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Abstract

Established methods for designing electric machines are based on analytical for-
mulas or discretized models submitted to finite element analysis. While the first
variant has a short computational time it lacks a certain insight on details and the
nonlinear behavior present at electric machines is not possible to cover. On the other
hand, finite element analysis (FEA) provides more accurate results, but comes at the
price of computational effort of several hours or days. While aforementioned motor
design methodologies are well established for commercial purposes a third group
is a rather new development approach, the family of approximation based models.
These models need some training to work properly, but eventually provide results
of good accuracy in a short time.
The goal of this master thesis is to close a gap in development of such methods by
identifying the magnetic stray paths of fractional horsepower machines in their de-
sign process. With the small machines of interest here, the model development is by
far not as straightforward as in the case of larger electric machines of some kilowatt
rated power. For example, the properties of these small machines are significantly
more subject to the influence of the manufacturing process, datasheet values do not
hold any more, and 3D effects need to be considered.
The master thesis starts with comprehensive experimental investigations of an frac-
tional horsepower example case drive, which are needed to compare the finite ele-
ment analysis results realized with datasheet parameters and furthermore adapting
these parameters in the finite element method (FEM) model to decreases the error
between measurements and simulations. Based on the adapted FEM model the stray
paths are separated and compared with simple analytical calculations to determine
their error, respectively the use of these methods in fractional horsepower machines.
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Zusammenfassung

Etablierte Methoden zum Entwurf elektrischer Maschinen basieren auf analytis-
chen Formeln oder diskretisierten Modellen, die der Finite-Elemente-Analyse un-
terzogen werden. Während die erste Variante in Bezug auf die Rechenzeit schnell
ist, fehlt ihr ein gewisser Einblick in Details, und das nichtlineare Verhalten elek-
trischer Maschinen ist nicht berechenbar. Auf der anderen Seite liefern Modelle,
die auf der Finite-Elemente-Analyse basieren, genauere Ergebnisse, führen allerd-
ings zu hohem Rechenaufwand von mehreren Stunden bis Tagen. Während die
oben genannten Entwurfsmethoden für kommerzielle Zwecke gut etabliert sind,
ist eine dritte Gruppe Gegenstand aktueller Forschung, Methoden basierend auf
approximationsbasierten Modellen. Diese Modelle werden, basierend auf analytis-
chen und numerischen Ansätzen, trainiert und liefern letztendlich Ergebnisse guter
Genauigkeit in annehmbarer Zeit.
Das Ziel dieser Masterarbeit ist es, die Entwicklung solcher Methoden zu unter-
stützen, indem man die magnetischen Streuwege von Maschinen im Kleinleis-
tungsbereich identifiziert, um sie im Entwurfsprozess zu berücksichtigen. Während
für den Konstruktionsprozess größerer Maschinen, die insbesondere den Kleinleis-
tungsbereich überschreiten, die Gewinnung von Konstruktionsdaten einfach ist,
ist dies im unteren Leistungsbereich nicht der Fall. So sind beispielsweise die
Eigenschaften dieser kleinen Maschinen deutlich stärker dem Einfluss des Her-
stellungsprozesses ausgesetzt, die Werte der Datenblätter halten nicht mehr, und
3D-Effekte magnetischer Streuung müssen berücksichtigt werden.
Die Masterarbeit beginnt mit umfangreichen experimentellen Untersuchungen an
einem Kleinantrieb für eine Lüfteranwendung, die erforderlich sind, um die Ergeb-
nisse der Finite-Elemente-Analyse mit Datenblattparametern zu vergleichen und
diese Parameter im FEM-Modell anzupassen, um den Fehler zwischen Messungen
und Simulationen zu verringern. Basierend auf dem angepassten FEM-Modell wur-
den die Streuwege aufgeteilt und mit analytischen Berechnungen verglichen, um
deren Fehler, bzw. den Einsatz dieser Methoden für Kleinantriebe zu bestimmen.
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Chapter 1

