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Abstract

In free probability one studies not necessarily commutative random variables. We give
an introduction to this field of study by defining non-commutative probability spaces
and distributions in this setting. To further understand how these distributions behave
under addition and multiplication of random variables we study free independence which
is an analogue to the classical notion of independence. This notion gives also rise to a
description of factorization of mixed moments in terms of non-crossing partitions and
free cumulants. Further we introduce analytical tools such as the Cauchy transform and
the conditional expectation to describe the behavior of convolutions. These concepts
allow us to describe additive and multiplicative processes with free increments. For
these processes we show the existence of a Feller Markov kernel and the subordination
property which we finally use to proof analogues of the Levy-Khintchine formulas for
different kinds of free analogues of additive and multiplicative Levy processes.






Kurzfassung

In der freien Wahrscheinlichkeitsrechnung untersucht man nicht notwendigerweise kom-
mutative Zufallsvariablen. Wir geben eine Einflihrung in dieses Studiengebiet, indem
wir nicht-kommutative Wahrscheinlichkeitsrdume und Verteilungen definieren. Um zu
verstehen, wie sich diese Verteilungen unter Addition und Multiplikation von Zufallsvari-
ablen verhalten, untersuchen wir die freie Unabhéngigkeit, die ein Analogon zum klas-
sischen Begriff der Unabhéangigkeit ist. Dieser Begriff fiihrt auch zu einer Beschreibung
der Faktorisierung von gemischten Momenten in Form von nicht kreuzenden Partitionen
und freien Kumulanten. Weiterhin fithren wir analytische Werkzeuge wie die Cauchy-
Transformation und den bedingten Erwartungswert ein, um das Verhalten von Faltungen
zu beschreiben. Diese Konzepte erlauben es uns, additive und multiplikative Prozesse
mit freien Inkrementen zu beschreiben. Fiir diese Prozesse zeigen wir die Existenz eines
Feller-Markov-Kerns und die Subordinationseigenschaft, die wir schliellich verwenden,
um Levy-Khintchine-Formeln fiir verschiedene freie Analoga von additiven und multip-
likativen Levy-Prozessen zu beweisen.
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1. Introduction

In this thesis we will look at non-commutative analogs of processes with independent
increments which are a prominent class of stochastic processes. Other than their classical
counterpart increments of these processes can not only be stochastically independent, but
also algebraically. Therefore they require a new notion of independence which is called
freeness. Using this property we will then derive different tools, which will allow the
calculation of distributions in form of probability measures and their free convolutions.
Later we will introduce time-dependence and prove the existence of the analog of the
Markov-Feller kernel which we will finally use to describe processes with free increments
and prove analogs of the Levy-Khintchine formulas. The main source for this paper is
[Bia98|.

1.1. Processes with independent increments

We will start by stating important definitions and results from the classical theory. As
stated above we discuss analogs of processes with independent increments. So we start
by looking at their classical definition.

Definition 1.1 (Processes with independent increments).

A function t — X; which maps a time point t € RY to a random variable X; on some
probability space (2, F,P) is called a process.

Further X, is said to have independent increments if for any increasing sequence
t1, ..., tn € RT of arbitrary length n € N Xy, (Xy, — X4,), o, (X3, — Xt,,_,) are indepen-
dent.

Another important property when working with stochastic processes is the Markov
property.

Definition 1.2 (Markov property).

A filtration F; is a family of sub-o-algebras of F such that s; < s9 = Fg; C Fg,.
A process X; is called adapted to the filtration F; if for all t € RT X, is Fi-measurable.
Such a process Xy has the Markov property if for every Borel set A and for every
s,t € RT it holds that P[Xsyy € A|Fs] = P[Xsyy € A|X{]

Remark. In other words the only relevant information on the history of a Markov
process is the value of the processes at the current time.

For the rest of this section we will always assume that the probability space comes with
a filtration F;. We can also express this property by using bounded Borel measurable
functions.
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Proposition 1.3 (Markov property).
Assume that for any bounded Borel measurable functions o

E[o(Xsre)[Fs] = ©(X5)
for some ® bounded and Borel measurable. Then X; satisfies the Markov property.

Next we will look at the distribution of such processes. In the classical theory we can
describe them as time dependent probability measures as follows:

Definition 1.4.
We denote the distribution of X; by p; and the distribution of Xy — X by sy

Remark.
Note that distributions of the processes as defined above depend on the underlying prob-
ability measure of the probability space.

Proposition 1.5.

Vr < s <t gk gy = bt and flys ¥ [l = [rt

Remark. This proposition also shows that the transition probabilities ps; are indeed
sufficient to describe py for all t € R.

1.2. Basics of Free Probability

Having looked at important concepts in the classical theory we now try to find similar
formulations such that the same concepts can be applied to more general space like non-
commutative algebras. These ideas were first introduced by D. Voiculescu 1986. For a
thorough introduction we refer to [NS06] or [DVN92].

We start by defining a non-commutative analog to a probability space.

1.2.1. Probability spaces

Definition 1.6 (Non-commutative probability space).

Let
A algebra over C with unit 14

¢  @:A— C linear with p(14) =1
Then (A, ) is called a non-commutative probability space containing the mon-
commutative random variables a € A.

Remark.
Throughout this thesis, we will often drop the "non-commutative” in these definitions if
it 1s clear that these spaces are considered.

To see the extent of this definition we will look at some examples.
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Example (Classical probability space from a free probabilistic view point). £>(§, F,P) :=
{X random variable | 3C € R : P[|X| < C] = 1} forms an algebra and contains 1
(i.e. the random wvariable with P[X = 1] = 1). And obviously the expectation E :
L>(Q, F,P) — R is linear and satisfies E(1) = 1.

Thus (L>* (2, F,P),E) is a probability space as defined above (even though in this case
the algebra is commutative).

Example (Matrix probability spaces).
Since C™™ forms an algebra containing the identity matriz, we can choose A = C™*™,
For the state we need to fix a linear functional ¢ such that
1 0
2 =1
0 1

Two popular choices for the linear function would be

1. vacuum state: v(A) = a1,

2. normalized trace 7(A) = 23" a;;

n
where A = (a; )} ;—y € C™"

Example (Random Matrix probability space).
Now we combine that examples above to

ailr ... QA1n
A=C"" @ L2(Q,F,P) = Do :a;j € L2, F,P)
an1 ... QApn,

For the state we can just choose a mizture of the states of the individual sub probability
spaces.

5 1o
T(A) = - ZE(GH)
i=1
le. T=TQRQE

To introduce the concept of positivity we look at the connection of these random
variables to their adjoints.

Remark.

In the classical theory an almost surely non-negative random variable has non-negative
expectation. In particular remember the partial order X > 0 <— P[X > 0] = 1.

To define such an partial order on the probability space of example 1.2.1 we could use
positive semi-definiteness. In other words A >0 <= IB € C"*": A= B*B

We denote the cone of non-negative matrices by C*" = {A*A|A € C"*"}.

So the property X >0 = E(X) > 0 corresponds to

VA e C™*™: p(A*A) >0

15



Since we want to apply this to spaces more general than a random matrix space, we
have to define an adjoint operator on more general algebras. In this context these are
typically called involution.

Definition 1.7 (Involution, x-probability space).
An anti-linear operator x : A — A is called involution if for all a,b € A:

o (a*)*=ua e for all A € C: (\a)* = Aa*
e (ab)* =b*a* e p(a) €R fora=a*
e (a+b)*=a*+0b* e p(a*a) >0

If (A, ) contains an involution it is called *-probability space and ¢ is called state.

Note that since ¢ : A — C, the condition p(a*a) > 0 also means that ¢(a*a) € R.
Using this involution we can also start to characterize the random variables we are
working with.

Definition 1.8. a € A is called:
e self-adjoint if a* = a
e unitary if a*a =aa* =14
e normal if a*a = aa*
In a x-probability space the expectation translates the involution into complex-conjugation.
Proposition 1.9. ¢(a*) = ¢(a)

Proof. We use the same approach as to prove the statement for complex numbers.

Let x € A.

We define o = % and 8 = “;f*. Then it is easy to check that ¢ = « + i¢8 and
a*=a—1ip

Note that o and g are self-adjoint and thus ¢(a) and ¢(f) are real.

Finally ¢, p(a*) = (o) — ip(B) = (o) + ip(B) = ¢(a) O

With the properties we have seen so far we can already define the distribution of a
random variable in an algebraic sense. But contrary to classical probability theory the
following definition just gives us a description of the moments and not yet a probability
measure.

Definition 1.10 (Distribution in algebraic sense).

The distribution of a € A can be defined in terms of a linear functional
e C(X,Y)—>C
P = ¢(P(a,a))
where C(X,Y') is the space of non-commutative polynomials in the indeterminates X
and Y.

16



The non-commutative polynomials give us all possible ways of multiplying a and a*
to terms of an arbitrary finite length. These are exactly the moments of the algebra
generated by {a,a*,14}. Summing up these terms does not change anything since ¢
is linear. The problem is that this definition is not practical for analytical approaches.
Since we already characterized the random variables to some degree, we will look at
some properties of the state.

Definition 1.11 (normal, tracial, faithful state).
The state ¢ : A — C is called:

1. normal if it is continuous with respect to the weak *-topology
2. tractal if for all a,b € A: p(ab) = p(ba)
3. faithful if for alla € A: p(a*a) =0 = a=0-1y

Remark.
If a state @ is tracial, it is often denoted by .

Proposition 1.12. (a,b), = ¢(b*a) for a,b € A defines an inner product and HaHi =
p(a*a) is a norm on A.

Proof.

1. Linearity
For A € C: (Aa,b) = p(b*(Aa)) = p(Ab*a) = Ap(b*a) = X(a,b)
(a+b,c) = p(c* (a+b)) = p(c*a) + p(c*b) = (a,c) + (b, c)

2. Conjugate symmetry
(a,b) = o(b*a) = p((b*a)*) = ¢(a*b) = (b,a)

3. Positive semi-definite
Holds since ¢(a*a) > 0 holds in *-probability spaces.

4. Point-separating
This is exactly faithfulness of the state: p(a*a) =0 <= a =10

O]

Since we have now shown that a *-probability space with tracial state comes with
an inherent norm, we want to discuss closed algebras. This leads to Banach and C*
algebras.

Definition 1.13 (Banach-algebra).
A Banach algebra A is an associative algebra over C with norm || - || which satisfies

Va,b € A: [lab]| < lla]l - |[b

and is complete.
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Definition 1.14 (C*-algebra).
A Banach-algebra A with norm || - | : A — R and involution * : A — A which

additionally satisfies
Va € A: [la”all = [la®]| - [|a]

1s called a C*-algebra

These C*-algebras can actually be faithfully represented as subalgebras the space of
bounded linear operators on some Hilbert space.

Definition 1.15 (*-representation). Let A be a C*-algebra and (H, (-,-)) a Hilbert space.
A map 7 : A— B(H) is called *-representation if:

(
e Va,b e A: n(a+b) =7(a) + 7(b)
e Va,b e A: n(ab) = m(a)m(b)

o m(1a) = 1pm)

e Va € A: m(a*) = w(a)* where % is the involution in A and the adjoint in B(H).
o {m(z)é|lr € Aand & € H} is dense in H

Theorem 1.16 (Gelfand-Naimark-Segal construction). Let A be a C*-algebra with unit
14 and 7 : A — C a positive linear functional. There exists an Hilbert space Hy and a
x-representation 7. between A and B(H). Further there exists a & € Hy such that for
alla € A: 7(a) = (a&,€). This £ is called the cyclic vector

For every other x-representation © : A — H with 7(a) = (a&’,&')y there exists U €
B(H;) unitary such that 7'(-) = Un.(-)U*. This property is called unitarily equiva-
lence.

