) and U € H~*(R") such
that Ulq = u, is isometric.

Proof. Assertion (i) can be found in [28, Theorem 3.29 (ii)]. The remaining items
follow from combining (i) and [28, Theorem 3.14]. O

In the last part of this section we study the embedding of HY(2) in H*(2) for bounded
Lipschitz domains with & € N and s € [0,1). After reading [28, Theorem 3.27|, we
know that this embedding is compact. However, it turns out that we can improve this
result in terms of Schatten-von Neummann ideals. To do so, we make some preliminary
considerations. Here, the fractional Laplacian plays a major role.

Definition 2.13. Let 2 C R"™ be a bounded Lipschitz domain. Then, we define the
Laplacian with Dirichlet boundary conditions as

dom — Ap = {u € Hy(Q) : —Au € L*(Q)}

2.16
—Apu = —Au VYu € domAp. ( )

It is well known that —Ap is a positive definite self-adjoint operator in L*(£2). More-
over, —Ap has a purely discrete spectrum with eigenvalues 0 < AL, < \2) < ... . These
results can be found e.g. in [35, Section 12.3]. The spectral root of —Ap has the do-
main H;(§2) and is associated with the quadratic form ¢[-, -] = (V(-), V() 12(qcn» 1-€-
t[uav] = ((_AD)l/zuv (_AD)l/ZU)Lz(Q) = ((
v € domt = dom (—Ap)'/?, see [35, Section 10.6.1 and Proposition 10.4].

The two subsequent lemmas deal with the mapping properties of powers of the Lapla-
cian.

—Ap)u,v) sy for all u € dom — Ap and

Lemma 2.14. Let k € N and 2 C R"™ be bounded Lipschitz domain. Then, the
mapping
T H¥(Q) — L*(Q)

ws (=B (2.17)

s bounded.
Proof. First, we notice Hf(Q) C dom (—Ap)*¥/2. Hence, the definition in (2.17) is
valid. If k is even, the statement is trivial. Now, we assume k is odd and see

k—1

(—Ap)*2u = (—Ap)Y/? ((—AD)Tu> Vu € HE(Q). (2.18)
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Since k — 1 is even, it follows by definition that

k—

(—Ap)'Fue HY(Q) and H(—AD)%UH < Cllull ey Yo € HE(Q). (2.19)

HY(Q)
Applying (2.19) yields

l-20) gy = [(-80) T 0] < [|-20) 0 < Cllulyea,  220)

()
for all u in HE(Q). Therefore, the statement is also true for odd k € N. O

Lemma 2.15. Let s € [0,1] and Q C R"™ be a bounded Lipschitz domain. Then, the
mapping
T : L*(Q) — H*(Q)

ws (A2 (2.21)

is well defined and bounded.

Proof. The resolvent set of —Ap contains zero. This yields 0 € p((—Ap)*/?). Hence,
dom (—Ap)~*/? = ran (—Ap)*/? = L*(Q2). Moreover,

ran (—Ap)~*? = dom (—Ap)*? C H*(Q). (2.22)

Equation is trivial for s = 0 and s = 1. For s € (0,1) it can be obtained from
[31, eq. (2.13)]. The boundedness remains to be proven. The case s = 0 is trivial
and in case of s = 1 the statement follows from the characterization of (—Ap)'/? with
quadratic forms. From now on, we assume s € (0, 1). Then, using [I, Proposition 2.1.]
gives us

[(=20) 7"l

< Ol (=20) = A0) 2|y = Cllull gy V€ HY(Q)
(2.23)
which concludes the proof. O

Hs(Q

Theorem 2.16. Let k € N, s € [0,1) and Q C R™ be a bounded Lipschitz domain.
Moreover, let iy, 5 be the embedding operator mapping from HE(QY) to H*(2). Then,
ks €6 o (HE(Q), H5()).

Proof. We start by rewriting ¢y, s as
Lps = TS ARSTF (2.24)
with
AR L2(Q) = LA(Q)

wos (AT (2.25)
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Due to the two previous lemmas, we know that 7% and 7% are bounded operators.
Thus, let us investigate A®*. Theorem 12.14 in [35] shows that there exists a C' > 0
such that

Ay > CPm vl eN. (2.26)

Hence, there exists a constant C' > 0 with
si((=Ap)T) < Cl" WVl eN. (2.27)
This proves the statement. [

Corollary 2.17. Let k € N, s € [0,1), Q C R" be a bounded Lipschitz domain and A
be a bounded operator mapping from a Hilbert space K to the Sobolev space H*(Q2). If
ran A C Hi(Q), then A € & = (K, H*(Q)).

Proof. We introduce the operator B : K — HE(€) with the values Bu := Au and see
that B can be factorized as the product

A= Bu,. (2.28)

With Theorem in mind, it suffices to show B € L(K, HE(2)). Due to the closed
graph theorem, it is sufficient to show that K x ran B is closed in K x H}(Q). Let
(u, Bup)ien be a convergent sequence in K x HF(Q) with limit (u,w) € K x HF(Q).
Then, u; converges to v in K and By to w in HY(2). The boundedness of A implies
Bu; — Bu in H*()). Moreover, Bu; — w in HY(Q) implies Bu; — w in H*(Q2). Now,
the uniqueness of the limit shows Bu = w. Therefore, (u,w) € K x ran B. Hence,
K x ran B is closed and B € L(K, HY(Q)). O

2.2 Sobolev Spaces on the Boundary

We define Sobolev spaces on the boundary of Lipschitz domains. First, we treat Lips-
chitz hypographs, afterwards we use a partition of unity in order to give a meaningful
definition on Lipschitz domains with compact boundary.

In view of Definition [2.18] we introduce

e (((2)) wer o

for a function u defined on the boundary of a Lipschitz hypograph with boundary
function (.

Definition 2.18. Let 2 be a Lipschitz hypograph with boundary ¥, boundary func-
tion ¢ and s € [0, 1]. We define

H*(®) :={u € L*(X) : uc € H¥(R" 1)} (2.30)
and endow H*(X) with the scalar product

(U, 0) sy 7= (U, V¢) propn—ry VU, v € H(X).
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Remark 2.19. If k : R™ — R" is a linear isometry and x(Q2) a Lipschitz hypograph,

then H*(X) can be defined analogously by defining u, as u (Kl (ﬁ()))
Definition 2.20 (Partition of unity). A partition of unity for an open set O C R"™ is
a finite or infinite sequence of functions ¢, g, - - - € C*°(R™) which satisfies

(i) ¢i(z) >0 VI,

(ii) every point in O has a neighbourhood intersecting only finitely many supp ¢,
and

(iil) > sy (@) =1 for all z € O.

For non-open sets we denote a sequence of functions a partition of unity if it is a
partition of unity for an open neighbourhood of O. If additionally W is an open
covering of O such that for every [ exists W € W with supp ¢, C W, we call @1, ¢o, . ..
a partition of unity subordinate to W.

Theorem 2.21 (|28, Corollary 3.22 (ii)]). Given any countable open cover {Wy, Wy, ...}
of a set O C R"™, there exists a partition of unity 1, ps, ... for S having the property
that supp ¢, C W, for each | > 1.

Now, let 2 be a Lipschitz domain with a compact boundary ¥ = 0€2. Then, due to the
definition of Lipschitz domains, cf. Definition and Definition [I.19] there exist for
every g € ¥ sets €, and C, -(zo, v) such that C, ,(x¢,v)NQ = C, - (z9, ) NQy,, where
2., can be transformed into a Lipschitz hypograph by the rigid motion x,, : R* — R"™.
This family of cylinders is an open cover of ¥ and since ¥ is compact, there exists a
finite sub-cover of X, i.e. we can find finitely many open bounded sets W;, Wy, ... W,
and €2y, Qy, ..., with the following properties:

p
(i) Umi oD%

I=1
(i) W,NnQ=W,NnQ foralll € {1,2,...p}.

Applying Theorem yields a partition of unity (¢i)icf1,2,.py for ¥ subordinate to
(Wi)ieqr,2,...py With supp g, C Wi forall 1 € {1,2,...,p}. We write 3; for the boundary
of €. Moreover, for u € L?(X) we define

() = {(pl(x)u(x) fzeXnNW, =S nNW, (231)

0 ifxeX \(ZNW) =% \W,
for all I € {1,2,...,p}. After this preliminary work, we are ready to define Sobolev

spaces on the boundary of Lipschitz domains.

Definition 2.22. Let Q2 C R” be a Lipschitz domain with boundary ¥ and s € [0, 1].
Then, we define the Hilbert space

H¥(Z) :={ue Ll*X):w e H () VIie{l,2,...p}}. (2.32)



30 2 Sobolev Spaces

The corresponding scalar product is defined by

P

(u, V) frs(x) := Z(UZ;UZ)HS(Zl) for u,v € H*(X). (2.33)

=1
Remark 2.23. With the help of [28, Theorem 3.20] and [28, Theorem 3.23], one can
show that different choices of W, and ¢; yield the same space with equivalent norms.

Remark 2.24. If Q C R" is a C* domain for k¥ € N, one can define Sobolev spaces in
the same way for 0 < s < k.

At this moment, we are able to state an important result regarding the trace of func-
tions in H*(€2).

Theorem 2.25. Let 2 C R™ be a Lipschitz domain with boundary > and % <s < %

Then, the operator ts, : D(Q2) — D(X) defined by
tyu = uly (2.34)
has a unique extension to a bounded linear operator
ts : H*(Q) — H*7V2(%). (2.35)
Moreover, if s < 1, then ts has a continuous right inverse.

Proof. See Theorem 3.37 and Theorem 3.38 in [2§]. O

We use the following lemma to prove Theorem [2.27] which states an interesting com-
pactness result.

Lemma 2.26. Let Q C R"™ be a Lipschitz hypograph or a C* hypograph with boundary
Y and W C R"™ be a bounded Borel set. If 2 is a Lipschitz hypograph, let 0 < s <t <1,
and if Q is a C* hypograph, let 0 < s <t < k. Then, the inclusion

{ue H'(Z) :uls\w =00-a.e.} C{ue H* ) :uls\w = 00-a.c.} (2.36)
18 compact.

Proof. We choose a bounded sequence (u”),ey in {u € H'(Y) t uls\w = O}. Then,
the sequence (uf)rcn is also a bounded sequence in H'(R"~'). Moreover, since W is
bounded, there exists a compact set K such that suppu; C K for all » € N. Now,
we can employ [28, Theorem 3.27 (i)] which guarantees the existence of a subsequence
(uzq)qu which converges to some w in H*(R"™ ). Defining w(z) := we(2’) for all

r = ((x’)T,xn)T € X, yields that (u"),en converges to w in H*(X). Indeed, since
u"|s\w = 0 for all » € N, also w|s\w has to be zero. This concludes the proof. ]



2.3 Sobolev Spaces for Laplace and Dirac Operators 31

Theorem 2.27. Let Q C R™ be a Lipschitz or a C* domain with boundary . If Q is
a Lipschitz domain, let 0 < s < t < 1 and if Q is a C¥ domain, let 0 < s <t < k.
Then, the inclusion

H'(Y) Cc H*(X) (2.37)
18 compact.

Proof. Assume that (u").en is a bounded sequence in H*(X). We define uj in the
same way as in (2.3I). Then, the sequences (u]),en are bounded sequences in the set
{ue H'(%) : ulsyw =0} for all | =1,...,p by definition. Employing Lemma
gives us the existence of a subsequence (u'7) ey such that (u;*),en converges in H*(%;)

for all = 1,...,p. Thus, the sequences (u;*),en are Cauchy sequences in H*(X;).
Therefore, also (u"),en is a Cauchy sequence in H*(X). Since H*(X) is complete,
(u")4en converges to a limit u € H*(X). O

2.3 Sobolev Spaces for Laplace and Dirac
Operators

We introduce two further spaces. These two spaces are Sobolev spaces where certain
differential expressions possess a higher regularity than generally guaranteed. We use
the Sobolev spaces for Dirac operators as the domain of certain Dirac operators. An
important result concerning Sobolev spaces for Dirac operators is that the domain of
the trace operator can be extended to the case s = 1/2. This is proven in Theorem
[2.36] The main ingredient of the proof is the trace theorem regarding Sobolev spaces
for Laplace operators. Therefore, we start by introducing Sobolev spaces for Laplace
operators.

Definition 2.28. Let s1,$2 € R and 2 C R"™ be open. We define H**2(2) through

HY2(Q) :={ue H*(Q): Au € H?(Q)}. (2.38)
Furthermore, we endow H{"**(£2) with the norm
I H3L®2(Q) "= ||U||H51(Q) + ||Au||HS2(Q)‘ (2.39)

In such spaces it is possible to formulate an extended trace theorem.

Theorem 2.29. Assume that 2 C R"™ is a Lipschitz domain with boundary ¥ and fix
an arbitrary 1 > ¢ > 0. Then, the restriction of the boundary trace operator defined in
Theorem to the space HZS_2+8(Q), originally considered for s € (%, %), induces a
well-defined linear continuous operator

13
ity : HZS_2+8(Q) — Hs_l/Q(E) Vs € |:§, §:| (240)
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which continues to be compatible with the trace operator ty. defined in Theorem [2.25,
when s € (l 3). Thus, the defined Dirichlet trace operator enjoys the following prop-

: 272
erties:

(i) The Dirichlet boundary operator (2.40) is compatible with the pointwise non-
tangential trace in the sense that: if u € HY* *T(Q) for some s € [1.3] and
1>¢e>0, and if u|¥" exists o-a.e. on X, then

ultt = tyu € HV2(2). (2.41)

(i1) For each s € [%, %} and 1 > ¢ > 0 the Dirichlet boundary trace operator satisfies

ts(wu) = (w|g)tsu at o-a.e. point on X (2.42)
for allu € HY**°(Q) and all w € D(Q).

Proof. If 2 is bounded, the statement immediately follows from [8, Theorem 3.6].
Next, assume {2 is unbounded with compact boundary. We choose R, and Ry such
that Ro > R; > 0 and ¥ C B(0, R;). Note that 2N B(0, Ry) is a bounded Lipschitz
domain. Moreover, there exists a function g € C*(R"™) which satisfies 0 < g < 1,
g=1on B(0,R;) and supp g C B(0, Ry). Since ¢ < 1, there holds

ou dg
A (Au)g+2Y ——= +u(Ag) € H**(Q 2.43
(ug) = (Au)g + Za 5, T u(B9) () (2.43)
for u € HY 7>*(Q). Hence, if u € HY**7(Q), then ug € HY  >*°(Q) and therefore
also ug € HY* *7°(Q N B(0, Ry)). Now, all the claims follow by defining

teu = (tanpo.ra)ug) |s Yu € HY 1 (Q) (2.44)

and applying the case of bounded Lipschitz domains. In particular, the definition is
independent of the special choice of g due to assertion (ii) for the case of bounded
domains. ]

After this short detour to Sobolev spaces for Laplace operators, let us introduce Dirac
operators and Sobolev spaces for Dirac operators. We consider these spaces only for
n = 3. Moreover, we work with vector-valued functions. The definitions of vector-
valued Sobolev spaces should be clear, see for instance section "Vector-Valued Func-
tions” in [28, Chapter 3]. Moreover, all the statements concerning Sobolev spaces we
have stated so far stay true for vector-valued functions by applying the scalar-valued
analogon elementwise.

Definition 2.30. We define « as follows

a= (a1, ap,a3) € C* x CY* x CY with o = <(S %l) e C™.  (245)
!
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The o;’s denote the Pauli matrices, which are given by

01 0 —2 1 0
01:(1 0), O'QZ(Z. OZ) and 03:(0 _1>. (2.46)

8= (62 _012) . (2.47)

The matrices aq, as, ag and [ are self-adjoint and satisfy the equations

Moreover, we set

ROy + oo = 25kl[4 and Oélﬁ + ﬂOél =0 for k’,l S {1, 2, 3} (248)

Remark 2.31. If v € C?, then
3 3
(- v) = Z au and (a-V):= Z ;0. (2.49)
=1 =1

An easy computation shows (a - v)? = Iy [v|* for v € R3. In this case (a - v) is
self-adjoint.
Definition 2.32. We call the differential operator

—i(o- V) +mB (2.50)

a Dirac operator for m € R. For an open set Q C R? and s;1,5, € R we define the
Sobolev space

He52(Q) = {u € H* (2 CY) : (a- V)u € H?(Q;CHY. (2.51)

Furthermore, we endow H3**(€2) with the norm

I H*2(Q) "= [u] Ao (et T [[(c - V)ul H2(Q;C4) (2.52)

The two following lemmas state important facts about H2*2(€2) and have correspond-
ing counterparts concerning Hx**(€2). Nevertheless, we only prove the H2%2(Q) cases
since these are important with respect to this work.