Introduction

1.1 State of the Art

Due to recent developments in the automotive industry, e.g., electrification, auto-
mated driving, or the replacement of conventional systems in cars, as well as the
increasingly demanding constraints like electromagnetic compatibility (EMC), noise,
vibration and harshness (NVH) or efficiency, call for an improvement of the design
process of fractional horse power (FHP) drives in terms of model behavior and de-
sign time. This includes motors used in safety applications, e.g., as used in breaking
systems [1], electrical drives for heat pumps in electric cars to replace the heat source
compared to a internal combustion vehicle [2], all the way to fans for modern light
systems [3], and oil pumps for gear boxes to increase efficiency of conventional sys-
tems [4].
The first method to design these motors is by using an analytical model. Analytical
models do have the advantage to be quick in terms of computational time but lack
accuracy and a certain insight into details. On the other hand a numerical approach,
for example the use of finite element analysis, can be chosen. These FEM simulations
come with high accuracy, but even though the computational power is continuously
increasing they still need a long time for results [5, 6].
The use of approximation based models (e.g., space mapping) seems to be promising
but has not been established in commercially available tools yet. The space map-
ping method is trained by a combination of a coarse and a fine model, eventually
providing results of good accuracy in a short time [7].
The goal of this master thesis is to determine the flux distribution and inductance
of FHP permanent magnet machines (especially in terms of stray paths and leakage
parts) with analytic calculations, compared to finite element models. The numerical
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Chapter 1 Introduction

investigations are supported and verified with comprehensive experimental investi-
gations. The following sections, however, offer a general overview of small electrical
drives.

1.2 Small Electric Drives

Electrical machines are often called small electrical drives or FHP machines when
their power is less than 375 W [8, p. 12]. Fig. 1.1 shows the application areas of

Comfort-
Related Drives 

(76%)

Basic Auxiliary 
Drives
(17%)

Safety Applications
(7%)

Figure 1.1: Application area of electrical machines used as auxiliary drives in a car
from [9, p. 5-9].

small electrical drives (used as auxiliary drives) in a car. About 50 - 100 small
motors are used for different applications in a compact car. More than 76 % are used
for comfort-related drives, for example window lifters, seat adjustment and central
locking systems. 17 % are used in basic auxiliary drives such as fuel, water and oil
pumps and about 7 % for safety applications, including anti-lock braking system
and windscreen wipers [9, p. 5-9]. Generally, permanent magnet machines are used
for these applications [10, p. 6-7].

2



1.3 Introduction to Small BLDC Machines

1.3 Introduction to Small BLDC Machines

Most of the motors used in cars are permanent magnet electric motors. They provide
a high energy density which results in small size machine designs. Many of them
are using brushless (electrical) commutation instead of mechanical brushes and
commutators. These machines can generally be separated into two types of motors
[11]:

• Brushless DC Motors (BLDC)

• Permanent Magnet Synchronous Motors (PMSM)

These two machines differ by their commutation. While PMSM are sine commuted
and need closed loop control, BLDC motors normally do have block commutation,
often realized with a simple open loop control. This determines the price. Another
difference between PMSM and BLDC machines is the back-electromotive force or
BEMF (uEMF). Different magnetization of the magnets lead to either a sine wave
BEMF, respectively to a trapezoid-shaped BEMF [11].

uEMF

iph

U in V
I in A

φ in 
degel180

360 
180 

360 

U in V
I in A

uEMF

iph

φ in 
degel

(a) (b)

Figure 1.2: BEMF and phase current (a) for BLAC machines and (b) for BLDC
machines [11].

Fig. 1.2(a) and Fig. 1.2(b) show the BEMF and the phase current of one phase of
the PMSM (often used with sine wave BEMF), and an BLDC motor, respectively
(usually operating with trapezoid-shaped BEMF). Advantages of BLDC motors are
lower switching losses and lower costs. On the other hand, the BLDC machines
produce higher torque ripple during commutation and therefore more noise (NVH),
together with higher core losses, due to higher harmonics [12].
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Chapter 1 Introduction

Electric machines in general, and hence BLDC machines can be further divided by
the position or placement of the rotor and the stator [13, p. 117-124]:

• Inner-Rotor Motors

• Outer-Rotor Motors

• Pancake Motors

• Linear Motors

rotor

magnet

stator

(a) (b)

Figure 1.3: Illustration of (a) inner-rotor and (b) outer-rotor motors [13, p. 117-121].