Proof. Define (a,b) := 7(b*a) for a,b € A. It is obvious that this satisfies all properties
of an inner product except for strict positive definiteness.
Let N = {a € A|r(a*a) = 0} with is clearly a closed subspace of A.
Using the Cauchy-Schwarz inequality we see that 7(b*a)? < 7(a*a)7(b*b). And thus for
n €N and a € A:

7 ((an)*(an))® = 7(n*a*an)

< 7(n*n)7((a*an)*(a*an)) =0

With similar arguments as above we can show for all n € A/ and all a € A that

2

e 7(na)=0

e 7(an) =0
This shows that AV is a left-ideal of A.
For A/N we define the inner product

(z+N,y+N)r:=7(y"2)

18



which is well defined since for a,b € A and n,m € N'

7((a+n)"(b+m)) =71(a’d) + 7(a*m) + 7(n*b) + T(n*m) = 7(a™b)

Denote by H, the closure of A/AN with respect to this inner product.

For fixed a € A the map 7, : A/N — A/N is defined for z + N € A/N by m,(z+N) =
azx.

Since A/N is dense in H,; and 7, is linear and bounded (therefore continuous) we can
extend 7w, to H; making it the mapping 7, : H, — H,.

Now seeing it as a mapping in A we get 7 : A — B(H;) which is a s-representation since
{ma(la+N)¢la € Aand € € H;} is dense in H,.

Choosing £ =14+ N € A/N C H, we get fora € A

E€AIN "
(m(@)é, &) =" 7(£%af)
= T(1g+N)*a(lq+N))
T(1%al4) + 7(15aN) + 1(N*als) + 7(N*aN)
= 7(a)
Taking another *-representation 7’ : A — H with cyclic vector x, we define U on 7(A)¢&
by Un(a)§ = 7'(a)x for a € A. This is a well-defined isometry since

17 (@)x? = (7' (a)x, 7' (a)x) = (7'(a’a)x, x) = T(a’a) = (7(a*a)é, &), = |m(a)¢]]?

Since m(A)¢ is dense in H,, U can be extended to H, and satisfies
Un(a)m(b)§ = Un(ab)§ = 7' (ab)x = n'(a)’'(b)x = 7'(a)Un(b)¢
Since b € A was arbitrary we see Urn(a) = 7'(a)U O

The Gelfand-Naimark-Segal construction has proven that the space (A, 7) can be rep-
resented by bounded linear operators if A is a C* algebra. Therefore we assume from
now on that A C B(H) and 7(a) = (a&,§).

Definition 1.17 (von Neumann algebra).

A C*-algebra N is called a von Neumann algebra if N is closed under taking limits
in the weak-*-topology.

That is for all (T,) C N: limy,_o0 (T0€,m) = (T€,n) foralléme H = T € N

As we will see later, these spaces allow for a description of the distribution of special
random variables using probability measures. We will now summarize the properties we
want for the space we will be using in the future in the following definition.

Definition 1.18. If A is a von Neumann algebra containing the identity operator and
T is normal, tracial and faithful we call (A, 7) a W*-probability space.
Further by theorem 1.16 we see: 7(a) = (a&, &)

19



Proposition 1.19.
For every T € A self-adjoint:

Fp: 7(TF) = / Modu(N)
R
For every U € A unitary:

L. (k) = [ ANy
;7 (UHU)) /TA)\d()\)

Theorem 1.20 (Spectral Theorem for normal operators). For every normal linear
bounded operator T there exists a unique spectral measure Ep : F — L(H) with compact
support in a Borel-o-algebra of C defined by

- / tAE (1)
o(T)

The map f — f(T) = fa(T) f(t)dEp(t) defined by

(T, y) = /  JOaEry

defines a unique functional calculus.

Proof. Since A is a W*-algebra all random variables a € A are bounded linear operators
and both self-adjoint and unitary operators are normal. So by the spectral theorem we
see for any Borel-measurable bounded function f:

f(A) = f(t)dEA(t)
o(A)

. By definition of integrals on normed spaces we further deduce that

(f(A) =7 ( / . f<t>dEA<t>> — [ rwarE) @)

o(A)

We define = 7(F4). By definition of the spectral measure and the fact that 7 is a
linear functional this is a measure.
To show that p(2) =1 we use that E4(c(A)) = 14. Thus

l=7(14) =7 <fa'(A) ldEA(t))

=T (f(c 1dEA(t)) To show that E4 € A is more complicated. So we
= [oldT(E4)(t)
= Jo 1du(t) = u(C)

refer to [Tak01] for the full proof. O

Definition 1.21. Since we are interested in distributions for which the moments can
be represented as an integral over a probability measure, we will mostly work with self-
adjoint or normal elements of A. To refer to these random variables we will use:

Ao ={a € A: a* =a}
A, ={a€ A: a*a=aa"}

20



1.2.2. Freeness

Having defined distributions of random variables, we can now think about how these
distribution interact with each other. For this the concept of independence, or freeness
as it is called in free probability theory, is very important. One feature why independence
is so important in the classical theory is that is allows the factorization of mixed moments
into polynomials of moments of only one single random variable or random variable inside
the same measurable sub-space. This is the property we also want for our setting, but
since we also have to account for algebraic interaction this gets more complicated.

Definition 1.22 (freeness).

Subalgebras Aq, ..., An of A are called free if for all k € N, for all multi-indices ¢ :
{1,..,k} = {1,...,n} and for all a1 € Ay,...,a, € A, such that 7(a;) = 0 for all i:
T(ab(l)...ab(k)) =0.

Let (B;)icr be subalgebras of A for some index set I. Then (B;)ier are called free
if for any finite J C I the subalgebras (Bj);cy are free.

Like in the classical case random wvariables are free if the subalgebras they generate
are free. We denote the algebra generated by a € A by Alg(a).

For this definition it is easy to prove that it actually results in the factorization we
wanted.

Proposition 1.23. Let B, C A be free with a; € B,y for v : {1,...k} — {1,...,n}.
Then every mixed moment in the random variables aq, ..., a factorizes into moments in
Bi,...., B,

Proof.

For this proof we will use arguments similar to [DVN92]

We may assume that for all j «(j) # ¢(j + 1), because otherwise we can look at
ai,...,@;Qj41, ..., ar which is again the setting of the above proposition.

The statement is clear for k = 1.
Define a; = aj — ¢(a;)1 4. Then we get that for all j: ¢(a;) = 0 and thus by freeness
and ¢(j) # 1(j + 1) we get

=p(ay...ar) + R
where R is a term of moments in ay, ..., a; of at most length £ — 1 as they contain at
least one of ¢(a;)14.
But this means that ¢(a;j...ar) = —R. Using the induction assumption on R we get the
statement. 0

The proposition above merely implies existence of such a factorization. Of course we
would be interesting in how exactly this factorization looks like. We will start by looking
at a few examples.
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Example 1.24.
Let B,C C A be free and a1,a9 € B, by,by € C.

1.
0 "= (a1 — plar)La) (b — o(b1)14)]
= pla1by — @(a1)by — @(br)ar + (a1)p(b1)14]
= p(a1b1) — p(a1)p(b1)
= p(a1b1) = p(a1)p(b1)
2.
0 Z (a1 — plar)1a) (b — p(b1)1a) (a2 — p(az)14)]
= p(arbraz) — ¢(a1)p(braz) — p(b1)p(aiaz) — p(az2)e(aiba)
+ 2¢(a1)p(b1)w(az)
= p(arbraz) — ¢(b1)p(ar1a2)
= ¢(a1b1a2) = p(b1)p(aiaz)
3.

pl(ar — @(a1)14) (b1 — (b1)1.4)(az — (az)1.4) (b2 — (b2)1.4)]
= p(ar1brazbz) — p(a1)p(az)p(b1bz2) — p(b1)e(b2)p(araz)
+ p(a1)e(b1)p(az)e(b2)
= p(ar1brazbz) = p(a1)p(az)p(bibz) +¢(b1)p(b2)p(araz) —e(a1)p(br)p(az)p(b2)

One may notice that the first and second example lead to easy factorizations, whereas
the third one gets us a more complicated one. The reason for this can by explained with
non-crossing partitions and therefore leads to a combinatorial approach to the notion of
freeness.

We can see every moment as a partition where two positions of random variables are in
the same block if and only if they are in the same algebra. Drawing these partitions for
the above examples leads to

N e —] |

ai by ai by a2 ay by az a2

So we can see that the complicated factorization comes from a moment corresponding to
a partition with a crossing.
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2. Combinatorial approach to freeness

As we have seen, the factorization of moments seems to be connected to non-crossing
partitions. This combinatorial description of freeness was discovered by R. Speicher. For
a detailed introduction we refer to [NS06].

2.1. Non-crossing partitions

Definition 2.1 (non-crossing partitions). A partition m of a totally ordered set S has
a crossing if
di<j<k<l:ikeB;andjle By

where By and Bs are blocks of .

7 is called non-crossing if it has no crossings.
NC(S) denotes the set of non-crossing partitions.
Further we will abbreviate NC(n) = NC({1,...,n}).

Example.

This definition fits what we have seen in the factorizations we have considered in example
1.24.

Let S = {1,2,3,4}. Then in the definition of a crossing the only possibility to choose
(4,7,k,1) is (1,2,3,4). So the only possibility to produce a crossing is {{1,3},{2,4}}

which looks like
[T ]

Other possibilities would be

{13 {2}, (3}, {41}
{{1,4},{2,3}}

({1,3,4}, {21} |

But for our approach the following characterization is more practical.

Proposition 2.2. 7 € NC(S) <= 3V € wblock : Vis interval and m\V non-crossing.
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Proof.

7 = 7: We show this by induction with respect to the size of the set S. Assume |S|=n
n = 1: trivial

n —1 — n: Assume that the statement holds for sets 7" such that |T| < n — 1. We now
choose a Block of # € NC(S). This Block is either an interval or has a gap.
If it is an interval we have proven the statement. If it has a gap G then, since
7 is non-crossing, elements from within G can not be in the same block as
elements from outside G and |G| < n — 1. So we can apply the induction
assumption to G and its sub-partition.

7 «<="7": easy to check
O

These properties match what we have seen in the example. We can consider a block of
these partitions as dependent random variables (i.e. elements of the same subalgebra).
A partition keeps track of the position of these random variables in the moment and
the non-crossing property captures the non-commutativity of the probability space. To
further illustrate this we will look at the proof of the central limit theorem of both
the classical and free sense. But first we will define a new notation which will simplify
working with non-crossing partitions.

Definition 2.3 (Multi-index Notation). A multi-index a = (a(1),...,a(n)) is a func-
tion a:{1,....k} — I for some index set I.

