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Abstract

In this thesis, we are dealing with the paper ,An asymptotic thin shell condition
and large deviations for random multidimensional projections” by Kim, Liao, and
Ramanan, where a large deviation analogue to Klartag’s famous central limit theorem
is proven for various convex bodies under an asymptotic thin-shell condition, unifying
several of the results that have appeared in the past 3 years.

The introduction provides a brief historical overview of large deviation theory, fol-
lowed by a short discussion about related works. In the preliminary chapter we in-
troduce the formal background and some fundamental results together with a few
examples. In the main part we state the necessary thin-shell assumptions and present
most of the results from ["'An asymptotic thin shell condition and large deviations for
random multidimensional projections". arXiv:1912.13447v2 (2020)]. In particular, we
show that certain classes of Orlicz balls and Gibbs measures satisfy those assump-
tions.






Kurzfassung

In dieser Diplomarbeit beschiftigen wir uns mit der Arbeit ,,An asymptotic thin shell
condition and large deviations for random multidimensional projections” von Kim,
Liao, und Ramanan. Ausgehend von Klartag’s berithmten zentralen Grenzwertsatz
werden hier Resultate aus der Theorie der grofien Abweichungen fiir verschiedene
konvexe Korper, unter Annahme einer asymptotischen , thin-shell” Bedingung, be-
wiesen.

In der Einleitung wird ein Uberblick {iber die historische Entwicklung der Theo-
rie der grofsen Abweichungen gegeben, gefolgt von einer Disskusion der aktuellen
Forschung. Im prdliminaren Kapitel wird die Theorie der groflen Abweichungen
zusammen mit einigen grundlegenden Resultaten und diversen Anwendungen eige-
fuhrt. Im Hauptteil der Arbeit formulieren wir die noétigen ,thin-shell” Annahmen
und préasentieren die meisten Resultate aus ["An asymptotic thin shell condition and
large deviations for random multidimensional projections". arXiv:1912.13447v2 (2020)].
Im Speziellen zeigen wir, dass bestimmte Orlicz Bélle und Gibbs Mafle diese Annah-

men erfiillen.
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2 Introduction

The history of large deviation theory, as many other mathematical topics, has its ori-
gins in physics. In the second half of the 19 century one was interested in using
probabilistic methods to study the behaviour of systems including many particles,
such models are used for example in fluid mechanics or magnetism. Many authors
mention in this context the 1877 published work [6], where Boltzmann was interested
in entropy of thermodynamic systems (see also [12]). It took some time before a sys-
tematic mathematical approach followed. In 1938 an important work of Cramér was
published (see [8] for a commented and translated version). Cramér was interested
in improving the normal approximation, to this end he was looking for appropri-
ate correction terms. He introduced new techniques for his proofs, like the Esscher
transform, also known as exponential tilting, and also the Legendre transform of the
cumulant generating function appears for the first time in this context. After this
groundbreaking work, it took another 30 years, before Varadhan (see [26]) introduced
a general approach to large deviations. In the following years Varadhan and Donsker
published several papers and developed the theory (see [27] for references and further
information). Parallel to that Freidlin and Wentzell (see [13] for a translated version of
the original work) developed their approach. They had the idea to solve ordinary dif-
ferential equations by considering a similar family of stochastic differential equations
containing small random perturbations. Under suitable conditions the limit theorems
of probability theory appear if one considers the family of respective solutions. In
this context the study of large deviations came into focus. In [11] one finds a formal
introduction to statistical mechanics and the relation to large deviation theory.

In recent years large deviations appeared in various mathematical fields. In partic-
ular applications in the context of asymptotic geometric analysis became increasingly
popular. In [4] the authors defined a certain concentration hypothesis, referred to as
the ,thin shell” condition. The latter plays a major role in Klartag’s famous CLT (see
[20]) for log-concave, isotropic distributions. Roughly speaking, Klartag proved that
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for sufficiently large n and ,most” directions (") € $"~! we have
(00, XMy A7(0,1).

Based on this, the question of large deviation results concerning random projections
of high dimensional random vectors came into focus. In 2016 Gantert, Kim and Ra-
manan (see [14]) looked at Cramér’s theorem from a geometrical point of view and
investigated that in the case of vectors X with iid components, (9(”),X(”)) satisfies
an LDP for ,,most” sequences of directions { g(m }nen. The corresponding rate function
is independent of (") and does not coincide with the one from Cramér’s theorem.
In that sense Cramér’s theorem is atypical. In 2017 Gantert, Kim and Ramanan [15]]
proved respective large deviation principles for X(") uniformly distributed on n di-
mensional /¢, balls and independent random directions 0("). Moreover they showed
,quenched” large deviation principles for fixed directions #"). In a short time several
related works were published, where either one dimensional projections are analysed
or scaled Euclidean norms of multidimensional projections (see [1], [16]). In most pa-
pers one restricts to random vectors uniformly distributed on ¢, balls or spheres (see
[22]), where one uses well known probabilistic representations. An exception had been
proved by Kabluchko, Prochno and Théle for empirical spectral measures of random
matrices in Schatten class unit balls [17]. In the recent work [2] the authors established
a relation of large deviations for isotropic log-concave random vectors to the famous
KLS conjecture. Eventually, in [18] the authors succeeded to treat quite general classes
of sequences of random variables X(") (including the special case of uniform distri-
butions on /, balls). Moreover, large deviation principles for non-scalar projections
on k-dimensional subspaces are treated, where also the case k = k, with growing k, is
analysed. Especially the situation of k, — oo is not easy to handle, the crucial idea is

the transition to empirical measures, where one can use a more familiar setting.
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3 Preliminaries

3.1 Results and techniques from large deviation theory

3.1.1 Formal setting and basic properties

In this section we will establish several auxiliary results and present techniques, which
will be needed for the main part of the thesis. Let us start with the formal setting

required in order to define an abstract large deviation principle.

Definition 3.1.1. Let (X, T) be a topological space, which we will call a Polish space iff all of
the following are fulfilled:

1. X contains a countable dense subset.

2. There is a metric d such that T is induced by d.

3. The metric space (X,d) is complete.

The following definitions and results can be found in [9, Chapter 1].

Definition 3.1.2. Let I : X — [0, 0o] not identically oo be a lower semi-continuous function,
ie forall « >0
Pr(a) :={x e X |I(x) <a}

is a closed subset of X. Then 1 is called a rate function. Moreover, if y(a) is compact, then I
is called a good rate function (GRF).

Lemma 3.1.1. A rate function I attains its infimum over every compact non-empty set. If I

is a GRF, then this is even true for any closed set.

Proof. Let K ¢ X be a non-empty compact set and consider the case inf,.x I(x) < oo.

Then there exists a convergent and strictly decreasing sequence {a, },en € R with

lim a, = inf I(x).
n—oo xeK
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We introduce the sets K, = Kny(a,) and claim that they are non-empty. Assume
there exists n € N with K, = @, then for all x € K: I(x) > a, and hence

}Crellgll(x) >ay > }(rglg]l(x),

a contradiction. Moreover, K, is closed as intersection of a compact set with a closed
set. The sets K,, are even compact since X" is a metric space, where closed subsets of
compact sets are again compact. Cantor’s theorem implies that their intersection
is non-empty, hence we find x € NN Ky with xg € K and I(xp) = infyex I(x).

Now assume I is a GRF and take a closed set C ¢ X. If inf,.cI(x) = oo, then
the assertion is true. If infyccI(x) = M < oo, then for the non-empty compact set
K=Cnyp(M+1) we have

{10 = )

and the result follows from the one for compact sets. O
Using the previous notation, we can now define a general LDP.

Definition 3.1.3. Let (X,d) be a Polish space with Borel c-algebra B(X). A family {jte}es0
of probability measures satisfies an LDP with rate function 1 iff for all T € B

—infl(x) <liminfelog pc(I') < limsup elog pe(I') < —infl(x),

xel €—~0 e—0 xel
where I' and T denote the interior and the closure of T respectively.

Alternatively one can define an LDP via the following inequalities.
a) (Upper bound) For every closed F ¢ X

limsup elog ue(F) < —inlfll(x). (3.1.1)

e—0

b) (Lower bound) For every open G ¢ X

- iné]I(x) < limionfelogye(G). (3.1.2)

Remark. This definition is possible for any topological space, we do not need to restrict

on Polish spaces here. But we will usually deal with Polish spaces in this thesis.

Remark. One can easily show that a rate function for an LDP is unique (see e.g.
Lemma 4.1.4 in [9]).
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Most of the time we will work with random variables, where we want to find asso-

ciated LDPs, hence we extend our definition.

Definition 3.1.4. Consider a family of random variables { X, }e-o defined on a common prob-
ability space (Q), F,IP) taking values in a Polish space X. We say that {Xc}eso satisfies an
LDP on X if the respective family of distributions {ye}eso with pe(-) := P[Xe € -] satisfies an
LDP.

Since we want to establish some techniques, beginning with the so-called contraction

principle, we will now define the notion of weak LDP.

Definition 3.1.5. (weak LDP)
A family of probability measures {i¢ }eso is said to satisfy the weak LDP with rate function 1
if the upper bound holds for all compact sets and the lower bound holds for all open

sets.

Definition 3.1.6. (exponential tightness)
A family of probability measures {pie }es0 on X is exponentially tight if for every a < oo, there

exists a compact set K, ¢ X such that

limsup elog pe(Ky) < —ar.

e—0

The next lemma gives a useful relation between weak and full LDPs as defined in
Definition

Lemma 3.1.2. (Lemma 1.2.18 of [9] )

Let {pe}es0 be an exponentially tight family.

a) If the upper bound [3.1.1| holds for all compact subsets of X, then it also holds for all closed
sets.

b) If the lower bound holds for all open sets, then 1 is a good rate function.

This means, if an exponentially tight family of measures satisfies the weak LDP with
rate function I, then I is a GRF and the full LDP holds.

3.1.2 Contraction principles and exponential equivalence

One may be interested in proving that a certain family of measures satisfies an LDP,
which seems quite delicate at this point. A very useful tool is the contraction principle,
which we will establish in this subsection. Suppose a Polish space (X, d) with induced
topology 7. Recall that a base A ¢ T of T is a system of open sets such that for every
G et and x € G there exists an A € Awith xe AcG.
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Theorem 3.1.3. (Theorem 4.1.11 in [9])
Let A be a base of the topology of X. For every A € A define

La:=- limionfelog ue(A)
€—>

and for x e X
I(x):= sup La.
{AecA:xeA}

Suppose that for all x € X

I(x)= sup -limsupelogpuc(A).
AeA:xeA e—0

Then {ic }es0 satisfies the weak LDP with rate function 1.
The next theorem may be considered as the converse statement to Theorem

Theorem 3.1.4. (Theorem 4.1.18 in [9]])
Suppose that { ¢ }e-o satisfies an LDP with rate function 1. Then for any base A of the topology
of X, and for any x € X,

I(x)= sup -liminfelogpuc(A)
Aedixed €20

= sup -limsupelogpc(A).
AcAxeA  e~0
Theorem 3.1.5. (Contraction principle, Theorem 4.2.1 in [9|])
Let X and Y be Polish spaces and f : X — ) be a continuous function. Consider a good rate
function I: X — [0, co].
a) For each y € ) define
I'(y) = inf{I(x) : x € X,y = f(x)}.

Then 1 is a GRF in Y, where the infimum over the empty set is taken as co.
b) If I controls the LDP associated with a family of probability measures {p¢ }eso on X, then I’
controls the LDP associated with the family of probability measures {pe o f 1 }eso on Y.

Proof. a) Clearly, I’ is non-negative. Since f~!({y}) is a closed set for y € f(X), we
can use that a GRF attains its infimum over all non-empty closed sets by Lemma

Hence, we see

pr(a) = {y:I'(y) <a} = {f(x) : 1(x) <a} = f(pr(a)).
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Since iy(a) is compact in X, f(ipp(a)) is compact in Y an thus I’ is a GRE.
b)The definition of I implies that for any A ¢ X,

infI'(y) = inf 1I(x).

Inf ) et (x)
Since f is continuous, the set f 1(A) is open (closed) in X for any open (closed) A ¢ V.
Thus the LDP for {pco f 1.0 follows as a consequence of the LDP for { ¢ }eso. O

The contraction principle will appear frequently, since we often use continuous map-
pings to transfer random variables from one space to another. Hence, the following
corollary is very useful and can be deduced directly from Theorem

Corollary. Let X and Y be two Polish spaces and f : X - ) a continuous mapping.
Further we consider a family of random variables { X, }¢-0 defined on a common prob-
ability space (Q), F,IP) taking values in X. We assume that {X,}c.o satisfies an LDP
with GRF I. Then Y. := f(X,) satisfies an LDP in ) with GRFI': Y — [0, o],

I'(y):= inf T(x). (3.1.3)

y)= A (x) 313

Proof. The claim follows immediately by applying Theorem to the laws pc(-) :=
P[Xe €-]. O

Also the following lemma will appear several times in the main part of this thesis.

For the proof we make use of the previous theorems.

Lemma 3.1.6. (Exercise 4.2.7 in [9])

Consider a Polish space X and assume that for all € > 0, (X, Ye) is distributed according to
the product measure pe ® ve on By ® By (the product of the Borel sigma-algebra’s). Assume
that {ye}eso satisfies the LDP with the GRF 1x while {ve }e>o satisfies the LDP with the GRF
Iy, and both {ie }es0 and {ve}eso are exponentially tight. Then for any continuous function
F:XxX - ), the family of laws induced on Y by Z. = F(Xe,Ye) satisfies the LDP with
GRFIz: X xX — [0,00],

H = 1 f II ]I .
Z(Z) {(X,y)eXxlr)}:z:F(x,y)} X(x)+ Y(y)

Proof. We prove that under the assumptions, {(Xe, Ye) }es0 satisfies the LDP with GRF
Ix +1Iy. Then the representation of I, follows as an immediate consequence of the

contraction principle.
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First we want to show that the product measure satisfies the weak LDP. In the fol-
lowing calculation we will use Theorem (see Appendix) stating Byxx = By x By
as well as Theorem and Theorem Note that for any A ¢ A we have
A = A1 x Ay, where A; € By for a given base A of the product topology. As in Theorem

we consider

I(x,y)= sup -liminfelogu®v.(A).
{AcAi(xy)eA} €0

Using Theorem for Iy and Iy
Ix(x)+Iy(y)= sup  -limsupeloguc(A1)+ sup  -limsupelogve(Ay)
A1xAreA:xeAq e—0 AjxAreAyeAr e—0

= sup —limsupelogue(A1) —limsup elogve(Az)
Ar1xAy=AcA:(x,y)eA e—0 e—~0

< sup —limsup elog pe ® ve(A1 x A2)
Ar1xAr=AcA:(x,y)eA e—0

< sup —liminfelogyeopye(Alez):ﬁ(x,y)'
A1><A2:A€A;(x,y)€A e—0

On the other hand, again applying Theorem we have that

I(x,y) = sup —liminfelogue ® Ve (A1 x Az)
ArxAy=AcAi(xy)eA €70
< sup —liminfeloguc(A1) —liminfelogve(A2)
ArxAry=AcAi(xy)ed €70 €0
= sup  —liminfelogpu.(A;)+ sup  -liminfelogve(A>)
AjxAgeAxed, €70 AyxAgediyed, €20
= ]Ix(x) + ]Iy(y).

This shows I(x,y) = Ix(x) +Iy(y) and by using Theorem we can see that
{(Xe,Ye)}eso satisfies the weak LDP with rate function I. Now we can show that
{}he ® Ve }es0 is exponentially tight. Choose compact sets K}, K2 such that

limsup elog e (KL) < —a/2

e—0

limsup elog v (K2) < —a/2.

e—0
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Then for K, = K} x K2 it follows that

limsup elog pe ® Ve (Ky) < —ar.
e—0
Applying Lemma shows that I is a GRF and the LDP is satisfied. This concludes
the proof. O

There is also an inverse statement to the contraction principle, where one has to

assume a more restrictive setting.

Theorem 3.1.7. (Inverse contraction principle, Theorem 4.2.4 in [9])

Let X and Y be two Polish spaces. Suppose that §g:Y — X is a continuous bijection, and that
{VeYeso is an exponentially tight family of probability measures on Y. If {ve ® g1 }eso satisfies
the LDP with the GRF 1: X — [0, 00|, then {ve¢}eso satisfies the LDP with GRFI' =T o g.

The proof is elementary but a little bit lengthy, and so we shall only present it in the
appendix (see [f). We want to deduce a corollary, which we will later use in the main

part of this thesis.

Corollary. Suppose two Polish spaces (X, 71) and (X, 72) with T € 77. Let {ji¢ }es0 be
an exponentially tight family of probability measures on (X, 71). If {jc}es0 satisfies an
LDP with respect to the topology 1> that is coarser than 77, then the same LDP holds
with respect to the topology 1.

Proof. The proof follows directly from the inverse contraction principle using the iden-

tity mapping ¢: (X, 11) - (X, T2), x = x, which is continuous because 7 € 1. O

Remark. In [9] Theorem and Corollary are stated in a more general setting,
but we will only need those results in the case of Polish spaces.

In many situations it is possible to show that a family of laws {ji}e-0 satisfies an
LDP by showing that {yc}e-0 is ,equivalent” to {fic }e-0, where the latter is known to
satisfy a certain LDP. This leads to the notion of exponential equivalence.

Definition 3.1.7. Let ) be a Polish space with metric d. The probability measures {i¢ }es0 and
{fic}es0 are called exponentially equivalent if there exist probability spaces {(Q, Be, Pe) }es0
and two families of Y-valued random variables {Z}eso and {Ze}eso with joint laws {Pe}eso
and marginals {ye }eso and {fic }eso, respectively, such that the following condition is satisfied:
For each § > 0, the set {w € Q| (Z¢, Z¢) € Ts} is Be measurable, and

limsup elog Pe(T's) = —oo,

e—0
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where
Is ={(v.9):d(y, ) > 6}

Remark. In [9] this definition is stated in a more general setting, here one could omit

the measurability assumption.

Remark. If we work with random variables defined on a common probability space
(O, F,IP) and taking values in a Polish space (X,d), then the previous definition can
be simplified to

limsup elogP[d(Z¢, Z¢) > 6] = —o0

e—0

for all 6 > 0.

Theorem 3.1.8. Consider two families of random variables {Z¢}eso and {Ze}eso, defined on
a common probability space mapping into a Polish space (X,d). If {Z¢}eso and {Z¢}eso are
exponentially equivalent, one of them obeys the LDP with a GRF 1 iff the other one does as
well.

Proof. We are providing a direct proof here, in [9] a more general theory is introduced,
Theorem is then a special case.

Assume that {Z.}.-o satisfies an LDP with GRF I and take a closed set C. For ¢ > 0 we
consider the ¢ neighbourhood Cs of C,i.e. Cs={x e X :3y e C:d(x,y) <}. Then we
get the following upper bound,

limsup elogP[Z, € C] = limsupelog (P[Ze € C,d(Ze, Ze) > 6]+ P[Ze € C,d(Ze, Ze) < 6])

e—0 e—0
< limsup elog (P[d(Ze, Ze) > 6] +P[Ze € Cs]),
e—0
where we used that if d(Z., Z¢) < 6, then [Z¢ € C] ¢ [Zc € Cs]. For a,b > 0 we note the

elementary inequality
log(a+b) <log(2(avb))=1log2+logavlogh.
In the limsup the log?2 term vanishes, hence

limsup e log (P[d(Ze, Ze) > 8] + P[Ze € Cs])

e—0
<limsup e(logP[d(Ze, Ze) > 6] v1ogP[Ze € Cs))
e—=0

=limsup e(logIP[d(Z, Z¢) > 6] v1ogP[Ze € Cs])

e—0
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=limsup elogP[Z, € Cs]

e—0
<—inf I(x).
< (1)

In the first equality we used the exponential equivalence of {ZeYeso and {Zc}eso. If
we infimize over all § > 0, the expression in the last line becomes —inf,.c I(x), since I
is a GRF.

The lower bound can be shown by a local argument, thus take O ¢ X open and

x € O. Now we can find an open neighbourhood U around x and some ¢ > 0, such that
U cUs cO. Then

P[Ze € U] = P[Ze € U, d(Ze, Ze) > 6] + P[Ze € U, d(Ze, Ze ) < 6]
P[d(Ze, Zc) > 8] + P[Zc € Uy]
<P[d(Ze, Ze) > 5] +P[Zc € O].

IA

Similar to the upper bound, we have

-I(x) < —infI(y)
yel
<lim ionfelog]P[Ze e U]
< limionfe(log]P[d(Ze, Z¢) > 6] vlogP[Z: € O])

=liminfelogP[Z, € O].

e—0

Now we can take the supremum over all x € O on the left hand side to receive the

lower bound. ]

We now restrict on a discrete setting. Consider a sequence of probability measures
{#n}nen € P(X), where (X,d) is a Polish space. In this case we are also interested in
the speed of the LDP, i.e. we want to find a monotone increasing sequence {s, },eN
with s, - oo and a rate function I : X — [0, oo] such that

—infll(x) < liminfllogyn(l”) < limsup llogyn(l”) < —infl(x),
n—oo STl

xel’ n—oo Sn xel

for a Borel set I' c X.

Remark. If I is a GRF and has a unique minimizer m € X and we are given a sequence
{s;,}nen with s, < s, and s, > co. Then the LDP holds also with speed s;,, in this case
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with GRF x, : X - [0, 0], where

0, ifx=m

Xm(x) =
oo else.

