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Abstract
Dedicated hybrid drivetrains are expected to be a major mid-term competitor to zero-
emission drivetrain concepts, considering the trends in automotive emission regula-
tions. This work addresses potential for further improvement of drivability and effi-
ciency of dedicated hybrid drivetrains with a single electric machine in gear shifting.
A concept for smooth and lossless gear shifting is proposed, which resolves the trade-
off between dissipation in clutches and propulsion torque interruptions. A model-
based control strategy, which applies this concept in a drivetrain control system, is
investigated. An exemplary implementation of this control strategy is validated in
model-in-the-loop and software-in-the-loop simulations as wells as vehicle tests. In
order to support usability of this model-based strategy a generic and modular mod-
eling approach for drivetrain mechanics, applicable to all common geared drivetrains,
including combined planetary gear sets, is presented. In combination with a proposed
model-based drivetrain analysis method this work supports the development process
of automotive drivetrains in general and dedicated hybrid drivetrains in particular.

Keywords: dedicated hybrid drivetrain, generic modeling, model-based analysis,
model-based control, smooth and lossless gear shifting
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Kurzfassung
Unter der Berücksichtigung der Trends der automobilen Abgasvorschriften wird er-
wartet, dass dedizierte Hybrid-Antriebsstränge mittelfristig ein wichtiger Konkurrent
zu emissionsfreien Antriebskonzepten sein werden. Diese Arbeit befasst sich mit dem
Potenzial zur weiteren Verbesserung der Fahrbarkeit und Effizienz von dedizierten
Hybrid-Antriebssträngen mit einer einzigen elektrischen Maschine bei Schaltvorgän-
gen. Es wird ein Konzept für ein ruck- und verlustfreies Schalten vorgeschlagen,
das den Kompromiss zwischen der Verlustleistung in Kupplungen und den Unter-
brechungen des Antriebsmoments auflöst. Eine modellbasierte Regelstrategie, die
dieses Konzept in einem Steuerungssystem für Antriebsstränge anwendet, wird un-
tersucht. Eine exemplarische Umsetzung dieser Regelstrategie wird in Model-in-
the-Loop und Software-in-the-Loop Simulationen, sowie in Fahrzeugtests validiert.
Um die Verwendbarkeit dieser modellbasierten Strategie zu unterstützen, wird ein
generischer und modularer Modellierungsansatz für die Mechanik von Antriebssträn-
gen vorgestellt, der für alle gängigen Getriebeantriebe, einschließlich kombinierter
Planetenradsätze, anwendbar ist. In Kombination mit einer vorgeschlagenen mod-
ellbasierten Antriebsstrang-Analysemethode unterstützt diese Arbeit den Entwick-
lungsprozess von Fahrzeugantrieben im Allgemeinen und dedizierten Hybridantrieben
im Speziellen.

Schlagwörter: Dedizierte Hybrid-Antriebsstränge, generische Modellierung, modell-
basierte Analyse, modellbasierte Regelung, ruck- und verlustfreie Schaltvorgänge
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1
Introduction

At the beginning of this thesis its background and motivation shall be
considered. Therefore, it is necessary to make a step back from the tech-
nical scope and to take a short excursus into the area of conflict between
automotive transportation and environmental sustainability controlled by
emission regulations. The conclusion of this excursus will lead back to the
technical scope of this thesis. An actual scientific gap is identified, which
the presented research contributes to fill. Finally, a short summary of
the main contributions and a general overview of the thesis are presented
followed by a list of non-goals.

1.1 Background and Motivation

In the last decade the automotive industry is facing disruptive changes: The key words
automation, electrification and digitalization are omnipresent and corresponding tech-
nologies are transferred from vision into daily business. Whereas in past the economic
progress was maintained by advancement of established technologies and by break-
ing into new markets, this transformation forces many traditional Original Equipment
Manufacturers (OEMs) to reinvent and reorganize their expertise and Unique Sell-
ing Propositions (USPs). This process also pushes research. The main driver of the
research presented in this thesis is the electrification trend encouraged respectively
compelled by emission regulations. These regulations for road transportation pressur-
ized conventional automotive driving concepts and hence already applied significantly
changes to the product portfolio of most OEMs. The regulations reflect society’s rais-
ing awareness of environmental sustainability, which is nowadays more crucial than
ever to avoid impending grave consequences – key word climate change. To do so,
however, the current emission regulations are not sufficient. The following section lists
the most important and on the long term inevitable changes for future road trans-
portation emissions. Some of them are already in implementation, others may yet
seem very ambitious or even unrealistic.

1



1 Introduction

1.1.1 Vehicle emission trends

• Both Greenhouse Gas (GHG) fleet emissions, e.g. Carbon Dioxide (CO2), and
toxic vehicle emissions, e.g. Nitrogen Oxides (NOx) and carbon monoxide (CO),
have to be decreased constantly. This is already planned and announced in
regulations for example in European Union (EU): 95g CO2/km (see [1]) and
Euro 6d limits (see [2]) in 2021.

• The computational basis of emissions has to be tightened in order to reflect the
actual emissions. Therefore, on the one hand in addition to classical driving cy-
cles, like for example New European Driving Cycle (NEDC) and Worldwide har-
monized Light vehicles Test Procedure (WLTP), Real Driving Emissions (RDE)
have to be considered, as already announced (see [1] and [2]). On the other hand
this requires the abolishment of distortive privileges, for example so-called Super
Credits in fleet fuel consumption computation and the unconsidered consump-
tion of electric energy stored in batteries of Hybrid Electric Vehicles (HEVs),
when applying driving cycles.

• Furthermore, new regulations are necessary:
– local emission prohibition, for example urban access restrictions, as already

valid or in discussion in several European cities,
– GHG limits for single vehicle (China, for example, already banned produc-

tion of 553 car models due to high fuel consumption in January 20181),
– and life-cycle emission and Cumulative Energy Demand (CED) considera-

tions.

Historically, the implementation of such arrangements is considered to be a political
issue to avoid competitive disadvantages for industry. This approach requires trust
between politics and automotive industry, which suffered from serious damage in the
last years caused by populist short-term regulations and intervention into technological
aspects, e.g. diesel ban discussions, on the one side, and criminal software manipula-
tions to meet emission limits on the other side. For sure the rebuild of this trust and
hence a transparent, coordinated, predictive and predictable implementation of emis-
sion regulation limits requires huge effort from both sides. The alternative approach for
automotive industry is to take on responsibility for the provision of clean technologies
on their own. The risk of temporarily competitive disadvantage, may be compensated
by a technological advance, if the upcoming regulations meet the expected trends.

1.1.2 Long-term winner – ZEV

Considering the summation of the above postulations and today’s transportation tech-
nologies, the long-term winner of the competition of driving concepts are Zero Emission
Vehicles (ZEVs), most likely Battery Electric Vehicles (BEVs) and Fuel Cell Electric
Vehicles (FCEVs). However, both are still facing some problems:

1https://www.nytimes.com/2018/01/02/climate/china-cars-pollution.html
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1.1 Background and Motivation

• Battery technology: Although, tremendous research progress in battery tech-
nology has been reached, their capacity and hence the driving range as well as
the charging time is not yet competitive to conventional vehicles, which gain
their energy by burning fossil fuel. A summary of the most common battery
types and their evaluation is presented in [3], [4] and [5]. Furthermore, the envi-
ronmental aspects of battery production and disposal affect CED consideration
in a negative way.

• Hydrogen storage: One of the main limitations to the wide spread usage of
hydrogen as energy carrier for road transportation is its mobile storage. In [6] a
state-of-the-art summary to this topic is presented.

• Infrastructure: For both, BEV and FCEV, the existing infrastructure is not
capable to supply full ZEV traffic at the moment.

• Well-to-Wheel: The term ZEV considers only tank-to-wheel emissions. How-
ever, especially in case of full ZEV traffic also well-to-tank emissions have to be
considered, i.e. including the entire energy supply chain.

The fact that the above list contains non-technological issues (infrastructure and well-
to-wheel), complicates a prediction when the final breakthrough of ZEVs will occur.
This brings the back traditional ICE into business.

1.1.3 The main competitor of ZEVs

Although the ICE is not competitive implemented in conventional drivetrains from
emission point of view, it turns out to be a good complementation to the Electrical
Machine (EM) in order to overcome the present weak points of ZEVs. This fusion
of ICE and EM into one single drivetrain is called hybridization, which is the special
case of electrification, not aiming the total removal of the ICE. The emission trends
considered in Section 1.1.1 challenges also the development of hybrid vehicle concepts.
Urban access restrictions, for example, are the category killer of micro and mild HEVs.
The most serious mid-term competitor to ZEV is a full hybrid DT with optimized syn-
ergy between ICE and EM: the so-called dedicated hybrid DT, featuring a Dedicated
Hybrid Transmission (DHT). This category of complex drivetrains (for details see Sec-
tion 2.2.3) tries to optimally fuse the benefits and compensate the drawbacks of ICE
and EM in every driving situation, by application of diverse hybrid modes. Conse-
quently, a high level of efficiency and drivability is reached. In dedicated hybrid DTs
one or more EMs operate functional transmission tasks. Therefore, the removal of the
EMs results in a transmission without (full) functionality and hence drivability. The
term DHT was first officially introduced in 2015 at the CTI Symposium2 in Berlin (see
[7]), as a new category of transmission. Within the next years the concept and various
applications have been proposed and discussed in several special conference sessions.
The necessary development effort of dedicated hybrid DTs requires production units,
which are not meet yet by most OEMs, to ensure economy. However, due to their huge

2The CTI Symposia World Series (http://drivetrain-symposium.world) is an annual series of
three conferences in Novi/Michigan, Shanghai and Berlin/Germany assembling the world’s leading
experts on the development and production automotive drivetrains.
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1 Introduction

potential in fuel efficiency, experts expect dedicated hybrid DTs to hit the market from
20203 (see [8]). Considering today’s technologies, the dedicated hybrid DT is going to
be the last remaining competitor to ZEVs. This expected success resurrects the ICE
although its nature will change significantly, featuring reduced dynamics, components,
size and weight.

1.2 Gap

Although the general concept for the future hybrid DT is well defined, its detailed
implementation offers a huge range of possibilities and is an ongoing research topic.
The development process of dedicated hybrid DTs in general includes three consecutive
and interacting stages (cf. [9]): The first stage is the synthesis of the DT topology,
including the arrangement and sizing of the components. This stage can also be
referred to as the hardware development stage. In contrast to this stage the next two
stages concern the software development: The second stage is the Energy Management
Strategy (EMS) development, which defines the operation strategy of the hybrid DT.
Thirdly, a DT control system has to be developed, which is responsible for application
of the operation strategy. All these three stages are facing the high complexity of
dedicated hybrid DTs and impact to the resulting overall drivability and efficiency
(see Figure 1.1). Consequently, an optimized DT has to provide optimal solutions in
each stage. The order of these three stages furthermore reflects the size of the single
impacts on drivability and efficiency. Therefore, a poor DT topology design, caused
for example by a wrong component sizing (power of ICE and EM) or matching of
ICE and transmission, can not be compensated by applying an excellent EMS and DT
control. Furthermore, the best DT control concept is not able to compensate a weak
EMS.

DT topology:
• Component arrangement
• Component sizing

EMS

Effi
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DT control

Figure 1.1: Three main stages of dedicated hybrid DT development

Although extensive research has been done on the synthesis of different topologies, see
for example [10, 11, 12], and on EMS development, see for example [13, 14], so far no

3www.iav.com/us/automotion-magazine/automotion-2017-issue-01/
dedicated-hybrid-transmission-plug-vehicles
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proved superior dedicated hybrid DT topology has been developed. In fact, even the
number of EMs in an optimized topology is still under discussion.
Therefore, at the moment many promising special solutions are developed and pro-
duced with each high development cost. An investigation of the EMS and DT control
development stage separated from the topology design would contribute to the reduc-
tion of this cost and hence further strengthen the position of dedicated hybrid DTs
in the competition of DT concepts. However, this requires a general and generic con-
sideration of these two stages, which is a big challenge due to the complexity and
diversity of dedicated hybrid DTs.

1.3 Contribution

Contributing to this overall target, this thesis proposes a generic model-based control
approach for single-EM dedicated hybrid DTs focusing on drivability and fuel efficiency.
In particular the contribution is:

• the general concept of smooth and lossless gear shifting in single-EM dedicated
hybrid DTs to reduce fuel efficiency and improve drivability,

• a generic and modular modeling approach for geared DTs,
• a model-based DT analysis method including the potential for smooth and loss-

less gear shifting for single-EM dedicated hybrid DTs,
• and the integration of the concept of smooth and lossless gear shifting for single-

EM dedicated hybrid DTs into a model-based DT control system.
Although these single contributions focus on the DT control stage, they support the
whole development process of dedicated hybrid DTs, as illustrated in Figure 1.2. For
example, accurate DT models can be used for simulation centered testing and driv-
ing cycle simulations. In combination with a model-based analysis this enables a
fast evaluation of topologies and hence the opportunity for optimization in an early
development stage.

DT topology:
• Component arrangement
• Component sizing

EMS

Effi
ci
en
cy

&
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ab
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So
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ar
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H
ar
dw

ar
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DT control

Modeling

Analysis

Contribution

Figure 1.2: Thesis contribution to the development process of single-EM dedicated hy-
brid DTs
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1 Introduction

An additional focus of this thesis is on reusability, which shall enable the applica-
tion of the modeling approach and the analysis method in general automotive DT
development.

1.4 Overview

After stating the motivation and contribution of the thesis this section shall give a
rough overview of its content.
Chapter 2 assembles important general definitions about conventional and hybrid DTs
including terminology, classifications and components and their functionality. Based
on these preliminary definitions the object of research in this thesis – the single-
EM dedicated hybrid DT – is presented. Subsequently, the focus is moved to DT
control starting again with the conventional drivetrain and ending up with the control
tasks and requirements for single-EM dedicated hybrid DTs. Furthermore, the general
concept of smooth and lossless gear shifts is introduced, which plays an essential role
throughout this thesis. At the end of this chapter the general problem statement to
this thesis is given and its contribution is specified in more detail.
In Chapter 3 a generic and modular modeling approach is presented, which forms
the basis to the model-based methods presented in the next chapters. The modeling
approach is applied to an exemplary single-EM dedicated hybrid DTs. A switched LTI
model with reasonable control outputs is proposed for the later control of dedicated
hybrid DTs in general and the control of smooth and lossless gear shifts in particular.
Based on the generic DT model investigated in Chapter 3, Chapter 4 states the oppor-
tunities to automate computation of drivetrain characteristics and design evaluation
criteria with respect to drivability and shiftability. Finally, decoupling theory is used
to state a mathematical condition to evaluate a DT’s potential for smooth and lossless
gear shifting. The approach is applied to the exemplary DT, which has already been
considered in Chapter 3.
Chapter 5 combines the outcomes of Chapter 3 and Chapter 4 and proposes a model-
based control concept for single-EM dedicated hybrid DTs focusing on the control
of smooth and lossless gear shifts. An exemplary implementation of this concept is
applied to an exemplary single-EM dedicated hybrid DT. The implementation con-
sists of a feedforward control, which is extended to an Internal Model Control (IMC)
structure with polynomial trajectory generation. Finally, the chapter considers the
discretization of the presented control concept.
Chapter 6 concludes the technical part of this thesis. The exemplary implementation,
and hence the control concept, is validated on different levels of a classical software-
to-vehicle process, including MiL simulations, SiL simulations and vehicle testing in a
demonstrator car.

1.5 Non-Goals

To conclude this introduction furthermore the non-goals of this thesis shall be stated:
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1.5 Non-Goals

• The modeling, analysis and control approaches presented in this thesis focuses on
the DT and not the entire powertrain (PT). Therefore, the generation of torque
in ICE and EM is not considered (cf. Section 2.1).

• This thesis concerns fundamental research, although usability is considered and
also practical implementations and integrations are presented. Consequently, it
does not target the development of a Start of Production (SOP)-control software.

• The thesis focuses on the DT control system development stage (cf. Figure 1.2)
of dedicated hybrid DTs. It does not consider the hardware synthesis and the
development of an EMS.
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2
Object of Research

This preliminary chapter specifies the basic terminology and the technical
background of this thesis. First, the general functionality and components
of conventional automotive DTs are considered (Section 2.1). Subsequently,
these considerations are extended to hybrid DTs, with respect to two com-
mon classifications (Section 2.2). This context is used to introduce the
actual object of research in this thesis – the single-EM dedicated hybrid
DT. A comprehensive overview on its operation modes is presented in Sec-
tion 2.3. The last part of this chapter considers a general, torque-based,
control structure of conventional PTs and its adaption for single-EM dedi-
cated hybrid PTs (Section 2.4 and Section 2.5). A special approach of gear
shifting in single-EM dedicated hybrid DTs – so-called smooth and lossless
shifting – is introduced. The model-based control of these shifts is one of
the main contribution of this thesis. Furthermore, the DT control tasks
are summarized in a general way. The chapter concludes with the general
problem statement, which motivates the research presented in this thesis,
and a specification of the thesis contributions.

2.1 The conventional drivetrain

In general, the term DT, or synonymously driveline, means the aggregation of all
components in a vehicle, which transfer propulsion from a power source for torque
generation to the driving wheels. While in some literature, e.g. in [15], the power
source is considered a component of the DT, others, like in [16, p. 193] and [17, p. 373],
explicitly exclude the power source from the DT. For the combination of power source
and DT the term PT is used. This thesis follows the second definition. Therefore, it
does not cover the detailed modeling of power sources as well as their control.
In conventional DTs the power source is assumed to be an ICE supplied with fossil
fuel. It is coupled to the transmission by a coupling element, i.e. a clutch or a hydro-
dynamic torque converter, see for example [18, pp. 148]. The modeling and control of
a torque converter is investigated for example in [19] and will not be considered in this
thesis. The general task of the coupling element is to handle the torque transfer at high
differential rotational speeds when launching the vehicle and to optionally disconnect
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Figure 2.1: Exemplary ICE characteristic (Turbocharged Gasoline Direct Injection)

the ICE from the DT.
The core of a DT is the transmission. Its task is to adapt rotational speeds and torques
of the power source to enable on the one hand sufficient acceleration of the vehicle
and on the other hand an efficient operation of the ICE and hence decreasing fuel
consumption and emissions in all driving situations. These two aspects – so-called
drivability and efficiency – represent the central requirements to the operation of a
DT and hence will be of essential importance throughout this thesis. In order to reach
an acceptable level of both drivability and efficiency an optimized matching of the ICE
and the transmissions is essential, see [18, pp. 1-47]. To do so, the transmission consists
of several different gear ratios, which can temporarily connect its input and output.
These gear ratios transform the ICE torque and speed to a reasonable level at the
wheels. Consequently, they are matched on the ICE characteristics and the required
vehicle dynamics. These dynamics are defined considering for example gradability and
maximum vehicle speed of the vehicle (see [18, pp. 39]). Figure 2.1 shows the available
torque levels and the corresponding efficiencies of an exemplary ICE depending on
the rotational speed. Figure 2.2 shows the resulting traction forces at the wheels in
combination with an exemplary transmission featuring five different gear ratios.
Gear shifting is the general process of switching from one gear ratio to another gear
ratio. To do so either gear wheels and shafts are displaced mechanically by a gear
lever or additional rigid connections are locked or released by engaging or disengaging
clutches. These clutches are actuated electro-hydraulically, employing an electrical or
mechanical pump and electro-magnetic valves, which control the pressure of a trans-
mission fluid. This hydraulic pressure is used to displace the clutch plates. The
transmission fluid is simultaneously used for lubrication and cooling. For details to
the actuation of electro-hydraulic systems of a vehicle see [20]. Although gear shifting
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Figure 2.2: Traction force resulting of a combination of the exemplary ICE (see 2.1)
and an exemplary transmission with five gear ratios

is necessary to ensure overall drivability and efficiency in conventional DTs it tem-
porarily affects both requirements, depending on the different mechanical concepts
of transmissions and their grade of automation: In Manual Transmissions (MTs) the
driver decouples the ICE from the DT using a pedal for gear shifting, resulting in both
propulsion torque interruption and friction losses in the clutch. In Automated Manual
Transmissions (AMTs), the clutch actuation is automated, which generally improves
both drivability and efficiency. In Dual Clutch Transmissions (DCTs) and Automatic
Transmissions (ATs) torque interruption is avoided by temporarily operating two gear
ratios at the same time using two slipping clutches. While DCTs consist of different
spur gear sets mounted on two shafts, ATs use planetary gear sets. Whereas DCTs fea-
ture a higher overall efficiency, ATs feature a more compact design. For more details
according different types of automotive transmissions see for example [18, pp. 229-
272]. The driveshaft connects the output of the transmission – the final drive – to the
differential, in the center of the driving axle. The implementation of the driveshaft
differs depending on the placing and size of the transmission and the ICE. The task
of the differential is the torque distribution to the wheels and the compensation of
different wheel speeds in cornering. The axle shafts connect the differential and the
driving wheels. Finally, the driving wheels convert the rotational motion of the axle
shafts into a translatory motion of the vehicle using traction. Figure 2.3 shows the
position of all the mentioned DT components in a conventional PT.
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Figure 2.3: Components of a conventional PT

2.2 The hybrid drivetrains

In hybrid DTs the energy of two different power sources from different physical domains
is converted into mechanical power to drive the vehicle. In addition to the ICE the
most common converting devices are EMs, fuel cells, flywheels, hydraulic motors and
pneumatic motors. This work considers the combination of ICE and EM. Therefore,
the term hybrid means hybrid-electric. For automotive application asynchronous and
permanently excited synchronous machines are the most used EMs ([18, p. 265]).
They are powered by electrical energy stored in batteries. For details on battery
technologies see [3], [4] and [5]. As already discussed in Chapter 1 the basic intention
of hybridization is to decrease emissions. In hybrid DTs this is achieved by using
several effects:

Opportunities of hybridization to decrease emissions:

• The EM can support the engine start.
• The electrical energy gained from the grid may be used to support vehicle

propulsion in plug-in hybrid DTs. This enables downsizing of the ICE and
hence decreased emissions.

• Since it is possible to operate one single EM as motor and generator,
the braking energy can be partially reused – so-called recuperation or
regenerative braking – which improves the overall efficiency.

• The EM may increase ICE efficiency by shifting its operation point, similar
to gear shifting.

• Especially in low speed and stop-and-go scenarios, e.g. in city driving,
the ICE suffers from low efficiency. The EM can drive the vehicle in such
scenarios.
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Beside these effects on efficiency the hybridization furthermore effects drivability in a
positive way:

Opportunities of hybridization to improve drivability:

• An EM features a high initial torque, i.e. torque at zero and low rotational
speeds. This enables fast vehicle launching without heat losses in coupling
elements.

• The fast torque build-up of an EM offers high accelerations by electrical
boosting, which is of special interest for example in overtaking scenarios.

The various possibilities to apply hybridization results in extensive and sometimes
also ambiguous nomenclature, for different hybrid DTs. The following sections try to
clarify this nomenclature by considering the two most common classifications of hybrid
DTs according to the degree of hybridization and the hybrid topology.

2.2.1 Classification I – degree of hybridization

The degree of hybridization (see [17, p. 48]) considers the ratio between maximum
available power of the ICE and the EM. The increase of the EM power enables all
the opportunities for enhanced efficiency step by step. The lowest possible degree of
hybridization is applied in so-called micro hybrid DTs: A small EM implements an
automated start-stop system for the ICE. Although indicated by its name, a micro
hybrid DT actually is no hybrid DTs in the narrow sense, since the electrical energy is
not used for propulsion. In contrast mild hybrid DTs feature an EM of increased size
in order to offer additionally recuperation and modest power support for propulsion. If
the power of the EM is high enough to drive the vehicle fully electrically in some driving
situations, the DT is classified as a full hybrid. If a full hybrid DT offers the possibility
to charge the battery directly from the electricity grid, it is considered as plug-in
hybrid. The highest possible degree of hybridization is achieved by full electrification
of the DT. However, since full electric DTs do not use a ICE for propulsion, they are
no hybrid DTs in the narrow sense, similar to the micro hybrid DT on the other side of
the scale. Figure 2.4 illustrates the classification based on the degree of hybridization.

2.2.2 Classification II – hybrid topology

The second classification considers the hybrid topology, i.e. the arrangement of the
components in a hybrid DT, which defines the power flow (cf. [18, pp. 285-288], [17,
p. 49] and [21]).

Series hybrid drivetrains

In series hybrid DTs the ICE powers a first EM, which is operated exclusively in
generator mode and charges a battery. A second EM sources the power from the
battery for vehicle propulsion. Series hybrid DTs are sometimes also referred to as

13



2 Object of research

Conventional DT

Full conv. Micro hybrid

Hybrid DT

Mild hybrid Full hybrid

Electric DT

Full electric

Degree of hybridization

• Start-stop • Boosting
• Recup.

• Electric
driving

Figure 2.4: Classification of hybrid DTs according their degree of hybridization

range extended electric DT. On the one hand, this ambiguous term utilizes common
association of electric DT with the absence of ICE for image and marketing reasons.
On the other hand, it emphasizes that the used ICE differs from classical ICEs, which
are primarily used for propulsion: In series hybrid DTs the ICE operates at a specific
speed and load torque level for optimal combustion efficiency – the so-called sweet
spot. According the first classification, based on the degree of hybridization, the series
hybrid DT is a full hybrid DT, in which the EM permanently drives the vehicle.
This indicates one major drawback of this architecture: The ICE and both EM are
converting the whole propulsion power. This results in a high overall weight and low
overall efficiency compared to other hybrid DTs, due to the losses in every energy
conversion (fossil to mechanical, mechanical to electric, electric to mechanical).

Parallel hybrid drivetrains

In parallel hybrid DTs the final propulsion power is the sum of the powers provided by
ICE and EM. This architecture results, if an EM is connected to a conventional DT at
any position. The major benefit of the power summation is that it enables downsizing
and down-speeding of the ICE, see [18, p. 273], in order to decrease emissions. If
this benefit is not utilized by adapting the original conventional DT and the ICE, the
hybridization is called add-on solution. On the one hand, such add-on solutions do
not require extensive development cost, but on the other hand, the production cost is
inevitably higher than the one of the original conventional DT, which challenges the
long-term economy of such solutions.
According to the position of the EM in the DT the configuration codes P0-P4 are
common practice (see for example [22]). The code P0 hybrid is synonymously used
for an automated start-stop system, i.e. micro hybrid. In P1 architecture the EM is
connected to the ICE’s crank shaft and in P2 to the transmission input. P1 and P2
hybrid DTs are usually implemented as mild hybrid DTs. In P3 architecture the EM
is connected to the transmission output and P4 at driving axle. P3 and P4 hybrid
DTs are implemented as both mild and full hybrid DTs. In parallel mild hybrid DTs
the EM is used for recuperation and boosting. Parallel full hybrid DTs usually use the
EM additionally for vehicle launching and for electric driving at low vehicle speeds,
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e.g. in stop-and-go city driving.
A special parallel hybrid topology is the split-parallel hybrid DT, also known as e-axle,
through-the-road hybrid or split axle DT. In such a hybrid topology the ICE power
is provided at one drive axle, and the EM is attached to the second drive axle. This
results in a four-wheel-drive. In [23] the configuration code P4 is used for this parallel
topology.

Power split drivetrains

Generally, the term power split concerns the presence of a mechanical splitting device:
a planetary gear set. In contrast to the possible power split in parallel hybrid DTs,
splitting with a planetary gear set features two mechanical degrees of freedom (DoFs).
For sake of consistency the possible power split in parallel hybrid DTs is considered a
1-DoF power split (see [12]). The second mechanical DoF can be used to operate the
ICE at a specific speed level independently of the current vehicle speed. Similar to
the series hybrid architecture this enables increased ICE efficiency. In accordance with
the belt driven Continuous Variable Transmission (CVT) this operation is referred as
Electric Variable Transmission (EVT), or Electric Continuously Variable Transmission
(ECVT). There are two possibilities to implement a power split device into a functional
drivetrain topology: The first, rarely used, is a plug-in variant featuring the ICE and
one EM. The second one is an optional plug-in variant with an additional, second EM.
In this implementation the power provided by the ICE is split into a mechanical and
an electrical path. Via power summation both paths contribute to vehicle propulsion
(see [18, p. 273]). Since this implementation is actually a combination of series and
parallel topology it is called series-parallel hybrid DT. Series-parallel DTs are already
sold quite successfully: Since more then 20 years one OEM is dominating hybrid
vehicle market with suchlike hybrid topologies1. According the position of the power
split device(s), the dual-EM power split hybrid topology is further subdivided into
input-split, output-split and compound split (see [9] and [24]).

Multi-mode drivetrains

The development of multi-mode DTs targets on the combination of the above topolo-
gies’ advantages, in order to optimize synergy between ICE and EM. Rigid connections
are locked and released by the engagement and disengagement of clutches, similar to
ATs in conventional DTs. Depending on the engagement of clutches different hybrid
topologies, which are referred as operation modes, can be applied according the driving
situation and the battery’s State-of-Charge (SoC). In addition to the modes presented
as hybrid topologies in the above sections, some implementations feature additionally
a mode for purely conventional driving for high but constant vehicle velocities (see for
example [18, p. 274]) and a mode for purely electric driving. Exemplary multi-mode
DTs are presented in [25] (series and parallel) and [26] (series and power split).

1http://media.toyota.co.uk/2013/08/toyotas-hybrid-success-story/
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2.2.3 The dedicated hybrid drivetrain

Since several years a specific class of hybrid DTs gathered huge interest (cf. Sec-
tion 1.1.3): the dedicated hybrid DT, featuring a DHT. Per definition the EM(s)
operate functional transmission tasks in a DHT. To emphasize the central role of
the EM(s), also the terms motor-integrated hybrid transmission (see [27]) and active
transmissions (see [28]) are used. Hence, the DT loses its drivability if the EM(s) are
removed. Consequently, the dedicated hybrid DT can be considered as a counterpart
to add-on solutions (see Section 2.2.2). Although this nonspecific definition would
also assign series hybrid DT as dedicated hybrid DT, they are implemented either in
2-DoF power split topology with two EMs, or in multi-mode topology with one or two
EM. The classification dedicated hybrid considers both topologies, with the focus on
an optimized synergy between the ICE and the EM(s).
While the potential and future role of this DT concept seems to be clarified (cf. Sec-
tion 1.1.3), the implementation details are still investigated and optimized, for ex-
ample according to the number of EMs with respect to efficiency and economy. In
[10, 11, 12, 27, 29, 30] different dedicated hybrid DTs with one or two EMs are pro-
posed.

Summary of the properties of a dedicated hybrid DT:

• No add-on hybridization
• EM operates functional transmission tasks
• Focused on optimized synergy between ICE and EMs for high level of

drivability and efficiency
• Two possible topological implementations:

– dual-EM 2-DoF power split hybrid DT
– single-EM or dual-EM multi-mode hybrid DT

2.3 Operation modes of a single-EM dedicated hybrid drivetrain

This thesis focuses on single-EM dedicated hybrid DTs. According to the last section
this implies a multi-mode hybrid topology. The motivation to develop single-EM ded-
icated hybrid DTs is to save cost, weight, size and losses of a second EM and its power
electronics (see [29]). A restriction to single-EM concepts excludes a series and series-
parallel hybrid operation mode, since the EM can not operate as motor and generator
at the same time. Further drawbacks are possible performance limitations and a more
challenging power flow management, i.e. selection of operation mode, compared to
dual-EM 2-DoF power split topologies. Similar to ATs in single-EM dedicated hybrid
DTs planetary gear sets are used to implement diverse gear ratios and combinations of
the ICE and EM powers in a compact design. This results in several different operation
modes according to the classification presented in Section 2.2.2. Table 2.1 specifies all
possible operation modes in single-EM dedicated hybrid DTs. The following list of
remarks summarizes the statements of Table 2.1 and gives important interpretation
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2.3 Operation modes of a single-EM dedicated hybrid drivetrain

Table 2.1: Operation modes of a single-EM dedicate hybrid DT. The torque split factor
µ is defined in equation 2.2. To abbreviate notation, the index letters E
for engine (ICE) and M for motor (EM) are introduced. PP denotes the
propulsion power.
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details:
• According to the two power sources (ICE and EM), a single-EM dedicated hybrid

DT features five different modes: neutral (0), charge (1), electric (2), conven-
tional (3) and hybrid. According to the different hybrid topologies the hybrid
mode is separated into hybrid-parallel mode (4) and hybrid-CVT (5) mode.

• The modes decompose into non-drivable (0 and 1) and drivable modes (2� 5).
• Each hybrid mode features a hybrid DoF λ. A hybrid DoF is a physical para-

meter, which can be controlled to arbitrary values between specific limits (see
equation 2.1) without affecting the propulsion power requested by the driver.

ωE,min ¤ ωE ¤ ωE,max (2.1)
τE � fpωEq ¤ τE,max

|ωM| ¤ ωM,max

The hybrid DoFs can be either actual mechanical DoFs (rotational speeds ω),
torques (τ) or a so-called torque split factor µ, which is related to the ratio
between the ICE and EM power in parallel hybrid mode:

µ�
PE

PE � PM
(2.2)

In some literature, e.g. [31], this factor is defined differently: µ �
PM

PE � PM
.

According to the fixed speeds of the ICE and the EM with respect to the vehicle
speed, the term power-split factor is used synonymously (c.f. Section 2.2.2).

• The number of mechanical DoFs is not unique for modes 1� 3, since additionally
some shafts can be blocked without influencing the principle mode functionality.
This reduction of mechanical DoFs, however, possibly fixes the mode’s hybrid
DoFs.

• Modes 2 and 4 are divided into submodes. The electric mode splits into the
submodes electric drive (2.1) and recuperation (2.2), according to the sign of the
requested propulsion power PP. In hybrid-parallel mode (4) a further division
into submodes is applied according to the value of the hybrid DoF µ.

• Except for mode 1, transitions between submodes of one mode, do not require a
gear shift, i.e. any clutch engagement or disengagement. These transitions are
initiated either by a change of the driving situation (sign of PP) or the control
of the hybrid DoF.

• The submodes 4.3�4.5 of parallel hybrid mode, offer similar functionality as the
submodes of electric mode 2.1 and 2.2, and conventional mode 3. The efficiency
in submode 2.1 is higher than the one of 4.4 due to the drag losses of the ICE.
However, submode 4.4 enables transition into all submodes of parallel mode
without gear shifting. The same consideration applies for conventional mode 3
and submode 4.3 due to the drag losses of the EM.

• The implementation of a reverse gear is possible in modes 2� 5. In most config-
urations, however, reverse driving is covered in electrical mode 2, since the EM
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can be operated at reverse speed without any implementation of an additional
negative gear ratio, which would be necessary for reverse driving in modes 3�5.

• In hybrid-CVT mode (5) the required propulsion power PP, the vehicle speed
and the ICE speed (hybrid DoF) define whether the EM operates in generator
or motor mode.

• The list of modes in Table 2.1 does not consider EM-supported ICE-start as
well as breaking scenarios involving either a mechanical break or ICE break.
Furthermore, expect for mode 1, no modes with blocked transmission output
shafts, used for example for parking, are considered.

The basic differentiation between the modes of hybrid DTs, like presented above, is
well established, although many different notations are used (see for example [29],
[10], [11] and [12]). The classical single-EM dedicated hybrid DT features, multiple
implementations of different modes with different ratios. In order to avoid ambiguity
of the term mode, within this thesis the term gear is used for the actual mechanical
implementation of a mode with certain gear ratios. The term mode specifies the
basic hybrid topology of a gear. This nomenclature emphasizes that a conventional
DT featuring several gears of the same, conventional, mode is not a multi-mode DT.
Each gear is uniquely identified by the state of engagement of the clutches. This
binary information per clutch can be assembled in a vector κ, the so-called clutch
state vector. The length of this vector is equivalent the number of clutches. Given
a number of nc clutches, hence, the maximum number of gears is 2nc . The closer
the number of actual gears provided by a specific DT topology comes to this limit
the more compact is the resulting design, which correlates with its production cost.
This is a general challenge in the hardware design synthesis (arrangement and sizing
of DT components and its optimization), which is a key stage in the development of
dedicated hybrid DTs, as already indicated in Section 1.2. However, more important
than the actual number of gears is, if the provided gears can cover all driving situation
in order to provide sufficient overall drivability and efficiency. Due to the huge range of
possibilities spanned by the selection, arrangement and dimensioning of components
this is a nontrivial problem and hence an on-going research topic, investigated for
example in [10], [11] and [12]). So far no specific single-EM dedicated hybrid DT
design turned out to be superior. This fact is the main motivation to investigate the
control of single-EM dedicated hybrid DTs in a modular and general way, instead of
developing special control systems solution for special designs.

