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Abstract

In this work the quantized version of the gravitational geon as a bound state of gravita-
tional waves/gravitons, is studied as a possible purely gravitational dark matter candi-
date. The quantized theory is formulated in a non-perturbative way, on the basis of pure
Einstein-Hilbert gravity. With the assumption that the metric describes the fundamen-
tal gravitational degrees of freedom, the Ricci scalar is identified as a suitable invariant
bound state operator that can represent the geon. The two-point correlation function of
the Ricci scalar is then studied as the geon propagator. It is discussed how the Frohlich-
Morchio-Strocchi (FMS) mechanism, usually employed in Brout-Englert-Higgs physics,
can be applied to the problem of the geon propagator to reduce it to quantities that
can be evaluated with perturbative methods. The application of the FMS mechanism
goes hand in hand with the introduction of a vacuum expectation value (VEV) of the
metric field, which is to be interpreted as the non-vanishing expectation value of the
metric field in a gauge-fixed setup. The calculation of the geon propagator with either a
Minkowski or a de Sitter spacetime as the VEV is then discussed. An explicit result for
the geon is only provided for the case of Minkowski space, where it is found that under
the employed approximations the geon is not a suitable dark matter candidate.






Kurzfassung

In dieser Arbeit untersuchen wir die quantisierte Version des gravitativen Geons, welches
einen Bindungszustand von Gravitationswellen/Gravitonen darstellt, als einen moglichen
Kandidaten fiir rein gravitative Dunkle Materie. Ausgehend von Einstein-Hilbert Grav-
itation, wird die quantisierte Theorie als nicht-perturbatives Problem formuliert. Unter
der Annahme, dass die Metrik die fundamentalen Freiheitsgrade der Theorie darstellt,
identifizieren wir den Ricci-Skalar als geeigneten Bindungszustands-Operator fiir das
Geon. Die 2-Punkt Korrelationsfunktion des Ricci-Skalars wird als Propagator fiir das
Geon behandelt. Wir diskutieren, wie der Frohlich-Morchio-Strocchi (FMS) Mecha-
nismus, welcher iiblicherweise in der Brout-Englert-Higgs Physik eingesetzt wird, auf
das Problem des Geon-Propagators angewandt werden kann, um denselben auf Objekte
zurlickzufiihren, welche mit perturbativen Methoden berechnet werden konnen. Die
Anwendung des FMS Mechanismus geht Hand in Hand mit der Einfiihrung eines Vaku-
umerwartungswertes (VEV) des metrischen Feldes, welcher als nicht verschwindender
Erwartungswert des metrischen Feldes in einer eichfixierten Behandlung interpretiert
werden kann. Wir diskutieren die Berechnung des Geon-Propagators mit entweder einer
Minkowski oder einer de Sitter Raumzeit als VEV. Ein explizites Ergebnis fiir den
Geon-Propagator wird nur fiir den Fall einer Minkowski Raumzeit angegeben, wobei
sich herausstellt, dass unter den verwendeten Naherungen das Geon keinen geeigneten
Kandidaten fiir Dunkle Materie darstellt.
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1. Introduction

The gravitational interaction is responsible for the large-scale structure of the universe
and according to current knowledge it is described by the theory of general relativity
(GR). In the classical regime this theory is well understood and has successfully described
phenomena such as the bending of light in a gravitational field, the orbit of planet
Mercury and gravitational waves in particular. In the regime of quantum physics the
standard model of particle physics (SM) successfully describes the electroweak and the
strong interaction, yet a consistent quantum theory of gravitation is still missing. The
successful description of gravitation within the rules of quantum physics is a major
contemporary quest and this work is concerned with it as well, based on new ideas put
forth in Ref. [1]. The motivation for studying a quantized theory of gravity in this work,
lies in the question, whether quantum gravity could account for the phenomenon of dark
matter (DM), which is an unresolved problem within the frameworks of both the SM and
classical general relativity. The current models for the structure formation in the early
universe as well as detailed analysis of the gravitational properties of galaxies and galaxy
clusters all point towards a missing mass problem. One of the considered resolutions
of this problem is the DM hypothesis, which states that the missing mass is due to an
additional type or types of particle d.o.f.’s that have not been considered in our current
models. The origin of these particle d.o.f.’s and their properties have been discussed in
numerous different models, many of which consider additional matter fields, which go
beyond the SM (see for example Ref. [2]). The common core to all these considerations
is that DM should fulfill the following properties:

e It needs to be very abundant. According to the ACDM model DM accounts for
approx. 26% of the energy content of the universe.

e It needs to interact at least gravitationally and possibly very weakly with SM
matter.

e It can feature self-interaction, although stringent bounds can be put on the in-
teraction strength, based on the small-scale behavior of DM and the considered
models for the production mechanism [3].

It is an exciting question to ask, whether we have not overlooked something in the theory
of gravitation that could account for the DM and remedy the need to introduce additional
particles into the SM. An especially interesting property of GR that becomes relevant in
this discussion is its non-linearity, which allows for gravitational fields to interact with
themselves, without any matter present. This represents a gross difference to the theory
of electromagnetic radiation, in which radiation fields of different origin pass through
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each other and while featuring interference due to the wave character of radiation, the
different waves do not exchange energy between each other. The reason why gravity
is different with respect to this is the mass-energy equivalence, which states that mass
and energy are merely two sides of the same medal and is a consequence of the special
theory of relativity [1]. If we consider two gravitational fields in close proximity, their
energy content allows them to gravitate and thereby interact. The effect of gravitational
self-interaction has been studied in the context of the missing-mass problem before and
it was shown that even classically it could lessen the discrepancy between the observed
galaxy rotation curves and the theoretical models, which represents one of the main
arguments for DM [5]. However, this would then be an intrinsic property of gravity,
not related to an additional particle d.o.f., and according to current models it does not
get rid of the need for DM completely. In this work another consequence of the self-
interaction of gravity is considered that could actually give rise to a particle d.o.f. with
the properties of DM.

Since gravitational waves, which are merely oscillating gravitational fields, can inter-
act with each other, one may consider the possibility that under certain conditions the
waves get bound to each other due to their gravitational interaction, thus creating an
object with well-defined spatial boundaries and mass. If suitably massive and abundant
this could provide a purely gravitational d.o.f. that could act as DM. Such a bound state
object was first considered in the context of electromagnetic waves forming a bound state
through gravitational interaction in [6] and the bound state object was termed electro-
magnetic geon. This initial study demonstrated that certain types of electromagnetic
geons could indeed be relatively stable. The concept was later on generalized to bound
states of gravitational waves treated in GR and detailed analyses have been conducted
to investigate the stability of such objects [7, 8]. However, while initially results were
promising, the gravitational geon as a classical object has been argued to not represent
a stable object due to inconsistencies between the final result and the initial hypothesis
[9, 10, 11]. Hence the geon in classical GR does not represent a well defined bound state.

A similar problem occurred also in electrodynamics when physicists first tried to model
the bound state of an electron with a positively charged nucleus, based on the classical
electromagnetic interaction. The bound system turned out to decay on the order of
10~ seconds due to the accelerated electron continuously emitting electromagnetic
radiation. This issue was resolved of course by the advent of quantum mechanics, which
allowed for a well posed definition of the hydrogen bound state that does indeed represent
a stable object. Since the application of quantum mechanics to the problem of the
hydrogen bound state was able to produce a stable object, one may then also consider
the treatment of a gravitational bound state in the framework of quantum mechanics,
to find out if this also gives rise to a stable entity.

Considerations of the same nature already provide promising results for non-Abelian
gauge field theories, which are much closer to the theory of gravitation than QED. Yang-
Mills type theories also allow for self-interaction between the excitations of the gauge field
and it was shown that in the purely classical treatment of the theory a construction with
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analogous assumptions to the gravitational geon cannot exist [12] . These theories have
been studied in their quantized version in detail and the quantum object corresponding
to the gauge field geon was investigated in the case of quantum chromodynamics (QCD),
which represents a special case of Yang-Mills theory. The geon-like bound state, coined
glueball, turned out to be a stable and massive entity [13].

Therefore it will be interesting to consider the gravitational geon as a quantum ob-
ject and the formulation of the bound state problem for quantized gravitational waves,
termed gravitons, in the frame work of quantum gravity (QG) will be the main goal of
this thesis. It should be noted that similarly to quantum electrodynamics, where the
perturbative theory is not sufficient to describe the hydrogen atom, we will also require a
fully non-perturbative description of the quantum theory of gravity to discuss the gravi-
ton bound state. However, if the quantum theory fulfills certain assumptions regarding
the state-space, perturbative methods can be utilized to obtain quantitative results, as
was discussed for the case of Brout-Englert-Higgs physics in [14]. This work is organized
as follows:

e In Section 2 we will first discuss the setup of the classical theory of gravity that
will be used as a starting point for the formulation of the quantized theory. Then
the quantization analogously to a gauge theory with the Feynman path integral
as a quantization prescription, will be discussed. Furthermore, the interpretation
of physical objects and the representation of the geon in the quantized setting, as
well as the necessity of gauge-fixing, will be addressed.

e In Section 3 we discuss, how the Frohlich-Morchio-Strocchi (FMS) mechanism can
be applied to the quantized theory of gravitation in order to study gravitational
geons, which are inherently non-perturbative bound state objects, with perturba-
tive methods.

e In Section 4 we continue the discussion of geons, and present the explicit calculation
of the tree-level geon propagator in a flat universe. It is demonstrated that in the
used approximations the flat space geon propagator vanishes and thus, no geon
exists in a flat universe.

e In Section 5 we apply the same method as in 4 to the geon in a de Sitter type
universe with a non-zero cosmological constant, however, we encounter problems
with this approach which presently prevent us from obtaining the corresponding
propagator.

e In Section 6 we summarize the findings of this investigation and present further
steps that could be take to study the properties of the de Sitter type geon.

e In the Appendices, we collect some technical results.

"However, the reason for the non-existence of this bound state is very different to the case of the
gravitational geon and has to do with the fact that in contrast to gravity, Yang-Mills type gauge
theories allow for both attractive and repulsive interactions and the latter causes the instability of
the gauge field geon.
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All the tensor calculations in this work were conducted with the xAact package for
Mathematica. Calculations that had to be done in a specific coordinate frame were
conducted with the xCoba extension of xAact.
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2. Setup of the theory

Similarly to QED the gravitational interaction is of long range and therefore exerts influ-
ence also on macroscopic effects. In fact, the dynamics of the large scale structure of the
universe is predominantly governed by the gravitational interaction. It is therefore not
surprising that a very successful classical theory exists for the phenomenon of gravitation
in the form of general relativity. In analogy to Maxwell’s electromagnetism which was
the starting point for the development of QED, the classical theory of general relativity
will form the outset for the formulation of a quantum theory of gravitation. For this
reason it is important to discuss the framework of classical GR, as many mathematical
and physical concepts will also become important for the discussion of the quantized
theory, and this is what will be done in Section 2.1.

2.1. The classical theory

In this section we follow closely [15, 16, 1, 17].

Classical general relativity is a field theory, defined in terms of events and their neighbor-
ing relations, which together form the construct of spacetime. Fields can be assigned an
amplitude at every event and thus they are considered to be functions of the events. In
order to give functions of events a mathematically easily manageable meaning, manifolds
and coordinate frames are introduced.

2.1.1. Spacetime structure and geometry
Manifolds and coordinate systems

Spacetime is a four-dimensional set of events, i.e. we need in general four numbers
to label the events {2, 2,...}. Of these four numbers, one denotes time and the
other three represent three dimensional space. The world lines of such events and their
crossings then define the neighboring relations and thus the spacetime structure. For
mathematical simplicity we take the limit to a continuum of events and their respective
world lines, which is described by a continuously differentiable manifold M. On this
manifold we may introduce coordinate systems/frames as maps that assign each event
a quadruple z (£?) € R*. In this work Greek indices always range from 0 to 3 and
from now on a coordinate system will always be identified by the collection of the four
coordinate functions {z® ()} or more compact {z*} . Generally more than one map
and thus multiple coordinate systems are required to describe the entirety of the manifold
(Minkowski space of special relativity is an exception). Another important feature of
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such coordinate maps is that they are not unique, and an infinite group of equivalent
coordinate systems does exist, which are related by infinitely differentiable, smooth
maps called diffeomorphisms or simply coordinate transformations. The corresponding
transformation law for the coordinate components between two coordinate systems {z“}
and {2/“} is given by

8.1,/01

028 |,

2 (P) =Y 0% (2) (2) =Y
B

P (P) (2.1)
The formulation of this transformation is made in the passive picture.

Tangent and cotangent vectors

Special relativity relies heavily upon the concept of vectors and tensors to express physi-
cal laws; vectors on a manifold M are introduced as linear operators that can be identified
with directional derivatives along an arbitrary curve on M and are thus also referred to
as tangent vectors. The collection of all possible tangent vectors at an event &2 form a
vector space that is referred to as tangent space T M. As discussed in Ref. [15], the

coordinate basis {Ba} naturally arises as a basis of T» M, once a coordinate frame is

chosen and an arbitrary vector 0 € T»M can be expressed as 0 = ), v*0y. In this
work we adhere to common practice and identify any tangent vector © merely by its
components v®, always assuming that we are using the coordinate bases for the tangent
space.

Besides the tangent space there also exists the cotangent space 175, M, which is the
collection of all linear maps of tangent vectors to real numbers, i.e. the scalar product
(w,v) € R with @ € T}, M and © € T M. The coordinate basis of T'» M automatically
induces basis vectors on 17, M, and thus we also identify the cotangent vectors with their
components. While the tangent vector components v® will be denoted by superscripts
which are referred to as contravariant indices, the indices of cotangent vector components
w,, will be subscripts and referred to as covariant indices. With this convention the scalar
product is written as follows:

(0, D) = wuv®, (2.2)

where we have made use of the Einstein sum convention, which will be employed through-
out this work. If we switch between two coordinate systems the coordinate basis of the
(co)tangent space will be a different one and thus the (co)tangent vector components
have to transform as well. Based on the transformation law 2.1 for the coordinate func-
tions, the transformation for (co)tangent vectors follows accordingly:

T (YN} f acT,
v Jgv or v* € TpM (2.3)
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Tensors - the metric tensor

Tensors form the generalization of (co)tangent vectors, which are linear maps, to mul-
tilinear maps. These can be expressed as outer products of (co)tangent vectors and are
again represented by their components T % g g with respect to the tensor prod-
uct basis of (co)tangent vectors. Under a change of coordinates the tensor components
transform like covariant or contravariant components on every index respectively:

Tk o= J T, (J_l)ﬁ1 oL (J_l)ﬁl THY R (2.4)
So far the tangent and cotangent vectors and tensors were only ever considered at a
single event &2, but in general a (co)tangent space can be attached to every event.
Furthermore, one can define (co)tangent vector fields which represent a specific element
of the vector space T M or T;, M at all events & € M. The generalization of this
are then tensor fields and the metric tensor field is one representative of this class that
is used to make the neighboring relations between events &2 € M in the coordinate
description more concrete. The metric tensor field or just metric g, (<) is a symmetric
tensor field:

Guv (9) = 9vu (9) (2'5)

It acts as a symmetric, non-degenerate map of two tangent vectors to a real number and
thus it defines the inner product on the tangent space T'» M, which may be denoted as

G (P) Ul (P)1” (P) € R. (2.6)

In particular this can be used to calculate the magnitude of the infinitesimal displacement
vector between two events with the coordinates z# and z* + dx*. This corresponds to
the square of the infinitesimal interval ds between the two events and thus gives rise to
the notion of distance. The corresponding displacement vector is denoted dz* and the
magnitude obtained from the inner product then becomes:

ds? = g, datdz” (2.7)

An important property of the metric is its signature, i.e. if we choose a cotangent
space basis that diagonalizes the component matrix [g,,] (this will in general not co-
incide with the coordinate induced basis), the number and position of positive and
negative eigenvalues. For any physical spacetime, with z° denoting the time compo-
nent and ¥ = {x1,$2,x3} denoting the spatial coordinates, the signature must be of
type (— + ++) or (+ — ——), which is referred to as Lorentzian signature. In this work
the signature (— + ++) will be adopted!. Being a tensor field the metric transforms
as giw = (J _1)MO‘ (J _1)Vﬂgag under coordinate transformations, yet its signature is
invariant under such transformations. Due to the Lorentzian signature the inner prod-
uct induced by the metric actually becomes indefinite and the three usual cases can be

LA list of signatures used in the cited works can be found in Appendix A
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distinguished:

guvtv” >0, vt is spacelike
guvtv” <0, v* is timelike (2.8)
guv*v” =0, o isnull

For the component matrix [g,,] of the metric, we can also compute the determinant g
and an inverse [gm,]_l. The latter can actually be interpreted as the component matrix
of another tensor and will generally be denoted as [¢""]:

g = det ([gu]) (2.9)
99" = 9% gup = 0, (2.10)

The sign of the metric determinant? for a Lorentzian signature is always negative.

If we act with the metric on just one tangent vector © € T» M, we will end up with
g (-,0), which is a cotangent vector in 77 M. This linear map is unique for every
tangent vector and can thus be used to map tangent vectors into cotangent vectors.
Since the metric has an inverse, we can also perform a map from cotangent to tangent
vectors. In component notation we thus obtain:

Guv” = v, (2.11)
g w, = wt (2.12)

For this reason the metric is often referred to as index shifter.

Covariant derivatives and curvature

So far we have discussed tangent vectors that are attached to a specific event & in
spacetime as well as vector fields which assign specific elements of the tangent vector
spaces to every spacetime event. However, the vector spaces at different events are still
fundamentally disjoint, this is resolved by the introduction of parallel transport, which
uses the covariant derivative to identify vectors in (co)tangent spaces at different events
with each other. The covariant derivative at & is defined as follows:

Yotk (2) = ((90/0“ + ruaﬁvﬁ) (2.13)

P

While neither d,v* nor F“agvﬂ represent a proper tensor, as they do not transform
according to (2.4), the covariant derivative acting on a tangent vector actually does give
rise to another tensor. The coefficients I'* 5 can be determined via the metric. Since
all manifolds relevant for GR are equipped with a metric and a corresponding inner
product, we may require that if we parallel transport a vector, the inner product of the
vector with itself, i.e. its norm, remains the same. This requirement is referred to as
metric postulate and it is something that is generally required for GR and we will also

2The metric determinant actually represents an additional type of object, called a tensor density, which

transforms as g (z'#) = %f;': g (z) = det (J"a) "% g (z%), see [15].
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assume its validity in this work. The conservation of the inner product under parallel
transport translates into the condition V,g,, = 0, where the action of the covariant
derivative on a general tensor is given by

k k
VoTH bk, = 0T e, + Z TH g THLPbth Z TP, THH
1=1 =1
(2.14)
From V,g,, = 0 a unique form of the coefficients I'*,3 can be derived:
1
Map = 59" (9agps + 0s9ap = Dpas) (2.15)

The coefficients I'*, 3 under the metric postulate are generally termed Christoffel sym-
bols or affine connection and they are fully determined by the metric of the spacetime.

Another postulate of GR is that spacetime is torsion free, which surmounts to the
condition that the commutator of two covariant derivatives acting on a scalar vanishes:

Vi, Vo] f=0 (2.16)

Now finally all the tools are available to discuss the curvature of spacetime. Curvature
manifests itself in many different ways, one of these is: A tangent vector which is parallel
transported on an infinitesimal, closed curve such that it ends up at the initial position
again, will not coincide with the initial tangent vector in a curved spacetime. Since
covariant derivatives are involved in the parallel transport, this can be translated into
the failure of two successive covariant derivatives to commute, when acting on said
tangent vector:

[V, V] = V0, Voo™ — Vo, V0% = Rys®0? #0 (2.17)

The tensor R, 3" representing the action of the commutator on the tangent vector
is called Riemann tensor and it can be represented purely in terms of the Christoffel
symbols (and since we are employing the metric postulate purely in terms of the metric):

Ryup” = 0,07 1y — 0,17y + T, T 0 — T, T 0 (2.18)

The Riemann tensor is directly related to the curvature of the manifold. Namely, by
computing the trace of the Riemann tensor on its second and fourth index, we obtain
the Ricci tensor

Ry = Ryup®. (2.19)

The trace of the Ricci tensor, which is computed by raising one index and then setting
them equal, then gives the Ricci scalar, which can be identified with the scalar curvature
of the manifold:

R = gaVR/‘V’(X:u - R”a}a;u = R/‘H = gle#V (220)
At this point it is important that several conventions have been introduced that can and
generally will differ from those in other treatments, the conventions introduced here are
taken from Ref. [15]. An additional list of conventions can be found in App. A.
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2.1.2. Einstein-Hilbert action

According to Einstein’s equivalence principle, gravitation can be interpreted as the man-
ifestation of a curved spacetime in the motion of particles. I.e. every matter particle
moves on geodesics and the geodesics are determined by the curvature of spacetime.
The important step was then to relate the action of gravity on matter to the concept of
matter as the source of gravity or curvature in spacetime. This was achieved by Einstein
through promoting the metric to a dynamical field, satisfying the following equation of
motion:

1
G =Ry — §Rgm, + Agu = 81GNT,,. (2.21)

Where T}, denotes the energy-momentum tensor which describes the matter content
of the theory and A is the cosmological constant, which can be interpreted as the dark
energy content in the universe and is (at least in GR) completely independent from the
matter content.

