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Abstract

In 2019 Daniel Fresen worked out a proof of the central limit theorem (CLT) for convex
bodies which he claimed to be significantly simpler than the original proof published by
Bo’az Klartag in [‘A Central Limit Theorem for Convex Sets”. In: Invent. Math. 168.1
(Jan. 2007), pp. 91-131]. In the present thesis we discuss Fresen’s proof in detail and
assess the claim of simplicity.

In the first chapter firstly we formulate the problem, that is, how a CLT for convex
bodies is to be understood: a CLT for convex bodies means that the projections onto
onedimensional subspaces of the uniform distribution on an isotropic convex body in R"
are close to an appropriately scaled normal distribution, with both the measure of the
exceptional subspaces and the deviation from normality converging to zero as n — oo.
Secondly we trace the milestones in the history of that problem, citing the important
precursors and subsequent results.

The second chapter treats the mathematical background needed to establish Fresen’s
arguments, some of the results being of general use, others in specific need of proving the
CLT for convex bodies.

The third chapter is entirely devoted to elaborate on the details of Fresen’s proof. The
three main steps of it are as follows: first, show that the projections onto most low-
dimensional subspaces of the original distribution convolved with a normal distribution
of small variance are approximately radially symmetric; the main tools employed are
Fourier-transform and concentration of meausre on the sphere. Second, establish a “thin-
shell-property” for these low-dimensional projections. And third, from that property
derive that most onedimensional projections of the original distribution are close to
normal.

In the fourth and final chapter we summarize our conclusions drawn from working on
the proof.






Kurzfassung

2019 arbeitete Daniel Fresen eine Beweis des zentralen Grenzwertsatzes (ZGS) fiir konve-
xe Korper aus, der seiner Behauptung nach wesentlich einfacher sei als der urspriingliche
Beweis, den Bo’az Klartag in [“A Central Limit Theorem for Convex Sets”. In: Invent.
Math. 168.1 (Jan. 2007), SS. 91-131] verdffentlicht hatte. In der vorliegenden Arbeit
diskutieren wir Fresens Beweis im Detail und bewerten den Anspruch der Einfachheit.

Im ersten Kapitel formulieren wir erstens das Problem, das heifst, wie ein ZGS fiir kon-
vexe Korper zu verstehen sei: Ein ZGS fiir konvexe Korper heifst, dass die Projektionen
auf eindimensionale Unterrdume der Gleichverteilung auf einem isotropen konvexen Kor-
per im R” nahe einer entsprechend skalierten Normalverteilung sind, wobei sowohl das
Mafs der Ausnahmeunterrdume als auch die Abweichung von der Normalverteilung fiir
n — oo gegen null konvergieren. Zweitens spiiren wir den Meilensteinen in der Geschichte
dieses Problems nach, wobei wir wichtige Vorgénger- und Nachfolgeergebnisse anfiihren.

Das zweite Kapitel behandelt den mathematischen Hintergrund, der zum Aufstellen
von Fresens Argumenten benotigt wird; einige Ergebnisse sind von allgemeinem Nutzen,
andere werden speziell fiir den Beweis des ZGS fiir konvexe Korper gebraucht.

Das dritte Kapitel ist ganz der Ausarbeitung der Details von Fresens Beweis gewidmet.
Die drei Hauptschritte desselben sind wie folgt: Als Erstes zeigt man, dass die Projek-
tionen auf die meisten niederdimensionalen Unterrdume der Ausgangsverteilung, gefal-
tet mit einer Normalverteilung kleiner Varianz, anndhernd radialsymmetrisch sind; die
Hauptwerkzeuge dabei sind Fouriertransformation und Mafkonzentration auf der Sphére.
Als Zweites wird eine ,,Diinne-Schale-Eigenschaft“ (engl. ,thin-shell-property*) dieser nie-
derdimensionalen Projektionen nachgewiesen. Und als Drittes wird aus jener Eigenschaft
hergeleitet, dass die meisten eindimensionalen Projektionen der Ausgangsverteilung nahe
einer Normalverteilung sind.

Im vierten und letzten Kapitel fassen wir unsere Schliisse zusammen, die wir aus der
Arbeit am Beweis gezogen haben.
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Basic notation

N denotes the set of natural numbers starting with one, and Ny := N U {0}; interval-
notation is used whenever confusion with intervals of reals is unlikely. Throughout let
n € N be the dimension of the space, arbitrary unless explicitly stated otherwise. o € R"
is the zero-vector. We set R>¢ := [0,00) and R := (0, 00).

For sets A, B C R™ and A C R, the Minkowski-sum is defined by A+ B := {z +y|z €
A Ay € B}, with the special case of translation a + B := {a} + B; furthermore AA :=
{Aa]A € A A a € A}, with the special cases of scaling AA := {A\} A and Aa := A{a}, in
particular Ra for a # o is the onedimensional subspace with direction a.

(-, -) is the standard inner product on R™, that is (z,y) := 2Ty for 2,3y € R™ (considered
to be column-vectors, T denotes matrix-transpose), and ||-|| is the standard Euclidean
norm, that is ||z|| := (z,2)"/? B" := {z € R"|||z|| < 1} is the closed unit-ball and
Sl .= {2 € R"|||z|| = 1} the unit-sphere.

All random-variables are defined on a common probability-space (€2, F,P), expectation
and variance w.r.t. P are denoted by E and Var respectively. For a topological space X
let B(X) be its Borel-o-algebra. v, is the Lebesgue-measure on (R", B(R")), additionally
for n = 0 we set R” := {0} and vy := &y (the Dirac-measure at 0). o, is the surface-
measure on S"~! (viewed as an embedded manifold) scaled to o, 1(S""!) = 1, it is the
unique orthogonally invariant probability-measure on (S™~1, B(S"~!)). Any nonnegative,
measurable function whose integral is 1 is called a density; integrals of vector- or matrix-
valued functions are defined componentwise. For A C R™ define the indicator-function
14: R" =5 R by 1a(z) := 1, if z € A, and 14(x) := 0 otherwise. log is the natural
logarithm.

The harpoon [ is used for various senses of restrictions: for a map f: A — B and
C C A, themap f[C: C — B isusually defined by (f[C)(z) := f(z) for allz € C, but for
a o-algebra A and a measure p: A — [0,00] and C € A we define A|C := {ANC|A € A}
and the measure u[C': A[C — [0,00] by (u[C)(ANC):=pu(ANC) for all A € A.

Other notation shall be introduced where appropriate. As far as possible the notation
of cited authors is adapted to ours.

15






1 Introduction

1.1 Problem-formulation

A central limit-theorem (CLT) is the statement that a sequence of random-variables
(Xpn)n>1 converges in distribution to a normal, or Gaufian, distribution. There are vari-
ous setups: the X,,’s may be scalar or multivariate, and accordingly the limit distribution
is one- or multi-dimensional; often some standardization is demanded such that the limit
distribution has zero expectation and unit (co-)variance; the X,’s may be compound,
that is, of the form X,, = ngl Xk (with (Kp)n>1 C N, often strictly increasing); other
variations are possible. The task usually is to formulate sufficient conditions (and also
necessary ones if possible) on (X,,),>1 in order for a CLT to hold.

A classical CLT — if not considered to be downright the CLT — is that of Lindeberg;
throughout ¢ denotes the probability-density-function (PDF) of the standard normal
distribution, ¢(z) = (27)~ 2 e 2l2I” with » € R" (dimension as the situation demands),
and in the onedimensional case ® its cumulative distribution-function (CDF), ®(z) =
JZ . (t)dt with z € R.

Theorem 1.1 (CLT, Lindeberg 1922). Let (X,,)n>1 be a sequence of independet ran-
dom-variables which are centred, i.e. E[X,] = 0, and Var[X,] € Rso; denote s2 :=
Yo, Var[X;]. If the Lindeberg-condition

1y
Ve € Ryg: nlggo % ZE[X121HX1|>5571]] =0, (11)
i=1

converges in distribution to a standard normal distribution,

holds, then (i D i Xi)n
that is

>1

1 n
VteR: L ’]P’[— X»<t}—¢>t‘:0.
1m Sn; 7> ()

n—oo

If in particular the random-variables X,, are independent and identically distributed (“i.i.d.”)
with E[X1] = 0 and Var[X1] = 0% € Ry, then condition (1.1) is satisfied and hence
(L S Xi) converges in distribution to a standard normal distribution.

o\/n L= n>1

(Multivariate versions do exist.)

While this CLT often is understood as a statement about the asymptotic distribution of
the mean % >, X;, and this view is widespread and indeed useful especially in statistics,
it also allows for another interpretation, as follows. For simplicity assume that all X,, are
scalar, centred and have variance one, then % Yo Xi =0, ﬁXi = (9 X)) if

17



18 1. INTRODUCTION

we put () = ﬁ(l, ...,1)T and XM .= (X1,...,X,)T. Note that 6" ¢ S"~1 hence
(0™, X)) can be considered as the projection (always orthogonal here) of X (™ onto
the onedimensional subspace RO and E[X (] = o, Var[X(™] = I,, (the (n x n)-unit-
matrix). Therefore we can state that there exists a onedimensional projection of X (n)
which approximately follows a standard normal distribution.

This reformulation opens the door to further generalization: do not consider the se-
quence (X,,),>1 of random-variables, but rather the joint distribution p, of (X1, ..., X,)T
on R™ and drop the independence of the coordinates; also take projections onto k-dimen-
sional subspaces, for k& € [1,n — 1]. The image-measure under the projection onto a
k-dimensional subspace shall be referred to as a k-dimensional marginal of the original
measure. The task now is to identify those high-dimensional distributions for which there
exist approrimately normal k-dimensional marginals, or more strongly, for which most
marginals are approrimately normal.

“Approximately normal” usually means, close to a normal distribution at least with
respect to the weak topology of (finite) measures; stronger modes of convergence are
welcome. The meaning of “most marginals” can be motivated in the following way: as
already noted, onedimensional projections are induced by unit-vectors, that is, elements
of S"~!; the sphere has finite surface-measure, which therefore can be scaled to have
total mass 1; “most directions #” then means, for all § in a subset of S"~! with measure
close to one. Preferably the measure of the set of exceptional directions should converge
to zero for n — oc.

As the CLT of Lindeberg shows, independence of coordinates imposes sufficient struc-
ture on high-dimensional distributions in order to yield approximate normality of low-
dimensional marginals. Another possible structure is convexity, which issues in a CLT for
convex sets, the history of which is rolled up briefly in Section 1.3 (see also Klartag [24,
p. 402]). But before that we take a closer look at two benchmark examples.

1.2 Two examples: the cube and the ball

The cube We consider the cube C™ := [—+/3,4/3]" C R"; let X be uniformly dis-
tributed on the cube. By the uniform distribution on a set A € B(R™) we mean the
vn (BNA)

probability-measure on B(R™) given by B +— o) provided v,(A) € Rs(. Because
of symmetry E[X] = o and E[X;X;] = 0 for ¢,j € [1,n] with ¢ # j follow immediately.
The density of X is m lon(z) = H:L:I(ﬁ 1oi(z;)) for € R™, from the product-
representation follow independence and identical distribution on C' of the coordinates
X; (1 € [1,n]), and their common variance is

do =
_32V3 v 63

As already stated, Lindeberg’s CLT implies approximate normal distribution of

Yoy ﬁ X, = (%(1, ..., DT, X)), but we would like to try general § € S"~! and assert
approximate normality of (0, X). To that end let (X,)n>1 be ii.d. random-variables

= 1.

V32 3 3
et - | V3’ — (-v3)



1.2. TWO EXAMPLES: THE CUBE AND THE BALL 19

with X7 distributed uniformly on C!, then X" := (Xi,..., X,) is distributed uniformly
on C™, and let (7,)n>1 C R not constantly zero. Define s, := (31, 7'22)1/2 and set
" = é(ﬁ,...,Tn) as soon as s, > 0, say for n > N € N, then * € S"" . Note
n, Xmy = i Yo X, and (7, Xp)n>1 still consists of independent, centred random-
variables; therefore the task is to assert that this sequence fulfills Lindeberg’s condi-
tion (1.1).

First we remark that Lindeberg’s condition in general implies Feller’s condition:

Var[TiXi}

2
Sh

ie@m}za

lim max{
n—oo

which in our case is equivalent to lim,, o max{|0}'||i € [1,n]} = 0, and we are going to
show that this implies Lindeberg’s condition (this converse is not generally true). So let
limy, oo max{|07||s € [1,n]} = 0 and let € € Ry, then there exists ng > N such that

|7i]
Sn

max{|0"'||i € [1,n]} < % for all n > ng; this implies < % for all ¢ € [1,n], for any

n > ng. Let n > ng and i € [1,n], then because of | X;| < /3 we have |7;X;| < es,,, hence
L7, x;|>es,] = 0 and thus é S E[|7 Xi[1|jr, x;|>es,]] = 0 for all n > ng, consequently
Lindeberg’s condition is satisfied and the CLT holds, that is, (6™, X™) approximately
follows a standard normal distribution.

We want to estimate how many directions §" € S"~! (in the sense of o,_1) fulfill
the condition lim,_,~ max{|0}'||i € [1,n]} = 0. To do that we fix n € N and € € (0, 1]
and find an upper bound for o,—1{6 € S"~!|max{|6;||i € [1,n]} > £}; certainly this is
at most 2no,_1{6 € S" 1|6 > ¢} (by union-bound and orthogonal invariance of the
sphere). By choosing a suitable parametrization of the sphere, for example, and also
anticipating Lemma 2.3, p. 30, we have

(NE]

0'”_1{9 € Sn—1|01 > 5} = F(g))/ COS((Z))n_l do

resin(e)

(2 V1—e2
(2) / xn—2 (1 o x2)—% dx <

VEL () Jo

n—1y% 1—¢2
< ( \ZF)Z 1 2" 2 dr =
™ € Jo
(1-e2)"s

We observe that for any € bounded away from zero, lim,, oo 051 {9 € S”_1| max{|0;||i €
[1,n]} > e} =0, that is, the set of directions for which the CLT may fail is negligible
for high dimensions, roughly speaking; or conversely, if the direction is chosen at random
uniformly from the unit-sphere, with high probability the respective marginal will be
approximately normally distributed. Obvious elements of the failure-set are the canon-
ical unit-vectors, because (el', X") = X; which is uniformly distributed by assumption,
independent of dimension.
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The ball Now take the ball v/n + 2 B™, and again let X be uniformly distributed on
it. The result for this case is also referred to as Maxwell’s principle or Mazwell-Borel-
lemma, and can be found, e.g., in Rassoul-Agha and Seppéléinen [36, p. 81], or Johnston
and Prochno [19]. As in the case of the cube, E[X] = 0 and E[X;X;] =0 (i # j) follow
from symmetry, as does Var[X;] = --- = Var[X,,], and by Cavalieri’s principle there

holds (recall v, (B™) = (nfl))

1 vVn+2 o
Var[Xl] = 1}(\/72Bn)/ x%vn_l(\/n+2_$%B 1) d.’]jl
e Bn 1 _
S i ) / +2—2?) " dr

vp(B")(n + 2)7/2
- r(22) r<%>r<7><n+2>"7“ _,
VAL +2)2 r(=) o

In particular, the components are uncorrelated, but since the density cannot be written
as a product of onedimensional densities they are not independent, therefore application
of Lindeberg’s CLT is out of question.

Nevertheless we try and even consider k-dimensional marginals, where k£ may depend
on n such that % — 0 as n — oo (so the case of constant k is covered; we do not

claim that this is the best possible dependence of k£ on n). Because of the orthogonal
invariance of the ball it suffices to consider the subspace E = R¥ x {0}"~* spanned by the
first k& canonical unit-vectors, and we identify E = R¥; we write pp for the orthogonal
projection onto F. The density of X is vn(nﬁ L mgapn: let A€ B(RF), then the

)
distribution of p 0X is given by

PlpgoX € Al =P[(X1,...,Xp)' € AN (Xpsn,-.-, Xp)T €R"H
1 T1yeeoy Tp)
vara e (21,
d v ) d(z, T,
//Rn X onl /771_1_ B”) (41 Ty) d(z1 )

and this shows that py oX has the following density (z € RF),

1
fz) = /Rn_k m L mgapn (2, 9) dy

n—k
— Q]n—k( TL+2 - ||.’L‘ ’2 B"— k) B Un_k(Bn_k)(n+2 . HxHQ)T

on(B")(n +2)% on(B")(n+2)f
et (- )

r(25E +1)(1+2)

[l]|>
n+2

converges precisely to (27r)_§ e_%”x”2, the density of the k-dimensional standard normal

n—k
Now we have (1 — ) 2 exp(—@) as n — oo, therefore the latter part of f
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distribution. It remains to prove that the former part converges to one; to that end we

write first sl
2
(o) - ) T )

1=

for an estimate from above we again employ Lemma 2.3, p. 30, and get

E_L%J k/2]

G-

(5t 1
3+

IN

)
1

k
2

=1
B | e
O\ 42 sron+2 -
and from below, using 1 + z < e”, we have
n - n E_ik_1 k/2
Pg+1) (P D@1 55l “HJ<n+1_i>:
regt + (5 +1)5 (Z+1)5 1143
_n+2—k<n+2—2L§J)’§L’;leﬁJM>
T 12 n+2 tont2
>”+2_k<n+2_2L§J)gL§J1<”+2_2L2’€J)L§J>
>n+2—k‘<n+2—2L§J)§L'§JleX (_W)
n+2 n+2 P n+2*2L§J7

and this lower bound converges to one as n — oo (here we have used lim,, oo % =0).

Thus the densities converge pointwise and hence convergence in distribution is estab-
lished.

1.3 Overview of the history of the CLT for convex bodies

The history of the CLT for convex bodies reaches back about 150 years and has its actual
roots, as do various other mathematical results, in physics, namely in the kinetic theory
of gases. As recounted in Diaconis and Freedman |9, pp. 418f.| (see there for further
references), it was E. Borel, while actually working on a theorem by J. C. Maxwell, who
stated that the first few k& components of a point (z1,...,2,)" distributed uniformly
on S"~1 asymptotically follow a normal distribution and are independent. The connec-
tion with physics is the following: consider an insulated system of § free particles, the
i-th particle having velocity (x3;—2, T3;—1, .ng‘)T and each having the same mass m, then
because of conservation of energy the total kinetic energy % Yoy :CZQ = F is constant,

hence (1,...,2,)" € % Sn=1if now uniform distribution on the sphere is assumed
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we have precisely the situation studied by Borel (assuming random behaviour in space,
velocity or other suitable quantities is standard in statistical mechanics).

Another precursor presented in [9, p. 419f.] is P. Lévy who studied means of operators
U on L?([0,1]). Because there is no orthogonally invariant probability-measure on the
unit-sphere of that space, Lévy used a discretization where he approximated a function
f from L2([0,1]) by those f, which are constant on subintervals of equal length %, the
constants being the averages of the original function over the respective subintervals; then
the L?-norm of f equals that of f, and that equals the Euclidean norm of the vector of
constants divided by /n, in particular the L?-unit-sphere is approximated by /n .S"~!.
We thus get an approximate mean M, (U) of U by averaging U(f,) over /n S"~!, and
the limit M(U) = lim, 0o Mp(U) is declared the mean of U. If U depends on the
evaluation of f on few points, then M (U) happens to be a mean with respect to the
standard normal distribution.

As the title of [9] suggests, the authors did not strive for a CLT but rather for a
representation-theorem; they proved that an orthogonally invariant distribution is close in
total-variation-distance to a scale mixture of independent standard normal distributions.
But in order to do this, they showed that the distribution of the first £ components of a
point uniformly distributed on a sphere is close to a properly scaled normal distribution,
and then they used that the uniform distributions on spheres are extreme points of the
convex set of orthogonally invariant distributions.

The next major step was Brehm and Voigt [6]. At this point we should explain the
notion of convex body:

Definition 1.2. A convex body is a compact, convex set K C R™ with nonempty interior
(then by convexity K is the closure of its interior). It is called isotropic iff v,(K) = 1
(not for all authors this is part of the defintion), [, zdx = o and there is a constant
Ly € R-q such that fK<9,x>2 dz = L2 for all § € S"~! (pictorially speaking, the body
has unit-volume, barycentre at the origin and its ellipsoid of inertia is a sphere).

Isotropy also allows for a stochastic interpretation: let K C R™ be an isotropic con-
vex body and let X be a random-variable having uniform distribution on K. Then the
density of X is 1x and therefore [, xdz = E[X] = 0 and [, (0, z)? dz = E[(¢, X)?] =
OTE[XXT]0 = 07 Var[X]0 = L2, from which Var[X]| = L%1, follows, that is the co-
ordinates of X are uncorrelated and have equal variance.

