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ABSTRACT

We consider the problem of computing the integral
/u(d) Wijy - Wiyju By - g, AU (1)

where the integration takes place with respect to the probability Haar
measure on the unitary group, and the u;; denotes the ij-th entry of a
unitary matrix U. We present a unified approach connecting classical
results ([11], [22], [18]), the explicit formula for the integral (1) given by
B. Collins and P. Sniady [6] and subsequent works of various authors
providing different points of view. Finally we are able to provide an
explicit formula for the 2n-th moment of the trace of a unitary Haar

random matrix, generalizing a result of P. Diaconis [8].






INTRODUCTION

Let GL(d) denote the group of invertible, complex d x d matrices,
and let U (d) be the subgroup of unitary matrices. Recall that every
locally compact topological group G admits a regular Borel measure
1, which is invariant under left translation i.e., p1(g - X) = u(X) for all
measurable sets X. This measure is unique up to a constant multiple.
Any such measure is called left Haar measure on G. Similarly there
is also a right Haar measure on G. These two measure do not have to
agree, but if they do G is called unimodular.

The Haar measure induces a left-invariant integral on G,

| fn)an(e) = [ flg)dn(g),

for all i € G and any Haar integrable function f on G.

If G is compact, then j(G) < oo and G is unimodular. This is the
reason why many arguments from the representation theory of finite
groups carry over to compact groups almost verbatim. In many cases
all we need to do is exchanging ‘1@ Y ¢ec with the normalized Haar
measure on G for the proofs to remain valid.

As U (d) is compact, it admits a unique probability Haar measure. The
problem we are considering is the computation of the integrals with

respect to this probability measure of the following kind

Jy o i, U @)

where the u;; denote the entries of a unitary matrix U, and #;; denote
the complex conjugate of said entries.

This at once allows us for example to define and compute an inner
product on the algebra A of polynomial functions on U/(d) i.e., the set
of functions f : U(d) — C for which there exists a polynomial py in
d? variables with f(U) = ps(u11, ..., ugq). As we will see, the integral
(2) is zero unless n = n'. This means that A admits a decomposition

into homogeneous components i.e.,

For a proof of the
existence and
uniqueness of the
Haar measure we
refer to the paper G.
K. Pedersen [17].



INTRODUCTION

where A®*) denotes the space of homogeneous polynomial functions
of degree k [13].

Apart from answering natural questions about one of the classical
groups, these integrals have many applications in random matrix
theory and mathematical physics, especially quantum physics and
quantum information theory. References for these applications can
be found in [24], [13]. Furthermore they have been used to derive
formulas for the pseudoinverse of Gaussian matrices and the inverse of
compound Wishart matrices [5], and to describe integrals of Brownian
motions on the classical groups [7].

The study of these integrals was initiated by physicists in the 1970s
(e.g. [23]). It was realized, that the integral can be expanded in terms
of a sum over functions which only depend on the cycle structure
of certain permutations. D. Weingarten was the first to study the
asymptotic behavior of these functions [22], hence these functions
were later coined Weingarten functions by B. Collins. Explicit formulas
for the Weingarten functions were first derived by S. Samuel [18] and
B. Collins [3] under the assumption that d > n and later by B. Collins
and P. Sniady [6] in full generality. In the same paper B. Collins and P.
Sniady also derived formulas for the integrals of polynomial functions
on the orthogonal and symplectic groups. An alternative formula in
terms of Jucys-Murphy elements was given by J. Novak [15] in 2009.
This approach was generalized to the orthogonal group by P. Zinn-
Justin [25] in 2010, and the computation of the Weingarten functions
was seen to be equivalent to the computation of the Moore-Penrose
inverse of a certain matrix.

There are several ways to tackle the problem of computing the integral
(2). The first approach due to S. Samuel [18] exploits certain symme-
tries of the integral, and leads to an ansatz valid for d > n. It is not
obvious how to generalize this idea to a proof valid for all n and 4.
On the other hand the method used by B. Collins and P. Sniady at
first glance may look somewhat indirect, but leads to a valid general
formula. The methods used by B. Collins and P. Sniady, and thus all
subsequent approaches as well, heavily depend on the Schur-Weyl
duality and the double centralizer theorem. Furthermore we will make
extensive use of both the classical as well as the modern approach to
the representation theory of the symmetric group.

In order to motivate the general approach we compute the smallest

possible example by hand in two different ways.
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Example 1. We seek to compute

/ ]unlzdll: / ]unlzdu.
U(d) U(d)

First we will use a direct approach. Let U be a unitary Haar distributed
d x d random matrix. All entries of U have the same law. To see this
note that permutation matries are orthogonal and hence unitary. Left
and right multiplication with permutation matrices can be used to
exchange 111 with any u;; we like. By the invariance of the Haar mea-
sure under such transformations all entries have the same distribution.

Since the columns of U are orthonormal we get

14 1 d 1
241 = = / izdu:f/ J2du ==
/u(d)|u11| dizzl ) |14 7 U(d),-;‘u” 7

This method is direct, quick and only relies on elementary properties
of the Haar-integral. However it is not obvious how to generalize this.
The following approach is in the spirit of B. Collins and P. Sniady. It is
somewhat indirect, but easily lends itself to generalizations.

Let D = diag(1,0,...,0) = e;ej € M;(C) and note that

u Zdu = / esUe,efU*e; dU
/Z/I(d)| 11| U(d) e !
= Tr (efUeeiU%e,) dU
~/Z/{(d) 1'( ! e 1)

= Tr (e;efUeefU*) dU

/U(d) t (eye;UejerU”)

=T / ereiUeey U dU
1'<U(d) 161Ue€1€1 >

~ Ty <D/ uDpU* du).
U(d)

By the invariance of the Haar measure we get that
W (/ uDU* du> W* = / (WU)D(WU)*dU = [ uDu*du
U(d) U(d) Uu(d)
for all W € U(d).
Therefore fu( g UDU" dU is a scalar multiple of the identity, say Aidca.
We get that

A= 1Tr < upu* dll)
d U(d)

1
= — Tr (UDU™*) dU
: /u(d) r (UDU”)

1
= — Tr (U*UD) dU
d/w) r (UUD)

1 1
== 1dU = -.
d/u(d) d

A matrix that
commutes with U (d)
is a scalar multiply
of the identity. This
is a direct
consequence of
Schur’s lemma
(Lemma 4 and its
corollary).
Alternatively one
can use the fact, that
every matrix can be
written as a linear
combination of

unitary matrices.
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Hence we compute

1

/ g1 [FdU = Tr (D upu* du> = -Tr(D) =
Uu(d) U(d) d

1
7
The main benefit of the second approach is that it can be generalized
quite easily. Repeatedly applying the canonical isomorphism between

tensor and Kronecker products

(111B a1dB
A®B~ : : ,

adlB s addB

for A,B € End(V), to the matrix U, we see that the entries of U®"
and (U*)®" are ujj, - - - u;,;, and i0; ;, - - - il;,j, respectively. Thus, if we
try to select more than one pair of indices at once we end up with

expressions of the form

Tr <B/ u®"A(u*)®”du> ,
U(d)

for a suitable choice of A and B € M;(C)®". Using this the compu-
tation of the integrals reduces to the study of certain linear maps. In
fact we will see, that the computation of the integral (2) is equivalent
to the computation of an orthogonal projection E onto End(V®"). In

order to describe them efficiently we introduce some notation.

1.1 NOTATION

Let V = C“ and let A be an element of End(V®") = End(V)®". We
define
E(A)= [ umAu)au,
)= [, urau)

where the integration is performed with respect to the unique proba-
bilty Haar measure on U/ (d). As we will see in Proposition 29, E is the
orthogonal projection from End(V)®" onto Cy;(4), the centralizer of all
U®" for U € U(d) in End(V)®". The main takeaway from the above
example is that the properties of E (A) and therefore the properties of
the map E itself are central to our study.

Additionally we introduce some notation to efficiently work with
multiindices. Let 7 = {(i1,...,ix) | 1 < ix < d} be the set of n-tupels

with entries in 1, .. .,d. We denote multiindices with bold lowercase
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letters e.g., i = (i, ...,1,), and note that the Kronecker delta for a pair

of multiindices is given by

n 1 i=j
k=1 0 i#j

With this we write

~ ’ ] ./ ., —_— .. .« . . . . _. . .. _. .
Ja(i,j,i',7") = /u(d) Wiy o Wiy Wit - o - Wit du,

for the integral.