Proof. First, we observe that I(m) = 0, since the LDP inequality yields (note that the
whole space X is closed and open and y,(X) =1, for all n € N)

- in/,gll(x) < liminf sl log 4, (X) =0 = limsup 1 log pn(X) < - in/}él[(x).

n—oo Si’l
Hence, I(m) = 0. We first show the large deviation upper bound. Consider a closed

Cc X and M > 0. Then, if m € C (note that log u,(C) <0, Vn € IN)

limsup l,logyn(C) <limsup sl log 1, (C) < —ianI[(x) =0= —iIleXm(X)~

n—oo Sn n—o0

In the case where m ¢ C, we use that s,/s;, exceeds every given M > 0 if n is sufficiently
large and that a GRF takes its infimum over any closed set, i.e.

limsupslllogyn(C) <limsup z-:lsllogyn(C) < —Milgé][(x) M2 o = —Ji(r;cf)(m(x).

n—oo n n—o0o n°n

For the lower bound, we fix some open set O ¢ X. If m ¢ O, then —inf .o xm(x) = -0

and trivially

1 .
11rrlr_1)glf¥10g Hn(0) 2 =00 = — inf X (x).

If m € O, then by the upper bound (note that O is closed)

1
limsups—,logyn(oc) < —xigofcxm(x) = —oo0.
n

n—oo
Which is only possible if 11,(0¢) =5 0, hence 1,(0) == 1. Then we get
liminf - Tog 11,(0) = 0 = — inf xu(x)
Rine 5 10810(0) =0 - i xn()

O]

A weakness of the general contraction principle might be that the representation
of the rate function via an infimum is not closed. We therefore provide a result in a
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discrete setting, first introduced in [5, Section 6.2], in [18] the authors called it ,ap-
proximate contraction principle”.

We start by introducing the formal background. Let X be a Polish space and (%, ||.||)
be a separable Banach space (i.e, a complete normed vector space over R with a count-
able dense subset). Further, let X* be the topological dual, i.e. the space of continuous,

linear functionals mapping from X to IR. We denote by

(,.):X"xX->R

(x7,x) = X7 (x)

the dual pairing. Let P(X') be the set of probability measures over & and fix a con-
tinuous mapping c : X - X. Further we consider a sequence {.Z}, } N of P(X') valued

random variables and define X valued random variables {4} },on With

%, = fX c(X)dLy(x) € X,

assuming the latter exists as pointwise Bochner integral (see Definition and the
following in the Appendix). Let the sequence of vectors {(€,,-Z,) }nen satisfy an LDP
with some speed s, and GRF I : X x P(X') — [0, oo].

We are interested in a representation of I, for this urge we provide a motivation
for bounded c. In this case the existence of ¢, needs no further assumption and
also the mapping y ~ [, c(x)du(x) is well defined and continuous for y € P(X). The
contraction principle provides an LDP for {.%}, },on with speed s, and GRF Iy : P(X) —
[0, 00]

To(p) = inf I (x, pt).
xeX

Applying the contraction principle once more for the continuous map
F:P(X)—>XxP(X)
i ([ eGodn(x), u)

yields a new representation for I. We note that the preimage of (¢, u) € X x P(X)
under F is

p, i€ = [yc(x)du(x)

o else.

F({€,n}) =
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Hence,

| To(p) + 20( € - fr cd(x)) i To(p) < o0
I(€,u) = inf  Io(v) = (3.1.4)
veF 1 ({%u}) 00 else,
where x0(0) = 0 and xo(x) = oo for x # 0. We want to receive a similar representation
for I under additional assumptions in case of unbounded c.
Let us start with some definitions and notation. Let 7 € (0,00] and W : X - R be a

continuous function. Then we consider the Varadhan type limit

1 _
Ar(W) :=limsup ~ loglE[e”(fX W(x)d‘%"(x)w)] and  A(W):=sup A, (W),
n—ooo N r>0
where A refers to the minimum of the two quantities. Further we will work with the
,domain” of A and its ,interior”, as well as a certain functional. More precisely, for
fixed continuous c¢: X - X, we define

P ={aeX" | A({a,c("))) < o0}
Do={aeX"|Ip>1:paecP}
F(x):=sup(a,x), x€X.
weD,

Now we can state the central result in this subsection, allowing to establish a similar
representation of I as in Equation but for more general c.

Theorem 3.1.9. (Proposition 6.4 in [5]])

Let (X,d) be a Polish space, (X,||-||) be a separable Banach space, c : X — X a continuous
function, { %, }nen a sequence of P(X') valued random variables and suppose the following
assumptions:

1.37>0: As(n]lc()]]) < oo.
2. {(Cn, L) tnen satisfies an LDP in X xP(X') with convex GRF 1.

3. For every sequence {W, }nen with Wy, € {V +(a,c(-)) |V : X - R continuous and bounded, « €
Do} and Wy, | Woo to a limit We : X — R that is continuous and bounded from above,
we have

limsup A(W,) < A(Ws). (3.1.5)

n—oo
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Then (€, u) satisfies identity with F instead of xo and 1y the GRF for the LDP of
{L}new in P(X). In particular, 1(€, u) = 0iff € = [, c(x)du(x) and Io(p) = 0.

Remark. The assumption Ao (7]|c(+)]|) < oo implies the existence of the Bochner inte-
grals ¢, = [y c(x)dZ,(x), n € N. Hence, Assumption 1 from the theorem allows to
consider the sequence {(%, %) }neN-

Proof. If As(7)lc(+)]]) < o0, then

limsup%logIEI:e”(fx’l|C(x)||d=7n(x)):| oo,

n—-oo

and hence for any n € N,
]E[en(fxmc(x)wn(x))] < oo,

In particular E( [ #llc(x)[|dZ:(x)) < oo, thus directly implying Bochner-integrability.
O

Remark. In [5, Section 6.2], there are several interesting observations together with
useful identities including the GRFs Iy and I, which we will need in the proof of The-
orem Let C,(X) denote the set of continuous and bounded functions mapping
from X to R. Then under the assumptions of Theorem

I(¢,u)=sup sup [(oc,‘f)+fXV(x)dy(x)—/_\(V+<zx,c(-)))], (3.1.6)
xe%p VeCy(X)

for € e X, ye P(X) and

Io(u) = sup [ [XV(x)dy(x)—/_\(V)]. (617)

VeCy(X)

Proof. (Theorem [3.1.9)

By Assumption 2, {(€y, %) }nen satisfies an LDP with GRF I. As in the motivation,
one can derive an LDP for {.%} },«n via the contraction principle with GRF Iy : P(X) —
[0, 0]
To(p) = infI(x, pr).
xeX
Thus Io(p) < I(%,u) for all € € X. Representation hence holds in the case

Io(p) = co. We can now treat the case y € P(X') with I(p) < oo.
Using the identity in[3.1.7/and V* := g[|c(-)]| A M € C,(X), for some M > 0 and 7 > 0
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from Assumption 1, yields
Lo(n)> [, V' (@)du(x)-AV")

= L nlle()ll A Mdp(x) < To(p) + A(yllc()]| A M)
<To(p) + A(nlle()ID)-

In the last inequality we used that A is monotone increasing, i.e. for Wy, W, € C,(X)
with
Wi(x) < Wa(x),VxeX

we have A(W;(+)) < A(Wz(+)). By monotone convergence for M — oo we see that
'7[ lleCo)lldp(x) < To(u) + Anlle()ID-

Since A < Ao, we can use the case assumption () < co and Assumption 1 to deduce

’7f||C(x)||d;4(x) < 0.

Hence, c is Bochner-integrabel and for a € X* it follows that («,c(-)) is in L (X, 4) by
Theorem Moreover, we get the following identity

@ eGan(x) = (@, [ cx)du(x).

In particular, this equality holds for a € &,. This can be used to rearrange representa-

tion of I, hence we get

16,0 =supswp |9+ [ V() - AV + e
e VeCy(X)

=sup sup [(a,‘f—fxc(x)dy(x))+—/XV(x)+(uc,c(x))d‘u(x)—/_\(V+(tx,c(-)))]

e, VeCy(X)

:sup[(a,%—Lc(x)dy(x))+ sup fXV(x)+(uc,c(x))d;4(x)—[\(V+(zx,c(-)>)]

e, VeCy(X)
- - I
i?@‘i[“"'% Lc(x)d”(x)“ <a,c<~>>(u)],
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where for a function g : X - R of the form g = (a,¢(+)), for some a € Z,, we use

Io(p):= sup / V(x)+g(x)du(x)-A(V+g),
VeC,(x) 7 X
which is consistent with the definition of I in Equation If one is able to show
that Iy = I, for all such g, then one has established identity We shall prove this
identity now.
1. Tp(p) 2 Ig(p): Define the auxiliary function ¢, : R — R with

G () 1= XNy 0y () + 1, 00) (%) = MLy, 00y (%), for n,meIN

and denote ¢oo i (x) = limy o Prm(x) and Pp o0 (x) = limy 00 P m (x) for x € R. Then
by construction ¢, ,, € Cp(R). For V e C,(X) and g = («, c(+)), for some a € Z,, we have

Pum(V +g) € Cp(X). Using Equation yields
Lo(1)> [, pum(V () +20NANE) = Alpun(V +2)). (3-18)

We have the pointwise limit ¢, (V + §) | ¢no0o(V +g) as m - oo and hence by As-
sumption 3
lim sup A(¢mn(V +8)) < Al¢oon(V +8)) < A(V +3),

mM— o0

where the second inequality holds due to the monotonicity of A. We use this to get
the lower bound

To() > limsup [ gun(V(x) +g(x))dp(x) - AV +g)

m— o0

> [ fnee (V) +(0))H() = A(V +g).

Moreover, ¢, (x) 1 x for x € R by construction. Since g = (&, c(-)) is Bochner-integrabel
and V is bounded, we can apply dominated convergence to receive the inequality

Lo(n) > [ V()+g()du(x) =AY +g).

Optimization over all V € C(X) yields the desired inequality.
2. To(u) < Mg(u): We work again with the functions {¢nm }nmen. For V e Cp(X) and
g =(a,c(-)), for some a € Z,, we have that V + ¢, (g) € C,(X). Hence, by the definition
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of IL,, we have that

Ig(p) 2 fX(V(x) = 8(X) + Pum(8(x))dp(x)) = AV = g + Pum(8))- (3.1.9)

Now we apply essentially the same argument as in the first direction of the proof.

¢mn(g) — g pointwise as n,m — oo, hence

im Hm [ [¢nm(g(x)) - g(x)]dpu(x) =0

n—00 M—>00

by dominated convergence. Also we have V - g+ ¢,4(g) | V- g+ ¢Pn,00(g), 5O we can
use Assumption 3 and the monotonicity of A to get

limsup A(V =g+ ¢nm(g)) AV =g +¢pn,e0(g)) < A(V).

mM— 00

After optimization over all V we showed ¢ () > Io(pt).

For the second claim, we note that I(¢, ) = 0 if Io(y) = 0 and € = [, c(x)du(x).
The other direction is not immediately clear, assume ¢ # [, c¢(x)dp(x). Then we find
« € X*, such that (v, ¢ - [, c(x)du(x)) > 0. Since

[afloo == sup  Ja(x)] < co,
xeX,||x||<1

we choose € > 0 with €|[a||c < 7. Then ex € 9,, and we get F(¢ - [, c(x)du(x)) >0. O

3.1.3 Classical results and some applications

In the following we study a few classical results from large deviation theory, beginning
with a version of Cramér’s theorem for real-valued random variables.
For a sequence of iid random variables Xj, X5, .. we introduce the quantities

e S, =X1+..+X,

A(t) :=log E[exp(tX1)]

Dpi={teR|A(t) < oo}

N*(x) = sup, g (xt = A(t))

® pn(-) =P[Sp/ne-].

Before we formulate Cramér’s theorem, we state some properties of A and A*.
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Lemma 3.1.10. (Lemma 2.2.5 in [9])

Denote by x = E[X1]. Then

(a) A\ is a convex function and A* is a convex rate function.

(b) If DA = {0}, then A* is identically zero. If A(A) < oo for some A > 0, then X < oo ( possibly
X = —o0), and for all x > X,

A*(x) =sup (Ax - A(A))
A20

is a non-decreasing function for x > x. Similarly, if A(A) < oo for some A < 0, then X > —oo
(possibly X = o), and for all x < %,

A*(x) =sup (Ax - A(A))
A<0

is a non-increasing function for x < x. When X is finite, A* (%) = 0, and always,

;?]IgA (x) =0.
(c) A is differentiable in D, with
A@p) = —— E[ X1 ]
= gk

and

N(@n)=y = AN(y) =ny-An).

Theorem 3.1.11. (Theorem 2.2.3 in [9])

Let X1, X, ... be iid real-valued random variables. Then {ji,}neN satisfies an LDP with the
convex rate function A*, namely:

a) For any closed set F ¢ R

limsup % log pn(F) < - irell_fA* (x).

n—oo

b) For any open set G ¢ R

P o1
—chreléA (x)shrrlr_l)gfglogyn(G).

Application 1. Consider a sequence (1, (>, ... of iid standard normal distributed ran-
dom variables, where we have A(t) = t?/2. The computation of the Legendre transform
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is straight forward and gives us
2

x
A* = —.
()=
For each measurable set A we thus have
Cox . 1 .. x?
—inf — <liminf —log u,(A) < limsup —log y,(A) < —inf —.
xeA n—oco 1 nooo N xed 2

Application 2. Again we consider a sequence (j,(»,... of iid standard normal dis-

tributed random variables. In this example we study the asymptotic behaviour of

n

1
;Z|Cj|-

j=1
The computation of A takes a little bit more effort, but is still elementary, we get

12
A(t) = 5 +log ®(t) +log2,
where ®(t) denotes the standard normal distribution function. There is no closed
representation of A*, but we can still provide a few properties using Lemma

A* is convex and infinity over the negative real numbers. For every t € R we have
A(t) < oo, thus for x > X =/2/7

2
A*(x) = sup (xt - % ~log ®(t) -log?2).
t>0

Moreover, solving the equation A’(%) =y leads to the relation

e ®'(17)
@)
We see that if y — oo, then also ## - co and using properties of ® implies 17 = O(y).
Using
A (y) =ny - AGn)
shows

. 1
A*(y) = 50(y)* - log O(y).
Hence, A tends superlinearly to infinity as y — oo.

Now we introduce the concept of empirical measures and the general theorem of
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Sanov. The following is based on [9, Chapter 6].

We consider a Polish vector space X and an iid sequence Y7, Y>, ... of £-valued random
variables. Assume that Y; is distributed according to u € P(X), where we recall that
P(X) denotes the space of Borel probability measures on X. We are interested in the

asymptotic behaviour of the empirical law of Y3,Y5, ..., Yy, i.e.
1 n
LY ==%"6y, nelN, (3.1.10)
=]

where §, denotes the Dirac-measure at y € . LY is, as convex combination of proba-
bility measures, again a probability measure. The philosophy is to understand LY as
sum of iid M(X) (space of finite signed measures on X. ) valued random variables. We
can then apply the general theorem of Cramér for certain topological vector spaces
(see Theorem [3.1.12). The technical difficulty consists in equipping M(X) with the re-
quired topology. We will now leave the safe environment of Polish spaces for a second

to state a version of Cramér’s theorem in the necessary generality.

Definition 3.1.8. (locally convex Hausdorff space)
Let (X, T) be a topological vector space over the real numbers.
1. (X, 1) is called Hausdorff space iff

Vx,ye X:x#y:3JA,Bet:xcA,yeBand AnB=0.

2. (X,7) is called locally convex, iff for every neighbourhood U around 0, there
exists an open set T ¢ U such that

a) T is convex,
b)ForallxeT:3r>0:V|ja|<r:axeT,

c)ForallxeT:V|r|<1:rxeT.

Assumption. a) X is a locally convex, Hausdorff, topological real vector space. £ is a
closed, convex subset of X such that v(€) = 1 and £ can be made into a Polish space
with respect to the topology induced by X.

b) The closed convex hull of each K ¢ £ is compact.

Let v be a Borel probability measure on such a vector space X. On the space X* of
continuous linear functionals on X, define the logarithmic moment generating func-
tion A : X" - (—00, 00]

A logfxeu'”dv(x)
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and let A* : X - [0, oo] denote the Legendre transform of A, which is, in this setting

x = sup {(A,x) - A(A)}.
AeX*
We now want to consider the empirical mean S, of iid Xj, ..., X, X-valued random
variables, i.e.

S, = X;, nelN, (3.1.11)

S|

n
=1
where each X; is distributed according to v. There are some associated measurability

issues discussed on p. 252 of [9]], we omit the technical details here. Denote by v, the

distribution of S,,.

Theorem 3.1.12. (Generalized Cramér, Theorem 6.1.3. in [Jo|])
Let the previous Assumptions a) and b) hold. Then {v, },en satisfies in X (and £) a weak LDP
with rate function A*. Moreover, for every open, convex subset A ¢ X,

lim 1logvn(A) = —inf A*(x).
xeA

n—oo 11

Remark. (Corollary 6.1.6 in [9] )

Assume X = £ = R? and define v, as the distribution of empirical mean of n iid X-
valued random variables. Then the sequence {v,},«n satisfies a weak LDP with the
convex rate function A*. Moreover, if 0 € D}, then {v, },n satisfies the full LDP with
the good, convex rate function A*.

We now come back to our initial problem, where we want to apply Theorem
on the sequence of empirical measures {LY},cn from After that, our program
is as follows:

1. We introduce the weak topology on M(Z) and the induced relative topology
on P(X), which fulfil our assumptions.

2. By applying the generalized Cramér’s theorem we get the weak LDP.
3. Exponential tightness leads to the full LDP with GRF A*.
4. Calculate A*.

Definition 3.1.9. (weak topology)
The ,,weak” topology T on M(X) is the topology generated by the system of sets {Ugp x5 : ¢ €
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Cp(X),x € R, 6 >0}, where
Ups = {ve M(Z): {¢,v)—x| <6},

with (¢,v) = [y 9(1)dv(t).

Lemma 3.1.13. (M(Z), %) is a locally convex, Hausdorff, topological real vector space. P(X)
together with the induced relative topology is a Polish space.

Proof. M(X) can be made into a real vector space if we endow it with pointwise sum-
mation. In view of Theorem we identify a subspace Y ¢ M(X)" with

Y= {p:ME) = RI(0) = [ 9(Odu(t), ¢ < Co(T),v e M(T)

and note that ) is separating. Hence, T (which is precisely the Y-topology) makes
M(X) to a vector space with the desired properties, as well as J = M(X)*. If we
restrict on P(X) together with the induced topology, we receive the well known weak
topology. P(X) then becomes a Polish space (see Remark [3.3). O

We denote by B” the Borel c-algebra generated by the weak topology.
Now the weak LDP for empirical measures follows as an immediate consequence of
Theorem [3.1.12] Here we have X = M(X) and X* = M(X)* = V), where Y is the set from

Lemma The sequence {X;};en from Theorem is the sequence of random
Dirac-measures dy,, dy,, ..., where the sequence {Y;};c is iid and distributed according

to yu € P(X). Moreover, the cumulant generating function is A : M(X)* — (—o0, 0]

¢~ logIE[exp((giA), 5y1))] = logIE[exp(4>(Y1))] (3.1.12)
=log fZeXp(«P,y))du(y), (3-.1.13)

where ¢ € C,(X) represents the functional ¢ € M(XZ)*. Hence, we use the (sloppy)

notation A(¢) instead of A(¢$). Now we can deduce the following corollary using

Theorem

Corollary. The sequence empirical measures {LY},oy satisfies a weak LDP in P(X)

with the convex rate function

A (v) = sup {{p,v)-A(¢)},

PeCy(X)

forve P(X).
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Using the following lemma we can show that we have indeed a full LDP.
Lemma 3.1.14. The laws of LY are exponentially tight.

Proof. Using Theorem implies: 3Ty ¢ X, such that
u(Tg) <e (e~ 1)
for £ € N. The set of measures
K'={v:v(ly)>1-1/¢}

is closed by the Portmanteau Theorem To see this assume {v, },en € K! with
vy = v weakly. Then
1-1/¢ <limsupv,(I'y) <v(Ty)

n—oo

since I'y is compact, hence closed. Now define for L € IN

Kr = (K"
(=L

Ky is tight (see Definition , since for v € K; we have v € K!,v¢ > L, and hence
for any ¢ € IN there exists a compact I'; such that v(I'y) > 1-1/¢. Using Prohorov’s
theorem we see that the closed set K is compact. Applying the exponential
Chebyscheff inequality we get the following upper bound

P[LY" ¢ K'] = P[LY"(T,) <1-1/£] = P[LY"(TS) > 1/¢]
< IE[EZn(z(LY" (r,)—w)] < e—ZnZIE[EZnEZLY“(U)]
| exp(2£2llrc(Y1))]n
=e 2" (u(Ty) + ¢ (s )" <

For K it follows

P[LY" ¢ K] < i LYH¢ng§
(=L (=L

implying that
lim sup log]P[LY” ¢Kp]<-L.

n—oo
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In the last step we take a closer look at the Legendre transform A* : M(X) — [0, oo].
In the following calculation we assume that the densities dy/dv and dv/du = (du/ di/f1
exist, where v € P(X) and y € P(X) is the distribution of Y;.