Brehm and Voigt investigated the cross-sections of convex bodies, that is the functions
0K.o(t) == vp_1{r € K|(§,z) =t} (note that {x € R"|(,z) =t} is the (n — 1)-dimen-
sional hyperplane with normal vector # € S"~! passing through t6; more important for
us, @ g is the density of the marginal on Ré of the uniform distribution on K'), and show
convergence of those in L' and uniformly to a normal density for K being the hypercube
[ 11

—3,3])", the ball B" (also for cross-sections of codimension k),! the cross-polytope, i.e.

the I'-ball, with § = ﬁ(l, ..., 1T and the standard-simplex A" for a discrete set of

1Qur analysis of the cube and the ball given in Section 1.2 is somewhat similar to that of Brehm and
Voigt, and in some points based on it, though significantly coarser.
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directions. They also noted that, naturally, convergence to a normal distribution cannot
be expected for every 6 € S"!: take the hypercube and, say, the first coordinate-axis,
then px g = 1_1/2,1/2 for any n € N and hence normality will never be achieved. They
already remark:

“It appears to be a known conjecture among specialists that this is a general
phenomenon: For large dimensions the function ¢k, should be close to a
Gaussian density for all isotropic normed convex bodies K and for ‘most’
directions u € S"~!. More precisely, the density corresponding to K should
be the Gaussian with variance L%..” [6, p. 438]

Around the time of [6] also Anttila, Ball and Perissinaki [1] busied themselves with the
conjecture (of which Brehm and Voigt became well aware, as they admit). They worked
with symmetric isotropic convex bodies, so they additionally assumed K = —K :=
{—z|z € K}, and that assumtion they needed because they were going to define a norm
based on K. As an aside, they used p for what was L in [6]. As far as we can tell, the
authors of [1] were the first to make the following hypothesis explicit in the context of
convex bodies [1, p. 4723]:

Concentration-Hypothesis. For a given € < % we say that K satisfies the e-concen-
tration hypothesis if
Xl
]P’H—— ‘>5}<5. 1.2
U E (1.2)
Here X is a random-variable distributed uniformly on K. In the further course of
the studies on the CLT-problem for convex bodies this concentration-hypothesis has also
become known as “thin-shell-hypotehsis” or “thin-shell-property”, because the pictorial
interpretation is that at least the fraction 1—¢ of the mass of K lies within a thin spherical
shell with thickness 2e times radius. The authors of [1] referred back to earlier ideas of

Diaconis and Freedman [8], of Sudakov [37] and of von Weizsécker [38]. They stated the

log(n)

for P-balls ¢ < Cn™3 (recall that, for p € R>q, the P-ball is {x € R™| > |a;P < 1}
and the [*°-ball is {x € R™|Vi € [1,n]: |z;| < 1}), and that concentration also holds for
uniformly convex symmetric bodies contained in a small Euclidean ball (i.e. radius about
v/n). Their CLT takes the subsequent form [1, Theorem 4].

conjecture that all isotropic convex bodies satisfy (1.2) withe < C , and proved that

Theorem 1.3. Under the concentration-hypothesis (1.2), for 6 > 0 we have

0n1{9 e gnt < §+4e+

Vt € R: ’/_ttgg(s) ds—/t o(s) ds

—t

C né?
— ¢ > 1-4+/nlog(n)e” 50 .
\/ﬁ} > 1-4v/nlog(n)

In their notation gy is the cross-section-function in direction 6, that is, the same as px g
in [6], and g is the normal density with variance p?. Note that because of symmetricity
of the involved distributions the “symmetric CDF” ¢ — fftg(s) ds carries the same

information as the usual “left tail” CDF ¢ +— ffoo g(s)ds.
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We also stress the two major points of their proof: on the one hand use (1.2) to prove
closeness of the normal distribution and an average distribution, that means, take the
CDF Fy of the projected measure for each § € S"~! and then compute the (pointwise)
average over the sphere F' = [, gn—1 Fpdon_1(0); and on the other hand use Lipschitz-
continuity and concentration on the sphere in order to show that for most 6, Fy is close
to F' (the relevant result of Lévy is reproduced as Theorem 2.27, p. 61, in the present
work).

Perhaps a minor, but not unimportant, contribution of Brehm, Hinow, Vogt and
Voigt [5] was that for logarithmically concave densities several modes of convergence
towards a normal distribution are equivalent; in particular uniform convergence of the
CDFs, of the PDFs and L!'-convergence of the PDFs are equivalent. Here, a function
f: R — Rxg is called logarithmically concave if f((1— Xz + Ay) > f(2)'=* f(y)* for all
z,y € Rand A € (0,1); the cross-section-functions discussed so far have that property.

Where the mathematicians hitherto worked with bodies, Bobkov [2]| took the next step
and generalized the task to distributions. This begs the question, which might be the
right generalization, but to the specialists of the asymptotic theory of convex bodies the
answer was obvious: consider logarithmically concave distributions. For short, a measure
w is called logarithmically concave if for any compact sets A, B € R™ and A € (0,1) there
holds p((1 — M)A+ AB) > u(A)'~* u(B)*; the uniform distribution on any convex body
is such (the similarity to ‘logarithmically concave function’ is no coincidence).

Indeed, Bobkov demonstrated more: he investigated R"-valued random-variables X
(n > 2) with general distribution, but the property Var[X] = I,,; as before let Fy for
6 € S™ ! denote the CDF of (§, X), and F the average of the Fy’s over S"~'. The
Lévy-distance between two CDFs G,G’ is defined as L(G,G’") := inf{e € Ryo|Vt €
R: G'(t —¢) —e < G(t) < G'(t +¢) + ¢}, it induces the weak convergence. ||| 1o (r)
is the (essential) supremum-norm on R. Then the following holds [2, Theorem 1.1,
Corollary 2.5].

Theorem 1.4. If Var[X] = I,, holds true, for all 6 € Rsy,
on_1{0 € S"VL(Fp, F) > 6} < dns e"1"",
If in addition (1.2) holds (with p = 1), then for all § € Rsy,
on1{0 € S| Fp — || oo(m) > 4 + 6} < 4ns e
where ¢ € Ry 1s a universal constant.

Note the generality of the result: X even need not be centred, the only requirements
are unit covariance-matrix and the thin-shell-property. In the case of logarithmically
concave distributions the result was sharpened to the following |2, Theorem 1.2], where a
random-vector X or its distribution is termed isotropic iff it is centred and Var[X] = I,,.

Theorem 1.5. Assume a random-vector X has an isotropic logarithmically concave dis-
tribution. Then, for all § € Ry,

on-1{0 € Sn71|5|t e R: eMl|Fy(t) — F(t)] > 5} < C\/ﬁlog(n)e*m‘sa
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where C, c € Rsg are universal constants.

We should mention that in the study of asymptotic convex geometry “universal con-
stant” or “absolute constant” means, not depending on any parameter or quantity, not
even and especially not on the dimension n; also to be mentioned is that the values of
constants may change, and usually do change, from one appearance to the next. Bobkov
did not write down an analogue to his Corollary 2.5 for the logarithmically concave case,
that is, comparing Fy and ®.

An important observation by Bobkov is that, applying Cebysév’s inequality, Var[[| X [|?] <
Cn is sufficient for X to satisfy the thin-shell-property, in particular ¢ < Cn™3 then.
The uniform distributions on [P-balls and on the uniformly convex bodies studied in [1]
fulfill this “small-variance-property”.

Now the course seemed clear: whosoever affirmed the thin-shell-property for logarith-
mically concave distributions, would prove the CLT for convex bodies at the same time.
This was accomplished by Klartag [20] in what is, we deem, rightly called a breakthrough
and seminal work. He proved the following [20, Theorem 1.4].

Theorem 1.6. Let X be a random-vector with an isotropic, logarithmically concave
distribution in R™. Then for all € € [0,1],
X
]P,H X1 1) > E} < on—<
N4D
where C, ¢ € Rsq are universal constants.

This established the thin-shell-property (1.2) with ¢ = C %; granted, that
result did not yet fit the expectation of [1], but nevertheless it was a great achievement of
Klartag. His version of the CLT for convex bodies then reads as follows [20, Theorem 1.1].
(Note that the name “CLT for convex bodies” has stuck although ever since [2| the more

general setting of logarithmically concave distributions has been studied.)

log(log(n))
log(n)

and 6, < e_cno'gg, where C,c € Rsqg are universal constants, for which the following
holds: let n > 1 and let X be a random-vector in R™ with an isotropic, logarithmically
concave distribution, then

Theorem 1.7. There exist null-sequences (en)n>1 and (dp)n>1 with e, < C

on_1{0 € S drv((0, X), Z) > e,} < by,
where Z is a scalar random-variable with standard normal distribution.

Klartag employed the total-variation-distance dtv which essentially is the L!-distance
of the respective densities. He also proved a result for projections onto k-dimensional
subspaces for k£ < ¢ %, and additionally a somewhat stronger result for so-called
unconditional distributions (those which are invariant under all coordinate-reflexions

x; — —x; for ¢ € [1,n]), in this latter case § = ﬁ(l,...,l)T is always admissible.
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Klartag concedes, “The quantitative estimate we provide for &, is rather poor. (...)
[W]e are still lacking the precise Berry-Esseen type bound. A plausible guess might be
that the logarithmic dependence should be replaced by a power-type decay, in the bound
for €,.”

In some sense the hunt for a CLT for convex bodies has found its end with [20],
the subsequent contributions have dealt more with improving the bounds of the thin-
shell-property. Others tried different proof-techniques, for example Fleury, Guédon and
Paouris [11]: they again worked with bodies, not distributions, and produced the follow-
ing [11, Theorem 1].

Theorem 1.8. There exists ¢ € Rsqg such that for every isotropic convex body K C R"
and every € € (0,1),

]

N

vn{x € KH - 1‘ > 5} < 9e—cVElog(n) /12

¢ log(log(n))?

log(n)1/6
ult was obtained by Klartag again [21]; he proved P H HL\/EH —1| >e| < Cq exp(—caa%f

. A markedly better res-

for any small o € R (smaller values worsen the constants) in |21, Theorem 4.4|, which

Hence the thin-shell-property is satisfied with € =

leads to a thin-shell-estimate with ¢ ~ n~11 and corresponding power-type-bounds for
the CLT itself. Although the value of the exponents was not yet satisfying, this was
a clear improvement over the logarithmic bounds found until then; this was also valid
for the dependence of k£ on n for k-dimensional marginals. The measure of the set of
exceptional directions (or subspaces) remained essentially unchanged.

It was also Klartag who proved sharp Berry-Esseen-type bounds for unconditional,
isotropic, logarithmically concave distributions in [23, Theorem 1].

Theorem 1.9. Under said assumtions,

1 — B C
sup P[aﬁf X-Sﬁ}—/ o(t) dt a,ﬁeR,agﬁ}g,
{‘ \/ﬁ ; ’ @ n
where C' € Rsq is a universal constant. Moreover, for any 6 = (64,...,0,) € S*71,

a,ﬁER,agﬁ} <C) o

i=1

sup{'ma < (6,X) < ] - / Sty dr

As ingredient to the proof Klartag established Var[|| X||?] < Cn under the aforemen-
tioned assumtions, which bound had already been mentioned by Bobkov [2]| (see above).
The conjecture is that this holds for all isotropic logarithmically concave distributions.
An equivalent statement is E[(|| X | — v/n)?] < C with a universal constant C' € Ry,
this is what currently is called the “thin-shell-conjecture” in the asymptotic geometry of
convex bodies.
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Further steps were the works by Fleury [10], where he showed IP’H% — 1‘ > 5] <

Ce="*s and P[% —-12> s] < C’e_cnl/4€2, either for all ¢ € [0,1], and Guédon and

Milman [18] with PHHL\/EH —1| >¢] < Ce—evnmin{e<} for all ¢ € R>; this also implies
E[(|X]| — vn)?] < Cn3. As far as we are aware, the best recent result concerning

the thin-shell-conjecture is Lee and Vempala [27, Corollary 9|, extended by the same
authors in [29, Corollary 13|, where they obtained E[(||X|| — /n)?] < Cnz; but they
provided no estimates of the deviation-probability P H % — 1| > 5] , since they exploited
the connexions with various other conjectures for convex bodies, central among them
the Kannan-Lovdsz-Simonovits-conjecture. We refer to the cited articles and especially
to [28] by the same authors.

The relevant contribution to the CLT for convex bodies for the present thesis is
Fresen [14]. As the title of his work suggests, he did not aim for improved bounds on
either the deviation-probability P|| % - 1} > €] or on the expectation E[(|| X || — v/n)?],
but he had revisited the CLT itself and wanted to “present a simple proof that is self-
contained (except for very classical results such as the Prékopa-Leindler inequality) and
is accessible to anyone” [14, p. 1]. Our declared task is to thoroughly discuss Fresen’s
proof and to possibly assess whether he has achieved the aimed simplicity. Throughout
the present thesis, whenever we make statements related to Fresen’s work we refer to
the just cited article [14] and omit the citation-mark; other works by Fresen are properly
cited.

Also in what follows, Remarks are distinguished from Comments: the former refer to
purely mathematical contents; whereas the latter deal with Fresen’s article and need not
always be mathematical in substance, and they are concluded with the sign ¢.






2 Mathematical preparations

2.1 Various technical results

This section contains various technical results that share no other feature than being
of use in what follows thereafter. The first two lemmata treat the interplay of surface-
measures on the sphere and the Grassmannian and the Haar-measure on the orthogonal
group. Here the orthogonal group is denoted by O,,(R) and its normed Haar-measure by
po (ie. po(On(R)) = 1); recall that o, is the unique orthogonally invariant probabil-
ity-measure on S"~!. The Grassmannian manifold Gy 1 is the compact manifold of all
k-dimensional subspaces of R", for k € [0,n], and oy, is the measure induced on it by
po via oy i (A) := po{U € On(R)|UF € A} for A € B(Gy, i), where F' € G, is a fixed
subspace (whose choice does not matter); this measure too is orthogonally invariant.

Lemma 2.1. For any 6 € S~ ! and A € B(S™™1) there holds
pof{U € O,(R)|UO € A} = 0p—1(A).

Proof. Let @ € S"~!. We are using the fact that o,,_1 is the unique orthogonally invariant
measure on S~ ! with total mass 1. Call the measure on the left-hand-side z, then

u(S"h) = no{U € O, (R)|UG € S"1}
= NO(On(R)) = 17

because U € S"~! for all U € O,(R). For orthogonal invariance let A € B(S"!) and
V € O,(R), then

{U € 0,R)|VIUH € A} = {U € 0,(R)|UH € A},

because if U € O, (R) with V=1Uf € A, then V™1U € O,(R) is in the set on the right-
hand-side; and conversely, if U satisfies U € A, then also V~1(VU)# € A and hence
VU € O,(R) is in the set on the left-hand-side. From this follows
p(VA) = po{U € O,(R)|US € VA}
= 1uo{U € 0,(R)|VIU0O € A}
= po{U € 0,(R)|UO € A} = u(A). O
Lemma 2.2. Let k € [1,n] and for each E € G, let op denote the normed surface-

measure on Sg := ENS""! (note that Sk is an orthogonal image of S*~% x {0}"=F).
Then, for any A € B(S™™1),

o1 (A) = /G o 1(E N A) don(E).

29
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Proof. Call the measure defined by the integral u; as with Lemma 2.1 we show orthogonal
invariance of p and p(S™"1!) = 1. The latter is straightforward:

p(S™) = /G op(ENS" 1) do, ,(E)
n,k

— /G y 05(SE) do, ik (E) = / ldoyk(E)

Gn,k
= O'n,k<Gn,k) =L

For the former let A € B(S"™!) and U € O, (R). We are going to use the transformation-
formula (see, e.g., Qinlar [7, Chapter 1, Theorem 5.2] or Klenke [25, Theorem 4.10]) and
orthogonal invariance of o, ;, and obtain

WU A) = /G o5(ENUA) doy(E)
= /G oup(UENUA)d(0y,oU 1) (E)

:/G op(ENA)do,,(E) = pu(A). -

Remarks. One stochastic interpretation of the lemma above is that the uniform distri-
bution on S"~! can be simulated by first choosing uniformly a k-dimensional subspace
of R™ and then choosing uniformly a point on the unit-sphere of that subspace.

Comment. The lemma is the essence of Fresen’s casual remark, “|n|ote that Py Pp = Py
where 6 is uniformly distributed in S"~1” (p. 8, lines 4 and 5). His E is a G, y-valued
o k-distributed random-variable and ¢’ is a Sg-valued o p-distributed random-variable;
he calls them just “uniformly distributed”. O

The next lemma is concerned with an estimate of the Eulerian gamma-function I'
which in some sense generalizes the well-known relation I'(x + 1) = aI'(xz). There also
exist other bounds of various sharpness (e.g., by Gautschi [15]). We present the result
given by Wendel in [39).

Lemma 2.3. For any © € Ry and s € [0,1],

z(z 4 ) '0(z) <T(z+s) < 2°T(x).

Proof. Let x € Rsp. For s € {0,1} there is nothing to prove, hence let s € (0,1). Recall

Hélder’s inequality
[ 1w ar < ( [ sy dt);’( / g<t>th)é,
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where A € B(R), f,g: A — [0, 00] are measurable, and p, g € (1, 00) with %—F% =1. We
set A =Ry, f(t):= (" te )75 g(t) := (t*e %)%, and p := ﬁ, q:= % This implies
f(t)g(t) = t*+5~Le~t and inserting into Holder’s inequality we get

[e.e]
[(x+ s) :/ trrs et gt <
0

00 1—s 00 s
< </ trlet dt> </ tr et dt> =
0 0

=T(z)' *T(x+1)*

=T(2)' " 2°T(x)* = 2°T'(x).
This also implies the lower bound because

al(z)=T(@+1)=T((z+s)+(1—5) <(z+ IS (x + 5). O

Remarks. The statement can actually be strengthened to: for x € Ryy and s € (0,1),
I(z + 5) < 2°T(z) holds. Since t — f(t)"/(1=5) = t*Le~t and t — g(t)'/* = t"e~* are
linearly independent in L'(Rg) for s € (0,1), Holder’s inequality has strict inequality
in that case.

The following two lemmata deal with the CDF of the standard normal distribution,
®. The first of these is from [2, Lemma 2.6 (verbatim also in Brazitikos et al. [4,
Equation (12.1.5)]); the second is used without comment by Fresen.

Lemma 2.4. Let t € Rxq. For all a € [0,1] there holds ®(t) — ®(at) < $(1 — ), and

for all a € [1,00) there holds ®(at) — ®(t) < ﬁ(a -1).

Remarks. The two inequalities can be fused to |®(at)—®(t)| < 2|a—1] for all t, o € Rxg.
Proof. Note that, because ® = ¢ is increasing on R<p and decreasing on R>g, P is
convex on R<p and concave on R>q.

Validity is obvious for t = 0, so let ¢ > 0. Let o € [0,1], then by concavity and
3=00) < et) <1,

o(t) — ©(0)
t—0

= ®(t) — (2(t) — 2(0))(1 — ) > ®(t) — %(1 —a).