This notation allows for a natural description of tensor products. Let
{ei}?zl be a basis of V and let {e;‘}?zl be its dual basis. We see that
{ei}iezg is a basis of V", where e, = ¢;, ® - - - ® ¢;,. By setting

we get that the eie;f for i,j € I} form a basis of End(V)®". Therefore

our problem is now to compute

34(i,7,i',7) =Tr (ei,e;‘IE (eje;,» =¢/E (e].e;f,> ey

In other words, the entries of the matrix of [E with respect to the
standard basis of End(V®") contain all the information we need.
However the matrix of E contains a lot of redundant information as
we will see, and computing [E directly is quite a challenging task. Thus
we do not explicitly compute E. Instead we will use the representation
theory of the symmetric group S, and the Schur-Weyl duality for the
unitary group U (d) to extract all the information we need from E. In

the next chapter we will develop the necessary theory for this.






PRELIMINARIES

In this chapter we will briefly review basic notions from representation
theory, the Haar measure and the Schur-Weyl duality. We are mainly
interested in the representation theory of finite and compact groups.
Additionally we will need a few results from the representation theory
of associative algebras. The representation theory of compact groups
closely resembles the representation theory of finite groups. Moreover
the algebras in question are group algebras of finite or compact groups
and the representation theory of the group carries over to the group
algebra. Thus we only consider the representation theory of finite
groups. This presentation is largely based on the exposition of the
material given by J.-P. Serre [19] with some results beeing taken from
B. Simon [20] and P. Etingof [1]. For a treatment of the representation
theory of compact groups and algebras, we refer to the books of D.

Bump [2] and P. Etingof [1] respectively.

2.1 REPRESENTATION THEORY

Throughout this chapter we consider complex, finite dimensional
representations, i.e., V always denotes a complex, finite dimensional

vector space.

Definition 2 (Representation). Let G be a finite (or compact) group
and A an associative algebra. A representation of G is a (continu-
ous) homomorphism 7 : G — GL(V). A representation of A is a
homomorphism 7t : A — End(V).

A subrepresentation of 7t is a subspace of V which is invariant under
7t(x) for all x in G or A.

If V # 0, m is called irreducible, if its only subrepresentations are 0
and V itself.

The group G acts on a vector space V via a representation p

g v:=p(g)o.

We will sometimes call the vector space V itself a representation of G

if there is no ambiguity regarding the associated action.



Since (, ) is the
dual pairing and not
a complex scalar
product we take the

transpose and not the

conjugate of (g~ 1).

PRELIMINARIES

Given two representations 7 : G — GL(V) and p : G — GL(W) we
can construct a number of other representations.

They give rise to representations on V& W and V ® W, the latter via

g (vew)=(n(g)v) @ (p(g)w).

For every representation 7 : G — GL(V) we can define its dual
representation " : G — GL(V*), by 7t*(g) = m(g~1)T. This definition
guarantees, that the dual paring (-, -) is invariant under the group

action i.e.,

(m*(g)o, m(8), w) = (v, w).

We can also construct a representation of G on Hom(V, W), by setting

g T=p(g)oTon(g™"),

for T € Hom(V, W). This directly follows from unraveling the ho-
momorphism Hom(V, W) ~ V* ® W and the definition of the dual

representation.

Definition 3 (Intertwiner). An intertwiner between two representa-
tions 7 : G — End(V) and p : G — End(W) is a homomorphism
T : V — W which commutes with the action of G i.e., T(7(g)v) =
p(g)T(v) or more concisely T(g-v) = g- T(v).

Two representations are said to be isomorphic, if there exists a bijective
intertwiner between them.

Furthermore we denote with Homg(V, W) the space of all intertwin-

ing operators between V and W.
For every representation U of G we can define
U={ucl|g-u=u, Vg€ G},

the set of all elements of U fixed under the action of G. In the special
case of U = Hom(V, W) we get Homg(V, W) = Hom(V, W)C.

LEMMA 4 (SCHUR’S LEMMA).
Let V and W be two representations of G and ¢ € Homg(V,W). If ¢ # 0

we have:
1. If V is irreducible, ¢ is injective.
2. If W is irreducible, ¢ is surjective.

3. If V.and W are irreducible, ¢ is an isomorphism.
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Proof. Note that ker (¢) and im (¢) are subrepresentations of V and
W respectively, and neither of them can be trivial since ¢ # 0.
O

COROLLARY 5.
Let V be an irreducible representation of G and let ¢ € Endg(V). Then
¢ = Aidy for some A € C.

Proof. Since C is algebraically closed the characteristic polynomial of
¢ has a root A. ¢ — Aidy is an intertwiner with nontrivial kernel and
therefore by the previous lemma ¢ — Aidy = 0.

t

COROLLARY 6.
Let U and V be irreducible representations of G. Then we have:

1. If U %V, then Homg (U, V) = 0.
2. dim (Endg(V)) = 1.

LEMMA 7.
Every nonzero representation 1t : G — GL(V) has an irreducible subrepre-

sentation.

Proof. Let W = {rt(g)v | g € G} for some v # 0in V. W is a subrep-
resentation and 0 < dim W < dim V. Either W is already irreducible
or it has a nontrivial subrepresentation W’, in which case we repeat
the argument with W’ inplace of W.

O

The standard theorems relating direct sums, tensor products and

Hom-sets extend to representations. We have for example

n n
P Homg (V;, W) =~ Homg (P Vi, W).
i=1 i=1
In the case where W is irreducible Schur’s lemma implies that the di-
mension of Homg (V, W) is equal to the number of subrepresentations

of V isomorphic to W.

Definition 8 (Group algebra). Let G be a finite group. The group
algebra C[G] consists of all function f : G — C with the product given

by convolution

(f8)(x) = ) flu)g(u"x)

ueG
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Remark. C[G] can also be thought of as the free vector space on G

over C , with the product given by

(E Dégg) (Z .th> — Y aBugh

geG heG gheG
A function f : G — C corresponds to the formal sum Y, f(8)g-
Note that C[G] is itself a representation of G with the action given by
left multiplication, called the (left) regular representation. We will use
the functional notation §; whenever we want to emphasize that one
should think of elements of C[G] as function and we will use the free
vector space notation when we are working with elements of C[G]

that are meant to act by left mulitplication.

Remark. The definition of the group algebra can be adopted almost
verbatim for compact groups. Let dG denote the unique probability

Haar measure on G and define the convolution of f,g: G — C to be

(£)(x) = [ f()g(x"u)dG(u).
THEOREM 9 (MASCHKE'S THEOREM).

Every subrepresentation W of a representation V has a complement which is

invariant under G, i.e., a subrepresentation.

Proof. There always exists an algebraic complement U’ such that V =
W @ U, but U’ might not be invariant. Let p be the projection along
U’ onto W, and define
Pi=3) m(gpm(s™),
g€G

where 7t is the action of G on V. P is a projection, im (P) = W and
hence V = W @ ker (P). Note that ker (P) is invariant and therefore
W has a complementary subrepresentation in V.

O

Remark. To adapt this proof to the compact case, we can use Weyl's
unitary trick. Let 77 : G — GL(V) be a representation of a compact
group G. If V admits an inner product (-, -) invariant under the group
action i.e.,
(r(&)u, m(g)v) = (v,u)

for all u,v € V, then the orthogonal complement with respect to this
scalar product of any subrepresentation of V is again a subrepre-
sentation. Note that for an arbitrary scalar product (:,-) the scalar
product

(u,v) ::/G(g-u,g-de

10



2.1 REPRESENTATION THEORY

is well-defined by the compactness of G and invariant.

COROLLARY 10.

Every representation is a direct sum of irreducible representations.

Definition 11 (Character). For a given representation v : G — GL(V)
the function x(g) := Tr (71(g)) is called the character of 7.

Characters of irreducible representations are called irreducible charac-
ters. We further note that x, € C[G].

In the case of the dual representation we get

X (&) = xr(8)-
Given some action of G on a finite set X, we can define a representation

7t of G by considering the free vector space V = {ey | x € X} on X,

setting 77(g)ex = eq.x. In this case the character of 7 is equal to

xx(g) = Tr (n(g)) = fix(g),
the number of elements of X fixed under g.
Note that the characters of V@& W and V ® W are xv + xw and xvxw
respectively.
We can define a scalar product on the group algebra C[G] by setting
X ¢ Y x(9)
|G’ g<G
PRrOPOSITION 12 (ORTHOGONALITY OF CHARACTERS).
Let 1 : G — GL(V) and p : G — GL(W) be two irreducible representations
of G. Characters are orthogonal in the sense that

1 VW
<X7I/Xp>: .
0 VLW

Proof. Note that for any representation oc:G — GL(U) the map

Z (g G Endc(ll)

|G‘ geG

is a projection onto U®. Furthermore we have

dim (uG) = Tr (@ ‘G‘ g;;xa

If we set U = Hom(V, W) and note that Xtom(v,w) = X (8)Xp(g) we
immediately get

dim (Homg(V, W)) Z xn(g = (X Xp)-
We conclude by applying Corollary 6. O

11
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Since characters are constant on conjugacy classes, we immediately

get the following corollary.