2.4 Control of conventional powertrains

Based on the basic explanations in the last sections the next two sections focus on the
control aspects of automotive DTs in general and of single-EM dedicated hybrid DTs
in particular.
The DT control system controls the action and interaction of all DT components and
it is part of the superordinate PT control system. The overall task of the PT control
system is to control a specific wheel torque or traction force to provide the vehicle
propulsion required by the driver via the accelerator and breaking pedals. While this
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task historically has been handled directly by the driver, increasing permeation of
technology transferred this task step by step from the driver to an electrical control
unit. The control system of conventional PTs typically includes an interpretation of
the driver inputs, the DT control and the control of the ICE handled by the Engine
Control Unit (ECU). Figure 2.5 shows a simplified, torque-based PT control structure
as presented in [17, p. 53].

Driver DTICE
controlDT controlDriver

interpr.

DT sensorsPedals

Wheel torque
request

ICE torque
request

Actuation
signals

Figure 2.5: Simple torque-based PT control structure

The separation into several systems ensures modularity, required by the diversity of
DTs, with respect to different types and sizes of ICEs and transmissions for different
vehicle classes. The overall performance is defined by the performances of the single
systems and their coordination. Figure 2.5 illustrates the central task of DT control:
computation of an engine torque request to control a specific wheel torque according to
the current gear. The complexity of DT control systems is defined by the complexity
of the considered DT model and ranges from simple linear relations or look-up-tables
to high order nonlinear dynamical systems.
With the automation of gear shifts (in AMTs, DCTs and ATs) the PT control system
takes responsibility of both drivability and efficiency. The process of choosing a gear
in the current driving situation (vehicle velocity and pedal positions) – the gear se-
lection – is not handle directly by the driver anymore. Depending on the PT control
structure the gear selection is either part of the DT control system itself or of the
driver interpretation. Another common term for the gear selection is shift strategy
and it is usually implemented as a simple evaluation of static look-up tables (see for
example [18, pp. 213]). The automation of gear shifting extends the tasks for DT
control by the actuation of clutches. To do so specific clutch torques request have to
be computed in order to engage the requested gear. According to these torque request
the clutch control system applies electric currents to the coils of hydraulic valves. The
interpretation of the trade-off between dissipation in clutches (efficiency) and torque
interruptions (drivability) in different types of transmissions during a gear shift has
already be mentioned in Section 2.1. Actually, the design and calibration of the DT
control system defines this interpretation. In some control topologies the actuation of
clutches is delegated to a special Transmission Control Unit (TCU). Since avoidance
of torque interruptions, torque ripples and resulting DT oscillation is an important
issue during the control of gear shifts, it is indeed reasonable to embed the control of
gear sifting into the DT control system.
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2.5 Control of dedicated hybrid powertrains

To reach acceptable control performance beside the reference input signals, several
sensor signals are available. These are provided either by physical rotational speed
sensors, see [18, p. 195], or by various virtual sensors computed in DT models and
observers like presented in [15].

2.5 Control of dedicated hybrid powertrains

Considering hybrid PTs, several additional control systems extend the conventional
PT control system, while the basic structure is unchanged. The Motor Control Unit
(MCU) controls the operation of the EM. The battery, which powers the EM, is
controlled by a Battery Management System (BMS), operating basically two tasks:
control of the battery’s SoC and of its temperature, cf. [18, p. 269]. The biggest
adaption is probably the need for an EMS. The EMS is the generalization of the
gear selection system (shift strategy). Hence, similar to the shift strategy the EMS
is the key component to exploit the DT’s potential for drivability and efficiency. In
dedicated hybrid PTs the EMS handles two tasks subject to the current driving sit-
uation, the efficiency maps of ICE and EM and battery’s state (SoC and temperature):

EMS tasks

• Selection of a gear (gear request) with respect to its mode and ratio as
well as the current driving situation

• Computation of reference values of the gear’s hybrid DoF

Due to the mechanical complexity of multi-mode DTs in general and dedicated hybrid
DTs in particular the complexity of the necessary EMS is considerable: The EMS has
to provide a solution to a multi-objective optimization problem. This problem is an
ongoing research topic and is not considered in this thesis. In general, the development
of EMSs is based on a specific hybrid topology and drive cycles (see [32] and [14]).
In [24], [13] and [33] an overview of different optimal, suboptimal, off-line and on-line
EMS approaches is given. Several publications, e.g. [29], [17, p. 59], consider the
control of the DT to be part of the EMS. Hence, the output signals of the EMS are
torque requests, which are handed over directly to the ECU and MCU.

In order to provide a generic approach to the DT control, this thesis proposes a clear
separation of EMS and DT control as already indicated in the three stages of dedicated
hybrid DT development in Section 1.2. It is reasonable to use the requested gear
and reference value of the hybrid DoF as generalized interface between these two
components. Based on this separation, Figure 2.6 shows a simplified, torque-based PT
control structure for dedicated hybrid DTs, which extends the conventional system in
Figure 2.5. According to this separation and the EMS tasks, the central DTs control
tasks can be stated in a general form:
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Figure 2.6: Simplified, torque-based PT control structure for dedicated hybrid DTs

DT control tasks

• Mode operation: driving in a specific gear (control of wheel torque and
hybrid DoF)

• Mode transition: gear shifting (control of wheel torque and clutch
torques)

The general requirements to these control tasks are equivalent to the overall perfor-
mance indicators of the PT control system: drivability and efficiency. Whereas both
control tasks – mode operation and transition – directly affect drivability, in mode op-
eration the responsibility about efficiency is at the EMS which specifies the reference
value of the hybrid DoFs. In mode transition the DT can contribute to efficiency since
it is affected by dissipation in clutches.

2.5.1 Smooth and lossless gear shifting

Single-EM dedicated hybrid DTs feature significant opportunities for the control of
gear shifts: The trade-off between dissipation in clutches (efficiency) torque inter-
ruptions (drivability) can be resolved for specific shifts. This is achieved by the full
synchronization of the clutch before the engagement resp. full unloading before the
disengagement. Simultaneously, the full wheel torque is provided according to the
driver’s request. To emphasize the contribution of such gear shifts to drivability and
efficiency they will be called smooth and lossless gear shifts within this thesis. While
contributing to an increased fuel efficiency, these gear shifts furthermore enable down-
sizing of friction clutches or even transition to rigid (form-fitting) coupling elements.
This contributes to a reduction of component production and maintenance cost.
There are basically two approaches to implement smooth and lossless gear shifts. The
first one is a passive approach: The gear shift is triggered by the EMS in a driving
situation, in which the clutch plates of the clutch that has to be engaged are already
fully synchronized. Hence, there is no need for an active clutch synchronization. In this
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2.5 Control of dedicated hybrid powertrains

approach the DT control system, simply has to engage the clutch, whereas the ICE and
the EM do not have to actively contribute to the shifting. The point of synchronization
is already fixed by the mechanical design of the DT topology and the driving situation.
If a hybrid DT concept fully relies on this shifting approach the complexity of the EMS
decreases dramatically. Actually, it can be replaced by a gear selection based on static
look-up tables as used in conventional PTs. On CTI Symposium 2017 in Berlin ([28]),
for example, a DHT with form-fitting coupling elements, following this passive shifting
approach, was presented.
The fixed shifting point on the other hand is at once also the major drawback of this
passive shifting approach. The invariability of the shifting strategy detracts the EMS
all optimization opportunities according to the current driving situation. Furthermore,
the consideration of the clutches’ disengagement is not as straight forward as the
engagement due to the more complex relation between the load torque of a locked
clutch and the current driving situation.
In contrast to the passive approach an active approach enables variability of the shifting
point. Therefore, a dynamic shifting strategy, optimized by the EMS can be applied.
In active smooth and lossless gear shifting the ICE and EM torques are used to control
the clutch slip speed (differential angular velocity between the clutch plates) respec-
tively the load or locking torque of the clutch to zero before the clutch engagement or
disengagement is initiated. The control of these shifts in dedicated hybrid DT is one
of the major topics of this thesis. The general problem is to control two tasks at the
same time: the clutch synchronization resp. unloading and the wheel torque. To do so
from control perspective obviously a necessary condition is the presence of two actua-
tors. This condition is valid for hybrid DTs in general. However, it is not a sufficient
condition, since the two control tasks may be in conflict to each other. The solution
to this problem is part of the field of Multi-Input Multi-Output (MIMO) systems, the
so-called decoupling theory. The application of this condition to a dedicated hybrid
DT is investigated in detail within this thesis. It will be shown that dedicated hybrid
DT indeed offer potential for active smooth and lossless shifting. Furthermore, the
relations between clutch slip resp. load torque and the hybrid DoFs are investigated.
Compared to the passive shifting approach the active approach features a increased
shifting time. However, if there are no torque interruptions during the shifting, this
turns out to be not substantial. The main challenge of the active approach is the
increased complexity of the DT control system, which is responsible for gear shifting.
Figure 2.7 compares the passive and active shifting approach in a qualitative manner.
So far, there are no generic approaches to the model-based analysis and active control
of smooth and lossless gear shifts. Such an approach is proposed in this thesis. It
will be shown that it is furthermore possible to integrate this shifting concept into a
general DT control concept.

2.5.2 DT control setup

According to the statements of the last sections the following list summarizes the
general control setup for the control of a single-EM dedicated hybrid DT, implemented
in a torque-based PT control system (see Figure 2.6).

23



2 Object of research

Clutch slip
ICE torque
EM torque
Clutch torqueSh

ift
re

qu
es

t

Passive shifting

Sh
ift

re
qu

es
t

Active shifting
τ , slip

t

τ , slip

t

Figure 2.7: Qualitative comparison between passive and active smooth and lossless gear
shifting

Control setup for single-EM dedicated hybrid DTs

• Input signals:
– Driver interpretation: wheel torque request
– EMS: gear request, hybrid DoF reference
– Physical and virtual sensors: speeds, torques, clutch state

• Control variables:
– Mode operation: wheel torque, hybrid DoF
– Mode transition: wheel torque, clutch slip resp. clutch load torque

• Outputs signals:
– ICE torque request
– EM torque request
– Clutch torque requests
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2.6 Problem statement

To finalize this preliminary chapter the general problem statement, which motivates
the research presented in this thesis, is stated:

Problem statement

Initial situation: The starting point of the research presented in this thesis is
a given exemplary single-EM dedicated hybrid DT, implemented in a demon-
strator vehicle. The PT is controlled by a state-of-the-art, torque-based PT
control system.

Objective: Model-based approaches shall be investigated to improve efficiency
and drivability by adaption of the current DT control system. Special attention
shall be paid to gear shifting. Novel prototype software components, which
enable active smooth and lossless gear shifting, shall be implemented, inte-
grated into the current PT control software and validated in simulation and
measurement.

Requirements:
• Generalizability: Although the investigations shall focus on the exem-

plary DT topology, they shall be generalized, if possible, to arbitrary
single-EM dedicated hybrid DTs. Furthermore, partial results and ap-
proaches shall be applicable to other classes of automotive DTs.

• Compatibility: The developed software components should substitute
existing components. Therefore, the torque-based control software, has to
keep its present structure and no modification of the operation strategy
should be necessary.

• Usability: The developed software components shall feature an easy and
comprehensible parametrization.

Based on this problem statement an outlook on the research activities has been fixed:

Outlook:
1. DT modeling of automotive geared DTs in general and single-EM dedicated

hybrid DTs in particular
2. Investigation of an evaluation criterion on the potential of smooth and lossless

gear shifts
3. Design of a control concept for these shifts in the given framework
4. Implementation and integration of exemplary, prototype shifting components for

validation of the concept
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2.7 Specification of thesis contribution

With respect to the problem statement, presented in the last section and the expla-
nations of this chapter, the contribution of the thesis, cf. Chapter 1, is now restated
more precisely.

• A generic and modular approach to determine mathematical models for the
dynamic behavior of geared DTs is contributed. Special attention is paid to
the dynamic relation between the system inputs (propulsion torques of ICE and
EM) and the control variables (wheel torque, hybrid DoF, clutch slip and load
torque). Furthermore, a compact mathematical approach to consider the impact
of engaged clutches on the DT model is proposed.

• The modeling of the control variables and the consideration of the impact of
engaged clutches lay the basis for the model-based control of gear shifts. The
opportunities to perform active smooth and lossless gear shifting in single-
EM dedicated hybrid DTs are investigated in a general mathematical way.
This is done by the statement and consideration of an equivalent decoupling
problem, and hence application of decoupling theory.

• Another application of the modeling approach is the proposed model-based
DT analysis method. It features a generic assignment of an operation mode
to each possible clutch state of a given DT topology, according to Table 2.1 and
the computation of some DT characteristics like gear ratios and traction forces.
Furthermore, the analysis method investigates the shiftability, with respect to
traction force intersections and the potential for smooth and lossless gear shifting
by the evaluation of the corresponding decoupling problem.

• The relations between the control variables in mode operation and mode tran-
sition enables an implementation of the concept of smooth and lossless
gear shifting into a general model-based control system for single-EM dedicated
hybrid DTs.
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3
Generic and modular drivetrain
modeling

In order to apply model-based methods for analysis and control of DTs, it
is necessary in a first step to investigate the modeling. The major investi-
gations, which are presented in this chapter have been already published
in [34] and [35]. A modular and generic modeling approach in state-space
based on the combination of a comprehensible and compact set of elemen-
tary modeling components and a generic modeling algorithm is proposed.
A coordinate-partitioning method is used to finally compute a state-space
model. Expansions to the modeling algorithm are given to include a con-
sideration of engaged clutches and virtual DT sensors. Subsequently, an
implementation of the approach in a user-friendly DT modeling software is
presented. This enables DT modeling of all common geared DTs for non-
experts in the field of mechanics and proves the algorithms potential for full
automation. For the later application of a model-based DT control system,
mode specific plant models and a switched linear and time-invariant (LTI)
model for gear shifting are proposed, including the appropriate control
variables.

3.1 Problem statement and literature

In compliance with the problem statement in Section 2.6 the central task of this
chapter is to model the dynamics of a single-EM dedicated hybrid DT with respect
to the development of a model-based DT control system focused on gear shifting.
Therefore, the dynamic relation between the propulsion torques applied by ICE and
EM and the rotational speeds and torques of shafts are of special interest. Hence,
this chapter considers exclusively DT mechanics and not the modeling of electrical
(battery, power electronics, EM), hydraulic (clutch actuation and torque converter) or
thermodynamical (ICE) effects.
Since the DT model shall be applicable to all possible operation modes (cf. Table 2.1),
it is reasonable to extend the scope of the modeling approach to all common geared
DTs. Although the investigation of a modeling approach is motivated by the develop-
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ment of a model-based control system, it shall support the parametrization of various
model-based software components in the DT development process, like DT observers
and Hardware-in-the-Loop (HiL) simulation models (see for example [15]). In order
to offer such a general interface the model shall be given in state-space representation.
The comprehensible choice of rotational speeds of shafts as system states guarantees
high physical insight.
From a mechanical point of view modeling of an automotive DT’s mechanics is about
describing the rotational motion of interconnected rigid and flexible shafts subject to
external torques. This problem has to be assigned to the domain of multibody systems.
Therefore, the modeling in general yields a system of Differential Algebraic Equations
(DAEs) of index=3, like every mechanical system with rigidly connected masses (see
[36, p. 143]).
A common approach is the usage of object-oriented modeling languages, which apply
a multiport-based modeling principle. In object-oriented modeling Ordinary Differ-
ential Equations (ODEs), which describe the dynamic behavior of specific modeling
components, and additional energy preserving coupling equations are assembled to a
DAE system. In a second step mathematical algorithms like index reduction tech-
niques (see for example [37]) are applied in order to reduce the index of the DAE
system, finally ending up in an ODE system, if possible. A famous framework apply-
ing object-oriented modeling is Dymola/Modelica (see [38] and [39]). Specific libraries,
e.g. engine and powertrain library in [40], offer a simple application of object-oriented
modeling for DTs. Publication [41] gives a general historic overview of object-oriented
modeling languages. The drawback of many object-oriented modeling tools is their
specialization on analysis and simulation of the modeled system. In fact, they do not
support the output of a comprehensible state-space model for model-based function
development and parametrization.
In contrast to object-oriented modeling, energy-based approaches, like Lagrange for-
malism and Hamilton equations, utilize physical insight to cut a corner on the way to
an ODE system. A well-established concept is the concept of generalized coordinates.
To obtain a set of such generalized coordinates, various methods have been proposed,
e.g. the coordinate partitioning method in [42], which is called separation of coordi-
nates in [43], and QR decomposition of the constraint’s nullspace in [44]. Energy-based
modeling approaches feature the benefit that they end up with comprehensible model
representations with comprehensible physical system states by design.
Some proposed DT modeling approaches and their limitations shall be now discussed:
In [9] an automated modeling approach for power-split hybrid DTs is presented. It
proposes a rule-based determination of a DAE system and subsequently compact tran-
sition to an ODE system.
In [45] the modeling of power-split hybrid DTs directly in state-space is considered.
In [16] and [17] a generic modeling of DTs in state-space is presented. The approach
restricts to a simple series structure of the DT elements and does not apply to complex
DT structures with combined Planetary Gear Set (PGS).
A promising generic modeling approach is proposed in [46]. A tool-driven parametriza-
tion of the state-space kernel of a generic real-time DT model, which is proposed and
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applied in [15, 47, 48, 49], is presented. The drawback of this approach is its lack of
generality, due to causality problems in the state definition and the necessary special
treatment of combined PGS configurations.

In summary, the above-mentioned modeling approaches and frameworks face at least
one of the following limitations:

State of the art limitations

• No focus upon a comprehensible model representation
• Restriction to specific hybrid DT topologies, and hence not applicable to

all modes of a single-EM dedicated hybrid DT
• Lack of generality, especially with respect to arbitrarily combined PGS

To overcome these limitations this chapter proposes a new generic modular modeling
approach for geared automotive DTs. It follows an energy-based modeling principle
and applies Lagrangian formalism and a common coordinate partitioning method.

Problem Statement

Initial situation: A dynamic model describing the mechanics of a single-EM
dedicated hybrid DT is required. Due to the different operation modes an exten-
sion to all common geared DTs is self-evident. Limitations of existing modeling
approaches substantiate the development of a new approach.
Objective: A generic and modular modeling approach shall be proposed. The
computed models shall support the development and parametrization of model-
based DT control systems.
Requirements:

• The approach should provide a comprehensible model representation in
state-space.

• It has to be applicable to all common geared DTs.
• The approach should feature a high potential for automation.

3.2 Introducing Example

The basic idea behind the modeling approach, which will be presented in this chapter
is outlined by considering a simple introducing example. Figure 3.1 shows two rigid
shafts connected with two gear wheels. An external torque acts at one shaft.
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parameter
ω angular velocity
J inertia
d damping
z number of teeth
τ external torque

Table 3.1: Parameters of the introducing example

J1, d1 J2, d2

ω1 ω2

z1
z2

τ

Figure 3.1: Introducing example: two rigid shafts connected with two gear wheels. For
parameters see Table 3.1.

In order to determine a differential equation, which states the dynamics of this system,
in a first step the gear ratio is neglected (see Figure 3.2).

z1
z2

J1, d1 J2, d2

ω1 ω2
τ

Figure 3.2: Introducing example: modeling step I – neglect of gear wheels

The motion of the two (decoupled) shafts is determined by a system of two linear
ODEs of first order – the so-called unconstrained equations of motion:

�
J1 0
0 J2

�
looomooon

M̃

�
9ω1
9ω2

�
loomoon

9x

�

�
�d1 0

0 �d2

�
loooooomoooooon

Ã

�
ω1
ω2

�
loomoon

x

�

�
0
1

�
loomoon

B̃

τloomoon
u

(3.1)

The consideration of the meshing gear wheels in a second step (see Figure 3.3) gives
an additional algebraic equation:

z1ω1 � z2ω2 � fpxq �
�
z1 z2

�looomooon
Jf

x � 0. (3.2)

30



3.2 Introducing Example

J1, d1 J2, d2

ω1 ω2

z1
z2

τ

Figure 3.3: Introducing example: modeling step II – consideration of gear wheel mesh-
ing

This algebraic equation constrains the motion of the two shafts. Therefore, the system
loses one mechanical DoF. Consequently, in this example one single ODE would be
sufficient to define the final motion of both shafts. To obtain this ODE, Lagrange
formalism proposes a transformation to generalized coordinates q:

q :� ω2 ñ x �

�
� z2
z1

1

�
loomoon

Jx,q

q. (3.3)

The mapping Jx,q is used to transform the system in (3.1), ending up with a single
linear ODE – the so-called constrained equation of motion:

JTx,qM̃Jx,qloooomoooon
M̄

9q � JTx,qÃJx,qloooomoooon
Ā

q � JTx,qB̃loomoon
B̄

u, (3.4)

ó (3.5)�
J1
z2

2
z2

1
� J2



9ω2 � �

�
d1
z2

2
z2

1
� d2



ω2 � τ. (3.6)

The central idea of the proposed modeling approach is to generalize the two elementary
modeling steps of the introducing example:

Modeling algorithm – Basic concept:

Step I: Determination of the unconstrained equations of motion, neglecting
connecting elements (see (3.1))

Step II: Computation of the constrained equations of motion, considering the
connecting elements (see (3.3) and (3.4))

The major questions concerning a generalization of this concept are:
• Which requirements have to be considered when defining a set of modeling com-

ponents?
• What is the mathematical background of the mapping Jx,q? How to compute

it?
• Are the constraints due to connecting elements always linear?
• How does a general form of the unconstrained equations of motions look like,

including flexible shafts?
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DT topology State-space
modelAbstraction Algorithm

Modeling Approach

Figure 3.4: Modeling approach: abstraction and algorithm

The following sections address these questions and hence present the generic and modu-
lar modeling approach as it has already been published in [34]. The approach separates
into an abstraction step, in which the DT topology is abstracted by using a compact
set modeling components, and the actual mathematical modeling handled by a mod-
eling algorithm, which is matched to these modeling components. This separation is
illustrated in Figure 3.4.

3.3 Modeling components

In order to abstract a general geared automotive DT, first a set of elementary modeling
components needs to be defined. This is a crucial point in order to lay the basis for
a generic and modular modeling approach. An ill-conceived selection of components
inevitably would cause serious difficulties in the modeling algorithm, especially for
complex DTs. The following aspects are considered when defining a set of components:

Aspects for the choice of a set of modeling components:

• Applicability: The set of components should be sufficient to model all
common geared DTs.

• Non-redundancy: The set should be compact and non-redundant in
order to keep the modeling approach as concise a possible.

• Comprehensibility: The set should consist of comprehensible compo-
nents with physical parametrization, to support the comprehensibility of
the resulting DT model and to increase the usability of the approach.

• Structure: The structure of the set should support the applicability of
the two-step algorithm (cf. 3.2).

With respect to these aspects a set of modeling components is proposed as illustrated in
Figure 3.5. It is structured into shafts, inputs and connecting elements. Table 3.2 lists
all properties and parameters of the single components. The rigid shaft component is
the only optionally inert component. Inertia of gear wheels (spur gear set and PGS),
hence, has to be modeled via the connected rigid shafts. Furthermore, rigid shafts
are the only possible connection between all the other components (including flexible
shafts). Losses can be modeled by the velocity dependent damping of rigid shafts or by
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components

connectorsshafts inputs

rigid
flexible spur

gear setground
planetary
gear setclutch propulsion

torque
τ

M̃, Ã,x JfB̃,u

Figure 3.5: Set of elementary DT components consisting of shafts, connectors and in-
puts, and their relations to the equations (3.8) and (3.21)

Table 3.2: Drivetrain Components and their properties

component ports state parameter
rigid shaft 2 ω (rot. speed) J (inertia)

d (velocity dependent damping)
flexible shaft 2 ∆ϕ (torsion) k (stiffness)

d (velocity dependent damping)
clutch 2 -
torque input 1 -
ground 1 -
spur gear set 2 - zP (number of teeth on prim. side)

zS (number of teeth on sec. side)
planetary 3 to 3+np - zS (number of teeth sun gear)
gear set zR (number of teeth ring gear)

zPi
(number of teeth i-th planet gear)

np (number planets)

defining additional torque inputs. The PGS component features a variable number of
sets of planets (np) and possible unconnected ports, as it will be discussed in detail in
Section 3.4.2. In combination with spur gear sets and grounds this enables modeling
of arbitrary combined PGSs, which play an important role in the synthesis of ATs
and multi-mode transmissions. The ground component can be also used to model a
mechanical break (clutch with one grounded plate).
The abstraction process is the assigning of specific arrangement of shafts, inputs and
connecting elements to a DT topology. The result of this abstraction can be either
represented list-based or graphically and comprehends all information about the DT
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topology, which shall be captured by the subsequent modeling approach.

3.4 Modeling algorithm

The basic concept of the proposed modeling algorithm follows the two-step approach
of the introducing example in Section 3.2: In a first step the proposed algorithm
determines the equations of free motion of all shafts, neglecting all connectors. In a
second step, the algorithm applies Lagrangian formalism (see for example [50] and [51])
to obtain the constrained equations of motion, with respect to the constraints defined
by the connectors. A direct determination of constrained equations of motion, using
for example a Lagrangian function, would require a set of generalized coordinates. The
declaration of such a set is easy for simple arrangements of components, but rather
complicated, especially in the case of complex DT topologies (e.g. ATs). This fact
motivates the application of a two-step approach. Both steps of the algorithm are now
considered in detail in the next sections.

3.4.1 Unconstrained equations of motion

The quantities of interest in modeling automotive DTs are angular velocities (rotational
speeds), torsions and torques. An explicit calculation of angular positions of shafts is
not required. Therefore, the equations of free motion can be described by a system of
nx ordinary differential equations of first order, with

nx � nrs � nfs, (3.7)

according to a number of nrs rigid and nfs flexible shafts. The restriction to linear
position resp. velocity dependent torques leads to a linear system:

M̃ 9x � Ãx � B̃u, (3.8)

with:

x � PT

�
ω

∆ϕ

�
. (3.9)

The vector ω contains the angular velocities of all rigid shafts and ∆ϕ the torsions
of all flexible shafts. The sequence of elements in the state vector x is arbitrary, but
effects the representation of the final model. Therefore, a permutation matrix P is
introduced, which assigns specific angular velocities and torsions to elements in x. The
torque input vector u consists of npt propulsion torques (τP) and nc slipping torques
(τC) in clutches:

u �

�
τP
τC

�
. (3.10)

Therefore, the vector u consists of nu � npt � nc entries. The generic composition of
the system matrices M̃, Ã and B̃ is now considered in detail:
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Inertia matrix M̃: As defined in Section 3.3, the only optionally inert components
are rigid shafts. Consequently, the inertia matrix M̃ contains the inertia of every rigid
shaft on its diagonal. For every state corresponding to the torsion of a flexible shaft,
the stiffness is placed on the diagonal:

M̃ � PT diag
��
J1 . . . Jnrs k1 . . . knfs

��
P, (3.11)

where Ji is the inertia of the rigid shaft i and the kj the stiffness of the flexible shaft
j.
The design of M̃ enables compact determination of the DT’s energy E, which is the
sum of the kinetic energy Ekin of all rigid shafts and the potential energy Epot of
flexible shafts. According to (3.11) and (3.9) the energy results in:

E � Ekin � Epot �
1
2xTM̃x. (3.12)

Hence, the term energy matrix would be more accurate for matrix M̃. However, since
the term inertia matrix is rather common, this thesis follows this nomenclature. Per
definition the system energy is non-negative:

1
2xTM̃x ¥ 0, @x. (3.13)

This means that M̃ is positive semidefinite (cf. [52, p. 566]):

M̃ © 0. (3.14)

Dynamic Matrix Ã: Dynamic matrix Ã covers both the velocity dependent damping
of all rigid shafts and their interaction over nfs flexible shafts. Ã can be stated as sum
of nfs � 1 matrices:

Ã � Ãd �
nfş

i�1
Ãfs,i. (3.15)

Matrix Ãd considers damping of rigid shafts:

Ãd � PT diag
�
�
�
d1 . . . dnrs 01�nfs

��
P. (3.16)

Parameter di is the damping constant for velocity dependent damping of shaft i. Since
the damping constants are non-negative di ¥ 0, matrix Ãd is negative semidefinite.
The matrices Ãfs,i concern the flexible shaft i, with stiffness ki and damping constant
di. Let the corresponding torsion ∆ϕi be assigned to state xm, and the angular velocity
of the connecting rigid shafts to states xj and xl. The following table lists the entries
aii1,i2 for i1, i2 P tj,m, lu in Ãfs,i:

aii1,i2 :

�
��

j m l

j �di �ki di

m ki 0 �ki

l di ki �di

�
�
 (3.17)
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All other entries are zero:

aii1,i2 �

#
see (3.17) for i1, i2 P tj,m, lu,

0 for i1, i2 � 1, . . . , nx and i1 R tj,m, lu _ i2 R tj,m, lu.

(3.18)

Note that the constant factor ki in line m of (3.17) is related to the definition of matrix
M̃ in (3.11). Due to this definition the matrices Ãfs,i decomposes into a symmetric,
negative semidefinite matrix according to the damping di and a skew-symmetric matrix
according to the stiffness ki.

Input Matrix B̃: According the definition of the input vector u in (3.10), the input
matrix B̃ structures as follows:

B̃ �
�
B̃P B̃C

�
. (3.19)

B̃ distributes input torques u to the states x. For each propulsion torque B̃P contains
an unity column vector. This unity column vector selects the angular velocity of the
shaft from state vector x, which is the contact point of the torque. A propulsion torque
component can be also used to model disturbance inputs like the vehicle reaction torque
due to air drag, rolling resistance and road gradient. According to Newton’s third law
of motion, the slipping torque of a clutch acts on both connecting rigid shafts with
opposite direction. Therefore, in the corresponding column of matrix B̃C a p1q- resp.
p�1q-entry is added in the rows assigned to the connecting rigid shafts. Note that
exchanging the signs of both entries switches the arbitrarily assigned direction of the
transmitted torque. The simple example in Figure 3.6 clarifies the composition of B̃:

x �

�
x1
x2

�
, u �

�
τP
τC

�
ñ B̃ �

�
B̃P B̃C

�
�

�
0 �1
1 1

�
(3.20)

τC
x1 x2

τP

Figure 3.6: Example for composing the input matrix B̃

3.4.2 Composition of constraints

The motion of shafts is constrained by several connectors. These constraints form a
set of algebraic equations with respect to the state vector x:

fpxq � Jfx � 0. (3.21)

Jf is the Jacobian matrix of fpxq. The set of modeling components (see Section 3.3)
contains three different connecting elements: ground, spur gear set and PGS. The
corresponding constraints shall now be considered in detail:
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Ground: The simplest possible constraint fgpxq occurs, if a rigid shaft (with angular
velocity xi) is grounded:

fgpxq � xi � fTg x � 0. (3.22)

The constraint involves only a single shaft.

Spur gear set: A spur gear set connects two rigid shafts (angular velocities xi and
xj) by two meshing gear wheels (number of teeth zi and zj). The resulting constraint
fsgpxq is:

fsgpxq � xi � xj
zj
zi
� fTsgx � 0. (3.23)

The implementation of spur gear sets might include one or several intermediate gear
wheels. Whereas these gear wheels do not influence the absolute value of the overall
ratio zj

zi
, they influence its sign. Therefore, a generalization of (3.23) can be made,

according to a number of niw intermediate gear wheels:

fsgpxq � xi � xjp�1qniw
zj
zi
� fTsgx � 0. (3.24)

Planetary gear set: PGS are a key technology in AT and DHT development. The
combination of several PGSs, spur gear sets and grounds to combined PGSs (e.g.
a Ravigneaux set), enables various ratios with wide spreading in a compact design.
The kinematic analysis of PGSs is well-investigated (see for example [53, 54, 55]).
To integrate PGSs into the presented modeling algorithm it is necessary to state the
corresponding constraints in a structured and generic way.
A PGS consists of three basic elements: a sun gear (S), a planet carrier (C) and a ring
gear (R) with internal gears. One or several sets of planet gears (Pi) are mounted on the
planet carrier. Every set of planets consists of several planet gears, which are radially
equally distributed with a constant distance to the center of the sun gear. A higher
number of planets in a set increases the maximum torque, which can be transmitted,
but simultaneously also increases the meshing losses. A schematic illustration of a
PGS featuring one set of four planets is shown in Figure 3.7.
For the following investigations the number of planets in a single set is not important.
Figure 3.8 illustrates the meshing between the gear wheels: The inner planet gear (P1)
meshes with the sun gear, the outer one (Pn) with the ring gear:

S - P1: zS pωS � ωCq
!
� �zP1ωP1 ,

R - Pnp : zR pωR � ωCq
!
� zPnpωPnp . (3.25)

If a PGS consists of more than one set of planets, additionally every planet gear (Pi)
meshes with its neighbor (Pi�1):

Pi - Pi�1: zPi
ωPi

!
� �zPi�1ωPi�1 , i � 1, . . . , np � 1. (3.26)
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ring gear
planet gear
carrier
sun gear

ωS

ωC

ωR

Figure 3.7: Schematic illustration of a PGS consisting of a sun gear (ωS), a ring gear
(ωR), a carrier (ωC) and one set of four planets mounted on the carrier
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zR pωR � ωCq

zS pωS �
ωC q

zP1 ωP1

zPi
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zPi�
1
ωPi�

1

Figure 3.8: Meshing between the gear wheels of a general PGS with np sets of planets

The number of mechanical DoFs of a PGS is always two. Hence, the total number
of algebraic constraints npg,ci

depends on the total number of connected rigid shafts
npg,si

:

npg,ci
� npg,si

� 2. (3.27)

In its classical implementation three shafts are connected to the PGS: one to the sun
gear, one to the ring gear and one to the carrier. A linear combination of equations
3.25 and 3.25 in this case yields the famous Willis equation (see for example [56]):

ωS �

�
p�1qnp�1 zR

zS

�
ωR�

�
1� p�1qnp�1 zR

zS

�
ωC � 0. (3.28)

Noticeably, this equation depends only on the number of planet gears np, but it does
not depend on their number of teeth zP1 , . . . , zPn . When substituting ωS, ωR and ωC
with states xi, xj and xk representing the angular velocities of the connected shafts,

xi � ωS, xj � ωR, xk � ωC, (3.29)

this yields a linear constraint:

fpgpxq � fTpgx � 0. (3.30)
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Table 3.3: Coefficients for generalized PGS constraints (3.31)
kS kC kR kP,i

SCP 1 �1 0 zPi

zS
p�1qi�1

SPR 1 0 �1 zPi

zS
p�1qi�1 �

zPi

zR
p�1qi�np

i
�

1,
..
.,
n

p

CPR 0 �1 1 zPi

zR
p�1qi�np�1

In contrast to the classical implementation, in a combined implementation two or even
more single PGSs share the same carrier. Additionally, either the angular velocity
of planets from different PGSs are coupled or they are meshing. For modeling of
these implementations the angular velocity of the planets in relation to the angular
velocity of the carrier needs to be determined and connected with shafts. As stated
in equation 3.27, in this case an additional constraint is needed, which involves this
angular velocity. From (3.25) and (3.26) three possible linear constraints follow, which
are linearly dependent in combination with (3.28), and of the type:

kSωS � kRωR � kCωC � kP,iωPi
� 0. (3.31)

Table 3.3 lists the coefficients kS, kR, kC, kP,i of all three possibilities. In some imple-
mentations of combined PGSs the sun or the ring gear of one PGS may not be me-
chanically implemented. In this case, there is only one appropriate constraint (3.31)
according to Table 3.3, which does not involve the respective gear. Furthermore, in
this case, according to (3.27) it is not an additional constraint, but replaces (3.28), as
also the number of connected shafts is reduced.

Summary of constraints: All constraints due to ng grounded shafts, nsg spur gear
sets and npg,c PGS constraints can be composed in three matrices Jf,g, Jf,sg and Jf,pg,
and furthermore into one matrix Jf :

JTf,g :�
�
fg,1 . . . fg,ng

�
, (3.32)

JTf,sg :�
�
fsg,1 . . . fsg,nsg

�
,

JTf,pg :�
�
fpg,1 . . . fpg,npg,c

�
,

Jf :�

�
� Jf,g

Jf,sg
Jf,pg

�
� . (3.33)

In total this is a set of nco constraints with:

nco � ng � nsg � npg,c, (3.34)

and

npg,c �

npģ

i�1
npg,ci

. (3.35)
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At this point it is important to remark that the constraints due to all possible con-
necting components are indeed linear with respect to the states x.