The kernel ker(a) of a multi-index a is a partition of {1,...,k} such that p and q are in
the same block if and only if a(p) = a(q)

Remark. We will also use the shortened form [k] := {1, ...,k}

Theorem 2.4 (Central limit theorem).
Take (a;)ieny € A such that:

o 7(aj) = 7(a}) for alli,j,n € N (so they are identically distributed)
e 7(a;) =0,7(a?) =1 for all i € N
and define S, = ﬁ Yo ai

a) If a; € A are classically independent (so we also assume they are commutative),
then

1 2 0 if k odd
lim 7(S%) = — / the™ 7 dt = ko
n—00 27 Jr (k—1)-(k—3)-...-5-3-1 else

These are moments of the standard normal distribution.
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b) If a; € A are free, then

lim 7(S¥) =
N ERCO R T

{o if k odd

Proof. We will use similar arguments as in [Spe91]
(a1 + ...+ an)*) = ZL:[k]H[n} 7( (1) (k)
= Lonep(k) 2wkl T(0(1) - Cuk)

ker(v)=m

cally distributed, the term 7(a,(1)...a,x)) only depends on 7. So we will call it g(m)

which results in N
T((a1 4+ an)*) = reppr) Dkl 9(T)

ker(v)=m

=2 rep) #{v: [kl = [n] : ker(r) = mtg(m)
=2 repiy(n-(n=1) .- (n—#m +1)) - g(n)

~ D oneP(k) n#™ . g(m) for n — oo

And since the q; are identi-

Now suppose that 7 contains a singleton, i.e. a block consisting of only one element. If
a,(s) 1s the singleton then we can define by = a,(1)...a,(s—1) and by = @, (s41)---Qy (). Since
a,(s) is independent (or free) of all other a,() as it is a singleton, it is also independent
(or free) of by and by. Thus by independence (or for freeness like shown in example 1.24)

9(m) = 7(a,1y---ayk)) = T(b1a,5b2) = 7(a,s))7T(b1b2)

But since 7(a;) = 0 for all 7 the term vanishes

So the only relevant terms satisfy #V > 2 for all blocks V' of the partition 7. For such

k ~ L # n—oo .
partitions 7 € P (k) it also holds that #7r < &. Hence 7(5n) 5 ZW#GP(’Z) g(mn*" 5 27;573(12) g(m) limy,
<35 <3

And since lim =

n2
So the only relevant partitions have exactly g blocks and each block has at least 2 ele-
ments. These are exactly the the pair partitions. We call the set of pair partitions P (k)
Thus we already see that 7(S¥) — 0 for & odd.
Note that every step so far works for both cases. Now we start to differentiate:

[SIESENIES

1. Classical independence
Since every random variable in a moment is contained exactly twice we know that
g(m) = 1for all 7 € Py(k). And thus 7(S¥) — #Ps(k). This can be counted easily
resulting in #Pa(k) =(k—1)(k—2)..5-3-1

2. Free independence
Let k = 2m and 7 € P2(2m).
If 7 is crossing we can strip interval-blocks (by the formula 7(a1bag) = 7(b)7(a1a2)
they can be extracted from the state, but since 7(a?) = 1 they make no difference)
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until neighbors are always from different algebras. But by definition of freeness
such moments are 0.
If 7 is non-crossing by the equivalence shown in proposition 2.2 we can continue
the scheme described above until nothing is left and thus showing g(mw) = 1.
So the only thing left is to calculate C,, = #{m € Pa2(2m) : 7 is non-crossing}
which satisfies the recursion Cy, = > ;" | Cy_1Cr—y, (for every possible splitting
point we split in left 2nd right) and thus we have proven that C,, are the Catalan
1 m
)

numbers C), = m(m

O]

2.2. Non-crossing cumulants

Non-crossing cumulants are function which will help describe the factorization of mo-
ments with the help of partitions. First we will prove the easy factorization if we have
moments corresponding to non-crossing partitions.

Theorem 2.5. Let v a multi-index with ker(¢v) = {Vi,...,Vin} C NC(k), A1, ..., A, CT A
free subalgebras of A and aj € A,;) random variables. Then

— —
T(ay - ...-ar) =T Hak T Hak
keVy keVm

—
where || is used to emphasize order in the product.

Proof. We may assume that neighboring elements in a;...a; are not from the same sub-
algebra, because otherwise a;a;41 = a; € .AL(i).

Choose a block V of ker(:) and suppose V' = {l1, ...,1,,} then we get

E = 7(ay...ar) = 7(bi1ay, baay,...bpay, byt1) where, because ker(c) C NC(k), all b; are free
from each and from the subalgebra corresponding to the chosen block V.

Since by and b, are free from everything else we can use the already shown factorization
to get E = 7(b1)7(bpt1)7(ay, baay,...bpay,,)

by is also free from every other appearing term so we can write 7(ay,baay,...bpa;,) =

7(aj, bac) factorization T(b2)T(ar, c) = 7(b2)7(ay, ar,...bnay,)

We can continue this procedure for all b; with the same arguments. Afterwards we are
%

left with E = 7(]],cvar) - TTiey 7(0i)

If now one of the b; contains random variables a; which are contained in more than one

block of ker(¢) then we can apply the same procedure to 7(b;). At the end we arrive at
the desired result. O

Definition 2.6. Forn > 1 let ") be n-linear forms on (A,7).

Form € NC(n) define ¢[r] by ¥[x](a1, ..., an) = [[yc, VD (av) where ay = (aj,, ..., a;,)
if V.={j1,....,Jx } is a block of partition .

If ™ (ay,...,a,) = 7(a1 - ... - a,) then we denote the corresponding n-linear map [x] by
T[m].
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Remark. If the dimension of the linear form is clear we just write 1.

Proposition 2.7. On a W*-probability-space (A, 1) the linear form defined above sat-
isfies |7[x](ay, .., an)| < TI5-y llajl]

Proof. Let x : A — B(H) be an isomorphism and 7(a) = (2, x(a)Q?) for all a € A.
With this we have

I @)

Ver

= H |7 (av)|

Ver

|77 (a1, ..., an)| =

Let V = {ji1, ..., jx} € m. Hence 7(ay) = 7(aj, - ... - ajy)

|T(aj1 Tt ajK)|2 = |<QvX(aj1) Tt X(ajK) ) Q>|2
Cauchy-Schwarz

< (Q,9) - (x(aj) - xlaj) - 2 x(az) - x(aj) - )
= 1911 - Ix(aj,) - - - x(aj,) - QI

< Ix(aj )1 - - lx(ag) 1P

= (2 e [

O

Definition 2.8 (non-crossing cumulants). Non-crossing cumulants are n linear
maps given by

R(ay,.yan) = Y plm)riwl(as, .., an)

TeENC(n)

where p(m) = p(m,14) is the Mobius function on NC(n)

Definition 2.9. The following holds

T(ai,...,an) = Z Rir|(ai, ..., an)

TeNC(n)

and more generally

Tlrl(a, oan) = Y. Rlo(ar,...,an)

oENC(n),0<m
where R[] are n-linear forms corresponding to R
We will now show that these functions indeed describe the factorization of moments.
Proposition 2.10. Let (B;)ics be free with aj € B;,. Then
35,k :i; # i, = R(ai,...,a,) =0
Proof. This statement was proven in [NS06] in Theorem 11.16. O

Remark. For an alternative proof of this statement based on Weisner’s lemma we refer
to [Zwil2] theorem 24.
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Proposition 2.11. Let By, By be free and aq, ..., a, € A like described in the statement.
Let S1, S be two subsets s.t. S1 ={j € {1,...,n}la; € Bi} and So = {j € {1,...,n}|a; €
Bs}. Let now my be a partition of S1 and o a partition of So. Then w1 Umg is a partition
of S1USy = {1,...,n}. Assume that m Uy is non-crossing and let 11,19 be families of
multi-linear functionals. We define

U1 Us[m Uma(a, oy an) = [T wiav) [T ¢o(av)

Vem Vem

Let m € NC(S1) and 7°© the mazimal non-crossing partition of Se such that m U 7€ is
non-crossing. Then by proposition 2.10 the only terms contributing to

T(ay...an) = Z R[rl(a1, ..., an)

TeNC(n)

are w1 U my where m; € NC(S;) and thus

T(a1..an) =30 enc(s) 2o meNc(s;) RUR[mUm(ar, ..., an)
mUmaeNC(n)

= D ENC(S1) 2omeNC(Sy) RU Rlm Umal(ay, ..., an)
mo<m{

Then by applying 2.9 we get
T(a1..an) = 3 or enc(sy) BUTIm Unil(a1, .., an)
Remark. This formula shows explicitly how mized moments of free subalgebras can be

decomposed such that it only depends on pure moments of each of the subalgebras as seen
wn Prop 1.23.
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3. Non-commutative convolutions

In this chapter we want to deduce rules how the manipulation of free random variables
influences their distribution. For this we will look at different analytical transformations.
Another analytical tool which is very important when working with processes is the
conditional expectation. We will start by deriving a non-commutative analog.

3.1. Conditional expectation

In the classical theory the conditional expectations can be interpreted as an L2-projection.

Theorem 3.1 (Existence of the Conditional Expectation).
Let B C A be a von Neumann subalgebra of A. Then there exists a projection operator
7(-|B) satisfying the B-B-bi-module property

Vbl, by € B Va e A: T(blabng) = blT(a|B)b2.

llz||1 := 7(|=|) defines a norm where |x| := (SC*l‘)%
L(A) is the completion of A with respect to this norm and L*°(A) the completions
with respect to the operator norm.
Since A is a von Neumann algebra, L>(A) = A.

Lemma 3.2. The dual space of L*(A) is L®(A) = A

Proof. This proof can be found in [Tak01].
The main idea is to show that v : L'(A) — M* defined by v¥(a)(-) = 7(a-). is a linear
isomorphism O

Lemma 3.3. Fora,c€ A:
T(ab) = 7(cb) forallbe A = a=c

Proof. Assume for all b € A that 7(ab) = 7(cb).
By linearity we get 7((a — ¢)b) = 0 for all b € A.
In particular the choice b = (a — ¢)* € A yields by faithfulness a —c =0 O

Proof of the Existence of the conditional Expectation.

Since B C A is a subalgebra, we get that also the completions L'(A) and L*(B) are also
sub spaces.

Because L!(A) and L!(B) are complete, there exists an isometric embedding 1 : L*(B) —
LY'(A).

Then the dual map of ¥

Wt LY A)* = L(A) = A — LY(B)* = L®(B) = B
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is defined as ¥*(n(x)) = n(y(x)).

Since 1) is injective, ¥* is surjective.

Now we can show the B-B-bi-module property. For this we take z € A, y € B and
E = ¢~

Then 7(E(z)y) = (E(),y) (2, 0(y)) "E () = 7(ay)
Since T is tracial, 7(E(x)y) = 7(zy)

(This holds for all y € B and thus ||E|| = 1)

Let now by1,b2 € B and a € A.

tracial

Then 7(E(bia)bs) = 7(brabs) "2 7 (aboby) = 7(E(a)boby) " 7(by E(a)bs)

Since this holds for all by € B we get by lemma 3.3 that E(bja) = b1 E(a).

One can show the property right multiplicativity analogously.

Finally we have to show that E is idempotent (and therefore a projection) Let again
b1,be € B. Then since by € B C A, we get by the above that 7(b1by) = 7(E(b1)b2).
Since this holds for any by € B this implies by lemma 3.3 that by = E(b;). Thus E is
idempotent. O

Dual Map

Having shown the existence of the non-commutative conditional expectation, we will
now show some of the basic properties.