B(at) > B(0) + (at — 0) = B(t) — (B(t) — B(0)) + a(B(t) — B(0)) =

1 f .
or r R maximum
V2me € 20 (

If @ € [1,00), then again by concavity and by zp(z) <
attained at 1 as revealed by discussion),

D(at) < P(t) + (t)(at —t) = D(t) + to(t)(a—1) < P(t) +
Lemma 2.5. Lett € R and v,0 € [0, 1], then

t—v vV+o t+v v+o
Pl — ) > P(t) — and O ——— ) < P(t) + .
<\/1—|—02) = 2(1) V2 <\/1+0’2> < 2(1)
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Proof. First we consider t € R>o. We prove the upper bound first. Since o= >

o(t) < ¢(0) = \/%, and ﬁ < 1, we get by concavity

@(i) < (I)(t) + go(t) (H—iy _ t) <

V1+o? V1+o?
1 V+o
< P(t) + v < o(t)+ .
SO+ v <)+
- Sp < _ _ t—v
For the lower bound consider three cases: first let t—v < 0, thent—v < i <0<t
hence t — \/% <t—(t—v)=v <v+o. By convexity on R<g,
t—v t—v
(=5 ) = 2(0) + 9 (0) ——,
Viver) 2P OHO TS
by concavity on R>,
O(t) < ©(0) + »(0)t,
and thus ; ; N
—v —v v+o
@(*)Z@i + (0 (7—t>2(13t - —.
Vitor) 2 PO P O W
Now let t — v € [0,2 + /2], then ¢ — % < v + o holds (this can be proved by
rearranging the inequality to t — v < %ﬁ:ﬁ, the right-hand-side is decreasing in ¢ and

so takes its minumum value 2 + /2 at ¢ = 1), thus again by concavity,

<I>(t)<<I>( t—v >+ ( t—v )(t— t—v ><<I>( t—v >+l/+0'
=\ TP\ 2/ T i) T T\ e T Ve
Finally let t — v > 2 + /2. By Lemma 2.4,

tvV1i+o02 t—v ><<I>< t—v >+ 1 (t\/1+02_1)‘
t—v V1402 V14 o2 V2me ’

the function z +— v/1 + 22 is convex on Rxg, hence v'1 + 22 < 14 (v/2— 1)z for x € [0, 1];
using this fact together with o < 1 leads us to

ww:¢(

t—v

2 2
Wlto® | iy Vite oo
t—v t—v
V2
< (V2-1)o+ v=(V2-1 v+ o0);
(V- Dot v = (VE- 1) +0)
In total this yields
t—v V2-1
@tg@( )+ v+ o),
®) V14 o? V2me ( )
from which the statement follows because of ¥2=1 <1

e
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Now let ¢t € R<g. Using ®(z) =1 — ®(—=2) for z € R we see

(i) =1 -o{ ) 21 s - S a0 2

on the one hand, and on the other
t+v —t—v vV+o v+o
B(-EL) c1a( L) c1-an+ L —ap+ L2 G
V1402 V1+ o2 (=0) V2 ®) V2

The last result in this section is about approximation of points on the sphere by a
finite subset, typically referred to as a net. It will be important that the set does not
have too many points. The proof of the latter is based on a standard volume-comparison-
argument.

Lemma 2.6. For any ¢ € (0,1] there exists a set N'C S"~* with |N| < (2)" and
Vo e S 130 e N |0 -0 <e.

(N is an e-net for, or e-dense in, S~ 1.)

Proof. Let ¢ € (0,1]. Let N € N denote the minimal cardinality of an e-net for $S"~! and
M € N the maximal cardinality of an e-separated set M C S™~!, that is, if z,y € M
with @ # y, then ||z — y|| > e. First we show N < M.

Let M C S"~! be e-separated with |[M| = M. We prove that M is an e-net; then
N < M follows by definiton. Let § € S~ !, w.l.o.g. § ¢ M, then |[M U {6}| > M, hence
it is not e-separated, therefore there are #',0” € M U{0} with 8’ # 0" and ||0' — ¢"|| < ¢;
as M is e-separated, 0 € {0',0"}, say 6 = 0", thus |0 — ¢'| <e.

Now we show M < (2)". Let M C S™! be as before, then the balls § + $B", for
0 € M, are pairwise disjoint, and (Jyc (0 + 5B™) C (14 §)B"™. Passing to the volumes

yields
’M|<§>n”"(3n) - “"[ U (9 + ZB">] < (1 + g)nvn(B”),
0eM
and because of € < 1 this gives us
M =|M| < (§+1)n < (g)" -

2.2 Log-concave functions and measures

In this section we give a few very basic definitons and results about logarithmically
concave functions, measures and random-variables, plus some surrounding facts. As
stated by Fresen, the contribution of his proof is simplicity, and indeed little background
from the asymptotic theory of convex sets is needed. The first result is the classical
inequality of Prékopa and Leindler. Prékopa in [33, Theorem 1| first proved the special
case for n = 1 and A = 3, Leindler in [30] then extended the result to arbitrary A € [0, 1],
and lastly Prékopa again in |34, Theorem 3| generalized it to n € N. The proof is adapted
from [4, Theorem 1.2.3] (they only treat the integrable case).
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Theorem 2.7 (Prékopa-Leindler). Let f,g,h: R™ — [0,00] be measurable and let \ €
(0,1). If for every x,y € R",

A((L =Nz + Ay) > f(z) " g(y), (2.1)

/nhdvn > (/nfdvn>1_/\</ngdvn>)\.

Proof. Case 1, f and g are integrable. Induction on n. n = 1: For [, fdv; = 0 or
ngdvl = 0 there is nothing to prove, so let either integral be positive. Then the map

then,

T (IR f dvl)_l ffoo f dvy is continuous and increasing, with limits 0 for x — —oo and
1 for z — oo; define X: (0,1) — R by X(t) := inf{x € R}(fRfdvl)fl 5 fdvr >t}

(in essence the right-continuous quantile-function), then f_XOS) fdvy =t [ fdvy for all
t € (0,1) by continuity, and X is strictly increasing (because the former relation implies,
if X(s) = X(t), then s = t), therefore X is differentiable almost everywhere and there
holds f(X (t))X'(t) = [ fdvi. Analogously define Y': (0,1) — R with g instead of f.

Now we set Z := (1 — A\)X + AY, then Z is strictly increasing and differentiable
almost everywhere. With the substitution z = Z(t¢) and the arithmetic-geometric-means-
inequality applied to Z’ we may conclude,

1
/ h(z)dz = / hW(Z(0) 2/ (1) dt
R 0
1
_ / B((1 = \)X(8) + AY(£)((1 = NX'(8) + \Y'(8)) dt
0

> | CHX ) gV (0P XY (1) dt =
0
1

= /0 (X)X M) (g ()Y'(1)) " dt

([ (fo)

n—1—=mn: Let n € N, n > 2, such that the statement holds for functions on R"~1.
Let f,g,h: R® — R satisfy (2.1); for each s € R define fs,gs, hs: R" 1 — R>q by
fs(z) := f(x,s), analogously gs, hs. Let 2,y € R*! and s,t € R, then

ha—xseae((L =Nz + Ay) = h((1 = A)(x, s) + Ay, 1))
> f2,9) gy, ) = fo(@) P g(y),

so by the induction-hypothesis

1-A A
/ h(l—)\)s—i-)\t dvp—1 > </ [s dUnl) (/ gt dvnl) .
n—1 Rn—1 Rn—1
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Setting F,G,H: R — R to be F(s) := fRn—l fsdvp_1, analogously G, H, we see that
they satisfy (2.1) for n = 1, hence by the induction-basis we conclude

/nhdvn:/RHdvl > géde)l)\(/\/Rdel))\:
(Lm) (o)

Case 2, f or g is not integrable. Then we approximate by fy, := min{f, m}1,,p~» and
gm = min{g,m}1l,,pn, for m € N; from this follows that f,, and g,, are integrable,
(fm)m>1 and (gm)m>1 are monotonically increasing and (fim)m>1 — f, (Gm)m>1 — ¢
pointwise, hence by monotone convergence also the respective integrals converge. By
assumption

h(1 =Nz +Ay) > f(@)' P g)* = fin(@)' ™ gm()

for all z,y € R and m € N, therefore by case 1

1-X A
n Rn n

for every m € N, and by taking the limit as m — oo the claim is proved. O

Remarks. 1. The theorem can be generalized to an arbitrary number of factors, though
for the present work this is not relevant.

2. The statement can be reformulated so as to be a reverse Holder’s inequality: set
p = ﬁ and q := %, then p,q € R>; and %—1—% = 1; furthermore use fP and g¢¢

instead of f and g, resp., then there holds: if h(z) > sup{f(x)g(y)% + % = z}, then

Jgn hdvy > (g [P dvp) L/p (fgn 97 dvy) l/q, or more concisely in terms of the LP-norms,
1Pl @ny 2 (1 £l o @)1 Lo @rny-

Since Fresen’s proof makes use of projections of random-variables on subspaces (eventu-
ally onedimensional for the final result) and the involved distributions have v,-densities,
it makes sense to study the densities of the projections. Here we need to explain how in-
tegration over a subspace is to be understood. Let E € G, ), with k € [0,n]; if £ =0, i.e.
E = {0}, then we choose the Dirac-measure on E and hence [y, f(x)dx = f(o) for every
function f: E — [—oo,00]. If kK > 1, then E is an embedded differentiable manifold,
hence the integral [, f(z)dx exists for suitable measurable functions f: E — [—00, o0]
(see, e.g., Forster [12, Chapter 14| concerning integration over embedded manifolds). In
particular we may choose an orthonormal basis ui,...,u; € F and with this the map
#: RF — R™ defined by x(t) := Ele t;u; is a linear isometric parametrization of £ with
Gramian determinant one, hence [, f(z)dx = [gpi(f © k) dv, whenever the integral is
defined; in particular f € LY(E) iff f o x € L' (RF).

Furthermore, (F, (-,-)) is a Euclidean vector-space in itself and #: R¥ — E, defined
by R(t) := k(t), is an isometric isomorphism, and for the adjoint operators there hold
£* = k*[E and therefore (k*k)(t) =t for all t € R* and (kx*)(z) = z for all z € E.
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[Proof. We are going to use indices in order to make explicit on which space the respective
inner products are defined. Obviously x*|E is a linear map from E to R*. Moreover, for
any ¢ € R¥ and x € E we have

(F*(2), E)rr = (2, 5(§)) B = (2, K(§))rn = (K" (2), pe,
and from that the desired identity follows. O]

For a subset, especially a subspace, A C R" let AL := {y € R*"|Vz € A: (z,y) = 0}
denote the orthogonal complement; for z € R™ we simplify 2+ := {2}+.

Definition 2.8. Let f: R™ — [0, c0] be measurable and let E C R™ be a subspace, then
the marginal of f on E is defined as the map 7ngf: E — [0, 00] given by

wef@)= [ty

Remarks. If f is integrable, then [ npf(x)de = [, [z fx +y) dyde = [z, f(z)dx <
00, hence mg f is integrable too, and so takes the value oo on a null-set.

Recall that, given a subspace F € Gy, 1, pp: R" — E — R" denotes the orthogonal
projection onto E.

Lemma 2.9. Let f,g: R" — [0, 00] be measurable and let E C R™ be a subspace.
1. If we define the measure p by du = f dvy,, then wgf is the density of po pgl with
respect to integration on E.

2. g(f xg) = wpf * Tgg, where on the right-hand-side we have convolution on E,
that is (F * G)(x) = [ F(z —y)G(y) dy for F,G: E — [0, 0] measurable.

Proof. 1. Let A € B(E), then p;'(A) = A+ E*; for any 2 € E and y € E* there
holds 14, g1 (x +y) = 14(x), therefore

H5'(A) = WA+ BY) = [ Ly (@)f(a) da
— [ [ st paydo= [ 14@) [ fetpdyis
EJEL E EL
- / La(2)mif(2) da.
E
2. Let x € E, then
we(fra)@) = [ (Fra)e+y)dy

:/ flx+y—2)g9(z)dzdy
EL JRr

:// g(Z/+Z,/)/ f(a,:_'_y_zl_z//) dydz”dzl
EJEL EL



2.2. LOG-CONCAVE FUNCTIONS AND MEASURES 37

— [ s =) [ g+ s ae
E EL
:/EWEf(x—z’)ﬂEg(z’)dz’

= (mef*mrg)(v),

where from the second to the third line we have swapped the integrals and split up
R" = E x E*, writing z = 2/ + 2", and from the third to the fourth line we have
substituted 3/ :=y — 2”. O

Remarks. The important stochastic interpretation of the above lemma, is as follows: let X
be a random-vector with distribution with v,-density f, then the distribution of pgzoX
has density wg f with respect to integration over FE.

Analogously to the marginals on subspaces we also need the Fourier-transform on
subspaces.

Definition 2.10 (Fourier-transform on subspaces). Let E C R™ be a nonzero subspace,
then the Fourier-transform on E is the map Fg: L'(E) — Co(E) defined by

Fuf(©) = [ €2 f(a) da.

E

Instead of Fgrn we may simply write F.

Remarks. 1. If k: RF - R" is a parametrization of £/ € G, as described on p. 35,
then we can express

Fuf©) = [

E

e 2mE) f (0 d = / e 2mERWD) £ (4 (1)) dt

Rk

B /R e 2O J () dt = Feu(f 0 1) (5 (9)),

where f € LY (E) and ¢ € E. In particular, for E = R" we may use the identical
parametrization and then Definition 2.10 is consistent with the usual definition of the
Fourier-transform. This representation also shows that Fr maps to Co(E) indeed.

2. If f is the distribution-density of an R™-valued random-variable X, then we can
express Ff(€) = E[e~2m(&X)] with £ € R”.

The following lemma collects some basic facts concerning the Fourier-transform on
subspaces; in particular, it shows that Fourier-transforms and marginals on subspaces go

together well. For the properties of the Fourier-transform on R™ used in the proof we
refer the reader to, e.g., Grafakos |16, Chapter 2.2].

Lemma 2.11. Let E € Gy, ), with k € [1,n].
1. Let f,g € L\(E), then Fr(f *g) = Fuf - Frg.
2. Let f € L(E) such that Fpf € L'(E), then the inversion-formula holds:

f(z) = /E &2Ex) Fy £(€) de.



38 2. MATHEMATICAL PREPARATIONS

3. Let f: R™ — [0,00] be integrable, then
(FNNIE = Fp(rpf).
In particular, if (Ff)|E € L*(E), the inversion-formula reads (v € E)
mif(e) = [ & FAE) de
E

Proof. Throughout this proof we fix a parametrization x: R¥ — R" of E as described on
p- 35.
1. First note with regard to the convolution that, for any t € R¥,

(P )r(t) = [ $(s(0) = 2)gta)do = [ Fs(0) = w()((s)) ds
=/Rk(fon)(t—8)(gw)(8)ds=((fw)*(gon»(t)-

This implies, for any & € E,

Fe(fxg)(€) = Fre((f * g) 0 6)(K7(§)) = Fre((f o k) (g 0 K))(K"(E))
= (Frr(f o k) - Fre(g 0 k) (K*(€))
= Fri(f o k) (K(€)) Frr(g 0 £)(K7(£))
= Fef(§)Fey(&) = (Fef - Frg)&).
2. We have Fgf = Fgr(for)or* € LY (E)iff Fe(for)or*or = Fri(for) € L1(RF),
hence inversion is applicable to Fpk(f o k) and this yields, for any x € E,

K
/ e2Ea) T 1 () dE = / 26 P (f 0 k) (K"(€)) dé
E E
_ / 2mi(R(0:) Ty (£ 0 k)(2) dt
Rk

- /R @) Fo (f o k) (1) dt

= (for)(x (z)) = f().
3. Let £ € E, then,

—2mi(€,x)

7TEf S 7TEf

e 2“'5‘”/ flz+y)dydx

e 2T f(5 4+ 4) dy d:

iR

%\m\m\m\
. —

e—27r| (&,x)

f
where in the third line we have used (¢, y) =0foré € E, ye EL. O
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We now formally define logarithmically concave functions, measures and random-vari-
ables. In the sequel we shorten the term to ‘log-concave’.

Definition 2.12 (log-concavity). 1. A function f: R" — R> is called log-concave iff
for any z,y € R™ and A € (0,1),

FI(L=XNz+Xy) > f(2)' )™ (2.2)

2. A finite measure p on R is called log-concave iff for any compact sets' A, B C R"
and A\ € (0,1),

(1= NA+AB) > (A u(B) (2.3)

3. A R"-valued random-variable is called log-concave iff its distribution is a log-concave

measure.

Remarks. 1. A function f: R"™ — R is log-concave iff —logof: R — R U {oo}
is convex (here log(0) := —o0). Hence its support is a convex subset of R™ and it is
continuous on the relative interior of its support.

[Proof. For any z,y € R™ and A € (0,1) there holds

FIL =Nz +My) > f2)' 7 fly)?

if and only if

—log(f((1 =Nz +Ay)) < —(1 = A)log(f(x)) — Alog(f(y)). Ol
2. The characteristic function 1x of a convex subset K C R" is log-convex.

[Proof. Let z,y € R™ and A € (0,1). If z,y € K, then also (1 — Az + Ay € K, hence
both sides evaluate to 1; if x ¢ K or y ¢ K, then the right-hand-side is 0; in either case
the inequality (2.2) is satisfied. O]

3. The function x — e~ lll” is log-concave. By applying Lemma 2.14 below it follows
that any Gaufian density is log-concave and Theorem 2.15 implies that the normal
distribution is log-concave.

4. The definition of log-concave measures can be extended to Radon-measures (i.e.,
locally finite, inner regular measures); any finite measure on B(R™) is a Radon-measure
(see, e.g., [25, Theorem 13.6]). We will have no need of such a generalization.

As per the first remark, the support of a log-concave function is convex; the same is
true for log-concave measures with the appropriate definition of ‘support’ inserted: the
support of the measure p on (R™, B(R™)) is the (closed) set

{z € R"|Ve € Rug: pu(xz +eB™) > 0}.

(We provide no symbol because it would be rarely used.)

!The use of compact sets avoids the difficulty that in general (1—\)A+ B need not be measurable even
if A, B are so. If A, B are compact, then so is A X B, the map (z,y) — (1—A)xz+ Ay is continuous and
(1—X)A+ AB is the image of A x B under that map and hence it is compact, therefore measurable.
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Lemma 2.13. The support of any log-concave measure p is convexz.

Proof. Let x,y € R™ be in the support of p and let A € (0,1); we have to show p((1 —
Az + Ay +eB™) > 0 for any € € Ry, so let £ € R5g. We note

(1=XNz+AXy+eB"=(1-XN)(z+eB")+ Ay +eB")

(inclusion from left to right is valid for any set instead of eB™, the converse only holds
for convex sets). Because x and y are in the support of p, we know p(x +eB™) > 0 and
p(y +eB™), and log-concavity finally implies

p((1 =Nz + Ay +eB") = pu((1 = N)(z+eB") + ANy +eB")) >
> p(x +eB™) u(y + eBMN > 0. O

The classes of log-concave functions and measures enjoy stability under certain im-
portant operations:

Lemma 2.14. Let ¢: R™ — R" be affine (m € NU{0}), let o € R>g and let E C R"
be a k-dimensional subspace (k € [1,n]).

A. Let f,g: R™ = Rx>q be log-concave functions.

af is log-concave.

. fo¢ is log-concave.

. fg is log-concave.

. If f is integrable, then g f is log-concave.

. 1f f and g are integrable, then f x g is log-concave.

B. Let p: B(R") — R>g and v: B(R™) — R>q be log-concave measures.
ap is log-concave.

vo ¢t is log-concave.

If K C R" is closed and convez, then u[K is log-concave.

© R v is log-concave.

If m = n, then p* v is log-concave.

T Lo do =

ARSI

Proof.  A. Let z,y € R™ (except for 4.) and A € (0, 1).

1. This follows from multiplying (2.2) with o and using & = a'~* o on the right-hand-
side.

2. —logof is convex, therefore also (—logof) o ¢ = —log o (f o ¢) and hence f o ¢ is
log-concave.

3. Writing out (2.2) for either f and g and multiplying the inequalities, while using that
all terms involved are nonnegative, yields the result.

4. Let z,y € E, let U := (u1,...,u,_x) be an orthonormal basis of E+ and let &, €
R"F then

FA =Nz + My + U1 =NE+ M) = f((1=N)(x+U&) + Ay +Un)) >

=f
> fla+ U™ fly+Un),
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so the Prékopa-Leindler-inequality (with h(§) := f((1—=N)z+Ay+U¢), F(§) := f(z+U¢)
and g(¢&) := f(y + U¢)) implies

e f (1= Nz + Ay) = /R (1= N + Ay + Ug) de >

- (/]R - f(‘“U£)CI£>1_A(/RHkf(y+Ug)dg)A —

= rpf(2) P ef(y).

5. The maps (z,y) — y and (x,y) — = — y, defined on R™ x R™, are affine, hence by 2.
(z,y) — f(x —y) and (z,y) — g(y) are log-concave, then by 3. h(z,y) := f(z — y)g(y)
is log-concave; now by 4. Tgny 17 is log-concave, and finally, since z € R" — (z,0) €
R™ x R™ is again affine, f x g is log-concave, because (f * g)(z) = mrny(o1h(z,0) =
Jen fx —y)g(y) dy.
B. Let A B C R"™ be compact and let A € (0,1).

1. Finiteness is clear; furthermore multiply both sides of (2.3) with a = a'* .

2. Clearly (vog~1)(R") = v(R™) < co. For the rest we have to anticipate Theorem 2.16:2
For v there exist k € [0, m], an injective affine map 1: R¥ — R™ and a log-concave density
f: R¥ — Ry such that, for all A € B(R™), v(A) = fzp—l(A) fdvg = (14 0 ¥)f dog;
this is equivalent to [p,, hdv = [p.(h o)) f duy, for all measurable h: R™ — Rx.

