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Abstract

Reformulation of lattice field theories in terms of dual variables is a powerful tool,
that has been studied intensively in recent years. A dual formulation may overcome
complex action problems and provides a different, very geometrical view on lattice field
theories. For the abelian case the dualisation is relatively easy and straightforward,
whereas in non-abelian theories this procedure turns out to be more difficult due to the
non-commutative character of the group elements. Nevertheless dual formulations for
non-abelian theories were suggested and are still subject of current intensive research.

In this work we present different approaches for solving the ”artificial” sign problem
of the dual representation of SU(2) pure lattice gauge theory. Sign problems are very
common in lattice field theory, the reason why we call this sign problem ”artificial” is,
that the conventional SU(2) lattice gauge theory does not have a sign problem while it
appears in the theory during the dualisation procedure.

The three different approaches discussed in this thesis are: i) analysing contributions
from the center group of SU(2) in search for new constraints for the theory, i) resumming
the different contributions to obtain positive overall weights and 4ii) truncation of the
theory. The most promising approach turns out to be the truncation approach, where
we naively reformulate our dual theory to resemble a qubit representation. This idea
originated from the paper: Qubit regularization of the O(3) sigma model [1] and the
fact, that SU(2) can be related to O(3) by an isomorphism.

Finally we carry out simulations of the theory using the undualised and the truncated
representation of the theory. We then compare the data obtained by the simulations for

different lattice sizes and discuss the implications of our results.



Kurzfassung

Reformulierung von Gitterfeldtheorien mittels dualer Variablen ist eine sehr méchtige
Methode, an welcher in den letzten Jahren verstéarkt geforscht wurde. Eine duale For-
mulierung kann dabei helfen komplexe Wirkungsprobleme zu losen und eine solche
Darstellung bietet eine sehr geometrische Sichtweise von Gitterfeldtheorien. Im abelschen
Fall ist die Dualisierung relativ leicht zu bewerkstelligen, wohingegen sich dieses Prozedere
in nicht-abelschen Theorien wegen dem nicht-kommutativen Charakter der Guppenele-
mente deutlich schwieriger gestaltet. Trotzem sind duale Formulierungen solcher nicht-
abelschen Theorien vorgestellt worden und sind weiterhin Gebiet intensiver Forschung.

In dieser Masterarbeit présentieren wir verschiedene Ansdtze zum Losen des ”ar-
tifiziellen” Vorzeichenproblems der dualen Representation von der reinen SU(2) Git-
tereichtheorie. Vorzeichenprobleme sind sehr haufig in Gitterfeldtheorien, der Grund
warum wir dieses hier als "artifiziell” betiteln ist der, dass die konventionelle SU(2)
Gittereichtheorie gar kein Vorzeichenproblem aufweist, sondern dieses erst durch den
Dualisationsprozess hinzugefiigt wird.

Die drei erwahnten Ansétze, die wir in dieser Masterarbeit besprechen sind folgende:
i) Suche nach neuen Einschriankungen der Theorie durch Analyse der Zentrumsgrup-
penbeitrage von SU(2), #i) Resummation verschiedener Beitrége in der Hoffnung posi-
tive Gewichte zu erhalten und #4) Trunkierung der Theorie. Der Trunkierungsansatz,
bei dem wir die Variablen unserer dualen Theorie so umformulierten, dass diese einer
Qubit Diskretisierung &hneln, kristallisiert sich als der am vielversprechendste heraus.
Die Idee mit der Qubit Diskretisierung ist angelehnt an die Thematik von folgendem
Artikel: Qubit regularization of the O(3) sigma model [1] und dem Fakt, dass SU(2)
isomorph zu O(3) ist.

Schliefllich simulieren wir die Theorie einmal mit der nicht-dualisierten und einmal mit
der trunkierten Formulierung der Theorie. Anschliefend vergleichen wir die Datensétze
der verschiedenen Simulationen auf verschiedenen Gittergrofien und Diskutieren die Im-

plikationen dieser Resultate.
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Chapter 1

Introduction

The appearance of sign problems is a very common feature in lattice field theory and has
been the subject of major research activities more or less since the lattice formulation of
quantum field theory was first introduced. There are various ways how these sign prob-
lems come about, most notably complex action problems introduced by finite densities,
topological terms or a non-zero chemical potential. Over the years, various methods
have been developed and proposed to try and overcome these problems. One approach,
that especially in recent years succeeded in solving different types of sign problems is
the method of using a dual representation of lattice field theory. In the past this method
has successfully been applied to solve the complex action problem of various abelian
theories. More recent research is focused on developing this formalism for non-abelian

theories.

”Dual representation” refers to a method of exactly rewriting the partition sum of the
theory in terms of new, dual variables. These new degrees of freedom are world-lines of
conserved flux for the matter fields and world-sheets for gauge fields. This rewriting of
the theory can help uncover new symmetry aspects of the theory. However, we need to
stress, that the dual representations are not unique. This is to say, that using different
dualisation schemes may highlight different symmetry aspects of the theory. There is
however one caveat: just because a dual representation of the theory exists does not
automatically guarantee that the sign problem is solved. This is because the weights
in the dual formulation can be negative or even complex. A good overview of the dual

formulation of lattice field theories is given in [2].

This thesis explores the dual representation of non-abelian lattice field theories. But
in contrast to the examples of the complex action sign problems mentioned above, the
sign problem only gets introduced by the dualisation scheme. Conventional SU(2) lattice

gauge theory does not have a sign problem. However, during the dualisation, because we



need to choose a specific representation of the SU(2) matrices, we introduce a relative
sign. This thesis is devoted to developing methods to overcome this sign problem. Thus,
the work done in this thesis is mostly of algebraic nature. To check the validity of our
approach, we also perform simulations of the theory and compare these results to the

results obtained by the conventional simulation.

This thesis is structured as follows: Chapter 2 serves as an introduction for the
topic of lattice field theories. Here we explain in great detail why lattice field theories
are useful, how to obtain the lattice formulation of a theory, e.g., U(1) gauge theory. Fur-
thermore in this chapter we explain the basics of the Monte Carlo simulation technique,
which was used to obtain the numerical results given in Chapter 5.

In Chapter 3 we give the dualisation of SU(2) lattice gauge theory and elaborate
on how the sign problem emerges. We also discuss the dual representation of the theory
originally developed in [3] using the Abelian Colour Cycles. Last but not least we
discuss the observables of interest, namely the plaquette expectation value (U,) and the
susceptibility x.

Chapter 4 explains the approaches we developed to try and overcome the sign prob-
lem. These methods are: Factoring out the center group of SU(2), dualisation with
index parametrization and finally truncation of the theory. In this chapter we give the
full mathematical reformulations for each of the approaches and discuss the individual
advantages and disadvantages.

Finally in Chapter 5 we explain how to simulate the theory using two different
simulation schemes, i.e., the conventional matrix valued simulation and the simulation
using the dual variables from the truncated approach. We then compare and discuss the
results for the observables obtained by the two simulation methods.

Chapter 6 ends this master thesis with a summary of the results we achieved in the

previous chapters.



Chapter 2

Overview of Lattice Field

Theories

Lattice discretisation or lattice regularisation is one of the most powerful tools to further
our understanding of non-perturbative phenomena in quantum field theories. The full
formulation of this method as well as introductions to quantum field theories in general
can be found in great detail in many textbooks (e.g. [4], [5], [6]), however for self
consistency and to set our notation we provide a short introduction to the topic and the
methods used in this thesis.

Thus we will first give an outline of the main concepts of the lattice regularisation
method, after which we will provide an overview of the formulation of pure lattice gauge
theory, as this is the main focus of this thesis. For completeness we also include a short
remark on fermions in lattice field theory. To conclude this section we will introduce the
concept of Monte Carlo simulation of a lattice field theory and afterwards discuss the

dual variable approach as well as interesting observables to compute.

Sections 2.1, 2.2 and 2.3 follow closely an introductory book to quantum chromody-

namics on the lattice [7].

2.1 Path integrals in quantum field theories

Quantum field theories are may be described and quantised using the path integral
method, first introduced by Feynman [8], which has become a very popular method and
is a useful tool for elementary particle physics. Hence this method is also used when
quantising lattice field theories, with the slight difference, that here we are dealing with
Euclidean rather than Minkowski space-time. The main principle of the path integral
description of quantum mechanics is to sum over all trajectories of a particle from a

point & to a point ¥ and to use a Boltzmann factor with the classical action as a weight



factor for these paths. Because of this form there exists an analogy between quantum
field theories and statistical mechanics, which in turn allows one to perform Monte
Carlo simulations. In this first section we will give a short overview of the path integral

formulation in the continuum and how to discretise it on a lattice.

2.1.1 From continuum to lattice
2.1.1.1 The path integral formulation in quantum mechanics

To introduce the Feynman path integral method, we will first discuss it in a quantum
mechanical setting and only afterwards expand it to quantum field theory. To describe
a propagation from a state |x) to a state (y| in quantum mechanics one has to evalu-
ate the matrix element with the time evolution operator, which is computed from the
Hamiltonian. This matrix element can also be computed with the path integral method

and one arrives at the following relation:
e ™a) = [ DI 50, (21)

where S denotes the classical action associated with a specific trajectory 7, H is the
Hamilton operator of the quantum mechanical system and [ D[] is the functional inte-
gral over all classical paths 7 from # to . As one can see from this formula, instead of
operators we are now dealing with functions and infinite-dimensional integrals. Having
infinite dimensional integrals is almost never a good sign, and indeed a rigorous defini-
tion of [ D[] is possible in the continuum, but only for very few cases. However, when
we discretise the theory on a lattice, a rigorous definition of the path integral is possible.

S is complex and strongly oscillating,

One more problem arises, because the term e
therefore preventing the use of Monte Carlo methods. Luckily there is a way to bypass
this problem by performing a Wick rotation of the time coordinate ¢ — —ixy, with x4
being the Euclidean time coordinate. After performing the Wick rotation, the Euclidean

space-time version of (2.3) reads

(yle~Ho1)z) = / DI e=Sel, (2.2)

with —SE = iS5 being the Euclidean action.
To show the analogy of quantum field theory to statistical mechanics let us consider

the known partition function from statistical mechanics

Zg = Tr[e PH], (2.3)



with the quantum mechanical Hamiltonian H = % + V. We here discuss the partition
sum for finite inverse temperature [ = kB%. Later we will be interested in the limit
T — 0, ie., B — o0o. The trace from Equation (2.3) can be written in terms of the

position eigenstates |z),

TrfePH] — / do (e Hlz) | (2.4)

Matrix elements

The evaluation of the exponential e=BH ig not straightforward since the kinetic and
the potential part in H do not commute due to the relation [Z,p] = i from quantum
mechanics (here % is set to 1). Because of [p%,V] # 0 we have to use the Trotter
decomposition for evaluating e=BH | For this we write 8 = N - € where € is an infinitely

small quantity and perform the decomposition in the following way:

e PH = lim (e7¢)N | with e~ = 6_3‘76_65;6_%‘7[1 +O(e)] . (2.5)
N—oo
A € " ~ A2 € ", ~
We then consider the operator W, := e_iv(x)e_egime_iv(z), and calculate the matrix

elements <x|We|y> The calculation of these matrix elements is straightforward using the

following relations:

o V(d)z) =V(2)lz)

o (alp) = e,
o I, = [dz |z)(x|,
o I, = [dp [p){pl ,
—ei 1 ip(x—y) m —7@7%‘)27”
o [dpe mse =\/=e T 2,

with the last equation being just an ordinary Gaussian integral. After a bit of algebra,

we arrive at the expression

A~ € T— 2m €
(@lWly) = [ ge 8V @em S8V 0 (2.6)
TE

What remains to be done to compute e=BH is to take the limit: limN_mo(VAVE)N =e ,

with € = % The final steps of the construction are

2y =Tele ) = [ doofooleag) = tim [ dao(a| We: - W, o)
—00 ——

N times



and inserting I, = [ dz |z)(z in between every W, yields
Zg = lim [ dwodzy -+ doy -y (20|Welz1 ) (1 |[We|22) - (1| We|ao)

Evaluating all the matrix elements as described above, we can finally complete the
construction of the path integral description. We therefore have obtained the full path

integral formulation of our quantum mechanical system with Euclidean time:

25— lim ( /D e LI [5 (TR )] /D ] =Sl 4 O]
N—)oo
(2.7)
where the overall constants C, have been dropped in the last step. The integral [ D[z]

over all paths is now rigorously defined as

Dlz] = H/_ dr; (2.8)

and we use periodic boundary conditions xy = xg. The Euclidean action Sg[z] is given
by

P

Spla] = —e Y [F (=) +V(ay)] . (2.9)
J

Il
=)

2.1.1.2 Path integral and lattice regularisation of quantum field theory

Considering quantum field theories, all the steps described in the previous section work
in principle analogously. But as the name suggests, we are now dealing with fields instead
of a single degree of freedom. To briefly demonstrate the path integral formulation in a
quantum field theoretical setting, let us consider a simple example theory, namely the

Klein-Gordon equation with a potential. The Lagrangian of the theory is given by:
1 " 1 5.
£ = (0,0)(0"0) - Sm*6* — V(6(x)) (2.10)

It needs to be stressed, that the fields ¢(¢, Z) are not quantised yet and we still consider

classical fields. From Eq. (2.8) we can easily obtain the Hamiltonian by using the

oL
0¢(t,%)

canonical momentum field = (¢, ¥) = = ¢ and a Legendre transformation,

H= / Bt 7). 7) — L = / i Eﬂ(t, 7)’ +%(V¢(t, )+ n;qu(t, 22+ V(9)
(2.11)
Now follows the quantisation procedure, where we promote the fields to operators in the
Schodinger picture: ¢(t, &) — ¢(&) and n(t, ) — #(F), and require the following com-
mutation relations to hold: [(Z), (#)] = [#(Z), 7(§)] = 0 and [¢(Z), #()] = i6®) (Z—7),



VZ,1y. The Hamilton operator then becomes:

o / o [%ﬁ(f)uff(f)] , (2.12)

with U(#) = 3(V(@))® + Z24(Z)% + V($) denoting the potential term.

Using the Hamiltonian given in Equation (2.10) we are now able to obtain the path
integral formulation of the quantum field theory, as stated before, in complete analogy
to the steps described in Section 2.1. As this thesis is devoted to lattice field theory we

now need to introduce the lattice regularistaion of a quantum field theory.

To discretise the theory on a lattice, we first introduce a finite dimensional spatial
lattice with a finite number of lattice sites and therefore a finite volume. To achieve the
discretisation we replace the position vectors # € R? in the Hamiltonian (2.10) with a
3-d, spatial lattice, we will refer to as A. Therefore the vector T gets replaced by a site

on that lattice A. To put these replacements into a mathematical description we write

R3 — Ad®
ni

T an with @ = |ng| , ny: 0,1,2,--- L —1
n3

Thus we consider a 3-dimensional lattice of size L? and lattice spacing a.

There are some more substitutions needed to go from the continuum formulation to the
lattice regularised theory, which will be shown and explained in the following. As just
described, the position argument # of the continuum fields gets replaced by the lattice
vector 7. Also when considering discretised quantum field theories, we are dealing with
sums over all lattice sites, rather than an integral over space, and last but not least
we need to replace the derivative operators with suitable differences. Here a symmetric
discretisation of the derivatives is used, such that the discretisation error is O(a?) rather

than O(a). We shortly summarize the steps of the discretisation as follows:

3(7) — (7) ,

[ ]
—
SH
)
8
S
w
St
m
-

[ ]
S
ot
&

§\>
St
+
\Q_/.
|
§\>
S
<

+

o

Q

no
N~—



Here j denotes the unit vector in direction j. Using all these substitutions we arrive at

the discretised Hamiltonian

3 7=
A_a3Z[%frﬁ2+%Z(¢n+] — ¢ _])>2+V(q§(ﬁ)) m?qg() e

neA j=1

with the conjugate momentum given by 7 (7) = —ia~ 607 Thus we have the following

commutation relations:

o [$(i), p(m)] = [#(71), 7(111)] =0 .

o [o(1), 7 ()] iég’lﬁa*, the factor a3 is there to get the dimensions right.

If we now repeat all the steps from Section 2.1 in the quantum field theoretical set-
ting, i.e., inserting I = ] f 7)|¢){(¢| and using the ”wave function of fields”
(p|m) = mei 2aea ™M) for the Gaussian integrals, we finally arrive at an analo-

gous expression to Equation (2.7):

2
H H —ea3 Pj41 (M =65 \ " GN-1 4
Z,B — hm N / d¢ 7’_7: Z] =0 ZnEA ( € ) ij() U[¢]]

NAXn

(2.14)

Inserting the potential term and the abbreviation of the integral measure

N-1 o
[pe=T111 [ deta . (2.15)
j=0 ReA ¥~

into Equation (2.12) gives

()= () \ 2 () — b (A—f) \ 2
2 /D Zj”ozne (LB s (LT 20 TN w2 o )24V (7))
B — .