In both classical and quantum mechanics the action plays a central role. In classical
mechanics the action can be used to derive the classical e.o.m. through the stationary
action principle. In quantum mechanics the action can be used as a weight factor in
the Feynman path integral approach, which will be discussed in Section 2.2. Since the
Einstein equation represents an equation of motion for the metric, coupled to some
matter content, there must exist a corresponding action as well. The action for the pure
geometric theory, i.e. T}, = 0 Vpu, v, is represented by the Einstein-Hilbert action:

1
Sen o) = 5y [ VIR ~24) (2.22)
K = \/87Gx (2.23)
A = £2pyac (2.24)

The currently accepted values for the Newton constant G and the vacuum energy
density pyac, and therefore by extension for the cosmological constant and  (in natural
units: A =c¢=1), are [19]:

Gy =695-107%9GeV 2 —» Kk =4.17-1079GeV!

Pvac = 2.52- 10747GeV4 5 A =4.38-10"84GeV? (225)

If we also wanted to include matter, we would have to add the specific matter action
Sm to the Einstein-Hilbert action and this would give us the energy-momentum tensor
in the e.o.m.. However, in this work we are only concerned with the gravitational sector
and thus we only need to consider the Einstein-Hilbert action together with the resulting
vacuum Einstein equation:

1
G = Ry — iRgW +Agu =0 (2.26)

The explicit expression for the Ricci scalar and tensor in terms of the metric is included
in App. B.
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2.2. The quantum theory

In this section we follow closely [20, 21, 15]. Now that the framework of classical GR has
been discussed, we can use it as a starting point to setup the quantum theory. It needs
to be noted that while in the above presentation the metric is used as the fundamental
d.o.f. of the theory and curvature is the manifestation of gravity, there are several
completely equivalent formulations of classical GR, which rely upon different geometric
objects. Such approaches are formulations of GR which do encode the effect of gravity
not in spacetime curvature, but rather in spacetime torsion or its non-metricity [22], or
they use the vierbein field as the fundamental d.o.f. instead of the metric [17]. But
while these descriptions are all equivalent in the classical setup, once we turn to the
quantization, they will lead to very different quantum theories. In this work the above
framework using curvature and the metric will be used 3.

As argued in Ref. [1] a more appropriate choice than the metric for the fundamental
field describing the gravitational interaction would be the vierbein field as it allows for
a well-defined notion of spin even in a curved spacetime. The vierbein field is defined as
the transformation matrix for the metric from the coordinate frame to an orthonormal
Lorentz frame in which the metric becomes the one of special relativity n4:

Guv = eauebunab (227)

The thereby generated Minkowski structure in tangent space allows to define global
symmetries just as in special relativity, which then lead to the classification of spin.
Thus, if fields with non-zero spin are considered in curved spacetime, the vierbeins
should be used. However, in this work we will only be concerned with the simplest d.o.f.
of the theory, which have spin-0 and thus we may use the metric instead of the vierbeins
as a simplification as major differences between the two approaches are expected only
for objects with non-zero spin. Since we will only work at tree-level in this treatment,
the two formulations should lead to qualitatively similar results.

To quantize the classical theory of GR, we invoke the Feynman path integral method
which is discussed in detail in the following section.

2.2.1. The gravitational path integral

In quantum field theory we are concerned with the calculation of expectation values of
operators of fields. The path integral (PI) is a method of generating such expectation
values. What the PI does is, it takes the fields that the theory is concerned with and
averages over all possible configurations with a functional measure which is provided by
the action of the theory. Thus for the case of gravity, where the fundamental field is
supposed to be the metric, we would be averaging over the space of all possible metrics
{9w} = Q, weighted by the Einstein-Hilbert action. Thus we can formally define the

3If one starts out with the gauging of the Poincaré group, curvature might also occur together with
torsion in the description of gravity, but for the simple spin-0 objects that are considered in this work
the effect of torsion vanishes [23].
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integration measure of the gravitational PI as:
Dyt (gu) = DygpeSEm 1o (2.28)

The notion of such measure can be made sense of in the form of a Haar measure, however,
it is as of now not at all clear, if such a measure exists as a well-defined quantity for
the space of all metrics [20]. Based on this measure we may write down the partition
function of the theory as

Z= /Q Dy, e o], (2.29)

The partition function is the central object of the theory and its well-definiteness is a
major assumption of this treatment. Correlation functions of operators can then be
obtained, by averaging over the operator with Z as normalization:

1 .
©lgl) = 5 [ PouOlga] 5erioe) (2.30)

Since we are looking at pure gravity without matter, we only have the metric as a
fundamental field and thus the operators O [g,,] can exclusively contain the metric.

Another important property of the above construction is the existence of a local sym-
metry group which leaves the action as well as the measure in the PI invariant, i.e.
the diffeomorphism group of general relativity. As discussed in Section 2.1, the physical
content of the metric is invariant under the coordinate transformation J (z), which takes
x# to xt + & (z), where £¥ (z) is an arbitrary vector field:

G = (77,5 (I, "9as (2.31)

This allows for an important separation of the elements in Q into a set Q' containing
one representative of every physically distinct metric configuration, and the correspond-
ing diffeomorphism orbits. The latter constitute the generally infinite sets of physically
equivalent metrics that can be obtained from any element of Q' through diffeomorphisms
4. Under the assumption that this PI is well-defined without fixing a coordinate sys-
tem (which would select a specific set Q'), this has an important consequence for the
expectation values (2.30). The PI averages over all diffeomorphism orbits and because
the action and the measure are diffeomorphism invariant, the weight for all these con-
figurations is the same. Since all elements of an orbit contribute with the same weight,
their average will amount to zero (similarly to averaging over the normal vector field of
a sphere). For any operator O [g,,]| that contains non-invariant expressions under the
diffeomorphism group, this implies (O [g,,]) =0 [1, 14].

In particular this constitutes that (g,,) =0, i.e. in quantum gravity spacetime struc-
ture can generally not be inferred via the metric, but it is necessary to construct operators
that have no open indices and are invariant under diffeomorphisms. Such operators are

4Q’ is not a unique set, but merely an arbitrary equivalence class of Q with respect to which we can
define the diffeomorphism orbits.
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necessarily composite in this context, as the fundamental field is not diffeomorphism
invariant and an example could be

_ f/v( d4x\/WR(CC)

K= , 2.32
fM dtx gl ( )

which corresponds to the integrated, normalized curvature of spacetime. However, this is
a non-local operator which cannot be identified with a particle. So as to describe particles
and in our case a bound state of gravitational excitations, we need local operators [24].
It follows that we also need to identify a suitable invariant operator that characterizes
the geon as a particle.

The (geon) propagator

To study the particle properties of the geon, we need to calculate the correlation func-
tions related to this particle. In particular, the two-point correlation function, generally
referred to as the propagator, is the most fundamental quantity associated with a parti-
cle. More complicated correlation functions allow to study also the interaction between
the geon and other particles of the theory, especially its decay and formation. However,
for simplicity, we only study the propagator of the geon in this work, in order to make
assertions regarding its mass.

Geons are supposed to be bound states of fluctuations in spacetime, i.e. gravitational
waves, thus the quantum mechanical equivalent would be a bound state operator of the
field g,,,, which describes such fluctuations. The simplest local, composite operator that
could represent such a bound state, would be a scalar one. One readily obtained scalar
in GR is the Ricci scalar R(Z?) °, with & € M. Viewed as a function of events, this
is a manifestly diffeomorphism invariant object. Since this is a scalar object, which are
generally associated with spin-0 particles, this automatically cannot be the graviton in
this theory, which would require a spin-2 structure.® Therefore, this is the simplest
possible operator of our theory describing a purely gravitational excitation besides the
graviton in our theory. It will be this operator that we study as a geon candidate. The
propagator of this object would then be provided by the correlation function

D(2,2) = (R(P)R(2)). (2.33)

This represents a manifestly diffeomorphism invariant operator and thus the PI can
(but does not have to) provide us with a non-vanishing expectation value. However,
although the definition of the Ricci scalar and the propagator as functions of events
is geometrically well-defined, it is unwieldy. As discussed in Ref. [l], motivated by
the limit to flat-space quantum field theory, this event-dependence could be identified
with a dependence on the diffeomorphism invariant geodesic distance between the two
events r (2, 2). To be precise, the shortest geodesic distance, which is calculated from

®The explicit form of R(Z?) expressed in the metric of a given coordinate frame is given in (B.1)
SFor a discussion on how to construct a suitable graviton, see Ref. [1].
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the metric. Since the latter is fluctuating in the quantum theory, we need to use the
expectation value

1-2
r(P,92) = <min / (g () ()" (£)) /2 dt>, (2.34)
2(t) Jo» 2
where n# denote the tangent vectors of the geodesic z(t) connecting & and £, which
is parametrized by t. Thus the propagator can be written as D (r (£, 2)), which has
the advantage that the geodesic distance can be calculated with coordinate methods
and still provides a diffeomorphism invariant characterization of the events.” Due to the
minimization condition we will automatically consider the shortest geodesic distance.
While it is formally possible to define the expectation value (2.34), unless some numerical
method is chosen, it is non-trivial to obtain an explicit expression for it. One possible
way to treat this, is discussed in Section 3.

2.2.2. Gauge/frame-fixing

Now that we have defined the PI and the geon propagator, we need to calculate it
and although we assume that the PI is well-defined as it stands, we cannot do any
calculations with it. The reason for this is that we are not able to specify a certain
coordinate system with which we can express the event-dependence and calculate the
action. To introduce a coordinate frame, we can perform the analog of gauge-fixing
in non-Abelian gauge theories. For GR the gauge-fixing procedure selects a specific
coordinate-frame for every spacetime, which is why it will also be referred to as frame-
fixing in the following. This works with the standard Faddeev-Popov procedure, where
a functional d-function is inserted into the PI which selects a certain representative of
the g, € Q for every physical distinct case and thus limits the PI to a specific Q'. This
will leave any diffeomorphism invariant expectation value unchanged and only affect
diffeomorphism variant quantities. In particular this selects a specific coordinate frame
for every contribution to the PI. The selection of the elements in Q' is implemented
through a coordinate/gauge condition C), [g,.], such that for every physically distinct
configuration only one g, in the diffeomorphism orbit is considered, for which C, [g,.,] =
0 is fulfilled. We will discuss the nature of this coordinate condition in Section 3 and
leave it general for the following discussion. However, C,, [g,,] carries an index, as we
need in total four conditions to fix a coordinate frame for a four dimensional spacetime.
In order to apply the Faddeev-Popov (FP) procedure, we need to know the action of
an infinitesimal coordinate transformation on our metric field. For the transformation
gt =zt + & (v), with £ () infinitesimal we get:

_ P
( l)aﬂ = Opla 00" — aaﬁ? (2.35)
g;{y = 9w — gowauf? - guaayf? + 0 (§2) (2.36)

"In general there are also other invariant lengths that could be used instead of the geodesic distance,
such as Synge’s world function, and in Section 5 we will make use of this, however, they are all
uniquely connected. Hence, we are free to choose which one to use.
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Now we can introduce the object

g = / D f<5 gw,]) (2.37)

for one physically distinct field configuration g,,, where we integrate over the whole
diffeomorphism group with the invariant Haar-measure Df. The inverse of this object
is given by A [g,,], which is diffeomorphism invariant.

1= Algu / Df<5 [g,wD (2.38)

Inserting this into the PI and invoking the diffeomorphism invariance of the measure
and action, this allows for the following rewriting:

Z= / Dy, ¢ e 9] (2.39)
/Dguu g,uzl //Df(S :|)€iSEH[g“”} (2.40)

N (/ Df) /QDQWA (9] 6 (C [gun]) €521 19 (2.41)

If we calculate any expectation value, the integral over the diffeomorphism group cancels
out and we are left with a modified PI, which due to the §-function only considers the
configurations in Q’, which is defined by C,, [g.] = 0. Thus we have to consider only
physically inequivalent contributions in a specific coordinate system.

The A [g,,] is called the Faddeev-Popov determinant and it can be shown to have the
form

Alguw) = det My, (x,y) (2.42)

) — Cp [gw) (x) 500 (2)
M#ll( 7y) _/ \/@ 6gpa( ) 5£V(y) (243)

_ Gy [gu] (z)
= oay) (9v00p + Gup0s) (2.44)

Using Grassmann-valued scalar fields (ghosts) the FP determinant can be written as

det My (z,y) ~ /DEDcexp <—i/d4:vd4y6“(x)MW(x,y)c”(y)) . (2.45)

And the partition sum becomes
= / DEDcDy,,0 (Cy [gu]) €5EH 9m ] =i5c 1190 el (2.46)
where S [guw, €, ¢] denotes the ghost action, which is just the additional structure due

0 (2.45), and we have already omitted the diffeomorphism group integration as it will
always cancel in the calculation of correlation functions (due to the normalization).
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Gauge-fixing action and general comments

An additional modification can be made to the above expression, by rewriting the oc-
curring d-function with the identity

. 1 v
0 (Cplguw]) = lim exp <_Z2C / d*z+/1glg"" Cy (9] Co [guv]> (2.47)
— hm e_iSGF[guwC]' (248)
¢—0

Thus we obtain the following expression for the PI:

Z — lim /DchDg eSenlgu]—iSalguw . —iSarlgu () (2.49)
(=0 "

In general it can be shown, that it is not necessary to take the limit of ( — 0, but
any value of ¢ can be allowed [25]. However, a non-zero value for ¢ will smear out the
d-function and instead of a specific coordinate frame for every physically inequivalent
contribution, we get ”averaged” coordinate frames. Since there is no obvious way to
interpret such an averaged coordinate system, this will not be done here.

We will only be concerned with the tree-level expression for the geon bound state and
thus we do not need to consider the ghosts as they would only factor into the loop-
corrections. Therefore, we skip the ghost action in the following treatment under the
awareness that it has to be included in any calculation going beyond tree-level.

Another important consequence of the FP construction is that the argument presented
in Sec. 2.2.1 for the vanishing of diffeomorphism variant expectation values does not
hold any longer and we can obtain (g,,) # 0. This allows us to introduce a coordinate
dependent characterization of spacetime via the metric field again. Thus fixing a coor-
dinate system restores the classical picture of having a spacetime to which we can assign
a non-zero metric in an arbitrary coordinate frame. However, this coordinate system
is still subject to quantum fluctuations, entailing fluctuating distances, which is quite
different from what we would expect from the classical notion of coordinate system, and
only the expectation value has a definite value. Hence, for actual calculations it will be
important to somehow transfer such fluctuating coordinate frames into expressions that
we can handle with conventional coordinate methods. This will be discussed in Sec. 3.

Well-definiteness of the path integral

Some aspects of the well-definiteness of the PI have already been addressed in the pre-
vious sections, however, at this point it is important to mention an additional subtlety
in the PI formulation.

It has to be pointed that the current version of the PI is formulated in an inherently
non-perturbative way, as otherwise we could not calculate the bound state operator of
the geon, which is automatically a non-pert. object. Thus, while it is generally accepted
knowledge that EH gravity as a perturbative quantum theory is not well-defined, this
argument does not automatically hold for this discussion. There could be a non-pert.
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effect that could remedy the non-renormalizability of the perturbative treatment and
make the non-pert. PI well-defined, such as asymptotic safety. Under the assumption
that such an effect will kick in eventually to make the theory well-posed, we will continue
with the EH gravity formalism for our calculations. Albeit investigations of asymptotic
safety indicate that additional terms are required in the EH action, such additional
structure will not be considered here, with the awareness that the used action might
be incomplete. The possible modifications of the action will not change the general
structure of the calculations outlined in the following chapters.

Further problems of the non-perturbative setup are discussed in [1], but these are not
relevant for the following treatment of the geon.
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3. Coordinate frames and the
Frohlich-Morchio-Strocchi mechanism

In this chapter we turn back to the problem of introducing suitable coordinate frames
into the formalism of quantum gravity, as these are essential for evaluating the Ricci
scalar which is the central component of the geon propagator. This presentation is
closely based on the discussion in Ref. [I]. At this point it becomes important to
consider the large-scale behavior of gravity, which is well described by classical GR.
We can calculate solutions to the classical equations of motion (2.26), which provides
us with a non-vanishing metric field gy, in a certain coordinate frame, depending on
the choice of the cosmological constant A. Without the consideration of matter the
three simplest, cosmologically relevant solutions, which are homogeneous and isotropic
in space and time, are Minkowski, de Sitter (dS) and Anti-de Sitter (AdS) space. More
complicated solutions could represent the true nature of spacetime, however, current
cosmological observations suggest that the macroscopic universe is very close to a flat
universe, with measurement uncertainities still permitting a slightly positive curvature
[26]. Therefore only the Minkowski and de Sitter spacetimes are considered in this work,
as the simplest possible representatives of the classically observed universe. These two
spacetimes distinguish themselves through the fact that they are maximally symmetric,
which is a property that greatly simplifies calculations and in particular, the expression
of the propagator as a function of the geodesic distance only works in a straightforward
manner for maximally symmetric spacetimes.

The continued refusal of quantum gravitational effects to be subject to measurement
tells us that on currently accessible energy scales the universe is well described by classi-
cal quantities. So as to introduce a coordinate system that can be used for claculations,
it is thence common to many approaches to quantum gravity and QFT in curved space-
time, to introduce a classical background metric with respect to which the quantum
fluctuations of the metric field can be considered. The advantage of this is that the
same methods that are used in standard QFT on a fixed spacetime can be adapted
[21]. Albeit the independence on the chosen background metric can be established in
certain approaches, see Ref. [21], this is still a rather ad-hoc construction. Yet, this
construction of splitting off a classical part and using it as a background has certain
similarities to what is done in the general gauge-fixing procedure of Brout-Englert-Higgs
(BEH) physics. There it is possible to choose certain gauges in which the Higgs field ac-
quires a vacuum expectation value (VEV) which represents a background canvas ontop
of which additional quantum fluctuations can act. Also in this case the background or
VEV breaks the full gauge invariance of the theory as it is part of a specifically chosen
gauge. This raises the question, whether a useful background metric can be introduced
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analogously to the VEV of the Higgs field, by making a certain gauge/coordinate choice.
Consequently the background metric would naturally arise from fixing a certain coor-
dinate frame in the PI. This approach is discussed in Ref. [I] and it is shown that it
could possibly serve as a justification not only for describing quantum fluctuations of
the metric on a general background, but also for why the flat Minkowski metric can
serve as an approximate background for the SM QFT’s, which do not account for the
quantum effects of gravity. This construction for the case of pure gravity is discussed in
the sections below.

The argument goes as follows, since we observe an essentially classical spacetime de-
scribing the large-scale behavior of the universe, we can fix the coordinate system in the
PI such that the expectation value of the metric field is non-vanishing and in particular
such that it corresponds to a metric gy,,, which can be assigned to the classical space-
time. To be concrete, assume that we can infer the classical structure of the universe via
some diffeomorphism invariant observable, such as the averaged classical curvature ¢ of
the universe. Then the expectation value of this quantity would have to reproduce the
same result, i.e. (K) = K¢ It is then possible to select a coordinate condition C}, [g,]
such that C), [gfw] = 0, i.e. such that a specific coordinate representation gy, of the
classical metric associated with the expectation value ¢ does fulfill the condition. Since
the frame-fixed PI now only considers an equivalence class of the diffeomorphism group,
it follows that (g.,) # 0 is possible, and it has to be equal to the representative of the
metric associated with the spacetime characterized by K¢, which is in the equivalence
class. In short, what this frame-fixing achieves, is that (g..,) = gj,. Therefore it is
possible to fix the coordinate system in the PI such that we obtain a classical metric as
expectation value. The non-zero expectation value of the metric field, which is generated
by the frame-fixing procedure, is from now on referred to as VEV in analogy to BEH
physics.