3.4.3 Constrained equations of motion

In order to constrain the equations of free motion in (3.8) according to (3.21), Lagrange
formalism introduces the transformation to generalized coordinates q:

x � Jx,qq. (3.36)

Generalized coordinates q comply with the holonomic (linear) constraints for arbitrary
values:

f pxpqqq � Jfxpqq � JfJx,qq � 0. (3.37)

Equation (3.37) implies that Jx,q forms a basis of Jf ’s nullspace or kernel, denoted by
N pJfq (see for example [52, p. 174]):

JfJx,qq � 0 ñ JfJx,q � 0 ñ R pJx,qq � N pJfq . (3.38)

R pJx,qq is the range or image of Jx,q. The rank-nullity theorem (see [52, p. 199])
determines the dimensions of Jx,q and hence the number of generalized coordinates:

dim N pJfq � nx � dim R pJfq � nq. (3.39)

This number nq is equal to the number of the DT’s actual mechanical DoFs. For full
rank Jf (no redundant constraints),

nq � nx � nco (3.40)

holds. Equation (3.38) is only a necessary condition for Jx,q. Consequently, the choice
of a set of generalized coordinates is not unique. This fact can be used to require the
inheritance of the physical meaning of the states x to the generalized coordinates q.
To do so JTx,q is required to be in reduced row echelon form:

Mapping to generalized coordinates:

Jx,q :�
�

EN pJfq
T

	T
(3.41)

The reduced row echelon from EA of a matrix A is unique (see [52, p. 48]). Due to the
structure of Jx,q according to (3.41), the generalized coordinates are a selection of nq
linear independent states, with respect to Jfx � 0, from top to bottom of state vector
x. Consequently, the first state x1, always becomes a generalized coordinate (q1). In
[34] this selection process is stated as optimization problem.
Although Jx,q is unique according to (3.41), the order of the elements in state vector x
influences the generalized coordinates. At this point the importance of the mapping P
introduced in (3.9) reveals. Different mappings P may yield a different q and, hence,
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lead to a different representation of the unique modeling result. State transformations
can be applied afterwards to transform the state-space model to different coordinates,
corresponding to a different set of q. The transformation of the system matrices M̃,
Ã and B̃ according to a state transformation is investigated in [57] and has already
been applied in (3.11) and (3.16).
Due to (3.41) the coordinates x decompose into generalized coordinates q and re-
dundant coordinates (q̄), since these coordinates are linearly dependent on q. This
decomposition is illustrated in the following artificial example:

Jf �

�
k1 k2 0 0 0
0 0 k3 k4 k5

�
ñ JTx,q �

�
�1 �k1

k2
0 0 0

0 0 1 0 �k3
k5

0 0 0 1 �k4
k5

�
� , (3.42)

qT �
�
x1 x3 x4

�
, q̄T �

�
x2 x5

�
. (3.43)

Such a decomposition is called coordinate partitioning (see for example
e.g. [42] and [43]).
The mapping Jx,q, transforms the equations of free motion (3.8) with respect to the
new coordinate system:

M̄ 9q � Āq � B̄u, (3.44)

with:

M̄ :� JTx,qM̃Jx,q, (3.45)
Ā :� JTx,qÃJx,q,

B̄ :� JTx,qB̃.

In contrast to M̃, see in (3.14), M̄ is required to be positive definite to ensure that
the resulting model is physically reasonable:

E � qTM̄q � 0 ô q � 0. (3.46)

This assumption implies that M̄ is regular and therefore the corresponding state-space
model can be computed as:

9q � M̄�1Āloomoon
A

q � M̄�1B̄loomoon
B

u. (3.47)

It is remarkable that the state-space representation is not unique and hence there is
no possibility to uniquely determine the system energy by considering the matrices A
and B.
IN summary the following computations have to be done in the two steps of the
presented algorithm:
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Modeling algorithm – Computational concept:

Step I: Definition of a state vector x and a input vector u, and composition
of matrices M̃,Ã and B̃

Step II: Composition of constraint matrix Jf , computation of the matrix Jx,q
according to (3.41) and the application of a matrix transformation
M̃, Ã, B̃ ÞÑ M̄, Ā, B̄ according to (3.44).

Equation (3.48) summarizes the dimensions of all matrices defined in the modeling
algorithm.

M̃, Ã P Rnx�nx � Rpnrs�nfsq�pnrs�nfsq

B̃ P Rnx�nu � Rpnrs�nfsq�pnpt�ncq

Jf P R
nco�nx � Rpnsg�npg,c�ngq�pnrs�nfsq

Jx,q P R
nq�nx � Rpnrs�nfs�ncoq�pnrs�nfsq

M̄, Ā,A P Rnq�nq � Rpnrs�nfs�ncoq�pnrs�nfs�ncoq

B̄,B P Rnq�nu � Rpnrs�nfs�ncoq�pnpt�ncq

(3.48)

Furthermore, Table 3.4 lists all used symbols.
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Table 3.4: Symbols used in the description of the modeling approach

symbol description
nx number of mechanical DoF without constraints
nq number of actual (i.e. with constraints) mechanical DoF
nrs number of rigid shafts
nfs number flexible shafts
nsg number of spur gear sets
npg number of PGSs
npg,si

number of shafts connected to a single PGS
npg,ci

number of constraints due to a single PGS
npg,c total number of constraints due to all PGSs
nco total number of constraints
ng number of grounds
nc number of clutches
npt number of propulsion torques
nu number of input torques
ωS angular velocity sun gear
ωR angular velocity ring gear
ωC angular velocity carrier gear
ωPi

angular velocity of the i-th set of planet gears relative to the carrier
zS teeth count sun gear
zR teeth count ring gear
zPi

teeth count of the i-th set of planet gears
np number of sets of planets

3.4.4 Example

The proposed two-step approach is now applied to an exemplary, simple DT topology:
Figure 3.9 shows the considered (abstracted) conventional DT, including a differential.

Step I – Unconstrained equations of motion: The DT consists of 5 rigid shafts
and 1 flexible shaft:

ωT �
�
ω1 . . . ω5

�
, ∆ϕT �

�
∆ϕ1

�
. (3.49)
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zi,p, zi,s

ω1

J1, d1

ω2

J2, d2
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Figure 3.9: Exemplary, conventional DT including a differential

Permutation matrix P is used to give high priority to ω1, ω4, ω5, which represent the
rotational speed of the engine and the wheels:

P �

�
�������

1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1

�
�������
. (3.50)

Consequently, the state vector x is:

x �
�
ω1 ω4 ω5 ω2 ω3 ∆ϕ1

�T
. (3.51)

The input vector u consists of three propulsion torque inputs:

u �
�
τ1 τ2 τ3

�T
. (3.52)

Torque τ1 models the ICE propulsion, and τ2, τ3 the reactive torques at the driving
wheels. The composition of the matrices M̃, Ã, B̃ follows the procedure explained in
Section 3.4:

M̃ � PT diag
��
J1 J2 J3 J4 J5 k

��
P, (3.53)

Ãd � PT diag
��
d1 d2 d3 d4 d5 0

��
P, (3.54)

Ãfs �

�
�������

0 0 0 0 0 0
0 �d d 0 0 �k
0 d �d 0 0 k
0 0 0 0 0 0
0 0 0 0 0 0
0 k �k 0 0 0

�
�������
, B̃ �

�
�������

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0
0 0 0

�
�������
. (3.55)
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Step II – Constrained equations of motion: The considered DT features two con-
nectors: a spur gear set and a PGS. The PGS is connected at sun gear, ring gear
and carrier. Consequently, Willis equation in (3.28) is sufficient to state the kinematic
relations. Matrix Jf , hence, consists of two rows:

Jf �

�
1 0 0 zi,s

zi,p
0 0

0 1 zp,R
zp,S

0 �
�

1� zp,R
zp,S

	
0

�
. (3.56)

A differential is a special implementation of a PGS with zp,S � zp,R. This further
simplifies Jf :

Jf �

�
1 0 0 zi,s

zi,p
0 0

0 1 1 0 �2 0

�
. (3.57)

According to 3.41 the matrix Jx,q is:

Jx,q �

�
�������

1 0 0 0
0 1 0 0
0 0 1 0

� zi,p
zi,s

0 0 0
0 1

2
1
2 0

0 0 0 1

�
�������
. (3.58)

This determines the generalized coordinates,

qT �
�
ω1 ω4 ω5 ∆ϕ1

�
, (3.59)

and leads to the transformed system matrices:

M̄ � JTx,qM̃Jx,q �

�
����
J1 � J2

z2
i,p
z2

i,s
0 0 0

0 J3
4 � J4

J3
4 0

0 J3
4

J3
4 � J5 0

0 0 0 k

�
���� , (3.60)

Ā � JTx,q
�
Ãd � Ãfs

�
Jx,q �

�
�����
�d1z2

i,s�pd2�dqz2
i,p

z2
i,s

�d
2
zi,p
zi,s

�d
2
zi,p
zi,s

k zi,p
zi,s

�d
2
zi,p
zi,s

�d�d3�4d4
4 �d

4 �
d3
4

k
2

�d
2
zi,p
zi,s

�d
4 �

d3
4

�d�d3�4d5
4

k
2

�k zi,p
zi,s

�k
2 �k

2 0

�
����� ,

B̄ � JTx,qB̃ �

�
���

1 0 0
0 1 0
0 0 1
0 0 0

�
��� . (3.61)

The final state-space matrices A,B are not explicitly illustrated in analytic form due
to the size of the resulting symbolic expressions.
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3.5 Expansions of algorithm

3.5.1 Clutch engagement

In the presented modeling approach, so far, a clutch has been considered only in
slipping state as torque input, see Section 3.3. However, if the clutch is engaged by
electro-hydraulic actuation (see Section 2.1), the clutch transits into locking state.
In this case the two shafts, which are connected to the clutch ports, are connected
rigidly. This is equivalent to adding an additional constraint, which forces the clutch
slip (differential angular velocity between clutch plates) to zero. Considering the com-
position of the input matrix B̃C in (3.19), it is obvious that the clutch slips ∆ωC can
be computed with:

∆ωC � B̃T
Cx. (3.62)

A generalization of this equation to the constrained equations of motion can be done
by investigating the conservation of power. The power dissipated in the clutches is

PC � ∆ωTCτC. (3.63)

This power has to be equal to the power in terms of the states q:

PC,q � qT B̄CτC. (3.64)

The conservation of power, consequently, requires:

∆ωTCτC
!
� qT B̄CτC, @q, τC ñ ∆ωC

!
� B̄T

Cq. (3.65)

Hence, this consideration proves that it is feasible to generalize (3.62) to the con-
strained equations of motion. The constraint due to a locked clutch is again linear
with respect to the states q. Therefore, the second step of the modeling algorithm,
which has been presented in Section 3.4, can be applied to consider the impact of one
or several locked clutches. This fact has already been published in [35]. In Section 2.3
the binary clutch state vector κ has been introduced. For a specific clutch state κi,
consequently, the additional linear constraints are:

fCpqq � B̄Cpκiq
Tq � 0, (3.66)

where the symbol B̄Cpκiq denotes the selection of columns of B̄C according κi. The
definition of a coordinate mapping Jq,qi

, cf. (3.41),

Jq,qi
�

�
E

NpB̄CpκiqT q
T


T

, (3.67)

and the transformation to the coordinates qi according to (3.44) yields a new ODE
system:

JTq,qi
M̄Jq,qilooooomooooon
M̄i

9qi � JTq,qi
ĀJq,qilooooomooooon
Āi

qi � JTq,qi
B̄loomoon

B̄i

u. (3.68)
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The corresponding state space model is:

9qi � M̄�1
i Āiloomoon
Ai

qi � M̄�1
i JTq,qi

B̄looooomooooon
Bi

u. (3.69)

The order of this system pnq � κ
T
i κiq, since each engaged clutch decreases the mechan-

ical DoFs, if B̄Cpκiq has full rank. Due to the fact that an engaged clutch does not
transmit a slipping torque anymore, the corresponding columns in the input matrix
B̄i,C are zero:

B̄i,Cpκiq � 0. (3.70)

An analytic look at equations (3.44) and (3.68) reveals that the two-step algorithm
for applying a linear constraint can be done iteratively:

x � Jx,qJq,qi
qi. (3.71)

Therefore, the constraint due to a locked clutch could have also been included directly
into the original Jacobian matrix Jf . This would have led to a transformation from x
coordinates directly to the coordinates qi:

x � Jx,qi
qi, (3.72)

with

Jx,qi
� Jx,qJq,qi

. (3.73)

The consideration of clutch engagement shows that the knowledge of state-space ma-
trix A and B is not sufficient to apply additional constraints, since there is no unique
computation of M̄ from A and B. This fact has been already discussed with respect
to the system energy in Section 3.4.3.
The assumption M̄ ¡ 0 enables the statement of an important property of M̄i:
From M̄ ¡ 0 follows:

qTM̄q � 0 ô q � 0. (3.74)

Assuming Jq,qi
has full rank, i.e. det

�
JTq,qi

Jq,qi

	
� 0, with

q � Jq,qi
qi, (3.75)

this yields:

q � 0 ô qi � 0. (3.76)

Hence,

qTi JTq,qi
M̄Jq,qilooooomooooon
M̄i

qi � 0 ô qi � 0. (3.77)
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Therefore, also M̄i is positive definite, if

det
�

JTq,qi
Jq,qi

	
� 0. (3.78)

This is the case if,

rank
�
B̄Cpκiq

�
  nq. (3.79)

In words this implies at least one remaining mechanical DoF with clutch state κi. If
this is not the case the system is static due to a fully blocked transmission.

3.5.2 Virtual DT sensors:

To use a DT model for control purpose, virtual sensors are of special interest. Virtual
sensors substitute some physical sensors, which are either too expensive or not mount-
able at some positions in the DT. Therefore, this section presents the extension of the
ODE system to a full state state-space model including a set of output equations:

y � C̃x �Du. (3.80)

The outputs y represent the virtual sensor values. The final output matrix is affected
by the transformation in (3.36):

y � C̃Jx,qloomoon
C

q �Du. (3.81)

Note that the mappings Jx,q do not affect the feed-through matrix D.
In order to control a DT virtual speed, torsion and torque sensors are beneficial.
As the control of gear shift is a central topic of this thesis, virtual sensors for the
differential clutch speed respectively the torque transmitted in locked clutches are of
special interest. All of these virtual sensors are now considered in detail within this
section.

Speed and torsion sensors: As the state vector x contains all rotational speeds
of rigid and torsions of flexible shafts, virtual sensors of these quantities are rather
simple. The corresponding output matrix Cx just selects the corresponding elements
of interest in x and is hence a selection of specific rows in the unity matrix Inx�nx .

Clutch sensors: The basic functionality of an automotive clutch has already been
discussed in Section 2.1. Further details with respect to the transition between clutch
state will be investigated in Section 3.8.1. Two quantities – the clutch slip and the
locking torque – will be of special interest for the control of gear shifts. In anticipation
to the later control considerations, the implementation of virtual sensors to these
quantities is investigated.
From (3.65) directly follows the clutch slip of all disengaged clutches:

∆ωC
!
� B̄i,Cpκ̄iq

Tqi. (3.82)
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With respect to the impact of a set of locked clutches (see Section 3.5.1) the clutch
torques separate into the slipping torques (τC,sl) of all disengaged clutches and locking
torques (τC,lk) of all engaged clutches:

B̄CτC � B̄Cpκ̄iqτC,sl � B̄CpκiqτC,lk. (3.83)
The differentiation with respect to time of (3.66) yields:

dfpqq
dt � B̄Cpκiq

T
9q !
� 0. (3.84)

In combination with (3.44), (3.83) and (3.75) the locking torques can be computed:

τC,lk � �
�
B̄Cpκiq

TM̄�1B̄Cpκiq
��1

. . . (3.85)
B̄Cpκiq

TM̄�1 �ĀJq,qi
qi � B̄PτP � B̄Cpκ̄iqτC,sl

�
.

The existence of M̄�1 has already been postulated for every mechanically reasonable
DT topology in Section 3.4.3. The existence of the inverse

�
B̄Cpκiq

TM̄�1B̄Cpκiq
��1

can be shown following the same approach as presented in Section 3.5.1 for the inverse
of M̄i.
Summarized the clutch sensor matrices are:

Ci,C �

�
B̄i,Cpκ̄iq

Tqi
�
�
B̄Cpκiq

TM̄�1B̄Cpκiq
��1 B̄Cpκiq

TM̄�1ĀJq,qi

�
(3.86)

Di,C �

� 0
�
�
B̄Cpκiq

TM̄�1B̄Cpκiq
��1 B̄Cpκiq

TM̄�1B̄Cpκ̄iq.

�
(3.87)

Torque sensors: In all previous investigations the distribution of inertia along a rigid
shaft could be neglected. However, when computing the torque acting on a rigid shaft,
this aspect has to be considered. Although a constant distribution along the shaft is
assumed, the torque depends on the position of the torque sensor. In the last section
the locking torque of an engaged clutch has been investigated. This investigation can
be utilized by adding fictitious clutches at the position of the virtual torque sensor.
The locking torque of these permanently engaged clutches is the required value of the
torque sensor.
Figure 3.10 shows three possible positions of a torque sensor on a rigid shaft, abstracted
by a fictitious clutch.

J
2

J
2

J

J

Figure 3.10: Possible positions of a virtual torque sensor at a rigid shaft abstracted by
a permanently engaged, fictitious clutch
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3 Generic and modular drivetrain modeling

Figure 3.11: DT modeling software with graphical user interface (left: modeling com-
ponents, center: exemplary DT topology, right top: DT component
properties, right bottom: priority lists)

The mathematical consideration is already covered by (3.86), assuming that M̄ ¡ 0,
which has now dimensions pnq � ntsq � pnq � ntsq, where nts is the number of torque
sensors. Note that this condition may not be met although mechanical configuration
is reasonable.

3.6 Automation of the modeling algorithm

Since the presented modeling approach features a modular and generic structure, its
automation in a DT modeling software tool is self-evident. Therefore, a Java applica-
tion has been implemented, which enables DT modeling for non-experts in the field of
mechanical engineering. The implementation follows the separation of the modeling
approach into abstraction and modeling algorithm (cf. Figure 3.4).

3.6.1 Graphical user interface

The abstraction step is handled by a user-friendly Graphical User Interface (GUI)
(see Figure 3.11). Within this GUI the user defines the DT topology by dragging,
dropping and connecting of modeling components. With respect to the set of modeling
components defined in Section 3.3, it is reasonable to use the rigid shaft as connection
between all the other components. Therefore, the rigid shaft is not explicitly available
as modeling component (see Figure 3.11). A bold highlighting is used to illustrate the
rigid shafts with inertia. The central information of this graphical abstraction process
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3.6 Automation of the modeling algorithm

Defintion of topology • Drag and drop components
• Connect components

• Set parameters of each component
according to Table 3.2

• Select virtual sensors according to
Table 3.5

• Define engaged clutches

Parametrization

Arrangement of lists
• x: sequence of states (priorities)
• u: sequence of inputs
• y: sequenc of outputs

Figure 3.12: Abstraction process of a DT in the GUI of the modeling software

is the definition which port of which component is connected to which shaft. This
information is stored in a list.
Each component or connection features specific properties, which are also listed in
Table 3.2. In addition to these parameters some components provide the possibility
to add specific virtual sensors according to Section 3.5.2 (see Table 3.5).

Table 3.5: Sensors

component sensor
rigid shaft rotational speed
flexible shaft torsion
slipping clutch differential rotational speed
locked clutch locking torque

The component properties can be accessed and modified in a separated window of the
GUI (see Figure 3.11).
The GUI provides three lists, which define the state vector x (state list), the input
vector u (input list) and the output vector y (output list) and customize the order of
elements in these vectors. While the input and output list just modify the order of
columns in the matrices B and D respectively the order of rows in matrices C and
D, the state list influences the final states q and model representation (cf. 3.4.3).
Figure 3.12 summarizes the abstraction process using the GUI.
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Initialization
1) check if all ports are connected
2) initialize matrices according to (3.45)

and the x, u, y list

for each component
if rigid shaft: Ñ M̃(3.11), Ãd(3.16)
if flexible shaft: Ñ M̃(3.11), Ãfs,i(3.17)
if propulsion torque: Ñ B̃ (section 3.4.1)
if clutch: Ñ B̃ (section 3.4.1),

if engaged Ñ Jf(3.67)
if connector: Ñ Jf : if ground (3.21)

if spur gear set (3.22)
if plan. gear set (3.30)

Matrix composition

Nullspace computation
(3.38)

Matrix transformation 1) (3.42)
2) check if M̄ is regular

Output file (.xls)

• state vector q, input vector u, output
vector y

• symbolic matrices M̄i, Āi, B̄i and
state-space matrices Ai, Bi

• parameter list
• numeric matrices M̄i, Āi, B̄i and

state-space matrices Ai, Bi

• coordinate mapping Jx,qi

Figure 3.13: Work flow of the modeling algorithm in the DT modeling software

3.6.2 Implementation of the modeling algorithm

Due to the well-structured and modular modeling algorithm presented in Section 3.4,
the algorithm has been implemented straight forward into the modeling software.
Figure 3.13 summarizes the work flow of the algorithm. It produces an output in
.xls-format.

3.6.3 Masked subsystems

The consideration of torque sensors in Section 3.5.2 suggest customizing the combi-
nation of arbitrary basic modeling components to encapsulated subsystems. To do
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R1

S1

R2

S2

P1

P2

C

Figure 3.14: Scheme of an exemplary Ravigneaux planetary gear set composition of
a Ravigneaux gear set, featuring two PGSs with a common carrier and
meshing planets.

zp, zs

zS1, zR1, zP1 zS2, zR2, zP2

ωP1

ωC

ωP2ωR1
ωS1

ωR2
ωS2

Figure 3.15: Abstraction of a Ravigneaux gear set (cf. Figure 3.14) with basic modeling
components

so two adaptions in the software tool are necessary: First a new port component is
introduced, which functions as interface to the subsystem. The second adaption en-
ables masking of the component parameters used inside the subsystem. An example
for the application of a subsystem is the modeling of a driving wheel, which converts
the rotation of the driveshaft into translation of the vehicle. The driving wheel, with
radius rW, can be modeled by a spur gear set with the following parameter setting:

zp � rW, (3.88)
zs � �1 (3.89)

Another application of such a parameter masking can be used for simplified modeling
of some combined PGSs, for example the extended Ravigneaux gear set. A Ravigneaux
gear set features two PGSs with each one set of planets mounted on a common carrier.
Additionally, the planets of the first and the second gear set are meshing. Figure 3.14
shows scheme of an exemplary Ravigneaux gear set composition. Figure 3.15 illustrates
the abstraction of a Ravigneaux gear set using the basic modeling components: The
gears wheels of the spur gear set are actually the planet gears of the PGSs:

zP1 � zp, (3.90)
zP2 � zs.

The relations in (3.90) can be stated in the mask of the subsystem.
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Figure 3.16: Abstraction of the single-EM dedicated hybrid DT

3.6.4 Example

The functionality of the modeling software is now demonstrated for exemplary dedi-
cated hybrid DT. The considered topology (see [15]) is the single-EM dedicated hybrid
DT, which is the actual object of research of this thesis. The modeling example re-
stricts to the symbolic computations, since the numeric results feature less physical
insight. Table 3.6 lists the modeling components which are needed to model this DT.

Table 3.6: Modeling components and parameters for the exemplary single-EM dedicated
hybrid DT

components number parameters
flexible shaft 1 k, d

propulsion torque 3
clutch 5
ground 3
spur gear set 2 zM,p, zM,s, zF,p, zF,s

planetary gear set 1 zS3, zR3, zP3

wheel 1 rW

Ravigneaux gear set 1 zS1, zR1, zP1, zS2, zR2, zP2

Two clutches are actually breaks, which are modeled by clutches with grounded sec-
ondary plate. One propulsion torque component is used to model the impact of an
resistive force Fv acting on the vehicle due to for example rolling resistance, air drag,
or road gradient. The implementation of the subsystems Ravigneaux gear set and
wheel have been discussed in the last section. Figure 3.16 shows the arrangement of
the components listed in Table 3.6. 15 rigid shafts are connecting the components. 6
of them are inert and damped. Table 3.7 lists the corresponding parameters.
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Table 3.7: Inert and damped, rigid shafts and corresponding parameters for the exem-
plary single-EM dedicated hybrid DT

shaft parameters
ωE JE, dE

ωR3 JR3, dR3

ωM JM, dM

ωF JF, dF

v m, dV

ωC JC, dC

In combination with the flexible shaft a state vector with 16 elements is needed:

x �
�
ωE ωR3 ωM ωF ∆ϕ v ωS1 ωR1 . . . (3.91)

ωS2 ωF,s ωC ωS3 ωC3 ωG2 ωG3 ωW
�T
. (3.92)

According to the 3 propulsion torque and 5 clutch components the input vector u is:

u �
�
τE τM Fv τC0 τC1 τC2 τB1 τB2

�T (3.93)
(3.94)

The rotational speeds of the ICE and the EM as well as the velocity of the vehicle are
selected as output quantities:

y �
�
ωE ωM v

�T
. (3.95)

The required priorities of the elements in the vectors x, u and y has already been
considered in their definition.
The output of the DT modeling software is:

q �
�
ωE ωR3 ωM ωF ∆ϕ v

�T
. (3.96)

M̄ �

�
���������

JE 0 0 0 0 0
0 JR3 0 0 0 0
0 0 JC

z2
M,pz

2
R1

z2
M,spzR1�zR2q

2 � JM �JC
zM,pzR1zR2

zM,spzR1�zR2q
2 0 0

0 0 �JC
zM,pzR1zR2

zM,spzR1�zR2q
2 JC

z2
R2

pzR1�zR2q
2 � JF 0 0

0 0 0 0 k 0
0 0 0 0 0 m

�
���������

(3.97)
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Ā �

�
����������

�dE 0 0 0 0 0
0 �dR3 0 0 0 0
0 0 �dCz2

M,pz
2
R1

z2
M,spzR1�zR2q

2 � dM
dCzM,pzR1zR2
zM,spzR1�zR2q

2 0 0

0 0 dCzM,pzR1zR2
zM,spzR1�zR2q

2
�dCz2

R2
pzR1�zR2q

2 � dF �
dz2

F,p
z2

F,s
k
zF,p
zF,s

�d
zF,p
rWzF,s

0 0 0 �k
zF,p
zF,s

0 � k
rW

0 0 0 �d
zF,p
rWzF,s

k
rW

� d
r2

W
� dV

�
����������

(3.98)

B̄ �

�
��������

1 0 0 �1 0 0 0 0
0 0 0 1 �1 �zR3

zR3�zS3
0 0

0 1 0 0 �zM,pzR1
zM,spzR1�zR2q

zM,pzR1pzR2�zS1q
zM,szS1pzR1�zR2q

zM,pzR1pzR2�zS2q
zM,szS2pzR1�zR2q

0
0 0 0 0 zR2

zR2�zS2

zR2pzR1�zS1q
zS1pzR1�zR2q

zR2pzR1�zS2q
zS2pzR1�zR2q

1
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0

�
��������

(3.99)

The illustration of the final state-space matrices A and B is omitted due to the size
of the symbolic expressions in the matrix elements.

3.7 Plant model for mode operation

At the end of this chapter the linear DT models computed by the introduced modeling
software tool shall be extended by control output equation to state plant models for
later control purpose. While this section covers the plant models for mode operation,
the next section will consider the mode transition and hence a plant model for gear
shifting.
The impact of a set of engaged clutches on the DT’s dynamics has already been
discussed in Section 3.5.1. To simplify the notation, the symbols Σ and Σκi

are
introduced, as proposed in [34]. They denote the dynamical system with disengaged
clutches,

Σ : M̄ 9q � Āq � B̄u, (3.100)

respectively, the dynamical system, which considers a set of engaged clutches as defined
by the binary clutch state vector κi,

Σκi
: M̄i 9qi � Āiqi � B̄iu. (3.101)

According to Section 2.5 there are two quantities of interest for control of mode oper-
ation: the torque at the driving wheel τW, in order to ensure the DT’s drivability, and
the mode specific hybrid DoF λ in order to ensure fuel efficiency. These two quantities
shall be now stated as control output equations.
As discussed in Section 3.5.2, the torque at a shaft can be modeled considering the
locking torque of a fictitious, engaged clutch. Hence, the wheel torque τW can be
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computed with (3.85). If the rotational speed of the driving wheels is an element of
the state vector qi, which can always be ensured by assigning high priority to his state,
equivalently this torque can be calculated with:

yi,P � τW � eTWJq,qi
Āiloooomoooon

cT
i,P

qi � eTWJq,qi
B̄iloooomoooon

dT
i,P

u, (3.102)

which delivers the first control output. Vector eW selects the rotational speed of the
driving wheels from state vector q:

eTWq � ωW. (3.103)

The second control output yi,λ,mode concerns the mode-specific hybrid DoF λ:

yi,λ,mode � λ � cTi,λ,modeqi � dTi,λ,modeu. (3.104)

Table 3.8 lists the mode specific output equations, with respect to the hybrid DoFs. For
electric, conventional and hybrid CVT mode, these equations are simply the selection
of the rotational speeds of ICE or EM from state the vector q, denoted by the selection
vectors eE and eM:

eTEq � ωE, eTMq � ωM. (3.105)

The output equation for hybrid parallel mode, concerning the torque split factor follows
from (2.2):

µ �
PE

PE � PM
�

ωEτE

ωEτE � ωMτM
�

ωEτE

ωEτE � ωE
iM
iE
τM

�
τE

τE �
iM
iE
τM

(3.106)

It is actually a non-linear output equation with respect to the input vector u.

Table 3.8: Mode specific output equations with respect to the hybrid DoFs

Mode abbr. λ cTi,λ,mode dTi,λ,modeu
electric El ωE eTEJq,qi

0
conventional Co ωM eTMJq,qi

0
hybrid CVT CV ωE eTEJq,qi

0
hybrid parallel Pa µ 0 τE

τE�
iM
iE
τM

With (3.101), consequently, the plant model for control of the mode operation phase
can be written in a general from:

Plant models for mode operation control:

Σmode
κi

: M̄i 9qi � Āiqi � B̄iu

yi,mode �

�
yi,P

yi,λ,mode

�
�

�
cTi,P

cTi,λ,mode

�
qi �

�
dTi,P

dTi,λ,mode

�
u (3.107)
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For sake of completeness also a plant model for control of the charge mode shall be
given:

ΣCh
κi

M̄i 9qi � Āiqi � B̄iu (3.108)

yi,Ch �

�
yi,Ch,ω
yi,Ch,τ

�
�

�
eTEJq,qi

0

�
qi �

�
0

eTu,E

�
u, (3.109)

where the vector eu,E selects the ICE torque in input vector u:

eTu,Eu � τE. (3.110)

In charge mode there is no control output concerning the wheel torque, since it can
not be controlled in this mode. The two control outputs yi,Ch,ω and yi,Ch,τ are used to
control the charging power and efficiency of ICE, while charging.

3.8 Plant model for mode transition

Gear shifting is the general process of engaging or disengaging one or several clutches.
According to (3.101) a general gear shift from a clutch state κi to another clutch state
κj (κi Ñ κj), hence, can be modeled by the following switching LTI system:

ΣκiÑκj
�

#
Σκi

for κ � κi,

Σκj
for κ � κj.

(3.111)

Figure 3.17 illustrates the relations to the system Σ according to (3.67) and (3.68).

Σ
M̄ 9q � Āq � B̄u

Σκi

M̄i 9qi � Āiqi � B̄iu

Σκj

M̄j 9qj � Ājqj � B̄ju

Σκi

M̄i 9qi � Āiqi � B̄iu

Σκj

M̄j 9qj � Ājqj � B̄ju

κi Ñ Jq,qi

κj Ñ Jq,qj

ΣκiÑκjge
ar

sh
ift

in
g

Figure 3.17: Switched LTI model for a general gear shift κi Ñ κj

The Σ-notation is based on the general notation of hybrid dynamical systems, which
has been applied to hybrid drivetrains in [58].
The clutches, which change their state during the shift, are determined by the binary
vector ∆κij:

∆κij :� κi Y κj. (3.112)
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A special gear shift occurs if,

∆κTij∆κij � 1. (3.113)

In this case only one single clutch state is changed. This kind of gear shift is of special
interest, since an arbitrary gear shift can always be split into a series of these shifts.
Therefore, they are referred to as elementary gear shifts. The concept of smooth
and lossless gear shifting in single-EM dedicated hybrid DTs exclusively applies to
elementary gear shifts. This is due to the fact that it is in general not possible to
avoid dissipation in more than one clutch, while simultaneously maintain drivability,
with two propulsion torques.

3.8.1 Smooth and lossless clutch transitions

In order to further investigate the concept of smooth and lossless gear shifting, at this
point the transitions between the locked and released clutch states (clutch engagement
and disengagement) and their impact on drivability and efficiency are considered in
detail:

Clutch engagement: When engaging a clutch, the current in the coil (iC) of the
valve is increased until the clutch transitions into locked state. According to [15] the
condition for this transition is:

∆ωC � 0 ^ τC,lk   τC,sl. (3.114)

τC,lk is the locking torque that would be transmitted, if the clutch was in locked state.
It is a function of the states q and inputs u:

τC,lk � fpq,uq. (3.115)

τC,sl is the slipping torque according to the clutch slip and the pressure on the clutch
plates:

τC,sl � signp∆ωCqµkinfpiCq. (3.116)

For clutch engagement f piCptqq can be assumed to be a monotonically increasing
function. µkin is the kinetic friction coefficient of the clutch plate surface.
Since the power PC,diss, which is dissipated in the slipping clutch, is

PC,diss � ∆ωCτC,sl, (3.117)

the only possibility to avoid dissipation is to reach ∆ωC � 0, before engaging the
clutch.

Lossless clutch engagement:

The clutch has to be fully synchronized (∆ωC � 0), before the engagement is
initiated (iC Ò).
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Clutch disengagement: The upper limit for the torque transmitted in a locked clutch
τ̄C,lk is given by

τ̄C,lk � µstatfpiCq, (3.118)

where µstat is the static friction coefficient of the clutch plate surface. If τC,lk exceeds
this limit,

τC,lk ¡ τ̄C,lk, (3.119)

the clutch transitions to slipping state, with slipping torque:

τC,sl � µkinfpiCq. (3.120)

This always causes a torque step, since µkin   µstat. Due to the assumption that
fpiCq is a monotonically increasing function, the avoidance of this step is only possible
for τC,lk � 0, before the clutch is fully disengaged iC Ñ 0. Furthermore, this avoids
slipping of the clutch after the transition and, consequently, dissipation according to
(3.117).

Smooth clutch disengagement:

The clutch has to be fully unloaded (τC,lk � 0), before the disengagement is
initiated (iC Ó).