Lemma 2.33. Let 51,55 € R and uw € H:*2(R3). Then, there holds

= Hmax{s1,s2+1}(R3;(C4) as well as Hu||HmaX{Sl*S2+1}(R3;(C4) < CHU’

H21752(R3). (253)
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Proof. If s; = max{sy, sy + 1}, the statement is trivial. Therefore, let us assume
s1 < sy + 1 and choose a v € H:%2(R?). We can write ||(a - V)u|
following way

Hs2(R3;C4) in the

(e~ V)ullfea racoy = /3(1 + €12 |(Fla- V)u) (] de
B (2.54)
= [ i e IFa) ©F de
Simple approximations show the existence of a constant C' > 0 which satisfies
L+ )= < O(@+EP)™ + A+ [E7)72Ef) Ve R (2.55)

Mulitplying ([2.55]) with (Fu) () and integrating over R? yields the statement. O

We already know D(Q) is densely contained in H*(£2). Theorem states that this
also holds for H:'*2(€2). The proof is based on the proof of |8, Lemma 2.13].

Theorem 2.34. Let Q C R? be a Lipschitz domain and si,s, € R. Then, D(Q; C*)
is a dense subset of H*>(§2).

Proof. If s; — so > 1, the inclusion H*2(Q;C*) D> H®*~(Q;C*) holds and therefore
H3v52(Q) = H*1(Q;C*). Since D(Q; C*) is dense in H*'(£2; C*), the statement is true.
It remains to verify the statement in the case s; — so < 1. Hence, let 51 — 59 < 1. We
study the embedding

v HEV2(Q) — H(Q; CY) @ H%2(Q; CY)
t(u) == (u, (a- V)u) Yue H'2(Q).

Note that ran(:) = ¢ (H:2(Q)) is a closed subspace of H® (Q2;C*) @& H®2(Q;C?).
Moreover, ¢ : HZ*2(€2) — ran(e) is an isomorphism. We denote the inverse operator
17 ran(l) — HS%2(Q). Let A @ H%2(Q) — C be an arbitrary continuous linear
functional. Then, A o /™! is a continuous linear functional on ran(:). Now, Hahn-
Banach guarantees the existence of an extension of A o 7!

Ae (H*(9;CY @ H=(;CY)" = (H* (;CH) @ (H*=(2;CY)". (2.56)
According to Theorem (H*(Q; C*))* = H*(Q; C*). Therefore,
A e H*(Q;CY @ H*2(Q;CY) (2.57)
and A can be represented by

Au) = ANo 1™ () = /AX(Lu)

— . (2.58)
= H—s1(R3;C4) <h1, F>H51 (R3;C4) + H—52(R3;C4) <h2, G>H52(R3;(C4)7
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where hy € H=(Q; C*) and hy € H=*2(; C*). F and @ are chosen such that F|g = u
and G|o = (a - V)u. For the next step we choose an arbitrary ¢ € D(R3;C*). By
setting u = |, F' = ¢ and G = (a - V)¢ we obtain

Alpla) = Au) = H*Sl(R3;<c4)<h1’ F>H81(R3;<c4) T H*S2(R3;C4)<h2’ G>HS2(R3;(C4)
= H—51(R3;C4) <h17 SD>H51 (R3;C4) + H—s2 (R3;C4)<h2’ (Oé ’ V)QD>H52 (R3;C4)
= peren (P P)pgsesy + peaen (P2 (@ V)) pigacs) (2.59)

<(a . V)h2,30>

- D*(R3;(C4)<h1’ 90>D(R3;<c4) -

D*(R3;C*) D(R3;C4)
_ Iy — (@0 V). > .
D*(R3;(C4)< 1= (@ V) D(R3;C4)
Let us assume
Alv) =0 YoveDQ;Ch). (2.60)
If this implies
Alu) =0 Yue H»2(Q), (2.61)

then D(€2; C*) is a dense subset of H:*2(2). Combining ([2.59) and (2.60) yields

in the sense of distributions. Therefore, (o - V)hy € H*1(R3; C4) Furthermore,
Lemma [2.33 shows hy € H—*'*1(R3;C%). Moreover, since hy € H*2(€: CY), we get
supp hy C Q through Theorem [2.12] (i) and thus also hy € H=*17(Q; C*). By definition

D(Q; C*) is densely contained in H—17(Q; C*). Hence, we can find a sequence (¢ )ien
with ¢; € D(Q; C*) such that

1'% hy in H- L (RE;CY), (2.63)

Here, ¢; denotes the zero extension of ¢;. We observe

P

(- V) (@) = (- V) =3 (- V)hy = hy in H*'(R3;CY). (2.64)
In addition, since —sy < —s7 + 1,

&1 2 hy in H(R3; CY). (2.65)
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With previous considerations in mind, there holds for u € H252(Q)

A(U) = g-s1 (R3;(C4)<h1’ F>H51 (R3;C4) + H—SZ(R3;C4)<h2’ G>HS2 (R3;C4)

a-Ve, F + <T,G>
Hsl(]R3;(C4)<( o >H81(]R3;(C4) H=*2(R3;CY) 7! He2(R3;C*)

= lim <F, (Oz . V)(,Dl> + <G7E>
l—00 {D*(R3;(C4) D[R3CY) D (R3;C4) D(R3;C4) (266)

+ pe(en) (Gla @)D(Q;C‘l)}
(T TT) e * o (0 T |

l—00

D*(;C*) D(Q;CH)

We see A(u) = 0 for all uw € HZ%2(2), concluding the proof of the theorem. O

Lemma 2.35. Let s1,s5 € R and Q C R? be a Lipschitz domain. Then, H:*2(Q) is
contained in HY**~(Q; C*) holds and

Jul < ey V€ H(9), (267)

HL*27H(;c4

Proof. Let u € HZ%2(§2). Moreover, let ¢ > 0. The definition of HZ"*2(2) yields
(a-V)u € H*2(Q2;C*). Thus, there exists U € H*2(R?; C*) such that Ulg = (-V)u and
1(c - V)ull oo ety = U || ez sicry — €- Tt s easy to see that (- V)U € H*=>~1(R* C?)
and ((a - V)U)|q = (a- V)(a - V)u = Au. Hence, Au € H*>71(Q; C*). Furthermore,

we can estimate the norm

||Au||H52*1(Q;(C4) - Aui:nmf/m ||W||H3271(R3;<c4) < [l(e- V)U||HS2,1(R3;C4)
WeHs2-1(R3CH) (2.68)

< ||UHH~“2(R3;(C4) < (e v)ul|HS2(Q;C4) +e.
Noticing that (2.68]) holds for arbitrary small € > 0 finishes the proof. O

Theorem 2.36. Assume that Q C R? is a Lipschitz domain with boundary ¥ and fix
an arbitrary 1 > € > 0. Then, the restriction of the boundary trace operator defined in
Theorem to the space HS*~11¢(Q), originally considered for s € (%, g), induces a
well-defined linear continuous operator

13
ty : H¥*1H5(Q) — Hs_l/Q(Z;(C4) Vs € {5, 5} (2.69)
which continues to be compatible with the trace operator ts, defined in Theorem |2.2

when s € (%, %) Thus, the defined Dirichlet trace operator enjoys the following prop-
erties:
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(i) The Dirichlet boundary operator in (2.69) is compatible with the pointwise non-
tangential trace in the sense that: if w € H*71(Q) for some s € [%, %] and
e >0, and if u|%" exists o-a.e. on X, then

ulyt =tyu € H V2 (5;CY). (2.70)

(i) The Dirichlet boundary trace operator ts in (2.69) is the unique extension by
continuity and density of the mapping D(2;CY) > f — fls.
(iii) For each s € [%, g} and 1 > ¢ > 0 the Dirichlet boundary trace operator satisfies

ty(wu) = (w|g)tsu at o-a.e. point on 3 (2.71)
for all u € H>*7'5(Q) and all w € D(Q) or w € D(Q; C* x C*).

Proof. All claims follow directly from combining Theorem [2.29] Theorem [2.34] and
Lemma [2.35] O

Corollary 2.37. Let Q C R? be a Lipschitz domain with boundary ¥ and v be the
unit outward normal vector of ). Then,

(o v)tsu, tZU)LQ(Z;C‘l) = ((a-V)u, U)L2(Q;(C4) + (u, (- V)U)L2(Q;C4) (2.72)

for all u,v € Hcl/m(Q).

Proof. The divergence theorem and product rule show the statement for u, v € D(Q; C*).
Since D(£2; C*) is densely contained in H. *%(Q) by Theorem m, the statement also
holds for u,v € HY 2’0(9) by continuity of the scalar product and the boundary trace
operator ty. ]

Corollary 2.38. Let Q C R? be a Lipschitz domain with boundary ¥ and let us assume
we HY*(Q). If tyu =0, then u € HY(;CY).

Proof. We choose u € Hy/ *%(Q) which satisfies txu = 0 and denote with tilde the zero
extensions of the respective functions. Applying Corollary [2.37] gives us

<<a V), U) L2(R3;C4)

= ((a- V)u, U)L2(Q;<c4) + (u, (a - V)U)L2(Q;(C4) = ((a-v)tsu, tEU)L2(2;<C4)
=0 YveDR,CY.

+ (U, (@ V)0) o gs.ca
(2.73)

Therefore, (- V)u = (- V)u € L*(R?; C*) which implies u € H'(R3; C*), cf. Lemma
2.33] Thus, u € H'(Q;C*) and since tsu = 0, [28, Theorem 3.40] shows u € H}(€2; C*).
[






3 Integral Operators

In this chapter we treat integral operators with singular kernels. At first, we consider
intgeral operators on R"™! and subsets of R""!. Afterwards, we use the obtained
results in order to consider integral operators on the boundary of Lipschitz domains.
Before we start with those two topics, we state a general helpful theorem, often referred
to as the Schur test.

Theorem 3.1. Let (X, A, ) and (Y,B,v) be complete and o-finite measure spaces.
Moreover, we assume that t = tity, where t,t; and ty are p ® v-measurable functions.
If the two conditions

/ Ity (2, ) du(z) < v < 0o v-a.e. and / Ita(z, y))* dv(y) < 7o < 0o p-a.e. (3.1)
X Y
are fulfilled, then the integral
(Tf)(x) = / t(x,y)f(y)dv(y) emists for p-a.e. v € X and f € L*(Y,v). (3.2)
Y

Furthermore, T is a bounded linear operator from L*(Y,v) to L*(X, u) with
||T||L2(Y,V)—>L2(X7M)§ Y172-

Proof. Let us choose f € L*(Y,v). Our goal is to prove the estimate

/X(/Y t(z,y)| [f(y)] du(y)>2 dp(z) < 72l f 17y (3.3)

Then, the rest is a consequence of Fubini, c.f. [I7, Theorem 2.4]. We start by estimat-

ing
([ el ans ) (/|t2xy|\t1<xy>|rf<>\du<>)2

/‘tQ Sdvly /|t1$ y)I*1f@)I” dv(y) (3.4)

< /Y bz )P 1f W) dvly)  for jrace. o € X.

39
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We use (3.4) and apply Fubini in order to obtain

[ ([ s aw) aue) < [ [ 16e P 6P i) duto

o [ ([0 duo)) lrwF as) 69
< [ U@ i),

3.1 Integral Operators in R"!

The groundwork for all results concerning integral operators in this thesis is layed in
the framework of integral operators in R”~!. We start this essential section by defining
integral kernels and integral operators.

Definition 3.2. Let O C ]R_"’l be open and k be a measurable function on O x O.
Then, we call k a kernel on O and define

(Kf)(z) = / k(x,y)f(y)dy forz € O and f € L*(O) (3.6)

o

if the integral exists.

The next theorem gives a sufficient condition under which K f exists a.e. and K
defines a bounded operator. Before that, we introduce a notation which helps classify
singular kernels.

Definition 3.3. Let O C R ! be open 0 < a < n—1 and k be a kernel on O. Then,
we call k a kernel of order a if

k(z,y) = Alz,y) |z =y Yo,y e Ox O (3.7)
with A € L=(0 x O).

Theorem 3.4. We assume k to be a kernel of order a on O. If O is bounded and
a < n — 1, then the operator defined by (3.6) is well defined, linear, bounded and
compact.

Proof. We start with the well-definedness and boundedness. Therefore, we employ

Theorem with ¢, = /|k| and t; = ﬁ Let R > 0 such that R > diam(O).
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Then, we observe O C B(y, R) for all y € O and by using spherical coordinates we
can estimate

/ ity y)? da = / k(,9)| d2 < Al 000 / 2 -y da
O O O

L B

B(y,R)

R
SV —— / 20 gy
Rn—l—a

<Al x0T

<00 VyeO.

Now, it is obvious that the same holds for t,. Hence, K : L*(O) — L?*(O) is well
defined and bounded. The compactness follows from [20, (3.11.) Proposition]. O

This is a satisfying result for the cases a < n — 1. However, later on in this thesis we
also have to deal with integral kernels of order n — 1. Thus, we must investigate these
types of integrals.

Definition 3.5. Let k be a kernel of the form as in (3.7). For € > 0 we introduce the
cut-off kernel

kE('I?y) = k(xvy)]l{ZGR”_lz\Z|>E}(‘r - y) (39>

The definition shows that k. has no singularities and therefore induces a well-defined
linear bounded operator K,.. Moreover, we set

(K f)(z) :=sup |(K.f)(z)| for f € L*(O) and Vz € O. (3.10)

e>0

Theorem 3.6. Let F': R"' — C as well as g : R" ' — R be Lipschitz continuous
functions and k have the special form
F(z) — F(y)

oY) = e TP+ 0@ = g

(3.11)

Then,
() (w) = lim(.)(@) .12

exists a.e. on R"™' and there exists a constant C > 0 independent of F such that
K| Lo g1y p2gn-1) < ClIVE|| oo (gn-1.cn-1y-
Proof. Theoreme IX and Theoreme XI in [14] show

(a) limeo(K.f)(x) = (K f)(z) exists for a.e. x € R"1,

(b) K is a bounded operator in L*(R""1) and
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(@HKﬂ < Ol oo for f € LA(R™).
Thus, it remains to prove the norm estimate. In order to prove the statement, we
proceed in the same manner as in [I9, Lemma 1.1] via the method of rotations. Let

us fix f € LA (R"!) and € > 0. We see

LQ(Rn—l)

KD = [ kw2fEd = [ Koo i s
o el (3.13)
:_/b(M%x+@ﬂx+@+k@w—ZV@—@>W

2
for x € R*!. Changing to spherical coordinates yields
(K- f)(x)
N /aB(o,l)\/soo %(k(x’ w4 rw) f(z 4+ rw) + k(z, o — rw) f(z — rw))r" =2 dr df(w),

— (K f)(x)

(3.14)

where 6 denotes the surface measure of the (n — 2)-dimensional sphere. For a fixed
w we can choose vy, Vs, ..., v, o such that w,vy,vs,...,v,_o is an orthogonal basis of
R"~!. Moreover, we can write x € R""! in the form

T =tw—+ s101 + -+ Sp_oUp_o with ¢, 51, 89,...58, 2 € (—00,00). (3.15)
v

Next, we observe

(KX f)(z) = %/Oo(k(tw +u,(t+r)w+v)f((t+r)w+v)

+ k(tw + v, (t — r)w + ) f((t — r)w +v))r" 2dr
k(

1
25/ tw + v, rw + ) f(rw +v)(r — )" 2dr
e (3.16)

1 t—e
—1—5/ k(tw + v, rw +v) f(rw +v)(t — r)" " dr

/ F(tw+v) — F(rw+v) f(irw+v) i
[t—r|>e (tw+v)—g(rw+v) 2\"/? (t - T)Q
o)

t—r

Let (KXVf)(t) == (KYf)(tw + v). Then, [14, Lemme 4.] and [15, Chapitre IV,
Proposition 3.] show

(a) lima (KXY f)(t) = (K" f)(t) exists for a.e. t € R,
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(b) K™"is abounded operator in L*(R) with | K[| 2y 12m) < CIVEF| oo gn-1,00-1)
and

Kvvh

(© gy < Oy (L IV F o oy ) for b€ LA(R)

where C' > 0 is independent of F', w and v. With these properties in mind, we apply
Fubini, the dominated convergence theorem and a change of coordinates in order to
get

2 T 2 T 2
||KfHL2(]R"*1) = ll\r‘]% HKEf”L2(R"*1) = i{% s |Kef(2)|” dx
2
= lim / k(x,z)f(2)dz| dx
N0 JRn-1 |lx—z|>e ( ) ( )
1 2
= lim - / KY¥(z)df(w)| dx
N0 2 Jrn-1 [ /om0,
< C'lim / / K ()2 df(w) da
N0 Jre-1 JaB(0,1)

= C'lim / / / |9 (4)]? dt ds df(w) (3.17)
E\,O 83(071) Rr—2 J _o

:c/ / lim || K20 f||7 2, ds dO(w
2B(0,1) JRn—2 6\0H e (w)

) /83(0 1) /Rn—z 15 Fll ey ds dO(w)

n—2 2
< OV wqgnren-ny / / f ((-)w +) sm) ds df(w)
9B(0,1) JRr-1 =1 L2(R)
= CIVF i mgrcnny [ g B0
dB(0,1)
2 2
< OVF| oo gn-1.cn-ny | f I 2 gn-1y-
]

We apply the previous theorem in Section [3.3] on integral operators on boundaries of
Lipschitz domains. In order to succeed with this approach, we need Theorem In
view of Theorem we call a function T : R" — R positive homogeneous of degree
reRif Y(tx) =t"Y(z) for all t > 0 and x € R™ \ {0}.