COROLLARY 13.
The number of irreducible representations is less than or equal to the number

of conjugacy classes.

Hence we know that for any finite group the number of irreducible
representation is itself finite. We denote with G an indexing set of all
irreducible representation of G. Any given representation 77 : G —

GL(V) admits a decomposition

V.V,
aeG
where V, denotes an irreducible representation of G and 1, denotes
the number of times this irreducible representation appears in V as
a direct summand. The subresentation n,V, is called the a-isotypic
component of V.

Note that the character of the regular representation satisfies

Xc[G] (8) = [G0g,e,

since multiplication in C[G] has no fixed points with the exception of
the neutral element.
Let G be an indexing set for the irreducible representations of G and
let
C[G] = P naVa
xeG
be the irreducible decomposition of C[G]. We have that

Xcig(e) _ .
Ny = <Xou XC[G]> = Xu(e) C‘[g‘ = dim (V).

COROLLARY 14.
The group algebra decomposes into

C[G] ~ P dim (Vi) Vi ~ €D End(V,).
xeG aeG
Proof. The second isomorphism warrants some further explanation,
since it will become important later on.
Consider the map ¢ : C[G] — @, End(V,) defined by

f (Z f(g)ﬂa(g)>

g€G é

12



2.1 REPRESENTATION THEORY

where 71, is the action on V.
¢(f) = 0 implies that Y, f(g)7(g) = 0 for all a € G. This in turn
implies that } f(g)p(g) = 0 for any representation p. Applying this
to the left regular representation yields f = 0. Hence this mapping is
injective, and since the dimensions agree it is also bijective.

t

Functions f : G — C which are constant on conjugacy classes are
called class functions. Note that characters are class functions.
For any representation p : G — GL(V) and any class function f we

define

of = ZGf(g)p(g) € Endg(V).
g€

If V is irreducible the elements of Endg (V) are just scalar multiples
of the identity map and we get that

Tr . G N .
b= dmffzfv)) 0 = i (7 i)

PROPOSITION 15.

The irreducible characters are an orthonormal basis of the class functions.

Proof. We show that (i)~ = 0. For f € (x;)* we have p; = 0 for
any irreducible representation p and hence for any representation.
Applying this to the left regular representation yields f = 0.

O

COROLLARY 16.
The number of irreducible characters is equal to the number of conjugacy

classes.

Definition 17 (minimal central projection). A projection (i.e. an idem-
potent) p in A is called minimal if for every pair of projections r and
g we have that p = r + g implies p = 0 or g = 0. The projection p is
called minimal central if this is true for all projections g, r in the center
of A.

Let p : G — GL(W) be an arbitrary representation of G and let
71 : G — GL(V) be an irreducible one. Then

dim(V)p
‘G‘ Xn

is the minimal central projection onto the 7r-isotypic component of p.

13

For a more detailed
treatment of minimal
projections we refer
to the book by B.

Simon [20].
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Young diagram
of the partition
A= (43221)
with the hook of
the box (2,4) in
grey.

PRELIMINARIES

Definition 18 (Partition). A partition of an integer n € IN is a tuple
A= ()Ll,...,/\l) suchthat Ay > --- > Ay >0and A+ -+ A} = n.
The number [ is called the length of A and denoted by I(A). If A is a

partition of n we write A - n.

Note that there is a bijection between partitions of n and the conju-
gacy classes of S,. This is due to the following considerations. Two
permutations are conjugate if and only if they have the same cycle
structure. Furthermore disjoint cycles commute in S,. This allows us
to decompose any permutation ¢ into a composition of disjoint cycles
of descending length o7 - - - 07. The lengths of the cycles I(o;) sums up
to n. This yields a partition A(c) = (I(cq),...,1(07)) of n.

To each partition A we can associate its Young diagram. A Young
diagram is a finite collection of boxes arranged in a top-left-justified
rectangle, such that the i-th row contains A; boxes. The box in the i-th
row and j-th column will be denoted by the pair (i, j). We define Y (n)
to be the set of all Young diagrams associated to partitions of n and
T : S, — Y(n) the map mapping a permutation to the Young diagram
of its conjugacy class. For later use we define for each y € Y(n) the
element C,, € C [S;] to be

Cu = Z dc,
T(o)=p

i.e., the characteristic function of the conjugacy class of u. As for
partitions let /(y) denote the number of rows of i € Y(n).

In view of Corollary 16 this means that the irreducible representations
of S, are indexed by partitions. They are called Specht modules and
will be denoted by S*. The associated action of S, on S* will be
denoted by 71y and we will write x4 for its character.

In order to compute the dimensions of the representations that are
going to appear, we need one more concept related to Young diagrams,
namely the hook of a box (i, ). For a given Young diagram y the hook
H,(i,]) consists of all boxes above or to the left of the box (i, ). The
hook length h, (i, j) is the number of boxes in H,(i,j) (the box (i, ) also
belongs to the hook).

The classical approach to the representation theory of S, uses Young
Tableaux/Young Symmetrizers, as detailed in W. Fulton and ]. Harris
[9]. Additionally there is an alternative approach due to A. Okounkov
and A. Vershik [16]. Discussing the details of this alternative approach

is beyond the scope of this work, however we will briefly touch upon

14



2.1 REPRESENTATION THEORY

a certain construction used by Okounkov and Vershik. The Jucys-
Murphy elements J; are special elements of the group algebra C [S,],
independently introduced by G. E. Murphy [14] and A.-A. A. Jucys
[12]. They are defined as sums of the Coxeter generators of Sj;:

Jn=0,n)+2,n)+---+(n—1,n).

Let C [Sk_1] € C[S,] be the subalgebra consisting of all permutations
of {1,...,k —1}. Note that for any ¢ € C [Sx_1] we have

k=1 k=1
oot = Z:U(i,k)(f1 = Z(O'(i),k) = k.
i=1 i=1

Thus any two Jucys-Murphy elements commute with each other and
Jx commutes with the subalgebra C [Sx_1] of C [S,]. In fact the sub-
algebra C[J2, ..., Ja] € C[S,] is a maximal commutative subalgebra,
known as Gelfand-Tsetlin algebra. The Jucys-Murphy elements possess
a number of very useful properties. However we will only need the

following result due to Jucys and a rough estimate of their eigenvalues.

THEOREM 19 (JUCYs, [12]).
Forre {1,...,n}, let

er(]lr-~-/]n): Z ]i1"']ir

1<ip<---<iy<n

be the elementary symmetric polynomials evaluated in the Jucys-Murphy

elements. Then

Note that this means that e,(]y, ..., J,) is the characteristic function of
all permutations with exactly n — r cycles.

We can think of every element in C [S,] as a vector space homomor-
phism by considering the left regular representation (i.e. acting by
left multiplication) of C [S,] on itself. Note that C [S,] has a basis
indexed by permutations. Hence the action of o € C [S,] corresponds
to a n! x n! matrix L(0) with complex entries. The multiplication in

C [S;] mimics the multiplication of these matrices. When we speak
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The lemma and its
application to the
eigenvalues of the

Jucys-Murphy
elements is due to an
answer of D. E.
Speyer on the
mathoverflow

stackexchange [21].

PRELIMINARIES

of eigenvalues of o € C [S,] we mean the eigenvalues of the matrix
corresponding to left multiplication by ¢.

Note that the matrix L(J;) of any Jucys-Murphy element Ji is symmet-
ric, since all the matrices corresponding to (i, k) are. Furthermore the
entries of L(J;) are either 0 or 1 and all columns (and hence all rows)
of L(Jx) sum to k. The next lemma proves that all eigenvalues of J1

lie in the interval [—k, k].

LEMMA 20.
Let A be a symmetric matrix with nonnegative entries, whose rows and

columns all sum to k. Then the eigenvalues of A lie in the interval [—k, k].

Proof. For any vector v we have

(v, Av) = kY of =Y Aji(v; —vj)* < k) vF =k(v,0).
i i<j i

Hence the Reyleigh quotient is atmost k, which implies the statement.

O

In order to discuss P. Zinn-Justin’s approach, we need one more
classical concept from the representation theory of S,, namely the
notion of a Standard Young Tableau. Let A - n be a partition of n, and
T the Young diagram corresponding to A. We can fill the boxes of T
with the numbers 1,...,n to obtain a Young tableau. If the entries in
each row and column are increasing, then the Young tableau is called
a standard Young tableau. We write SYT(A) for the set of all standard
Young tableaux of shape A. This allows us to introduce the set of
Young’s orthogonal idempotents er for a standard Young tableau T
with n boxes. They are completely characterized by the following
properties

eres = 5TSeT and Z et = 1. (3)
T:|T|=n

Furthermore they diagonalizing the Jucys-Murphy elements,
]keT = eT]k = C(Tk)@]", for k = 1/ L (4)

where ¢(Ty) is the content of the box of T labelled k, defined by c(Ty) =
j — i if the box (i, j) has label k.