(2.16)
It needs to be stressed that the fields obey periodic boundary conditions in the Euclidean
time direction ¢n (1) = ¢o(7). Now using this fact and promoting the subindex of the
fields j to a new argument, we can now identify the whole argument as a 4-vector n on

a 4-dimensional lattice of size L? x N which we denote by
Ay ={n=(id,n4)ln; =0,1,--- | L—-1;0=1,2,3;n4 =0,1,--- ,N — 1} . (2.17)

We relabel the ﬁelds in the following way: ¢;(Z)|z=eii = ¢(7,7) = ¢(n). Setting € = a

the term € ZJ "o @D 5 becomes a ZnEA , the integral measure term becomes D[¢] =
¢j+1(7)—; ()

[I,.cn, #(n) and last but not least we change the one sided derivative term .

o(i+1)—(i-1)

to the symmetric form 5%

Using all this, we finally arrive at the following



term for the full 4-dimensional, discretised partition sum:

Zg= 1] / dg(n) e~ 32l (2.18)

neNy

with the Euclidean action now given by:

d(n+a) —d(n— )2 m?
Spldl =a' Y- |( URED 2 =iy, Som?+Viel| . (219)
neclAy
Note that we have identified the inverse temperature § with 8 = a - N. Thus for the

zero temperature limit we need to consider N — oo.

2.2 Gauge theories on the lattice

Gauge theories have played an important role in physics since the discovery of Maxwells
theory of classical electrodynamics. The gauge principle has led to the development
of many interesting quantum field theories, among them the standard model of particle
physics which is a gauge theory with the underlying gauge group being SU(3) x SU(2) x
U(1). Even general relativity and more so the quantum approach to general relativity
may be considered as gauge theories. Although gauge theories are a key ingredient of
all particle physics theories, there are still some unsolved problems.

The key idea of a gauge theory is to find certain local transformations of the fundamen-
tal fields such that the Lagrangian stays unchanged under these gauge transformations.
In the following we will introduce the concept of gauge invariance and gauge transfor-
mations first in the continuum formulation and then construct the corresponding lattice

formulation.
2.2.1 Continuum formulation

2.2.1.1 U(1) gauge theory

For our introduction to gauge theories, we will consider a simple example theory namely
U(1) gauge theory with fermions, which will help to illustrate many important facts
of gauge theories. In the next section we will then generalise the introduced concepts
to non-abelian Lie groups. Some reasons for choosing the U(1) group as our showcase

theory are:
e it is the simplest unitary Lie group
e it’s the gauge group of electrodynamics

e it’s abelian and thus simpler for a first discussion
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As we have now specified the group in which our gauge fields live, let’s introduce the
fermion fields denoted by ¢ and their adjoint fields ¢ = ¥4°, which are the Dirac

spinors

The second type of fields we need are the gauge fields A,(x) € R and the corresponding
field strength tensor
Fu(z) = 0,A,(x) — 0,Au(x) . (2.20)

Here we use euclidean spacetime indices u,v = 1,2,3,4. From a course in electrody-
namics or various textbooks we know that for given electric and magnetic fields, the
vector potential A,(x) is not unique and we have a certain freedom to change it with a
gauge transformation. This also implies a gauge transformation for the fermion fields in
the form of a local phase shift. We may summarize the U(1) gauge transformation as

follows:

A (x) = Au(z) — O () , A(x) € R arbitrary , (2.21)
W (2) = M), P (2) = dla)e N (2.22)

where e denotes the coupling constant which for U(1) is the electric charge. The trans-

formation of the fields leaves the field strength tensor invariant:

Fp,(x) = 0,4, (x) — 0,4}, (2) = 0u(Av(z) — O A(2)) — 0y (Apu(z) — 9uA())
= 0,A,(z) — 0, Au(x) — 0,0, A(z) + 0,0pA(x) = 0,AL(x) — O, Au(x) = Flu(x) .

The next step is to separate the Euclidean action into a gauge part and a fermionic
part S[i), v, A] = Sg[A] + Sr[t, v, A] and consider these parts individually with respect

to their gauge invariance. The gauge part of the action reads

Sold) = / 'z Fo(2) PP (z) (2.23)

which we have just proven to be gauge invariant.

The fermionic part of the action is given by

Sl A] = / 0 D)y By + e Au()) + m)b(a) | (2.24)

where the 7, are the Euclidean Dirac matrices. In the mass term the phases that
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(x) and ¢(x) pick up in the gauge transformation (2.18) cancel, such that this term is
trivially gauge invariant. To show that the other terms are gauge invariant, we introduce
a quantity called covariant derivative D, = 0, + teA,(x) which can easily be seen to
obey a transformation relation of the following form: Dj(x) = M@ D, (z)e" A=),

With this, the theory is invariant under the gauge transformations (2.17),(2.18).

2.2.1.2 SU(N) gauge theory

As mentioned earlier, we can now easily generalise the procedure described in the pre-
vious section to gauge theories with arbitrary non-abelian Lie groups, such as SU(N).
These theories are generally also known as Yang-Mills theories. The key difference is
now, that the gauge transformation is no longer just a phase shift, like in the U(1) case,
but rather a more general transformations with the generators of the SU(N) group.

We consider a SU(N) invariant theory, with arbitrary N. The action is now given by

Ny
S[5, 9, A] = 2;2 / 44 T Fy(2) Fy ()] + 3 / dhz ) (2)fmD + D)D) (2),
F=1

-~

SalA]

Srlda,A]
(2.25)

with F, () = 0,A,(x) — 0,A,(x) + i[A,(z), Ay(z)] again denoting the field strength
tensor, which in the SU(N) case picks up a new term, due to the non-abelian character
of the group. The gauge transformation of the fermion fields is simply given by ¢ (z)" =
A(x)v(z), and for the adjoint fields 1 (z)" = ¥ (z)A(z)" where A(z) denotes the gauge
transformation matrix which is an element of the group SU(N). Also here the kinetic
term 0, is the one that breaks the gauge symmetry. Thus we again need to introduce the
covariant derivative D,, = 0,, + igA,(x). As we are now dealing with a general theory,
we denote the coupling constant with g, as stated before. For the covariant derivative

we demand the following transformation rule
Dly(2) = A@)Du(@)A@)' (2.26)
which in turn implies the following transformation rule for the gauge field
i
Al (z) = Ma)Ap(z)A(z)t — QA(J:)(BMA(J:)T) : (2.27)
such that the Lagrangian is now completely invariant.

2.2.1.3 Lattice regularisation of SU(N) gauge theory

If we now discretise the action given in Equation (2.22), we need to repeat the sub-

stitutions we performed to regularise the theory as described in Section 2.1.1.2. So we
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replace the continuous spacetime by a hypercubic spacetime lattice, therefore the deriva-
Y(ntf)—p(n—p)

tive 0,1 (x) becomes %

, = gets mapped to n € A4 and of course the integral
over all configurations gets replaced by a sum over all lattice sites. When requiring
invariance of the Lagrangian under the gauge transformation ¥ (n) = A(n)y(n) with
A(n) € SU(N) and A(n)fA(n) = I, we see that in the fermionic part the mass term is

invariant while the nearest neighbour terms of the derivative transform into

@' ()7 (0 + 1) = $(n) An) A(n + ) yutp(n + f)
A1

which is definitely not invariant. Unlike in the continuum formulation we do not in-
troduce a covariant derivative here to render this term invariant, but rather introduce
quantities Uy, (n) which are commonly referred to as gauge links or link variables and are

added in the nearest neighbour terms
Bt (n + 1) = D) yUb(n + i) - (2.28)
These gauge links obey the transformation rule
Up(z) = An)Uu(n)A(n + f1)

such that the nearest neighbour terms (2.25) are invariant. These gauge links sit on the

1 n+f
——<«——o -

1 n+f
——— o -

=
B

FIGURE 2.1: Graphical representation of the gauge link variables.

link between two lattice sites and may be illustrated as shown in Figure 2.1. The link
variables play the role of the gauge fields on the lattice, which is justified as they have
the information of the gauge fields encoded within them: we may write the group valued
link variables U, (n) with the algebra valued fields A,(n): U,(n) = €4 and using

expansion in a one may show that the terms (2.25) give rise to the covariant derivative.

All that is left to do now is construct a gauge invariant term for the gauge part of the
action. To achieve this we need to find a suitable expression for the field strength tensor

in terms of the gauge links. For this we use the following notation of the field strength
1
ig
the gauge links. To achieve this we want to build a gauge invariant quantity formed by

tensor F,,(x) = =-[D,(x), D, ()] and then try to build a gauge invariant quantity using

the gauge links Uy, (). One quickly finds that a simple gauge invariant quantity one can

construct out of the gauge links is the trace of a product of gauge links arranged along
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the squares of the lattice. We we denote the plaquettes as p,, and define them as
puv(n) =Uy(n) Uy(n+ p) Uy(n+ )t u,m)t . (2.29)

These so-called plaquettes may be represented graphically as shown in Fig. 2.2.

A

nto  Uun+0)  nip+p

Uy (n)f Uy(n+ 1)

FIGURE 2.2: Graphical illustration of a plaquette on the lattice.

We now show that the trace of a plaquette is gauge invariant:

Tt[pu(n)] = Te[U,(n) Uy(n+ i) Uu(n+ )T U, (n)T]
= Tr[A(n)Uu(n) An+ @) A(n + @) Uy (n + ) An + o+ 2)TA(n + i + D)
I I
Uu(n+ )T A(n+ 0)TA(n 4 2) U, (n)TA(n)]
I
= Tr[A(n) Uu(n) Un(n+ 1) Uu(n +2)" Un(n)T A(n)T] = Trlpym)]

In the last step we used the cyclic permutation property of the trace. This then concludes
our proof. Using the plaquette we can now identify the gauge part of the action for a
SU(N) theory to be

SalU] _922 S Y Re(Trll — ppu(n)]) (2.30)

neNy p<v

commonly often referred to as Wilson gauge action. The factor g% is included to match

iaAu(n) and

the continuum action which again we may obtain by writing U,(n) = e
expanding in a.

As promised in the beginning we will now give a short and rudimentary overview of the
aspects of dealing with fermions in a lattice theory. The first thing to stress is that due to
the Pauli exclusion principle, fermion field operators obey anti-commutation relations.
In the path integral formulation we describe fermions with Grassmann numbers, which
are anti-commuting and nilpotent. With these numbers and their properties one can

easily derive derivation and integration rules for the fermion fields (see e.g. [9]). The
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partition sum for the full theory can be written as follows:

Ny Ny
7 — /D[U]e_SG[U]/HD[¢(f)a¢(f)] HG—SFW”,MJ(”,U] ’ (2.31)
7=1 7=1

with Ny denoting the number of flavours. As in the continuum the fermion action is
a bilinear form, where the kernel is lattice discretisation of the Dirac operator m + Ip.

Thus we can write the lattice fermion action as
z,y

where D(z,y) is the lattice Dirac operator. We do not discuss further details of the lattice
Dirac operator, but remark that it is necessary to add the so-called Wilson term which
removes additional mass poles of the theory and has the properties of being irrelevant
for a — 0 and decoupling from the theory in this limit. With this we conclude our brief

remarks on lattice fermions.

2.3 Monte Carlo simulation in lattice field theory

Monte Carlo simulations, originally developed in statistical physics, can be applied to
numerous fields including stock market analysis, simulation of board games and many
others. In the area of theoretical physics Monte Carlo methods play an important role in
the simulation of lattice field theories. To be more precise in our work we actually use a
specific Monte Carlo method called Metropolis algorithm. In lattice field theory as well
as in statistical physics, Monte Carlo simulations based on the Metropolis algorithm are
the method to use for simulating the dynamics of a theory and calculating observables.
For introducing the method, we again use a simple scalar theory with partition func-

tion defined by
Z = / D[¢] e~5l01 (2.32)

and the action is given by
4
ﬂm=&§j;%f+;]wm”awmf—EZMMMn+m,
p=1

with A = N3

apatial - Vtemporal being the spacetime lattice. Possible simple observables are,

e.g., the mean value of ¢? or the correlation function of the fields. We then can obtain

the vacuum expectation value of an observable in the following way:

©) = [ Dlél e 0lg] . (239
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The reason to use Monte Carlo methods here is, that this integral cannot be solved
exactly. Monte Carlo simulations approximate the integral by the average of the ob-
servables evaluated on N sample field configurations which are generated randomly
according to a probability distribution. If we then would send N to infinity, we would
obtain the exact value of the integral of interest. For the integral (2.29) we can identify

the probability distribution as P[¢] = %67%

In this setting the Metropolis algorithm works like the following:
1) Generate a new proposal field configuration & near the current one, typically by
changing the field at a single site.

2) Calculate a quantity called Metropolis ratio p = % which is given by the ratio

of the weight factors of the proposal and the old field configuration.
3) Generate a random number r, uniformly distributed in the interval [0, 1].

4) Check the relation r < p, if true, accept the new field configuration and overwrite

the old one or else keep the old one as the current one.

The above described steps of the Metropolis algorithm are repeated in a loop over all

lattice sites and updating all fields with the steps 1)-4) is called a sweep.

The general structure of the Monte Carlo simulation for our example theory is given

in the following steps:
i) Choose the values of the parameters m, A and set ¢(n) =0, Vn.
ii) Perform equilibrating sweeps of the order O(10%) - O(10°).

iii) Loop over the number of measurements N one wants to perform, usually of the
order O(10%). Inside this loop:
— Perform sweeps of the order O(10) - O(10?) to decorrelate the theory.
— Calculate the observables.
— Write them into an array.
iv) calculate the mean value (O)y = % ZZ]\L 1 O[¢'] and the numerical statistical error,

. 1
which scales ~ 7N

All our simulation results have been obtained using the steps i)-iv).
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2.4 Dual approach to lattice theories

It is well known that when dealing with lattice theories at finite chemical potential or
with a topological term, one usually stumbles over a sign problem which causes problems
for a Monte Carlo simulation. These sign problems arise from the fact, that the action

S is complex and thus the Boltzmann factor e~

cannot be used as a stochastic weight
for the simulation process. The main idea for the dual approach is to exactly rewrite
the partition sum of the theory in terms of new variables which are called dual variables.
Using the concept of dual variables has a long history and one of its earliest applications
was to compute the critical point of the 2-dimensional Ising model [10]. A key aspect of
the dualisation method is that using different representations reveal different aspects of
a theory. In more recent years it has been understood that the dualisation method may
overcome and solve sign problems in many abelian theories. It gets a little more tricky
when dealing with non-abelian theories due to the non-commutative factor of the group

elements, but dual representations are known and are still subject of intensive research.

The general outline of the dualisation process is as follows. First one factorises the
Boltzmann factor into local exponents and then expands them in a Taylor series. The
next step is to perform the integration over the original fields, after which the expansion
indices can be identified as our dual variables and replace the conventional fields as the

new degrees of freedom for the theory.

In this introduction we will show how the dualisation method works using U(1) lattice
gauge theory. U(1) lattice gauge theory has no sign problem, but it needs to be men-
tioned that we did encounter a sign problem in the SU(2) theory this thesis is devoted
to. But the appearance of that sign problem had a different reason than that of a normal

complex action sign problem.

2.4.1 Dualisation of U(1) gauge theory

Before we begin with the dualisation, we first need to introduce the theory. The degrees
of freedom are the gauge link fields U,, € U(1) sitting on the links of the lattice. We
use a 4-dimensional lattice with periodic boundary conditions. As we are dealing with

a pure gauge theory, the action is simply the U(1) Wilson gauge action, given by

SqlU] = —g SN Uewp+ Uil - (2.34)

xr v<p

The variable S denotes the inverse gauge coupling and the arguments of the gauge action

are the plaquette variables U, ,, which are formed by the oriented product of the link
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variables

* *
Uewp = Uz Ustop Uzip, Uz

We to stress, that the star denotes complex conjugation, which is justified because we are
only dealing with elements of U(1) here and hermitean conjugation reduces to complex
conjugation. We now label the lattice sites with x rather than n, different from the
notation used in the previous section, but that is just a convention.

The partition sum for the theory is given by
Z = / D[U] e=5¢ | (2.35)

with the integral measure being a product over all lattice sites x and all directions v. We
will later use the following parametrisation for the integration of our gauge variables:
Ugp = e*=v € U(1), which then are integrated over the unit cycle. The integral measure

then reads

7rd T,V
/D[U1=H/_ P

where i is the normalisation factor of the integral.