Theorem 3.7. Let k be the kernel from (3.11)), j : R — R be a Lipschitz continuous

function and f € L*(R"™'). Moreover, we assume k : R" — R to be a function which
is antisymmetric, differentiable, positive homogeneous of degree —n + 1 and satisfies

k(z,y) =k (<g(;§ - g@))) Vo £y e R (3.18)
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Then, if

(KLf)(z) = k(z,y)f(y)dy Yo eR", (3.19)

/ac—yl24—(j(:v)—j(y))2>€2
there holds

(Kf)(2) = (K. f)(x) = im(K_f)(2) =: (K'f)(2) for a.e. v € R™, (3.20)

with K. as defined in Definition[3.9.

Proof. The ideas of the proof can be found in [30, Appendix C|. First, we prove the
statement for f € D(R"!). Due to density arguments, we drop the assumption at the
end. Thus, we choose f € D(R"™!) and z € R"! such that (K f)(z) exists. Since f
is Lipschitz continuous, we see that k(x,y)(f(y) — f(x)) has order n — 2 and therefore

lim k(z,y)(f(y) = f(x)) dy

N0 R>|z—y|>e

ke, y)(f(y) = f(@)dy  (3.21)

j(y))?>e?
yl

_ / k(z,9)(F(y) — F(x)) dy
R>|z—y|

e\O Jlz—y["+(i(z)—
> —

R>|z

for a fixed R > 0. Hence, it suffices to show

lim k(x,y)dy =1 k(x,y) dy. (3.22)

e\0 ai\rlr(l) /I—y2+(j($)—j(y))2>52
R>|z—y|>e B>|o—yl
The functions j and g are Lipschitz continuous, therefore due to Rademacher’s theo-
rem, c.f. [I8, Chapter 3, Theorem 2], j and g are a.e. differentiable in R"~!. Since we
only prove equality a.e., we can assume that g and j are differentiable at x. Thus,

i(y) = j(x) + Vj(z) - (y — x) + o(ly — x|) and

oly) = 9(2) + Vge) - (y — ) + olly — ) 42
with lim. g o(e)/e = 0. If
yeA={y:lz—yP+(j(2) —2‘7'(3/))2 > o (3.24)
\{y:lz =yl + (Vi) (@ —y)* >},
then y € B(x,¢). Moreover, we observe for y € A,
[ —y” + (@) = () = o =y + (Vi(@) - (& = 9))* + o(e?) > &° (3.25)

as well as |z —y|” + (Vj(z) - (z —y))? < &2
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£— o(s) . .
Therefore, A, C { Ve <r(y) < i (vj?x).w (y))2} with the spherical co-
ordinates r(y) := |z —y| and w( ) = oy- We are able to estimate the Lebesgue

measure of A, by

|A | </ \/1+(VJ(I) w(y)) . 2drd9( )
OB Y S e
en— 1 (5 _ 0(6))n—1 3.96
. , —77 d0(w) (3.26)
o801 (n—1) (14 (Vj(z) - w(y))?)
= / o(e" 1) dO(w) < o(e" ).
dB(0,1)
A similar argument yields
€ B, = e =yl + (Vi(z) - (2 —y))? > &2

\{y o =y + (@) = (1) > €} = o(e" ).

Thus, |A.AB.| = o(e"") and |k(z,y)| < C'|z —y| """ imply

! R, y)dy = ko,y)dy | =0. (3.28

e A—y2+(j(x)—j(y))2>52 (@, y) dy /Q,_y|z+(vj(x),(m_y))2>€2 (z,y) dy (3.28)
R>|z—y| R>|z—y|

Let

Coi={y: o —y[" + (Vi(z) - (x —y))* > %} (3.29)

Then, R" '\ B(z,¢) C C. and

Q\OW*\E@ED:CUH%@@C{y: <m_mg5}, (3.30)

g
1+L;

where L; > 0 denotes the Lipschitz constant of j. We apply the antisymmetry and
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the positive homogeneity of k in order to obtain

[ C LT N (o =)
= / <Ja—y|<e <<9(;; - g(y))) dy
/

i\ o - 0))

: /lijﬂzga]% ((9(3?) —_gzar - z))) dz (3.31)
- %/ §2|§€]% ((g(x) —g(z + z))) - ( —g(x) + gz — Z))) dz
(x)
|

(
(o)) (<)
((p)> ' / L g9(x) — gz + 2) |er|g(x) —glz—2)|

1+L

_ Ce_nﬂ/ IVg(z) - 2+ Vg(x) - (—2) + o(|2])] < o(e) 0,

o Slelse E T«

T

N
I

z
z

dz

< Ce™™ sup
|p|=1,s€R

»

Combining the results and (3.31} - yields

I k(2. ) dy = 1 k(z,y)d
e{%/xylﬂo(z)j(y))%ﬁ (z,y)dy alx,loﬂcy2+(vj'<x>-<xy>>2>e2 (z,y) dy
R>[z—y| R>[az—y| (3.32)

= lim k(x,y) dy.

eNOo R>|z—y|>e

Hence, the statement holds for f € D(R™!).
Now, let us drop the assumption f € D(R"1). It is easy to see

{y:Ix—yl2+(j(w)—j(y))2>€2}:{y:|w—y|2> 1jL?}

2

9 . . n—
osle— o > g oo 4 G0 - P <2} voer
J
(3.33)

Therefore,

T Lpen /| Wl (330
rz—y|<e
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for all z € R"! with Lp denoting the Lipschitz constant of F', implying
(K'f)(@) < (Kf)(2) + Le [BO, 1) (M f)(z) VoeR" (3.35)

with the maximal operator defined by (M f)(z) := sup.- W;g)' f\x—y|§s |f(y)| dy for
r € R"'. We know from [37, Chapter 1, Theorem 1.] and from the proof of Theorem
that M and K define bounded operators in L?(R"™!), respectively. Due to the den-
sity of D(R"!) in L2(R""1), the boundedness of M, K and K, (a) from the beginning
of the proof of Theorem and [17, Chapter 6, 2.7 Korollar|, there exists a sequence
(f1)ien of smooth functions and a measurable set E; which fulfil the conditions

(a) [R* '\ By =0,

(b) (M(f — f))(z) == 0 Va e By,

() (K(f—fi))(z) == 0 Vae By,

(d) (K(f — f))(x) 2= 0 Vze E; and
)

() (K-fi)(z) =5 (Kfi)(z) Va€ By leN.

Let us fix € E; and > 0. We use the stated properties (a)-(e) to conclude the
existence of a j, € N such that

Le|BO, D] (M(f = fi))(&) < 7, (B(f = f,))(2) < 7 and o
(K(f = fu))@) < |
Furthermore, we choose €, > 0 such that
(KLfi)(@) = (Kf)@)| <7 Ve <e, (3.37)
Employing the inequalities (3.35)), and gives us
(KLf) (@) — (K f)(x)]
<(KUS = f)@)] + | (KLf) (@) = (K i) @) + [(K(f = fi,)(@)]
LMBWJMMﬂf—ﬁJ@M+Vﬂf—ﬁJ@ﬂ (3.38)
+ (LA (@) — (K i) @) + (K (f — fi)(@)]
< Z Z + Z + g =1.

This shows (3.20) holds true for all f € L?(R"™1). O
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Corollary 3.8. Let a be defined as in Definition j: R = R be a Lipschitz
continuous function, B € R*® an orthogonal matriz and the integral kernel ko, p be

QWB(‘$—9 ))

l’ —

J(@) = i) Vo £y e R2. (3.39)
2 . o 3/2

(I —yI* + ((2) = 5(1))?)

Then, the induced integral operator K, g, which is defined analogously to the scalar-

valued case, see Deﬁm’tz’on and (3.12), is a bounded linear operator mapping from

L*(R%,CY) to L*(R?;C*) with ||Ka73HLQ(RQ;@)_)LQ(RQ;@) < C||Vj||LOO(R2;R2) foraC >0

independent of j. Moreover, there holds K, p = Ko p, i.e.

ka,B<I7 y) =

lim ka,5(z,y)f(y) dy = lim kas(x,y)f(y)dy  (3.40)

NSy P (@) = ) >e2 N0 ja—yl>e
for a.e. x € R? and for all f € L*(R%* C*).
Proof. The proof follows by applying Theorem [3.6] and Theorem [3.7) elementwise. [

The next theorem states a crucial compactness result regarding singular integrals con-
nected to Dirac operators and helps us prove the self-adjointness of certain Dirac
operators. The proof is inspired by [19, Theorem 1.2. (c)] and [2, Remark 3.6.].

Corollary 3.9. We make the same assumptions as in the previous corollary. Addi-

tionally, let 7 € C}(R?) and n(z) := (—Viy(z)) for = € R%. Then, for all R > 0 the

operator induced by the kernel
a(z,y) = (- Bn(x))ka,5(1,y) + kap(z,y)(e- Bn(y)) Ve#yeR®  (3.41)
is a bounded and compact linear operator in L*(B(0, R); C*).

Proof. Let R > 0. The boundedness is trivial after applying Corollary Simple
algebraic calculations lead us to the identity

(a-v)(a-w)=—(a-v)(a w)+2v-w)ly Yv,weR> (3.42)

With (3.42) and the orthogonality of B in mind, we can write the kernel of A in the

following way
<Q‘B< ) y> r) = n(y)))

e —yP+ () (rv) i(y)) 2)3 (3.43)
@) =) = Vi@ =), L
(o= ol + ) e TTTYER

a(z,y) =

+2
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Now, let (j;)ien be a sequence of functions with j; € D(R?) and

ji@) 23 (@) and Vi) =3 Vie) uniformly for all 2 € B (3.44)
We define ( ( ))
a-B N
. () = 4i(y) 2
k., g(z,y) = Vi R
O T G (345
and ny(x) = B ( { (@) Vz € R?
as well as
(a B ( Y )
_ Jiuz) = 5iy) o Bln(z) —n
I S ) g @ P T

)
i) = ily) = Vi) - (z ~ y)
(ly = yl* + () = j(y)?)*>
Due to j; € D(R?), the a;’s have order one. Using Theoremelementwise shows that
the operator A; defined by a, is compact in L2(B (0, R); C*). Furthermore, Theorem 3.6
implies HK(ILB O‘B”L?(R? CY)—L2(R2CY) = < C|V({i — )HLOO(RQ;RQ). Since Vyj; — Vj
uniformly, also n; — n uniformly. These considerations lead to

I, Vr#ycR:

1A = Aull 220y r2 g2y
= H(Oé ’ n)KOt,B + Ka,B(a ’ n) - (Oé ’ nl)Ktlx,B - KQ,B(O‘ ’ nl)HL2(R2;(C4)—>L2(R2;(C4)
<C <<||nl||L°°(R2,R3) HKCY,B - Kéz,BHLQ(RQ;C4)_>L2(R2;(C4)

+||n - nl||L°°(R2;R3)HKO‘vB||L2(R2;(C4)HL2(R2;C4)>

l—00
< CIV (G = i)l oo r2 2y = 0.
(3.47)
Hence, also ||A — Aill2G.coyr2@.09) 2% 0 which proves the compactness of A in
L2(B(0, R); CY). O

3.2 Integral Operators on Lipschitz Boundaries

Before we can investigate integral operators corresponding to Drirac operators, we
need to transfer the results of the previous section to Lipschitz boundaries. Theorem
helps us when making this transfer. In advance, we have to recall and fix some
notations.
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From now on @ = ; C R" always denotes a Lipschitz domain with boundary .

Moreover, we set _ := R™\ Q,. We recall some notations from Section [2.2, The
P

open bounded sets Wy, Wy, ... W, are chosen such that ¥ C [J W,. Furthermore,

1=1
for [ = 1,2,...,p there holds Q N W; = @, N W;, where €; is a set which can be

transformed by a rigid motion k; into a Lipschitz hypograph with boundary function
(i, i.e. k(€) is a Lipschitz hypograph and k; consists of a translation and a rotation.
From the equation above and by setting 3; = 0€2; we also have ¥, NW; = ¥;NX. The
functions @1, s, . .. g, are a partition of unity for ¥ subordinate to {Wy, Wa, ..., W,}.

For f € L*(X) we define fi¢, = (fi)q € L*(R™!) analogously to (2.29) and (2.31).

Theorem 3.10. Let > C R”™ be a boundary of a Lipschitz domain. Furthermore, let
Ci,Cay - -+, G be the boundary functions and 1, s, . .., @, be the partition of unity for
>, as discussed above. Moreover, we assume k; to be the map which transforms €
to the Lipschitz hypograph k;(€);), 7 € N and R > 0 to be chosen in such a way that
{2/ € Rt ()T, ()T € mi(W)} € B(O,R) forl = 1,2,....p. Then, for a
measurable function k : R™ x R — C™" which is continuous for all x # y € R™ the
following assertions hold:

(i) If forl=1,2,...p

(K f) (')
Y o (Y N (3.48)
= lim /x’y’2+(<l(x’)R<l<y’>)2>sz g (”’ (Cz(:c’)> ' (Cz(@/))) f) dy

ly'|<

exists for a.e. ' in B(0, R) and for all f € L*(B(0, R);C"), then

(Kf)(x):= li\r“r[l) k(x,y)f(y) do(y) exists for o-a.e. x € ¥ (3.49)
c lz—y[>e
for all f € L*(Z;Cr).
(ii) If assertion (i) is satisfied and K; is bounded in L*(B(0, R),C") forl=1,2,...p,
then K is bounded in L*(3;C").

(iii) If assertion (i) is satisfied and K, is compact in L*(B(0, R),C") forl =1,2,...p,
then K is compact in L*(%;C").

Proof. We start with assertion (i) by fixing f € L*(3;C"). Via partition of unity we
can write

p
lim k(x,y)f(y)do(y) = Z lim k(xz,y)fily)do(y) for x € ¥ (3.50)
N0 lz—y|>e —1 eNO J lz—y[>e

= yeX;NW,;
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if the integrals on the right-hand side exist. Let us fix an arbitrary [ € {1,2,...k}.
For z € ¥\ 3; we can bound k(zx,y) fi(y) with b, |fi(y)|, where

b= sup |k(z,y)| < oo. (3.51)

(z,y)€supp o x (SNWE)

Thus, for all z € ¥\ 3; the integral as well as the limit

i [, MDA 0) - / o MDA de) (352

exist. Now, let us assume x € ;. In this situation we can represent x through

/
v =z(2) =K' ((Czi(vxl))) with 2/ € R"™1. We use the integral formula (1.23) in

order to obtain for all € > 0

oo Mot o) = [k ) b)) doty)

yeX;NW; yEKl(ElﬁWl)

(3.53)
_ ! / / \V4 N2 !
_/m —rtse-atysa t CE VW) faWVIVal)F + 1y

ly'|<R

We notice fie\/|VG()| —|—1 € LZ(B(O R);C*). Taking the limit and applying as-
sumption (7) shows us that (3.53)) exists for a.e. 2’ € B(0, R). Hence, also exists
for o-a.e z = z(2') € ;N W} Combmmg these con31derat1ons for all l € {1, ..,p}
yields item (7).