Theorem 3.4 (Properties of the Conditional Expectation).
Leta € A and B C A. Then

1. 7(a*|B) = (a|B)"*

2. 1(a*a|B) is positive

i.e. 3b € B such that T(a*a|B) = b*b
3. T(a|B)*t(a|B) < T(a*a|B)
4- NIr(alB)[ < llall

Proof.

1. We have shown in the existence of the conditional expectation that 7(ab) =
7(7(a|B)b) for all a € A and b € B
Therefore we have 7(a*b) = 7(7(a*|B)b)
Further more we get 7(a*b) = 7(b*a) = 7(b*1(a|B)) = 7(7(a|B)*b)
Since these equalities hold for every b € B we infer by Lemma 3.3 that 7(a*|B) =
7(a|B)*

2. In [Tom57] it was proven that every projection of norm one from one C*-algebra
onto a C*-subalgebra is positive. Therefore this is especially also true for W*-
algebra.

3. Let be BC Aand a € A. Then (a — b)*(a —b) > 0 and thus because of (2) the
following holds.
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7((a = b)*(a = b)|B)

7(a*a — b*a — a*b + b*b|B)

= 1(a*a|B) — b*7(a|B) — 7(a|B)*b + b*b

If we now choose b = 7(a|B) € B then we obtain 0 < 7(a*a|B) — 7(a|B)*7(a|B)

o
[ IA

4. Since a*a < ||al|*14 we see using (3)
7(a|B)*7(alB) < 7(a"a|B) < ||a|*T(14|B) = [la]*1.4

and thus ||7(a|B)||? < ||a||?

Proposition 3.5.
Let X € A be normal with spectrum o(X). Then o(7(X|B)) C Conv(o(X)) where Conv
denotes the convex hull.

Lemma 3.6. Let T : H — H and define the numerical range W(T') = {(T¢,&)|€ €

H,[|g]l =1}
Then o(T) C W(T).
Further if T is normal W(T') = Conv(c(T)).

Proof. By Lemma 3.6 we get that Conv(o (X)) = W(X) since X is normal and o(7(X|B)) C
W(r(X|B)).
Since

W (r(X|B)) € C(o(X)) — W(r(X]B)) € C(o(X)) = o(r(X|B)) C o(X)

it is left to show that W (7(X|B)) C C(c(X)).

Since X is normal we can write its spectral decomposition as

X = / zP(dz)
o(X)

and since 7(+|B) is bounded and linear
r(X|B) = / 2r(P(dz)|B)
o(X)

and thus
vuwmaz/xammwwm@

o(

Since 7(1) = 1 and P(C) = 1, by definition of the spectral integral u(A) = (1(P(A)|B)¢, &)
is a probability measure and thus the claim follows. O

Remark.
Let X € Asy. Then W(X) C R and hence the spectrum of X is real.
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Definition 3.7.
Let X € Agy. Then the analytic map Rx(€) = (€ — X)™! is called the resolvent map
which is well defined for £ € C\ R

Lemma 3.8. Let T be invertible. Then (T*)~! = (T~1)*

Proof. let u,v € H. Then (T*(T~Y)*u,v) = (T~1)*u, Tv) = (u, T~ Tv) = (u,v)
Since this holds for arbitrary u,v € H we get T*(T~1)* = 1p) and thus (T%)~! =
(T—1)* O

Proposition 3.9. Rx(&)* = Rx(€)

—1 X self-adjoint ,—
= (¢

Proof. Rx(€)* = ((€ —X)~1)" P23 (¢ — x)*) —X)h = Ry (§)

O

Remark.
From proposition 3.5 it follows that o(Im(r(Rx (£)|B))) is bounded away from zero for
£e€C\R

3.2. Free additive convolution

Given two probability measure p and v on R, there exists a probability space (A, T)
containing the self-adjoint random variables S and 7T such that S ~ yand T~ v and S
and T are free.

As we have seen in the factorization of moments the distribution of S + T only depends
only on u and v. This dependency can be described by the free convolution operator H.
So the distribution of S + T is the probability measure p B v.

Remark.

Because of the commutativity of freeness (i.e. if S if free from T then T is free from S)
free convolution is commutative. Even for other types of independence (e.g. monotone
independence) we still have that the distribution of S+ T only depends on u and v, but
we may lose the commutativity of independence, in which case the respective convolution
18 non-commautative.

To compute the free convolution of measures explicitly we will use an analytical tool
called the Cauchy transform. For a more detailed overview of this one may look at
[SM17]

Definition 3.10 (Cauchy Transform).
The Cauchy transform of u

is analytic on C\ R.
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Remark. Note that é =2 >0 gﬁ% and thus

Gu©) =Y gﬂl /R £ du(t)

n>0
which is a generating series for the sequence of moments m,, = fR t"du(t)

Proposition 3.11.
The Cauchy Transform satisfies the following properties:

1. Gu(&) = Gu()
2. G,(Ct)cC-

Remark. The integral used in the definition of the Cauchy transform is always conver-
gent since |€ — |71 < [Im(€)|™! and p is a probability measure.

Proof. 1. trivial

2. Assume that Im(w) # 0 and |z —w| < M for some complex numbers z and w.

Then for t € R we get

t—w 2 |Im(w)| 2

z—w' Imw)] 11

n
and thus the geometric series > ° (i:gj) converges uniformly to % So we
get
o
(z—t)"' = - Z(t - w)f(nJrl)(z —w)"
n=0
Hence
oo
G(z) == [ / (t— W)_(”“)du(t)} (2 — w)
n=0 R
is analytic on |z —w| < \Iﬂéﬂ

If Im(z) > 0 then for t € R: Im((z —#)~!) < 0 and thus also Im(G(z)) < 0. Thus
G(CH)yccC .
O

Remark. The proof above also shows that G is analytic.
Lemma 3.12.

lim iyG(iy) =1 and sup y|G(z+iy)| =1
Yy—0 y>0,z€R
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Proof.

1 iyt 1
iy—t T dyttiy—t
—_dytt ¢t sy
2+t2 y2+t2 y2+t2
yIm(G(iy)) :&wmcfﬁwm
Je— 2+t2d“ t)
fR 1+ t/y)Qd/'L( )
Y22 [ ldp(t) = —1

We could take the limit in the last step by dominated convergence since . (tl 7 S

Doing the same for the real part results in

mmcw»——/;ﬂ‘da>

RY +t2 H

Y70 ) result-

again we can apply dominated convergence since <1 5 and

2+t2

yt
y2 +t2
ing in
Yy—00

yRe(G(iy)) —— 0

This gives the first part of the statement.

For the supremum we take y > 0 and z = x 4 ¢y. Then

ylG(y)l §/1R|ny’dﬂ(t)=/ﬂg\/@_%72+y2dﬂ(t)g1

Thus we have shown that sup, - ,er y|G(7 +iy)| < 1, but in the first part we have seen
that 1 is actually reached. O

and

Deﬁnition 3.13 (Poisson kernel). We recall the Poisson kernel P(t) = L

1
T w142

Definition 3.14 (convolution). For f € L'(R, 1)

[F + pl(t / £t - s)du(s)

Remark. Since the Poisson kernel P is bounded P x v is well defined for any v and
€>0.

P, is the density of the Cauchy distribution in the classical sense with parameter €. We
will call this distribution 6_;.

Remark. The probability measure 5_;cxu has density function [Poxp)(z) = —2 Im(G(z+

i€)).
Since 0_je * 4 0, W, we can recover the measure by using the Stieltjes inversion
formula
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Theorem 3.15 (Stieltjes inversion formula). Let G : C* — C~ be analytic with
limsup,_,, |G(iy)| = ¢ < oo. Then

v : G(z) = /Rf— dv(t) and v(R) = ¢

For a detailed proof of this we refer to [SM17].

Theorem 3.16. Let pu be a probability measure with Cauchy transform G. Then for
a < b:

b
— lim 1/ Im(G(z +iy))dz = u((a,b)) + é,u({a, b})

y—0+ T

Further if p1 and pe are probability measures on R with respective Cauchy transform
G, and G, then G, = GM2 — 1 = [2

Proof. Im(G(x + iy)) = [z T t du(t). So
f; Im(G(z + iy))dx = fR f dmdu( )
= —Jr f((; tt//;/ ez dzdu(t)
— —fR [ta]rf1 (byt> —tan~! (“T_tﬂ du(t)
Define f(y,t) = tan™! <%> —tan~! (%) and

0 t¢a,b]
f)=95 te{ab}
m te€(a,b)

Note that lim, o+ f(y,t) = f(t) and |f(y,t)] < 7, thus by dominated convergence
lim, o+ [0 Tm(G(z +iy))de = —limy,_o+ [p f(y, £)dp(t)

— Jp f()dn(t)
= (u((a, b)) + 30({a, b}))

Assume that G, and G, are Cauchy transforms of two probability measures satisfying
Gy, = G,. By the results above, this already implies that j1((a,b)) = p2((a,b)) for
all a,b which are not atoms of p; or po. Since p; and po have only countably many
atoms, we can write any interval in the form (a,b) = ;2 (a+€,,b—¢,) for a decreasing
sequence €, — 07 such that all a + ¢, and b — ¢, are not atoms of uq or pus. Then

pn((@.5)) = lim pr((a+enb—en)) = lim pa((a+enb— ) = pa((a.b))
UJ

We will now look at an example. For that purpose we choose the semi-circle distri-
bution which is an important and interesting example because as we have seen it is the
analog to the normal distribution as it arises as the limit distribution of the central limit
theorem.
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Example. The density the semi-circle distribution is du(t) = é;tQIl[,m} (t)dt. The
following plot explains the name of the distribution:

20 -15 -10 -05 00 05 10 15 20

Definition 3.17. We can also encode the moments m,, in the ordinary moment-generating
function which is more convenient than the exponential moment-generating function from
classical probability theory.
M(z) = Z My 2"
n>0

Comparison with the Cauchy transform in remark 3.2 shows that M(z) = %Gu (1)

As we have seen the moments of the semi-circle distribution are given by

2 0 if n s odd
mn:/ tnd,l,b(t):{ /Lfn 18 0

_9 C% if n is even

where Cy = ﬁ(i’c) are the Catalan numbers which are characterized by the recurrence
> manet CmCn = Ciy1.

The moment generating function of this distribution is thus

M(z) =1+ C12% + Cozt + -

and by applying the formula above we see that

M(z)? = Zm,nzo CrnCr 2?4
= Zkzo (Zern:k C’an) 22
= ZkZO Ck+122k

Z% Zkgo Clop1 220+1)

Hence we get that 2> M (z)? = M(z) — 1 and by replacing M(z) by 1G (1) we obtain the
following equation for the Cauchy transform

2G(z) =1+ G(2)?
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Solving this quadratic equations yields the following two branches:

z24+V22—4

G(z) = 5

To choose the sign we remember that by Lemma 3.12 the Cauchy transform satisfies
limy o0 1yG(iy) = 1.