A*(v)= sup {(¢,v)-A(¢)}
PeCp(X)

-~ sup {<¢,v>—longeXP(Mby))du(y)}

PeCp(X)

= sup {{p,v)-log [ exp(lg.y) 2 ()av(y))

$eCy(Z)

> sup {((p,v)—]Z(¢,y)+log(j—5(y))d1/(y)}

$eCyp(X)

= sup {{(p,v)—(¢,v) flog(—(y))dV(y)}

$eCyp(2)
- [, G wog (5w )aucy).

This calculation motivates the following definition.

Definition 3.1.10. For a probability measure v € P(X) we define the relative entropy with
respect to y € P(X) as

Jo () log F(x)d(x)  if F(x) = 1 (x) exiss

00 ,otherwise.

H(v|p) =

Z—Z denotes the Radon-Nikodym derivative of v with respect to y. The case when u is the
Lebesgue measure is treated separately and leads to a very similar notion, which we will just
call the entropy. Assume a measure v € P(X) with density dv/dx. Then we define

h(v) = —Alog(j—i(x))dv(x).

We have seen that A*(-) > H(|u). Indeed, we have equality here.

Lemma 3.1.15. (Lemma 6.2.13 in [9])
The identity H(:|u) = A* holds over P(X), where y is the distribution of the Y{s in[3.1.10land

A* is the Legendre transform of A defined in

The previous lemma delivers the last step of our program and we are now able to
deduce the following version of Sanov ’s theorem.
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Theorem 3.1.16. (Sanov, Theorem 6.2.10 in [9]])
The empirical measures {LY},cn satisfy the LDP in P(L) equipped with the weak topology ¢
with the good, convex rate function H(-|p).

Remark. In [9] Theorem is stated in a more general version, where the LDP
holds in the finer , 7-topology “. The latter is generated by sets Uy , s with measurable
¢ instead of ¢ € C,(X2).

We will now discuss some properties of the entropy, since H plays an important role
in the main part of this thesis.
Application 3. Assume y is the standard normal distribution. Then we have the rela-
tion
ma(v)

Hlpu) =-h(v)+ = log(27r) 4+ —=— 5

where m;(v) denotes the second moment of v € P(X) with density Z—Z.

Proof. First note that, due to the Radon-Nikodym theorem dv/du exists as well
as

dx x?
ﬁ =V 27‘Cexp (E)

Then we get
H(v|u) = f log( x))dv(x)

:/Zlog(ﬂ(x))dv(x)wLLlog(z—;(x))dv(x)
= —h(v) + 11og(27r) N f x*dv(x)

=-h(v) + —log(27r) + 2( ).

Lemma 3.1.17. For y,v € P(R) we have H(u|v) > 0.

Proof. We prove this statement if du/dv and dv/du = (du/dv)~! both exist. In this case
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the non-negativity of H is an application of Jensen’s inequality. Indeed, we have
_ [ am dp
Hu) = [ S eotog (S 0)avn)

= [ 10 (% () Jaut)
-~ oo (G Janco)
> -log [ S (0dn())
=0.
O

Lemma 3.1.18. We consider two distributions y, s € P(R) and some constant ¢ > 0. Then

we have

H(pa (- x 0)|p2) = H(pa[p2(- x 7)),

provided the respective Radon-Nikodym derivatives exist.
Proof. Denote by u{(-) := p1(-xc) and yg_l(-) := pip(- x c1) and consider
dus
c _ o c
HGl) = flog (200 )ari ()
_ dui,
_leog(E(c X))d]/ll(X)

: forom (0 Jamo

The last equality can be proven by taking a closer look at (du5/dp2)(c ™ x). We use the
defining property of a density, for a Borel-set A ¢ R we have

d]/l(i -1 ¢! _ dﬂi
Jy g @0 @ = [ ()

= ui(c'A)
= pu1(A).

In the first equality we used the transformation rule for probability measures (see The-

oremin the Appendix). Hence, (du§/duz)(c™1x) = (dyl/dptgl)(x), establishing the
claimed equality. O
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When working with the entropy h, one might be interested in finding a maximal
"value" of h, given some constraints. The next result can be found in [7, Section 12].
Consider the following problem:

For some m € IN, we are given functions {7;};c(1,..my With 7; : R - IR and real numbers

.....

fIRf(x)ri(x)dx = Ui, forl<i<m (3.1.14)

and maximizes h. Questions like this arise quite naturally when dealing with mathe-
matical models containing entropy, for example in certain fields of Physics, but we will
stay within pure mathematics. In order to shorten things a little bit, we are temporarily
inconsistent with notation: we denote /i(f) for some density f instead of writing h(v),
where v has the Lebesgue density f. Indeed the case where a given distribution v has
no density is not interesting, so in any case we only need to consider the situation

when a density exists.

Theorem 3.1.19. (Theorem 12.1.1 in [7])
Assume there are constants Ay, ..., Ay € R such that f) : R - R with

falx) = O ERAT) (3.1.15)

fulfils the constraints Then f) maximizes the entropy over all densities satisfying

Proof. Let g be another density obeying Then
h(g) =~ f]Rg(x)logg(x)dx
_ 8(x)
- [ g(x)log (mfA(x))dx
= -H(glf) - [ 8(x)log fu(x)dx

s—ng(XﬂngA(x)dx

- [ 5o YA ()
j=1

=2l AfA<x><Ao+§Ajr;<x>>dx

“h(f).
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Application 4. Assume we are interested in distributions with mean 0 and variance
0? > 0. This can be embedded in our setting via the two constraint functions r{(x) = x

with p1 = 0 and 75 (x) = x2 with yy = 0% Then

fi0) = e (- 25)

exists and corresponds to the NV'(0,0?) distribution. We can also compute the entropy

evaluated at f), namely

h(f) == [ fa(x)log fi(x)dx

= %log(ZmTZe).

This concludes our short excursion about the entropy function. The next classical
result from large deviation theory is the useful theorem of Gartner-Ellis, allowing to

establish LDPs for non iid sequences.

Definition 3.1.11. Consider a convex function A : RF — (~o0,00] and define Dy = {A €
RF | A(A) < 0o}. A is essentially smooth, if

(a) Dy is non-empty.
(b) A is differentiable throughout D .

(c) A is steep in that lim,, . [|[VA(A,)|]2 = co whenever {A,}uen is a sequence in Dy

converging to a boundary point of D.

Theorem 3.1.20. (Version of Girtner-Ellis theorem, Theorem 2.3.6 in [9])
Let {Zy}nen be a sequence of R¥-valued random variables and for A € R define A, (M) :=
log E[exp({A, Zn))]. If for each A € R the limit

A(A) = nlg?o %An(n)\) (3.1.16)

exists as an extended real number with 0 € D and if we further assume that A is essentially

smooth and lower semi-continuous, then

(a) For each closed set F,

limsup % log pn(F) < - irelgA*(x).

n—-oo
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(b) For each open set G
liminfll (G) > —inf A" (x)
n—oo n 08 Hn T xeG ’

In other words, an LDP holds with speed n and GRF A*.

Remark. The theorem is still valid if we replace the speed n by any sequence {s; }neN
with s, - oo.

Application 5. Consider a k-dimensional standard normal distributed random vector
(C1,.-.,Cx) and some sequence {s;, },en With s, > co. We want to establish an LDP for
g @)

Vo

by using the previous theorem. We therefore check the limit condition for the cumu-

the random variables

lant generating function,

i log (E[exp(5,(, Z,))1) = lim - log (E[exp(vS (21, ), A)])

n—oo Si’l
M3
= lim 1 log(exp(—an2 ”2))

n—oo Sﬂ

AR
2
= A(A).

Where in the second equality, we used that the moment generating function y : R* - R
of a k-dimensional standard normal distributed random variable is

A1
-
A is obviously essentially smooth and invariant under the Legendre transform. The

sequence {Z, } N thus satisfies the LDP with GRF A + ||A||3/2 and speed s,,.

Application 6. Consider an iid sequence of standard normal distributed random vari-
ables (1, (>, ... and define

(21, T3

n

Zy, = n e IN.
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The limit condition for Gartner-Ellis can be verified easily. For f € (-c0,1/2),

.1 .1 2 1
r}gglo EAn(nt) = nhjg - log (E[exp(t37)]") = 5 log(1-2t).
For the last step we used that é% is X% distributed. For t > 1/2 the limit exists as ex-
tended real number and is equal to infinity. The essential smoothness follows directly,
thus {Z, } N satisfies the LDP with speed n and GRF

AN (x)= sup (xt + 1log(l —2t)) = 1(x ~logx-1)
te(~o0,1/2) 2 2

for x > 0.

Application 7. Now consider the similar sequence

M@ T)I

Zy: nelN,
n

where {k;, },en is a sequence with k,/n — 0, but k,, > co. Then, for t <1/2,

lim A, (1) = lim log (E[exp(t23)]")

n—oo 1

=0.

If t > 1/2, then the moment generation function of {7 is infinity. The resulting A is
essentially smooth and the Legendre transform can be calculated. Indeed, we get for
x>0

A*(x) = sup (xt— A(t)) = =.
teR 2

Thus {Z, },eN satisfies an LDP in R at speed n and GRF A*.

3.2 Haar measure on the Stiefel manifold

Since we will consider projections of high dimensional random vectors on lower di-
mensional subspaces, we need to introduce something like a ,uniform measure” on
the set of k-dimensional subspaces of R". This task can be realised via a short excur-
sion to Haar measures on compact metric spaces (see Definition[6.0.4]in the Appendix),
the desired concept will then be a special case. The following is based on [23, Chapter
1].
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We consider a compact metric space (M, d) and let G be a group whose members act
as isometries on M, i.e. for g € G and t,s € M, d(gs, gt) = d(s,t).

Theorem 3.2.1. Let (M, d) be a compact metric space, G be a group acting on M by isometries.

Then there exists a reqular Borel-measure y, which is G invariant, i.e.
u(gA) = u(A) forall Borel sets A and g € G.

Proof. For all € > 0, let N be a minimal e-net in M, i.e. Uyen, B(x,€) = M, where
ne = |Ne| is minimal with respect to this property and B(x,€) = {y ¢ M | d(x,y) < €}
denotes the closed ball. Note that we can find a finite covering due to the assumption
of M being compact.

Define C(M) as the space of continous functions on M (remember that C(M) can
be equipped with the supremum norm, since M is compact). Then we consider the
mapping e : C(M) — R with

1
pe(F) = ¥ f(x).
€ xeNe
In addition of being linear, uc(1) = 1, pe is positive, i.e. if f >0, then pe(f) > 0, and

also for the operator norm

el =" sup — |pe(f)l < 1.
feC(M)|fllee<1
The family {jc}e0 is uniformly bounded in norm and thus by the theorem of Banach-
Alaoglu6.0.3|compact in the weak* topology. Using the property that a compact metric
space is separable gives us a subsequence €; - 0 and a linear functional p € C(M)*
with

pe,(f) = u(f)-

The limiting process inherits the properties f >0 = u(f) >0 and (1) = 1. By the
Riesz-Markov representation theorem [6.0.4]  can be represented by a unique probabil-
ity measure which we (inconsistently) also denote by the letter . Hence, for f € C(M)

u(h) = [ FfEdn().

Now we need to show that this construction is independent of the sequence of minimal
€ nets, since they need not be unique. Assume another family of minimal nets { N/ }¢-0

as well as a convergent subsequence .. — . obtained by the previous procedure. We
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use the Hall marriage theorem [6.0.1]for the bipartition sets Ne and N/ with the relation
x ~y for (x,y) € Ne x N{ iff B(x,€) nB(y,€) # @. Now assume |A| > |[K(A)| for some
A € N and choose some z € M. We know there exists some x € N with z € B(x, €).

1. case: x € Ne\A. Then trivially x € N;\AuUK(A).

2. case: x € A. Then there exists a y € N/ with z € B(y,€) and thus B(x,e)nB(y,€) + @
implying v € K(A). In either case we find a point in x € N.\A uK(A) contradicting
the minimality of N.. Using Theorem shows the existence of a bijective mapping
¢ : Ne > N, with x ~ ¢(x), in other words d(x, (x)) < 2¢. Then

e—0

le(f) = me(f)I < nl > f() = fp(x)< sup |f(a)-f(b)] — 0.

€ xeNe d(a,b)<2e

The limit on the right-hand is 0 since a continuous function on a compact set is uni-
formly continuous.

It remains to show that y is invariant under G. Take g € G, then for a minimal € net
N also gN, is a minimal € cover. Using that the construction of u is independent of
the used € covering shows

u(f) = limpe,(F) = im pey(f 0 8) = pu(f 0 8)-

O

Remark. Under the additional assumption GM = M one can show that the measure p
is unique up to a constant factor (e.g. Theorem 1.3 of [23]).

Application 8. Let n ¢ N and 1 < k < n. The set of matrices
Vo= {AeR™ | ATA = I}

is called Stiefel manifold. We can equip V,, x with the metric

k 1
d(A,B) = (> |lai - bil3)?,
i=1

where 4; and b; denote the columns of A and B respectively. V,  is a closed and
bounded subset of R and hence compact. The orthogonal group V,,, acts on V4,
by isometries, as an elementary calculation shows. We can therefore apply Theorem
to show the existence of a (unique) invariant distribution y* on V,, ;. We can then
construct a probability space (2, F,IP) and a random variable A, ; : Q - V, ; (see
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Theorem 6.0.16) such that for any Borel set Bc V,,,

P[A, € B] = u*(B).

3.3 The Wasserstein spaces

In the main part of this thesis we will work with sets of probability measures on
R, thus we need to introduce a suitable topology on such spaces. For the general
definition of the so called g-Wasserstein spaces we consider a Polish space (X, d) and
will later restrict to the case X' = R. The following is based on [28].

Definition 3.3.1. (q-Wasserstein space)
Let q > 1 and denote by P(X') the set of probability measures on the Polish space (X,d). Then

we define the q-Wasserstein space as

P(X) = {yeP(X)| [Xd(xo,x)qdy(x) < oo}
for some xg € X.

Remark. The point xp € X makes no difference here, since for any vy € X Minkowski’s

inequality implies

[ [ 4o 0tau]' <] [ doxodu]'+[ [ deoxanco]
X 7 — X 7 X 7
q
=d(yo, x0) + [_[Xd(xo,x)qdy(x)] .
If the integral with xo is finite, then also the integral over d(yyo,.)?.

Remark. The Wasserstein spaces are nested in an anti-lexicographical way, i.e. for
p < q we have P;(X) ¢ P,(X). This can be verified directly. Take u € P;(X’), then

p = 14 p
JpdGordp= [ dGoxPdu()+ [ dGo ) du()
<1+ Ld(xo,x)qdy(x) <00

and so p € Py(X).

It is possible to define a natural metric on P;(X’), which then induces the g-Wasserstein

topology.
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Definition 3.3.2. For p,v € P;(X) we define the distance

/g
Wq(y/V) - (nell"lr(lft v) JXxX d(x,y)qdﬂ(x,y)) ’

where T1(u,v) is the set of all ,,couplings” of (y,v), this means 7w € I1(p,v) iff me P(X x X)
and u,v are the marginals of .

Remark. Using the inequality d(x,y)7 < 29(d(xo, x)7+d(xo,y)7) implies

fXXXd(x,y)qdn(x,y)32”’[Yd(xo,x)qdy(x)+2q/Xd(xg,y)qdv(y).

Hence, W; is well defined on P;(X).

Within P;(X') we can strengthen the concept of weak convergence a little bit and
this will give us a nice property of Wj.

Definition 3.3.3. (Weak convergence in P;)

Let (X,d) be a Polish space, and q € [1,00). Let {pix }ren be a sequence of measures in Py(X)
and let y be another element in Py(X'). Then {pu }ren is said to converge weakly in Py(X) if
for some (and then any) xo € X, as k — oo,

Uy converges weakly to y and f d(xo, x)Tdyr(x) — / d(xo, x)Tdu(x).

Remark. There are several equivalent formulations of weak convergence in P;(X).

At this point one might be interested in the relation between the Wasserstein topol-
ogy and the weak topology.

Definition 3.3.4. For y,v € P(X') we define the ,,bounded Lipschitz metric”.

du(uv)= sup | [ o) - [ v,

¢€CLip(X)

where Crip(X) = {¢ : X = R | ¢ Lipschitz continuous with ||¢||cc + ||P||rip < 1} and ||@||Lip
denotes the Lipschitz constant. dy is the metric induced by the characterisation of weak con-
vergence using the set from Remark [6| from the Appendix.

Theorem 5.9 in [28] gives an alternative representation of W; via a supremum over

Lipschitz continuous functions, namely

Wi = sup { [ p()du(x)- [ oivin)}.

llgpllLip<1
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This immediately leads to the inequality d;; < Wj. Further, for p < g we can use
Holder’s inequality to show that W, < W;. For f = g/p and 1/§ =1-1/p, we have

W, inf d Pd v
J(,v) = (mrllr(lm [y n(w))

inf (/XXXd(x,y)”’adrc(x,y))Up]ﬁ(/;(XX1‘7d7r(x,y))1/m7

mell(p,v)
=Wy (p,v).

IN

In total we get the (not surprising) inequality
dbL('/') < Wq('/')/ Vq > 1.

The next theorem shows that W, metrizes a certain convergence type, which quite

naturally arises within the g-Wasserstein space.

Theorem 3.3.1. (Theorem 6.8 in [28]])

Let (X,d) be a Polish space, and q € [1, 00). Then the Wasserstein distance W, metrizes weak
convergence in Py(X). In other words, if {pixfkew is a sequence of measures in Py(X) and p
is another measure in P;(X'), then the statements

tx converges weakly in Py(X) to p

and

W (pi, ) — 0

are equivalent.

Finally it is possible to show that the g-Wasserstein topology is finer than the clas-
sical weak topology on P;(X). For a distance d on P;(X’) we denote by B(v,€) the
ball of radius € around v € P;(X) with respect to d. Then, since dy; < W, it follows
that BV (v,e) ¢ B%L(v,€) for all € > 0. Hence, we can apply Hausdorff’s criterion
where we use the set of open W, balls as base of the g-Wasserstein topology and the
system of open d;; balls as base of neighbourhoods for the weak topology.

The next theorem shows that P;(X’) inherits nice properties of its underlying space
X.

Theorem 3.3.2. (Theorem 6.16 in [28])
Let X be a complete separable metric space and q € [1,00). Then the Wasserstein space Py(X),
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metrized by the Wasserstein distance Wy, is also a complete metric space. In short: The Wasser-
stein space over a Polish space is itself a Polish space. Moreover, any probability measure can

be approximated by a sequence of probability measures with finite support.

Remark. Suppose we are given a bounded metric d (e.g. d = d/(1+d)). Then P, (X) =
{y e P(X) | [, d(x0,x)du(x) < oo} = P(X) for all g > 1 and hence P(X') equipped with

the notion of weak convergence is a Polish space.

We now restrict to the situation X = R, where the g-Wasserstein space becomes

Py(R) = {1/ ¢ P(R) | /IR |x|Tdv(x) < oo}.
We introduce the g-th moment map and a certain subset of P(IR)

Definition 3.3.5. For v € P;(R) the p-th moment map is given by

mq(v):fR|x|”dv(x).

Further, we consider the set
Ky = {1/ ¢ P(R) | ma(v) < j}.

Lemma 3.3.3. The mapping m, : P(R) — [0,00] for q > 1 is lower-semicontinuous with
respect to the weak topology on P(IR).

Proof. Fix some a >0 and consider the level set ¢, (¢) = {v € P(R) | my(v) < a}. Take
a sequence {Vy }neN € P, («) with v, — v weakly, for some v € P(R). Then we have to
show that v € i, («). Let M € IN and consider the mapping ey : R — [0, 1] with

0, ifxe[-M-1,M+1]
em(x)={M+1-|x|, ifxe[-M-1,-M]Ju[M,M +1]
1, if x e [-M, M].

For all M € N we have that ey is continuous and has compact support. Hence x ~
|x|7ep(x) is continuous and bounded. Weak convergence of the sequence {vy}neN
yields

[R |x|Tepr(x)dv(x) = nh_g}o fR |x|Tepr(x)dv, (x) < .
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Then by monotone convergence we get (note that eys < ey, pointwise and eps 1 1)
d = 1i f 1 d <a.
fIR |x|7dv(x) Jim |x|Terr(x)dv(x) < a

Thus v € P, (). O

Lemma 3.3.4. (Proposition 7.1.5 in [3])

Let g 2 1, a set K ¢ P;(R) is relatively compact (i.e the Wy-closure of K is compact) iff it is
q-uniformly integrable and tight. In particular, for a given sequence {py}nen € Py(R) and
some p € Py(R) we have

. {1n}nen converges weakly to p
lim Wq(yn,y) =0
e {tin }neN has uniformly integrable g-moments .

Lemma 3.3.5. (Lemma 3.14 in [[19]])

Fix j € IN. The set Ky ¢ P»(IR) is compact with respect to the weak topology on P(IR).
Moreover, for any q < 2, the set Ky ; is compact with respect to q-Wasserstein topology. In
addition K3 ; is convex and non-empty.