Next, we prove assertion (i) and (ii1). We can do this simultaneously. Again, we
choose an arbitrary [ € {1,2,...,p} and define K; and K, ; through

Kaf)lw) = hH(l) |e—y|>e k(z,y) fi(y) do(y) for o-a.e. x € & (3.54)
N yEEiJIﬁIWl
forl =4
Ko f = (Kif)|siom or | J 555)
(Iclf)|(zj\zl)mz for [ # j

If we can prove K; ; is bounded or compact, then K is bounded or compact, respectively.
Let us start with 7 = [. We introduce two further operators, specifically

T : L*(%;C") — L*(B(0, R);C")

} (3.56)
f= fie\/IVGE)|™ +1

and

Q: L*(B(0,R);C") — L*(%; N W;C")

(Ki()h
(Ki(+))2 | (3.57)

(51(-))nr

fef
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These operators are bounded. Moreover, by looking at (3.53]) we notice
K= QKT (3.58)

This shows that the boundedness or compactness of K;; follows from the boundedness

or compactness of K, respectively. We turn to the case j # [. Therefore, we assume

x/

WS (Z] \ El) N c Ej N Wj. Then, xTr = .%(;L'/) = /ﬁ;l <(<(ZE/)>) with 2’ € B(O, R)
j
With this in mind, we can write
(Kuf)(z(2))

=l /w(x')—y(y’>|>a3“2]'\21)“2)(5"(”5 DR (), YY) Xsupp et (Y(Y))

'I<R
1y’ ::kf,j(xlvyl)

Fra WA VG + 1dy'.

A similar argumentation as in proof of (i) shows that k;; is bounded on the set
B(0,R) x B(0,R). Thus, Theorem proves that the operator

K, : L*(B(0,R);C") — L*(B(0, R); C") (3.60)

(3.59)

induced by kl/d- is bounded and compact. Furthermore, the limit in (3.59)) exists and
equals (K ;T;f)(z(2')). The operator K ; can be represented as

Ki;f = BJKZIJ'CZ—‘lf. (3.61)
Hereby, P, ; is the bounded operator
P LA(B(0, R); C") — L*((3;\ ) N 3:C")

Fos g ) . (3.62)

Therefore, K; ; is compact for j # [. ]

3.3 Integral Operators Corresponding to the Dirac
Operator

After this preliminary work, we are ready to treat those integral operators which are
important with respect to Dirac operators. Hereby, we work with the fundamental
solution of the equation
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where m € R and A € C. We denote the fundamental solution G,. The explicit form
is given by

YO ivVAZ—mZ2|z|
Ga(2) = (m +mB+ (1 — VA —m2 yz\) “T;‘j)) < e (3.64)

for 2 € R®\ {0}. The formula (3.64) can be found in [38, eq. (1.263)].
We start with a simple theorem.

Theorem 3.11. Let A € C\ ((—o0, — |m|] U [|m|,00)). The operator defined by
Gy * f for f € L*(R* C* (3.65)
is a bounded linear operator in L*(R3;C*).

Proof. We prove this theorem by applying Theorem [3.I] In order to do so, let us
choose t1(z,y) = Gx(z — y) |z — y| e2*¥ and ty(z,y) = —e 21*=¥. Thereby, u is

lz—yl
defined as p := Im /A2 —m? > 0. We observe that there exits a constant C' > 0 such
that

1
|GA(2)] < Cwe_’”' Vz#0 e R3 (3.66)
z

Rough estimations yield

(@, y)I" dr < 0/ GA(z = y)* [& — y|* e de
R3 R3

- 00 (3.67)
e—Hlzl
<(C 2d2§0/ e M dr < oo.
R3 | 0
The same holds for 5 which concludes the proof.
O

Next, we consider the convolution on Lipschitz boundaries.

Theorem 3.12. Let A € C\ ((—oo, — |m|]U|[|m]|,00)) and ¥ be the boundary of a
Lipschitz domain Q C R3. The operators defined by

(Prf)(x) := / Gr(z —y)f(y)do(y) for a.e. x € R® and f € L*(X;C*)
>
(3.68)
and (®3g)(z) := / Gx(z —y)g(y) dy for o-a.e v € ¥ and g € L*(R*; C*)
R3
are bounded linear operators which map from L*(3; C*) to L*(R?; C*) and from L*(R3; C*)
to L*(3; C*), respectively. Moreover, ®% is the adjoint of ®y.
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Proof. Again, we apply Theorem . We set t1(z,y) = Gi(x — y) |x — y\3/4 esle—yl

and to(x,y) = o ‘5/46 2179 with g = Im /A2 —m2 > 0. As in (3.66)), we find C' > 0
such that
1
|GA(2)] < Cwe—ﬂlzl Vz#0eR3 (3.69)
2

We compute

/ ta(w,y)[ de < C/ (@ =) [& =y e do
R3 R3

C’/ e*ulz\d C’/Oo e"”d

< ———=dz < r < 00.
rs |2[*/? o VT

We assume ¥;, (; and k; to be defined as in the beginning of this section and set

/
y(y') = K" ((C ?y’))) for y' € R Then, we obtain
l

(3.70)

e /L‘QD yl p efﬂl‘x*m
[l doty) = [ S—smarty <3 [ ez dot)
» [z =y e
e~ Hlz—y()l 5
< 1+ VG dy (3.71)
Z R |,Qj ) |3/2 | l( >|

C/ooemd
< r < 00.
o VT

Thus, the conditions of Theorem are satisfied. This proves the existence and
boundedness of ®,. For ®3 this can be justified analogously by considering G5 instead
of G. It remains to prove the statement about the adjoint operator. Here, we apply
Fubini and see that ®3 from satisfies

£ Ben = [ (1) [ Gxta >g<y>dy) (o

(C4

/RB / —4)9(y))cs do(x) dy

/R/ (GAly = 2)f (), 9(9))ca do () dy (3.72)

N /R (/E Gy — ) f(z) do(z), g(zﬁ)@ dy

= (®)\f} g)L2(R3;C4)

for all f € L?(3%;C*) and g € L*(R3;C*). Hence, ®3 is the adjoint of @, O
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We are able to show an even stronger result. Namely, @, is also bounded as a mapping
from L2(X;C*) to HY?(Q;C*) @ HY2(Q_;C*). In order to prove this result, we
introduce the fundamental solution of the Helmholtz equation
6ir\z|
H(z) = —— Vze R\ {0}, 3.73
pr(2) € \ {0} (3.73)
where r € C.

Lemma 3.13. Let Q C R3 be a bounded Lipschitz domain and r € C. Then, the
single layer potential of the Helmholtz equation

S, LA(%) — H3?(Q)

(3.74)
f=pexf,
where p, x [ is defined as
(e Nie)i= [ ple=nf)doty) Voo, (3.75)
15 bounded.
Proof. Let f € L*(X). There holds
etrle=yl _ 1
S0)@) = [ mle =@ dot) + [ Tt o)
B erlz=yl 1 (3.76)
= (Sof)(x) + /2 Py — P fly)do(y) VYxeQ
—_———
=w(lz—yl)
with ,
Pk S VA (3.77)
w(t) := yp : :

The equation (2.127) in [2I] states that Sy is a bounded mapping from L?*(X) to
H32(Q). We see @ € C*(R),

z

V() = () and
Y 22T , I |z|* — 227 (3.78)
V(e = () + (|z1>%

for all z € R®\ {0}. Applying the dominated convergence theorem yields
(V(S:=50)f)(x) = (Ve(|-)*f)(z) and (V*(S,—So)f)(z) = (V'@ (|-))+f)(z) (3.79)

for x € Q. Furthermore, shows |V@(|z])] = O(1) and |V*@(|z])| = O(1/ |z|)
for = — 0. It is also easy to see that |w(|z])| = O(1) for z — 0. Thus, using the
boundedness of {2 and standard considerations lead to || (|-|) * fl|l g2 < ClIflL2(n)-
This proves the desired result. O
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Lemma 3.14. Let Q C R™ be a Lipschitz domain and 1 C R™ be an open set such
that QN Qy is also a Lipschitz domain. Moreover, let e >0, FF C F + B(0,¢) C € be
closed and s > 0. If f € L*(Q) N H*(QN Q) and supp f C F, then f € H*(Q) and

there exists a C' > 0 independent of f such that

/]

we) < ClF

H3(2701)" (3.80)

Proof. Due to [28, Theorem 3.6], there exists a function y. € C*°(R™) with the prop-
erties

Xz—:(x)zl ifl‘EF,
0 < xe(x) < 1and |9%.(z)] < Ce7lel if 0 < dist(z, F) < e and a € N7, (3.81)
Xe(7) =0 if dist(z, F) > ¢.

To prove the statement of Lemma [3.14], it is sufficient to show the boundedness of

M. : HS(QN Q) — H(Q)

3.82
U — XU. (382)

Here, u denotes the zero extension of u. At first, we assume s € Ny. Furthermore, let
ue H(QN Q) and

- {8 (ux:) on QN (3.83)

0 on 1\

for all mutltiindices a € Ny with |a|; < s. We observe (0%x.)h € D(2 N Q) for
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h € D(Q2). Therefore, we obtain for all h € D(Q)
/an(x)h(x) dx = /Qrml Ja(x)h(2) dx = /Qle 0% (uxe)(z)h(x) dz
=3 (3) [ P

_ Z (5)enm [ o) do

Ty (; ) 0 (1) [ e @) de (3.5)
-% / G SIS (5) o))

= 2 / @)X @)h() da (ﬁ)(—l)cl Z (Z _ 2) (~1)P=eh
23 [ @@ - (7) Z (" )eom

(. J/

~~
:5(1,6

= (-~ /Qm u(@)xe(2)(9"h)(x)) dz = (—1)a|1/Qﬂ(ﬂﬁ)xs(l’)(@ah)(x))dfﬂ-
Thus, 0%(ux.) = g, € L*()) and

|0 (UXE)HLQ(Q) 10" (uXE)”L2 Q) = CHUHHS (QN91)" (3.85)

This shows the boundedness for s € Ny. Applying the interpolation theorem, see |28
Theorem B.§|, one can show the boundedness for s > 0. ]

Theorem 3.15. Let Q C R? be a Lipschitz domain, A € C\ ((—oo, —m] U [m,0))
and ®y be as defined in (3.68). Then, ran®, C HY?(Q;C*) @& HY?3(Q_;C*) and

127 f i/, cnemr@ocny < Clflameny V€ LA CY. (3.86)
Proof. We assume w.l.o.g. that {2, is bounded and €)_ is unbounded. In the first part
of the proof we show [ f[| 1120, .01y < Cllfll12(n,cey for all f € L*(3;CY). Let us
choose f € L?(%;C*) and set r = v/A2 — m2. We note

etV A2—m?2|z|

Gaz) = (=il V)+mB L) — e =

—i(a-V)+mB+Ay)p,(2) Yz € R*\{0}.
(3.87)
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By applying the dominated convergence theorem we get

(2af)(@) = (G * [)(z) = ((—i(a - V) +mB + Ma)p,) * f) (2) (3.88)
= ((=i(a- V) +mf + \y)S, f) (x) VoeQ,. '
The triangle inequality and Lemma |3.13| show
12 s < € (Iita V)4 m8)S s on + IS Mma,en) 5 oo

< C||STf||H3/2(Q+;(C4) < CHf||L2(E;C4)‘

This concludes the first part of the proof.
For the second part we choose Ry > R; > 0 such that Q, C B(0, Ry). We consider

=

®,f on R*\ B(0, Ry) at first. Elementary calculations show

oG

a(%gcmﬁ+m4+wﬂeW|wwam, (3.90)
Zj

where p = Im r and 5 € {1,2,3}. We use the dominated convergence theorem and
0G

the Cauchy-Schwarz inequality to estimate
2 2
2
</ doty) [ 1w doty)
s |0 2

3 2
<c (Z <dist<aB<o,Rl>,m>>’> ey [ € doty) (391)
1=1 >

0G
5 0z;

0Dy f
\ e )|

(z —vy)

(z —y)f(y)do(y)

ZLj

< CHf”i?(E;(C‘l) /E e—2,u|x—y| da(y) Vx € R3 \ B(O, Rl)

Integrating and applying Fubini yields

/]R3\B (0,R1)

0P\ f
. @]

dr < C’||f||L2 (33:C4) /]R3\B(0R / —M\x—ylda(y) dr

< CHfHL2 264)/ / —2plz—y| da d (3 92)
= O 2sen / / =213 4y do (y)
> JR3

= MWy [ [ e dednts) < Ol oy

Consequently,
0P 0P
Tod e e\ B Ry ana |2 <Cllf ey (393)
83:] Lj |l L2(R3\B(0,R1);C*)
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for j € {1,2,3}. We already know from Theorem @Al p2mscry < ClFll p2emcny-

Hence, our considerations imply
USWAS Hl(Rg \ B(Oa Rl)? C4) and ||(I)Af||H1(R3\W;<c4) < C||f||L2(E;(C4)‘ (3-94)
Next, we note that
@rf € HY2(Q 1 B(0, R): C) and 192 f oo mmo ety < ClFlamen: (3:95)

The proof is analogous to the first part of the proof if we consider the bounded Lipschitz
domain Q_ N B(0, Ry) instead of .

In the last step we use the obtained results in order to prove . Therefore, we
choose £2-81 > ¢ > () and a function g € D(R?) such that

0<g<1,g(z)=1forze B(0,R +2¢) and supp g C B(0, Ry — 2¢). (3.96)

Moreover, supp (1 — g) € R3\ B(0, R, +2¢), ®»f € H'*(Q_ N B(0, R,); C*) and
also ®,f € HY2(R®\ B(0, R;);C*). Now, by setting Q = Q_, Q; = B(0, Ry) and
F =B(0,R; —2¢),aswellas Q = Q_, Q) = R3\ B(0, R;) and F' = R3\ B(0, R;+2¢) in
Lemma/3.14| we get g®, f € HY/2(Q_;C*) and (1—g)®yf € H'/?(Q_;C*), respectively.
Thus,

Oyf = g®rf + (1 — g)®rf € HV/*(Q_;CH). (3.97)

We use Lemma and [28, Theorem 3.20] in order to estimate the norm
||(I’Af||H1/2(Q,;<C4) = [lg@xf + (1 - Q)CDAfHHl/z(Q,;@)
< ng)AfHHlﬂ(Q,;(c‘l) + (1 - g)cbx\f||H1/2(Q,;<c4)
< C (93 flrs0_nmen + 101 = 900 s s
< C (9w @@l _nmommen + (1+ 190we @) 193 oo zomyes
< C (I2xflln s nmomarct + 123 oz Bromm o)
=c(

125 /2o meresy + 190 i s maes) < Ol
(3.98)

Combining (3.89)) and (| - yields (3.86 m

Theorem 3.16. Let A € C\ ((—o0, — |mH U[|m|,00)) and ¥ C R? be the boundary
of a Lipschitz domain Q C R®. The values of the boundary operators defined by

(Crf)(@) = lim - Gia(z —y) f(y) do(y) and
(PEf) (@) :=  lim  (Orf)(2) forz € ¥ and f € L*(%;CY)

t.
Qiazn—>x
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ezist o-a.e. on Y. Moreover, the operators are bounded from L*(X;C*) to L*(%;C*)
and there exists a k > 0 such that the non-tangential supremum, see Definition
satisfies HNH7Qi¢)\fHL2(E;C4) < Ol fllpe(sicay for all f € L2(2;CY). Additionally, the
following assertions hold:

(i) Py = Fi(a-v)+Ch.

(ii) For every bounded subset S of C\ ((—oo, — |m|| U [|m]|,00)) the operators Cy and
Pf are uniformly bounded with respect to .

(i1i) The difference K, — Cy, where

ko(z,y) = i(‘osz) for z € R*\ {0} and (3.99)
z
(Kof)(z) :=lim ko(z — 1) do(y) for o-a.e. x € ¥ and f € L*(X;CY),

N0 |lz—y|>e

(3.100)

is compact in L*(3; C*).
(iv) —4(Cx(a-v))* = I4.