Using that for y > 0 \/(iy)? —4 = i\/y? + 4 we see that
iy +i/y? +4

ylggo 1yG 4 (iy) = yll)rgo Wy =
S ]

lim iyG_(iy) = lim Zyw =1
Yy—00 Yy—00 2

So we have shown that the Cauchy transform of a semi-circle law is
G(Z) _ z=V2z2—4
2
Definition 3.18. Let a,f§ > 0 and Oap ={z =2 +iy | y <0, ay <z < —ay, |2| <
B}. Then
Va > 0368 >0 : HKM : @cx,ﬁ — F%)\

where K, is the right inverse of G, and
Cox={z=a+iy|y>0, —yy<z<ny, [2|>A}
o Ru(z) = Kpu(2) - ;

e F“(f):%@

o ou(z) = Ru(l) = F;'(2) 2

Then ¢,m, = ¢, + ¢, on a domain of the form I', . The restriction of ¢,m, to such
a domain determines p H v.

For a detailed discussion of the properties of these transformations we refer to [SM17]
were they have been considered for measures with compact support, measures with finite
variance and arbitrary measures respectively.

3.3. Free multiplicative convolution

Consider p and v probability measure on T = {z € C| |z2| = 1} and U ~ pu, V ~ v
unitary and free. Again we know that by factorisation of moments that the distribution
of UV only depends on p and v and we denote the operator by X.

For the calculation of the multiplicative free convolution, we need to look at several
analytical transformations.
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Definition 3.19.
The -function is defined as

ue) = [ T2 aute) = M) -1

This power series converges on D = {z € C | |z| < 1} with 1,(0) = 0.

Let M, = {p| [p&du(E) # 0}. Then for p € M, 1_%—1‘2“ has a right inverse, called x,,
defined in a neighborhood of 0 with x,(0) = 0.

Definition 3.20 (X transform). Let p € M.. Then $,(z) = 1%,(z) is called the ©
transformation of p.

Proposition 3.21.
Let p,v € M. Then we have that pnXv € M, and that ¥,x, = X,%, in a neighborhood
of 0 where all transformations are defined.

We can also consider a probability measure p on R different from dg. Define 1,,(z) =

fR+ 1fi§d,u(£). On C\ Ry which is analytic on C\ Ry and satisfies 1,(Z) = 9,(z) for

ZE(C\R+

Further lfz)u is univalent on iC* and its image contains a neighborhood of (1({0})—1,0).

Let X, be its right inverse and define $,,(z) = 1, () which is well defined on 1‘%5/'” (iC™).

Let now S ~ p and T ~ v be free. The distribution of S2TS7 is 1 X v and one has
Y=y = 2,3, in some neighborhood of the interval (—¢,0) for some € > 0.

Also note that S%TS% has the same distribution as T%ST%.
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4. The Feller-Markov Kernel

Definition 4.1. A Markov kernel on measurable spaces (X,X) and (Y,)) is a map
k:Y x X —[0,1] satisfying

o Vx € X : k(-,x) is a probability measure on (y,))
e VBeY:xw— k(B,x) is a X-measurable function.

Definition 4.2. Ifz — k(z, dy) is weakly continuous and k(z,-) ~=3 0 weakly x(z, du)
is called Feller.

4.1. Feller-Markov Kernel for bounded random variables

To prove the analog for bounded non-commutative random variables, we first need some
lemmas.

Lemma 4.3. Let Y € Ay, and BC A free from'Y. Take X € Bs and assume X ~ 1
andY ~ v and that X and Y are bounded.
On the domain D = {¢ € C||¢| > || X ||+ 100]|Y||} there exists F' such that for all{ € D:

e F' is analytic
o F(&)=F(¢)
e {cCt = F(§) eCr

T(Rx1v|B) = Rx (F(£))
Proof.
Rx(©(1-YRx () =-X) " (1-V(E-X)"
—((1-vE-x")€-0)
=(E-X-Y) " =(¢-(X+Y)!

= Rx4v (&)
First we ShOW that ||3?X( )< (gl = IX )~ for [¢] > | X]]

(€= X)7" = [, x) ez dE(2).
Since [z| = [ X|| = SUPyco(x) Iy\ we get

1= =1 o g dEC)]

< H X% in z/EU(X) [~y

-1

dE)|

T infyeqo(x) 1€yl
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Since infyeo(x) I — 4l > infyeox) 1€l = [y1l, supsx) = [X|| and |¢] > X we obtain
IRx (@Il < (€ - 1)

If |€] > || X|| + ||Y|| we also have that (|¢| — || X))~ < ||Y||~! hence
IYRx I < VI - [Rx ()N < YNl - 1X)~H <1
So we can expand x4y (§) into an norm converging series

Rxiv (€ Z Rx (&) [YRx( )]

Applying the conditional expectation given B yields

TR (©IB) =7 (S5 R (€) Y Rx (€] 1B)
— 7 mx() S R (O [YRx (9] 1B)
=7 (Rx (5)+§RX(5)( oY [Rx <5> 1’“) §|B)
PO R () + e >(Zk 0T (Y “18)) x ()

Taking H € B, we now want to find an expression of T( ( ( YY) H) using 2.11

For any k > 0 let S1(k) = T1(2k + 2) = {1,3,5,...,2k + 1} and Sa(k) = To(2k +4) =
2,4, ..., 2k + 2}, Tu(2) = 0.

Y is free from B, so it is also free from X, H € B. Using this we get for all integers k > 0

r(Y ROV H) = Y RUTIm URI(Y, Ry (9). Vi RX(E), Y. H)
TrleNC(Sl(k‘))

where the complement 7§ is taken in the partition S;(k) U Sa(k). Because of the special
form of Sy(k) U Sa(k) the map m +— 7§ is bijective on NC(Si(k)) taking values in
NC(S2(k)) thus we arrive at

r(YRx @V H) = Y RUTR Um](Y, R (9), Y, o, Rx (€)Y, H)
T ENC(S2(k))

Let r > 0 be an integer and (1) = (I_1,lo, ..., 1) € {0} x Sa(k)"*! such that 0 =[_; <
lo<...<lp=2k+2.

For 0 < j < r we define

S;‘“J” _{zj 2,1 — 2} C Sa(k) with S0 = 0if 1 — 1 =2

=l 41,0l — 1} C Si(k)

Let Ty € NC(Sz(k:)) with {lo,1,...,l,} € my and denote by oy, ..., 0, the partitions in-
duced by restriction of mo to S;’ll eees Sg,’qgl). Then oy, ..., 0, are non-crossing. On the

SO0

other hand for every set of non-crossing partitions of the sets S5, ..

struct a non-crossing partition on Sa(k) containing the block {lo, 1, ... l }
The same holds for 7§ for restrictions to the sets Sf’l(l), s Si’ﬁl). We denote the non-

crossing partitions which emerge by this restriction by o7 and note that these are com-

plimentary to o; in S ( U Sk (l).

we can con-
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Furthermore Sf”j(l) U S;’;l) is isomorphic to the partition T1(l; — lj—1) UTa(l; — j—1).
Using the decomposition described above we get
(Y Rx (@) H)

=y 02l0< <lr27r2€NC So(k)) RU T[S U] (Y, Rx (£),Y,....Y, H)
lr=2k+2 lo, ,l }GTI’Q

g 02z0< A, (oo g RUTOS UGV, Rx (€), ..., V)X
b=2k+2 5, eNC(T2(l;—1j-1))

T (Rx(£)"H)

=7 ( > Z§o<...<lr X (oo 1jmoRUT[ESU(Y, Rx(E), ... Y)x

r=2k+2  0;eNC(Ta(lj~1j-1))

x%x(f)’"H>

In the above the compliment is taken in the partition 77 (l; — 1;—1) U To(l; — lj—1).
Also note that if [; — ;-1 = 2 then RUT[0f Uoj|(Y) = R(Y) = 7(Y) Since this holds
for all H € B we arrive at

(Y (Rx ()] B) =

k

S Y > [T RUrlos Uaj)(¥, Rx(€), ... Y) | Rx(€)"

r=0 |lp<...<l, (00yee,0r) j=0
lr=2k+2 0;ENC(T2(lj—1;-1))

Using the inequality |R(ay, ..., a,)| < 4%" [ 1=, llajl|, which we have shown in section 2,
we can find the upper bound

[T RUTlof UV, Rx (), Y) | Rx ()| < 422V *H [ Rx ()]
7=0

Hence

Zk 0 Zr 0 [Zlo< <y Z (005-07) H;:O RU T[O']C- U Jj]
2k+2  g;eNC(T2(l—1j-1))
<SR Yr {ZWQENC(SQ(R)) 42k+2\|YHkHH§RX(§)Hk]
< Pl APV M IR (6)])F
This series is convergent and uniformly bounded for || > || X || 4+ 100]|Y |
By exchanging the order of summation we obtain

Yo7 (Y (Rx(©Y)|B)
= 3720 [ X0 Lrencmn BU TR U (Y, Rx (), s Rx (6),Y)

Rx(&)"

NGk
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where the compliment 7¢ is taken over the partition 77 (21) U T5(21)
Using the above estimate again we see that

Z Y RUTECUA(Y, Rx(E), .., Rx(£),Y)

=0 me NC(T2(21))

defines a uniformly convergent series on {{ € C‘|£] > || X]|| + 100]|Y||} and the limit
function is again bounded and analytic in this set. Thus

-1

D 5O R (&) =69 (1 - 5(ORx(£))

Plugging in this result leads to

-1
(R (O1B) = Rx(§) + Rx(©3O) (1= 5ORx () Rx(©)  pie) om e se) s
=Rx(§ —4(S))

analytic in a neighborhood of co.
Thus we have shown that 7(Rx1yv(§)) = Rx(F(§)) holds in a neighborhood of co.
Because of the adjoint preserving property of the conditional expectation F(€) = F(£).
If £ € CT, then o(Rx4+y(§)) € C™ is a compact, thus also for o(7(Rx+y(£)|B)) € C
is compact. Thus it has to hold that F(§) € C™ if F' is defined on &. O

Remark. A shorter alternative of the proof above can be found by following the argu-
ments of Corollary 3.2, 3.5 and 3.7 in [LS20].

Lemma 4.4. For all§ € C\R h(§) := 7(Rx v (§)|B) is a normal operator

Proof. By the above proposition, we already know that the statement is true for £ in a
neighborhood of co. Remember that Rx 1y (£) is analytic in £. Then since the conditional

expectation is a contraction, h is analytic in £ on C \ R and satisfies h(£)* = h(§).

{f €eC\R: ggk %ll [R(&)R(E) — M(E)R(E)] = 0 for all k,1 > ()} is open and closed and

(by proposition 4.3) contains a neighborhood of co. Thus the set has to be equal to
C\ R and h is normal on C\ R. O

Theorem 4.5 (existence of the Feller Markov kernel for bounded operators). Consider
two random wvariables Y € /lea and X € Bsa where the subalgebra Bsa s free from'Y
and denote their distribution by p and v.

Then there exists a Feller Markov kernel K = k(z,du) on R x R and an analytic
function F on C\ R such that

1. (f(X+Y)\B) f( )

where K f(x fR (x,du) and f Borell bounded
2. F(§) = F(&), F(C) € CF, Im(F(&)) = Im(&) and “{ 225 1
y
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3. for all £ € C\R: [o(€ —u) 'k, du) = (F(§) —z)!
4. for all§ € C\R: GL(F(£)) = Gumu(§)

Remark. Property 4 of the above theorem is called the subordination property. The
subordination property was also established for the special case of classical random walks
on free products in [Woe86].