The first step now is to insert the gauge action and write Equation (2.31) in the form
7 — /D[U] e§ 2w 2v<plUnwotUs ] (2.36)

We can now pull the sums in the exponents down as products and factorise the expo-
nentials, as described in the introduction to this section, after which we Taylor-expand

the individual components and arrive at the following expression

2= [ooiTIT 3 3

T v<pmg yp=0mg ,p=0

)" (5"

U p)™+0 (U, )50 (2,37
mz,up! mx,yp! ( x,l/p) ( I’Vp) ( )

where we have introduced (mg ), Mz,p) € [0,00) as expansion indices that are attached
to the plaquettes. We can now introduce the sum over all configurations of our expansion

indices as 3y, 1 = [[. 1]« anox,upzo Zfﬁox,,pzo and write the partition function as

follows

_ (g)"et e
Z_/D[U] {%}HH( 2

Tz v<p

)(Ux,,,pww(U:,Vp)mw

Mz vp! Maup!
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We can identify the factor that contains 5 and the factorials as a weight factor and

introduce the abbreviation

“TIII (mm,) , (2.33)

|
z v<p Mg vp: Mg yp

for convenience. The next step is to write out the plaquette variables in terms of the link
variables, factorise them and reorganise the terms, by shifting the indices, into powers of
the gauge links U, . The whole calculation can be found in Appendix A. The partition

function now becomes

/D [ﬁ] HH (Ux V)Z/Jil/<p[mz,up+mzfﬁ,up}+zp:p<y[mzfﬁ’pV{»mZ,PV] %

{m m}

H H <U;; V)Zp:u<p[m(1),l/p+mz—ﬁ,up}+Zp:p<y[ﬁlz_ﬁ7pu+mx’pu]

As our gauge link variables are elements of U(1), we can use the property U;",. =
((etPaw)*)m = (e~ Waw )M = (e)™™ = (U,, )~ ™ to rewrite the expression in the follow-

ing way

z= w1 3" wis «

{m m}

H H (U:c 1/) 2 pw<pMa,vp=MawptMa—pup=Matp,0pl T2 s Ma—p,pv =Mz —p,pv+Ma, v —Ma,pv]
)

We introduce a new variable p; ., = Mg 1) — Mz ,p Which we promote to a new dynamical
variable of our theory p,,, € Z. This together with another set of variables we call
¢z, € No. This is the final set of dual variables we use to describe our gauge fields. They
are related to my ., and mg ,, via the relations mg ,p— Mg vp = Prvp a0d My pp+My )y =

|Dzvp| + 2z,0p- Inserting this in the equation from above gives

/D Z W HH xl/ pu<p[p1 vp—Pz— ﬂVp]+pr<y[px p,pv — Pz pu] (2 39)

{p.q}

with W[B] now given by

H H ( )Ipz wpl124z,0p >

T v<p pxup|+Qw1/p) (%{;Vp)'

The variables p will be referred to as plaquette occupation numbers or plaquette vari-
ables and will in the end be identified as our new dual variables. The plaquette variables
consist of an oriented flux running along the links, counterclockwise if positive and clock-

wise if negative. Note that also the plaquettes U, ,, had this kind of orientation.
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After this rewriting and factorisation we can finally evaluate the integral. For this we
plug in the U(1) Haar measure given in Equation (2.32) and the definition for U, , into
Equation (2.34) and arrive at

1 [7 :
7 — Z W8] H 271-/ Ay, (ewz,u)ZP;KP[Pz,up*pa;fﬁ,upHZp;p@[Pxfﬁ,pu*pz,pu]

{p.q} TV

The terms in the integral are just integrations over a phase and give rise to Kronecker
deltas. These in turn implement constraints for the flux running along links shared by
two adjacent plaquette variables. For notational convenience the Kronecker deltas will
be denoted as 0, , = 6(n). Furthermore, since the ¢, ,, do not have any constraints, the

summation over the variables g, ,, can in this case be done in closed form, using the
8 Pl+2e

series representation of the modified Bessel function > 2 m = 1),/(B) = 1p(B)-

With all this taken into account the partition function reads

z=3" ( I ... (B)) <g6 (p;p[px,uppx_p,ypH > [px_@pypx,py])) , (2.40)

{p} z,v<p p:p<v

where we have finally obtained the dualised version of the theory, which only depends

on the dual variable p, ..

To shortly summarise what has been done in this chapter, we have mapped our original
theory to a dual representation by integrating out the conventional U(1) gauge fields and
replacing them with plaquette variables p, ,, € Z, which are our new degrees of freedom.
The plaquette variables have to obey certain constraints concerning the flux that runs
along the links of the lattice. Thus the configurations cannot be chosen arbitrarily.

As we will see in Chapter 3, the general steps of the dualisation work the same for
any of the SU(N) Lie groups, e.g. in our case SU(2). However, these groups are no

longer abelian which brings in new challenges for the dualisation.

2.5 Observables in the dual representation

As discussed in the beginning of this chapter, we will now briefly discuss some observables
of interest. These observables are also the ones we calculated and analysed in our model.
The first observable on can extract from equation (2.35) is the plaquette expectation

value

1 9In(2)
6V a3

<pm,up> = (2.41)

which is obtained in the same way as the energy of a canonical system in statistical

physics, as a derivative with respect to the inverse gauge coupling. More specifically it
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is the action density of the U(1) lattice gauge theory we consider. The term % is the
normalisation constant in 4-dimensions. The second observable we are interested in is
the plaquette susceptibility x of the system. The susceptibility is obtained by taking
another derivative of equation (2.36) with respect to the inverse gauge coupling £, or

otherwise written as
0 ( > 1 92 In(Z)
X = Pzrp) = — 257 " 85
(3) 6V a(5)

Of course there are many other interesting observables, e.g. correlators, but as for this

(2.42)

thesis we did not consider them and hence there is no use in dwelling on this topic any

longer.



Chapter 3

Dual representation of pure SU(2)
lattice gauge theory

As mentioned in the introduction to Section 2.4., the dualisation method has been
successfully applied to many abelian theories in the past. In recent years there have
been efforts to extend the use of this technique to non-abelian theories. A few such
representations are known by now, but they present some challenges for the dualisation
procedure as well as for numerical simulations. One of the problems arises because of
the non-commutative character of the group elements, while another problem concerns
finding a suitable parametrisation of the group elements. The basis for our work is
taken from the paper [3] in which a new technique was developed to dualise SU(2)
lattice gauge theory. The new technique featured in this paper is named Abelian Colour
Cycles (ACC) and comes about when we decompose the gauge action into abelian parts,
which after dualisation gives rise to new degrees of freedom that can be interpreted as
loops around a plaquette in colour space, the ACCs. We remark that the paper also
deals with the dualisation of fermions which will not be covered in this thesis.

One good reason to consider the SU(2) model is that it is the easiest non-abelian Lie
group which comes in handy for a first discussion and furthermore gives us a simpli-
fied model theory for QCD. The technique described in the paper above has also been
extended to SU(3) already [11]. However, the SU(3) version however will not be fea-
tured here, as we use the SU(2) ”toy model” as a tool to search for different strategies
to overcome the above mentioned problems and develop new dual representations for
simulations.

In the following sections we will outline the dualisation steps of the theory, highlight
the features and problems that arise during the procedure, and finally present a graphical
representation of the new found approach. The discussion of the following sections

follows closely the steps of [3].

21
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3.1 Dualisation of SU(2) lattice gauge theory

The model used in [3] is SU(2) lattice gauge theory with the Wilson gauge action given
by
p
SolU) =5 37 DUVl UL (3.)

x,u<v

where the gauge link variables U, , € SU(2) denote the dynamical degrees of freedom
which sit on the links of a 4-dimensional lattice with periodic boundary conditions. The
trace operation here is understood as a trace in colour space. The partition function of

the theory is given by
Z = / D[U] eS¢l (3.2)

The key aspect of the new ACC technique is, as stated in the paper, to write the trace
over the colour indices and the matrix multiplications as an explicit sum. With this

Equation (3.1) takes the following form

1
SalU) =~ 3 3 UL, U U (33)
T,u<V a,b,c,d=0

If we compare the U(1) theory given in Section 2.4 with the SU(2) theory, we find that
each lattice site picks up an additional degree of freedom, i.e., the colour dimension.
Instead of a hermitean conjugation a complex conjugation is used in Equation (3.2) as
we now consider the matrix elements Ugi, which are complex numbers. The products
of these matrix components UgﬁLUgiﬂwU:‘fi;,ngi* are referred to as Abelian Colour
Cycles. The ACCs are complex numbers and feature 4 colour indices (a, b, ¢, d), one at
each corner of the plaquette. Since we consider SU (2) here we find that the colour indices
can only take 2 different values, namely 0 or 1. These values were chosen differently in

the paper (as 1,2), but our choice is more convenient when simulating the theory.

11 %
Ug’;J,»y”u,

FIGURE 3.1: Graphical representation of the example 1011 ACC. This Figure adapted
from [3]



FIGURE 3.2: All 16 possible ACC configurations. (Figure taken from [3] )

To get a better understanding of this and what is meant by the loops winding in colour
space, it is useful to find a geometrical representation of the ACCs. In Fig. 3.1 we depict
as an example the 1011 ACC in the p—v-plane, which is given by U;&Ugiﬂ,yUéi;’uU;}V*
in terms of the elements of the link variables. Here we use two layers labeled 0 and 1 to
illustrate the two different colours. As shown in the figure, each of the ACC elements
is a directed flux running from one lattice site to a neighbour site, with the direction
indicated by the arrow. The first element of the ACC is depicted by the front link in
Figure 3.1 and connects the site  which has the associated colour value a = 1 with the
site « + 1 with corresponding colour b = 0, with the flux running in positive u direction.
The element UJ}S)r v points in positive v direction and connects site x + i and colour 0
with site x + i + 7 and colour 1. The other two link representatives, i.e., Uzlil;u, UQ}}V*,
in the ACC are complex conjugated, which we illustrate in Figure 3.1 by the arrow in
negative direction, and thereby close the ACC. We stress that for SU(2) the trace of the
plaquette is already real. Because of this one does not need to explicitly project out the
real part of the action. Thus all plaquettes are oriented in a mathematically positive
sense.

As stated before, there are 16 possibilities a loop can wind around a plaquette all of

which we depict in Figure 3.2.

If we insert the gauge action of Equation (3.3) into the partition function (3.2) we get
7= /D[U] eg Y p<r Daped UsnUsi s Uas s, Ush ™ (3.4)

In complete analogy to the steps in Section 2.4 we can now pull the sums from the
exponent down as products and expand the Boltzmann factors in a power series, such

that the partition function becomes

abed

o (B)
Z:/D[U] H H Z (2> (U;b ch Udc* Ugf[i/*)l’g,bﬁg ) (35)

abed | W rav Y o
ra<v apedpglgi=0 Do

abed

The expansion index pg o

€ Ny will be regarded as cycle occupation number which
counts how many loops wind around the plaquette (z, uv) with a specific configuration
a,b,c,d of colours on the 4 corners. These cycle occupation numbers will later be

identified as our dual variables.
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One immediately notices that the term that contains 8 and the factorial does not
depend on the link variables Ugi and can therefore be pulled out of the integral as
a weight factor. We introduce the sum over all configurations of the cycle occupation

numbers as > oy =, < Hcll bed=0 2paved—o and write the integral measure as
) T, v

JECE Il [t (3.6)

where dU,, ,, is the Haar measure for the link U, ,. We arrive at the following expression

for Equation (3.5)

abed

abed

B P, uv
:Z{ IT II ( a>bcdl }H/dU e 1] H (U U Usss uUss, )P
{p} “Tu<vabed TTHV z,u<v ab,c,d=0
(3.7)

Note that the arguments in the integral, i.e., the ACC, are only complex numbers thus
we can commute and rewrite them such that the integral takes a more convenient form.
This is done in a similar way as for the U(1) theory by reorganising the terms. The
corresponding calculation can be found in Appendix B.

After the steps given in Appendix B, we arrive at the following expression:

Z =Y Wslp H/dUw H (Ueb Y New (e <) N (3.8)

{p} a,b=0

We have introduced abbreviations for the exponents

ab __ abss sabs nrab ssba assb
Nap = E : Py + E : Prppp » Nap = E: Pe—pu + E : Pzpp > (3.9)
v.u<v pp<pt v.u<v pip<p
and for notational convenience we introduced a shorthand notation for the weight factor

in front of the integral in Eq. (3.7):

abed

5\ P
wslel = | IT 11 (c?bcdl : (3.10)

z,u<v a,b,c,d T,pv*

In Equation (3.9) we have introduced a summation index s to indicate that these colour

abss __ Z abed

indices are summed over, e.g., P30 = > . 4 Py -
)

The next step towards obtaining the final form of the dualised partition function is to
perform the integration. For this we need to choose a representation of our gauge link

variables and the corresponding SU(2) Haar measure. The representation chosen in the
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paper is

cos(6y,,,) e n sin(f,, ,,)ePon

Upp = , (3.11)

—sin(0,, ,)e"Por cos(0y,,)ean

with the angles 6, , € [0, 5] and oz, Be,u € [0,27]. Using this one can easily identify

the normalised Haar measure to be

dogy dfz
2r 27

dU, ,, = 2 db, , cos(8, ,)sin(0; 3.12
2 S s S

Inserting the parametrisation (3.11) and the Haar measure (3.12) into (3.8) we get

us

Z =3 Wslp [[(~1)%% 2 / © 00,1 (COS(Br 1)) IS (sin (B, )) S
{r} Z, 1

2T 2
" / A0y iy (790, -T2 / DB i, -7 (3.13)
0 27'(' 0 27T

where we have introduced integer valued fluxes j;}Z and Sgﬁ, given by

ab __ abss ssba assb sabs
jx,u - Z [pmw _pfc—ﬁ,m/] o Z z,pp _p$—ﬁ7pu] ) (3.14)
vipu<v pp<p
Sab _ [pabss + ssba ]+ [passb+ sabs ] (3 15)
T w v T Po—o v z,op T Po—pppl - :
viu<v pp<pt

Note that the link (z, u, a, b) is contained in 6 different plaquettes which all contribute
to the final value of the J-flux and S-flux for a specific configuration.

We first consider the last two integrals in Equation (3.13). This type of integral can
be solved in closed form and gives rise to Kronecker deltas, which we again denote in
the form d(n) (cf. Section 2.4.). The Kronecker deltas in turn imply constraints on the

fluxes J in the following form
00 1 _ 01 10 _
Top = Tepy =0, Tpp—Tpp =0, Vz,u . (3.16)

When we consider the integral over 0, ,, we recognise that it can be identified as a

representation of the Beta function B, which is defined as follows

m

n
. +1|§+1) . (3.17)

: cos(4)) ™ (sin(¢)) " =
2 [ * o (cos(e)) " sine) " = B

In order to further simplify the Beta function we show the following properties of the
fluxes S:
SN, + 8, =even, SY +8,5, =even, Va,pu . (3.18)
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To check these we write out the first equation in (3.16) in terms of the dual variables

abced .
vaul’ .

00ss ss00 0ss0 s00s
E T,uv px—ﬁ,uy] - E T,0 px—ﬁ,pu]_

v.u<v pp<ph
11ss ssll 1ssl slls _
- E : [Pz i — P2 ] + § : [Papu = Pappul =0 -
v:u<v pp<p

We convert the minus signs into plus signs by adding 2-times the negative terms on both

sides, which yields

A S S S /- o ) IS S | T/ ot I

vipu<v pp<pt vipu<v
1ssl slls _ ss00 11ss 0ss0 slls
+ § : [Pipu + P pul = 2( § : (P25 + P + § : [P +pwﬁ7pu])
pp<p viu<v pp<p

The left hand side can now trivially be identified as Sg?u + S and we write

T,
00 11 00 11 0550 11
5%, +8 =2 3 bt + ol + X b))
vipu<v p:p<pt
The terms on the right hand side of the equation above are now multiples of 2 and

therefore always even, which concludes our proof.

For even m and n we can use

I3

(5)!

)!
(=21

r(e+1)rs+1) (% (3.10)

m n
B(— 112 1): 2 2 -
; U5+ mEnt2

N[N

where we used: I'(n+1) = n!l. Inserting all this in the partition function (3.13) we arrive

at the final dualised form

Z =" Wslp) Wilp] (~1) %= 7k TT 6T, — 71L) 670 — 7%, (3.20)

{r} Z,h

where we have introduced another weight factor Wi [p] for the terms that originate from
the Haar measure integration. This weight factor depends on the S fluxes and has the
following form
520,48z | S 4825 |
(Frg) (B!
Waulpl =[] (sgou+3;1;t+sglu+31.0 ,
LR 4 )

(3.21)
T, =841

We may shortly summarise our steps so far. The partition function in (3.19) now is a

sum over the configurations of the cycle occupation numbers pgf’ﬁﬁ € Ny attached to the

plaquettes. We have introduced two different fluxes 7 and S that live on the links of the
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FIGURE 3.3: Graphical illustration of the constraints of the jﬁ’;—ﬂuxes. Figure adapted
from [3].

lattice for notational and illustrative convenience. Also we have identified two weight

factors, one containing the inverse gauge coupling 5 and explicitly the cycle occupation

abed

number p3°7

and the other one consisting of weights for the S-fluxes. The Kronecker
deltas give rise to constraints for the J-flux running along the individual links, which
can graphically be illustrated as shown in Fig. 3.3.

The constraints shown in Figure 3.3 imply that for the whole lattice, the total amount
of J-flux running in the 0 colour layer of the lattice must match the amount of flux run-
ning in the 1 layer. Also the number of flux crossings from 0 to 1 must be equal to the
number of fluxes that cross from 1 to 0. All valid configurations one can construct have

to obey theses conditions.

Furthermore we recognise that Equation (3.19) has an explicit sign factor (—1)2zx T2
which arises from the (0, 1)-matrix element of the parametrisation of the link variables
in (3.11). This sign factor implies that certain configurations of the cycle occupation
numbers to contribute negatively to the partition sum. Having negative contributions is
a challenge for a numerical study due to the sign problem they introduce. The exponent
of the sign contribution is the sum over all the fluxes ja% pointing from site = to site
x4+ f1, with p = 1,2, 3,4 and from colour layer 0 to 1. Thus the sign of each contribution
is dependening on the number of flux crossings that occur on the whole lattice. Thus

we may write
(_1)2:0# Jﬂ?}u _ (_1)# flux crossings ] (322)

As stated before and as can be seen from the definition of the [J-fluxes, there are 6
different plaquettes contributing to each link flux 5732}, The structure of the contribution
is illustrated in Figure 3.4.

Having introduced and understood the geometrical representation along with the con-
straints to the fluxes, we can now go on to discuss examples of admissible configurations
of our dual fields. It is straightforward to construct configurations which obey all the

constraints, with the simplest being closed surfaces of oriented plaquettes where certain

cycle occupation numbers are occupied. To give an example one may start with pg?ﬁ‘i
set to 0 for all values of x, u,v,a,b,c,d. One may then set pg?gg = 1 for all plaquettes

in the p — v-plane. This trivially keeps all the constraints intact, as the fluxes all run in
the same layer and compensate each other, because of the fact that all the plaquettes

are mathematically positively oriented. To briefly elaborate this in more detail, the
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FIGURE 3.4: Schematical illustration of the ACCs contributing to the J-flux. Here

the example flux of jﬁﬁ,f is taken since it is the one contributing to the negative sign.