We can use this VEV to define a background with respect to which we can then
discuss the quantum fluctuations in the frame-fixed setting. Just as in BEH physics, the
configurations that contribute to the frame-fixed PI are split into contributions from the
expectation value and the quantum fluctuations around it. One possible way to do this,
is the linear split

Guv = G + Vv (3.1)

where (g,.,) = g;,, and 7, denotes the quantum fluctuations.? One problem with this
linear split is that quantum fluctuations could alter the signature of the full metric as
compared to gy, if the fluctuation tensor becomes large enough.? However, it is argued
in Ref. [1] that similarly to BEH physics, if (g,.,) is fixed to g5, and we use this VEV in
the split as above, this results in fluctuations around the VEV that are generally small.*

IThe index c is placed on every object related to the classical spacetime and its position, i.e. super- or
subscript does not encode any information.

2 An important property of the split is that while g,,,, and ;. are metrics by construction, the fluctuation
tensor does not have to be one.

3Since all elements in Q should have Lorentzian signature this would lead to inconsistencies.

4Small in the sense that the components of Yuv become small with respect to gy, .
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Hence, the quantum fluctuations cannot change the signature and to first order in -y,
the linear and exponential prescriptions become equivalent.

As already mentioned, the split (3.1) allows us to consider the quantum fluctuations
on a fixed background provided by the frame-fixed expectation value of g,,, which
is what we were looking for all along. With this construction we can now use the
coordinate system corresponding to (g,.) = g, and discuss fluctuations with respect
to this. A consequence of this split is that the expectation value of the fluctuations v,
automatically needs to vanish, i.e.

(Guw) = (G + V) = G & (V) = 0. (3.2)

For the frame-fixed PI we can also rewrite the measure and the action based on the split.
Using the translational invariance of the PI measure, which we already used for the FP
procedure, we can write

DQ;U/ =D (gfw + 'V,ul/) = D’Yul/a (33)

since gy, only represents a shift of the fluctuation field [27].

This frame-fixed setup in combination with the linear split, does not only allow us to
use a classical coordinate system, but it also provides a very powerful tool in the form
of the FMS mechanism, which can be used to extract properties of non-perturbative
objects such as the geon propagator with perturbative methods. This will be discussed
in the following section.

3.1. The FMS mechanism

As soon as we also perform this split in the action and the operators, it is possible to
order the contributions to the PI into a power series of 7,,, which corresponds to an
expansion similar to the one used in BEH physics [14, 1]. However, before we can discuss
the details of this expansion, it is necessary to discuss the role of the inverse metric in the
considered expressions, which is something that we have neglected so far. Both the action
as well as the observable operators transform as singlets under the diffeomorphism group,
which means that they must not feature any open indices. In the purely gravitational
theory the only object that we can use to contract the open indices of the fundamental
metric field, is the inverse metric, thereby the action and every relevant operator of
this theory will contain the inverse metric. The difficulty arises due to the PI measures
ignorance toward the inverse metric, since it is not independet of the metric and we
consider only the latter as the integration variable. It is thus inevitable that the inverse
metric is expressed as an explicit function of the metric. The standard definition of the
components of the inverse based on a matrix only contains submatrices of g,,, and not
the metric explicitely [18]. A much more useful identification of the inverse is possible,
if we use the metric split in the frame-fixed treatment. We can then obtain the inverse
via the Woodbury matrix identity:

oo

_ — _ _ k _

g =+ T = D) (e ) el (3.4)
k=1
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where the matrix/tensor indices have been suppressed for simplicity. The exact deriva-
tion of this formula is discussed in App. C.1. Therefore, it is possible to rewrite every
expression containing the metric field and its inverse in terms of a generally infinite
power series of the frame-fixed metric VEV, its inverse and the fluctuation tensor. For
convenience, we can always split-off the lowest order term, that can be expressed purely
: c -1

in ¢g¢ and g_ .

F [9’“} =F [gf, (gc‘l)k] + > F [92",7”, (ggl)mﬂ (3.5)
m,n#0,m+n=k

If the dependence of F [g] on g, is analytic, this expression is a power series [1].

Since after the split the PI measure does only depend on the fluctuation tensor v,
it is possible to pull out the gj, of the expectation values. This allows us to map
the correlation functions of a general diffeomorphism invariant operator to a series of
diffeomorphism variant expectation values of the fluctuation tensor +,,,, which are non-
vanishing due to the frame-fixing procedure, and whose open indices are contracted with
the gy, in a proper manner. This duality between diffeomorphism /gauge dependent and
invariant correlation functions is termed FMS expansion or FMS mechanism in BEH
physics [24, 14, 1] and it shall be referred to as such in this context as well.

Now, the frame-fixing together with the linear split (3.1) allows us to consider the
fluctuation tensor-field to be small, thus the FMS expansion (3.5) of any expression
Flg] as well as (3.4), become asymptotic series in v, and it is possible to extract
information from the lowest order contributions to (3.5) (under the assumption that the
higher-order terms will only provide small corrections to the result) [14, 1]. Furthermore,
the correlation functions in v, can be treated in perturbation theory, as the fluctuation
tensor-field is assumed to be small. This allows us to extract general properties of the
genuinely non-perturbative bound state operator (2.33) in our theory with perturbative
methods and we are finally ready to discuss the geon.

3.1.1. Geon propagator in the FMS expansion

In this section we discuss the lowest order contributions to the geon propagator in the
FMS expansion. As was discussed in Sec. 2.2.1 the geon propagator (2.33) could be
expressed as a function of the mean geodesic distance (2.34). Since r (£, 2) is an
expression of the type (F [g1]>, we can now also apply the expansion in the quantum
fluctuations to the calculation of the mean geodesic distance, which will provide us with
the classical geodesic distance r¢(Z, 2) w.r.t. the VEV of the metric at lowest order
and higher order correction terms in v, collected in p (2, 2) [1].

r(P,2)=r° (P, 2)+p(£,2) (3.6)
C 1*>£ C 1% 1/2
' (P,.2) = / (g5 (Ot () (£)) /2 (3.7)
0—Z

We will use the FMS expansion of the geon propagator together with the expansion of
the mean geodesic distance to calculate the geon propagator to second order in 7, so as
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to study its properties. Performing the expansion to second order and using the linearity
of the PI, gives the following expression for the propagator, where the superscript of the
Ricci scalar denotes the order in vy, of the respective object:

(R(2)R(2)) = (RO(2)RD(2)) + (RV(2)RW(2)) + (R (2)R)(2))

+ RO@)RD(2) + (RO(P)RP(2)) + (RO(2)RO(2) +0 (+)
(3.8)

Before we also consider the expansion of r (£, 2), we notice that for the terms of type
(RO(2)R(M(2)) the quantum field w.r.t. the frame-fixed measure (3.3) occurs only at
one event/position. These do not represent propagators in the frame fixed setting, but
rather disconnected n-point correlation functions in 7, and if we study the connected
part of the propagator only, we may neglect these contributions.® Thus to second order
we only have two relevant terms for the connected geon propagator:

(R(Z2)R(2))connected = RO (P)YRD(2) + (RWV(P2)RW(2))connectea + O (7*) (3.9)

In order to use (2.34) as the argument of the expressions above, consistency would
require to also expand this to second order, but for the second correlation function in
3.9 we are already at second order so the only consistent argument can be r¢ (2, 2).
The zeroth order term of (3.9) would in principle need up to second order corrections of
r¢ (<, 2), but in this work we restrict ourselves to maximally symmetric spacetimes for
the VEV, which distinguish themselves through a globally constant curvature R(9) () =
R(O)(Q) = R¢ = K¢, consequently the term doesn’t depend on the geodesic distance
at all. As this term is then completely classical it can be neglected in the connected
propagator. This provides us with the final expression for the geon propagator in the
FMS expansion to second order:

<R(’@)R(°@)>connected = D(2) (Tc (9, o@)) +0 (’)/3) s with (3.10)
(RW(P2)YRD(2D))connected = DP (r° (2, 2)) + O () (3.11)

Thus to the considered order the only non-trivial object that has to be calculated with the
frame-fixed PI is the propagator D®) (r¢ (£,2)). This is still a complicated expression
in the v,,, but due to the FMS expansion it only contains second order terms in the
quantum field and it is therefore possible to reduce it to derivatives of the propagator
(Y Ypor), as will be shown in Sec. 3.2.3. As a sideremark, (v,,,7,/5) is generally denoted
as the graviton propagator. Although the correlation function is not diffeomorphism
invariant and only non-vanishing in the frame-fixed setup, we may use this unphysical
correlation function as an auxiliary quantity, since the FMS expansion allows us to relate
it to the manifestly diffeomorphism invariant geon propagator.

3.2. Application of the FMS mechanism

This section will be concerned with the explicit construction of a frame-fixing condi-
tion suitable for the FMS approach as well as the derivation of the Einstein-Hilbert

YRO(P2YRM (2)) = RO (2)(R™M(2)) also vanishes trivially due to the chosen frame fixing (3.2).
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action in the frame-fixed setup, which will then be used to calculate the graviton
propagator (yu,v,.’) as an auxiliary object. The actual calculation of (7,,7,¢/) and
D@ (r¢ (2, 2)) will then be discussed for Minkowski and de Sitter space in Sec. 4 and
5 respectively.

3.2.1. Discussion of useful coordinate condition

As discussed in the beginning of Sec. 3, we are looking for a frame-fixing condition
C,, [guw] such that C,, [gfw] = 0 is fulfilled. In particular, it would be an advantage, if a
condition could be identified, which is compatible with one of the standard coordinate
representations of Minkowski and dS space, since these allow for a diagonal gy, which
reduces the complexity. On the other hand selecting a condition that is not compatible
with the standard coordinate systems, would mean that a coordinate transformation
would be required to obtain a representation of gy In compliance with Cu [gfw] = 0,
which will generally lead to complicated coordinate functions and metrics.

The harmonic coordinate condition (often referred to as de Donder condition), which is
the standard condition used in many treatments of the Einstein equations [15], turns out
to be not suitable for this approach, however, it forms the basis for a more general class of
conditions that will be considered.® For other gauges we will see later on, we get systems
of coupled PDE’s for whom such a statement is inherently no-trivial and in general no
existence proof can be provided.). The condition originates from the requirement that
the coordinate functions z* are harmonic, i.e. satisfy dz* = V,V®* = 0 7. This can
be rexpressed in a condition for the metric [15], which is what we are looking for:

1
gl = —g"*gPP 0, g0s + §gp“g“5 Ougap =0 (3.12)

While this condition is trivially fulfilled for the cartesian Minkowski frame, no suitable
standard coordinate system could be identified for the de Sitter space, which is why it
is not employed here.® Based on the de Donder condition a more general two-parameter
family of coordinate conditions can be formulated:

C (g Ky ] = Kg" 0 g — €77 9"P Dpugap = 0 (3.13)

Upon insertion of the coordinate representations of gy, , only the reduced family
cr [gfw, K= 0,5’] possesses compatible gy, for both the Minkowski and dS case. For
simplicity £ is chosen to be 1, which provides us with the following four constrains for

5This coordinate condition is usually the preferred choice as the PDE’s for the respective coord. trans-
formation can be shown to have a solution that is unique (this doesn’t mean that the gauge condition
actually strictly singles out one equivalence class Q', but rather that for each gauge copy of an element
in Q' there exists a unique transformation to a harmonic coordinate frame.

"The z* in this case really just denotes the 4 coordinate functions and does not represent a vector, thus
this are really four scalar equations instead of one tensor equation and [ is the standard covariant
d’Alembertian operator for scalars.

8The coordinate systems that were considered in this discusses are 2.26.1-2.26.6 in Ref. [28] in the de
Sitter case and the standard cartesian and spherical coordinate systems for Minkowski space.
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the metric:

C? [gu ks =0, = 1] = 0ag™ = —g**g"" Ougap = 0 (3.14)
Ha [glw] = gyﬂaugozﬁ = aﬁgaﬁ =0 (315)

From (3.14) to (3.15) the open index on the inverse metric was contracted with a metric
to simplify the expression. The following two coordinate systems for Minkowski and
de Sitter space, fulfill the condition H, [gfw] = 0, where the line element is chosen as
representation of the metric in the coordinate system, as it is defined through ds? =
g datdz”:

e Minkowski, in cartesian coordinates

ds® = —dt* + da* + dy® + d2?, (3.16)

e de Sitter, in cartesian Robertson-Walker coordinates

ds* = —dt* + "' [da? + dy? + d2*] (3.17)

with 7 = /4.

In addition, one could also exchange the spatial part of the line element with the line
element of spherical coordinates in both cases, and it would still be compatible with
H, [gfw] = 0. The condition (3.14) was first considered by J.H. Haywood in Ref. [29] in
a classical linearized gravity setting and it will from now on be referred to as Haywood
condition/gauge. Furthermore, it has also been indirectly considered in quantum
gravity calculations in the context of more general coordinate condition classes, along
the lines of (3.13), see Ref. [30, 31, 32].

From now on, whenever we need to invoke a coordinatization of Minkowski or de Sitter
space, the coordinate frames corresponding to (3.16) and (3.17) will be used.

3.2.2. Gauge/Frame ldentities

Now we can also study the constraints which the coordinate/gauge condition (3.15)
puts on the fluctuation tensor field -,,. It needs to be stressed that the split (3.1) is
only made after the frame-fixing procedure has been performed, but since the remaining
contributions to the PI all fulfill H, [g,,] = 0 this indirectly also puts constraints on the
Yuv Which are summed over in the frame-fixed PI, after the split has been introduced.
These constraints will be referred to as gauge/frame identities as these will only be true
for fields in the frame-fixed setup.

When we talk about the split in the coordinate setup, we use a little hat above the
quantities, which occur in the split of the inverse metric, before the Woodbury matrix
identity is employed, see App. C.1:

Guv :gfw + Y (3.18)
g =gl + 4" (3.19)
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The reason for this is to emphasize that the quantities that occur in the inverse split
are not obtained by shifting the covariant indices of the tensors in the metric split to
contravariant indices with the full metric. Rather what happens, is that we choose g&”
such that it represents the inverse of g, and 4" is chosen such that the split is consistent
with identity ¢"”g,o = 0"«. In fact we can only get an explicit connection of 4*¥ with
Yuv Via the infinite series from the Woodbury identity as discussed above.

Based on this we can first write the Haywood condition (3.15) in the split with 4
occurring explicitly?, which is then an exact rewriting and only afterwards we shall
employ (C.4) to get a condition that is approximately valid to first order purely in 7,

H, [guu] = g’“jaugm = (géw +A4H) 8# (910/04 + 'Yucx) (3-20)
=9¢ OuGpa + 9" Opwa + 4" Ougpa (3.21)
g‘w@ﬁua = H, [g,uu] — H, [gfw] - 'S/wja,ugga (3'22)

Now for the frame-fixed PI Hy [g,,] and Hy [g5,] will vanish by construction and we
still use the full metric g,, to shift indices. Therefore we get the following identity:

Y = =" OG0 (3.23)

If we now expand the 4#” and only consider contributions up to first order, we obtain
the simplified relation:

géwa;ﬂ/ua = (Qgpgga ugzia) Yoo + @) ('72) (3'24)

This allows us to identify the non-covariant divergences of v,, with v,, itself to first
order. The relation (3.24) can be used to derive another identity that is actually valid
to second order in v, and which will become important when we discuss the FMS
expansion of the Einstein-Hilbert action and the frame-fixing action to second order.

977 (09p) (0" o) = (Ouglep) (Dufis) (927 +A4P7) 31447 (3.25)

And therefore, if we expand 4*¥, we obtain a condition that is valid to second order in
mz

97 (5% Darte) (92 0o ) = ((9095,) (Dr050) 2752 5E G297 ) Vv + O (77)
(3.26)

We will use this result to simplify the second order part of the Einstein-Hilbert action
in the FMS expansion.

9Tt is important to not overlook that the inverse metric g** implicitly acts on the partial derivative and
lifts the index. This is why also 4*” will occur in the expression.
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3.2.3. FMS expansion of the Einstein-Hilbert action and Green’s function
equation for the graviton propagators

In this section we treat the FMS expansion of the Einstein-Hilbert action to second
order, which will provide us with the means to calculate the tree-level propagator for
the graviton, i.e. (yu7Yyo)u. Furthermore, we will get an explicit expression for the
non-vanishing second order part of the geon propagator in the FMS expansion, which
will show how the geon propagator can be decomposed with the (v,,7,). Since both
the Einstein-Hilbert action and the geon bound-state operator contain the curvature
scalar, with the latter actually being the Ricci scalar, we will discuss the FMS expansion
of this object first. Many expressions that occur in this context are formally similar
to what one obtains in the background-field approach to quantum gravity and we can
therefore compare our results for the FMS expansion to these as well as employ similar
techniques. The derivation presented below is therefore adapted from the calculations
in Ref. [20], which are done in Euclidean signature.

Ricci tensor and scalar in the FMS expansion

This section is based on [20]. In principle we could of course just take the explicit form
of the Ricci scalar in terms of the metric, see (B.1), perform the metric split and then
order everything in powers of v,,. This approach was indeed first pursued and the
results are stated in App. B, with the final result being (B.10) and (B.11) for the first
and second order contribution. However, these expressions can actually be written in a
more compact form, by collecting the terms, where only derivatives of the VEV occur,
in ”classical” Christoffel symbols (3.27) and defining the ”classical” covariant derivative
(3.28) based on these:

a 1 Ao c c c
FC pr = igcﬁ (augﬂy + 31/9“5 - 859#1/) (327)
vivp = Oyvf + TP ,,0" (3.28)
Vege, = 0 (3.29)

Furthermore, using the identity (3.30) we can map specific combinations of partial deriva-
tives of the v-field to covariant derivatives of the v-field. This combination of partial
derivatives is the one occurring in the full Christoffel symbols of g, after the split has
been performed. Since the Ricci scalar is the trace part of the Ricci tensor, which is
expressed in terms of Christoffel symbols (2.19), these are just the combinations that
will occur in the end. Based on (3.30) we define another auxiliary object (3.31), which
corresponds to something similar to a ”Christoffel” symbol for the +,,,, with the partial
derivatives replaced by (3.28):

O Yrv + O Ypur — OrYpw = VZ’YTV + Vovur = Vv + 28w pr (3.30)
1. T
0%, = QQ? (Vfﬂw + Vovur — Vﬁ’y,w) = 0%, (3.31)
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For the FMS expansion we consider the Ricci tensor at first and afterwards we take the
trace to obtain the curvature scalar.

Ry = 041, — 0,0 %,, + TP, 1%, —T7,,1%, (3.32)
=R +RY +RY +0(+%) (3.33)

After the split the Christoffel symbols can be rearranged decomposed into the contribu-
tions at every order, using (3.28), (3.27), (3.30) and (3.31):

T, =T% + 0% — 42707 + O (v*) (3.34)

This decomposition can then be inserted into the definition of the Ricci tensor and we
immediately get the contribution to each order, with the zeroth order part trivially
reducing to the classical Ricci tensor:

RO =R:, (3.35)
R<1> Ve, — VEO g, (3.36)
Rfﬁ) — V(GO ) + V(02T 1rp O ) + 00,0, 0% — ©°,0%,,  (3.37)
With these results we can compute the trace of the Ricci tensor, which the Ricci scalar:
R =g" Ry = (3¢ +") R (3.38)
= (98 = 943 0 + 3923 a0 + O (7)) R

=R+ RW+ R 40 (%)

R = gi" Ry,
RO — =gt R( ) _ 9 V'BVGBRW

R@ = “”R( ) — 91 Y0 RG) + G4 2 5L Yapvpe RS,
The explicit expressions for the terms R and R? are the subject of the following
discussion. The terms that occur in the expressions derived above are such that every
contravariant index occurs on the inverse of the VEV, i.e. g¢-”, and therefore it is
expedient to introduce a new convention. Up to now the full metric was defined as the
index shifter and this is still the case, i.e. only the full metric can truly map a covariant
into a contravariant expression in our spacetime, however, after the split the full metric
doesn’t occur anymore and as a convention it is useful to associate every contravariant
index as with an implicit contraction of a covariant object with the frame-fixed VEV,
that is t* = g-”t,,. This allows us to write the above expressions in a much more compact
form, albeit much care is required when translating between objects that are expressed
with the convention that gy, is the "index shifter” and expressions that contain g, as
the true index shifter. From now on we shall follow the new convention for the rest of
this work and whenever we revert to the original definition it will be explicitly pointed
out.
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Through inserting (3.31) for ©%,, in the expanded Ricci tensor, i.e. in (3.36) and
(3.37), one obtains the contributions to the FMS expansion of the Ricci scalar purely in
terms of 7,,, with occurrences of g¢” implicitly taken into account through the index
shifting convention described above:

RW = (VAVY — 40, — RE) yu , with O, = g£7VEVe (3.43)
3
R =105VEVEN 5 + YapOer™? + Vevap Vet + Ve Varu

1 1
- Zvlc)'yuuvZ’YQa - Qv?'Vp#vlc)’Yau - Vg’YapVngu

— 208V EVEY ) + Yapde RGPy (3.44)

The Riemann tensor R;A 65 that is occurring in the explicit version of R(?) is defined via
the usual relation (2.17), for the ”classical” covariant derivative (3.28) and it encodes
the curvature of the manifold related to the VEV in the usual way.'"