Figure 3.18 summarizes the conditions for smooth and lossless clutch engagement.
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p � 0
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released
iC � 0

locked
p � 0, ∆ωC � 0

iC Ó

iC Ò

iC Ò

iC Ó

∆ωC � 0

τC � 0
∆ωC � 0

τC � 0

Figure 3.18: Smooth and lossless clutch transitions

3.8.2 Output equations for the control of smooth and lossless gear shifts

With the above consideration the control variables for controlling a smooth and loss-
less clutch engagement (∆ωC) respectively disengagement (τC,lk) are fixed. They are
equivalent to the clutch sensor outputs, which have been discussed in Section 3.5.2.
Hence, equation (3.86) can be used to provide a full plant model for control of ele-
mentary, smooth and lossless gear shifts. The corresponding output equations are now
stated for clutch engagement and disengagement:
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Clutch engagement:

∆κTij∆κij � 1 and κTi κi   κ
T
j κj. (3.121)

From (3.62) follows:

Output equation for lossless clutch engagement:

yij,C,lk :� ∆ωC,ij � ∆κTij∆ωC � ∆κTijB̄T
i,Cqi � cTij,lkqi. (3.122)

Clutch disengagement:

∆κTij∆κij � 1 and κTi κi ¡ κ
T
j κj. (3.123)

From (3.85) follows:

Output equation for smooth clutch disengagement:

yij,C,rl :�τC,lk,ij � �
�
∆κTijB̄T

j,CM̄�1
j B̄j,C∆κij

��1 ∆κTijB̄T
j,CM̄�1

j . . .�
ĀjJqj ,qi

qi � B̄j,PτP � B̄j,Cpκ̄iqτC,sl
�
� cTij,rlqi � dTij,rlu. (3.124)

The output definitions in (3.122), (3.124) and (3.102) complete the plant models for
controlling the preparation of a smooth and lossless gear shift for both cases (releasing
and locking a clutch), notated by the symbols Σκj,lk

κi and Σκj,rl
κi :

Plant models for mode transition control:

Σκj,lk
κi

: M̄i 9qi � Āiqi � B̄iu

yij �
�
yi,P
yij,C,lk

�
�

�
cTi,P
cTij,lk

�
�

�
dTi,P
dTij,lk

�
(3.125)

Σκj,rl
κi

: M̄i 9qi � Āiqi � B̄iu

yij �
�
yi,P
yij,C,rl

�
�

�
cTi,P
cTij,rl

�
�

�
dTi,P
dTij,rl

�
(3.126)

3.9 Model extensions and application

In [15] a generic, real-time DT model is proposed. It extends an LTI kernel by a
non-linear system, which detects the clutch transitions. It furthermore contributes an
real-time DT observer. This observer can be applied in order to track the transitions
of the switched LTI model in (3.111). The generic-real-time model in [15] also in-
cludes peripheral models, which model the possibly non-linear and dynamic behavior
of several PT components (cf. Section 2.1), which are not considered in this chapter:
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• ICE model
• EM model
• Hydraulic clutch model
• Hydrodynamic torque converter model
• Longitudinal vehicle model

Furthermore, it proposes a model generalization to include non-linear effects like:
• Non-linear spring behavior
• Gear wheel clearance
• Tire-road-interaction

The generic, real-time DT model in [15] is also one major application of the modeling
approach proposed in this chapter, since it relies on an LTI kernel, modeling the DT
mechanics. The real-time model can be applied in various MiL, SiL an HiL simulation
and validation environments. Furthermore, it is the basis for a generic real-time DT
observer, which has to be parametrized. Although in [15] a model parametrization
tool is proposed, this tool suffers from some drawbacks, which already have been
discussed in Section 3.1. The DT modeling approach and in consequence the modeling
software tool presented in this chapter overcomes these drawbacks and hence raises
the contributions of [15].

3.10 Summary and contribution

This chapter presents a generic and modular modeling approach for automotive DTs.
The approach is based on a compact set of comprehensible modeling components and
follows Lagrange formalism. It uses a coordinate partitioning method to determine a
set of generalized coordinates.
The presented modeling approach overcomes some limitations of state-of-the-art ap-
proaches and frameworks, namely:

• It provides a model in comprehensible state-space representation.
• It is applicable to all common geared automotive DTs, and hence to all modes

of a single-EM dedicated hybrid DT.
• It tackles complex kinematics of arbitrary combined PGSs.

The modeling approach features high potential for automation and hence it is imple-
mented in a DT modeling software tool with a GUI. This tool enables DT modeling for
non-experts in the field of mechanical engineering. The state-space models computed
by the software tool can be used directly for various validation scenarios, like MiL,
SiL or HiL simulations. Furthermore, it simplifies the parametrization of extended
models and model-based software components like DT control systems and real-time
observers (e.g. in [15]). In summary, the modeling approach contributes the support
of the DT development process in general.
The modeling approach lays the basis for the model-based analysis and control ap-
proaches in the next chapters of this thesis. A switching LTI model for gear shifting
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is proposed. Furthermore, control variables for the control of smooth and lossless gear
shifting have been stated.
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4
Model-based drivetrain analysis

Chapter 3 provides the computation of a comprehensible model to each
clutch state of a given DT. This chapter presents a model-based method,
which automates the analysis of these DT models. The method starts
with the assignment of operation modes to all possible clutch state vectors.
Based on this assignment, gear ratios are computed. In combination with
a given ICE and EM and vehicle data this enables the computation of
possible traction forces in the single gears. Subsequently, the shiftability
of the DT is investigated, including the potential for smooth and lossless
gear shifting.

4.1 Motivation and problem statement

To motivate the content of this chapter, it is necessary to recall the central objective
of this thesis, stated at the end of Chapter 2: Development of model-based approaches
to improve drivability and efficiency of DT control systems, with a special focus on
control of gear shifting.

To this general objective the last chapter contributes a mathematical model Σ in
(3.100), which models the dynamics of a given DT topology. Furthermore, the im-
pact of a set of engaged clutches to this model, Σκi

(3.101), has been investigated.
Finally, a model for gear shifting, ΣκiÑκj

in (3.111), has been proposed. Based on
these contributions, several questions arise, which define the problem statement of
this chapter:
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4 Model-based drivetrain analysis

Problem statement:

A model-based analysis method shall be applied to answer the following ques-
tions, based on a given DT model Σ and ICE, EM and vehicle data:

• Which clutch state vectors κi are of interest for the operation of the DT?
• How does each of these clutch states vectors κi contribute to the drivability

of the DT, considering specific ICE, EM and vehicle data?
• Which gear shifts κi Ñ κj are possible and hence of interest to improve

drivability and efficiency?
• Which gear shifts κi Ñ κj feature a potential for smooth and lossless gear

shifting?

The problem statement is furthermore illustrated in Figure 4.1. In order to tackle the

• Σ
• ICE, EM &

vehicle data

Model-based
DT analysis? • Gears

• Drivability
• Shifts

input method output

Figure 4.1: Problem statement: Model-based DT analysis

problem statement the chapter is structured as follows.
• Gear analysis: In a first step the relation of specific clutch state vector κi to

the mode characteristic according to Table 2.1 is investigated.
• Traction force analysis: Based on step one and specific ICE, EM and vehicle

data, the drivability of single gears as well as the DT’s overall drivability is
considered.

• Shift analysis: Finally, the shifting opportunities between the gears, including
the potential for smooth and lossless gear shifts, are represented graphically and
possible shift sequences are determined.

The exemplary single-EM dedicated hybrid DT introduced in Chapter 3, will be used
to illustrate the single analysis steps.
The answers to the above questions are essential for the design of a model-based
control system, but also of interest for DT control and in DT topology development.
The computations, which are covered by the model-based DT analysis method, are
usually done by mechanical engineers based on the DT construction sheets. This work
requires expertise and experience in order to keep both time effort and error rate in
acceptable ranges. The proposed automated method does not target on replacing, but
on optimally supporting this state-of-the-art development process. Furthermore, the
results of the analysis method are essential for EMS development, see Chapter 2.5.
Hence, also the second stage of the single-EM dedicated hybrid DTs development
process is supported.
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4.2 Gear analysis

4.2 Gear analysis

The gear analysis targets on the assignment of a specific operation mode characteristic
to a specific dynamic system Σκi

. To do so, in a first step the kinematics of all possible
modes of a single-EM dedicated hybrid DT listed in Table 2.1 will be investigated.

4.2.1 Theoretical basis

The information of interest is the kinematic relation between the rotational speeds
of input and output shafts, namely ICE shaft (ωE), EM shaft (ωM) and the final
transmission output shaft (wF). For this investigation a simplified DT, which features
exclusively these three shafts, is considered (see Figure 4.2). The conclusions made on
this simplified consideration will be generalized afterwards.

B̄Cpκiq
T q � 0

τE, ωE, JE

τM, ωM, JM
τF, wF, JF

Figure 4.2: Simplified DT model for gear analysis

The dynamic model of the simplified DT can be stated easily, according to Chapter 3:
�
�JF 0 0

0 JE 0
0 0 JM

�
�

loooooooomoooooooon
M̄

�
� 9ωF
9ωE
9ωM

�
�

loomoon
9q

�

�
�τF
τE
τM

�
�

loomoon
u

(4.1)

As illustrated in Figure 4.2, the motion of the three shafts is now constrained according
to a set of engaged clutches. Different constraints,

B̄Cpκiq
Tq � 0, (4.2)

yield different coordinate mappings Jq,qi
,

q � Jq,qi
qi with: Jq,qi

:�
�

E
NpB̄CpκiqT q

T


T

. (4.3)

The mappings can be uniquely assigned to the operation modes in Table 2.1. Table 4.1
summarizes this assignment, listening the constraints and the resulting mappings. The
constraints are given in normalized form. A constant multiplier for the rows in B̄Cpκiq

T

does not influence the mapping Jq,qi
. These basic kinematic relations between the

rotational speeds of the input and output shafts also occur in the general case of an
arbitrary single-EM dedicated hybrid DT.
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4 Model-based drivetrain analysis

Table 4.1: Mode specific kinematics

mode B̄Cpκiq
T Jq,qi

qi wF

0 neutral
� � �

�1 0 0
0 1 0
0 0 1

�
�

�
�wF
ωE
ωM

�
� wF

1.1 charge neutral
�
0 1 � 1

iM

� �
�1 0

0 1
0 iM

�
� �

wF
ωE

�
wF

1.2 charge blocked
�

1 0 0
0 1 � 1

iM

� �
� 0

1
iM

�
� ωE 0

2 electric
�
1 0 � 1

iM

� �
� 1 0

0 1
iM 0

�
� �

wF
ωE

�
1
iM
ωM

3 conv
�
1 � 1

iE
0
� �

� 1 0
iE 0
0 1

�
� �

wF
ωM

�
1
iE
ωE

4 hyb. par
�

1 � 1
iE

0
1 0 � 1

iM

� �
� 1
iE
iM

�
� wF

1
iE
ωE �

1
iM
ωM

5 hyb. CVT
�
1 � 1

iE
� 1
iM

� �
� 1 0

0 1
iM � iM

iE

�
� �

wF
ωE

�
1
iE
ωE �

1
iM
ωM

4.2.2 Analysis method

In order to assign operation modes and clutch states, two information from the DT
model Σ in (3.100) are necessary:

• clutch input matrix B̄C

• position kF, kE, kM of the rotational speeds wF, ωE, ωM in the state vector q.
First the coordinate mappings Jq,qi

due to all possible clutch states κi have to be
computed. In a second step a matrix J̄q,qi

selecting the rows and columns of Jq,qi

corresponding to the input and output shafts with,

qkF � wF, qkE � ωE, qkM � ωM, (4.4)
qi,kF � wF, qi,kE � ωE, qi,kM � ωM,

is defined:
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�
������������

...
qkF...
qkE...
qkM...

�
������������

Ñ

Ñ

Ñ

�
. . . qi,kF . . . qi,kE . . . qi,kM . . .

�
Ó Ó Ó�

������������

... ... ...
. . . k1 . . . k4 . . . k7 . . .

... ... ...
. . . k2 . . . k5 . . . k8 . . .

... ... ...
. . . k3 . . . k6 . . . k9 . . .

... ... ...

�
������������
,

(4.5)

J̄q,qi
:�

�
�k1 k4 k7
k2 k5 k8
k3 k6 k9

�
� . (4.6)

Note that while qkE , qkM can be assumed to exist, they possibly vanish when the system
is transformed into generalized coordinates. Hence, qi,kE or qi,kM , or both, may not
exist. In this case the selection of columns in (4.5) is skipped. Therefore, the matrix
elements k4, . . . , k9 may be empty, which consequently yields matrices J̄q,qi

of different
matrix dimensions.
The assignment of an operation mode to a matrix J̄q,qi

, finally is done by comparing its
non-zero elements to the matrices Jq,qi

in Table 4.1. This comparison, simultaneously
determines the corresponding gear ratios (iE, iM). A clutch state vector κi, for which
J̄q,qi

can not be matched to any J̄q,qi
, does not feature any operational functionality,

since Table 4.1 is complete for single-EM dedicated hybrid DTs.
Once this assignment has been done for all clutch states, it is common to introduce
a unique gear naming with respect to the operation mode and decreasing gear ratios.
The results of the gear analysis method can be represented in a so-called gear table.
In summary such a gear table includes the following information:

Gear table

Information for each gear:
• clutch state vector κi
• operation mode
• gear ratios
• unique identifier

Figure 4.3 gives an overview of the presented gear analysis method.

4.2.3 Example

The gear analysis method is now applied to the exemplary single-EM dedicated hybrid
DT. The assignment of operation modes is done exemplarily for two different clutch
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4 Model-based drivetrain analysis

gear
analysisΣ gear table

input method output

Figure 4.3: Overview – gear analysis

state vectors. The clutch input matrix from (3.99) is:

B̄C �

�
��������

�1 0 0 0 0
1 �1 �zR3

zR3�zS3
0 0

0 zM,pzR1
zM,spzR1�zR2q

zM,pzR1pzS1�zR2q
zS1zM,spzR1�zR2q

�zM,pzR1pzR2�zS2q
zS2zM,spzR1�zR2q

0
0 zR2

zR2�zS2

zR2pzR1�zS1q
zS1pzR1�zR2q

zR2pzR1�zS2q
zS2pzR1�zR2q

1
0 0 0 0 0
0 0 0 0 0

�
��������
. (4.7)

The corresponding state vector q is:

q �
�
ωE ωR3 ωM wF ∆ϕ v

�T
. (4.8)

At first B̄C is rearranged according to

q̄ �
�
wF ωE ωM ωR3 ∆ϕ v

�T : (4.9)

B̄C �

�
��������

0 zR2
zR2�zS2

zR2pzR1�zS1q
zS1pzR1�zR2q

zR2pzR1�zS2q
zS2pzR1�zR2q

1
�1 0 0 0 0

0 zM,pzR1
zM,spzR1�zR2q

zM,pzR1pzS1�zR2q
zS1zM,spzR1�zR2q

�zM,pzR1pzR2�zS2q
zS2zM,spzR1�zR2q

0
1 �1 �zR3

zR3�zS3
0 0

0 0 0 0 0
0 0 0 0 0

�
��������
. (4.10)

Hence, the corresponding shaft indices are:

kF � 1, kE � 2, kM � 3. (4.11)

This rearrangement is necessary in order to assign priorities to the shafts similar to
the simplified DT above (kF   kE   kM). The first considered clutch state is:

κ1 �
�
1 1 0 0 0

�
. (4.12)

The corresponding coordinate mapping,

Jq,q1 �

�
�������

1 0 0 0
0 1 0 0

zM,szR2
zM,pzR1

�zM,spzR1�zR2q
zM,pzR1

0 0
0 1 0 0
0 0 1 0
0 0 0 1

�
�������
, (4.13)
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defines a vector of generalized coordinates q1:

q1 �
�
wF ωE ∆ϕ v

�T
, (4.14)

with,

q1,kF � q1,1, q1,kE � q1,2, q1,kM � r s. (4.15)

According to (4.11) and (4.15) the first three rows of the first two columns of Jq,qi

compose J̄q,q1 :

J̄q,q1 �

�
� 1 0

0 1
zM,szR2
zM,pzR1

�zM,spzR1�zR2q
zM,pzR1

�
� . (4.16)

The comparison with Table 4.1 shows that with clutch state κ1 the DT operates in a
hybrid CVT mode. The corresponding ratios are:

iE �
zR2

zR1 � zR2
, iM �

zM,szR2

zM,pzR1
. (4.17)

The second exemplary clutch state is:

κ2 �
�
1 1 0 1 0

�
. (4.18)

The corresponding coordinate mapping,

Jq,q2 �

�
��������

1 0 0
zR2

zR2�zS2
0 0

zM,szR2pzS2�zR1q
zM,pzR1pzR2�zS2q

0 0
zR2

zR2�zS2
0 0

0 1 0
0 0 1

�
��������
, (4.19)

defines a state vector q2:

q2 �
�
wF ∆ϕ v

�T
, (4.20)

with,

q2,kF � q1,1, q2,kE � r s, q2,kM � r s. (4.21)

According to (4.11) and 4.21 the mapping J̄q,q2 consist of the first three rows and of
the first columns of Jq,q2 :

J̄q,q2 �

�
��

1
zR2

zR2�zS2
zM,szR2pzS2�zR1q
zM,pzR1pzR2�zS2q

�
�� (4.22)
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Table 4.2: Symbolic gear table for the exemplary single-EM dedicated hybrid DT

κ mode iE iM�
0 0 0 0 0

�
neutral 0 0�

0 0 0 1 0
�

electric 0 �
zM,szR2pzR1�zS2q
zM,pzR1pzR2�zS2q�

0 0 1 0 0
�

neutral 0 0�
0 0 1 1 0

�
electric 0 �

zM,szR2pzR1�zS2q
zM,pzR1pzR2�zS2q�

0 1 0 0 0
�

neutral 0 0�
0 1 0 1 0

�
electric 0 �

zM,szR2pzR1�zS2q
zM,pzR1pzR2�zS2q�

0 1 1 0 0
�

electric 0 �
zM,szR2pzR1zR3�zR1zS3�zS1zS3q
zM,pzR1pzR2zR3�zR2zS3�zS1zS3q�

1 0 0 0 0
�

neutral 0 0�
1 0 0 1 0

�
electric 0 �

zM,szR2pzR1�zS2q
zM,pzR1pzR2�zS2q�

1 0 1 0 0
�

CVT zR2pzR1�zS1qpzR3�zS3q
zR3zS1pzR1�zR2q

�
zM,szR2pzR1�zS1q
zM,pzR1pzR2�zS1q�

1 0 1 0 1
�

charge 1 zR3zS1zM,spzR1�zR2q
zM,pzR1pzR3�zS3qpzR2�zS1q�

1 0 1 1 0
�

Parallel zR2pzR3�zS3qpzS1�zS2q
zR3zS1pzR2�zS2q

�
zM,szR2pzR1�zS2q
zM,pzR1pzR2�zS2q�

1 1 0 0 0
�

CVT zR2
zR1�zR2

zM,szR2
zM,pzR1�

1 1 0 0 1
�

charge 1 �
zM,spzR1�zR2q

zM,pzR1�
1 1 0 1 0

�
Parallel zR2

zR2�zS2

zM,szR2pzS2�zR1q
zM,pzR1pzR2�zS2q�

1 1 1 0 0
�

Parallel zR2pzR3�zS3q
zR2zR3�zR2zS3�zS1zS3

�
zM,szR2pzR1zR3�zR1zS3�zS1zS3q
zM,pzR1pzR2zR3�zR2zS3�zS1zS3q

The comparison with Table 4.1 reveals that the DT operates in a hybrid parallel mode,
if κ2 is engaged, with:

iE �
zR2

zR2 � zS2
, iM �

zM,szR2 pzS2 � zR1q

zM,pzR1 pzR2 � zS2q
. (4.23)

The gear analysis is now applied to all 2nc � 25 � 32 clutch states of the DT. The
gear table 4.2 lists symbolic results. A closer look at Table 4.2 shows that the electric
modes according to the clutch states,

�
0 0 0 1 0

�
,
�
0 0 1 1 0

�
,
�
0 1 0 1 0

�
and

�
1 0 0 1 0

�
feature the same ratio iM. The missing 16 clutch states lead to

blocked DT kinematics without any functionality. Table 4.3 summarizes the operation
modes of the exemplary single-EM dedicated hybrid DT. Evaluating the symbolic
ratios in Table 4.3, with the parameter values listed in Table 4.5, a unique identifier
can be assigned to every gear of the exemplary single-EM dedicated hybrid DT (see
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Table 4.3: Overview on the amount of different operation modes of the exemplary
single-EM dedicated hybrid DT

mode number
neutral 4
charge 2
electric 2 (5)

conventional 0
hybrid parallel 3
hybrid CVT 2

blocked 16

Table 4.4). To distinguish different gears with an identical operation mode parameters,
the identifier is extended by lower case letters in alphabetic order.

Table 4.4: Numeric gear table for the exemplary single-EM dedicated hybrid DT

κ mode identifier iE iM�
0 0 0 0 0

�
neutral Na 0 0�

0 0 1 0 0
�

neutral Nb 0 0�
0 1 0 0 0

�
neutral Nc 0 0�

1 0 0 0 0
�

neutral Nd 0 0�
1 0 1 0 1

�
charge Ch1 1 -2.131�

1 1 0 0 1
�

charge Ch2 1 3.843�
0 1 1 0 0

�
electric E1 0 2.661�

0 0 0 1 0
�

electric E2a 0 0.658�
0 0 1 1 0

�
electric E2b 0 0.658�

0 1 0 1 0
�

electric E2c 0 0.658�
1 0 0 1 0

�
electric E2d 0 0.658�

1 0 1 1 0
�

parallel Pa1 2.112 0.658�
1 1 1 0 0

�
parallel Pa2 1.172 2.661�

1 1 0 1 0
�

parallel Pa3 0.651 0.658�
1 0 1 0 0

�
CVT CV1 2.421 5.160�

1 1 0 0 0
�

CVT CV2 0.480 -1.842
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Table 4.5: Number of teeth of the exemplary single-EM dedicated hybrid DT

parameter value
zM,p �291

zM,s 58
zF,p �17 � 512

zF,s 69 � 58
zS1 37
zP1 26
zR1 89
zS2 44
zP2 19
zR2 82
zS3 41
zP3 22
zR3 85

4.3 Traction force analysis

The stationary traction force is a common characteristic to evaluate the drivability in
automotive DTs. It states in stationary case the maximum traction force available at
the driving wheels in specific gears for given ICE, EM and vehicle data. The graphical
representation of the stationary traction force in dependency of the vehicle speed is
called Traction Force Diagram (TFD) – see for example [18, pp. 10]. A trained look
at a TFD gives a fast overview on for example maximum vehicle speeds and road
gradients in specific gears. In summary, it enables a simple and intuitive evaluation
of the vehicle’s overall drivability. Hence, it is an important and common tool for the
design of DTs ([18, pp. 39]). Figure 2.2 in Chapter 2 schematically shows a TFD.

4.3.1 Theoretical basis

In order to assemble a complete TFD, in this section the mode specific determination
of stationary traction forces is investigated in detail for a general single-EM dedicated
hybrid DT. To do so, first the general static torque relations in a simplified DT, see
Figure 4.4, are considered similar to the determination of mode kinematics in the
Section 4.2. The impact of a set of engaged clutches κi on the dynamical system in
(4.1) is already well investigated:

JTq,qi
M̄Jq,qi

9qi � JTq,qi
u. (4.24)

1The sign of zM,p is negative, due to an intermediate gear wheel in the corresponding spur gear set
implementation.

2The sign of zF,p is negative, since the corresponding spur gear set features a two stage implemen-
tation.
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B̄Cpκiq
T q � 0

τE

τM
τF

Figure 4.4: Simplified DT model for the static torque consideration

Requiring a static case in the sense of,

9q !
� 0, (4.25)

yields a set of algebraic equations on the input torques τE, τM, τF:

JTq,qi
u � 0. (4.26)

Similar to the consideration of constraints with respect to the rotational speeds, a
transformation to generalized torques ui can be introduced:

u � Ju,ui
ui, (4.27)

with:

Ju,ui
:�

�
E

NpJT
q,qiq

T


T

. (4.28)

In analogy to the mappings Jq,qi
in the last section, Ju,ui

states the torque on the final
transmission output shaft τF, due to the input torques in static case, for a specific
operation mode. Table 4.6 lists the mappings Ju,ui

and the resulting ratios for all
operation modes in Table 4.1. As the mappings in (4.28) are in direct relation to the
mappings Jq,qi

, the computation of the resulting final transmission output torque, for
a general single-EM dedicated hybrid DT, is straight forward, if the operation modes
and the corresponding parameter once are determined according to Section 4.2. For
the computation of traction forces the simplified DT model in Figure 4.4 is extended
by a final gear ratio and a driving wheel with tire radius r (see Figure 4.5). The

B̄Cpκiq
T q � 0

τE, ωE

τM, ωM
τF, wF

iF
τW, ωW

Ft, v

Figure 4.5: Simplified DT model including a final ratio and a driving wheel for traction
force analysis

relation between vehicle speed v and the rotational speed of the final transmission
output shaft wF is:

v � ωF
rW

iF
. (4.29)
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Table 4.6: Mode specific static torque relations

mode B̄Cpκiq
T Ju,ui

ui τF

0 neutral
� � ��

rs 0

1.1 charge neutral
�
0 1 � 1

iM

� �
� 0

1
� 1
iM

�
� τE 0

1.2 charge blocked
�

1 0 0
0 1 � 1

iM

� �
�1 0

0 1
0 � 1

iM

�
� �

τF
τE

�
τF

2 electric
�
1 0 � 1

iM

� �
� 1

0
� 1
iM

�
� τF iMτM

3 conv
�
1 � 1

iE
0
� �

� 1
� 1
iE
0

�
� τF iEτE

4 hyb. par
�

1 � 1
iE

0
1 0 � 1

iM

� �
� 1 0

0 1
� 1
iM

� iE
iM

�
� �

τF
τE

�
iEτE � iMτM

5 hyb. CVT
�
1 � 1

iE
� 1
iM

� �
� 1
� 1
iE

� 1
iM

�
� τF iEτE � iMτM

The wheel radius rW is considered to be constant for a simplified consideration. Due
to (4.29) the resulting traction force Ft is:

Ft � τF
iF
rW

. (4.30)

In order to determine the maximum traction force in a specific gear the characteristics
of ICE and EM have to be known. These vary according to the implementation and
sizing. Figure 4.6 illustrates the principle speed-torque-characteristic of ICE and EM.
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τE

ωE

τM

ωM

τE,max

ωE,maxωE,min

τM,max

ωM,max

Figure 4.6: Principle speed-torque-characteristics of an ICE (left) and an EM (right)

An ICE can provide torque, if operating in a specific speed range:

0   ωE,min ¤ ωE ¤ ωE,max. (4.31)

Within this range a torque up to a specific speed dependent limit can be provided:

τE ¤ τE,max � fpωEq. (4.32)

A negative engine torque (motor break) is not considered within this thesis as already
noted in Chapter 2. In contrast to the ICE the speed range of an EM is:

|ωM| ¤ ωM,max. (4.33)

Within this range an EM may provide positive and negative torques. The absolute
value of the torque reaches up to a specific velocity dependent limit:

|τM| ¤ τM,max � fpωMq (4.34)

Note Figure 4.6 shows the principle speed-toque-characteristic of an EM in one of the
four possible quadrants.

4.3.2 Analysis method

According to the last column in Table 4.6 and equations (4.30) it is straight forward
to compute the available traction force for given ICE and EM characteristic in gears
with the operation modes 1-3, by scaling the available ICE and EM torques according
to the gear ratios and to (4.30). The modes 0, 1.1 and 1.2 can not be used to drive
the vehicle. Therefore, the only remaining operation mode, which needs some more
investigations, is the hybrid CVT mode.

Traction force in hybrid CVT

Tables 4.1 and 4.6 state two equations to the speed and torque relations in hybrid
CVT mode:

wF �
1
iE
ωE �

1
iM
ωM, (4.35)

τF � iEτE � iMτM. (4.36)
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As stated in Chapter 2 the ICE speed ωE is a hybrid DoF in this mode. Hence, it can
be controlled to arbitrary values with respect to (4.31), independent of the current
vehicle velocity. Therefore, the maximum available traction force at a given vehicle
velocity v is the solution of an optimization problem:

max
Ft

Ft � τE
iEiF
rW

s.t.: τM �
iE
iM
τE

ωM � iM

�
v
iF
rW

�
1
iE
ωE



0 ¤ ωE ¤ ωE,max
|ωM| ¤ ωM,max
τE ¤ fpωEq

|τM| ¤ fpωMq

(4.37)

At this point one exemplary result of the optimization for a hybrid CVT mode is
presented and discussed. In the example the following assumption shall be valid:

iE, iM ¡ 0, (4.38)
τE,max ¡ τM,max,

ωM,max ¡ ωE,max.

Figure 4.7 shows the maximized traction force Ft, obtained by sampling, as well as the
considered simplified ICE and EM characteristics. The result is structured into four
phases with increasing vehicle velocity:
Phase 1: The first phase covers vehicle launching. ωE is maintained at a constant

level, which enables maximum τE. Due to (4.38) this is the maximum avail-
able launching torque. A constant ωE requires increasing ωM for increasing
v. With increasing v the EM switches from generator to motor operation.
Taking a lower Ft would enable generator operation of EM also for higher
v.

Phase 2: At some v a further increase of ωM would cause a reduction of Ft. How-
ever, Ft can be maintained at its maximum value, if ωE compensates the
increasing v, while ωM is kept constant. It is obvious that the optimization
result is not unique, since a switching of the first two phases would have
led to the equivalent Ft.

Phase 3: In phase 3 a decreasing Ft is inevitable for increasing v. The maximum Ft
is reached when increasing both ωE and ωM.

Phase 4: Due to (4.38) at one point ωE reaches its limit. Ft decreases further. At
the end of this phase also ωM reaches its limit and the maximum v in this
hybrid CVT operation mode is reached.

In order to determine maximum vehicle speeds and road gradients in specific gears, it
is necessary to model the resistive force acting on the vehicle. The main effects, which
affect this force are: rolling resistance, road gradient and air drag. The following
equation can be used to approximate the resistive force for a given road gradient α
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Figure 4.7: Traction force optimization for an exemplary hybrid CVT operation mode
(top center) and the corresponding torque levels of ICE (bottom, left) and
EM (bottom, right)

(cf. [15]):

Fvpv, αq � f0 � sin pαqmg � 1
2A cw ρ v2 (4.39)

This quadratic function with respect to the vehicle velocity v can be added to the
TFD for different road gradients α. The intersection of these lines with the maximum
traction forces determines the maximal vehicle speed with respect to α.
Figure 4.8 summarizes the presented traction force analysis method.

• gear table
• ICE, EM &

vehicle data

Traction force
analysis TFD

input method output

Figure 4.8: Overview – traction force analysis

4.3.3 Limitations

Although, the consideration of static traction forces is a good and common measure to
evaluate the principle drivability of a DT, it omits dynamic effects. For example the
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4 Model-based drivetrain analysis

kinetic energy of shafts affects the actual traction force. Furthermore, losses, which
occur in each gear meshing, have been omitted. While these losses do not affect the
kinematic relations in the DT, they reduce the resulting output torques and, hence,
traction forces. For details to the modeling of theses losses see for example [59].

4.3.4 Example

The above traction force analysis method, is now applied to the exemplary single-EM
dedicated hybrid DT. Table 4.7 lists the parameters used in (4.39). Figure 4.9 shows
the considered ICE and EM characteristic. The complete TFD of this exemplary DT
is illustrated in Figure 4.10. Some remark can be made considering this exemplary
TFD:

Table 4.7: Exemplary vehicle data

variable parameter value

m vehicle mass 1350 kg

cw drag coefficient 0.32

A maximum vehicle cross section 2 m2

ρ air density 1.275 kg
m3

g standard acceleration due to gravity 9.81 m
s2

f0 constant 107

rW wheel radius 0.317 m

iF final ratio 4.616

• For each parallel hybrid gear, two traction forces are depicted: the solid lines
consider exclusively the ICE torque, while the dashed lines correspond to the
maximum available torque in total, including the EM torque.

• Vehicle launching is not possible without EM. In case of sufficient battery
SoC the electric gears E1 and E2 can be used for vehicle launching. In case of a
low battery SoC, the hybrid CVT gears can be applied since the offer maximum
traction at low vehicle speeds force operating EM in generator mode. Another
possibility to launch the vehicle with low SoC is to first charge the battery
applying a charge gear (Ch1 or Ch2) for subsequent electric launching.

• The overall maximum traction force is available in gear Pa2 (with electrical
boost) at v � 30km/h.

• The maximum vehicle speed (without road gradient) can be reached in gear
Pa3: 190 km/h applying the ICE and 230 km/h if applying additionally the EM

• Due to the absence of a negative gear ratio for the ICE, reverse driving is only
possible with the EM.

80



4.3 Traction force analysis

0 200 400 600 800 1000 1200 1400 1600

50

100

150

200

rotational speed in rad/s

to
rq

ue
in

N
m

τE,max
τM,max

Figure 4.9: Torque-speed characteristic of an exemplary ICE and EM
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Figure 4.10: TFD of the exemplary single-EM dedicated hybrid DT
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4.4 Shift analysis

The importance of gear shifting to provide a high level of drivability and efficiency
has already been addressed in Chapter 2. Chapter 3 proposed a switching LTI model
for gear shifting. The term shiftability, see for example [18, pp. 127], is used to
rate the ability to perform the gear shifting in an acceptable manner with respect to
drivability and efficiency. The following issues, which concern shiftability of a DT, will
be considered in this section:

• Determination of shift sequences
• Traction force intersections
• Potential for smooth and lossless gear shifting

The first two issues are common methods and they are usually considered in the EMS
design (see Chapter 2). The automation of these investigations as part of the model-
based DT analysis method, hence, supports the state-of-the-art EMS development in
general. The third issue is actually the next episode of the concept smooth and lossless
gear shifting, which is contributed in this thesis.

4.4.1 Shift sequence

The term shift sequence defines, which clutches have to be actuated (en-
gaged/disengaged), and in which order, to perform a required gear shift κi Ñ κj. The
introduction of binary clutch state vectors (see Section 2.3), enables the application
of combinatorics to this topic.
While the determination of a shift sequence is simple and unique for an elementary
gear shifts – engagement or disengagement of a single clutch– the range of possible
shift sequences increases with the number of necessary clutch actions ∆κTij∆κij. In the
general case there are p∆κTij∆κijq! different shift sequences of minimal length. Since
it is, from practical point of view, not possible to fully synchronize several clutch
transitions, a number of p∆κTij∆κij � 1q intermediate gears are active temporarily
during the shift. Whereas the number of necessary intermediate gears is fixed, the
shift sequence defines, which intermediate gears are involved. The overall set of pos-
sible intermediate gears consists of 2∆κT

ij∆κij � 2 gears. Table 4.8 summarizes these
combinatorial quantities.

Table 4.8: Shift sequence parameters for a general gear shift κi Ñ κj

number of calculation

clutch actions ∆κTij∆κij

necessary intermediate gears ∆κTij∆κij � 1

possible shift sequences p∆κTij∆κijq!

possible intermediate gears 2p∆κT
ij∆κijq � 2
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4.4 Shift analysis

From drivability point of view it is obvious that a specific shift sequence is only feasible,
if no intermediate gear features a blocked transmission output shaft. If the gear shift
is performed as a series of elementary gear shifts – a so-called split shift – furthermore
all intermediate gears with a neutral mode have to be excluded.
This restriction can be relaxed by performing so-called cross-over or power shifts (see
for example [18, pp. 49]). In cross-over shifts several clutch actions are performed
simultaneously and the propulsion torque is maintained by the support of slipping
torques in clutches. For ∆κTij∆κij � 2 these shifts are well investigated and optimized
(see for example [60]). The shifting in DTs with AMTs or DCTs exclusively relies
on this shifting concept. Cross-over shifts with three or more simultaneously actuated
clutches p∆κTij∆κij ¡ 2q, which may be performed in ATs and DHTs, are not yet state
of the art and hence a current research topic (see for example [61]). Consequently,
it is common to split these shifts into a series of elementary and/or cross-over shifts.
Cross-over shifts may also be performed for drivable intermediate gears. However,
the dissipation resulting from slipping clutches, which could be avoided, decreases the
shifting efficiency.
The automated determination of shift sequences shall now be discussed shortly using
the exemplary single-EM dedicated hybrid DT:
Based on the gear table, which has been determined in Section 4.2, it is straight
forward to generate a graph, which assembles all unblocked gears and all possible
elementary shifts between them – the so-called shift map. Figure 4.11 shows the shift
map of the exemplary single-EM dedicated hybrid DT, according to the modes listed
in Table 4.4. The arrow labels state the clutch, which has to be engaged/disengaged
in the corresponding gear shift.
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Figure 4.11: Transitions between gears of the exemplary single-EM dedicated hybrid
DT

The minimal number of necessary clutch actions according to Table 4.8 are listed in
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Table 4.8 for all possible gear shifts. This table excludes neutral and charge gears as
initial or final gear in a shift, since such a shift would obviously not possible without
propulsion torque interruption. The table furthermore is obviously symmetric. Due to

Table 4.9: Necessary clutch actions for all gear shifts in the exemplary single-EM ded-
icated hybrid DT

E1 E2a E2b E2c E2d Pa1 Pa2 Pa3 CV1 CV2

E1 x 3 2 2 4 3 1 3 2 2

E2a 3 x 1 1 1 2 4 2 3 3

E2b 2 1 x 2 2 1 3 3 2 4

E2c 2 1 2 x 2 3 3 1 4 2

E2d 4 1 2 2 x 1 3 1 2 2

Pa1 3 2 1 3 1 x 2 2 1 3

Pa2 1 4 3 3 3 2 x 2 1 1

Pa3 3 2 3 1 1 2 2 x 3 1

CV1 2 3 2 4 2 1 1 3 x 2

CV2 2 3 4 2 2 3 1 1 2 x

this symmetry it is sufficient to all shifts beyond or above the diagonal to determine
all possible shift sequences. For the exemplary single-EM dedicated hybrid DT this
are 214 shift sequences according to Table 4.8 and Table 4.9. The listing of all these
shift sequences is abandoned, but the possible shift sequences for two exemplary gear
shifts are considered:
The first gear shift (Pa1Ñ Pa2) features a single possible shift sequence,

Pa1Ñ Pa2 : Pa1Ñ CV1Ñ Pa2, (4.40)

which does not involve a blocked gear. As discussed above, this shift with
∆κTij∆κij � 2 can be performed in both approaches, a series of two elementary shifts
and a cross-over shift.
The second considered gear shift shall be CV1Ñ Pa3 with ∆κTij∆κij � 3. The auto-
mated determination of shift sequences reveals 4 sequences:

CV1Ñ Pa3 :

$'''&
'''%
CV1 Ñ Pa2 Ñ CV2 Ñ Pa3
CV1 Ñ Pa1 Ñ E2d Ñ Pa3
CV1 Ñ Nd Ñ CV2 Ñ Pa3
CV1 Ñ Nd Ñ E2d Ñ Pa3

. (4.41)
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The intermediate gear Nd can only be bridged with a cross-over shift. Therefore, a
series of elementary shifts is only possible in the last two shift sequence.
Whereas the results of this section rely exclusively on combinatorial investigations and
principle mode characteristics (blocked, neutral, drivable) within the next two sections
model knowledge is applied to evaluate the shiftability of the sequences, which have
been determined in this section.