The dashed lines are the summed up cycles indicated by the index s. This figure is
adapted from [3].

0000

v and

flux of the link (x, p,0,0) is pointing in positive p-direction from plaquette p

0000

T thus the contributions cancel out. We

in negative p-direction from plaquette p
stress that this configuration does not have any flux crossing and thus has a positive

sign contribution. The next step one might perform is to change the configuration by

0000 1111

v~ Dxo.uws Where zo denotes a
7 7

inverting all the colour indices for one plaquette p
specific site. Subsequently certain colour indices of the adjacent plaquettes need to be
adjusted according to the constraints, namely the colour indices that are situated at the
links shared with the modified plaquette. This now generates flux crossings, but always
in multiples of 2, which does not create a negative contribution.

Another modification for obtaining a different admissible configuration is to simply

switch the colour indices of certain sites and afterwards adjusting the indices of the 4
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FiGURE 3.5: Graphical illustration of the example configuration given in Equation
(3.23), which gives rise to a negative contribution. Drawn in black with the full line is
pg?fj,; in green with the dashed lines is p?10 the dotted red line is the ACC of pllil

NI T, uv
and finally the blue, dash-dotted line is the pi’lﬁg ACC. This figure is adapted from [3].

plaquettes that contain this site accordingly. Again this will not give negative contribu-
tions to the partition function, since changing 2 colour indices also gives flux crossings
in multiples of 2. One can repeat these two updates for all the sites in the plane y — v,
thereby generating closed flux surfaces which contain all the 16 possible ACCs. This
strategy is straightforwardly generalised to higher occupation numbers, surfaces wind-
ing around the periodic boundaries (which we will later refer to as ”"sheets”) and non
orientable surfaces.

As said before, having negative contributions in the theory is problematic for numerical
simulations, but it can be shown that all configurations that can be constructed up to
the order 33, i.e., 3 non-zero occupation numbers are positive. Only if we consider, e.g.,
4 non-zero occupation numbers or higher there appear configurations that contribute
with a negative sign. One example of such a configuration is given by:

0001 0010 1111 1100
Poyw =1y Pow=1, Doy =1 Dpw=1. (3.23)

To analyse it better, we illustrate this configuration graphically in Figure 3.5. We see
clearly, that all the constraints of the theory are intact, but this configuration has an
odd number of flux crossings and gives rise to a negative sign in Equation (3.19).
Before we discuss the observables of interest that can be computed from the dualised
SU(2) gauge theory, we would like to dwell a little longer on the negative contributions.
The main motivation for our work is to find out whether this sign problem is funda-
mental, i.e., that it cannot be eliminated or somehow worked around, or if there exist
some other representation of the theory that can be used during the dualisation such
that it may resolve the problem. To check this we have developed 3 different methods
to try and overcome the sign problem. The detailed discussion of these methods will
be subject of the following chapters, but we nevertheless already want to mention them

here:

e factorising out the center of the group SU(2) ,
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e introducing colour flux indices ,
e truncating the theory .

All these approaches have their positive and negative aspects all of which we will work

out in detail in the chapters to come.

3.2 Observables of SU(2) lattice gauge theory

The observables of interest are essentially the same as for the U(1) case (cf. Section

2.4). These are the expectation value of the plaquette (U,) which is defined as

1 0In(Z2) 11 907
(Up) = == N av 7 arBy (3.24)
oVoa(y)  6VZa(5)
and the plaquette susceptibility x;, which can be computed in the following way
o(U, 1 0%In(Z
=2 L ohiz) 525
(3) o(5)’
The term W is the normalisation factor, with V being the total number of lattice sites

and the factor 6 in the denominator denotes the number of different planes that come

together at each site in 4-dimensions.

However, instead of immediately showing the results for the observables of the dual
theory, we would like to take a short detour and first display the observables of the
original matrix form of the theory. Having written this down will be useful once we
discuss the simulation of the theory. The plaquette expectation value of the original

SU(2) theory with matrix valued link variables can be calculated as follows

1
R 9 SEICPTAN MR

z,u<v

Using Equation (3.24) we arrive at the following expression for the susceptibility

4

2
< > T Uy Ui Uy, UL ]> ) : (3.27)

x,u<v

2
Z Tr |:U$’p, Ux+ﬂ,1/ Ul—l—ﬁ,,u U;J/]] > N

X, u<v

Equation (3.25) and (3.26) can be obtained trivially, hence we do not show the calcula-

tion.
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To conclude this section we will now also compute the observables in the dual repre-
sentation. For this we need to evaluate Equation (3.23) with the partition function in

the form of Equation (3.19). We write

U= 75 ZWB | Wilp) (1) 75 [T (785, = 20 805~ 743)
Tl
(3.28)

One can easily gather from this that the derivative with respect to /2 will only act on
the weight factor Wjs[p] and ignore all others. For the case of the plaquette expectation

value we will briefly demonstrate the computation steps in the following. First we write

v g()p] I @)Z

1
i P

2

oX _ i B>(ijj)1' 4
:>3<5) ];[pj! (2 zj:pj

We have written the weight factor Wjs[p] as & and for illustrative purposes reduced
the number of products to one. One can now split up the term and since the term g
does not depend on j convert the product over j into a sum in the exponent. Taking
the derivative here is similar to taking the derivative of (g)n, where n here is Zj Dj-

This yields a factor of (> y pj) — 1 in the exponent. To restore this factor we multiply

B
the equation by 1 = 2. Inserting the full expression for Ws[p] we find the following
2
expression:
B pgbﬁlli/ B pl/b:j/jl
9 ( ) <§> abed
s LI T S| =5 T Ty < 35 it
2 z,u<V a,b,c,d Tpve /' <v' o’ b d xﬂ’/' z,u<v a,b,c,d

where the product indices need to fulfill the following conditions: =’ # z, u' # u, V' # v,
a # a, b # b, # ¢, d # d. Inserting this back into Equation (3.27) yields the

plaquette expectation value:

bed
z,u<v a,b,c,d

The derivation of the plaquette susceptibility in the dual representation requires to

take another derivative of Eq. (3.28) with respect to the inverse gauge coupling and

can be obtained by a straightforward calculation. The result of this calculation is the
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following

2 2
1 4
_ abed abed abed
X=5vpe Yoo | )= Do r) (>0 X e |
z,u<v a,b,c,d z,u<v a,b,c,d z,u<V a,b,c,d

(3.30)

which looks similar to the term in Equation (3.26) with the exception of the last term

which originates from the derivative of the prefactor %

This concludes our discussion of the dualisation of SU(2) lattice gauge theory. In the
next chapter we will introduce the different methods we developed to deal with the sign

problem and discuss the advantages as well as the disadvantages of each.



Chapter 4

Possible approaches for a

simulation

As stated in the previous chapter, we have tried three different approaches to overcome
the sign problems of the dualisation of SU(2) lattice gauge theory in Monte Carlo
simulations. The first one was to factor out the center group of SU(2), dualise the
theory and check whether we could achieve some new constraints for the dual variables
in this way. We discuss this in Section 4.1.

The second idea was to find a new representation such that we may be able to resum
the negative contributions and obtain positive overall weights. For this we rewrite the

exponentiated term given in Equation (3.5) as a product with index jj ,,, running from 1

abed

zv- The new index j is site-and direction dependent. We later on change variables

to p
and identify certain combinations of the colour indices as a colour flux living on the links
of the lattice. The insights we got from that approach will be discussed in Section 4.2.

For the third and last approach of this thesis we constructed new dual variables out
of the cycle occupation numbers. We then truncate the theory such that the cycle
occupation numbers can only take specific values. Doing this we were able to obtain the
well known spin algebra and relate it to the qubit regularisation method. This will be

elaborated in more detail in Section 4.3.

4.1 Factoring out the center group of SU(2)

The first idea to overcome the sign problem was to change the representation of our
gauge links. This is done by explicitly taking out the center of the group SU(2), i.e.,

Zs. In other words we replace the link variables

ULM - UI:N‘UIJJ‘ ’ (41)

33
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with 0, ,, € Zo. The hope of this was that it may produce additional constraints for the

abed

dual variables p3’.0,

which could not be seen in the original setting.

Inserting this representation in the partition function (3.5) gives

1
B ab N be N de * ad *
7= / D] Yo [T I extomwten moennlitnn oreonlifin oenlE™) - (4.)

{o} z,u<Vv a,b,c,d=0

where we have introduced (o} 88 the sum over all Zy configurations ¢. One immedi-
ately sees that the o’s do not have colour indices, thus are not traced over and can be

pulled out. Again, using a power series expansion we arrive at

abed

B Pz uv
o b pabcd
_ N N ab rrbc de * ad * \"THY
Z_/ pwid  II > ~ G (GJ,MUHMV"HV’#%WUx,uUﬂchﬂaVUerl”#va” ) '

{o} z,u<v p%?ﬁcul:() T,pv”
a7 7C7

abed

The expansion indices pj’,
J.

will later again be identified to be our dual variables. We
introduce the weight factor Wjs[p] as given in Equation (3.10) and write the sum over
all configurations of the cycle occupation numbers as ) = L. <y [abed Zgé?ﬁg:o‘

The partition function thus becomes

abed

abed pa:, v
7= W) / DN S TT Conosiuoropan VP50 (U025, e s vt Y50

x,u<v
{r} {o} ahed
(4.3)
We now only consider the term containing the sigmas, which reads
abed
Z H (O—rﬂu‘o-z+,[lzyo-x+l>7uo-zvy)Za’byc,dpa:”uu N (4'4)

{0'} T, u<v

Here we have already converted the product over the colour indices into a sum in the
exponent, since the sigmas do not depend on them. As the sigmas are elements of Zs
we can also express them in the following way: o, , = (—1)"*#. We have introduced a
new variable 7, € {0,1}, therefore the sum over the configurations of o now becomes
a sum over the configurations of the variable r. With this and repeating for the variable
rz the reorganising steps given in Appendix B, we can express the term in Equation

(4.3) in the following way

Z H ((_1)Tz,p+rz+ﬂ,u_Tz+f/,p,_rz,u)QT”HV ,

{o} Tu<v

where we have introduced a shorthand notation for the exponent abed pgf’ﬁﬁ = Qu -

The signs for the individual r terms in the exponent were chosen in this particular way

such that we can later express our result in terms of differential forms on the lattice,
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which will be explained in more detail in Appendix C. Changing some of the signs of
the terms in the exponentials is justified due to the identity (—1)" = (—1)7".

Next we want to reorder the terms in the exponent in the following way: (7444, —
Tou) — (Toto,u — Tzpu). In doing so, we are able to identify the term in the exponential
as the exterior derivative differential form, which in its general form is given in the

following way (cf. Equation (C.4)):

!
(dr)x,m---uz = Z(_l)k+1[Tx+];7m...ﬁk...m - Tx,,ur"ﬁk"'uz] . (4.5)

k=1
Here the circle above the index denotes that this index is left out in the sum. If we now
take [ = 2 and rename the directional indices p1 = p and ps = v this identification is

complete. Thus the term we are considering becomes

ST (—1) @ Qo = 3 (1) B e Qs

{r} wp<v r}

We can now shift the differential operator from the r to the ) term by a partial inte-

gration where we end up with the term

S (1) e 690
{r}

where the § denotes the boundary operator. The partial integration here essentially
transforms the 2-forms of the exponent (dr)z ., and Q4 into 1-forms ., and (6Q) s,
living on the links. Pulling down the sums from the exponent and rewriting the sum

over all configurations of r as 3¢, =1, , : Zix =0 We get
H Z +1 if (0Q)z,u even
T‘z N7 — )
zp " e =0 0 if (6Q)g,, odd

which implies an evenness constraint upon the term (0Q)); ,. Using the definition of the

boundary operator and introducing the evenness function E(n) as

1 if nis even
0 if nisodd

we can write the final result of the term in Equation (4.4) as

[1200Qu =112\ 3 3 [~ 53

v a,b,c,d
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Inserting this back into the partition function (4.3) we get:

Z=3 Wslp) / D[U (U“b Uk, Ul s U ) ”“‘”HE(((SQ)W) (47
T,

{p} ,,u<1/ a,b,c,d

One can now repeat the dualisation steps given in Chapter 3 to arrive at the final

dualised result of this approach:

2= Wplp] Walp] (~1)%es 780 [ 6%, - 724 6(T2 — T2 T E(6Q)a) -
{r} T,H T,
(4.8)

This result looks very similar to the one obtained in Chapter 3, with the additional
constraint of the evenness function. Unfortunately this constraint on the ) variable is

not new but can be shown to correspond to the constraints for the J-flux.

To summarise this approach, we were able to factorise out the center of the group and
solve this part in closed form. After having done this, we could dualise the theory in the
way given in Chapter 3. However this did not produce any new constraints of interest,

which was the goal we would have hoped for.

4.2 Dualisation with index parametrisation

Our next approach to the sign problem was a method we called ”index parametrisation”.
The idea here is to take the partition sum in Equation (3.2) with the original gauge action

given in Equation (3.1), expand this in a power series which yields

Z= Wslp / o] I (T [VenlarinUls, U8 ) (4.9)

{r} TV

(*)

and only afterwards write the trace operation as explicit sums over the colour indices.
The key difference to the original approach is, that instead of taking the trace term to
the power of the cycle occupation number, we now introduce another product with index
Jz,uv, Which is site dependent and runs from 1 to the cycle occupation number p, .
Note that here the variables p, ,, do not get a colour index. For notational simplicity
we sometimes neglect the indices of j; ,,. When we apply this to the term (%) from

Equation (4.5) we get

Pzx,pv Pz, uv j
az N7 z v :L‘ uVCI pv ¥ d:c ;uxc:c pr ¥ az ,u.udz puv
SR IRIDIDID 3D I I I § LTl T PR
Ty j=1 al, uub:c ;U/C;v ul/d:c nv Tp<v j=1
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where we see, that also our colour indices became local and pick up the product index

j. One now may introduce the sum over all the colour configurations as follows

Pz, v

S-IIMNYEYy. (10

{abed @SV Jeaw =L QJuy wnty Gtk k.

which leads us to the following expression for (x):

Pz,uv . . . . . . . .
K Jac,uub]x,/u/ b]m,uu Jx,uv % d]ac,p,u Jx,pv % a]x,uud]x,p,u

_ Az, pv Oz, pv z,uv Cx,pv z,uv Cx,pv z,puv Gz, uv
(=20 TI TI s ™" U™ UL = Ve - (1)
{a,b,C,d}x7M<ij,;Lu:1

We use the steps described in Appendix B to bring this term in a form similar to the

integrand in Equation (3.8):

P, pv Jx,pv g Ja, py Pe—p.pp  Ix—p.op Jo—p.pp
(*) _ 2 : I | ((U:p /,L)ZV:MQ/ Zj:c,;wzl az iy b iy ) ((U:p H)Zp:p<u ij_ﬁ:pu:1 b pon Co—popit
b b
{a,b,c,d} Tt

Pr—o,uv Je—0,uv Jo—0,puv Pz, pp Jz,pp iz, pp
(U* )Zu:u<u ij—l?,,uu:l d;c—ﬁ,;ux C:C—D,;uz (U* )Zp:p<//. ij,puzl Az,pp dx,pu
T, z ’

s

(4.12)

where we had to shift the indices of the colour indices as well as of the summation index

7, because they are both site dependent.