Geon propagator - explicit version

With the results above we can now write down the explicit version of the geon propagator
in the FMS expansion to second order, in particular, what we need to write down,
is D (rc(2,2)), see (3.11). With the explicit result for R() in (3.43), and the
convention that objects that are evaluated at point 2 are denoted with primed indices
(or merely a prime in the case of scalars), as compared to objects w.r.t. point &, we

10The term containing the Riemann tensor is part of the second order contribution since two of the
covariant derivatives have been exchanged and it could be removed again, by reverting this, however,
it will be useful to keep it this way.
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obtain:

DO (r° (2, 2)) = (VEVE = gD = BE) v (VEVE = g0, = B ) 1)
(3.45)
= (VEVZ = gD = R) (VEVE = g0, = B ) o)
(3.46)
= VEVIVEVE (o)
— (VEVEa T + g TVE V) (o)
— (VEVLRL + REVEVE) (o)
+ 9092 O vpror)
+ (3£ ORE + RE G2 L) (i)
+ R R (o) (3.47)
= VEVVEVE (i)
— (VEVEg T T+ gDV E V) (o)
— A(VEVIGL + 3V ) )
+ 950927 Oy tor)
+ A (G0 + 385 OL) ()

+ A2 G () (3.48)

where for (3.46) we used that the derivative and the frame-fixed PI in v, (3.3) commute
[25]. To obtain (3.48) from the general expression (3.47) we used the fact that we
restrict our calculations to maximally symmetric spacetimes as the VEV, therefore we
can employ relations (A.5) and (A.6) to replace Rf, by g;,, A.

As we can see, the second order contribution to the geon propagator in the FMS
expansion can be decomposed into nine terms containing an operator acting on the cor-
relation function (,,7,s). This makes it clear why the correlation function (,.,vy’)
constitutes the central object for the investigation of the geon propagator with the FMS
mechanism. Another point that is quite evident now, is that the correlation function
(YuwYpo') represents a bitensorial object, i.e. a tensor(-field) which is defined w.r.t. to
two events in spacetime, see App. D.1. This is merely the generalization of biscalars
(geodesic distance) and bivectors (e.g. the photon propagator in QED [33]) which do
already occur in standard QFT and their definition and manipulation is discussed e.g.
in Ref. [31].
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Einstein-Hilbert action in FMS expansion

In order to compute the unphysical graviton propagator, occuring in (3.48) we need the
FMS expansion of the Einstein-Hilbert action. We alredy worked out the expansion of
the Ricci scalar above, however, so as to write down the Einstein-Hilbert action to the
second order in the FMS expansion, one important component is still missing, namely
the expansion of the square root of the metric determinant \/m which occurs in the
volume element of the spacetime integral in the action (2.24). If |g¢| denotes the absolute
value of the determinant of the VEV, then the expansion of \/H in terms of v, can be
written as follows [20]:

1. 1. R
Vgl = V19l (1 + 595”% - zgﬁ”vypgﬁ"%u

1 ~ UV A~ PO
+§95 Y98 Vpo + O (73)> (3.49)
) (1 LdW L g® 1o (73)> (3.50)

Therefore, the full integrand of the EH action to second order in v, reads:

VIgl (R = 2A) = d© (1 +dY +d® 40 (73)) (R RO LR® oA 10 (f’))

(3.51)
C 1’* v C
= VI (R~ 28) + | 30t (R~ 20) + RO
(2) o 1) Lo po Lo, oo c
R+ S0 R+ | =98 wpde” Vo + g9 Vv Vpo (R°—2A)
+0 (v*)) (3.52)

Another trick can be employed to further simplify the integrand, namely the covariant
Gauss-Stokes theorem [15], which is discussed in further detail in App. C.2. Under the
assumption that ~y,, vanishes asymptotically, we can neglect covariant divergence terms
under the integral sign. This is not a general property of the ~,, as we only require
that |y,,|/min, s |(gps)| < 1 Vp, v and can therefore only be approximately true. In
this approximation already the expressions for the Ricci tensor simplify significantly:

R() = V5O, — V50, ~ V0%, (3.53)
RP) =~V (457790 ) + V6 (457 72p0  av) + ©°,,0% 5 — ©74,0%,
= V;CL (927 VrpO ) + @Bw/@aaﬁ - @Bau@aﬁp (3.54)

However, one needs to be aware of these simplified versions of the contributions to the
Ricci tensor only being applicable, if R,(}l,) and R,(fy) occur under the integral sign and are
not contracted with an additional factor of 7,,. In the case of the latter, one would not
obtain a total derivative and the full expressions (3.36) and (3.37) would have to be taken

into account. This is the case for the second contribution to R for example, where
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we still have to use (3.36) instead of (3.53). When (3.53) and (3.54) occur contracted
with £ in the terms in the Ricci scalar, the remaining terms containing V¢ explicitly
also reduce to covariant divergences and therefore vanish, which results in the following
contributions to the Ricci scalar:

RW =~ — 35 0 Ry, = =3 YA (3.55)
R ~ i (=" O’ + Y 87" a = 29, VEVEY o
F270u VIV + 4950 RE) = 535 as REY (3.56)
- i (Wﬂmﬂ&ﬁ +9" 0% = 278 VEVEY, + 4§?AMBR§M€) (3.57)
- i (WDW&B + 9867 — 2905 VEV Y, + 4Avamaﬁ) (3.58)

We again used the relations (A.5) and (A.6) for maximally symmetric cases to express
R;,,. And we used the covariant Gauss-Stokes theorem (see App. C.2) in combination
with partial integration to shift the occurring derivatives such that they act only on one
of the ~-fields in (3.58).

With this additional simplifications taken into account we can insert the corresponding
terms into (3.52) and obtain the FMS expansion of the EH action to second order. We

provide the contributions to each order n in v, again as separate expressions Sy

Spr =SV, +50) + 52 +0(4?) (3.59)
s =0 [l (R 20 = % /M Ao /g2A = S (3.60)
Sk = gra [ 'V | 3t (RS = 20) 4 RO

=5 | VI [igmu (24) - ﬁé‘”wu/\] 0 (3.61)

The first two terms become very simple as the zeroth order contribution trivially reduces
to the classical action for the VEV and the first order action vanishes identically in the
considered approximations. The only non-trivial contribution hence originates form the
second order part. For the occurring R(Y) we have to use (3.43) instead of (3.55), since
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we multiply it with an additional v, while for R®) the approximation (3.58) is valid.

2 1 1.
S = gz [ AoV R+ 545, R
1A/U/ ~po 1~/u/ ~po c
+\ g9 Wl Yo + S5 Vv e Voo (R°—2A)
1 4 et AL (o caBauw SBugroa
227,%2 Md X |g |70¢5§ §<gc gc _gc gc )Dc—gc vcvc
. oLl ~ 1,.5.
+TEVE+ (32092 - 3300t ) A e (3.62)
1
=12 " d4$\/ ‘gc"mﬁpaﬁw’mv (3.63)

In the last step we introduced the Hessian, which is an object that collects all derivative
operators and contractions acting on the two ~-fields appearing in the second order
action:

~ap A By ~af3 Ay ~ v ~ v ~op A By 1. 05 v
(g?"gf —gePg ) O — §ErVEVE + §2PVEVY + <93“95 — - gohgr ) A

2
(3.64)

DB =

N | —

For completeness we provide also the general Hessian (3.65) which would be obtained in
the case of a non-maximally-symmetric spacetime, albeit we will be working with (3.64)
from now on.

Dot = 5 (3898 — 52791 ) e = §2"VEV2 + GO VEVY + (G0 REY + g2V R )

af apv 1 ~a ~ By 1Aa "% c
— RSP g -3 (gc”gf —590595 ) (R°—2A) (3.65)

In both cases we can utilize the symmetry of the y-tensor fields to modify the Hessian
such that it fulfills the following symmetry relations:

,Daﬂuy _ D(aﬁ)(uV) — D(M&)(aﬁ) (366)

symm. symm. symm.

We achieve this by manipulating the contraction ’yagDaﬁ‘“’ Yuv- This calculation is dis-
cussed in detail in App. C.3, but what comes out of it is the symmetrized Hessian:

2 1 .
Seh=—5 y d* /197 Vas D P Y = P /M d*2/19°ap DY Y » with
(3.67)

1 1
Dot = 5 (AT — g2Pgi) O — AGP - A3 (A?ﬁ“” - 2@3%5”) A (3.68)
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The three auxiliary objects A?‘ﬁ " are defined as follows:

(07 v 1 ~Q APV AV A
A =5 (gc"gf + 4 gf“) (3.69)
afuv L/, v « ~ B « A v ~Qav
AZBH = g (gcﬁ‘u{vcvvc}+gcﬁ {vgavc}+gc#{vcvv§}+gc {Vg,Vf}
A e} 174 ~QD AV
+5 (4407 —ger g )) (3.70)
(6 17 1 ~Q 12 ~ UV (0%
A = 2 (92 VY + (Ve V) (3.71)

There remains one open point regarding the action which we have not addressed yet, i.e.
the consequences of the frame-fixing condition. There are two possible scenarios, that
were already discussed in Sec. 2.2.2:

e Either keep the d-function in the functional integral and assume that thereby all
contributing configurations inherently fulfill the frame-fixing condition, therefore
we can utilize the frame identities discussed in Sec. 3.2.2 to simplify the action.

e Or we express the d-function with the help of an additional frame-fixing Lagrangian
and take the limit of the gauge parameter ( — 0 in the end of the calculation.

For both cases we need to discuss the modifications to the FMS expansion of the action.
Since we use relations in the first approach that hold only in the frame-fixed setting,
we refer to the such obtained action as frame-adapted action, whereas for the second
approach we add an additional frame-fixing action and thus the corresponding full action
will be denoted rame-extended action. Since the only non-trivial contribution to the

action is 51(921%17 we only need to discuss the modifications for this term and in particular

it will suffice to consider only the changes to the Hessian Dsayéffr’ﬁ

Frame-adapted action

So as to simplify the Hessian, we want to employ the frame identities that were obtained
in Sec. 3.2.2. Since we have introduced the ”classical” covariant derivative (3.28) to write
the occurring expressions in a more compact form, it will be useful to also consider the
covariant versions of the frame identities, i.e. we need to replace the partial derivatives
with ”classical” covariant derivatives by adding the correct combination of I'.. The
relevant identities for the manipulation of the Hessian are derived in App. C.4 and
listed below:

vg'ﬂw = Tpol/)/pa +0 (72) ( )
VoIV EVE Y = YapTL Y + O (77) (3.73)
B9 VIV Y = YapTs P Y + O (%) (3.74)
Vg3 VEV L = Yag (T5 P + G2TETE) 3 + O (77) (3.75)
(3.76)

VBt VIV Y = Yap (Jf”aﬁ — grrTeeP V'Z) Y + 0 ()
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with the following definitions of the introduced auxiliary objects:

TP, =T5P7 —TPH 5,7 (3.77)
VN Ve vy VN VA X )
jzaBW _ 1aﬁ/w _ /; <g3ﬁgéw _ gzwg?u) + AG g (3.79)
TP = 27 (VETE — LT, — T o 4 40,107, (3.0
j4uua[3 — jsuuaﬁ _ géwngzaB (3.81)

It should be noted that the introduced auxiliary objects are not proper tensors in the
sense that they follow the transformation law (2.4), this means that we can treat them
as tensors in a chosen frame, however, if we consider a different frame the corresponding
auxiliary objects jj/aﬂ # and T'P?,, are not obtained via (2.4), but rather newly defined
altogether. This is the same as for the Christoffel symbols [15].

With the identities introduced above, it is possible to rewrite the auxiliary objects
ASPH and ASPMin a frame that fulfills (3.15). For A" we can use (3.73) and
(3.74), as well as (A.1):

1 A
aBuv _ (aB)(pv) (aB)(pv) ninl aBuv  ~af pv
"427 f.a. 9 (‘72 + ‘-71 ) + 48 (4“41 9c Ye )
319 1 ¢ w)ap) | aB)uw)) , 9 aBuv _ sof g
L5 (A 4 o) S (447 — g ) (3.82)

We have already arranged all terms such that the symmetry properties (C.15) of A7

are manifest of the r.h.s. of (3.82). Ag’BW can then be re-expressed with (3.75), (3.76)
and (A.1):

AXB

1 apipy vla ~afBc(py ~pvc (o
3,fa. = 5 (~73 ol )+Jf (28) —i—ngBFp(“ v pp( B)V,g)
)1
2

- « v V)& 1A v clao 1 ~Q c(puv ~urvmce (o
(3.81 <j?f B)(w )+j3(u ) B)) _ 59@ vgrp( P 4 3 (Qcﬁpp(u v/ Fp( ﬁ)vg)

(3.83)

Now we can replace the respective terms in (3.68), which reduces the non-minimal second
derivative terms to first derivative terms and additional tensor structure, which doesn’t
contain any derivatives:

1% 1 v ~ ~ 174 1% 4 1 A~ A
D = 5 (AT = g2 ) O — ASPEY + ALY + (A?B“ - 2ggﬁggV> A (3.84)
where the subscript f.a. indicates that this is the Hessian for the frame-adapted action.

Frame-extended action

In the second approach we just need to apply the FMS expansion to the frame-fixing
action, which will provide us with the additional terms for the frame-extended action. In
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the following we again just consider the Hessian, however we need to keep in mind that
the frame-fixing action is tethered to a limiting procedure for the gauge-parameter (,
which has to be conducted at the end of the calculation. We start with the frame-fixing
action as defined in (2.47) and (2.48) and insert the Haywood condition (3.15). We also
rescale ¢ such that we can pull out an overall factor of (2/{2)71 as this will make it
simpler to incorporate the additional frame-fixing contribution into the EH action.

11 )

SGF [g”’”’q:@i d*z+/|glg" H, H, (3.85)
11 [, Vs )

= g2ac | CeV19lg" 6" (Oagen) 977 (Opgov) (3.86)

Performing the linear split and considering the FMS expansion to second order leads to
the following expression:

11 v A
Sor [ <) = g [ ded® (144D +d? 10 (7)) (3 +4") x
x (H,SO) +HY +HP +0 (73)> (H,SO) +HY +H? 10 (73)>

(3.87)

The only term up to O () that does not contain H,SO), is the combination H, ,Sl) bipd
But since we constructed H), [g,,] such that Hl(to) = H, [g5,] = 0 is fulfilled, all terms
that contain H® vanish. Furthermore, any term in the series of the metric determinant
or the inverse metric that is of an order > O ('yo) will - in combination with H, ,Sl)Hy) -
result in a term of order O (73) or higher and is thus irrelevant for the current treatment.
Hence, the only non-vanishing contribution form the gauge-fixing action that will show
up in the frame-extended second order action and thus also in the Hessian, is:

2) c 11 4 N,
S [0 Y ] = 1% di2d® g g HY
(c2s5 1 1 i - Bo
= gaac | TeVlelat (0°9an® 730 = 2900387 (9°953,)

3892 (97 96) (9 G) Vo) (3.89)

It will be again convenient to rewrite all partial derivatives in terms of covariant deriva-
tives w.r.t. g,. The rewriting of (3.88) with covariant derivatives is discussed in detail
in App. C.4. The result is presented below:

9 (c29) 1 1 v . A
S [ €)= gz [ eyl (—A5 2 (0100, - 7T, ) W
FIE ) Yy (3.89)

Ilaﬁlﬂ’

Where the auxiliary object is defined as follows:

A ~ ~ pay ag g, ~ ag
IO = 2 (3279 — 4ATMY ) 4 gIT0 A7 + gl DLPTIHY — 2G0T LR A7, (3.90)

46



It is evident that the chart specific expression of the gauge-fixing action will be very
simple in the cartesian Minkowski chart as all Christoffel Symbols I'. and thus also Z;
vanish. The frame-extended Hessian can now be written as:

1 v 1
DEM =5 («4‘1"5’” — g?ﬁgff”) O — <1 - 2C> AGPHY 4 AGPY
1/, . 1, 5. 1
- ¢ (arren, —aeem,) v (A - Lt ) A= T (o)

Graviton propagator

Now that we have discussed the FMS expansion of the EH action, we can use the results
to calculate the graviton propagator (y.37,.,/) that occurs in the FMS expansion of the
geon propagator. In particular, we will evaluate the frame-fixed correlation function at
tree-level. We will calculate the propagator via the corresponding vertex function at tree-
level, i.e. the two-point vertex function. We can make use of the fact that the generating
functional of all tree-level vertex functions, also referred to as vertices, is the action itself
[35]. Therefore, we can obtain the n-point vertex function FEITL)MV“'“”V” (P1,...,P)
via the functional derivative of the action w.r.t. the dynamical d.o.f. which are set to

zero in the end [35]:

3 i6°S [gu]
59#11/1 (321) ce 59unun (gzn)

This provides us with the following identity for the two-point vertex function at tree-
level:

qTimstinin (gp ) (3.92)

9=0

1~ (2)aBur _ 1625[9/“/]
T P 2) = 5 D) b0 (D)

We can then obtain the propagator from the vertex function by using the fact that the
two-point vertex function represents the negative inverse propagator (in particular, the
such obtained correlation function will be connected):

(3.93)

9=0

DY ( 2, 2) = — [{gap (P) g (2] (3.94)

where the superscript —1 is supposed to denote the formal inverse.
These are the general relations, however, as argued before, unless the PI is treated in
a frame-fixed setting, these vertex functions will all vanish. In the frame-fixed setting
we consider 7, as the dynamical field and rewrite the action with the FMS expansion,
therefore we get the following relation for the two-point vertex function:
1625 (g Vv

- (2aBuy _

From this expression it is immediately evident that only the second order part of the
action in the FMS expansion can contribute to the two-point vertex function, since
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the lower contributions vanish upon second differentiation, whereas all higher order
contributions will still contain ~-fields and after setting <, to zero, these will vanish
as well. Therefore we can easily infer from (3.63) that the tree-level two-point vertex
function is proportional to the (symmetric) Hessian (3.68):

.2 (2) c
.~ (2)aBur i0 SEH [glﬂ/"yl“’] afuv
1 £l (97 e@) 57&5 (@) 5,7“11 (g) =0 symm. (3 96)

In order to obtain the exact expression for (3.96), we need to evaluate the functional
differentiation. For this we assume that we have a coordinatization with x5 and z g
representing the coordinates of the two events & and 2. We can invoke the general
definitions of functional differentiation as provided in Ref. [35], with the slight change
that we need to use the generalization of the Dirac d-function to curved spacetime, when
differentiating w.r.t. to fields [30, 37]:

5'7#1/ (w@)

= o ﬂ 3 h
s (70) — 0,%6,"04 (v, 09) , Wit (3.97)

W (zp—29) YW (29 —19)

o4 (zp,20) =

l9° (z2) | l9° (z2) |
= (9" (@) g" (22)) 160 (2 — w2) and (3.98)
S (zp —19)=6 (2% — 2%) 6 (2l — 21) 0 (2% — 2%) 6 (2% — z%) (3.99)

Starting with the Lh.s. of (3.96), we can insert (3.63) (modulo the prefactor) and using
(3.97), we obtain:

2
0 [ AT has (D5 G2)|

Vap (22) 67 (2.2) =0
= [ Vg (54 (2100) DY (161 (2,20) + 1 (2,2.0) DB (2034 (2:9))
M

= (Dft (2.) + Dy, (2.)) 01 (2.9, 3.)

C2 2DeB (2.0) 64 (2.9, 2.2) (3.100)

symim.
Thus we arrive at the following result for (3.96):
(3.94)

i _
T3, 89) = 5D (12)04(32,72) = —[(Yap (22) Yu (x2))a]

ir@esm %
(3.101)

The tree-level propagator of the ~-field is then defined via the inversion of the vertex
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function:

/M d*2/19°() [(Va (£2) Vv ()]~ (G (2) e (T2))at =

(3.101) U 0By
= /M d*z\/]g(2)] (—Mpsﬁﬁm. (z2) 04 (ﬂw,z)) (Y (2) 12 (T2))01

{ !
- _@D?y%'ﬁ. (22) (Vv (22) e (@2)) =15 (12,22) 04 (x2,20)  (3.102)
Here 17, (x2,29) denotes the generalization of the unit tensor to curved spacetimes.
While for Minkowski space the unit tensor structure is simple and can be expressed

purely in Kronecker deltas

1
185, = 3 (5%5& + 6”65%) ,
(3.103)

this becomes more involved in curved spacetimes. The reason for this is that the co-
and contravariant indices refer to two different events, i.e. & and 2, and in a curved
spacetime this involves the parallel propagator for consistency reasons [36]. This is
discussed in more detail in Sec. 4.1.1.

