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Abstract

In this master thesis the non-relativistic limit of Dirac operators with electrostatic and
Lorentz scalar d-shell interactions in R? is investigated. These interactions appear, for
instance, as idealizations in the description of a relativistic quantum particle with spin
1/2 in the presence of strongly localized external fields. In order to describe §-shell
interactions, we consider the formal differential expression

./47777— = AO + (T]I4 + Tﬁ) <5E, >(52

as a singular pertubation of the free Dirac operator Ay. Here, ¥ is a compact, closed
and C?-smooth surface in R3, 1,7 € R represent the strengths of interaction and
Iy, 3 € C** are two matrices. Applying the theory of quasi boundary triples, self-
adjoint operators A, . can be constructed by encoding the effect of the J-interactions
in form of suitable jump conditions on the interface . These operators are interpreted
as realizations of the formal differential expression above.

Subsequently, for A € C\ R the non-relativistic limit

—1
(Apr — A+ m)) ™ = ( (T 8 A 8 > for ¢ — oo

is determined for the resolvent, where T, . is a self-adjoint operator. The correspond-
ing convergence analysis and the characterization of the limit operator 7, . is done
separately for the two cases n+ 7 # 0 and n + 7 = 0, as in these the limit operators
behave quite differently.

For the parameter combination 1 + 7 # 0, the limit operator T, , turns out to be a
Schrédinger operator with a d-interaction of strength n + 7. This indicates that the
Dirac operators A, ; can indeed be regarded as relativistic counterparts of the well
studied Schrédinger operators with d-interactions.

Finally, it is shown that in the case of n 4+ 7 = 0, the limit operator T, . is a
Schrédinger operator as well. However, the characterization of the domain of definition
yields that, in contrast to the case 4+ 7 # 0, there are no jump conditions describing
d-interactions but oblique jump conditions.
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1 Introduction

In non-relativistic quantum mechanics, a free particle with mass m is described by the

free Schrodinger equation

0 h?
h—VU = ———AU 1.1
! ot 2m (1.1)

with Planck’s constant A and wave function W. This equation neglects small details
such as the spin of particles, which is necessary to explain the magnetic moment of
particles as it was observed in the Stern-Gerlach experiment. A reason for this can
be seen in the fact that the spin observable does not have a classical analogue and is
therefore not taken into account when deriving the Schrédinger equation by applying
substitution rules. In order to include the description of the spin of a particle, it has to
be added retrospectively to non-relativistic quantum mechanics by means of a magnetic
moment operator as it is done in the monograph [54, Chaper 5.2]. Furthermore, due to
the asymmetry of temporal and spatial coordinates, it is obvious that the Schrédinger
equation is not invariant under Lorentz transformations. Dirac’s aim was to
generalize equation to a relativistic equation, which besides the explanation of
many other phenomena, provides a natural description of the particle spin. In the
following we motivate the Dirac equation, based on Dirac’s approach, as it is done in
[54, Chapter 5.3] or [78, Chapter 1.1]. Firstly, observe that by formally replacing the
numbers £ and p; in the classical, non-relativistic energy-momentum relationship of

a free particle
13
= E 1.2
2m £ (12)

by the differential expressions ihz; 8 and —ifi5 — 8 , the free Schrédinger equation 1} is
obtained. Following the presentatlon in [54] Chaper 5.3] we introduce the relativisitic

4-momentum 5
- (E )

with the rest mass m, the speed of light ¢, the velocity of the particle v in the cur-
1

rent inertial reference system and the v-factor v = (1 — Z—§>_§. Using the metric

tensor of special relativity (1), ), one obtains the Lorentz invariant energy-momentum
relationship of a free particle

pup" = nup Pt = m*c?

11



12 1 Introduction

or equivalently
E? = *p? + m?c (1.3)
with the relativistic 3-momentum p = ymuwv. The first attempt in generalizing the

Schrodinger equation (1.1)) is to apply substitution rules, as we did above in deriving it
from the energy-momentum relationship ((1.2). In particular, we define the 4-gradient

% (45

and replace the relativistic 4-momentum (p*) in the energy-momentum relationship

(1.3) by the differential expression (ih0*). This leads to the so-called Klein-Gordon

equation
1 92 2.2
(A——a——m(j)\p:o,

c? ot? h?
which is a Lorentz invariant partial differential equation of second order in temporal

and spatial coordinates. Therefore more information about the system has to be

known, since in addition to W(ty,-) also the initial condition %\If(to, -) at a given

time ¢, € R has to be specified to solve this wave equation uniquely. Furthermore,
the quantity resulting from the wave function ¥, which is supposed to describe the
location of the particle, can no longer be interpreted as a probability density, since it
is not positive. Dirac did not believe that taking relativistic effects into account would
lead to such drastic changes in the underlying description of the system. So instead
of replacing the 4-momentum by a differential expression he proposed a linearization
of the relativistic energy equation in the following sense.

3 3
(E — cZakpk — m62ﬁ> (E + CZ aRpr + mc2ﬁ> =0 (1.4)
k=1

k=1

A comparison of ([1.3)) and ([1.4]) shows that the unknown quantities aj and § must be
chosen so that they satisfy the anti-commutation relations

o a4 ooy = 204514
o a3+ fay, =0
o 2=1

for all k,5 € {1,2,3}. Let

0 1 0 —i 10
n=() e (0) (G h)

be the Pauli spin matrices, then we define the Dirac matrices as

- 0 O _ 12 0
ak_(ak O) and 6—(0 _[2)
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and a direct calculation shows that these matrices fulfill the upper anti-commutation
relations. For a more detailed discussion of the usage of 4 x4 matrices we refer to
the lecture notes [48]. Furthermore, it should be noted that we are using here the
standard representation of the Dirac matrices, which was introduced by Dirac. For
other equivalent representations of these matrices we refer to [78, Appendix 1.A]. Since
E and p; are numbers we have that every solution of

3

E+ cZozkpk. +mc?f =0 (1.5)
k=1

is also a solution of and therefore we will restrict ourselves to the case of the
lower sign. This is not a loss of generality, since it can be shown that the resulting
Dirac equation leads to the same physical predictions as if we had chosen the other
sign. Using the usual substitutions £ by ih% and p by —iAV for equation one
obtains the free Dirac equation

0 L9
4 ¢ . v 2 _
(zhat + 1ch 521 Qg p mc 5) U =0

k

whose vector-valued solutions ¥ : R3 — C* are called Dirac spinors. As shown in
[54, Chaper 5.3.2], the Dirac spinors describe particles with spin /2 as, for example,
electrons. By applying the notation a-x = 22:1 axy, for a given o € R3, the following
more compact representation of the free Dirac equation is obtained.

ih%\lf = (—ich(a - V) + mc*B) ¥ (1.6)

Next, we define the free Dirac operator as the formal differential expression
Ay = —ich(a - V) +mc*p
and thus obtain for the free Dirac equation (1.6 the representation

0
zha\lf = AU (1.7)
for suitable Dirac spinors W.

To define Ay in a mathematically rigorous way it is necessary to choose a Hilbert
space and a suitable subspace on which Ay acts. This choice has a great influence
on the properties of the operator. As it will be shown in Theorem [3.1} Ay is a self-
adjoint operator in the Hilbert space L?(R3; C*) defined on the standard Sobolev space
H'(R3;C*) C L?(R3;C*) and the spectrum is given by

o(Ag) = (=00, —mc®] U [me?, o).
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This is interesting for two reasons. First, it shows that Planck’s constant A can be set
to 1 without loss of generality, since it does not affect the spectrum, and secondly that
the free Dirac operator is not semi-bounded.

From a mathematical point of view the absence of semi-boundedness leads to serious
difficulties, since many analytic tools, such as sesquilinear forms, cannot be applied
to construct self-adjoint extensions of restrictions of Ay and to study their properties.
This is one of the main reasons why many results already shown for Schrédinger
operators are still open problems when Dirac operators are considered.

From a physical point of view there are possible energy states of the system that are
negative and these energies are not bounded from below. Therefore there must be some
mechanism that prevents a particle with positive energy from dropping into lower and
lower negative energy states and releasing an infinite amount of energy in the process.
Dirac’s solution to this problem was to postulate non-measurable particles that occupy
almost all negative energy states. Due to Pauli’s exclusion principle, this prevents
particles with positive energies from dropping into these negative energy states. If a
sufficiently large amount of energy is added to particles with negative energy, they
can be excited to states of positive energy. The states that are now unoccupied in the
negative energy range behave like particles themselves and are called holes. Using a
anti-unitary transformation, called charge conjugation, for a fixed particle charge as
in [78, Chapter 1.4], these holes can be interpreted as particles with opposite charge
and positive energy. This led to the discovery of anti-particles, such as in the case of
the electron, the positron.

Next, the influence of an external potential V' on a relativistic quantum particle, will
be investigated. In particular, we consider perturbations of the free Dirac operator of
the form

A=Ag+V (1.8)

with external potential V', which is described by a 4x4 hermitian matrix-valued func-
tion. This function acts like a multiplication operator on Dirac spinors. Since we are
studying relativistic effects, these potentials must be invariant under Lorentz trans-
formations. For a given scalar potential ® the quantity V' = & is Lorentz invariant
as shown in [78, Chapter 4.2]. Similarly, an electromagnetic field described by a scalar
potential ® and a vector potential F' can be represented by the Lorentz-invariant
quantity V = ®I, — a - F'. This motivates the following formal ansatz for the Dirac
operator of a relativistic quantum particle with spin 1/2 moving in an external field
consisting of a electrostatic potential ®., and a scalar potential ®,

A == Ao + ((I)elI4 + (I)Sﬁ) . (19)

In [78, Chapter 4.3] the self-adjointness and the essential spectrum of the operators A,
defined as realizations of the expression , are investigated, but since these results
are not applied in this thesis we skip their presentation and refer to the mentioned
literature.
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Of particular interest are strongly localized fields which only have an effect in a
small neighbourhood of a set ¥ C R3 with measure 0. An example for a field of
this kind is the quark confinement inside a nucleon in form of the MIT bag model
as it is discussed in [66, [75]. To describe these strongly localized fields it is often a
useful simplification to replace them by so-called d-potentials which are supported on
Y. Although this is only an idealized model, it reflects the physical behavior of such
a system to a reasonable extend and is solvable. In this context “solvable” generally
means that it is possible to provide a detailed description of the spectral properties
of the underlying operators. In the following we consider a constant electrostatic
potential and a constant Lorentz scalar potential which are both strongly localized in
a neighbourhood of the surface ¥ C R? and approximated by d-potentials supported
on Y. Applying the above formal ansatz for the Dirac operator of a relativistic
quantum particle with spin 1/2 moving in these external potential fields, yields the
formal expression

Ay = Ao+ (nls + 78) (0%, -)os (1.10)

with constant interaction strengths n, 7 € R. This formal differential expression is the
starting point of this thesis and will be the main object of considerations.

The first task of this thesis is to give rigorous meaning to the formal expression
(1.10). This is done as in [12) [14] 40] by using extension theoretical tools like quasi
boundary triples and encoding the effect of the §-potentials in form of jump conditions
on the boundary ¥ C R? of a C?-domain. In this way we are able to construct operators
A, -, which are interpreted as realizations of the formal expression . As it will
be shown in Section , A, ; are self-adjoint operators in the Hilbert space L?(R3; C*)
for non-critical interaction strengths n? — 72 # 4¢2. This property is necessary to
interpret A, ; as a quantum mechanical observable, namely the total energy of the
particle. Furthermore, the operators A, ; are explicitly given by

dom(A, ) = { f=f.of € H(Q,:CHa H(Q ;CY

jca v (7 fi — 7 f) b 5 ol +78) (ry fy + ) = 0}

Ay f = (—ic(a- V) +me®B) fr @ (—ic(a - V) +me*B) f-

where €, C R? is a bounded C?-domain with boundary 9€), = Y and open com-
plement Q_ = R3\ Q,, v is the outer unit normal vector on ¥ and 7. are the trace
operators of the Sobolev spaces H'(€24;C*). This will lead to a variant of Krein’s
formula, which relates the resolvent of A, . to the resolvent of the free Dirac operator
Ay and a pertubation term. This perturbation term can be represented by integral
operators in L?(R3; C*) and L?(X; C?) and contains all information about the spectral
properties of the operator A, ..

The treatment of critical interaction strengths 7,7 € R with > — 72 = 4¢? is
much more complicated and will not be discussed in this thesis. However, this is not
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a restriction, since critical interaction strengths only occur in a single point ¢ > 0
and are therefore insignificant for the non-relativistic limit ¢ — oco. For a detailed
discussion of critical interaction strengths, we refer to [14] and [40, Chapter 4.3] for
the three-dimensional case and to [15] for the two-dimensional case.

The second task of this thesis is to determine the non-relativisitc limit of A, . for
¢ — oo. This establishes a connection between the relativistic and the non-relativistic
description and thereby allows an interpretation of the operators A, ; by means of the
well studied non-relativistic counterparts. Intuitively, one would expect that if the lim-
iting velocity c for particles is removed the description of a relativistic quantum particle
by means of the Dirac equation would turn into a description of a non-relativistic
quantum particle by means of the Schrodinger equation. Roughly speaking, we are
able to recover non-relativistic quantum mechanics if we perform the limit ¢ — oo.
In Sections and it is shown that this indeed is the case. In particular, if we
consider the kinetic energy term A, ; — mc* and an arbitrary number A € C\ R, the
norm resolvent convergence

-1
i (4~ () = (VT

follows with a self-adjoint Schrodinger operator T, , in L?(R* C?). This self-adjoint
operator T, ; can be characterized by certain jump conditions on the surface ¥ C R?
which depend on the interaction strengths n and 7. It will be shown that the behavior
of T,, - depends strongly on whether n 47 = 0 or  + 7 # 0 occurs.

e If n and 7 are chosen such that 7+ 7 # 0 is valid, then for all f € dom(7,, ) the
jump conditions
T fy =71 f-
for f and
1
m+7) (T fy +7-f-) = %(&/ﬂr —0,f-)

for 0, f follow on . Here 0, f+ denotes the normal derivative of the functions
fir=f19::Qr — C? on ¥ with respect to the outer unit normal vector v.
These interface conditions describe a Schrodinger operator with a d-interaction
of strength 1 4+ 7 as discussed for instance in [18]. Therefore, in this case the
non-relativistic limit yields the expected transition of the description by means
of a Dirac operator to a description by means of a Schrodinger operator. Retro-
spectively we thereby get the justification that the imposed jump conditions for
Dirac operators with d-shell interactions were indeed chosen correctly.
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e If  and 7 are chosen such that n+7 = 0 and initially  — 7 = ec? for some € € R
are valid, then for all f € dom(7;, ;) the jump conditions

T ((0-V)fi)=7-((0-V)[-)
for (¢ - V)f and

(0 v) (T fr =7 f) = 5 (n (ﬁ(o - vm) + 7 (%@ - V>f_))

for f follow on ¥. Once again we have applied the notation o - x = 22:1 OkTk
for a given € R? and the Pauli spin matrices ;. These so-called oblique jump
conditions seem to occur frequently in the analysis of Dirac operators and it
is therefore assumed that there is a close relationship between Dirac operators
and Schrodinger operators with oblique jump conditions. See, for instance, [5l
Remark 5] where oblique jump conditions appear in the context of boundary
value problems of Dirac operators in two dimensions.

As surprising as this very different behavior of the non-relativistic limit 7}, ; may seem,
it reflects the following known result for Dirac operators with electrostatic and Lorentz
scalar point interactions in one dimension. If n47 # 0 is valid, then the jump condition
of a function f € dom(7,, ;) in ¥ = {0} corresponds to a Schrédinger operator with
d-interaction, whereas in the case n + 7 = 0 the jump condition corresponds to a
Schrodinger operator with §’-interaction. This can be shown using ordinary boundary
triples or with a similar strategy as in [2, Appendix J]. The interesting aspect in three
dimensions is that for n + 7 = 0 a different behaviour is observed and, in contrast to
the one-dimensional case, there are no jump conditions which describe d-interactions
or ¢’-interactions but oblique jump conditions.

While the non-relativistic limit of pure electrostatic or pure Lorentz scalar d-shell
interactions in R? has been investigated in [10, 12} [40], the general case with arbitrary
constant interaction strengths 7,7 € R has not been considered so far, to the best
knowledge of the author. Thus, the aim of this thesis is to make a small contribution
in this field.

To conclude this introduction, we briefly outline the previous research on Dirac op-
erators with d-interactions. In 1987, Gestezy and Seba first discussed Dirac operators
with d-interactions in one dimension in [32] and constructed self-adjoint realizations
of the formal expressions by imposing suitable jump conditions. In addition to an ex-
plicit representation of the resolvent and a characterization of the spectrum, it could
be shown that in the non-relativistic limit there is a convergence in the norm resolvent
sense to a Schrodinger operator with d-point interaction. An alternative approach to
point interactions was presented in [72], 80] and it was shown that these interactions
can be approximated by a sequence of so-called squeezed potentials with shrinking
support and that this convergence is in the norm resolvent sense. For more recent
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publications on one-dimensional Dirac operators with point interactions, we refer for
instance to [19} 20} 57].

Dirac operators with d-shell interactions in three dimensions were first studied by
Dittrich, Exner and Seba in [23]. The authors considered electrostatic and Lorentz
scalar d-interactions supported on the surface of a sphere. By using spherical harmon-
ics the problem was reduced to a one-dimensional problem and the self-adjointness of
the operators A, ;, as well as spectral properties and a representation of the resolvent
could be shown. A first treatment of a more general class of surfaces ¥ C R? is found
in [6, [7, ]]. For non-critical interaction strengths n,7 € R with n*> — 72 # 4c?, the
self-adjointness of the operators A, ; could be shown as well as spectral properties, in
particular of the discrete spectrum, were discussed for the case 7 = 0. Furthermore,
it was shown in [51], 52] that J-shell interactions with » = 0 or 7 = 0 can be approx-
imated by squeezed potentials as in the one-dimensional case. However, in general
this convergence is taking place only in the strong resolvent sense. On the basis of
the results in [7], it was shown in [10} [12] that the operators A, . can alternatively be
defined by means of quasi boundary triples and, in addition to an explicit resolvent
formula, an extensive investigation of the spectral properties of the operators A, -
was carried out. Furthermore, the non-relativistic limit for purely electrostatic and
purely Lorentz scalar d-shell interactions was discussed and a Schrodinger operator
with d-interaction characterized as the limit operator. The case of critical interaction
strengths 7, 7 € R with n? — 72 = 4¢? was considered in [14} 40] and it was shown that
the properties of the operators A, ; differ significantly from those with non-critical
interaction strengths. In particular, there is a reduction of the regularity of the func-
tions in the domain of definition of A, ; as well as possible points from the essential
spectrum located in the spectral gap (—mc?, mc?).



2 Definitions and preliminary
results

In this chapter we introduce all necessary definitions, tools and results to define and
study Dirac operators with electrostatic and Lorentz scalar -shell interactions in a
mathematical rigorous way.

In Section we introduce linear operators and discuss their properties. Next, Sec-
tion is devoted to the abstract extension theoretic tool of quasi boundary triples.
This will allow us to characterize Dirac operators with electrostatic and Lorentz scalar
d-shell interactions A, ; as self-adjoint extensions of restrictions of the free Dirac oper-
ator Ay in the Hilbert space L*(R?;C?). Subsequently, an auxiliary result is presented
in Section [2.3] which will allow us to show the self-adjointness of the Schrodinger op-
erator T; - in the non-relativistic limit n + 7 = 0 and to characterize its domain of
definition. In order to define the underlying Hilbert space and the domain of definition
of the free Dirac operator and Dirac operators with electrostatic and Lorentz scalar ¢-
shell interactions, we will introduce L2-spaces and Sobolev spaces on a domain 2 C R3
in Section Furthermore, L2-spaces and Sobolev spaces on the boundary 0 of a
Lipschitz domain £ C R? are introduced in Section . This allows us to characterize
boundary values and regularity of functions which are defined on the boundary of the
Lipschitz domain. Finally, in Section certain integral operators in L?-spaces are
discussed, which appear in the representation formula of the resolvent of the operators

A

7777- ‘

2.1 Linear operators

In this section we introduce unbounded linear operators, their adjoint operators and
spectral properties. All the material is well known and can be found for instance in
the books [45] 69, 8T, B3] or in the lecture notes [65]. If a result comes from another
source text, it is referred to at the respective passage. Although it is not the most
general stetting, we assume throughout this entire section that H and G are Hilbert
spaces over C unless stated otherwise.

Let dom(7T") € H be a subspace of H, then a linear mapping 7" : dom(7) — G is
called a linear operator from H to G. The set dom(7") is called domain of definition
of T or just domain of 7" if no confusion is possible. Next, we define the kernel of a

19
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linear operator T as
ker(T') = {[E € dom(7) ’ Tx = O} CH
and the range of T as
ran(7T) = {y cg ‘ dx € dom(T') such that Tx = y} cgq.

It is obvious that these two sets are subspaces of H and G, respectively. In the following
we will always assume that 7' is a linear operator from H to G, unless stated otherwise.

If two linear operators 7' : dom(7") — G and S : dom(S) — G are given, we write
S C T if dom(S) € dom(7T") and Sz = Tz holds true for all x € dom(S). In this
case S is called a restriction of T" and T is called an extension of S and we write

S =T [dom(S).

Definition 2.1. A linear operator 7" : dom(7") — G is called bounded, if there exists
a constant C' > 0 such that
[Tzllg < Cllzy,

holds true for all x € dom(T').

The norm of a linear and bounded operator is defined as the minimal C' of Definition
2.1l and it can be shown that

|T|| = sup {% ‘ z € dom(T) \ {O}}
115,

holds true. We define L£(#,G) as the set of all linear and bounded operators 7" from
H to G with dom(7T) = H and it is well known that £(H,G) equipped with the
above operator norm is a Banach space. In the special case of H = G we simply
write L(H) = L(H,H) and observe that this space is even a unital Banach algebra.
Furthermore, we define the dual space of H as H* = L(H,C) and call its elements
linear and bounded functionals.

Definition 2.2. A linear operator T : H — G is called compact if the image of every
bounded set in H is relatively compact in G. In other words, for every bounded set
B C H, the closure of T'(B) C G is compact in G.

As in the case of bounded operators we define K(H,G) as the set of all linear and
compact operators T" from H to G. It can be shown that every compact operator is
bounded and therefore K(H, G) is a subset of L(H,G). In the special case of H = G,
we simply write K(H) = K(H,H) and it can be shown that K(H) is a closed, two-sided
ideal in L(H).

The next result, also known as Fredholm’s alternative, is formulated here in such a
way that it is best suited for the considerations in the following chapters. In particular,
we will use Theorem to investigate certain types of integral operators that appear
in the resolvent representation of Dirac operators with electrostatic and Lorentz scalar
0-shell interactions.
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Theorem 2.3. Let H be a Hilbert space, T € K(H) be a compact operator and
A € C\ {0} an arbitrary number, then exactly one of the following statements is true.

i) The homogeneous problem Tz — Az = 0 has only the trivial solution x = 0. In
this case there exists for all y € H a unique solution x € H of the inhomogeneous
problem Tx — Az = y.

ii) There are 1 < n = dim (ker(7T" — X)) < oo linearly independent solutions of the
homogeneous problem T'x — Ax = 0.

Since many important linear operators such as differential operators are not bounded,
we have to consider a more general class of linear operators called closed operators.
Although these operators are not bounded, they have properties similar to those of
bounded operators but are still broad enough to cover most linear operators found in
practice. Let T : dom(7T) — G be a linear operator from H to G, then we define the
graph of T as the set

G(T) = {(:B,TZB) ‘ x € dom(T)} C HxG.

Due to the linearity of the underlying operator, the graph is a linear subspace of HxG
and it contains all the information about the operator.

Definition 2.4. A linear operator T': dom(7T") — G is called closed, if the graph G(T")
of T' is a closed subspace of H xG with respect to the product norm ||-||,,, ; defined by

12, 9) s = \/ N2l3, + lyllg for all (z,y) € H x G.

At this point, it should be noted that for given norms on H and G, other norms
may be defined on the product space. However, since we are working with Hilbert
spaces whose norms are induced by inner products, this choice is advantageous. The
next result characterizes closed operators in a way which is usually more convenient
to work with.

Theorem 2.5. Let T : dom(7") — G be a linear operator, then the following state-
ments are equivalent.
i) T is closed

ii) For every sequence (,)ney € dom(7T') with z,, — x in H and Tz, — y in G, it
follows that « € dom(T") and Tz = y holds true.

iii) The space (dom(T), ||-||) equipped with the graph norm ||z, = \/HxH?{ + ”T.Cb”é
for every = € dom(T") is complete and therefore a Hilbert space.

Using Theorem it follows immediately that every linear and bounded operator
T € L(H,G) is closed, but as shown in [83, Page 347 - Bsp a)], not every closed
operator is bounded on its domain of definition. The next result, which contains the
so-called closed graph theorem, shows the connection of bounded and closed linear
operators.
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Theorem 2.6. Let T : dom(7T) — G be a linear operator, then two of the following
properties imply the third.

i) T is closed.
ii) dom(T) is closed in H.
iii) T is bounded on dom(T).

This result allows us to deduce the boundedness of the inverse operator as follows.
Let T : dom(T) — G be a linear, closed and bijective operator, then it is easy to see
that the inverse operator 7! : G — dom(T) is closed as well. Since dom(7T~!) =G is
a Banach space, the boundedness of T~ follows from Theorem This will be used
in Theorem and in the considerations regarding the spectral properties of closed
operators.

If a not necessarily closed operator is given, then it is in many cases important to
know if closed extensions exist. This leads us to the concept of closable operators.

Definition 2.7. A linear operator T : dom(7") — G is called closable if the closure
of G(T) in H x G with respect to the product norm |-, is the graph of a linear
operator. This unique operator is the smallest closed extension of T" with respect to
the inclusion of linear operators and is denoted 7.

If T" a closable opterator then it follows immediately from Definition [2.7] that the
closure T' is explicitly given by

dom(T) = {ZL‘ eH ‘ I(xp)nen € dom(T'),y € G such that z,, - x and Tx,, — y}

Tr =y.

In particular, every bounded operator is closable and dom (T) = dom(7) is valid.

To conclude the considerations of closed operators we formulate a result which shows
that the invertibility of a linear, closed and bijective operator is stable under small
perturbations. The proof can be found for instance in [46, Thm. 1.16]. Theorem
will be of particular importance in the next chapter, since in the process of studying
the non-relativisitc limit of Dirac operators with electrostatic and Lorentz scalar ¢-
shell interactions we will have to deduce the existence of the inverse of a sum of two
linear operators. Before formulating the result recall the consideration above which

showed that the inverse operator of a linear, closed and bijective operator is always
bounded.
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Theorem 2.8. Let T : dom(7T) — G be a linear, closed and bijective operator with
inverse ™' € L(G,H) and let A : dom(A) — G be a given linear operator such
that dom(7") C dom(A) holds true. Furthermore, assume that there exist constants
a,b > 0 such that ||Az|, < al|z]|,, + b||Tz[; is valid for all # € dom(T’) and that a
and b satisfy the inequality a||T~!||+b < 1. Then S = A+ T is a linear and invertible
operator with S~ € £(G, H) and the estimate

T~ (all T + )
1—alT-Y —b

(EE A

holds true. If A is a bounded operator with [|A||[|T!|| < 1 one can choose a = || Al
and b = 0.