Proof. Ky is non-empty, since there are distributions with second moment less or
equal j. If we consider K3 ; as subset of the real vector space of finite signed measures
(endowed with pointwise summation), then K3 ; is convex. For v € K ; and M € IN we
have

v([-M, M]) = f[_M,M]Edv(x)s f[_M Lid v(x)_

Thus, the set Ky ; is tight (see Definition and by Prohorov’s theorem Ky,
is weakly precompact (i.e. the weak closure of Kj; is compact in the weak topology).
Since Kj; is a level set of the lower-semicontinuous mapping v = my(v) (see Lemma
3.3.3), we have that K ; is weakly closed. This implies that K ; is compact in the weak

topology.
Fix some q < 2 and note that

sup mg(v) = sup f |x|Tdv(x) < sup {1+ f - |x|2d1/(x)} <1+j.

veKy veKy veKy

Thus, K3, has uniformly integrable g-th moments. Lemma implies that K ; is
relatively compact in the g-Wasserstein topology. To verify compactness, we consider
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W,
a sequence {Vy }neN € Ko with vy S ve P;(R). We want to show that v € K3 ;. Since
{Vn}uen € K2,jr we have that
sup [ [xfdvy(x) <.
nelN

. Wﬂ . .
Moreover v, - v weakly, since v, — v in the stronger g-Wasserstein sense. By Lemma

3.3.4| we have that v, e, v and hence

fR [xPdu(x) = lim [R Py (x) < .
It follows that v € Ky ;. O

Remark. The previous lemma shows that the mapping m; : P(R) — [0,00] is a GRF
with respect to the weak topology.
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4 Main results

In the main section we will elaborate the major results from [18], where we are in-
terested in large deviations for random projections of high dimensional random vec-
tors. Formally, this can be realized by a matrix vector multiplication A,flkX (), where
Apk € Vi is drawn with respect to the Haar measure on the Stiefel manifold V,,  and
independent of X("™) ¢ R". The dimension k of the subspace will sometimes be constant
and sometimes tend to infinity as n grows. We assume that A, ; and X(") are defined
on a common probability space (Q), F,IP) independent of 1, which is possible by the
theorem of Ionescu-Tulcea (see Theorem in the Appendix).

Within the previous framework we state 4 assumptions, A, A*, B, C, which are then
used to establish several LDPs including {X(")}neN, a sequence of random vectors,
where each X(") takes values in R".

Assumption A The sequence of scaled norms {||X|/\/n},en satisfies an LDP in
R at speed s, with GRF Jx : R — [0, co].

Remark. Later we will see several examples of random vectors satisfying Assumption
A. In particular, the situation s, = n seems to occur naturally, this case will therefore

be referred to as Assumption A*.

Assumption A* The sequence of scaled norms {||X("|/\/n1} nen satisfies an LDP in
R at speed n with GRF Jx : R — [0, co].

As a direct consequence of Assumption A one can derive a weak law of large num-
bers.

Lemma 4.0.1. Let Assumption A hold. Moreover, we additionally assume [x has a unique
minimizer m € R,. Then there exists a ¢ > 0 and a sequence of positive real numbers {0, } N
with 6; | 0 such that

Verinf{Jx(x) s [x —m| > &} > ¢, (4.0.1)

where {s; }1N is the speed of the LDP from Assumption A. Moreover, for € := max{d;, 2 exp(—c\/é_l )}
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we have the asymptotic thin-shell bound

x ()
VZEN:HNZEN:VHZNIIIP[%—TH ZE[]SE[. (4.0.2)
n
In particular, we get the following weak limit
X% ®
v ’

where - denotes convergence in probability.

Proof. Let {s;};cn be the speed of the LDP from Assumption A and choose é; € R such
that 0 < 41 < m. Since Jx is a GRF, we can attain the following infimum

c:=inf{Jx(x) :|x—m|> 6}

at some y € (m—61,m+d1)° as shown in Lemma Since m is the unique minimizer
of Jx (with Jx(m) =0), we know that ¢ > 0. For [ ¢ N with [ > 2, we define

6):=1inf{6 > 0:inf{Jx(x) : [x —m| > 6} /s > c}.

Then, by construction we have that §; , < 4] for all I € N (since {s;};ay is monotone
increasing). Moreover, &; | 0 for [ - oo. If not, then there exists € > 0 with lim;_,, 6; >

€ > 0. Hence,
inf{]X(x):|x—m|>§}\/§<c, vl eN.

Which is only possible if the infimum is equal to zero, contradicting the uniqueness
of m. Define ¢; = 6] + % for I > 2. It follows that {d;};cn is a sequence of positive real
numbers, monotone decreasing for I > 2 and J; | 0 as I — co. Moreover, we have that
holds. To see this, we assume there exists [y € IN with

Vo nf {Jx(x) : [x —m| > 8, } <c.

Then, by construction 6; > J;, = &) + %, which is not possible. This gives us the first
claim of our lemma.
Fix I ¢ N and consider the large deviation upper bound for {||X(|]/\/n1} sen with the
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closed set (m —¢;, m+¢;)", i.e.

, 1 Xl ¢ ,
lim sup —log]P[T e(m—g,m+ep) ] < - inf Jx(x). (4.0.3)

n—oco Sn xe(m—gjm+e;)°

We can use the definition of ¢; = max{51,2exp(—c\/§_l )} > 6;, to bound the infimum in

4.0.3]
c
- inf xX)< - inf xX)<———.
xe(m—e;,m+e;)° ]X( ) xe(m—06;,m+6;)°¢ ]X( ) \/5
The second inequality follows from the definition of ;. Now we distinguish two cases,
first assume there exists Nl’ € IN such that

sup 1 log P

nzN| Sn

(n)
[—HX l € (m—el,m+el)c] < -

C
NG N

Rearranging the terms yields

X ] csy
]P[—e m—e,m+e) | <ex (— ),
\/ﬁ ( : l) P \/5

for all n > Nj. In particular, we find N; € N with N; > N/ such that

exp ( - %) <2exp(—c\/s1) <¢,

for all n > N;. Thus, in this case, we have that

x () x (1)
IPH% -m|> s;] = IP[% € (m—el,m+el)c]
n n
Sexp(— CS")
Vi

<ér.

Now we assume that for all Nl’ € IN we have

sup 1 log P

[IIX(”)IIz c
nzN/ Sn

e (m—el,m+el)c] >——.

Vi i

Together with the large deviation upper bound for {||X(|/\/f1}san this can only
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happen if

()
[—HX l €e(m—-g,m +sl)c] -

¥ N

Since the right-hand side is negative and s, — oo, the probability in the log tends to

lim 1 logIP

n—oo Sﬂ

zZero, i.e.

0 e
IP[M € (m—sl,m+£l)c] =o.
vn

In particular, we find N; € N such that for all n € N with n > Nj

X
]P[— € (m—sl,m+sl)c] <.
N4

O]

Remark. The sequence {¢;};qn converges to zero as | — co. Hence, is an asymp-
totic version of the ,,concentration hypothesis” from [4]].

The following assumption is a slight modification of Assumption A*, allowing to
consider more types of sequences {X("} ..

Assumption B There exists a positive sequence {s;, }nen With limy, e 5, = im0 11/, =
oo such that the sequence of scaled norms {1/5,||X"||»/n} N satisfies an LDP in R at
speed s, with GRF Jx : R — [0, co].

Lemma g.0.2. If we assume the modification of Assumption B with limy,_,e sp/n =7 € (0, 00)
and GRF ](r), then this modified Assumption B is equivalent to A*, i.e. it holds with GRF | g )
iff Assumption A* holds with GRF [x(x) = r])({)(\/Fx).
Proof. We assume A* and show the LDP for the modified Assumption B with GRF
1 1
#Ix(7%)-

A direct calculation shows that the sequence {\/7||X("|]2/\/11} nen satisfies the LDP
with speed s, and GRF %]X(%x). Now we need to show that {,/5,[|X™|]2/n} e is
asymptotically equivalent to {\/7||X||2//}nen with speed s, i.e. for 6 > 0

Xl X,
vn n

lim sup 1 log (]P[ > 5]) = —00. (4.0.4)

n—oo n

First we note that in the limsup, |\/7 - /2| can be made arbitrarily small, in other

ey

words

(n)
lim sup l log (H’[M 5
" n

- 1 XM ])
>0 <limsup —log|P| ——=>M
NG ]) e g( [ NG

n—oo Sn
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for every M > 0. Using the LDP of Assumption A* and the asymptotic equivalence of
sy and n, we can bound the right-hand side of the inequality,

(n)
lim sup llog (H’[% > M]) < —%Jg}&]x(x)

n—oo Sﬂ

This implies that the lim sup in can be bounded from above by —inf. s Jx(x)/r
for any M > 0. Assume inf,sy Jx(x) is uniformly bounded from above by a constant
c>0,ie. forall M >0

Inf Jx(x) <c.
Then the level set ¢, (c) = {x e R| Jx(x) < c} is compact, since Jx is a GRF. Hence, there
exists an a* € ¢y, (c) with a* = sup{x : x € ¢, (c)}. By assumption, inf,»,+.1 Jx(x) <c,
but Jx(x) > ¢ for all x > a* +1. Otherwise x € ¥, (c), which is not possible, since
x >a* +1>ax. Thus, on the one hand we have

inf Jx(x)<c,
x>a*+1

on the other hand we got
Jx(x)>¢,
for all x > a* +1. This is only possible if limy_ Jx(x) = ¢, a contradiction, since all

level sets are bounded. Which implies that

i J55 T () = oo

O]

Finally we are introducing Assumption C, which allows to use a relation between
the speed s, of the LDP and the dimension k, of the subspace we are projecting on.
Assumption C There exist 7 € [0, ], a GRF | )((r )R - [0, o0], and a positive sequence

{sn}nen satisfying s, - oo, s,/n — 0 and s, /k, — r as n — oo, such that

1. If 7 € [0,00), then {\/k,||X||a/n}nen satisfies an LDP at speed s, with GRF
(r)
Jx’-

2.1f r = oo, then {/5,||X")||2/n} nen satisfies an LDP at speed s, with GRF ]>((°°).

Lemma 4.0.3. For r € (0, 0), Assumption C holds with speed s, and GRF | g ) iff it also holds
with v’ =1,s), =k, and GRF ]g)(x) = r])((r)(\/?x).
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Remark. The proof of Lemma is very similar to the one of Lemma

We start with two lemmas, which we will need several times in the following sec-
tions. Denote by A, ; a random projection matrix on the Stiefel manifold V, x drawn
uniformly with respect to the Haar probability measure on it.

Lemma 4.0.4. (Lemma 4.1 in [18])
Fix k,n € N such that k <n. Then

@ (G1,Ck)
[[csypraiiiy

where {{;}jen is an iid sequence of standard normal distributed random variables and A, x(1,)
denotes the first row of A, k.

An,k(ll )

Proof. Let O, be an orthogonal n x n matrix sampled from the normalized Haar mea-
sure. We define
— T
7,1,k =0, In,kz

where I, € R™ is a matrix with ones on the diagonal and zeros else. Since O, is

translation invariant we see that for any n x n deterministic orthogonal matrix E,,

0, @ 0,ET — 0T @ E,07

d
— O, @ E,OTL,,.

This shows A} @ E, A}, and hence A | @ Ay k. Since each row of O, is uniformly
distributed on the sphere, the result follows because the normalized n-multivariate
standard normal distribution is itself uniformly distributed on the sphere. O

Lemma 4.0.5. (Lemma 4.2 in [18])
Fix n € N and k < n. Suppose X" is an n-dimensional random vector independent of A, .
Then

X
r M, ) @[ AT (n)
(A”/kHX(n)HZ’HX " Hz) = (An,keerX ! Hz), (4.0.5)

where e1 := (1, ...,O)T e R" denotes the first unit vector.

Proof. We prove the claim by direct computation. Let B ¢ R¥*! be a Borel set and let
Oy, be an n x n random , Householder transformation” matrix (see Theorem in

the Appendix) with
x ()

0,———— =¢1=(1,0,..,0) e R".
n||X(”)||2 el ( ) €

58



We can achieve this by defining
O, = I, - 20,08 e R™",

where v, is an R"-valued random vector with

x (1)
X0, ~ €1
X(n)
X ~ 1|,

By construction O, is an orthogonal matrix and only depends on X("). Then we get

(n)
]P[(AT X IIX(”)IIZ) ¢ B] -

AT (A5,0%er, Ix @12 < 8]

- E|P (AZ,kOZel,HX(”)HQ) c B‘X(”)H

=E|P (AZ,kOZel,Htz) € B]

x—X(”):I

_E|p (A,Z,kel,nxnz) eB]

x:X("):I
-P (A,{,kel, ||X(”)||2) ¢ B],

where we used in the second equality from below that O, is constant given X" (see

Theorem [6.0.14]in the Appendix) and O, A, x @ Ay  in this case. O

Remark. As elaborated in [15], one can further show the result that AZ k% is

independent of X(™).

Definition 4.0.1. We now consider the situation when k = k, grows in n and denote the

empirical measure of the top row of \/nA,x, by

.1 &
s =y & OV, iy

As suggested by the previous lemma, we want to establish a relation to the empirical

measure of the random projection

1 &
n._
b E;(smik”x(”)%'
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Lemma 4.0.6. (Lemma 4.3 in [18])
For n e N, let X" be independent of A, 1. Then we have

L) D@ i (< af X)),

Moreover, the map P(R) x (0,00) 3 (v,¢) = v(-x c!) € P(IR) is continuous.

Proof. It follows from Lemma that

L() = i y@ 1 Z 5 )
! n j=1 ”X(")“ (4L, n;i(nn))u ) kn iS4 ”X(nn)uzﬁ(Aan“)f
1 &

Z 8 finy 1 x V/IIX)
= m(-x V| X).

For the continuity of the mapping we recall the fact that weak convergence of mea-
sures is the same as convergence in distribution for associated random variables. Let
{Vn}new € P(R) and {c; }nen € (0, 00) such that

vy —> v e P(R)
cn —>ce(0,00)
as well as X, ~ v, for all n € IN. Then Slutsky’s theorem implies

lim ¢, X, @

n—oo

cX,
where X is distributed according v. In terms of distributions this means
vn(-xc;t) > v(-xch).

This argument shows the continuity of the defined mapping since P(IR) is a Polish
space (see Remark [3.3). O

Lemma 4.0.7. (Lemma 4.4 in [18])

Let g > 1 and suppose {fi'} }neN, the empirical measure from Definition satisfies an
LDP in Py(R) and GRF I; : P;(R) — [0, co]. Let {IXlo//1 wew satisfy an LDP at speed
sp with GRF II; : Ry — [0, 00]. Then, {L"},eN statisfies an LDP in P;(R) at speed s, with
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GRF I': Pj(R) - [0, 0o] defined by

I(g)= inf {I I(c):p=v(-xc ")}
(1) Vqu(lan),ceRJr{ 1(v) +Ia(c) s u=v(-xc )}
Proof. Ay, and X are independent, hence {(f1%, ||X|]/5/1) }sen satisfies an LDP
at speed s, with GRF
Py(R) xRy 3 (v,c) = I1(v) +I2(c).

We need to show that the mapping F : P;(IR) x R, - P;(IR) with
(v,¢) = v(-xc ™)

W,
is continuous. Take a sequence {(vy,cu)}nen € Py(R) x Ry with v, S v P;(R)
and ¢, % ¢ > 0. Since v, — v weakly, we can use Lemma to show that
F(vy,cn) — F(v,c) weakly. For the g-th moment we have

(v, ) = [ Iffdu, ey

n—oo

:ch[R|x|qd1/n(x) — c'[IR|x|’4d1/(x) =my(F(v,c)).

W,
Thus, F(vy,cy,) L F (v,c) and hence F is continuous. The claim then follows by

applying the contraction principle. O

Lemma 4.0.8. (Lemma 4.5 in [18])
Let {{}jen be an iid sequence of standard normal distributed random variables, denote { () =

(C1, .-, Cn) and consider the sequence

vn:k—Zchj, n e N.
nj=1

Then {vy }nen satisfies an LDP in P(IR) with repect to the weak topology, at speed k,, and with
GRF H(:|y1). Moreover, for a sequence {s, }neN Stch that s, << ky, {Vy }neN satisfies an LDP
in P(IR) with respect to the weak topology at speed s, with degenerate GRF

0, ifv=m
Xmn (V) =
oo, else.

Proof. The first assertion follows directly by applying Sanov’s theorem The
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second claim is a consequence of Remark O

The goal is to establish LDPs for three different asymptotic regimes for k. We there-

fore distinguish the following cases.

Definition 4.0.2. Given a sequence {ky }neN, we say:
1. {kn}ne is constant at k, for some k € IN, denoted ky, = k, if k, = k for all n e N.
2. {ky}nen growth sublinearly, denoted 1 < k, << n, if k,, - oo, but k,,/n — 0.

3. {ku}nen grows linearly with speed A, for some A € (0,1], denoted ky, ~ An, if ky/n —
A.

4.1 LDP in the constant regime

In the previous chapter, we identified the distribution of the first row A, ,(1,.) of the

projection matrix. The next lemma establishes a corresponding LDP

Lemma 4.1.1. Let {{;}jon be an iid sequence of standard normal distributed random variables.

Then
7 o (G Cr)
"G T2

satisfies the LDP with speed n and GRF Jj : R* - [0, 0], Ji(y) = —% log(1-||y|[3)-
Proof. We can represent our sequence as

1

Zn=F(\/ﬁ

(glr e gk)/% zn: C]Z)/

where I : Rf x R, - R¥ with
X1

Vx5 + x2

is a continuous mapping. Then we can use Application [5| for ({1, ..., {x)/\/n and Ap-
plication @ for Z?:k " @?/n to establish an LDP for {Z,},an in R at speed n via the

(x1,x2) =
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contraction principle. For ||y|[» <1 the corresponding GRF is given by

[l 1 X1 k
]k(y):mf{ +—(x2—logx2—1):y=—,X1E]R,x2>0}
22 Vil +x
1 2 201 — [jy|12
eI o (BB L n o)
2 lyll3 lyll3 VxR + x2
1 1 (Il x1]13 X1 K
:——log(1—||y||%)+—1nf{ - ( )— : :—,x1e]R,x2>0}
2 27 Uyl Ilyll3 Vil +x2

1
- -5 log(1- ).

The infimum vanishes, since ¢ —log t -1 has a global minimum at = 1 and by choosing
x2 =1 —1|x1]]2, X1 = ¥ we can achieve this value. O

The next lemma provides an adaptation of the contraction principle, showing an
LDP for certain dependent random variables.

Lemma g4.1.2. Suppose {Uy}neN, { Vi }new and {Wy, }yew satisfy LDPs in R at speeds .y, B
and 7y, with rate functions Jy, Jv and Jw, respectively. Let oy, = By, << 7yn. Assume {Uy }neN
is independent of {V,, }nen and Jw has a unique minimizer m. Then {(Uy,, Vi, Wy) }neN 1S
asymptotically equivalent to {(U,, V,, m) }nen and satisfies an LDP at speed w,, with GRF

](u/ Y, w) = IU(u) " ]V(U), e (4.1.1)

00, otherwise.

Moreover, if m # 0, then {V,,W, }neN satisfies an LDP at speed a,, with GRF v~ [y (v/m).

Proof. For n € N define F, := (U,,V,;,,W,) and F, = (U, V,,m). Since U, and V,
are independent and &, = B,, we can use Lemma to show that {(U,, V) }neN
satisfies an LDP in R? and GRF (u,v) = Ji; () + Jy(v). Another application of Lemma
where we contract the LDP of {(U,, V};) }nen with the trivial LDP of the constant
sequence m yields an LDP for {Fulnen at speed &, with GRF | given in Equation
(4.1.1). In order to show asymptotic equivalence of {F}nen and {Fp }nen, fix € > 0 and
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consider

l1msup—logIP[H}“n Fu >e]:limsupllog]PHWn—mbe]

n—o0

l

< hmsup—,yilogll’[wn e(m-e/2,m+ef2)]

n—oo 1’1

IN

-M xe(m—el/r21,7fn+e/2)f ]W(x)

for any M > 0, since 7, > a,. Because m is the unique minimizer of Jiv and a GRF
takes its infimum over closed sets, the infimum in the lowest line is positive, implying
that the limsup in the first line has to be —co. This proves the exponential equivalence
of {Fn}new and {F, }nen, hence they satisfy the same LDP.

The second assertion follows by application of the contraction principle using the
continuous mapping F : R® - R with (u,0,w) = vw. Then, {F(F,)} N satisfies the
LDP with GRF J': R — [0, o] given by

I'(y) = inf{J(u,v,w) | (u,0,w) e R®:y = vw}
=inf{Jy(u) +Jy(0) | (4, 0,w) e R®: v = y/m,m=w)}
=Jv(y/m).

In the last step we used that the global infimum of Ji; is zero and that v = y/m is
constant. ]

We are now able to state the first main result, establishing an LDP for projections of

high dimensional random vectors on subspaces with fixed dimension.

Theorem 4.1.3. (Theorem 2.6 in [18]])

Suppose {ky }nen is constant at k € IN, and that either Assumption A* or Assumption B holds,
with sequence {sy}nen and GRF Jx. Then {n‘l/zAglkX(”)}neN satisfies an LDP in RF at
speed s, with GRF Ix Rf - [0, oo ] defined by

info . {]X( ) 1 log(1 - c? } if Assumption A* holds

Inx () = e . .
infeso {] X( 2) + ?} if Assumption B holds.