4.4.2 Traction force intersection

First, the mode specific stationary traction forces (see Section 4.3) are used to evaluate
the shiftability of shift sequences. In order to ensure drivability, it is necessary to
maintain the requested propulsion torque during and after the gear shift. The limits
to this requirement can be approximated considering the corresponding maximum
traction forces in the TFD (see Section 4.3). The intersection of the areas beyond the
curves of the maximum traction force in the initial and final gear define the driving
situation (propulsion torque request and vehicle speed) in which a gear shift between
these two gears may not affect drivability. Figure 4.12 shows this intersection area
for two exemplary gears. The computation of traction force intersections is straight

Ft

v

Ft,max,i

Ft,max,j

Ft,max,ij

∆vij

Figure 4.12: Illustration of traction force intersection (light blue area) between two
exemplary gears κi and κj

forward, if ones the gear specific traction forces are determined (see Section 4.3). Due
to a positive propulsion torque the vehicle is accelerated during the shift. Therefore,
it is necessary that the requested propulsion torque can not only be provided for the
current vehicle speed, but also for a specific speed range ∆vij, which further restricts
the shifting opportunities.
Since in cross-over shifts the propulsion torque is supported by slipping clutch in
the intermediate gear, it is sufficient to evaluate the traction force intersection of the
initial and final gear. Whereas in split shifts it is necessary to consider the intersection
between the initial gear the final gear and all intermediate gears.
Figure 4.13 and 4.14, show exemplary evaluations of the traction force intersections
according to the exemplary shift sequences from the last section. In summary the
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Figure 4.13: Traction force intersection for the shift Pa1Ñ Pa2, for elementary shift-
ing (red area) and cross-over shifting (blue area)

consideration of traction force intersections reduces the possible shift sequences deter-
mined in Section 4.4.1. Furthermore, it restricts the shiftability of shift sequences to
specific driving situations. Since the traction force diagram is based in static torque
considerations, see Section 4.3, it is important to address that traction force intersec-
tions are not sufficient to guaranty an acceptable shiftability of certain gear shifts.
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Figure 4.14: Traction force intersection for the shift CV1Ñ Pa3, for the two el-
ementary shift sequences CV1Ñ Pa1Ñ E2dÑ Pa3 (blue area) and
CV1Ñ Pa2Ñ CV2Ñ Pa3 (red area)

4.4.3 Potential for smooth and lossless gear shifting

The concept of smooth and lossless shifting is now considered as a second measure to
evaluate shiftability of elementary gear shifts. In Section 3.8 plant models Σκj,lk

κi and
Σκj,rl
κi to control the preparation of a smooth and lossless gear shift have been stated

in (3.125) and (3.125). This section targets on the investigation of a mathematical
condition based on these plant models, if this preparation can be successful at all. The
following results have already been published in [35].

Control problem of smooth and lossless gear shifting

Considering the dynamical systems Σκj,lk
κi (3.125), Σκj,rl

κi (3.126): Is it possible to
control y2 to zero, while applying a tracking control to y1?

This question can be reformulated in a more general way: Is it possible to indepen-
dently control two control outputs with two control inputs? Actually, this is a common
question in control theory in the field of decoupling theory. Its key contribution, with
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respect to the above problem, shall be now summarized concisely:

Static state decoupling of MIMO LTI systems: In decoupling theory a general
MIMO LTI system is considered:

9x � Ax �Bu,

y � Cx �Du �

�
��cT1

...
cTm

�
��x �

�
��dT1

...
dTm

�
��u. (4.42)

It features n states x, m inputs u and m outputs y. The constant matrices A, B, C
and D are of appropriate dimensions. The question of decoupling theory is, if there
exists a state feedback,

u � Vx �Kw, (4.43)

which decouples the input-output behavior into Single-Input Single-Output (SISO)
channels from the artificial inputs w to the original outputs y. This question was first
answered in a general way by Morgan in [62], who proposed a necessary condition
for the existence of the matrices V and K. Falb and Wolovich later on proposed a
necessary and sufficient condition to this problem in [63]:

Theorem - Existence of a decoupling static state feedback

A decoupling static state feedback law (4.43) exists, if and only if the decoupling
matrix,

D̂ �

�
��d̂T1

...
d̂Tm

�
�� , d̂Ti :�

#
dTi , for δi � 0
cTi Aδi�1B, for δi ¡ 0,

(4.44)

is nonsingular. δi is the relative degree of output yi with respect to u :

δi :�
#

0 for di � 0
min

 
j : cTi Aj�1B � 0, j � 1, 2, . . . , n� 1

(
for di � 0

. (4.45)

This necessary and sufficient condition of Falb and Wolovich can be applied to the
problem of smooth and lossless gear shifting:

Condition on smooth and lossless gear shifting

If, and only if, the matrix D̂ (4.44) of the system Σκj,lk
κi resp. Σκj,rl

κi is nonsingular,
the system outputs y can be controlled independently. If so, there are control
inputs u, which control the clutch slip of the clutch to be engaged, respectively
the locking torque of the clutch to be disengaged, to zero, while simultaneously
controlling a requested vehicle propulsion.
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Theoretically, it would be sufficient to reach a zero-crossing of yC,lk/yC,rl for shifting to
avoid dissipation. In this case the above condition is just sufficient but not necessary.
However, the sufficient condition based on decoupling is of major interest from the
practical point of view, since robustness is an important issue.
A positive result of the evaluation of this condition is referred to as potential for
smooth and lossless gear shifting. The term potential is used to indicate that the
above condition does not include actuation limitations. The combination with the
concept traction force intersections, discussed in Section 4.4.2, as well the reasonable
planning of control trajectories, which will be addressed in Chapter 5, enable a more
comprehensive evaluation.
On the other side the reverse conclusion to the above condition is much stronger: If
the condition is not met, for sure either dissipation in clutches or propulsion torque
interruption has to by accepted in the considered gear shift.
The condition based on decoupling theory can be applied to all gear shifts of a given
single-EM dedicated hybrid DT following a straight forward procedure:

Evaluation procedure for the potential of smooth and lossless gear
shifting

For all κi Ñ κj, with ∆κTij∆κij � 1:
1. Compute plant models Σκj,lk

κi (3.125) resp. Σκj,rl
κi (3.126).

2. Compute relative degrees δi(4.45) and vectors d̂i (4.44) by differentiation
of the output equations.

3. Assembly decoupling matrix D̂ and check its regularity: det
�

D̂
	 ?
� 0.

Figure 4.15 shows the results of this procedure to the exemplary single-EM dedicated
hybrid DT (see Section 3.6.4). Solid arrows denote the potential for smooth and
lossless gearshifts.
Taking a closer look at Figure 4.15 reveals two noticeable remarks, which have not
been investigated in [35]:

• All shifts between drivable modes offer the potential for smooth and lossless gear
shifting.

• The evaluation results are bidirectional: If the evaluation is positive for the shift
κi Ñ κj, it is also positive for the shift κj Ñ κi.

It is a reasonable question, if these two observations can be generalized. To answer this
question some analytic investigations will be made on elementary gear shifts between
drivable gears on a simplified DT model in Figure 4.16:

�
�JF 0 0

0 JE 0
0 0 JM

�
�

loooooooomoooooooon
M̄

�
� 9ωF
9ωE
9ωM

�
�

loomoon
9q

�

�
��dF 0 0

0 �dE 0
0 0 �dM

�
�

loooooooooooomoooooooooooon
Ā

�

�
�0 0

1 0
0 1

�
�

looomooon
B̄

�
τE
τM

�
loomoon

u

. (4.46)
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Figure 4.15: Potential for smooth and lossless gear shifting (solid arrows) in the ex-
emplary single-EM dedicated hybrid DT

B̄Cpκiq
T q � 0

ωE, dE, JE, τE

ωM, dM, JM, τM
wF, dF, JF

Figure 4.16: Simplified DT model for decoupling analysis

The restriction to drivable gears is obvious, since the wheel torque can exclusively be
controlled in drivable modes. After applying one constraint according to the drivable
modes in Table 4.1 the corresponding model is:

JTq,qi
M̄Jq,qilooooomooooon
M̄i

9qi � JTq,qi
ĀJq,qilooooomooooon
Āi

qi � JTq,qi
B̄Ploomoon

B̄i,P

τP, (4.47)

with:

qTi �
�
wF ωE

�
, or qTi �

�
wF ωM

�
. (4.48)

According to (4.46) the input matrix B̄i,P is the selection of the second and third row
of the matrices Jq,qi

in Table 4.1. This reveals:

detpB̄i,Pq � 0, (4.49)

which will be important in the following investigations. Another important fact is that
the matrix M̄i is positive definite,

M̄i ¡ 0, (4.50)
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Table 4.10: Drivable modes in the simplified DT (Figure 4.2)

mode DoF ratio abbreviation

electric 2 ωF, ωE iM E2

conventional 2 ωF, ωM iE C2

hybrid CVT 2 ωF, ωE iE, iM CV

electric 1 ωF iM E1

conventional 1 ωF iE C1

hybrid parallel 1 ωF iE, iM Pa

which has been proofed in Section 3.5.1.
Table. 4.10 lists all drivable modes according to Table 2.1, and the corresponding
mechanical DoFs, which can occur in the simplified DT. The indices 1 and 2 indicate
the mechanical DoFs, which are not fixed in electric and conventional mode.
Figure 4.17 illustrates all possible elementary gear shifts, from drivable modes with
two DoFs into drivable modes with one DoF according to Table. 4.10. Additionally,
the coefficients of a general constraint,

b̄Ti,C,lkqi �
�
a b

�
qi � 0, (4.51)

which yields the corresponding shift,

κi
b̄i,C,lk
Ñ κj, (4.52)

are stated. These coefficients are also listed in Table 4.11. In order to investigate the

E2 CV C2

E1 Pa C1

a � 0

a, b
�

0 a
�

0

a, b � 0,

b � �a
iE

b
�

�

aiE

a,
b
�

0

a � 0

2 DoF

1 DoF

Figure 4.17: Shifting between drivable modes with 2 DoFs into drivable modes with one
DoF and corresponding constraint coefficients according to (4.51)

potential for smooth and lossless gear shifting, in a first step the decoupling matrix
Dij,lk shall now be stated in a general form, which is feasible for all of the 7 shifts
(from 2-DoF drivable modes into 1-DoF drivable modes) in Figure 4.17 following the
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Table 4.11: Constraint coefficients according to (4.51) for shifts between drivable modes

shift a b

E2 Ñ E1 0 b

E2 Ñ Pa � 0 � 0

CVÑ E1 0 � 0

CVÑ Pa � 0 � 0,� �a
iE

CVÑ C1 � 0 �a
iE

C2 Ñ Pa � 0 � 0

C2 Ñ C1 0 � 0

above procedure. The first considered output equation concerns the torque at the final
shaft, according to (3.102):

yi,P � eTi M̄i 9qi � eTi Āiqi � eTi B̄i,PτP, (4.53)

with,

eTi �
�
1 0

�
. (4.54)

Due to (4.49) the relative degree of this output equation is zero (direct feed-through).
The corresponding row in the decoupling matrix hence is:

d̂i,P � eTi B̄i,P � 0. (4.55)

The second output equation, see (3.122), concerns the slip of the clutch, which will be
engaged:

yC,lk � b̄i,C,lkqi. (4.56)

Since there is no direct feed-through in this output equation, it is differentiated with
respect to time:

9yC,lk � b̄Ti,C,lk 9qi � b̄Ti,C,lkM̄�1
i Āiqi � b̄Ti,C,lkM̄�1

i B̄i,P. (4.57)

Due to (4.49) and (4.50) this reveals a relative degree δ � 1 and hence:

d̂i,C,lk � b̄Ti,C,lkM̄�1
i B̄i,P � 0. (4.58)

Equations (4.55) and (4.58) assemble the decoupling matrix:

Dij,lk �

�
d̂i,P

d̂i,C,lk

�
�

�
eTi B̄i,P

b̄Ti,C,lkM̄�1
i B̄i,P

�
�

�
eTi

b̄Ti,C,lkM̄�1
i

�
B̄i,P. (4.59)
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The determinant of Dij,lk can be computed as a product of two determinants:

det pDij,lkq � det
��

eTi
b̄Ti,C,lkM̄�1

i

�

� det

�
B̄i,P

�
. (4.60)

From (4.55), (4.58) and (4.49) follows:

det pDij,lkq � 0 ô eTi � c � b̄Ti,C,lkM̄�1
i , @c � 0. (4.61)

This actually requires that vectors eTi and b̄Ti,C,lkM̄�1
i are linearly independent.

Let M̄�1
i be

M̄�1
i �

�
m11 m12
m12 m22

�
. (4.62)

From (4.51) and (4.54) follows:
�
1 0

�
� c

�
a �m11 � b �m12 a �m12 � b �m22

�
ñ b � �a

m12

m22
. (4.63)

If this inequality holds the shifts feature the potential for smooth and lossless gear
shifting. Two important remarks to this inequality with respect to the relations of the
constraint coefficients a and b (see Table 4.11) can be made:

• The inequality (4.63), always holds for m12 � 0. According to Table 4.1, m12 � 0
exclusively occurs in hybrid CVT mode.

• The inequality (4.63), relates gear ratios and inertia. Hence, it is a mathematical
special case and not of practical relevance. Therefore, in practice the inequality
can be considered to be valid.

In a second step the decoupling matrix Dji,rl of the reverse shifts (from 1-DoF drivable
modes into 2-DoF drivable modes) shall be considered in a general form similar to
Dij,lk:
The first output equation yj,P is:

yj,P � eTj JTqi,qj
M̄iJqi,qj

9qj � eTj JTqi,qj
ĀiJqi,qj

qj � eTj JTqi,qj
B̄i,PτP, (4.64)

with:

eTj � 1. (4.65)

Matrix Jqi,qj
is the coordinate mapping according to (3.41), due to the general con-

straint in (4.51):

Jqi,qj
�

�
E

Npb̄T
i,C,lkq

T


T

. (4.66)

This reveals a relative degree δ � 0, due to (4.65), (4.64) and (4.49), and hence:

d̂j,P � eTj JTqi,qj
B̄i,P � 0. (4.67)

93



4 Model-based drivetrain analysis

The second output equation concerns the locking torque at the clutch, which will be
disengaged, which is:

yC,rl � �
�
b̄Ti,C,lkM̄�1

i b̄i,C,lk
��1 b̄Ti,C,lkM̄�1

i

�
ĀiJqi,qj

qj � B̄i,PτP
�
, (4.68)

according to (3.124). The scalar �
�
b̄Ti,C,lkM̄�1

i b̄i,C,lk
��1 is non-zero due to (4.50). With

(4.50) and (4.49), this reveals once again a relative degree δ � 0 and hence:

d̂j,C,rl � �
�
b̄Ti,C,lkM̄�1

i b̄i,C,lk
��1 b̄Ti,C,lkM̄�1

i B̄i,P � 0. (4.69)

Consequently, the corresponding decoupling matrix is:

Dji,rl �

�
d̂j,P

d̂j,C,rl

�
�

�
eTj JTqi,qj

B̄i,P

�
�
b̄Ti,C,lkM̄�1

i b̄i,C,lk
��1 b̄Ti,C,lkM̄�1

i B̄i,P

�
. (4.70)

The determinant of Dji,rl can be computed as a product of three determinants:

det pDji,rlq � . . .

det
��

eTj 0
0 �

�
b̄Ti,C,lkM̄�1

i b̄i,C,lk
��1

��
� det

��
JTqi,qj

b̄Ti,C,lkM̄�1
i

�

� det

�
B̄i,P

�
. (4.71)

Due to (4.65), (4.50) and (4.49) only the second determinant might be zero:

det pDji,rlq � 0 ô JTqi,qj
� c � b̄Ti,C,lkM̄�1

i , @c � 0 (4.72)

In contrast to (4.61) this condition is always valid, also from mathematical point of
view, since:

JTqi,qj
� k � b̄Ti,C,lkM̄�1

i ñ b̄Ti,C,lkJqi,qj
� 0 � c � b̄Ti,C,lkM̄�1

i b̄i,C,lk, (4.73)

which is in conflict to M̄i ¡ 0. Consequently, Dji,rl is for sure regular.
Summarized, in the simplified DT topology (Figure 4.2) all the elementary gear shifts
between drivable modes with different number of mechanical DoFs feature the potential
for smooth and lossless gear shifting. In order to formulate a more general statement
first the restriction to the simplified DT topology shall be relaxed.
As already mentioned in the Section 4.2 in a general DT topology the mode specific
kinematics is equivalent to the kinematics considered in the simplified case. The
mechanical DoFs, however, increase according to an arbitrary number of additional
shafts. Therefore, the state vector q in (4.48) is extended to n elements. This yields
a new state vector q̃i:

q̃i �
�
qi
q̄i

�
. (4.74)

According to q̃i all matrices of the above investigations are extended:

B̃i,P �

�
B̄i,P

0

�
, b̃i,C,lk �

�
b̄i,C,lk

0

�
, J̃qi,qj

�

�
Jqi,qj

I

�
, (4.75)

ẽi �
�
ei
0

�
, ẽj �

�
ej
0

�
. (4.76)
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4.4 Shift analysis

Using this extension, it is straight forward to show that the above considerations are
still valid, for a general elementary gear shift between drivable modes with different
number of mechanical DoFs.
A further generalization can be made on the propulsion output yP: If decoupling
is possible considering the torque at transmission output shaft, it is also possible
for torques, which are dynamically related exclusively to this torque, although the
relative degree is increased. Consequently, for example the consideration of a flexible
driveshaft, which connects the transmission output shaft and the driving wheels (see
Figure 4.18), does not affect the potential for smooth and lossless gear shifting.

B̄Cpκiq
T q � 0

τE, ωE

τM, ωM
τF, wF τW, ωW

Figure 4.18: Simplified DT topology with flexible driveshaft

Therefore, finally, a generalization of the observations with respect to the exemplary
single-EM dedicated hybrid DT is feasible:

Elementary gear shifts between drivable modes

Every elementary gear shift in a single-EM dedicated hybrid DT from one driv-
able mode (see Tables 4.10 and 4.11) into another, features the potential for
smooth and lossless shifting. For all other shifts the procedure presented at the
beginning of this section can be applied.

In analogy to the shift preparation also mode specific decoupling matrices according
to (3.107) in Section 3.7 could be considered to proof the possibility to control the
system output independently. Obviously, these matrices are regular, since otherwise
the definition of the hybrid DoFs would be infeasible.
If the potential for smooth and lossless gear shifting once has been evaluated for all
elementary gear shifts, this information can be used to evaluate all shift sequences,
which might be performed as split shifts.
In summary, the shift analysis method presented in this section contributes a shift
map, including the potential for smooth and lossless gear shifting, and evaluated shift
sequences, considering additionally traction force intersections. Figure 4.19 gives an
overview of this shift analysis method.
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• Σ
• Gear table
• TFD

Shift
analysis

• Shift map
• Evaluated shift

sequences

input method output

Figure 4.19: Overview: shift analysis

4.5 Summary and contribution

In this chapter an automated model-based DT analysis method based on the DT model
proposed in Chapter 3 is presented. The method consists of three parts:

• The gear analysis outputs a gear table, which assigns an operation mode to
each clutch state vector κi and lists the corresponding gear ratios and a unique
gear naming.

• In combination with given ICE, EM and vehicle data, the traction force anal-
ysis states stationary traction forces for each gear, summarized graphically in a
TFD, which can be used for evaluation of the DT drivability.

• The shift analysis, finally, considers the transition between gears, illustrated in
a shift map. Possible shift sequences are determined and evaluated, with respect
to traction force intersections and the potential for smooth and lossless shifting.

Figure 4.20 gives a summarizing overview of the presented model-based DT analysis
method. The results of this analysis method are essential for the design of a DT

• Σ
• ICE, EM &

vehicle data

Model-based
DT analysis

• Gear table
• TFD
• Shift map
• Evaluated shift

sequences

input method output

Figure 4.20: Model-based DT analysis

control system. In combination with the DT modeling software tool, presented in
Chapter 3, the method supports the DT topology and EMS development process in
general. It enables fast evaluation, validation and optimization of DT concepts in an
early development phase.
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5
Model-based drivetrain control system
design

The preliminary investigations and contributions of the Chapters 2, 3 and
4 shall now be combined in order to implement a model-based control
system to perform smooth and lossless gear shifts in a given dedicated
hybrid DT. Based on a sequence of shift phases, with respect to switching
control plants and control tasks, an IMC system will be proposed. The
testing and evaluation of the control system will be done in Chapter 6.

5.1 Problem statement and outline

At the beginning of this chapter a short recap of the contributions of Chapters 2,
3 and 4 according to the problem statement in Section 2.6 shall be made. These
contributions are:

• the concept of active smooth and lossless gear shifting to increase efficiency and
drivability (Chapter 2),

• a generic computation of plant models for smooth and lossless gear shifting
(Chapter 3),

• and a model-based shift analysis method including the potential for smooth and
lossless gear shifting (Chapter 4).

The upcoming parts of the thesis try to bring together these contributions and to
apply them in a model-based DT control system for gear shifting. The design of this
control system is presented in this chapter. The testing and evaluation of the control
system will be covered in Chapter 6.
Chapter 2 states the two general tasks of a DT control system:

• Mode operation: driving in a specific gear (control of wheel torque and hybrid
DoFs, as discussed in Section 3.7)

• Mode transition: gear shifting (control of wheel torque, clutch slip / locking
torque and clutch torques, as discussed in Section 3.8)

In order to combine both tasks for an exemplary implementation of a general DT
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5 Model-based drivetrain control system design

mode operation mode transition mode operation

gear κi shift κi Ñ κj gear κj

shift
request

clutch
transition

κi κj

Figure 5.1: Embedded gear shift

control system, a gear shift can be embedded in between the operation of two gears:
the initial gear (κi) and the final gear (κj). These so-called embedded gear shifts, see
Figure 5.1, will be considered in this chapter. A DT control system shall be provided,
which applies the concept of smooth and lossless gear shifting. According to Sec-
tion 4.4.3 there are seven different, bidirectional shifts in single-EM dedicated hybrid
DTs, listed in Table 4.11, which feature potential for smooth and lossless shifting. The
presented DT control system focuses on the shifts between hybrid CVT and hybrid
parallel modes (CVØ Pa). However, opportunities for generalization will be pointed
at the end of this chapter.

Problem statement:

Development and implementation of an exemplary DT control system for em-
bedded gear shifts between a hybrid CVT and hybrid parallel mode based on
the concept of smooth and lossless shifting

Section 2.5.2 states the input and output signals of a DT control system within a
torque-based PT control structure. Figure 5.2 summarizes the input and output inter-
face of the required DT control system. Two matched input signals – the gear request

DT control
system

τ�E
τ�M

τ�W

τ �

C

κ�

λ�

τW κ λ

Figure 5.2: Input and output signals of the DT control system implemented into a
torque-based PT control system

κ� and the mode-specific hybrid DoF request λ� – are provided by the EMS. It is nec-
essary to use the mode information κ� to interpret a request λ�. For the considered
embedded shifts applies:

κ� P tκi,κju. (5.1)
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5.2 Sequence of shift phases

The wheel torque request τ�W is computed by the driver interpretation system based
on the accelerator pedal position. The actual values of the control variables τW,κ, λ
are considered to be provided by an DT observer (see for example [15]). The output
signals of the DT control system are ICE, EM and clutch torque requests (τ�E, τ�M, τ �C).
This chapter is structured as follows:

• Definition of a general sequence of consecutive shift phases and determination of
corresponding plant models and control tasks

• Proposal of a switching IMC concept
• Exemplary implementation for a given single-EM dedicated hybrid DT

Before going into detail, a short statement on the state of the art is necessary.

5.1.1 State of the art

The concept of active smooth and lossless gear shifting in single-EM dedicated hybrid
DTs is quite novel. The actual state of the art is hard to determine, since this research
topic is mainly investigated in confidence by OEMs and Tier-1 suppliers. Partial
aspects of smooth and lossless gear shifting, however, have been considered since many
years. This section shall provide a concise selection on some publication to this topic.
Publication [64] considers a dedicated hybrid DT with two EMs. It proposes an optimal
clutch slip control, with respect to vehicle jerk and dissipative clutch power, for a
gear shift from a hybrid CVT to a hybrid parallel mode. Several other publications
consider series-parallel hybrid DTs with one electric mode and one parallel mode, with
the focus on smooth and quick clutch engagement, which is crucial for fuel efficiency
and drivability within such DTs: In [65] a model reference control, in [66] a robust
H8, and in [67] a Model Predictive Control (MPC) approach is applied to this control
problem.
The control of conventional DTs is investigated in detail in [16, pp. 193] and [17,
pp. 413] including transmission speed and torque control and active damping of DT
oscillations. The transition to single-EM dedicated hybrid DTs can be considered as
a generalization of these investigations.
In its principle form the control concept proposed in this chapter is similar to the one
presented in [68] for the control of DT oscillation.

5.2 Sequence of shift phases

According to the above problem statement the embedded gear shift consists of three
consecutive phases (see Figure 5.1) with different control tasks: mode operation of
initial gear, shift between initial and final gear and mode operation of final gear.
The application of the concept of smooth and lossless gear shifting requires a further
splitting of the mode transition phase into shift preparation, clutch actuation and
shift completion. Therefore, the control system in total has to handle five consecutive
control phases, which are illustrated in Figure 5.3. The single phases of the shift
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5 Model-based drivetrain control system design

I II III IV V
mode operation mode transition mode operation

shift
preparation clutch

actuation
shift

completionph
as

e

gear κi gear κj

shift request clutch transition

TCT1 T2 T3 T4
κi κi κj κj

Figure 5.3: Sequence of shift phases for control of an embedded smooth and lossless
gear shift

schedule in Figure 5.3, are now discussed in detail with respect to the control tasks
and the corresponding plant models.

5.2.1 Mode operation

In the first phase the operation of the initial gear is controlled. A gear shift request
has not been received yet. Therefore, the gear request corresponds with the actual
gear:

κ� � κ � κi. (5.2)

The DT control system has to handle three control tasks:
• tracking of the wheel torque τW, according to a request τ�W,
• tracking of the mode-specific hybrid DoF λ, according to a request λ�,
• and maintaining the current gear κi engaged according to a requested gear κ�.

The third control task is related exclusively to the clutch torque requests. In order to
maintain all engaged clutches engaged the following clutch torque request is sent to
the clutch control system, which is responsible for the electro-hydraulic actuation of
the clutch valve (see Figure 2.6):

τ �C � κiτ
�
C,max. (5.3)

The parameter τ�C,max is specified in the clutch control system. This request corre-
sponds to the maximum available hydraulic pressure at the clutch. For sake of sim-
plicity τ�C,max is considered to be equal for all clutches. Actually, this parameter differs
for each clutch according to its mechanical and hydraulic implementation, as well as
the operation strategy of the DT. A relaxation of this simplification would simply re-
quire the consideration of a parameter vector τ �C,max. The clutch torque request (5.3)
might be not optimal from efficiency perspective, since, the maximum torque, which
can be transmitted according to this request, might be far higher than the actually
transmitted torques. For steady mode operation, therefore, it is reasonable to con-
stantly adapt this clutch torque requests to the actually transmitted torque, which
can be estimated using a virtual clutch sensor as presented in Section 3.5.2 or using a
state observer.
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5.2 Sequence of shift phases

The remaining two control tasks have to be controlled by providing suitable torque
requests for the ICE (τ�E) and the EM (τ�M). Section 3.7 provides plant models to this
tasks, which state the dynamic relation between τW, λ and τE, τM (see Figure 5.4). The

ΣCV
κi

τE

τM

τW

ωE
ΣPa

κi

τE

τM

τW

µ

Figure 5.4: Plant models for mode operation in hybrid CVT (left) respectively hybrid
parallel (right) gear κi

mode operation phase of the final gear (fifth phase) is equivalent to this phase with
κ � κj.

5.2.2 Mode transition

The mode operation phase ends, when a gear shift is requested by the EMS. This is
the case, if the actual engaged gear κ differs from the gear request κ�:

κ� � κj � κ � κi. (5.4)

The occurrence of this event initiates the mode transition phase, which is split into
three phases, according to the shift schedule in Figure 5.3:

• shift preparation,
• clutch actuation,
• and shift completion.

Shift preparation As already discussed in Sections 2.5.1, 3.8.1 and 4.4.3 the enabler
of smooth and lossless gear shifts is the full synchronization respectively unloading of
the actuated clutch. Whereas the tracking task of the wheel torque persists, in the
shift preparation phase, therefore, the hybrid DoF request λ� is temporarily ignored in
the shift preparation phase. This task is replaced by the task to control clutch synchro-
nization respectively unloading. Section 3.8 provides the control plants for this task
for both cases clutch engagement and disengagement. According to their number of
mechanical DoFs (see Tables 2.1 and 4.10) the first case applies for the shift CVÑ Pa
and the second case for the shift PaÑ CV. Figure 5.5 shows the corresponding plant
models. In contrast to the tracking control tasks for mode operation control, the active

Σκj,lk
κi

τE

τM

τW

∆ωC,ij
Σκj,rl

κi

τE

τM

τW

τC,lk,ij

Figure 5.5: Plant models for shift preparation pκi Ñ κjq in hybrid CVT (left) respec-
tively hybrid parallel (right) gear κi

control of clutch synchronization respectively unloading requires also planning of an

101



5 Model-based drivetrain control system design

appropriate reference trajectory. A polynomial approach will be discussed in section
5.3.2 to provide a reference trajectory ∆ω�C,ijptq{τ�C,lk,ijptq. While the final value of this
trajectory is fixed to zero, its initial value has to be coordinated to the mode operation
phase (see Section 5.2.3). At the end of the shift preparation phase the clutch is ready
for smooth and lossless engagement respectively disengagement.
During the shift preparation phase the current gear is still maintained engaged. In the
case of a planned clutch engagement a predefined torque request τ�C,KP is requested to
the clutch p∆κij ^ κjq. According to this request the clutch control system, controls
the clutch to the so-called kiss-point (see for example [18, pp. 133]). After this so-
called clutch filling at this kiss-point the clutch is ready for a fast engagement within
the next control phase. Hence, the clutch torque request in the shift preparation phase
computes as:

τ �C,SP � κiτ
�
C,max � p∆κij ^ κjqτ�C,KP. (5.5)

Clutch actuation The clutch actuation phase is a prolongation of the shift prepara-
tion phase, with a fixed reference value:

∆ω�C,ij{τ�C,lk,ij � 0. (5.6)

Therefore, the hybrid DoF request λ� is still ignored. The new task in the clutch
actuation control is to enforce the clutch transition from released into locked state
(CVÑ Pa), respectively from locked into released state (PaÑ CV). Therefore, in the
first case (clutch engagement) the clutch torque request is ramped up from τ�C,KP to
τ�C,max. In the second case (clutch disengagement) it is ramped down from τ�C,max to
zero:

τ �C,CAptCAq � κiτ
�
C,max �∆κij∆τ�CptCAq, @tCA P r0, TCAs, (5.7)

with:

∆τ�CptCAq �

#
pτ�C,max�τ

�

C,KPq

TCA
� tCA for: κTi κi   κ

T
j κj

�
τ�C,max
TCA

� tCA for: κTi κi ¡ κ
T
j κj

, @tCA P r0, TCAs. (5.8)

The conditions for clutch transitions have been discussed in Section 3.8.1. According
to (3.114) a minimal non-zero pressure on the clutch plates (τ�C ¡ τ�C,KP), will lock
the clutch, if it is fully synchronized p∆ωC,ij � 0q. Consequently, in nominal case
(perfect model matching and no disturbances) the transition will occur at the begin-
ning of clutch transition phase. In practice the control system will always face model
uncertainties and disturbances. The ramped clutch torque request in (5.8) ensures
that residual clutch slip p∆ωC,ij,res � 0q is handled with low dissipation. However, the
clutch transition in this case will occur later within the clutch actuation phase.
On the other side a fully unloaded clutch pτC,lk,ij � 0q releases for zero pressure on the
clutch plates, according to (3.119). Considering the ramped clutch torque request in
(5.8), hence, in nominal case the transition is expected at the end of clutch actuation
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5.2 Sequence of shift phases

phase. Due to a unavoidable residual clutch torque pτC,lk,ij,res � 0q this transition may
occur earlier.
In summary, the clutch actuation strategy in (5.8) is robust with respect to model
uncertainties and disturbances. Since it is not possible to give guaranties about the
maximal residual clutch slip ∆ωC,ij,res, respectively clutch torque τC,lk,ij,res, it is advis-
able for safety reasons to limit these values, when implementing a prototype control
software. This keeps the possible clutch dissipation and hence temperature in a lim-
ited range in order to avoid clutch damage. If these residual limits are not met, the
control system has to provide a safe failure mode, like for example the return to mode
operation of the initial gear.

Shift completion After the clutch actuation phase the DT has to be brought back
into a stationary driving situation (mode operation). Therefore, the requested value for
the hybrid DoF λ�, which has been ignored in the last two phases, has to be recovered.
In order to enable a smooth transition, a reference trajectory from the actual value
λ to the request value λ� is planned and tracked. Since this increases the locking
torque respectively clutch slip at the clutch, which has been actuated in the clutch
actuation phase, this phase can be considered as reversal of the shift preparation phase.
Figure 5.6 illustrates the plant models for this control phase, which are equivalent to
the plant models in the first shift phase for the final gear κj.

ΣCV
κj

τE

τM

τW

ωE
ΣPa

κj

τE

τM

τW

µ

Figure 5.6: Plant models for mode operation in hybrid CVT(left) respectively hybrid
parallel (right) gear κj

The clutch torque request is equal to the request in mode operation of gear κj:

τ �C,SC � κjτ
�
C,max. (5.9)

Summary In summary the clutch torque request according to the single control
phases in (5.5), (5.7) and (5.9), is:

τ�Cptq �

$'&
'%
τ �C,SP for t P r0, TSPs,

τ �C,CAptq for t P rTSP, TSP � TCAs, t � tCA � TCA,

τ �C,SC for t P rTSP � TCA, TSP � TCA � TSCs.