Next, we consider adjoint operators which can be regarded as a generalization of
the concept of the conjugate transpose of a complex matrix.

Definition 2.9. Let T': dom(7T") — G be a linear and densely defined operator from
‘H to G. Then the uniquely defined linear operator

dom(7T™) = {y €g ‘ Jy* € H such that (y*,7),, = (y,Tx); Vo € dom(T)} cg
Ty =y
is called the adjoint operator of T or just the adjoint of 7" if no confusion is possible.
Note that the density of dom(7") C H in H is necessary to obtain a unique element
y* € H and consequently a well-defined and unique operator T%. The next theorem is

a collection of well known results concerning the adjoint operator which will be useful
in the following chapters when dealing with Dirac operators.

Theorem 2.10. Let T': dom(7) — G be a linear and densely defined operator and
F be a given Hilbert space, then the following statements are true.
i) T* : dom(T*) — H is a closed operator.

ii) T is bounded on dom(T') if and only if 7* € £(G, H) and in this case ||T'|| = ||T™||
holds true.

iii) dom(T™) is dense in G if and only if T is closeable and in this case T = T** holds
true. Furthermore, if T" is bounded, then 7™ is the unique bounded extension of
T to H.

iv) If T is a closable operator, then T = T* holds true.

v) Let S : dom(S) — G be a linear and densely defined operator from H to G, then
it follows from S C T that T* C S* holds true.

vi) Let S € £(G,F) be a given linear and bounded operator, then (ST)" = T*S*
holds true.
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vii) Let S € L(H,G) be a given linear and bounded operator, then (S + T)" = S*+T*
holds true.

With the definition of the adjoint operator we are now able to define the important
concepts of symmetric and self-adjoint operators. For the latter, a rich spectral theory
can be developed and they are central quantities in the mathematical formulation of
quantum mechanics.

Definition 2.11. A linear and densely defined operator 7' : dom(7) — H in H is
called symmetric if 7" C T™ holds true. A symmetric operator is called self-adjoint
if even T' = T™ applies. Furthermore, a symmetric operator is called essentially self-
adjoint if the closure T is self-adjoint.

To obtain a self-adjoint operator by modifying the domain of definition of a sym-
metric operator, the crucial step is to choose the “correct” domain of definition. This
choice will be of great importance in the next chapter, as we want to define Dirac
operators with electrostatic and Lorentz scalar d-shell interactions as self-adjoint ex-
tensions of certain symmetric operators. The next theorem allows us to characterize
self-adjoint operators in a very convenient way.

Theorem 2.12. Let 7' : dom(7") — H be a linear, densely defined and symmetric
operator and A € C\ R be a given complex number, then the following statements are
equivalent.
i) T is self-adjoint.
ii) T is closed and ker(T* + \) = ker(T* + ) = {0}.
iii) ran(T — \) = H = ran(T — \).

It shall be noted that a careful inspection of Theorem shows that 7' is self-
adjoint if and only if ii) or iii) is valid for one Ay € C \ R and hence for all A € C\ R.

Finally, we discuss the spectral theory of closed operators in Hilbert spaces. At
this point it is noteworthy to remark, that without loss of generality we can restrict
ourselves to closed operators, since the resolvent set of an non-closed operator is always
empty as shown in [81, Bemerkung 5.1]. First, we introduce the resolvent set and the
spectrum of a linear and closed operator.

Definition 2.13. Let 7" : dom(7') — H be a linear, densely defined and closed
operator.

i) The resolvent set of 7" is defined as the set of all A € C such that the operator
T — ) is bijective

p(T) = {)\ cC ‘ T —X:dom(T) — H is bijective}.

ii) The spectrum of T is defined as o(T') = C\ p(7T).



2.1 Linear operators 25

An application of the consideration following Theorem shows that the resolvent
R(\) = (T — \)~! is a linear and bounded operator in H for all A € p(T'). Sometimes
a more detailed investigation of the spectrum may be necessary and therefore we
decompose it further into several parts. To avoid technical details that would require a
distinction between algebraic and geometric multiplicity of an eigenvalue, we formulate
items ii) and iii) only for self-adjoint operators. For a detailed presentation in the case
of not necessarily self-adjoint operators, we refer to [38, Chapter 6].

Definition 2.14. Let 7' : dom(7) — X be a linear, densely defined and closed
operator.

i) The point spectrum of 7" is defined as the set of all eigenvalues

o) ={rec ‘ ker(T — \) # {0}}.

The elements of the eigenspace ker(T — \) are called eigenvectors of T' to the
eigenvalue .

ii) The discrete spectrum of a self-adjoint operator 7' is defined as the set of all
isolated eigenvalues for which the eigenspace is finite dimensional

Taise(T) = {)\ € 0,(T) ‘ X is isolated in o(T) and dim(ker(T — X)) < oo}.

iii) The essential spectrum of a self-adjoint operator 7" is defined as the set

O_ess(T> == O'(T) \ Jdisc(T)-

The last theorem of this section is a collection of well known results concerning the
resolvent set and the spectrum of a linear and closed operator which will be useful in
the following chapters when dealing with Dirac operators.

Theorem 2.15. Let T': dom(7T") — H be a linear, closed and densely defined operator,
then the following statements are true.

i) If T'is a symmetric operator, then o,(7") C R holds true.

ii) If T is a self-adjoint operator, then o(7)) C R and C\ R C p(7') hold true.
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2.2 Quasi boundary triples

In this section we introduce the concept of quasi boundary triples, which is a powerful
tool in the extension and spectral theory of symmetric operators. The following results
for quasi boundary triples can be found in [16] 17, 18, 40]. If a result comes from
another source text, it is referred to at the respective passage.

As in our case it is in general relatively easy to construct a symmetric operator from
a formal differential expression by specifying a suitable domain of definition. If this
operator is not self-adjoint, the question arises whether self-adjoint extensions exist
and how they can be characterized.

To formulate our considerations in a more precise way we will always assume in
the following that # is a Hilbert space and S : dom(S) C ‘H — H is a linear,
densely defined, closed and symmetric operator in H. From Theorem it follows
that a linear operator A is a self-adjoint extension of S if and only if A is a self-
adjoint restriction of S*. In particular, A is completely characterized by its domain of
definition dom(A) C dom(S*) and the relation A = S* [ dom(A). Thus, the problem
of finding self-adjoint extensions of S is equivalent to specifying their domains of
definition. For this purpose quasi boundary triples can be used.

Definition 2.16. Let T : dom(T') C H — H be a linear operator in H with T = S*.
A triple {G, Ty, '} is called quasi boundary triple for the adjoint operator S*, if G is a
Hilbert space and the linear operators I'g,T'; : dom(7T) C H — G satisfy the following
conditions.

i) The abstract Green’s identity

(vag)H —(f, Tg)y = (I'if, FOg)g — (Dof, Flg)g (2.1)
is valid for all f, g € dom(7).
ii) The range of the mapping I' = (I'g,I';) " : dom(T") — G x @G is dense in G xG.
iii) The operator Ag = T [ker(I'y) is self-adjoint in H.

Usually quasi boundary triples appear in the context of boundary value problems
and therefore the linear operators I'y and I'; are often referred to as abstract bound-
ary maps. As it is stated in [17, Section 1.3] quasi boundary triples exist if and
only if S admits self-adjoint extensions. This is equivalent to both defect indices
n(S) = dim(ker(S* £ i)) being equal and in this case dim(G) = n4(S) applies.

Let {G,To,I';} be a quasi boundary triple for T = S* then the restriction
Ayg = T | ker(I'g) of T"is by definition a self-adjoint operator in H and the direct
sum decomposition

dom(T) = dom(Ay) + ker(T — \) = ker(T'y) + ker(T — \)

is valid for all A € p(Ap). A proof of this decomposition can be found for instance in
[9, Lem. 4.7]. This implies that T'g [ ker(T" — A) is an injective linear operator from
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H to G for all A € p(Ap) and hence the following operator-valued functions associated
with the quasi boundary triple {G, Ty, T'1} are well-defined.

Definition 2.17. Let {G,Ty,I';} be a quasi boundary triple for T = S*.
i) The y-field is defined by the values y(\) = (I [ker(T — X))~ for all A € p(Ap).

ii) The Weyl function is defined by the values M (\) = I1y(A) = I'y (T [ker(T — X)) ™"
for all A € p(Ap).

These operator-valued functions will be of great importance in the construction and
investigation of certain self-adjoint extensions of the symmetric operator S. The next
theorem is is a collection of useful properties concerning the 7-field and the Weyl
function. The proofs of these statements can be found for instance in [17, Prop. 1.13
, Prop. 1.14].

Theorem 2.18. Let {G,I,,T;1} be a quasi boundary triple for T = S* and
Ao = T Jker(T'y), then the following statements are true for all A\, u € p(Ap).

i) The values of the y-field v(A) : dom(y(\)) — H are linear, densly defined and
bounded operators from G to H with dom(y(\)) = ran(I'y) and
ran(y(A)) = ker(7'— \).

ii) For the adjoint operators, one has v(A)* € L(H, G) and the explicit representation
YA =T (Ao — X)fl is valid. In particular, ran(y(A)*) C ran(I'y) follows.

iii) The values of the Weyl function M()) : dom(M(\)) — G are linear and densely
defined operators in G with dom(M (X)) = ran(I'y) and ran(M (X)) C ran(I'y).

iv) On dom(M(N))
M(A) = M(p)" = (A= m)y(p)v(A)

holds true. This implies that M(A\) € M(X)* is valid. In particular, M()) is
symmetric if A € p(Ap) NR.

Next, we draw our attention to the problem of finding self-adjoint extensions of the
symmetric operator S. In its most general form, these considerations require the
concept of linear relations as it is discussed for instance in [I3] and [69]. However,
since we are not going to work with linear relations in this thesis, we leave out their
introduction and refer to the mentioned literature for a detailed presentation. For our
purposes it will prove to be sufficient to consider the following situation.

Let {G, Ty, T} be a quasi boundary triple for T = S* and B € £(G) be a linear and
bounded operator in G, then we define a linear operator in H by

Ap = T Iker(BT'; + Iy) (2.2)

as a restriction of the operator T'. An application of the abstract Green’s identity ([2.1])
and [16, Prop. 2.2] shows that in this case a symmetric operator B induces a symmetric
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extension Ap of S. In contrast to ordinary boundary triples, a self-adjoint operator
B generally does not lead to a self-adjoint extension Ag of S. This is discussed for
instance in [16, Prop. 4.11] for the case of linear relations.

The next theorem allows us to characterize the symmetric extensions Ag of S in-
duced by self-adjoint operators B € L£(G) according to and to study their spec-
trum. Furthermore, it provides a variant of Krein’s formula which enables us to rep-
resent the resolvents of the operators Ag in an explicit way. A proof of this result can
be found for instance in [16, Thm. 2.8] or [17, Thm. 1.16]. The theorems in the pre-
viously mentioned sources are reduced to Theorem [2.19|in the case of linear operators
B as it is stated in [18, Thm. 2.8] and [40, Thm. 2.2.6]. This result will be of par-
ticular importance in the treatment of Dirac operators with electrostatic and Lorentz
scalar d-shell interactions, since it allows us to obtain an explicit representation of the
resolvent.

Theorem 2.19. Let S : dom(S) C ‘H — H be a linear, densely defined, closed and
symmetric operator in H and let {G, T, T} be a quasi boundary triple for T = S*.
Furthermore, let Ag = T | ker(I'g) be the self-adjoint extension of S according to
Definition [2.16| B € £(G) be a linear, bounded and self-adjoint operator in G and Ap
be the symmetric extension of S according to (2.2)). Then the following statements
are true for all A € p(Ap).

i) A € 0,(Ap) if and only if 0 € 0,(I + BM(A)) and in this case
ker(Ap — \) = {7(/\)f ‘ feker(l + BM(/\))}

is valid.
ii) If X ¢ 0,(Ap) is valid and f € H is given, then one has f € ran(Ap — A) if and

only if By(A)*f € ran(l + BM()\)).
iii) If A ¢ 0,(Ap) is valid, then

(Ap =N f=(A =N f=yN) T +BMWN) "' By f  (23)

follows for all f € ran(Ap — \).
iv) If X € p(Ao) Np(Ap) is valid, then Krein’s formula (2.3)) holds true for all f € H.

We conclude this section with the following observation which follows from Theorem
As mentioned above, an operator B which is self-adjoint in G yields a symmetric
extension Ap of S in H. Due to Theorem and Theorem ii) it follows for a
given A € p(Ap) with X\ ¢ 0,(Ap) that Ap is even self-adjoint if we can show that
By(A)*f € ran(I+BM())) holds true for every f € H. This is equivalent to the range
condition ran(By(\)*) C ran(l + BM())). In the next section we will use this line
of reasoning to show the self-adjointness of Dirac operators electrostatic and Lorentz

scalar d-shell interactions.
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2.3 A Krein-like formula

This section deals with the characterization of a self-adjoint operator based on an
explicit representation of its resolvent. A situation like this will arise in the next
chapter when examining the non-relativistic limit of a Dirac operator with electrostatic
and Lorentz scalar d-shell interactions in the case n + 7 = 0. In particular, with the
result of this section we will be able to identify the limit operator as a Schrédinger
operator with oblique jump conditions. Theorem can be found in [59] and is
formulated here in such a way that it is most convenient to apply for our purposes.
For this reason, the notation in this section is based on the one of [59).

Let A : dom(A) € H — H be a self-adjoint operator in the Hilbert space #H, then
we equip dom(A) with the graph norm

2 2 2
[l = Nullz, + [ A[l3,

for all # € dom(A) and thereby obtain a Banach space due to Theorem [2.5] An
application of Theorem now shows that the resolvent

R(z)=(A—2)"":H — dom(A)

is a linear and bounded operator from (H, ||-||;;) to (dom(A),||-||,) for all z € p(A).
Next we assume that another Hilbert space G and a linear and bounded operator
7 : dom(A) — G are given. Here, the boundedness of 7 is understood with respect to
the graph norm on dom(A). As in our case, A typically corresponds to a differential
operator and 7 to some trace operator which assigns boundary values to functions in
the considered function space.

Our objective now is to explicitly construct a family of self-adjoint operators Af
which is parameterized by some quantity © and coincides with A on ker(7). If ker(7) is
dense in H then H\ker(7) can be regarded as a “thin” set and in this case we interpret
the operators Ay as singular perturbations of the operator A. For each z € p(A),
Theorem and Theorem [2.15] enable us to define the following linear and bounded
operators.

G(z)=7R(z):H—G and G»)=GE)":G—H

Next we assume that there exists a family of linear, closed and densely defined oper-
ators I'(z) : D € G — G which are parameterized by z € p(A). It is noteworthy to
remark that with this assumption we implicitly demand that the domain of definition
D of each I'(z) is independent of z € p(A). Furthermore, all operators I'(z) should
satisfy the following conditions.

o ['(2) — T(w) = (z — w)G(w)G(z) on D for all z,w € p(A).
o I'(Z) CI'(2)* for all z € p(A).
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Let © : dom(©) C G — G be a linear, densely defined and symmetric operator in G,
then we define a family of linear operators in G by

Ie(2) =0 +TI(z) :dom(©®)ND CG—G (2.4)

for any z € p(A). Next we define the set of all z € p(A) such that I'g(z) and 'g(Z)
are bijective and the inverse operators are bounded

T — {z e p(A) ‘ Ie(2)"!, Te(z) ! € ﬁ(g)}. (2.5)

An application of [59, Rem. 2.9], yields the main result of this section whose proof
can be found in [59, Thm. 2.1].

Theorem 2.20. Let I'g be defined as in (2.4) and Zg according to (2.5)). Furthermore
it is assumed that Zg # () is valid and that ker(7) is dense in H. Then, the linear and
bounded operator

RL(2) = R(2) — G(2)To(2)'G(2) : H — H

for = € Zg is the resolvent of a self-adjoint operator A7 in H. This operator Ag
coincides with A on ker(7) and can be explicitly represented in the following way

dom(AG) = ran(Rg(2))
= {x € H | Jx, € dom(A) such that x =z, — G(Z)F@(Z)_lsz}
(A —2)xz = (A —2) z..

Furthermore, the definition of Ay is independent of z € Zg and the decomposition of
x € dom(Ag) in the representation of the domain of definition dom(Ag) is unique.

2.4 Sobolev spaces on a domain

In the context of partial differential equations one is naturally drawn to differentiable
functions. But it turns out that differentiable functions are not well suited for deal-
ing with partial differential equations and boundary value problems. For instance to
formulate these problems in an appropriate way and to show existence and unique-
ness results. In this section we introduce the important concept of Sobolev spaces
which generalize differentiable functions in the sense of distributions and which allow
a comprehensive treatment of boundary value problems. These function spaces will
be the main objects for rigorously defining the formal differential expressions of Dirac
operators of chapter [I| by specifying their domain of definition and thereby obtaining
self-adjoint realizations. All the material of this section is well known and can for
instance be found in the books [22] 24, 53| [77, 84] or the lecture notes [9, 58]. If a
result comes from another source text, it is referred to at the respective passage.
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In the following we assume that €2 C R™ is an open subset of R"”. We define the space
of equivalence classes of complex-valued and p-integrable functions as LP(€); C). Ac-
cording to Fischer-Riesz’s theorem this space is a Banach space for every
1 < p < oo. Furthermore, we define the space of locally p-integrable functions
L? (©2;C) as the set of equivalence classes of complex-valued functions f : Q@ — C
such that f [ K € LP(K;C) holds true for all compact subsets K C €. Of particular
importance in this thesis will be the special case of p = 2. We equip the space L*(€; C)

with the inner product

(1) 20y = [ ula)o@de
Q
for all u,v € L*(Q; C) and thereby obtain a Hilbert space.
Next, we introduce spaces of differentiable functions. Let @ = (ay,...,a,) € Np
be a given multi-index, then we define the a-th derivative of a sufficiently smooth
function f: Q2 - Cinz € Q) as

804 1 aan

- 025 Qo

0" f(x) ()

and |a] = g + -+ - + «,, as the order of this derivative. In the special case that o = e;
applies we generally use the notation 9% f = 0; f for the partial derivative with respect
to the variable x; as it is common in vector calculus. For a given k € Ny, we define
the set of functions that are k-times continuously differentiable on €2 as

CH(;C) = {f :Q—C ’ 0% f exists and is continuous for every |a| < k}
and the set of the infinitely often differentiable functions as

C=(C) = (] CH(: C).

keNy

The support of a function f : 2 — C is the set

supp(f) = {z € Q| f(2) £ 0}

and we define the set of test functions as the set of infinitely often differentiable
functions whose support is compact in €2

D(;C) = {f € C™(Q;C) ’ supp(f) is compact in Q}

With the usual definitions of addition and scalar multiplication of functions it can
easily be shown that sets C*(Q; C), C*=(Q; C) and D(£; C) are vector spaces. Due to
technical reasons, we define an additional function space by

c=@C) = {v12|v e DR, O}
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as restrictions of test functions to the open set 2 C R™.

As a generalization of differentiable functions we follow Schwartz’s approach and
construct distributions as linear and continuous functionals defined on the space of test
functions. For this purpose, a notion of convergence in D(£2; C) has to be introduced.

Definition 2.21. Let (@m)men € D(Q;C) be a sequence of test functions and
v € D(Q;C) be given. We call (¢,)men convergent to ¢ in D(€; C) if the follow-
ing conditions are met.

i) There exists a compact subset K C € such that supp(¢) C K and supp(¢,,) € K
is valid for all m € N.

ii) For every multi-index o € Njj | 9%p,, converges uniformly to 0%¢ on K.

In this case we write ¢, — ¢ in D(;C).

Before we define distributions, we introduce a commonly used notation. Let
T : D(2;C) — C be a linear mapping defined on D(2; C), then we write

(T,p) =T(p)
for the application of T' to a test function ¢ € D(Q; C).

Definition 2.22. A linear functional 7' : D(€2;C) — C is called a distribution if it
is sequentially continuous in the sense of Definition [2.21} In other words, for every
sequence (@m)men € D(2;C) and ¢ € D(Q2;C) with ¢, — ¢ in D(Q;C) it follows
that (T, ¢,n) — (T, ¢) in C holds true.

With the usual definitions of addition and scalar multiplication it can easily be
shown that set of distributions is a vector space. This space is denoted by D'(€; C)
since it is the dual space of D(Q2; C) with respect to the topology induced by the notion
of convergence of Definition [2.21]

Next, we address the question if sufficiently regular functions can be regarded as
distributions. It is easy to see that for a given function f € Ll (Q2;C) the assignment

loc

(Ty ) = / f (@) p(z)de (2.6)
Q

for ¢ € D(£2;C) defines a distribution. Furthermore, with the fundamental lemma

of calculus of variations it can be shown that the function f € L{ _(©2;C) which

characterizes T" = T} is unique and therefore the assignment f +— T} according to
(2.6 corresponds to an embedding of L (€;C) in D'(Q; C). Every distribution T for

loc

which an f € L{ .(Q; C) exists such that T' = T} is valid is called a regular distribution.

loc
In this case we identify T" with f and using a slight abuse of notation we simply write

T € L .(QC) and (T,-) = (f,-). Similarly we write T € L*(2;C) if f is even a

loc
L?-function.
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Let oo € Nij be a given multi-index, then we define the a-th derivative of a distribu-
tion T' by the assignment

<8aT’ 90> = <_1)|a‘<Ta aa@

for any test function ¢ € D(£2;C). It can easily be shown that 9“7 defines a distribu-
tion for all multi-indices o € N and we therefore have 0*T € D'(§2; C). In particular
this shows that every distribution is infinitely often differentiable in the above sense.

Next we consider the special case that the a-th derivative 0°T of a regular distri-
bution T} induced by the function f € Li. (€; C) is itself a regular distribution. This

loc

implies that there exists a g € L{ .(€2; C) such that 9*T; = T, holds true. In this case
we call g the weak derivative of f and we write ¢ = 0“f in analogy to the classical
derivative for the weak derivative as well. In the entire following thesis we will always
assume that 0“f represents the weak derivative, unless stated otherwise.

After this preparation we are now able to introduce the important concept of Sobolev
spaces on an open set 2 C R™ as subspaces of D'(2; C). Although it is not the most
general setting, we define these function spaces only for the case p = 2 as a set of
L?-functions whose distributional derivatives are L2-functions as well. For a detailed
presentation of Sobolev spaces in the case 1 < p < oo, we refer to the literature

mentioned in the introduction of this section.

Definition 2.23. Let 2 C R" be an open set and k € Ny be a given integer, then the
Sobolev space of order k on € is defined as

H*(9:C) = {f e L2(:C) ‘ 8% f exists for all |o| <k and 8°f € L2(Q: @)}.
Furthermore, we equip the space H*(2; C) with the inner product

(u7U)H’€(Q;(C) = Z (aauaaav)m(ﬂ;m

o<k
for u,v € H*(Q; C).

Since the distributional derivative and thus the weak derivative is a linear oper-
ation, it follows that the Sobolev space H¥(Q;C) is indeed a subspace of D'(Q2;C).
Furthermore, it can be shown that Sobolev spaces are Hilbert spaces for all k € Nj.

In many cases it is not sufficient to consider only integer order Sobolev spaces as
for instance the weak formulation of a boundary value problem shows. This leads to
the so-called Sobolev-Slobodeckij spaces H*(€2; C) which fill the “gaps” between the
integer order Sobolev spaces and allow us to measure the regularity of a function on a
continuous scale by introducing a suitable semi-norm.
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Definition 2.24. Let k£ € Ny be a given integer and o € (0, 1) be a real number, then
the Sobolev space of order s = k + o is defined as

H (€)= {f € H*@:C) | 10|10 ey < o0 for all [a] = k |

with semi-norm

|z —y|

_ 2
|f|H°’(Q;(C) = / %dxdy
Q Q

Furthermore, we equip the space H*(2; C) with the inner product

0%u(x) — 0*u 0vv(x) — 0
ey = e+ 3 [ [ LU T,
Q

o=k §, |£L‘ - yl

for u,v € H*(Q; C).

It can be easily shown that the Sobolev-Slobodeckij spaces H*(Q2;C), such as the
integer order Sobolev spaces, are subspaces of D'(Q2; C). Furthermore, also the Sobolev-
Slobodeckij spaces are Hilbert spaces for all s > 0.

In order to simplify the presentation and to avoid distinguishing between the cases
s € Ny and s ¢ Ny, we will from now on use Definition in the case of s € Ny and
otherwise Definition whenever the space H*({2; C) is mentioned. In addition, we
will also refer to the Sobolev-Slobodeckij spaces in the following as Sobolev spaces.

Next we introduce an important subspace of H*(2; C), namely the space

Hy(@:€) = D% C) ™

which is by definition closed in the Hilbert space H*({2;C) and thus a Hilbert space
itself. In general only H(Q2;C) ; H?#(Q;C) is valid, which can be easily shown
for instance for bounded domains with the help of constant functions. However, an
important situation arises in the case of Q = R™ for which H§(R™;C) = H*(R™;C)
applies.

At this point it should be noted that in literature the Sobolev-Slobodeckij spaces
for p = 2 are usually denoted by W*2(Q; C), while H*(2; C) is used for the so-called
Bessel potential spaces, which provide an alternative approach to real order Sobolev
spaces. In the following chapters, 2 C R" will always be at least a Lipschitz domain,
and it can be shown in this case that these two function spaces coincide. The same
applies to {2 = R"™. Therefore our labeling is justified. For a more detailed presentation
of the Bessel potential spaces and their relationship to the Sobolev-Slobodeckij spaces,
we refer to [53, Chapter 3] and [84, Chapter 5].

Finally, we consider vector-valued functions, since they appear in the context of
Dirac spinors. The extension of Sobolev spaces to the vector-valued case is done in
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a straightforward manner by forming the product space of all the occurring function
spaces and applying the results of this section component-wise. First, we construct for
m € N the space L*(Q; C™) = L*(Q; C)™ consisting of equivalence classes of functions
f=(f1,--, fm): © = C™ whose components f; are in L?(Q2;C). Using the standard
Euclidean inner product in C™, we define an inner product on L?(Q; C™) by

m
(4, 0) 20 0m) Z Uks Vk) 12(0.0) /u(:z:) -v(z)dx
k=1

Q

foru = (u1,...,up),v=(v1,...,0,) € L*(;C™) and thereby turning L?(2; C™) into
a Hilbert space. In a similar manner, we define the Sobolev space of order s > 0 as the

set of all equivalence classes of functions f = (fi,..., fm) : 2 — C™ with components
fr € H*(;C). An inner product on H*(2; C™) is defined by the assignment

m
(u, v) Hs(Q;Cm) E : U, V) Hs(Q;0)
k=1

for u = (ug,...,um),v = (v1,...,v,) € H*(Q;C™) and it can now be shown that all
the results of this section remain valid also in the vector-valued case, especially the
Hilbert space property of the spaces H*(€; C™).