To proceed with the dualisation we need to choose a representation of the gauge links.
We again chose the one given in (3.11). However, having the colour indices now explicitly
as exponents, we came up with a clever way to represent the matrix elements U;}i. After

a straightforward calculation we found that the matrix elements can be written as

; ) p1l—a
02, = (eos(0z,) )™ (snf0,) 50)'|

where we use the colour index as a tool to switch on the different components of the

matrix. This of course can be multiplied out and the term in (4.9) reduces to

UJ?ZL _ (_1)a—ab (COS(exyﬂ))(l_a_b+2ab) (Sin(9x7u))(a+b_2ab) eiam,#(l—b—a) eiﬂmyﬂ(b—a)

(4.14)
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Inserting this into Equation (4.8) we arrive at the following, rather lengthy expression

for (x):
Px,uv Jz,pv Jx,pv iy Jo,uv Pz —i,uv jzfﬁ,,uu_ 'szl,,u,u jmffl,y,l/
_ 1 Zyrp,<u |:ngc7/,,y:1 (ax pv €T, v b T,pv >+Zgz L/uuzl (dzfﬁ,p,u T—U,uv Tr—U,uv
() =11 (=1
T,
Px,pp Jz,pp _ PJz,pp Jz,pp Pe—p,pp Jo—pou_ Jx—pppyde—p.pp
(_1)Zp:p<u {ij,,m:1 (ar pu dz, o Gz, pp )"‘ng b= bx—ﬁ,pu T—p,pp bx—ﬁ’ﬂu
Px,uv <1Jz N7 bjlw‘“’f ]z,p,u 2 a Jm j24 b]z ul/)]
(cos (0 )y S (S0t (= st ot 2 ol ot
Z szffl,p,u ljzfﬁ,,uu _ jsz/,uu d71 l/,,u,u+2 ({71 U, uv C]z U,uv
0 vip<lv jzfﬁ,,u,uzl (x—D,uv) T—U,uv x—D,uv U,puv T—U,uv
(cos(0z,p.)) -
Px,pp 1Iz.pon Jz,pp Jz,pp Jz,pp giw,pp
> . —a —d +2a dy
p:p<u[23»-, :1( z, T, P Z,PH z,pp Gx,pp
(COS(Q%M)) z,pp (@,pp)
) E' Je—pon _ plr—p.pp Jo— PPl 4 bjsc -Dpp ij pspi
0 pip<p Jo—p,pp \ "~ (x—5,pw) T—p,pp z—p,pp T—p,pp  TT—P,pp
(cos(0z.))
P;L,p,u b]z,y,u an 127 2 a Jx,uv b]z,p,z/
(sin(@ > n<v Jz up=1\"z,uv z,pv z,pv Oz, pv
Pr—o v Jo— U, jzfﬁ,,uu jzfﬁ,,u,u jszl,,u,u
. Vu<y [ij o= ( T—0,uv +dzfl7,,u,u —2 dzfﬁ,,uu Coi v
(sin(fy,,
Pz,p# (Jw 1 iz, pp Jz,pp giw,pp
. az,py +dz —2 ay dy, )]
(Sln(9 pp<u[ Gz, pp=1 P P op Gxpp
) S be ppu+7x PPl ijw pipH cjw Ppp
. 0 pp<p Jz—p,ppu \ TPPK T—p,pp T—p,pp T—p,pp
(sin(fy,,.))
. Px,uv Jz,pv jx, pny Jx,uv
emz,u DI [ij#wz1 (1(1 %) b, fiv T, v )]
. Pr—0,uv jszl,uu jmffl,y,l/ jszl,uu
ezaﬁ?,u Zy:p<u |:ij7[/tu=1 (_l(x—f/,uu)—i_czfﬁ,uu +dzfl7,p,u
. Px,pp Jx,pp Jx,pp Jx,pp
e_w‘w,u Zp;p<u[zjz:pu:1 (1(95:0,4) az,pp — dz,pp )]
; mle—o.pv Je—ppop | gJo— hpp o PiPi
—i -1 > b
e ] Zp:p<u{ My b (zfp,pu)'i_ T—p,pp e PPt
B Z ZP:C,;,W bJ:c py Jm pv +sz U,pv _ jzfﬁ,p,qudjzfﬁ,p,u
el T, vip<v Ja,pr=1\"TIV T, pv Jo—0,pv =1 cszl,,u,u T—0,uv
_ Pz,pp Jz,pp __Jz,pp Pe—p,pp jz*ﬁ,pu_ Ja—p,pp
e Zﬁm,ﬂ (pr<H [ij,/?#:l (d T,pH Az,pp )+Z]z prpi (bsz),p,u, T—p,pp :|

Note that the each of the terms in

the equation above has a term-specific combination

of colour indices in the exponent. Next we identify the colour index combinations in

the exponents of the a and 8 terms as a quantity we refer to as colour fluxes. These

quantities live on the links between the lattice sites.

follows:

I=1-b—a i=15b

L=1—-d—-a

l=d—a

The flux variables are given as

—a K=1—-d—-a

R=1-b—c (4.15)

The flux denoted by the big letters match the combinations of the o exponent terms and
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V:2T
i al=1—a-0 3
B:i=b—a p=1
a: —K=—(1-d—-c¢)

B: —k=—(c—d)

FIGURE 4.1: Illustration of the colour fluxes that arise from the combination of colour
indices in (x). The origin of the colour fluxes is denoted by the « or § in front of the
definition. Here we illustrate the plane p < v.

the small letter fluxes the ones in the exponent with the 8 term. These colour fluxes
can be illustrated as shown in Figure 4.1 and 4.2. As illustrated in Figures 4.1 and 4.2
we have that the orientation of the fluxes is defined as the colour at site x + ¢ minus
the colour at site z, where 7 denotes the unit vector in direction {1,2,3,4}. Thus they
are positive if they run in mathematical positive direction and negative otherwise. This
matches the orientation of the gauge links (cf. Section 2).

Using the definitions in (4.16) we can also consider the composite terms a - b that

appear in (x). First we need to express a and b in terms of our new variables:

1T 1-T+i

= - 4.1
a 5 b 5 (4.16)
A straightforward calculation then yields
1 22
a-bzz(l—Ql—i—I —1i%) (4.17)

1 i\? I
a—a-b:<2—;> -7 (4.18)
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i a: R=1—c—b a: —L=—(1-a—d)
; B:r=c—0b f: —l=—(d—a)

FIGURE 4.2: Illustration of the colour fluxes that arise from the combination of colour
indices in (x). The origin of the colour fluxes is denoted by the a or § in front of the
definition. Here we illustrate the plane p < p.

Substituting the colour index combinations with the terms given in (4.16), (4.17) and
(4.18) the term (*) becomes

2 2 Jo—0,pv 2 Jo—0,pv 2
1- 231 j2% I]J, j12% 1—k Rl I L
Z ) T,V _ T,V +Z . T—U, v _ T—U,uv
{vijz,pv} 2 2 {Vv]x—[/’uy} 2 2
() =IT|1

T,
. . 1 R 2 1 . 2
1_J%.pp 2 LIz.pp 2 1_ TP RIz—pip1
S z,pp _ | Lz.pp +32 T—p,pp _ z—p,pp
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where we have introduced an abbreviation for the double sums, e.g., > ()

7]z,mu1/}
Sy T
viu<v Je,ur=1"

We recall that the colour indices (a, b, ¢, d) can only take the values 0 and 1. When
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we insert this into the definition of the colour fluxes (4.16), we find that the colour
fluxes can take values —1,0, 1, depending on the current configuration of colour indices.
However, as the fluxes denoted by the capital letters and their corresponding small letter
fluxes I <+ i, L <> [, R <> r, K < k, individually contain the same colour indices, they
are not independent of one another. Thus, if we have a configuration, e.g., a = 0,0 =0
according to (4.16) we have that I = 1 and i = 0 respectively. Inserting the different

combinations leads to the following relation:

il = 1= Il =0

P = 0= I = 41
Tpy = Tpy =

o = 1= o =0

This in turn allows us to express the exponents in (%) in terms of either the capital or

the small fluxes, for which we chose the latter. This further reduces the (%) term, which

now reads

i N 2
1— ZJ NO2 2 lfk]I_AV“U’V j .
Z z LLV ZJI,;“/ +Z . ToUpY Dy
{v,je,uv} Tpy {Vij,,g,,“,} 2 T—D,pv

2 j 2
1=, 1oz =pon
) z pu PPzpn T z—ppp_,JT—p.pp
{psjz,ppu} TP {Pdz—p,put 2 T—p,pp

(=1

v J D uv
Z{V Jx /J.l/} (1 ]Taclﬁ’ )J’_Z{V Jo—p l“’} <]' ( xx 12 HP:/ ) )
(cos(bz,p
J
Z{P Jz,pp} (1 ;x"z” )+Z{p Jo—pont (1 ( o pppftu> )
(cos(bz,p
2
J D,uv
. Z v v Lz b +Z v ( lx U F:’ )
(Sln(g { NIt }( ) {viizg— l/,u,u} e
Iz Jz—p,pp
(Sin(@ Z{P Jx pu}(zpu ) +Z{P Jp— PPM}< T—p,pp )
i Z . Ijz:HV+sz U, pv 7szjl7vMV _ Z ) ]z u+z_ 7Rjz*hﬁypl—b
e sk {vijz,uv} "THY Jz—p,pr=1 T—U,uv {psjx,pu} TPP' Jz—p,pp T—p,pp

Jo— U,pv

D J j J )
. Jx,uv T—DU,puv T—U,uv Jx,pu T—p,pl
ezﬂx,u |:(E{V Jx,uv} i Y +Z =1 _kiv U, pv ) (Z{ijz,p,u} la:,pu +Z]x M T Prp1 ):|:|

Inserting this back into Equation (4.9) we can evaluate the integral as shown in Chap-

ter 3 by using the SU(2) Haar measure. This then yields the following result for the
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dual partition function

7= wslp) > ]
{p} {i,k,l,r} T,p
Jz—puv

. 2
lfi]x’”l’ . 2 1 K j .
Z . T,pv ,L'Jitvl“’ +Z . T—U,uv k T—U,pv
{v.jz,uv} 2 T,pv {V1]$_1),Hy} 2 T—0,uv

(1)
jwjﬁ,pu

. 2 2
1_Jmpep 1—7 G s
S TPl [T, P +3, __x—pipp T PipH
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Gilln \ | (Gt N
2 : 2 :
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<<Zuzu<u (153:,;“/ + ﬁw—%w) + Zp:p<u (ﬁﬂwu + ﬁw—@pu)) /2 + 1>! "

0 ( Z (ix,/w - f{z—ﬁw’) - Z (f’w,pu - Rw—ﬁwu))
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; ( S (o)~ 3 (o @_ﬁ,pﬂ)> | (.19
vip<y pip<p

Here the letters with the tilde denote the colour flux variables, where the sum over the
index j has been carried out. The chlfgy and @gffﬁfy are abbreviations for the following

terms:

ot =3 (2 (- (@))+ 5 (- (m)) )+

v:p<v \ jz,pv jm—l),p,u
joon )2 3 Jopon’)
_ T,pu _ E*Apvﬂll«
g E 1 (lm,pu ) + 1 (rwfp,pu) ’
P:p<p \Jz,pu jxfﬁ,pu

atf= 5 |3 () + X () )+

Vip<v \ jo,uv jszz,,uu
. 2 ; 2
Z l]w,pu + ,,,.Jx—ﬁa/’lb
E z,pp § : T—P,pp
PP<t \Jja,pu Jz—p,pu

With this we have successfully reformulated the dual theory in terms of the colour
micro fluxes and Equation (4.19) is the final version of the dual partition function in
the index parametrisation. Although the approach seems very interesting, we decided

to abandon it in favour of the approach explained in the next section.
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4.3 Truncation and connection to qubit regularisation

The final approach we used was to truncate the already dualised theory such that it
matches the terms expected for a method called qubit reqularisation. This method is de-
scribed in greater detail in [1] using the O(3)-spin model as an example, but we nonethe-
less briefly want to summarise the main concepts and discuss why this is applicable to
the dual SU(2) lattice gauge theory. We want to stress that all of the stated equations

in this chapter hold for all lattice sites «x, all directional indices y, v and all colour indices.

The main goal of qubit regularisation is to develop a method which can be used to
simulate a quantum (lattice) field theory on a quantum computer. This, as stated in
[1], may prove particularly useful when simulating, e.g., non-equilibrium processes or
strongly coupled theories. The reason for this is that in these cases the currently avail-
able classical computational resources are very limited. Quantum computation may help
overcome this problem. In order to simulate a quantum field theory on a quantum com-
puter one has to first apply lattice regularisation and furthermore use a method referred
to in the paper as qubit reqularisation. Basically this means formulating the theory us-
ing a local finite-dimensional Hilbert space which can then be represented with qubits.
Thus when considering a theory in d dimensions, this formulation effectively makes the
theory d + 1 dimensional. The paper gives an example of a qubit regularisation scheme
called ”D-theory approach”, which claims that a (d + 1)-dimensional quantum lattice
Hamiltonian can be taken as a qubit regularisation of a traditional lattice quantum field
theory in d + 1 spacetime dimensions. Next they construct the qubit regularisation of
the O(3)-sigma model using a singlet-triplet representation as states on each site of the
lattice, after which they formulate the theory using worldlines.

There are a few reasons why we chose to try formulating the SU(2) lattice gauge
theory using qubit regularisation. In [1] each site gets added an additional finite di-
mensional Hilbert space in which a qubit lives. Since a qubit is a two-level system this
additional dimension can be thought of as adding a layer at each site. The dual formu-
lation of our SU(2) lattice gauge theory can graphically be represented as consisting of
2, in this case, colour layers. Thus we can draw a straightforward analogy between these
two formulations. Another reason is that SU(2) and SO(3) are related via the isomor-
phism SU(2)/Zs = SO(3) and furthermore SU(2) is the universal cover group of SO(3).

For the above stated analogy to work we constructed two new dual variables from

the cycle occupation numbers. These new variables Vx‘flzﬁfl and Dgf’ﬁg are defined in the
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following way:

Vi = v — i (420
Dm,,uu = pg?ﬁg pg?ﬁg : (421)

Here the bar above the colour index denotes the anti-colour or inverse colour index, i.e.,
a =1—a. It is straightforward to see that the following relation holds for the variable
V with the anti-colours:

V&BE& — _Vabcd . (422)

T,pv T,pv

Inverting the colour indices does not affect the variable Dgf’ﬁ,ﬂl. Using the definitions in

(4.15) and (4.16) and exploiting the relation given in Equation (4.17) one can also easily

change back to the cycle occupation number representation:

abed abed
abed ‘V%NV ’ + V»Tvlﬂ/ abed
= ol DT L p (4.23)
T, pv 2 T,pv
- Vabcd _ Vabcd
it = WA\ ZVEll | pbes (a.24)

Furthermore, to complete the analogy to the qubit model we needed to truncate the

abed

theory in such a way that the dual variables pg’/7

can only take the values 0 and 1. This
is a crude truncation since now for each plaquette (z, i, v) there can be either no loop or
one loop winding around the plaquette for a specific configuration of colours. Inserting
these truncated values into the definition of our new dual variables ‘@‘fch and Dgf’ﬁ,ﬂl we

find that they can only take the following values:

yabed ¢ £0 £1) |

T, uv

Dobed ¢ (0,1} .

T, puv

As the V and D cannot be changed independently of each other we find that they
come in 4 different combinations, which are displayed in Table 4.1. The table also helps
to better illustrate the connection between the values of the truncated cycle occupation
numbers and the new dual variables.

There are a few interesting features one can extract from Table 4.1. First we get a
constraint for the new dual variables which reads

Dabcd <1-— ‘Vabcd

T,pv T,V ’

(4.25)

which is an important statement in the numerical simulation of the theory. Furthermore
the numbers in Table 4.1 already hint at the singlet-triplet structure with the spin

algebra. In analogy to spin states in quantum mechanics we now introduce a quantity
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TABLE 4.1: Conversion table for connecting the two dual representations of our dual
SU(2) lattice gauge theory.

abed

p 9.

abed o 0 1
P bed bed

Va Ci — Va C — _|_1

0 b o | e
T, v T, UV

. Vebed — —1 V;j%cgl =0
bed d

D37y =0 D3y =1

FIGURE 4.3: Illustration of example plaquette states where all the colours are in the
same layer: on the far left is the singlet state |1,0), and then from left to right the
triplet states in the order |0,+1),|0,0), |0, —1).

which we named plaquette state as

|Dabcd Vabcd> ) (4.26)

T, ¥ a,uy

With this we are now able to complete the analogy of our dual variables with the qubit

states from [1] and obtain the singlet-triplet representation like follows:

plaquette singlet: |1, 0)

0,+1)
plaquette triplet: |0, 0) (4.27)

‘07_1>

Note however that the notation differs from the conventional spin algebra, where the
labels 0 and 1 are exchanged in the first entry of the state.

We can illustrate the plaquette states using the graphical representation of the ACCs
introduced in Chapter 3. This representation is shown in Figure 4.1.

Figure 4.1 shows that the singlet state corresponds to the ACC and the anti-ACC
winding around the same plaquette, where for the triplet state either the ACC or the
anti-ACC is occupied. The loop in the bottom layer can be identified as the ACC p2°%9

v
and the one at the top to its anti-ACC pilﬁi The third option of the triplet is that all
the occupation numbers in a given colour configuration vanish.

Having introduced the variable transformation and truncation we insert (4.18) and
(4.19) into our dual partition function (3.20) and rewrite all the variables and fluxes in

terms of our new dual variables V#¢d and pabed

o oy First we consider the weight factor

Wi lp] given in Equation (3.21), i.e., the sum of S-fluxes. If we write this sum more
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generally with colours a, b and anti-colours @, b we get:

B abss Vabss | ssba ‘ 4 Vss a
ab ab ‘ Z,pv | + T,uv abss T—0,uv —0,uv ssba
S{L‘”u, + S{l?“u - Z 2 + D »,u'l/ 2 + Dx U,uv +
vu<v
assb assb sabs sabs
i Z Wx on | + Vi 4 passb 4 Ve ppu| T Vel bon | psabs +
2 T PM 2 T—pP,PH
pip<p L
ba ssba
‘anbss| + Vabss - |Vss ‘ 4 V
MY T,pv abss T—D,puv 7/11/ ssba
by [V | sy Vel Vi e |
vipu<v
assb assb sabs sabs
+ Z | :vpu|+v7pu Dassb ‘ T— ppu‘—i_v ﬂPH+Dsabs
2 vP# 2 T—P,pp
p:p<p L

If we use the relation given in Equation (4.17) the V' terms without the modulus cancel

and the term reduces to

S+ S = S Vet +2 Db+ Vet 2 Dt |

viu<v
+ Y [v;;ff\ +2 Dessh 4 |ysebs |49 pebs W} . (4.28)
pip<p

Next we consider the J-fluxes and the terms in the Kronecker delta of (3.20). Inserting
(4.18) into the definition of the J-fluxes yields

ba
‘Vrazszﬂ + VG,ZSI;S + Dabss _ <’V88Va,l“/‘ + VSS v,V Dssba )]

2, 2 T, uv 2 T—D,uv
assb assb sabs sabs
_ ’Vx »PH ‘ + V T,PH Dassb ‘ z—p, PN| +V T—P,pp 4 Dsabs
Z 2 T, pp 2 T—p,pp ’
pp<p

which as a single term will be of interest when we discuss the sign. Last but not least

we consider the arguments of the Kronecker deltas which now read:

abss abss ssba ssba
’V$ ,uu| + V z,pv + abss (’V ,.UV‘ - V U,pv Dssba >] _
T—D, v

ab ab
jx,u - jx,u - Z

2 by 2

vu<v
assb assb sabs sabs
_ Z ’pru‘+v,pu Dassb V. T— ppu| + Vi Dypht 4 psabs _
2 T,pl 2 T—p,pp
pip<ph

abss abss ssba ssba

_ Z |V$NV|+VUU#V Dabss _ |V;E VMV|+ T—D,pv Dssba
2 T,uv ) T—D,uv
vipu<v

>

pip<pt

assb assb sabs sabs
’Vﬂﬁ Hxppl 7 "zpp ‘ + V z,pp Dassb ‘V —b, PH| +V T—p,pp Dsabs
T,PH 2 T—pP,pp
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Again using (4.17) we see that the modulus of the V' and the D terms cancel and this

term straightforwardly reduces to
I =T = 3 (Ve - vate,| - X0 Ve - vah,] - (420)
v:ipu<v p:p<ph

Finally if we insert (4.18) into the definition of the weight factor Wg[p|, it becomes

Y214 T, pv +Dabcd

Ol —

(W + Dabcd) |

‘Vabcd|+vabcd )

(4.30)

welpl = | I 11

z,u<v a,b,c,d P} T,uv |*

With all the terms from the dual partition sum (3.20) now given in terms of the new,
truncated dual variables we are ready to carry out the simulations. In the next section
we will explain the algorithms and update schemes we used to perform the simulation.