(5.10)

Figure 5.7 illustrates this clutch torque request for the clutch ∆κij.
Figure 5.8 extends Figure 5.3 by the corresponding plant models and control tasks,
which have been discussed in this section. Considering the entire shift schedule, the
plant model shows a switching behavior: At t � T1 and t � T3 the control output is
switched and at t � TC the system dynamics switches according o the clutch transition.
A detailed consideration of these plant model transitions is crucial in order to propose
a continuous control of the entire embedded gear shift.
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Figure 5.7: Clutch torque request τ�C for clutch ∆κij in different shift phases according
to (5.10) for clutch engagement (left) and disengagement (right)
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Figure 5.8: Shift schedule, with corresponding control plants and tasks for the control
of an embedded smooth and lossless gear shift

5.2.3 Plant model transitions

The aforementioned three plant model transitions are now discussed in detail.
At t � T1 one control output equation is switched from the hybrid DoF to the clutch
slip resp. locking torque. In order to investigate this transition, the relation between
the engine speed ωE and the clutch slip of the clutch ∆ωC,ij which has to be engaged,
respectively the relation between the torque split factor µ and the locking torque τC,lk,ij
of the clutch which has to be disengaged, have to be considered.
According to Section 4.4.3 the relation between ωE and ∆ωC,ij is determined by the
constraint of the clutch ∆κij:

∆ωC,ij � ∆κTijB̄T
i,Cqi � bEωE � bFwF. (5.11)

Therefore, an equivalence condition for the plant models ΣCV
κi

and Σκj,lk
κi for given wF

can be stated:

ΣCV
κi

^
� Σκj,lk

κi

∣∣∣
p5.11q

. (5.12)

For a parallel hybrid mode the investigations according to the mode specific kinematics
and torques in Sections 4.2 and 4.3 show that the propulsion torques τE and τM sum
to a propulsion torque acting at the final transmission shaft:

τF,P � eTFJq,qi
B̄i,P � iEτE � iMτM, (5.13)
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p5.11qωE
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Figure 5.9: Relations for plant model transitions between shift phases I and II (t � T1)

as stated in (3.85), with:

eTFq � wF. (5.14)

In combination with the torque split definition (mode specific hybrid DoF) in (3.106),

µ �
τE

τE �
iM
iE
τM
, (5.15)

hence, the input torque requests τ�E, τ�M to achieve a specific torque τF,P and a required
torque split factor µ� are uniquely defined:

τP �

�
τ�E
τ�M

�
�

�
µ�

iE
p1�µ�q
iM

�
τF,P. (5.16)

Using (3.85) delivers a relation to the torque transmitted at the clutch ∆κij:

τC,lk,ij � cTij,rlqi � dTij,rlτP � cTij,rlqi �
�
kE kM

� � µ�

iE
p1�µ�q
iM

�
τ�F,P

�
�
cTij,rlqi � kM

im
τ�F,P

�
�
�
kE
iE
� kM

iM

�
τ�F,P � µ

�. (5.17)

This reveals that τC,lk,ij is uniquely defined for a given request µ� and driving situation
(states qi and τF,P):

ΣPa
κi

^
� Σκj,rl

κi

∣∣∣
p5.17q

. (5.18)

Figure 5.9 illustrates the relations for plant model transition at t � T1.
The next considered plant model transition is the actual clutch transition at t � TC,
which is planned to occur in shift phase III. In a first step the clutch ∆κij in system
Σκj,lk
κi is assumed to be fully synchronized:

∆ωC,ij � ∆κTijB̄T
i,Cqi � 0 ñ qi � Jqi,qj

qj. (5.19)

In order to maintain the clutch synchronized also the derivative of the clutch slip has
to be zero:

∆ 9ωC,ij � ∆κTijB̄T
i,C 9qi � ∆κTijB̄T

i,CM̄�1
i

�
Āiqi � B̄i,PτP

�
� 0. (5.20)
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On the other side the assumption of a fully unloaded clutch ∆κij in system Σκi,rl
κj in a

second step reveals:

τC,lk,ij � �
�
∆κTijB̄T

C,iM̄�1
i B̄C,i∆κij

��1 ∆κTijB̄T
C,iM̄�1

i

�
ĀiJqi,qj

qi � B̄i,PτP
�
� 0,
(5.21)

with:

det
��

∆κTijB̄T
C,iM̄�1

i B̄C,i∆κij
��
� 0. (5.22)

The comparison between (5.19) and (5.20) with (5.21) reveals that input torques τP
applied to the system Σκj,lk

κi , which maintain the clutch synchronized, maintain the
clutch unloaded when they are applied to the system Σκi,rl

κj :

Σκj,lk
κi

∣∣∣
∆ωC,ij ,∆ 9ωC,ij�0

^
� Σκi,rl

κj

∣∣∣
τC,lk,ij�0

. (5.23)

Equivalently applies:

Σκj,rl
κi

∣∣∣
τC,lk,ij�0

^
� Σκi,lk

κj

∣∣∣
∆ωC,ij ,∆ 9ωC,ij�0

. (5.24)

This fact proofs that it is feasible to use one controller for the entire shift phase III
although the plant model dynamics switches within this phase.
Finally, (5.12) and (5.18) can be reused to investigate the remaining plant model
transition between shift phases III and IV at t � T2:

Σκj,lk
κi

^
� ΣPa

κj

∣∣∣
p5.11q

, (5.25)

Σκj,rl
κi

^
� ΣCV

κj

∣∣∣
p5.17q

. (5.26)

The investigations about the plant model transitions substantiates that it is possible
to apply a switching controller, which produces continuous control requests τ�E and
τ�M. Furthermore, these investigations enable an interesting opportunity to transform
control tasks according to (5.12) and (5.18) at t � T1 , respectively (5.25) and (5.26)
at t � T3: For given wF there is a unique engine speed,

ωE � ωE,syncpwFq, (5.27)

for which the clutch is synchronized. Hence, the original control task of clutch syn-
chronization can be transformed to an ICE speed control:

∆ωC,ij Ñ 0 ÞÑ ωE Ñ ωE,syncpwFq. (5.28)

Equivalently, for given qi and τF,P there is a unique torque split factor,

µ � µunloadpqi, τF,Pq, (5.29)
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for which the clutch is unloaded. Hence, the original control task of clutch unloading
can be transformed to a torque split factor control:

τC,lk,ij Ñ 0 ÞÑ µÑ µunloadpqi, τF,Pq. (5.30)

Due to the implicit character of a control approach following these transformations,
the terms implicit clutch synchronization respectively. implicit clutch unloading (cf.
[35]) are suitable. Equivalently, the control tasks of shift completion phase (IV) can be
transformed. The decision, if a transformation of control tasks is beneficial, is related
to the availability of physical and virtual sensors. For example, if a clutch slip sensor
is implemented at the corresponding clutch, it is reasonable to directly control the
clutch slip, in order to prevent inaccuracy according to a control task transformation.
In contrast, if a clutch slip sensor is absent, whereas a precise engine speed sensor is
available it might be beneficial to transform the control task to engine speed control.
Since (5.23) respectively (5.24) are static relations, a transformation of control tasks
is not applicable for ∆ωC,ij Ø τC,lk,ij.
Table 5.1 lists special sequences of plant models for a general shift between a hybrid
CVT and a hybrid parallel gear with respect to the proposed control task transforma-
tions. The sequences target on a minimum number of different plant models in order
to reduced control implementation effort. The set of in total three different plant
models (ΣCV

κi
,ΣPa

κj
,Σκj ,lk

κi ), will be used for the exemplary control implementation in
Section 5.4. These sequences of plant models and corresponding control tasks are the

Table 5.1: Sequences of plant models for the shifts CVpκiq Ø Papκjq with a minimal
number of models in total

gears phase plant models
initial final I II III IV V

CVpκiq Papκjq ΣCV
κi

Σκj ,lk
κi Σκj ,lk

κi ΣPa
κj

ΣPa
κj

Papκjq CVpκiq ΣPa
κj

ΣPa
κj

Σκj ,lk
κi ΣCV

κi
ΣCV
κi

basis for the design of a switching control system.

5.3 Model-based control concept

This section proposes a concept for the control of an embedded, smooth and lossless
gear shift with respect to the shift phases and plant models in Figure 5.8 and Ta-
ble 5.1. The proposed concept relies on a classical inversion-based feedforward control
design, which is extended to an IMC system. Low-pass filtering and polynomial tra-
jectory planning are applied to generate appropriate reference signals. Finally, the
implementation of the concept in discrete time is considered, which is mandatory for
the application in an automotive control unit.
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5.3.1 Inversion-based feedforward control

The basic idea of inversion-based feedforward control is to design a controller, which
inverts the system dynamics of the control plant in order to achieve perfect reference
tracking in the nominal case. As any feedforward control design this concept is only
applicable for stable plant dynamics. However, also in case of stable plant dynamics in
practical application an extension by a feedback loop is mandatory in order to ensure
robustness with respect to model uncertainties and disturbances. Such a feedback loop
extension will be discussed in Section 5.3.3. The concept of inversion-based feedforward
control shall now be considered in more detail for linear SISO plant models, before it is
generalized for the planned application to linear MIMO plant models, for the control
of gear shifts.
The input-output characteristic of a general SISO system,

Σ : 9x � Ax � bu, (5.31)
y � cTx � du, (5.32)

can be described in the frequency domain by its transfer function:

Gpsq �
ypsq

upsq
� cT psI�Aq�1 b� d �

bpsq

apsq
�

bps
p � � � � � b1s� b0

sn � an�1sn�1 � � � � � a1s� a0
.

(5.33)

In order to apply a control signal uptq (see Figure 5.10), which achieves a perfect
tracking of the system output yptq, with respect to a reference trajectory wptq,

yptq � wptq @t ¥ 0, (5.34)

the controller transfer function Cpsq has to be the inverse of the transfer function Gpsq:

ypsq � GpsqC̃psqwpsq
!
� wpsq ñ C̃psq �

upsq

wpsq
!
� Gpsq�1. (5.35)

Σ? u yw

controller plant model

Figure 5.10: Feedforward control structure with reference trajectory w, controller, sys-
tem input u, plant model Σ and system output y.

According to (5.33) the transfer function of the controller is:

G�1psq �
apsq

bpsq
�
sn � an�1s

n�1 � � � � � a1s� a0

bpsp � � � � � b1s� b0
. (5.36)

The difference of the degrees of the polynomials apsq and bpsq is called relative degree
δ of the system in (5.31):

δ � n� p. (5.37)
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This system parameter has already been discussed in detail in Section 4.4.3. For δ ¡ 0,
G�1psq is an improper transfer function, which can not be implemented as a dynamical
system. In literature, for example in [69], the term non-realizability is used to describe
this property. A splitting of the polynomial apsq into two polynomials of degree δ and
p,

apsq � āpsq � ãpsq, (5.38)

with,

āpsq � sδ � āδ�1s
δ�1 � � � � � ā1s� ā0, (5.39)

ãpsq � sp � ãp�1s
p�1 � � � � � ã1s� ã0, (5.40)

yields a two-stage controller (see Figure 5.11):

G�1psq � āpsqloomoon
C̄psq

�
ãpsq

bpsqloomoon
Cpsq

, (5.41)

where C̄psq is a improper and Cpsq a proper transfer function. A consideration of the

ΣCpsq? u yw
ū

controller plant model

Figure 5.11: Two-stage controller, with improper transfer function C̄psq and proper
transfer function Cpsq

improper controller C̄psq in time domain delivers:

ūpsq �C̄psqwpsqtd

ūptq �wpδq � āδ�1w
pδ�1q � � � � � ā1 9wptq � ā0wptq � c̄Twδptq, (5.42)

with:

c̄T :�
�
ā0 ā1 . . . āδ�1 1

�
, (5.43)

wδptq :�
�
wptq 9wptq . . . wpδqptq

�
. (5.44)

Consequently, the computation of the control signal ūptq turns into an algebraic equa-
tion, if the reference trajectory wptq and its δ derivatives are known in advance. There-
fore, all trackable reference trajectories, have to be δ-times differentiable functions.
Two possibilities for the generation of such trajectories and their derivatives will be
considered in Section 5.3.2.
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ΣCpsqc̄T
u yw ? w

wpδq

...
ū

controller
plant model

Figure 5.12: Inversion-based feedforward control structure for a SISO plant model, con-
sisting of the algebraic equation (5.42) and the proper transfer function
Cpsq in (5.41)

The resulting inversion-based feedforward controller, see Figure 5.12, hence is the com-
bination of an algebraic equation (5.42) and the linear filter Cpsq in (5.41). Although
Cpsq is for sure a proper transfer function, it might be unstable, if the plant transfer
function Gpsq includes unstable zeros,

bpsiq � 0, with Retsiu ¥ 0. (5.45)

The feedforward control and later IMC of such so-called non-minimum phase systems
is covered for example in [69]. As this behavior does not occur in the control of gear
shifts, it will not be considered within this thesis.
Before considering the generation of trajectories wptq, . . . , wpδqptq, the basic structure
of this inversion-based feedforward control design is generalized to MIMO systems:

Σ : 9x � Ax �Bu, (5.46)
y � Cx �Du. (5.47)

The input-output characteristic of this system in frequency domain is defined by a
transfer matrix:

Gpsq �
ypsq
upsq � C psI�Aq�1 B�D �

�
��G11psq . . . G1ppsq

... ...
Gm1psq . . . Gmppsq

�
�� , (5.48)

where each element of the transfer matrix is a transfer function:

Gijpsq �
bijpsq

aijpsq
, i � 1, . . . ,m, j � 1, . . . , p. (5.49)

The number of rows in Gpsq corresponds to the number of system outputs (m) and
the number of columns to the number of system inputs (p). An inverse transfer matrix
G�1psq,

Gpsq�1Gpsq � I, (5.50)

exists and is unique for an equal number (p � m) of linearly independent inputs and
outputs (see for example [70, p. 10]):

Gpsq�1 �

�
�� Ĝ11psq . . . Ĝ1mpsq

... ...
Ĝm1psq . . . Ĝmmpsq

�
�� , (5.51)
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with:

Ĝijpsq �
âijpsq

b̂ijpsq
�
snij � âij,nij�1s

nij�1 � � � � � âij,1s� âij,0

b̂ij,mij
smij � � � � � b̂ij,1s� b̂ij,0

, i, j � 1, . . . ,m.

(5.52)

Accept for the special case that Gpsq is a diagonal matrix, the transfer functions Ĝijpsq
can not be computed by the inversion of the transfer functions Gijpsq:

Ĝijpsq � G�1
ij psq, i, j � 1, . . . ,m. (5.53)

Like in the SISO case, a splitting of the polynomials âi,jpsq,

âijpsq � āijpsq � ãijpsq, i, j � 1, . . . ,m, (5.54)

can be applied, where āijpsq is a polynomial of degree δij, with

δij � nij � pij, (5.55)

which is the relative degree of the transfer function Ĝ�1
ij psq, and ãijpsq is a polynomial

of degree pij. This splits the transfer functions Ĝijpsq into a proper part,

Cijpsq �
ãijpsq

b̂ijpsq
, i, j � 1, . . . ,m, (5.56)

and an improper part:

C̄ijpsq � āijpsq, i, j � 1, . . . ,m, (5.57)

As every row of the matrix G�1psq concerns the same reference input, it is reasonable
to determine the maximum δ̄i of all relative degrees δij of the transfer functions Ĝ�1

ij psq,
in each row of the matrix G�1psq:

δ̄i :� max pδijq , j � 1, . . . ,m. (5.58)

The parameters δ̄i, consequently, define the number derivatives of the reference tra-
jectories w1ptq, . . . , wmptq, which are necessary to implement the improper part of the
controller C̄ijpsq in algebraic equations:

ūijptq � āTijwi,δi
, i, j � 1, . . . ,m. (5.59)

with:

c̄Tij :�
�
āij,0 . . . āij,δij�1 1 01�pδi�δijq

�
, i, j � 1, . . . ,m, (5.60)

wi,δi
ptq :�

�
wiptq 9wiptq . . . w

pδ̄iq
i ptq

�
, i � 1, . . . ,m. (5.61)

Note that the parameters δ̄i differ from the relative degrees δi of the output yi with
respect to u as defined in (4.45) in Section 4.4.3.
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Σ

C11psq

C22psq

C21psq

C12psq

c̄T11

c̄T22

c̄T21

c̄T12

ū11

ū22

ū21

ū12

u y

w1,δ1

w2,δ2

plant model
u1

u2

Figure 5.13: Implementation of an inversion-based feedforward control structure for a
MIMO plant model with two control inputs and two control outputs, con-
sisting of the algebraic equations (5.59) and the proper transfer functions
Cijpsq in (5.56) with respect to two reference trajectory vectors w1,δ1 and
w2,δ2

Figure 5.13 shows the final structure of the inversion-based MIMO feedforward con-
troller with m � 2.
To conclude the inversion-based feedforward control of MIMO LTI systems some re-
marks are necessary: As already discussed in SISO case unstable zeros of a transfer
function (non-minimum phase behavior) have to be considered in the feedforward con-
trol design in order to avoid an unstable controller. The zeros of MIMO systems
(see for example [71, pp. 37] and [72, pp. 47]) do not correspond to the zeros of the
transfer functions Gijpsq in general. They can be determined for example by trans-
formation of the transfer matrix into Smith-McMillan form. A comprehensive survey
on the poles and zeros of MIMO LTI systems can be found in [73]. The stability of
an inversion-based feedforward controller, which might be influenced by these zeros,
can be evaluated considering the poles of the transfer functions Ĝijpsq. In addition
to the requirement of a stable controller, it is necessary for MIMO systems to check
whether the control outputs can be controlled independently. This so-called decoupling
problem has already been discussed in Section 4.4.3.

5.3.2 Generation of reference trajectories

The inversion-based feedforward control design presented in the last section requires
the knowledge of a reference trajectory wptq and its r derivatives 9wptq, . . . , wprqptq (see
Figure 5.12):

wptq �

�
����
wptq
9wptq
...

wprqptq

�
���� . (5.62)
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In this section two possibilities to generate such trajectory vectors w are discussed.
The fist one, a low-pass filter approach, is applicable, if the generated trajectory has
to replicate the course of a given reference signal. The second one, a polynomial
planning approach, is applicable, if the trajectory shall provide a smooth transition in
finite time with respect to a set-point reference signal. While the first approach will
be applied for the tracking control of the wheel torque and the hybrid DoF, the second
approach will be applied in the shift preparation and completion phase for smooth
clutch synchronization and unloading.

Trajectory generation by a low-pass filtering

A general, given reference signal wptq can not be considered to be continuously differ-
entiable. Therefore, it has to be modified, in order to provide a trajectory vector w.
A simple approach is to apply a linear filter (see Figure 5.14).

ΣF
wF

w
w

prq
F

filter
...

Figure 5.14: Linear filter with transfer matrix Fpsq in (5.67) to generate a trajectory
wFptq and (r) derivatives

A possible transfer function for such a filter is,

F psq �
wFpsq

wpsq
�

1
psTF � 1qr , (5.63)

which is a general low-pass filter of order r, with filter time constant τF. According to
τF, high frequency components of wptq are damped. For sufficiently slow changes in
wptq holds:

wFptq � wptq. (5.64)

A transformation of the corresponding derivatives into frequency domain,

w
piq
F ptq d tsiwFpsq � siF psqwFpsq, i � 1, . . . , r. (5.65)

shows that a trajectory vector wF, can be obtained by

wF �
�
wF 9wF . . . w

prq
F

�T
� Fpsqwpsq, (5.66)

with:

Fpsq �

�
����
F psq
sF psq

...
srF psq

�
���� . (5.67)
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1
s

1
s

1
s

1
kr

kr�2kr�1 k0

wF

Low-pass filter

w

w
pr�2q
F

w
pr�1q
F

w
prq
F

-

...

Figure 5.15: Exemplary implementation of a low-pass filter to compute a smooth ref-
erence trajectory and its derivatives

Figure 5.15 shows an exemplary implementation of the filter as proposed in [69, p. 61].

The constants k0, . . . , kr refer to the expansion of (5.63):

F psq �
1

psTF � 1qr �
1

krsr � kr�1sr�1 � k1s� k0
. (5.68)

As presented in [57] the coefficients k0, . . . , kr can be computed with:

ki �

�
r
i



T iF, i � 0, . . . , r. (5.69)

Trajectory generation by planning of polynomials

A different approach to generate a reference trajectory vector w is motivated by the
common task to control a system with respect to a piece-wise constant reference signal
– a so-called set-point reference signal. In such applications a trajectory for a smooth
transition to the new set-point value within a given finite transition time has to be
planned. Hence, from mathematical point of view the task is to plan a r-times differ-
entiable trajectory wPptq within the interval t P rTi, Tfs according to given boundary
conditions (see Figure 5.16). These boundary conditions separate into initial boundary
conditions (at t � Ti):

wPpTiq
!
� wi, (5.70)

with:

wPpTiq :�
�
wPpTiq 9wPpTiq . . . w

prq
P pTiq

�T
, (5.71)

wi :�
�
wi 9wi . . . w

prq
i

�T
, (5.72)

and final boundary conditions (at t � Tf):

wPpTfq
!
� wf , (5.73)
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with:

wPpTfq :�
�
wPpTfq 9wPpTfq . . . w

prq
P pTfq

�T
, (5.74)

wf :�
�
wf 9wf . . . w

prq
f

�T
. (5.75)

Consequently, the total number of boundary conditions is p2r � 2q. According to this
number of boundary conditions the lowest order of a polynomial function, which meets
all boundary conditions, is p2r � 1q:

wPptq �
2r�1̧

i�0
ait

i, @t P rTi, Tfs. (5.76)

With respect to the boundary conditions in (5.70) and (5.73) the coefficients

wPptq

t
Ti Tf

wi

wf

Figure 5.16: Polynomial trajectory wPptq with boundary conditions

a0, . . . , a2r�1 are uniquely defined for Ti � Tf by the following linear equation sys-
tem: �

��������

bi,p0,0q . . . bi,p0,2r�1q
... ...

bi,pr,0q . . . bi,pr,2r�2q
bf,p0,0q . . . bf,p1,2r�1q

... ...
bf,pr,1q . . . bf,pr,2r�2q

�
��������

loooooooooooooomoooooooooooooon
AP

�
��������

a0
...
ar
ar�1
...

a2r�1

�
��������

looomooon
a

�

�
���������

wi
...

w
prq
i
wf
...

w
prq
f

�
���������

loomoon
bP

, (5.77)

with:

bi{f,pj,iq �

#
i!

pi�jq!T
i�j
i{f for i ¥ j,

0 for i   j,
i � 0, . . . , p2r � 1q, j � 0, . . . , r. (5.78)

The definition of coefficients aji enables a closed formula for wPptq and its derivatives:

w
pjq
P ptq �

2r�1̧

i�0
aji t

pi�jq, j ¥ 0, @t P rTi, Tfs, (5.79)
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with:

aji �

#
ai

i!
pi�jq! for i ¥ j,

0 for i   j
, i � 0, . . . , p2r � 1q, j ¥ 0. (5.80)

Therefore, all derivatives above 2r � 1 are zero:

w
pjq
P ptq � 0, j ¡ 2r � 1. (5.81)

Figure 5.17 illustrates a block scheme for the polynomial trajectory planning as doc-
umented in this section, with the vectors:

aj : �
�
aj0 . . . aj2r�1

�T
, j � 0, . . . , r, (5.82)

and

wPptq �

�
��
wPptq

...
w
prq
P ptq

�
�� �

�
��

°2r�1
i�0 a0

i t
i

...°2r�1
i�0 ari t

pi�rq

�
�� . (5.83)

(5.75) (5.78) (5.74)A�1
P bP

Polynomial trajectory planning

Ti, Tf
wi

wf

AP

bP

a ar

a

...

coefficient computation
evaluation of
polynomials

wPptq

t

Figure 5.17: Implementation of polynomial trajectory planning

A simplifying special case occurs for homogeneous boundary conditions in the deriva-
tives (see Figure 5.18):

9wi, . . . , w
prq
i , 9wf , . . . , w

prq
f � 0. (5.84)

In this case, the polynomial coefficients can be computed considering a normalized
polynomial, with:

Ti � wi � 0, Tf � wf � 1. (5.85)

Subsequently, arbitrary boundary conditions,

wPpTiq
!
� wi, (5.86)

wPpTfq
!
� wf ,
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wPptq

t
Ti Tf

wi

wf

Figure 5.18: Polynomial trajectory wPptq with homogeneous boundary conditions in the
derivatives

can be met by scaling of the normalized polynomial:

wPptq � wi � pwf � wiq
2r�1̧

i�0
ai

�
t� Ti

Tf � Ti


i

. (5.87)

While the coefficients a0, . . . , ar are zero, the coefficients ar�1, . . . , a2r�1 are the unique
solution of the linear equation system:�

����
bp0,0q

... bp0,rq

bp1,0q
... bp1,rq

. . . . . .
bpr,0q . . . bpr,rq

�
����
�
����
ar�1
ar�2
...

a2r�1

�
���� �

�
����

1
0
...
0

�
���� , (5.88)

with,

bpj,iq �
pr � i� 1q!

pr � i� j � 1q! , i, j � 0, . . . , r. (5.89)

Equation (5.88) shows that the coefficients ar�1, . . . a2r�1, depend exclusively on the
parameter r. Hence, the investigation of an analytic expression to compute these
coefficients with respect to a given parameter r is self-evident. Without proof, such
an analytic expression for the unique solution is:

ai �
p�1qi�r�1 � p2r � 1q!

p2r � 1� iq! � pi� r � 1q! � r! � i , i � r � 1, . . . 2r � 1. (5.90)

From (5.87) follows the computation of derivatives of wPptq:

w
pjq
P ptq �

pwf � wiq

pTf � Tiqj

2r�1̧

i�0
aji

�
t� Ti

Tf � Ti


pi�jq
, j ¥ 1, (5.91)

with coefficients aji from (5.80).
Of course, also the low-pass filter approach presented in the last section may be applied
to set-point reference signals. The drawback of this application shall be discussed
considering an example. Figure 5.19 shows two different trajectories and their first
derivative generated with respect to a step in the reference signal wptq. The first
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trajectory is obtained by application of a second order low-pass filter as discussed in
Section 5.3.2 with a filter time constant τF � 0.2 s:

F psq �
1

p0.2s� 1q2 . (5.92)

The second trajectory is obtained be applying the polynomial planning approach pre-
sented in this chapter with r � 2 and:

Ti � 0, Tf � 1, wi � 9wi � 9wf � 0, wf � 1. (5.93)

The resulting polynomial is:

wPptq �

$'&
'%

0, t   0,
�2t3 � 3t2, t P r0, 1s,
1, t ¡ 1.

(5.94)

0 0.2 0.4 0.6 0.8 1 1.20

0.5

1

1.5

2

t in s

wptq
wFptq
9wFptq

wPptq
9wPptq

Figure 5.19: Comparison between low-pass filter (wF) and polynomial planning (wP)
approach for the generation of trajectories

Figure 5.19 shows that while wP reaches the final value of the reference signal in the
planned time (t � 1 s), wF has not yet reached these value, although the maximum
value of its derivative 9ωFptq is higher than the maximum value of 9wPptq. A reduction
of the residual to the reference value at t � 1 s by decreasing the filter time constant
would further increase the maximum of 9ωF. As in the application of an inversion-
based feedforward controller also the derivatives of the trajectory contribute to the
resulting control input (see Section 5.3.1), the advantage of the polynomial planning
approach, according to the control target (change of set-point) and with respect to a
low actuation effort, is obvious.
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5.3.3 Internal model control

An inversion-based feedforward control, as presented in the last section yields perfect
reference tracking in the nominal case (perfect matching Σ � Σ̃ of physical process Σ
and model Σ̃) and in absence of disturbances. In practical applications, however, this
case is out of reach: A control system is always faced with model uncertainties (Σ � Σ̃)
and disturbances on both the system input (actuation disturbance) and output (mea-
surement disturbance). Therefore, it is necessary to extend the feedforward control
by a feedback loop. The extension of the inversion-based feedforward control by a
simple feedback loop has been introduced as IMC in 1982 in [74] for linear systems.
In [75] this approach was extended to nonlinear systems. The book [76] summarizes
the fundamentals of IMC and in [69] IMC is applied to automotive systems. This
section provides a concise overview of the principle in IMC for SISO systems and its
combination with a polynomial trajectory planning approach. The generalization for
MIMO system is straight forward.
The central idea of IMC is to use the difference between the measured outputs y and
the expected outputs ỹ, with respect to the plant model Σ̃, for an adaption of the
reference trajectory. Figure 5.20 shows the simple IMC structure as presented in [69,
p. 57]. If the controller is a perfect inversion of the plant model Σ̃�1 holds:

Σ̃�1 Σ

Σ̃

Σf

wF

w
prq
F

filter
...

controller

IMC

process

model
-

-w
u

du dy

y

ỹ

Figure 5.20: Classical IMC structure using a filtered reference signal

wFptq � ỹptq. (5.95)

Therefore, it is actually not necessary to compute ỹ. This consideration results in a
simplified IMC structure (see Figure 5.21) without model implementation, which has
been proposed in [69, p. 63].
The IMC structure in [69] relies on the filter approach for the trajectory generation.
The next section proposes the application of the polynomial trajectory planning ap-
proach according to Section in an IMC structure.

Polynomial trajectory planning in an IMC structure

In IMC structure the reference value w is constantly adapted according to the difference
of the expected output in nominal case and the measured output (see Figure 5.21).
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Σf Σ̃�1 Σ
wF

w
prq
F

filter controller

IMC

process
...

-

-w
u

du dy

y

Figure 5.21: Simplified IMC structure using a filtered reference signal

This concept can be transferred to the polynomial planning approach considering an
adapted final value of the trajectory wf . This adaption implies a consecutive replanning
of the polynomial, with respect to adapted boundary conditions. A recursive algorithm
for this consecutive replanning is now specified considering discrete computational
steps:

tÑ tk P rTi, Tfs, with: tk�1 � tk �∆tk. (5.96)

The trajectory planning starts at t � t0 � Ti. A new notation is introduced to consider
updated boundary conditions:

wi Ñ wi,k, with wi,0 � wi, (5.97)
wf Ñ wf,k, with wf,0 � wf . (5.98)

Based on the boundary conditions wi,0 and wf,0 the coefficients aj0 can be computed
according to (5.77), (5.80) and (5.82):

aj0 �

�
�� aj0,0

...
aj2r�1,0

�
�� � fpwi,wf , Ti, Tfq, j � 0, . . . , r. (5.99)

This yields a trajectory wP,0ptq and its derivatives:

wP,0ptq �

�
��
wP,0ptq

...
w
prq
P,0ptq

�
�� �

�
��

°2r�1
i�0 a0

i,0t
i

...°2r�1
i�0 ari,0t

i�r

�
�� . (5.100)

These polynomials are used to compute updated initial condition for the next time
step t1 � t0 �∆t0, in order to ensure a continuous trajectory:

wi,1 :� wP,0pt1q. (5.101)

with:

Ti,1 � t1. (5.102)
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The final boundary conditions are considered to be persistent except for the final
value of the trajectory wF, which is adapted according to the difference between the
predicted model output and actual output signal, equivalently to the filter approach:

wf,1 :�

�
����
wf,0 � pypt1q � wP,0pt1qq

9wf,0
...

w
prq
f,0

�
���� . (5.103)

Based on these updated boundary conditions the polynomial coefficients aj1 can be
computed, which leads us back to (5.99) in the next time step. The iterative application
of these computations yields a recursive algorithm, which can be summarized by the
following equations:

Ti,k �

#
Ti, k � 0
tk, k ¡ 0

, (5.104)

wi,k :�
#

wi,0 k � 0
wP,k�1ptkq k ¡ 0

, (5.105)

wf,k :�
#
wf,0 k � 0
wf,0 � pyptkq � wP,k�1ptkqq k ¡ 0

, (5.106)

ajk �

�
��

aj0,k
...

aj2r�1,k

�
�� � fpTi,k,wi,k, Tf ,wf,kq, j � 0, . . . , r, (5.107)

wP,kptq �

�
��
wP,kptq

...
w
prq
P,kptq

�
�� �

�
��

°2r�1
i�0 a0

i,kt
i

...°2r�1
i�0 ari,kt

i�r

�
�� . (5.108)

The resulting trajectory vector is a continuous series of polynomials (see Figure 5.22):

wPptq � wP,kptq, tk P ptk, tk�1s, k ¥ 0, (5.109)

with:

wPpt0q � wi. (5.110)

Figure 5.23 illustrates the recursive trajectory planning algorithm as part of IMC
system. The algorithm is based on discrete computational steps tk. If entire IMC
is implemented in discrete time (cf. Section 5.3.4), several possibilities appear with
respect to the choice of the replanning intervals ∆tk. Three approaches shall be shortly
discussed:
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wPptq
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t0 t1 t2 t3

wP,0ptq wP,1ptq wP,2ptq

Figure 5.22: Final trajectory wPptq consisting of a continuous series of polynomial
trajectories wp,0ptq, wp,1ptq, wp,2ptq)
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Figure 5.23: Recursive polynomial trajectory planning algorithm in an IMC structure

• First, the replanning intervals ∆tk are equivalent to the fundamental sampling
time Td:

∆tk � Td. (5.111)

Hence, the trajectory is replanned in every time step.
• Another possibility is to let ∆tk be a multiple of the fundamental sampling time
Td:

∆tk � cTd, c P N. (5.112)

This approach reduces the computational effort, taking a decreased tracking
performance.

• The computational effort might be further reduced applying an event-based re-
planning approach:

tk � t for |yptq � wPptq| ¡ emax. (5.113)
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The replanning is triggered, if the error between expected and real plant behavior
exceeds a predefined limit emax.

Independent of the choice of ∆tk, it is advisable to reduce the computational effort
of the replanning, which is mainly due to the matrix inversion for the computation of
the polynomial coefficients in (5.77):

a � A�1
P bP. (5.114)

It is obvious that the computational effort increases with increasing order of the polyno-
mials. The computational effort can be reduced by restructuring of the linear equation
system according to persistent boundary conditions.
The final planning time Tf so far has been considered to be constant:

Tf,k :� Tf . (5.115)

This implies an approaching planning horizon and, hence, the planning duration TP
of the trajectory decreases to zero:

TPptq � Tf � Ti,k Ñ 0, for: tÑ Tf . (5.116)

In the non-nominal case pyptq � wPptqq � 0 this yields diverging coefficients ak. Hence,
the replanning algorithm is only valid for t   Tf . Two approaches shall now be dis-
cussed, which avoid this limitation. The first one is to move the planning horizon in
order to keep the planning duration TP constant. Therefore, Tf has to be increased as
Ti increases:

Tf,k :� tk � pTf � Tiq, k ¥ 0, (5.117)

with:

TP � Tf,k � Ti,k � Tf � Ti � const. @k ¡ 0. (5.118)

Figure 5.24 illustrates the comparison between a receding and approaching horizon

Ti,2Ti,0 Ti,1

Tf,0 Tf,1 Tf,2t0 t1 t2
t

Ti,0 Ti,1 Ti,2

Tf

receding horizon approaching horizon

t
t0 t1 t2

Figure 5.24: Illustration of receding and approaching planning horizon

for the polynomial trajectory planning. The obvious drawback of the receding horizon
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approach is that it loses the advantage of a finite transition time in non-nominal case
in comparison to the simple low-pass filter approach.
An alternative approach is to come back to the original approaching planning horizon,
with an bounded minimum planning duration TP,min:

Tf,k :�
#
Tf , Tf � tk ¥ TP,min

TP,min, Tf � tk   TP,min
. (5.119)

This definition combines the approaching and receding planning horizon. For
t   Tf � TP,min the planning duration is decreased. As the limit t � Tf � TP,min is
reached a receding planning horizon is applied in order to ensure bounded coefficients
ajk and an application of the approach for t ¡ Tf .
Both trajectory planning IMC approaches (receding horizon and limited approaching
horizon) shall now be compared to the low-pass filter IMC approach and to the pure
feedforward control with trajectory planning considering an educational example:

Example

Let the transfer function of the modeled plant Σ̃ be:

G̃psq �
1

ps� 1q2 . (5.120)

The model-based feedforward controller is designed as presented Section 5.3.1:

G̃psq�1 � ps� 1q2 � s2 � 2s� 1 � āpsq ñ c̄T �
�
1 2 1

�
, Cpsq � 1.

(5.121)

According to the relative degree δ � 2 and a filter time constant τF � 0.12 s the
transfer matrix of the low-pass filter is:

Fpsq �

�
� 1
s
s2

�
� �

1
p0.12s� 1q2 . (5.122)

With respect to a unit step reference signal the following boundary conditions for the
polynomial trajectory planning are given:

Ti � 0, wi � 9wi � :wi � 0, (5.123)
Tf � 1, wf � 1, 9wf � :wf � 0. (5.124)

Consequently, the trajectory will be a polynomial of order 2δ � 1 � 5. For the limited
approaching horizon planning a minimum planning duration of TP,min � 0.1 s is chosen.
A first set of simulations are made in the nominal case:

Σ � Σ̃. (5.125)
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Figure 5.25: Comparison of feedforward control and different IMC approaches in nom-
inal case

Figure 5.25 shows the system outputs according to a reference step wptq and the
corresponding control signals uptq for all four control systems.
The feedback loop is inactive in nominal case, since:

wF{Pptq � yptq � 0, @t ¥ 0. (5.126)

Therefore, the feedforward control achieves perfect results: a smooth finite time transi-
tion to the new set-point. The comparison to the IMC with low-pass filter has already
been discussed in Section 5.3.2. The receding horizon trajectory planning IMC does not
achieve acceptable performance even in the nominal case, since the original transition
time is constantly postponed. The limited approaching horizon approach, however,
achieves equivalent performance than the pure feedforward control.
A more interesting evaluation of the control systems can be done considering the non-
nominal case. To do so the actual plant dynamics shall be:

Σ : Gpsq �
0.8

ps� 0.8qps� 1.2q , (5.127)

whereas the controller is still designed based on the plant model transfer function in
(5.120). Figure 5.26 shows the system outputs yptq according to a reference step wptq
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Figure 5.26: Comparison of feedforward control and different IMC approaches in non-
nominal case

and the corresponding input signals uptq for all four control systems, similar to the
nominal case.