Finally we can define the central idempotent p* associated to A I 7,

=Y er (5)

TESYT(A)
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2.1 REPRESENTATION THEORY

From the definition of ey it is immediate that
p)‘p“ =0 for p#A, and (;9A)2 = p)‘.

One can show, that p* is nothing else but the minimal central pro-
jection onto the A-isotypic component of 7r. Hence it can be written

as
A dim (SA)
- n!

P Xsr-

Now we will have a look at the irreducible representation of the unitary
group U (d). The irreducible representations p, : U (d) — GL(U") of
the unitary group U (d) can be indexed by partitions A I 1, such that
I(A) < d. The UV’s are called Weyl modules [9].

The next theorem will allow us to compute the Weingarten functions

in practice.

THEOREM 21 (HOOK LENGTH FORMULA).

The dimensions of the irreducible representations of S, and U (d) are given

by

|
dim S/\ :7’1—’
< ) [T jyer ha (i j)
o A A
dim (u*) = T dtj—i_ o AoAutimt
(i,j)er hali j) 1<i<j<d J—1

Next we will introduce two group actions on 77, one for S, and one
for S;. These actions will lift to representations of S, and S; on V&".
Furthermore we will introduce a representation of ¢(d) on V®". The
relationship between the representations of S, and U (d) will be one
of the cornerstones of our theory.

The action of S,, is denoted with ¢ (i) and defined by permuting the
entries i.e., 0(i) = (iz-1(1), .-, ig-1(y). This lifts to a representation 7 :
S, — Ve of S, via m(o)e, = Cyli)- Thus for arbitrary vy,...,v, € V

we have
(o) - Quy — Ug-1(1) @+ @ Up—1(y).

Remark. We have to make sure that (07)(i) = ¢(7()) in order for it

to be a group action. If we were to define the action of ¢ € S, for an

17
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arbitrary i € Zjj by o(i) = (iy(1), - - -, ig(n)) We would end up with the
right action

o(7(i))

(ic1ys s i)
(- rjn)
o1y -+ - rJo(n))
(ie(o(1))r -+ - s be(o(n)))
= (t0)(i),

where j; = ir(;). Permuting according to the inverse of ¢ yields a left

o
o

i

action.

Remark. In view of the isomorphism V®" ~ C" ® V we see that 7t

acts on the C” component, while p acts on V,

(o) = o ®idy,

p(0) =ider ® 0.
The action of S; is denoted with p[i] and exchanges the entries of
multiindices i.e., p[i] = (p(i1),...,p(in)). This again yields an action

of §; on V®", that is best understood in a slightly different fashion
than 7. For any p € S; define S, to be the linear map

Clearly we have S;"e;, = Cori- Furthermore since S, is unitary, the
actions of S;, and S; commute. Note that Sp_1 = Sg = S; = S‘O—l.

The representation p : U (d) — V" of the unitary group is given by
the tensor power ie., p(U) = U®". Thus for any vy,...,v, € V we
have

p(U) 0@ @u, — (Uvy) @ -+ - @ (Uvy).
Note that 77(¢0) commutes with every U®" for U € U(d). In fact 7t(c)
commutes with the diagonal action of End(V) on End(V)®" i.e., with
every M®" for M € End (V). Furthermore note that 7(c)* = 7(0)T =
m(c!) = (o)7L Let x(o) = Tr (7(c)) be the character of 7. This
map will be of central importance, thus we compute it explicitly.
LEMMA 22.

The character of 7t is given by
x(o) =d",

where d = dim (V') and #o0 denotes the number of disjoint cycles o in the
canonical factorization.

18
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Proof. As 7t(0) is a permutation matrix, its trace is given by the number
of fixed points of the group action. In order for a multiindex i to be
fixed under this action, the elements of every cycle of ¢ have to be
identical. There are d elements with which we can fill any cycle, and
#0 cycles in total, yielding exactly 4" elements fixed under the action
of o. O

Since the actions 77 and p commute they give rise to a joint action of
Sy x U(d) on V®", which is the subject of the next section.

2.2 SCHUR-WEYL DUALITY

Let A= (nt(0) |0 € Sy) and B = (U*" | U € U(d)) be the subalge-
bras of End(V®") generated by the actions of S,, and U (d) respectively.
Note that A = 71(C [S,]) and B = p(C [U/(d)]). As it will turn out, the
centralizer Cy(s) = Endg (V") of B and the question of how exactly
we can decompose A into images of irreducible representations of
S, will be of central importance. These questions are the subject of
the double centralizer theorem. The following version is taken from
Etingof et al. [1].

THEOREM 23 (DOUBLE CENTRALIZER THEOREM).
Let A and B be two subalgebras of End(V). If A is semisimple and B =
End4 (V) then:

1. B is semisimple.
2. A= EndB(V)
3. As a representation of A ® B, V decomposes into

i€l
where U are all the irreducible representations of A and W; are all the

irreducible representations of B.

Proof (Sketch). Since A is semisimple it has an isotypical decompo-
sition, A = @;c; End(V;). Furthermore V ~ @,.; V; ® Homu(V;, V),
since the characters of the two representations agree. By Schurs’s
lemma B = Ends (V) ~ @;c; End(W;) with W; = Hom 4 (V;, V). This

implies all statements of the theorem. O
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Applying this to our objects of interest, A = 0(C[S,]) and B =
p(C [U(d)]), we get the following classical result. The proof is taken
from R. Goodman and N. R. Wallach [10].

THEOREM 24.

A and B are centralizers of each other i.e.,
End4(V®") = B and Endp(V®") = A. (7)
Proof. Let B = (b;;) € End(V®"). Since

B7T(0')€] = Bea(]) = wa(}-)ei

and
7T(0-)B€] = Zbijea(i) = Zbo——l(i)jei,

we have B € End4(V®") if and only if b; ; = by(;)s(j) for all i,j € T}
and 0 € .
Consider the nondegenerate bilinear form (X,Y) := Tr (XY). We
will show that the restriction of this form to End 4(V®") is still non-
degenerate. To this end consider the projection P from End(V®") onto
End 4(V®") explicitly given by

P(X)= = Y n(0)Xn(o ).

n! eSS,

For any B € End 4(V¥") and X € End(V®") we get

(P(X),B) = nligg Tr (n(0)Xn(o")B) = (X,B).
Thus (A, B) =0 for all A € End4(V®") implies (X,B) =0 forall X €
End(V®") and by the non-degeneracy of (-,-) on End(V®") we get
that B = 0. Therefore it is sufficient to show that End 4(V®") N B+ =0
in order to prove that End4(V®") = B.
In fact there is room for a slight generalization. We do not need to
restrict ourselves to unitary transformations. The following argument
applies to both, GL(d) and U (d).
Note that for any G € GL(d) we have G*" = (g;;) = (irj; =" * Sinju)-
For a fixed B € End4(V®") N B this yields

<B, G> = Ze?BGei = Zb]lg]l
i ij
Associate to B a polynomial function fz on End(V),

fB(X) = Zbl]xl] = Zbijxiljl T xinjn’ (8)
ij ij
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2.2 SCHUR-WEYL DUALITY

for X € End(V). Note that fp vanishes on GL(d) and since GL(d) is
dense in End (V) we have fp = 0. Plugging this into equation (8) we
get
Y bixij, x5, = 0. )
ij

Let i and j be fixed and define X € End(V) according to

0 otherwise

{1 ifi e {i} and j € {j}
x,-]-:

Note that x;7 = 1 if and only if i’ = ¢(i) and j’ = ¢(j’) for some
0 € Sy. Since by (i), (j) = b;j for all o € Sy, this implies that B=0. [

COROLLARY 25.
With A and B as before we have

End4(V") = (G®" | G € GL(d)) = (T®" | T € End(V)) = B

Combining Theorem 23 and 24 yields the main part of the Schur-Weyl
duality. We do not prove that the irreducible representations of U/ (d)
are indexed by partitions A - n with length I(A) < d, as this would
require the notion of a weight space and the so called theorem of the
highest weight. For an exposition of this fact, we refer to [9].