Fig. 1.3(a) and Fig. 1.3(b) show the illustration of inner-rotor and outer-rotor ma-
chines (often called inside out motors) respectively. These two motor types differ in
their fields of application. Inner-rotor-type motors are often used in highly dynamic
applications, because of the lower inertia torque. Another advantage is that the
windings are on the outside (better heat emission). In contrast to this, outer-rotor
motors have easier winding assemblies and a larger air gap radius, which leads to
higher torque. Another advantage of these machines is that e.g., fan blades can be
directly attached to the rotor and hence they are often used in pumps, fans and hard
disc drives [13, p. 117-124].
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1.3 Introduction to Small BLDC Machines

Furthermore, machines can be distinguished by their number of phases, namely
multi-phase and single-phase machines. Most multi-phase machines are designed
as three phase machines as shown in Fig. 1.4(a). Because of their higher efficiency
(always two phases are energized) they are commonly used in applications where
more power is needed. Another aspect is that the return conductor can be omitted.
Such machines normally need six switches for their control. The electric circuit is
illustrated in Fig. 1.5.
Due to limited space in small electric drives, single-phase machines are typically
used for powers of a few watts, see Fig. 1.4(b). Although they are less efficient

winding connections

A
B
C

A
B

stator
magnets

rotor

(a) (b)

Figure 1.4: Model of (a) a 3-phase motor adapted from [14] and (b) a 1-phase motor
design from [15].

S4

S1

C

D

i

S5

S2

S6

S3

3~
BLDC

UDC

iph,A

iph,B
iph,C

Figure 1.5: Electric circuit for the three phase machine from [16].
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Chapter 1 Introduction

than three phase motors their advantages are that they are less costly and easier to
manufacture [17]. Single-phase brushless DC motors are often used in applications
where low starting torque is needed, e.g., pumps or fans. These motors have the
disadvantage that they have a position with zero torque (also called dead points)
which can lead to problems at the start of the motor. Therefore, these machines need
an asymmetrical air gap to create an additional reluctance torque component. This
can be realized with a tapered-air gap, with stepped-teeth, with asymmetric-teeth,
or with notched-teeth [18]. As per [19], a tapered-air gap is best in terms of cogging
torque peaks. Another method for a self-starting rotor position could be achieved
with parking magnets. This has the disadvantage of more costs for the motor and is
hence not often used with small machines [20].
Single-phase machines can be separated in monofilar wound motors or bifilar wound
motors as illustrated in Fig. 1.6(a) and Fig. 1.6(b). Monofilar wound machines just

L1A

L1B

L2A

L2B

L3A

L3B

L4B

L4A

L1

L2

L3

L4

(a) (b)

Figure 1.6: Winding configuration (a) monofilar winding from [21] and (b) bifilar
winding from [7].

have one wire, which is wound alternating around the stator teeth. In contrast,
bifilar wound motors have two coils wound around each tooth in alternating di-
rections. Here, one end of one coil is connected to the end of the other coil and
the winding terminals are connected separately. The electric circuits of a monofilar
wound machine and of a bifilar wound machine are shown in Fig. 1.7 and Fig. 1.8.
The BLDC motor is represented as a serial connection from an inductance, a resistor
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1.3 Introduction to Small BLDC Machines

RLs

UDC

uEMF

Equivalent Circuit BLDC

S3

S1

S4

S2

C

D

iph

i

Figure 1.7: Electric circuit for monofilar winding from [22].