Now we reintroduce the convention of Sec. 3.2.3 that primed indices (or just an
additional prime for scalars) denote objects w.r.t. event 2, while unprimed objects are
related to event 2. With the ansatz !

Y xvehn = 1G e (3.104)

the inversion equation (3.102) can be written as the Green’s function equation (GFE)

1 !
T#Dgﬁ%gw; ve =1 30bs (20, 20). (3.105)
Alternatively, we can also use contractions with g¢ to lower the first two indices on
Dsymm., thus we obtain
1 !
ﬁpz}gnm.#yc;ﬂy;)\/e/ = ]Iag;xgl(h (xy, wg) . (3.106)
which is a version of the GFE that will be very useful later on. The object G ;.\« which
we introduced in the ansatz (3.104) will be referred to as graviton Green’s function from
now on.

The solution of this Green’s function equation will provide us with the tree-level
expression of the propagator (ya7u), this can then be used to calculate the geon
propagator (3.48) in the tree-level approximation to second order in the FMS expansion.
Thus we have now everything that we need to consider the geon propagator in different
cases for the VEV, which will be done in the following two chapters.

HSince Gu;xrer is defined via vy, it shares the same symmetry properties, i.e. Guuarer = Gy aery =
Gveryi(uv)-
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4. Minkowski graviton and geon

In the previous chapters we have discussed the setup of the classical and the quantum
theory as well as the FMS mechanism as a tool to extract information about the geon
from the graviton propagator (7y,,7ye) in a frame-fixed setting, which can be evaluated
with perturbative methods. We have also discussed how the determination of the prop-
agator (Y., Yve) reduces to a Green’s function problem at tree-level. In this chapter we
will be concerned with the solution of the GFE (3.105) and the evaluation of the geon in
the FMS expansion to second order, under the assumption that the VEV g7, represents
a flat spacetime. Such a Minkowski spacetime has vanishing cosmological constant and
is Ricci-flat, i.e. A =0 and all ”classical” curvature quantities vanish, see App. A.2. As
discussed in Sec. 3.2.1, we will be using the cartesian coordinatization

ds? = —dt* 4 da® + dy? + d2?, (4.1)

for Minkowski space, which is in accordance with the Haywood condition that is used
for the frame-fixing procedure. This implies that the VEV g7, reduces to the standard
Minkowski metric in cartesian coordinates

gl‘iy = N, With
[Nuw] = diag (=1,1,1,1) and

(4.3)
Vgt = Vnl = 1. (4.4)

The fact that the Minkowski spacetime is Ricci-flat allows for the metric 7, to be glob-
ally constant, which greatly simplifies the structure of the related geometric quantities,
since the Christoffel symbols vanish and the corresponding covariant derivative reduces
to the partial derivative,

I'Y,, =0 and (4.5)
VH = oM.

4.1. Minkowski space graviton propagator

We can now study the effect of the selected VEV and the corresponding cartesian frame
on the (symmetric) Hessian (3.68), which occurs in the Green’s function equation for
the graviton two-point function (y,,7yye). Since A is zero for Minkowski space, all
terms in the Hessian (and in the related auxiliary objects) that are proportional to the
cosmological constant drop out. We choose to denote quantities that are specific to flat
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space with a subscript M:

1
1
Aaﬁuu — 5 (na 77,81/ + naunﬁu> (48)
A = L ( Prged” + 0 oot + nroPo” + n“”aﬁﬁ”) (4.9)
4
1
Aaﬂ;w _ 5 (naﬁauau + nu”aaaﬁ) (4.10)
The anticommutators in the auxiliary objects A B and Aa'B 1" are not required any-

more, as the partial derivatives commute. Furthermore on the r.h.s. of the GFE
(3.105) the invariant é-function d4 (x»,x9) reduces to the standard Dirac d-function
W (x5 — x9), due to (4.4). From (3.106) it follows that the GFE that we need to solve
is
1 !
@D%WGW;M/ = Haﬁ;k’e’5(4) (zp —z2). (4.11)

Based on which approach we choose, either the frame-extended or the frame-adapted
one, there will be further alterations to Dyy.

In the frame-adapted scheme all auxiliary objects J; OB (see (3.78) - (3.81)) as well
as TP%, (see (3.77)) vanish, since both the Christoffel syrnbols I'2,, and the cosmolog-

ical constant A are zero in Minkowski space. Consequently A3 ab I and A?ﬁ " are also
identical to zero and the frarne—adapted Hessian (3.84) reduces to
Dlo\[/lﬂ, fra.uy = (.Al MMV _ nQﬁﬁuV) DM
4.8) 1
= 5 (2 (604#651/ + 5ay(sﬂﬂ) - 77&577'“”> DMa (4'12)

where we have already used 7,, to lower the first two indices of the Hessian, so as to
obtain the version that occurs in (4.11).

For the frame-extended Hessian, Iaﬁ " (see (3.90)) and the first-derivative term vanish
and the .A B veduce to the .A?f/fw, thus we obtain

DY Fem = % <Ai’é\4#l’ - 7704577“”) Om — (1 - 214) ATy BN (4.13)

These two alternative expressions for the Hessian (4.7) can now be used in the GFE
(4.11), depending on which scheme (frame-extended or frame-adapted) we want to use.
What is usually done for quantum fluctuations on a Minkowski background is that
under exploitation of Poincaré symmetry one performs the Fourier transformation to
momentum space, which allows for the GFE to be written as an algebraic rather than a
differential equation [25, 32, 38]. We can do this for our approach too, as long as we stay
at the lowest order of the FMS expansion, however, in the case of a VEV corresponding
to a curved manifold this is in general not possible anymore as Poincaré symmetry is
lost. Therefore, to not restrict ourselves to a very specific case, we want to evaluate the
graviton propagator as well as the geon propagator in position space.
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4.1.1. Bitensor structure in the Green’s function equation

To solve the GFE we may use the fact that the expectation value (7, ¢) will live on the
same manifold which corresponds to gj,,. Since we have chosen to work with maximally
symmetric spacetimes for the VEV, the bitensor (y,,7xe) will be a maximally symmetric
bitensor [33]. This piece of information allows us to simplify the GFE significantly,
since for maximally symmetric bitensors we can use the theorem discussed in Ref. [33]:
7 Any maximally symmetric bitensor can be expressed as a sum of products of the objects
Giws Gyves TC Ny, nyoand g,y with any consistent combination of indices on these.
The coefficients of the summands are functions only of the geodesic distance r¢ (2, 2).”
The objects used in this decomposition are the metric tensors at both spacetime events
9w and g5, the tangent vectors of the geodesic connecting the two events, n# and
nX, at the endpoints', and the parallel propagator gux- These basis objects and their
properties are discussed in further detail in App. D.2 and they are referred to as Allen-
Jacobson basis in the following. Based on these the graviton propagator (y,,vye) and
therefore also G ,,.x¢ can be decomposed into five contributions [39, 34]:

Guuve (1) = g giealr’) + (gquue’ + 9#6’91/)\’) b(r°)

+ (nun)\’gue’ + nune gy + Ny gue + nune’gu)\’) C(Tc)

+ (npnugSe + ghyname) d(r) + nynynymee(re) (4.14)
5
= Z O/(J,Jl/);)\/e’fj (TC) (415)
j=1

In particular, we can now also express the bitensor structure on the r.h.s. of (4.11)
within this basis
1 [N
H,u,u;Xe’ = 5 (guk’gue’ + gue’gu)\’) = iO/(lV)V\/El' (416)
This has the proper action of a unity tensor and respects the fact that the primed and
unprimed indices live at different events in spacetime. The great advantage of this basis
decomposition of the Green’s function G, xe (7€) is that we can reduce the second order
partial differential equation (4.11) in the coordinates to a system of coupled ordinary
differential of second order in the geodesic distance r¢. This is possible due to the
theorem stated above, which allows us to write any tensor in a decomposition of the
type (4.14) and in particular also the covariant derivative of any tensor, e.g.
df;(re)
Vidi9) = Vi = £, (117)
To make this reduction to ordinary differential equations we now need to know the action
of second derivatives on the components Ol(fy); ver Fi(r€) 2 of which there are two types

! Actually in the decomposition we use the dual vectors n, = g’ and ny = gi/e/n‘l of the tangent
vectors.

2Here the index j is not subject to the Einstein sum convention as it is neither a spacetime index, nor
a spatial index.
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occurring in the Hessian. For one we have the d’Alembertian, for which we can use the
identity

Oc (00 e 50)) = Qa0 O + £50) (BODe) . (418)
in combination with
Oefi(r€) = f7(r9) + 3A(°) £;(r°), (4.19)

and the results for [J 0(33 ve stated in Table D.2 [39]. The d’Alembertian of the O/(W) Vel

can again be expressed in terms of the Ofw) wver» Since we do not introduce any additional
indices. On the other hand, the second type of derivatives that occur are the non-minimal

derivatives

417

Vevz (09 fir)) "E 1) Vevi0Y), + nenm O £ )

+ 11(0) (19208 s + 07 V2O

pi N e uviA e
+A(r°) (géﬂ —nfn?) O,L(l:jl/);)\/61> . (4.20)
Therefore, if we want to discuss the action of the frame-extended Hessian (4.13), we
also need to know the explicit expressions for V% V”O(V) v and V2 O;(w) yer- These are

provided in Table D.2 for a Minkowski spacetime.

So far the discussion of the decomposition in the Allen-Jacobson basis works for any
maximally symmetric spacetime, however for the Minkowski spacetime under consider-
ation here, we can again make the substitutions discussed in the beginning of Sec. 4 in
combination with setting A(r¢) to -, see Table D.1 and Ref. [33].

With this information we can now compute the action of the Hessian (4.12) as well
as (4.13) on the basis decomposition (4.14) and reduce everything to a set of coupled
ordinary differential equations. We will discuss this approach first in the context of the

frame-extended scheme.

4.1.2. Frame-extended scheme

We shall now discuss the action of the frame-extended Hessian (4.13) on the graviton
propagator with the ansatz (4.14), using the properties of the Allen-Jacobson basis
discussed above and in App. D.2. The action of the minimal-derivative contribution,
which is proportional to the Minkowski d’Alembertian [y, is discussed separately of
the non-minimal-derivative part, as we can reuse the results also for the frame-adapted
approach.

For the minimal-derivative contribution we can use the fact that the tensor structure
in front of the d’Alembertian just depends on the Minkowski metric, see (4.8) and (4.13),
and therefore we can contract it with G,y ¢/, before applying the d’Alembertian. Using
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the results in Table D.2 we thus obtain

14) 1
5 (A — ™) G "2V 2 (=30 = 2= ) OV 450 + OB + a0

+(dc—3d—e) O + e0(5>) : (4.21)

where the indices of the basis objects OU) are suppressed on the r.h.s., since they are
always of the form {a3; N'¢'}. Furthermore, also the argument ¢ of the scalar coefficient
functions is suppressed for brevity. Now we can apply (hy to (4.21) and using (4.18) as
well as the expressions for TyOW), listed in Table D.2, this yields

(A1 My nagn“”) Gve = % (0(1> (=300ma — 200b — (O + 4r52) d
+8r*20 —2r%¢) + 0¥ (Oyb — 4r; %¢)
((DM - 87"0_2) c— 27“0_26)
+o<4 ((On — 8r72) d + 2r %)
W (4 (Op —8r7%) c— 3 (Op —8r2) d
= (DM ~10(9)72) €) + O (T — 24r72) ) .
(4.22)

The non-minimal contribution of the Hessian (4.13) stems from the auxiliary objects
Ai’g/[‘“’ and Ai’g[“” . Starting from (4.9) and (4.10), one can show that these expressions
can be written proportional to the non-minimal second (covariant) derivative 0,0,:

Agﬁ\ﬁw = pPlag® ey o, (4.23)

1
AN =5 (770‘5 " + n“”n‘wnﬁ”) 0p0s- (4.24)

Therefore, these two contributions can be easily evaluated as soon as we know the second
non-minimal derivative of the ansatz, 9,0,G..xe. This can again be evaluated with
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the relations in Table D.2:

8pao’GuV;)\/6’ = (Tc—lalnPU + (a// - Tc_la/) n/’no') O;(W) Ne + 2T 2d nH(POc(fl))l/;Xe’
+ (Tc_lb/npa + (b” _ rc—lb/) npng) Oiw);/\,e, + rc_ (d Nuv + € nuny) O;i);xe'
-1 -1 2
+ Te (746/ + 4T C) n(P|n(HOV)|J);/\’e’
+ (rg ! (d —2r; ) Mo + (¢ — 5t + 8rc_2c) NN ) Ol(i/);)\,e,
+ rc_ ((—d' + 2rc_ld) N + (—e’ + 47‘6_16) nun,,) Ogi);)\,el
-1 -1 (4) (4)
+ e (d/ B 2TC d) <npaopa;>\’e’ + 477(N|(POL p)|a);/\’e/>
-1 _92 (4) —2 (4)
+ (d" — 5r;td + 8r;%d) nyneOg e AT 10,O0r o)Ve
+ ((d” —5rtd + 8r2d + ¢ — 9r e 4 24r 2 ) NpNe
_ — — 5
+7e ! (6/ B 4TC 16) np”) O,L(Ll/) Ne + 4T (6 o 4TC 6) 77(#|(PO£)|)U);)\’6’
+ 8rc_1 (c’ — 27“6_10) (oMo (uGv)(N Thel) — 8TC_26 M) (pGo) (N The! (4.25)

We can now use the expression for 0,0,G . ve to evaluate (4.23) and (4.24) and with
this the non-minimal contribution to the Hessian (4.13) becomes

w g V)T 1 g w _ VT v 9 0'7_
N7\ ((2€ 1>n CnP T S P ))8 Oy Giner =

1
S (O( ) (a” +5r 7t 4 W —dr N 8 e 4 d + 5 td 2 2d

2
+¢t (27“71&/ +2rtd — 4P - 6r;2d))
+0® ( 2rc_1b’ + 27“_1 !+ 4r_2c + 2r(:_2d + TC_26
+¢ (2 Y = 2r N = 8P+ 2r )
+0®) (b” - _1b/ —d" —r; L+ 4TC_26 - 2rc_1dl + 47“C_2d + 57‘c_2e

(=0 + ;W + "+ 5t =122 — 2r )t + ArPd — e — 30 %))
+0W (2b” - rglb’ +¢t (—47’;16/ + 87“;20 + 2T§1dl - 4r;2d + 27“;16’ + 67“;26))
+o (20" — 2rtd +ar i —8r P —d" — B td + 12rc_2d)

(—4c” — 8.t +24r e+ d" + 5r;td — 12r2d + " + 5r; e — 2r, %e)
+0<5> (2d" — 10r —1d’ + 16r;2d — " —5rte! +32r %

—4c" +20r; ' = 32r %+ 2d" — 10r;'d + 167, %d + 2¢" — 24r%¢))),
(4.26)

where we have again suppressed the indices on the basis tensors o),

The intermediate expressions (4.22) and (4.26), together with (4.11) and (4.16), then
combine to the final version for the Green’s function equation in the frame-extended
approach. As can be seen from (4.22) and (4.26), we can separate the contributions
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to each tensor structure in the Allen-Jacobson basis and the prefactors to each tensor
structure provides us with the Lh.s. of a scalar equation. Since the r.h.s. of (4.11) only
has a contribution proportional to O, we can set the prefactor to every 0Y) to zero,
except for the prefactor of O, which is set equal to

%5(4) (rp —z9).
Therefore, we end up with six coupled ordinary differential equations in the scalar ex-
pansion coefficients {a(r¢), b(r¢), c(r¢), d(rc), e(rc)}. If we collect the latter in the vector
f={a(r®),b(r), c(r®), d(r), e(r)} and define f’ and f” to contain the first and second
derivatives of the scalar coefficients w.r.t. ¢, we can write the system of equations in
matrix-vector form:

ﬁ <M2 s 4 M f) —7 (4.27)
with 7= {0, %5(‘9 (xp —9),0,0,0}. (4.28)
The coeflicient matrices are of the form
-2 —2 0 0 0 ]
0 1 0 0 0
|0 1-¢t ¢t 0 0
M, 2 2 0 0 0|’ (4.29)
0 2 0 -2 0
L 0 0 —4¢7h 200+ ¢7Y) 27
[2(—2+¢1) —2 —4 2(1+¢7Y 0
0 1+2¢7 2(1-¢7h 0 0
_ 0 —(1—-¢YH 245¢t  —2014¢h 0
Ml = -9 -9 4(1 . C_l) 2(71 + C_l) 2{_1 and (430)
0 —2 41-¢YH 2(-2+¢YH 20+¢7hH
i 0 0 20¢"Y  —10(1+¢7Y -2
0 0 —4¢7t —(24+6¢71) -2
00 —8¢ 1 2(1+¢71 1
|00 —4(1+3¢hH 40 4+¢YH 3(1-¢h
Mo=1o 0 8(-14¢) 41-¢) 20 +3¢h) (4:31)
00 8-1+¢YH 4B3-¢hH 24+3¢H
0 0 —32¢7! 16(1+¢7Y) 8(1—3¢H]

Unfortunately this system of equations cannot be solved, unless additional auxiliary
conditions can be found that would allow to decouple the equations. Such a system of
equations is studied in the simpler case of the photon propagator in Ref. [33] and an
auxiliary condition is found through studying the two-point correlation function of the
electromagnetic field-strength tensor. In principle we could do something similar here
as well with the Riemann-tensor, however, the resulting correlation function turns out
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to be very complicated and no useful condition has been obtained so far. Furthermore,
a solution for the GFE was obtained in the frame-adapted scheme, thus making it un-
necessary to further consider the case of the frame-extended Hessian. The former will
be discussed in the section below.

4.1.3. Frame-adapted scheme

The methods employed in this section are motivated by the problems discussed in Ref.
[40, 41, 42].