THEOREM 26 (SCHUR-WEYL DUALITY).
The action of S, x U(d) is multiplicity free, i.e., no irreducible representation
of Sy x U(d) appears twice. The decomposition into irreducible components

is given by

v = P steu (10)

AFn
I(A)<d
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INTEGRATION ON UNITARY GROUPS

In this chapter we are going to discuss several ways to compute the
integrals J,(i,7,i’,j’) and related quantities. Furthermore we are going
to derive closed form expressions for special choices of 1, j, i’ and j'.
We start with some elementary properties of the integral J,(i,7,i’,7’),
that do not require any sophisticated theory. Then we will discuss
the general approach to the computation of J,(i,7,i’,5') due to B.
Collins and P. Sniady and its consequences. Finally we will consider
alternative approaches using the theory of Jucy-Murphy elements and

Moore-Penrose inverses.

3.1 ELEMENTARY PROPERTIES
PRrROPOSITION 27.
The integral vanishes unless n = n'.

Proof. Let k be an integer such that k does not divide n — n" and let u
be a k-th root of unity. Note that uidy € U(d). Since the Haar measure

is invariant under the group action we get
unin// u -/ ./ -,/ i’ du = / u ./ ./ .,/ i dUI
ao LA A7) ui LA A7)

but u"~" # 1 by our choice of k and hence the integral vanishes.
Ul

Variations of this argument will allow us to prove many properties of
the integral, but first we consider the basic properties of the map E.

Since the expectation of a random matrix U is defined componentwise
(E (U) corresponds to the matrix (E (Uj));j) the previous theorem

already has some interesting consequences.

ProrosiTioN 28.
For k > 1 we have

1. E(UY) =o0.

2. E(Tr (U)*) = E(Tr (UY)) = 0.
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INTEGRATION ON UNITARY GROUPS

3. E(det (U)") = 0.

The next proposition is concerned with the basic properties of the map
E(A) = fu(d) usrA(Uu+)®"du.

PROPOSITION 29.
The map E is an orthogonal projection onto Cyy gy with respect to the scalar
product (A, B) = Tr (A*B) having the following properties:

1. WOUE (A) (W)@ = E (A) = E (WEPA(W*)E) for W € U(d).
2. Tr(A) = Tr (E (A)).

3. E(XAY) = XE (A)Y forall X,Y € Cyy()-

4. Tr (AE (B)) = Tr (E (A) B).

5. E (eie;f) = 0 unless j = o (i) for some o € S,,.

6. E (el.e;.‘) =E (ep[i]e;m> forallp € S;.

Proof. We start by noting, that IE (A) = A for every A in the centralizer
of the maps U®" for U € U(d), and hence im (E) C Cy4. By the

invariance of the Haar measure we get

WEE (4) (W) = [ o VAW du
= /u(d) U"A(U*)®"dU = E (A)
. /u(d)(UW)@@”A(UW)@” du
— E (WE"A(W*)®") .

Thus im (E) = Cy(4) and the first property holds. Now since E (A)
and U®" commute for U € U(d), we get that

E (E (A)) = E (E (A) idye:) = E (A) E (idye:) = E (A)

i.e., B = IE. We first prove the second property in order to see that E
is indeed an orthogonal projection. This follows immediatly from the

fact that the Haar integral commutes with the trace,
Tr (E (A)) = Tr (/ u®”A(U*)®”dU>
U(d)
= Tr (U®”A(U*)®") dau
U(d)
- /( T (4) AU =Tr (4).
d

u
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Thus we have
(E(A),E (B)) = Tr <1E (A)* /M(d) U= B(u*)®" du)

_ /u(d) Tr (US"E (A)* B(U*)®") dU

:/ Tr (E (A)* B) dU
U(d)
— Tr (E (A)* B) = (E(A), B).

Property 3 is a direct consequence of the fact that all X,Y € Cyy)
commute with U®" for U € U(d).

The fourth property is now a simple calculation

Tr (AE (B)) =Tr (E (AE (B))) = Tr (E (A) E (B))
=Tr(E(E(A)B)) =Tr(E(A)B) =Tr(BE (A4)).
To prove the fifth property we define for some multiindex i the multiset
{i} = {{ij}}7:1 of all integers appearing as entries of i. Note that
j # o(i) for all o € S, if and only if {i} # {j}. Leti* € {i} \ {j},
A € C such that [A| =1 and let ¢ be the number of times i* appears as

an entry of i. The operator

iZi

is an element of U/ (d). By the first property we have

E (eie;.‘> =E (T®”eie;f(T*)®”> = \E <eie;f> .

For a suitable choice of A this implies that E (e.e;) =0.

1

To prove the last property, recall that S, € U(d). By the first property

E (ee)) = E (S5"eie; S ) = E (eyep) -

PROPOSITION 30 (SYMMETRIES OF THE INTEGRAL).
The integral vanishes unless i’ = o (i) and j' = t(j) for some o, T € S,

and has the following symmetries:
3a(a (i), o (), (@), T(j') .

2. 34(i,7, 7', j') = Ja(n[il, plf], 7[i'], p[i")),

1. 34(i,7,4,7)

3. Jali, j,o(i),7(j)) = Ja(i, j,i,07 1 (T(f))),

4. 3a(i,0(j), 7', 7(j") = Jale™ (@), j, T (@), '),
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5. jd(irj/ illjl) - jd(j/r ilrj/ 1)/
forallo,t € S,and r,p € S;.

Proof. By the fifth property of Proposition 29, we have

34(,7,i,7) = (e e E (e]e],>) =Tr (e].e;f,lE (eifef)) ,

which is zero unless i’ = (i) and j* = 7(j) for some o, T € S,,.. The
first symmetry is just a rewording of the fact, that multiplication in C
is commutative. To prove the second symmetry we apply the fourth

and last property of Proposition 29 multiple times,

Ta(d 1" = (e’e*]E (e]e],>>
= Tr (ey i (e,¢517)))

= To (6,050 (er¢))

= Tr (eyp5E (exoia))
(et E (eotneny))

= Ja(nt[d], p[jl, 7[i'], p[j'])-

The third property is a consequence of the fact, that the representation

7 of S, commutes with every U®". We get

343, §, (i), T(j)) = Tr (ea(.)e’f‘]E (e .e*(j))>
= Tr ( (0) o)e;e; B < ))
=Tr (e e*]E( (])7'[((7 1) ))

=Tr (eiei]E (eje;*(f(i))»
= 34(i,j, 5,0 ((7)))-

To prove the fourth property note that

The last property is a simple consequence of the fact that the map
U — U™ is itself unitary. O

This allows us to quickly recover some classical results.
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3.2 CLASSICAL RESULTS

3.2 CLASSICAL RESULTS

The following section is concerned with the classical theory of the
integral (2). The results can be found in the book of E. Hewitt and K.
A. Ross [11].

PROPOSITION 31 ([11], P. 116).
Let aj and b; be arbitrary non-negative integers and let n; € {1,...,d} for
j=1,...,d. Then the integrals

d

" /u(d) ]U ()" (ﬁ”ff)bj A,

1

d
a; b;
2. i) ()7 dU,
S LT )" (5

d
. N (2,09 dau
5 J o LT )" (30)" U
vanish unless a; = bj for all j,

Proof. The first statement follows immediately from the fact that the
multiindices

i=1,...,1,...,4d,...,4)
N—— N——
ay ag
and
i=@Q,...,1....4,...,4)
N—— —
by by
have to be permutations of eachother in order for the integral to not
vanish. This is only possible if a; = b; for every j. The last two claims

are direct consequences of the first. O

Next we define P(n,d) = {a € N?| ¥;a; = n}, the set of all non-
ordered partitions (compositions) of n consisting of atmost d parts. For

a € P(n,d) we define the multinomial coefficient to be

n n!
a apl - ay!’

For x1,...,x, € C we write x* inplace of x’il e xgd. Using this we get

that
d " n
Yoxi| = ), < > x%.
i—1 acP(nd) \4
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Furthermore the coefficient of |x[** = |x1]?% - |x4|*™ in the sum

2
‘2?21 xi‘ "is given by (';)2 To see this note that for any a € P(n,d)

the term |x|?* occurs exactly once in the double sum

|- (B (5 |
(2, @00) (2, 60)

namely when b = a.

The following two lemmas, although somewhat technical in their
nature, are the main ingredients to the computation of the integral

J4(i,7,i',7") for some special choices of i,7,i’ and 7’.
) p ] J

LEMMA 32 ([11], LEMMA 29.7).
For every t € IN the set of functions

{cos(0)* ¥ sin(0)* | r=0,...,t} (11)

for 6 € [0, 5] is linearly independent.

t
Proof. Assume that ) a,cos(6)* % sin(0)* = 0 for 6 € (0,%) and
r=s

that a5 # 0. Dividing by sin(6)% yields,
t
Y a, cos(0)% ¥ sin(9)¥ % = 0.
r=s

Sending 6 — 0 implies a; = 0, contradicting our assumption. O

LEmMA 33 ([11], LEMMA 29.8).
Let s and d be positive integers, a € P(n,d) and n = (nj)j | € T4, If

ng = ny for some k,1 € {1,...,d} then we have
21 2
a—|—1/ u ||us”deI:
(k ) Z/{(d)‘ nll| ]‘:1‘ n]]|

d
2 2a;
(@ +1) [ [Tt 2

Proof. We may assume that k # [, since otherwise the assertion is
trivial. Furthermore we may assume without loss of generality that
k =1, =2 and n; = 1. To see this, choose permutations 7,0 € S;
such that o(n;) =1, T(k) = 1 and 7(I) = 2 and apply the symmetries

from Proposition 30.
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Now, for 6 in [0, 5] define Vy € U(d) by the following rules

Voer = cos(0)eg + sin(6)ey,
Vyer = —sin(6)e; + cos(0)es,
Vgei = € for i 7& 1,2.