Proof. Case 1. Suppose Assumption A* holds with GRF [x:
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By Lemma we have

1 .7 @ Xl
— Al XM A1, )2
n nk n,k( ) \/ﬁ

Anr(1,.) and || X (1)||, are independent by assumption, hence we can use the contraction
principle to combine the respective LDPs with GRF

e = it { - 10g(1-1yIE) + @) 3 =2yl <1, 20}

Since [x is infinity on the negative reals, we can restrict on positive values for z. With
y = x/z the condition ||y||z < 1 becomes ||x||z < z. Then

IAXk<x>—|lﬂf>z{—%1og( Ix ”2) f(z)}-nlﬁg {—21 g(1 Ix ”2)+1 (z)}

Using the parametrisation ¢ = ||x||2/z we obtain the desired form of the rate function.
Case 2. Suppose Assumption B holds with sequence {s;}nan and GRF Jx. Using

again Lemma and Lemma yields

1 d XM, @ ®) /. /s S| X ()
n va ICDl2/ v/ n

where we have the product of the three entries of the vector

R ._(§<’<> Vi @HX(")Hz)
CAWEOR e )

As shown in Application (5), {{®)/\/5,},an satisfies the LDP with speed s,. For the
second component one can use Application (6) and the contraction principle for the
continuous mapping F : R, - R,,x = x7/2 to receive an LDP for {/n/||Z|]2}nen
with speed n > s,. Since {; ~N'(0,1) for i e N, we have that

zn:giz_d

i=1

S |-

almost surely by the strong law of large numbers. Thus, v/7/||{||, - 1 almost surely.
The third component of R, satisfies the LDP with GRF Jx by Assumption B. Hence,
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we can apply Lemma to see that {R, },«n satisfies the LDP at speed s, and GRF

Hul3+Jx(w), v=1

00, otherwise.

J(u,v,w) =

Applying the contraction principle to the sequence {Rj },en and the continuous func-
tion F: RExR xR - R, (1,0, w) ~ uvw gives the LDP for with speed s, and
GRF

Iax p(x) = inf{%”u”% +]x(w):ueR,weR:v=1,x = uvw}
_ine [ L2 e RE _
= inf §||u]|2 +Jx(w):ueR,w>0,x=uw
.15
= mf{ic + Ix(||x|l2/c) : ¢ > O}.

We used that [x is infinite on the negative real numbers, due to the positivity of the
norm and substituted c = ||u||; in the last step. O

As a direct consequence we get the LDP for scaled g-norms. Similar results are

much more work in the sublinear and linear regimes. We define

Yo = A X, (4-13)

for g > 0.

Corollary. Suppose {X},en , {sn}uen and I4xy are as in Theorem Then
{nl/ -1/ ZY;k}neN satisfies an LDP at speed s, with GRF

Ty, (x) = Zief}lg{ {Laxx(2) : x = |24}

Proof. The result follows immediately by applying the contraction principle to the LDP
from Theorem and the continuous mapping x ~ ||x||,. O

4.2 LDP in the sublinear regime

The central idea is to consider the empirical measure of the projection, in the case of
non-constant dimension. We recall the definitions of i} and L" in Before we
start with the theory in this subsection, we think a little bit about the quantity L".
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What can we expect to happen? So, first of all, L" is an empirical measure consisting
of k, summands. Thus, it is plausible that Sanov’s theorem will play a major role
and that the relative entropy H will appear. Given the form of L" one would expect
that the ,Sanov type” LDP has speed k. On the other hand L" contains our sequence
{XM} ,en, where we assume that e.g. {||X(||/v/1},cn satisfies an LDP at rate s, with
GRF Jx. In total, we would expect that L" somehow combines those two LDPs to an
LDP at rate s, Ak, and some rate function depending on the respective GRFs H and
Jx. It is not surprising that, depending on the relation of s,, and k;, sometimes the LDP
with GRF Jx will dominate (and the LDP with GRF H will degenerate) and sometimes
the other way around. In the case of s, = k, both of those LDPs will equally influence
the behaviour of L".

In the following we denote by -, the normal distribution with mean 0 and variance

2.

Lemma 4.2.1. (Proposition 4.6 in [18])
Fix q < 2. Suppose {ky}nen grows sublinearly. Then, {fiy }nen satisfies an LDP in Py(IR) at
speed ky, with GRF H(-[v1) : P;(R) - [0, oo].

Proof. Previous results have shown that A, , (1, ) (Cl, , k)T for iid stan-
dard normal ;. This implies

g Ly @ 1 s
s =y &0V, ) = gy 2Ot g, = P
&

If we are able to show the asymptotic exponential equivalence of {7, },on and

at speed k,, we can then use Lemma to consequently establish an LDP for

{ﬁg}neﬂ\l'
Let dp; be the bounded Lipschitz metric, which induces weak convergence on P(IR),

let BL(IR) denote the space of Lipschitz continuous functions mapping from R to R
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with constant 1 and define z, = v/1/||{||>. Then

dpr (Vn, Tn) = sup
feBL(R)

< sup LA - Flzad)] < Lt-z] Slgl
k k i1
n ]:

feBL(R) %n j=1

J fGvax) = [ () (x)

Hence, for €, > 0 we get

S
i) > ) < B -2 L 6]
| j=

[ 1 kn 1 kn
=P|[1-za|— D [T} > 6,1 —zu| > €|+ P| |1 = 2| — D] [T} > 6,[1 - zu| < €
L k”j:l knj:l

- ,

<P[|1-z, >e]+][’[l2]§j] > é] =: b, +ay.
ky b= €

As shown in Application |2} we have

1 1L )
limsup — logIP[— > |zil > —] <-A*(6/e€)
n—oo ki’l kn j=1 €
for a convex and superlinear growing function A*. Using Application E] and the con-
traction principle (similar to the proof of Theorem implies that {z, },aN satisfies
an LDP with speed n. Since n > k;, we have that
b

lim = = 0.
n—o00 ai’l

Thus

1 1
lim sup o log P[dyp, (v, 7)) > 6] < limsup o log(a, +by)

n—oo n n—oo n

<limsup 1 loga, +limsup 1 log (1 + b—")
n—oo kﬂ n—o00 kn an

e—0

<-A*(5)e) =3 —oo,

Hence, {fI} }nen satisfies the LDP in P(IR) at speed k;, equipped with the weak topol-
ogy. Now we can use Corollary derived from the inverse contraction principle,
to establish the LDP for the g-Wasserstein topology. For this we need to show the
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exponential tightness of {fi; }sen. Recall the set K;; from Lemma and define
jn = |n/kn|+1. Then

A 20 . 1 & o, .
P[A4 € Ky, ] =P f]Rx dpa(x) <ju| =T k_zifmx 0. /5 A, 1, (1,7) (X) < i
n j=

n .
- P[k—uAn,kn(l,.)n% s;n] -1
n

In the last step we used that A, (1,-) @ (C1,--Ck, )1, s Cn)l|2 for iid standard
normal ¢; and hence [|A,,|]> < 1. Ky, is compact with respect to the g-Wasserstein
topology for q < 2. Thus, {fI} }sen is exponentially tight, since for a« > 0

lim sup kl log P[4 € Ké,jn] = —00 < —q.

n—-oo n

Hence, we can apply the corollary to establish an LDP on P,;(R) for g < 2 with GRF
H(:|y1). O

Now we are ready for the the next theorem, where the LDP is shown for the se-
quence of empirical measures {L"},eN.

Theorem 4.2.2. (LDP in the sublinear case, Theorem 2.8 in [18] )

Suppose {ky }nen grows sublinearly and Asumption A holds with associated speed s, and
GRF Jx. Also, suppose that [x has a unique minimum at m > 0. Let H be the relative entropy
functional. Then, for every q <2,

1. If sy > knu, {L" }nen satisfies an LDP in Py(IR) at speed ky, with GRF Iy, : P;(R) —
[0, 0o], defined by
Ipk, (1) = H(plr1)-

2. If sy = ky, {L" }yen satisfies an LDP in P;(IR) at speed k,, with GRF I s, : P;(R) —
[0, o], defined by
e, () 5= inf {H(plye) + Jx ()}

3. If sy < ky, {L" } e satisfies an LDP in P;(IR) at speed s, with GRF I ., : Py(R) —
[0, oo], defined by
Jx(c), if p="e

00, otherwise.

Ipk, (u) = {
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Proof. We will prove each claim separately using different previous results. We start
with 1. where s,, > k;;:

By Proposition we have that {fI} },cn satisfies an LDP with speed k, and GRF
H(}v1) and by Assumption A we know that {||X(||2/\/n},an satisfies an LDP with
speed s, and some GRF [x. Using Remark gives us an LDP for {||X||o/v/7}nen
with speed k;, <« s, and GRF x,,. By Lemma we get that {L" },,cN satisfies an LDP
with GRF

Ipk, (u) = uepqi(%g,c>o {H|y1) + xm(c) :u(-) =v(-xc™h)}

= H(u(- xm)|r)
= H(uly1 (- xm™))
= H(plym),

where the second last equality is shown in Lemma

For 2., where k, = s,, we again use Lemma and the LDP for {||X"™)|l2/v/71}nen
from Assumption A, while due to k, = s;, the rate function does not degenerate.
Using Lemma gives us an LDP for {L"},N at speed s, and GRF

Ipk, (1) = Vepqi({ﬁf),oo {H|y1) + Jx(c) s u(-) =v(-xc ™M)}

= inf {H(u|7c) +Jx(0)},

where the transformation in the infimum is similar to the previous case.
For 3., where s,, < k;, we basically make the same observations as in 1., but in this case
the LDP for {fi{ },en degenerates to an LDP with speed s, and GRF yx.,,. We deduce
an LDP for {L"},en with speed s, and GRF

Ik, (1) = inf  {x, (V) +Jx(c) : p() = v(-x ™)}

veP;(R),c>0

= inf {5, (4(-x ) + Jx(0)}

Jx(y), if 3y >0:p=1y

00, otherwise.

O

The following results treat the asymptotic behaviour of scaled g-norms. We therefore
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recall the sequence
- T
Yoy, =n YAz, XM,

and we will need the following lemma.

Lemma 4.2.3. (Lemma 4.2 in [1])

Let (1,02, ... be an iid sequence of standard normal distributed random variables and consider

- ||(€1/"-/ ékn)HZ
||(€1/ /gn)”Z .

Then the sequence of random variables {V,, }neN satisfies an LDP with speed n and rate function

Vi

~1log(1-¥), ifye[0,1)

00, otherwise .

Iv(y) =

Proof. The proof is not done as in [1], we provide a more elementary approach.
We can use the representation

Vo = F( 10w 80,1 G G, 4:21)

where F : R, xR, — Ry, (x1,x2) — /xlelxz. The sequences on the right-hand side
of Equation are independent and satisfy respective LDPs in R at speed n and
GRFs given in Application [6| and Application [7] (To be fully precise the LDP for
{I1(Zk,+1, - Cn)l[3/n}nen can be shown analogously as in . For y < 1 the GRF for
the sequence in Equation is then given by

. X1 1 X1 }
I =inf{ — + = -1 -1):y=
v(y) =in { 2 +2(x2 082 ) Y X1+ X
1
= -5 log(1-¥").
The calculation in the infimum is essentially the same as in Lemma O

The next definition introduces the p-generalized Gaussian distribution, a natural
generalization of the normal distribution.

Definition 4.2.1. For p € [1, 00), let f, be the density of the p-generalized normal distribution,
ie.
1

—[xl"/p R
2 T(1 1)),

fr(x) =
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where T denotes the Gamma function.

We can provide an LDP including such random variables, which will occur in the

proof of the next theorem.

Lemma 4.2.4. (Lemma 3.2 in [18])
Let p € [1,2], let {ky, }neN satisfy k, — oo as n — oo. Then, given {s, }neN stuch that ky, /s, — 0
as n — oo, the sequence {(s,)" zjfgl(gf”))z}neN satisfies an LDP with speed 55/2 and GRF
Sep : R = [0, 00] defined by

wl2

Sep(t) = | 7
. oo Lt<0.

,£2>0

We can now state the next theorem treating the asymptotical behaviour of scaled

2-norms.

Theorem 4.2.5. (Theorem 2.10 in [[18]])

Suppose k,, grows sublinearly.

1. If Assumption A* holds with GRF Jx, then {Y,; }nen satisfies an LDP in R at speed n
with GRF Jv,,, : R~ [0, o], defined by

1 X
= inf { -=1 -2 (—) .
Ty, (%) CGI[I(}J){ > og(l-c)+]Jx ; }
2. If Assumption C holds with r € [0,00], {sn}nen and GRF ](r), then {Yy) }nen satisfies
an LDP in R, at speed s, when r € {0, 00} and at speed k,, when r € (0,00), both with GRF
Jv,, : R = [0, 00], where

19 (), Fr=0,
HYz,kn(x) = {infeo CZT_l_logc-'_r]}((r)(@)}’ if?’e(o,oo),
infe {5 + ;N)(%)}, if r = 0.

Proof. We recall some of the previous results in order to establish a different repre-
sentation of Y7, . By Lemma and Lemma we know

ro X0 @, NG gt
X T 12091l

for an iid standard normal distributed sequence (1,7, ... and { &) = (zy,...,C¢). Com-
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bining these identities and the fact that AT is independent of X leads to

ke TR

AT X

4% oG X o) 12 X _ (169 o/ /B VRl X
Vi KO Vi ICORAE s

Situation 1: We assume Assumption A*. Then the claim follows immediately by

noo_
Yz,kn =

(4.2.2)

Lemma and the contraction principle with continuous function F : R* - R, ({, x) =
¢x. We obtain the GRF Jy,, : R, — [0, oo] given by

= ot =Yg+ = int [~ Jios1-+x(2))
Situation 2: We assume Assumption C. Then we use the representation in Lemma
and Lemma to derive LDPs in three different cases for the parameter 7 from As-
sumption C. But first we consider the sequences {||Z|2/n}nen and {[|Z%)||2/kn} nen-
Using Application |5{ and the contraction principle with the continuous function x ~
V/x allows to derive LDPs with speed n and k, respectively. The corresponding GRF

I:R; — [0, ] follows directly and has a closed representation

2

2

I(x) = mf [ (c-logc- 1)] —log x.

Case 1: r = 0, implying s, < k, << n. We want to apply Lemma on the sequence
from Equation [4.2.2} hence we define U, := /K[| X |la/n, Vi, = VKu/|I{%||, and W, :=
120||l2/n. {U,}en satisfies an LDP with speed s, and GRF ])((0) by assumption. As
shown before, {V, },en and {W,},en satisfy LDPs with speed k, and n respectively.
Thus {V, }neN satisfies an LDP with speed s, and degenerated GRF )1, where {W, } ,en
satisfies an LDP with speed k;, and the same GRE. We are therefore in the required
setting and deduce that {(U,, Vi,, Wy) }nen satisfies an LDP with speed s, and GRF
J :R3 - [0, 0o] given by

J(u,0,w) = ]>(()(u)+7(1(v) L if w=m

) else.

We can use the contraction principle for the continuous mapping (u,v,w) ~ uvw to
derive an LDP for the sequence in Equation with speed s, and GRF Jy,, R, —
[0, o] given by
— inf [1© (0)
Ty, (%) = ind []X () +x1(0)] = Jx (x).
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Case 2: r € (0,00). As we mentioned in Remark we get an LDP with speed k,
and GRF ]y o) (\/?x) We again work with the representation from Equation and
use Lemma to derive an LDP with GRE Jy,, : R, — [0, 0]

2 _

Tv,,, (x) = inf

x=u/v

_logu+r](r)(\/‘v):|_mf[ logu+r](r)(\/_u)]

Case 3: r = co. The same argument as done to receive Equation leads to the

representation

@ 8% o/ /5 v5all XM 2.

Yo,
(S CYAVATIC
We can use Lemma and the contraction principle for the continuous mapping
t — /t to get an LDP for {||7%")|]2/\/5,}nen with speed s, and GRF I : R, — [0, oo]

given by
2
vyl x
I(x) = inf —.
(x) = ylrEcZ[Z] 2

Now we are in the situation of Lemma with two sequences satisfying an LDP
at speed s, and one sequence with speed n, where s, << n by assumption. Further,
120]|2/\/n — 1 almost surely and hence get the GRF Jv,,, : R+ = [0, 00], where

2
= _int [0 ] -2 0 (2)]

x=uv/w,u>0
which concludes the proof.

In the last section of this chapter we want to find an LDP for g-norms with a different
scaling. A simple rearrangement, which we will see in a moment, suggests that the
scaling k,;l/ 7 is meaningful. We therefore consider

¥ -1
Y (x) =k AT X0, (1.2.3)

Similar to Representation in the previous theorem, we use Lemma and
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Lemma to derive a new quantity, namely

-1 -1
AL, XN, = kA

H X

(d) ;-1
2k A (1 N 1X

e IIX(”)H

(d) k—l/q ||€ ||q X (n)H

A 140>
_1/ n

LG ——
Hé(”)H n-1/2

As it turns out, k,;l/ 7is just the right scaling to get an interesting LDP for {||¢ (k")||q}neN.
For this we introduce two quantities, we start with the cumulant generating function
of | X|7, where X ~ N'(0,1), i.e.

Ag(t) = log( R \/;_7_[ exp (t|x|‘7 - %xz)dx)

for ge[1,2) and t € R or for g =2 and t < 1/2. We will also encounter the g-th moment

of |X|, we hence define

f |x|‘7exp(—%x2)d = f;/;l“(qgl). (4.2.4)

Theorem 4.2.6. (Theorem 2.11 in [18])

Fix q € [1,2], suppose 1 < k, < n and Assumption A holds with speed s, and GRF Jx,
which additionally has a unique minimum at m > 0. Then {Y;,kn }neN satisfies an LDP at speed
Sn A ky with rate function Jy, R — [0, co] defined by, for x >0

A (x7/mT), if sp > ky,
]IYZ,kV, (x) =< inf.o {A*(c‘i) + ]X(x/c)}, if sp=kn,
]X(X/M;/q), if sy < kp.

Proof. We will work with Representation thus we consider the sequence of vec-
tors

Ry (10 1 X))
n-— 7

V4 7 ]N.
Wi e
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By Cramér’s theorem we can easily establish an LDP for

Gl + o + [Tl
n

with speed n and rate function A7. Hence, {||C(k")||g/kn}ngN satisfies an LDP with
speed k, and the same rate function. We can apply the contraction principle to get
an LDP for {f(||§(k")||g/kn)}ngN with f : R, - R,,x — x/1. As rate function we get
Joz(x) = A (x7), x > 0. Now we distinguish three cases, depending on the speed sy,
relative to k;:

Case 1: k, < s,. We apply Lemma [4.1.2] and observe that {R,},n is exponentially

equivalent with speed k, to {(Hg(k”)Hq/kn/ 1,1,m)buen. {Yax, Jnen hence satisfies an
LDP at speed k, and rate function Jy : Ry — [0, %] given by

T, (0= inf, {Je0)+ 200 ()} = Joq (/) = A5 (xfm)?).

in
X=Uw
Case 2: k, = s;,. Again Lemma provides an LDP for {R, },en with speed k. As

rate function we get Jy , Ry — [0, oo]

Ty, (%) = x:lpl;:zf/w {]é,q(“) +x1(v) + Ix(w)} = ir;(f){]g,q(u) + ]X(x/u)}.

Case 3: s, < k. By the strong law of large numbers, we have the almost sure conver-
gence
Ig%113

— M,,
ky 1

(kn)
and hence HCk]_/qu - Mcll/ 7 almost surely. By Lemma |4.1.2) {R,},en is exponentially

equivalent to {(M;/ 1,1, 11X|2/v/1) }nen at speed s, the resulting rate function Jy,, :

R, - [0, 00] for YZ,kn is therefore

I, (%) = x:iig/v {XMZ;M(M) +Jx(0) +X1(v)} = ]X(X/M;/q).
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4.3 LDP in the linear regime

In this section we consider the situation when k, grows linearly with rate A € (0,1].
As in the sublinear case, we establish an LDP for the sequence of empirical measures
{LM},N, as well as an LDP for the sequence of properly scaled norms. We start
by analysing the behaviour of {fi} },en. Therefore, we need a few auxiliary results

starting with an application of the approximate contraction principle.

Lemma 4.3.1. (Corollary A.2. in [18])
Let X be a Polish space and X be a separable Banach space. Suppose that {k,}ncn grows
linearly with rate A € (0,1], each £, is the empirical measure of k, iid X-valued random
variables 11, ..., 1, with common distribution y (that does not depend on n), and for continuous
W:Z > R, define

A(W) = log]E[e)‘flw(m)].

Also let ¢ : X2 — X be a continuous map such that 0 lies in the interior 2° of the set
P ={aeX : A({a,c(-))) < o0},
and let 6, = [5 c(x)d-ZLy(x). Then {(Z, 6n)nen satisfies an LDP at speed n and GRF

I:P(R)xR — [0, c0] given by

lo(p) + F(s = Jgc(x)du(x)), ifllo(p) < oo

00 else,

I(p,s) =

where lo(v) = AH(v|u) and F(x) = sup, g {(«, x).