and the BEMF-source. Machines with monofilar windings need four switches to run
the motor. Although bifilar wound motors need more copper than monofilar wound

uEMF,B

Lσ,A

uEMF,A

S1 S2

Lg,A Lg,B

UDC C

D

RA RB

Lσ,B

iph,A iph,B

i

Figure 1.8: Electric circuit for bifilar winding from [23].

machines, they only require two switches. Hence, bifilar wound machines are more
common in low budget drives. Recent trends of integrating power electronics and
logic to a system on chip may bring a shift in selection of motor topologies [24].
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Chapter 1 Introduction

1.4 Structure of the Master Thesis

The following Chapter is concerned with the introduction of the example case drive
used for the investigations. Then, the stray paths investigation is separated into two
topics, permanent magnet excited and current excited flux, are discussed.
First, the open circuit investigations, which are concerned with stray paths of per-
manent magnet excited magnetic flux. These stray paths mainly affect the BEMF.
Therefore, Chapter 3 is concerned with experimental investigations of the example
case drive, as well as the adaptation of the parameters used for the 3D-FEM motor
model. Then, the stray paths for this case have been separated using the 3D-FEM
simulation results. Chapter 4 analyses the 2D stray paths of the example case ma-
chine. Again, the stray paths have been separated with the use of a 2D-FEM model,
with the adapted parameters. Then 2D analytic calculations, using simple magnetic
equivalent circuits (MECs) have been developed and added for different leakage
parts. The results of these MECs have been compared to the 2D-FEM simulation
results to evaluate accuracy. In Chapter 5, the MEC of the 2D case has been extended
by the 3D stray paths and, again, have been compared to the FEM simulation results
(now to the adapted 3D-FEM model) to show the accuracy of the analytic calcula-
tions.
The second investigation is concerned with stray paths of current excited magnetic
flux (leakage inductances). Again, experimental investigations of the example case
machine to determine the inductances have been realized (Chapter 6). Next, the
3D-FEM parameters have been adapted step by step and the improvement of the
simulated results have been compared to the measured values. After that, the induc-
tance of the motor has been separated with the use of FEM simulations. In Chapter 7
the inductances have been determined with analytic calculations and have been
compared to the separated inductances from the FEM simulated results.

8



Chapter 2

Introduction of the Example Case
Drive

2.1 Single Phase Fan Application

This master thesis investigates a four-pole single-phase brushless DC (inside out)
motor as used in a fan system. These are the most popular designs for small electric
drives used in, e.g., the automotive industry for small fans and pumps. The example
case machine has a bonded magnetic ring, an asymmetric air gap, a bifilar winding
and a rotor overhang. The nominal speed of the motor is 5000 rpm. The example
case drive can operate in a voltage range from 8 V to 16 V.

2.2 Permanent Magnets and Their Magnetization

The four-pole machine uses NeFeB magnets, a rare earth material with high residual
flux densities and no breaking point (or knee) in the BH-curve [25, p. 144-147].
Fig. 2.1(b) shows the datasheet values for the residual flux density Br and the coercive
field strength Hc at three different temperatures. The demagnetization curves (BH-
curves) of the magnetic ring for these temperatures are shown in Fig. 2.1(a).
The magnetic ring of the machine has a radial magnetization with linear rising and
falling transition zones, which means that the residual flux density is constant in the
middle of one pole (θmag) and decreases linearly leaving the center (θfall and θrise),
see Fig. 2.2(a).
For facilitating analytic calculations, piecewise linearization is introduced. The
mean value of the magnetic flux density of one pole (with the angle θp) can then be

9



Chapter 2 Introduction of the Example Case Drive

B in T

H in

Br,20°C

Br,130°C

Br,150°C

Hc,20°C

Hc,130°C

Hc,150°C

kA
m

(a) (b)

Figure 2.1: Datasheet parameters (a) as BH-curve diagram and (b) as table with
values at different temperatures.

calculated with (2.1). This mean value can then be used to calculate an equivalent
rectangular magnet, as shown in Fig.2.2(b), where θmg and θms are the zones with
constant magnetization and zero magnetization, respectively.