With this we get

d
I::/ 1qq |21 H202+2 w, 2% dU =
u(d)’ ml g‘ i

d
/ |eiﬂuel|2a1+2az+2 H |e:1juej|2aj AU =
JU() i=3

/ ‘eTuVQel |2a1 +2a,+2
u(d) :

d
e, U Ve[ dU =
=3

d
/ | cos(0)u1 + sin(0)urn |2 222 |uy i[> dU, (13)
U(d) i=3 :
using the convention that empty products are 1.
Expanding | cos(8)uq1 + sin(0)u1,|?1+272+2 by the binomial theorem
and using Proposition 30 we see that all non-vanashing terms of the

resulting sum have integrands of the form (using t := a1 +a, + 1)
2 22 2
| cos(0) | sin(0)[*~ [ T fuun|*,
j=3

forr =0,...,t. It follows that the integral in (13) is equal to

2 d
t . _ ,
1=y <r> sin(0)? cos(6)* % /L{(d) lu1|* |uga|* | 3| |14y 3| AU
]:

r=0
(14)
Furthermore we have

t
I = (sin(6)? —I—COS(Q)Z)t I=) <i> sin(0)? cos(8)*~¥1.  (15)

r=0
By Lemma 32 we can compare the coefficients in the sums (14) and

(15). Doing this yields

2 d
t 2a 2a 2a; <t>
u Hu 2Ilu.- idU = I, 16
<a1> /u(d)| ™ el j:3‘ i 1 (x6)

for r = a and

2 d
t 201 +1 20, 2, t
| | S dU = I
<611 + 1> /u(d) ] 2] . ‘un/]‘ ] a1 +1 (17)

j=3
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for r = a; 4+ 1. Combining (16) and (17) we get

t / 20141 20y T 2,
u 1Ty 2 u,.;|*%dd
(Ml) [ e P T

d

t 2a 2a 2a;
= u Hu 2 | I Uy, | dU
<L11> /L{(d) | 11| ‘ 12| | n]]|

j=3
from which the theorem follows. O

THEOREM 34 ([11], THEOREM 29.9).
For a € P(n,d) we have

d d
. (d—1)!
upi|“dl = ———=—1 | a;!.
/Z/{(d)]l—y i (n+d—1)!ﬂf
Proof. This theorem will be proved inductively. For n = 1 we already
know that fu(d) u1j|*dU = . Now let n > 2 and assume that the
theorem holds for all a € P(n —1,d). Using Lemma 33 with [ =1,

a;=a1—1and n; =1 for all j we get

d d
a +1/ u-zafdll:a/ || P2 uy: 2% du.
(ax +1) u(d)ﬂ' 1] 1 L{(d)| 1" || :2\ 1]

j
(18)

Plugging in the induction hypothesis yields

(d_l)!(al—l)!ﬁa-!:/ 22T T a2 U
(n+d—2)! i Juw R

Since the columns of a unitary matrix have norm 1, this is equal to

d d
/ |ugp|* 2 (Z \Mlk!2> [Tl au =
U(d) k=1 j=2

d d d
|ug ;|29 dU + / g 2 T T [ 2 dUL.
/u<d> E ! k:Zz u(a) E :

Using (18) and rearranging terms we see, that this is the same as

d d d
1+Y / 11wl a/du:i/ T T au.
( = m ) I 1 Ud) 1 Y

Solving for fu( 2 ]_[?:1 |u1j|*% dU finishes the proof. O

COROLLARY 35 ([11], COROLLARY 29.10).
Fori,je{1,...,d} and n € IN we have

d+n—1 -1
|2n —
/u(d)|u1]| au (d_l ) .
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Proof. This immediately follows from Theorem 34 using a = (1,0,...,0)
and the symmetries from Proposition 30. O

So far we have only computed special cases by somewhat adhoc
methods. Our next goal is to compute J;(i,7,i’,j’) for arbitrary values

of i,7,i" and j’.
3.3 WEINGARTEN CALCULUS

In this section we will present the method used by B. Collins and P.
Sniady in [6] to derive a formula for the Weingarten function. Our
main tools will be the Schur-Weyl duality (Theorem 26), the double
centralizer theorem (Theorem 24) and the representations 7t and p of
S, and U (d) respectively.

We can use linear extensions of 7 and p to map C [S,] and C [/ (d)] to
subalgebras of End(V®"). Using the notation from Section 2.2 these
subalgebras are denoted by A = (C [S,]) = (nt(0) | ¢ € Sy) and
B =p(ClU(d)]) = (U | U e U(d)). Recall that the group algebra
of the symmetric group admits the following decomposition

C [Su] = D End(Sh).
AFn

(19)

There is however no a priori reason why its image A as a subset of
End(V®") should respect this decomposition. In fact we will see that
this does not hold if d < n. Accounting for this was one of the main
shortcomings of the initial attempts to compute the integral.

In order to describe A we define the following subalgebra of C [S;]

Cd[Sn]:< Yy p)‘>C[Sn]: P End(sh). (20)
)<d

Ak, 1(A l&ggd

As we will prove shortly, 77(C [S,]) = A. The explicit description of A
is what enabled B. Collins and P. Sniady to drop the restriction d > n
limiting on earlier formulas (e.g. [18]).

Note that by the Schur-Weyl duality the action of 7t can be thought of
as a special case of the joint action of 77 and p, namely 7w = 77 X p(-,id).

Furthermore by the Schur-Weyl duality we have
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INTEGRATION ON UNITARY GROUPS

End(V*") = Hom( €5 st Uu?, P stour)

Aln Al-n
1(A)<d 1(A)<d
~ P Hom(s* @ U, S" @ U)

Au
~ P (SA ® uA)* ® (S* @ UH)
by

~ P @ (U @St U
Au

~ P(s") @ ' & (UY)* @ U
Ap

~ (P Hom(S*, $") ® Hom(U*, U"),
A

and hence

(C[Sn]) = 7 x p(C[Sy],id) = ( Y, m ®PA(id)> (C[Su])
A, 1(A)<d
— @ m(End(sY)
1(\)<d
(21)
LEMMA 36.
7t embeds C4[S,] into End(V®"), and hence 7t(C [S,]) ~ Cy[Sy]-

Proof. Let x = }_ x40, € C[S,]. The Schur-Weyl duality implies

n(x) =Y m(x)®idy,
A-n
1(0)<d

where 71, (x) = Y x¢712(g). This map is essentially the same as the
map in Corollary 14. The are two minor differences. The range is
restricted to components associated to partitions of length at most d,
and we take tensor products with id;, but neither of those operations
impairs injectivity.

Since 7 is injective, each 7, : End(S*) — C[S,] has to be injective.
Hence equation 21 implies that 77(C [S,]) = C4[Sn]. O

This directly leads to our next proposition. Recall that for an inclusion
of algebras M C N a conditional expectation is a M-bimodule map
E: N — M such that E (idy/) = id u.

PROPOSITION 37.
E is a conditional expectation of End(V®") onto C4[S,].
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3.3 WEINGARTEN CALCULUS

Proof. By the preceeding discussion we get that A = C4[S,]. By theo-
rem 24 and Proposition 29 we get C4[Sy] = A = Cy(g) = im (E). Since
E (idyen) = idyen property three of Proposition 29 implies that E is a
conditional expectation of End(V®") onto C,4[S,].

O

Next we can define a special element of C [S,] which will allow
us to derive an explicit formula for the Weingarten function. For
A € End(V®") we define
P(A) =) Tr (An(r’l)) Jr. (22)
TES,

LEMMA 38.
® (A)isa C[S,] — C[S,] bimodule homomorphism, in the sense that

® (An(0)) = B (A) -0,
P (nt(0)A)=0-DP(A).
Proof. Note that

@ (An(o)) =) Tr(An

8ESn (
(

- a)) g

(87
=Y T An(g—l)) Seo
8€Su
=®(A)-0o
In the exact same way we can show that

P (n(0)A) =0-DP(A).