We will also display and discuss the results obtained by the simulations.



Chapter 5

Numerical Simulation

The previous chapters compiled the theoretical description of the theory, its problems
and how we want to solve them. This chapter now is devoted to the more practical part
of the thesis, namely the numerical simulation of the theory and the calculation of the
observables given in Section 3.2.

We have split this chapter into three subchapters, which feature the two different
simulation ideas we used to simulate the theory. In the first part we explain how we
simulated SU(2) lattice gauge theory using the action given in Equation (3.1), which uses
SU(2) matrix valued gauge links. Since this is the original formulation of the theory, the
results obtained from its simulation serve as a reference for the results obtained from the
simulation of the dual representation. As it would take too much space to put the whole
code in the thesis, we will instead show the algorithm in the form of a pseudo-code. The

second part is mainly a conceptual part where we explain how to simulate the theory

abcd

oy @s our main degrees of freedom for the

using the dual cycle occupation numbers p
simulation. Last but not least, in the third subsection we describe how we simulated
the theory using the new dual variables obtained by the truncation approach in Section

4.3.

5.1 Simulation of conventional SU(2) lattice gauge theory

5.1.1 Description of the algorithm

For the simulation of the conventional formulation we start by considering the action
given in Equation (3.1). Our fundamental degrees of freedom for the simulation here
are the SU(2) valued gauge links U, ,. To simulate the theory and to calculate the

observables, we use the Metropolis algorithm described in more detail in Section 2.3.

48
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In the following we present the structure of our main program in the form of pseudo-

code.

set nmeas = 10°
set nequi = 10°
set nskip = 20
8o = 0.0
AB = 0.05
initialise neighbour field
set all gauge links to 2-dim. unit matrix
for ¢:0 — 80
B=p0o+i-Ap
sweeps(nequi)
for j:0 — nmeas-1
sweeps(nskip)
calculate-plaquette( j )
end for
plaquette-expectation-value = calculate-mean()
chi = calculate-chi()

end for

In the beginning we set some parameters that determine the statistics of our simula-
tion. as well as the equilibration and decorrelation. The number of the "measurements”
we perform! per observable is set to 10°. The number of equilibrating updates nequi, we
chose to be 10°. This is to make sure the algorithms equilibrated and provides a good
basis for the computation of the observables. The next pre-set parameter is nskip, which
is the number of gauge link updates performed in between the measurements. This pro-
cess is necessary to reduce the autocorrelation between two consecutive measurements.
The last two steps that need to be done before we start the simulation procedure are
the initialisation of the neighbour field and then setting the gauge links to their starting
value. The neighbour field is a multidimensional array, that contains the addresses of
nearest neighbour lattice sites in each direction, i.e., u € {£1,£2, +3,4+4}, for every

lattice site x. Regarding the starting value for our gauge fields, a suitable choice here is

10
the 2-dimensional unit matrix: I = [ ] .
01

!Note that the parameter values suggested here are only typical numbers and the actually chosen
values may depend on the specific goal of the simulation.
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1
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1
Uz, '
1
1
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Ux:.“

FIGURE 5.1: Ilustration of the different cases of two neighbouring plaquettes which
contain the gauge link U, , we want to update.

When performing the simulation we are interested in how the theory behaves at dif-
ferent values of the inverse gauge coupling 5. Thus we start with Sy = 0.0 and increase
it stepwise in a loop which in the example shown here runs over 80 steps of Ag = 0.05.
We stress that the choice of the number 80 and AS = 0.05 here is only for illustration
and will be different depending on the task. Before we start calculating the observables
for each of these iterations we perform nequi equilibrating updates of the gauge link
configurations using the sweeps function which implements the Monte Carlo updates.
The program then loops over the number of measurements, where it first performs nskip
updates, using the sweeps function, to decorrelate the measurements. Then it calcu-
lates observables such as the value of the plaquette for the current measurement. The
output of this measurement-loop is a set of nmeas values of the observables. We later
use this set, which is a so-called sample, to calculate the observables we are interested
in according to the formulas in Equations (3.26) and (3.27).

The updates of the gauge links are contained in the sweeps function, and we will
shortly outline in the following how the gauge links are updated. For a more detailed

description of how to generate new link candidates for the Metropolis update, see [7].

Consider the gauge link U, ,. In d dimensions this link is contained in 2(d — 1) pla-
quettes, which are illustrated in Figure 5.1. As described in Section 2.3, the Metropolis
algorithm needs to offer a new link candidate f]gw in the vicinity of the old value U, ,,.

To obtain this new candidate we perform a matrix multiplication of the following form:

Ua:,u = XULI},M ) (51)
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where X is a random element of SU(2) close to the unit element. Here we make use of

the fact, that we can write an SU(2) matrix element X in the form

X =aol +if- G | F=|zy| (5.2)

with g, 21,22, x5 denoting 4 real coefficients and & is the vector of the three Pauli

matrices. We generate the coefficients by

—

T = 5% xo = sign(rg)V1—e2 . (5.3)

The r;, with i = 0,1, 2,3, denote random numbers which are uniformly distributed in
(—%, %) and ¢ is a parameter that controls the spread of X around I. We stress that the

parameter € can be tuned to optimize the acceptance rate.

Once we have generated the new candidate link variable, the program has to determine
the Metropolis ratio p. This is obtained by dividing the weights of the new configuration
by the weights of the old configuration, as is stated in Section 2.3. For our theory, the

weight factors are Boltzmann factors of the form:
WglU] = e3 Zp MU (5.4)

The quantity U, = Uy ,Usz1p,U f U;,y denotes the product over the 4 link variables

THD,p
that make up a plaquette and the sum index p indicates that all the plaquettes are

%g {g} becomes

summed over. Using these weights the Metropolis ratio p =

p = e3 Lol Tl =Tel0] (5.5)
As an example we show how to calculate the Metropolis ratio for the update of the link
Uz . For the computation we need to take into account only the plaquettes shown in
Figure 5.1. If we now insert the definition for U, in (5.5), the Metropolis ratio reads:

) :eg S apcw [Tr[(Ux’M—Ux,M)Uz+ﬁ7yU;+ﬁ,MU;7V]+Tr[Uz_p,#U1_,;+ﬁ7u(U;,M—U;N)UI_D’V]] "

03 S [P0 0 Vst 5.0 UL p (O =UL i T Vs o Oia= U )UL i UL,
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For convenience we introduce the notation A, , = Uy ,, — U, and write

p :eg Zz,u<u [Tr[szuUwﬁLﬂyVU;+ﬁ,uU;V}+Tr[Uw*ﬁ,uUrfﬁ+ﬂ,VAL,uU;7ﬁ,u]] %

eg Zx,p<u [Tr[UquUI+/3”U«UlJrﬂ,pALaﬂ'}+Tr[UI*ﬁvPA17#U;7ﬁ+wiu,pU;7ﬁ,u}:|

We now can use the cyclic permutation property of the trace and after performing some

rearrangements of the gauge links we get the following

p :eg 2 <y [TT [AxaH(UI+ﬂ,VUl«t»f/,p,U;aV+U1717+[L,VUIT7D,;LUI*&1V)1|] >

T T T f
D2 [T [AeouUaraoUL 5 WU o4 Ua iU UL, )] . (5.6)

This is then how we implemented the calculation of the Metropolis ratio in our program.

Finally, after the Metropolis ratio is calculated, the algorithm then generates a uni-
formly distributed random number in the interval [0, 1] and checks whether p is larger
or smaller than that number. If p is larger, the new configuration gets accepted, if it is
smaller the old configuration is kept.

In the function sweeps this whole process is then carried out for all lattice sites and
for all directions in a loop that allows one to update all degrees of freedom nsweep times.
This then is again included in a loop over how many updates we want to carry out. In

the following we show a pseudo-code version of the function sweeps.

sweeps(nsweep)
for i: 0 — nsweep-1
for site: 0 — (number of sites)-1
for d: 0 — dimensions - 1
generate update matrix X + compute new link configuration U
calculate Metropolis ratio p
generate uniformly distributed random number r € [0, 1]
if: r < p — accept new configuration
end for
end for
end for

end sweeps
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5.1.2 Results

Here we are going to show the results obtained by the simulation of the theory using
the conventional formulation on different lattice sizes. This will serve as reference data
for the results obtained by the simulation with the truncated dual variables. We chose

the following values for the pre-set parameters in the simulation:
e nmeas = 105,
o nequi = 10%,
e AS=0.1,
e we perform 40 steps of AS .

In using the conventional matrix formulation of the theory we expect the simulation
to represent the theory correctly in the strong and the weak coupling regime. The
correctness of our simulation data can be easily checked, by comparing it to the strong
and the weak coupling expansion expression for the plaquette expectation value (Up,)
and the susceptibility y.

To shortly state how these expansions come about, the strong coupling expansion is a
Taylor expansion of the plaquette expectation value and the partition function in powers

of g In contrast to this, the weak coupling approximation comes about when we expand

the same quantities in powers of (g) . The following formulae for the average plaquette
value are taken from [12] and slighlty adjusted to match the overall normalisation factor

chosen in this work. The strong coupling expansion for the plaquette expectation value

reads: 5 e
B+ 5 + T
<Up>s = % ) (5-7)
and for the weak coupling regime, the expansion reads:
3 026 0.58
(Up)w =2 — B E B (5.8)

Applying Equation (3.25) to Eq. (5.7) and (5.8), we obtain the analytical results for
the susceptibility in the strong as well as in the weak coupling regime. Performing this

computation is straightforward and gives

733 +472 8%+ 6336 51 + 9216 52 + 73728
2 (B4 + 24 52 +192)*

, (5.9)

s

for the strong coupling susceptibility and for the approximation in the weak coupling

regime we get
3 1.04 3.48

Xu= g5+ gy T (5.10)
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FIGURE 5.2: Results for the plaquette expectation value (Up) of the conventional
simulation as a function of the inverse gauge coupling 3, calulcated for lattice sizes 4%,
84 10* and 12*. As a comparison for our obtained data we have plotted the strong
coupling expansion (purple) and the weak coupling expansion (green) of SU(2) lattice
gauge theory. Notice that the simulation data forms a smooth bridge between these
two expansion curves and approaches the graphs asymptotically in the very strong and
the very weak coupling regime. The errorbars here are too small to be seen, but in
the middle region they are slightly bigger than in the strong and in the weak coupling
region.

The subscript s and w in the above equations indicate the results for the strong and the
weak coupling expansion respectively.

We are now ready to present and discuss our results. In Figure 5.2 we show the results
for the plaquette expectation value obtained by the simulation using the conventional
formulation of SU(2) lattice gauge theory for lattice sizes 4%, 8%, 10* and 12%. As
a comparison and to prove the validity of our simulations we have also plotted the
respective analytic curve obtained from Equation (5.7). One immediately observes,
regardless of the lattice size, that the simulation results are in very good agreement with
the analytic curves and form a kind of bridge between the strong and the weak coupling
expansion results. In the transition region, i.e., 2 < 8 < 2.5 we observe a maximum
of slope around 8 = 2.2 in our simulated data. This could in principle be taken as a
hint for a phase transition. During our analysis of the data we also found, that for the
bigger lattice size, the slope becomes less steep. But this deviation of the datapoints
is extremely tiny and is known to be a (valid) finite volume effect. We will discuss the

meaning of the maximum slope in a little more detail below. In the strong and the weak
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F1GURE 5.3: Results for the susceptibility x obtained from the conventional simulation,
plotted as a function of the inverse gauge coupling 8. Shown here are the results for
lattice sizes 4%, 8%, 10* and 12%. As a reference we have plotted the strong and weak
coupling expansion results of the susceptibility for SU(2) lattice gauge theory. The data
approaches the expansion curves asymptotically in the ultrastrong and the ultraweak
coupling regime, while in the intermediate region it again forms a bridge between the
two curves. Note that the peak gets smoother with bigger lattice sizes. In the strong
and weak coupling regime, the errorbars are again too small to be seen, whereas they
can sometimes be spotted in the middle region.

region, the simulation data approaches the curve asymptotically. A slightly stronger
deviation happens can be seen in the region 1.3 < 8 < 3.1, which we will further refere
to as intermediate region. When comparing the datapoints for the different lattice sizes
one finds that they agree fairly well. We must stress here, that the errorbars are too
small to be seen with the naked eye, but we assure that even zoomed in the data is in
good agreement.

Figure 5.3 shows the results from our simulations for the susceptibility in comparison
to the analytical strong and weak coupling expression from Equation (5.9) and (5.10).
Also here one sees clearly that the data is in good agreement with the analytic results in
the strong and the weak coupling regions, as it again approaches the expansion curves
asymptotically. As stated before, also in this plot the simulation data is deviating from
the analytic curve in the intermediate region. In this plot the deviation can be seen more
clearly. Otherwise the data for the different lattice sizes shown in Figure 5.3 compare
very well indicating that finite volume effects are small. Again we notice that also in

this figure the datapoints for the bigger lattices are slightly lower in the intermediate
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region than the data from the 4% lattice. The reason for this is the same as stated above.

A very interesting detail we observe is that there appears to be a peak of the suscep-
tibility in the region where the plaquette expectation value graph showed the steepest
slope. This peak together with the maximum slope could, because our lattice sizes are
quite small, be taken as a hint for a phase transition in the continuum limit. However,
as stated in [7] this is not a phase transition, but rather a singularity in the multi-
dimensional coupling space of actions.

To elaborate a little further on this matter: SU(2) lattice gauge theory has a finite
temperature phase transition of first order. This phase transition can be obtained in
two ways, either by varying the temporal extent of the lattice, e.g., Ny = 8,6,4,2 or
by keeping the temporal extent fixed and varying the gauge coupling 5. In any case,
the spatial directions of the lattice have to be much larger than the temporal extent.
However, the study of this phase transition is not relevant for the work at hand and will
not be discussed further. We also note, that this peak in the susceptibility gets slightly
smoother with bigger lattice sizes. For the most part the errorbars are again too small

to be seen.

5.2 Simulation using cycle occupation numbers (ACC’s)

After dualising the theory (cf. Chapter 3) the cycle occupation numbers pgf’ﬁ‘i (ACC)
replace the gauge link variables as our degrees of freedom for the simulation. Therefore
we have to use different update schemes, as we update completely different degrees of
freedom that sit on plaquettes and obey constraints. Considering the constraints for
the plaquette fluxes shown in Figure 3.3 we find that we can construct 3 valid update
schemes for the dual theory that fulfill these constraints.

The first and simplest update is to change all plaquettes on the whole lattice in the
form of a closed sheet winding around the periodic boundary conditions, making it a
7global” update: We recall that the graphical representation of the ACC’s winding in
colour space is given in Figure 3.1. To generate these sheets the algorithm randomly
chooses a colour value for each site of the lattice, thus constructing closed surfaces in each
plane. This update trivially keeps the flux constraints in Equation (3.16) intact, with the
requirement that all ACC’s in a specific plane have the same orientation. These updates
are performed for each plane individually. For the computation of the Metropolis ratio,
each plaquette contributes a factor of g plus combinatorial factors. Thus for small values
of 5 these updates are not likely to get accepted, since the corresponding configurations
here only contribute a small weight. A graphical representation of an example for this
kind of updates is shown in Figure 5.2a.

The second update the algorithm performs is called ”double plaquette update”. Here
the program offers to locally place an ACC and its anti-ACC at a specific site z. As
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explained in Chapter 3, each corner of the ACC carries colour. To determine which ACC
the algorithm offers to place, it randomly chooses the colour values for each corner of
the plaquette it wants to update and then inverts the colour to build the anti-ACC. It
can be easily shown that these configurations fulfill the constraints locally, such that we
leave the plaquettes at the other sites unchanged and simply calculate the Metropolis
ratio for this local contribution. Here each double plaquette contributes a factor of (g) ’

as well as the two combinatorial factors. The first of these factors reads

1
(pgbed 41) - (pabed + 1)

(5.11)

which comes from the Wg[p] weight factor. The other combinatorial factor contributing

to the computation of the Metropolis ratio stems from the weight factor Wy [p| given in

Equation (3.21) and reads
ab ab ab ab
<SI1U';_SIJ‘« _|_ 1) . (Szvﬂ—gsznuf)
. (5.12)

Sg?ﬂ +$§§M +Sgal;l4 +ngbu

The expressions shown in Equations (5.7) and (5.8) are for the case that we updated the

abed abed
z,pv Z,pv”

2 plaquettes p and p All this makes these updates more likely to be accepted
compared to the sheets in the small 5 region. This whole update procedure is then
carried out in a loop over all sites of the lattice and in each direction. A graphical
example of such an update is shown in the Figure 5.2b.