We know (1 —A)(¢pop) 1 (A)+ Apoy)"H(B) C (¢potp) 1((1 — \)A + AB), this implies

La—yyaeas (@0 ) (1= N+ Ay)) > La((p o) (x)) (¢ ov) (),

together with f((1 — Nz + Ay) > f(x)'~* f(y)* and Prékopa-Leindler (using F(§) :=
La((@ 0 )(€))(£), 9(§) == 15((¢ 0 ©)(§))f(§) and h(&) := 11_x)a+aB((¢ 0 P)(£))f(£))

we conclude

v(¢ (1= NA+AB)) = / La—xyams(@(r)) dv(z)
R

/R Taans(@((€)F(€) d¢

3. Recall (u[K)(A) = u(AN K). Finiteness follows from pu(K) < pu(R"™) < co. Both
ANK and BN K are compact by closedness of K, and (1—-X)(ANK)+ABNK) C ((1—

2The problem is that ¢>71(A) need not be compact any more; this is always the case if ¢ is not injective

and ¢~ (A) #£ 0.



42 2. MATHEMATICAL PREPARATIONS

AN)A+AB)NK (because: let x € ANK and y € BNK, then (1-X)z+Ay € (1-\)A+)\B
and (1 — \)z + Ay € K by convexity of K), hence

(IEK)(1=XNA+AB) =pu((1=NA+AB)NK) > u((1 =N (ANK)+ AXBNK))
> p(AN KA p(BNK) = (ulK)(A) 7 (I K)(B)™

4. First we have (p @ v)(R" x R™) = p(R™")v(R™) < co. Again we invest Theorem 2.16,
let k, ¢, f be as before. Moreover, for A C R” x R™ and y € R™ define 4, := {z €
R"|(z,y) € A}; if A is measurable (compact), then also A,.

Now let A, B C R™ x R™ be compact, then, for any y1,y2 € R™, (1 — XAy, + AB,, C
(T =XN)A+ AB)(1-\)y1+ry, and so

p(((1 =N A+AB) 1y 4a.) = (1= XAy, +ABy,) = p(Ay ) v(By,)™;

also f((1 — N)& + M) > f(&)'A f(&) for all &1,& € RF. Thus we may apply

Prékopa- Leindler to F(€) = a(Aye)/(€), 9(6) = nBye)f(€) and h(€) = n(((1 -
ANA+ )\B)¢(§))f(£) and therewith obtain

(1@ V)((1— N A+ AB) = / (1= XA+ AB),) du(y)

m

= [ 1= NA+AB) ) 1(6) de

> ([ mtaue)rce de) - ([ wtBaens© d£>A -

([ i) ([ wmpaw)

= (pev)(4)'* (nev)(B)

5. This follows from 2. and 4., because p* v = (u ®@ v) o ¢~ with ¢(z,y) :== = +y by
definition. n

Log-concave functions and measures are closely related to each other, as the following
two theorems show.

Theorem 2.15. Let f: R" — R>q be log-concave, let a + E C R™ be the affine hull of
its support, with some a € R™ and E € Gpy, k € [0,n], suppose [ f(a+ z)dx < oo,
and define pi: B(R™) — [0,00] by pu(A) := [pla(a+ x)f(a+ x)dx for A€ B(R"), then
W 1s log-concave.

Proof. u(R™) < oo is immediate.
Suppose E = R™ first. Let A, B C R™ be compact and let A € (0,1). We observe

La—nams((T= XNz + Ay) > 1a(z)' " 1p(y)°
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for any x,y € R", for if z € A and y € B, then both sides equal 1, or if z ¢ A or y ¢ B,
then the right-hand-side equals 0. Setting F':= 14f, g := 1pf and h := 1(1_x\a4xB/,
the premises for applying the Prékopa-Leindler-inequality are met and we get

n

> </n1Afdvn>1)\(/n13fdvn)>\:

= (A" u(B)N.

p(( = N4 AB) = [ 10 aaind v >

Now let k := dim(E) < n. Let x: R¥ — R" be a parametrization of E as described on
p. 35 and set ¢ := a + k, then ¢ is affine and thus f o ¢ is log-concave and defines a log-
concave measure v on R¥. Then, for any A € B(R"),

u(A) = [ Latata)f(ata)da = [ 1a@(O)r(0() de
= [ 1ol ©£61€) de = (67 (A))

soif A, B C R™ are compact and A € (0,1), then ¢~1((1=A\)A+AB) D (1-\)¢ 1 (A) +
Ao~ H(B), ¢71(A) and ¢~ 1(B) are compact, and log-concavity of p follows from that of
v. Ul

Remarks. As a special instance the measure induced by alx with a convex set K C R"™,
where v, (K) < oo, and a € Rsg, is log-concave, therefore so is the uniform distribu-
tion on a convex body (take K a convex body and a = v,(K)~!). If we followed the
more general definition using Radon-measures also Lebesgue-measure itself would be log-
concave.

The converse result to Theorem 2.15 goes back to Borell [3, Theorem 3.2]; actually his
theorem covers both the necessity- and sufficiency-parts and is valid for Radon-measures.

Theorem 2.16. Let pu: B(R") — R be a log-concave measure, then there exist a k €
[0,7n], a finite measure v on RF with a log-concave vy-density and an affine map ¢: RF —
R” such that 1 = v o ¢~ L.

(W /o proof.)

A log-concave function need not be integrable, take for instance f(x1,...,z,) = e*;
but if it is, it vanishes at infinity with exponential rate, and therefore moments of arbit-
rary order exist (proof from Klartag [22, Lemma 2.1], also in [4, Lemma 2.2.1]):

Lemma 2.17. Let f: R" — R>q be log-concave with fRn fdvuy, € Ryg, then there exist
constants A, B € Rxq such that, for all x € R", f(z) < Ae~ Bl

Proof. Because of [, fdv, > 0, there is a ¢ € (0,1) with v, (f~![(c,00)]) > 0, the
latter set is convex by log-concavity of f, and since it has nonzero volume its interior
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is nonempty; let zg € R™ and r € Rsg with 9 + rB" C f~![(¢,00)]. It suffices to
consider xg = o; else define fo(x) := f(z — x0), then f(z) = fo(x + z¢) < Ae Bllztaoll <
Ae=Blllzl=llzol) = (AeBllwollye=Bllzl

The set f~1[(£,00)] is convex, contains f~'[(c,00)] and by integrability of f,
U (fH(£,00)]) € Rso, thence it also is bounded, so let R € Ry with f~1[(£,00)] C
%B". (An unbounded convex set containing a ball also contains a half-cylinder with
infinite height and therefore has inﬁnite volume.) Then, for z € R™ with ||z|| > R,
RHi—” ¢ f71(5, 00)] and thus f(R ” H) < ¢, and also r”—mH € f~[(c,00)], thus f(rH%”) >c

R
Now write R%; = 2] =
Tl = Tal=r Mol T

= f(R”iH) - f(rn%u)

x, then by log-concavity

II:BH

[ETIES:: |

lel=r Bor Lel_# Bor
flz)Tal=r > clal=r f(g)Tal-r

and so,

_l=ll=Rr  Jzl=r _ [lz]=r vy =l
f(l') S I8 R—r ¢ R—r g R—r S (CeR—’I’)e R .

If [|[z|| < R, then let y € § + §B", this implies |2y — z|| = 2|y — 5| <25 =r, and
from this and from y = % 2y —z) + %:U and log-concavity follows

Thence,
1 T on 1
o> [ twdyz [y o (3E) 1@k
R £+%Bn
or,
r -2 2 =]l
-1 n _ izl
f(z) <c ’Un<§B ) </ fdvn> = M < (eM)e™ &,
and thus the claim follows with A := max{ceﬁ, eM} and B := %. O

The following concept of isotropy in the context of convex bodies means that a body
has the same moment of inertia for every axis of rotation (along with its barycentre
sitting at the origin; see also Definition 1.2); in the context of probability measures it is
more or less another term for ‘standardized’, that is, having zero expectation and unit
covariance, but also used for functions and measures.

Definition 2.18 (isotropy). 1. A density-function f: R™ — Rx¢ is said to be isotropic
iff

* [on :L'f dx =o0 (f is centred) and

o [pnax f )dx =
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provided that the integrals exist.

2. A probability-measure pu: B(R™) — [0, 00] is isotropic iff

o [pnzdu(z) =o (pis centred) and

o Jpnza! du(z) = I,
provided that the integrals exist.

3. A R"-valued random-variable X is isotropic iff its distribution is an isotropic meas-
ure (equivalently: E[X] = o and Var[X] = E[XXT] = I,,, provided that the moments
exist).

The following lemma shows that isotropy can be achieved without great difficulty.

Lemma 2.19. 1. Let f: R" — R>q be measurable with fRn fdv, € Ryg, such that
Jgn zf(z)dz and [y, 2T f(x)dz are defined and the latter is nonsingular, then there
exist a constant o € Rsqg and a bijective affine map ¢: R™ — R™ such that af o ¢ is
isotropic.

2. Let iz B(R") — [0,00] be a finite, non-trivial measure such that [z, xdu(x) and
fR” zx' du(z) are defined and the latter is nonsingular, then there exist a constant o €
R and a bijective affine map ¢: R™ — R™ such that ap o ¢ is isotropic.

Proof. 1. Define

- Jon @ f(x) dx "
b:= 7fRnf(l’)d$ € R",
z—b)(z—bTflx)de]"/?
and
~ det(A)
C T Foyde © O

then A is symmetric and positive-definite, and hence o > 0. The function defined by
() = af(Az + b) is isotropic because

- fl(x)dr = « - f(Az +b)dx = dct(4) Ju
a

/n;vf’(x)dx:a/nmf(A:r—i—b)d:E: dct(4) RnA_l(y—b)f(y)dy

_ ﬂl(/ uf () dy — b f(y)dy) o,

Rn
and
/n zx' f () de = a/n zx' f(Az +b)de = detOEA) . ANy =b)(y—b)TA f(y) dy

A—l

— M/"(y_b)(y_b)Tf(y) QA =1,
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2. Analogous to above define
o= p(R"),

b:= a/ xdu(x), and

1
2

Am (a/n(x—b)(x—b)T d,u,(:c)> ,

the affine map ¢(z) := Az + b and therewith i/ := ap o ¢. Applying the transformation-
formula [, h(z) dp' (z) = a [ (A7 (2 — b)) du(z) proves the statement. O

Remarks. If the function or measure is log-concave to begin with, then by Lemma 2.19
also the transformed function and measure, resp., will be log-concave.

The following simple lemma connects the expectation of the squared norm with the
covariance-matrix.

Lemma 2.20. Let [:R" = Rso be a density with A = [y, xa"f(x)dz, then
Jenllzl? f(z) do = tr(A).
.

Proof. This is a consequence of cyclic invariance of the trace, that is, ||z]|> = 2Tz =
tr(zTx) = tr(zazT); as a linear operator the trace commutes with the integral. O

The next result is Griinbaum’s lemma, going back to Griinbaum [17, Theorem 2 and
Remark (iii)] and quoted as given in [4, Lemma 2.2.6].

Lemma 2.21 (Griinbaum). Let u be a centred log-concave probability-measure with full-
dimensional support, then, for every § € S"1,

1
p{z € R™((0,z) <0} > —.
e
Remarks. If the support of p is not full-dimensional, it is contained in a hyperplane, and

then for any # € S~ ! orthogonal to that hyperplane the stated measure is 1.

Proof. Let # € S™!. Note that, since p has full-dimensional support, it has a log-
concave vy-density f by Theorem 2.16, hence it is absolutely continuous.

Special case. There exists M € Ry such that u{x € R"|[(f,x)| > M} = 0. Define
F(t) := p{z € R"|(0,z) <t} for t € R, then F is the CDF of the marginal of u on R,
hence absolutely continuous and increasing, with F(¢) = 0 for ¢t < —M and F(t) = 1
for t > M; F' also is log-concave for the following reason: we set A := {(z,s) € R" x
R[(0,x) < s}, then A is convex, therefore 14 is log-concave, thus (z,t) — 14(x,t)f(x)
is log-concave and so is t — [, 1a(2,t) f(z) dz = F(t) (Lemma 2.14). We have to show
F(0) > 1.

Because p is centred, so are all its onedimensional marginals, and combined with partial
integration this yields

M M M
_ / _ M _ o
0= /MtF (t)dt = [tF ()M, /M F(t)dt =M /M F(t)dt,
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equivalently,
M
/ F(t)dt = M.
-M
F is log-concave, hence log oF' is concave, therefore log(F'(t)) < log(F'(0))+ % t for all

L€ R, that is F(t) < F(0)e™ with o == 5 € Rog; wlog let 2 < M. Additionally

we know F' < 1, and therewith we can estimate

1/« M

M
M:/ F(t)dt < F(O)eatdt+/ 1dt
-M —00 1/
F

a 1 eF 1
:ﬂ[eat]l/oo+M——:e (0)+M——,
« (0% « «

and F(0) > 1 follows by rearrangement.

General case. For any M € N we set Hyy := {z € R"||(0,z)| < M}, then H)y is closed,
convex and pu(Hpyr) > 0 (otherwise the convex support of u would be contained in one of
the halfspaces {z € R"[(0,z) < —M} or {x € R"|(f,x) > M}, but then also the bary-
centre would lie in one of those and hence could not be zero) and limp; oo u(Hpr) = 1
by monotone convergence; furthermore we define by, := m Jrn 1oy, (@) dp(x) (the
barycentre of p restricted to Hjps), then by dominated convergence limps oo byy =
Jgn © dp(z) = o since p is centred, therefore there exists B € R such that [|by|| < B
for all M € N. With this we define the measure s (M € N) by

o u((bM—i-A) ﬂHM) B 1 _ -
pan(4) = FELEEL S — s |y (@)1 = b))

for any A € B(R™). Obviously pys is a probability-measure with py{z € R™||(0, z)| >
M+ B} = 0, moreover p)y is centred. Also, s is log-concave because it is the restriction
to a closed, convex set and translation of the log-convex measure p. Furthermore, s
cannot be degenerate, otherwise its mass would be concentrated in the set E'N Hjys with
a proper subspace F, and then p would be concentrated on by; + F, which it is not. The
special case now implies pp{z € R"|[(#,z) > 0} > 1, valid for all M € N.

We have (1p,,(z))am>1 — 1 for every z € R". Let A € B(R") and x € R" \ 0A, then
there is ¢ € Ry with  +eB™ C R™\ 0A, and by (by)m>1 — o there exists My € N
such that by, € eB™ and therefore © — by; € R™ \ 9A for any M > My, which implies
(La(x —bar))amr>1 — La(x); hence if p(90A) =0, then (1g,, (x)1a(z —bar))p>1 — 1a(z)
p-almost everywhere, and from dominated convergence follows (pas(A))v>1 — p(A).
As remarked at the beginning of the proof, the boundary of any halfspace has u-measure
zero, also py{z € R™(0, ) > 0} > 1 for all M > 1, and hence the claim follows. O

Comment. It is unclear to us what theoretical background Fresen expects from his read-
ers, as on the one hand he claims that his proof is accessible to anyone, but on the other
hand he calls the proving of Griinbaum’s lemma an interesting exercise (page 8); though
the proof cited above does not seem to us trivial at all. O
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The following is an examplification of the rigidity of log-concave functions, it can
be considered a strengthening of Fradelizi’s theorem (as in [4, Theorem 2.2.2|) in the
isotropic case.

Lemma 2.22. Let f: R® — Rxq be an isotropic log-concave density, then f(o) > 27",

Proof. The set f~1[(f(0),00)] C R™ is convex by log-concavity, with o ¢ f~1[(f(0),o0)],
hence there exists § € S" ! with (§,2) < (,0) = 0 for all x € f~1[(f(0),00)], or,
equivalently, (9, 2) > 0implies f(x) < f(0), for all z € R™. (Note that if f~1[(f(0),0)] =
0, any 6 € S"~1 works.)

Let p denote the measure with v,-density f, then, applying Lemma 2.21 (because of
absolute continuity > instead of > does not hurt), for any r € Ry,

1
L em0.0) > 0) =
— ule €RY(6,2) > 0 A 2]l <} + e € RY(6,2) > 0 A 2] > 1} <
S/ f(z)dx + p{z € R"|||z|| > r} <
{zeR™[(0,z)>0A||z||<r}

< J(0)va({z € R"(0,2) > 0} NrB") + pfe € R[] = r} =

= 5 F0)on(rB") + pfe € B ] 2 7},

and therefore
1 n

pla € Bz > v} > - = 5 flo)va(B").

o
Now substitute r = Av,(B")~/" with A € Rs¢; by Lemma 2.20 and using Markov’s
inequality we obtain

n= [ @) do > A%0,(B") >l € R o] = Av, (B") /") 2
R

n n\—1
> AZUn(Bn)fQ/n(é _ A Un(2‘B )

A2 An+2
— - 0);

flo)en(B")) =

_ Un(Bn)—Q/n(

the last expression is maximized at A = ( i 4 )1/ "

nFa)F@)) o and plugging in yields

4 )2/n n
e(n+2)f(0)/ e(n+2)

n > vn(B")_Q/"<

and thence
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we know v, (B") = n™/ r(e)-l = 7/ 2#%, so investing Stirling’s approximation
Lz +1) > V2mx(Z)" we get

nt2 D n+2 _n42

f(o) >4 2 (e(n +2)) 2 VTt 2) (n+2)% (20 =

4w 1 .
:e—gm(e\/%) .

By discussing z + /x + 2 (ev/27)* 277 for > 1 we find out that its global maximum
VT

is smaller than %7 and hence the claim is established. ]

Comment. We do not understand how Fresen obtains the worse estimate Cn 2 (eV2m)™™
instead of our sharper one, Cn~3 (ev/2m)™", as he does not spell out more details. His
introduction of the sequence (an)nzl and statement of lim,,_yoo @, = 1 seem to us an
unnecessary complication. A bit confusing are his ommissions of quantifications in lines 4

(generalization over z € R") and 8 (generalization over A € R+(). Besides, in the fifth
line from below there should stand v, (an. / LB"). O

2me

Remarks. If f is a centred but not necessarily isotropic, log-concave density, we know
by Lemma 2.19 that f' := af o A with A := (flR" zx’ f(x) daz) 1/2 (abusing notation by
writing A both for the matrix and the induced linear map) and « := det(A) is isotropic,
thus f'(0) = af(Ao) = af(o) > 2™, therefore f(o) > a~127™ = det(A4)~ 127,

Lemma 2.17 can be strengthened under the assumtion of isotropy (the constants are
no longer depending on the function); the case n = 1 is proved in |2, Lemma 3.2|:

Lemma 2.23. There exist constants Ay, B, € Rsqg such that for any isotropic, log-
concave density f: R™ — Rxq there holds, for all x € R", f(z) < ApeBrllzl

Proof. We do not present a complete proof here, but restrict ourselves to plugging to-
gether the main ingredients. One is found in Lovéasz and Vempala [31, Theorem 5.14,
18"L <

(d)]: for any isotropic, log-concave density f: R™ — Rx( there holds f(o) < om <

2,/n(20n)%. (The proof is somewhat similar to that of our Lemma 2.22, which actually
is part of the cited Theorem 5.14, (d), and also uses Griinbaum’s lemma. The proof of
our Lemma 2.22 expands the sketch given by Fresen, and does not follow [31].)

The other is [21, Corollary 2.4], stating that for any isotropic, log-concave function
f:R™ = Rsp we have f(z) < f(0o)e“™¢l#ll for all € R", with universal constants
C,c € R™. |21] gives no explicit values for the constants, but retracing the steps of the

proof (which also involves an excursus to [22, Lemma 2.7|) we may reconstruct C' = 2
1 1

and ¢ = ey 5001 2 q0234¢
2\n
The claim follows with A,, := &8&3%) and B, := W(SU'#) (note that the latter does
not depend on dimension). O

The last lemma in this section already is in dedicate preparation for the proof of the
main Theorem 3.1, it treats the radial part of a log-concave density when transforming
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integrals to polar coordinates and essentially tells that this radial part is strongly peaked,
and if the locations of peaks for different angles do not differ too much, they are actually
close to a multiple of y/n.