Proof. The operator IC,, is well defined g-a.e. on X due to Corollary and Theorem
We define the operator

(Va)a) = [ bl =) (w)doty) Vo € B\, (3.101)
)
Then, [5, Proposition 4.3. and Theorem 4.4.] state that there exists a x > 0 such that
[N WafHL?(z;@l) < C|fll 2y for all f € L*(3;CY), the non-tangential limits of

U, f exist o-a.e. on ¥ and
lim  (Uaf)(2) = F=(a-v(@)f(z) + (Kaf)(z) for c-ae z€X.  (3.102)

Q Bz—ﬁ;)x 2
+

Now, we want to transfer the properties of K, and ¥, to C, and ®,, respectively.
Therefore, we study the difference of their kernels

wa(2) = GA(2) — ko(2) Vz € R*\ {0}. (3.103)

We fix a bounded set S C C\ ((—o0, — |m|] U [|m|,o00)) and choose R > 0 such that
B(0,R) C X. Then, there exists a constant C' > 0 such that

lwa(2)] < C’i Vz #0 € B(0,2R) (3.104)

2]



3.3 Integral Operators Corresponding to the Dirac Operator 61

for all A € S. Applying Theorem by setting t; = w,\\/ﬂ and ty = ﬁ yields

w* [ exists o-a.e. on ¥ and [lw * f[| 2501y < Cllf || p2mcny (3.105)

forall f € L*(X;C*) and X € S. Let z € ¥ such that (wxf)(z) exists and w, := x|s|>-w.
Then,

we(w = y)fly) TS wlz —y)fy) Yy e\ {a}, (3.106)
w=( = y) f(y)| < |w(z =) f(y)] and |w(z —-)f(-)| € L'(D).

Hence, dominated convergence guarantees (w. * f)(x) =0 (w* f)(x). Therefore,

lim w(x—1y)fly) = (wx* f)(x) for og-a.e. z € 3. (3.107)

eN0 |z—y|>e

Next, we consider the non-tangential limit of w * f. For this purpose we choose x € ¥
such that ( |f|) () and (w * f)(x) exist. Here, k > 0 denotes the constant from

the non—tangentlal neighbourhood I'y o, () of x, see Definition m For all y € X
and z € I'y o, (z) the estimates

el Sly=slle ol Sl (L) D) € Qe (3109

nd lofz = 9) /()] € O=— f) € C——If)  (3109)

hold. Thus, €' | f] is an integrable majorant for w(z—-)f. Furthermore, there holds

w(z—y)f(y) —> w(m —y)f(y) for z — x and y # x. Applying dominated convergence
yields

lim  (w=* f)(z) = lim w(z —y)f(y)

Q555 0 Sla—yl>e (3.110)
= (wx* f)(z) for o-a.e. x € X.

Combining (3.110)), (3.103]) and (3.102)) proves assertion (). Next, we show the bound-
edness of the non-tangtenial supremum. The equations (3.108]) and (3.109) give us

(Nags (W f))(z) < (’ ‘ |f\) (x) for o-a.e. z € X. (3.111)

Therefore, Theoremyields H/\/’H,Qi w* f) HLQ(E;@)
Furthermore, (i) follows from ([3.105) and (3.110)).
Item (4ii) and (iv) are left to be proven. We start with (iii) by realizing that

A

Wy (/{l_l (C (j) Zé(y’))) with 2/ # 3/ € R? defines a kernel of order —1. Conse-
1z') = G

quently, Theorem (3.4 and Theorem (ii) imply wy * (+) : L*(2; C*) — L*(3;CY) is

compact, proving assertion (%ii).

< Ol f | p2(sycs) for f € L*(3;CY).
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It remains to show item (iv). This part of the proof is based on the proof of Lemma
3.3.(i1) in [2]. W.l.o.g. we assume that 2 is bounded and Q_ is unbounded. First, we
prove for f € C*®(§), such that the non-tangential limit of f exists, N, o, f € L*(2),
—i(a-V)f+Bf =\f,and (a-V)f € L*(£2,), the reproducing formula

_ / Gilx — y)ila - v(y)fy) do(y) Vo € Q.. (3.112)

Let us fix x € Q, and choose € > 0 such that B(z,e) C Q. To simplify notation, we
define Q. := Q4 \ B(z,¢) and ¥, . = 09, .. We apply Theorem and obtain

[ = wita v o) = [ 3 Gale = piayn)f v doly)

_ [ =G — o) f )

_/QH]X: o dy

-/ ( > SR i ) iy + o = )i 5 <y>> dy

:/Q ( iajf@)) + Gi(z —y)ila- V) f(y)dy

- / Gz — y) ML — mB) f(y) — Gl — y) (M — mB) f(y) dy = 0.

o (3.113)

Therefore,

/ZGA(x—y)i(Oé'V(y))f(y) da(y)z—/aB( )GA(fC—y)i(Oé'V(y))f(y) do(y). (3.114)

sin(#) sin(¢)
Transforming to spherical coordinates, defining w(#, ¢) := — | sin(f) cos(¢) | with
cos ()
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0 € [0,7] and ¢ € [0,27), and applying the dominated convergence theorem yields
| G- wia o)) doty)
OB(z,e)

— Oﬂ/o ”GA(Ew(Q, ¢))i(a - w(0, ) f(x — ew(B, ) sin(0)e? dp df

T ei\/WE
:/0 /0 (0(1)5+m.w(9,¢>T> i(a-w(b,9))f(x —ew(d,¢))sin(0) dp db

e—0 T 2 . 1 . .
A /0 /o z(a-w(@,qb))ﬂz(oz-w(@,gb))f(x)sm(Q) dpdf = —f(x). ( |
3.115

Thus, by inserting in (3.114)) and taking the limit we get (3.112)). Now, let us choose
g € L*(3;CY). Then, ®yi(a - v)g satisfies the necessary conditions regarding the

reproducing formula. Hence,
(@yri(a-v)g)(z) = (Pri(a - v)PYi(a-v)g)(x) Vo€ Q. (3.116)

which implies
Pli(a-v)g=PYi(a-v)Pyi(a-v)g. (3.117)

We use (i) and (3.117)) in order to show

1 1
59 +Chi(a-v)g = —éi(a v)i(a-v)g + Cri(a-v)g = Pyi(a-v)g

1
=PYi(a-v)Pli(a-v)g = 573;“2'(04 v)g+ Cri(a - v)PYi(a-v)g
1

1 1
= 79+ 50l v)g + 5Cila - v)g + (Crila - v)g)*

Hence, (iv) holds true. O

We state two further results which come in handy when proving the self-adjointness
of certain Dirac operators.

Corollary 3.17. The operator K., which is defined in (3.100)), is self-adjoint.

Proof. One can use similar statements as in Theorem and (c) in the beginning of
the proof of Theorem in order to show IC,, defined through

—~

Kot () = sup

e>0

/ ko(z — ) f(y)do(y)| for x € ¥ and f € L*(3;C*), (3.118)
lz—y|>e
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is a bounded mapping from L*(3;C?) to L*(3;C*). Due to the boundedness of Ka
and the dominated convergence theorem

/ K(() =) f(y) doly) == Kof in L) Vf € L(5;CH). (3.119)
[()—y|>e
Now, let us fix f and ¢ in L?(X; C*). We obtain

Cof Do = [ ( [ RGOy i) dot)

e\0

~tim [ /| W) oy = 2)gte)cs doly) do)

e\0

—tiny [ [ e 00 kol — 2)g(0) e doy) do (o)

e\ 0

=tim [ Mool () Ealy = 2)gl)) s o) o)

e\0

= [ (1 [ s 0 Bl = g o) ) o)

e\0

= (/. /Cag)m(z;w)
(3.120)

which concludes the proof. ]

Last, we are able to formulate a consequential theorem which is based on Corollary [3.9]
The result plays an important role in proving the self-adjointness of Dirac operators
on C! surfaces.

Theorem 3.18. If ¥ is a C' boundary and X € C\ ((—oo, — |m|] U [|m]|,00)), then
(a-v)Cy+ Cr(a-v) (3.121)
is a compact operator in L*(3;C?).

Proof. Corollary and Theorem [3.10] imply the compactness of the linear operator
(- V)Ky + Ko v). From Theorem (111) we know that the difference of Cy — K,
is compact. Consequently, also (- v)Cy + Cx(a - v) is compact. O



4 The Free Dirac Operator and a
Quasi Boundary Triple for the
Dirac Operator

In this chapter we use the obtained results in order to construct a quasi boundary
triple for the Dirac operator. However, prior to that we study the free Dirac operator
which describes a free spin 1/2 particle and constitutes the basis in constructing the
quasi boundary triple.

4.1 The Free Dirac Operator

In this section we introduce the free Dirac operator Ag, prove its self-adjointness and
study its spectrum.

Definition 4.1. Let m € R. Then, the free Dirac operator is defined by

dom Ay := H'(R* C*)

Aof = —i(a-V)f +mpBf. (4.1)

We define an auxiliary multiplication operator which proves to be valuable in studying
the free Dirac operator.

Definition 4.2. Let m € R. Then, we define the operator

dom M = {f € LAR*%CY) : (1+|-[)V2f € LA(R? CY}

Mf=2n(a- () f +mpf. (42)

Lemma 4.3. The two operators Ay and M are unitary equivalent, i.e. F *MF = Ay,
where F denotes the Fourier transform given by (2.4)).

Proof. Let us check the equality of the domains at first. Let f € dom Ag = H'(R3; C?).
Equivalently,

(1+|-)2Ff € ¥R CY & Ff € domM < f € dom F L MF. (4.3)

65
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It remains to prove Agf = F L MFf, which is equivalent to FAyf = MFf, for all
f € dom Ay = dom F ' MF. Through applying the differentiation rule regarding the
Fourier transform, cf. [28, eq. (3.17)], we get

(FAS)(E) = F(—ila- V) +mpf)(E)
= @2n(a- ()Ff+mBFL)) = (MFf)(E) VEeR’

and f € dom Ay which concludes the proof. ]

(4.4)

Due to Lemma [£.3] we can carry over the self-adjointness and the spectral properties
of M to Ay. Hence, we examine M in the next theorem.

Theorem 4.4. The operator M is self-adjoint in L*(R3;C*) and
(M) = 0ess(M) = (=00, = [m|[ U[|m], c0). (4.5)

Proof. This proof is based on [40], Satz 20.1], where the statement is proven for m > 0.
We begin with the self-adjointness of M. The symmetry of M immediately follows
from the self-adjointness of 8 and (a - €) for all £ € R3. Thus, we have to prove
M* C M. Let g € dom M*, then for all f € dom M holds

(M) = [ (2n(a-F6)+ B, ()

= [ . 2m(a- 19(6) + Aol (4.6
(MG = [ (O (M) e
Since D(R?) C dom M, we can apply [28, Theorem 3.7 and see
2r(a - (-))g +mpBg = M*g € L*(R* C*) (4.7)
which leads to (a - (-))g € L*(R3;C*). Moreover, Remark [2.31] yields
[P ls@f s = [ (@ 9(6) (@ Oa(€))cud
= [ (@ £20(.0(6)) e (48)

/| ) d¢ < 0.

Hence, ¢ € dom M and M*g = Myg. This shows M = M*. Now, we study the
spectrum of M. We see

o 0 & & — i
B 0 mno b +i& =&
om(o-€) +mB = 2m 66 x i) 1_% 2 03 (4.9)

SRS —&3 0 —a
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is a self-adjoint matrix for all £ € R3. We compute the eigenvalues and obtain

ME) = N(€) = /m2+4n2|¢]?  aswell as  A3(€) = M\y(E) =

—y/m? + 4m2 ).
(4.10)

The corresponding normalized orthogonal eigenvectors are

0
1

m+A1(§)

3

m+A1(§)

m+A1(€)
s

m+A1(€)
0

1

with the normalizing factor p(&)

unitary matrix U(§) := ( 1€ )\U (€ )\Uz,( Nua(§)) €
4(£)). Moreover, we define the mappings

D(§) := diag(Ai(£), A2(€), As(€), A

Mp : LA(R?* C*) > dom M — L*(R? C*),
f—=Df

_ 2m(&1—i2)

_ 2m(&1—i€2)

1
0

__27&3
m+A1(€)
_ 2m(&1+182)
m+A1(§)
2783
m+A1(§)
_ 2m(é1+1€2)
m+A1(§)
1

0

(4.11)

4m2j¢]” L + 1. Now, let us introduce the

(m+A1(¢)
€ C** and the diagonal matrix

My LA(R?;,CY) — L*(R% CY)
f=Uf (4.12)

and My LA(R?* CY) — L*(R*; CY)

f—=U"f.

Trivial observations show that My is a unitary operator in L?(R3; C*) which satis-
fies (My)* = My+, M is unitary equivalent to Mp, i.e. M = MyMpMy-, and
0(Mp) = Oess(Mp) = (—00, — |m|] U [|m]|,o0). The unitary equivalence of the oper-
ators yields (M) = 0ess(M) = (—00, — |m|] U [|m], 00). O

As a consequence of the two previous statements, we are in the position to describe
the spectrum of the free Dirac operator.
Corollary 4.5. The free Dirac operator Aq is self-adjoint and

U(AO) = Uess<A0) = (_OO (413)

—[mllUlm],o0).

Proof. Combining Lemma [4.3] and Theorem [4.4] proves the statement. O

In Theorem we show a resolvent formula for the free Dirac operator in terms of
the fundamental solution G, which is given by (3.64)).
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Theorem 4.6. The resolvent of Ay is a bounded linear operator from L*(R3;C*) to
HY(R3; C*) which is given by

((A0=N"1) @) = [ Grla=pf)dy for f € FERECY) (414
for A € pl(A) = C\ (=00, = m] U [fm] , ).

Proof. Foremost, we assume g € D(R3;C?). One sees by applying the monotone
convergence theorem, simple algebraic transformations, the divergence theorem and
similar arguments as in Theorem (iv)

[ G =)o =g dy = [ Gale = n)((ila- V) m = Ag) ) dy

= li{% Gi(z —y)((—i(a- V) +mpB — My)g)(y) dy
N0 JR3\ B(z,e)

= li\n% Ga(r —y)(—i(a-v(y))g(y) do(y) (4.15)
€ OB(z,¢)

+ / (i i ti(x —y)au+ Ga(x —y)(mB — Ala)) g(y) dy

R\B(e) 1 o )

= lim Ga(z — y)(—i(a - v(y)g(y) do(y) = g(z) Yz € R

€ OB(z,)

Thus, Gy * ((Ag — N\)g) = g for all g € D(R3;C*). Next, let us choose a function
g € dom Ay = HY(R3;C*. Since D(R? C*) is dense in H'(R?;C*), there exists a
sequence (g;)ien such that g € D(R3;C*) for all I € N and g; converges to g in
H'(R3;C*). Thus, (Ag — \)g; converges to (Ag — A)g in L*(R3;C*). The L*(R3; C*)-
continuity of the mapping defined by L?(R3;C*) > f — G, * f, see Theorem
leads to

Gr*x((Ap—N)g) =g Vg € dom Ay. (4.16)
Moreover, since (Ag — A\)~' f € dom Ay for all f € L?(R3;C*), we obtain

Grx f =G (Ao —N(Ao—N)7'f) = (A= N Vfe LXR%CYH.  (417)

This proves the resolvent formula . In order to show the boundedness from
L*(R3;C*) to H'(R3;C?), we prove the closedness of (Ag — A\)~! as a mapping from
L*(R3;C*) to H'(R?;C*). Therefore, we assume L?(R3 C*) > f; — f in L*(R3;C?)
and H'(R* C*) > (Ag — My)"'fi — ¢ in H'(R3 C*). The resolvent (A9 — \)~' is
bounded as a mapping in L*(R3; C*) which shows

9= lhm(Ao A= (A =N llim fi=(Ag=N"1f  in L2(R%CY.
— 00 —00
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Hence, g = (A9 — \) 7' f € H'(R3;C*) and therefore
(A4g — N1 LA(R?CY — HY (R CY (4.18)

is closed and also bounded. O

4.2 A Quasi Boundary Triple Corresponding to the
Dirac Operator

In this section we construct a quasi boundary triple for the Dirac operator which we
use to study Dirac operators with singular interactions in Chapter 5] We start this
section by introducing new operators.

Definition 4.7. Let Q = Q, C R3 be a Lipschitz domain, Q_ be the Lipschitz domain
R3\ Q and m € R. The linear operator Tp,., is defined by

dom Trax := {f € L*(R* CY) : —i(a - V) fr € L*(Qu;CYH} = HY'(Q4) & HY'(Q)

Thaxf = (—i(a-V)fr +mpfy) & (—i(a-V)f-+mpBf-) Vf e domTax,
(4.19)

where f. denotes the restriction of f to the domain Q.