Proof. We want to apply Theorem therefore we need to check the assumptions.
At first we will only work with A, later we will establish a relation between A from

Theorem [3.1.9/ and A. Let us start with the sequence ., = é 2;21 dy;,n € N which
satisfies an LDP at speed k, and GRF H(:|u) by Sanov’s theorem on the space
P(X). Since k,/n - A, one can directly deduce an LDP with speed n and GRF I(-) =

AH(:|pt). In order to establish an LDP for

1 L
(L) = 1= 2 (Gyye(ny)),  meNN, (4.3.1)

n j=1

we recall the general version of Cramér’s theorem and Remark and note
that the quantity from Equation is the empirical mean of iid random variables.
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By assumption, 0 lies in the interior of 2 and hence Corollary [3.1.3]applies and we get
an LDP for the random objects in on the space X x P(X) at speed k, with convex
GREF. Again, since k,/n - A, {(:Zn, €n) tneN of satisfies an LDP with speed n. The
fact that 0 € 2° implies the first assumption from Theorem [3.1.9] For Assumption 3 we
take a sequence {W, },an with Wy, := Vi, +(ay, c(+)), where a,, € 2° and V, is continuous
and bounded. By construction we have that & € 7° as well as W, | Wo,. Since W; € 2°,

we can apply dominated convergence to get
lim A(W,,) = A(W.).
n—oo

We thus have verified all conditions of Theorem after showing that A = AA. We
show both inequalities separately, consider

ATA(W) > A7 lim A(WAR)

=21 I%im sup A,(WAR)

0 >0

=27 lim Ao (WAR)

1
21y : - n 5 W(x)ARdZ,(x)
A 1%1_15210 limsup . logIE[e z ]

n—oo

kn
=71 lim lim sup 1 log E[ [ e"/k(WR)]

n—o00 ]:1

=A7! lim lim sup kn log]E[e”‘/kn(W(m)/\R)]

R—oo ;00 n
= A(W).

The other inequality follows directly from the trivial relation As > A. Then

AW) = AT AL (W)
> ATTA(W).

It thus follows that the set Z from the assumption and the corresponding set from
Theorem coincide. O

Lemma 4.3.2. (Lemma 4.8 in [18])
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Given the iid sequence {;}jen with common law <y1. Then the sequence

(ikzn(s 1 Z S 1%3) nelN 4-3-2)
kn ]‘=] gj/n_kn ]':kn+1 éj/nj:1 7y

satisfies an LDP in [P(R)? x R, ] at speed n with GRF 1 defined by

AH(plv1) + (1= A)H(vr1) + 5[5 = Ama(p) = (1= A)ma(v)],
I (p,v,8) =4 if Ama(p) +(1-A)yma(v) <s,

00 otherwise.

Proof. We want to apply Lemma 4.3.1]for the specific situation given. In the introduced
notation we have

e 2=R

e X=R=X"

c:R->R, x> x?

For n € N, let .Zn(l) = kl” Z;‘:l dz; and fn(z) = n_lk” Z]r'l:an o,

Let ¢ = Ir c(x)dZD (x) fori=1,2.

We start with the sequence {(.,2”,1(1),%”(1))}”6]1\1 c P(R) x R, where we can calculate the
domain of A explicitly, namely

2 ={aeR| loglE[e)‘_l"‘g%] <oo} = (_ oo,%).
We used that the domain of the moment generating function of {3 ~ x7 equals (- oo, %)
We can derive that Z = 2° as well as 0 € 2°, hence all assumptions of Lemma are
fulfilled. Further, we can provide a closed representation of the function F : R — [0, o0],
where we have

F(x) = sup[tx] =
t<A/2 oo ,else.

By Sanov’s theorem we get an LDP for {,fn(l)}neN with GRF AH(:|y1). This is
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used in Lemma to establish an LDP for {(,ﬁfn(l), ‘Kn(l))}nem with GRF

AH () + 5[t =ma(p)] ,if ma(p) <t

00 ,else.

]Il(.u/t) =

For {(,,2”,1(2) ,%1(2))}”5]1\1 we can apply the exact same argument, the only difference here
is the speed k, = 1 - k,,, thus the constant A is replaced by 1 - A. We hence establish an
LDP with speed n and GRF

Jo(v,s) = (1= H(v|y) + B2 [s—ma(v)] ,if ma(v) <s

) ,else.

Now we consider the continuous mapping

F:[P(R)xR]* - P(R)®>xR
(u,t,v,8) = (v, At+(1-A7)s)

and apply the contraction principle to the sequence {(.,iﬂn(l),%n(l),fn(z),‘5,1(2))}%]1\7 to
obtain an LDP for
(L, 42 260+ (1-1)%) (433)

with speed 7 and GRF I : P(R)? x R, — [0, o0] given by

I(p,v,u) = AH(}{I}{)S:M (D1, £) +J2(v,5)]
= AH(ply1) + (1-A)H(v|n)

1.
* 3 e D (L= D)5 = Amag0) = (1= Ao (v)]

=AH(p|r1) + (1 -A)H([71) + %[M - Amg(u) - (1= A)ma(v)]
=1 (p,v,u).

Next we show the exponential equivalence of the sequences {a, }neN, {Un}nen defined

1 2 A sokn 22, 1A 2 .
by a, = 1 2;1:1 & and by, = - Z}.:l T+ 0, ]’-‘:kn+1 5. In order to do so, fix € > 0 and

denote by { Y }ren a sequence of independent )(% distributed random variables. Then

8o



we consider

limsup — log]P[]an —by| > €]

n—o00

Yk Ynfk ‘ kn _1:|
i L iogp|| Yo - Yok | o o]y _Kn
lr;Lsooup Og L kn n_kn >€ n
[ Y Yk k, _1]
<li Liogp| Tu y Yok o )y K
imsup . loglP| 7 R e -
(Y, k, _1]
<li —1 P|— A——
imsup - -loglP| >€ -

) M—>OO

—00,

1
- inf 1 1
<~z losx-

where the last inequality comes from the LDP established in Application [ and holds

for any big M > 0, since e‘/\ A exceeds any given bound for sufficiently large n.
Optimizing in M shows the desired equivalence with speed n. Thus, the LDP for the

random object is equivalent to the LDP we are interested in. O

Before we come to the next major result, we discuss an interesting property of the
relative entropy H.

Proposition 1. Denote by 7, the normal distribution with mean 0 and variance s > 0,
let 11 € P(R). Then we have the following relation

1 1/1
H(phy.) = H(iim) + 3 logs + 3 (5 =1 mae).

dp

Remark. Consider the case where the Radon-Nikodym derivative 7~ exists. Then we

have the representation

HO) = [, 2 (os (50 ) (x) = [ g (410 )aut),

Proof. (Proof of Proposition [1)
The case where d E does not exist is not interesting, since then the claim in Proposition
[1] trivially holds. In the other case we can use the previous remark to get

H(plr) = f1og (510 Jante) = [ tog (55)) +tog (220 Janc)

Hun)+ [ log (5200 Janco).
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Now we can calculate the Radon-Nikodym derivative % using its definition. For any
Borel set A ¢ R, we have

()= [ 5 )

dy 1 ( xz)
= | —((x)— -—\d
/:4 s (x) TS exp P X

1 x2
T fAexp(—?)dx.

. . . . d
The third equality allows us to find a representation of %, namely

e~ eew (37(11))
d%—\/gexp 5¥ (5 1)).

Taking the logarithm and integration gives us the claimed expression. O

Lemma 4.3.3. (Lemma 4.9 in [18])
The sequence of pairs of measures

1 & 1Y
(;Z%@M%rﬁZ 5ﬁgj/|c<">|2)f neN (4-3-4)
n j=1 n j=kn+1

satisfies an LDP in P(R)? at speed n and GRF I : P(IR)? - [0, oo] defined by

I(u,v) =Ii(p,v,1)

AH(plyr) + (1= A)H(v|71) + 5 (1= Ama(u) = (1= A)ma(v)),
=1 if Ama(p) + (1-A)ymy(v) <1,

00, otherwise.
Proof. First we consider the mapping

F:P(R)?xR, — P(R)?
(,v,5) = (u(-xs'/%),v(- x5'/%))

and note that it is continuous. In order to see this, we remember the similar function
defined in Lemma where we showed continuity using Slutsky’s theorem. Here
one applies essentially the same argument. We can thus use F to contract the LDP
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from Lemma to receive an LDP for the quantity in with speed n and GRF

(e nd {10 = s, = sl

= inf {AH(u(-xs™)m) + (1= VH@ (x5 ) m)
S; + (4-3.5)
+o[s = Ama(u(x 7)) = (1= Mymay(v (- xs7))]

5> Amy(pu(- x572)) + (1= A)my(v(- x5)) ).

Now we use that for some constant ¢ € R,, H(p1(-x ¢)|pi2) = H(p1|p2(- x ¢ 1)) and note

ma(u(exs) = [ Pap(exsT) = [ sPdu(y) = sma(p).

Using these observations, we can continue to simplify our GRF and get that is
equal to

inf {AH (i (-xs")) + (1= H@m (- x5'%)

s
+§[1 —Ama(p) = (L= A)yma(v)]: 12 Amp () + (1 - A)ma(v) }.
Now we can use Proposition |1} here 1 (- x s/ 2) = 9,1, hence

1 1-s
H(pln (- x512) = H(plm) = 5 1og's = —“ma(p).

Thus the GRF from equals to

A1) + (1= D) H(vi)+ inf { - /\(% logs +=ma(0)) - (1-1) (3 logs + = ma(v))

#2 (1= Ama () - (1= Ao (v)] 12 A ) + (1 - /\)mz(v)}

1 1.
=Io(p,v) - 5+ inf {s-logs}
=l (p,v).
O

Now we collected everything we need in order to analyse the behaviour of Iy, which

is done in the next lemma.

Lemma 4.3.4. (Proposition 4.7 in [18])

83



Fix q < 2. Suppose k, grows linearly with rate A € (0,1]. Then, the sequence {fi }nen
satisfies an LDP in Pj(IR) at speed n and GRF H, : P(R) — [0, o], where for v € P(R)

Ah(v) + Aog(27e) + 52 log (%) i ma(v) < 1/A

00 ,else.

Ha(v) = (4-3.6)

In case of A =1, the third term containing the logarithm is set to 0.

Proof. Instead of proving the stronger LDP for the g-Wasserstein topology on P;(IR),
we can use the same argument as in Lemma to simplify the problem and show
only the LDP w.r.t the weak topology on P(IR). Further, we use the established repre-
sentation of fl’y via iid normal distributed ;, namely

1 kn
Pa=i 21 VAGIZO]

We remember that this representation of fi’y equals to the first component of the
analysed vector in Lemma Next we note that a different representation of the
GRF I, from Lemma using Application 3} is possible. We substitute H(:|y1) =
—h(-)+1/2log(27) +1/2my(-). Then, for Amy(pu) + (1 -A)ymy(v) <1,

I(u,v):==Ah(u) + % log(27r) + &mz(y)

- (1-A)h(v) + A log(27) + mz(v)

+ %(1 = Ama(p) - (1 — M)z (v))

=—Ah(p)-(1-A)h(v) + %log(ere).

We can hence apply the contraction principle to the LDP from and project via the
continuous mapping F : P(R) x P(R) - P(R), (4,v) ~ u on the first component. This
establishes an LDP for {{I} },«n at speed n and GRF

g g}{a) I (p,v) = =Ah(p) + 10g(2ﬂ6)

# n {(=(1=Mh(v): (1= Ayma(v) + Mna() < 1)

1-Amy(p)

=—(1-A) sup {h(v) :mp(v) < -1

} Ah(p) + = 10g(27'[e)
veP(R)
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If A =1, then our GRF equals H,. In case of A < 1, we note that if 1 < Amy(p), then
my(v) < 0 and hence v is degenerated with h(v) = —co. In this case our rate function
equals oco. If my(p) < 1/A, then the restriction on the second moment of v is of the
form my(v) < z for z > 0. We can use Application [4] and deduce that our GRF can be

simplified to

1w —Ah() + élog(Zﬂe) -(1- )\)% log (Z”e%m;(y))
= ~Ahi(p) + %log(zm) = ;A) 10g(1 —;nj(u))

=Ha(p).
]

Now we can finally state the central theorem in this section, showing the desired
LDP for the sequence of empirical measures {L"} N

Theorem 4.3.5. (Theorem 2.13. in [18] )

Fix q < 2. Suppose {ky, }nen grows linearly with rate A € (0,1] and Assumption A holds with
sequence {sy}nen and GRF Jx. Then {L"},an satisfies an LDP in P;(IR) at speed s, with
GRF Iy 5 : P;(R) — [0, 0o], where

1. If sy = n, then for p € P;(R)

infeer, {]X(c) - % log (1 - Amf—f’”) +Alogc:my(u) < C2/)\}
I (p) = -Ah(p) + %log(ZT(e) + % log(1-A)

o, otherwise.
2. If sy < n, then for p € Py(R)

]X(C)r H="c

I a(p) =
, otherwise.

(o¢]

Proof. We distinguish the two growth regimes of the speed s, in Assumption A, start-
ing with the case s, = n:

The idea is to apply Lemma and rearrange and simplify the corresponding GRF
as far as possible. The LDP for {fiy } ,en established in Lemma and Assumption
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A on the sequence {||X™|2/+/n}nen leads to

LA = VGP(}[{;EE&{HA(V) +Tx(e) p=v(-xc Y}

We know that H, (v) = oo for my(v) > 1/A and since
ma(p) = /szdy(x) = f]szdv(xc_l) = Zmy(v),

it follows that i ) (1) = oo, if my () > ¢?/A. Thus, in this case i, ) () = I A(u). Hence,

we assume my (i) < ¢/A. Then my(v) < 1/A and we get

Hi(v) +Jx(c) = Ha(pu(-xc)) +Jx(c)

=-Ah(u)+Alogc+ %log(Zmz) + ! ;A log(1 - A}c_z;\az(y) ) +Jx(c)

=-Ah(p) - % log (1 - /\mc;z(ﬂ)) +Alogc+ %log(Zne) +Jx(c)

L (-0

log(1-A).

Taking the infimum over all ¢ > 0 establishes the identity fi; () = I () in the case

my () < c?/A.
Now we consider the situation when s, <« n: We remember Remark which can
be applied to {fiy }nen to establish an LDP with speed s, and GRF

0, ifv=m
X’Yl(v) =

oo, else.

We get an LDP for L" with speed s,, and GRF

LA = ik () + Jx(©))

]X(C)/ if H="7

00, else.
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As in the previous sections we finally want to investigate the behaviour of properly

scaled g-norms. Therefore, we recall the quantity Y}', from Equation ie.
-1 T

Ve =n AT X0, (4.3.7)

Our goal is to establish LDPs for {Y;kn}ne]N for all values g € [1,2]. We start with the

case g < 2, where we can simply use the contraction principle, in the case g = 2 this

does not work anymore, since the used mapping is not continuous in the 2-Wasserstein

topology. Here we need a different technique, which in principle would work for all g,

but as we will see, the representation of the corresponding GRF is very cumbersome

compared to the received representation using the contraction principle. We start with

a different representation of Y;kn' using some of our previous results. We have

_ _ x(m)
e =1 AL X Ol = n7 N AL IIX(”)HzHX(H)HZ
g
i
D) AT el X (438)

D [l
@ -1yg ooy ey,

122
where ) = (7y,.., ;) for a sequence of iid standard normal distributed random
variables {(, }en. Our next goal is to find an LDP for the quotient of properly scaled
norms. This is possible, but takes some effort and will lead to a rather complicated
GRF. We start by introducing some notation. Fix g € [1,2] and define

1
V21T

1
Apg(ty, tr) = logfIR exp (tﬂxl”’ + (tz - E)xz)dx, (t1,b2) € R?, (4.3.9)

where we note that for g € [1,2), we have Ay 4(t1,t2) < co when t; € R and £, < % In

case of q =2, we have Ay (t1,t2) < 0o when t; +15 < % Further, Ap will appear, with

1 1
Ap(ts) = log [ ((t——) Z)d, s € R. 3.
(1) =log [ —=exp((ts-5 )¢)x e (4310
Note that Ap(t3) < oo for t3 < % Let AZ,q and Ay denote the Legendre transforms of
A,y and A, respectively. For g € [1,2) and A € (0,1] define

1/q

X
= . f AAX— ((xlle)) 1—)\ Ax—( x3 ): — 1
Jor(2) (xl,xlgs)ew{ aa\ "y +(1-A)Ap T 1) 2 CRTAY

}. (4.3.11)
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Corollary. We consider the case g = 2. Then J,; 1 can be simplified to

%log(ziz) + %log(lljz/\z), z¢e(0,1)

, otherwise.

Joa(z) =

[o,¢]

Proof. It can be verified immediately that A4, (t1,t2) = —% log(1-2[t; +t2]) for t; + 5 <

% as well as Ap(t3) = —% log(1 - 2t3) for t3 < % An elementary computation leads to

the respective Legendre transforms, namely

Ag(z):%[z—logz—l], zeRy

. [o2e) ,lf Z1 ¥ 22
AA,Z((ZLZZ)) = z;i € R,
ANp(z) Jifzi=2p=2

Using these representations in the formula for J, , gives us

Al x X
= inf {Z|Z-log(=])-1
JZ,A(Z) (Xl,xl2r,1X3)€]R { 2 |:)\ Og ( A) ]+

1-A[ x3 X3) ] B X o }
> [1—A log(l_/\ 1(:z= x+x3,x1—x2—x>0,x3>0.

Now we can use the relation x3 = x(1/z% - 1) and after some elementary rearrange-

ments we are left with

A x x 1-A x 1-A 1 1
=1 f ——1 - ~ o 1 - 1 __1 )
S22 (2) iﬂ‘o{ Zog()t)+222 2 Og(l—)t)} 2 Og(z2 ) 2

for z € (0,1). Minimization over x leads to the desired function. O

The next lemma establishes an LDP for {||¢ (") llg/11C (M)||2} nenr, which we can then use
to receive an LDP for {Y;,kn }neN-

Lemma 4.3.6. (Lemma 6.2. in [18])
Suppose {kn}nen grows linearly with rate A € (0,1]. For q € [1,2], the sequence

(kn)
ST
[

satisfies an LDP at speed n with GRF Jg ».

(4.3.12)
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Proof. Fix q €[1,2]. For n € N, let

n

> &

i
nj=k,+1

1 k 1
qn = k_ ; |€l|q Cl and Bn = n-—

We note that A, is the cumulant generating function of (|1]7, %) and that Ag is the
one of C%. Due to Remark {Ayn}nen satisfies an LDP in R? with speed k, and
GRF AZ,q/ since 0 € D?\A,q‘ The same argument applies to {B, },en, where we obtain an
LDP in R with speed n -k, and GRF Aj. Since k,/n - A, we can establish an LDP for

1 kn
k—2|§l nelN
i-1

at speed n and GRF AAj, .. Further, we can use the contraction principle for the
function F : R x R? - R?, (x,y) = xy to establish an LDP for

ky 1 L )
P Ana) = 2(a2D)

with speed n and GRF

(z1,22) )

2> inf AN, (1) +xa(x)] = M\E,q( 1

where x, is the GRF of the trivial LDP for k;,/n. Analogously one can show that also

n
> gf, nelN

i=ky+1

|-

satisfies an LDP with speed n with the GRF

2= (1= A)/\3(1 /\)

Hence, the sequence
1 kn n
(X, ¥ @) nen
iz i=kn+1

satisfies an LDP at speed n and with GRF

« [ (z1,22) + 3
(21,22,23)»—>)\AA,,7( 3 )+(1—A)AB(1_A).
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Finally, another application of the contraction principle for the mapping

T:R3 > R,
1/q
2

21,22,23) =
(z1,22,23) = (212912

yields an LDP for

1& 1 & ~ ||§(kn)H
(A5 na L 5 @) -mm
i-1

izkn 1 IZ1”

at speed 1 and GRF J, y from Equation O

The LDP for {Y;,kn }new can now be derived directly using our representation via the
quotient of standard normal distributed random vectors. In the following theorem we
will first use a different approach, avoiding the GRF J,; ;.

Theorem 4.3.7. (Theorem 2.14 in [18])
Suppose {X"},oN satisfies Assumption A, and k, ~ An for some A € (0,1]. Also, for
g € [1,2] and n,k, € N, with k, < n, define {Y;,kn}”EN as in Equation m Then the

sequence {Y" },an satisfies an LDP at speed s, with GRF Jy where for x e R,
q q.kn p q

kn, Y

infveP(]R),ce]R+ {%?\(V) + ]X(C) : Amq(v) = (x/c)q}/ ifsn =n,

x .
Jx W), lfSn «n,

Ty, 0 (%) = (4.3.13)

with my(v) the q-th moment map and M, the g-th absolute moment of a standard Gaussian
random variable defined in Equation|q.2.4

Proof. First we consider the case g < 2 and start by taking a closer look at Y, . We
observe that

g aT iy (L& a1 iy g
n A g, Xl = ( . Z;l(An,an )il )
]:

- (%ﬂmq(L”))l/q.

A very similar argument as in the previous lemma shows that {%mq(L”)}neN satisfies
the same LDP as {Am; (L")} en. We can now use our LDP for the sequence {L"},en

for g <2 and the fact that v + m,(v) is continuous in the g-Wassertein topology. Hence,
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{Y;,kn }new satisfies an LDP in R at speed s, and with GRF
= inf <1 : 1a _
Iy, ko () MEIIEEIR){ La(p) = (Amg(p))' = x},

where I} , is the GRF from Theorem
For s, = n, the rate function equals

]Iyq/km/\(x) = ‘ueiPr}IfR) {]IL,/\(,M) : [/\mq(y)]l/q — x}

) HeiPr}IfR) {veP(i]{g,DO {HA(V) " ]X(c) TH= V(' x C_l)} : [/\mq(y)]l/q = x}

= ﬂepﬁg,oo {Ha(u(-x ) +Tx(c) : [Amg(u)]V7 = x}

= it () +Ix(@): [(Amg(0] V7 = xfe},  xeR.,

where we used in the last step that mg () = mg(u[- x cc™1]) = cfmg (u[- x c]).
If s, < n, then

Brua():= it {[1x(e) = 1e] (g 0] = )

= inf {Jx(e) : [Amg (7)1 = x}

- inf {Jx(0): [Ac'M, ' - x}

x
=Ix\ —= ), xeR,.
]X((AMq)l/q) *

This establishes the desired LDP in both cases for s, if ¢ <2. An alternative way using
Lemma allows to show an LDP for all 4 € [1,2]. Recall Representation

where we showed that

n (@) n1/2-1/q||€(k")||q X 1N

7 [ PRV

If s, = n, then the contraction principle with the function F : R? - [0, c0], (1,0) = uv
can be applied directly and gives us an LDP at speed n and with GRF

T (¥) = Inf {Joa () + Jx(2) :yz = x}.