In Sec. 3.2.3 we discussed, how the Hessian can be simplified in the frame-adapted
scheme, and the Minkowski-specific form of the frame-adapted Hessian was shown to
be (4.12). This term is the same as the minimal-derivative term (4.22) discussed in
the previous section. Thus we already know the lLh.s. of the Green’s function equation
(4.11) in the frame-adapted approach. However, if we now just adopt the r.h.s. of the
GFE (4.11) in this approach, we will run into inconsistencies. The reason for this is that
in the frame-fixed picture, with the d-function kept explicit in the PI, the fluctuation
field v,, has the property (3.24), which naturally leads to a propagator satisfying the
corresponding condition

ggy8u<'71/a’7>\’e’> = (f]gpﬁlcw ,ugﬁa) <r7p0’7>\’5’> +0 (73) ) (4'32)

on each index [13, 11]. With the ansatz (3.104) this is also valid for G,y and in the
case of gy, corresponding to the constant Minkowski metric 7,,,, this translates into the
transversality condition

BMGHV;/\’E’ = 8VG/JV;)\/E/ = 8XG/,W;/\’5/ = aelG,uu;)\’e’ =0+0 (73) ) (433)

where 1), is again defined to be the index shifter. If we now invoke this property with
one of the open indices of G,y on the Lh.s. of the GFE, this yields

L xM, fa. LM, fa o\
520 Dag Gy = 5 5Dap 0" Gy =0+ 0 (7). (4.34)

where we have used, that the partial derivative " commutes with the Hessian. Whereas,
applied to the r.h.s. of the unmodified Green’s function equation (4.11) the partial
derivative results in

1 2 )\I

50&3);»6/6 8@ (25 — z.9) # 0. (4.35)
So as to resolve this inconsistency, the r.h.s. of the Green’s function equation (4.11) has
to be modified such that it complies with the transversality property (4.33) of the prop-
agator. Based on Ref. [12] and [11] which discuss a similar problem for the transverse
photon propagator and the graviton propagator under use of the de Donder condition,
the following ansatz for the modified r.h.s. of the GFE is proposed

r.hs. = Ofﬁ);/\,gﬁ(@ (2 —22) + [A19(a)e0)5)Ox + A29(anO)3)0c + AsnneDa0p] ¢ (1°)
+ A48a0/33)\/a€/£ (T‘C) , (4.36)

o8



where the A; are as of now undetermined constant coefficients, and ¢ (r¢) and £ (°)
are arbitrary functions of the geodesic distance. Formally this corresponds to the basis
tensor of the Allen-Jacobson basis, where the geodesic tangents are replaced by covariant
derivatives. Acting the derivative 9 on this ansatz and using (4.17) results in®

/ d(5(4) Ty —Tg
8>\ (r.h.S.) = (—nagge/ — nﬁgael) (dfc J) + Alg(a‘elaw)DM(ls (TC)

— Aza(aarg)ael(ﬁ (TC) + Agaela(aag)gb (Tc) + A485/6(a85)DM§ (TC) . (4.37)

If we now choose the functions ¢ (r¢) and & (r¢) such that the scalar equations

Ove (7°) = 6@ (2. — 29) and (4.38)
D€ () = ¢ (r°) (4.39)
are satisfied, then the derivative of the r.h.s. reduces to
, A do™ (x5 —
8)\ (’I“hs) = <21 — 1) (nagﬁer + ngg%/) (ch x’@)

+ aaaﬁae’ (_AQQZ)(TC) + ASQS(TC) + A4DM£(T6))

Ay d6@ (zp — z.9)
= <2 - 1) (nagﬁe’ + nﬁgae’) dre

4 (= Ay + Az + Ag) 0205006(r°). (4.40)

For this expression to be equal to zero, the unknown coefficients A; need to fulfill the
conditions

A
71—1:0and—A2—|—A3—|—A4:0. (4.41)
If we now perform the same calculation with 8¢ instead of 8, the two additional

conditions

%—1:03Hd—A1+A3+A4:0, (4.42)

need to hold for the resulting expression to vanish. Thus we can determine the four
unknown coefficients:

A
Al = A2 =2 and Ag = A4 = 71 (443)

With this we have now a consistent expression for the r.h.s. of the Green’s function
equation and the full equation becomes

%Dlo\f@ fla.WG/W;/\’E’ = Ogﬁ);,\'e/(wl) (2 —12)
+ [20(ale0)8)0n + 29(an01)0er + v 0aOs] ¢ (7°)
+ 00030 D€ (°) . (4.44)
3The derivative of the d-function w.r.t. to the geodesic distance is discussed in [30], but it is actually

not necessary to have an explicit expression for it in this discussion.
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The ansatz (4.36) is actually missing a factor % as compared to the original r.h.s. of
(4.11) and to correct for this, we multiplied the Lh.s. of the equation by two.

The auxiliary functions ¢ (r¢) and & () can be calculated from the equations (4.38)
and (4.39), in fact ¢ (r¢) is nothing but the propagator of a scalar massless field, which

is given by

il
P (rf) =3, (4.45)
/’AC
see Ref. [11]. With this result we can then also solve the equation for £ (1°)
ey_ % fi, e
£(r) = — + 5 log(r). (4.46)
re 2
The constants f; and z; are just numerical factors [11, 38]. We can now again use the

identity (4.17), in combination with the properties of the Allen-Jacobson basis elements,
to rewrite the r.h.s. of the Green’s function equation in terms of the basis bitensors O()
with scalar prefactors:

rhs. =0 (¥4 x) + 0P (5(4) (tp —22)+9— 2X>
+0®) (=0 +w)+O0W (0 +w) + OV o + 007, (4.47)

where we have suppressed the indices {a3; \'¢'} on each basis bitensor. And we have
introduced the following short-hand notation

w= ¢” _ Tc_lgf)/, w = rc—2£// o rc—3£/7
x=r.1¢, o =gt =3+ 3
r= f”// o 7’;15”/ — 50. (4.48)

Now we can combine (4.22) and (4.47) in the modified Green’s function equation (4.44)
and we can again separate the contribution to each basis object O into six scalar
differential equations of the form

OW - 30va + 20mb (Ou + 4(7°)72) d — 8(r%) 26 + 2(r) 26 = 9 +
0 —Oyb+4(°) 26 =6 (9 — 20) + 1 — 2x

(
0B . — (On —24(r9) ) é =T, (4.49)

where the scalar functions with a tilde are defined via the original functions as follows

1
fi=-527 (4.50)
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This system of ordinary differential equations is in fact soluble and the solutions to the
five scalar coefficient functions {a(r°), b(r¢), c(r¢), d(r¢), e(r¢)} are provided in App. D.3.
However, we will see in the next section that we do not actually need the solutions, but
the system of equations (4.49) and the knowledge that it has a solution is enough to
determine the geon propagator in the FMS expansion.

4.2. Minkowski space geon propagator - frame-adapted scheme

We can now express the general result for D) (¢ (22, 2)), see (3.48), in the Minkowski
specific case with partial derivatives and A = 0. Due to the fact that we are evaluating
the graviton propagator in the frame-adapted scheme, (4.32) and (4.33) are satisfied and
the corresponding terms in the geon propagator vanish, see below

DE (r° (2, 2)) = 0" 0 O (Y ypor )
— (7 D0 + 1 T8 0 ) (o

+ Ou O™ 0N (v pro

(4.33) ‘o
=7 Ou O™ ™ (Yuve)u
(3'234) Z'DMDMGQQ;X,\/

U 5090, Oar (16a + 8b — 4c + 8 + de)

U2 i Oy (16 + 86 — 46+ 8d + 4¢) (4.51)

where we used the trace properties of the Allen-Jacobson basis, which are listed in Table
D.2. Rearranging the six equations from the system of ODE’s (4.49) to

1 ~ ~ ~
Oma =3 (—2DMb — Opd+ 8% — dr2d — 2r; %6 + 1) +><)

(4.52)
Oub =4r;%¢— 6W (xp — 22) — 1 + 2x (4.53)
Opmé=8r 26+ 2r, %6+ 0 —w (4.54)
DMJ:8TJQCZ—2rgzé—U—w (4.55)
Oné = 24r, %6 — 1, (4.56)

and inserting (4.53) and (4.55) into (4.52) allows us to rewrite the action of the first
d’Alembertian on G®,." v, in (4.51), as

' 252
OGN v = _% (85<4> (1 — 20) + 4w — 200 — 37 + 24¢) . (4.57)

As can be seen, all scalar coefficient functions of G .y cancel and only the auxiliary
functions (4.48) remain. Thus we do not actually need to know the explicit solution for
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scalar coefficient functions as was already mentioned in the previous section. Further-
more, the remaining expression in terms of w, o, 7,1 satisfies the equation

4w — 200 — 37 + 241p = 6W (2 — 2.9) (4.58)

as is shown in App. D.4. Consequently, the only term that remains in the expression of
the geon propagator is

DY) (* (2, 2)) = ~2ik* 000G v

2
=~y 5 in” (85<4> (tp — 20) + 4w — 200 — 37 + 24¢)

(458 2,2 (96 (4, —
= DMBM (95 (xo m@))

= —i6x°0),6W (29 — 29) . (4.59)

With this result we can finally provide an expression for the geon propagator in Minkowski
space, to second order in the FMS expansion and with the tree-level approximation for
the graviton propagat0r4,

3.10 X
<R (‘@) R (Q»connected,tl ( = ) _1652D/]\46(4) (ZC(@ — ﬂl‘g) +0 (’}/3) . (4.60)

The leading order result for the geon propagator is merely proportional to a derivative
factor of the Dirac Jd-function which vanishes away form coincidence. Hence, for our
purposes the leading order contribution to the geon propagator can be assumed to vanish
[45] and therefore the geon as a composite particle does not exist in the approximations
that we considered.

As was pointed out in Sec.3.2.1, for the cartesian Minkowski chart we could also use the
de Donder condition instead of the Haywood condition for the frame-fixing procedure.
This was not done in position space here, but for a momentum space calculation of the
quantities discussed above, see Ref. [38] and [16]. Similar position space calculations for
maximally symmetric spaces were also conducted in Ref. [31] and [10], again with the de
Donder condition, and the vanishing of the correlation function (4.60) to second order
is also seen. However, it must be noted that the calculations in Ref. [38, 16, 31, 10] are
based on a very different approach to what is pursued in this work, i.e. the combination
of a particular frame-fixing with the metric split and the FMS mechanism. It is only the
simplicity of Minkowski space that causes the expressions that occur in all cases to be
very similar and thus allows for a comparison of the results. This will not work in the
case of de Sitter space for instance.

4The subscript tl on the geon propagator is merely there to indicate that the graviton propagator, which
served as an auxiliary quantity in our calculation, was only evaluated in the tree-level approximation.
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5. Calculations with de Sitter space

We have now discussed the simplest case for the choice of the VEV, i.e. Minkowski
spacetime, and the geon resulting from the respective calculation turned out to be non-
existent in the considered approximations. Now we want to discuss the second, more
complicated choice for the VEV that was proposed in Sec. 3, namely de Sitter space. As
it will turn out the de Sitter space calculation comes with several complications which
will prevent us in the end from providing a final result either for the graviton or the
geon in this work.

For the frame-fixing procedure with the Haywood condition the cartesian Robertson-
Walker coordinate chart (3.17) was selected as a suitable choice and this is what we are
going to use for g;, in this chapter,

[95,] = diag (1,2t e2Ht (2HE) (5.1)

The difference to Minkowski space now arises in the fact that the manifold associated
with this metric is not Ricci-flat anymore, since the cosmological constant is chosen as
A > 0. Therefore, the metric components depend on the coordinates (in this case the
spatial components of the metric depend on the coordinate time) and the Christoffel
symbols I'?,,, do not vanish. Consequently, also the covariant derivatives do not reduce
to partial derivatives anymore and thus do not commute. With this in mind we can now
look at the Green’s function equation for the graviton propagator and discuss how to
solve it. While we have considered both, the frame-extended and frame-adapted scheme
for the Minkowski space case, we will only consider the latter scheme here, since we have
not yet been able to solve the frame-extended GFE in the much simpler framework of
Minkowski space and it will become much more involved in the case of de Sitter space.

5.1. de Sitter space graviton propagator

Neither the Christoffel symbols nor the cosmological constant are vanishing in the de
Sitter space case and therefore we can directly adopt the Green’s function equation
(3.106) without any formal changes to the involved expressions. Now for the frame-
adapted scheme we can consider the respective changes to the Hessian and again the
auxiliary objects %qﬁw (see (3.78) - (3.81)) as well as 77, (see (3.77)) do not vanish in
the de Sitter case and we can use the general expressions. The only simplification that
we can make, is that we can represent all the Jj(aﬁ ) and gt ”Vgl“f,(o‘ﬁ) in terms of the
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metric with the decomposition

1 o v V)« A~ ~uv (e 17

5 (:7]( B) (1 )+..7j(u )( 5)) _ Ajgcﬁgﬁ +Bj./415“ and (5.2)
1
5 (97 Erge? 4 GeIVITE ) = Asgelgl + Be AT, (5:3)

Therefore (3.82) and (3.83) can be written in a much more compact way, as
9 o n 3
AT 4 = (Al - 48A> 9l + <4A + Bl> ASBm (5.4)
Y A5\ o8- B v, 1y, .
AT s = (As - ;’) 9Pt + (33 —~ ;) AP 3 <935F§(“”)V§ - gg”rg<“5>vg) .
(5.5)

Since we are not actually going to use them in this work, we do not provide the numerical
values of the coefficients A; and B;. We can use this to provide the frame-adapted
Hessian (3.84) in its simplified form

1 ol 1/ .
D = 5 (AP - g2 ) O+ 5 (07T Ve — grrreled)ve)

A5 15 B5 A
A — A] — 2 ZZA ) g@Bgmv — - =4 aBpv. .
+ < 3 1 5 18 >gc gt” + (Bg B; 5 + 2) Aj (5.6)

At this point we run into a complication, namely in the derivation of the Green’s func-
tion equation (3.106) we used the symmetrized Hessian, which satisfies the symmetry
DBry — prvef  however the first-derivative term in the frame-adapted Hessian above
does not satisfy this symmetry property. Therefore we have to replace the result of
(3.100) with

(Dps (20) + DI (09)) 01 (2.9, 22) (5.7)

So as to be able to use the formulas derived form (3.100), we define a new frame-adapted
Hessian (it is denoted just with a subscript dS and we are skipping the subscript f.a.)
based on the sum of the two

1
D = 5 (AP — g2Pge) O,

1 g g 3 A
+ 1 (g?ﬂrz(w) + ggVI‘;(aﬁ) _ géWI‘Z(aﬂ) _ g?ﬁrlc](;w)) v
As 15\ us o B A |
(5.8)
DR (a0) + DIl (.7) = 2D 5:9)

With this correction we can reuse all equations derived from (3.100) by replacing Dgyﬁrﬁ%.

with Dg‘g H” Consequently, the Green’s function that we need to solve to obtain the de
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Sitter graviton is

1

!
5,2 Dg%“”GW;XE/ =g verds (X2, x.2) + (other terms), (5.10)

see (3.106). The ”other terms” on the r.h.s. of the Green’s function equation are there,
because we have the same issue that we encountered in the frame-adapted scheme for
the Minkowski space graviton also for the de Sitter case. Namely, the propagator needs
to satisfy the condition (4.32) or the proper covariant version

C.18
V? <’7a5’7/\’5’> ( = ) Tpgﬁ <'7p0’7)\’€’> +0 ('73) g V?Gaﬁ;)\’e’ = TpaﬁGpa;/\’e’ +0 ('73) )
(5.11)

on all indices. Only in this case the 777, does not vanish, therefore this condition does
not have the simple interpretation of transversality that it had in the Minkowski case.
Due to this the L.h.s. of the GFE satisfies the property

1 /
dS A
K2 Dap""Ve Guune

1 v /!
= 2721)3%“ TP oG prots (5.12)

!
A dS pv _
Ve 52 Dad Gusve =

and we again need to modify the r.h.s. such that

v (Lagve0s (22, T 2) + (other terms)) = T (Ing;pror0a (2, w.2) + (other terms)) .
(5.13)

To discuss the modification of the r.h.s. of the equation as well as the restriction that
(5.11) puts on G . xe, We need to use a basis for the bitensor structure. At first we again
considered the Allen-Jacobson basis which was used for the Minkowski space graviton
(see Sec. 4.1.1) and whose application to de Sitter space is extensively discussed in Ref.
[33, 39, 31, 40, 34]. However, the basis is defined in an abstract way that does not provide
the components of the objects Gvs Gyvers T4 ny, nyoand gy with respect to a given
coordinate chart. This poses a problem for the de Sitter space calculation, because we
would need to know the action or rather the decomposition of the tensor 777, in terms
of the basis elements

TP, = h(r)3e7ny + k(r)2n87), + 1(r)n’nn,, (5.14)

to describe its action on the decomposition of the propagator (4.14). But there is no
obvious way to compute the unknown functions h(r€), k(r¢) and I(r¢), without resort-
ing to coordinates. Due to this we need to identify a different basis whose coordinate
components are known, given a chosen coordinate system. The great advantage of the
Allen-Jacobson basis is that we can reduce the system of PDE’s in the four coordinates
to a system of ODE’s in the geodesic distance, thus it is desirable to find another basis,
that allows for a similar simplification in the system and also for an expansion of 777, in
the basis elements. One such basis is described in [17, 12, 48, 19] for the conformally flat
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chart of de Sitter space. It is defined via an invariant length function that can be related
to the geodesic distance in the end and by applying derivatives to the length function
one can generate basis tensors that are analogous to the Allen-Jacobson basis, but fea-
ture an explicit coordinate representation. We can define the same invariant length also
for the cartesian Robertson-Walker coordinate system and use it to define just such a
basis tailored to our coordinate chart. The derivation of this invariant length function
between two events with coordinates x4 and x g is discussed in Ref. [50, 51, 52] and it
is given by the following expression

p(2,2) = H ? cosh [HAE ] — %eHAﬁ (AZ)?, with (5.15)
At™ =ty —to, AtT =ty +ty and (AZ)? = (T — o) (Tp — To).

The arrows denote 3-vectors. By applying covariant derivatives to this length function
(which reduce to partial derivatives as p is a biscalar), we can derive three objects that
can be used to construct the basis. The invariant length p and the geodesic distance r¢
are connected through the equation

r¢(2,2) = H 'arccos [p (2, 2)]. (5.16)

The fundamental basis elements are then { Gyws 95vers Pu's Pps p)\/}, with

—H lemHAT 4 Hp
pﬂ = Vfbp = 8up = [ _eHAﬁL (Af) s (517)
—HleHAT 4 Hp
Dot = Vop = 0pyp = [ A (AZ) and (5.18)
_ —2cosh [HAt™| + H2p HeA (Az)T
pMU/ = vzv;/p = 8u80/p = [ _HeHAt+ (Af) eHAt+H3X3 (519)

For the coordinate representation we use a 3 + 1 decomposition, where the vectors
(5.17) and (5.18) are represented by 2 x 1 matrices, with the time component displayed
separately and the spatial components collected in 3-vectors, denoted by an arrow above
the symbol. For the rank-2 tensor (5.19) the temporal component is in the (00)-element,
the components that mix space and time are collected in the (01)- and (10)-element,
which are a row- and a column-vector respectively, and the spatial components sit in
the (11)-element in the form of a 3 x 3 matrix. Useful identities of the basis elements,
regarding their normalization and behavior under covariant differentiation, are collected
in Table 5.1.
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Table 5.1.: Normalization of the basis elements and useful derivative identities.

Normalization of the basis vectors: Covariant differentiation of the basis ele-
ments, first order:

9" pupy = H? (—=p* + H™*)

e ’ Vip, = —Hpy|,
g():\ PP = H2 (_p2 _|_H 4) v pv

Vp,pgx = —Hngpla./
Analog of the parallel propagator: Vibuy = —H 29,iypp’

ggl'pypw, _ _H2ppo, Vf,/p,w/ = —H2gg/g/pu
gé)’a’ PoPuy = — 2 D, Action of d’Alembertian on basis elements:
géwpup’puc’ = g;/g’ - H2pp’pa/ Dcpu = —H2pu

@glg,pup’pz/o’ = gZy - H2pupu D/Cpu = —4H2pu

Ueppp = —H 2pup’ = Uppy

With these basis elements we can again define the decomposition of the graviton prop-
agator into basis tensors with respective coefficient functions

Guu;/\’e/ (p) = gfwgf\'e/a(p) + (pu)\’pue’ +p,ue’pu)\’) b(p)
+ H? (pupxPue + DubePux + PuDxPuc + PuPePuy ) ¢(p)
+ H? (pupvdsie + ghupape) d(p) + Hpupupypee(p) (5.20)

Z n; )\’ ’fJ (521)

The powers of H that are used as prefactors for the basis tensors are there to make all of
them dimensionless, since also the correlation function (v, vy ) should be dimension-
less.! The basis decomposition would again allow for a rewriting of the GFE in terms of
a system of ODE’s w.r.t. p, via the identity

Viuti(p) = fi(p)pu, (5.22)

where the prime now denotes a derivative w.r.t. p. But we will now show that this basis,
although it provides a representation of 777, is actually also not suitable for treating
the de Sitter GFE.

'The constant H has mass dimension 1, while the vectors have mass dimension —1 and the analog of
the parallel propagator p, s has mass dimension 0. In fact, as defined in (5.16) the invariant length
has not the dimension of length but rather mass dimension —2. This could easily be remedied by
an additional factor of H in the definition (5.16), but it amounts to the same, if we just correct the
basis tensors accordingly.
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As discussed above, the important part for the frame-adapted scheme is that we can
modify the r.h.s. of the GFE such that the condition (5.13) is satisfied. Just as for the
Allen-Jacobson basis we can assume that the r.h.s. can also be expressed in terms of
a decomposition analogous to (5.21). Thus to study the condition (5.13) we need to
know the expressions for the first covariant derivatives of the basis tensors as well as the
contractions with 77%,. The former are easy to work out with the identities in Table
5.1 and the explicit results are given in App. E.1. It are the contractions of the basis
tensors S () VN with 777, however, which are problematic. This can be seen on the

explicit example of S( ) DNl This contraction should have the decomposition
77,8 W 2) e = s PV H pupape + S2.9) D) HPu5reo + 52,3 (0)2Hp,(vpery,  (5.23)

if we assume that this is still a maximally symmetric bitensor and that the basis elements
{gﬁwgi'e'vpuk”puvp/\’} fulfill the same completeness theorem as the basis elements of

the Allen-Jacobson basis, see Ref. [12]. We can now compute the resulting coefficient

functions sy 1) (p) (for k = 1,2,3). First we project the contraction 77, /(3/) yve (which

needs to be evaluated with the coordinate representations of 777, and SLV) yer) onto
each of the three basis tensors in the decomposition (5.23):

H3p"p (T po W A, ) = H%p’= (5.24)

HpVgA ¢ (Tpa MV)X /) — _[g'= (5.25)

2Hp* (7"’" ) e ) — 42H"ppo + 2HOp= |, with (5.26)

2= H 0, T o = po (8H2 (H™ +p?) — 2 (p0)2> (5.27)

Then we also compute the same contractions with the decomposition (5.23), using the
identities in Table 5.1. This yields the following matrix-vector equation for the coefficient
functions sy 1) (p):

H12A3 H8A2 *2H10pA2 S(2,1) (p) H8p2E
HB8A? 4H*A —2H%pA s | = —H'=
—2H"pA?  —2HOpA 2 (H3p?A + AH'A — HSA?) | 5053 (p) 42H*pp + 2HSp=
(5.28)

The inversion of this system provides the solution for the coefficient functions s, 1y(p):

H*E(A2—2p*—Ap?)—126 A H?p?po—4=( A+4p?)