2.5 Sobolev spaces on the boundary

After having defined Sobolev spaces on an open set {2 C R™ in Section we now
address the question how regularity of functions f : 92 — C defined on the boundary
0%) of €2 can be characterized. This leads to Sobolev spaces on the boundary whose
construction is far more technical than the one of Sobolev spaces on an open set. Up
to now we have not imposed any regularity conditions on the boundary of an open
set, but as it turns out the regularity of the boundary has a great influence on the
orders of Sobolev spaces that can be defined. Therefore, we will start this section by
introducing Lipschitz domains, which are usually sufficiently regular for our purposes
of introducing Sobolev spaces on the boundary. All the material of this section is well
known and can be found for instance in the books [53, [77, [84] or the lecture note [58].
If a result comes from another source text, it is referred to at the respective passage.

Definition 2.25. Let €2 C R” be an open set. If there exists a Lipschitz continuous
function ¢ : R" ! — R with a uniform Lipschitz constant such that

0= {x =(21,...,Tp1,2,) ER" | 2, < C(xl,...,xn_l)}

holds true, then €2 is called a Lipschitz hypograph.
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With the function ¢ from Definition the boundary 952 of a Lipschitz hypograph
can be parameterized explicitly by

o0 = {(x, ¢(z)) € R

T E R”’l}.

Using Lipschitz hypographs we now define the more general Lipschitz domains as
open sets which can be locally described as Lipschitz hypographs.

Definition 2.26. An open set 2 C R" is called Lipschitz domain if its boundary
[' = 09 is compact in R"™ and there exist finite families {W; },c; and {€; };c; consisting
of subsets of R™ such that the following conditions are met.

i) The family {W;};cs is an open cover of I'. In particular, W; is an open subset of
R™ for every i € I and I' C | W; holds true.
i€l
ii) For every i € I there exists a rigid motion k;, i.e.: a rotation and a translation,
which transforms 2; into a Lipschitz hypograph.

i) W; NQ =W, NQ,; is valid for every i € I.

At this point it is noteworthy to remark that only the boundary of the Lipschitz
domain has to be compact and hence bounded to ensure the finiteness of the families
{W;}ier and {Q;}ier in Definition [2.26, The domain itself may very well be unbounded.
In particular for a bounded Lipschitz domain Q C R™ its open complement R™\Q is
an unbounded Lipschitz domain.

Occasionally it may be necessary to require more regularity of the boundary and
in this case we modify Definition 2.26] as follows. Let k € N be a given integer and
Q2 C R™ an open set for which there exists a function ¢ as in Definition [2.25 We call
a C*-hypograph if ¢ is a C*-function and 9*¢ is bounded for all multi-indices o € Ng
with |a| < k. Analogously, we define a C*-domain by substituting “C*” for “Lipschitz”
in Definition 2.26]

To define Sobolev spaces on the boundary of a Lipschitz domain, a surface integral
and therefore a surface measure on an (n — 1)-dimensional submanifold of R™ has to
be constructed. This will be accomplished by using the next result, also known as
Rademacher’s theorem, whose proof can be found for instance in [28, Prop. 19.28].

Theorem 2.27. Let U C R" be an open set and f : U — R be a Lipschitz continuous
function on U, then f is differentiable almost everywhere on U, V f is measurable and
IV f1l o (7;gny < 00 holds true.

A first important consequence of Rademacher’s theorem is the following. Let
2 C R" be a Lipschtz-hypograph according to Definition [2.25with Lipschitz-continuous
function (. Theorem implies that there exists a unit normal vector field

1 —V{(x)
vz, ((z)) = (27)
1+ [V¢()|P ( ! )
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on I' = 99 for almost all z € R"!. This result is generalized to Lipschitz domains by
using the decomposition from Definition [2.26

Next we proceed with the construction of a surface integral on the boundary of a
Lipschitz domain. Let 2 C R™ be a Lipschitz domain according to Definition [2.26
and let ¢; : R*™! — R be the corresponding Lipschitz continuous functions and
k; + R" — R™ be the corresponding rigid motions. We define the transformation
maps

Oi(x) = 7 (2, Gi()) (2.8)

for ¥ € R"! and i € I and choose a partition of unity subordinate to {W;};c;. This
is a family of functions {;};cr such that the following conditions are satisfied.

e ©; € D(R™;R) and supp(y;) € W; hold true for every i € I.
e 0 < ¢;(x) <1 holds true for every € R" and every i € I.

e > ¢;(x) =1 holds true for every z € I'.
iel
Let f : ' — C be a function defined on the boundary of the Lipschitz domain, then
we set o;f : I' — C and thereby obtain a family of functions for which
supp(¢; f) € W;NT is valid for all ¢ € I. Furthermore it follows that

> wi@)f(z) = f(@)

icl
holds true for every = € I' and thus {; f }ics is a decomposition of f. Next we define
for every i € I the set V; = @ *(W; N 9%Q;) = &' (W; NT) C R* ! and the mapping
(pif) o ®; : V; — C as the pullback of p;f to the parameter domain by ®,. Since
supp(pif) € W; N T holds true, we can extend (p;f) o ®; by 0 to all of R"™! and
thus obtain a well-defined mapping (;;?) o®, : R"! — C which has the explicit
representation

(pif) o @i(z) = 0 olse (2.9)

— {(%f)ocpi(x)  if &;(z) e W; N T
for all z € R"~!. At this point it is already apparent that the regularity of the boundary
influences the regularity of (;f)o®; via ¢;. This will be of particular importance when
defining the Sobolev spaces on the boundary of a Lipschitz domain.

We call f integrable over I'; if the mapping

x5 (pif) 0 ®;(x)y/det(DP; ()T D®;(x))

from R"™! to C is measurable and integrable with respect to the (n — 1)-dimensional
Lebesgue measure for all 2 € I, with

20l(n) L) e e 0la)
Ddi(z) = : : :
0 (2) FZdM(x) - 2O (x)
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being the gradient of ®; at x € R™"!. In this case we define the surface integral of
f over the boundary of a Lipschitz domain as the sum of surface integrals over the
boundaries of Lipschitz hypographs by

[ f@po@) =3 [ ai@s@)ot

o — (2.10)
B Z / (pif) o (I)i(x)\/det(D@i(x)TD‘Dz‘@))dx

with o being the so-called Hausdorff measure. It can be shown that the surface integral
on the boundary of a Lipschitz domain is independent of the parameterizations {W;};cr
and {€;}ie; and the partition of unity {p;}ies. For further details we refer to [71]
Chapter 3.1] and [27, Rem. 8.10].

With the definition of a surface integral we are now in the position to define L2-spaces
on the boundary I' = 0f2 of a Lipschitz domain 2 C R” as the set of equivalence classes
of complex-valued and squadrate-integrable functions with respect to the Hausdorff

/]f(m)|2da(x) < oo}.

Due to the linearity of the Lebesgue integral in R"~! it follows that L?(T'; C) is a vector
space. Furthermore, by equipping L?(T’; C) with the inner product

L2(F;C):{f:F—>C

() sy = [ u(lo@do(a)
r
for u,v € L*(T; C), we obtain a Hilbert space.

Based on the L?(T';C)-spaces we define now Sobolev spaces on the boundary of a
Lipschitz domain by characterizing the regularity of a function f : I' — C in terms
of the regularity of the pullbacks (2.9 of the decomposition of f on the parameter
domain.

Definition 2.28. Let 2 C R"™ be a Lipschitz domain with boundary I' = 992. For
0 < s <1, the Sobolev space of order s on the boundary of €2 is defined as

H*(I;C) = {f e LA(I;C) ) (if) 0 ®; € HS(R™1;C) for all i € 1}.
Furthermore we equip H*(I'; C) with the inner product

(u, U)HS(F;(C) = Z ((piu) o ®;, (pv) o cI)i)HS(]R"*;C) (2.11)

i€l

for u,v € H*(I'; C).
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Since H*(R™!; C) is a vector space it follows immediately that the sets H*(T'; C) are
vector spaces as well and it can be shown that they are even Hilbert spaces. In the case
of C*-domains, Sobolev spaces of order 0 < s < k can be introduced in a similar way
and all the following results remain valid for these spaces if one consistently replaces
1 with k. Although it seems that the spaces H*(I';C) and the norm induced by the
inner product depend on the families {W;}icr, {Q}ier and {¢;}icr it can be
shown that, as in the case of the L?(T"; C)-spaces, another choice yields the same space
with an equivalent norm. See [84, Thm. 4.2] for further details.

For technical reasons, we will also consider Sobolev spaces of negative order. We
define these as dual spaces and set

H*(T;C) = (H*(T;C))’

for all -1 < s < 0.
The next result is known as Rellich-Kondrachov theorem and its proof can be found
for instance in [84) Thm. 7.9, Thm. 7.10] in combination with Schauder’s theorem.

Theorem 2.29. Let {2 C R” be a Lipschitz domain with boundary I' = 92 and s < t
be given, then the following statements are true.

i) If 0 < s holds true, then the embedding H*(€); C) — H*(€); C) is compact.

ii) If =1 < s and ¢ < 1 holds true, then the embedding H!(T';C) — H*(T;C) is
compact.

Next, we turn our attention to the calculation of boundary values of Sobolev func-
tions as it is required for boundary value problems. Since the boundary I' = 92 of
a Lipschitz domain € C R" is a Lebesgue zero set, restrictions of L2-functions to the
boundary are not well-defined. To resolve this difficulty, the so-called trace operator is
introduced which provides a precise meaning of boundary values of sufficiently regular
L2-functions.

Theorem 2.30. Let 2 C R™ be a Lipschitz domain with boundary I' = 90 and
% < s < 1 be given, then there exists a linear, bounded and surjective operator

T7:H(Q;,C) — HS_%(F;(C)
such that 7(f) = f T is valid for all f € C>®(Q;C).

Using the trace operator of Theorem [2.30]the divergence theorem can be generalized
to Sobolev spaces and Lipschitz domains. The proof of this result canbe found in for
instance [3, Thm. A.6.8] or [71, Thm. 3.23] and relies heavily on the density of the
infinitely often differentiable functions C*°(Q;C) in H'(£2;C). Following a common
convention, we omit the arguments of the functions under the integrals to simplify the
notation.
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Theorem 2.31. Let (2 C R” be a Lipschitz domain with boundary I' = 02 and let
u,v € H(Q; C) be two given functions, then

0 0
/ (8%@ R Gxiv) dz = /T(U)T(U)Vid(j
Q r

is valid for all i € {1,...,n} with v being the unit normal vector field on I

The next theorem is a collection of useful properties concerning the Sobolev spaces
H*(€; C) and H2(I’;C) and the trace operator which are needed in the next chapter.
Item ii) is a consequence of [84) Thm. 4.3] and Theorem [2.29 the proof of item iii)
can be found in[68, Thm. 46] and [58, Ex. 9] and item iv) is a consequence of [53]
Thm. 3.20].

Theorem 2.32. Let 2 C R"™ be a Lipschitz domain with boundary I' = 0€2, then the
following statements are true.

i) H§(Q;C) = ker(7) is valid for all 1 < s <1.
ii) H*(T;C) is dense in L*(T;C) for all 0 < s < 1.

iii) If 2 is bounded, then both Q, = Q and Q_ = R™\Q are Lipschitz domains with
trace operators i according to Theorem [2.30] Let v € H'(Q} U Q_;C) with
ug = u|Qy € H'(Q4; C) be given, then in this case it follows that u € H'(R"; C)
if and only if 7y u, = 7_u_ on the common surface I' = 9€).

iv) If Q is a C%-domain with the unit normal vector field v, then v;f € Hz(I;C) is
valid for all f € H%(F;C) and i € {1,...,n}.

In this thesis it will be necessary to consider an alternative approach to boundary
values, besides the representation in terms of the trace operator of Theorem It
will turn out that under appropriate conditions both approaches coincide. For this
purpose we have to introduce the so-called non-tangential limits.

It is known that every Lipschitz domain satisfies the so-called uniform cone condi-
tion. This implies that in each point « € I there exists a cone V(x) C R”, which has
its origin in x, and an open ball B(z,r) C R" such that the set D(z) = V(z) N B(z,r)
is located entirely in . In this context D(x) is also known as non-tangential approach
cone. A function f : {2 — C is said to have a non-tangential limit in x € I, if the limit

(Lf)(x) = lm f(y)=c
D(z)>y—x
exists for a ¢ € C. In the following we will always regard point-wise limits on X
as non-tangential limits and therefore usually write €2 in the above limit instead of
explicitly mentioning the approach cone D(z). In view of the uniform cone condition
it is then evident from the context how the limit is performed. With these notions the
following result holds true, as it can be found for instance in [33, Thm. 2.5].
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Lemma 2.33. Let €2 C R"” be a Lipschitz domain with boundary I' and let
f € H*(;C) with % < s < 1 be a given function. If the non-tangential limit of

f exists almost everywhere on I', then Lf = 7(f) is valid in the sense of H S*%(F; C).

Finally, we consider vector-valued functions as in Section 2.4 In order to do so,
we assume that a Lipschitz domain 2 C R"™ with boundary I' = 02 is given. The
extension of Sobolev spaces to the vector-valued case is done in a straightforward
manner by forming the product space of all the occurring function spaces and ap-
plying the results of this section component-wise. First we construct for a given
m € N the space L*(T'; C™) = L*(T’; C)™ consisting of equivalence classes of functions
f=(f,..., fm): T'— C™ whose components f; are in L*(T";C). Using the standard
Euclidean inner product in C™, we define an inner product on L?(3; C™) by

(u, v) L2(T;Cm) Z U, V) L2(IC) — /“(95) -v(z)do(x)
k=1

r

for u = (u1,...,un),v = (v1,...,0,) € L*(T;C™) and thereby turning L*(T;C™)
into a Hilbert space. Furthermore, for 0 < s < 1 we define the set of all equivalence
classes of function f = (fi,..., fn) : I' = C™ with components f, € H*(I';C) as
space H*(I'; C™) = H*(I'; C)™ and equip it with the inner product

m
(w, V) s (ryomy E Uk, Vi) H5(I'iC)
=1

for u = (u1,...,up),v=(v1,...,0,) € H*(I'; C™).

Next, by component-wise application of the trace operator of Theorem [2.30] we
obtain a linear, bounded and surjective operator T : H*(Q;C™) — H*~z(I';C™) for
all % <s<1.

As in Section [2.4] all results of this section remain valid for the vector-valued case.
Especially the Hilbert space property of the spaces H*(I'; C™), the compact embedding
results of H*(2;C™) and H*(I'; C™) of Theorem and the properties of the spaces
H*(Q;C™) and H*(I';C™) and the trace operator 7 : H*(;C™) — H*2(I;C™) of
Theorem 2.32]
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2.6 Integral operators and operators in L? x L?

This rather technical section deals with results concerning integral operators and oper-
ators defined on the Cartesian product of two L2-spaces which are needed in the next
chapters. In particular, the values of the v-field and Weyl function of the quasi bound-
ary triple used to describe Dirac operators with electrostatic and Lorentz scalar §-shell
interactions will be found to correspond to such integral operators. Therefore, the ex-
amination of these operators is of great importance and we will show that for special
integral kernels they represent everywhere defined, linear and bounded operators.
We begin with integral operators and follow the presentation of [10] or [40]. Proofs
are only provided if the statements are not found in the mentioned literature, but
are needed in the course of this thesis. Before we state the theorems, it should be
pointed out that on a domain £ C R3 the Lebesgue measure and on the boundary of
a C2-domain the Hausdorff measure is used. Furthermore, remember that all norms
on R™ and all matrix norms on C"*" are equivalent and we therefore do not have to
specify a certain norm. The proofs of Theorems [2.34] [2.35] and [2.36] can for instance
be found in [I0, Prop. A.3 , Prop. A.4 and Prop. A.5| or [40, Prop. 2.4.3 , Prop.
2.4.4 and Prop. 2.4.5] and are based on the so-called Schur-test [81, Chapter 6.3].

Theorem 2.34. Let Q C R3? be an open set, n € N be a given integer and
t : R — C™" be a measurable, matrix-valued function. Furthermore it is assumed
that there exist constants k1, k9 > 0 and R > 0 such that

-2
- e~mellzllfor ||z|| > R

is valid for all z € R3\ {0}. Then it follows that the assignment

(Tf)(x) = / e — y)f(y)dy

Q

for f € L?(Q;C") and z € Q corresponds to a well-defined, linear and bounded
operator T : L*(Q;C") — L*(Q;C") with ||T|| < k1K for some constant K > 0
depending only on ks.

Theorem 2.35. Let 2 C R? be an open set with compact and C?-smooth boundary
I', n € N be a given integer and ¢ : R — C™" be a measurable, matrix-valued
function. Furthermore it is assumed that there exist constants kq,ky > 0 and R > 0
such that

(|7, for ||| < R

e~rellzll for ||z|| > R

[t(2)]l < fﬁ{
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is valid for all z € R?\ {0}. Then it follows that the assignments

(Tif)(@) = / e — )/ (y)do(y)

r

for f € L*(T;C") and z € Q and

(Tof) (@) = / 1o — ) fy)dy

Q

for f € L*(€;C") and x € T correpond to well-defined, linear and bounded operators
Ty : L*(T;C") — L*(;C") and Ty : L*(Q;C") — L3(I'; C*) with [T, | T2]] < miK

for some constant K > 0 depending only on k5 and on the boundary T'.
Theorem 2.36. Let ¥ C R3 be a compact, closed and C?-smooth surface, n € N

be a given integer and t : R* — C"*" be a measurable, matrix-valued function.
Furthermore it is assumed that there exists a constant £ > 0 such that

lt@)l < w1+l

is valid for all z € R3\ {0}. Then it follows that the assignment,

(Tf)(x) = / e — y)f(y)do(y)

%

for f € L*(X;C") and = € X corresponds to a well-defined, linear and bounded
operator T' : L*(%;C") — L*(%;C") with ||T]] < kK for some constant K > 0
depending only on the surface X.

In the derivation of an explicit representation of the resolvent of the free Dirac
operator in Theorem as well as in other proofs in this thesis it will be necessary
to exchange the order of integration of a double integral which arises from an integral
operator and an L2-inner product. The next lemma shows that this is possible under
suitable assumptions about the matrix-valued integral kernel. The proof of item ii) is
based on a decomposition of the integral kernel, as it can be found in [10, Prop. A.4].

Lemma 2.37. Let n € N be a given integer, 2 C R? be an open set and ¢ : R3 — C**"
be a measurable, matrix-valued function, then the following statements are true.

i) If ¢ satisfies the estimate of Theorem [2.34] then

// r—y dxdy—// T —y - g(z)dydz (2.12)

is valid for all f,g € L*(Q;C").
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ii) If Q has a compact C?-smooth boundary I" and ¢ satisfies the estimate of Theorem

2.35| then

/ / v —y g(@)do(z)dy = / / v — ) f(y) - g@)dydo(z)  (2.13)

is valid for all f € L*(Q2;C") and g € L*(T'; C").

iii) If 3 C R? is a compact, closed and C%-smooth surface and ¢ satisfies the estimate
of Theorem [2.36], then

| [ ta=u)1)- 50 / / r—y)f(y) - 9()do(y)do(z) (214)

is valid for all f,g € L*(3;C").

Proof. Proof of i): Due to the similarities of the proofs, we only discuss assertion
i) in detail and mention the necessary modifications in the proofs of ii) and iii). We
define the functions

=l for 2] < R
T(z) = 12(x) = K1 {e—mxﬂ , for ||z|| > R

for all x € R®\ {0} and immediately obtain the estimate |[t(z)] < +/7i(z)72(x).

As 72~ % — 0 for r — o0 applies, there exists a constant k3 > 0 such that

r2e™h2r < gae~ 3 is valid for all r > R. By using spherical coordinates, we obtain

/ 7i(z)dz < / 7(2)dx

Q R3
9 oo oo
T KT
= 47K, /—er+/7‘26_“2"d7‘ <A4r R—Flig/e_gd?” < 00
r
R R

(2.15)

for i € {1,2} with the angle-dependent integrals already being integrated.

Next, we assume that arbitrary functions f,g € L?(Q;C") are given. Then it
follows from Theorem 4] and an application of the Cauchy-Schwarz inequality, that
the integrals (2 ex1st. With use of (2.15)) we find that the integrals

| [ =l @ity = Il gen [n@iz <o @16
Q Q

Q
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and

/ / (= ) l9(#) |12y = g )Eaen / r(y)dy < oo (2.17)
Q O Q

are finite and therefore the order of integration in both integrals can be exchanged
due to Fubini’s theorem. Using (2.16]) and (2.17) and a Cauchy-Schwarz inequality for
double integrals as presented in [76, Page 11] results in the finiteness of the following
integral

// ‘t(“’" —y)f() -@‘ dady

< [ [ 1t = Il £ lllg(@)ludody

< / / V@ = DIF@lav/m@ = ) l9()dady

2

IN

[ [ ool E [ [ e = wlat@ oty
Q Q Qlﬂ

= ||f||L2(Q;<Cn)||9||L2(Q;<Cn) /Tl(x)dx /7'2(9)(319 < 0.

Q Q

M
N

A component-wise consideration and a separation into the real and imaginary parts of
the integrands, respectively, leads with Fubini’s theorem to the equality of the integrals
(2.12) and thus to the first assertion of the lemma.

Proof of i1): To prove the claimed property ii) we define for an arbitrary s € (0, 1) the
functions
7i(z) = Kgl|]| 7

_9_
ey [l o ol <
) eralal ,for ||z]| > R

and

for all z € R?\ {0}, where the constant x5 > 0 is chosen so that e "7l < kg]|z|| 7>
is valid for all ||z|| > R. For the choice of k3, compare the procedure in the proof of
i). By applying [10, Lem. A.2 ii)] we obtain

/ 1(2)do(z) < 00

r
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while

Q/@(y)dy < 00

follows with a consideration as in the proof of estimate (2.15)). Based on the estimate
It(z)]] < /71(x)72(z), we now obtain the assertion about the integral with a
line of reasoning analogous to the proof of i). In fact, only the integration with respect
to the Lebesgue measure dx has to be replaced by an integration with respect to the
Hausdorff measure do(z).

Proof of iii): To complete the proof it remains to show item iii). For this purpose we
define the functions
7i(z) = mo(x) = k(1 + [|z[| ")

for all z € R®\ {0} and immediately obtain the estimate ||t(z)| < +/7i(z)7e(x).
Furthermore, from [10, Lem. A.2 ii)] it follows that

/Ti(a:)da(x) < 00

%

is valid for ¢ € {1,2}. With a line of reasoning as in the proof of i), the asserted
statement about the integral (2.14)) follows. ]

Next, we present a result concerning the boundedness of a singular integral operator
whose proof can be found in [6, Lem. 3.3] and the references mentioned therein.

Theorem 2.38. Let ¥ C R? be a compact, closed and C?-smooth surface and
i € {1,2,3}, then it follows that the assignment

‘ _h Li —Yi
D= iy | s te)
\B(z,¢)

for f € L*(3;C) and x € X corresponds to a well-defined, linear and bounded operator
T; : L*(%;C) — L*(%; C).

We conclude our considerations concerning integral operators with two operators
induced by the integral kernel of the resolvent of the free Schrodinger operator. To
introduce these operators we assume in the following that a bounded Lipschitz domain
Q C R?® with boundary ¥ = 9Q is given. We then define the sets 2, = € and
Q_ = R3\Q and thereby obtain two Lipschitz domains which satisfy R? = Q, UXUQ_.

The free Schrédinger operator in L*(R3; C) is defined by the assignment

dom(Tp) = H*(R?; C)

2.18
Tof = —5-Af .
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and as it is shown in [81, Chapter 11], this is a self-adjoint operator in L?*(R?;C)
with spectrum o(Ty) = [0,00). Furthermore, for all A € p(Tp) the explicit resolvent
representation

((To — /KA r—y)f(y)dy (2.19)

for all f € L*(R3;C) and for almost all z € R? applies. The integral kernel of the
resolvent corresponds to the function

K(z) = " rexp (iv2mAa]) (2:20)
Arr |||

for all z € R\ {0}. At this point it is necessary to note that in the following the

square root /f of a complex number p € C is always chosen such that Im{,/u} > 0

applies. In particular, Im{,/z} > 0 is valid for all 4 € C\ [0, 00).

Next, we introduce for A € p(Tp) the so-called single layer potential and the single
layer boundary integral operator as they are discussed for instance in [42] and [53].
The single layer potential is defined as the composition of the fundamental solution
of the operator Ty — A and the adjoint trace operator and corresponds to a linear and
bounded operator SL(\) : H™2(3; C) — H(R3: C). Furthermore, we define the single
layer boundary integral operator as the trace of the single layer potential and thereby
obtain a linear and bounded operator S(\) : H=2(2;C) — Hz(3; C).

As it is stated in [42], the explicit integral representation

(SL /KA v —y)f(y)do(y) (2.21)

for all f € L*(3;C*) and for almost all z € R? applies to the restriction of the single
layer potential SL()) [ L?(¥; C). Furthermore, ([2.21]) in combination with the mapping
properties of the single layer potential and Lemma [2.33] results in the representation

/ Ka(z — ) f(y)do(y) (2.22)

for all f € L?(X;C*) and almost all z € ¥ for the restriction of the single layer
boundary integral operator S(\) | L*(%; C).

The following properties of the single layer potential will be used in Chapter [4.1]
The proofs of these statements can be found for instance in [42, Lem. 3.3].

Lemma 2.39. Let A\ € p(T}) be given, then the following statements are true for the
single layer potential.

i) The jump condition
74 (SLA)S)y = 7 (SL(A) ) =0
on the surface 3 is valid for all f € H2(%;C).
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ii) The range condition
ran(SL(\)) = {f € H'(R?*C) ’ (—%A - /\) fe= O}

applies. In particular, for a given f € H _%(Z; C)
A(SLF), = —2mA (SLOVS), € L3(9:C)
is valid in the sense of distributions.

We conclude this section by considering operators defined on the Cartesian product
of two L2-spaces. In Chapter , we will require these results when introducing a
maximal Dirac operator for functions which do not posses the Sobolev regularity H*
on the whole of R?, but only on restrictions of it.