Lemma 2.24. Letn > 2, let f: R™ — R>( be a differentiable log-concave function with
Jo° f(tx) dt € Rg for every x € S™~ 1. Let x € S*1

1. Deﬁne the function Fy: R>o — R by Fy(t) :== t”flf(tac), then F, is a log-concave
function (considered as a function on R by extending with value zero).

2. F, has a unique mazximizer t, € Rsg, and there holds

d
ty 7 log(f(t:r))‘t:tz =n-—1.

3. For allw € ]0,1],

(1+u)te ocle ()
/ Fy(t)dt > (1 — 3= 555 / Fy(t) dt.
( 0

1—u)ts

4. Let f additionally be a centred density with fRn ' f(x )da: = 021, for some o €
R.g and let there exist a v € (0, 3] such that 1 —y < k= < L for all z,y € S"~L. For

any x € S"! pick a random-variable X, with density fO dvy)~1 F,. Let there exist

C1,Cy € Ryg such that, for any x € S" 1, |E[X,] — t.| < C’1 % and Var[X,] < Co %

Then there exists C' € Rsq such that, if v+ \Cfl < 1 holds, then, for any x € S*1,

C
< -
a\f v+ NG

Proof. 1. It suffices to show that ¢t — t"~! is log-concave; then, because t — tx is
affine, ¢t — f(tx) is log-conacave and thus F, as the product of log-concave functions is
so itself.

Let s,t € R>q, s # t, and A € (0,1). By the inequality of arithmetic and geometric
means,

s < (1= N)s + X,
and thence
((1 . )\)8 + )\t)n—l > (Sl—At)\)n—l — (Sn—l)l—)\ (tn—l))\.

So actually F, is strictly log-concave on its support.

2. By Lemma 2.17, F,(t) decays at least exponentially to zero for t — co. Furthermore
F,(0) = 0, and by the assumptions on f, values of ¢ with F,(t) > 0 exist and Fj is
continuous, hence F), attains a global maximum; by strict log-convexity the maximizer
is unique. The characterization of t, is a rearrangement of F(¢,) = 0.
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3. For brevity we call ¢ := log(5). The function ¢ + log(f(tz)) is concave and hence
lies below its tangent at ¢;; together with 2., this means, for all t € R,

log(f (1)) < log(f () + 5 Tog(F (1), _, (t — 1) =

= log(f(tz2) ~ (n~ 1) (3 ~1).

x

Also log(1 + 2) < 2z — ¢2? for all z € [-1,1], and therefore
t t t 2
[ DR < _eof = —
log(t:) (tx 1) = c(tx 1)
for all t € R>o with ‘% — 1! < 1. These facts now imply
Fy(t) = exp((n — 1) log(t) + log(f (tx))) <
t
< exp(< 1)log () + (n = Dlog(t.) + log(/(t:a) — (n = (-~ 1)) =

w(tz) exp(n—l log< )—(n—l)(é—l)) <

< Bt esp(etn - 1) (1- 1)),

T

still for all ¢ € Ry with [ — 1| < 1.

Let t € (tg,2t;]. If s € [ty,t], then s = tt:ti te + f:f;” t, and by log-concavity,

F.(s) > Fy(t )tt_;c Fz(t)% — Fm(t)(%m(f;))t:f; >

thus,

3 F: (1)
c(n—1)(t —ty)

IN
—
D
"
e
~—~
o
—
S
|
—_
~—
|
|
—_
~—
%)
~—
|
—
——
L
S—
=
—~
»
SN—
QU
»
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If s € [t,00), then t = S‘:i ty + t:iz s, so again by log-concavity,

S

—t t—t

Fu(t) > Fy(ty) s Fy(s)te,

< Fy(t) eXp<_C(n = txt)Q(s —1) )

again integrate,

/OO F,(s)ds < Fy(t) /00 exp(—c(n -1) w) ds =

£
2 — s — o)
=ty e (e )]
__ BRE

(- 1)t~ 1) i
{exp(c(n - 1)(; - 1)2) - 1}1/0 F,(s)ds,

where we have used our former result. Rewriting with u := % — 1€ (0,1] produces

/(OO Fo(tydt < {exp(e(n —1u?) —1} /OOO Fy(t) dt.

1+u)ts

IN

Now consider ¢ € [0,¢;). As before, first let s € [t,t5], then s = ii:i t+ ti_—tt t,, hence

Fy(s) > Fyt) 5 Fy(t) ot = Fz(w(?((g)) s

(t —to)(t — s§>

t2

xT

> () exp(c(n — 1)
from this follows
oo tz
/ F,(s)ds 2/ F.(s)ds >
0 ¢

> Fp(t) /ttz exp(c(n —1) m) ds =

t2
T )t —1y) jexp (etn =1 - tzt)%(t : S))]zm

2
= i Lol -0 (1)) -1

t2F,(t)
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S0,
o

) _
r ixf;x((ti)_ 5 < {exp (c(n -1) (ti - 1) 2) - 1} 1/0 Fy(s) ds.

For s € [0,t] we have t = f;”:ﬁ s+ ti:Ss t., consequently,

t—s

ta—t
Fu(t) > Fip(s)te— Fp(ty) s,

thence,
F,(s) < Fy(t) Z:: F.(ty) ttzit — FI(t)(;;éi))) . <
< Fu(t) exp<fc(n _ (t— txt)2(s - t)>’

from that by integrating,

/Ot F.(s)ds < Fy(t) /Ot exp(—c(n —1) W) ds =

t2

T

2 _ s — ¢
g e )

2 _
- w151

{exp(c(n -1) (;; - 1)2) — 1}_1 /Uoo F,(s)ds;

by substituting v := 1 — i € (0, 1] this reads

/O(I_U)tx (1) dt < {exp(e(n — 1)u?) - 1}71 /OOO Falt) di.

Putting things together, we obtain

/((Hu)tm Fo(t) dt > {1 - Q[exp<0(n - 1)u2) - 1} _1} /OOO Falt) dt,

1—u)ts

IN

and it remains to bound the term within the braces. First note

log(3) )%

1 - 2[eXp<C(n— 1)U2> - 1}_1 <0 ful < (c(n —1)

Hence, it is sufficient to consider the range |u| € [(Cl(ofigl)))l/z, 1]. We have

[exp(c(n - 1)u2) - 1} T exp(—c(n - 1)u2> {1 - exp(—c(n - 1)u2>} -
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the inverted term is decreasing in |u| and thus

[1 - exp(—c(n — 1)u2>] o < [1 - exp(—c(n -1) m)} o %,
( lﬁg( ) )1/2

therefore, for |u| > 1)

)

1-— Q[exp(c(n — 1)u2> - 1} - >1-— 3exp(—c(n — 1)u2),

and for smaller |u| the right-hand-side is again negative. Lastly, n —1 > % for n > 2,
and so

1-— Sexp(—c(n - 1)u2> >1- 3exp<—g nu2>.

4. Here we set ¢ := M. Let 2 € S”~!. Then for any y € S"~! we get the upper
bound

E[X2] = E[X,]? + Var[X,] <

< (t +Clt—y)2+cz—y:
2C4 C%—FCQ)
i )

2
now we have 1 #2 for n > 2 and tz < (lii””v)g < (1 + 67)t2 by exploiting convexity of

Y= 1 ,y)z and [ l], so we may continue,

—t2<1+

oS

' 2

E[X§]§t§(1+67)(1+(201+c +CQ) )
C? +C>
\f

:t§<1+67+(1+6'y)(201+

E\H

20
Stﬁ(l—i—ﬁ'y—i-—),

vn

where we have defined C' := 401 ++1/2(C?+C3). Using Lemma 2.20 and polar coordinates,
we obtain
no? = / €l (e) de

2/ / r2F,(r) dr do,—1(y)
Sn—1

:F(g)/sn1 X2/ Ey(r)drdo,—1(y) <

<2(1 +6’y+ nz / / r) dr don_1(y) =
5 Sn— 1

M\S 1\3\3
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2C
:t§(1+6fy+—

7
From this follows

1
2

)

Convexity of £ ~— (14+&)~%/2 implies (1+&)~1/2 > 1§ for all € € (—1, 00) and therefore
3y — —.
Similarly we bound the expectation from below (note that by our assumtions < T %),

E[X2] > E[X,]> > (ty ot

\}>
(1 20  C%
——+—)

Jn
> 2172 (1-22)

> 201-2)(1-22) -
:ti(1—2y—2\%+43%7) >
zti(l—%—i%),

where we have used (1 — )2 > 1 — 2y (by convexity). This we use in order to estimate
in its turn

2 n o0
no? — FW:)/ E[Xyz]/ Fy(r)drdon,—1(y) >
D) Sn—1 0
2
>2(1-2-22).
n

Hence,

T 2 -3
t §(1—2’y—£> 2.
O'\/ﬁ

Again by convexity we have (1 + 2)7Y/2 <1 —2(v/2 — 1)z for z € [-1,0], and by our
assumptions we may use this to get
ty 4(v/2 - 1)Cy
ovn ~ Voo
From this the statement follows since 4(v/2 — 1) < 3 and 4(v/2 —1)C; < C. O

(V2 —1)y+
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Comment. Though Fresen does not state it, point 3. essentially is [20, Lemma 4.5] (apart
from the range of the relative deviation: [0, 1] for the former, [0, 1] for the latter; we have
adapted the constants so to cover the larger range). In our view, Fresen’s proof has
two advantages: it rquires F, to be differentiable only once (versus C? in [20]), and
the techniques themselves are mostly elementary. Point 4. provides an analogue to |20,
Lemma 4.6, (ii)]. O

2.3 Thin-shell-property and central limit-theorem

In this section we provide important stochastic tools, some of which bear an interest of
their own. The first result regards the spherical properties, so to say, of the n-dimensional
standard normal distribution.

Lemma 2.25. Let n > 2 and let Z be an R"™-valued random-variable with standard
normal distribution.
1. % has distribution o,—1 and is independent of || Z]|.
f X is an R"-valued random-variable with distribution u and independent of Z,
thenY := <”§—”, ﬁ> has the same distribution as ||Z71H and is independent of | X||.
3. For any € € R~ there holds

\/i

Proof. 1. This actually holds for any radially symmetric distribution which puts no
mass on the origin. See, e.g., Prochno, Théle and Turchi [35, Proposition 3.3| for an even
more general result. Write ¢(z) = 9(]|2]|) with ¢ : R>¢9 — R>q, then by transforming to
polar coordinates,

1_/ @(z)dZ—/ (|21l d=

n

rLa(||r " do erW% 007“”_1 r)dr.
= [T e s a0y = s [T ey d

Now let A € B(S™™1), then ﬁ € Aiff Z € RyoA because the former implies ||Z] > 0

and Z € || Z]|A C RsoA, and the latter means Z = Aa for some A € R, a € A, therefore

IIZ]| = A and hence ﬁ =a € A. With this we get

[ng € 4] = PIZ € Rood] = /R RGL

/ / =1l 2“) dop_1(0) dr

n
T2

= ol On-1(0) = op_ .
= 2y e [ dowae) = 0a(a)
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For the independence-part let A € B(S"!) and B € B(Rx), then via a similar reasoning
as above, ﬁ € AN|Z|| € Bifft Z € BA; moreover 1p4(rf) = 1p(r)14(8) for r € R>q

and @ € S 1. Thus,

Pz € AM 7 < B] =Bz € BA = [ maeote)de

= anl(A)/ o(z)dz
{zeRn|||z||eB}

Z
- P[m € A} P[|Z| € B.

2. For the distribution of Y let ¢ € R and note that because of 1., }P’[”Z—ln < t] =
Un_l{(g € Sn71|91 < t}. Thus,

PlY <] = (M®an,l){(x,0) € R" x S”_1‘<”i—u,0> < t}

/n /Sn (1 oy<i)(,0) dop—1(0) du(x)

= /n an_1{9 € Sn1’<||§z”,9> < t} dp(z)

= / on_1{0 € S" 710, <t} du(x)
= O'n_l{e € Sn71|91 < t},

where we have used rotational invariance of o,_; (rotate ﬁ to e1). For the independ-
ence-part let s,t € R and s > 0, yielding

X
PlIx0 <A (rermzm) <4 = L L Wit acn@.0) dras 0) dua)

= /[IM on1{0 € 5" 1‘< ||i|!’9> <t} du(w)

= iz € R"[|z|| < s}on1{0 € S" |01 <t}
= Pf|X]| < s] P[Y" < 1],

where again we have used rotational invariance of ¢,,—1, as before.
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3. Let € € R+ ¢; we will estimate the upper and lower tails separately, first the former.
There holds

P ”\i,l’ -1> s} =P[|Z|| > (1 +e)vn] =P[Z € [(1 +&)v/n,00)S"!]

o
(1+e)vn
21_% 2

n—1_—3r
= r' e dr;
I'(3) /(1—1—5)\/5

transforming r» = x + v/n, we get

/S"l i (2r) T2 e 2t dop—1(0)dr

D=

n— -1 ne
= (/) = n"z (1 - i>n <n"T etV

so the integral can be estimated by

o0 1,2 n—1 o0 1 2
/ rmle2™ dr < n2/ etV g3 (@tVn)® g
(1+e)v/n evn
n—1 n o0 1,.2
=n 2 e2/ e 27 dx <
evn

7T n—1 n 1 2
<, /=n2z e 2e 2™
= 2 )

where we have used the estimate [ ¢(t) dt < £ (). By Stirling’s formula we also have

r(2) = %F(% +1) > % VTnn? 272 e 2; thus we obtain

1_n
P —HZH —126} <3 22 2_2 —5 znngl e e =
\/’Tl ﬁ,/wnn22 2 e 2 2
—Le_%nEQ'

Concerning the lower tail we have

Z
P71 <] ~ Pzl < (- pvm
21—% /(1—8)\/7; 1 19
= r" e 2" dr
I'(3) Jo

with the substitution » = 2 + y/n, the domain of integration becomes [—+/n, —ey/n|, and
as before (z+/n)" 1 = n"zT (1+ ﬁ)”_l; estimating that from above is more involving
this time: consider f(z) := (1 + %)”_1 e "V for x € [—+/n,0], the critical points are

—+/n (only for n > 3) and —ﬁ, the respective function-values are f(—y/n) = 0 and
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F(=5) = (1 = 3)"!; because of f(—y/n) =0 < f(x), f(0) =1, and f(—=) € [1, §]

we know f(z) < § and thus (1+%)"! < %ex\/ﬁ; so the integral is bounded from above

vn
as follows,
—evn n—1 —evn
/ (1 n i) e S@HV? g < & / VI =SV gy <
—Jn \/ﬁ 2 —Jn
—E&\/N
< gefg / e 2% do <

using the same estimate for I'(§) as above, we arrive at

1_n
P LZ” 1< -l < 2 2 = n% m Ee*% efénEQ =
\/’E TZL Wnn2 27§e7§ 22
— —lne2
2\/
Adding the inequalities for upper and lower tail finishes the proof. ]

The next lemma is intimately related to the concentration of measure on the sphere,
saying that the volume of a spherical cap approximately follows a normal distribution
with standard deviation T’ this has the effect that in high dimensions an only slightly
“fattened” equator already carries most of the mass (of course because of orthogonal
invariance this holds for every great circle), see also 24, p. 403]. The interested reader

is referred to the textbook of Ledoux [26] for the basics of concentration of measure.

Lemma 2.26. Let n > 2. Define ®,: R — [0,1] by ®,,(t) := 0,,_1{0 € S 10, <
then

b

[P — @[ oo () <

S

Remarks. The bound actually is poor; graphical experiments suggest something like at
most (i/lé, and perhaps even 7 but the proof does not yield as much.
Proof. Let Z be an R"-valued random-variable with standard normal distribution, then

Lemma 2.25, 1., implies ®,(t) = IP’[”Z” < ﬁ] Note that because of the symmetry

of S"~! there holds @, (—t) = 1 — ®,(¢), the same goes for ® and hence it suffices to
consider |®,(t) — ®(¢)| for t € R>g. Also the statement is trivially valid for n < 4, so
w.l.o.g. assume n > 5.

First let ¢ > /n, then ®,(¢) = 1, hence
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Now consider ¢ € [0,/n). Denote W := (Za, ..., Z,)T, then Z; and W are independent
GauRian random-variables, and || Z||? = Z? + ||W||?. Thus,
2 e
(1) — @(t)| = |P[21 < 7 HZH} o) = [P[zs <0V 28 < = 27| - 0(1)|
- t2
= plz; <ov” Z12 < HWH?} - <I>(t)’
i n
i t
_|p[z, < W } — et ‘
=5 llwll e
— / /V"‘tQ (2m) " 2e 2% dzy (2m) "7 e 2P gy — <I>(t)‘
Rn—1
_ / a( il ) (2m) 7 e 31— (s )'
Rn—1 Vn — t2
LW
- E{(I)o } —®(t ’ <
— (t)
tIW]]
<E[|eo - (1)]].
vn —t? Q
NG 1 -5 _s|Z|12 _sZ%n _n
For t? > ¥ we use 1 — ®(s) < 5e 2 andE[ sIZI°] = E[e=%i]" = (1 + 2s)~ 2, either
for s € Rxq, also (1 + £)" < e (for z € [-n,0)), and e < L (for z € Rx); this
yields
W] L el LA T S
Bllee 5 - o] < 5 Bl = )y et
1 R S i P
— (142 ) Z et
2< L Tr—e) o
1 Nl g
--(1-2) Seitf <
2( n + 2 ¢
< le noty2 +1 ~Lg2
-2 2
< 11( 1)
~2et?’\n-1
< 31 1 < 1 < 2
~15e 2 2~ /n’
In the case 2 < 4 < 7 we use Lemmata 2.4 and 2.25, 3., and |z — 1| = ||m2+_11‘| < |z?-1]
(for x € R>g) to obtain
tIW]] 1 Wl
ol 2L~ < e L o
n —t2 ®) 2 n — t2
vn—1 E[ W] 1H+1‘\/n—1 ]
T 2vn—t2 Uyn-1 21y/n —t2
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s vn-1 “P[ W]
T 2vn—12 )y vn—1
< Vn—1 e+2 me—%(n—1)52d€+ 12 — 1| _
T 2vn—12 2v2 Jo 2(n — t2)
_Vn—1le+21 [ 27 2 — 1|

T Vie vz 2Vno1 e

1in—-1
SR =
> € 5+2 2

CeH2yE 1 P
TR UniE 2m—p
ST 1 A 2 .

= 4/3 Jn 2-3n/4 = n

Comment. Unfortunately Fresen’s hints towards a proof (page 10) are too scant for us
in order to reconstruct it; he only writes down (essentially) ®,,(t) — ®,(—t) = P[|Z1] <

ﬁ (2?22 7Z? ) 1/ 2] (he inadvertently misses the square-root over the sum) and suggests

using ®((1 4 9)t) — (¢t) < C9 and Gaukian concentration about /n; as an alternative
he speaks of considering the density ®/,. He gives no further information on what he has
in mind about how to string the ingredients together to a full-fledged proof. This is why
here we have presented the proof of |2, Lemma 2.7|, given also in [4, p. 396]. O

The theorem of Lévy given below, taken from [4, Theorem 1.7.9], builds upon the con-
centration of measure on the sphere; its usual interpretation is that a Lipschitz-continuous
function on the sphere is “almost constant” on “most of its domain”. If the mean used
below is replaced by the Lévy-mean (also called median), then an analogous statement
holds for other probability-spaces where concentration of measure can be observed.

Recall that for metric spaces (X, dx), (Y,dy) a function f: X — Y is called Lipschitz-
continuous with constant L € Rx>q iff dy (f(z1), f(z2)) < Ldx(x1,x2) for all 1,29 € X.
The standard metric on S™"~! is the arclength or geodesic distance given by d(6,6') :=
arccos (0, 0'); the Euclidean metric on R™ induces the chordal metric on S™~1.

Theorem 2.27 (Lévy). Let f: S"~1 — R be Lipschitz-continuous with constant L € R
and set

M = f(0)do,—1(0).
STL*l

Then, for every € € R,

2
on1{f € Sn_le(@) ~M|>e} < 2exp<_(n2ng)€)’

(W /o proof.)

Remarks. Because of |0 —6'|| < d(6,6"), the Lipschitz-constant computed with respect to
the arclength is bounded from above by the Lipschitz-constant with respect to Euclidean
distance, hence also the latter may be used.
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One of the key-statements concerning almost normal marginals of high-dimensional
random-vectors is the following theorem (formulated and proved here for log-concave
distributions; see Theorem 1.4 on p. 24 for the more general version given in [2]).