1
θp

∫ θp

0
Brdθ =

1
θp

∫
θrise

Br

θrise
θdθ

∫
θmag

Brdθ
∫
θfall

(
−Br

θfall
θ + Br

)
dθ

 (2.1)

The magnetizations (flux density of one pole) of both magnets are shown in Fig. 2.3.
When the rising and falling angles of the magnetic ring are equal (θrise = θfall) and
linear, the boundaries of the equivalent rectangular magnets are given by:

θmg = θmag + θrise and θms = θfall (2.2)

Fig. 2.3(a) and Fig. 2.3(b) shows the flux distributions of the magnetic ring, respec-
tively the equivalent rectangular magnets,resulting in the same flux per pole.
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2.3 Rotor and Stator

magnetic 
ring

Θmag
Θfall

Θrise

Θmg

Θms

Θmg

B

(a) (b)

Figure 2.2: Magnetization of (a) the magnetic ring and (b) the equivalent
rectangular magnets.

Θmg

Br

B in T

Θ in 
degmech

ΘmagΘrise Θfall

Br

B in T

Θ in 
degmech0 90 0 90

(a) (b)

Θms
2

Θms
2

Figure 2.3: Flux distribution of one pole from (a) the magnetic ring and (b) the
equivalent rectangular magnets.

2.3 Rotor and Stator

The stator of the example case motor is made of laminated electrical sheets. It
is manufactured and assembled from individual punched parts connected with
interlockings. The geometry of a single stator sheet is shown in Fig. 2.4(a). The rotor
consists of the rotor back iron (made of machining steel) and the bonded permanent
magnetic ring, see Fig. 2.4(b).

11



Chapter 2 Introduction of the Example Case Drive

rotorstator

magnetic 
ring

(a) (b)

interlocking

Figure 2.4: Geometries of (a) the stator iron and (b) the rotor.

2.4 Machine Dimensions

A sketch of the investigated machine is shown in Fig. 2.5(a). The dimensions of the
machine are shown in Tab. 2.1. Because of the circular construction of the motor the
mean values of the circular distances are used. For facilitating analytic calculations,
the mean air gap radius is used and the asymmetric air gap has been neglected.

ls

lr
e

hmg

Rsi

ws

rotor

wrbi

wsbi

wtb

Rso Rri

Rro

hagd1

d2

d3

magnet

back iron

stator

wcs

wmg
wms

wtt

A

cross section A:

(b)(a)

Figure 2.5: Geometry and dimensions (a) of the BLDC motor (modified form [26])
and (b) the cross sectional view.
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2.4 Machine Dimensions

Fig. 2.5(b) shows the axial dimensions of the machine with rotor overhang and axial
offset. Rotor overhang is mostly used in motors with weak magnetic material to in-
crease the magnetic flux in the stator [27, p. 95]. Furthermore, the axial displacement
between the rotor and the stator leads to an axial force which can be used to fix the
rotor shaft safely with magnetic pull.
The values from Tab. 2.1 have been used for the calculations, where Am is the cross
sectional area of the magnet (wmg · lr) and Ag is the air gap cross section. The distance
wcs, as it is typically defined in the literature, is calculated at one third of the stator
tooth height and the distance d2 of the example case machine is zero.

Dimensions of the Example Case Machine in mm

Outer Rotor Radius Rro 13.75 Inner Rotor Radius Rri 12

Outer Stator Radius Rso 11.5 Inner Stator Radius Rsi 5

Rotor Yoke Height wrbi 0.975 Magnet Height hmg 0.775

Air Gap Height hag 0.5 Stator Tooth Tip Height d1 1.7

Stator Tooth Height d3 4.8 Stator Yoke Height wsbi 1.5

Rotor Yoke Width wry 20.8 Magnet Width wmg 13.4

Magnet to Magnet Width wms 6.1 Stator Tooth Tip Width wtt 16.6

Stator Tooth Width wtb 3 Stator Yoke Width wsy 6.7

Tooth Tip to Tooth Tip Width ws 1.45 Tooth to Tooth Width wcs 8.6

Stator Length ls 4.2 Rotor Length lr 6

Table 2.1: Dimensions of the machine used for the investigations from Fig. 2.5.
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Chapter 3