As in the introduction of the single layer potential and the single layer boundary
integral operator we assume in the following that Q@ C R?® be a bounded Lipschitz
domain according to Definition with boundary ¥ = 0€2. We define 2, = ) and
Q_ = R3\Q and thereby obtain two Lipschitz domains which satisfy R* = Q, UXUQ_.
On these two sets we define the spaces L?(24;C*) and form their Cartesian product
L2(2,;C*) x L*(Q_;C*). We equip this space with the inner product

((f+, =), (g+7g*))LQ(Q_,_;(C‘l)xL?(Q_;(C‘l) = (f+>g+>L2(Q+;(C4) + (fﬂgf)m(sz_;m) (2.23)

for fi, g+ € L*(Q4;C*) and thereby turning L*(Q,;C?*) x L*(Q2_;C*) into a Hilbert
space. Next, we define
W(f) = (194, f100)

for f € L*(R3;C*) and obtain a linear map ¢ : L?(R?; C*) — L?(Q;C*) x L*(Q2_; C*).
Using the inner product it is easy to see that ¢ corresponds to an isometric
isomorphism, which will allow us to identify the space L?*(R3;C*) with the space
L2(924;C*) x L?(Q2_;C*). At this point it should be noted that the inverse mapping
T L2(QL; CY) x LA(Q_; CY) — L*(R3;C*) can be defined, for instance, by the zero
continuation on the Lebesgue zero set X by

fe(x) , for x € Q4

—1

L x) =
(= A)@) {O,foerE
for all (fy,f ) € L*(Q,;C*) x L*(Q2_;C*) and for almost all x € R3. The values
on ¥ are insignificant in the sense of L2-functions and can be adjusted in accordance
with practical needs. However, this choice is advantageous for the treatment of test
functions. Due to the isomorphisms

L*(Q,;CY =2 L*(Q,;CY x {0} and L*(Q_;C* = {0} x L*(Q_;C*)
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and since these subspaces are orthogonal with respect to the inner product , we
will from now on write L?(Q2,;C%) @& L*(Q_;C*) for the Cartesian product
L?(Q,;CY x L?(Q_;C*) in analogy to the orthogonal sum of Hilbert spaces. Ele-
ments (fy, f_) € L*(24;C*) & L*(Q2_;C*) are usually denoted by f, & f_.

In analogy to the L%-space, we define the Sobolev space H'(Q,;C*) & H'(2_;C*)
and equip it with an inner product similar to . Again, we obtain a Hilbert space,
which in contrast to the L?-space is not isomorphic to H*(R?; C*) but isomprophic to
H'(R3\ 3;C*). This follows from Theorem since a function f € H'(R?\ X;C*)
is only in H'(R3;C%) if 7 f, = 7_f_ is valid on .

For a linear operator T' in L?*(Q,;C*) & L*(Q_;C*) we obtain a linear operator
in L*(R3;C*) with dom(:'T:) = ¢~'(dom(T)) by considering :™'Tt. Tt can now
be shown that all properties like dense definition, closability, symmetry, etc. are
carried over from T to ¢~ 'Tw. The converse of this statement is true as well and
therefore in the following chapters we will often switch back and forth between these
two representations without mentioning it explicitly. In particular, to simplify the
notation, we will identify the operators T and =7t with each other and use the symbol
T for both the operator in L?(Q;C*) & L*(Q_;C*) and the operator in L*(R3; C*).
The same applies to elements in the domain of these operators.






3 Dirac operators with
electrostatic and Lorentz scalar
d-shell interactions

In this chapter we begin our investigation of Dirac operators. In Section we will
collect basic properties of the free Dirac operator in R? and define operators which we
will use in the construction of a quasi boundary triple in Section [3.2] By means of this
quasi boundary triple we are able to define Dirac operators with d-shell interactions in
a mathematically rigorous way by imposing certain jump conditions on the common
interface 3 of two C?-domains. Subsequently, the self-adjointness of these operators
is shown in the case of non-critical interaction strengths.

3.1 The maximal and free Dirac operator

In this section we will examine the free Dirac operator in R? and provide an explicit
representation of its resolvent, which will be of great importance in the following
sections. Furthermore we define a maximal Dirac operator, which will be needed for
the construction of a quasi boundary triple in Section [3.2]

Starting point of this section is the formal differential expression

A = —ich(a - V) +mc*B (3.1)

from Chapter 1 which describes a relativistic quantum particle with spin 1/2 without
the influence of external fields. Here

i 0 Ok . ]2 0
&k_(ak 0) and 5_(0 —12>

are the Dirac matrices, which consist of the Pauli spin matrices

01 0 —1 1 0
0'1:(10> 70'2:<Z. O) and 0'3:<O_1)

o1
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As already mentioned in Chapter 1, these matrices fulfill the anti-commutation
relations

o 0y + oy = 205514
o a8+ Par =0
o 32=1
for all k,j € {1,2,3}. Furthermore we use the abbreviation

3
o - = E ALl
k=1

for a vector x € R? to simplify the notation. From the above anti-commutation
relations it follows by double summation that

3 3 3
1
(a-z)? = Z TRE RO = o Z i (agoy + ajay) = Z TR0k = lz||> (3.2)
k

holds true for all x € R3.

The formal differential expression A of will lead us to the maximal and the
free Dirac operator on R3 by choosing suitable domains of definition. In particular,
we will obtain the free Dirac operator by closing a Dirac operator defined on the test
functions. Furthermore, the maximal operator will turn out to be important when
constructing a quasi boundary triple in the next section and the free Dirac operator
will serve as the self-adjoint reference operator.

In this section we will follow the presentation of the books [78,[82] for characterizing
the free Dirac operator and [14, [40] for the preparation of the construction of the
quasi boundary triple in Section [3.2] Although the proofs of the statements of this
section can be found in these references, we present some of them in order to provide
a self-contained presentation.

We begin our discussion with a realization of the formal differential expression (|3.1])
and define this operator on the set of the most easily handleable functions, the test
functions

dom(Tp) = D(R* C*) = D(R? C)*
Tpf = Af = (—ich(a - V) +mc*B)f.

This linear operator is densely defined since D(R?; C*) is dense in L?(R3; C*). Further-
more, by using the divergence theorem, it can be easily shown that Tp is symmetric
and thus closable.

The next theorem provides a characterization of the closure of the operator Tp and
thereby leads to the definition of the free Dirac operator. Furthermore, it shows the
self-adjointness of the free Dirac operator and that its spectrum consists exclusively of
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the essential spectrum. In particular, there are no isolated eigenvalues with a finite-
dimensional eigenspace. The proof of this theorem can be found in [82, Theorem 20.1]
and relies heavily on the properties of Schwartz functions to reduce the investigation
of the free Dirac operator to that of a unitary equivalent multiplication operator in
L?(R3; CY).

Theorem 3.1. The operator T is closable and essentially self-adjoint in L?(R3; C?).
The free Dirac operator is defined as the self-adjoint operator Ay = Tp and for this
operator the following statements are true.

i) For the free Dirac operator the explicit representation
dom(Ay) = H'(R*; C*)

Aof = (—ich(a- V) +mc?B) f (3.3)

applies.
ii) There exist constants Cy, Cy > 0 such that

Crllf i gsicoy < 1Aof Nl 2gsscry < Coll fll sy

holds true for all f € dom(Ap). In particular, the graph norm of Ay is equivalent
to the H'-norm.

iii) o(Ap) = (—o0, —mc?] U [mc?, 00).

A first observation of Theorem [3.1]is that the Planck’s constant % does not influence
the spectral properties of the free Dirac operator Ay and we can therefore set it to
h = 1 without loss of generality. Furthermore, an important consequence about the
square of the free Dirac operator can be deduced from Theorem [3.I} which will be
important in the following considerations when deriving an explicit representation of
the resolvent for the free Dirac operator. It turns out that A2 corresponds to a shifted,
free Laplace operator in L*(R?; C*). The proof of this result can be found in [82, Cor.
20.2].

Corollary 3.2. Let Aj be the free Dirac operator defined as in (3.3)), then the following
characterization of the square of this operator is valid.

dom(A2) = H*(R? C*)
Asf = (—FA+mPt) L f
Here, the operator on the right side has to be understood in such a way that the
operator —c2A + m?2c* acts on every component of f.

Next, we show that a certain matrix-valued function which appears in the derivation
of the integral kernel of the resolvent of the free Dirac operator satisfies the require-
ments of Lemma At this point it is necessary to note that in the following the
square root ,/zi of a complex number p € C is always chosen such that Im{,/u} > 0
applies. In particular, Im{,/z} > 0 is valid for all x € C\ [0, 00).
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Lemma 3.3. Let A € p(4p) and j € {1,2,3} be given and ¢; : R?\ {0} — C*** be
the matrix-valued function defined by

0 1 [ \2
e _ Y N A I
](l') axj (47T||.T||exp <Z 2 m=c ||I||)> 4
A2 1 A2
= | i\ —= — m2c?||z|| — ex — —m2e||z|| | z: L
(wcz o] )4" 5 p<\/02 || ||) i

for all x € R?\ {0}. Then there exist constants r1, k3 > 0 independent of z € R*\ {0}

such that 2
]|~ , for [lzf| < 1
tilx <K
| ]( N < k1 {e—ﬁzllﬂfﬂ , for ||z]] > 1

2
—Im{ )\—Q—m%z}
c

and due to the chosen square root ko > 0 is valid for all A € p(Ap). Since all matrix
norms are equivalent, we choose the Frobenius norm for convenience and obtain

2\/ éj m202|HxH +1

holds true for all x € R\ {0}.
Proof. We set

(3.4)
A2 2.2
. 2\/‘ — m2c } z||> +1 vl
|||

for all z € R?\ {0} by direct calculation. If ||z| < 1 holds true, then it follows from

(3-4) that

\/‘ — m262| +1
-

1t ()]l p <

Az’

2% — m2c2| + 1
— 2
Arr|| ]

is valid, while for ||z|| > 1 it follows from (3.4 that the estimation

2
1t ()| < 2\/ Colcial Bt
PTp = 2 €
|||

2\/ |22 m2c2} +1
ol
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applies. Defining

2\/ ‘ ’C\—j —m2c?| +1
a AT
immediately leads to the validity of the assertion. O

R1

Next, we will discuss the explicit resolvent representation of the free Dirac operator.
Although the proof of the next result can be found in [40, Prop. 3.1.1], we will
present it here as we will apply a similar line of reasoning again in Section [£.2 The
representation of the integral kernel of the resolvent will turn out to be particularly
important for the further considerations in this thesis.

Theorem 3.4. Let Ay be the free Dirac operator defined as in (3.3)) and let A € p(Ay)
be a given complex number. Then the explicit resolvent representation

(Ao — N1 f(z) = / G — ) (y)dy

is valid for all f € L?(R3;C*) and for almost all z € R3. The integral kernel G}, is the
matrix-valued function

G,\(I‘) =

A A2 ) 1 A2
27 1— i) 2 —m2e2 ) - 2R
<02 4+ mp+ ( Wz —mie ||a:||) CH.IHQ(Q x)) 47TH37Hexp (z 2 —mic ||[E||>

(3.5)

for all z € R?\ {0}.
Proof. Step 1: Let A € p(Ap) be given. Then according to Corollary [3.2]

2
(Ag—N(Ag+A) = AF = N = (=PA+m?c* = N) I, = (—A — (A— — m202)> I,

is valid on dom(A3) = H?(R? C*). Here, the operator on the right side has to be
understood in such a way that the operator —c?A+m?c* —\? acts on every component
of a function f € H?(R3;C*).
Due to the choice of A it follows with [81, Satz 11.25] that
N 2 2
— —m“c” ¢ [0,00) =o(—A)

c2

is valid and therefore the resolvent

(—A — (C—2 — m202))_1 : L*(R?; C) — H*(R*;C)
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exists as linear and bounded operator in L?(R3; C). By defining the diagonal operator
-1
— (_A _ (_2 - m 02>> 14 . LQ(R3’C4) SN H2(R3,C4)

we obtain from the representation (3.6)) the inverse operator as

2 -1
(~ea+mic ) 1) = (—A - (i - m2c2)> I

by component-wise consideration. Due to the mapping properties of this operator we
can apply the operator Ay + A to it and it follows from (3.6]) that

(Ag — N1 f = (Ag + A)é (—A — (A—Q — m%z))l Lf (3.7)

is valid for all f € L%(R? C*). Our next goal is to determine the expression on the
right side to obtain an explicit representation of the resolvent of Ay — A.

Step 2: A component-wise application of [81], Satz 11.26] leads to the explicit repres-
entation of the resolvent

2 -1

(o (52)) -

1 1 X’

¥ / T (imnx - y||> fy)dy

R3

for all f € L*(R3;C*) and for almost all z € R3. Here the square root has to be chosen
again so that the imaginary part is greater than zero.
If we define the matrix-valued function

T(x) = ! exp i\/)\—Z—mZCQHxH Iy
47 ||| c?

for all z € R\ {0} and the constants

1 A2
ki=— and ko= Im{ — — m202}
47

it follows immediately that

|, for Jlaf| < 1
e~k2lzllfor ||z > 1

IT(@)[} < {
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is valid for all z € R®\ {0}. If ||z|| < 1 applies, then obviously ||z||~" < ||z|| > follows
and therefore we conclude from Theorem that the integral operator induced by
7 is well-defined and bounded in L?(R3;C*). Furthermore an application of Lemma
2.37 shows the interchangeability of the order of integration

// T(x —y d:cdy—// T(x —y (.:E)dyd:v

R3 R3 R3 R3

for all f,g € L*(R3C*).

Step 3: Let j € {1,2,3} be an arbitrary index, then we define a matrix-valued function

by
0 1 [ \2
b)) = 2 N BANS ! I
](‘I) 8(13]‘ (47T||x||eXp (Z 62 m=c HIH>> 4
A2 1 [ \2
N O EAN S _ A 2.2 .
<z 7 —mic Izl 1> s ”36 p( 7 —mic ||x||> zily

for all € R3\{0}. Due to Lemma[3.3and Theorem it follows that the assignment

T = [ e =)Wy

RB

for f € L?(R?;C*) and for z € R3 corresponds to a well-defined, linear and bounded
operator T; : L*(R%* C*) — L?(R%* C*). Furthermore, Lemma yields the inter-
changeability of the order of integration

// x — g(x)dzdy = // x — - g(z)dydz

R3 R3 R3 R3

for all f,g € L*(R3?;CY).
Next, we will investigate the relationship between ¢; and 7 from Step 2. For this
purpose we define the function

d(x) = ! exp | i )\—Q—m202||x||
T TPV e

for all z € R\ {0} and assume that some arbitrary test function ¥ € D(R?;C) is
given. In the following it will be necessary to transfer a partial derivative 0;d to the
test function ¥ when performing an integral calculation. It is therefore reasonable to
apply the divergence theorem, but since d is not continuously differentiable due to the
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singularity in x = 0, it cannot be applied directly. A solution to this difficulty can be
provided by a strategy as in [29, Thm. 1 - Page 23].

We choose an arbitrary r > 0 such that supp(¥) C B(0,r) is valid and also an
0 < e < min{1,r}. With these we define the set 2. = B(0,r)\ B(0, ¢) and observe that
both functions are arbitrarily often differentiable on €2.. A now possible application
of the divergence theorem yields

/ 0,d(x) W (x)dx

R?)

:—/d(:c)ﬁj\lf(x)da:Jr / d(2)0;¥(z)do(z) + / 0;d(x)¥(z)dz (3.8)

Qe 0B(0,¢) B(0,e)

due to the choice of r > 0. By direct calculation using spherical coordinates one easily
shows that the second integral on the right side can be estimated by 47k1 |0, V|| e (gs.c)€
due to the estimate of 7 from Step 2, while the third integral can be estimated by
Ak || V| oo (g3,c)€ due to the estimate of Lemma Thus the last two integrals on
the right side of converge to zero for ¢ — 0. Furthermore, according to the es-
timates of Step 2, we have that f9;V is integrable on R* and consequently from (i3.8)
and an application of the dominated convergence theorem

/@d(x)‘l’(x)dx = —ii_r}ré d(2)0;V(x)dr = — /d(:r;)aj\If(x)dx

follows. Applying this reasoning component-wise leads to the integration by parts
formula

/tj(x —y)¥(z)dx = — /T(SL’ —y)0; ¥ (x)dx

R3 R3

for all test functions ¥ € D(R?; C*) and for all y € R3.

Step 4: Let f € L*(R* C*) and ¥ € D(R3;C*) be given, then it follows from the
mapping properties of the resolvent of the Laplace operator that

applies and thus the weak derivatives of this expression exist. Applying the results
from Steps 2 and 3 regarding the interchangeability of the order of integration and the
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integration by parts formula, we obtain

(T3 f, \IJ)L2(]R3;(C4) - //tj(x —y)f(y) -Wdydx

R3 R3

/ e / — )W) dzdy
/ iy / — )0 (@) dady
// T(x — - 0,0 (z)dydz

R3 R3

<<<>>>

by direct calculation. Since this is valid for all test functions the explicit representation

5, A2 !
s (o= (F-me)) =
J

for the weak derivative follows for all f € L?(R3;C*).

L2(R3;C%)

Step 5: Let f € L*(R3;C*) be a given function and G be the matrix-valued function
defined above. With the result of Step 4 we obtain for the resolvent ({3.7)) the explicit
representation

(Ao = N7 (2) = (A0 +2) (—A - (i - m)) 11f ()

- (—ica -V +mc®B + \y) (—A — (—2 — chQ))_1 I f(x)
- 012 (mi a;Tj + (mc*B + Ay) (—A - (A—2 - m2c2) > B 14) f(z)

— (—zcz ajti(z —y) + (mc*B + M) 7(x - y)) fy)dy

RS

- / Gl — y)f(y)dy

RS

for almost all z € R? by direct calculation. O]
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Next, we will define a maximal operator and a restriction of it, which will be of
particular importance in the construction of a quasi boundary triple for the Dirac
operator. For this purpose it will be necessary to consider functions that do not
possess the Sobolev regularity H' on the whole of R3.

In this section we assume that a bounded C%-domain Q2 C R? according to Definition
with boundary 3 = 0 is given. Based on this, we define the two sets 0, = Q
and Q_ = R\ Q and thus obtain two C2-domains that satisfy R = Q, UX UQ_.

As discussed in Section [2.6] we use the decomposition

LR CYH = [3(Q,;CH @ L*(Q_; CY

resulting from the isometric isomorphism ¢ : L*(R3; C*) — L*(Q;C*) & L*(Q2_; C*).
Furthermore, we identify an operator T in L*(Q,; C*) & L?(2_; C*) with the operator
17T in L?(R3; C*), since all properties of T" are carried over to : 1T and vice versa. In
the following we will switch back and forth between these two representations without
explicitly mentioning this. In particular, we denote both operators by 7" and a similar
convention is used for elements in their domain of definition.

Similar to the definition of the free Dirac operator, we define another realization of
the formal differential expression (3.1)) and define this operator on the space of test
functions by the assignment

dom(Ap) = D(2,;C") @ D(Q_;C*) = D(R*\ ¥; C*)
Apf = (—ic(a- V) +mc*B) fy @ (—ic(a - V) +mcB)f-.

Due to the identification of operators mentioned above we finally obtain a linear op-
erator in L?(R3;C?%). This operator is densely defined, since D(€2,;C*) & D(Q_; C?)
is dense in L*(Q,;C*) @ L*(Q_;C*). Furthermore, by a zero extension we obtain
17! (dom(Ap)) C D(R?; C*) and therefore

dom(Ap) € D(R?* C*) C dom(Ay)

and Ap C Ay are valid respectively. Thus Ap is itself closable due to the closeness of
Ayp.

In view of Theorem [3.1] in which we obtained the free Dirac operator Ay by closing
Tp we will also in this case close the operator Ap. We have already shown that this
is possible and we will characterize this closure in more detail in the next lemma. It
will be shown that the domain of definition of the closure contains all functions of
H'(R3; C*), which vanish on the C?-surface ¥ in the sense of trace operators.

Lemma 3.5. The closure S = Ap is a linear, densely defined and symmetric operator
in L?(R3?;C*) and the following explicit representation applies

dom(S) = H}(2;C') @ HY(Q: CY) = H)(R®\ T:C")

Sf = (—ic(a- V) +mc®B)fr @ (—icla- V) +mcp)f_. (3.9)
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Proof. Since Ap is densely defined we immediately obtain that S is a densely defined
operator as well. Furthermore, it follows from the closeness of Ag and from the inclu-
sion Ap C Ay that also S C Ay applies to the closure. Finally, we conclude from this
inclusion, the self-adjointness of Ay and Theorem [2.10

SCAg=A:C S

which shows the symmetry of S.

Next, we show the claimed property of the domain of S and, as agreed, we omit
the isomorphisms ¢ and ¢! in the following to simplify the notation. Let f € dom(S)
be given, then it follows immediately from S C A, that f € H'(R3;C?) holds true.
Furthermore, the definition of .S as the closure of Ap implies the existence of a sequence
(fn)nen € D(R3; C*) with supp(f,) C Q4 UQ_ such that f, — f and Apf, — Sf in
L?(R3; C4) are valid. Due to the inclusions Ap C S C Ay this is equivalent to

||fn - f||L2(R3;(C4) + HAOfn - A(]fHLQ(RS;(CAL) - ||fn - fHAO — 0 forn — oo

with the graph norm of Ay. According to Theorem [3.1] this norm is equivalent to the
H'-norm and therefore we obtain f,, — fin H'(R3; C*). If we now consider restrictions
to 4 then it follows that f, + — fx in H'(Q; C*) is valid. The choice of the sequence
(fu)nen yields (frn+)nen € D(Q4;C*) and thus by definition fr € H}(Q4;C*). This
shows f € H}(Q,;CY) @ H}(Q_;C*) and consequently the first inclusion.

For the converse inclusion let f € H (2, ;CY) @ HL(Q2_; C?) be given, then it follows
from Theorem that f € H'(R?; C*) = dom(4y) is valid. Furthermore, by defini-
tion of Hy(Q4;C?), there exist sequences (fp+)nen € D(Qx; C*) such that f,+ — f+
in H'(Q4;C*) holds true. In particular, this implies f, — f in H*(R3;C?*). Due to
the continuous embedding H'(R?; C*) — L?(R3; C*), we therefore obtain f,, — f and
Apfn = Aofn — Aof in L2(R3;C*). This shows with the definition of the closure of
an operator f € dom(S) and Sf = Agf which completes the proof. O

Next, we will define a maximal operator and for this purpose we have to con-
struct specific subspaces of L?(2.;C?*). We define these as the sets of all functions of
L?(£24; C*) such that the distributional application of the formal differential expression
(3.1)) is a regular distribution in L?*(Q; C*)

Do={ e € 100 €Y | (mic(a V) +me®) fu € L0}

Since the distributional derivative is a linear operation, it immediately follows that
the sets D, are vector spaces. Furthermore, we define an inner product on DL by the
assignment

(fe,9+)p, = (f+, gi)Lg(Qi;@)—k((—iC(a V) 4+ mc?) fy, (—ic(a- V) + mc2)gi)L2(Qi;C4)
(3.10)
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for fi,g9+ € D4 and thus obtain pre-Hilbert spaces. This allows us to define the
maximal operator as
dOH’l(AmaX> = D+ D D_
AmaXf (_ZC( V) + mCZ/B)f-i- D (_ZC( V) +mc B)f—
From the definition of A, it follows immediately that Ay C A, holds true and thus
the maximal operator is an extension of the free Dirac operator. Next we will be able
to characterize the adjoint of the operator S of Lemma [3.5] as the maximal operator

Apax. This will be important for constructing a quasi boundary triple for the Dirac
operator in the next section.

Lemma 3.6. Let S be the linear operator defined as in (3.9)), then S C A,,.x and
S* = Anax are valid.

Proof. Step 1: By definition, the chain of inclusion
ADgSnggAmaX

applies and thus the first assertion. Furthermore, the adjoint operator S* exists since
S is a densely defined linear operator.

Let f € dom(S*) and g, € D(Q,;C?) be given, then we consider the zero extension
g =gy ®0 € dom(S) of g, to all of R3. For this extension, 9°g € D(R3;C*) and
supp(9©g) C €, are valid for all multi-indices @ € N3 and consequently g € dom(Ap).
This yields supp(Sg) = supp(Apg) C Q. and further

<(S*f)+ag+> = ((S*f)+ag+)L2(Q+;C4) = (S*fag)LQ(]R:i;(czl) - (f, Sg)Lz(R:s;sz)
= (f+,(59)+ )L2 (Q;CY — (f+7 (—ic(a- V) + m025)g+)Lz(Q+;C4)

= ((—ic(a- V) +mc*B) f1, g+ )

where in the last line the definition of the distributional derivative of a regular distri-
bution was used. Since this is valid for all g, € D(2,;C?)

(—ic(a- V) +mc®B) fr = (S f)+ € L* (245 CY) (3.11)

follows in the sense of distributions. This finally leads to f, € D, and an analogous
lines of reasoning gives f_- € D_. Altogether we obtain f € dom(An.x) and with
(3.11)) the equality S*f = Anaxf. This yields the first inclusion S* C Apax.

Step 2: In order to show the converse inclusion, let f € D, @ D_ be given. As a first
step we choose an arbitrary g € D(Qy;C*) & D(2_;C*) and obtain g, € D(Q,;C?)
for its restriction to §2,. Therefore

<f+7 (Sg) )L2 (Q4;C%) — f+7 (_ZC(& V) +mc 5)g+)L2(Q+;C4)
(—ic(a- V) +mc®p) f+79+>

. 2

(—ZC(O{ ’ V) +mc B)f—i—a g+)L2(Q+;C4)
(4

maxf )+ g+)L2(Q+;(C4)
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follows, where in the second line the definition of the derivative of a regular distribution
was used. Analogously one shows

(f- (Sg)*)L2(Q_;(C4) = ((Amaxf) -, g*)LQ(Q—;C“)

and an addition of these two relations finally leads to
<f7 Sg)Lz(R3;(C4) = (Amaxf7 g)Lz(Ra;@) (3.12)

for all g € D(Q,;C*) & D(Q_;C*).

Next, we are going to extend this result for test functions to all of dom(S). Let
g € dom(S) be given, then due to the density of D(Qy;C*) in Hi(Qx;C*) there
exist sequences (gn+)nen € D(Q4;C*) such that g, + — g+ in H'(Qy;CY) is valid.
In particular, this implies g, — ¢ in H'(R3;C*). Due to the continuous embedding
H'(R3;C*) — L?*(R3;C*), we therefore obtain g, — g and Sg, — Sg in L*(R3;C%).
Using , this leads to

(f:89) 2@ocny = M0 (f, S9n) L2 @aicn)

n—o0

= nh—>1£10 (Amaxfa gn)L2(R3;@4) = (Amaxfa g)L2(R3;(C4)
which proves f € dom(S*) and S*f = Anaxf. We therefore obtain the inclusion
Apnax € S* and with Step 1 finally S* = A,,.x which completes the proof. O

We close this section with an auxiliary result which shows the density of the arbit-
rarily often differentiable functions in D.. This is equivalent to them forming a core
of the maximal operator. The proof of this result can be found in [14], Lem. 3.2].

Lemma 3.7. Space C*°(Q4;C*) is dense in D with respect to the norm induced by

the inner product (3.10)).

3.2 A quasi boundary triple for the Dirac operator
and o-shell interactions

In this section we will construct a quasi boundary triple for the Dirac operator and,
as discussed in Chapter 1, we will encode the effect of the d-shell interactions in form
of jump conditions at the boundary ¥ of the bounded C?-domain Q C R3®. This
will enable us to define self-adjoint realizations A, . of the formal expression of
Chapter 1. We follow the approach described in [I4] and [40] and carry out proofs of
the results to provide a self-contained presentation.