Due to the missing feedback loop the pure feedforward control system can not react on
the difference between planned and actual model output. Consequently, a remaining
steady state control error occurs. The low-pass filter IMC achieves an acceptable
result: the final set point is reached with short latency, the performance with respect
to the nominal case, however, decreased. The performance can be increased with a
smaller filter time constant with respect to the step height. As already mentioned in
Section this yields higher maximum values of the control input uptq.

As the receding horizon trajectory planning IMC produced superior results already
in the nominal case, the results for the non-nominal case are even worse, as one
might expect. The results of the limited approaching horizon trajectory planning IMC,
however, shows promising performance: even for the non-nominal case: a smooth,
finite time transition to the new set-point is achieved. For t P r0.9, 1s the impact
of the limited planning duration can be noticed in the input signal uptq. Due to this
promising simulation results the limited approaching horizon IMC will be implemented
in the shift preparation and shift completion phase for gear shift control.
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5.3.4 Discretization of control concept

As finally the DT control system has to run on an automotive control unit, it is
advisable to consider an application of the control concept in discrete time with a
fixed sample time Td:

t � k � Td, k P N0. (5.128)

Therefore, the derivation of the last sections is revised with respect to a discrete time
state-space model,

Σd : xk�1 � Adxk �Bduk, (5.129)
yk � Cxk �Duk, (5.130)

which shall be a discretized version of Σ in (5.46) with (see for example [72, p. 439]):

Ad � eATd , (5.131)

Bd �

» Td

0
eAτdτ B.

Similar to continuous time systems, the input-output-behavior can be described with
a discrete time transfer matrix in frequency domain:

Gdpzq � C pzI�Adq
�1 Bd �D (5.132)

Also in discrete-time systems the relative degree of transfer function is related to the
realizability, equivalently to continuous time. The relative degree of a discrete SISO
transfer function,

Gdpzq �
bdpzq

adpzq
�

bd,pz
p � � � � � bd,1z � bd,0

zn � ad,n�1zn�1 � � � � � ad,1z � ad,0
, (5.133)

is:

δd � n� p. (5.134)

The relation between the relative degree δ of the transfer function Gpsq of a continuous
time system and the relative degree δd of the transfer function Gdpzq of the discretized
system is (see for example [77, p. 182]):

δd �

#
0, for δ � 0,
1, for δ � 0.

(5.135)

The relative degree of a discrete transfer function determines the time delay of the
system reaction in the discrete output sequence yk on a discrete input sequence uk.
Therefore, the conservation of a direct feed-through of the continuous time system
with respect to time discretization is quite intuitive. Furthermore, this reveals that
δd ¡ 1 would be related to a dead-time in the continuous time system, which is not
covered be the system representation in (5.46).
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The fact that the relative degree of a continuous time system may differ from the
relative degree of the discretized system, leads to the appearance of additional zeros
in Gdpzq, which do not correspond to zeros of Gpsq. These additional zeros are called
sampling zeros. If these zeros are unstable, a classical inversion-based feedforward
control design can not be applied, as this would produce an unstable controller. The
consideration of these unstable, non-physical (no equivalent in continuous time) zeros
is covered in [77], relying on the findings of [78]. This consideration is based on the
so-called delta-domain, with

∆x � xk�1 � xk
Td

, (5.136)

which enables an equivalence between a continuous time and the corresponding
discrete-time system for Td Ñ 0.
The feedforward control design is equivalent to the continuous time consideration in
Section 5.3.1:

1. Computation of inverse transfer matrix:

Gdpzq
�1 �

�
�� Ĝd,11pzq . . . Ĝd,1mpzq

... ...
Ĝd,m1pzq . . . Ĝd,mmpzq

�
�� , (5.137)

with:

Ĝd,ijpzq �
âd,ijpzq

b̂d,ijpzq
(5.138)

�
znij � âd,ij,nij�1z

nij�1 � � � � � âd,ij,1z � âd,ij,0

b̂d,ij,pij
zpij � � � � � b̂d,ij,1z � b̂d,ij,0

, i, j � 1, . . . ,m.

2. Determination of the relative degrees δd,ij:

δd,ij � nij � pd,ij. (5.139)

3. Splitting of polynomials âd,ijpzq into a polynomial ād,ijpzq of degree δd,ij and
ãd,ijpzq of degree pd,ij:

âd,ijpzq � ād,ijpzq � ãd,ijpzq, i, j � 1, . . . ,m. (5.140)

4. Computation of a controller (transfer functions Cd,ijpzq and vectors c̄Td,ij):

Cd,ijpzq �
ãd,ijpzq

b̂d,ijpzq
, i, j � 1, . . . ,m, (5.141)

c̄Td,ij :�
�
ād,ij,0 . . . ād,ij,δd,ij�1 1 01�pδi�δd,ijq

�
, i, j � 1, . . . ,m, (5.142)

with:

δ̄d,i :� max pδd,ijq , j � 1, . . . ,m. (5.143)
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The transformation back to time domain of the following expression,

ūpzq �ādpzqwpzq �
�
zδd � ād,δd�1z

δd�1 � � � � � ād,1z � ād,0
�
ūpzq (5.144)t

. . . . . . . . . . .d

ūk �wk�δd � ād,δd�1wk�δd�1 � � � � � ād,1wk�1 � ād,0wk,

reveals that the knowledge of derivatives to the trajectory wptq in continuous time
is replaced by the knowledge of future samples of the sequence wk in discrete time.
Consequently, the vectors wi,δd,i,k are:

wi,δd,i,k :�
�
wi,k wi,k�1 . . . wi,k�δd,i

�
, i � 1, . . . ,m. (5.145)

Figure 5.27 shows a simple delay chain, which can be used to provide future samples
of the discrete time reference sequence wk. The generation of a trajectory vector wD

1
z

1
z

wD,kwk

wD,k�1
wD,k�r

...

Figure 5.27: Delay chain for to provide future samples of the discrete time sequence
wk

for inversion-based feedforward control hence is straight forward. In nominal case the
actual value of wk is reached with at latest one sample delay according to the relative
degree δD ¤ 1 of a discrete transfer function without dead-time.
The objective of the time discretization, however, is not to implement the theoretical
limits of discrete time control but to approximate the continuous time concept, which
has been proposed in this chapter. Therefore, the requirements to the control system
are still:

• smooth reference tracking
• and smooth transition for set-point change.

One possibility to compute a discretized version of the low-pass filter in (5.63) is to
determine a minimal state-space realization of the filter, for example in controllable
canonical from (see [72, p. 153]), and to subsequently apply the time-discretization in
(5.131). The application of polynomial trajectory planning in a discrete time control
system has already been discussed in Section 5.3.3. In both cases the derivatives of the
modified reference trajectories are not used in discrete time. They are replaced by the
future samples of the reference sequence obtained by a delay chain (see Figure 5.27).

5.3.5 Torque request limitations

As in most control applications, also in DT control plant input saturations have to
be considered in order ensure sufficient performance of the control system. In case
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Table 5.2: Impact of the transition time on the input limitations
phase limits

CVÑPa PaÑCV
τmax{τmin 9τmax{ 9τmin τmax{τmin 9τmax{ 9τmin

II � 1
Tf�Ti

� 1
pTf�Tiq2

� pTf � Tiq � 1
Tf�Ti

IV � pTf � Tiq � 1
Tf�Ti

� 1
Tf�Ti

� 1
pTf�Tiq2

of plant input saturations the input signals computed by the controller deviate from
the actually acting input signals, due to physical limitations of the actuator. Whereas
reactive input saturation strategies, like classical anti-windup, try to limit the effects
of such deviations, preventive methods, like MPC, try to completely avoid these devia-
tions. In IMC this problem may be tackled in a preventive way at trajectory generation
level. To do so, in [69, p. 86] a low-pass filter structure is proposed, in which the high-
est derivative wprqF is saturated in order to prevent plant input saturation. Also the
polynomial planning approach, as presented in Section 5.3.2, is predestined for a pre-
ventive consideration of input saturations. Once the polynomial coefficients have been
computed they enable the computation of the reference trajectory and its derivatives
for the entire planning interval in nominal case. Consequently, also the corresponding
plant inputs are known in advance in the nominal case and can be checked according
their compliance with the plant input limits, which is a reasonable estimation for the
non-nominal case. Since the transition time for the change of a set point (cf. Sec-
tion ) is a control design parameter, its choice might be an opportunity to enforce this
compliance. This opportunity shall be shortly discussed considering the transformed
control tasks in the shift preparation phase (see Section 5.2.2 and 5.2.3.
The transformed control task,

ωE Ñ ωE,syncpwFq, (5.146)
can be considered simplified as a required acceleration or deceleration of the ICE.
Therefore, in a constant driving situation, the necessary input torques are primary
related to the derivative of the trajectory on speed level. According to (5.91), hence,
specific maximum and minimum values τmax{τmin may be met for adapting the transi-
tion time Tf � Ti. In contrast, the transformed control task,

µÑ µunloadpqi, τF,Pq, (5.147)
is on torque level. Therefore, according to (5.16) the maximum respectively minimum
value of the input torques are related to the boundary conditions of the trajectory and,
hence, they can not be adapted by modifying the transition time Tf�Ti. This simplified
consideration can be applied to limits in the gradients of the input torques 9τmax{ 9τmin.
The results are summarized with respect to the shift phases in in Table 5.2. At the
end of this short excursus it is necessary to mention that the preventive consideration
of input saturations in a constant driving situation is related to the evaluation of the
shiftability considering the TFD in Section 4.4.2. Hence, in the control of single-EM
dedicated hybrid DTs the consideration of input saturations is partially covered by the
EMS, which excludes certain shifts in certain driving situations.
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5.4 Implementation of control concept

The control concept presented in the last section shall now be implemented for an
exemplary single-EM dedicated hybrid DT. The considered DT has been used for
demonstrating the contributions on DT modeling in Chapter 3 and model-based DT
analysis in Chapter 4. The mechanical topology has been introduced in Figure 3.16
and in Section 3.6.4 a corresponding state-space model,

q � M̄�1Āq � M̄�1B̄u, (5.148)

with,

q �
�
ωE ωR3 ωM ωF ∆ϕ v

�T
, (5.149)

u �
�
τE τM Fv τC0 τC1 τC2 τB1 τB2

�T
. (5.150)

has been computed. The parameters in Table 5.3 and Table 4.5 enable the numeric
evaluation of the symbolic matrices in (3.96)-(3.99):

M̄ �

�
�������

64.0 � 10�3 0 0 0 0 0
0 10.0 � 10�3 0 0 0 0
0 0 32.5 � 10�3 0 0 0
0 0 0 333.3 � 10�3 0 0
0 0 0 0 4000 0
0 0 0 0 0 1350

�
�������

(5.151)

Ā �

�
�������

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 �0.94 �866.57 13.67
0 0 0 0.22 0 �3.15
0 0 0 13.67 12618.30 �199.03

�
�������

(5.152)

B̄ �

�
�������

1 0 0 �1 0 0 0 0
0 1 0 1 �1 �0.676 0 0
0 0 0 0 0.260 �0.316 �0.745 0
0 0 0 0 0.480 1.633 0.491 1
0 0 0 0 0 0 0 0
0 0 �1 0 0 0 0 0

�
�������
. (5.153)

The matrices M̄, Ā, B̄ represent the model information of the DT, which is used to im-
plement a model-based control structure. Due to the fact that the velocity dependent
damping of the shafts is hard to determine in practice the corresponding parameters
have been set to zero for the inversion-based feedforward control implementation:

dE � dR3 � dM � dC � dF � dV � dJ � 0. (5.154)
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Table 5.3: Physical parameters of the exemplary single-EM dedicated hybrid DT

symbol value unit
JE 64.0 � 10�3 kg �m2

JR3 10.0 � 10�3 kg �m2

JM 32.5 � 10�3 kg �m2

JC 0 kg �m2

JF 333.3 � 10�3 kg �m2

m 1350 kg
d 20 N m � s
k 4000 N m
rW 0.317 m

Consequently, the feedback loop will have to manage the model deviation with respect
to non-zero damping parameters.

According to Table 4.4 and Figure 4.15 there are 8 gear shifts in the scope of the
problem statement of this chapter (elementary shifts between hybrid CVT and hybrid
parallel mode) for the exemplary DT topology. These shifts are listed in Table 5.4.
According to Section 4.4.3 all of these shifts feature potential for smooth and lossless

Table 5.4: Elementary gear shifts between hybrid CVT and hybrid parallel gears in an
exemplary single-EM dedicated hybrid DT

1 2 3 4 5 6 7 8
initial CV1 Pa1 CV1 Pa2 CV2 Pa2 CV2 Pa3
final Pa1 CV1 Pa2 CV1 Pa2 CV2 Pa3 CV2

gear shifting. The computation of feedforward controllers to the single plant models,
see Figure 5.8 and Table 5.1, will be now computed following the design procedure
presented in this chapter, which summarizes as:

132



5.4 Implementation of control concept

Summary of control design procedure

1. Computation of mode specific plant models according to Section 3.5.1:

Σ,κi,κj Ñ ΣCV
κi
,Σκj,lk

κi
,ΣPa

κj
. (5.155)

2. Discretization of the plant models with respect to a sample time Td �
0.01 s, according to (5.131):

Σ Ñ Σd. (5.156)

3. Inversion of transfer matrices in frequency domain:

Σd Ñ Gdpzq Ñ G�1
d pzq. (5.157)

4. Computation of inversion-based feedforward controllers (Cd,ijpzq, c̄Td,ij),
according to Section 5.3.1

The transfer functions Cd,ijpzq are implemented in a single MIMO state-space realiza-
tion:

Cd,ijpzq ÞÑ Σd,Cpzq, i, j � 1, 2. (5.158)

Instead of the wheel toque τW, the traction force Ft of the driving wheels,

Ft �
τW

rW
, (5.159)

assuming a constant wheel radius rW will be controlled in order to meet the interface
specifications for the later application of the DT control system within a given PT
control system.

5.4.1 Exemplary controller parametrization

This section lists the parametrization of the model-based controllers, which have been
proposed in this chapter, for exemplary, embedded, smooth and lossless gear shifts in
the exemplary single-EM hybrid DT.

Hybrid CVT controller

�
ΣCV
κi

��1 :
�

wFt

wωE

�
ÞÑ

�
τE,k
τM,k

�
(5.160)

• CV1:

c̄T11 �
�
1 �1.91292 0.97092

�
, c̄T21 �

�
1 �1

�
(5.161)

c̄T12 �
�
1 �1.97219 0.99071

�
, c̄T22 �

�
1 �1

�
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Cpzq : xk�1 �

�
7.63125 0

0 7.63125

�
� 10�7xk �

�
1 0
0 1

� �
ū11,k
ū12,k

�
(5.162)�

τ�E,k
τ�M,k

�
�

�
0.51477 0

0 0.85399

�
xk �

�
7.40000 0

0 �6.92718

� �
ū21,k
ū22,k

�

• CV2:

c̄T11 �
�
1 �1.91270 0.97081

�
, c̄T21 �

�
1 �1

�
(5.163)

c̄T12 �
�
1 �1.93295 0.97758

�
, c̄T22 �

�
1 �1

�

Cpzq : xk�1 �

�
2.25349 0

0 2.25349

�
� 10�6xk �

�
1 0
0 1

� �
ū11,k
ū12,k

�
(5.164)�

τ�E,k
τ�M,k

�
�

�
2.59371 0

0 �0.89328

�
xk �

�
7.40000 0

0 12.48876

� �
ū21,k
ū22,k

�

Hybrid Pa controller
�
ΣPa
κj

��1
: wFt ÞÑ τF,P,k (5.165)

• Pa1:

c̄T �
�
1 �1.95444 0.98479

�
(5.166)

Cpzq : xk�1 � 6.53804 � 10�7xk � ūk (5.167)
τF,P,k � 2.50356xk

• Pa2:

c̄T �
�
1 �1.95368 0.98453

�
(5.168)

Cpzq : xk�1 � 6.75838 � 10�7xk � ūk (5.169)
τF,P,k � 2.45856xk

• Pa3:

c̄T �
�
1 �1.92247 0.97408

�
(5.170)

Cpzq : xk�1 � 1.92026 � 10�6xk � ūk (5.171)
τF,P,k � 1.40982xk
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CVT to Pa synchronization controller

�
Σκj,lk
κi

��1 :
�

wFt

w∆ωC

�
ÞÑ

�
τE,k
τM,k

�
(5.172)

• CV1 Ø Pa1:

c̄T11 �
�
1 �1.95638 0.98543

�
, c̄T21 �

�
1 �1

�
(5.173)

c̄T12 �
�
1 �1.93312 0.97767

�
, c̄T22 �

�
1 �1

�

Cpzq : xk�1 �

�
7.63125 0

0 7.63125

�
� 10�7xk �

�
1 0
0 1

� �
ū11,k
ū12,k

�
(5.174)�

τ�E,k
τ�M,k

�
�

�
1.08560 0

0 0.31964

�
xk �

�
4.65882 0

0 �4.36116

� �
ū21,k
ū22,k

�

• CV1 Ø Pa2:

c̄T11 �
�
1 �1.94441 0.98144

�
, c̄T21 �

�
1 �1

�
(5.175)

c̄T12 �
�
1 �1.95976 0.98656

�
, c̄T22 �

�
1 �1

�

Cpzq : xk�1 �

�
7.63125 0

0 7.63125

�
� 10�7xk �

�
1 0
0 1

� �
ū11,k
ū12,k

�
(5.176)�

τ�E,k
τ�M,k

�
�

�
0.83158 0

0 0.55743

�
xk �

�
�4.75984 0

0 4.45572

� �
ū21,k
ū22,k

�

• CV2 Ø Pa2:

c̄T11 �
�
1 �1.92171 0.97382

�
, c̄T21 �

�
1 �1

�
(5.177)

c̄T12 �
�
1 �1.84008 0.94652

�
, c̄T22 �

�
1 �1

�

Cpzq : xk�1 �

�
2.25349 0

0 2.25349

�
� 10�6xk �

�
1 0
0 1

� �
ū11,k
ū12,k

�
(5.178)�

τ�E,k
τ�M,k

�
�

�
2.90988 0

0 �0.35968

�
xk �

�
�3.91365 0

0 �6.60495

� �
ū21,k
ū22,k

�

• CV2 Ø Pa3:

c̄T11 �
�
1 �1.91796 0.97257

�
, c̄T21 �

�
1 �1

�
(5.179)

c̄T12 �
�
1 �1.90188 0.96719

�
, c̄T22 �

�
1 �1

�

Cpzq : xk�1 �

�
2.25349 0

0 2.25349

�
� 10�6xk �

�
1 0
0 1

� �
ū11,k
ū12,k

�
(5.180)�

τ�E,k
τ�M,k

�
�

�
2.76926 0

0 �0.59701

�
xk �

�
�2.58413 0

0 �4.36116

� �
ū21,k
ū22,k

�
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Taking a look at the above controller parametrization one might assume a relative
degree of δ � 2 for traction force control and hence a modeled delay, according to
Section 5.3.4. However, the relative degree of these transfer functions is actually
δ � 1 as expected. Due to the fact that the enumerator polynomials feature complex
conjugate roots, a splitting of one single zero would lead to a complex controller. In
order to avoid this, the degree of the split polynomials ādpzq is increased. Consequently,
there is no direct feedthrough of all signals ūij,k to the torque requests τ�E,k, τ�M,k as it
is expected in the presented control design.

5.4.2 Resistive force compensation

As discussed in Section 4.3 a resistive force due to road gradient, air drag and rolling
resistance acts on the vehicle. In order to provide a specific propulsion force, the
resistive force has to be compensated. One approach for such a compensation is to
consider the resistive force as disturbance input, which has to be compensated by the
IMC feedback loop. Alternatively, a model of this resistive force, like in (4.39), can be
used to consider a compensation in the inversion-based feedforward control design:�

y1pzq
y2pzq

�
�

�
G11pzq G12pzq
G21pzq G22pzq

� �
τEpzq
τMpzq

�
�

�
G1,vpzq
G1,vpzq

�
Fvpzq

!
�

�
w1pzq
w2pzq

�
, (5.181)�

τEpzq
τMpzq

�
�

�
G11pzq G12pzq
G21pzq G22pzq

��1 �
w1pzq
w2pzq

�
looooooooooooooooomooooooooooooooooon

original feedforward controller

�

�
G11pzq G12pzq
G21pzq G22pzq

��1 �
G1,vpzq
G1,vpzq

�
Fvpzqloooooooooooooooooooooomoooooooooooooooooooooon

compensation

.

For the implementation of the model-based resistive force compensation the feedfor-
ward design procedure in Section 5.3.1 can be followed.

5.4.3 Block diagram

Figure 5.28 shows a possible implementation of the proposed control system for the
control of embedded, smooth and lossless gear shifts between a specific hybrid CVT
and a specific hybrid parallel, according to the sequence of shift phases in Figure 5.8.
The single IMC feedback loops are separated into IMC trajectory generation (low-pass
or polynomial planning, see Section 5.3.2) and inversion-based feedforward controller
(see Section 5.3.1) as illustrated in Figure 5.29. The input interface assigns the hybrid
DoFs signals (λ, λ�), which are matched to the gear request κ� (cf. Section 5.1).
The control system features three different inversion-based feedforward controllers ac-
cording to the three plant models in Table 5.1 and six IMC trajectory generation
blocks, implementing either with low-pass filter or polynomial trajectory planning ap-
proach. These components are triggered by the shift scheduler, which is responsible for
the initiation and to monitoring of the single shift phases. Therefore, it is responsible
for the switching between control tasks and controllers. Furthermore, it is responsible
for the continuous evaluation of the performance of the control system. It decides,
if a critical transition (see clutch actuation phase in Section 5.2.2) is performed or if
the shifting procedure is aborted in case of any failure. In the upper right corner of
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Figure 5.28: Block scheme of the control system implementation for smooth and loss-
less gear shifting

IMC (filt/plan) Σ̃�1IMCy�
y

y�
y

w uu ñ

Figure 5.29: Separation of an IMC structure into IMC trajectory generation and
inversion-based feedforward controller

the single IMC trajectory generation blocks the corresponding shift phases are stated
for both shifts (CV Ñ Pa/Pa Ñ CV). For the clutch torques computation see (5.8).
The proposed control system implementation features an easy parametrization, with a
low number of comprehensible parameters. Beside the model-based feedforward con-
trollers, the only actual control performance parameters are the durations of the shift
phases (TSP, TCA, TSC), low-pass filter time constants (TF), the minimum planning du-
ration for the consecutive trajectory planning (TP,min) and the clutch torque request
parameters τ�C,KP and τ�C,max.
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rigid
transmission

τE, ωE

τM, ωM
τF, wF τW, ωWflexible

driveshaft

Figure 5.30: Generalized DT modeling composition: rigid transmission and flexible
driveshaft

5.5 Generalization

Although the proposed control concept and implementation has been applied to ex-
emplary shifts in an exemplary single-EM dedicated hybrid DT, it features a high
potential for generalization. This potential shall be addressed in this final section.
The generalization from CV Ø Pa to arbitrary elementary gear shifts between drivable
modes in the exemplary DT, see Figure 4.17, is straightforward. The control phases
and tasks, which appear are similar to the discussed ones and, hence, the control
concept and implementation can be resumed. A generalization to arbitrary single-EM
dedicated hybrid DTs can be made with the definition of a general DT modeling struc-
ture (see Figure 5.30), split into a rigid transmission, which combines the propulsion
torques τE and τM to a final transmission torque τF and a flexible driveshaft, which
transfers τF to the driving wheels. The flexible driveshaft is modeled by spring damper
configuration and optionally final gear ratios. Figure 3.16 shows that the exemplary
DT considered in this chapter features this model structure. The feasibility of this
modeling structure has been proven in [15]. Due to this generalized model structure a
characteristic set of states consisting of transmission states qt and shaft states qs will
always appear in the general state-space vector q:

qt,qs P q, (5.182)

with:

qt �
�
wF ωE ωM

�T (5.183)
qs �

�
∆ϕ v

�T
.

Therefore, the consideration mode specific kinematics and static torques can be always
directly applied to a general DT with respect to the sates qt. In combination with qs
the number of mechanical degrees of freedom is fixed for each operation mode. In con-
sequence, the same relative degrees will appear in the controller design and therefore
the proposed design procedure in this chapter can be applied without modifications.
The scope of this thesis is on the control of smooth and lossless gear shifts. The fact
that the proposed control concept considers embedded gear shifts, however, enables
the application of the controllers also for the general mode operation, which is another
level of generalization.
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5.6 Summary

The contributions of the previous chapters have been utilized in this chapter to pro-
poses a model-based control system of embedded smooth and lossless gear shift be-
tween hybrid CVT and hybrid parallel modes in single-EM dedicated hybrid DTs. The
proposed switching control system is based on a sequence of shift phases with differ-
ent control plants and control tasks (Section 5.2) and the input and output signals
are matched to a classical torque-based PT control system (cf. Section 2.5). In order
compute continuous and smooth control signals (torque requests) the plant model tran-
sitions are considered in detail (Section 5.2.3). It features a common IMC structure
(Section 5.3.3) with an inversion-based feedforward controller (Section 5.3.1). For the
control of set-point reference signals, an alternative to the classical reference trajectory
generation with a low-pass filter (see Section ) has been proposed: a recursive poly-
nomial trajectory planning algorithm (Section 5.3.3). Since the control system design
is required to be applied in real-time in an automotive control unit the discretization
with respect to time has been considered (Section 5.3.4). Finally, the chapter gives
the controller parametrization for an exemplary single-EM dedicated hybrid DT (see
Section 5.4.1) and opportunities for a generalization of the proposed control system
(Section 5.5) have been pointed out. The functionality of the proposed control system
will be demonstrated in different test scenarios and environments in the next chapter.
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6
Validation of drivetrain control system

The DT control concept and the DT control system implementation for
active smooth and lossless gear shifting proposed in Chapter 5 shall be
finally validated, in terms of evaluating its functionality and performance.
To increase the significance of the validation it is performed on three levels
based on a state-of-the-art software-to-vehicle process: MiL simulations,
SiL simulations and vehicle testing. The results of the different validation
levels are illustrated, discussed and evaluated.

6.1 Validation approach

In Section 5.4 an exemplary implementation of the control concept, proposed in Chap-
ter 5 and based on the contributions of Chapters 2, 3 and 4, has been proposed. In
order to evaluate the significance of this contribution, it is necessary perform an ex-
tensive validation.

Problem statement:

• Evaluation of principle functionality and performance of the control con-
cept and its control software implementation

• Evaluation of the concept’s applicability in a real vehicle and identification
of potentials for improvement

Whereas the first part of the problem statement can be done in simulation, the second
part requires testing of the control concept implementation integrated into the PT
control system in a demonstrator vehicle. A state-of-the-art software-to-vehicle process
is illustrated in Figure 6.1. It shows three major steps: the implementation of the
software part, its integration into an existing software framework and finally the code
generation for execution on a Vehicle Control Unit (VCU). This process is usually
accompanied by an extensive testing procedure (MiL-, SiL- and HiL-simulations as well
as vehicle tests) in state-of-the-art automotive software engineering (see for example
[79] and [15]).
As the proposed control software is not supposed to be a SOP software (cf. Section
1.5) this testing procedure will be performed in a reduced way on three validation
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Concept VehicleImple-
mentation Integration Code

Generation

Figure 6.1: Software-to-vehicle process

levels:
• Validation level I: In a first step the control concept for smooth

and lossless gear shifting is implemented in a simulation environment
(MATLAB®/Simulink®,1). The same simulation environment is used to pro-
vide specific reference signals (DT control system inputs) for the control system
and to model the control plant using the validated modeling approach proposed
in [15]. This model provides the control signals Ft,∆κij, ωE,∆ωC and µ.

• Validation level II: On the second validation level the control system, which
has been implemented in a simulation environment, is encapsulated into a gear
shifting component and integrated into an existing PT control system as software
component, ready for automated code generation. Hence, simulation at this
validation level can be considered as SiL-simulation, although the simulation
is still executed exclusively in one simulation environment (Matlab/Simulink).
The driver stimulation is done in terms of defining an accelerator pedal position
signal. The required gear shifts are triggered at specific vehicle speeds (vtrig) by
specific EMS parameter settings. For the plant model simulation a PT model
provided by AVL CRUISETM,2 is applied. The vehicle software includes a DT
observer, which provides the control signals.

• Validation level III: In the third validation level automated C-code genera-
tion is applied to the vehicle control software of validation level II. The generated
code is transferred to a Rapid Prototyping Control Unit (RPCU)3 in an AVL
demonstrator vehicle featuring a single-EM dedicated hybrid DT. At this val-
idation level the traction force request is provided directly by the driver, who
drives the demonstrator at a test track, via the accelerator pedal. Equivalently
to level II the required gear shifts are triggered at specific vehicle speeds (vtrig)
by the EMS. The real vehicle itself functions as control plant.

At this point it is necessary to mention that the effort to perform validation tests
increases for increasing validation level. The increase between level I and level II is
on the one hand due to the increased computational effort and on the other hand
due to the requirement to provide a software, which is ready for code generation.
Additionally, as the same software is subsequently used for vehicle testing, rigorous
safety requirements have to be met in order to protect the demonstrator from damage.
This safety requirements and their consideration in the implementation of the control
system are not in the scope of this thesis. Whereas the first two validation levels can be

1Matlab®and Simulink® are registered trademarks of The Mathworks Inc.
2AVL CRUISETM is a registered trademark of AVL List GmbH (https://www.avl.com/cruise).
3https://www.dspace.com/de/gmb/home/products/newprod/microautobox_2.cfm
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performed in the office by a single engineer, the third validation level requires support
by a calibration team: a test driver and a software expert for code generation as well
as code transfer to the RPCU, parametrization and recording of measurement data
in the vehicle during testing. Furthermore, it is obvious that the availability of the
demonstrator and the test track is crucial. In order to have at least some test results
at all three validation levels, despite the increasing effort, the following restriction with
respect to the tested shift scenarios have been made:

• Validation level I: CV Ø Pa,
• Validation level II: CV1 Ñ Pa1 Ñ CV1,
• Validation level III: CV1 Ñ Pa1.

Consequently, the range of validity decreases for the three validation levels, while the
significance of validity increases (see Figure 6.2).

Level I

Level II

Level IIIMiL
Matlab/Simulink

SiL
Matlab/Simulink,

AVL CRUISE
Vehicle test
RPCU, AVL
demonstrator

Significance of validation

R
an

ge
of

va
lid

at
io
n

Figure 6.2: Range and significance of validity of the three validation levels

Table 6.1 summarizes the test setups (see Figure 6.2) of all three validation levels.
The following sections provide validation results of the different validation levels as
well as their discussion. Table 6.2 gives an overview on the structure of the result
illustrations. It is split into control variables (subplots 1-5) and control outputs (sub-
plots 6-7). The control variables (for example signal x) are illustrated in terms of four
signals:

• the request x�,
• the planned trajectory x�P according to the request, generated by low-pass filter-

ing or polynomial trajectory planning (see Section 5.3.2),
• the actual value x, obtained by a physical or virtual sensor,
• and the IMC request x�imc according to planned trajectory and the actual value

(updated planned trajectory)
Whereas the illustration of the signals x� and x�imc shall support the comprehensibil-
ity of the control system’s functionality, its performance has to evaluated considering
the deviation between the signals x�P and x, which is the actual control error. Since
the clutch state is not controlled directly, but set indirectly by the control system,
there is no corresponding feedback loop and hence no IMC request. In the control
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system implementation used for validation, furthermore, the feedback loop for con-
trolling the torque split factor µ has been removed. Therefore, the torque split is
controlled exclusively in a feedforward structure and, hence, there is no corresponding
IMC request. According to the control tasks in the considered single shift phases (see
Figure 5.8), some requests, plans and IMC requests are not present and, consequently,
not illustrated in some shift phases.
Table 6.3 lists the performance parametrization of the DT control system. The low
number of actual control parameters substantiates the easy parametrization of the
proposed control system. All other parameters are related to the model-based control
design and therefore they can be parametrized using the DT modeling tool presented
in Chapter 3.
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Table 6.1: Overview on the setups of the three validation levels
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6 Validation of drivetrain control system

Table 6.2: Overview on the validation result illustration

subplot content signals
1 traction force F �

t , F
�
t,P, Ft, F

�
t,IMC

2 clutch state ∆κ�ij,∆κ�ij,P,∆κij
3 ICE speed ω�E, ω

�
E,P, ωE, ω

�
E,IMC

4 torque split factor µ�, µ�P, µ

5 clutch slip/torque ∆ω�C,∆ω�C,P,∆ωC,∆ω�C,IMC/τ�C,lk, τC,lk

6 ICE and EM torque request τ�E, τ
�
M

7 clutch torque request τ�C

Table 6.3: Parametrization of DT control system

symbol value unit explanation
TSP 0.4 s duration shift preparation phase
TCA 0.1 s duration clutch actuation phase
TSC 0.4 s duration shift completion phase
τ�C,KP 10 Nm kiss-point clutch torque request
τ�C,max 800 Nm maximum clutch torque request
TF 0.1 s low-pass filter time constant

TP,min 0.1 s minimum planning duration for trajectory planning
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6.2 Validation level I (MiL simulation)

6.2 Validation level I (MiL simulation)

6.2.1 Validation level I – Setup

Validation level I – Setup

• Stimulation: Matlab/Simulink; DT control system inputs F �
t , λ

�,κ� (see
Figure 5.2)

• Control software: Matlab/Simulink; DT control system implementation
(see Figure 5.28)

• Control plant: Matlab/Simulink; validated model from [15]
• Shift scenario: CV Ø Pa

6.2.2 Validation level I – Test cases

The test cases for validation level I consider acceleration of the vehicle. At specific
vehicle speeds a gear shift is triggered and performed. Table 6.4 lists the test cases of
the presented results. The set of test cases is defined in order to show the functionality
of the proposed DT control system for different gear shifts, traction force requests and
hybrid DoF requests.

Table 6.4: Overview of the presented test cases of validation level I

shift requests Figure
initial final ∆κij vtrig F �

t ω�E µ�

- - - km/h kN rad/s -

Le
ve
lI

1 CV1 Pa1 B1 24.9 1 183 1 (6.3),(6.4)
2 Pa1 CV1 B1 39.7 1 183 1 (6.5)
3 CV1 Pa2 C1 30.0 2 300 0.7 (6.6)
4 Pa3 CV2 B1 35.0 1 200 0 (6.7)
5 Pa2 CV2 C2 27.1 0.8 250 0.8 (6.8)

6.2.3 Validation level I – Results

Test case 1. Figure 6.3 shows the simulation results of the complete first test case
according to Table 6.4. Table 6.5 lists the time schedule of the five shift phases, and the
corresponding highlighting in the result illustrations. The beginning of the simulation
shows a planned build-up of the traction force Ft according to the request F �

t . The
planned traction force F �

t,P is tracked precisely, with an steady error of   0.1 N.
Simultaneously, the ICE ωE is speeded up from idle speed to the requested speed ω�E.
The steady state error for the tracking of ωE is in acceptable the range of 1 rad/s.
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6 Validation of drivetrain control system

Table 6.5: Simulation times of single control phases for results of test case 1

phase I II III IV V
time in s 0-11 11-11.4 11.4-11.5 11.5-11.9 11.9-15

This initial transient phase is followed by a period of constant vehicle acceleration
in CV1 mode with constant traction force and ICE speed requests (cf. Table 6.5).
The increasing IMC request ω�E,IMC compensates the neglected damping of the shafts
(see Section 5.4). Within the shift phases I and II the torque split factor µ can be
calculated, but is not of interest, since the hybrid DoF is assigned to the ICE speed
in hybrid CVT mode. According to the clutch slip zero crossing, a passive smooth
and lossless gear shift would have been possible at t � 9.5 s. The gear shift to hybrid
parallel mode Pa1 is requested at t � 11 s. As the gear shifting is of special interest,
Figure 6.4 shows an enlarged illustration of the actual gear shift (phases II-IV). The
highlighting of the shift phases follows the color code in Figure 5.8.