Theorem 2.28 (thin shell implies CLT). There exist constants C,c € Rsq such that the
following holds: let e € (0, %) and let X be an R™-valued isotropic log-concave random-
variable. If X has the thin-shell-property

{2 <

then, for any § € R, there holds

%—1{9 € S”‘l\ sup{[P[(0, X) < t] — ®(t)||t e R} > & + 3—28} < Cyne

Comment. Fresen omits the role of § by seemingly equalling it with ; while not harmful
in itself, it bereaves the theorem of some of its generality and, more importantly, it
hinders its application for the proof of the main Theorem 3.1 where we indeed make use
of choosing ¢ independently from e (albeit the former is going to be a multiple of the
latter; see page 80).

A minor slip is his writing € > 0, where the literature usually restricts to € € (0, %),
and at least our proof explicitly needs an upper bound smaller than 1. A matter of taste
is his longwinding formulation of the premises instead of something shorter like, “let u
be an isotropic, log-concave probability measure on R¥ with density f”. The measure in

line 5 of the theorem should be oj_. O

Proof. Call f the density of X. Define the map F': S""'xR — R by F(6,t) := P[(#, X) <
t]; we are going to show that F(-,t) is Lipschitz-continuous for any ¢t € R. First let t € R
and 01,0, € S~ with ||6; — 65| < %, w.lo.g. 01 # 03; denote H; := {x € R"|(6;,x) < t},
i € {1,2}, then

F(0,4) — F(6,4)] = [P[X € Hi] — P[X € H)|
= |]P)[X € Hy \HQ] +P[X € Hy ﬂHQ]
—P[X € H2\H1] —]P)[X S HQﬂHlﬂ <
< ]P[X € Hl\HQ] +P[X € HQ\Hﬂ :]P)[X € Hy AHQ];
Let £ € G2 be the linear hull of {61,602}, a := arccos(f1,62) € (0,75), then by the
02 —cos(a)01
sin(a)

02 —cos(a)01
sin(a)

Gram-—Schmidt-process {6?1, } is an orthonormal basis of F and every = € R"”

can be expressed as x = x161 + xo + y with unique x1,22 € R and y € EJ-,

this means

re€H ANHy<=xz€ H \HyVze€H)\ H
< ((bh,z) <tA(O2,2) >t)V ((01,2) >t A {O2,x) < 1)
< (11 < tAcos(a)xy + sin(a)xy > t)
V (1 > t A cos(a)xy + sin(a)zg < t).
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Furthermore, 1y, am,(x +y) = 1H1AH2 (z) for all z € E and y € E*+, and therefore (we
1—cos(a)f1 ))

write fE(CL’l,CL'Q) = WEf(l'lel + T2 " sin(a)

F(61,1) — F(62,1)] < / / Loty 9) (o + ) dy di =

$1, 552) dI‘Q dﬂjl
t— cos(a)zl

sin(a)

t—cos(a)xy

sin(a)
+/ fE(xl,acg) dzo dry.
t —00

Because X is log-concave and isotropic, f is a log-concave, isotropic density, hence g f
is so and also fg, thus by Lemma 2.23 there exist constants A, B € R~ independent of
fE such that fg(x1,x2) < AeBli@ra2)'l < ge=Blail+lz2]) for all (z1,22)T € R?. First
consider the case t > 0, then the first integral is

0
/ [ (@) fE(21,22) dro dry < A/ _B“ﬂ . e B2 duo day =
cos(o Tl cos(o :El

sin(a) sin(a)

t cos(a)zq
. / —BZ‘1e sin(a) dxl

t ; i
cos(a)—sin(a)
Ee sm(a) / eB sin(a) 1 df/Ul

—00

_ Asin(a) o sinB(ta) (1—cos(a)+sin(a))
B2(cos(a) — sin(a)) ’

H 2
the exponent there is 1 + 1;;0&5)04) =1+ % = 1 +tan(§) > 1, furthermore,
if we set s := [|01 — 02|, then s = 2sin(5) and thence coS(Zzi)n—(oséi)n(a) - 2cos(a?25i—nl(§)
0057(2%) -2 Sin( %)
T—s < 20 5 by using s < ;5. This gives
4—s2

2004 _p,
/ ﬂ cos(a)zl .’L’l, l’Q) d:,UQ dxl - 17932 ”91 - 02”

sin(a)

The second integral can be estimated as

t—cos(a)zq t—cos(a)xy

sin(a) o0 _ sin(a)
/ / .’El, .TQ) d:L'Q dl’l < A/ (S] Bz / eB$2 dIQ d.’El =
t

—00

A Bt S sin(a)+cos(a)
— E esin(a) e —-B sin(a) 1 d-:Ul
t

_ Asin(a)
B2 (sin(«r) + cos(a))

Bt (.
— sty (sin(a)+cos(a)—1) |
e () ;
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1—cos(a) __ sin(§) 1 sin(a) sin(a) __
now 1 — sin(a) T & cos(2) 1= 4_52 > 1= 309 and cos(a)+sin(a) = cos(a)
2sin(5) 200
2cos(%)22*1 = 2 852 S 199 5, Wthh ylelds
cos(§) Va—s2

t—cos(a)xq

sin(a) 200A _ 1
/ / plwn,wo) drydey S 075 € e U |10y - 0,

and taking everything together we have shown

F(Or,1)  F02,1)] < o & P17 0, — 6],
For the case t < 0 we observe
F0,t) =P[(0,X) <t]=1-P[0,X) > 1]
=1-P{(-0,X)<—t]=1—-F(—0,—t)=1—F(-0,]t])
and therefore
08 B g, — ).

[F(61.1) = F(02,8)] = |F(~61,[t)) = F(=62, |t])| < =555

Now let 6,65 have arbitrary distance, then along the shorter arc of the great circle
through 6; and 6> choose points 0O =6,....,60) = @, such that ||0(i)—9(i_1)|| < % and
the arcs spanned by successive points intersect at most at the endpoints, for a suitable
N € N.3 Then

N N : T
ZHQ(%) _ -1 Z =d(01,02) < 3 101 — 0]
i=1 i=1

and therefore

N
|PK€ht)4—PKQ%t)]§§§E]P19@_1%t)4—510“%tﬂ

Z 400A —B 1—\/%”1” ”9(2'*1) _ g(i)H
179B2

2007rA e_B(
~ 17982

_92||7

_B(1l—_1_
that is, F'(+,t) is Lipschitz-continuous with constant at most L(t) := fggg;‘ o BU-E)ltl
We aim for an application of Theorem 2.27, so we define the average distribution-function

F: R — R by

Hﬂ:AMF@wwWW)F@mwwmmmeWxWﬁ&@SM.

3Effectively this can be done in the following way: orthonormalize {61,602} as before, set a =
arccos(f1,62) € (0,7], ao := 2arcsin(55), N = [+ and take the points 00 = cos(i%)0; +

sm(lﬁ)% for i € [0,N]; if 2 = —61, then choose any 65 ¢ {£6:} for the orthonormal-

ization.
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Let 6 € Rsp, wlo.g. 6 <1 (since distribution-functions cannot be more than 1 apart),
set m := 1] € N, and for i € [1,m] define t; := F~}(—.) € R (in the sense of quantile-
function), then

m+1

on-1{0 € S"3i € [1,m]: |[F(0,t;) — F(t;

~—

>0} <

Ms

<D on1{0 € S"T|F(0,t) — F(t)| > 6}

..
I
—

_(n=1) ¢2
2e 2L(t;)2

s

I
_

K3
1 82 1
< 2me 4L(0)? n < %e 4L(0

(keep in mind that L(0) = 29974 i an absolute constant); now if né> > 4L(0)2, then

17982
12
% < %, and if né? < 4L(0)2, then L‘{g) e o™ > f() Therefore, define C' :=
max{e, ﬁh then ¥ < L(0)C L\(fo) Cy/n for large §, and Cy/ne o > 1 for small

d; as 0,—1 < 1 we have, for all § € (0,1],

1
on1{0 €SPV € [Lm]: |F(0,t:) — F(t)] > 8} < Oy/me 02"

This shall be extended to all t € R: let § € S"~! such that |F(0,t;) — F(t;)] < & for all
€ [1,m]. First case, t < t1: then 0 < F(0,t) < F(0,t1) and 0 < F(t) < F(t1) = m+1 <
0, thus

F(0,t) — F(t)
F(0,t) — F(t)

Second case, t; <t < t;11 for some ¢ € [1,m — 1]: then F(0,t;) < F(0,t) < F(0,t;41),
F(t;) < F(t) < F(tiy1) and F(tip1) — F(t;) = 725 < 4, hence

—F(t1) > —6 > =20,

>
< F(0,t1) = F(6,t1) - F() + F(t1) < 26.

F(0,t) = F(t) = F(0,t;) — F(tiv1) = F(0,t;) — F(t;) — (F(ti1) — F(t:)) > =26,
F(0,t) = F(t) < F(0,tiv1) — F(t:) = F(0,tit1) — F(tiy1) + Ftiv1) — F(t:) < 20.

Third case, t > tp,: then F(0,ty,) < F(0,t) <land1-6 < 1—25 = F(tm) < F(t) <1
therefore

F(0,t) = F(t) =2 F(0,tm) =1 = F(0,tm) = F(tm) — (1 = F(tm)) > =25,
F0,t) —F(t) <1— F(ty) <d < 20.

These lines have shown
1 82
oo 1{0 € "3t € R: |F(6,) — F(t)| > 20} < Cy/ne 0™

In order to compare F to ® let Z be a S !-valued, o,_1-distributed random-variable
independent of X, then by Lemma 2.25, 2., Y := <ﬁ, Z > is identically distributed to
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7y and is independent of || X||; this also means P[Y < t] = ®,,(ty/n) with ®,, as defined
in Lemma 2.26. Let t € R>g, then

F(t) = (Px @ on-1){(z,0) € R" x S"71|{0,2) < t}

t
=P[(Z,X) <t] =P|Y < W]

_PQ = ||X||HH Al ED PHHXﬁH -1 <¢]

+P<[Y—||X||H{H\);” 1] > DPHHX\/HH”‘”}

For an upper bound we estimate the second and third probabilities by 1 and use the thin-
shell-property for the forth one, for the first one we exploit the condition ‘”)n(—” — 1‘ <e
equivalent to a +€1) 7 < m < —1_ and therewith get

t

F(t)SI[D([Yg (e ] H”X” 1‘35})-1“-6_
:@”<1i€>+€§@(1i€>+\/2ﬁ+6

<I>(t)+;ﬁ+(1+\/§)e§<b(t)+\/2%+3;,

where furthermore we have used independence of Y and || X||, Lemma 2.26 to compare
®, and ®, and Lemma 2.4 to get (1) < (1) + —=( — 1) = ®(t) + \/;?ffag

o
O(t) +e\/;.

For a lower bound we estimate the third and fourth probabilites by 0 and take the
complements in the first and second ones, that is,

F(t)z{l P([Y>HX”HH”X”—1’§5D}{1—PH”X\M‘—1‘>s]}
Z{l—P([Y> (1+t5 | H”X”—l‘éeD}(l—é)Z

:@n<1ie>(l_€)2¢"<lie)_Ez(p(lj—e)_jﬁ_gz

Z(I)(t)—jﬁ—<1+\/21?ﬂ)€2@(t)—;ﬁ—3;,

where ®(t) < <I>(1+E) + \/7(1 +e—-1)= (I)(Hs) + \/2‘5? again by Lemma 2.4.
For ¢ < 0 we remark that —Z has the same distribution as Z and thence

IN

F(t)=P[(Z,X) <t]=1-P[(Z,X) > 1
=1-P{(-Z,X) < —t]=1-P[(Z,X) < ~t] =1 — F(—t),
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and because the same symmetry-relation holds mutatis mutandis for ®, the estimates
derived above transfer to the case t < 0. Finally let # € S"~! such that |F(0,t) — F(t)| <
26 for all t € R, then, for all t € R,

3e

[F(0,8) = ®(t)] < |F(6,1) — F(t)| + [F() - ®()] < 26 + } +

! 2
We already know C’fe L2 > 1 for nd? < 4L(0)?, equivalently % > L(O), by
estlmatmg 20 + \F +% > 02+ L(l ))5 + % the failure-set becomes larger, but since

Cyne 4L<0)2 no? > 1 for those n and § anyway, it does not matter on the other hand, for
ndé? > 4L(0)? the good set becomes larger by estimating 20 + 2 =+ 35 < (2+ 0 ))(5—1— 5

52
so the lower bound 1 — Cy/ne 4L(0>2 is valid still. This means that in any case we

may absorb % into the d-term and get

{0 S’H(at ER: |F(0,1) - (1) > (2+ L(O))5+ “} < Cy/ne 02

L(0) 7 0 yields the desired result. O

Replacing § by ST(0)F

Comment. Fresen’s proof has the merit of the simpler demonstration of the Lipschitz-
continuity of F(-,t).

Unfortunately it contains several typos: line 3 should read |...| < p({(z,0:) <t} A
{(z,02) < t}) because M already denotes the measure of a halfspace, hence taking the
symmetric difference and the measure do not make sense; also equality will usually be
violated as is evident from spelling out the details. The same wrong equality-sign stands
in line 6, there also the integration-boundaries have incorrect 1 instead of ¢, and ¢ is a
function of both x and y. In line 10 the argument of the exponential function should read
—c|z| — cly| (absolute values missing and mismatching names of variables); the absolute
values again are missing in line 12, and for an unknown reason the constant has been
changed to ¢/; also the upper boundary of the inner integral should be ¢t — ytan(3). In
lines 14 and 15 n ought to be replaced by k. On page 10, line 1, Y should rather be
called “scalar” since as an inner product it is onedimensional. Lastly, Y is identical in
distribution to vk 6. (The missing square-root in line 7 from below has alrady been
hinted at.) O






3 The main theorem and its proof

This whole chapter is devoted to the proof of the following theorem.

Theorem 3.1 (CLT for convex sets). There exist null-sequences (en)n>1 C (0,1] and
(On)n>1 C (0,1], such that for any n > 1 and any R™-valued isotropic, log-concave
random-variable X,

on-1{0 € S" | sup{|P[(0, X) < t] — ®(t)|[t e R} > &,,} < 6.

Comment. Fresen writes w,, instead of §, (used by Klartag), but this is just notation;
much more unusual is Fresen’s speaking of the “Haar-measure” on the sphere: this seems
to be an idiosyncrasy of Fresen, since he also uses that wording in the appendix and, e.g.,
[13, p. 3]. Nevertheless we deem this improper because a Haar-measure always is defined
on a group, and neither the sphere S"~! nor the Grassmannian Gp. is a group. It is
true that the orthogonal group O, (R) acts transitively on either manifold and hence its
Haar-measure (which it is indeed) can be transferred to orthogonally invariant measures
on said manifolds; in the case of the sphere this induced measure equals, up to scaling,
the usual surface-measure. In view of this we do not see why Fresen does not simply
speak of the normalized surface measure. O

Let f denote the density of X. In a nutshell the main-steps of Fresen’s proof are
as follows: show that a slightly modified version of f is almost radially symmetric on
any subspace of some suitably small dimension, then that along any ray it is highly
concentrated around its maximizer, and finally derive a thin-shell-estimate from that;
Theorem 2.28 yields the result.

W.lo.g. we may assume n > 3; in any case the statement is trivially fulfilled if §,, =
en = 1 for small n up to an absolute bound.

Let Z be an R"-valued standard Gaufian variable independent of X and let o € (0, 1];
set Y := X + 07, then Y has density h := f % ¢,, with ¢, being the density of o Z.
By Lemma 2.14, 5., Y is log-concave with E[Y] = 0 and Var[Y] = (1 + ¢?)I,,, and h
is infinitely often differentiable. The Fourier-transform is Fh = Ff - Fp,; because Ff
is bounded and Fy, is integrable, Fh is integrable too and we may use the inversion-
formula.

3.1 The first step.
Let &,& € R™, then, using |e — /Y| < |z — y| for x, € R and isotropy of X,

|Ff(&1) — Ff(&)| = }E[e72ﬂi<fl,X>] _ E[ef%ri(éz,X}H <

69
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< E[|e727ri<51,X) . e727ri(€2,X>|] <

<2rE[[{& — &, X)|] < 27 E[(& — &, X)H? =
= 2n((& — &)TEXXT)(& — &) = 2r)& — &ll,

so Ff is at most 2m-lipschitz.

Comment. Fresen’s calculation at this point is a bit awkward: on the one hand, in order
to pull out ||£; — &2|| he must assume that this term is nonzero, but nowhere does he say
so, and on the other hand the gain of doing so is not immediately apparent because he
presupposes Var[X] = I,, but here he uses the property E[(, X)?] =1 for all § € S™1
of isotropy.

Without need he also introduces F = UF already at this point. O

Now let € € (O, %], 1,0 € Ryp,andlet k € Nwithk > 2,k <n—landk < log(s) 0%n.

Let F' C R™ be a k-dimensional subspace (considered fixed, e.g. F' = R* x {0}*~*), then
Sp = S"1NFisa (k—1)-dimensional sphere, hence by Lemma 2.6 there exists an e-net
N C Sp with [N] < (2)*. We denote M(t) := [q,1 Ff(t0) doyp—1(0) for t € R>g. The
map & — Ff(t€) has Lipschitz-constant at most 27t. Let ¢, := (1 + 5)’”@ for m € Z,

then applying Theorem 2.27 and Lemma 2.1 together with subadditivity we obtain, with
Cl € R>05

uo{U € On(R)‘Vm € NoV8 € N: |Ff(Uty)— M (tm)| < City (5+ log(1n+m>>} -

—1- MO{U € On(R)’EIm € No30 € N: |Ff(Utmb) — M(tm)| >

chtm<5+ M)} >

n

> 1 iz o{U € Ou(R)||Ff(Utm8) = M(tm)| = Citm (5 + l‘)g“n*m))}z
m=0 0N
>

Qexp(_gcltz (5 M)Q) >

2(2m)2¢2, n

>1-2(3)" 3 el (004 )

né? follows ( "k <ex xp (5 IO%())ncSQ) and the sum yields

5= ool 55 (4 P0E)) o) < ()

1
from e < 5 and k < log()

'Fresen inadvertently misses the square of §.
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provided % > 1, equivalently C7 > 4m, and ( is the Riemann-zeta-function; so we can
state

MO{U € On(R)‘Vm € NoV0 € N | FF(Utyd)—M(tm)| < Citm (5+ W)} >

> 126 (he) o (gt — i) =1 G

where co > 0 iff ¢; < o 1(0 g;((Q) )201 Since it is cancelled during the calculations, we may

replace t,, by t_,, in the result above. In particular, if n is large enough and § is not too
small, then the set in question has positive measure, tending to 1 at an exponential rate
as n — 0o.

This result shows that, roughly speaking, for most orthogonal transformations, Ff is
close to its spherical mean on the transform of the grid {¢,,0|m € Z A 6 € N'}.

Comment. One of the more confusing habits of Fresen in this paper is his use of the
same symbols C' and ¢ for different constants throughout the work (even taking into
account the common practice referred to on page 25 that the values may change). At
some points this can be justified by arguing with “adapting the constants”’, but at other
points we are dealing with independent entities the graphical identification of which can
be confusing or even detrimental to the validity of the argument. At this point he even
does not introduce the constants, they appear on the scene without further comment.

In order ro counteract any ambiguity we have opted to distinguish the constants care-
fully by indexing them, and we also explicitly state their relations to previously used
ones; an overview of all constants is given in Table 3.1 on page 87.

Another comment necessary at this point is Fresen’s writing of log(m) which is —oo
for m = 0; one might think that he had m > 1 in mind, but he expressly uses m = 0 too.
In the further course of the proof this causes log(log(g\wé|| V U‘ﬁ;“)) < 0 for % € (é, e),
so the square-root is not real there and the estimate becomes useless for considerably
many . The situation is easy to mend, and we have done so by using log(m + 1). It is
unclear how that error slipped his attention. O

We wish to extend this result from the grid ¢,,6, with m € Z and 6 € N, to all of

F. Because M(0) = [gu—1 Ff(0)don_1(8) = Ff(o) = Ff(Uo) for all U € O,(R), it

suffices to consider £ € F\ {o}. Take such a &, then Hg—” € Sp, hence there is § € N
with ‘Hg—” — 0| < e. We treat two cases, ||| > YE and €| < @ In the first case we set

[

m = |log(1+¢)™! log(a\uén)J € Nyg and & :=t,,,0, then (U € O,(R))

IFFUE) = M(|IEID] < [FFUE) = FAUE +IFFUE) = M+ M I — MIEID]
< 2mll€ = &'l + 1FFUE) = MAIE D+ IMIEN) = M€

the last term satisfies

MAE - MAUED = | [ 110 drst6) ~ [ FFUI0)don1(0)| <
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< [ VETUE10) - FF(IE10) donor (6) <

<2r [ [1€16 = 1€16] dons(6) <
< 2n|€ = ¢'ll;
for the middle term we may take such U € O, (R) that [Ff(Uty0) — M (tm)] < Citym (5 +

M% or since t,,, = ||€']| = (1 + )™ *E and thus m = log(1 +¢)~* log(g\”;H)

vk

by using log(1 + ¢) < 1 and subaddititvity of the square-root we have

IFFUE) — M€ < Cy [5 + \/:L 1og(1 +1log(1 +¢)! 1og< HS/IIM 1€/l

\/Tlllog(l—i—log(l +e) 110%( \‘ﬁ”)) S \/—W+\/ilog<l+log(w>>.