Since the GRF is unique, we deduce that Jy, x, » = Jy, x, 1 for g <2 and s, =n.
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In the case of s;,, << n we still have an LDP for

(kn)
nl/z_l/qH@ i ||q, .
17 |2

at speed s, and with (degenerated) GRF x; (see Remark with

nl/z_l/qllé(k”)llq lg® 0Ny /T n2

a.s. 1/q ._
= — (MyA =C.
10 - gl ey, MeTEe

The GRF for {Y; }nen is then given as
Iy (%) = yi;{R {xe(@)+Jx(y) - x = yz}

I Gy

Hence, we established the identity ]qu,kn, A =Ty, kn for all g <2 and for g = 2 in the case
Sp << 1.
It remains to show that this equality also holds for g = 2 and s, = n. If we are able to

prove that
_ L2
Joa(z) = yelﬁ}ﬁz) {Ha(p): 2> = Ama(p)} (4.3.14)

we are finished, since then
Ty, e () = inf {IoA(2) + Jx() }
) x
= ;r;g{lu(g) +Ix(y)}
=inf inf {HAG) +Tx(y) = (x/y)? = Ama(p) }

= Iy, a (%)

We get for z2 < 1 that

A 1-A 1-A
inf H = inf { -Ah —log(2 —1 (—)}
veP(R):lzrzlz/\mz(v) /\(V) VEP(R):IZI}:)\Mz(V) (V) " 2 Og( 7'[6) " 2 8 1- /\mz(v)

=-A sup h(v) +&log(27re)+ 1_)Llog( 1-1 )
veP(R):z2=Am (v) 2 2 1-22
: 2

In order to show the equality in we recall Application [4] about maximizing the
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relative entropy under a bounded second moment. The supremum is attained with
value %10g(27‘£e22//\). Using this leads to

27ez?

A A 1-A 1-A
inf =—=1 —log(2 1
veP(lR):lzIzl:/\mz(v) 7_[/\(1/) 2 8 ( A ) " 2 Og( 7'[6) ’ 2 8 ( 1- Zz)

=TIy, k1 (2), z€(0,1).

For z ¢ (0,1) the equality holds with value infinity, since H, (v) = co whenever m,(v) >
1/, O

Remark. In [18] the authors elaborated a comment on the interesting observation that
for g < 2 we were usually able to establish LDPs in all the asymptotic regimes, whereas
the case g = 2 is more delicate. From the technical point of view this appears in terms
of the set K3 ; from Lemma which is not compact in the g-Wasserstein topology
for g > 2. The same obstacle becomes visible by looking at the representation

Jq'/\(Z) B veP(R):izrzli:/\mz(v) ,H/\(V)

appearing in the proof of Theorem The expression looks like we applied the con-
traction principle to the sequence of empirical measures {fI} } N, even if this seems
not possible for g = 2. To illustrate this phenomenon in a simpler setting, the authors
considered a sequence of iid exponential distributed random variables, where essen-
tially the same observation can be made: in this case the theory suggests that the LDP
for empirical measures does not hold for g = 1, but it is still possible to show the
LDP and a variational formula for the corresponding GRE. They suggested that these
observations can be seen as a more general problem in large deviation theory.
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5 Applications

In this section we want to verify some of our assumptions for different applications.
We start with a ,warm-up” example containing product measures. We then conclude

by studying certain Orlicz balls and Gibbs measures.

5.1 Product measures

Lemma 5.1.1. (Lemma 3.1 in [9])
Let {X;}ien be a sequence of iid real-valued random variables and let XM = (X, ..., Xn).

Suppose that we have
A(t) =log E[exp(tX})] < oo,

forall t < e with e >0. Let A" : R - [0, 0o] be the Legendre transform of A, i.e.

A" (x) = sup(xt - A(t)).
teR

Then, {X(”)}%N satisfies Assumption A* with GRF Jx : R — [0, oo, where

Moreover, Jx has a unique minimizer m := \/IE[X?].
Proof. Using Cramer’s theorem we can establish an LDP for

HX(”)H% ) XZ+..+ X3
n n

, nelN

at speed n and with GRF A*. We can then apply the contraction principle for the
continuous mapping F : R; - R, x - \/x, where we get an LDP for {||X™||2//}nen
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at speed n and with GRF

)= e Ay -] 0
X) = m =
e YV e else.

For the minimizer m, we have by the strong law of large numbers

||X(")||2

1& o0
T - S X2 S\ E[X?] = almost surely.

i=1

This value m is indeed the unique minimizer of A*. First, we recall that A* > 0 and we

note that for every 6 >0

(n)
]P[HX IIl2
NG

Then, using the large deviation upper bound, we have

e[m—é,m+(5]] — 1.

X,

7 e[m—&,m+5]]§— inf A"(x)<0.

xe[m—6,m+48]

0 = limsup 1 logIP[
n—ooo N
And hence, we get

0=10L inf A" > A" ,
51—1;13 xe[ml—r},m+5] (X) (m)

where we used the lower semi-continuity of A*. Hence, m is a minimizer of A*. The
uniqueness follows, since a Legendre transform of a cumulant generating function is

strictly convex on the set where it is finite. O

5.2 Orlicz balls

Orlicz balls are a natural generalization of £}, balls with nice properties like the "neg-
ative association" (as shown in Theorem 1.2 of [24]), a weaker property than inde-
pendence, or the KLS (Kannan-Lovasz-Simonovits) conjecture (under mild conditions
concerning the growth of the involved Orlicz functions), see Theorem 1.1 and Theorem
2.4 of [21]]. We start with some definitions and notation.

Definition 5.2.1. We say V is an Orlicz function if V : R - R, is convex and satisfies
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V(0) =0and V(x) = V(-x) for x € R. Further, we say V : R - R grows superquadratic if
V(x)/x* — o0, a5 x — .

For such a V, i.e. a superquadratic Orlicz function, we define the symmetric Orlicz ball as
n
BY, := {x eR": ) V(x)< n}.
i=1
Now fix a sequence Vi, Va, ... of such functions and denote the generalized Orlicz ball by

n
Viov, = {x eR": ) Vi(x;) < n}.
i=1
Remark. There are different definitions of Orlicz balls possible, for example one could
replace the convexity assumption by assuming continuity and quasi-convexity (a func-

tion is called quasi-convex, if all level sets are convex).

Remark. For p > 2 it can be checked immediately that V(x) = |x|V is a superquadratic
Orlicz function. We then have the relation

n
By, = {xe]R” YV (x) Sn}
i=1

n

= nl/’”{n_l/”x eR": ) V(xi/n'P) < 1}
i=1

= nl/p]B’;,

where IBZ denotes the £, ball in R” with radius 1.

5.2.1 Symmetric Orlicz balls

We want to consider random variables distributed uniformly on symmetric Orlicz
balls. We therefore introduce the distribution
A"(BY, N A)

ABT) AeB(R"),

u(A) =

where A" is the n-dimensional Lebesgue measure. y is a distribution on R", we hence
can construct a random variable X" ~ , which we call the uniform distribution on
BY,, denoted by X(") ~ Unif(BY,).
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Remark. For this definition it is important that A" (IBY;) is finite. This can be guaran-

teed, since By, is compact and in particular bounded.

Our goal in this subsection is to verify Assumption A* for the sequence {X™},n
with X(") ~ Unif(B?). This needs some preparation, we therefore introduce a few

quantities.

Definition 5.2.2. For v € P(R), we define the "V-th moment” mapping

my (v) ::/]I;V(x)dv(x)

for a v such that this integral is finite. Further for b > 0, define py , € P(R) via
1
Aty p(x) = ——e VO
Zyp

where Zyp = [pe VX dx is the normalizing constant. Note that Zy , is finite since —b is
negative and V grows superquadratic. Hence, d,, , is well-defined. For s <0 and t € R, we will

also work with the distribution vs; given by

1
dug (%) 1= Z—esv<x>+fx2dx,
s, t

where Zs = [R eV gy Then we can introduce the function J : R% — [0, co] with

(u,0) = sup {su +tv-log / esv(x)”xzdx}
s, telR R

= sup {su+tv—log/ esv(x)”xzdx}.
5<0,teR R

The equality holds, because the integral would be infinite for s > 0.
The next lemma collects several properties of J.

Lemma 5.2.1. (Lemma 3.12 in [18]])
Let J be as in the previous definition, then:

1. Forv e Ry, there exists a unique (s, t) € R_ xR such that the supremum in the definition

of J(1,v) is attained and is the unique solution to my (vs;) =1 and my(vss) = v.

2. There exists a unique b* > 0 such that my(pyp+) = 1 and v » J(1,v) is a convex
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function on R, with minimizer m = my(py p+ ). Moreover,

J(1,m) =sup {s -log /JR esv(x)dx}. (5.2.1)

s<0

3. For v > m, the supremum in the definition of J(1,v) is attained at (s,t) € R_ xR,,
while for 0 < v < m, the supremum is attained at (s,t) e R_ x R_.

4. For v e Ry, J(1,0) = —max,epry{h(v) : my(v) = 1,my(v) = v} and J(1,m) =
_maxveP(IR){h(V) smy(v) =1}
5. 0, J(u,v) <0 for u,veR,.
Proof. See Theorem and the subsequent comment. O

Remark. Property 1 of Lemma can be used to show that the supremum in the
definition of [ (u,v) is uniquely attained for some (s, t) € R_ xR, depending on (u,v).
This can be verified directly

J(u,v) =sup {su +1tv-log f]R esv(")”xzdx}

s,teR

= sup {su +tv -log [}R es“V(x)/””xzdx}

s, teR

=J(1,0),

where 7 is defined in the same way as J, but instead of V, the superquadratic Orlicz
function V/u is used.

Theorem 5.2.2. (Proposition 3.11. in [9|])
For n € N suppose X" ~ Unif(BY,). Then, there exists a unique b* > 0 such that
my (py p+) =1 and {X(”)}HGN satisfies Assumption A* with Jx = Jx v, where

Jxv(z) = J(1,2%) —sup {s—logf eSV(x)dx}, zeR,.
5<0 R

Moreover, [x v has a unique minimizer m := \/m (v px ).

Proof. We recall Assumption A* where we need to show an LDP for {||X™||2/+/}nen

at speed n and with GRF Jxy. We will start by analysing {||X(|2/n},on. Then we
can apply the contraction principle to the resulting LDP. Let us introduce the set

n
2y (A):=Byn {x eR": Y x7e nA}.
i=1
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To abbreviate expressions in what follows, we denote |A| := A" (A). Using the previous
set, we get

X(n) 2 n
]P[” - 1 eA] =1P[Z(X?)2enA]
i=1
B3, (A)]

By

7

where the second equality follows from the definition of the distribution of X . We
will now consider the numerator and the denominator of the right-hand expression
separately. We start with our set B3 ,(A).

1. Step: Upper bound of the LDP. Fix a closed set F ¢ IR,, then we want to show

limsup % log [B; /[ F]| < ‘i?ﬁj(l'x)'

n—oo

Part 2 of Lemma gives us a unique constant b* > 0 and an induced distribution
1y p« such that we can define m := my(uy p+ ). Further set

oy :=min{x | x € [m,00) N F}
a_:=max{x | xe[0,m]nF},
where co or —co is possible. By definition we always have a_ < m < a,, we hence

distinguish two cases.
1. Case: If a_ < m < a,, then we get the bound

By [F]| = By n [x € R : x|} € nF]]]
= [BY n[x e R": ||x|j5 € n[F 0 [m, 00)]| + |[BY n[x € R" : ||x||5 € n[F n [0, m]]|
<|BYn[xeR":||x|5 > na |+ |BYn[xeR": ||x|5 < na_]|
= B,y [+, 00)]| + By y [[0, a_]]|

We analyse the first summand. Fix s <0 and ¢ > 0, then (since s < 0)
n
B3y ([, 00)] = {x e R": 3 V(i) < 1 > . |
i=1

= {x eR":exp (s g V(xz-)) > exp(sn), exp (t||x||%) > exp(ntoc+)}.
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Applying the Lebesgue measure on both sides yields

By (e, 00)] = [ 1dx

]Bg[v[[tx_,_,oo)

n
< f exp (sZV(xl-)—sn+t||x||%—ntoc+)dx
By y [[a+,00) i=1
n n
< g S [ exp (s YV(xi)+t), xz-z)dx
R i=1 i=1

__—sn—ntay 2 "
=e {fRexp (sV(x)+tx )dx} .

We can divide by n and apply the limsup, then we are left with

1
lim sup E|]Bglv[[zx+,oo)]| <-s—tay + /

n—>o0o R

exp (sV(x) + txz)dx.
Now we can minimize over all s < 0 and ¢ > 0, which leads to

limsupl|IB§,V[[(x+,oo)]\§ inf {—s—toc++f]Rexp(sV(x)+tx2)dx}

nooo N $<0,t>0

=— sup {s+ttx+—[1;exp (sV(x)+tx2)dx}

5<0,t>0

=-J(1,ay).

The last equality used statement 3 of Lemma since we are in the case «, > m.
The argument for [B; ,[[0,a-]]| works very similar, here we fix s <0 and ¢ < 0 and
again use statement 3 of Lemma We end up with

1
limsup - B} y[[0,a-]]] < -7 (1,a-).

n—oo

Combining both estimates gives us

. 1 n : 1 n : 1 n
lim sup " log|B; /[F]| < limsup m log B i/ [[a+, 00)]| +limsup " log|B3 /[[0,&_]]|

n—oo n—oo n—-oo

=-J1,a-)-T(1,as)
< —inﬁj(l,x).

For the last inequality we used that J(1,y) > 0 for all y (by the second property of

Lemma and that a,,a_ € F.
2. Case: a— = m or «, = m, then by the definition of those quantities we have that m € F.
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Now we analyse the asymptotic behaviour of [BY|. Fix s <0, then

1 1
—log|By| = —1
" 0g| V| n Og {xE]Rn: :':1 V(x,')Sn}

< %log exp (sZV(x,') —sn)dx
i-1

< —s+log[]Rexp (sV(x))dx.
Xe

{xeR™3! | V(x;)<n}

Now, since B |,[F] < B,

1 1
limsup - log [B; /[ F]| < limsup o log |BY|

n—o0 n—oo

< ing{ -s+log /;E]R exp (sV(x))dx}

s<

= —sup {s -log fxe]R exp (sV(x))dx}

s<0

= —j(l,m)

For the last equality we used property 2 of Lemma and since m € F we get
J(1,m) =infyer J (1, x).
2. Step: Lower bound of the LDP. Fix an open set U ¢ R,, we claim

. . 1 n .
hﬁr—lg}fﬁ log [B;  [U]] > —;?Lf[ J(1,x).

Since J is convex, J is also continuous in R, x R,. Further, due to property 5 of
Lemma J is monotone decreasing in the first component and hence for a given
€ >0, we can find z € U and y € (0,1), such that there exists 6 > 0 with y € (4,1-0) and
(z-90,z+0) €U and

Ji{gﬁj(l,x} >J(y,z)-e.

Let (s,t) be the unique maximizer in the definition of J(y,z) (see the Remark after

Lemma and define

n n
A} = {erR”:y—&< %ZV(xi)<y+(5,z—5<%inz<z+(5}.
i=1 i=1

By construction Af is a subset of B} ,[U], since for x € A} the first condition implies
x € By, and the second guarantees x € U. Now we distinguish two cases for ¢, we start
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with the assumption f < 0. Then

By (U > [ dx
1

- s V)2 T L sV(x) il
= (Zs,t) e i=1 i H e Tdx
4 i=1 Lt
n
=exp(n(log Zss —s(y-6) —t(z-9))) / 1 eSV(xi)+tx,?dx‘
A} i1 Lst

If we assume t > 0, then we can have essentially the same bound, but instead of (z - J)
in the exponent, we get the factor (z +¢) in this case.
Now we analyse the integral. In order to do so, we consider an iid sequence {E;};en
all distributed with respect to the density
1 sV (x)+tx?

—¢€
Zs,t

Then by Lemma E[V(E;)] =y and E[E?] = z. With this notation we get

n
1 sV (x;)+tx? — —_
i dx =P (&2, ..., B All
fA" 1 Zs,te g [( ! n) € 5]

51

n
IP[y—5< 1Z:V(E,Z-)<y+c5,z—5<1 E?<z+5]
n & n

i=1
converging to 1 as n - co by the weak law of large numbers. Using this result leads to
lirrzninf % log B, [U]| > log Zs; —s(y - 6) —t(z +0)
=log []R VO gy sy —tz 455+ 40
=-J(y,z)+6s+t6

>inf J(1,x) —€+Js £ £6.
xel

Now we let €,6 — 0, showing the lower bound.
3. Step: We study the asymptotics of |Bf,| using the bounds we found in the previous
steps. For this note that

By = B3,y [[0, 00)]| = B, [(0, 00)]]
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an thus

1
- inf 1,x) < lim =log|BY| < - inf 1, x).
xe%{)}m)J( x) < lim — log |By| xehr)}w)J( x)

A short calculation shows that the limit in the middle exists, since the bounds coincide.

This can be seen by taking a closer look at 7(1,0), where we get

J(1,0) = sup {s - logj]l;esv(x)”xzdx}

s, teR

: _ tx?
2tL1nlo{ log/]Re dx}

= Q.

Hence the point x = 0 can be omitted in the infimization. In total we get the limit

1
lim - log[By| =~ inf 7(1,x)=-sup{s-log [ " Wdx},
dim 7, log[By| =~ inf \J(1,x)=-supjs-log J ¢ dx
where we once more used property 2 of Lemma
Finally, this establishes an LDP for {% Y1 (X")?} e at speed n and GRF

J(1,x)-sup {s - logf esv(x)dx}.
s<0 R

The claimed LDP for {||X™)||2/v/11}nen at speed 1 and rate function Jx y follows by

applying the contraction principle for the mapping x ~ /x. O

This finishes the situation of symmetric Orlicz balls, we continue with the general

case, which is, as we will see in a moment, not so general as it may appear.

5.2.2 Generalized Orlicz balls

Consider the generalized Orlicz ball By, , , where we choose suitable functions
Vi, Vs, .. such that another Orlicz function V exists with

B" A BY
1, (| Vi Vi V|) oo, (5.2.2)

n IBY, v, WByl
where A A B := A\Bu B\A denotes the symmetric difference of sets A and B. This

condition basically means that By, ., is very similar to a symmetric Orlicz ball on an

.....

exponential scale. Considering the important role of exponential equivalence in large
deviation theory one is not surprised that we are able to establish an LDP for random
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variables uniformly distributed on such By, . We start with the construction of the
corresponding uniform distribution. For a measurable set A ¢ R" define

.....

Analogously to the symmetric case the denominator is finite and not zero, hence yu is
a probability distribution on R" and we can construct a random variable X" ~ y =
Unif (]B’(/lw v,)- We can now state the main result in this subsection.

Theorem 5.2.3. (Lemma 3.13 in [18])

Given Orlicz functions { V;}ien and V that satisfy Condition suppose X" ~ Unif (By,
and there exists a constant cy € (0,00) such that for x > cy, Vi(x) > x> for i € N and
V(x) > x%. Then, { X"}, satisfies Assumption A* with Jx . defined as in Theorem
but with V replaced with V.

.....

Proof. Consider sequences {X(M},qn and {U™},qn with X ~ Unif (BY) and U™ ~

.....

and X respectively). Assume that all involved sequences are independent and con-
structed on some common probability space with measure IP. Then we define the two
quantities

W - u(n)]l{u(”)e]B;f/} + X(”)H{U(MB‘"-,}'

Fist note that the conditional distribution ]P[U(”) e U™ € ]B’(,l/mvn] is the uniform

distribution on IB’{,MVW. To see this, we take a measurable A ¢ IB’{,MVW, then

P[U™ e An IB’{,MVH]
P[U™ e B, ,.._Vn]
_ |An BYy,,.v, N (IBrllfl,...Vn v ]Byxl/)‘ ‘Byxlfl,...vn v IB’x1/|

[BY, v, 0 (B, v, vBY)| [BY, v, 0 (B, v, vBy)

_ |A n ]B?/l,...vn‘

‘]Ber/l,...Vn

P[U™ e AU™ e B},  ]=

Vi

Next we look at the distribution of W("). Again, let A ¢ R be some measurable set.
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Then

PIW®) € 4] - P[W) e A €5, o[ e B, ]

+P[W e AU ¢IB'{,1,._.VM]]P[LI(”) ¢BY. v ]
“P[U™ e AU™ By, L, JP[U™ By ]
+I[)[X(n) € A|u(n) ¢ IBr‘lfl,Vn]IP[U(n) ¢ ]:Br‘l/l""vn]
(X e AJP[U™ e BY, v, ]+ P[X™ e ATP[UC ¢ BY, ]

We see that WO @ X1 and hence W ~ Uni (BY, ). Basically the same calcula-
Vi, Vi y

tion can be applied to w), establishing w) @ X The desired result now follows
by showing exponential equivalence of {||W||,/\/11}nen and {||W||2//} nen. This
follows by direct computation. Before we do this, we define x := \/1+c%. Then

Lreer

n n
Z xz'z = Z xizﬂfoCv + Z xizjlxi%v

i=1 i=1 i=1
n 2 n
<y + Y V(x)
i=1 i=1
<n(ch+1)
= nx>.