In the following, as in Chapter[3.1} Q C R3 is always a bounded C?-domain according
to Definition with boundary ¥ = 9Q. We define Q, = Q and Q_ = R*\ Q
and thereby obtain two C%-domains which satisfy R? = Q, UX U Q_. Furthermore,
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we use the decomposition L*(R?;C?) = L*(Q,;C*) @ L*(Q_;C*) and an analogous
decomposition of operators as described in Sections and without explicitly
mentioning the isomorphism .

For the definition of a quasi boundary triple for S* of Section [3.1] it is necessary to
specify a closable operator T with S C T' C §* and two boundary maps 'y and T'y.
Due to Lemma [3.6], S* = Apax applies and consequently 7' C A, has to apply as
well. 'We therefore define the linear operator T = A, | HY(Q;CY & HY(Q_;C*)
in L?*(R3;C") as a restriction of the maximal operator. For this operator, the explicit
representation

dom(T) = H'(Q;CH @ H'(Q_;C*) = HY(R®\ X;CY)
Tf = Apaxf = (—ica -V +mc*B) fy @ (—ica -V +mc*B)f-
is valid and we therefore immediately obtain the chain of inclusions
SCA CTC Apax = 5"

To define the boundary maps we assume that an arbitrary f € dom(7T) is given
and obtain 74 fy € Hz(I';C*) C L%(%;C*) from the mapping properties of the trace
operators according to Theorem [2.30, Furthermore, with the outer unit normal vector
field v on ¥ and Theorem we find vy fe € H2(I;CY) C L2(2;CY) for all
j € {1,2,3}. Therefore, the boundary maps [y, Ty : dom(T") — L?(X; C*), defined by

Lof =icla-v)(r4 fr — 7 f-)
and 1
= §(T+f+ +7-f-)

for all f € dom(T') are well-defined and linear operators from dom(7) = H'(R3\%; C*)
to L2(X; C*) which satisfy the range condition

ran(Ty,T1)7 € Hz(I;CY) x Hz(T: CY).

The reason for this specific choice of the boundary maps will become apparent in the
discussion of d-interactions below. In the next result we will show that the triple
{L*(%;C*), Ty, "1} together with the operator T is a quasi boundary triple for S*.

Theorem 3.8. The triple {L*(3;C*), T, "1} is a quasi boundary triple for S* and
satisfies the range condition

ran(To, T)" = Hz(I;CY) x Hz(T: CY.

Furthermore, there holds
T [ker(Fo) = AO

with the free Dirac operator Ay from Theorem [3.1]
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Proof. Step 1: Due to the definition of T" as a restriction of the closed operator A, .x,
it follows immediately that 7T is closable and the inclusion

TgAmax:S*

applies to its closure._To show the converse inclusion let f € dom(Apyax) = Dy @ D_
be given. Since O (2;C*) @ C*(Q_;C*) is dense in Dy @ D_ according to Lemma
there exists a sequence (f,)neny € C®(Q2;CY) @& C>(Q_; C?) such that

1= Flla

holds true. As a consequence of the inclusion
C*(Q,;CHae C>_;CH C H'Y(Q,;CH o HY(Q_;C*) = dom(T)

and due to we find that (f,,)nen is a sequence in dom(7") for which f,, — f and
Tty = Amaxfn — Amaxf in L>(R3 C*) are valid. Therefore, we obtain f € dom(T)
and Tf = Apaxf by the definition of the closure of an operator. This shows the
inclusion

=|fo—fllp,ep =0 forn—o0 (3.13)

max

Amax CT
and with the above consideration, the equality S* = T follows.
Step 2: Let v = v, = —v_ be the outer unit normal vector field on . An application
of Theorem yields by direct calculation
((—ica -V +mc?B) fy, gi)m(Qi;C‘*) - (fi, (—ica -V + mCQB)gi)m(Qi;@)
= E(—ic(a - V)T fo, Tega) p2scn)

for all f, g € dom(T). By adding these two equations and using the hermiticity of the
Dirac matrices, the abstract Green’s identity

(F1f7 Fog)LQ(Z;C‘l) - (FOfy Flg)LQ(E;Czl)

= (%(T+f+ + 7 fo) ic(a - v)(Thgs — T—g—>>
L2(%;C4)

- (z’c(a )T fr =72, %(T+9+ + T—Q—))
L2(3;C4)

== (@'C(a V)T fe + 7)), %(T+9+ - 7—9—))
L2(%;C4)

- (et et =), g 4700
L2(Z5C4)

= (—ic(o - V)74 f, T+g+>L2(Z;(C4) = (—icla-v)T_f-, T—Q—)L2(2;<c4)

=(Tf, g)LQ(R3;(C4) - (f Tg)Lz(Rg;@)
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for all f, g € dom(T") follows.

Step 3: Next, we will show the range condition of the mapping
(To,T1)" : dom(T) — L*(%;C*) x L*(%; CY)

and assume that arbitrary functions ¢,¢ € H %(F; C*) are given. According to The-
orem we have i(ov - v)p € Hz(I';C*) and therefore due to the surjectivity of the
trace operators 71 there exist gy, h, € H'(,;C?) and h_ € H*(Q_;C*) such that

l

T+9+ = —E(Of V)
and 1
Tihy =9 — 5T+9+ (3.14)

hold true. We define h = hy & h_ € H'(Q;C*) & H'(Q_;C*) and by using (3.14)
and Theorem we obtain that even h € H'(R3;C*) is valid. Next, we define

f=g.@0+he H(Q;CHo H(Q ;CY = dom(T)

and by applying the relation (3.2]) of the Dirac matrices and due to the choice of g,
and h we find

Lof =icla-v)(m fy —7-f-) = ic(a - v)(Th94 + Tohy — T_h_)
=icla-V)Tigy = (a-v)’p =

and

1 1
= §(T+f+ +7-fo)= §(T+9+ +Tihe +7-h ) =9

which shows the claimed range condition. Furthermore, due to Theorem [2.32] the
1

space H2(T';C?%) is dense in L?(I";C*) and consequently the mapping (I'g, ;)" has

dense range.

Step 4: To complete the proof it remains to show that the restriction of T to ker(I'y)
is a self-adjoint operator in L?(R3; C*). For this purpose we assume that an arbitrary
f € dom(T) is given. From (a-v)? = I, and Theorem it immediately follows that
the equivalence
feker(ly) < I'of =icla-v)(rifr —7-f-)=0

= Tifr=71_f

<~ fec H'Y(R*CY
applies. This finally leads to

ker(I'g) = H'(R?*; C*) = dom(A,)
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and further to the equality
T [ker(Fo) = AO

in the sense of linear operators. As Ay is a self-adjoint operator in L?(R?; C*) according
to Theorem [3.1| we conclude with the previous steps that {L?(X; C*), Ty, T} is a quasi
boundary triple for S* in the sense of Definition [2.16] O

Next, it is our objective to determine the y-field and the Weyl function of the quasi
boundary triple {L?(X;C*), Iy, T} in Theorem [3.8] For this purpose, we introduce
two families of linear and bounded operators, which are integral operators resulting
from the Green’s function G, of the free Dirac operator. It will turn out that, after
being restricted to certain subspaces, they correspond to the values of the v-field and
the Weyl function of the above quasi boundary triple. This will be shown in Theorem

B.11

Theorem 3.9. Let A € p(Ay) be given and G be the integral kernel of the resolvent
of the free Dirac operator defined as in (3.5)), then the following statements are true.

i) The assignment

(Br])( /Gw— (y)do(y) (3.15)

for f € L?(2;C*) and x € R? corresponds to a well-defined, linear and bounded
operator @, : L?(X2; C*) — L*(R3; C*).

ii) The adjoint operator of ®, is given by

(@ f)(x / G ( — y) f(y)dy (3.16)

for all f € L*(R3;C?*) and for almost all x € ¥ and is a linear and bounded
operator ®% : L?(R? C*) — L*(X2; C*) as well.

iii) The assignment

e—0t
S\ B(z,e)

(€ f)(@) = lim / Gz — ) f(y)do(y) (3.17)

for f € L?(2;C*) and = € ¥ corresponds to a well-defined, linear and bounded
operator Cy : L?(3; C*) — L%(%; C*).
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Proof. Proof of i) and ii): Since all operators are integral operators, we are going to
apply the results from Section [2.6, For this we need estimates of the integral kernels.
To prove the first two assertions we use the matrix-valued functions

b = iy — el — 1) — o - meea] | o1
(x) = | in/ = —m2e||z]| — exp | iy/ = — m22||z|| | z;
J 02 47THIE||3 p C2 jt4
of Lemma [3.3 and
1 A2
T(x) = 47TH37Hexp (u/ e m%ﬂ]m”) Iy

of Theorem [3.4]for all z € R*\ {0}. By using these functions we obtain a decomposition
of the form

Gi(z) = 1 (— 'cZajtj(x) + (mc*B + )\14)7(95))

c2

with the Green’s function G of the free Dirac operator defined as in (3.5)). Further-
more, due to the estimates for ¢; and 7 from Lemma and Theorem Step 2

respectively, we obtain the inequality

7%, for [|z]| < 1

3.18
el for 2] > 1 (3.18)

IGA(@)]] < Fvl{

for all z € R3\ {0} and sufficiently large ¢ > 0 with constants k1, k3 > 0. An application
of Theorem yields with (3.18]) the assertion for ®, and that the assignment

(Tf)(x) = / Gl — y)f(y)dy

Rlﬂ

for f € L?(R3;C*) and x € X corresponds to a well-defined, linear and bounded oper-
ator T : L?(R3 C*) — L?(3;C*). Furthermore, it can be shown by direct calculation
that for all A € p(Ap) and for all x € R?\ {0} the equality

— Gx(@) = G(2)"
applies. Since @, is a everywhere defined and bounded operator it follows from The-

orem that ®} € L(L*(R?% C*), L*(2;C*)) holds true. Let f € L*(R3 C*) and
g € L*(3;C*) be given then, by Lemma [2.37], it follows from Fubini’s theorem and the
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hermiticity of the Dirac matrices that

(9, q’if)Lz(z;czl) = (ay, f)Lz(]Rs;czx) = //GA(ZE —y)g(y) - f(z)do(y)dz

/ / ) - Gi(x —R )%dxda(y)

X R3

~ [ [ o) Gly= o) @dedot) = (0.7 e

¥ R3

is valid. Since this is true for all f € L*(R3;C?) and g € L*(3;C*) we finally obtain
T = ®3% in the sense of operators which proves the assertion ii).

Proof of iii): To investigate C, we define the matrix-valued functions

A A2 1 1 A2
Y A A 22 . 2R ’
wy () <02 4+mpB+ 2 me cHa:Ha x) 47T|‘x”exp (z 7 —mic HxH)
() i \/ i m2c||z|| | =1
we(r) = ———=a-x|exp | iy = — -1,
S ERTE P\'Ve

() = —
wal\xr) = —5a - T
’ dre||z|®

for all z € R*\ {0} and thus obtain by direct calculation the decomposition
Ga(x) = wy(x) + wa(x) + ws(z).

Since all matrix norms are equivalent, we use the Frobenius norm for convenience and
obtain for w; the estimate

1 Al 1 <
20 42 A 202 E ey .
||w1( )HF = 4 || || ( +2m+ 2 m=c CHZL’H p ||aj|’F |‘r]’>

< 1 H—{—Qm+ A—2—771202-23:||a‘||
< Tl 2 2 Nl

for all z € R?*\ {0}. Therefore, according to the Theorem the assignment

Tit) = [wile =)oty

P
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for f € L*(3;C*) and z € X corresponds to a well-defined, linear and bounded
operator in L?*(3;C*). Since the integral kernel w; is integrable over ¥ due to the
above estimation and [10, Lem. A.2|, we obtain

//WMH (3) [do(y)do(z) < oo

as in Lemma by choosing g = 1. This yields
/WM» W)lldo(y) < o0

for almost all x € ¥. By applying the dominated convergence theorem we therefore
find

T =tm [ wle =)o

e—0t
S\B(z¢)

for all f € L?(3;C*) and for almost all z € X.
In order to analyze w, we use the fundamental theorem of calculus and find

1
A2 d y A2
ewom;ww%@—lz/@ (vﬁ—Wﬂw>
0
=w——www/m(\wmmwwo
A2
- kam<V——Wﬂw)

]l

2 &
exp | i\/ — — m2c?||z|| | -1
c s
22

> llagllplail
3
> Nl
j=1

for all z € R?\ {0}. With an analogous line of reasoning as for w; we are able to
conclude that the assignment

(Tof)(z) = lim /1Mwwﬁ@®@

A
|

3l\D

Ql\')

A
|
|
Sl\’)
ﬁl\')

and furthermore

lwa (@)l =

1
47rc||$||3

— m2c2

= Admwcl||z]] ‘

e—0t+
S\ B(z,e)
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for all f € L?(X;C*) and almost all x € ¥ corresponds to a well-defined, linear and
bounded operator in L*(X; C*) as well.
Finally, by a component-wise application of Theorem [2.38 we obtain that also

e—07t
S\B(z,e)

(T3f)(z) = lim / ws(z — ) f(y)do(y)

for f € L*(3;C%) and z € X corresponds to a well-defined, linear and bounded
operator in L?(X;C*). Consequently, by using the results concerning 7} and Th, we
obtain that

Cr=T+Tr +T;

is a well-defined, linear and bounded operator in L?(¥; C*), which proves the assertion
iii). 0

The next result is a collection of useful properties of the operators ®, and Cy. The
proof of item i) can be found in [7, Lem. 2.2] for A = 0 and also the general case
A € p(Ap) can be shown in a similar manner. Items ii) and iii) follow from the results
[40, Prop. 3.2.4] and [40, Prop. 4.1.4] and the compact embeddings

H2 (% CY s LA(5; CH— H 2 (3;CH)
according to Theorem [2.29

Theorem 3.10. Let A € p(Ap) be given and ®, and C, be the linear and bounded
operators defined as in (3.15]) and (3.17)), then the following statements are true.

i) The non-tangential limits

(Cef)(@) = _lim (rf)(y)

Qi dy—a

exist for all f € L?(3;C*) and for almost all z € X. Furthermore, the relationship

Cf =CF F o(a0)f

with the outer unit normal vector field v on X applies.

ii) The operator
CrB + BCy+ L*(5;CY) — L*(%;CY)

is compact and the range condition
ran(Cy 3 + 8Cy) C H?(Z;CY)

applies.
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iii) The operator
1
(Cr)? — 1=l L*(3;CY) — L*(%;CY

is compact and the range condition
ran <(cA)2 - —1) C Hz(3;CY).

applies.

Based on the results of Theorem [3.9 and Theorem B.10 we are now able to show an
explicit representation of the values of the v-field and the Weyl function of the quasi
boundary triple in Theorem [3.§

Theorem 3.11. Let A € p(Ay) be given and & and C,, be the linear and bounded oper-
ators defined as in (3.15)) and (3.17)), then for the quasi boundary triple { L?(3; C*), Ty, Ty }
in Theorem [3.§] the following statements are true.

i) The values of the y-field are densely defined and bounded operators from L?(3; C*)
to L2(R3; C*) with dom(y(\)) = Hz(2; C*). Furthermore, v(\) = @, | H2(3; CY)
is valid and therefore () is a closable operator with v(\) = ®,. In particular,
the explicit representation

(YN F) () = / Gl — ) f(y)do(y)

by

for all f € H2(¥;C*) and for almost all z € R?® applies.

i) v(\) as an operator from Hz(3;C*) to HY(R3\ ; C*) is everywhere defined and
bounded.

iii) The values of the Weyl function are densely defined and bounded operators in
L2(%;C*) with dom(M (X)) = Hz(¥;C*). Furthermore, M(\) = Cy | H2(%; C*)
is valid and therefore M ()) is a closable operator with M (\) = C,. In particular,
the explicit representation

e—0t
E\B(w.e)

MOIN@) = lim [ Galo = I )doly)

for all f € L*(%;C*) and for almost all z € ¥ applies.
iv) M()\) as an operator in Hz(3; C*) is everywhere defined and bounded.
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Proof. Step 1: Theorem and Theorem [3.§ immediately imply
dom(y(X)) = ran(Ty) = H(%; €
and
ran(y(\)) = ker(T — \) € dom(T) = H'(Q,;CH @ H(Q_;C*) = HY(R?*\ ¥;C*)

which show the mapping properties of (A) of i) and ii) and its dense definition.
Furthermore, according to Theorem the representation

— -1

yA)T =Ty (AO - )

follows and y(\)* € L£(L*(R3;C*), L?(%;C*)) applies.

To derive an explicit representation for () we use a strategy as in [6l Lem. 2.10]
and assume that arbitrary functions f € L*(R3;C*) and g € L?*(X; C*) are given. For
any £ > 0 we define the bounded sets

1
Q. = {a: € R’ ’ lz| < . and dist(x,¥) > 8}

with the distance function dist(-, 2) of a point in R3 to the boundary ¥. Based on the
estimate (3.18)) of Theorem we obtain

1 —R2€E
[G5te = )l < mamax { 5 e} (3.19)
for all x € ¥ and all y € €).. As a result of the boundedness of €2,
fe=xa.f € L'R® C°) N L*(R% CY) (3.20)

follows and we obtain f. — f in L*(R3; C*) for ¢ — 0 due to the dominated convergence
theorem.

By using (3.19) and and the dominated convergence theorem we obtain
with the resolvent representation of Theorem that the non-tangential limits of
(Ao — )\)_1 f- exist almost everywhere on X and are given by

(L (Ao — N £.)(x) = / Gl — 9)f(y)dy (3.21)
Qe

for almost all z € . Since (4g—\)"' f. € H'(R? C*) applies, we deduce from
Lemma that the non-tangential limits (3.21)) coincide with the values of the trace
operators 74 of the functions ((AO — )\)_1 fa) Q4 and therefore

G L)) = (0 (-0 £) @) = [ Gla-nfedy G2
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is valid for almost all z € . Using Fubini’s theorem as in Lemma and (3.22)) the
equality

(@20 o = [ [ Gl =)o) - Thdota)dy

_ / / 9(x) - Cx(x — ) (9)dydo(a)

Y Qe
= (97 7()\>*f€)L2(E;(C4)

follows. Consequently, from the boundedness of «(\)* we deduce

(g, @;f)LQ(E;(C4) - <(I))\g> f)LQ(RS;(C4) = ll_]f}% (q)/\ga fE)LQ(R3§C4)
= 1m (g, Y(A\) " fo) p2mien) = (97N iz

and since this is true for all f € L*(R3;C*) and all g € L*(32; C?) we find the equality
O35 = v(\)* in the sense of linear operators. With Theorem and the boundedness
of ®, we finally obtain

Y(A) SY(N) =y(A)" = OF = @,

which shows the claimed representation from i), the boundedness of vy(A) and the
statement about its closure.

Step 2: We will show that ~v(\) is closed as an operator from Hz(3;C*) to
H'(R3\ 3;C*). Then the boundedness follows from the closed graph theorem. For
this purpose let (f,)nen C H2(Z; C) be a sequence such that f, — f € H2(Z;C) in
H2(3;C*) and y(A) f, — g € HY(R3\ 3;C*) in H'(R?\ ¥;C*). Since the embedding
H?2(3;C) s L2(2; CY) is compact according to Theorem there exists a constant
K > 0 so that

1= Fliagsen < Klfa = Fllyh s = 0

holds true and thus the convergence f, — f in L?(X;C*) follows. Due to the
boundedness of y()\) as an operator from L?*(¥;C?) to L*(R3;C?), it follows that
YA fu = y(A)f in L2(R3 C*) is valid. On the other hand, from the continuous
embedding H'(Q4; C') — L*(Qx; C*) we obtain

Yo = 9ll2@acry = NV fa)+ = 9+ ll720, 00y + 1) f)= = 9-N72(0_ ety
< NN )+ = 94l @p e + 1N )= = 9=l acn
= ny()\)fn - gHiIl(R3\Z;(C4) — O
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and thus v()\) f = ¢ in the sense of L?(R3; C*). This shows that the value of the y-field
v(\) is closed as an operator from H2(X; C4) to H'(R3\ ¥; C*) and with Theorem
the claimed boundedness follows.

Step 3: From Theorem [2.1§ and Theorem [3.§) it immediately follows that
dom(M (X)) = ran(Ty) = Hz(3;CY)

and
ran(M(X)) C ran(T';) = Hz(S; CY)

are valid. This shows the mapping properties of M () from iii) and iv) and its dense
definition.
Let f € Hz(3;CY) be given, then it follows from ii) that

oA f =7(\)f € H'(R*\ 5;CY)

holds true. By using Lemma [2.33| we therefore obtain that the non-tangential limits
CL f, which exist according to Theorem [3.10] coincide with the image of the trace op-
erators 74 (y(A)f)+. Consequently, it follows from the definition of the Weyl function,
item i) and Theorem that

1

M) f =TryAf =5 (O +7-(V(A)f)-) = Cof

is valid, which shows the relationship M(X) = C | Hz(3; C*). This yields the claimed
representation from iii) and the boundedness of M (\) on its domain of definition.

As Hz(3:C*) is dense in L2(2;C*) and M () is bounded, we obtain

dom(M (X)) = dom (M (X)) = L*(Z; C*)
for the closure of M()\) and therefore immediately M(\) = Cy follows.

To show the boundedness of M()) as an operator in H2(3;C*) we first observe
that () as an operator from Hz(3; C) to H*(R?\ ¥; C*) according to item ii) and
the trace operators 74 from H'(Q.: C*) to Hz(%; C*) according to Theorem are
bounded operators. Thus, the representation M(A) = I'yy(\) immediately leads to
the claimed boundedness of M()) as an operator in Hz2 (3; C). O

Next, we draw our attention to Dirac operators with electrostatic and Lorentz
scalar d-shell interactions. We intend to define these as self-adjoint operators A, -
in L?(R3; C*), which result from the formal differential expression

"47777' = Ao + (T]I4 + Tﬁ) <5E, >(52
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with constant interaction strengths n,7 € R. As mentioned in Chapter 1, we will
construct these operators by using the quasi boundary triple of Theorem as re-
strictions of the operator T" and by imposing suitable jump conditions on the surface
Y. To find these jump conditions we proceed as in [12].

Since C®(Q,;C*) @ C=(2_;C*) is dense in dom(T) = H'(Q,;C*) @ H'(Q_;C*)
we assume in the first step that an arbitrary function f € C*(Q,;C*) @& C=(Q_; C*)
is given. In this case it is possible to consider point evaluations of the functions f. We
define the effect of the d-distribution on the function f in a symmetrical way as

(f+ 18+ f-1%)

1
(52f:§

on X and thereby the assignment

G505 0) = [ 5 (e 1) o
»

for ¢ € D(R?* C*) becomes a distribution. By this definition, A, . f can be regarded
as a distribution and we find its effect on any test function ¢ € D(R?;C?) as

2
b

(Ap-f @) = /f - (—ica - V +me2f)edx + / E (mly+70) (fy + f-) - @do. (3.23)
R3

On the other hand, it is expected that the effect of the d-potentials for x ¢ ¥ will
not appear, as they are supported on . Thus, using the divergence theorem and the
fact that ¥ is a zero set leads to

(A fr0) = / (—ica-V +m@B)f - pda

QU0
— [ TV mEnade - [l n) (£~ 1) Blo (3
QLUQ_ b
= /f - (—ica - V +me2fB)edr — /ic(a V) (fy — f2)-wdo
R3 z

for all p € D(R?;C*) with the outer unit normal vector field v = v, = —v_ on X.
A comparison of (3.23)) and (3.24) and the density of the arbitrarily often differen-
tiable functions suggests that the ansatz for the jump conditions

~icla-v) (rufe —7-f2) = 5 (0l +76) (ry fy +7-f) (3.25)

for all functions f € dom(A4, ;) C dom(7T) = H'(R?\ 3;C*) on ¥ seems plausible.
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It should be pointed out that although the derivation of the jump conditions was
not done in a mathematically rigorous way, Theorem [4.4] with the non-relativistic
limit will show that the operators A, ; can be regarded as a relativistic counterpart
of Schrédinger operators with d-potentials. Therefore it can be expected that these
jump conditions correctly model d-potentials of Dirac operators.

To formulate the above jump conditions in a more compact form, we define the
multiplication operator

dom(B) = L*(%; C*)
Bf=nly+78)f

in L?(X; C*). Tt can be shown by a component-wise consideration, as in [81, Satz 6.1],
that B is a well-defined, linear, bounded and self-adjoint operator in L?*(3;C*). Using
the boundary maps I'g and I'y of the quasi boundary triple in Theorem [3.8] the above
jump conditions are equivalent to

(3.26)

F0f+BF1f:0

and we therefore define
A"]ﬂ' =T [ker (PO -+ BFl)

as our model operator for a Dirac operator with electrostatic and Lorentz scalar d-shell
interactions. It follows immediately from the considerations of Section [2.2] that A, ,
is a symmetric extension of the operator S since B is self-adjoint.

At this point, it is noteworthy to remark that already the definition of the operator
A, ; leads to an interesting observation. In the case of n* — 72 = —4¢?, it can be
shown as in [I12, Lem. 3.1] that the operator A, . decouples into two independent
Dirac operators defined on €2;. For the parameter combination n = 0 and 7 = 2¢
the operator defined on €2, corresponds to the MIT bag model operator of the quark
confinement. Roughly speaking, this has the effect that a particle being inside 2,
remains in €2, for all times and the d-potential makes the surface > impenetrable for
it. Since we will not consider these operators separately in this thesis, we refer to [50]
and [40, Chapter 5.1] for a more detailed presentation.

Before we are able to further investigate the operators A, ;, two more auxiliary
results are required. The proof of the first result is based on the one of [12, Lem. 3.3],
whereas we explicitly use the mapping properties of the values of the Weyl function

from Theorem [B.11]

Lemma 3.12. Let A € p(Ag) and 1,7 € R with n? — 72 # 4¢? be given, then for a
function f € L*(X2;C*) with

(I + (nI, + 78) C)) f € H2(X;CH

it follows that f € Hz(3; C*) holds true.
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Proof. Let f € L*(3;C*) with the mentioned property be given, then it follows from
Theorem and the mapping properties of M (\) that

U = (I4 — (7]]4 — Tﬂ) CA) (I4 -+ (T]I4 + Tﬂ) C)\) f
= (Is — (nIy — TBM(N))) (I + (nly + 78) C)) f € H2(5;C)

holds true. On the other hand, we obtain

2
n—r

v=(1-
( 4c?

2

) fHT(CB+BCN) f— (17 —1°) ((CA)2 - LI) f

4c2

by explicit calculation of the expression for W. A rearrangement of this equation with
-

Ve H: (2; C*) and the mapping properties of Theorem leads to

f= S - U—7(CrB+6C) [+ (P =7°) ((C )2—i1 f)eH(z;Ch
42 —n? + 72 * g ’ 4c? 7

which completes the proof. ]

At this point it is important to remark that the difficulty in dealing with the critical
case 1)? — 72 = 4c? results from the requirement 1> — 72 # 4c? in Lemma [3.12] and we
will therefore restrict ourselves in the following exclusively to the case of non-critical
interaction strengths 1,7 € R with n? — 72 # 4¢2. At the end of this section we will
briefly comment on the critical case.