Proof. Rx4y(§) is normal and using the Cauchy transform we see o(Rxiyv(§)) =
m. Since X + Y is bounded its spectrum must be a compact subset of some

circle with diameter (0, —%) not containing 0.

Thus by 3.5 the spectrum o(h(§)) C (0, —%) and thus is bounded away from 0. There-

fore we can invert h in A and p(¢) = h(¢)~! 4+ X is normal and is analytic in ¢. Further
we see that for every £ € C\ R

p(&)* = p(&)

Since a(p(€)) C {z € C|(z) > (&)} by using lemma 4.3 we get p(§) = F(§)1.4 for £ in
some neighborhood of co and thus by analytic continuation for all £.

Let w,v € H be orthogonal. Then (p({)u,v) = 0 for all £ in a neighborhood of oo
and thus we can again extend this statement to all £ in C\ R. Since u,v were chosen
arbitrarily, this holds also for all feasible choices of u,v. Thus p(§) is a multiple of 1 for

all £ in C\ R.
So there exists an analytic function F' on C \ R satisfying

o V€€ C\R: 7(Rx1v()|B) = Rx(£)

o VE€CT: S(F(E) = 3(§)

o F(§)=F(¢)
We define for k,l > 0 with k+1>1

ok o

Kae) = €~ —) = g 5 €97 (-0 -E-0))

By Stone-Weierstrass the linear span of these functions is dense in Cy(R).

Taking the derivative of 7(Rx1y (§)) = Rx (F(£)) and 7(Rx+v (€)) = Rx (F(§)) shows
that 7(-|B) maps K¢ (X +Y) to the C*-algebra generated by X (denoted by C*(X))
and thus by continuity 7(C*(X + Y)|B) C C*(X). Since 7(-|B) is completely positive
and identity preserving, there exists K = k(x,du) on Spec(X) x R such that for f
bounded and continuous

T(f(X +Y)[B) = £f(X)

43



SoVz € Spec(X): [p(é—u)tk(z,du) = (F({)—z) ! and thus (F(¢)—xz) ! is the Cauchy

transform of some probablhty measure. By proposition 5.2 in [BV93] (5) 7% 1 inside

some angle I',, 3. Thus also for any x € R it holds that E( g) o £700 1 Therefore

Jk(x, du) probability measure: /R(é — ) Yk(z, du) = (F(&) —x)!

Taking the trace 7 of 7(Rx4+y (£)|B) = Rx(F(§)) yields
Gumv(§) = T(Rx1v (§)) = T(T(Rx4v (§)[B)) = T(Rx (F(£))) = Gu(F(€))
By Proposition 5.4 in [BV93] there exists I'y y and ©, g for which
o G\ =Gym on T\
o G,(I'y)) DOup
o Gum(I'y\) D Oup

The constant can be chosen such that the above holds uniformly. Since é ) 51 holds
in I', ), the equation G, o F' = Gm, fixes F' completely. O

Remark. Using analogous computations, one can verify that for any complex polynomial
P there exists a complex polynomial of degree less than that of P such that T(P(X +
Y)|B) = Q(X). From this we can quickly deduce that a Feller-Markov kernel exists on
Spec(X) xR but it difficult to calculate the kernel from its actions on polynomials alone.

4.2. Feller-Markov Kernel for unbounded random variables

Now we want to look into the case of unbounded operators. So we consider possibly
unbounded operators X and Y together with their spectral projections p, and ¢, for
n € N in the interval [—n,n]. Let u, and v, be the distributions of p, Xp, and ¢,Y ¢,.
SO fin e, w and vy, 70y weakly.

Take a positive H € B C A. Using subordination as shown in section 4.1 we deduce
T(Rpo Xpntanven () H) = T(Rp, xp, (Fn(§))H)

for F,, analytic and for all £ € C\ R and alln € N

Theorem 4.6. For sequence of probability measures u, on R the following statements
are equivalent

1. pp — p with respect to the weak-+-topology
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uniformly

2. Yu, — @ in compact subset of I'q g for some o, > 0 and p,,(2) = o(z)
uniformly in n as |z| = oo and z € T'y .

If these statements are satisfied ¢ coincides with ¢, in Iy g

Remark. We will prove this statement for compactly supported measures in proposition
5.10. For a detailed proof of the statement for unbounded measures we refer to [BV93].

Then we get a domain I',, g in which we have

n—oo

F,=K,, oGum, — F =K, oG,my

uniformly on every compact subset.

1o
We define 77 () := % on A. Let pll, pf o oM be the distributions with

respect to this state of p, Xpn, X, pnXpn + ¢nY ¢, and X 4+ Y respectively.

Lemma 4.7. Let T € Asa andt € R. Then

1 — pr((—o00,t)) = max{r(p) : p=p* =p* € A pTp > tp}

Proof. The projection p = ep([t,00)), where ep is the spectral measure of T, satisfies
the condition 7(p) = 1 — pp((—o0,t)) and pTp > tp.

Let g be a projection in A such that 7(¢) > 1—pur((—o0,t)). Thus 7(q)+7(er((—o0,t)1) >
1 which implies that there exists a non-zero projection r such that » < ¢ and r <
er((—o0,t)) and thus

r(qTq —tq)r = r(er((—oo,t))Ter((—o0,t)) — ter((—o0,)))r <0
and therefore ¢ doe not satisfy the inequality ¢T'q > tq O

Proposition 4.8. Let p a non-zero projection in A and T € A a self-adjoint operator.
Then

T(P)iprp((—=00,)) < pr((—00,-)) < 7(P)pprp((—00,-)) + 7(1 - p)

Proof. We will use the notation A, := pAp and 7, = 7(p)~* T]Ap
Fix t € R and let ¢ € A, be a projection such that 7,(¢) = 1 — pprp((—00,t)) and
q(pTp)q > tq. Since q¢ < p we have ¢T'q > tq and

7(q) = 7(p) — T(P)pprp((—00,1)) = 1 — [7(p) pprp((—00,1)) + 7(1 — p)]

The first equality of the statement follows by application of lemma 4.7.
To prove the second one we choose g € A such that ¢T'q > tq and 7(q) = 1—pur((—o0, t)).
Define r = ¢ A p and note that 1 — 7(r) < (1 — 7(p)) + (1 — 7(q)) or equivalently

_ 1= _ pr((=0,0)

Lom)=1- ) )
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Since we have r(pT'p)r > tr the last inequality implies

o < (=)
Mpr(< 1) < 7 (p)

O]

By using this proposition we see that pf ey pf and o e ot (7p is not

necessarily tracial but nevertheless the result applies.)
n—oo

Thus we have 7(Rp, xp,+¢.vq. (§)H) —— 7(Rx1y (§)H) and

n—oo

T(Rp, xp, (Fn(§))H) —— 1(Rx (F(§))H) for all £ is some domain I'ys /. Thus 7(Rx v (§)|B) =

Rx (F(£)) holds in this domain and by the bimodule property we deduce for n > 1 that

T(PaRx+y (§)pn + (1 = pn)|B) = puRx (F(§))pn + (1 — pn)

T(pnRx+y (§)pn+(1—pp)|B) is analytic in . With the same arguments as for bounded
random variables we see that p,(§) = 7(pnRx1v(§)pn + (1 — pn)|B) is invertible and
analytic in € and p~1 (&) +p, Xpn = P F(£)pn+1—p,. We can then extend F analytically
to C\ R. Since the equation above is satisfied for all n, letting n — oo yields

TRx+v|B) = Rx (F(§))

The rest of the statements for the existence of the Feller-Markov kernel for unbounded
random variables follow from analogous arguments in the bounded case.

4.3. Feller Markov Kernel for free multiplicative convolution

Finally we want to look at the Feller-Markov kernels for multiplicative processes.

Theorem 4.9 (existence of the Feller Markov kernel for unitary operators). Let U ~ p
and V ~ v be unitary with U € B C A and V is free from B. There exists K = k(&, dw)
Feller Markov kernel on T X T and F analytic on D, such that for f bounded and Borel-
measurable and z € D

T(fUV)IB) = Kf(U)
2. [F(2)] < |2

2w F(z
3. Jp 25 k(€ dw) = z(V()zg)g

4. u(F(2)) = Yumv(2)
F is uniquely determined by (2) and (4) if p satisfies |1 &du(E) # 0.
Proof. We will only sketch the proof. Take H € B and z € D. Then

T(z2UV(1—2UV) ' H) = > 7(z"
k=1
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Similar to the arguments of theorem 4.5 we get the existence of F' in a neighborhood of
0 such that
72UV (1 = 2UV)'H) = 7(F(2)U(1 — F(2)U)"'H)

holds for all H € B and thus 7(2UV (1 — 2UV)7}YB) = F(2)U(1 — F(2)U)™! in some
neighborhood of 0. Since o(2UV (1 — 2UV)™1) is contained in the ball with radius

1f||z‘ we get by proposition 3.5 that o(r(2UV (1 — 2UV )~} B)) is also contained in this
ball and therefore (1 — (1 + 7(2UV (1 — 2UV)7|B))"1)U~! is bounded and o((1 —
(1+7(zUV (1 — 2UV)"YB))"1)U™1) is contained in the ball with radius |z|. Further
(1 -1+ 7UVQA - 20V)YB))" 1)U~ coincides with F(z) in some neighborhood
of 0 and can thus be extended to coincide with F'(z) on . Since F' satisfies D with
|F'(2)] < |z| and

T(2UV(1 = 2UV)'H) = 7(F(2)U(1 — F(2)U) "' H)

we see that the statements (1), (2), (3) hold. For property (4) we apply the trace.
If p satisfies [ £dp(§) # 0 then 1, is invertible in some neighborhood of 0 and thus F
can be uniquely determined by v, o F' = ¢z, in D ]

Theorem 4.10 (existence of the Feller Markov kernel for positive operators). Let S ~ p
and T ~ v be self-adjoint with where S € B C A and T is free from B. Further assume
that p and v are not the Dirac measure at 0.

There ezists K = k(u, dv) Feller Markov kernel on Ry xRy and F analytic on C\ R,
such that for f bounded and Borel-measurable and £ € CT

L7 (f (S%TS%) |B) = KCf(S)
2. F(§) e CT, F(§) = F(€), Arg(F(£)) > Arg(¢)
3. fR —~ §v udy):%

4. hu(F(§)) = thumw(§)
(2) and (4) completely determine F

Proof. First assume S, T are bounded and take H € B and £ € C\ R} with norm small
enough. Then

T(ES3TS3(1—€53TS3) H) = > r(€M(S3TS7)" H)
k=1

By similar arguments as in the above proof we get the existence of F' defined in some
neighborhood of 0 which satisfies for all H € B
T(ESETSZ(1 - £S2TS2) " H) = r(F(€)S(1 — F(£)S) ™ H)

Thus T(fS%TS%(l - fS%TS%)_HB) = F(6)S(1 — F(£)S)~! for ¢ as chosen above.
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Take now ¢ € C* with argument on (0,7). Then o(€S2TS2(1 — £S2TS2)"1) C
(CTUR) N C where C is the circle passing through the points (—1,0) and (—3 —
itan g) Further £ € C* with argument on (0, 7) is bounded away from —1. Thus 1 —

-1
(1 +r(ES3TS3(1 = gS%TS%)—HB)—l) is bounded and 0(1—<1 +r(S3TS3(1 = £S2TS3) Y| B)

1
(CF U (—00,0))"{z € C| Arg(z) > Arg(¢)}. Further 1_(1 4 r(ES3TS3(1 = §S%TS%)*1|B)*1> -
F(&)S in some neighborhood of 0 and we can again analytically extend F'. O
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5. Processes with free increments

Now we want to apply the tools we have established to processes with free increments.
Definition 5.1 (processes with free increments).

e A free additive increment process is a map X : RT™ — A,, such that for any
h<..<tye€ RT: th,Xt2 — th, ...,th — th—l are free.

e A wunitary process with (left) multiplicative free increments is a map
U:R" - {a € Ala*a = aa* = 14} such that for any t; < ... < t, € RT:
Utl,UtzUt: ). ,UtnUt:il are free.

e A positive process with multiplicative free increments is a map S : Rt —
{a € A|Fb € A: a = b*b and 0 is not in the dzscrete part of the spectrum of a}

such that for any ty < ... <t, € Rt Stl,Stl St25t1 ,...,SHSt S, ~3

n~tn_1

are free.