Remark 4.8. By taking a closer look at the definition of Ty. and H2(2y) we realize
that the graph norm of T, is equivalent to the H>(Q2,) & H2%(Q_)-norm.

Definition 4.9. Let T := Thay | Ha*°(Q4) ® HY*°(Q), ie.

domT = HY/*>°(Q,) @ HY*0(Q.)

Tf = (—i(a V) +mB) fr & (—i(a-V)+mB) f- Vf e domT. (4.20)

In this setting we are able to use the trace operator due to Theorem [2.36, Thus, we
can introduce the two boundary mappings Iy, I'; : dom T — L?(X; C*) given by

Tof i=i(a-v)(tsfr —tsf ) and T'y f := % (tsfr +tsf ) for fedomT. (4.21)
Remark 4.10. We defined T in a different way as Holzmann in [22, eq. (4.1)] where C?
domains were considered and the domain of T was chosen as H'(Q; CHY® H'(Q_; C*).
However, for Lipschitz domains one can not expect the existence of self-adjoint exten-
sions because of [25]. There, it is shown in Theorem 1.2. that in non-convex sectors
the two-dimensional Dirac operator with boundary conditions does not admit a self-
adjoint extension in Sobolev spaces of order one.
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Our next goal is to show that (L?(X;C*),Ty,T) is a quasi boundary triple for S*,
where S := T | (kerI'y NkerT;). Lemma shows the triple (L?(%;C*), T, T)
satisfies (i) and (ii) in Definition [1.11}

Lemma 4.11. The three operators T, I'y and I'y fulfil Green’s identity
(Tf>g)L2(R3;(C4) = (f, Tg)LQ(R3;(C4) = (If, Fog)p(z;@) — (Fof, Flg)Lz(z;@) (4.22)
forall f,g € domT'. Furthermore,
ran (Do, Ty)" D HY2(2: CY) x HY?(D) (4.23)
with HY*(2) := {h € L2(2;C*) : (a-v)h € HY/2(3;CY}.
Proof. First, we prove Green’s identity. Corollary yields

(Tf, g)L2(R3;<c4) =i((a- V) fy, g+)L2(Q+;C4) (mBfy, g+)L2(Q+ iC4)

+i((a-V)fo,9-)p L2(Q_C4) + (mBf-,9- )L2 Q_;C4)

=—i(f+, (@ V)gi) 20, .0y + il V)Esfr tegi) 2scn)

+ (f+:mBY+) 12, 1)

—i(f-, (a- V)Q—)p(g_;@) —i((a-v)tsf-, tzg—)ﬂ(z;@)
+ (f-smBYg-) 120 .ot

=(f,T9) p2ms.coy +i((a - V)t [, t594 ) 25y
—i((a-v)tsfo tsg-) 2

(4.24)

for all f,g € domT. Moreover, simple calculations and the self-adjointness of (a - v)
show

(I f, FOQ)L2( $;C4) — (Lo, F15])L2’(E<C4)
(tzf+, @ V)Esgi) ooy — (s fr il v)tsg-) 2 s

+ (tsf_,i(a- V)t29+)L2(E(C4 (tef i(a-v)tsg- )L2(E;(C4))

l\')IH

(4.25)
~ 3 ((Z(Oé V)t [ tsgs) aen + (o v)tsfy tsg-) o)
— (i~ v)tsf-, t29+>L2(2;<C4) — (i~ v)tsf-, tng)LQ(E;(C“))

=i((a V)tsfi,tegs) p2meny — (@ V)Esfo ts9-) 2 (s0n)

for all f,g € domT. Thus, (4.22) holds true.
Now, let us prove ([1.23). We choose 1 € H'/2(S;C4) and ¢ € HY?*(S). Therefore,
(a-v)p € HY?(Z;C*) and Theorem imply the existence of f € H*(Q,;C*) with

tsf = —i(a-v)p. (4.26)
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Moreover, using Theorem and [28, Theorem A.4] yields the existence of a function
g € H*(R3;C*) such that

tog = — gtof. (4.27)

Defining v := (f + g4 ) ®g_ € H'(Q,;C*) & H'(Q_;C*) C domT leads to
Fou =i(o - v) (Esuy — tsu-) = i(a-v) (tc(f +9+) —tsg-) = (04 v)tsf = ¢ and

Lyu :% (tsuy +Esu_) = % (ts(f+94) +tsg-) = §<tzf +v— §tzf + v — §tzf>
=1

(4.28)
which concludes the proof. O]

Obviously, (i) in Definition is valid. Since H'/2(R?) is dense in L?*(R?), one can
see by the construction of H'/2(3;C*) that H'/2(X;C*) is also densely contained in
L*(3;CY). Furthermore, Ha/*(%) is also densely contained in L2(X;C*) due to the
properties of (a - ). All in all, (ii) in Definition is fulfilled.

Lemma 4.12. The identity
ker 'y = H'(R?; C*) (4.29)
holds.

Proof. The inclusion H'(R3;C?) C kerTy is obvious. In order to prove the inclusion
ker Iy C H*(R3;C*), we choose f € ker . We employ Green’s identity and observe

(Tf,9) 2@ — (f: T9)r2msy =0 Vg € D(R?). (4.30)

This is equivalent to
pes)((a-V)f+ & (a-V)f-.9)p ®3;c4) T prge) ([, (@ - v>g>D(R3) =0 (4.31)

for all g € D(R3;C*). Therefore, (a-V)f = (a-V)fL ® (- V)f_ € L*(R3C*). Now,
Lemma shows f € HY(R3; C*). O

Due to Lemma [4.12) we observe T' | ker 'y = Ay where A, the free Dirac operator,
is self-adjoint. This implies (iii) in Definition m Through Green’s identity one
notices S := T | (kerI'g NkerI)) is a symmetric operator. Simple considerations
and Corollary lead to dom S = H}(Q4;CY) @ HJ(Q_;C*). Moreover, due to
Lemma [2.33] it is easy to see that the graph norm of S is equivalent to the norm
corresponding to dom S = Hj(Q,;C*) & H}(Q_;C*). Therefore, S is closed. To
conclude that (L?(3; C*), T, T';) is a quasi boundary triple, we still need to show that
S is densely defined, closed and S* =T
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Lemma 4.13. The linear operator S :="T | (ke£F0 NkerT'y) is densely defined, closed
and symmetric in L*(R3;C*). Moreover, S* = T = Tyax, With Tyax and T defined in
Definition[{.7] and Definition[{.9, respectively.

Proof. We already know that S is closed and symmetric from the above comments.
The inclusion D(Q4;C*) & D(Q_;C*) € Hj(Q4;C*) & Hj(2-_;C*) = dom S shows
that S is densely defined in L?(R3;C*). It remains to prove S* = Ty.x. Let us start
with S* C Tihax. We choose f € dom S*. Then,

(Sg, f)LQ(RB;(C4) - (g, S*f)LQ(Rs;(CAL) Vg € dOHlS = H&(Q+7 (C4) @ H&(Q,, (C4) (432)
Consequently,
((S9)+, f:t)LQ(Qi;(C‘l) = (9=, (S*f)i)L2(Qi;C4) Vg € H&<Qi§C4) (4.33)
which leads to
D*(Qi;@l)«a ’ v)g:l:a f:|:>eD(Qi;(C4) =D(Q4;CY) <g:|:a _i(S*f)i + imﬁfi)p(gi;@) (4'34)
for all g € D(Qy;C*). This yields (o - V)fy = i(S*f)x —imBfr € L*(Qy;Ch).

Therefore, f € dom Ty and (S*f)r = —i(a - V) fr + mBfr = (Thaxf)+. Hence,
S*f = Thaxf. Now, let us take f € dom T},.. Then,

((Oé : v):ﬁ:f’g:ﬁ:)LQ(Qi;C‘l) = _(le:a (04 : V)ig)ﬂ:h?(gi;@) Vg € D(QiQ C4) (4'35)
and by density also

(- V) fa, gi)LQ(Qi;@) = —(fs, (a- V)gi)p(gi;@) Vg € H&(Qb (C4)- (4.36)
Elementary transformations lead to

(Tmaxfa g)L2(R3;(C4) = (fu Tmaxg)L2(R3;C4)
= (/, 59)L2(R3;C4) Vg € Hy(Q4;CY) @ Hy(Q-;C") = dom S
(4.37)

which shows S* D Thax. In order to prove T = Ti.x, we apply Theorem to obtain

11l 0,0 0,0
Hé/z,o Q @Hé/zo 0 g% apena®@l)
(€24) (€2-) (4.38)

— G CY @ Cr@m Ty e — g0, & HY(O),

Together with domT = HY* () ® HY*(Q_) and Remark equation (4.38)
verifies T' = T, ax. O

Finally, we are able to prove that (L?(3;C*), T, I';) is indeed a quasi boundary triple.
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Theorem 4.14. The triple (L?(3;C*), Ty, T) is a quasi boundary triple for
Thax =S*=T. (4.39)

Proof. With Lemma [{.1T, Lemma Lemma [4.13] and the properties of the free

Dirac operator Ay in mind, we see that the requirements of Definition[I.11|are met. [J

After constructing the quasi boundary triple (L*(3; C*), Ty, I';), we study two operator-
valued functions, namely the 7-field and the Weyl function M. Recalling Definition
1.12} we see if A € p(Ap), then

dom T = dom Ag-+tker (T — \) = ker [y+ker (T — ) (4.40)
as well as
Y(A) := (To [ ker (T —X\)™" and M(N\) := T1y(A\) =Ty (T [ ker (T — X)) ™', (4.41)

Theorem shows () and M(\) are bounded operators which are closely related
to @, and C,, respectively. The definitions of ®, and C, can be found in Theorem [3.12
and Theorem [3.16l

Theorem 4.15. Let (L*(3;C*), T, T'y) be the quasi boundary triple for S* = Thax,
A€ p(Ap) = C\((—o0, — |m|] U [|m]|,00)) and G be the integral kernel of the resolvent
of the free Dirac operator. Then, the following statements hold:

(i) The values of the v-field coincide with ®. Furthermore, the adjoint y(\)* = @3
is bounded from L*(R3;C*) to H/?(%;C*).

(ii) The values of the Weyl function M coincide with Cy.

Proof. We start proving y(\) = ®, by choosing f € L?(X;C?%) and observe that
g:=®,f € domT = dom T’y due to Theorem [3.15| and ([3.63)). Theorem (i) and

Theorem (1) give us
Log = i(a-v)(tsgy —teg-) =i(a-v)(Py f =Py f) = ila-v)(=i)(a-v)f = f. (4.42)

Thus, ran Ty = L*(3; C*) and consequently dom y(\) = L?*(3; C*). Furthermore, due
to

(—i(a-V)+mpB —A,)Gxr(z) =0 Vze R\ {0}, (4.43)

we conclude g = @, f € ker(T — \) for f € L*(3;C*). Therefore, we can apply v(\)
in equation (4.42)) and obtain

D5 f=g9=7NTog=~(N\)f VfeL*%;Ch. (4.44)

Hence, 7(A\) = @, and y(\)* = @3.
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We note that y(\)* = I';(Ag — A\)~!, see Theorem (i). Thus, v(A)* is a bounded
mapping from L?(R3;C*) to H'/?(X;C*).
Last, we prove (i1). Applying Theorem (i) and Theorem (i) again yields

MO = Tr(Nf = 5 (b5 GO, + E9(0f).)
= 5 (b5 (@af), + 5 (@2f).) (4.45)

= (PLT+Pif) =Caf Vf € (5T



5 Dirac Operators with 0-Shell
Interactions on the Boundary

In this chapter we discuss the main object of this thesis. This is the Dirac operator
with d-shell interactions, which is formally given by

A, =—i(la-V)+mpB+ (nly +76)ds (5.1)

with dsf = 3(f+|s + f-|s). It describes a Dirac operator with d-shell interactions
supported on Lipschitz surfaces. The first section of this chapter deals with the self-
adjointness of A, ; and concludes with Theorem [5.8, which states sufficient conditions
for the self-adjointness, gives us a resolvent formula for A, ; and lists properties of the
spectrum of A, ;. Then, in Section we examine two special cases which are covered
by Theorem without assuming additional smoothness of the interface. Finally,
in the last section we study the qualitative properties of powers of resolvents. As
discussed in the introduction the rigorous definition of A, . looks as follows.

Definition 5.1. Let n € R and 7 € R. Then, we define the operator
A, =T I'ker(I'o + (nly + 78)'1) (5.2)

with T, Ty and T’y from Definition [4.9} Moreover, we can rewrite the definition in the
explicit form

domA,, = {f=fr ®f € H(Q;CY o H*Q_;C : (a-V)fs € L*(Qp;CY
and f fulfils i(a - v)(tsfy —tsfo) + (nly + Tﬁ)%(tgﬂr +tefo) =0}
A f = (—i(a-V)+mpB) fr & (—i(a-V)+mpB) f- VfedomA,.,.
(5.3)

5.1 Self-Adjointness and Spectral Properties of A, ;

Our goal is to show that A, ; is self-adjoint and to study its spectral properties. Using
Green’s identity and the self-adjointness of nly + 75, we see

(An,rfyg)LZ(R:S;@) = (f, An,rg)Lz(R:s;@) = (If, Fog)p(z;@) — (Tof, Flg)L2(2;c4)

(5.4)
= _(F1f7 (77[4 + Tﬁ)rlg)m(z;@) + (("7]4 + Tﬁ)nf, Flg)Lz(g;@) =0

75
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for all f,g € dom A, ;. Hence, A, ; is symmetric. For the purpose of studying the
self-adjointness of A, it is crucial to study the operator M(M\)? — kI, with M(\)
introduced in (4.41)).

Definition 5.2. Let Aj be the free Dirac operator introduced in Definition 4.1} Then,
we define the set

Fo:={k € C:index(M(N)* —kly) =0 VA€ p(4y)}. (5.5)

Remark 5.3. In order to show k € Fy, it suffices to prove M()\g)? — kI, has Fredholm
index zero for one Ay € p(Ayp) since the difference

M(Xo)* = M(A)?* = (M(Xo) = M(N)(M(Xo) + M(N)) (5.6)

is compact and due to Theorem [I.2] compact perturbations do not change the Fred-
holm index. The compactness follows from M (A\) = Cy, Theorem (7i) and Theo-
rem . In the same way, it suffices to show K2 — kI, has Fredholm index zero with

Ko defined by (3.100)).

The following lemma gives us a simple yet helpful criteria for k& being in Fj.

Lemma 5.4. For any A\ € p(Ag) holds p(M(\g)?) U p(K2) C Fo. Here, K, denotes
the operator defined by (3.100)).

Proof. Let k be in p(M(X\g)?). We know dom M (\g)? = L?(XZ;C*). Hence, the oper-
ator M()\g)? — kI is isomorphic in L?*(X;C*'). Moreover, index(M(\o)? — k1) = 0.
Consequently, Remark yields k € Fy. The proof for k € p(K?2) works out analo-
gously. ]

We apply Lemma [5.4]in the next two lemmas.

Lemma 5.5. Let

M_ = inf
A€p(Ao

) HM<)‘)2 HL2(E;C4)%L2(E;(C4)' (57)

Then,((:\[ 1 M,}C}"o.

16M_">

Proof. At first, due to Corollary , we notice that K2 is self-adjoint and bounded
from below by zero. Therefore, C\ [0,00) C p(K?2). Using Lemma we get the
inclusion C \ [0,00) C Fo. Due to (M(A)(«r - v))* = —114, see item (iv) of Theorem
and item (ii) of Theorem [1.15]

1 OV sty
= HM<)\)2||L2(E;(C4)AL2(E;(C4) [((c
> MO0 n) MOV (a - v

v)M(A)(a - V))ZHLQ(E;C‘*)HH(E;(C“)

(5.8)

2
) |‘L2(E;C4)—>L2(E;(C4)

1 1
= M- )MN (e V)l amensramen = 15 7 € p(Ao).
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This shows M_ > i and M_ > 16%. Now, let k& > M_. The definition of M_ implies

that there exists a A\g € p(Ap) such that k& > ||M(>\0)2HLQ(E;CALHLZ,(Z;U). Hence,

M(X)?
M(X)? — kI = —k (14 - (k‘)) ) (5.9)
is invertible since MO
H (o) <1. (5.10)
k L2(3;C4)— L2 (2;C4)

Therefore, k € p(M()\y)?) and by applying Lemma we get k € Fy. It remains to

consider the case 0 < k£ < 16]1\/[7. We observe

||(M()‘)2)71HL2(2;<c4)—>L2(2;<c4) = 16H<(O‘ V) (M(A)(a- V))QHLQ(Z;C4)—>L2(E;<C4)

(5.11)

_ 2

- 16HM()\> HL2(E;C4)~>L2(E;C4)'

Again, there exists a \g such that 0 < k < 16||M(>\o)2\|L2<12AC4) Y We notice
M()\O)2 — kI, = M(A0)2(I4 — k(M()\O)Z)_l) (5.12)

is invertible due to ||k‘((M(/\0)2)71||L2(z;(c4)—>L2(E;(C4) < 1. Hence, k € p(M(X)?) and
Lemma [5.4] yield k € F. O

For C! domains we can formulate a better result. Here, we use the compactness of
(a-v)Cx + Cx(a - v), which is proven in Theorem as the main ingredient of the
proof. The statement reads as follows.