S(2,1 (p) 3H4A3(*4+H4(p2+A))

3E272; (p)| = =(a1%) (5.29)
7 ~ T 3A? .

5(23)(P) p(H?E(A+p?)+21Ap0)

A2(H*(A+p?)—4)

This result demonstrates how the basis leads to inconsistent results. Due to the complete-

ness of the chosen basis [12] it should be possible to express the contraction 7 S/(jj) Vel

68



with the decomposition (5.23), where the coefficient functions s(y ;) (p) only depend on
the invariant length p. However, the coefficient functions that we obtain through ex-
plicit calculation contain not only p but also pg, which is the zeroth component of p,,
and therefore the assumption that the sy 1) (p) merely depend on the invariant length is
violated. Similar relations will also hold for the contractions of the other basis tensors,
as well as for the decomposition of the tensorial prefactor of the first-order covariant
derivative in the Hessian (5.8).

Therefore it is not possible to re-express either 777, (r.h.s)ap;por in (5.13) or the
action of the Hessian on the ansatz (5.21) consistently in the chosen basis and this
approach fails. An alternative approach would be to treat the Green’s function equation
explicitly as a system of coupled PDE’s, however, since the GFE has in total four open
indices, this means that we would have to treat in total 4% equations. In reality it will be
less then half of this number, due to the symmetry of the tensor structure, but it would
still represent a formidable system of coupled partial differential equations. Thus this
explicit approach is not further pursued. Up to this point it was not possible to identify
a suitable basis that can be used to solve the Green’s function equation for the graviton
propagator. Thus no final result for the de Sitter graviton propagator could be obtained
which could be used to evaluate the de Sitter geon.
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6. Conclusions

We set out to study the quantized version of the concept of a gravitational geon, to find
out if it can be described as a composite d.o.f. in the theory of gravitation. In particular
we were interested in the mass of such a hypothetical particle which, if non-vanishing,
would allow for an interpretation of the geon as a purely gravitational dark matter
candidate. For our investigation we studied the quantized version of Einstein-Hilbert
gravity under the assumption that it is well-defined non-perturbatively. As discussed in
Sec. 2 there are indications that the Einstein-Hilbert action might need modification by
higher powers of the curvature scalar to achieve this, but in this work we only treat the
naive model without modifications to the Einstein-Hilbert action. Based on this starting
point we identified the two-point correlation function of the Ricci scalar as a suitable
choice for the propagator of the geon and we motivated that the event-dependence of the
correlation function can be described in terms of the expectation values of the geodesic
distance between the events [1]

(R(Z)R(2)) = D (r (2, 2)) . (6.1)

This manifestly diffeomorphism invariant and therefore physical characterization of the
geon formed the central object of our investigation. In the following the similarities
between the Brout-Englert-Higgs effect in electroweak physics and the observed, gravi-
tational properties of the universe were discussed in Sec. 3. Based on these the gravi-
tational analog of the Frohlich-Morchio-Strocchi mechanism was introduced to simplify
the calculation, as was proposed in [!1]. Indeed, the special combination of frame-fixing
and splitting the metric into a contribution from the VEV (g,,) = gj,, and from the
fluctuation field v, allowed us to expand the geon propagator into an expression pro-
portional to the two-point correlation functions in +,,, accurate to second order in 7,
(FMS expansion),

(R(Z)R(2)) = VEVIVEVE (Y Vpror)
— (VEvEgE 0L+ g0V ) ()
— A (VEVEGE + gV V) (o)
+ 3808 Oy Vpror)
+ A (98062 + 3587 L) (o)
+ N800 (Vo). (6.2)

The latter which is referred to as graviton propagator, was then studied with perturba-
tive methods, under the additional approximation that the fluctuation field vanishes at
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infinity, which allowed us to ignore total derivatives in the Einstein-Hilbert action. For
the case that the VEV can be chosen to be the flat Minkowski spacetime gy, = 1., see
Sec. 3 and 4, the graviton propagator was evaluated at tree-level and the corresponding
expression for the geon was computed to be

<R ((@) R (g»connected,tl = _Z’G’iQDiMé(Zl) (CE@ - .Ig) +0 (73) . (63)

This result for Minkowski space tells us that under the considered approximations the
geon does not exist as a particle d.o.f. of the quantized theory. Thus, in a universe that
is flat on macroscopic scales the geon at lowest order in the FMS expansion does not
represent a suitable dark matter candidate.

The more complicated case of a universe that is curved on macroscopic scales was
studied in Sec. 5, by using a de Sitter space metric for the VEV. It was attempted to
apply the same methods that were successful for the Minkowski space calculation also
to the case of de Sitter space. However, due to the special condition

VY = TP pe + O (77) (6.4)

that the frame-fixing condition imposes on the fluctuation field ~,,, it was so far not
possible to identify a suitable bitensor basis that can be used to calculate the graviton
propagator in a way that is consistent with this condition. Therefore, we are not able to
provide a leading-order result for the de Sitter space geon in this work and we cannot
draw any conclusions regarding the qualification of the de Sitter space geon as a dark
matter candidate.

The condition (6.4) is analogous to the interpolating gauges in QED, which mix
Landau-type gauges with axial gauges, with the generalization that we do not use a
vector for the axial gauge, but the tensor 777,. One hint regarding the reason for the
failure of the bases that we discussed so far might come from the general treatment of
axial gauges. If an axial gauge is employed, the basis used for the decomposition of
the tensor structure usually also contains the vector that is used in the gauge condition
[53]. In our case this would amount to including 777, as an additional basis element in
whichever basis we construct. This is indeed a case that was not considered in this work
and it might be possible to obtain a solution for the graviton in this way.

Albeit not having a final expression for the geon, we can make one interesting obser-
vation already at the level of the Hessian (5.8), for de Sitter space. Namely, as compared
to the Minkowski space Hessian (4.12) we do not only have derivative terms, but also
terms proportional to the cosmological constant and the metric gy,,. These terms reduce
to mass terms in the equations for the scalar coefficient functions of the tensor decom-
position, or they do so at least for the bases that were considered so far. Although these
bases were in the end not suitable for the solution of the problem, should it be possible
to identify a basis that allows for a consistent treatment, it is expected that something
similar will occur. This would result in an effectively massive structure of the graviton
propagator and consequently the geon propagator. However, a similar cancellation as in
Minkowski space could possibly spoil this result. Though, ultimately it is necessary to
obtain a solution for the graviton propagator in this framework to be sure.
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Appendices
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A. Conventions

A.1. Notational conventions

We follow the standard conventions in defining the symmetrization and antisymmetriza-
tion operations [15]:

T(8) = % (727 + 77°) (A1)

Tlas] — 1 (Taﬁ _ Tﬁoc) (A.2)
2
We also use the following specific convention for symmetrization:

1
(alplB) —_ apf Bpa
T 5 (T +T ) (A.3)

A.2. Curvature tensors for maximally symmetric spaces

Maximally symmetric spaces play an important role in the calculations of this work, since
they allow for a relatively simple structure of the graviton propagator, discussed in Sec. 3.
In particular, only symmetric spaces allow for a function of two events to be parametrized
purely by the minimal geodesic distance between the two in a straightforward manner.
Should the spacetime be less symmetric, such as the FLRW spacetimes, one already
requires the additional information such as the spatial distance. Maximally symmetric
spaces also allow for very simple expressions of the curvature tensors in terms of the Ricci
scalar, which is an identity that will be employed at several steps of the calculations.
Also, the Ricci scalar is constant for maximally symmetric spaces and specified purely
by the cosmological constant A [39]:

R
Ry,ypo = m (g,LLpgl/U - g,LLO'gl/p) (A4)
R
R,uzz = Eg,ul/ (A5)
2d
= —A A.
R 73 (A.6)

Where d denotes the dimension of the considerd spacetime, in our case 3 + 1.
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B. Explicit results in Einstein-Hilbert
gravity

In the following we present the most explicit versions of the Ricci scalar and the Einstein-
Hilbert Lagrangian in Haywood gauge. The full Ricci scalar with no simplifications looks
as follows:

R = —igo‘ﬁgc’7 (—48,]859&( +40,0¢ 903
+gﬁ)\ (287796)\8/{90( - 38/{904“8)\9677 + 8{9@5(87795)\ - 48)\.%]&) + 43590443,\9775)) (B.1)

Now we can identify the terms that are proportional to the Haywood coordinate condi-
tion, (3.14)(3.15):

RH = 1428 <4HC(8ﬁga§ — 0¢Yap)

+g%" <—43naﬁga< +40,0cgap + 9" (0c9apOngrr + OnGac(2059px — 38/\9,877))>>
(B.2)

Setting H* to zero provides us with the Ricci scalar in Haywood gauge.

RI=0 = —1g*7g"" (—43n359a< +40,0cgap + 9" (0c9apOngrr + Ongac (20,985 — 33A96n)))
(B.3)

Einstein-Hilbert Lagrangian in the FMS expansion

Now we can also look at the Einstein-Hilbert Lagrangian in Haywood gauge, which is
given by \/WRH . In particular we are now also interested in the form of this Lagrangian,
when we perform the FMS expansion (3.5). To zeroth order we just get the Einstein-
Hilbert Lagrangian related to the classical metric gy, i.e. \/@ (RC)H. For the higher
orders, we need to expand the determinant as well as the Ricci scalar in terms of v,
and the respective fluctuation tensor occurring in the split of the inverse metric g"” =
G + A" 1 we do not consider the Woodbury matrix identity yet. This provides us

"With g#* chosen such that 9t gr, = 010,
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with the following first and second order contributions:

(\/@RH:O) . —5V/19clg:"" (Sﬁcn(aﬁaagccn — 200089 a¢ + On0cg°ap)
+G5"(—89y0Yac + 8940cVap + 23" (2059 )2 0c g
—60¢9 0009 pr + 20¢9 apOngux + 4019 520k 9  ac
—30k9°acONI n + Oxg apOrg cy)
+Ge" (40 g 0O Yion + 805170  ac + G VapOn G  cyOrG
—120,9acOr Y8y — 4Yap000n9 ¢k + 47apON0x9 cn

+2G VapONG e Ougcr — 3Gt ”Mﬁaugcoﬁugcnx))) (B.4)
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(VITR=0)" = Va4 50,030 oc — 0306 00)
+ 35 V/19¢19:"" (8?4’7 (=499 — 204087ac + OndcVap)
+4" (3009 089\ — Oag cn089 kA — 20¢9°ap0ng  xr
—4059°0\0nG ac — 2009 20k ac + 60x9%acON )
— G (16&“(%5}0“&37@ + 208709 ar — 60¢9 arOnyyaa
+0¢9°apOnVer + Yapn0cg i + 207720k  a¢
+20¢9°arnOY8n — 30x9°acONV8y + Oxg aONVen
~27030009 cx + YapOr0ng cy) + G (80 VapOnVir
+160, 7870k Ya¢ — 240xYacON Y8y + 89" Yo Ok 9  cnOxVuv
—16708010yVck + 16708020 Yen + 164 YagOr Vi Ougcn
F49" 708(200 9\ 09 ¢ — 60k 9 cuONG “n + 20x9° nOrI v
+4009 019 cr — 3019 kO g mr + 0ug cnOug kr)

gp'Vozﬂ'Y(naugcn)\augCEp

—2G" G Yo YonOug xadnd ep + g de

=249 ¥ap0ug kO vyx + 89" Vac18n v ONG i

—49" VapVcnOvOrg ki — 89! Vac V0O Opug rn

+4G" Yo VenOvOug rn — 496" G Yac V000G ApOe g  p

+20" G Yo VenOw g 2o O g i + 69 e P Yac Vom0 xuOpd  av

—35%“”?5”%5%naggcwapg%))> (B.5)
Now we may also employ the Woodbury matrix identity to identify 4** with a series in

Yuv, allowing us to consider all expressions to second order in terms of the dynamical
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field 7., alone. The zeroth order expression remains unchanged.

( \/@RH) W 11967 6.7 (—80,0Yac + 80y0cVap + G- (40c 9 a0 Vi
+8I VA 0kg a¢ + 9" VapOkg NG w — 120k9°acOnvn
—4%08070n9 ¢ + 470800k 9 ¢y + 29" VaBONG 1 Ou9 i
~39" Y0609 cxOvg ) (B.6)

(\/@RH)(Q) = /19196 67 g (-8(34%537;%,\ + 2077870k Yac — 30kYacONVon
—2%a8000 ek — 4Yac(On089°kx — 2000498k + O00x9 8n) + 270000k Vcn)
+GcM" (29ac (—12089 ku0n 9 3w + 4089 A0y 9  uv + 8019 8nONg
+160,9° 209 8 + 802G 1w 0ug g — 240,900 g A + GePV3n0ug 520w G e

§p,mnaygc/\p8£gcnu - 3§C§p75na§gcnuapgc>\u)

478700 0\g e + 47000 Ougx + 23e
~a8 (809 cnO Vv + 1603 p0ug i + G 1n0ugux0ug o — 24019 D01

_47Cnaua)\gcnu + 47(7]61/8“96&)\ + chngCnal/gc)\paggcn,u - BgcngCnaggcn,uapgc)\y))>
(B.7)

Ricci scalar in the FMS expansion

We can consider the same FMS expansion also for the curvature scalar alone, without the
metric determinant, which is then the object used as the geon bound-state operator. For
simplicity the superscript H = 0 is skipped, but all quantities below are still evaluated
in the Haywood frame. First we again consider the expansion with the object 4*
still occurring as an ”independent” quantity. We again provide first and second order
separately and skip the zeroth order term, which is just the classical Ricci scalar R¢:

R(l) — _%g}aﬁ <4,3/MV(8ﬂaagcw/ N 281,8590&# + ayaugcaﬁ)
+gcM <_4aua[3%w + 40,0uap + ’AYpU(Qaﬁgcwaugcap —60,9%0p0v9 o
+2a,ugca66ygcpo + 431/96,808;;900{# - 36pgca,uaagcﬁu + 8[)900456096;111)

+24."7 (augcaﬂau’}/pa + apgca,u(QaV'V,Ba - 38076V))>> (B'8)
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R = 520300, 089 ap — 0Oy ap)
— 1g.*° <’y"” (4(080aVur — 20008%ap + 0v0uYas) + 7 (—3009 1p089 ve
+009 10089 po + 2019°0p0v 9 po + 408900 0p9 an + 200,98 0pg ap
—60,9°au0s9°8v)) + G (g}p" (847080700 + OpYap (20,780 — 305v51))
+2477 (009  po 0w + 208%50u9 ap — 6049 apOuVo + 0ug apduVpo
200780 0p9 gt + 2045° apa 30 — 395  auDa Vi + apgcaﬁaﬂw))) (B.9)

Now we can invoke the Woodbury matrix identity and express everything in terms of g¢
and ~:

R(l) = - %gcaﬂgc“y <_28Vaﬂ7au +2 81/8//711,3 + gcpg (8ugcaﬂau7pa

+8p gcau(2au'760 -3 807,81/))) (B.lO)

R(2) :igAcaﬁgAc'quAcpg(_8u7aﬂau7pa + 47auauaﬂgcpa - 28V7ﬁaap7au + 3ap7au607ﬁu
_Sryauaaaugcﬁp + 4’7apaaapgcﬂu + !chA'Yozu(_BaﬁgcpTaugca)\ + aﬂgcpaaugcr)\
+28pgc,81/80967—)\ - GaAgcuaargcﬂp + 43;/900)\37965,) + 280901/)\8796,8/))) (B~11)
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C. Useful identities for the FMS expansion

C.1. Woodbury matrix identity

In order to treat the inverse of the quantum fluctuations v, of the classical metric, we
can use the Woodbury matrix identity. To be clear, by the inverse of the fluctuation
field we do not mean it’s proper inverse, i.e. with the property fAyo‘nyge = 0%, but rather
we mean the tensor occurring in the split of the full inverse metric, with ¢®? = g¢ A + 4B
and gaﬂgﬁ6 = 0%. So the point is that we know gag = g55 + Yap and we want to have
the inverse to g,g in terms of the inverse of g¢ 3 and the standard quantum fluctuation
field v,5. Now the point is that for the inverse of the sum of two matrices we can apply
the Woodbury matrix identity:

(A-B) '=A"1'4+A4'BA-B)! (C.1)

In general this would not be of much help, but in a perturbative treatment of the theory,
where we assume 7,5 and its inverse to be small, we can use the identity as a recursion
formula to get to an expression of the inverse of the sum in terms of the inverse of A
and just B, and not its inverse, to arbitrary high orders in B. By substituting A — g,
A71 — g.7! and B — —~, we arrive at the following expression:

(gc + 7)_1 = gc_l - 90_17(90 + '7)

oo
=2 (moe7) ™!
k=0

=g =g g+ g g g+ O(P) (C.2)

-1

1

1 and that ¢®° denotes g~ !, we

Now using the physics convention that g # denotes g~
get the following result in the index notation of tensor calculus:

guy = (gfw + 'Yul/)_
= 0" — 3" Va9 + 3 YapdP G + O (77) (C.3)
And now we can require that we want to write the inverse of the full metric tensor in
terms of the inverse of the classical metric tensor and the additional quantum fluctuations

g°8 = §2° 4 498 as discussed above, and from this we get the shape of the tensor 4%
in terms of the quantum fluctuation field 7,3, up to arbitrary order in ~:

A V0] = =G5 G55 Yas + GRG0 95 Yapre + O (7°) (C4)
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The above definition of y*#, see (C.4), is also compatible with the general requirement of
the full inverse metric, up to the order in perturbation theory that we use, i.e. g*? 9B =
0%+ 0 (73), just as it should be.

C.2. Covariant Gauss-Stokes theorem

The covariant Gauss-Stokes theorem is discussed in detail in Sec. 5.5 and 16.3 of Ref.
[18] and it states

/ dz/ lg¢[ Vvt =0, (C.5)
M

if the arbitrary tangent vector v* vanishes sufficiently rapidly at infinity.