PROPOSITION 39 (WEINGARTEN FUNCTION).
We have @ (id) = xn, the character of 7. Furthermore X is an invertible

element of C [S,] and its inverse is given by

1 dim (5%)*
MBS TR L dm () .
10 <d

where x s\ denotes the character of the irreducible representation S*.

Remark. As we will see shortly Wg is the Weingarten function and
will allow us to compute the integral J,(3, f,i’,j'). Note that the Wein-
garten function is constant on conjugacy classes, as a sum of class
functions. This means that the Weingarten function essentially is a

function of partitions of n.
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INTEGRATION ON UNITARY GROUPS
Proof. Note that

d(id) = 2 Tr (n(r‘l)) Or = Z X (T_1> 0t = Xn,

€S, TeS,

where the last equality is due to the fact that T and 7! are conjugate.

Since X7(T) = Xnxp (T,id) the Schur-Weyl duality implies that

X?T(T) = Z Xrmaxpa (T,id)

AFn
I(A)<d

= ) xs (D) xy (id)
Abn
I(A)<d

= Y xg (r)dim (UA>

AFn
I(A)<d

=n! 2

AbEn
I(A)<d

dim (LI)‘) A
dim (5V) 7

Since this sum is direct and p" acts as the identity on the A-isotypic
component of C;[S,], all we have to do in order to invert x is taking
the reciprocal of the coefficient of p*. This yields

Wor o o 1 dim (%)?
87Xt T (a2 & dim (U M
1(A)<d

O]

The following identities will allow us to derive an explicit formula
for the integral J,(i,7,i’,7'). From here on we identify elements of
C4[Sy] with elements of A = 71(Cy[S,]) = im (E) and vice versa. Since
7 : C4[Sy] — End(V®") is injective this is justified.

PROPOSITION 40.
We have

1. ®(A) = E(A)D (id).
2. im (@) = C4[Sa].
3. ®(AE(B)) = ®(A)®(B)® (id) .
Proof. Since Tr (E(A)) = Tr (A) and E(A) € C4[S,], we have

®(A)= Y Tr (An(r’l)) Se= Y Tr (E(A)n(r*l)) 5

TES, TES,

= @ (E(A)) = ® (E(A)id) = E(A)® (id) .
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3.3 WEINGARTEN CALCULUS

This directly implies that im (®) = C;[S,], because ® (id) is invertible
and im (E) = C4[S,].
The third equality is a direct consequence of the first one.
® (AE(B)) =E(AE(B))® (id) = E(A)E(B)® (id)
=@ (A)® (B)® (id) 2@ (id)
=@ (A) D (B)P (id) "

O
Now we are finally able to compute the integral.
THEOREM 41 (COLLINS & SNIADY, [6]).
Fori,j,i’',j’ € I} we have
(i,7.1,7) = ). 6 i We(to ™). (24)

U’TGSn

Proof. Recall that

34(i,j,i',j') = ¢ E (ee,) ey = I (e,e E ( g ’))

If we define A = e,e; and B = e].e;f, we get that the integral is
equal to @ (AE (B)) (e) i.e., to the coefficient of ¢, in ® (AE (B)) =
@ (A)® (B)® (id)

Note that

D (A)=) Tr (ei,e:.‘rc(a’l)) 5o

ceS,

=) ein(o ey

ceS,

=) bio1i) o

reS,

= Y Suirit Oc

ceS,

225]'/’77 . T—Z(SI T—.

TeS, TeS,
Putting everything together we get

P (A) @ (B)Wg =Y b, 6 Y Oe(jr O Y We(x)dx

Similarly

ceS, €S, X€S,
= Z 5 'Wg( ) JUTflx'
o,T,xESy,

1 1

Since 0T~ 'x = e if and only if x = To™" we get that the coefficient of

e is equal to
) Oo( i We(to™ b,

o,TES,
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3.4 JUCYS-MURPHY ELEMENTS AND THE MOORE-PENROSE IN-

VERSE

Next we discuss the connection between the Weingarten function and
the Jucys-Murphy elements. This result is due to J. I. Novak [15]. Recall
that the Weingarten function Wg is the inverse of the character x.
Since characters are constant on conjugacy classes, Lemma 22 implies
that x can be written as

xr=Wg'= Y dWc, (25)

HEY (n)

THEOREM 42 (NOVAK, [15]).
For d > n the Weingarten function equals

Wg=d+J1) " (d+].)", (26)
where [ denotes the k-th Jucys-Murphy element.

Proof. From the discussion preceding Lemma 20 we get that the eigen-
values of J; (and hence of —Ji) all lie in the inverval [—n + 1,1 — 1].
Hence for d > n the element d + Ji is invertible by a Neumann series.
In view of equation (25) and Jucys’ theorem (Theorem 19) we write

n

(d+]1) U (d+ ]n) = Z dn_kek(h/---r]n)
k=0

=)y Y dfc
k=0 peY(n)
I(u)=n—k

= Z dl(ﬂ)cy
HeY(n)

U

The following self-contained, inductive proof of the equality x, =
(d+J1)---(d+ ) is due to P. Zinn-Justin [25] and completely avoids
the usage of Theorem 19.

Alternative proof of theorem 42. Note that by expanding the product we
get a sum with n! terms. We will inductively establish a one-to-one
correspondense between the terms of both sides of the equation x, =
(@d+J1) - (d+Jn)

In the base case n = 1 the equation reduces to d = d. For n > 2 and

o € S, we distinguish two cases:
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3.4 JUCYS-MURPHY ELEMENTS AND THE MOORE-PENROSE INVERSE

1. 0(n) =n.

2. o(n) # n.

In the first case we use the induction hypothesis to see that the term

corresponding to | (1. is among the terms of the expansion of

n—1}
(d+T1)---(d+ Jy—1). Since ¢ has one more cycle than 0'|{1 a1y We
multply it with the d in the remaining term d + J,,.

In the second case the decomposition of ¢ into disjoint cycles is of the

following form
c=0y- 0 (o,n,0 (n),...).
Now we define the permutation 7 to be
T:=0-(no t(n) =0y -0p-(c(n),ct(n),...)(n),

and apply the induction hypothesis to 7| {1,.."”_1%. Since T| a and
o have the same number of cycles we get d*(?)o by multiplying the
term corresponding to T| (o1} with the transposition (¢~ 1(n),n)

in J,. O

Yet another approach to the computation of the Weingarten function is
due to P. Zinn-Justin [25]. Since we already know that the Weingarten
function is the inverse of the character ), we can try the following

ansatz. We define the Gram matrix G by
Gor = (1(0), (1)) = Tt (n(0) (7)) =d* 0. (27)

If G is invertible, the first row (and hence also the first column) of
its inverse W = G~! would contain all the values of the Weingarten
function. If G is not invertible we can still define W to be the Moore-

Penrose inverse of G i.e., the unique matrix satisfying the following

properties
GWG =G,
WGW =W, (=8)
2
(WG)* = WG,
(GW)* = GW.

The existence of the Moore-Penrose inverse can be directly verified
by considering either the singular value decomposition, or a rank

factorization of G. Note that if G is invertible, the inverse and the
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INTEGRATION ON UNITARY GROUPS

Moore-Penrose inverse agree. The matrix W has been called Wein-
garten matrix by P. Zinn-Justin. As we will see the name is justified
and the definition of W is perfectly consistent with Theorem 41 and
the theory outlined so far.

Note that x can be written as

X = Z a*s,.

ceS,

This looks strikingly similar to the Gram matrix G just defined. In
fact, if we let x, act on C [S,] by left (or right multiplication), we get
L(x») = G, with respect to standard basis S, of C [S;].

We can now use the properties of Young’s orthogonal idempotents er
outlined in Section 2.1 to simplify this. Note that the equation

n

Xm = H(d +Jx)

k=1
remains true even if d < n. Multiplying by 1 = } /1|, er we get

n

T+ =T ¥ er(d+)
k=1

k=1T:|T|=n

“TI T erld+c(T).

k=1T:|T|=n
Ordering the tableaux by the shape of their underlying Young diagram
and plugging in the definition of ¢(T) we get

n

xe=1] ¥ er(d+c(T) =) cap’, (29)

k=1T:|T|=n Abn

with ey = [T jer(d +j — ). If G is invertible we immediately see that

its inverse equals

G '=Y o 'L(p").
Abn

If G is not invertible we can still define w

w = Z c)flpA, (30)
An
C)L#O
and consider W = L(w). Using
WX = Z PA
An
CA#O
we get WG = W which in turn implies that W satisfies the conditions
of the Moore-Penrose inverse. Note that for d > n all the ¢, are non-

zero since the difference j — i can never be smaller than —n 4 1. On the
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3.4 JUCYS-MURPHY ELEMENTS AND THE MOORE-PENROSE INVERSE

other hand if 4 < n one can certainly find a partition A - n such that
the Young diagram of A contains a box (i, j) where d +j —i = 0. Hence
d > n is a necessary and sufficient condition for G to be invertible.
Furthermore the condition /(A) < d in the definition of the Weingarten
function (23) is equivalent to ¢, # 0.