Remark. There are several other definitions of positive processes with multiplicative
free increments. Two other examples would that {Sy } U {S;kflStk}ZZZ and {S, } U
{St, St;i Y=g respectively form a free family.

Let (Xt)icr+ be a free additive increment process with X; ~ py and Xy — X ~ psy.
Then for r < s <t € RT

Hs & Mst = Mt and Hr.s = Msit = Hrt

On the other hand given pu, ps; satisfying the above there exists a free additive incre-
ment process (Xt);cr+ such that X; ~ py and Xy — X5 ~ ps¢. This is an implication of
the free product construction.

By Theorem 4.5 we further get a Feller Markov kernel K5 ; for each of the measures
Mty st

5.1. Dilations

For such processes we now want to define a Markov property. This analog is called
dilation.

Definition 5.2 (Dilation). Let D be a C*-algebra with state wy. Assume g : D — D
is a family of completely positive, identity preserving contractions satisfying for all s <
t<u: H&t o Ht,u = Hs,u‘

A dilation of (D,wy) is the data (A, T, Ay, ji, 7e,t € RT) where
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1. (A, 1) is a non-commutative probability space and T is tracial
(Ap)¢ ing+ @8 an increasing family of subalgebras.
70 A — Ay is the conditional expectation

Jt : D — A are morphisms such that j,(D) C Ay

AR

wo = 7o jo ("initial state property”)
6. for all s <t € RT one has 750 jy = js o sy (”"Markov property”)

Theorem 5.3. Let (X;);er+ be a free additive increment process. We define the mor-
phism j, : Co(R) — A by ji(f) = f(Xi). Define Ay as the von Neumann algebra gener-
ated by the process up to time t and denote 7y = 7(-|A¢). Then (A, 7, As, j, 7, t € RT)
is a dilation of (Co(R), uo, K)

Proof. Everything except the Markov property is easy to verify.
Let f be a bounded Borel function on R. By applying theorem 4.5 to A, and the random
variables X, and X; — X we get 75(f(X¢)) = Ko+ f(X) for all s < t.

O

Remark. Since Ks; 0 Kty = Ksy they form a Markov transition function, there also
exists a process on the classical sense satisfying the Markov property and having initial
distribution py and transition described by K = (Kgt)s<ier+. Since this process as the
same distribution as the one described above we see

T(01(Xty)-0n (X)) = Eld1(Zey)---Pn(Z1, )]

Remark. Analogous statements also hold for free multiplicative processes.

5.2. Martingales

Using these definitions we can now start to investigate properties of such processes. First
we want to look at the existence of families of martingales.

Definition 5.4 (Martingale). Let (Ai)icr+ a increasing family of von Neumann subal-
gebras of A. A martingale of (A, 7, A) map M : I — A where is is some interval in R
such that

e forallt: My € Ay
o for all s <t: 7(My|As) = M

Let now (X¢)ier+ ~ ¢ be a free additive increment process. Further let R, be the R-
transform of y;. In [BV93] it has been shown that for I is compact and ¢t — p; is weakly
continuous there exists A such that all K, are defined on A and F (K, (2)) = K, (2)
forall z € A and s <t € [.

In the following we will assume that A; is the von Neumann algebra generated by
{X,Js <t}
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Proposition 5.5. t — (1 —2X; 4+ 2R,,(2))"" is a martingale of (A, 1, A;) on I for
z €A

Proof. First note that
(1= 2Xi+ 2R, (2)) " =271 (2= Xi + Ru(2))
=2 (K (2) = Xo) ™
= zilﬁxt(Kﬂt(z))
so it is sufficient to show that Ry, (K, (2)) is a martingale, and by theorem 4.5 we get
for all s < t that

T(Rox, (K (2))| As) = Rx, (Fs 1 (K (2)) = R, (K, (2))
O

An similar statement is true for multiplicative processes. Let U; be a unitary processes
with multiplicative free increments with marginal distribution ps. Further let 3, be the

Y-transform of p; and I be an interval such that for t € I 3, have a common domain
A where F4(X,,(2)) = 23,,(2)

Proposition 5.6. t — (1 — 2%, (2)U;) " is a martingale on I for z € A.

Remark. An analogous statement is true for positive processes with multiplicative free
imcrements.

5.3. Levy processes

Having introduced martingales we can now also talk about stationary processes.
Definition 5.7 (Levy processes).

e Let X; be a free additive increment process with corresponding distributions jis;
and Markov transition function Ks; on R. Then
— X, is called free additive Levy process of the first kind if
Mot = Mstt t+u Jor all u > 0.

— X is called free additive Levy process of the second kind if Ks; =
K:S—‘rt,t-I—u fOT‘ all u > 0.

o Let Up be a unitary process with multiplicative free increments with corresponding
distributions pisy (i.e. psy is the distribution of UtUs_l) and Markov transition
function Ks; on T. Then

— U, is called free unitary multiplicative Levy process of the first kind
if Wst = Psttt+u for all u > 0.

— U, is called free unitary multiplicative Levy process of the second kind
if Kot = Kstt,t4u for all u > 0.

o1



e Let S; be a positive process with multiplicative free increments with corresponding
distributions pisy (i.e. psy is the distribution of UtUsfl) and Markov transition
function Ks; on T. Then

— U, is called free positive multiplicative Levy process of the first kind
if st = Pstt+u for all u> 0.

— U, is called free positive multiplicative Levy process of the second kind
Zf }C&t = ]Cs—i—t,t—‘ru fO?" all u Z 0.

Proposition 5.8. Let X; be a free additive Levy process of the first kind with associated
measures fis¢. Then the measures vy = poys form a weakly continuous free additive
convolution semigroup.

Proof. Since a free additive Levy process of the first kind is a free increment process we
note that pu, s B pey = pry for all r < s <t € R. Further it holds that ps; = ftsttt4u
for all uw > 0, so we can see that pg;—s = ps for all s <t and thus the above equality
becomes po s—r B o t—s = pot—r = vs—r Brvy_g = v4_. Denotinga =s—randb=1¢—s
and noting a+b=s—r+t—s=1t—r results in v, Hvy, = vy for all a,b > 0 and thus
showing that v; form a semigroup. O

For weak-continuity we will use similar arguments as [BV92].

Lemma 5.9. For every a € R and every p with supp(p) C [—a,a] G, is one-to-one on
Uand G,(U)D V.

Thus ¢, is defined on V and K, (V) C U where U is some neighborhood of oo and V
some neighborhood of 0.

Proof. Let p satisfy supp(u) C [—a,a] C R and define h(z) := G (1). Then

0 @ 1
& hz) = / o)

Further there exists an € > 0 independent of u such that Re (%h(z)) > 0 for |z] < e.
Thus h is one-to-one for |z| < € and

hz) = =+ / QR

o1 —tz

This shows that for a sufficiently small € |h(z) — 2| < ‘Qi' for |z| < e. For such an e we
get {h(2) : |z| <€} D{z: |2] < §} and the lemma follows for U = {z : |z > €} U {o0}
and V = {z: [z] < §} O

Proposition 5.10. Let (fin)nen be compactly supported measures on R. Then the fol-
lowing are equivalent:

1. All supp(py) are contained in a compact interval and p, — [ in the weak-*-
topology.
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2. ou, — @ uniformly in some neighborhood of 0.

If these conditions are satisfied then ¢ = ¢,

Proof. In this proof we use similar argument as [BV92]

1) = (2)

Lemma 5.9 shows the existence of sets U and V such that K, (V) C U for alln €
N. Since K, is continuous, the family {K,, : n > 1}, and hence also {¢,, : n >
1}, is a pre-compact subset of the space of continuous functions. Thus it is sufficient
to show that the Taylor coefficients of ¢, converge to the coefficients of ¢,,. This
holds since there exists polynomials P, such that for Y 7 a,2" and Y 2 | b,2z"

ap = bfnlpn(bl’ ) bn)

and thus since K, is bounded by U for z € V' the coefficients of the Taylor series
converge.

: It is sufficient to show that {u, : n > 1} are supported in a compact interval. Con-

vergence follows from weak-*-compactness of the collection of measures supported
in a fixed compact interval and from the first part of the proof.
1 9 _ 12280 (2)
We define g, (2) := e and thus 5-gn(2) = e )7
Hence there exists an € > 0 such that Re (%gn(z)) > 0 for |z| < € for all n € N.

22% and thus for € small enough g, has an inverse

defined for |z| < § and therefore supp(u,) C [—2, 2] for all n.

€
The inverse exists since analytic function g in a convex set with Re(g") > 0 for all

z 18 one-to-one.

Further ¢,(z) = z —

d

Lemma 5.11. Let G : C™ — C~ be analytic. Then the following statements are equiv-

alent.

1.

du probability measure on R such that G, = G

2. for all a > 0 we have limpy|_,o zer, 2G(2) = 1

3. limy 0 iyGiy) =1

Proof.
(2) = @)
is obvious

(1) = @3):
Has already been shown in proposition 3.12

B) = (1)
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It is easy to check by looking at the real and imaginary part of G(iy) that lim,_, iyG(iy) =
1 implies that limsup,,_,, y|G(iy)| = 1. Thus we get the statement by the Stieltjes in-
version formula as discussed in theorem 3.15

(1) = (2):
easy calculations show that ’ t‘ < (a + 1) forall zeT'y, andt € R
SoforﬁxedT>Oandz—x+zy€I‘

2G(2) - 1 \f . du )
< JT0 |25 du(t) + (02 + )2 ({t: [t > T})
< ‘iy'du( )+(a + 1)z ({t: |t > T
<Lu((=T,1) + (@® + )2 ({t: |t| > T})

and hence )
limsup |2G(2) — 1| < (®+ Dz ({t: |t| >T})
|z]—00,2€l
and it is easy to observe that limp_,..(a? + 1)%,u ({t:|t|]>T})=0 o

5.4. Levy-Khintchine formulas

Finally we want to use the tools we have discussed so far to prove analogs of the Levy-
Khintchine formulas and hence complete the characterization of processes with free in-
crements.

In the following we will denote the right inverse of the transform 1, of some proba-
bility measure p on the image 1 (zC*) by X,-

5.4.1. Additive Levy processes

Theorem 5.12. 1. Let X; be a free additive Levy process of the second kind with
associated measures ps ¢ and Markov transition function Ks; onR. Then Ly = Ko
form a Feller Markov semigroup.