The next result is of particular importance for the proof of the self-adjointness and
an explicit representation of the resolvent of the operator A, .. For the proof of Lemma
we follow a line of reasoning as it can be found in [14, Prop. 5.2] and [40], Prop.
4.1.7].

Lemma 3.13. Let A € p(Ay) with X\ ¢ 0,(A4, +,) and interaction strengths n,7 € R
which satisfy n? — 72 # 4c¢? be given. Then the bounded operator I + BC) is bijective
as a mapping in L?(3;C*) and the inverse operator is bounded as well. Furthermore,
the bounded operator I + BM(\) as a mapping in H %(E; C*) is also continuously
invertable.

Proof. Step 1: Suppose there exists an f € L*(3;C?) \ {0} such that
(I+BCy)f=0

applics. Since 0 € Hz(X;C*) holds true, Lemma implies that f € Hz(%;C*)
holds as well and thus we obtain

(I+BM\)f=0
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by Theorem [3.11] This shows 0 € ¢,(/4+BM (X)). In this case it follows from Theorem
that A € 0,(4,, ) is valid, which is a contradiction to the choice of A. This shows
the injectivity of the operator I + BCy : L?(3; C*) — L*(3; CY).

Step 2: Next, we show the surjectivity of the operator I+BC) : L?(%; C') — L*(X2; C?).
For this purpose we consider the operator

I —(BCy)* = (I + BC)) (I — BCy)
in L?(3; C*) and immediately obtain the range condition

ran (1 — (BCA)2) Cran (I + BC)) (3.27)

from its definition. As the first step, we show the injectivity of the operator I — (BCA)2
and therefore assume that there exists an f € L*(3;C*) \ {0} such that

0= (I—(BC)") f=(I+BC)(I—BC)f

is valid. In this case (I — BC,) f € ker (I + BC,) holds true and since I + BC, is
injective according to Step 1 we obtain

(I — BCy) f = 0.

With a line of reasoning as in Step 1, applied to — B, it then follows that A € o,(A_, _;)
is valid which is a contradiction to the choice of A\. Thus, I — (BCy)® is an injective
operator.

An explicit computation now shows

2 _ 2

4c2?

I—(BCA)2—(1—77 >1+/CA

with the linear and bounded operator

Ky=-1 (CAB + BC)\) BCy — (772 — 7'2) <(C)\)2 — %I)

in L?(X%;C*). Since C, is a bounded operator according to Theorem and B is
bounded as well, it follows from Theorem |3.10|and the properties of compact operators
that Ky is a compact operator in L?(X;C*). Fredholm’s alternative, Theorem ,
therefore yields that I — (BCy)” is a surjective operator in L2(2; CY) for n? — 72 # 4¢2.
By using the range condition the surjectivity of the operator I + BC, follows
and with Step 1 finally its bijectivity. The boundedness of the inverse operator then
follows from Theorem 2.6 or the open mapping theorem.
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Step 3: To complete this proof, we show the bijectivity of I + BM(\) as an operator
in H2(3;C*) and its continuous invertibility. Since I + BCy is injective according to
Step 1, this is also carried over to I +BM(X) due to M(\) = Cy | Hz(3: C). To show
its surjectivity we assume that a ¢ € H %(2; C*) is given. Due to the surjectivity of
I + BC,, according to Step 2 there exists an f € L*(X; C*) such that

(I+BC\)f=yg

holds true. Furthermore, it follows from Lemma and g € H2(%;C%) that
f e H2(3;CY) is valid and therefore we obtain

(I+BM\) f=g

which shows the surjectivity of I + BM(A). The boundedness of the inverse operator
follows from the boundedness of I + BM()) as operator in Hz(3;C*) according to
Theorem [3.11] and from Theorem [2.6] or the open mapping theorem. O

As in the case of Lemma [3.12] the validity of Lemma [3.13] follows only in the case
of non-critical interaction strengths 7,7 € R. If n* — 72 = 4¢* would be true, then
Fredholm’s alternative could not be applied in Step 2 in the proof of Lemma |3.13

Now we will discuss to the main result of this section and show the self-adjointness
of the operators A, ; in case of non-critical interaction strengths.

Theorem 3.14. Let non-critical interaction strengths 7,7 € R with n? — 72 # 4¢? be
given, then the symmetric operator

dom(A,,) = {f e HY(Q,:CY @ H(Q_;CY) ‘

e v (7 fi ~ 7 [) b 5 (0l +78) (ryfy + 7 ) = 0}

Ay f = (—z’coz -V + chB) fr & (—ica -V + mc26) f-
(3.28)

is self-adjoint in L?(R3 C*). Furthermore \ € p(A, ) applies to all A € p(A4y) with
A ¢ 0,(Asy 1,) and in this case the explicit resolvent representation

(Apr =N f= (A= N F =7 () I+ BM\) ™ By(V)' f (3.29)
for all f € L*(R3;C*) is valid.

Proof. Let A € p(Ay) with A ¢ 0,(AL, 1+,) be given. It follows immediately from
Theorem that the representation is valid for all f € ran(4,, — A) and
therefore it is sufficient to show the surjectivity of the operator A, - —A. From Theorem
the range condition

ran(v(\)*) C ran(I'y) = H2 (%; C)



3.2 A quasi boundary triple for the Dirac operator and §-shell interactions 81

follows and thus, due to the definition of B as a multiplication operator with con-
stants, also By(\)*f € H%(E;C‘l) for all f € L*(R3;C*). By using the bijectivity of
I + BM()) according to Lemma we obtain

ran(By(A\)*) C ran(I + BM()))
which in combination with Theorem [2.19| shows the range condition
ran(A,, — \) = L*(R*; C*). (3.30)

Consequently, A, ; — \ is a surjective operator from dom(A4,, ) to L*(R?; C*). Further-
more, the choice A ¢ 0,(A,, ;) shows the injectivity of A, . — A and thus all together its
bijectivity. This shows A € p(4, ;) and from T heoremthe resolvent representation
follows for all f € L*(R3;C*).

To show the self-adjointness of the operator A, ; we choose an arbitrary A € C\ R.
With Theorem , the self-adjointness of Ay and the symmetry of A4, 1, we obtain
that A € p(Ap) and A ¢ 0,(AL, 1,) are valid. Therefore the range condition (3.30))
is also valid in this case and an application of Theorem then yields the claimed
self-adjointness of A, .. O

Next, for the sake of completeness, we characterize the spectrum of the operators
A, ; without providing any proofs. Item i) of the following result can be shown as in
[40, Thm. 3.2.3] by using [62, Thm. XIII.14], while the proof of item iii) can be found
in [12, Thm. 4.1 , Cor. 4.3]. For the proof of item ii) we refer to [12, Thm. 4.1] and
[40, Thm. 3.2.3] with a slight modification of the argumentation as its carried out for
instance in [I5, Prop. 3.9].

Theorem 3.15. Let non-critical interactions strengths 1,7 € R with n? — 72 # 4c?
be given, then the following statements are true.

1) Oess(Ayr) = (—00, =me?] U [mc?, 00).
i) ogise(A4y-) C (—mc?,me?) is a finite set.

iii) There exists a constant K > 0 independent of 1 and 7 such that ogisc(A,,) = 0
is valid if |n & 7| < K applies. If the interaction strengths additionally satisfy
2
n? — 72 # 0, then ogisc(Ay,-) = 0 is valid as well if | £ 7| > 2= applies.

To conclude this section, we will briefly discuss the case of critical interaction
strengths 1,7 € R with 72 — 72 = 4¢? although they do not appear explicitly in
this thesis. The reason for non-occurring critical interaction strengths is that the con-
dition n* — 72 = 4¢? is valid only in a single point ¢ > 0 and therefore does not influence
the non-relativistic limit ¢ — oo which is of interest to us.

The case of critical interaction strengths is investigated for instance in [14] and [40),
Chapter 4.3] and it turns out that the properties of Dirac operators with critical inter-
action strengths differ significantly from those with non-critical interaction strengths.
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In particular, it can be shown that in the case of critical interaction strengths, the sym-
metric operator A, , is not self-adjoint but only essentially self-adjoint in L*(R3; C*).
In order to deduce properties of its self-adjoint closure m the decisive step is to
consider the jump condition for functions in its domain of definition not in the sense
of L2(¥;C*) but in the larger space H~2(¥;C*). This can be accomplished by trans-
forming the quasi boundary triple of Theorem into an ordinary boundary triple.
By using this ordinary boundary triple it can be shown that the domain of definition of
the self-adjoint operator A, - is not contained in H*(R*\ ¥; C*) and depending on the
geometry of the boundary ¥ = 0 it is possible that spectral values of the essential
spectrum are located in the gap (—mc?, mc?). For a more detailed presentation of
these results we refer to the literature mentioned above.

Finally, it is noteworthy to remark that in case of two-dimensional Dirac operators
with singular electrostatic and Lorentz scalar interactions supported on closed loops,
a complete treatment is presented in [15]. In particular, a reduction of the regularity
of the functions in the domain of the self-adjoint realizations is observed, as well as an
additional point in the essential spectrum, which can be specified explicitly and can
take any value within the spectral gap depending on the interaction strengths.




4 The non-relativistic limit

In this chapter we investigate the non-relativistic limit of the operators A, . with
constant interaction strengths 7,7 € R. The case n 4+ 7 # 0 is considered in Section
and it is shown that the limit operator of the resolvent of A, . —mc? is the resolvent
of a Schrodinger operator with a d-interaction of strength 7 + 7. Finally in the main
part of this thesis, in Section 4.2} we investigate the case of interaction strengths which
satisfy n +7 = 0. It is shown that also in this case a Schrédinger operator is obtained
as the limit operator. However, it turns out that this Schrodinger operator differs
significantly in the characterization of the domain of definition from the one in the
case of n + 7 # 0. In particular, on the interface ¥ there are no jump conditions
describing d-interactions but oblique jump conditions.

4.1 The non-relativistic limit for n + 7 #£ 0

In this section we will investigate the behavior of the resolvents of the operators A, ;
for ¢ — oo in the case of interaction strengths which satisfy n+ 7 # 0. This will prove
to be less complicated than the case n + 7 = 0, which we will investigate in the next
section, since we will be able to apply results concerning Schrédinger operators from
[18]. The cases n = 0 or 7 = 0 have already been investigated in [10] (12, [40] and the
same line of reasoning can also be applied in the general case.

For interaction strengths 7,7 € R with n + 7 # 0 we will be able to relate the
resolvent of A, ; —mc? to the one of a Schrodinger operator. In particular, it will be
shown that there is a convergence to the resolvent of a Schrédinger operator with a
d-interaction of strength n + 7 supported on ¥ times a projection onto the first two
components of the Dirac spinors. Furthermore, a convergence rate of O (¢™') is found.

For this purpose, we first have to introduce a few concepts. In this section we will
assume that  C R3 is a bounded C?-domain with boundary ¥ = 9 and we set
Q. =Qand Q_ =R?\ Q to obtain two C*-domains which satisfy R = Q, UL UQ_.
Furthermore, we choose the outer unit normal vector field v = v, = —v_ on X and
therewith define the normal derivative of a function f € H*(Q4;C) in analogy to the
classical normal derivative of a differentiable function as

Opp fr =vge -7(VfL) =2v-7(Vfy)

with 7 being the trace operators on €24 from Theorem [2.30]

83
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Next, we are going to discuss Schrodinger operators with d-interactions, as we con-
sidered them for Dirac operators in the previous chapter. For a scalar quantity a € R,
these interactions are modeled by the formal expression

1
T =—5-A+a(ds, ) (4.1)

and also in the case of Schrodinger operators we can give rigorous meaning to this
formal expression by imposing suitable jump conditions on . We therefore define the
linear operator

dom(Ty,) = {f e H*(Q:C) @ HX(Q_;C) ‘ 7ofy = 7_f_ and

%(T+f+ +7fo)= i(a’/ﬂf N a”ff)}

T.f = (—ﬁm) & (—%Af)

and interpret it as a realization of the formal expression . As in the previous
chapter, this operator can be regarded as an operator in L?(R3;C) by using the de-
composition L*(R?; C) = L?(2,;C) & L*(2_; C) from Section

Next, we define the operator J(\) = SL(\) | L*(2;C) for A € C\ [0,00) with
the single layer potential of the free Schrédinger operator and, based on the
considerations of Section [2.6] we obtain the explicit representation

/ Ka(z — ) f(y)do(y) (4.3)

(4.2)

for all f € L?(3; C) and almost all z € R3. The integral kernel of () corresponds to

the function o
Ko@) = e (ivV2mal])

for all z € R3\ {0}. Due to the compact embedding H~2(I'; C) < L(I'; C) according
to Theorem and the continuous embedding H'(R?;C) — L*(R3;C) it follows
immediately that §()\) is a linear and bounded operator from L?(3; C) to L*(R?; C).

Analogous to 7(\), we define the operator M(A) = S(\) | L*(X; C) with the single
layer boundary integral operator and are led to the explicit representation

( / Ka(z — y)f(y)do(y) (4.4)

for all f € L?(X;C) and allmost all x € ¥. Furthermore, with the same line of

reasoning as for (), we find that M()) is a linear and bounded operator in L2(3; C).
Applying the results [I8, Thm. 3.5 , Thm. 3.6, which remain valid for the case of
a C?-domain, the following theorem can be shown.
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Theorem 4.1. Let a € R be a real number, then the following statements are true.
i) The operator T, is self-adjoint in L?(R?; C).
ii) For all A € p(T,) N p(Tp) the explicit resolvent representation
(T =)™ = (T = )™ =TT +aM ) a7 ()
in L2(R3; C) with (I +aM(X\)~! € L(LX(X;C)) is valid.

Before we discuss the non-relativistic limit of the operators A, . we need to prove
two more auxiliary results. We begin with an uniform boundedness result of a function
which will appear in Theorem [£.3] and several times in the further course of this thesis.

Lemma 4.2. Let A € C\ R be given, then for sufficiently large ¢ > 0 the estimates

Hiem

[ A2 1
— — < ——
Im{ tc2 +2m)\} < 2Im{ 2m)\}

are valid for all ¢ € [0, 1].

t— + 2mA

0< = )\/_‘

and

Proof. Step 1: For a given A € C \ R we define the functions

)\2

for t € [0,1] and find that these functions converge uniformly on [0, 1] to the constant
function f(t) = 2mA for ¢ — oo. Furthermore, for sufficiently large ¢ > 0 the values
of f. and f are located in the same complex half-plane and with the continuity of
the complex root on the latter we obtain the uniform convergence of the sequence of

functions
)\2
= 1/ fc(t> = tg —+ Zm)\

on [0, 1] to the constant function g(t) = v2mA with Im{g} > 0 as well. By using the
reversed triangle inequality we are therefore led to the inequalities

1
= [VEmA] = Llallieoaner < 19lmgome — 19— gelumonycy
< 9] o) — ) < 0

and
|9:(t)] < Ig( )|+ 1g(t) — ( ) < Mgl o,1.0) + 19 = 9ell Lo o,1,0)

—_HgHLOO ([0,1],€) ’V ‘
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for all ¢ € [0, 1] and sufficiently large ¢ > 0. Combining these two estimates we finally

obtain
\/ t— + 2mA

for all ¢ € [0, 1] which proves the first inequality.

o< 5 |Vam| < < 3ven

Step 2: As in Step 1 it follows from the continuity of the imaginary part that the
sequence of functions h, = Im{g.} defined on [0, 1] converges uniformly to the constant

function h = Im{g} = Im {\/ Qm)\} > 0 and therefore the inequality

1 1
§Im{ 2m)\} = §||h||Loo([o,1],<C) < N2l poe o0y = 12 = hell pos(o.11.0)
< h(t) = |h(t) = he(®)] < [he(t)] = he(t).

is valid for all ¢ € [0, 1] and sufficiently large ¢ > 0. In particular, we find

¥ 1
_ - < _Z
Im{\/tCQ +2m)\} < —5tm {V2mi}

for all t € [0, 1] which also shows the second inequality. O

Next, we draw our attention to a result which is crucial for the investigation of the
non-relativistic limit in the case of n + 7 # 0. It is shown that if we perform the
limit ¢ — oo the integral operators @) ;.2 and Cy .2, defined as in (3.15)) and (3.17]),
converge to the operators 7(\) and M (A) from (4.3) and . This enables us to
determine the limit operator of (4, , — (A +mc?))” for ¢ — oo using the resolvent
representation from Theorem [3.14] Although a proof of the next result can be found
in [10, Prop. 5.2] and [40, Lem. 4.4.2], we present it here to emphasize the necessity
of a separate analysis of the case n 4+ 7 = 0 in the non-relativistic limit.

Theorem 4.3. Let A € C\ R be given and ®),,.2 and Cy;,e2 be the linear and
bounded integral operators defined as in and . Furthermore, let 7(\)
and M (M) the linear and bounded integral operators according to and and
P, = diag(1,1,0,0) be a diagonal matrix. Then there exists a constant x(m, A, ¥) > 0
only depending on m, A and ¥ such that the following inequalities apply to sufficiently
large ¢ > 0

[(Ag = 4 me2) ™ = (T = NP < (4.5)

=

[ mer = TP < 2, (16)
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|5 smer = AN Py < =, (4.7)

[Crime = MOVP| < (4.8)

Proof. Step 1: Let A € C\ R be given. Then it follows from the self-adjointness of
the operators Ag and T, that A\, A + mc® € p(Ay) N p(Tp) is valid and therefore the
operators (Ag — (A +mc?))™ and (Ty — A\)~! are well defined. Since all the occurring
operators are integral operators, it is our approach to apply the results of Section [2.6]
For this purpose we require estimates of the integral kernels.

By direct calculation one shows that the integral kernel of (Ag — (A + mc?))~! of
Theorem is represented by

GA_;’_ch(x) -

A [ A2 i 1 [ \2
—Is+2mP 1 —iy/— +2mA — (- 4/ — + 2mA
<02 1+ 2m ++< "W +2m ||£E||> c||x||2(a x)) 47r||:)3HeXp <z 2 +2m ||x||>

for all z € R?*\ {0}. Furthermore, we define the matrix-valued functions

h@) = (24 (1= i+ 2malle] ) —s(a-2) | ——exp i1/ + 2mA ]
= e c2 c”g;H2 4|z || P c2
and

ta(o) = (oo (i4/%5 + 2mAlel) ) = exp (iv2mA[e]) | P

o(x = Tl xp | 1) mA||x xp (1V2mA||x an

for all z € R*\ {0}. By using that

2m ,
Ky(x) = 47r||x||eXp <zv2m)\||:c||)

and due to the definition of the functions ¢; and ¢, we obtain the relation
Gaime2 () — Kn(2) P = ti(2) + ta(2)

for all z € R\ {0}.
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Step 2: By using the Frobenius norm and Lemma [4.2] with ¢ = 1 we obtain

1 [\
[t1 ()] < 2] &P <—Im{ = +2m>\} ||I||> '
2|\ 1 A
ST AN N
¢t |
1 1
< exp (——Im {\/2m)\} y|x\|> :
2
200 1 3 i
2IAl 1 —(\/2 A) >y
(@ +c||a:||< Ty ”x“))jzl ol

for sufficiently large ¢ > 0. In the case of ||z|| < 1 the inequality (4.9) implies the
estimate

1 (2]A] 1 3 ’
/ — |vamal ~
Il < g (2 + ogop + 50 V2R )ZH%HF

\l‘H) Zi: ls | o |~’le>

(4.9)

cllz|]
= 4c7ri:cH2 (1 * (ZW ‘\/—D !xH) Z oy
4c7rix]| (1 2P+ 3 ‘\/_D Z ol

for all ¢ > 1. On the other hand, in the case of ||z|| > 1 it follows from (4.9) that
21A) 1 3 ’ 1
< el . _Z
@le < 3 (2B o 5 [vam ) (Z ||a]||F) exp (= ytm {Vama} o] )
1 2, > 1
< Vom , _Z \/
- (1 + — ‘ D <; HaJHF> exp ( 2Im{ 2m)\} HxH)
3
1
(1+2|/\| + = ‘\/ D <Z||043||F> exp <—§Im{\/2m)\} ||x||)
j=1

|
—

applies to sufficiently large ¢ > 0. Consequently, if we define the constants

3
1 3 1
ki = . <1 +2|A[+ B} ‘ V 2771)\‘) ;:1 lajllp and ko = §Im{ Qm)\}
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which depend only on m and A, then the estimation

m<m<—{w” for 2] <1

*k'ZHx” , for ||x|| Z ]_
applies to all z € R?\ {0} and sufficiently large ¢ > 0.

Step 3: Let x € R? and t € [0, 1] be given, then

ieXp ( \/t)\— + 2m\||x ||) N ! exp ( \/t)\— + 2m/\||a:||>
dt 202 \/t’c\—j + 2mA

is valid and by applying Lemma [£.2] we find the estimate

2
%exp ( 1/75)\— + 2m\||x ||> ' |)\|2 Hf” ! exp (—Im {\/t)\—2 + 2m/\} ||x||>
¢ \/ti—i + 2mA ¢

|>\| lefl 1 1
2 /\‘exp —élm{ 2m)\} |||

2m

for all z € R? and all ¢ € [0, 1]. If we now define the constants

A]°
‘ 2m/\‘

1
and k4= —§Im{ 2m/\}

which depend only on m and A, we are led to the estimate
1
</

2
exp (i\/ 2—2 + Qm)\||x||> — exp (i\/ Qm)\||x||> %exp ( \/t)\— + 2m)\||x||)
0

k3|| I

— 5 oxp (=kullz]))

for all z € R?® by using the fundamental theorem of calculus. From the definition of ¢,
we therefore obtain the estimation of the Frobenius norm

2v/2m L A2 ,
mumﬁjﬂﬁFmng+%wm0—mww%wwﬂ

M3 —kallall « 83 kalo)

_\/_c2 = V2er
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for all z € R?*\ {0} and sufficiently large ¢ > 0.

Step 4: We define the constants

mk3
V2

which depend only on m and A and obtain with Steps 1,2 and 3 the estimate

ks = 2max {kl, } and k¢ = min {ko, ky}

ks | ]|, for [|=f| <1
G me2(T) — K Pl < Mt @)l + lita()]] < =
[Grimes () = K@) P < (@) + oo < {e—kwn for e 1

for all z € R?®\ {0} and sufficiently large ¢ > 0. Since this is an estimation of the
integral kernel of the value of the operator

(Ao = A+ me) ™ = (Ty = N)7'Py) f) (@)
= /(G/\+mcz(x —y)— Kz —y)Py) f(y)dy

R3

for all f € L*(R3;C*) and almost all z € R3, an application of Theorem yields

the estimate L
H(AO — ()\ + ch))_l — (TO — )\)_1P+|| S E

for sufficiently large ¢ > 0 with a constant k(m,\) > 0 depending only on m and .
This shows the first inequality (4.5]).

Step 5: From the representation of ®y,,,.2 as in Theorem and the one of 7(\)
according to (4.3) we obtain

(@rimez — TP f) () = / (Grime(a —y) — Kl —y)Py) f(y)da(y)

for all f € L?(3;C*) and almost all z € R3. In conclusion, by using the result of Step
4 and Theorem 2.36] the estimate

~ k
[@ssme — TP < =
for sufficiently large ¢ > 0 follows with a constant k(m, A, %) > 0 only depending on

m, A and . This shows the second inequality (4.6]).

Step 6: Due to the boundedness of the occurring operators, Theorem [2.10] and Step 5
we are led to

~ e - k
[ @3 smez = TN Pl = [ @xsmez = TN Pl < =
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by component-wise consideration. This shows the third inequality (4.7)).

Step 7: Finally, let us consider the convergence of Cy .2 for ¢ — oo. By the definition
of the integral kernel K, we immediately obtain the estimate

(@) < Tzl

for all x € ¥\ {0} with a constant k(m, \) > 0 only depending on m and A. A line of
reasoning as in Lemma [2.37| and the choice ¢ = 1 leads to

/ / Kl = )] 1) ldo()do(s) < oo

DIEEDY

for all f € L?(3;C*) and thus

/ K(@ — )| 1£@)lldo(y) < oo

follows for almost all x € ». Consequently, the dominated convergence theorem can
be applied and we obtain the representation

((chCQ ~-M (A)P+> f) (z) = lim / (Grimez(x — y) — Kx(z —y)Py) f(y)do(y)

e—0t
S\B(z.e)

for all f € L?(2;C*) and for almost all z € X. Next, we define the matrix-valued
functions

i (z) = (%14 TRy » 2m)\c||1x” ) mexp (“/2_2 + QmAHxH)
2m A2
ws(e) = o (exp (i\/; + 2m>\HxH> —exp (m/muxn)) Py = ta(2)
i e
ug(z) = ma -z (exp (z 2 + 2mAHxH> - 1)

uy(z) = !

———a
drel|z||?
for z € R?\ {0} and immediately obtain

ky

— k1 e kallz|
= ||t < — 201 < —
[ua(z)|| = [[t2(2)]] - B
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due to Step 3 with a constant k;(m, \) > 0 only depending on m and .
For u; we proceed as in the proof of Theorem Step 2 and obtain with Lemma
and t = 1 the estimation of the Frobenius norm

L[, / 23
”ul( )”F = 47T||x|| (2 2 + +2 Al = j:1 HaJ”F>
1 Al 3 1<
< pLal —(\/2 A)—E :
~ Aml||x| ( c2 + 2 A ‘= H%HF)

<— M( A+ [Vama 1Z||a]uF>

B

for sufficiently large ¢ > 0 with the constant

3
1 3
ke = (2 AL+ 5 ’V 2m)\‘ jz_; ||%'||F)

which depends only on m and .
To estimate uz we again apply the same procedure as in the proof of Theorem [3.9
Step 2 and obtain with Lemma [.2] and ¢ = 1 the estimation of the Frobenius norm

e :
o (15 2l 1|l

j=1

\F\ZH%HF

47rc||a:|| 2

cll]

for sufficiently large ¢ > 0 with the constant
3 3
ks = o [v2ma, Zl lall -
=

which depends only on m and .
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It now follows from Theorem [2.36] that the assignments

(U, f) () = / wy(x — ) f(y)dy

2

for f € L?(X;C*) and x € ¥ correspond to well-defined, linear and bounded operators
Uj: L*(3;C*) — L*(3;CY) for all j € {1,2,3}. Furthermore there exists a constant
k(m, A\, %) > 0 only depending on m, A and ¥ such that the estimate

k
A

is valid for all j € {1,2,3}. By using a similar reasoning as at the beginning of Step
7, we obtain the representation

(U,f) () = lim / w;(x — ) (y)dy

e—0t
B\B(z.e)

for all f € L*(2;C*) and almost all 2 € ¥ based on the above estimates of u; and the
dominated convergence theorem.