Shift preparation. In order to prepare a smooth and lossless clutch transition the
non-zero clutch slip has to be controlled to zero, while maintaining the requested trac-
tion force. To do so an appropriate smooth clutch slip trajectory ∆ω�C,P is planned
and tracked releasing the ICE speed control according to the hybrid DoF request. The
corresponding IMC request ∆ω�C,IMC takes advantage of the previous shift phases and
reuses the offset between the actual ICE speed ωE and the corresponding IMC request
ω�E,IMC in order to improve the tracking performance. This approach furthermore en-
sures smooth torque requests τ�E, τ�M although the control tasks and the corresponding
control loop are switched at this transition (see Table 5.1). Within this shift phase,
simultaneously, the clutch is actuated to the kiss-point due to the clutch torque re-
quest τ�C � τ�C,KP (clutch filling command) according to (5.5). At the end of the shift
preparation phase the clutch is fully synchronized and ready for actuation.

Clutch actuation. Due to the fully synchronized clutch, the clutch state transition
occurs right at the beginning of the clutch actuation phase as planned, for a clutch
torque request τ�C ¡ τ�C,KP. The impact of this transition on drivability can be seen in
the oscillation of the actual traction force. Due ot the low amplitude of this oscillation
(� 0.4 N) and the fact that the oscillation is damped by the controller, this impact is
negligible. The remaining clutch actuation phase is used to increase the clutch torque
request to its maximum value τ�C,max.

Shift completion. To complete the shift the hybrid DoF request in Pa1 mode has
to be recovered. Therefore, a smooth trajectory µ�P from current value to the request µ�
is planned and tracked. The final request µ� � 1, cf. (2.2), actually requires shutting
off the EM. After the gear shift the vehicle is further accelerated in hybrid parallel
mode Pa1.
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6.2 Validation level I (MiL simulation)

Test case 2. Figure 6.5 shows test case 2, which considers a gear shift from hybrid
parallel mode Pa1 back to hybrid CVT mode CV1. As in all upcoming test case results,
exclusively the gear shift, which is embedded into a stationary driving situation similar
to test case 1 (see Figure 6.3), is illustrated. When the gear shift from hybrid parallel
mode Pa1 to hybrid CVT mode is requested, the torque split factor µ is controlled to
µunload according to (5.30), following a trajectory µ�P, in order to unload the clutch B1.
The course of the locking torque at the clutch τC,lk proofs the feasibility of this implicit
approach. During the clutch actuation phase the clutch torque request is decreased
from τ�C,max to zero, according to (5.7). Due to the fully unloaded clutch the clutch
transition occurs at the end of this phase, as expected. The resulting traction force
oscillations are again in a negligible range. In order to recover the hybrid DoF request
ω�E a smooth trajectory ω�E,P for the ICE speed is planned and tracked in the shift
completion phase.

Test cases 3-5. The test cases 3-5 (Figures 6.6,6.7 and 6.8) show equivalent results
for different gear shifts (CV1 Ñ Pa2, Pa3 Ñ CV2 and Pa2 Ñ CV2), traction force
requests and hybrid DoF requests, according to Table 6.4. Although the magnitude of
the traction force oscillation resulting from the clutch transition is higher in test case
5 (Figure 6.8), its magnitude is still in an acceptable range.
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6 Validation of drivetrain control system

6.2.4 Validation level I – Evaluation

The following statements summarize the performance of the gear shifts in the presented
MiL simulation results:

• The IMC concept features satisfying tracking performance for the control vari-
ables in all control phases. Therefore, the application of the DT control system
also for mode operation is feasible.

• The impact of the clutch transition (shifting) on drivability (traction force) is
low.

• Clutch slipping and hence dissipation is avoided for both clutch engagement and
disengagement.

• The actuation of a synchronized, respectively unloaded, clutch enables a precise
prediction of the actual clutch transition.

The promising MiL simulation results proof the applicability of the concept of smooth
and lossless gear shifting in general as well as the implementation of the proposed DT
control system in particular. Therefore, the results substantiate the encapsulation of
the DT control system into shifting components and its integration into an existing
vehicle software for further validation. The presented test cases considered reasonable
gear shifts, matched to the current driving situation, as such shift requests are expected
from the EMS in practical application. This results in feasible ICE and EM torques
and speeds within their physical limits. As discussed in Section 5.3.5, however, it is
possible the estimated the required torques for a gear shift in advance in order to check
feasibility of a received gear request.

6.3 Validation level II (SiL simulation)

6.3.1 Validation level II – Setup

Validation level II – Setup:

• Stimulation: Matlab/Simulink; driver input (pedal position in %)
• Control software: Matlab/Simulink; entire vehicle control software

ready for code generation including shifting components with encapsulated
DT control system implementation

• Control plant: Matlab/Simulink; AVL CRUISE
• Shift scenario: CV1 Ñ Pa1 Ñ CV1

6.3.2 Validation level II – Test cases

In validation level II the control software, encapsulated into a shifting component
and integrated into an existing vehicle software, is already prepared for testing in the
vehicle. Therefore, also the considered set of test cases (see Table 6.6) are matched
to the planned vehicle testing scenarios on the test track. The vehicle is accelerated
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6.3 Validation level II (SiL simulation)

in hybrid CVT mode CV1 with different accelerations defined by different accelerator
pedal position. Table 6.6 lists the settings of the different test cases. Due to a specific
EMS parameter setting a gear shift to hybrid parallel mode Pa1 is requested at a vehicle
speed of v � 25 km/h. Subsequently, the vehicle is further accelerated and finally the
shift back to hybrid CVT mode CV1 is requested at v � 40 km/h. The traction fore

Table 6.6: Overview of the presented test cases of validation level II

shift requests Figure
initial final ∆κij vtrig pedal F �

t ω�E µ�

- - - km/h % kN rad/s -

Le
ve
lI
I

1 CV1 Pa1 B1 25.1 20 �1 183 1 (6.9)
2 Pa1 CV1 B1 40.4 20 �1 183 1 (6.10)
3 CV1 Pa1 B1 25.2 35 �2 183 1 (6.11)
4 Pa1 CV1 B1 40.7 35 �2 183 1 (6.12)
5 CV1 Pa1 B1 25.3 50 �3 183 1 (6.13)
6 Pa1 CV1 B1 41.5 50 �3 183 1 (6.14)

requests result from given accelerator pedal positions. Except for the clutch torque
request for bringing the clutch to the kiss-point, which is set to τ�C,KP � 0.1 Nm, the
parametrization of the DT control system is equivalent to validation level I. As the
mode operation of hybrid CVT mode CV1 and hybrid parallel mode Pa1 is controlled
by control systems of the existing control software, in addition to these parameters
the durations of shift phases I and V (mode operation) of the embedded gear shift
according to Figure 5.8 need to be defined:

TI � TV � 0.5 s. (6.1)

This implies that mode operation of the current hybrid mode is continued for TI
seconds after the gear shift has been requested and for TV seconds after the gear shift
has been performed before the gears shift is reported to be finished.

6.3.3 Validation level II – Results

Test case 1. Figure 6.9 illustrates the SiL simulation results for test case 1. Similar
to the MiL simulation results, it shows the section of the total simulation, in which
the shifting component is active. This section starts with the gear shift request ∆κ�ij,
received from the EMS, and ends with a trigger signal, confirming that the shift has
been completed.

Shift preparation. Taking a look at the shift phases I and II it is noticeable that
the tracking performance of the traction force control shows potential for improvement,
especially in comparison to the MiL simulations. The source of this decreased perfor-
mance can be found in the actually acting propulsion torques, which are illustrated

157



6 Validation of drivetrain control system

in the last subplot in Figure 6.9: In addition to the ICE and EM torque requests, τ�E
and τ�M, which are computed by the DT control system, this subplot shows the actu-
ally acting torques τE and τM. Whereas the actually acting EM torque approximately
equals the requested torque, except for a small delay, the actually acting ICE torque
shows significant deviations from the corresponding request, especially for dynamic
requests as in the shift preparation phase. Hence, the ICE features some dynamical
behavior, which has not been considered in the control system design. Therefore, the
traction force significantly drops in this phase. The reaction of the control system to
this deviation can be noticed in the IMC traction force request F �

t,IMC.
In order to reduce the effect of the ICE dynamics, the duration of the shift preparation
phase, TSP, could be increased in order to decrease the derivative of the ICE torque
request in this phase (see Section 5.3.5 and in particular Table 5.2). Since the validation
approach in this chapter focuses on a proof of the general shifting control concept,
there is no reason to pursue such a parameter tuning at this point. In section 6.4.5 an
outlook on a possibility to handle this problem will be given.
Considering the clutch synchronization reveals the robustness of the implemented IMC
concept: In contrast to the traction force tracking, it is not necessary to exactly track
the course of the planned clutch slip trajectory, but to reach the required final value at
the required time. This is achieved by the IMC concept, regardless of the deviations
between requested and actually acting torques. This confirms the robustness of the
IMC concept, which has already been supposed in the educational example in Sec-
tion 5.3.3. The deviation between planned slip trajectory ∆ω�C and the actual clutch
slip ∆ωC substantiates the action of the IMC feedback loop. Nevertheless, the devia-
tions between requested and acting propulsion torques also affect the residual clutch
slip and hence the accuracy of the clutch synchronization.
During the shift preparation phase the clutch filling command τ�C � τ�C,KP is sent in
order to prepare the clutch for its engagement. Due to the small value of τ�C,KP this
request is not visible in the last subplot.

Clutch actuation. The actual transition to the clutch actuation phase is flexible
and initiated, if the following four conditions are met (cf. Section 5.2.2):

• The residual clutch slip has to be below a specific limit:

|∆ωCpT2q|   ∆ωC,res � 3 rad{s. (6.2)

• Furthermore, the derivative of the clutch slip has to meet a specific limit:

|∆ 9ωCpT2q|   ∆ 9ωC,res � 1 rad{s2. (6.3)

• The clutch filling has to be completed. Hence, the clutch has to be at kiss-point
and ready for fast engagement.

• In the control concept a maximum exceeding time of the planned duration of the
shift preparation phase is defined. This maximum exceeding time of the shift
preparation phase must not by exceeded.
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6.3 Validation level II (SiL simulation)

According to the last condition the start of the clutch actuation might occur earlier or
later than originally intended. Such an untimely transition is highlighted by a dashed
gray line in the upcoming test case results. In this test case (Figure 6.9) the clutch
actuation phase is started 10 ms earlier than intended. If the first three conditions
would not be met within the planned shift preparation phase (plus maximum exceeding
time), the clutch synchronization is considered to be failed. In this case the control
system would send an error message to the EMS, recover the hybrid DoF and return
to hybrid CVT mode operation of gear CV1.
Within the clutch actuation phase, the clutch torque request is ramped up to its
maximum value τ�C,max, as defined in (5.5), while the clutch slip is still controlled to
zero. In contrast to the MiL simulations, the actual clutch transition, highlighted by
the black dashed line, does not occur at the beginning of the clutch actuation phase
but within this phase. This substantiates the robust design of the clutch actuation.
Due to the present residual clutch slip, small dissipation will occur in the clutch. The
range of this dissipation, however, is far below the dissipation, which would occur
without any clutch synchronization. During this period, furthermore, the drivability
is affected by the acting slipping torque in the clutch, noticeable in a drop of the
traction force. An extension of the clutch actuation phase would decrease this impact.

Shift completion. In the final shift completion phase the hybrid DoF request for
gear Pa1 µ� is recovered. Within this phase the control system is able to control the
traction force Ft back to the requested value F �

t . Figure 6.9 shows that the effect of
the ICE dynamics is higher in hybrid CVT mode than in hybrid parallel mode.

Test case 2. Test case 2 considers the shift from hybrid parallel mode Pa1 back to
hybrid CVT mode CV1. The results in figure 6.10 show an unintended increase of the
traction force, which is again sourced by the unmodeled ICE dynamics. Within the
shift preparation phase the vehicle propulsion torque is partially handed over to the
EM in order to unload the clutch, which is requested to be disengaged, according to
the computed torque split factor µunload. Similar to the clutch synchronization, the
flexible transition to the clutch actuation phase occurs, if three condition concerning
the residual locking torque,

|τC,lkpT2q|   τC,lk,res � 3 Nm, (6.4)

its derivative,

| 9τC,lkpT2q|   9τC,lk,res � 1 Nm{s, (6.5)

and a maximum exceeding time of the planned duration of the shift preparation phase
are met. As the clutch disengagement does not require a clutch filling, the third condi-
tion in the case of clutch engagement is not present in the case of clutch disengagement.
As illustrated in Figure 6.10, the start of the clutch actuation phase is postponed for
0.02 s in test case 2, since at this time all three conditions are met at the first time.
The actual clutch transition occurs at the end of this phase as expected. Therefore, in
contrast to test case 1, the clutch is not operating in slipping state temporarily. This
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6 Validation of drivetrain control system

implies the absence of dissipation as well as a low impact on drivability, which can be
seen in the smooth traction force during this phase. Whereas the performance of the
DT control system is acceptable until this point, the unmodeled ICE dynamics come
back on stage in the shift completion phase. Although the ICE speed recovery (hybrid
DoF) is performed in principle, the impact on the traction force control is obvious.
This substantiates the observation of test case 1 that the effect of unmodeled ICE
dynamics is higher in hybrid CVT mode than in hybrid parallel mode. Except for a
small steady state error in the ICE speed the control system, finally, compensates the
impact of unmodeled ICE dynamics. The IMC request ω�E,IMC, furthermore, shows the
compensation of the velocity dependent damping of the shafts according to friction,
which has been neglected in the DT model.

Test cases 3-6. The test cases 3-6 (Figures 6.11, 6.12, 6.13 and 6.13) repeat the test
cases 1-2 with different accelerator the pedal positions (35 and 50 %). The results are
almost identical to the discussed test cases 1 and 2, accept for the increased traction
force level. In test cases 4 and 5 the control system additionally has to cope with an
initial control error concerning the traction force (Ft � F �

t ). This control error is a
relic of the performance of the previously active software component of the existing
vehicle software, which controlled the hybrid CVT mode operation.
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Figure 6.9: SiL results; test case 1 (CV1 Ñ Pa1, 20% pedal)
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Figure 6.10: SiL results; test case 2 (Pa1 Ñ CV1, 20% pedal)
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Figure 6.11: SiL results; test case 3 (CV1 Ñ Pa1, 35% pedal)
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Figure 6.12: SiL results; test case 4 (Pa1 Ñ CV1, 35% pedal)
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Figure 6.13: SiL results; test case 5 (CV1 Ñ Pa1, 50% pedal)
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Figure 6.14: SiL results; test case 6 (Pa1 Ñ CV1, 50% pedal)
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6.3.4 Validation level II – Evaluation

The following statements summarize the SiL simulation results:
• The traction force control during the proposed shift procedure is highly affected

by unmodeled ICE dynamics (τ�E � τE) in hybrid CVT mode.
• The control concept and the principle functionality of the proposed DT control

system is confirmed also on validation level II.
At this point it is necessary to bring back in mind that in general the ECU (cf.
Section 2.4) is responsible for the low-level ICE control. This control system is a
separated research topic (see for example [17, pp. 145]), which is not in the scope
of this thesis. The considered deviations between τE and τ�E, hence, can actually
not be assigned exclusively to the physical ICE dynamics, but to the dynamics of the
controlled ICE. An identification of this dynamics, consequently, is possible (see section
6.4.5) but depends on the ECU parametrization. Furthermore, it can be expected that
the real ICE dynamics differ from the dynamics in the PT model, which has been used
for the SiL simulations in this section. Within the research project, therefore, it was
decided to bring the DT control system in this version into the vehicle and perform
vehicle tests on the test track without considering this problem in a first step.

6.4 Validation level III (vehicle testing)

6.4.1 Validation level III – Setup

Validation level III - Setup:

• Stimulation: test driver (pedal position in %)
• Control software: RPCU; C-code generated from vehicle control soft-

ware in Matlab/Simulink (Validation level II)
• Control plant: AVL demonstrator with single-EM dedicated hybrid DT
• Shift scenario: CV1 Ñ Pa1

6.4.2 Validation level III – Test cases

For the vehicle tests the functionality of the proposed DT control system is reduced
to shift phases II and III (shift preparation and clutch actuation). As a variation of
the vehicle speed vtrig � 17 km/h, at which the gear shift is triggered by the EMS,
was not possible according to an EMS software problem, the recorded test cases differ
in different planned length of the shift preparation phase. Table 6.7 lists settings for
the test cases on validation level III. For vehicle testing the clutch actuation phase has
been shortened (TCA � 0.05 s) and instead of ramping up the clutch torque request, a
step request is used.
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Table 6.7: Overview of the presented test cases of validation level III

shift requests Par Figure
initial final ∆κij vtrig pedal F �

t TSP

- - - km/h % kN s
Le

ve
lI
II 1 CV1 Pa1 B1 17.2 �20 �1 1 (6.15)

2 CV1 Pa1 B1 17.5 �20 �1 0.6 (6.16)
3 CV1 Pa1 B1 18.1 �20 �1 0.4 (6.17)
4 CV1 Pa1 B1 16.9 �20 �1 0.4 (6.18)

6.4.3 Validation level III – Results

Test case 1. Figure 6.15 presents the results of test case 1, extracted from the data,
which has been recorded in the vehicle. The control system attempts to compensate a
significant initial traction force control error (Ft�F

�
t ) by increasing the corresponding

IMC request F �
t,IMC. This attempt is hindered again by unmodeled ICE dynamics,

which also impacts the clutch synchronization.

Shift preparation. Although the actual clutch slip does not follow the planned
synchronization trajectory, the robustness of the IMC structure ensures that the clutch
is synchronized at the end of the planned shift preparation time (vertical dashed gray
line). The course of the IMC request ∆ω�C,IMC show the contribution of the feedback
loop to the clutch synchronization. As the limit for the derivative of the clutch slip,
however, is not met at the intended ending time of the shift preparation phase, the
phase is prolonged.

Clutch actuation. The clutch actuation is initiated as all four transition conditions
are met at t � T2 � 46.53 s with a delay of 0.26 s. Similar to the SiL simulation
results the residual clutch slip is eliminated due to dissipation in the slipping clutch.
This slipping torque also impacts the drivability, becoming noticeable in the drop
of the traction force. As the clutch transition occurs, the control system confirms
the completion of the shift and the control responsibility is handed over to a hybrid
mode operation controller for hybrid parallel mode Pa1 of the existing vehicle control
software. Figure 6.15, furthermore, shows some initial transient behavior in the torque
requests τ�E, τ�M. These transients are caused by the attempt of the control system to
ensure a smooth transition from the former torque requests, which have been computed
by another component of the vehicle software, to the current torque requests.

Test case 2. Figure 6.16 shows the results of test case 2, which is a repetition of
test case 1 with an adapted shift preparation time TSP � 0.6 s as defined in Table 6.7.
The initial traction force control error is lower than in test case 1. Most likely this
is due to the fact that it is hardly impossible for the test driver to exactly reproduce
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Figure 6.15: Vehicle testing results; test case 1 (CV1 Ñ Pa1, TSP � 1 s)

a specific driving situation in the vehicle by the actuation of pedals. This decreased
initial control error supports the performance of the control system. The results in
general are quite similar to test case 1, except for a decreased exceeding time of the
shift preparation phase of 0.07 s.

Test case 3. In test case 3 (Figure 6.16) the shift preparation phase is once again
shortened to TSP � 0.4 s. The initial actual traction force in this test case approxi-
mately equals the requested traction force. Similar to the already discussed results,
the unmodeled ICE dynamics affects the actual traction force, but the IMC system
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Figure 6.16: Vehicle testing results; test case 2 (CV1 Ñ Pa1, TSP � 0.6 s)

achieves acceptable clutch synchronization performance. In test case 3 the shift syn-
chronization is completed with a delay of 0.03 s.

Test case 4. As in the test cases 1-3 the reduction of the planned duration of the
shift preparation phase always coincided with a reduced initial traction force control
error, test case 4 tries to separate these effects by repeating test case 3. Comparing
the results of test case 4 to test case 3, it becomes apparent that the different initial
traction force control error indeed affects the synchronization performance. Although
the impact is low considering the residual clutch slip at the end of the planned shift
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Figure 6.17: Vehicle testing results; test case 3 (CV1 Ñ Pa1, TSP � 0.4 s)

preparation phase, in test case 4 the transition conditions to clutch actuation phase
are not met in contrast to test case 3. This subsequently results in a large exceeding
of the shift preparation duration (0.26 s).
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Figure 6.18: Vehicle testing results; test case 4 (CV1 Ñ Pa1, TSP � 0.4 s)

6.4.4 Validation level III – Evaluation

Due to the already discussed high effort of arranging vehicle tests, it was not possible to
test the full functionality of the propose DT control system implementation within the
research project. Nevertheless, the performed tests do not show substantial objections
to the gear shifting control concept and the control system implementation proposed,
which are proposed in this thesis. In fact, the tests confirmed the validity of the
concept and the implementation, although they show huge potential for improvement.
Especially, the comparison of test cases 3 and 4 reveals the limitations of the claimed
robustness of the control system. Although the control system implementation is
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robust with respect to the completion of the gear shift, the robustness of the shift
performance is expandable. The most promising potential to improve this robustness
obviously is expected by a compensation of the ICE dynamics. The results of some
preliminary studies on this topic will be presented in the next section.

6.4.5 Compensation of ICE dynamics
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Figure 6.19: Vehicle testing results; CV1 mode operation

The vehicle tests confirm the observations in the SiL simulations regarding unmodeled
ICE dynamics. As the impact of these dynamics especially concerns the hybrid CVT
mode, it is obvious to tackle this issue in a first step in CVT mode operation. One
possibility for compensating ICE dynamics will be now discussed and first results of
corresponding vehicle tests will be shown. Figure 6.19 shows the results of a constant
driving test case in gear CV1 operation using the DT control system proposed in
this thesis. Initiated by an initial traction force control error it turns out that the
unmodeled ICE dynamics beside its impact on the control performance also affect
the stability of the control system. In order to compensate these ICE dynamics they
have to be modeled in a first step. The vehicle testing results in Section 6.4.3 and
further measurements similar to Figure 6.19 provide a data set for an estimation of
the ICE dynamics. This data set can be used to give an estimation of these dynamics
without physical modeling. A discrete-time second order LTI system with dead-time

173



6 Validation of drivetrain control system

is assumed:

GICEpzq �
τEpzq

τ�Epzq
�

1
zdICE

k � z

pz � z1qpz � z2q
. (6.6)

The dead-time was estimated with Tdead � 0.04 s considering the recorded measure-
ments. With the sample time Td � 0.01 s this reveals:

dICE � 4. (6.7)

The parameters k, z1, z2 of (6.6) have been identified applying a least square parameter
identification (see for example [80, pp. 176]):

GICEpzq �
1
z4 �

0.0316z
pz � 0.0789qpz � 0.9634q . (6.8)

The compensation of these ICE dynamics can be done using the inversion-based feed-
forward control design presented in Chapter 5. The compensation of the resulting
dead-time is straight forward in an IMC structure, as illustrated in Figure 6.20. Such-
like a compensation is similar to the classical smith predictor approach (see for example
[76, pp. 126] and [81]).

Σf Σ̃�1 Σ

z�d

wF

w
prq
F

filter controller

IMC

process
...

-

-w
u

du dy

y

Figure 6.20: Dead-time compensation in an IMC structure

Figure 6.21 shows the results of a repetition of the test case in Figure 6.19 using
the proposed ICE dynamics compensation. Although the results show still potential
for improvement, especially concerning control performance, it reveals that the simple
compensation approach produces stable control results. The presentation of this simple
ICE dynamics compensation does not intend to provide a solution to this issue, but
to give an idea how the problem could be tackled and to show that an adaption of
the proposed DT control system is straight forward. A detailed consideration of the
ICE dynamics would require dealing also with non-linear (rotational speed) dependent
dynamics, as well as the dependency to the ECU parametrization, which has been
discussed in Section 6.3.4.
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Figure 6.21: Vehicle testing results; CV1 mode operation ICE with ICE dynamics com-
pensation

6.5 Conclusions of validation

Table 6.8 gives an overview on the presented gear shifting test cases on the three
validation levels (MiL simulations , SiL simulations and vehicle testing) which have
been presented and discussed in this chapter. In this final section the conclusions of
these validation approach shall be stated:
First of all, the validation confirmed the feasibility of the proposed active smooth
and lossless gear shifting concept for single-EM dedicated hybrid DTs, including the
specific shift phases with switching plant models and control tasks.
Secondly, the presented validation approach evaluates the proposed DT control sys-
tem implementation, consisting of switching inversion-based feedforward controllers in
IMC structure and featuring an easy parametrization with only few actual control pa-
rameters. The proposed implementation shows promising results at validation level I.
Validation level II proofs its principle robustness considering modeling imperfections
(neglected damping of shafts) and also unmodeled significant dynamics (ICE), but
also raised some performance limitations according these issues. Validation level III
showed that an application of the control system in a real vehicle is possible. This
validation level, furthermore, reveals essential potential for improvement, concerning
mainly the ICE dynamics and initial control errors. For both issues it is not reasonable
to solve them with modifications of the proposed control system implementation, but
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Table 6.8: Overview of the presented test cases on different validation levels

shift requests Par Figure
initial final ∆κij vtrig pedal F �

t ω�E µ� TSP

- - - km/h % kN rad/s - s

Le
ve
lI

1 CV1 Pa1 B1 24.9 - 1 183 1 0.4 (6.3),(6.4)
2 Pa1 CV1 B1 39.7 - 1 183 1 0.4 (6.5)
3 CV1 Pa2 C1 30.0 - 2 300 0.7 0.4 (6.6)
4 Pa3 CV2 B1 35.0 - 1 200 0 0.4 (6.7)
5 Pa2 CV2 C2 27.1 - 0.8 250 0.8 0.4 (6.8)

Le
ve
lI
I

1 CV1 Pa1 B1 25.1 20 �1 183 1 0.4 (6.9)
2 Pa1 CV1 B1 40.4 20 �1 183 1 0.4 (6.10)
3 CV1 Pa1 B1 25.2 35 �2 183 1 0.4 (6.11)
4 Pa1 CV1 B1 40.7 35 �2 183 1 0.4 (6.12)
5 CV1 Pa1 B1 25.3 50 �3 183 1 0.4 (6.13)
6 Pa1 CV1 B1 41.5 50 �3 183 1 0.4 (6.14)

Le
ve
lI
II 1 CV1 Pa1 B1 17.2 �20 � 1 - - 1 (6.15)

2 CV1 Pa1 B1 17.5 �20 � 1 - - 0.6 (6.16)
3 CV1 Pa1 B1 18.1 �20 � 1 - - 0.4 (6.17)
4 CV1 Pa1 B1 16.9 �20 � 1 - - 0.4 (6.18)

they have to be considered on the superordinate PT control system level: The first
issue has to be tackled in combination with the ECU (some outline on this issue from
DT control system point of view has been made in Section 6.4.5). The second issue
concerns the coordination between single operative components of the entire vehicle
control software.
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7
Conclusion

This final chapter provides an executive summary on the research presented
within in this thesis. It lists the major contributions and gives an outlook
on future research related to the presented results.

7.1 Summary and contribution

Problem statement. The general target of this thesis was to investigate model-based
DT control approaches to improve drivability and efficiency of single-EM dedicated
hybrid DTs. In particular the focus was on the improvement of opportunities in
gear shifting of this class of DTs. Special attention was given to the generalizability
of partial results for general DT development, to the compatibility of implemented
control system to common PT control structure and to the usability the of presented
results.
Chapter 1 deals with general trends in automotive DT development and the special
role of dedicated hybrid DTs. Chapter 2 considers the functionality, classification and
control of automotive DTs. Based on two classifications of hybrid DTs, the operation
modes of single-EM dedicated hybrid DTs are discussed. Finally, the chapter intro-
duces the general concept of active smooth and lossless gear shifting for single-EM
dedicated hybrid DTs for enhanced drivability and efficiency, which is the first contri-
bution of this thesis. The investigation of this concept, its application in a model-based
control concept, and finally the implementation of this concept for an exemplary DT
is the major target of the further chapters of this thesis.

DT modeling. Chapter 3 is dedicated to the modeling of DT mechanics. In order
to bridge the gap between common automotive model-based observer and control
applications and the increasing mechanical complexity of modern DTs in general and
of single-EM dedicated hybrid DTs in particular, a generic and modular modeling
approach is proposed. This modeling approach is the second contribution of this thesis.
It enables modeling of all common geared DT topologies including combined planetary
gear sets. In contrast to existing modeling approaches this approach features a very
compact set of elementary modeling components and a high physical comprehensibility
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of the computed state-space models. In order to ensure usability of this contribution
the approach has been implemented into a DT modeling tool. This tool enables
DT modeling by non-experts in mechanical engineering in a graphical user interface
using a simple drag-drop-connect method. The automated application of the modeling
algorithm subsequently provides symbolic and numeric state-space models in terms of
system matrices and state-, input-, and output-lists. Therefore, this tool is able to
support various development, simulation and parametrization processes for automotive
DTs. The proposed modeling approach is used to state a switching LTI model for gear
shifting. The statement of control plants for the control of smooth and lossless gear
shifts and mode operation in single-EM dedicated hybrid DTs concludes Chapter 3.

Model-based DT analysis. Chapter 4 contributes a model-based DT analysis
method, which automates the computation of operation modes, mode specific gear ra-
tios and traction forces and evaluation of the DT’s shiftability in terms shift sequences
and traction force intersections. Considering single-EM dedicated hybrid DTs, the
method furthermore assesses the potential for smooth and lossless gear shifting, by
definition and evaluation of the corresponding decoupling problem. In combination
with the modeling tool presented in Chapter 3 this analysis methods enables a fast
evaluation of DT topologies in an early development stage.

Model-based DT control. The contributions and investigations of Chapters 2, 3 and
4 are combined in Chapter 5 in order to propose a DT control system, which applies the
concept of smooth and lossless gear shifting. The DT control system focuses on shifts
between hybrid CVT and hybrid parallel modes of single-EM dedicated hybrid DTs. A
sequence of shift phases with corresponding plant models and control tasks is defined.
This sequence considers an embedded gear shift and, hence, it also covers the hybrid
mode operation with respect to mode specific hybrid DoFs. A classical IMC structure
with an inversion-based feedforward controller is applied to the control problem. In
order to provide a robust shift preparation (clutch synchronization respectively clutch
unloading), a polynomial trajectory planning with consecutive replanning is applied.
Finally, Chapter 5 considers the implementation of the DT control system for an
exemplary single-EM dedicated hybrid DT. Chapter 5 concludes with a discussion of
the control system’s potential for generalization.

Validation of DT control system. In Chapter 6 the control concept and its imple-
mentation into a DT control system, proposed in Chapter 5, are validated on three
validation levels of a state-of-the-art software-to-vehicle process: MiL simulations, SiL
simulations and vehicle testing. The validation approach proofed feasibility and ap-
plicability of the control concept for active smooth and lossless gear shifting as well
as the principle functionality of the proposed DT control system and reveals potential
for improvement of robustness and performance, concerning mainly the control of the
ICE.
Figure 7.1 illustrates an overview on the content and contributions of the thesis. Since
this figure opposes the contributions to the topological restrictions, it simultaneously
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Figure 7.1: Overview on the technical content and contributions of the thesis
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Figure 7.2: Thesis contribution to the development process of single-EM dedicated hy-
brid DTs

identifies potential for future research on the model-based control of automotive DTs.
The summary of the thesis shall be concluded considering Figure 7.2, which has al-
ready been illustrated in the introducing chapter of this thesis (Figure 1.2): Although
the thesis is focused on the model-based control of single EM dedicated hybrid DTs,
the partial results strongly contribute to the general development of these DTs includ-
ing EMS and hardware development stage. The presented solutions to DT modeling
and analysis, furthermore, support the automotive DT development in general (cf.
Figure 7.1).

7.2 Outlook

At the very end of this thesis a short outlook on some possible future research steps
shall be maid:

• As already discussed in Chapter 6 an obvious next step is to tackle the control of
ICE dynamics, including the concept and parametrization of the ECU. A solution
of this issue enables further extensive testing of the complete functionality of the
DT control system, in order to evaluate its potential for actual application in
series-production hybrid vehicles. At this point it will be furthermore necessary
to proof the actual improvement of drivability and efficiency.

• In some shifting scenarios, like for specific gear shifts in special driving situations
or for gear shifts, which do not feature potential for smooth and lossless gear
shifting, dissipation is unavoidable. In this case it is necessary from efficiency
point of view to minimize the occurring dissipation, for example by partial clutch
synchronization. In such shifting scenarios the application of optimal control
strategies like MPC might be beneficial.

• The concept of active control of smooth and lossless gear shifting is an enabler
for improved DT hardware design relying on form-fitting shifting elements (dog
clutches). In order to apply the presented control concept to such DT topologies,
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7.2 Outlook

however, performance guarantees have to be given, since in contrast to friction
clutches a too large residual clutch slip might seriously damage the hardware
components.

• In order to enlarge their field of application, the presented concepts can be
generalized to hybrid multi-mode DTs, considering two or more EMs. Although
the principle concept of lossless clutch transitions remains, such a generalization
requires in-depth revision of the proposed methods, due to the new possibilities
according to an increased number of DoFs in actuation and due to new operation
modes, which are not available in single EM dedicated hybrid DTs.
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Acronyms

AMT Automated Manual Transmission
AT Automatic Transmission

BEV Battery Electric Vehicle
BMS Battery Management System

CO2 Carbon Dioxide
CED Cumulative Energy Demand
CO carbon monoxide
CVT Continuous Variable Transmission

DAE Differential Algebraic Equation
DCT Dual Clutch Transmission
DHDT Dedicated Hybrid Drivetrain
DHT Dedicated Hybrid Transmission
DoF degree of freedom
DP Dynamic Programming
DT Drivetrain

ECMS Equivalent Consumption Minimization Strategy
ECU Engine Control Unit
ECVT Electric Continuously Variable Transmission
EM Electrical Machine
EMS Energy Management Strategy
EU European Union
EVT Electric Variable Transmission

FCEV Fuel Cell Electric Vehicle

GHG Greenhouse Gas
GUI Graphical User Interface

HEV Hybrid Electric Vehicle
HiL Hardware-in-the-Loop
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Acronyms

ICE Internal Combustion Engine
IMC Internal Model Control

LTI linear and time-invariant

MCU Motor Control Unit
MiL Model-in-the-Loop
MIMO Multi-Input Multi-Output
MMT Hybrid Multi-Mode Transmission
MPC Model Predictive Control
MT Manual Transmission

NOx Nitrogen Oxides
NEDC New European Driving Cycle

ODE Ordinary Differential Equation
OEM Original Equipment Manufacturer

PGS Planetary Gear Set
PoET Powertrain Engineering Tool
PT powertrain

RDE Real Driving Emissions
RPCU Rapid Prototyping Control Unit

SiL Software-in-the-Loop
SISO Single-Input Single-Output
SoC State-of-Charge
SOP Start of Production

TCU Transmission Control Unit
TFD Traction Force Diagram

USP Unique Selling Proposition

VCU Vehicle Control Unit

WLTP Worldwide harmonized Light vehicles Test Procedure

ZEV Zero Emission Vehicle
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Symbols

A Dynamic matrix
B Input matrix
C Output matrix
D Feed through matrix
x state vector
u input vector
y output vector

Td Discretization time (sampling time)
Ad Discrete-time dynamic matrix
Bd Discrete-time input matrix

D̂ Decoupling matrix
δ Relative degree

Σ Dynamical system
M̄ Inertia matrix
Ā Scaled dynamic matrix pM̄Aq
B̄ Scaled input matrix pM̄Bq
Jf Jacobian matrix of constraints
q Generalized coordinates
Jx,q Coordinate mapping from q coordinate to x coordinates

e Unit vector
I Identity matrix
P Permutation matrix

v Velocity
ϕ Angular position
ω Angular velocity (rotational speed)
∆ϕ Angular position difference (torsion)
∆ω Angular velocity difference (rotational speed difference)
τ Torque
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Symbols

J Inertia
d Damping constant
k Stiffness
i Gear ratio
z Number of teeth (gear wheel)
Ft Traction force
rW Wheel radius

λ Hybrid degree of freedom
µ Torque split factor
κ Clutch state vector
∆κ Differential clutch state vector
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