We can use this in combination with the Leibnitz rule to perform manipulations under
the integral sign which shift the (covariant) derivatives from one object to another, if we
assume that any suitable contraction of v, with g&™" to a vector vanishes sufficiently
rapidly. The two manipulations that were used most often, are

/ d*2/19°VapdS? VEVE Y = / d*z\/19° 127250 cw)
- [ e s
- / VAT e PR
+ / d*2/19°198° 7 VEVEYag
:/ d xﬁvagg“ Vovesy Vv and (C.6)
/Md“fﬁ\/ﬁvaﬁéﬁ‘ﬁ VeV = / d*x\/|g° VA5 c%w)
— /Md‘*a;\/\gT BV Vi
— / d*a/|geINA g ’muVé”vaﬂ>
G A

~ /M a4/ [g a3 VOV (1)

12

12

Where we have simply renamed the indices and exploited the symmetry of v, in the
last step.
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C.3. Symmetrized Hessian

In this appendix we want to provide a detailed discussion of the symmetrization of the
Hessian (3.64), introduced to simplify the second order contribution to the EH action
in the FMS expansion in Sec. 3.2.3. We want to achieve that the obtained Hessian
features the symmetry relation (3.66) manifestly. The terms that need to be considered
are got gf ¥ and the non-minimal derivative terms —gf ’ ViV and ge A AV VY. We can
modify the contractions yaﬂg‘g‘“g?”fy,w, VQBQ?“VZV?VW and »yagggﬁv’;vg»yw in the
action, via the standard procedure of writing the term twice with a factor one-half up
front and then shifting the indices on the second term by renaming contracted indices
and using that v,, = 7., We only need to perform this once for v,5gc" i’ "~ to obtain
the following identity, for which the r.h.s. already possesses the symmetries (3.66):

'Yaﬁg?ugcﬁyphw = %’Yaﬁ (9?”57&6” + g?l/gcﬁu> Yuvr = ’YaﬁAtllﬂW/’Yuu (C8)
The same procedure works also for %ﬂgf HVYV 2y, only that we have to perform it
several times, as the object is less symmetric:

R 1 . N
Va9 VIV = Sas (92VEVE + GEVEVE) Y

1 . R X R
= s (V4 GIVEVE + VIV + UVEVE ) 2 (C)

Now we apply the procedure once more for each term in (C.9) and switch the covari-
ant derivatives on the additional terms, using the following commutator relation for a
maximally symmetric VEV (see A.2):

V?VZVW = VZV?’YW + [vg7 V(V:] Yuv
= VeV + Ry v + R0 e

A vl A aATV VATQ AT
=VVerw + 3 (5u 9c — 5u 9e%) Yoo — Age Yur (C.lO)

Thus we obtain the equality

~ 1A wie] 1 ~ 1A wie] [ R wiZ v «

’Yaﬁgcﬁﬂvcvc’YMV = g’}/a,B (gcﬁu (vcvc + vc Vc + [vwvc])
9" (VEVE +VEVE +[VE, V)
+ger (VevE 4 vEvE+ [ve, Vi)

g (vgv? FVAVE [V{;, va) Yoo

1 ~ v « ~Bv « Ay v AV
= o (92(VE VY 4 92 (VL VY 4 gV V) + g2 (V. V)
A aBuv _ ~of sy
+5 (4,41 — 920 gk ) Vv (C.11)
= Y03 A", with (C.12)
(VE,VV) = VEVY + VEVE (C.13)
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The very same steps can now also be performed for v,s0¢ v V¥vu and we also need
to employ (C.6) to obtain:

. » 1 . v A
VapdeP VEV A = 3o <93‘5 VEVY + grvvevs ) Vv

1 A v ~ UV A 14 ~ UV (6%
= T (327, VE} + (e, V2 + 527 191, V) + 3 [V, V2] ) v

1 PN v "% a
= Z'yaﬂ <gcﬂ{vgv Vc} + gg {vc ’ Vg}) ’YIU/

= Yas A3 Yy (C.14)

Where we have used the two identities v, [V?, Vf} Y = 0 and [V, VY] v, = 0, which
follow from the fact that we contract as symmetric object (v) with an antisymmetric
one (the commutator).

The three equalities (C.8), (C.13) and (C.14) now allow us to replace the contractions
yaggg‘“gf”fyw, yaggé*“vgvgyw and fyaﬁggvﬂvgvg%,, in the actions by contractions with
the auxiliary objects A?‘ﬁ M with j = 1,2,3. Consequently, the corresponding Hessian

D;"yffﬁr’; will now contain the .A?B " and since these satisfy the property

AP = floDw) = e8] g j = 12,53, (C.15)

the Hessian will have the same symmetry, which is what we set out for, i.e. Dgy%; fulfills
(3.66). The explicit form of Dgyﬁlﬁf{l is the given by:

symm. 2

1 1
Do, = 5 (AT — 2P ) O — AGP 4 A5 (A?ﬁ*‘” — 93%5”) A (C.16)

C.4. Covariant frame identities and frame-fixing functional

Covariant frame identities

In this section we want to derive the covariant counterparts to the frame identities (3.24)
and (3.26), which were derived in Sec. 3.2.2. We begin with the identity (3.24). This
identity contains a partial derivative of the fluctuation field v. This can be exchanged
with a covariant derivative by making use of substitution rule (C.17) which follows from
the definition (2.14):

Vg’}’ua = 0y Vpa — Fguu’Ypa - Fé’yawp
= O Vua = ViTua + Tlupvpa + TlvaVup (C.17)
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Thus we can rewrite the identity (3.24) accordingly:

3100 = 0" = Vi + (T208,7 +T27,) Yo = (3170°95,) 1po + O (72)
= VA = =Ty + (-T2, + §£70795,) Ype + O (%)
=TI + ggaggﬁr‘iaﬁ%a + O (72)
= (L3P = T2"6,7) Ypo + O (72)
=T e + O (7°) (C.18)

Based on (C.18) we can introduce several new identities:

YoV EV = V2 (10BN ) GV T

(C18) . .
= =GP e T u e + O (%)
= _VaﬁggaTaﬁpTWU%V +0 (73)
= Yas I Y + O (77) (C.19)

The auxiliary object J" Prv can also be expressed explicitly in terms of the Christoffel
symbols:

jlaﬂm/ _ gga Taﬁpf]-uug

(C18) _,, v v By
=7 TYOPTEA 4 TOWTON, — TROPToM — GBI oA T (C.20)

If we take a look at the terms which occur in the symmetrized Hessian (3.68), (C.16), we
see that it will be useful to also have a version of the identity (C.19) with the covariant
derivatives in the reverse order. To switch the order of the covariant derivatives we can
use the previously introduced commutator relation (C.10):

. (C.10) . A/.oog. rous A o
YasIPPVEV Y = Yap [QC'BMV?VZWV -3 (g?'B gL — gorg? ”) + Ag?”gf“] Vaw
(C.19)

3
= 06T Y + O (%) (C.21)

v AN o o
Yap [wa w2 (507G — Gen gl ) + NGl u] Y +0 (77)

Two additional identities can be obtained with the help of (C.18), namely

Tas 02 VIV BV a2V (T4 —T2,8,%) Yo
= 'Yaﬁggﬁ ((V?TZ”” = VeTer, + F;C)Wv/c)) Yuv — ngvngP)
= g (VTG — VUTHP, — T47 TS 4 TUPT% ) 4+ T5TE)
= Yap (»7:3 gl FZ"”VQ) Vv (C.22)
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and

VoV E 2,V s

LY (577 + A TEVE) v
(C;) Vuvjsumﬂ%eﬁ — Yapgt" Ve (FZOCB’YW)
=Yg (T = geveree?) = ErTeeive) Ay,
= s (T4 = TSIV (C.23)

These identities can now be used to simplify the Hessian (3.68) in the frame-adapted
approach, see Sec. 3.2.3.
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Covariant frame-fixing functional

If we choose to use the approach via the frame-fixing action, i.e. the frame-expanded
approach, see Sec. 3.2.3, then we also need to have a version of the frame-fixing functional
with covariant derivatives. This will be discussed in the following. As discussed the only
relevant contribution to the frame-fixing functional is the term (3.88):

H®Y = — 52457 7,00095,, + 627 0aa, (C.24)
g HDHD = 5 (0°90u0 0 = 275097 (8795,) 9
32758 (97 950) (0°95,) Yoo re) (C.25)

We shall discuss the part of (C.25) which contains two derivatives first:

g7 (aa%zp) (8#7;10) (C.:N) g2’ <vg'7ap + Fé\aa%\p + F?aﬂ%&) %
X (Ve + T uyro + T o)
= 96"V VapVe Vo + Yap2 <§fyrgpp + Qéwr?ﬁp) Ve
+ Yo (GE7 T2, D175 + G0 L
TR LA+ QT T )
) 0 vickvid sPvrar GPv B p
=" Yap (*96 VeVe+2 (gc Ielp+ 6T p> Ve
HITP T o+ GLTTEP T
9L T TE o + GTTET L o ) Yy
s (—arorve e g (aa - aaeral)
2 (glvrer, + gre’, ) v
SR P VPRl v v
FGRTER T 5+ GTTE T, )

C.13 By . N
(:),ya5<_A2/3u +5

+2 (38rTer, + gTER, ) Vi
+G2TeP T o + g2 T2 JLet
38T T + GETTE T ) Yy (C.26)

(g07 g — 4457
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The expression is already rearranged such that we can write it as a quadratic form. Next
we consider the first-derivative term in (C.25):

. (can R N N R
—270007 (0°95,) P = —27ap (gé’ﬁ (0%g50) 92V VH + 987 (0“g5y) G2V TH o

7 (07950) G27T ) Yo
= =270 (9072, + 37727, ) Vi 4 georeP 11,
30T LU o + gL DL o + G2TT8 T )
(C.27)

In the last step we have used (C.17) with ~ replaced by g¢¢, combined with the metric
postulate (see Sec. 2.1.1), to rewrite partial derivatives of the VEV ¢¢ with the ”classical”
Christoffel symbols. We can do the same also for the last term in (C.25):

3250 (0795, (0°95,) Yoo Mre = 108307927 (0°95,) (9 956) Yo
=Yg (GL7TEP T2 + GE7TEP T,
G T o + g TEPTE ) ey (C:28)

Now we can combine the partial results (C.26), (C.27) and (C.28) to obtain the complete
version of (C.25) with covariant derivatives:

gt HD HY = 5o (—A;"ﬁ“” 2 (aapr —aa3) w2 (g0mee, — geris,) v
FGEVTEP T 5 o g, TEITIM — 2G00T2P T ) oy,

= Yo (—ASP 2 (§07TE0, — GO, ) W+ TP ) oy, (C.29)

Many terms in the contributions that do not contain any derivatives can be made to

cancel by renaming indices and exploiting the symmetry of v and ¢¢ thus the final
: afuv
expression for Z; can be brought to a very compact form.
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D. Minkowski space calculation

D.1. Bitensors in maximally symmetric spacetimes

We are considering maximally symmetric spacetimes for the VEV in the frame-fixing
procedure, therefore all two-point functions that are computed fall into the category
of bitensors, whose definition and properties are discussed in detail in Ref. [31]. A
particularly important property is their behavior under covariant differentiation, since
this is very crucial for the calculations in Sec. 4 and 5, we briefly discuss it here. In
this chapter we again adopt the convention that primed and unprimed indices refer to
different events in spacetime. Therefore, a bitensor of type

Tul...,uk;ui...y;g, ETHM®P - Q@ToMRToM @ -+ @ T M,

has k indices which refer to the tangent space T» M at event &2 and k' indices which
refer to the tangent space T'9 M at event 2. The covariant derivative of a bitensor w.r.t.
event & is then denoted Vme---uk;Vi---V,’c, and can be obtained by (i) fixing the value of
the coordinate of 2 and (ii) taking the covariant derivative of the resulting object as if
it were a tensor of type T),, ,, [34]. Especially, for the covariant derivative w.r.t. event
Z of a tensor purely defined at event 2 (which is just a special type of bitensor) this
implies that vaui..‘l/,’c, vanishes, contrary to what we would get if we would just treat
this as a constant tensor.

If we now want to compute two-point functions such as (yu 7y ), the resulting ex-
pectation value is w.r.t. the VEV that we have selected with the frame-fixing procedure
(see Sec. 3). Since we are using maximally symmetric spaces for the VEV, this im-
plies that the resulting bitensor structure is also maximally symmetric, i.e. (yuYae)
represents a maximally symmetric bitensor [34, 33, 39]. Since in maximally symmetric
spaces any function of two events can only depend on the geodesic distance between
them, we can express every maximally symmetric bitensor in terms of the basis tensors
and corresponding coefficients which depend only on the geodesic distance [33]. It will
therefore be very useful to have a tensor basis for maximally symmetric spacetimes, as
this will allow us to reduce the tensorial equations for (., vxe) to scalar equations in
the basis coefficients.

D.2. Properties of the Allen-Jacobson basis

B. Allen and T. Jacobson showed how to construct an abstract tensor basis on any
maximally symmetric spacetime in Ref. [33]. Hence, this basis will be referred to as
Allen-Jacobson basis and it will be the basis that is employed for the position space

91



calculation of the Minkowski graviton and geon, see Sec.4. In principle this basis could
also be used for the de Sitter space calculation, however due to its abstract nature it
will turn out to be unsuitable for our approach (see Sec.5). The following presentation
of the Allen-Jacobson basis is based on [33, 39, 34].

Starting from the shortest geodesic distance r¢ (£, 2) connecting the two points &
and 2, one can define the unit tangent vectors

nt (P, 2) = Vire (2, 2)and (D.1)
' (2,2)=VFr (2,2), (D.2)

at the end-points of the geodesic as well as the parallel propagator g, (£2,2) along
the geodesic. We are going to suppress the arguments from now on as the (un-)primed
indices suffice to tell at which event the objects are considered. The parallel propagator
takes a vector at event & and parallel-transports it to event 2 along the shortest
geodesic connecting them. In the context of tensors or bitensors it can be generalized
to merely parallel-transporting single indices. The most important properties of the
parallel propagator are discussed in Ref. [36, 33] and listed in Table D.1. For possible
differences in the basis objects, due to space- or timelike separation of the endpoint, see
Ref. [34].

We are going to employ the Allen-Jacobson basis only for the flat-space case, and
therefore we provide the following properties of the basis elements under covariant dif-
ferentiation only for the special case of a Minkowski spacetime.

As is discussed in Sec. 4.1.1, the graviton propagator can be expressed in terms of
bitensors build out of products of the Allen-Jacobson basis elements, in combination
with prefactors that depend only on the geodesic distance r¢. The bitensors that appear
in the decomposition, as well as results regarding the covariant derivatives and trace of
these objects, are listed below. These properties are obtained from the relations listed
in Table D.1 and are taken in part from Ref. [39].

D.3. Solution of the graviton propagator in the frame-adapted
scheme

The general solutions for the 5 coefficient functions {a(r¢), b(r°), &r°), d(r®), &(r)} can
easily be obtained by solving the equation for O®) first, followed by O®) and O£4). Then
we can use O£4) to fix one of the coefficients in the general solutions for {&(r¢), d(r¢), &(r¢)}.
After that we can solve the equations for O® and then O™ can be treated at last. The
equations were treated away from coincidence, just as in Ref. [39, 31, 34], thus additional

ultra-local terms, which are proportional to the §-distribution might be missing. In this
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Table D.1.: Fundamental properties of the Allen-Jacobson basis elements, take from Ref.

[33] and [30]

Properties of the parallel propagator: Normalization of geodesic tangents:
b — galﬁvﬁ nunu -1
W = gﬂa/w/g n“lnﬂz =1

95 =9" 09" 895 s
9° /395#’ =0%
gaﬁ’gﬁ p=10%

Covariant derivatives of basis elements in
Minkowski space:

dumy, = (r) (g5, — nun
gaﬂ/ = ggﬁgﬁﬂ/ a/J v ( () C)(?M(V M V) )
ny = —(r X' — NNy
Action of the parallel propagator on the g g g
1 . augl/)\’ =0
geodesic tangents:
5 Ony, = (d—1)(r°)~*
na/ — *g /a/nﬁ 8“ (n#nA,) = (d — 1)”)\/
Ng = —gﬁ anpr

Where d=4 for a 4-dimensional spacetime.

a:a2+4gz6—;;‘—;;1—;12—d21u2+2;4 (D.3)
5—b2+4gzﬁ+ﬁl—;2—2€i2+22+;u4 (D.4)
G = ey + % e +3f1£6:6+ e1p'0 (D.5)
CZ:leQ‘FZiWL —62+5f815:—ew10 (D.6)

o e 24wy — fip? (D.7)

e=epu +—+
MG 4

21
For the frame-adapted approach we also required that the transversality condition (4.33)
is fulfilled. Acting the derivative on any index of G/,.\« and using the ansatz (4.14)
with the properties of the Allen-Jacobson basis, this provides three conditions [39]

a+d+3r7td—2r e =0, (D.8)
¢ +3rte+d —2r71d(p) —2¢ +4r; e =0 and (D.9)
b —rtd—d +4r7te=0. (D.10)
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And the three transversality conditions translate to the following relations:

e1 =0 (D.11)

4862 - 24d2 — 481‘1 =0 (D.12)
202 — d2 — 21’1 =0 (D.l?))

% — b =0 (D.14)

561 - d1 =0 (D15)

These can be applied to the solutions without any problem and therefore the system is
solved.

D.4. Identity for auxiliary functions in frame-adapted scheme

Based on the definitions

Oy (7€) = 6@ (2. — 29) and (D.16)
Oig (r€) = o (r€) (D.17)

we can provide an expression for £’ in terms of ¢ and ¢, by using the identity (4.19). It
has the form

=g -3¢ (D.18)

By deriving both sides w.r.t. to the geodesic distance we can then also provide expres-
sions of £ and £" in terms of derivatives of ¢ up to second order and &’

g/// — ¢/ _ 3Tc_1¢ + 12TC—2£/ and
" = ¢" —3r; ¢ + 1507 %) — 60r; 3¢ (D.19)

Now we can insert these two identities into the definition of the auxiliary functions (4.48)
and the expression (4.58) becomes

4w — 200 — 37 + 249 2 ¢ 4 3071+ 1170 — 39572 (6 — €)
(1) 116 — 39726 + 39r-23000é
(P10 O
(D19 50) (1 ). (D.20)
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Table D.2.: The most important properties of the parallel propagator are discussed in

Ref. [30,

| and listed in Table D.1.

Bitensors in the graviton propagator:

1
Opuve

o®

uvsN'e

o

%9434

= NuvMNxNe

= 29,V 9v)e')
= AN (uGu) (v Ner)
O, = mumue
O
Ol(i?;k/e’

5
O/(,bl/);)\lel

e = MuvN N\ T

(4) (4)
OL uvi e + OR pvi e
= NpMyN )\ e

Partial trace of the basis tensors:

MVO;(W) el 417/\/6/
(2)
;U'VOMV S\

wj O/(Uj) Ne!

v (4)
OL priA'e

277/\’6’

= —4Anyne

=nx\e
MVOE% )uu ;A€
(5)

U O#z/;)de’ = nXme

=4n N et

Contraction with AHM:
1,M ) NG
A ‘u/yO'uIV A/ ' Oaﬁ A/ !

Non-minimal, covariant derivative of the

basis tensors, first order:

0200 o =0 and 9,02 |, , =0

0aOfh e = 12" (Maguguynme)
_2naOEL);,\/e' - 2”(/101(32[;,\'6/)

.00 =1 G
21,000~ i)

0 O/(fu) e =T (200 name
41600~ 2mu o)

Second order:

0 and 9,0;0% ,,, =0

0000 .

Dad3 Oy v = 1 (=161(aM3) (u90) v et
+2 (4nang — 1ap) O;(i/);xe/
+4 (2027 = Mal(n) X
X0, s)ve )
a0y = T2 (2 (Mt
—4n(aNg)(uMw)) e
+2 (4nang — Nap) Ofﬁxa
i (080w +208,,0))
02050 0 = 1% (4 (6nas — 7a) X

(5)
Xopu;)\’e’ +2 (na(unu)ﬁ
—8n(ap) (1)) T
3
e (0204103,
81(a (1) 9)8) (N Tier))

d’Alembertian of these basis tensors (in-
dices are suppressed):

OnOM =0
OnO® =0
D0 = —4r7% (200 + 0@)

D0y = 2172 (00 — 40{?)
Do) =212 (00 — 40)

On0® = 2772 (—120(5> —0® 4 0(4))
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E. de Sitter space calculation

E.1. Additional properties of the employed basis

Table E.1.: Fundamental properties of the de Sitter space basis elements.

Bitensors in the graviton propagator: Covariant derivatives of basis elements,

g e e first order:
uviNe T g;u/g)\’e’

V? [/J,VSIXE’] =0

@ _
Swixer = 2Pu(v(Puje) )
fo [MVSQ)\’e’] = _5HTV(;)?/€/

(3) _ 2
Spvive = PPy (vDery .

SO e = bt V[ Ssye] = H (—20T,f}§,6, +472),,
Sk e = Hgfupxpe 211,

S/(LZLV);/\’E’ - ST(jl)W;/\’e’ + SS)W;/\’E’ 4 [;WSM’E’] =H (_5H2PTV(;2>2/5/ + T;E?)/e/>
S e = Hipupupype VL Ssxe] = ~THTLY,,

1

TzE;)?’e’ = ngup)\’pe/
2

T2 = Hpugoe

3
TIE;A)/E/ =H (pw\’pe’ +pus’p>\’)

With the knowledge about the behavior of the basis tensors under covariant differentia-
tion, see Table above, we can compute the derivative part of the condition (5.11), using
the ansatz (5.21) and write it in the following decomposition

VEG e = L(D)T R0 + ta ()T + ts(0) T2, with (E.1)
t1(p) = —7THpe(p) — 20Hc(p) + H ' Ae'(p) — 2H 'pd (p) + H>d'(p), (E.2)

ta2(p) = 4Hc(p) — 5H?pd(p) + H'd/ (p) + HAd' (p) and (E.3)

t3(p) = —5Hb(p) — 2Hpc(p) + Hd(p) — Hpb' (p) + HAC (p). (E.4)
A=—p*+H™ (E.5)
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As can be seen from this, the Lh.s. of the condition (5.11) is easily treated in our
constructed basis, it is only the r.h.s. that creates problems, as is discussed in Sec. 5.1.
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