Let Fs; the analytic functions as seen in theorem 4.5 and define Fy = Fo; where
Fy(z) = z. Then F; form a semigroup under decomposition and there exists ¢ :
C* — C~ UR analytic such that limg 00 ger, 5 2@ — g for every 'y g. Further

£
Fy satisfy % 6Ft +o(F) =0

2. Conversely let ¢ : CT — C~ be analytic such that limg 00 geT, 5 @ =0 in
some L'y g and let Fy be a semigroup obtained by solving the differential equation

8Ft + ©(Fy) = 0 with Fy(z) = z. Then the following are equivalent

e There exists a free additive Levy-process of the second kind with initial distri-
bution g, with associated semigroup of maps Fy
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e Forallt >0 po Ft_1 o F;01 has an analytic continuation to CT with values
on C~

if and only if for all

In this case we will call ¢ the Levy function

Proof. 1. Since t — p; is weakly continuous by prop 5.10 we see that ¢ — F} is
continuous for the topology of uniform convergence on compact subsets of C* and
for each domain I'y, g there exists a number € such that the functions F_; = Ft_1
for 0 <t < € are well defined on I', g and thus the maps F} for —e < te form a
local group of analytic transformations in the sense of H. Cartan. Theorem 10 in
[Car79] gives us for each a, 8 > 0 an analytic p, 3 on I'y g such that F}; satisfy
% + p(F;) = 0 for t €] — ¢, €[ Since gy (&) = % +—o» We can construct a map ¢
on C* such that cp\ra,ﬁ = q,3- Since F; form a semigroup % + ¢©(F}) = 0 holds

for all t > 0 on C*. By Theorem 4.5 we get Im(F;(£)) > Im(&) for all £ € CT. So

since (&) = — limy_, % we get p(CT) C C~ UR. Thus ¢ is a Nevanlinna
function and has therefore the representation
1+u
o) =a+ b+ / 5alfu(u)

R §—u
for some a,b € R and v > 0 measure on R. In particular one has limgﬁoo@epaﬁ @ =
b in every domain I'y, g. Using this and the differential equation, it is then easy to
see that limgﬁoojgepaﬁ % = e and hence by Theorem 4.5 we must have b = 0.

2. Since p(C*T) C C~ the differential equation has a solution for all ¢ > 0 given by
the flow of the analytic vector field —@(f)a%. By well known existence theorems
for differential equations with analytic coefficients, we can see that Fy(C*) C C*
and is one-to-one on C*.

Further we have that lim¢ o0 cer,, Fig)

N
invertible on F;(C") and satisfies for t € R 81(;5;1 —@(F;1)=0on Ne<t Fs(CF).
Let po be a probability measure on R. By Proposition 5.4 in [BV93] we get for all
t > 0 the existence of I'y g such that Flo Fu_ol are defined and analytic on Iy, g.
Let now ¢ be Levy function of a free additive Levy process of the second kind with
respective distributions p; and ps¢. Then for every s <t € Ry

F ) = F () =F " oF, ' (2) = F7' o F M (2) = ¢, (2)

= 1 in some domain I'yy gr C 'y g. F} is

in some domain I'y g. Further if s,¢ are in some compact interval I'y g can be

chosen such that .
F-roF 1
L
z2—00,2€ly g z

uniformly for s in this interval. Choose I'y g such that for z € 'y, g

s+%
n(Fl o Bl - o Rl @) = [T eo o Bl du = (2)
S

- s,s+%
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and thus for n — oo
o (2) 2 tpo Fy o

s,st+ L
uniformly on every compact subset of I, g.
Further the functions ¢ o F; 1o F 1 = 0(z) uniformly for u in a neighborhood of
s. By proposition 5.10 the limit tp o F; ' o F; ! has the form ¢,, where v; is a
probability measure which form a free convolution group. Thus by theorem 5.10
in [BV93] po F; 1o F#_O1 can by analytically extended to C* with values in C™ for
all s.

Again by theorem 5.10 of [BV93] ¢ is the ¢-transform of some freely infinitely
divisible measure. Thus epo F; 1o F /;01 is the (p-transform of some measure for all
€ > 0 and we can approximate the integral

t
FloF, l—F toF, = / poF, ' oF,ldu
S

by Riemann sums of the form

Z(ui'H — Uj)p o Fu:1 o F;OI
7
which are uniformly convergent on every compact subset of I'y g and o(z) uniformly
in the same domain.
Since (ujy1 —ui)po F, Lo u_ol are p-transforms so is their sum and by proposition
5.10 Ft_1 ok, I -—F 1o F;jol is the (p-transform of some probability measure g ;.

It is easy to check that this measure p; satisfies the desired conditions.
O

Denote by £ the space of additive Levy function of the first kind and by L3 the

space of additive Levy function of the second kind. (1) of the theorem above shows
that £5 C £]. In the statement (2) however we have seen some restrictions as to when
a Levy process of the first kind is a Levy process of the second kind. For a detailed
introduction of the Levy-Khintchine formulas we refer to [BV92] and [BV93].

5.4.2. Unitary multiplicative Levy processes

Theorem 5.13. 1. Let Uy be a free unitary multiplicative Levy process of the second
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kind with associated analytical maps Fgy. The maps Fy = Fy; with Fy(z) = z form
a semigroup and t — |Fy(2)| is a decreasing for all z € D. Further there exists
u:D — {z € C|Re(z) > 0} analytic such that % + Fu(Fy) =0

2. Letu:D — {z € C|Re(z) > 0} be analytic and Fy the solution of%—i—Ftu(Ft) =0

where Fy(z) = z. Then the following are equivalent

e There exists a free multiplicative Levy process of the second kind with initial
distribution pg and associated semigroup of maps Fy



e For allt > 0 the function uo Ft_1 092;01 has an analytic extension to D taking
values with non-negative real part

5.4.3. Positive multiplicative Levy processes

Theorem 5.14. 1. Let S; be a free positive multiplicative Levy process with associated
analytic maps Fs;. The maps Fy = Fyy for t > 0 form a semigroup of analytic
mas on C\ Ry such that t — Arg Fy(z) is an increasing map for z € Ct. There
exists an analytic function v on C\ Ry, CT UR, such that v(Z) = v(z) for z €
C*, v(C*T) € C~ UR and the maps F; for t > 0 satisfy the differential equation
% + FtU(Ft) =0

2. Let v be an analytic function of C\ Ry such that v(CT) C C~UR and v(z) = v(2)
for all z € CT and let F; for all t > 0 be the solution of the differential equation
% + Fw(Fy) = 0 with Fy(z) = z. Then the following are equivalent

e There exists a free positive multiplicative Levy process of the second kind with
initial distribution pg with associated semigroup of maps Fy

o For every t > 0 the function v o Ft_1 o 92;01 has an analytic continuation to
C\ Ry such that v(z) = 9(z) and v(Ct) CC~ UR

Proof. Again we can use similar arguments as in the proof for the Levy-Khintchine
formula for free additive Levy processes of the second kind. O

We can now describe the distribution of Levy processes of the second kind by their
initial distribution and their Levy function. We have also seen that Lo C £1. Contrary
to the classical theory we have proven the Levy-Khintchine formulas not with respect
to their Levy measures but their Levy functions instead. To complete the picture we
will finally state the Levy-Khintchine formulas with respect to the Levy measure for free
additive and multiplicative infinitely divisible probability measures.

Theorem 5.15. A measure j1 on R is freely infinitely divisible if and only if ¢, has an
analytical extension to ¢, : Ct — C~ UR and limy_ o0 @ = 0. This function has the

representation
14tz
o(z) =« —I—/ do(t)
o #— ¢

where v is some finite measure on R and o € R.

Theorem 5.16. A measure p1 on T is freely infinitely divisible if and only if ¥,,(2) = et(2)
where u : D — {z € C|Re(z) > 0} is an analytic. This function has the representation

u(z) = m+/T idev(g)

where v is some finite measure on T and o € R.

o7






A. Glossary

x-probability space ......
*-representation .........
Y transform ......... ...,
Tlr] oo

Banach algebra .........
C*-algebra ..............
Cauchy transform .......
Classical Distribution ...
Conditional expectation .
Convolution .............
Crossing partition .......
Cyclic vector ............
Dilation .................

Faithful state............
Feller kernel ............
Filtration ...............
Free additive convolution
Free random variables ...
Free subalgebras ........
Involution ..............
K, oo
Kernel of Multi-index ...
Levy function ...........
Mobius function ........
Markov kernel ..........
Markov property ........

32
21
21
16

Martingale ........... ... .. oL 50
Multi-index ..., 24
Non-com. probability space.......... 14
Non-com. random variables ......... 14
Non-crossing partition .............. 23
Normal random variable............. 16
Normal state ........................ 17
Poisson kernel ......... ... ..o 34
RIT] oo 27
Ry oo 37
Resolvent map ...................... 32
Self-adjoint random variable......... 16
State ... 16
Stieltjes inversion formula ........... 34
Subordination property ............. 43
Tracial state...................... 17
Unitary equivalent .................. 18
Unitray random variable............. 16
W*-probability space ............... 19
classical processes ................... 13
free add. Levy process (first kind) ... 51
free add. Levy process (second kind) 51

free pos. Levy process (first kind) ... 52
free pos. Levy process (second kind) 52
free unit. Levy process (first kind) .. 51
free unit. Levy process (second kind) 51
non-crossing cumulants ............. 27
von-Neumann algebra ............... 19

99






B. Bibliography

[Bia9g)]

[BV92]

[BV93]

[CarT79]

[DVN92]

[LS20]

[NS06]

[SM17]

[Spe9l]

[Tak01]

[Tom57]

[Woe86]

[Zwil2]

P. Biane. Processes with free increments. Mathematische Zeitschrift, 1998.

H. Bercovici and D. Voiculescu. Levy-Hinchine type theorems for multiplicative
and addivitve free convolutions. Pacific J. Math. 153, 1992.

H. Bercovici and D. Voiculescu. Free convolution of, measures with unbounded
support. Indiana University Mathematics Journal 42, 1993.

H. Cartan. Sur le groupes de transformations analytiques. FEuvres Tome 1,
Springer Berlin, 1979.

K.J. Dykema, D.V. Voiculescu, and A. Nica. Free Random Variables. American
Mathematical Society, Centre de Recherches Mathematiques, 1992.

F. Lehner and K. Szpojankowski. Boolean cumulants and subordiation in free
probability. World Scientific Publishing Company, 2020.

A. Nica and R. Speicher. Lectures on the Combinatorics of Free Probability.
Cambridge University Press, 2006.

R. Speicher and J.A. Mingo. Free probability and random matrices. Fields
Institute Monograph, Volume 35, 2017.

R. Speicher. A non-commutative central limit theorem. Mathematische
Zeitschrift, 1991.

M. Takesaki. Theory of Operator Algebra I. Springer Science and Business
Media, 2001.

J. Tomiyama. On the projection of norm one in W*-algebras 1. Proc. Japan
Acud, 1957.

W. Woess. Nearest neighbour random walks on free products of discrete
groups. Bollettino U.M.I., 1986.

P. Zwiernik. L-cumulants, l-cumulant embeddings and algebraic statistics.
Journal of algebraic statistics, 2012.

61