If we put o > % ~ 1.31, then e® < 2log(3)e < log(1 + ¢) for all € € [0, 3]
(the second inequality stems from concavity of logarithm), this implies —log(log(1 +
g)) < —alog(e) which we use for the first square-root-term. By our choices of m and 6,

1€ < llgll < (L+ )€/l and || — o7 < &, these imply [|€ — €| < 22][¢]l, therefore,

[FFUE) — Mg <

<dmlle €+ Ca o+ VA B o \/ g1+ 1og (7151 e <
< [87r€ +C16 + cn/a\/—logn(g) + Cl\/i log<1 + 1og("ﬁ”)>] €]l

In the case ||£]| < 4 choose 0 € N with ”H%II — || < ¢ as before, and m := |log(1 +
)_llog(%” € Np, and set 5' := t_,0. With this choice 151 < [|¢]| < [|¢/]| holds,

1+e
hence [|¢'|| < 3||¢|| and furthermore [|§ — &'|| < 2¢||€]|. The rest of the

Vk vk
slem S Slen
calculations is virtually the same as above, apart from m = log(1 + ¢)~! log(%) and

an additional factor of % for the middle term, so we have

[FFUE) = M€l <

8w+ﬁ5+3ﬁl\r log 301\/1 (1 +10g( *H/g”))]ngu

To simplify matters, we enlarge the right-hand-sides by taking C5 := max{87r, 3012‘/5}

and also write the maximum &57” \% J\ﬁg” in the logarithm; the set of U’s for which
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the inequalities holds is not diminished by these actions, its measure still is at least
1-— % e~e2m% for either one. Thus with the intersection-bound po(A N B) > uo(A4) +
1o (B) — 1 we have found

MO{U e ona&)]vf € F: |FUE) — M(¢])] <

<yfrery 28 \/1 1+ 1og( el @))]ngu}

>1- Cge_62n62.

log( ) i (nearly)

We use our freedom with e to choose it such that g,(x) := x +
minimized. We have lim;_,0+ gn(z) = 00, gn(1) =1, gy, is strictly convex on (0, ﬁ} and
strictly concave on [\[, 1], and gg(ﬁ) =1-y/5; > 0iffn > §, that isn > 2, which in our

case is fulfilled; hence g,, has a unique minimizer on (0, \[] Looking at the first derivative,

the minimizer is the solution of z/—log(z) = 5 \F in that interval. This is equivalent to
solving —22log(2?) = 5-; now G(z) := —zlog(z) is strictly concave on [0, 1] with G( ) =

G(1) = 0 and global maximum 2 attained at 1, this shows G(z ) >z for all z € [0, 1]; in
particular from G(22) = 5 follows 2% < 5= and hence z < \/ﬂ Because gn(\lﬁ) <1

and even lim, s 9"(\/%71) = 0 monotonically, we choose ¢ = %n as the approximate

V2n
log(n) 1 log(2) +log(n) log(n) 1 log(2) | 1
( 2log(n) 2log(n) ) < ( + 2)

for n > 3, and we update Cy := Cg( log(@)_ 4 ) Cs

\/7 210g(3)

minimizer (as n > 3, also ¢ < % holds). Furhermore g,(—) = —&= + % —
<

n - n

210g(3) T\ 21og(3)

Comment. Fresen’s € = 4/ log(n) seems to be a slip of the pen, writing the desired result

in the upper bound for the actual value of ¢; as is evident from his later & < ¢62log(n)~!n

(page 8, lines 3, 4) he had ¢ = n% in mind, perhaps a € {%, 1}, though the details are
unrecoverable. O

As UF € Gy, and [|UE|| = ||£]| for any U € O,(R) and £ € R", we may rewrite,

an,k{E € Gn|VE € B |FF(E) - M(JE])] <

Let E € Gy from the set above. As noted near the beginning of the proof, Fh is
integrable and hence the inversion-formula may be applied, and by Lemma 2.11 Fh[E =
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Frmeh. Therefore, for all x € E,
rEh(z) = / e?™(&) Fh(€) de.
E

We have Fh = Ff-Feoo, where Fp, (&) = e 27 °lEI* (¢ € R™): let 2 € Eand U € O,(R)
with UE = F, then
|mrph(Uzx) — mph(z)|=

/ e27’ri<§,Ux> .Fh({) df _/ e2ﬂ'i<fyx> fh(g) dé’
E E

/ e*m&") FR(U€) dé — / e*mE") Fh(€) dg‘ <

E E

< /E Fh(UE) — Fh(e)|dé =

- [E FFUE) — FFO|Fool€) de <

< /E (IFFWE) — MIEN| + | FFE) — MEN]) Fool€) de <

<20y [ [o /250 \/jl o1+ ("L M) )l en ) e

the integrand is radially symmetric, so we transform to k-dimensional polar coordinates

k
1%?; ) from the angular part. The ((5 + M)-part becomes
2

n
a simple gamma-integral after a substitution and using Lemma 2.3:

oo 2 oy—k+l o0
9.2 2.2 2o 2 k=1
/ eQWUrrkdrzi( ) / s 2z e *ds
0 2 0

k+1 k41

(2m202) "2 _/k+1 (2m20?)" 2 k
= < — ).
2 P( 2 ) - 2V/2 \/%F(2)

and immediately get a factor

For the second part we first estimate log(1 + x) < z (xr € R>q) to get rid of the double-
logarithm, then use the inequality log(z) < % 22 (2 € [1,00)) to eliminate the remaining

logarithm, split the integration-domain at r = @ to take care of the maximum, perform
the same substitution as before, and again apply Lemma 2.3; this yields

/OOO \/log<1 + log(% v f))rk e 2 g <
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2 _9o\— kil 2m2k
< (2m70%)" 2 2((2]{:);#411/ sg se °ds
2 e 0
+(2k)7% 71'411/ 538 esd:s) <
2m2k
k+1

(2m20?)" 2 11k 3 _1 1k 5

< (i (G g) s e in(g ) <

since n > 3, we also have \/% <044/ %, and this leads to

k+1

log(n) ot (2m20?) 2
)F(’;) 2

|mrph(Uz) — mph(z)] < 2C; <5 + -

(st st ) Var(g) -

Ve +2imi 4+ 2i i (2m0?)~ 4 <5+ log(n)>\/%;
(

:C4

/e
3.1)

5 1 3 1
_ V2e421 74 421 7 4
- 04 Te

for future reference we define Cj : ~ 2.314C4. This inequality now

says that mgh is almost radially symmetric; to be precise, we have shown the following,

O’nd{E € Gan

dz,y € E: |zl = lyll Almeh(z) — meh(y)| >

> C5(2m0?) "5 (5 + bg(m) \/E} < Che @’ (3.2)

n

3.2 The second step.

As a reminder, we want to show that on any ray the radial density is concentrated around
its maximizer. First we show that for any two directions the maximizers are relatively
near. Following the notation of Lemma 2.24, for any x € Sg let h,(t) := — log(rgh(tx))
be defined on R+ ; because h is log-concave, h; is convex, and because tgh = 7g f*TEp,
and T, is smooth, so is mgh and hence h,.

Let x,5 € Sp; by Lemma 2.24, 1. and 2., the function t +— H,(t) := t*"rph(tz) =
th=1e=h=(*) has a unique global maximizer t, € Rs( charcterized by tzhl (ty) = k — 1;
the same holds for y. W.lo.g. let t, < t, (for t;, = t, there is nothing to prove). By
convexity,

ty — ty

hz(ty) - hz(tz) > h;(tw)(ty - tz) = (k - 1) t )
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and hence

mac{o(t) — hy(0)]1t € {1, t,}} > 1xlle) = hylte) | 1o (ty) = hy(ty)

2
> _<hx(tac) B hy<ta?>) + (hw(ty) — hy(ty)) _
- 2
_ (ha(ty) = ha(ts)) = (hy(ty) — hy(ta))
5 >
k—1/t,—ty t,—t,
- 2 ( te ty ) -
k=1 (ty, —t,)?
2 toty

We are going to prove hy(t) — hy(t) < 1 for either t € {t,,t,} by contradiction. Assume
that there exists t € {t,,t,} with hy(t) — hy(t) > 1. Since h is the density of Y with
Var[Y] = (1 + 0?)I,, wgh is the density of pgoY with Var[pgoY] = (1 + 0?)pp =
(1 + 02)Ig; applying the remark after Lemma 2.22 with A = (fE zx T mph(z) d:r:) 12 _
Var[pg oY ]2 we obtain mgh(o) > det((1 + 02)Ig)~ /227 = (1 4+ 02)7%/22=7k Thus
by convexity on the one hand hy(0) > hy(t) + hy (t)(—t) and on the other hand hy (t,) <
hfy(ty), and by our assumption,

leha(t) _ e=hy(0)] — g=hy(0)|e=(haD=hy() _ 1| >
Z e—hy(O)—h;(t)t (1 _ e—l)
> (1 — e_l)TrEh(o)e_hL(ty)ty

> (1—e (1 +02) 22 el = (e — 1)(1 + 02)" 22 Fe . (3.3)

But from (3.1) of the first step,

1
|e—’u<f>—e—hy<t>=|wEh<t:c>—wEh<ty>|so5<27r02>—k2“(5+ O%f"))\/é, (3.4)

and by the right choice of parameters (for which see (3.13), third step) this upper bound
is smaller than the lower bound and we have arrived at a contradiction. This proves
ha(t) — hy(t) < 1 for either t € {t;,t,}; let t € {t;,t,} be the maximizer of |h, — hy].
The function z — |e* — 1] for z € R is concave on R<p and convex on R, therefore
e =1 > —(1—-eHz=(1—-e)|z| for z € [-1,0] and |e* — 1| > z > (1 — e~ !)|2| for
z > 0. This leads to

> e~ O=RyOL(1 — =) |hy (t) — ha(t)]
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E—1 (t, —ts)?
2 taty

(ty - ta?)2
2 b
ty

> (1 +o_2)—§2—7ke—k+1(1 7 e—l)

(e — 1)2(k —1) (1+ 02)—32—7ke—k

Y

combined with (3.4) we get

1
2

1
ty_tx S ((e_12 )2(1+02)§2%e§ /05(271_0'2)_k11<6+ 10g(n)> k

n

PN

n
e ok e (1 (log()yd
<~ :=Ce%"(1+0%)40 2 52+<7> , (3.5)

where we have used k—@ < V2 for k > 2 and have defined Cg := (%)1/2 and

c3 = % + Zlog(2) — Llog(2m) ~ 2.467. For the sequel we assume that the parameters
are such that ~ € (0, 5] (this shall be justified below).

From E[py oY] = 0 we also can infer [;° mph(tz)dt € Rsg for any @ € Sg; otherwise
Jo" meh(te)dt = 0 for some x € Sp implies mgh(tz) = 0 for t € Ry and therefore
the support of wgh is contained in a halfspace with o at the boundary which does not
contain Rsox, but then E[pyoY] = [, amgh(z)dx lies in the open halfspace and thus
cannot be o. For this reason we may apply Lemma 2.24 to get, for any u € [0, 1] and

with ¢4 := %,
(1+u)te 9 9)
/ L oh(tz) di > (1 — 3e=cki?) / L oh(t) dt. (3.6)
(1—u)ts 0

Comment. There is little need for comment on the second step of Fresen’s proof, yet his
demonstration of % — 1 < ~, though perhaps not the most elegant one, still is a great
feat.

Why he only allows for u € [0, %] is unclear, given that a larger range can be achieved
without difficulty, as shown in our proof of the corresponding Lemma 2.24, 3. The Taylor-
expansion used on page 6, line 4, may be an overkill as only a quadratic estimate is aimed

at. O

3.3 The third step.

Recall that we want to establish the thin-shell-property for pg oY in order to get a CLT
for it and then transfer the latter result to the original X on the whole of R™. Let z € Sg
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and v € [0, 1],? then for any y € Sg we know 1 — v < t—* < ﬁ and therefore

2
t, = (1 i u)ty < (1-ut,

(1= 200+ )t < (1~ 27) — 2u) e

-

and
(1+2(u+7))ts > (1 + 1+3> (1 =)ty = (1 +u)ty;

this leads to (transform to polar coordinates)

IPHM —1 < 2(u+9)] =

=P[(1 - 2(u+ )tz < lpg oY || < (1+2(u+7))ta]

= / meh(y) dy
{yGE\ (1=2(u+v))ta <|lyll (1+2(u+7))ta }

27r2 (1+2(u+7)) tx
/ / “Ursh(ty) db dog_ (y) >
Sg J (1-2(u+7))ts

27r2 (1+u)ty
/ / wEh(ty) dtdoyk—1(y)
Sk uty

2772

> k—1 _
0 /3 /O L ph(ty) dt oy (y) =

> (1 . 3e7C4ku2

—caku?
=1—3e “"" |

because the last double integral is just [, wgh(y)dy = 1.

Comment. At this point we would like to use Lemma 2.24, 4., in order to replace t, by
V14 02\/E, but there are complications. Fresen elaborates in his note “Radius of the
thin shell” on page 8 how this could be achieved: the density mgph meets the requirements
of Lemma 2.24, hence 3. implies, for any y € Sg and u € [0, 1],

(1+u)ty 5 00
/ t* =L wph(t) dt > (1 — 3~k )/ t*Irph(t) dt,
(1—u)ty 0

or, equivalently, if we define a random-variable X, as in Lemma 2.24,

X

PHJ - 1‘ > u} < ge—cku’, (3.7)

ty
still valid for all w € [0, 1]. This should yield upper bounds for |E[W,] —t,| and Var[W,]
via

E(X,] —t,| <E[X, —t,|] = PlX, —t,| > tldt < C -Z
[E[X,) y\_[yyn/onyy\_J_%

2B~ instead of S"~! on page 6, line 3 from below, clearly is an oversight.
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and

00 | 2
Var[X,] = Var[X, — t,] < E[(X, —t,)?] = / P((X, —t,)2 > t]dt < C} %
0

for some C7,C, € Rsg. The problem is that we need to bound the tail-probabilities
P[|W, —ty| > u] for all u € R>q, but with (3.7) we only have estimates for u € [0, 1]. We
do not know if log-convexity could be exploited in the right manner in order to get useful
bounds for the present situation. Once the estimates are accepted, the remaining part
of Fresen’s calculations at this point does not pose serious problems; the only point to
mention is that E[||7gY||?] equals (14 02)k, not just k. We have spelled out the details
in our proof of Lemma 2.24, 4.

Klartag circumvents the problem in |20, Lemma 4.6] by working on the whole space
instead of one-dimensional subspaces, and by using his Lemma 2.1 which gives a uniform
exponential bound on tail-probabilities.

For the remainder of the proof we assume the existence of C; € Ry such that
‘ﬁ — 1} <37+ %, as stated by the conclusion of Lemma 2.24, 4. %

Now ‘w — 1’ < 2(u + ) implies

lpg oYl _1’<‘ lppoYl —  t +’ A
V1+o2Vk “IV1i+o2VE V1+o2Vk V1+o2Vk -
ty |pg oYl Cy
< — 1] 4+3y+ =%
_V1+02\/E‘ 2% ’ 7 \/E
07 07
< (143v+ ZL)2(u+~) + 3y + —=
( Y \/%) (u+7)+ 3y N
207 C7 07
<(246v+ =L+ L u+ (5+6y+—=
< (2+6 7 u\/E) (5+ 67 \/E)v
<B4+ (V2+a)Cu+ (8 + V2 Cr)y
< ao(u+7),

where we have bounded %\/E < o' € Ry, which will be justified by our choice below,

and put o := max{5 + (V2 +a)Cr,8 + %} Thus

of| Lzer
V14 o2VE

Since o > 3, we can symmetrize this to

pEOYH
—1’ > o ] <]P>HH
>a' (u+7)| < P

— 1’ > 2(u+ 7)} < 3e—caku?

HpE‘OYH ’ " —caku? ”pEOYH "
Y31 (g s ereit)] <[l
[ V1+o2Vk (vt ) V1+o2Vk (ut7)

<3efc4ku2

<o (u+ 7y + e ek,
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so we have the thin-shell-property with ¢ = o’ (u + v + e_C4k“2) (again, ¢ < 1 shall be
ensured; note that this € is different from that used in Step 1 whose value has been set
to \/%fn) Therefore Theorem 2.28 asserts the existence of constants Cg,c5 € Rsg such

that, by plugging in § = u + v + e~eku® ip said theorem,

"

)<t —o]> (14 )y o)

< CsVkexp[—csk(u -+ + e_c4k“2)2} ; (3.8)

ppoY

V14 o2

aE{e c SE‘Ht €R: ’]P’K@,

oY . . .
note that P[(6, 5’117> <t] —®(t) =P[f, ppoY) < s]— @(ﬁ) via the substitution
s=1tyv1+ o2

Comment. We think Fresen’s application of Theorem 2.28 is a bit unhappy, because the
shell in question has radius t,, but in the version of the theorem given in his appendix
and also in the literature cited by him the shell is supposed to have radius equal to the
square-root of the dimension, and only in the aforementioned note “Radius of the thin
shell” — which he does not mention at the relevant point in the proof — does he address
that issue; so for an unprepared reader not familiar with Theorem 2.28 its application on
page 7 may seem dubious. It is for this reason that we have rearranged the arguments so
that a thin-shell-estimate with the “correct” radius is established for which Theorem 2.28
can be used without doubt. O

Let 8 € Sg from the set above. Now (0, pp oY) = (0, ppoX) 4+ (0, ppoZ), where
(0, pp oZ) has standard normal distribution.® Let ¢t € R and v € (0, 1], then
v

<9’pEOY> St—l/:> <07pEOX> Stv<97pEOZ> S )
g

by subadditivity, (3.8) and Lemma 2.5 this leads to a lower bound for P[(0, pp 0 X) < t],
to wit,

P[(0, ppoX) < 1] > Pl(f, ppoY) <t -] —P[(0,ppoZ) < —ﬂ

t—v 3a” ek v

z¢(71+02>—(1+—2 )(u+’y+e )—1+<I><g)

V—+o 3a’” 2 1 122

> () — —(1 ) —eaku®) _ Z o732
> ®(t) NoT +5)(utv+te ) —3e

1/2
> () — Cg(l/+0+u+'y+e—c4ku2 +e7272)’

where of course Cy := max{\/%, 1+ 3%“, %} =1+ 3%” Similarly we have

<97pEoX> St:> <97pEOY> §t+yv<97pEOZ> 2

SHEEN

3Because a linearly transformed GauRian variable again is Gaukian, (0, p oZ) = (p}(0), Z) = (0, Z),
E[(8, Z)] = (0,E[Z]) = (0,0) = 0 and Var[(0, Z)] = (0, Var[Z]0) = (0, 1,,0) = ||0]*> = 1.
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and by the same means as before we get an upper bound,

P[(0, ppoX) < 1] S P(0,ppoY) <t+v]+P|(0,ppoz) < -

"

t+v 3 2 v
<<I>(7)+(1+ )(u+7+e—c4’f“)+1—<1><—)
- V14 o2 2 o
<o)+ /Ty (1+ ”)( T R

u e — e o
S o 5 Y 9
2
< O(t) + Co(v + 0 +u+ 7y +e kv’ ema7),
We introduce the error-bound

en=Co(v+o+u+y+ ek | e‘%), (3.9)

(This is not quite the &, as stated in the theorem, for which we must take the maximum
with 1.) Thus, so far we have shown

op{0 € Sg|3t € R: [P[(, ppoX) <t] — O(t)| > e}
< CsVkexp [—csk(u+ v+ e_c4k“2)2] . (3.10)
Until now we have been working with 6 from subspaces E for which the “almost ra-
dially symmetric”’-property (3.1) holds; we want to know for which # € S™~! (in the
sense of measure) the “almost normally distributed”-property of (6, X) holds. First note
(0,ppoX) = (py(9),X) =(0,X) for any § € Sg, so we can drop pg, in (3.10). We con-
sider the “failure-set”, i.e. the set of those # € S™~! for which the normal approximation
possibly does not hold. To that end call A C Gy, i, the set on the left-hand-side of (3.2),
then o, ;(A) < Cae=2m9: and for each? E € A call By the set on the left-hand-side of
(3.10), then og(Bg) < C’g\/EeXp[ng,k(qu7+e_c4k“2)2}. Call the failure-set ©, that is

©:={fe S Bt e R: [P[(6, X) < 1] — D(t)] > e, ). (3.11)

Then © N E = By, for each E € A°. Using Lemma 2.2, we finally obtain

O'n—l(@) = 1—an_1(6)°) = 1—/ O’E(@cﬂE) dan,k(E) <
Gn,k

<1- [ op@ N E)doauE) =1~ [ ou(By)donu(E) <

< 1— /C(l _ C’S\/%exp [—05]{:(’11, + Y —+ efc4ku2)2]) dO'n,k(E) =

=1-(1- Cg\/EeXp[—C{)k‘(u +7+ e_c4k“2)2]) onk(A°) <
<1 - (1—CsVkexp[—csk(u+ v+ e ) ?]) (1 — Cye=2m") <

1 A° denotes the complement of the set A when the basic set is clear.
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< Cg\/EeXp [—q,k:(u + v+ e_c4k“2)2] + C’ge_”"é2 =: 9. (3.12)

(Here again, for the d,, of the theorem the maximum with 1 must be taken. Additionally,
in order for the computation above to work we must impose that the bounds on o (BEg)
and o, ;(A) are at most 1. This is garanteed by proving ¢, < 1 which shall be done
below.)