Using Theorem 21 we write

. d+j—i
dim ll/\ = TS
( ) (igi)\ ha(i, )

1 dim (S") G1)
= H ~C) — | Ch.
(iher ha(i, ) n!
: A
As the minimal central character p* can be written as p* = dlmn(,s ) Xsrs
we get
2
_ 1, 1 dim ($4)°
w‘%ﬁﬂ’_mw L dim (L) st = Ve

A
A0 1(0)<d

Since the Weingarten function is constant on conjugacy classes, the
matrix W is symmetric. Hence it is also the matrix of the right-regular

action of Wg. Summing up, we get the following theorem.

THEOREM 43 (ZINN-JUSTIN, [25]).

The Moore-Penrose inverse W of the Gram matrix G corresponds to the
matrix of the regular action of the Weingarten function on C [S,] i.e., Wey =
Wg(t o).

Given the form of W in (30) and the fact that p” acts as the identity on
the A-isotypical components of C [S,,], we can immediately describe

the eigenstructure of W.

COROLLARY 44 (EIGENSTRUCTURE OF W).
W has dim (S)‘)2 eigenvectors with eigenvalue c,* for I(A) < d, and the
nullity of W is given by

null(W) = ¥ cﬁnn(SA)z.
Aln
1(A)>d

ProOPOSITION 45 (B. CoLLiNs, S. MaTsumoTo, N. SAAD, [5]).

1
Z;Wg(‘T):d(d+1)---(d+n—1)' (52)

ceS,
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INTEGRATION ON UNITARY GROUPS

Proof. On the one hand this is a direct consequence of Theorem 34
and Theorem 41 (setting a; = 1 for all j). On the other hand we can
apply the trivial representation 7 : C [S,] — C, defined by ¢ — 1, to
the identity

X7WgXr = Xn-
Since
n n n
Xe=[1@+J) and T+ ) =]]@d+k-1)
k=1 k=1 k=1
the theorem follows. O

The Weingarten formula can also be used to compute the joint expec-
tation of the entries of a complex hermitian random matrix invariant
under unitary conjugation. To this end we introduce a new notation.
Let W be a d x d complex hermitian random variable such that UWU*
has the same distribution as W for all U € U (d). For T € S,, with cycle
type A(7) = (11, ..., T7) we define

tre (W) = Tr (W) -+ - Tr (W) (33)

THEOREM 46 (COLLINS, MATSUMOTO, SAAD, [5]).
Let W be as above. For i,j € 1} we have

E <Wf]?”) =E (Wyj, - - Wi,j,)

= Y Sio(h)Wg(o ' D)E (trr (W)).

o,TES,

(34)

The proof hinges on the so called spectral theorem for unitary invariant
random matrices. For a proof of this theorem we refer to B. Collins and
C. Male [4].

THEOREM 47.
Let W be a d x d complex hermitian or unitary matrix whose distribution is

invariant under unitary conjugation. Then W = UDU*, where
1. U is a unitary Haar random Matrix,

2. D is a diagonal matrix containing the eigenvalues of W in increasing
order if W is hermitian, or in increasing order of the arqument 6 €

[—7, ) if W is unitary,

3. U and D are independent.
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Proof (Theorem 46). Let W = UDU* as in Theorem 47 and denote the
eigenvalues of W with ¢y,..., ¢4 i.e.,, D = diag(cy,...,c4). Using the

independence of U and D, and that D" can be written as

®Xn __ *
D" = Z Cry *** Cr €8y

reI{;’
we get
]E (Wll]l e Winjn) = Z ]E (Crl o Crn) jd(i/r/j/r)

rel}]

= E 5i,a(j)wg((7_1r) E 51‘,1(1)15 (Ci‘l T Cfn)
o,TES, rel}

= Y bW ID)E (tre (W)).
0,TES,

3.5 A NEW RESULT

In [8] P. Diaconis and S. N. Evans computed among other things

/ T (UF) P dur = ks
u(d)

for 1 < kn < d. In his 2014 review article [24] L. Zhang mentions,
that the case kn > d is still open. At least for k = 1 we are able to

generalize this.
PROPOSITION 48.

/u(d) Te(U) " dU = Y dim (SA>2.

Abn
1(A)<d

Proof. We start by noting that

d n
Tr (U Z”dLI:/ 1, | du
/u(d)| r(U) | ) <Z ”kk”ll)

k=1
_ * *
= ZeilE (el.e].) ;.
ij

Since E is the orthogonal projection onto Cy; (), the dimension of Cyy ()
is equal to the trace of E,

dim (Cy(s)) = L (e, E (excf))
)

=) Tr <(eie;f)*]E (eie;f)>
ij

= Ze;‘lE (eie;.‘> ;.
ij
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Using Lemma 36 and Theorem 24 we get that

dim (Cu(d)) — dim (C4[S,]) = ¥ dim (S)‘)Z.
100

O

The integral J,(i,1, f, j) vanishes unless j = (i) for some ¢ € S, in
which case the integral is equal to J,(i,1,1,1) by Proposition 30. Thus
for every i, j only takes values in orb(7). Since stab(i) is a subgroup
of S,, we have

jd(i,i,i,i): Z 510 i7(i Wg(UT )

0,TES,

= |stab(7)] Z Wg(o)

oestab(i)

The Orbit-Stabilizer theorem yields

Tr (U anu: J 'I'I'I.
g T (L) P U = Y9G, )

ij
—Z|orb i) 34(4,1,1,1)

:Z|orb1 stab(i)] Y. Wg(o)

oéestab(i)

=nl) Y Wg(o)

i oestab(i)

(35)

Hence } ;) s estab(i) Wg(0) is a measure of how many partitions we
lose if we restrict the length of the partitions to be at most d.

We can use (35) to compute the number of orbits of the S, action on
7. Recall that for an arbitrary finite group G acting on a finite set X

the Cauchy-Frobenius theorem holds:

1X/G| = |G|Z\ﬁx = Z\stab (36)

geG eX

where fix(g) = {x € X | gx = x} and |X/G| denotes the number of
orbits.
This leads to the following proposition.

PROPOSITION 49.

\Z;/5n|:dn( Y dim(SA)2>l.

Abn, I(A)<d
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Proof. Combining Theorem 41 with equations (36) and (35) yields

Tr (id})") = d" (Ze ())

ijell

=Y J4(i,7,1,7)

ijel]

= Y Y bu)ide(jWelot )

ije€L! 0,TESy

- L T T wslr!

i oestab(i) j oéestab(j)
*Z’Stab \/ T (U) [*" dU
= In 8 / T u 2ndu'
Zi/Sal J, T
]

Remark. Proposition 48 does not readily generalize to the case k > 1.

If we denote with ui-‘]- the (i,j)-th entry of U* we get

i n
/ ITe (u") 2 dU = / Yo uhal | odu
U(d) r,s=1 (37)
~k
- Z/ 1111 ’ lnlnu]lfl o ] ]” du

Plugging in
d
k f— . o .. .
uij - Z ullpl upk—lll
P1/-esPr-1=1
we get
d
Z/ Uiypy = " Upeqig | 7 Z Uiysy * Usp_qiy
Pk 1=1 S1yeeesSk_1=1
d d
Z ujlql U uqkfljl T Z ujn’l e urkfl]‘n du'
g1, k—1=1 r1eestpo1=1

Performing the multiplications in the integral we see that
oy T () Pttt = 306,
where i, §,i’ and j’ are multiindices in I;k of the form
1= (i].l pP1,pP2,---, Pk-1,--- 1in151152/ .o -/Skfl)/
] =\pP, P2, -, pk—llill «e 51,52, .. 1Sk—1/in)r

(
1, = (41/ q2/ s /qk—lljl/ e, 1,72, /rk—]/ji’l)/
(

= jl/ q1,492, -, k-1, - -/jn/ r,r2,.. .,T’k_l).
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INTEGRATION ON UNITARY GROUPS

Note that j = (i) and j* = 7y ~1(i’), where v = 71 ... 9 € Sy and 7,
is the cyclic permutation given by

yi=(nin—-1,...,In—k+1). (38)

Intuitively speaking, we split the numbers 1,...,kn into n blocks of
length k and permute the I-th block cyclically according to <y;. This
yields
Tr (U*) P dU = 3a(i,v(@), v(f). §)-
Jy T () ¥ 3ali (), 7))

ijeTy"
Hence the the simplifications performed in the proof of Proposition

48 do not carry over.
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