Lemma 5.6. IfQ is a C' domain, then C\ {1} C F,.

Proof. We choose A € p(Ap) and k € C such that k # 1. Theorem (ii), Theorem
(iv) and Theorem yield the compactness of
1

MO = 3T = G~ 41 =G+ (Gl 1)) = Calav) (0 w)Cx + Calor-w) - (5.13)

Furthermore, we can write

1. 1-4
M(A)Q—k:M(A)Q—Zl+ I i

1y (5.14)
with the isomorphic operator #14. Thus, due to Theorem , M(\)? — k has

Fredholm index zero. O

Lemma 5.7. If > = 72 or 772_% e FoNR, then Iy + (nly + 75)M(X) is isomorphic
for xe C\ R.
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Proof. Let us start with the injectivity. Assume there exists an f # 0 € L*(%;CY)
such that f + (nly + 78)M(N\)f = 0. We claim that in this case (A, y(\)f) is an
eigenpair of A, .. The definition of y()), see (4.41)), shows y(\)f € ker (I' — \) and
Loy(A) f = f. Therefore,

Coy(N)f + Iy + 78)0iy(N) f = f+ (nly +78)M(A) f = 0. (5.15)

Hence, (A, 7(X\)f) is indeed an eigenpair of A,  which contradicts A € C\ R. For the
surjectivity we study the product

(Lo + (nla+ 7B)M(N))(Is — (nla + TB)M(N)). (5.16)

First, we rewrite Iy + (nly + 78)M(\) in the form I, + M(X)(nly — 78) + K1, where
K, == 7(BM(\) + M()\)B) is compact in L?(3;C*). The compactness of K; can be
seen from combining Theorem , Theorem (111) and ;8 = —a;f for j = 1,2, 3.
Through

Fi=Us+ (nly+78)MN)(Iy — (nly + 78)M(N))
= (Is + M(N)(nly — 76) + K1)(Iy — (nly + 78) M (X))
— Ty MO)(Ts — 7B) (0l + 7HMO) + Ko (T — (s + 7H)M(Y) (5.17)

=: K>

=0, — () —7T)MN)?+ K,
one immediately sees index(F) = 0 if n* — 72 = 0. Otherwise, F' equals

(i — 7% (7]2#14 - M()\)Q) + K. (5.18)

— 72

Due to nQiTQ € Fo, the expression #Lﬁ—M (A)? has Fredholm index zero. Applying
Theorem [.2]shows us index(F) = 0. We already know 14+ (nIy+78)M(X) is injective.
The same holds for Iy — (nly + 78)M(\), otherwise it would contradict the symmetry
of A_, _;. Therefore, F' is injective. Now, the Fredholm alternative, see Theorem [1.3

implies the surjectivity of F. Hence, also Iy + (nly + 75)M()) is surjective. O

Finally, we are able to state the main theorem of this chapter. It states sufficient
conditions on 1 and 7 such that A, ; is self-adjoint. Moreover, properties of the
spectrum are listed. In view of the next theorem, we define

My = sup HMO‘)||L2(E;(C4)—>L2(Z;(C4)' (5.19)

AE(=[|m],|m])

We observe M < oo due to Theorem (i1).
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Theorem 5.8. Let n? = 72 or FITQ € FoNR, Ay be the free Dirac operator introduced

n Deﬁmtion and A, ; be given by (5.2). Then, the operator A, . is self-adjoint
and for all X € p(Ag) N p(A,-) the resolvent is given by

(Ayr = N7 = (Ao = )7+ W)L+ (nLy + 78)M X))~ (nIs + 78)y(V)*, - (5.20)
where the y-field and the Weyl function M are defined by (4.41). Moreover, there
holds

(1) Oess(Anr) = (=00, = [m[] U[|m], c0),
(11) oaisc(Ay ) is finite,
(i) max{|n+7|,|n—7[} < ML+ = Odisc(An,r) =0,
(iv) min{[n+ 7|, |n =7} > AM; = 0aisc(Ay7) = 0 and
(v) A€ o,(A, ) = —1€a,((nly+18)M(N).
Proof. The statements about self-adjointness, the resolvent formula ((5.20) and asser-
tion (v) are direct consequences of Lemma and Theorem m
Proof of (i): Ttem (i) of Theorem states that y(\)* is bounded as a mapping
from L?(R3;C*) to H'/?(%;C*). Thus, Theorem proves the compactness of y(\)*

as an operator from L?(R? C?*) to L*(X;C*). Therefore, (A, — \)71 — (4g — A\) ' is
compact, implying

UeSS(An,T) = Oess(An) = 0(Ag) = (=00, — [m|] U [Im],00). (5.21)

Proof of (i1): In order to prove (ii), we proceed in the same way as in [10, Theorem
5.4 (ii)]. First, we note

Taise(Anr) = Odisc(Ap )N (—|m|,|m|) is finite if Udisc(A,%,T

)N[0,m?) is finite . (5.22)
Therefore, we prove that ogjsc (A%J) is finite. Let a be the sesquilinear form defined by
alu, v] := (Ayru, Aprv) o gacey  Vu,v € doma = dom A, .. (5.23)

One trivially sees that a is a densely defined sesquilinear form and bounded from below
by zero. Moreover, we notice that as a consequence of the closedness of A, ;, a is also
closed. Hence, [24, Chapter 6, Theorem 2.1.] shows that a is the form associated with
the operator A? . Our goal is to construct a second form b such that

alu] := afu,u] > blu,u] =: blu] Yu € doma C domb. (5.24)

If we can show that the operator B associated with b has only finite discrete spectrum
below the threshold m?, then also A? _ has only finite discrete spectrum below m?, c.f.
[35 Corollary 12.3]. This would prove the desired statement.
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Let us start constructing b. First, we assume w.l.o.g. that {2, is bounded and choose
Ry > Ry > 0 such that X C B(0, Ry). Now, let g; € C*°(R?) have the properties

0<¢g<1inR3* g, =1in B(0,R;) and suppg; C B(0, Ry). (5.25)

Moreover, we define g, := /1 — ¢? and continue the proof in the same way as in [10]
Theorem 5.4 (ii)]. We notice gju € doma for all u € doma and j = 1,2 and see

A, (gju) = gjA,-u—i((a- V)gj)u for j=1,2. (5.26)

Applying ({.26)) yields
algjul] =(g;4n-u —i((a - V)g;)u, (g;Anru = i((a - V)g;)u) > gs ey
=(g; Ay u, ngnJu)p(RB;@) + (((a - V)gj)u), ((a - V)gj)u)B(RS;OI)
— 2Rei(g; Ay u, ((a- V)QJ)U)L2(R3;(C4) (5.27)
= (g?AmTU, A?],Tu) LQ(]R3;(C4) + (|vg] |2 U’? u) LQ(R3;(C4)
— 2Rei(Ayru, ((a - V)gj)u) p2gscey Vu € domaand j=1,2.
Furthermore, we observe
(- V)(g? + ¢2) = 0 and define V := (Vg1 |> + [Vgo|*). (5.28)

Hence, for all v € dom a one has

afu] =(A4y,-u, An,ru)m(Rza;@) = ((9% + g3) Ay, AW,TU)LQ(R3;C4)
—algiu] + afgau] — (Vg1 + Vg, 1) o g
+2iRe(Ayru, (a0 V)(g1 +92)) 1) 12 gs.ca)
=algiu] + a[gau] — (Vu, ) 2 gs.c1 (5.29)
=a[giu] + algou] — (Vg7 + 92)1: 1) 1 s
=algiu] — (Vgiu, 1) 12 p(o,py).cty + alg2]
- (Vgau, 92“)L2(R3\B(0,R1);C4)~
We construct two further forms. Namely,
dom by == {u € L*(B(0, Ry); C* :u € dom a}

~ 5.30
bine[u, v] == a[u, 0] — (Vu,v) 12po,pyycty VUt v € dom by (5.30)

and

dom by := Hy(R*\ B(0, R;); C*)

~ 5.31
bext [u7 U] = a[u, m — (VU, U)LQ(RS\B(O,Rl);C4) Vu, NS dom bext7 ( )
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where (-) denotes the zero extensions of the considered functions. Through a closer
look we see

bext[u, v] = ((—i(a - V) + mB)u, (—i(a - V) + mB)v) . (R3\B(0,R;);C*)
= (Vu,v) 2(R3\ B(0,R;);C*)
= (=il V) +mB)*u,v) 2 o o,y — (Vi V) p2@spomycn  (5.32)

(=& +m*)u U)LQ(RS\B(O roen ~ (Vi 0) 2@ s,

2
= (Vu, V0) 2@\ o, mayicrocs) T ((M° = V) 0) o o ey

for all u, v € D(R3\ B(0, R;); C*) and by density also for all u,v € H}(R*\ B(0, Ry); C*).
Moreover, V' has compact support in B (0, Ry) \ B(0, R;). With the same techniques
as in the proof of [11, Proposition 3.9.], one can show that the operator associated
with bext, Bext, has finite discrete spectrum below m?. Next, we consider the form byy.
The form is obviously sesquilinear and bounded from below by myp = —maxV. In

int

order to prove the closedness of by, we choose a sequence (u;);en in dom by, such that

. 2
l%linoo bine[wr — wk] + (1 = M)l — wnll 720, ry)cty = 0- (5.33)

Thus, (4;)en is a sequence in dom a with

lhm alu; — uy] = 0 as well as hm s — Wl p2gs,cay = 0. (5.34)

Using the closedness of a yields the existence of w in dom a with
. ~ ~ 2
lliglo afu; — w] + [Ju — w||L2(R3;C4) = 0. (5.35)

Since 4; = 0 a.e. in R*\ B(0, Ry), we see through the L? convergence that w = 0 a.e.
on R?\ B(0, Ry). Combining these results and defining u := w|p(o g, leads to

u € dom by, and lli}m bine[w; — u| + (1 — myp,, ) ||w — u||iz(B(0’R2);C4) =0. (5.36)

Therefore, by is closed. Now, dom by, C HY?(Q,;C*) @ HY2(Q_N B(0, Ry); C*) and
[28, Theorem 3.27] show the compactness of the resolvent of By,. Thus, Bj, only has
discrete spectrum which only accumulates at infinity. Hence, the discrete spectrum
below m? of By is finite. All in all, ogise(Bint D Bext) C Fdise(Bint) U Odise( Bext) Proves
that the operator B, @ Bext, which is the operator corresponding to b, @ bey, has
only finitely many discrete eigenvalues below m?. We define the operator

U: L*(R*C" — L*(B(0, Ry);CY @ L*(R*\ B(0, R,); C*)

(5.37)
u = g1u D gau.
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One can check that ran U is a closed subspace in L*(B(0, Ry); C*)®L*(R3\ B(0, R,); C*)
and that U is a unitary operator as a mapping from L?(R?; C*) to ran U. We introduce
an auxiliary form

by, v] := bing B bexi[u, v] for u,v € dom by := ran U N (dom by, @ dom beyt). (5.38)

This form is sesquilinear and bounded from below by construction. Next, we check
that by is densely defined in ranU. Therefore, we choose u € ranU. Then, there
exists a sequence (u;)ey in L2(B(0, Ry); C*) @ L*(R? \ B(0, Ry); C*) converging to u.
Defining w; := UU*u; € ran U and recalling U*Uu = u yields

[|w; — uHranU = U Uw — U*UUHH B(0,R2);CH)@L2(R3\ B(0,R1);C4
( (’ 2)7 )@ ( \ () 1)7 ) (539)

< l—00 0
= Hul - uHLQ(B(O,RQ);(C“)@LQ(R3\B(0,R1);C4) :

This shows that by is densely defined. Since convergence in the norm induced by

1l 250, Rayictyo L2 @\ B, Rty T (1= My = M ) Bint © B[], (5.40)

where my,,, denotes the lower bound of the sesquilinear form by, implies conver-
gence in the ||| 250, ):ct)@r2 83\ B(0.R, ):cty 0T, the closedness of by follows from
the closedness of by, @ beyy and ranU. Hence, by induces a self-adjoint operator By
in the Hilbert space ran U. Furthermore, [35, Corollary 12.3] states that By also only
has finite discrete spectrum below m?. The last quadratic form we need in this proof
is defined by

blu, v] := by[Uu, Uv] for u,v € domb := U*(dom by). (5.41)

The operator B corresponding to b has the form B = U*ByU. Since U is a unitary
operator from L?*(R?; C*) to ran U, the discrete spectra of B and By coincide, implying
B has only finitely many discrete eigenvalues below m?. We obtain from ([5.29)

afu] = blu] Yu € domandomb. (5.42)

It remains to prove doma C domb. Let u € doma C Hé/Q’O(QQ ® Hol/2’0(Q,).

We immediately see giu € dom by,;. Moreover, gou € HY 2’0(R3 \ B(0,R;)) and

tow»\ B(0,r1)) 920 = 0. Thus, gou € H}(R*\ B(0, R;)) = dom bey by applying Corollary
We observe

U (wy @ wy) = g1y + gowy  Y(w1 @ wy) € L*(B(0, Ry); C*) @ L*(R*\ B(0, R,); CY).
(5.43)

Therefore, u = U*(g1u @ gou) € dom b which proves doma C dom b and thereby also

concludes the proof of (ii).

In the remaining two parts of the proof we assume A € R\ 0ess(4,, 7)) = (—|m], |m]).
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Proof of (iii): One easily sees nl, + 70 is a diagonal matrix with diagonal entries n+ 7
and n — 7. Therefore, if max {|n+ 7|,|n — 7|} < ML+, then |nly + 76| < ML+ and

101 La + 7B MV 20y 2mery < 1 for A€ (=[m], |m]). (5.44)

Hence, —1 € p((nly + 78)M(X)). Moreover, we obtain A ¢ ogisc(Ay,-) from Theorem
115

Proof of (iv): We immediately realize that under the given assumptions (nl,+70) M (\)
is invertible and ||(M()‘))71||L2(Z;(C4)—>L2(E;(C4) = 4||M()‘)||L2(E;(C4)—>L2(E;(C4) < 4M,. Fur-
thermore,

Ly — (s +78)MN) = (nly +7B)MN) (M) "Iy +76)"" = L) . (5.45)

The norm of (nI; + 73)~! equals < 41\1@- This leads to

1
min{|77+7'|7\77—7'|}

[N 0La+ 78) 7| pomeny s rasien < 1 (5.46)

Thus, —1 € p((nly + 78)M(X)). Applying Theorem shows A & oqise(Ap, ) ]

Remark 5.9. In case of a Lipschitz boundary ¥ we have

1 1
N -1 ¢ {M— 16M] =’ =717 or ——— € FyNR = A, is self-adjoint. (5.47)
_ 77 T

If the boundary X has even C! regularity, there holds

-1 #4=n"=1or ﬁ € FoNR = A, ; is self-adjoint. (5.48)
Certainly, our results let us conjecture that is also true for Lipschitz domains.
Unfortunately, we were not able to carry the proof of the important compactness result
regarding M (\)? — %[4, cf. Theorem , over to Lipschitz domains. It is also worth
mentioning that the critical case n? — 7% = 4 is still open, even for smooth domains.
However, for two-dimensional Dirac operators with singular interactions on smooth
curves self-adjointness was proved in [11].