Step 8: To conclude the proof of this theorem we will show the boundedness of the
integral operator generated by wus. By component-wise consideration it follows from
Theorem that the assignment

for f € L*(3;C*%) and z € ¥ corresponds to a well-defined, linear and bounded
operator Uy : L?(3; C*) — L*(3; C*). Furthermore, the estimate

K
[U| < —
c

with a constant K(X) > 0 only dependent on ¥ applies to this operator. As the
decomposition

Crome(2) — Kx(2)Py = ua(z) + ualz) + us(x) + ua(2)
is valid for all z € ¥\ {0} we obtain

Crrmez — M\ Pr =Y U

Jj=1
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and thus finally

4
— K
[Crime = VP | < DMl < =
j=1

with a constant x(m, A, %) > 0 only depending on m, A and ¥. This proves the fourth
inequality (4.8]) and completes the proof of the theorem. O

Finally we draw our attention to the main result of this section, the non-relativistic
limit for the parameter combination n+ 7 # 0 of the interaction strengths. Our ansatz
for the limit operator is motivated by the following physical consideration. Intuitively
we expect that by removing the limiting speed c for relativistic quantum particles with
spin /2, the description by a Dirac operator changes to the description by a Schrodinger
operator. Since no energy states with negative energy are possible for non-relativistic
quantum particles, the spinor wave functions for these must be zero. As shown in [78|
Chapter 1.4.5] the wave functions of the negative energy states correspond precisely to
the last two components of a four-element Dirac spinor after a spectral transformation.
Therefore, taking the d-shell interactions into account, the formal ansatz

T = —%A+ (n+7) (55, )5 (4.10)
for the limit operator for the first two components of the Dirac spinors seems plausible.
The next result will show that this formal differential expression actually generates an
operator in L?(R?; C?) which is the limit operator. The proof for 7 = 0 can be found in
[10, Thm. 5.3] and [40, Thm. 4.4.3] and also for the general case of constant interaction
strengths n, 7 € R with 747 # 0 the strategy followed there can be applied. It should
be noted that in the following we will always assume that ¢ > 0 is sufficiently large
so that n?> — 72 # 4¢? applies and therefore no critical interaction strengths are given.
This requirement can always be met, since the interaction strengths are constant.

Theorem 4.4. Let A € C\ R and non-critical interaction strengths n,7 € R with
n+7 # 0 and > — 72 # 4¢® be given. Furthermore, let A, be the self-adjoint
Dirac operator defined as in and 7,4, be the self-adjoint Schrédinger operator
according to , then there exists a constant x(m, A, n,7,%) > 0 only dependent on
m, A\, 7, 7 and ¥ such that the following estimate is valid for sufficiently large ¢ > 0,

H@%J—(A+nw%y*—cnﬁs—wfﬁaué

K
c

In particular, the convergence

Tyir —A) Iy 0

(A — (A + mcz))f1 — ( ( 0 0

) for ¢ — o

in the operator norm applies as well as a convergence rate of O (%)
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Proof. Step 1: Due to the choice of A € C\ R we conclude from the self-adjointness
of the operators A, , and T, ., and Theorem that A\ + mc® € p(A4y) N p(A,,)
and A € p(Toy) N p(T))+,) are valid. According to Theorem [4.3 there exists a constant
k1(m, A, 3) > 0 only dependent on m, A and ¥ such that for sufficiently large ¢ > 0

HcMmCz - M(A)P+” <M
C

holds true. As before, we define B as the self-adjoint multiplication operator in
L?(%;C*) by the matrix nly + 78 and therefore, from the boundedness of all the
occurring operators, we obtain the estimate

H (I + BCrymer) — (I + BJTJ(A)P+) H

., (411)

= B (Crime = ML) || < 1BI|Crimes = MOVP | < 1B = =2

with the constant ke(m, A\, n,7,%) = ||B||k1(m, A, X) only dependent on m, A\, n , T
and . Due to Theorem [4.1]

— -1
(1 + BM()\)P+> e L(LY(Z;CY)
follows by component-wise consideration and by setting
T =1+ BM(\P,

and

A= (I+ BCyyme) — (1 + BM(A)&) ~ B (C,\_,_mcz - M()\)P+>

we obtain with (4.11) the estimate ||A|[||T7!|| < 1 for sufficiently large ¢ > 0. If we
now define the operator
S=A+4+T =14 BCyime

then it follows from Theorem [2.8 and (4.11]) that

—1112
7 PAl
= T AT
A
Rl
_ 2l T
&

-1 — -1
(I + BCyyme) " — (I v BM()\)P+)

is valid for sufficiently large ¢ > 0 with 22| 7-!|| < 1.
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Step 2: From Theorem [4.3] and Step 1 the estimates
[Prmez|| <1+ [N Pl = K, (4.12)

and

(I + BCyimex) | <1+ ‘ (I + B]TJ(/\)P+> I = K, (4.13)

follow for sufficiently large ¢ > 0 due to the triangle inequality. The constants
Ki(m,\,¥) > 1 and Ky(m,\,n,7,%) > 1 are only dependent on m, A, n, 7 and
3.

Next, we use the explicit resolvent representations of the operators A, ; and T},
For the Dirac operator it is given by

(Ayr — (A + mc2))_l
= (Ao — (M + mcz))f1 —y(A+mc®) (I + BM(\ + mcz))71 By(A +mc?)*

= (AO — ()\ -+ mcz))_l — @)\+m02 (I + BC)\+mCQ)_1 B(b§+m(32

according to Theorem and Theorem and for the Schrodinger operator by
— -1 _
(Tyir = NPy = (T = N P = 5P, (I+ (4 ) ITVP) (g4 7R P
N -1
= (Ty= NPy = 5Py (1+ BM)P)  BIO) Py

due to Theorem [4.1] By using (4.12)) and (4.13) and applying the triangle inequality
several times, these two resolvent representations lead to the estimate

[(Ane = At me) ™ = (e = N7 2| 5 ]| (o = (4 met) ™ = (1 - )7 R

+ max (K, K} || B (H%W ~ TP + [0, s =TV |

Amc?

for sufficiently large ¢ > 0. Finally combining Theorem and Step 1 yields

1

+ H(I 4 BCyyme) ' — <[ n BM(A)&)_

(A — N = (Tyr = A Py < %

with a constant K(m,\,n,7,%) > 0 only depending on m, A, n, 7 and ¥. This
completes the proof. O
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We conclude this section with a comment on the case of interaction strengths
n,7 € R which satisfy n + 7 = 0. If one examines the proof of Theorem [.4] then
it is evident that it relies heavily on the result of Theorem [.3] In fact, for each value
A € C\R the integral kernel of the resolvent of the Dirac operator A, . is represented
as

G)\+mc2 (LE) =

A vomPe+ (1= iy o] ) — - 2) | ——exp [ iy/ 2 + 2mAfa]
02 4 m + 7 02 m X C||x||2 QT 47‘(‘”1‘” Xp 7 62 m X

and as the proof of Theorem shows, the integral kernel of the limit operator must
have a form such as K P, . If we define the diagonal matrix P_ = diag(0,0,1,1), then
for interaction strengths n,7 € R withn+7=0and n—7#0

By(A)* P = (n—7)y(\)"P_P. =0

would would be valid. As in the proof of Theorem [.4] we therefore obtain the con-
vergence

(Ayr — (A + mCQ))_l — (Ty— N "' Py

for ¢ — oo which is also suggested by the formal differential expression (4.10)).
However, this description of the d-shell interactions and the execution of the limiting
process ¢ — oo are strongly connected to the scaling of the interaction strengths by
the chosen quasi boundary triple of Section and therefore it cannot be ruled out
that a different description of the d-shell interactions might give a different result. We
will address this question in the next section, using a different approach than the one
described in this section. Roughly speaking, we will investigate interaction strengths
n,7 € R whose difference is located on the parabola ec? for an € € R and consider the
limit ¢ — oo for these. This means that we change the strength of interaction along
with the constant c¢. This approach is strongly motivated by known results for Dirac
operators with electrostatic and Lorentz scalar J-point interactions in one dimension.

4.2 The non-relativistic limit for n+ 7 =10

In this last section we will investigate the non-relativistic limit of Dirac operators A, ;
in the case of constant interaction strengths 7,7 € R which satisfy n + 7 = 0. While
the case of interaction strengths n, 7 € R with n+ 7 # 0 has already been investigated
in |10} 12, 40] and in Section [£.1] the case 7+ 7 = 0 has not yet been considered.
The procedure in this section is as follows. First, the explicit resolvent representa-
tion of A, . —mc* according to Theorem is rewritten by suitable multiplication
operators. This is inspired by a technique in [11]. Furthermore, a rescaling of the in-
teraction strengths is performed. Next, it is shown with the results of Section [2.6] that
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the modified resolvent of A, . —mc? converges to the resolvent of the free Schrédinger

operator and a perturbation term which is composed of certain integral operators. By
applying the result of Section [2.3] this bounded limit operator can be characterized as
the resolvent of a self-adjoint Schrodinger operator. It turns out that this Schrodinger
operator differs significantly in the characterization of the domain of definition from
the one in the case of n + 7 # 0. In particular, on the interface ¥ there are no jump
conditions describing d-interactions but oblique jump conditions.

As in the previous sections, we will always assume in the following that a bounded
C%-domain © C R? with boundary ¥ = 9Q is given. We set 2, = Q and Q_ = R3\ Q
and thereby obtain two C?-domains which satisfy R3 = Q, UX U Q_. Furthermore,
we choose the outer unit normal vector field v = v, = —v_on X.

In order to motivate our procedure in this section we change the quasi boundary
triple of Section by the assignment

~ 1 ~
FO = _FO and Fl = CFl
C

with the boundary maps I'g and I'; from Theorem [3.8] Analogous to the proof of
Theorem it can now be shown that these boundary maps and L?*(X;C*) provide
a quasi boundary triple for the Dirac operator S* as well and all results from the
previous sections remain valid if we replace the operators ¢, and C, defined as in

and by the operators
ZIVJ,\ =cd, and 5,\ = 2C,.
Thus, for a given f € L*(R3;C*)
f €ker(Ty+ BIy) <= f € ker(ly+ BIy)
with the multiplication operator B in L*(%;C*), defined as multiplication by the
matrix Ciz(nL; + 70), is valid. In particular, we obtain for the constant interaction

strengths n,7 € R with n+7=20

1 n—rT
;(77[4_'_7&) = 02 P

with the diagonal matrix P_ = diag(0, 0, 1, 1). Therefore we may equivalently describe
electrostatic and Lorentz scalar d-shell interactions in this situation by the parameter
e = 5. At this point it should be noted that both descriptions only give the same
Dirac operator A, ; for a certrain c-value, marked by the dot in the following graph,
and therefore provide an equivalent way of defining electrostatic and Lorentz scalar
0-shell interactions.
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562 (77_7—)/02

M

n—rT

FO7 1—‘1 an f1

By changing the speed of light ¢, as we will do in the calculation of the non-relativistic
limit, we generally obtain different operators. In particular, the interaction strengths
in the description in terms of the boundary maps I'g,I'; change according to the red
line in the left graph, while the red line in the right graph represents the change of the
interactions strengths described in terms of I'g,I';. The behavior of the interaction
strengths in the receptive other description is indicated by the black line. Recalling
the last remarks of the previous section, we observe in the description in terms of
the boundary maps I'y,I'; that for constant interaction strengths n — 7 = const the
influence of the d-potentials becomes insignificant for increasing c-values and therefore
the convergence to the free Schrodinger operator seems plausible.

In spite of these observations, we stick to the original boundary maps I'y and T’y
of Theorem and the operators ¢, und C, defined as in and due to
frequent references to the previous sections. In particular, in this section we will always
assume that the constant interaction strengths n, 7 € R satisfy the relation n +7 =0
and in this case we set
n—T

2

E =
With this assignment we obtain 77 — 7 = ec? which leads to
nly+718=(n—T7)P_=ec*P_.

Next, we define the matrices

Al - and A2 =

o = O O
— o O O
o O O
o O = O

and thereby obtain a decomposition of the form nl, + 78 = ec?A; A .
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By using these matrices, we define linear and bounded multiplication operators
M; : L*(3; C?) — L?(%;C*) by the assignment
M;f=Aif

for f € L?(X;C?) and i € {1,2}. A direct calculation shows that the adjoint oper-
ators M; : L*(2;C*) — L*(3;C?) are given as the multiplication operators with the
matrices A]. Furthermore, due to the above relation of the matrices nly + 73 and A;

B = ec® M M} (4.14)

follows with the multiplication operator B defined as in ([3.26]).

Let A € C\ R be given and Cy be the linear and bounded operator in L*(X; C*)
defined as in , then the operator I + BC, is bijective for all n,7 € R with
n? — 12 # 4¢* according to the Theorem [3.13] This applies in particular to interaction
strengths which satisfy n +7 = 0 and n — 7 = &c?, since in this case n* — 72 = 0
holds true. We will now show that this bijectivity is preserved even if we modify the
operator I + BC), by the multiplication operator M; .

Lemma 4.5. Let A € C\ R be given, then the linear and bounded operator
I+ e M;C\M, : L*(%;C?) — L*(%; C?)

is bijective. Furthermore, the inverse operator is bounded as well and satisfies the

relation

(I + BC)\)il Ml = Ml (I + €CZMTC)\M1)71

in L2(%;C?).
Proof. Step 1: Let A € C\ R be given, then A € p(Ap) follows and thus the operator
Cy is well defined according to Theorem Since all occurring operators are linear

and bounded, we find that I + 662M1*C)\M1 is a linear and bounded operator as well.
Obviously M, is bijective as an operator from L?(3; C?) to

ran(M) = {(0,0, /1, £)7 € LA CY | (i, f2)" € 13T €Y}
First, we show that [ 4+ec?M FC,\Mj is injective and therefore assume that the condition
(I +ec? M{C\My) f =0

is satisfied for a function f € L?*(X;C?). Since n* — 72 = 0 holds true, we deduce
from Theorem that I + BC, is bijective and therefore we can apply the operator
(I + BCy)~" M,. This yields with (4.14)

0= (I+BC\)™ M (I+ec®M;CM,) f
= (I +BC\) ™" (My +ec* M, M;C\M,) f
= (I + BCy)"" (I + BC)\) My f
=M f
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and since M is injective according to the above consideration, f = 0 follows. This
shows the injectivity of I + ec> M;C\M;.

Step 2: Next, we show the surjectivity of I +ec?M;CyM,; and assume that an arbitrary
f € L*(3;C?) is given. It then follows from the definition of M; that M, f € L*(%;C*)
is valid and due to the surjectivity of I + BC, there exists a ¢ € L?(Z; C*) such that

(I+BC)\)g=Mf
applies. With the definition of B and by using nl; + 73 = ec* P_ we obtain

0 %1 0
0 =M f=(I+BC)g=| P |+ 0
fi ! A g3 (C)\g)g
fa 94 (Cr9)4

by component-wise consideration and consequently ¢; = go = 0. This leads to
g € ran(M;) and therefore there exists an h € L?(3;C?), namely h = (g3,94) ", which
satisfies ¢ = M1h. Hence, the choice of g leads to
M f = (I+ BCy)g= (I + BCy) Mih
= (My + ec®MyM{C\M;) h = M, (I + ec>M{C\M,) h
and finally
f=(I+e?M;C\M) h
due to the injectivity of M;. This shows the surjectivity of I + ec®>M;CyMj.

Step 3: According to Step 1 and 2 we have that I + ec?M;C\M; is a bounded and
bijective operator and therefore it follows from Theorem or the open mapping
theorem that the inverse operator is bounded as well. A direct calculation finally
shows

(I +BC\) "My — M, (I +ec®M;C\M,)

= (I+ BC\)™" (M (I +ec®M;C\M,) — (I +ec®MyM;C\) My) (I +ec*M;C\M;)
=0

-1

-1

what completes the proof. O]

Next, we define integral operators which will prove to be important in the following.
For this purpose we define the matrix-valued function

Hy(z) = (1 - i\/Qm)\H:cH) H E — (o z)exp ( V2m ||x||) (4.15)
for all z € R*\ {0} and all A € C\ R with o4 being the Pauli spin matrices. As in the
previous sections, the square root of a complex number p € C\ [0, 00) is chosen such
that Im {\/ﬁ} > ( applies.



102 4 The non-relativistic limit

Theorem 4.6. Let A € C\ R be given, then the following statements are true.

i) The assignment

for f € L*(Z;C?) and z € R? corresponds to a well-defined, linear and bounded
operator Wy : L*(3;C?) — L*(R3; C?).

ii) The adjoint operator of W, is given by
0) = [ tsta =)o)y (4.17)
R3

for all f € L*(R3 C?) and for almost all x € ¥ and is a linear and bounded
operator W% : L*(R?; C?) — L*(%;C?) as well.

iii) The assignment
A .
@) = [ e (VEal) fp)dol)  (415)
Az -yl
>
for f € L*(X;C?) and z € X corresponds to a well-defined, linear and compact

operator Dy : L2(2; C2) — L2(%; C?) with ran(D,) C Hz(%;C?).

Proof. Step 1: Since all operators are integral operators, we are going to apply the
results from Section [2.6, For this we need estimates of the integral kernels. Let
r € R3\ {0} be given, then the estimation

—iV2m\||x
||H,\(SU)||F— ‘1 drr||z || " H‘ (Z” ]”F|x]’> eXP< {\/M} HJJH)

_ L+ vamd] Harl!(

4"

(4.19)

> HojHF) exp (~1m {V2mA} ] )

7j=1

follows for the Frobenius norm. If ||z|| < 1 holds true, then it follows from (4.19)) that
L+ |Vam3|

drz|’

e L |vami| (

(@) <

Zno—JHF) exp (—Im { vV2ma} 2] )

7=1

4rr|l]|”

o JHF>

J=1
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is valid, while for ||z|| > 1 it follows from (4.19) that the estimate
L+ | vam)|
1E5@) e < — o (Z ||aj||F) exp (—Im {v2m} 2] )

i W_‘ (Z ||aj||F) exp (—Im { V2mA} [1«]))

applies. Setting

R1 =

o
1+ ’ ‘ (Z H%Hp) and Ky = —Im{ Qm)\}

then immediately leads to

el for ol < 1
Hy(z)||p <k
H A( )HF = M {e—mw” , for Hx|| >1

for all z € R*\ {0}. An application of Theorem results in the validity of the
assertion for W,.

Step 2: As WU, is an everywhere defined and bounded operator according to Step 1 it
follows from Theorem that U3 € L(L*(R?; C?), L*(3;C?)) holds true. Next, we

define an integral operator by
0) = [ Hsle = )y
R3

for f € L*(R* C?) and x € 3 and conclude from Step 1 and Theorem that this
assignment corresponds to a well-defined, linear and bounded operator
T : L?(R3;C?) — L*(3;C?). Furthermore, it can be shown by direct calculation that

— Hy(x) = Hx(x)"

is valid for all A\ € C\ R and all z € R*\ {0}.

To prove assertion ii) we assume that arbitrary functions f € L?*(R3;C?) and
g € L?(Z;C?) are given. Then it follows from Lemma[2.37 with Fubini ’s theorem and
the hermiticity of the Pauli spin matrices that

(0931 ey = (Urg, ) paguocny = / / H(e — y)g(y) - F@)do(y)da

_ //g(y) - Hy(y — @) f(x)dzdo(y) = (9, Tf) 22y

¥ R3
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applies. Since this holds true for all f € L*(R3;C?) and g € L*(3;C?), the equality
T = U3 follows in the sense of linear operators which shows the assertion ii).

Step 3: Let M (M) be the linear and bounded operator defined in ‘) then it follows
immediately from the definition of D, that

Dy = N = S-S [ L2(5:C)

2m
with the single layer boundary integral operator S(A) is valid. The latter is a linear
and bounded operator from H~2(¥;C) to Hz(2; C). Due to the compact embeddings

H2(X;C)— L2(S;C?)— H 2(3;C)
according to Theorem the claimed properties of D, follow. ]

The reason for the definition of the operators ¥, and D, is provided by the following
theorem, which is of particular importance for the investigation of the non-relativistic
limit in Theorem [4.12 It is shown that the operators c®y and ¢?Cy converge to modi-
fied operators ¥, and D, after a suitable transformation by multiplication operators.
Furthermore, an important relationship between the operators ¥, and D, is derived
from this theorem in Lemma [£.8

Theorem 4.7. Let A € C\R be given, ®, and C, be the linear and bounded operators
defined as in (3.15]) and and ¥, and D, be the linear and bounded operators
according to (4.16) and (4.18)). Then there exists a constant x(m, A, %) > 0 only
dependent on m, A and ¥ such that the following estimates are valid for sufficiently
large ¢ > 0

6P ez My — MaWy|| < g (4.20)
e @5 e — M| < 2 (4:21)
| M; Crimee My = Do < = (4.22)

Proof. Step 1: Let A € C\R be given, then it immediately follows that A+mc? € C\R
applies and therefore all occurring operators are well defined according to Theorem
.9 and Theorem Since these are integral operators, it is our approach to apply
the results of Section 2.6 For this purpose we require estimates of the integral kernels.

We begin with the integral kernel of the resolvent of the free Dirac operator and
conclude by direct calculation that

G)\+m62 (SL') ==

AvomPy 4 (1— iy oamfal] | — (e 2) | ——exp (i) + 2mA ]
— — — . X —
R 2 el e PV e
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is valid for all z € R?\ {0}. Consequently, we obtain from P, A; = 0 with the diagonal
matrix P, = diag(1,1,0,0)

CG/\+m02 (Q:) Al =

A A2 1 A2
—1+ 1—i\/—+2m)\|\x|] —(a- ) exp | i/ — + 2mA|z|| | A
<C ( | H A ||| c?

(4.23)

for all x € R3\ {0}. Furthermore, the definition of the matrices A; and A, yields

AsHi\(z) = (1 - z'\/mH:cH) — ' (o w)exp ( \/_qu) A (4.24)

for all z € R?\ {0}. Next, we define the matrix-valued functions

Al [ AZ
i [N :
to(z) = s(a-x) | exp | iy — +2mA|z]| | —exp (WQmAH:cH)
||| ¢
ts(z) ! s + 2mA 2mA | (a - x)e i ax + 2mA||z||
= _— _— . X —_—
T P \V e Ve
2mA A2
ti(z) = Y2 (- 2) [exp [ iy S + 2mA ]| | — exp (m/zmmu)
||| ¢

and thus, by combining (4.23)) and (4.24]), we obtain the relationship

CG)\+mc2 (JZ)Al AQH)\ (Zt >

between the integral kernels G2 and Hy, for all z € R3\ {0}.

Step 2: In order to derive an estimate for ¢; we use the Frobnenius norm and find with
Lemma 42 and t = 1

Jia(o)l = 2’ﬁ'uexp( Im{\/i—jwm} ||a:||>

< 1 exp <—11m {\/m} ||93H)

(4.25)
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for all z € R*\ {0}. If ||z|| < 1 holds true, then it follows from (4.25) that

1 X 1 A
@)l < LM 1A

c2mllzl|  c2m|x|?

is valid, while for ||z|| > 1 it follows from (4.25) that the estimation
LAl 1
ol < 2 Dlexp (g {Vama} o)

applies. Defining

leads to the estimate

h@) <™ {nxu for || <1

erzlel for ||x|| > 1

for all z € R\ {0} and sufficiently large ¢ > 0 with the constants x; and ko, which
depend only on m and .

Step 3: Let x € R?\ {0} be given, then it follows as in the proof of Theorem Step
3 that there exist constants k1, ks > 0 depending only on m and A such that

exp (i\/i\—j+2m/\||x\|> —exp( \/—||x\|)

holds true. Consequently, for ¢, the estimate

3
1 A2 .
[t2(z) || < pRTATE (Z el |9€j|) exp (2\/ =t 2m)\||33||) — exp (W 2m>\||$||>|
j=1
3 2
E (Zwu) exp (q/c—g +2mAnmu) ~exp (mmwmu)‘
< ]| e kellzll
4027r||x|| (321 JNE
3
< ;|| » | e "2l
4c7erH (; JNE

k1||$|| e kallzll
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follows for sufficiently large ¢ > 0. As in Step 2, we obtain constants k3, k4 > 0 only
dependent on m and A such that

s < =2

C

{nxn | for ||z]| < 1

erallelfor [|z|| > 1

applies to all z € R?\ {0} and sufficiently large ¢ > 0.

Step 4: Next, we consider t3. From the convergence

\2
\/§+2m)\—>v2m)\ for ¢ — o0

and an application of the triangle inequality we obtain

\//\—+2m)\+\/_—2‘\/_‘ \/—+2mA

for sufficiently large ¢ > 0. This yields the chain of inequalities

VamA| < \/—+2m)\—|—\/_<3‘\/_‘ (4.26)

Furthermore, it follows from the convergence ’\—f — 0 for ¢ — oo that

AP
<

vam| < [vam

(4.27)

applies to sufficiently large ¢ > 0. If x € R?\ {0} is given, then we conclude from
Lemma [£.2] with ¢ = 1 in combination with (4.26) and (£.27)) that the estimate

i (Z el |xj|>

— +2mA —
\2
exp [ —Im — +2mA o [|z]]
c

(Z ||aj||F> exp (i {Vama} o] )

| e
4673”:]3”‘“_‘ (Z IIaJIIF) exp( m {v2mA} ||:1c||)

1
< -
e = Sl

[t ()

1
<
]|

M2
A +2m/\
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is valid for sufficiently large ¢ > 0. Finally, as in Step 2, we obtain constants xs, kg > 0
only dependent on m and A such that

]|~ , for Jl]| < 1
<

e‘”ﬁHI” ,for ||z > 1
applies to all z € R*\ {0} and sufficiently large ¢ > 0.

Step 5: For a given z € R3\ {0} we use the same estimation as in Step 3 and obtain

\% 2
sl < ‘4 T | (ZII JIIFIa:JI> exp (M/%HmkllxII) — exp <i\/2m)\||x||)‘
2
< ‘4v7r||x||‘ (ZII%HF> exp ( ‘/i_z —|—2m/\||x||> — exp <i\/2m/\||x||)‘

S CAne? (ZHO‘ I ) el

Sl (Z o ) el

for sufficiently large ¢ > 0. Defining the constants

Ky = (Z H&]HF> and kg = ko

which depend only on m and A, immediately leads to

-2
[ta(z)]| < 2 lz|| 72, for [|z]| < 1
= ¢ e—K8HCC|| 7 for HZEH > ]

for all z € R3\ {0} and sufficiently large ¢ > 0.

Step 6: From the previous steps it follows that there exist constants 1(m, A) > 0 and
Ka(m, A) > 0 only dependent on m and A such that

{nxn | for ||z < 1

e~Rellelfor ||z|| > 1

Ht()H<—

C
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is valid for all j € {1,...,4}, all z € R?\ {0} and sufficiently large ¢ > 0. This leads
to the estimate

|—2

4| Aql|Ry ) [Jz]| 77, for ||zl < 1
Giapme2 (1) A1 — Ay Hy (z)]| < t5( Al s ———9 &
[cGrtmez () Ar 2 H(z)]] (Z 25 ) 1A c e "2l=lfor ||z|| > 1

for all x € R?\ {0} and sufficiently large ¢ > 0 for the integral kernel of the operator
@ ime2 My — MW, An application of Theorem [2.35] finally results in

4| A ||k K
wgmwm—MﬂmsiLﬂl—
C

with a constant K (Kg, ) > 0 only dependent on Ko(m, A) and . This proves the first

inequality (4.20)).