The two update schemes mentioned above are the only ones that exist in 2 dimensions.
However if we go to 3 or 4 dimensions, one finds that there is another possible update
for plaquette configurations, which we refere to as cube update. The idea here is to
generate new configurations by locally placing a cube of closed colour flux at a site x.
The cubes can in 4 dimensions be placed in 4 different ways when considering directions
p<v<pie, (1-2-3),1-2-4),(1—-3-4)or (2-3-4). Bach face of the
cube contains an ACC sitting in the corresponding plane p < v: (1—2), (1—3), (2-3),
(i—fi), (2—4), (3—4). The 6 ACC’s on the cube, i.e., pg{’ﬁﬁ, pi?ffﬁ, pg‘ﬂf, p?_?ﬁ]_fw, pi‘fgup,

beg f

T+fi,vp’
Here the colours are denoted by the letters a — h and letters with a bar @ — h represent

have to be arranged in such a way that they obey the constraints of the theory.

the respective anti-colours. The reason why some of the cycle occupation number are
labeled with anti-colours comes from the structure of the constraints of the dual colour
space representation. But before we explain this property, we have to elaborate further

on the features of the cube update.

As a simple example, consider the cubic updates without having 2 layers for each
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FIGURE 5.4: Graphical illustration of the update schemes for the dual simulation. In

Subfigure (a) we show an example for the sheet updates winding around the periodic

boundary conditions of a 5 x 5 lattice. Subfigure (b) shows the double plaquette update.

Subfigure (c) illustrates the cube update with a specific example of ACC’s on a cube.

Here the inner cube is the 0 colour layer and the outer cube represents the colour layer

1. All of these update schemes keep the flux constraints intact. Note that (a) is a global
update, whereas (b) and (c) are local updates.

plaquette available, e.g., U(1) dual gauge theory in d > 2 dimensions. There the ori-
entations of all plaquettes on the cube are uniquely determined after choosing the ori-
entation of one of the plaquettes. If we choose the bottom plaquette to be positively
oriented, the front plaquette needs to be negatively oriented to compensate the flux at
the bottom-front edge. The left one then needs to be positively oriented, the top in
negative direction, the back one is then again positively oriented and last but not least
the right plaquette has to be oriented in negative direction. This choice of orientations is
depicted in Figure 5.3. Then raising or lowering one of the plaquettes uniquely fixes how
the other plaquettes around the cube need to be updated. This means for example, that
if we choose the positively oriented ACC’s to be raised by a value A then the negatively

oriented plaquettes get lowered by A to compensate the flux.
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FIGURE 5.5: Illustration of a cube update in the U(1) gauge theory. Note that here
we need negatively oriented loops to cancel the flux at all edges. This is because here
we do not have a second layer available at each site.

We are now ready to discuss the previously mentioned feature of the colour space dual
representation of the SU(2) theory. Here the ACC’s that would be negatively oriented
in the theory without 2 layers at each site can be replaced by their positively oriented
anti-ACC. Repeating this for all the negatively oriented plaquettes of the cube shown in
Figure 5.3 leaves us with a cube where the plaquettes are all positively oriented. It turns
out that given a colour configuration for all sites of the cube, there exists only one way to
arrange the ACC’s such that their fluxes cancel out for each edge of the cube, such that

we can construct a valid local update. An example configuration is shown in Figure 5.2c,

0110 ,,1011 ,,0010 1110 0101 0011
m,uu’px,up7px,up’pw+ﬁ,”y’px+ﬁ7“p7pm+ﬂ7yp‘

Notice that the ACC’s are now all oriented in a mathematically positive sense. The way

where the ACC’s contributing to the cube are: p

the algorithm generates a cube configuration is by randomly choosing 8 colour values
for the 8 corners of the cube. It then constructs the ACC’s and anti-ACC’s for each
site accordingly such that the flux at the edges of the cube is canceled out. Each cube
contributes a factor of (§)6 to the Metropolis ratio as well as combinatorial factors
from the weights. We omit the full expressions of the combinatorial factors as they
are rather long and do not provide any new insights. Note that in principle they look
analogous to the ones given in Equations (5.7) and (5.8), but the construction here
is more complicated due to the structure of the cube plaquettes. Considering all the
contributions form the weight factors makes the cube updates very likely to get accepted
at small 8, which is also confirmed by our simulation.

Also the formulas how to compute the observables of interest have to be adapted
to the new degrees of freedom for the simulation. The according formulas have been

derived in Chapter 3.2.
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5.3 Simulation using the truncated theory

5.3.1 The algorithm

In Chapter 3 we already explained the problem which arises from the dualised SU(2)
theory, i.e., the configurations depicted in Figure 3.5 which give rise to negative contri-
butions. Thus to try simulating the theory we used the truncated version of the dual
theory, described in Chapter 4.3.

The method and the updates to simulate this theory is identical to the one mentioned
in the section above, but now we have again changed the degrees of freedom of our
simulation. The algorithm now uses the dual variables which arise from the truncated
cycle occupation numbers pg?ﬁ,‘f, ie., Vx‘fzclji and Dgf’ﬁl‘f.

Given below is a pseudo-code version of the program we wrote to simulate the trun-

cated theory.

set nmeas = 10°
set nequi = 10°

set nskip = 20

Bo =0.0

AB =0.05

initialise neighbour field

for i: 0 — 80
B=po+i-Ap
sheet(nequi)
double(nequi)
cube(nequi)

for j:0 — nmeas-1
sheet (nskip)
double(nskip)
cube(nskip)
calculate-plaquette( j )
end for
plaquette-expectation-value = calculate-mean()
chi = calculate-chi()

end for
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Again, as in the conventional simulation, we first initialise our number of measure-
ments, the number of equilibrating updates and the number of skip updates between
the measurements. The numbers were chosen to be the same as in the pseudo-code for
the conventional simulation, but of course can be different, depending on the task of the
actual run. Also the initialisation of the neighbour field is the same as in the original
simulation.

As one can clearly see from the pseudo-code example, once we enter the loop over
the 8 values, the code looks different compared to the pseudo-code example from the
previous section. Here the algorithm needs to perform nequi equilibrating updates for
the sheets, the double plaquettes and the cubes. Also in between the measurements the
program performs nskip updates with the 3 mentioned functions. After performing the

updates the program needs to compute the observables according to Equations (3.29)

abed
N

and (3.30), of course with p replaced by the definition given in (4.23).

In order to properly simulate the theory at small 3, we need to apply reweighting. To
shortly elaborate on how the reweighting technique works, we consider a Monte Carlo
simulation at coupling § and the measurement of some observable O[¢|, where the ¢’s
are the configuration of the fields. The standard way to compute expectation values in

Monte Carlo simulations is
©)s=5- [ DEWsEI0w) . 2z = [ Diewila) | (5.13)

where the subindex S of the expectation value denotes at which coupling the configura-
tions are sampled for this computation or rather which coupling is taken into account
by the weight factor Wg[¢]. If we now consider the partition function of the theory at
coupling 3', i.e., Zg = [ D[¢]Wa[¢], we can rewrite the expectation value from (5.7) in

the following form

) 2 [ DIgWs [#l016] w25, | -
7 I DIsWe 952

Notice how the terms in the numerator as well as in the denominator have the form of

expectation values themselves, thus we can write:

(O)s = (Ol >6/
(o)

(5.15)

We conclude that we can compute the observable at coupling 8 by calculating the ex-

pectation value of the observable multiplied with the ratio of the weights at the different



62

couplings " divided by the expectation value of this ratio. To compute the expectation
values on the right hand side, we sample the configurations at coupling 4’ during the
simulation. Reweighting allows us to work at couplings 3 > 3 where the acceptance
rate for updates is much better than at the target coupling 5. We have implemented
this technique in the computation of our observables. This made a comparison of the

results obtained by the two simulation schemes possible.

We will now shortly explain how each of the update functions work. This again will
mainly be done by discussing a pseudo-code formulation of the algorithm.
First we describe the function that updates the closed sheets of plaquettes. The

following pseudo-code illustrates the general steps.

sheet(nsweep)
for j: 0 — nsweep-1
set Metropolis ratio p = 1.0
generate colour from set {0, 1} for each site
for 2: 0 — planes
choose A either —1 or +1
for z: 0 — sites
check whether V = 0 at site x, given direction ¢ and given colour combination
if V=0— V + A and multiply p with corresponding weight factor
if V#0 — set V =0 and multiply p with corresponding weight factor
end for
generate random number r € [0,1] and check r < p
if true — accept the sheet
check if the value of the anti-plaquette is 0 or 1
if 1 — set variables Vgﬁ‘fzcyd =0 and Vgi‘? = 0 and set variable Dgf)ﬁ,‘f =1
end for
end for

end sheet

Here we first set the Metropolis ratio to 1. This is justified as it is a multiplicative
quantity in the individual weight contributions. Then the algorithm randomly chooses
the colour indices for all the sites of the lattice. The algorithm then loops over all the
planes, as the sheet updates can only be carried out in one plane at a time. The pro-

gram then chooses a variable A to be —1 or +1, whereby it determines whether the dual
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variables Vx‘fzclﬁi are raised or lowered for all sites on this plane. Then the algorithm loops

over all the sites, where it checks whether the plaquette on the current site is already
occupied. Using this information, the program adjusts the V' variable correspondingly
and chooses the fitting weight factor for this case. This is then repeated for all the sites
in the current plane. After completing this loop, it generates a random number between
0 and 1 and checks whether p is larger than the random number. If this is the case, the

sheet gets accepted for the current plane and the algorithm moves on to the next plane.

Next we explain how the double plaquette update works. First we again show the

pseudo-code version of the function.

double(nsweep)
for j: 0 — nsweep-1
for x: 0 — sites
for d: 0 — planes
set p=1.0
randomly choose the 4 colour indices of the current plaquette
check if (V' and anti-V variable) = 0
check if D =0
ifD=0—set D=1
iftD=1—set D=0
multiply p with corresponding weight factor
check condition r € [0,1] < p, where 7 is random number

if true, place double plaquette

end for
end for
end for
end double

As the double plaquette update is a local update, we immediately update the degrees
of freedom in all steps of the loop over all the lattice sites. The loop over the planes
is included in the lattice site loop, simply for practical reasons. Inside these two loops
we first set the Metropolis ratio to 1 for reasons explained before. Then the algorithm
generates a plaquette update candidate by randomly choosing a colour index for the 4
corners of the plaquette. According to Table 4.1 the double plaquettes can only occur if

the variable V;Z‘fji and its counter part Vfii‘? are zero. Thus the program has to check
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if this condition is true. If it is true, the algorithm then needs to determine whether to

put a double plaquette or to remove it. It does that by simply checking if the variable

Dabcd

v 1S zero or not. If it is zero, the algorithm offers to put a double plaquette at

the current site. Otherwise it offers to remove the double plaquette. The rest of the
steps are then just the usual Metropolis steps. We stress here that in the case of the
double plaquette update and the sheet updates, the weight factors from the S-fluxes are

updated immediately in each Metropolis acceptance step.

Finally, we need to explain the cube update. Again the pseudo-code helps to illustrate

the general structure of this update.

cube(nsweep)
for j: 0 — nsweep-1
for x: 0 — sites
for d: 0 — set of planes
set p=1.0
choose A from set {—1,+1}
randomly choose the 8 colour indices of the cube
check if V' and D variables are zero for all faces of the cube
if true: increase and decrease the variables V' by +A accordingly
compute weights and Metropolis ratio p for current configuration
check if random number r € [0,1] < p
if true: accept new configuration of the V’s
check whether the anti-V variables are occupied
if yes: set all V=0 and increase D variables for all faces
if V’s and D’s # 0: remove the cube with generated configuration
end for
end for
end for

end cube

Also the cube update is a local update, but it combines elements of both, the blanket
and the double update scheme. In this update we propose a cube which has only a single
ACC on each face, thus we need to choose a variable A. The value of A determines
whether the plaquettes get increased or decreased. Then the algorithm needs to generate

a colour configuration to offer, which is done by randomly choosing a colour index for the
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8 sites contained in the cube. To determine whether the generated cube needs to be put
on the lattice or taken away, the program checks if the links contained in the current
offer cube configuration are already occupied or not. If they are all empty, it offers
to put the cube onto the site in the given combination of planes. Next the algorithm
computes the weight factors contributing to the cubes, which is here done according to
Equations (4.28) and (4.30). Then it performs the usual Metropolis acceptance check,
setting the corresponding V' variables to their offered values if the configuration gets
accepted. However it might be the case, that the anti-plaquettes are already occupied
for all the plaquettes on the newly updated cube. This is a condition the algorithm
needs to check. If this is the case, the program sets all the V' and anti-V variables to
zero and increases the D variables, making it effectively a double cube update in this
particular case. If the initial check of whether all the plaquettes are empty fails, the
program offers to remove the generated cube, computing again the weight factors and

performing the usual Metropolis steps.

5.3.2 Results

In this section we will display the results obtained by simulating the theory using the
truncated dual variables and compare to the results we achieved by using the conven-
tional formulation of the theory. As a reference for both data sets, we have again plotted
the analytic strong and weak coupling expansion curves, which are obtained from Equa-
tions (5.7) - (5.10). The results are obtained by setting the following starting parameters

in the simulation:
e nmeas = 105,
o nequi = 10%,
e AB=0.1,
e we perform 40 steps of AS,
e reweighting factor 0.006.

We have performed a careful analysis of the reweighting factor and found, that using the
value of 0.006 gives the best results. The value is chosen this small, because otherwise
one runs into trouble when simulating using bigger lattices. There when calculating
the reweighted results, some quantity exceeds the numerical boundary of the computer
resulting in the output: "not a number” (nan).

In Figure 5.6 we compare the results for the plaquette expectation value obtained by
the two different simulation schemes. The results shown here were computed for lattice

sizes 4%, 8%, 10* and 12%.
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FIGURE 5.6: Comparison of the results for the plaquette expectation value (U,) ob-

tained by the conventional and the truncated simulation. We show the results for

lattice sizes 4%, 8%, 10* and 12* and plot the analytic strong and weak coupling ex-

pansion curves as a reference. In the strong coupling regime the data from the two

different simulations are almost identical as both approach the strong coupling curve

asymptotically. The data only start to deviate more strongly above 8 = 1.2. Errorbars
are too small to be seen for the most part.

The most important feature that one immediately notices is that the data from the
truncated simulation fit the data of the conventional simulation very well in the strong
coupling region. Both results approach the strong coupling expansion curve asymptoti-
cally. In this region the datapoints for the different simulation schemes agree well within
error for all lattice sizes. As we have seen and discussed before, the data of the con-
ventional simulation follows the expansion curves very closely and forms a connection
between the two analytic curves. The results obtained by the truncated simulation start
out linearly with the same slope as the conventional results up to § = 1.2. Beyond this
value the data deviates from the conventional data and follows a slightly curved line
going towards the weak coupling regime. This however can be explained as a direct
effect of the truncation of the dual variables. Hence the truncated results do not form
a smooth connection between the two expansion curves in the transition region. The
data from the truncated simulation does not show any signs of a maximum slope, which
obviously is in contrast to the results obtained by the conventional simulation.

Figure 5.7 compares the results we obtained for the susceptibility y. As a reference
we again plotted the expansion curves as well. One can clearly see, that the data from

the truncated simulation matches the data obtained from the conventional simulation
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F1GURE 5.7: Comparison of the results for the susceptibility x obtained by the trun-

cated and the conventional simulation. Again as a reference we show the expansion

curves. In the strong coupling region the data from the two simulations compares well,

for any lattice size. The results start to deviate more strongly starting from g = 1.2
and beyond.

rather well in the strong coupling regime. The truncated results do not follow the strong
coupling expansion curve beyond 8 > 1.2 after which the datapoints decrease almost
linearly with increasing 5. In contrast the data from the conventional simulation follows
and connects the two expansion curves more closely.

We notice that in both graphs the data for the 4 lattice sizes starts to rise massively
in the end. This deviation can be explained by the fact that in this region the sheet
updates kick in. These sheet updates are suppressed in the bigger lattices and only play
a role on the smaller lattices for rather large values of 8. Finally we need to stress, that
the errorbars are of the order 1075 — 1075 in both plots and thus are too small to be

seen here. But the data for the different lattice sizes agree to a good degree.

Comparing the data of the two simulations we draw the conclusion, that our naive
version of a qubit truncation is a valid formulation of SU(2) lattice gauge theory in the
strong coupling regime. Thus one can use the truncated version to accurately describe
the physics in the strong coupling region. We also stress, that we performed a careful
analysis of the relative sign from Equation (3.20) and find, that using our truncated
version there appear no negative contributions in the simulation, at least in the region

we looked at. Thus we have managed to circumvent the sign problem in a way, which
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was the overall goal of this master thesis.

5.4 Error calculation

A short comment is in order regarding the error calculation in our simulations. This was
done via the jackknife method, which we will shortly outline in the following. Consider
a data set of N measurements. The first step is to divide this data set into Ng blocks
of length B = NAB' This is just to make the blocks statistically independent. The next
step is to go through the individual blocks and for each block b of size B we delete this
block from the full set of data and compute the expectation value

<(’)[¢] V‘{/VBM >

(0) = Qe (5.16)
< Wis(9] >
Ws.lol/ g

Here the superindex b € {1,2,--- , Ng} denotes the block that is omitted from the data

and the expectation values on the right hand side of the equation considers only the
N — B measurements which are not contained in block b. We display the expressions
for the reweighting strategy, and 3’ here denotes the coupling we work with.