5.2 Particular Choices of the Interaction Strengths
n and T

In order to emphasize the results of Theorem [5.8] we take a closer look at two special
cases which are included in Theorem [5.8] These special cases are covered by Theorem
for Lipschitz boundaries without additional regularity of the boundary. We con-
sider the confinement case, where n? — 72 = —4, and the case of purely Lorentz-scalar

0-shell interactions, i.e. n = 0.
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Theorem 5.10. If n> — 7% = —4, then the operator A, ,, which is defined by (5.2), is
self-adjoint and the domain can be decoupled into

dom A, , = {f € domT : (j:i(oz V) + %(77]4 + Tﬁ)) tyfr = 0} . (5.49)

Proof. The self-adjointness is a direct consequence of Theorem [5.8 and Remark
It remains to prove the representation of dom A, ; depicted in . Let us denote
the right-hand side of M, . The inclusion M, , C dom 4, , is obvious just by
looking at the definitions of I'y and I';. We start proving dom A, . C M, . by choosing
a function f € dom A, .. Recalling the definitions of I'y and I'y, cf. , we see

Lof + iy +78)1 f

= (i(a V) + %(77]4 + Tﬁ)) tefy + (—i(a V) + %(nLl + rﬁ)) tsf- =0. (5.50)

We multiply with —i(a - v) + 3(nly — 73) and obtain

(1 + 772 ; 7'2) tof. + ((_1 n 7}2 — 7‘2) I — i(a . V)(7714 + Tﬂ)) tsf_=0. (551)

4
Inserting our assumption 1> — 72 = —4 and multiplying with %(oz - v) yields
(— (- v) + %(77[4 + Tﬁ)) tsf_=0. (5.52)
Analogously, multiplying with i(« - v) + %(77]4 — 7/3) gives us
(z’(a V) + %(7)14 + Tﬁ)) tsfy =0 (5.53)
and therefore f € M, ;. Hence, dom A, ; = M, .. O

Remark 5.11. The phenomenon stated in Theorem is also studied in 3], Section 5],
[22, Remark 4.2.2.] and [7, Lemma 3.1]. Tt is a remarkable fact of the case n* —7% = —4
since it implies that the operator A, . can be decoupled into two independent opera-

tors defined on the domains {fi = Hé/z’o(Qi) C(Ei(a-v) + (0l +70)) tefr = O}.
The corresponding physical phenomenon is called confinement and means that the
boundary ¥ is impermeable for particles.

Now, we consider the case of purely Lorentz-scalar d-shell interactions. The results
listed below can be found e.g. in [22, Corollary 4.2.6.] or [23, Theorem 2.3], where these
kinds of operators are studied in further detail for domains with smooth boundaries.
The proof of Theorem does not change for Lipschitz domains. However, we state
the proof for the sake of completeness.
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Theorem 5.12. Let 7 € R and Ao, be the self-adjoint operator defined by (4.42]).
Then, in addition to the assertions in Theorem [5.8, the following assertions hold:

(i) A€ a(Ap) if and only if =X\ € o(Ap,).
(i) The discrete eigenvalues of Ao, have even multiplicity.
(iii) If Tm > 0, then ogise(Aor) = 0.

Proof. The ideas of the proof stem from [23, Theorem 2.3]. We start with assertion
(i) and introduce the so-called charge conjugation operator

C: L*(R%*C* — L*(R*CY) (5.54)
[ iBasf. (5.55)

Keeping @ = —a» and f = f in mind, we obtain
CZf = iﬂ&giﬁ&g? = —60625062]” = f (556)

We claim f € dom Ay, if and only if Cf € dom Ay .. It is easy to check f € dom7T if
and only if Cf € domT'. Therefore, let us investigate the boundary conditions. Using
(- v)ag = as(a - v) and elementary algebraic operations yield

TCS +7A1NCS = il - v)iBasTEaly — B ) +75iBasbal- + £ )

= —ifazi(a-v) (Esfr —tsfo) - %2'504275 (tefy +tsfo) (5.57)
= —iapfS (T'of + 7601 f) Vf € domT.

This proves the claimed result. Next, we see, again through similar algebraic consid-
erations,

(Ag-Cf)s = —ila~ V)iaTs +mpifasTs = ~ifas (~ia- V) fx + mpfs)
= _(CAO,Tf)i Vf € dom A(]’T.

(5.58)

Summing up the properties of C, we have
(a) C?2 =1,
(b) f € dom Ay, if and only if Cf € dom Ay, and
(¢) ApCf=—CAy,f for f € domAy.

This implies A € ogisc(Ao r) if and only if —\ € ogisc(Ao ). Moreover, we already know
that the essential spectrum of Ay, is symmetric and therefore item () is true.
For the second assertion we introduce another helpful operator

T : L*(R* C*) — L*(R*% CY)

S (5.59)
[ = —iysaaf
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. . I . .
called the time reversal operator with 5 = (? 02> The matrix 5 satisfies the
2
relations 58 = —f7; and vsax = ag7ys. In an analogous manner as for C, one can
show
(a) 7-2 = _[7

(b) f € dom A, if and only if 7 f € dom A, and
(c¢) Ao Tf=TAo,f for f € domA.

Hence, (f,A) is an eigenpair of A, ; if and only if (7 f, ) is an eigenpair of A, ;. As
a consequence of

(Th ey = [, (~is0a@a(@)  do = [ ifle) - azgle) do
= [ (isesgta)) sy de = [ (in0ag(®) - f(a)da (5.60)
= /]R3 (i75042@, f(x))(C4 dr = —(Tg,f)Lz(Rs;@) Vf,g€ L2<R35C4)

f and T f are orthogonal. Now, let A be a discrete eigenvalue of Ay,. We prove
assertion (7) through constructing a basis of the eigenspace ker(Ap, — A). Therefore,
we choose an eigenfunction f; corresponding to the eigenvalue A. Then, T f; is also
an eigenfunction which is orthogonal to f;. Now, two cases can occur. Either the
multiplicity of the eigenvalue A is two or the multiplicity is larger than two. In the

first case we are done. Otherwise, there exists another eigenfunction f; which is
orthogonal to span{ fi,7 fi}. We use (5.60) to see

(T f, fl)Lz(z;(czl) = _(Tf17f2)L2(2;(C4) =0

(5.61)
and (Tf27 Tf1>L2(Z;(C4) - - (7-2f17 f2>L2(E;(C4) = 0.
Therefore, T f, is orthogonal to span { fi, 7 f1, f2}. Again, two cases can occur and we
proceed iteratively. Since A € ogisc(Ao-), the multiplicity is finite and we can proceed
with this procedure until we have constructed an orthogonal basis for the eigenspace
of A\. Then, the eigenspace has even dimension by construction of the basis.
Last, we prove item (%ii). For this purpose we examine the expression || Ao f|| L2(R3,C4)
where f = f, @ f_ € dom Ay .. We observe

2
|| AO,Tf||L2(R3;C4)

‘ . ) (5.62)
> 2Re ((—i(a - V) f1) @ (=i(a- V) f2), mBf) o gscry + M1 Nl 2 gsiony-

We notice if Re ((—i(a- V) f+) @ (—i(a- V) f2), mB[) 2gs.cay = 0, then an eigenvalue
A € (—|m/|,|m|) can not exist. This would yield ogisc(Ao-) = 0 since Theorem [5.8) (i)
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shows 0ess(Apr) = (—o0, — |m|] U [|m],00). In the following lines we split the expres-
sion, employ integration by parts and use (4.25)) as well as the boundary conditions to
get

2Re ((—i(a- V) f1) @ (—i(a- V) f2), mBf) pags.ca)
(- V) fr,mBfi) 2, cn + (—ila- V) fomBf )2 o

(=
+ (mBfy, =il V) f1) 1200, 01y + (MBf-, =il - V) [2) 120 0oy
= (—ila-v)tsfr,mtsBfi) 2o + (i(a- v)tsfo mtsBf) 2 sca) (5.63)
= (I f, Fomﬁf)ﬂ ;C4) — (Tof, F177”‘&70)?(2;‘04)
—(BTLf Tomf) pasieay — (Do fs BTvMS) 2 sica)
—(BU1f, =7BmIf) pamcay — (7B BT ) p2s0a
= 2 e > 0
]
5.3 Differences of Powers of Resolvents
In this section we study the qualitative properties of differences of the form
(Ayr = N7 = (Ag =N, (5.64)

where A € C\R and [ € N. This is particularly important in scattering theory, because
by showing that (4, , — \)~ — (Ao — )™ belongs to the trace class for a [ € N, i.e.
the singular values of (A, , — A\)™" — (Ag — A\)~! are summable, one can prove that the
wave operators of {A, ;, Ap} are complete, see [24, Chapter Ten Theorem 4.12 and
Remark 4.13.].

The next two statements are based on Proposition 4.1.9. and Theorem 4.2.7 in [22].
The proofs are similar, but here we only assume Lipschitz continuity of the boundary
>) and therefore we obtain slightly lesser regularity in terms of Schatten-von Neumann
ideals.

Lemma 5.13. Let the v-field and the Weyl function M be given by (4.41). Then, the
following statements hold true:

7,79

(i) The operator-valued functions X — v(\) and X — v(\)* are holomorphic in p(A)
and for k € Ny and € € (0,1)

dk

DTN €6 o o(LA(E;CY), LA(R?.CY) and .
L :
T ()T €6 o (LX(R%CY, L (5;C).

*

In particular, kak’y()\) and /\,ﬂ()\) are compact.
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(ii) The operator-valued function X\ — M(\) is holomorphic in p(Ag) and for k € N
and € € (0,1)

k

Ak

Proof. We start the proof by showing that v(\),y(A)* and M(A) are holomorphic.

First, we notice due to Theorem that they are bounded and everywhere de-

fined operators. It suffices to show the statement for v(A\)* = I';(4y — A\)~!. For

the other two operator-valued functions the statement follows by taking the adjoint

and item (i) from Theorem We set 2~(A)* = T'1(Ag — A\)~2 and see that for
A= nf [[Ao = All 2 @s.cay 1 ecay < 1 holds

M) € 6 s (L*(;CY), L*(Z;CY). (5.66)

TN =@ d
| dﬂW
L2(R3;C4)— L2 (2;C4)
d -—
H YA (5.67)
d/\ L2(R3;C4)—H/2(5;C4)
(Ag —A) 1= (Ag — p)7?
SH 0 ) ( 0 /1’) _(AO_)\)—Q )
A—p L2(R3C4)— H1 (R%CY)
Next, we represent (Ag — u)~! as a Neumann series
(Ao =)™ = (A=) (n=N' (A =N (5.68)
1=0
Applying this representation we see
A Ao — )~ _ - _ -
e I e P I C S VR
= (5.69)
(=N (A= N> (=N (A= N
1=0
This expression can be bounded by
13
A=l [[(Ag = A) 1||L2(R3;(C4)—>H1(R3;(C4) A (5.70)

1 — A= pl [|(Ao — )\)71|‘L2(R3;C4)aH1(R3;C4)

which shows that also converges to zero for p — A. Hence, A\ — ~y(\)* is
holomorphic. Now, we prove the statements in item (7). Again, it suffices to show the
statement regarding the adjoint of v(\). Then, the second claim follows by taking the
adjoint. Item (#) in Theorem [1.14] shows

ar -
Wﬂy()\)* = kIT(Ag — \) "L (5.71)
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Using the Fourier transform we obtain that u € dom AE™ is equivalent to

°°>/’ &) +mp)H (Fu) )] + [(Fu)(©)I d
(5.72)
= [ (64w F QO + 1O de ~ ulyeonesco

Thus, ran (A9 — A\)7*~! = dom AE*! = H*1(R3; C*). Let us choose R > 0 such that
¥ C B(0, R). Moreover, let g € D(R?) such that 0 < g < 1, g = 1 in B(0, R) and
suppg C B(0,2R). Then,

Q : H"(R* C*) — HEYY(B(0,2R); C*)

5.73
u = (gu) [Bo2n) o7

is well defined and bounded. Therefore,

"~ k—1
Applying Corollary yields
QU N+ e® . (IA(R%CY,H H '+ (B(0,2R); CY)
m-TEE (5.75)
=6 s o (LA(R%C, H ¥ (B(0,2R); CY).

We also know from the trace theorem, see Theorem [2.25, and from the continuous
embedding of H3(%;C*) in L2(2;C*) that Ty is bounded from H 2 (B(0,2R): C*) to
L*(%;C*). This leads to %7(/\) €6 S S(LA(R3;CY), L?(X; CY)), implying (4).
Next, let us prove assertion (ii). Since Qo from Theorem equals L*(32; C*) in our
case, (i) from Theorem yields

dk , dk 1
MO =BT = ) =k (W ) A (670)
We apply (i) and Theorem (#71) in order to get item (ii). O

Theorem 5.14. Letn? = 7% or 2 — € FoMNR, Ag be the free Dirac operator introduced
in Deﬁmt@on and A, - be given by (5.2). Then, forl € N, e € (0,1) and A € C\R
(A, — N —(Ag =N eBs

T—c ,O0

(L*(R* CY), L*(R* CY)) (5.77)

holds true. In particular, (A, — N)~" — (Ag — \) ™" belongs to the trace class ideal if
[>4.
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Proof. We start by rewriting (5.77) with the help of the product rule, cf. [20, eq.
(2.2.7)], in the following way

-1
(Apr =N "= (A= V)" = ﬁ% ((Apr =N = (A= N)7)
-1
= ﬁ% (YN (I + (Is + 78)M(N) " (nLy + 78)v(N)*) (5.78)
U _1 1! > dd—:qv(A) dd;r (L + (s +78)MN) " (nly + 7) dd;v(X)*.
qf;’lssejgo—l

At first, we take a closer look at the terms with » = 0. We already know from Lemma
m that the operator (I 4+ (nly + 78)M(X)) ™" is bounded in L?(3;C*). Moreover,

%V(A) €6 o (L*(%; €Y, L*(R*; CY)) and 50
SAO) €6 s (RN T, (3 ). |
Hence,
d &’ »
T YWy (a+ (la + Tﬁ)MS(/\)) 550
(nly + Tﬁ)dd)\sy(X)* €6 ., (L*(R%CY), L*(R% CY)

for r = 0. Next, we prove the case r > 1. We claim

T

dA”

(Is+ (L + TB)M(N) " € & (L*(%;CY), L3(%;CY)  VE€ (0,1). (5.81)
Let us prove the claim with induction. Therefore, we assume r» = 1 at first. Then, the
inversion rule, cf. [26] eq. 2.2.8], yields

T

dAr

(Is + (N + TB)M (X))~

= (Lt (ol + 7B)MO)) ™ (T 78) M) (L -+ (als + 78)M ()
(5.82)

Thus, = (1o + (nls +78)MN)) " € & (L*(5;CY), L*(%;CY) for all & € (0,1)
according to Lemma [5.13] Now, let » € N. We use the inversion rule and the product
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rule in order to see
r+1

dAr+L
== (((14 + (L + 7B)M(A) ™

(Lo + (nls+78)M(N) ™

(nls + rﬁ)%M(A) (L + (nls + Tﬁ)M(A))l) (5.83)

—— 5 (g ne oy

h,k,m€eNg
h+k+m=r

k+1 m
(1T 78) 3 MO (4 (T + M) ).

Using the induction assumption we get
&
N (Is+ (nly + TB)M(N) ' € & . (L*(%;CY, LA (25 CY) (5.84)
5-28
for alle € (0,1) and 5 € {1,...7}. Moreover, Lemma (i) yields
dk+1

R 2 Nal 2 el

for all £ € (0,1) and k € Ny. Applymg (5-84), (6-85), Theorem [L.10] (iii) and the
boundedness of (I, + (nly + 76)M (X)) ™" shows us

dr+1

Dot o+ (la+78) M ) les 3o (L(35CY), L7(2:CY)) (5.86)
for all € € (0,1). Thus, the claim (5.81]) holds true. We return to the expression
S Lt (L + M) () (587
dxe Y e VT U ! ‘

for r > 1. Again, Lemmal5.13| (i) proves S-~(\) € 6 s o (LA(%;CY), L*(R% CY))
1

3¢

as well as d-y(A)* € &__ _s o (LA(R3:CHY, L (E,(C4) Furthermore, we choose
+1 3¢
& = 2¢. Then, Theorem [1.10] (7 ) gives us
e »
7N =5 s+ (nla+ 78) M (X))
d®  — ’
(L +78) 757N € & s (L*(RY CY), LA(R%; CY))

for all ¢,r,s € Ny with ¢ + r + s = [ — 1. Summing up these terms concludes the
proof. O]
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