Comment. Again the order of Fresen’s arguments is clouding what is going on: at the
end of page 7 he is still working in F, thus it is difficult to see why the failure-probab-
ility should contain the summand C exp(—cdn?), and he also gives no argument for its
inclusion; only on the next page does he make the jump from Sg to S™~1. O

Finally we choose the parameters:”

1 o Co log(n+1) 5 log(n + 1)
o=, == o =
log(n+1) log(log(n + 2)) Vn (3.13)
- Cuwlog(log(n+2)) = Cio ‘

Y v T
log(n + 1) Vlog(n+1)

with Cig,cg € Rsg for the fine tuning, and show that all requirements needed along
the way are satisfied. Obviously all parameters are positive for any n € N. We note
the basic asymptotic behaviour: k& < n and lim, ..o k = o0, so k > 2 is eventually
fulfilled (actually in order to make sense k has to be rounded to an integer, but for the
asymptotics this is immaterial), and lim, o0 § = limy, o0 0 = limy, o0 u = limy, 0o v =
0; furthermore o < 1 for all n > 2.

The first is k < —1%(5) nd? on page 70; on page 73 we have set ¢ = \/%, plugging in

yields that £ < 10201 nd? must be met; we have
g(2n)

cglog(n+ 1) < 2cin log(n +1)2 _2a log(n + 1)2
oglog(n+2) ~ g0 1 log(m)(1+ 222
2¢1 log(n+1)

= cs < = 110g((2)) og(1) log(log(n + 2)) >
og(n
2c log(9) log(log(b
1 Toe®) s

log(9) log(log(5))
log(6)
In the second step we have derived lower and upper bounds for |e"= ®) _ e_hy(t)] and

promised that the lower will be greater than the upper. The lower bound (3.3) is

so by imposing cg < c1 that relation is satisfied.

cg log(n+1)

cg log(n+1) Fog(log(nt1))

(e—1)(1+0%) 22 Fe = (e — 1)e” 81X mem0smizy

(+ )

5Curiously, Fresen writes Cz without ever having used C) before.
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cg log(128e)

= (e —1)(n+ 1) Telesm+)

< log(1+log(n+1)2) cg log(log(n+1))
. (n + 1) 2Tog(log(n+2)) (n + 1) log(log(n+2))
log(128e) 10g(1+log(n+1)2) log(log(n+1))
=(e—1) (L + 1)06 [*log<log(n+2)) - 2log(log(n+2)) +10g(1og<n+2>>]
n
¢ [_ log(128e) _log(1+log(n+1)2)+log(log(n+l)):|
-n 6 log(log(n+2)) 2log(log(n+2)) log(log(n+2))

I

and the term in brackets in the exponents can be bounded from below as follows (n > 3
always),

_ log(128e)  log(l +log(n +1)*)  log(log(n + 1))
log(log(n + 2)) 2log(log(n + 2)) log(log(n + 2))
log(128¢)  log(1+ )
—  log(log(5))  2log(log(n + 2))
_ log(128e) log(1 + @)

— log(log(5))  2log(log(5))

>

> —12.74,

in addition ”T“ < %, this yields

4N —12.74cq 1
) n~12T4e% > 1 66901,

(e—D1+0) 52 e > (e—1)(3

if we demand 12.74¢g < %07 that is ¢g < ﬁ.

For the upper bound (3.4) we obtain

k¥l log(n) Cs _ _cglog(ndl)

2o’ = -2 /9 ogog(n2)y (_ ~
R U vk \/ﬂ\/i7r <log(n+1)
log(n+1)  flog(n)) | cslog(n+1)

Vv n log(log(n + 2))

cg log(V/27) cg log(log(n+1))
= 05\/% (n + 1)—1o§(b§(n+z)) (n + 1) ?ogﬁog?nm)
V2m\/n

(1 log(n) ) log(n + 1)%
log(n +1)/ /log(log(n + 2))
_ OV | ot
V2my/n
(e
n
(1 N V/1og(n) ) log(n + 1)% _
log(n + 1)/, /log(log(n + 2))’

_ _cglog(n+1)
1 > log(log(n+2)) !
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log(log(n+1))—log(v2m) _- log(log(n+1))

in the exponents we simply estimate Tog(log(nT2)) < Tos(los(n+2) < 1; further-
more 2L < 4 and ¥ log(n) - ylogntl) _ L < L and !
n =3 log(n+1) =  log(n+1) Viog(n+1) — 4/log(4) log(log(n+2)) —
1 ‘ 3 (log(n+1)y3 3 log(4)\ 3 5.
= also log(n + 1)2 = ( ) )2 log(n)2 < (log(3))2 log(n)2; moreover a
5
standard-calculation shows n®~10 log(n)g < (ﬁ)% equivalently n® log(n)% <

5
(%) 2 nio (note that from before we already know cg < 15, hence 1 —10cg > 0).

Taken together we have proved

Outanay™ ! (94152 ) i < B () (14 )

10 < 53.5Csn "2 1 10.

N

25log(4) 5
' (elog(?))(l - 1006)> "

10
In any case the upper bound transgresses the lower bound for n > (%) 3 at the
latest.

Next we want to verify v € (0, 3], recall its definition in (3.5):

2
; 1 cgeg log(n+1) _cglog(nt1l)
Cﬁe63k(1 + 0_2)%07% 5% + (10g(n)> 4 — Cﬁem (1 + %) 4 log(log(n+2))
n log(n + 1)

cg log(n+1)
. log(n + 1) 2log(log(n+2))

( log(n + 1) +1og<n>i>

-

1 1
4cg+log(1+log(n+1)"2) | log(log(n+1))
= Q?(’n + 1)06 [ 41og(log(n+2)) +210g(10g(n+2)):|
n4

log(n)1 >;

-log(n+1) <1 + -
log(n +1)2

we are applying the usual estimation-techniques: concerning the brackets-term we have
4cg+log(14-log(n+1)—2) < 4cz+log(14log(4)—2) < 5.41. then log(log(n+1)) < 1. next (n + 1)p _

4log(log(n+2)) = 4log(log(5)) log(log(n+2))
(1+ 1) nP < (3)"nP, furthermore log(n + 1) = lof)(grz:)l) log(n) < }gggg log(n), also
og(n)1/4 og(n+1)1/4 _1 _1 _1
ol < st D og(n + 1)~ < log()7, and finally n®910~ log(n) <
m n~ 5, which is valid because of cg < T17.4; this sums up to
4 5-91cs log(4) _1 20 _1 _1
< - 1+ log(4 _— <2504
7—Cf"<3> log(S)( +log(4) 4)e(1—118.206)n 7= 2504C6n s,

which implies lim;, ooy = 0 and hence v < $ eventually (e.g. n > (500.8Cs)%).
The application of Lemma 2.24, 3., for (3.6) requires u € [0, 1], which is guaranteed
for n sufficiently large (in this case, very; roughly n > e6:32C1 — 2) by lim;,, 0o u = 0, as
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already noted above. The proximity-condition of ¢, and v/1 + o2v/k stated on page 79,
if it were deducible from Lemma 2.24, 4., would need ~ + % < %; again this is fulfilled
by v converging to zero and k converging to infinity.

The next case is the bound f < o' on page 79:

1 log(n + 1) log(log(n + 2))
w/k  Ciolog(log(n +2)) /cg\/log(n + 1)
1

B Crov/¢6 +/log( log n+2))

< b)
~ Chov/ce log(log(h))

so we may effectively take o := ———=————_ This also reveals lim,_ o0 %\/E =0,

C1o+4/ce log(log(5))
equivalently lim,, .. (ku?) = oo, and hence lim,, o € = lim,, oo oz”(u+’y—|—e*c4k“2) =0,
therefore ¢ < % as claimed on page 80 is (eventually) achieved. The satisfying of v < 1
on page 80 again is a simple consequence of lim,_,., ¥ = 0, more precisely is holds for
n>efio — 1.

Comment. Fresen does not address this one as he has not overtly used it; we do not
know how, if at all, he managed to get the thin-shell-estimate with the “correct” radius
without running into this term, since like elsewhere he gives no details. %

We are now closing in on the sequences (5 ),>1 and (€y,)n>1 as stated in the theorem.
dp, is the upper bound for the failure-probability in (3.12), thus

0n = Coe™2"" 4 CyVkexp[—csk(u + 7 + e 4K0%)?] < Cpe™e2m” 4 Cyvke ook’ =

2 O; 0O, n 2

_ Cpe-ean | o Veslog(nd 1)  —prepeinty ConsEs

log(log(n 4 2))
< Che=© log(n+1)2 Cov/cs log(n + 1) e—C5chf0 log(log(n+2)) _
- log(log(5))
_ Cy(n+ 1) toatnrt) y VLB L) o)ty o

log(log(5))
< 0271_62 log(4) + 09\/7 log(n + 2); 65660%0 _
log(log(5))
— <C’2n—62 log(4) log(n)%cecfo_% + M) log(n)%—%%(ffo <
log(log(5))
1

<[c (05660?0—2)%%%-% B P )
B ecz log(4) log(log(5))

where we require % 0566010 < 0, that is Cig > \/T then lim,, .o, 4, = 0 and the

convergence can be accelerated by taking larger values of C1g.
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The error-bound &, for the difference of the distribution-functions in (3.9) is determined
as follows,

w2

En

=yt ot uty e R e

Cy
< Cho N 1 Cipo log(log(n + 2))
~ log(n+1) log(n+1) log(n + 1)

4 250.4Csn— % + e—c1eaCH los(log(n+2)) | o el og(n 1)
Cho N 1 n Cho log(log(n + 2))

Viog(n+1)  log(n+1) log(n + 1)

+250.4Cn "5 + log(n + 2) =4 4 (n +1)"2%

_ log(log(n + 2)) ( Cho n 1
Vlog(n+1) \log(log(n+2)) * log(log(n + 2))+/log(n + 1)
250.4Cgn "5 log(n+1) log(n +2)~<C%o, /log(n + 1)

log(log(n + 2)) log(log(n + 2))

N (n+ 1)‘50%0\/1053; n -+ 1))

(
log(log(n + 2)) ’

2

+ Cho

1 1 1 1 _1 log(4)
as wsually, Grioee) < Baoae) gy = Ve VI T S Vi)

(nfg log(n))% <4/ iggg; \/236, (n+ 1)*%0120\/10g(n +1) = ((n+ 1) %o log(n + 1))% <

1 " 1 2
Cro e’ and for the second-to-last term we additionally demand 5 —c4c6Ciy < 0, so C1g >

%2(1:406, thence log(n + 2)*C4C6Cf0\/log(n +1) < log(n + 2)%_04060%)0 < 10g(5)%_c4060f0;
put together this reads

Cy

1
en < m (Clo + 174) + Cl() log(log(5))

og(

5log(4) 1 eienC2 1 log(log(n + 2))
+ 2504054 | 228 1 jog(5)3eacsCho 4 )
%1/ 2elog(3) 8(5) Crove log(n + 1)
and from this lim,,_, €, = 0 readily follows, and the proof is complete. O

For the convenience of the reader we provide an overview over the constants used in
this proof in Table 3.1; note that A, B themselves come from Lemma 2.23 for n = 2,

_ 324et _ 1 ~ L
therefore A = 255 &~ 5631 and B = 18Tog(30e7) ~ 102.34-

We also give a numerical example, as far as possible: we start with C; = 47v/2 ~ 17.8,
then Cy = 4¢(2) = % ~ 6.58 and ¢ < 212(;%(62)), for instance ¢; = }gé% ~ 0.387,
herewith co = 1; ¢3 =~ 2.47 and ¢4 =~ 0.1534 are fixed in any case; furthermore cg <
min{0.2257,0.00785} = 0.00785. « =~ 1.3024 is given, from that follow C3 =~ 30.422,

Cy ~ 48.00, C5 ~ 111.05 and Cg ~ 10.155. From A and B result c¢5 ~ 6.11 - 1072}
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constant remarks
3
> % introduced on p. 72, used for Cj
2
/ 1

« introduced on p. 79, formula on p. 85

- Cio/C6 10g(log(5))
o = max{5 + (o + f 2)C7,8 + =L } introduced on p. 79, used for Cy

c < l@glgoﬁ% C? introduced on p. 70, condition on p. 71
_ g c1 log(6) :

cy = 54702 ~ g introduced on p. 71

c3 = 5 + % log(2) — 1 log(2m) introduced on p. 77

cq = logQ( ) introduced on p. 77, from Lemma 2.24

c5 = i(i‘%};’g +1 -2 introduced on p. 80, from Theorem 2.28

ce <min{c; log(g)lgég(gfg(f’)), 1} introduced in (3.13), conditions on pp. 82, 83

Ci1 >4n introduced on p. 70, condition on p. 71

2

Cy = 4{((4071)2) introduced on p. 71

Cs = max{87r 301‘/5} introduced on p. 72

Cy= Lt y/loe(6) introduced on p. 73

+/1og(9)
Cs = C, V2e425/4 71/4 4 93/4 1—1/4

introduced on p. 75

Jer
Cs = (jfg)ﬂg introduced on p. 77

C7 € Ry introduced on p. 79, from Lemma 2.24, 4.
Cs = Inax{e, %ggfj introduced on p. 80, from Theorem 2.28
Co=1+ 3“ introduced on p. 80

Cio > L introduced in (3.13), conditions on pp. 85, 86

v/2min{cy,c5}ce

Table 3.1: Overview of constants in proof of Theorem 3.1.

and Cs = max{e,3.13 - 1071} = e ~ 2.72; we continue with Cjo > 1.0214 - 10, e.g.
Cio = 1.1 - 10", this produces o = 1.49 - 1070, Clearly the constants’ values span
several orders of magnitude; as an extreme case we note the bound n > 10402:10% £5.

u < 1 (this is still a good deal smaller than Skewes’s number).

Note on the mode of convergence

Theorem 3.1 states that most onedimensional marginals are close to the standard normal
distribution in the sense of the uniform distance between the distribution-functions (es-
pescially among statisticians also called Kolmogorov-(Smirnov-)distance); usually this is
stronger than weak convergence of measures, because the latter only demands pointwise
convergence on all continuity-points of the limit-CDF (that is all of R in the case of the
normal distribution). As Fresen points out, [20, Theorem 1.1] is formulated in terms of
the total-variation-distance which in the case of log-concave distributions is immaterial.
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The total-variation-distance dpvy of the probability-measures p and v on R™ is defined
as

dry(v) = 2sup{|u(4) — (A)]|4 € BEN} = | %%

LY(RN)
where A is any o-finite measure with p < X and v < XA (a dominating measure, for
instance A = 5(u +v))

The relevant result is the following, from [5, Theorem 3.3, Remark 3.4]:

Theorem 3.2. There exists an increasing function f1: (0,00) — (0, 2] with

Bi(t) = O(t(~log(t))?)  (te (0,(2m)2])

with the following property: for any log-concave density f: R — R>q with CDF F and
for any o € Rsq such that || f|| o m) < % there holds

1
IF = @0l o) < I1f = @ollriy < Bi(ollf — ¢ollnem)) < B1(VE|IF — P17 oo m))

where @, and ®, are the PDF and CDF respectively of the centred normal distribution
with variance 2.
If [ is centred and 0 = [ 2 f(t) dt, then £l oo (my < % is always satisfied.

(W /o proof.)

This is applicable to Theorem 3.1 because X is isotropic and log-concave, therefore
(6, X) is so for any § € S"~!, hence it has an isotropic log-concave density fj, so o = 1;
and with dominating measure A\ = vy we have drv (P xy,71) = [|fo — ¢llL1(w)-

For the sake of completeness we mention the more general result from Meckes and
Meckes [32, Corollary 8]; here, as already used above, v, denotes the standard normal
distribution on R™.

Theorem 3.3. A sequence of log-concave measures on R™ converges weakly to v, if and
only if it converges in total variation to ~y,.

(W /o proof.)



4 Concluding remarks

Here we recapitulate our observations regarding Fresen’s proof of the CLT for convex
bodies. In particular, we want to assess whether his claim, that the proof be accessible
to anyone, can be justified.

For short, our answer is that it depends on how much of Fresen’s article one takes
into account — either only the proof as contained within Section 2 without the two notes
at the end of that section, or including those notes, or even Section 3 — and how much
mathematical background can be taken for granted.

In the strictest sense of ‘accessible to anyone’, we think that Fresen’s claim cannot
be upheld: the theorem of Lévy for Lipschitz-functions on the sphere (Theorem 2.27)
might not be known to every mathematician, and not everybody might be comfortable
handling the Haar-measure on O,(R) and the uniform measures on S"~! and on Gnk
and their interrelations. Perhaps these measure-theoretic results are the main hindrances
for a general audience.

If we assume familiarity with the results just named and if we exclude the aforemen-
tioned two notes, then we deem Fresen’s proof indeed elementary. His style in this article
is extremely compressed, and in one or two cases the order of the arguments may be
unsatisfying, but most of the gaps can be filled in with more or less effort and relativly
simple instruments. We do not claim that the right technique for a particular interme-
diary result is immediately clear, and writing out the details may be tedious at times.
As an example for such elementary, but lengthy, calculations we refer to the sub-proof
that all parameters have the right asymptotic behaviour on pp. 82ff. For the sake of a
clearer arrangement of the main proof, we have removed a few of the intermediary results
and reformulated them as independent lemmas or theorems, if possible. This especially
concerns Step 2, most of which we have relegated to Lemma 2.24.

Now we include the two notes at the end of Fresen’s Section 2 into our considerations.
The second one, “Lower bound on Pgf(0)”, is less problematic. It makes use of Griin-
baum’s lemma (Lemma 2.21), the proof of which we deem nontrivial but itself requiring
no further deep results. The first note, “Radius of the thin shell”, has one crucial fault,
which we already have pointed out on p. 78f.: Fresen invests estimates of expectation
and variance which to us seem unattainable.

Fresen’s Section 3 is declared as an appendix and thus not part of the main proof;
nevertheless, it is part of his article and therefore we look into it too. As already noted
on p. 67, its greatest merit is the simpler (in terms of applied techniques) proof of
Lipschitz-continuity. However, for us this is tainted by downplaying, as we might call it,
several important ingredients: one is his “elementary fact” of the exponential bound on an
isotropic log-concave function which, as far as we have found out, is not at all elementary,
at least as concerns its proof. Another is the use of important properties of the normal

89
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distribution and the uniform distribution on the sphere, which we have summarized in
Lemmas 2.25 and 2.26. We do not say that using these results is improper, but rather
their seeming belittlement.

In total, we agree that over long stretches Fresen’s proof is elementary in its techniques,
but it needs more special results to completely retrace it than Fresen explicitly states.
In spite of its defects we regard his article as a decent contribution to the theory.
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