Step 7: Due to the boundedness of all the occurring operators we obtain with Theorem

and Step 6 the estimation

4| Aq||r1 K
- ||CCI)>\+mc2M1 — MQ\IJ)\H < M
c

* * * *
M@, e — UM

for sufficiently large ¢ > 0 which proves the second inequality (4.21]).
Step 8: Finally, we prove the last inequality and find by direct calculation that

P,A; = 0 and A]a;A; = 0 for all j € {1,2,3} are valid. Therefore, it follows
from the representation of G, that

A A2
A Gyimer (1) A = 47THxHeXp ('L\/ 2 + 2m)\]|x\|> Al A
A A2
= A — + 2mA 1
T2 P (2\/ T am “”C”) 2

holds true for all z € R*\ {0}. The definition of this integral kernel immediately leads
to the estimate

"CQAIG)\+m02 ((L’)Al

<2
IEd]

for all z € R? \ {O} with a constant k(A) > 0 only dependent on A\. With a reasoning
as in Lemma [2.37 and the choice g = 1 we find that

/NWA@mﬁ ) A1 ()llde(y)do(z) < oo
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is valid for all f € L?(X;C?). This leads to

18 AT Grimes (= ) A1) () < o

for almost all x € ¥ and an application of the dominated convergence theorem then
yields

S\ B(z,0)
i [ o+ 2mAlle = gl | F@)dot)
= 111m —€eX 1 — m xXr — g
Pt anfz —y PV v JEety
S\ B(z,0)

A A2
_ / e =51 1 2+ 2mAle =yl ) S)doty)
>

for all f € L?(3;C?) and almost all x € 3. Defining the matrix-valued function

t(zr) = m (exp <i\/ ;\—22 + 2m/\||x||> — exp <i\/ 2m/\||a:||>> I

for all z € R?*\ {0} we obtain with the same estimate as in Step 3

2|\ X .
)l = g [ <“/c_2 - 2m)\||x||> — exp <Z\/2m)\||a:||>‘

< FUA ey o Bl
— Axc? ~ Adme

for sufficiently large ¢ > 0. Therefore, with the representation of D) and Theorem
2.50

ki K | A
| M Crpmez My — Dy || < KA
dme
follows for sufficiently large ¢ > 0 with a constant K (3) > 0 only depending on .
This shows the third inequality (4.22) and completes the proof. ]

Theorem enables us to show an important relationship between the operators
WUy, U3 and D, which will be used in the proof of Theorem [1.12] Note the striking
similarity to Theorem for quasi boundary triples.

Lemma 4.8. Let A\, u € C\ R be given, then
Dy~ D} = (A~ ) UL,

holds on the domain of definition L?(X;C?) of the operators. In particular, it follows
that Dy = D5 applies.
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Proof. According to Theorem we have that the values of the Weyl function
are closable operators and M (A + mc?) = Cyyme2 applies. Due to Theorem we
therefore obtain

M()\ + ch)* = ;k\_i_mcz

and with Theorem [.7] the convergence
EMCy 2 My — D for ¢ — oo,

Let f € Hz(3;C2) be given then M, f € Hz(¥;C*) follows and an application of
Theorem [2.18 leads to
M;Copmer My f — M{Cly oMy f = MEM(A+ mc?) M, f — MM (s + me?) M f

= (A= 1) Myy(u+me?) y(A + me*) M, f

= A= T0) M@, oD e M f
for all A\, € C\ R. Since Hz(3;C?) is dense in L*(X;C?) and since all occurring
operators are bounded, it can be shown by a simple approximation argument that this
equality is even valid for all f € L?*(3;C?). By multiplying with ¢? and executing the
limit ¢ — oo we finally obtain the relationship

Dy~ D= (\—1) V0,

on L?(3; C?) due to Theorem |4.7|and the definition of the multiplication operator Mo.
O

Next, we will show mapping properties and an alternative representation of the
operators ¥y and W3 which will be needed in the following. For this purpose it will
be necessary to define another trace operator, which we construct by the following
consideration.

Let f € H'(R3;C?) be given, then it follows from Theorem that 7, f, = 7_f_
applies and therefore by assigning

1
Tf= 5(7'+f++7—f—) =T[4y (4.28)
we obtain a well-defined, linear and bounded operator 7 : H'(R3; C2) — Hz(3;C2).
Furthermore, it should be remembered that for a given operator S in L*(R?;C), an
expression of the form ST f is always understood in such a way that the operator S
acts on every component of a C?-valued function f.
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Theorem 4.9. Let A € C\R be given, ¥, and ¥} be the linear and bounded operators

defined as in (4.16)) and (4.17)) and T be the trace operator according to (4.28)), then
the following statements are true.

i) With the resolvent of the free Schrédinger operator in (2.19)) the representation

. —1
Vif =1 (—%(J-V)) (—%A—)\) Lf

is valid for all f € L*(R* C?). In particular, Wif € H2(3; C?) applies to all
f e L*(R3;C?).

ii) With the single layer potential of the free Schrédinger operator, the representation

7
W = 5 (o VISLOLS,
is valid for all f € L*(3;C?). Furthermore
i(o-V)Uyrf =—-ASL\\)Lf € H'(R? C?)

and
AU, f =iXo - V)SLO\) Lf = —2mA\VU, f € L*(R?; C?)
are valid in the distributional sense for all f € L*(3; C?).
i) W,f e HY(R3\ 3;C?) is valid for all f € H2(X;C?) and the jump condition

i(o-v) (1o (Uaf), —7-(UNf)_) = f
on the surface X holds true.

Proof. Step 1: As the reasoning of this proof is analogous to the one of Theorem
3.4] we will not present all the details, but refer to the proof of Theorem In fact,
only the dimension of the matrices needs to be changed from 4 x 4 to 2 x 2 without
modifying the other arguments.

First, we define for A € C \ R the matrix-valued functions

Ky(x) = exp < \/_||x||> I

2m
Arr|| ]

and

b = o (i exp(¢_ qu))

Ox; \ Ar||z||
- <¢\/M||x|| - 1> ————exp < \/—||90||) ;1
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for all z € R3\ {0} and all j € {1,2,3}. By using a line of reasoning as in the proof
of Lemma [3.3]it can be shown that there exist constants ki, ky > 0 such that

]~ for flaf| < 1
e~Felzllfor ||z > 1

@) ] 2 ()] < K {

is valid for all z € R3\ {0} and all j € {1,2,3}. Consequently, due to Theorem [2.34]
we find that the assignment

(T,/) () = / (e — y)f (y)dy

R3

for f € L*(R?* C?) and z € R? corresponds to a well-defined, linear and bounded
operator T : L*(R3;C?) — L?(R?; C?). Furthermore, as shown in Theorem [3.4] Step
3, the integration by parts formula

/tj(x —y)V(x)dx = — / Ky(x —y)0;V(x)dz

is valid for all test functions ¥ € D(R3; C?) and almost all y € R3. This yields, as in
Theorem [3.4] Step 5 with Fubini’s theorem

(T3 f, \I])L2(]R3;C2) - //tj(x —y)f(y) - ¥(z)dyda

R3 R3

_/f(y)-/tj(x—y)‘ll(x)dxdy

ZR—g/f(;?i/KA(x—y)adexdy

. / / K@ — 9)f(y) - 0,0 (@)dyda

R3 R3

1 1
:_<<——A—)\> &f,@-@)
2m

and since this holds true for all test functions ¥ we obtain the explicit representation

L2(R3,C2)

d 1 -
sy (gt =) B =T

2m
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for the weak derivative with respect to the variable x;. As a result, it follows immedi-
ately by direct calculation that

(i) (o) = (o)
_ _%igﬂjf@) _/—%iajtj(x—y)f(y)dy— /Hx(x—y)f(y)dy

is valid for all f € L*(R?; C?) and almost all € R? with the integral kernel H) defined
as in (4.15)). Furthermore, the definition of the free Schrodinger operator leads to

(_L(a V)) (—%A - )\) B Lf € H'(R* C?)

2m

for all f € L?(R3;C?) and therefore the trace operator 7 can be applied. By proceeding
as in the proof of Theorem Step 1 it can now be shown that the non-tangential
limits for this function exist as well and we therefore obtain

; <—%(0-V)) (_%A_A) Lf(x /HA x—y)f(y)dy = (V5f) (2)

for all f € L*(R?;C?) and almost all x € 3. This shows item i) of this lemma by using
the mapping property of the trace operator 7.

Step 2: Assertion ii) can be proven analogously to i) by defining a linear and bounded
operator T} : L*(¥;C?) — L?(R?;C?) by the assignment

TN = [ e =91 w)iot)
b
for f € L*(%;C?) and = € R? according to Step 1 and Theorem m Due to Theorem
it follows that SL(A)Iof € H'(R? C?) is valid for all f € L?(3;C?) and thus
the weak derivatives of this function exist. Consequently, with the representation of
the single layer potential for L2-functions according to there follows the explicit
representation of the weak derivatives as

(0 V)SLOVLf(x =——Z%a Nf(a =——Z%Tf

2m
- [~z Lot nsan= [ s

P

= (Uaf) (2)
(4.29)
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for all f € L*(3;C?) and almost all z € R?, as in Step 1. This shows the first assertion
of item ii).
Furthermore, this representation and Lemma [2.39] leads to

i V) (rf)s = —5 (0 - VP (SLOVES), = —5 A (SRS,
“ ASLOLS), € H'(24;C?)

on )4 in the distributional sense. It should be noted that for the second equal sign,
the definition of the distributional Laplace operator and the validity of Schwarz’s
theorem for test functions was used. Another application of Lemma [2.39] yields the
jump condition

7 (i(0 - V) (0f).) = 7 (i(o - V) (Taf)_) = =A (74 (SLOVLf), — 7 (SLONLf)_)
=0

on Y which, in combination with Theorem [2.32| shows
i(o-V)Urf =—-ASL\\)Lf € H(R? C?). (4.30)

Therefore, the weak derivatives of this expression exist and by using (4.29) and (4.30] -
we obtain

AU f = —i(0- V)i(o - V)Uyf = Xi(o - V)SL(A) Lo f
= —2mAU, f € LA(R3;C?)

in the distributional sense. This shows the claimed property concerning the distribu-
tional Laplace operator and completes the proof of ii).

Step 3: To prove assertion iii) we choose a complex number ;€ C\ R and an ¢ > 0

such that )

5 m?? =2m\
2

is satisfied. By direct calculation the relation
AgHy(2) = (1 - i\/Qm)\||:v||> H E — (o z)exp ( V2m ||x||>
i
- (CGM@) - (E + mcﬁ) KA(:I;)) A

for all z € R\ {0} follows with the integral kernel G, defined as in and the integral

kernel of the resolvent of the free Schrédinger operator K according to ([2.20)).
Obviously M, f € H2(2;C*) = dom(v(u)) is valid for a given f € Hz(%; C?) with

the ~-field for the Dirac operator. Thus, by using the representation of the operator
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®,, defined as in (3.15) and the one of the single layer potential according to (2.21)) we
obtain

MyW, f = (apu - (% n mcﬁ) SL()\)) M, f
= (e7(n) = (& +me) SLOV) ) M f

by applying Theorem [3.11L This, in combination with the mapping properties of the
values of the 7-field of Theorem and those of the single layer potential of Lemma
.39 shows that W, f € H'(R3\ X;C?) is valid for all f € H2(3;C2).

From the definition of the boundary maps of the quasi boundary triple of Theorem

B3

(4.31)

My f =Toy(u)Myf =ic(a-v) (o (y(w) My f), =7 (y(u) My f)_)

2

follows and with (a - v)? = I, furthermore that

—i(a-v)Mif =c(re (WM f), — 7 (v(W)Mif)_) (4.32)
applies. By applying Lemma we conclude from and
My (74 (Uaf), =7 (Unf)_) = c(mp (V)Mo f), — 7 ()Mo f)_) = —i(e- v) My f

for all f € H %(Z; C?). A component-wise consideration, the definition of the multi-
plication operators M; and M, and (o - v)? = I, finally results in

i(o-v) (r4 (Oaf), —7- (Unf)_) = f

forall f € H %(E; C?). This shows the jump condition on 3 and completes the proof
of the theorem. ]

Next, we define a linear operator in L?*(R?; C?), which will be important for the sub-
sequent considerations, by the following observation. Let f € H(Q,; C*)®&H (2_; C?)
with (o - V)fL @ (0-V)f_ € H'(R? C?) be given, then it can be shown by using the
definition of the distributional derivative and Schwarz’s theorem for test functions that
the relation

Af =(0-V)(o-V)f € LR C)
is valid for the distributional Laplace operator. Therefore, for an arbitrary € € R the
linear operator

dom(T;) = {f € H'(Q,C) & H(Q:C) | (0-V)fy & (0 V) € H' (B C)

and i(0 - v) (T fr — 7 f) = e7 (#(a : V)f> }

Tef = _%Af

(4.33)
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with the trace operator 7 from (4.28)) is well-defined. As in the previous sections, we use
the isomorphism ¢ : L?(R? C*) — L*(Q;C*) & L?(2_; C*) of Section [2.6|to regard T,
as a linear operator in L?*(R3; C?) with domain of definition dom(7,) C H*(R3\ X; C?).
Furthermore, this linear operator is densely defined since D(R? \ %;C?) C dom(7T})
holds true.

Lemma 4.10. The operator 7. defined as in (4.33)) is a symmetric operator in L?(R3; C?).

Proof. Let f,g € dom(T;) be given, then from the divergence theorem and the her-
miticity of the Pauli spin matrices it follows that

1 1 . )
(__Afj:agﬁ:) = (—1(0 -V)i(o - v)f:tag:t)
2m L2(Q45C?) 2m L2(Q45C?)

= L (i V) (0 V)9 o £ (ﬁw V)i (ilo - V) f), g)

2m L2(5iC2)

= (0 V)il Vg F (7 (5 V)1 it v)rsse )
= 50 )il D))o F (7 (0 9 )il v)rags

L2(35C2)

L2(%;C2)
applies. If we add these two equations and use the jump condition on ¥ for functions
from the domain of definition of 7. we obtain the following equality.

1 1 1
(——Af,g) = (——Af+,g) + (——Af,g>
2m L2(R3,C?) 2m L2(245C?) 2m L2(0-iC?)

1. , 1. .
= %(@(‘7 V) fy.i(o V)9+)L2(Q+;<c2) + %(Z(U V) f-i(o- V)gf)m((z,xc?)

B (T (ﬁ(a,v)f)i(a-u) (T+9+—Tg)>

L2(%;C2)
1 4 : '
= 5, (1o V)f,i(0 - V)9) ragasc) = €<T (%(0 ' V)f)’T <%<U ' V)g))m(z;@)

In the same way it can be shown that

1
(1)
m L2(R3;C2)
1 i

= %(i(a V) f,i(o - V)g) p2gs.co) — 5(7 (_(U ' v)f)’T <_(U . V)g))mz;c?)

2m

is valid as well. Finally, this leads to

1 1
(Tf,g) 2(R3:C2 _(fng) 2(R3:C2 :<__Af7g) —(fa—_A9> =0
e L2(R3;C2) €4/ L2(R3;C2) 2m PRS2 2m @)

for all f,g € dom(T.) which shows the symmetry of 7. O
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Before we finally discuss the non-relativistic limit we require a further auxiliary
result, which shows the continuous invertibility of the operator I + €D,.

Lemma 4.11. The operator I + D, is bijective in L?(3;C?) for all ¢ € R and all
A € C\ R and also the inverse operator is bounded. Furthermore, the restriction
(I +¢D,) [ Hz(%; C?) as a linear operator in Hz(3; C2) is bijective as well.

Proof. Step 1: Since D, is compact according to Theorem [4.6] it is sufficient to show
that the operator I 4 D, is injective due to Fredholm’s alternative. For this purpose
we assume that there exists an f € ker(/ +¢D,) \ {0}. Due to the mapping properties
of D, according to Theorem one obtains

f=—eDyf € H(S;C?)

which leads with Theorem [4.9to ¥y f € HY(R3\ 2;C?) and i(o- V)V, f € HY(R3; C?).
Furthermore, we conclude from Theorem [£.9] the definition of D, as a restriction of
the single layer boundary integral operator and the connection of the latter with the
single layer potential

i(o-v) (14 (Uaf), —7-(Uaf)_) = f = —eD\f = —%S(A)f

with the trace operator 7 from (4.28). Overall, ¥, f € dom(7;) follows and therefore
we are able to apply the operator T, to W, f.
With Theorem 4.9 we obtain

TS = 5 AW f =~ i(0 - V)SLO)S = AUy f

and therefore U, f is a eigenfunction of 7. to the complex eigenvalue A € C\R. This is
a contradiction due to the symmetry of 7. and Theorem [2.15] Consequently, I + D,
is injective and according to Theorem [2.3] even bijective. Finally, from Theorem [2.6]
the boundedness of the inverse operator follows.

Step 2: As I + €D, is injective according to Step 1, this also carries over to the
restriction to H %(E; C?). Thus the surjectivity of the latter remains to be shown. Let
an arbitrary g € H2(3; C2) be given, then due to Step 1 there exists an f € L2(3;C2)
such that

g={I+eDy) f

applies. From the mapping properties of D, according to Theorem we immediately
deduce that )
f=g9—eDyfe H:(%;C?)

is valid and thus the operator I 4+ €D, is bijective as an operator in H %(E; C?). O
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Now we are in the position to show the main result of this section. It turns out that
for the c-dependent interaction strengths n, 7 € R the resolvents of the Dirac operators
A, - converge to the resolvents of 7T, modified by the multiplication operator Ms.

Theorem 4.12. Let A € C\ R and c-dependent interaction strengths n,7 € R with
n+7=0and n —7 = ec? for an ¢ € R be given. Furthermore, let 7. be the
linear operator defined as in , then there exists a constant x(m, A, e, ¥) > 0 only
dependent on m, A, € and X such that the following estimate is valid for sufficiently
large ¢ > 0 -

|(Agr = (A me)) ™ = 2 (=) g <

.
In particular, the convergence

—1
(4 — (A +me?)) ™ = ( (T: _O)\> 8 ) for ¢ — oo

in the operator norm applies as well as a convergence rate of O (%)

Proof. Step 1: Let A € C\ R be given, then it follows from Lemma and Lemma
that the operators I + ec?M;{CyimezM; and I + €D, are invertible and their
inverse operators are bounded. Furthermore, according to Theorem [4.7] there exists a
constant k(m, ) > 0 only dependent on m and A such that for sufficiently large ¢ > 0

the estimate i
HC2M1*C)\+mCQM1 — ’D)\H S E

applies. If we define the operators
T=1+ é‘D)\
and
A= (I+e®M{Cyyme M) — (I +Dy) =& (M;Crime My — D))

then the estimate ||A[|||7!]| < 1 is valid for sufficiently large ¢ > 0. Thus by applying
Theorem 2.8 we obtain

112
17 HAl
1 [JAT]
EE)7-1)®
R
112
_ 2lel KT
- c

H (I+ 5c2]\/[1*CHmczM1)_1 — (I +eDy)"!

for sufficiently large ¢ > 0. In addition, Theorem provides us with the estimates

@y mez My || < 1+ || Moy || = K, (4.34)
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and
H (I+ chCHch)*lH <14 |[(I+eD)7Y| = K> (4.35)

for sufficiently large ¢ > 0 due to the triangle inequality. The two constants
Ki(m,\,¥) > 1 and Ky(m, A, e,%) > 1 are only dependent on m, A, ¢ and X.
Next, from Theorem and Lemma [£.5] the resolvent representation of A, , as

(An’T — (A + mc2))_1 = (AO - (A + mcz))_1
— (A +me®) (I + BM(A+mc®) " By(x+mc?)*
= (Ag— A +me?) ™ = @pppmez (I + BCrime)” BEL,
= (Ag— (A + mcz))_1

— Dy My (I + M Coymer M)~ ecMi®%,

is obtained. By using (4.34) and (4.35) and applying the triangle inequality several
times, this leads to

H (AW:T - ()\ + m62>)_1 - (TO - )\)_1 P+ MyW,y ([ -+ EDA)_I €\D§M2*
< [[(do =+ me) = (T - P
+ el max { K7, Ky} <||C<I>A+m02M1 VAN

b [|e® s e My — MWy || + H (I +2cCrpme) " — (I +2)" DAH)

for sufficiently large ¢ > 0 with the free Schrodinger operator Tj defined as in ([2.18]).
Finally, with Theorem [4.3] and Theorem [4.7] the estimate

=

H (Anr = (A mcz))—l —(To = N) " Py + MWy (I +eDy) ™" eV My

< —

T c
follows for sufficiently large ¢ > 0. The constant x(m, A, e, %) > 0 is only dependent
on m, A, € and . Furthermore, a direct calculation involving the definition of the
multiplication operator M, shows that

_1 *
My, (I —i—aD,\)—l eWUiM; = ( Wy (I + SOD)\) evs 8 )

applies.
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Step 2: Next, we will show that the linear and bounded operator
R\ = (Ty =N I, = U\ (I +2D,) " eT5

from Step 1 corresponds to the resolvent of a self-adjoint operator in L?(R?; C?). For
this purpose we will apply the result of Section [2.3]

By using the trace operator 7 : H(R3; C2) — H2(3;C?) of we now define a
mapping 7 : H?(R3; C?) — H%(E; C?) by the assignment

7= (-gate D) s

for f € H?(R3 C?) and thus obtain a linear and bounded operator. It can now be
shown with the help of the Fourier transform that the H?-norm is equivalent to the
graph norm induced by the Laplace operator and therefore 7 is bounded as a mapping
from (dom(Ty1a), ||[|7,;,) to L*(R3; C?). Furthermore, its kernel is dense in L*(R?; C?),
since 7f = 0 applies to all test functions f € D(R3\X; C?). An application of Theorem
[4.9] eventually leads to the relationship

1 -1

on L?(R3; C?) between the resolvent of the free Schrodinger operator and the linear
operator Wi

Next, we restrict ourselves to the case that ¢ # 0 applies, otherwise Theorem
shows the convergence of the free Dirac operator to a free Schrodinger operator with
the claimed properties. We define the mapping

I.(\) = é[ + Dy : L*(%;C?) — L*(%;C?)

for A € C\ R and thus obtain a family of linear and bounded operators which are

continuously invertible due to Lemma [£.11]

Finally, an application of Lemma q4.8 yields that the operators I'.(\), Dy, V5 and
Uy satisfy the conditions of Theorem and therefore there exists a self-adjoint
operator 7. in L*(R3; C?) which coincides on ker(7) with the free Schrédinger operator
Tyl defined as in . This operator has the following explicit representation for
all A € C\ R.

dom(7%) = ran ((To — AL — Wy (I 4eDy) evy)
_ {f € L2(R% C?) | 3f, € HA(R? C?) with f = fr — Uy (I +51>A)—15m}
(T. = A f = (To = \) Lo fx
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Furthermore, the definition of i is independent of A € C\ R and the decomposition
of f € dom(7;) in the representation of the domain of definition dom(7}) is unique.

Step 3: To complete the proof it remains to show that 7. = i is valid in the sense
of linear operators. In the first step we will show that dom(7;) C dom(7%) holds true
and therefore we assume that an arbitrary f € dom(7%) is given. Due to the explicit

representation of the operator T. . of Step 2 there exists a unique f\ € L*(R?; C?) for
any A € C\ R such that

F=(Ty =N " Lfs— U\ (I +eDy) ' eVify
=gy — Uy hy.

with functions g, € L*(R?;C?) and h, € L*(3; C?) applies.

From the definition of the resolvent of the free Schrodinger operator we obtain
gr € H?*(R3;C?) whereas due to Theorem 4.9 and Lemma hy € Hz(;C?) fol-
lows. This yields with Theorem that W hy, € H'Y(R?\ 2;C?) and finally that

f € H'(R?\ %; C?) applies. Consequently, dom(7.) C H'(R3\ 3; C?) is valid.
To derive further properties of f we first observe that

(0-V)gr € H'(R% C?)
is valid for gy € H?(R3;C?) while according to Theorem
(0-V)(Uphy)y @ (0-V)(Uphy)_ € H' (R C?)
follows for hy € Hz(%;C2). Thus, due to the linearity of the weak derivative, we

obtain (¢ - V)f € H*(R3;C?).
Next, by using Theorem for gy € H?*(R3; C?) we obtain the jump condition

i(o - v) (T (90) 4 — = (92)_) =0 (4.36)
on Y while Theorem [£.9 provides the jump condition

i(o - v) (74 (Waha), — 7 (Waha) ) = Dy (4.37)

on X for hy € Hz(3; C2). If we now combine (4.36) and (4.37) we obtain

(o v) (T fs =7 f-)
=i(o-v) (T4 (90)y —7-(9)_) —ilo-v) (74 (Paha), — 7- (Uaha)_)
= —i(0 - v) (74 (Uaha), — 7 (Uaha)_) (4.38)

1 -1
= —hy=— (—1 - DA) Vify
9
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for the behavior of f on the surface X.
On the other hand, with Theorem [4.9] the definition of the operator D) and the
trace operator T : H'(R?; C2) — Hz2(3; C?) according to (4.28) we find

; (#w . v>f) _ (#@ - vm) — (ﬁ(a - vmm)
_, (%(a V) (Ty - M), fA) + o (SLO) )

m
= —Uifr+ Dahy

1 —1
= —U3/n +Da (—f + DA) L 20
£

(4.39)

due to the definition of hy. Combining (4.38) and (4.39)) finally leads to

(o V) = Lo (s - 1)

3

1 -1 1/1 -1
= —\I/;f,\ + D)\ (—I —|— D/\) \Ijif)\ + - (-[ + D)\) \D;f)\
19 e E

( 1 1 N\ e
£ 9
=0

which after a multiplication with € shows the jump condition of f on ¥. Altogether

we therefore obtain f € dom(7;) and further dom(7;) C dom(7%).

Step 4: After we have already shown dom(7%.) C dom(7;) in Step 3 we will now show
T.f =T.f for all f € dom(T.). This then yields the inclusion 7. C T. in the sense of

linear operators. _
For this purpose we choose arbitrary f € dom(7.) and A € C\ R with the unique
element fy € L*(R?; C?) as in Step 3 such that

F=(To =N "Ly — U\ (I +eDy) " eWify
=gy — Uyl

with gy € H2(R3;C?) and hy € H2(3;C2) applies. Due to Theorem |4.9| we obtain
1
- %A\p)\h)\ = )\\IJ)\}L/\

and therefore, after rearranging this equation

1
(—%A - A) Wyhy =0 (4.40)
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in the distributional sense. Consequently, with (4.40)), the definition of the operator
T. from Step 2 and the linearity of the distributional Laplace operator we obtain

(T = N) f = (Tc = X) (gn — Uahy) = <—%A - A) I (g — Vrhy)

1 1
(s Nt (- ) nn
2m 2m

1 -

= (—Q—A - >\> Iagy = (To — A) Iagy = (Ta - >\> f
m

Wthh finally leads to T, f = T, -f. This is equivalent to T C T, and due to Theorem

0} the symmetry of 7. and the self-adjointness of T, we find the following chain of

1nclu81ons. B B B
TEQTEQT:QT::TE

Thus T, = i in the sense of linear operators follows which completes the proof.  [J
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