The last step is to compute the error according to the following formula:

5100 = 3| 2 (10 - ©)s) (517

b=1

The sum runs over all the blocks and the average <(’)>% is used as a bias correction. The
factor (O)z is the reweighted value of the full dataset. To further improve the determi-
nation of the statistical error one may study the error as a function of the blocksize. The
error first grows with increasing blocksize until the blocksize becomes of the order of the
autocorrelation, where the error values form a plateau. The values in the plateau then
provide a good estimate of the true statistical error, taking into account autocorrelation
effects.

The following plots provide some examples for more or less ideal versions of the error
curve as a function of blocksize described in the previous paragraph. Here the forming
of the plateau can be seen clearly in most figures and the value of the error can be
readily determined from the plot. We must stress however, that these kind of plots
do not always look like this, and more often than not, the plateau cannot be seen this
clearly. Very often the reason for ”blurry” plateaus are strong fluctuations in the error.
Sometimes it can happen, that another plateau forms for bigger blocksizes. Here then
one often chooses one of the plateaus consistently for all the datapoints. In these cases

larger statistics would be needed for a reliable error estimation. One short comment is
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in order regarding the blocksizes. These should idealy be chosen to be proper divisors

of the number of measurements IV, otherwise one can potentially find discontinuities in

the error-blocksize-plots.
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FIGURE 5.8: The value of the error (y-axis) plotted versus and the blocksizes (x-axis).
Subfigure (a) shows an example of a rather ideal curve with almost no fluctuations
in the error. Here the error increases with increasing blocksize until it saturates. In

this example the error can be easily read of to be £51076.

Subfigure (b) illustrates

a less good example. It shows the formation of a kind of ”blurry” plateau. One can
nevertheless observe the saturation of the error. Note that the data starts to oscillate
wildly after the plateau. Subfigure (¢) shows the mentioned jumps in the plot, that can
happen, when we use blocksizes that are not proper divisors. The plateau can still be
made out. Subfigures (d)-(f) show ideal curves where only the proper divisor blocksizes

were taken into account.



70

To shortly comment on the figures above. For Figures 5.8 (a)-(c) we have increased
the blocksize by a factor 1000 in our analysis. Thus most of the blocksizes are not proper
divisors. The effect these non-proper divisor blocksizes can have is clearly illustrated
in Figure 5.8(c), where one can see the discontinuities in the datapoints. Figures 5.8
(d)-(f) used specific blocksizes which are indeed proper divisors.

In all of the figures the plateau can be more or less clearly seen. A lot of the plots we
analysed for the error looked like Figure 5.8 (a). Despite the small fluctuations in the

error plot, the plateau and thus the error can be very clearly determined.



Chapter 6
Summary

In this thesis we explored three main approaches to solving the sign problem of the
dualised SU(2) pure lattice gauge theory. As stated in Chapter 3, the sign arises because
we need to choose an explicit representation of the SU(2) matrices to carry out the
dualisation procedure.

The first method we tried was to factor out the center of the group SU(2), i.e.,
Zo and see whether we manage to achieve some new constraints of the theory. The
approach indeed produced constraints, however they could be identified with another
set of constraints already contained in the dual theory. Thus we did not gain any new
insights with this ansatz.

In the second approach we assigned a (site and direction-dependent) index to the
colour degrees of freedom and performed the dualisation procedure. In doing so we
managed to represent the partition sum in terms of colour micro fluxes sitting on the
links of the lattice. This index formulation has a rather nice geometrical representation.
The hope of this approach was to resum the negative contributions coming from the
relative sign to obtain positive overall weights. Analysing the possible contributions
in terms of the micro fluxes, we found that resummation might be possible. However,
further analysis is needed to make a definite statement about this matter. We decided
to abandon this approach in favour of the truncation approach.

The third and final ansatz in this thesis was the truncation approach. Here we trun-
cated the dual variables of the original dual theory, such that they can only take values
—1,0,4+1. We then introduced new dual variables such that our dual theory resembles
the representation of a qubit regularised theory. Using the new variables we obtained a
singlet-triplet representation of our theory, meaning that we get states which obey the
spin algebra. Furthermore this approach has a nice geometrical representation. The
hope of this ansatz was, that in truncating the theory the negative contributions would
not be present anymore.

Once we developed the formalism of the approach we performed simulations for the
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truncated theory and the conventional SU(2) matrix theory. Comparing the results of
these two simulations we found, that the data agrees very well in the strong coupling
regime. This was one of the goals of the truncation approach. The second and of
course the main goal of this thesis was to analyse whether the sign problem is solved by
this approach. During the simulation we analysed the sign for the valid configurations
and found, that the relative sign was always positive. Thus with this approach we have
managed to find a dual formulation of the theory, which works well in the strong coupling
regime and circumvents the sign problem successfully.

It will be interesting to see if in the future this truncation approach can also be applied

to the dual formulation of SU(3), as this is the next higher non-abelian Lie group.



Appendix A

Reordering of the U(1) gauge links

Here we show the steps of the calculation done in Chapter 2.4.1.

I e = TT Ul Vi -

z,v<p z,v<p

= [ @ewymes TT Wersp™=r 1] Weipuer T s )7 =

z,v<p z,v<p z,v<p x,v<p

=1 IT ey 11 11 Wess )™ 11 11 Wip)™ 11 11 Wz e

x,v pv<p x,p vv<p x,V viv<p x,p p:v<p

In the first term one can simply convert the product over the index p into a sum in the

exponent

H (Uy,y)2mv<nMewe (A.1)

T,V
and the term is in the form we want. To rewrite the second term to the form of only a
product over U, , instead of U,y ,, we first convert the product over v into a sum in

the exponent as before and find

I G B
m7p

After that we shift the product index x to 2’ = x + ¥ and obtain
[T (0 S
x',p

which gives rise to the same product over all sites since we use periodic boundary con-
ditions. All that is left to do now is to relabel the directional indices p — v and v — p

and we can relabel the product index z’ back to z, with which the term then reads

H (Um,’y)2p1p<umz’fﬁ,pv . <A2)

z' v
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The third term works analogously: we convert the product into a sum in the exponent
and shift the product index z to 2’ = x + p after which we can simply rename the

product index back to x

[T Wz, Zewcnmesen (A3)

T,V
Now for the last term, we repeat the same steps as before, converting the product again
into a sum in the exponent and then relabeling the indices as done for the second term.

We finally arrive at
[T 2, Srwcmar (A1)

T,V

If we now insert the Equations (A.1) - (A.4) back into the starting equation, we get

H (Ux7y>Zp:u<p[mvaP_mz’fﬁ,py}+Zp:p<u[mzlfﬁ,pu_mxwﬂl’] . <A5)

T,V



Appendix B

Reordering for the gauge links of

SU(2) lattice gauge theory

Here we show the steps necessary to bring Equation (3.7) into the more convenient form

of Equation (3.8). For the rewriting we start with recollecting the term in the integral

of Equation (3.7)
abed
[T TT @ 0o, v, vty
z,u<v a,b,c,d
We now factorise the term into individual products

ab pabcd be pabc% de % pabcd
I TT s T I @05 ] T s

z,u<v a,b,c,d T,u<V a,b,c,d T,u<V a,b,c,d

[T IT oz

z,u<v a,b,c,d

(B.1)

We start with the first term of this expression and write the products more explicitly

1 I s =TT I T s = [T

z,u<v ab,c,d x p viu<vabecd K ab

abed

vip<v cdpcc nv

(B.2)

where the products over v, ¢ and d have been converted into sums in the exponent since

the U;}Z term does not depend on them. With this we have brought the first term into

the desired form.

In the second term of (B.1) we again first consider those products the gauge link does

not depend on and convert them into sums in the exponent

ITIT T I w5 =TT 1T 100

v up<vab,c,d v oppu<v be
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Now we can start with the relabeling of indices, we first shift x to 2’ = x + {1, and find

I IT I =

' v pp<v be

by which we achieved that the gauge link U does not depend on p any more such that

we can convert the product into a sum in the exponent and write

abed
[T T P

' vV be

We can relabel the product indices in the following way: v — p and p — p, where we

have introduced a new index p. With this the term becomes

abed
LTI, e 5

' p b

The final step is to interchange the colour indices b <+ a, ¢ <+ b, thereby changing the

abed cabd
T—P,P1 T—p,pp’

change the index 2’ back to z the final form of the term reads

H H H(Ugi’u)zp:/Ku Ec,dpgajg,pu . (B,3)

T B oab

order in which they appear in the expansion variable p to p If we now

The rewriting of the last two terms work analogously and we arrive at

H H H(Ugi*)zwg LeaPeb (B.4)

A N

for the third term of Equation (B.1), and at

TTTIT s EemsZearssi (B.5)

T poab

for the fourth term. Putting all of the terms together yields

bed bd dcb deb

H H(UgZ)Zu:u<u Zc,d p%,ﬁu+2p:p<u Zc,d p;a;ﬁ,pu (UglL*)Zu:u<u Zc,d pzig,uv+zp:p<u Zc,d pg,pcu
T, a,b

(B.6)

One notices that in each term the colour indices ¢, d that are summed in the exponents,
but note that they appear in different positions in the ordered list of colour indices
of the plaquette occupation numbers. For notational convenience we can introduce a

summation index s to indicate the summation over the two indices ¢, d. Equation (B.6)
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then reduces to

b sabs
H H(U;}L)ZV:M<V p;,;if/+2p:p<u pzfﬁ,pu (Ugﬁjl*)zuzp<u p

T, a,b

which is now the form that is given in Equation (3.8).

ssba
T—U,uv

'F§:p:p<ﬁtp

assb
T, pp

(B.7)



Appendix C

Differential forms on the lattice

In this appendix we discuss differential forms on the lattice since they were used quite
often in our work. This section is only a summary of the most important properties of

differential forms and follows closely the discussion of this topic of [13].

Here we consider a d-dimensional lattice with periodic boundary conditions with sites
denoted as z = (1, x2, -+ ,24). We have imposed periodic boundary conditions there-
fore the elements of a site x; can take the value 1,2,--- | N; and z; = N;1 = z; = 1.
The next step in is to introduce a general quantity called r-cells which is defined as the

set of sites
@)y g = {2} U{m + il <i <rYU---Uf{z+fun+-+fr} (C.1)

where [i; denotes the unit vector in direction p. Note that we require canonically ordered
directions pp < pg < --- < pr. More conventionally we can also introduce a general
labeling of direction as ¢(") (T) g pgee ottt oo = —c(") (%) iy pigoopi s> Where the sign
refers to the orientation of the cell. To give some examples, if we take r = 0 we have
0-cells which correspond to sites. The next higher differential structure is 7 = 1 namely
1-forms which can be interpreted as links. Continuing this, 2-forms are plaquettes and
SO on.

The paper [13] then introduces an operator which acts on the r-cells called boundary

operator & and gives the oriented sum of the ¢"D-cells contained in the ¢(")-cell

T

oct”) () pzeir = Z(_l)kH [C(r_l)(w + [k e — C(T_l)(x)muz---ﬂk---ur
k=1
(C.2)

The fi, here indicates that the index uj is omitted. Also we define the co-boundary

operator d which gives the oriented sum of the r + 1 cells that contain the cell ¢(™) in
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their boundaries,

dcm) (@) ppoeopsr = Z C(TH)(%)muamur,u - C(TH)(Q? = D)papzopr (C.3)

VL

These two operators obey two conventions, namely 9¢(®) = 0, which is the derivative
of O-forms, i.e., sites, and introduce the convention el = 0, which says that the co-
boundary of the d-cell vanishes. Furthermore they are both nilpotent, i.e., 9> = 0 and

9% = 0, which is straightforward to show.

Next [13] introduces the concept of the dual lattice A, where the sites are located at
the centers of the d-cells of A, ie., T =z + % (i +24 -+ cZ) It is straightforward to
relate the r-cells to their dual d — r-cells, but as we do not explicitly use this we refrain
from writing this out here.

To describe the fields r-forms A ) are introduced, which are objects living on an
r-cell. If a specific r-cell ¢ (z),,..,. With g < pg < -+ < p, is considered, they
use the notation A(x),...,. Also for the r-forms the convention A(w), - piopspir =

—A(%) 4y pig-oopijopipre 1 Used as it inherits the orientation of the r-cells.

The final quantities which are important to us are the exterior derivative operator d

and the boundary operator §. The exterior derivative is defined as

T

(dA) (@) = D (D A@ + i) pyojieoptr — A g opin] (C.4)

k=1
which maps an (r — 1)-form A 1) to an r-form A ). Again we denote the index that
is omitted from the sum with a circle above. Written in the more general formulation

Equation (C.4) reads
dA) () = D> Agon - (C.5)

c(r=1)de(r)
It is straightforward to show that the operator d is nilpotent, i.e., d> = 0 and furthermore
there is the convention that dA ) = 0.
The boundary operator 4 in turn is defined to map an (r+1)-form A_+1) to an r-form

A in the following way:
A @) gy = D NA@) e — A = D) pyoyr] (C.6)

Also here there exists a convention namely 6 A ) = 0 and the nilpotency of the operator

is straightforward to show, i.e., 2 = 0. Again using the more general formulation (C.6)
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reads

(6A)(T)or =

c(r+1) ghe(r)

(C.7)



Appendix D

Dualisation of Z-s gauge theory

In Chapter 4.1 we factorised out the center of group SU(2), which is Zs to try and achieve
new constraints. As shown there, we were able to solve the Zy part in closed form and
get a new constraint. Unfortunately, this newly obtained constraint corresponded to a
constraint that the dual theory had already implemented. However, it is still interesting
to dualise the Zo theory and use it as a model theory to explore new ideas. Zs is
particularly suited for this, since it features only two elements {—1,1}.

We start out with the partition function

7— H S [ € U@ Vel Uiatd) Ui (D.1)

Z,H UN(ZI?) +1 z,u<v

with U, (z) € Zs. We now expand the exponential in a Taylor-series which yields:

=1 ¥ I %

a7 U (2)=%12,0<V n,, (2)=0 My (2

an(x

u(x) Uy(z+ f) U;(x +0) Uj(a:))”“”(w)
(D.2)

The idea now is to split the expansion index in the following way

N (2) = 80(2) + 2k () (D.3)

with s,,(z) € {0,1} and k,, () € Ng. This can be done because of the property that all
elements of Ny can be written as a combination of an even and an odd part. We stress
that the product Uy (z) U, (z+ ) Uj(x + ) Uj(z) € {—1,+1}. Raising this product to
the power of an even number always yields 1, which is then just a multiplicative factor.

Inserting the splitting into (D.2) we get

z=> 112> 11 4

{07z o1 (8 o

55»“/(1 +2kuy (2)
x) + 2k (x))! (

U (@)U, (x + @)U (x + 0) U (2))
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where we introduced the sum over all configurations of the gauge links
>y =11, i U, (z)=+1 and the sums over all configurations of the expansion indices
s (@) and kyy(z) as 30 = 11, <0 Ziw(x):o and > oy = [lopuen st(w)eNO' Note
that we have already omitted the product to the power of the even number, since it is
not relevant.

We then perform the reordering steps shown in Appendix A and Appendix B and

arrive at the following expression for the partition function

z=> > 11 ;

{s} {k} z #<V

H — Z (UM (x))ZV1#<V[sl‘“’(x)_sl“’(x_ﬁ)}_Zp:p<u[sﬂﬂ(x)_spﬂ(x_ﬁ)] i (D'4)
e U (2)=+1

/BsW(zmkW(x)
X
) + 2k ())!

The sum over the gauge link variables can be evaluated to be in {0,2}. Using the
normalisation factor in front of the sum over the link variables, we can then represent

this term using the evenness function E(x). With this the partition function reads

z=3 2. 1l ¢

o 1 i

HE(Z S () = Sp( — D)) = Z[spr)—sW(x—m]) . (D.5)

vipu<v pip<p

IBSHV x)+2kp (@)
) + 2k (x))!

The argument of the evenness function is given in terms of differential forms (cf. Ap-
pendix C) and can be denoted as (65)z,,-

To obtain the fully dualised form, we finally need to consider the term

ﬂsw(x)—i-ka,(x)
fomrch (8w () + 2k (x))!

We note that for s, () = 0 this is the series representation of cosh(3) and for s, () =1

this corresponds to the series representation of sinh(/3). We write

B (2)+2kp ()

X Gl 2,0

= cosh(B) (tanh(B))™*
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which gives the correct result, depending on the choice of s, (x) € {0,1}. Putting this
expression back into (D.5) we find the full dual representation of the Zy gauge theory:

7= [I cosh(8) (tanh(5)) @ [T E((6S)an) - (D.6)

(s} wu<v L

1 1
Z=(cosh(3)" T [ 32 anh(8) @ [[E((38)y) - (D.7)

T,u<v SMU(CE)IO T,

Here V' denotes the volume of the lattice and the factor @ gives the adjacent surfaces

in the respective dimension.

We notice that the partition sum now only features one dual variable: s,,(z). If we
compare the splitting to the SU(2) model, the variable s,,(x) would correspond to a
single ACC winding around a specific configuration at plaquette (x, uv). However, in
the SU(2) theory we also have configurations where an ACC and its anti-ACC winding
around the same plaquette (z,ur) simultaneously. We refer to this contributions as
double plaquettes. We have shown, that in this simple model, the ”double plaquettes”,
do not contribute. This finding lead us to consider the possibility that this might also
be the case in the dual SU(2) theory.
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