In the same way we are also able to show B, ¢ x+/nBj. This leads to the estimate

W W
vn vn

n
..... v, "B}

1 -
= — (W o = W 1) o e
n\(ll [l = IW 9 ll2) Ly By,

1 -
— M, — W
Ol = IVl e, s
1 -
W _
S0+\/ﬁ||W W ||2]l{u(n)€]B‘n/1 ,,,, VZA]BI"L/}

< .
<2y, |, oBy)

Here we used, that ||W( - W], < 2x\/n and on the set [U(”) € By,

......
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have W = W™ Now we fix § > 0 and consider

1 -
—logP[[|[W ™o/ - [W 2/ /| > 8]

IN

].Og]P[ZKIl{u(n)E]Br‘l/l v AB) > (S]

log P[U™ eBY}, . B}

ST~ IRI|-

Thus, if we apply the limsup on both sides, we obtain the desired exponential equiva-
lence. O

5.3 Gibbs measures

In this section we introduce the notion of Gibbs measures and deduce Assumption
A* for a certain sequence of random variables. We start with some notation and
definitions. The following is based on [10]. Consider a set of "particles” x" := (X1, ..., Xn)
in RY, which are exposed to some external force V : R? - (-0, 0] and some kind of
pairwise interaction (e.g. electrons repulsing each other ) W : R? x R? — (-co0, c0]. The
behaviour of this system can be modelled via the Hamilton operator

H, : R>" (=00, 00]

X" 1 Zn: V(x;) + Lz i W(x;i,X;).
nia 2n” ;i

Further, for such an n-tuple of particles we consider the respective sequence of empir-
ical measures

L,: IRdxn N P(IRd)
1 n
X" = Z ;-
i
Later we make use of the notation L,(x", A) = %Z?:l bx,(A), for x* ¢ R™" and A €
B(R).
Lemma 5.3.1. The function L, : R*™" - P(R?) is a continuous mapping.

Proof. Since we consider a mapping between metric spaces, continuity can be decided

via sequences. Further we use the bounded Lipschitz-metric on P(R) and we assume
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d =1, the general case works analogously. Let {x"},,en be a sequence of reals with
x™ — x. We claim
La(x",.) 25 Ly(x,.).

Denote by BL(IR) the set of bounded Lipschitz continuous functions with Lipschitz
constant equal to 1. Then we need to consider

n

W COREDWICN

sup ‘ [ L~ [ f(t)dLn(x,t)‘: sup

feBL(R) feBL(R) 1 1 i=1 i=1
1 n
< sup — > |f(x) — f(x0)]
feBL(R) Tt iz1
1 0 meoo
<= -x] — 0.
nia

In the last step we used the uniform Lipschitz-continuity of the involved function
space. O

Let {B:}nen be a sequence of positive real numbers with B, - co and ¢, a o-finite
measure on R (e.g. the Lebesgue measure). Then we use our Hamiltonian to define
"Gibbs-measures" P, € P(IR*") as

exp(=PBnHu(x1, ..., Xn))
Zy

P,(dxy,...,dxy) = £(dxq)...0(dxy),

provided V and W are chosen in a way such that

Zy = fIRd /]Rd exp(—BnHu(x1,....xn))L(dx1)...0(dx;)
is finite.
Definition 5.3.1. Given measurable spaces (S, F) and (S, F), a measurable mapping f : S —

S and a measure y : F — [0, 0], the pushforward of u is the measure induced on (S, F) by u
under f, that is, the measure fay : F — [0, 00| given by

(fen)(B) = u(f(B)) for BeF.

In other words fyu is the image measure of u under f.

Finally, we introduce probability measures Q, by pushing P, forward under the
mapping L, i.e.
Qu(A) = Py(Ln € A)
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for a Borel set A ¢ P(R?), where we equip P(R?) with the weak topology and note
that L, : R » P(IRY) is continuous (see Lemma [5.3.1) and hence measurable.

Theorem 5.3.2. (Theorem 2.7 and Lemma 2.6 from [18])
Suppose the following assumptions hold for the potentials V and W:

1. V and W are lower semicontinuous on the respective sets on which they are finite.

2. There exists 1 > a > 0 and c € R such that V satisfies

f]R eIV p(dx) < o

inf V inf W(x, 14 v
A A

3. There exists a set A € B(RY) with £(A) > 0 such that
[, (V@) V) W) dy) < .
4. For all A e R?, we have

fRded exp [A(x* +17) = V(x) - V(y) - W(x, y) ¢(dx){(dy) < oo.

Then {Qy }new satisfies an LDP in Po(R?) equipped with the 2-Wasserstein topology, at speed
n, with GRF J, : Po(R?) — [0, oo] defined by

T.(0) =T () - lzr(lfd)J(V)

T =H@l)+5 [ Weypaopy) + [ Vo),

where H denotes the relative entropy.

Remark. In [10] the authors proved Theorem using Assumptions 1,2,3 and a
different one (they refer to it as "Assumption B", which is not so easy to handle).
Lemma 2.6 in [10] proves that 1-3 and 4 imply Assumption B.

Remark. In [10] a more abstract setting is treated, where one considers a generalization
of Wasserstein spaces, the result in Theorem is a special case.

The previous theorem can be used to establish an LDP for norms of random vari-
ables distributed according to the Gibbs measure. To simplify formulas, we restrict to
the case d = 1.
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Corollary. (Proposition 3.15 in [18])
For n € N, suppose X" is drawn from P,, and suppose that the assumptions of
Theorem hold. Then, {X(M}, . satisfies Assumption A* with GRF

Jx(x) =inf{T.(u) : p € Pa(R),x = \/ma(pt)}, ~ x20.

Proof. Let (Q, F,P) be a probability space such that X(") : ) - R" has distribution P,
First, note the relation

IX™3

f x2dL, (XM, x)
n R

=my(L,(X™,))),

and recall that my : P,(R) — [0,00) is continuous by the very definition of the 2-

Wasserstein topology. Then, since
P[L,(X™,.) e A] = Py(Ly € A) = Qu(A)

for A € B(P,(R)), we can apply the contraction principle to establish an LDP for
{IIX™]2/n},on at speed n. By taking the square root we finally get the desired LDP
with the claimed GRE. O
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6 Appendix

Theorem 6.0.1. (Hall marriage theorem)
Let (G, E) be a bipartite graph with G = X uY and |X| = |Y| be the bipartition classes (i.e. E
consists only of edges between X and Y). For A ¢ X we denote by K(A) all neighbours of A,
Le.

K(A)={yeY|(xy) < E}.
Then there exists a bijective function f : X — Y such that x ~ f(x) iff [K(A)| > |A|.

Definition 6.0.1. Let X be a vector space over the real numbers. Then X' denotes the algebraic
dual, i.e. the space of linear functions mapping from X to RR. Moreover, if one chooses a
topology on X, we consider the topological dual X* < X', where we additionally assume
continuity.

Definition 6.0.2. Let X be a topological vector space over the real numbers. We call Y ¢ X' a
separating subset, if for any x € X there exists y' € Y with (y',x) # 0. The Y-topology is the
coarsest topology on X, such that all functionals in ) are continuous.

Theorem 6.0.2. Let X' be a vector space over the real numbers, and Y ¢ X' be a separating
subspace. Then the Y-topology makes X into a locally convex topological vector space with
x*=).

The case when )Y = X* is of special interest, as we will see in the next theorem.

Definition 6.0.3. (weak*-topology)
Let (X,]|-||) be a normed vector space over R. The weak* topology is defined as the coarsest
topology, such that all mappings £ € X** with £(f) = f(x) for some x € X, are continuous.

Theorem 6.0.3. (Version of Banach-Alaoglu theorem)
Let (X,||-||) be a normed vector space over R. Then the set

M={¢peX”[[lgl| <1}

is compact with respect to the weak* topology. If X is separable, then every sequence {x, }neN S
X has a weak* convergent subsequence.
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Definition 6.0.4. Let (M, d) be a metric space. We say that M is compact if for every family

{Oi}ier of open sets with M = U1 O; there exists a finite subfamily O, ...,0;, with M =
?=1 Oii'

Definition 6.0.5. Let (M, T) be a Hausdorff space (e.g. if (M,d) is a compact metric space

and T is induced by d) and B the Borel o algebra. A Radon measure y on B is inner regular

and locally finite, i.e.
for all measurable sets A: u(A) = sup{u(K) | K< A, K compact}, and
for every m € M there exists a neighbourhood U of m with u(U) < oo.

Theorem 6.0.4. (Version of Riesz-Markov representation theorem)
Let (M, d) be a compact metric space and let C(M) denote the continuous functions mapping
from M to R. Suppose we are given a linear functional I : C(M) - R with

f>0 = I(f)>0.

Then there exists a unique Radon measure on M representing 1, i.e. for all f € C(M)

1) = [ fx)du().

Theorem 6.0.5. (Cantor’s theorem)
Let {K; }ne be a sequence of non-empty compact sets in a metric space (X,d) with K,.1 € K,
forall n e N. Then N,eN Ky is non-empty and compact.

Definition 6.0.6. Given a topological space X and a point x € X, a basis of open neighbour-
hoods B(x) satisfies the following properties

(1) For any U € B(x),x € U.
(2) For any Uy, Uy € B(x) : U3 € B(x) such that Uz ¢ Uy n Uy.
(3) If y e U € B(x), then 3W € B(y) such that W ¢ U.

Theorem 6.0.6. (Hausdorff's criterion)

Let T and T’ two topologies on the same set X. For each x € X, let B(x) a basis of neigh-
bourhoods of x in (X, T) an B'(x) a Basis of neighbourhoods of x in (X, t"). Then T ¢ T iff
Vxe X, VU e B(x):3V e B'(x) such that x e V c U.
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Theorem 6.0.7. (Version of Radon-Nikodym Theorem)
Let (X, F) be a measurable space and let y,v be probability measures on F. Assume that v is
absolutely continuous w.r.t. y, denoted by v << y, i.e.

VFeF:u(F)=0 = v(F)=0.

Then there exists a y almost surely unique measurable function f : ¥ — R, such that for all
FeF

v(E) = [ fdn().
We often denote f by dv/du and call it the Radon-Nikodym derivative.

Remark. In the case of v <« u and u « v, also du/dv exists and we have the nice

relation

i _(dvy

dv \du) °
Further, if 7 is another probability measure on (¥, F) with v < u « 7, then dy/dv
exists and

dip_ i dp

dv  dudv’

Theorem 6.0.8. (transformation rule for probability measures)
Let y be a Borel probability measure on R and g : R - R a measurable function. For a
measurable function f : IR — R and a measurable set A ¢ R it holds that

S o8@) = [ F@Grog @),

provided at least one of those integrals exist.

Theorem 6.0.9. (Theorem D.4 in [9])
Let {£;}N, be metric spaces and N be either finite or N = oo. Then

(a) ®f\=]1 BZ:‘ c Bxlg\il 5
(b) If Z; are separable, then ®f\:71 Bs, = Bxf\il 5

Definition 6.0.7. (Tightness)

A probability measure y on a metric space X. is tight if for each € > 0, there exists a compact set
Ke € X such that u(KS) < e. A family of probability measures {;}ic; on the metric space . is
called a tight family if the set Ke may be chosen independently of i.
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Theorem 6.0.10. (Theorem D.7 in [9]])
Each probability measure on a Polish space ¥ is tight.

Theorem 6.0.11. (Prohorov’s theorem, D.g in [9])
Let % be Polish, and let T < P(X). Then T is compact iff T is tight.

Theorem 6.0.12. (Portmanteau Theorem, Theorem D.10 in [9l])
Let ¥ be Polish with Borel sigma algebra By.. The following statements are equivalent

(1) py = u weakly.

(2) Vg : £ - R bounded and uniformly continuous, lim, e [z g(x)dp,(x) = [5 g(x)du(x).
(3) VF ¢ X closed, limsup,,_ _ 1n(F) < u(F).

(4) VG ¢ X open, liminf,, o #n(G) > u(G).

(5) YA ¢ By which is a continuity set, i.., such that u(A\A) = 0, lim, 0 pn(A) =
u(A).

Remark. There are several other characterisations of weak convergence. In particular,
criteria using certain function spaces can be convenient. Beside the set of continuous

and bounded functions one may use

{f : Z — R Lipschitz continuous : ||f||oo + ||f|Lip <1},

where ||f||1;, denotes the Lipschitz constant.

Theorem 6.0.13. (Slutsky’s theorem)
Let { X }neN, {Yn }neN, {Zn }new be sequences of R-valued random variables with

d
X, % x

(Yo, Z) = (Y, Z)

d
for some random variables X,Y,Z. Then Z,, + Y, X, (—2 Z+YX.

Theorem 6.0.14. Suppose a probability space (Q), F,IP) and independent random variables

X,Y : Q) - R. Further let h : R xR — R be a measurable function such that E[|h(X,Y)|] < cc.
Then

E[r(X,Y)[Y] = H(Y),
where H(y) = E[h(X,y)],y € R.
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Theorem 6.0.15. (Theorem of Ionescu-Tulcea)
Forall n € N, let (), Fy, IPyy) be a probability space. Then there exists an unique probability
measure IP on (Q, F) where

Q:=XQ, and F:=Q Fu
nelN nelN

such that

(o) n
P[A1 .. x Ay x X ] = [T Px[Af]
k=n+1 k=1

for Ay e Fi, k=1,..,n.

Since we are often dealing with a certain distribution y# on the real numbers (or on

RY, for some d), we usually want to work with random variables distributed according
1.

Theorem 6.0.16. Given a distribution function F, there exists a probability space (Q), F,IP)
and a real random variable X : Q) - R such that P[X < x] = F(x) for all x € R.

Proof. (Theorem [3.1.7)

We see that I’ =Tl o g is again a rate function, because I’ > 0 and for a < co we have

{yeV:T'(y) <a}={yey:U(g(y)) <a}
=g ({yeY:1(y) <a})
=g ' (¢u(w)).

The latter set is the preimage of a closed set under a continuous bijection and hence
closed. Due to exponential tightness it suffices to show a weak LDP for {v¢}e-0 with
rate function I'. For the upper bound, we fix a compact set K ¢ )} and apply the large
deviation upper bound for {ve o ¢! }¢50 on the compact set ¢(K)

limsup elog ve(K) = limsup elog ve(g ! 0 g(K))

e—0 e—0

<— inf I(x
xeg(K) ()

- - infI(g(x)).

For the lower bound we fix y € Y with I'(y) = I(g(y)) = a < o0, and a neighbourhood
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G of y. Since {Ve }es0 is exponentially tight, there exists a a compact set K, ¢ ) with

limsup elogve(Ky) < —a.
e—0

Since g is a bijection we have ¢(K§) = g(Ky)¢, also g(Ky) is compact. The lower large

deviation bound for {v. o g7!}c.0 applied to the open set g(K) yields

— inf I'(x)<liminfelogve o g7 (g(K5)) < —a.
xeg(KS) e—0

In particular, we get inf,o(xc) I(x) = infyexe I(g(x)) > « and hence y € K,. Since g is a
continuous bijection, the restriction

g‘Ka Ky = g(Ka)
-1

Ka
is open in the induced topology on K, and hence g(G nK,) is open in the induced

becomes a homeomorphism, i.e. the inverse g is also continuous. The set G n K,

topology on g(K,). We can use this observation to find a neighbourhood G’ of g(y) in
X with
G cg(GnKy)ug(Ky) =g(KSUG).

Applying the measure v, o ¢! yields

Ve 0 g (G') <1e(KEUG)
<Ve(Ky) +ve(G).

We now make use of the trivial inequality log(a + b) < log2 +loga v logb, where we

get

limionfelogve 0og (G < limionfelog (ve(G) +ve(KY))
€—> €—>

<lim ionfelogve(G) vlogve(Ky),
€—>

where the log 2 term vanishes in the liminf. The latter expression can further bounded

from above, namely

limionfelogve(G) vloge(Ky) < limionfelogve(G) vlimsup log ve (K§).
€~ €~ e—~0
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In total, using the large deviation lower bound for v, o g‘l, we receive

-I'(y) < - inf I(x)

xeG’

< limionfelogve og (G
€E—

< limionfelogve(G) vlimsup log ve (KY).
€ e—>0

Since —I'(y) = —a by the definition of & and using the exponential tightness of {ve }es0,
we can neglect the right-hand term in the maximum. For an open set O ¢ YV and any
y € O we hence get

-I'(y) < lilferLi()nfelogve(G).

Taking the infimum over all y € O establishes the weak large deviation lower bound.
O

Definition 6.0.8. Let (X, F, 1) be a probability space and (X, ||-||) a Banach space over R. A
function ¢ : X — X of the form

P(x) = ixiﬂAi(x)/

-----

function. We define the Bochner-integral of ¢ w.r.t. u

[ o) = Y xip(A) e x
i=1

Definition 6.0.9. Let (X, F, u) be a probability space and (X, ||-||) a Banach space over R. A
function f: X — X is called Bochner-integrable, if there exists a sequence {¢n }neN of simple

functions with
£(x) = Tim u(x)
almost everywhere, and if
Ve>0:IngeN: Vi, m>ng: L 9 (x) = () | (x) < €.
The integral in the expression above is the usual Lebesgue integral.

Remark. There are equivalent characterisations of Bochner-integrability. In particular
a function f : X - X is Bochner-integrabel iff ||f|| : X - R is Lebesgue-integrabel.
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Theorem 6.0.17. Let (X, F, ) be a probability space and (X, ||-||) a Banach space over R. For
a Bochner-integrable function f : X — X with an approximating sequence of simple functions

{4)11}1’IEN/
lim [ gu(x)dp(x) e X

exists and is independent of the choice of the sequence {¢, }nen. Hence, we define
[, ) = lim [ pu(0dn().

Remark. It is possible to construct a more general version of the Bochner integral on
certain measure spaces, for our purpose Theorem suffices.

Theorem 6.0.18. Let (X, F, u) be a probability space and (X,||-|),(3,|-||z) Banach spaces
over R. Moreover, let T : X — 3 be a continuous linear operator and f : X — X a Bochner-
integrabel function. Then T(f): X — 3 is also Bochner-integrabel and we have

1( [, fdu() = [ TG,

Definition 6.0.10. Let f : X — R be a differentiable convex function. Then f is called co-finite
if for all {x;}iaNn with lim;_, « ||xi|[2 = oo we have

l.lifgloHVf(xi)Hz = oo.

Theorem 6.0.19. (Theorem 26.6. in [25])

Let f : R" — R be a differentiable convex function. In order that V f : R" — R" is bijective, it
is necessary and sufficient that f be strictly convex and co-finite. When these conditions hold,
17 is likewise a differentiable convex function on R" which is strictly convex and co-finite, and
f* is the same as the Legendre conjugate of f*, i.e. for x* ¢ R"

£ = (VAT ) = F(V) M),
where (-,-) denotes the standard scalar product in R".

Remark. In [18] the authors make frequently use of Theorem to prove Lemma
In general it is not true that f : R_ x R - R with

f(S/ t) _ log/ResV(x)thdex

is co-finite. Consider the case V(x) = x* and the sequence {(-i,0)};an € R x R with
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|(=7,0)||2 = o0 as i — co. Then we have

d -1 4 —i 4

—f(s,t) :Z_-Ofxe”‘ dx

ds sH=(-i0) IR

if (s, 1) =z [ x%e ™ dx (e
dt ’ (5,)=(i,0) -1,0 R 7

where Z_; = [ " dx. We can calculate the quantities in For the normalisation

constant we have
Z_io= / e*ix4dx = i1/41r(1),
’ R 2 \4

where I' denotes the Gamma function. Similar one can calculate the partial derivatives

f e dy = i5/411"(§)
R 2 \4

/ 2% dx = i3/411"(§).
R 2 \4

Thus, the gradient of f evaluated in (—i,0) can be expressed in the following way

of f, where we get that

1T(5/4) ir(3/4))
iT(1/4)" ViT(1/4))

In total we get that ||V f(—,0)|]2 = 0 even though ||(-7,0)||2 = o0 as i - co.

vF(-i,0) =

Theorem 6.0.20. (Householder transformation)
Let a,e € R" be normed vectors, i.e. ||al|z = |le|]l2 = 1 with a # e. Then there exists a normed
vector v € R" such that Hya = e, where

Hy:=1,-2v0"

is an orthogonal matrix.

Remark. One can verify directly that -1 is an eigenvalue of H, with multiplicity 1 and
that 1 is the only other eigenvalue of H, with multiplicity n — 1. The determinant is -1

and hence, H, belongs to the set of ,reflection” matrices.

Proof. (Proof of Theorem

We define
a-—e

V=
la —el|2

119



and calculate Hya, where we get (recall that a and e are normed)

H,a=a- 200" a

iy el ea)
=a 2(0 e)||a||2_2<a,e>+||€||%
:a—Z(a—e)%(e;ae))

=e.

O]

Remark. Householder transforms play an important role in numerical mathematics,

where one uses the previous construction to calculate the so-called QR decomposition.
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