Experimental Investigation and FEM
Model Adaptation

This Chapters aim is to determine the stray paths that affect the flux of the PM with
open circuit investigations. First, experimental investigations of the example case
drive have been realized, performing measurements of the BEMF, the magnetization
of the rotor (including rotor back iron and magnetic ring) and the magnetic param-
eters of the stator and rotor back iron. Next, the results of the measurements have
been compared to the 3D-FEM simulation results, performed with datasheet values.
By adapting the parameters of the FEM model the error between the experimen-
tal investigations and FEM simulations has been reduced. Then, the adapted FEM
model has been used to separate the stray paths of the example case drive.

3.1 Experimental Setup

For the experimental investigations of the machine, a motor test bench as shown in
Fig. 3.1 has been used. This motor test bench consists of a servo motor (II) which is
fitted on a mounting bracket. This servo motor can be operated with speed, position
and torque control. The rotor (III) can be directly attached to the servo motor while
the stator (IV) is mounted on a holding device. For the measurements a data recorder
(I) from HBM [28] has been used, which provides high accuracy. Also the coil current
of the stator has been measured with the use of a current sensor (V) from [29].
Then the measured results are compared to the simulated 3D-FEM results from
JMAG [30]. The data evaluation was carried out with MATLAB/Simulink [31].
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Figure 3.1: Motor test bench, (a) block diagram and (b) a picture of the setup.

3.2 Measurement of the BEMF

To measure the BEMF of the example case motor, the experimental setup from
Chapter 3.1 has been used, where the rotor has been attached to the servo motor
and the stator has been mounted onto the holding device. After the stator and the
rotor position have been adjusted, the BEMF of both phases have been measured
at a rotating speed of 5000 rpm and have been compared to the 3D-FEM simulated
results (with datasheet values), see Fig. 3.2. The amplitude of the simulated BEMF is

Figure 3.2: BEMF of 3D-FEM and the
experimental case machine.

Figure 3.3: BEMF of 3D-FEM with
reduced Br and Hc.
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3.3 Investigation of the Magnetic Ring with Magnetic Field Measurements

larger than the measured one. This has been corrected by reducing the residual flux
density (Br) and coercive field strength (Hc) of the magnetic ring. With the adapted
magnet parameters the simulation has been performed again, see Fig. 3.3. While
the amplitudes of the BEMF of the simulated and measured motor agree well, their
waveforms still differ. Therefore, further investigations on the magnetization of the
magnetic ring seemed to be necessary and are discussed in the next section.

3.3 Investigation of the Magnetic Ring with Magnetic

Field Measurements

Since the waveform of the simulated BEMF did not agree well with the measured one,
the magnetic ring magnetization was investigated. To this aim, a slightly different
motor test bench setup was used. The rotor with the magnetic ring and the back
iron were mounted on the testing device, as before. The stator has been replaced
by a Hall sensor bracket (see Fig. 3.4), which contains two grooves to hold two Hall
sensors from [32], to measure the magnetic flux density. It is made of plastic so that

Hall sensor bracket

magnetic ring and 
rotor back iron

rotor
bracket

position of
Hall sensors

Figure 3.4: 3D-CAD model of the Hall sensor bracket and the rotor.

the material does not influence the magnetic flux. The Hall sensors are placed at the
top and on the bottom of the Hall bracket, to consider tolerances of the arrangement.
Then, the magnetic flux density in the axial center of the rotor has been measured
for a given rotating speed. According to the datasheet, the magnetic ring of the
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Chapter 3 Experimental Investigation and FEM Model Adaptation

example case drive has a radial magnetization pattern with linear transition zones
(see Fig. 3.5(a)). Fig. 3.6 shows the measured flux density of the experimental case
drive and the simulated flux density from 3D-FEM on the same position as the
Hall sensor bracket. While the amplitude of both flux densities agree well, their
waveforms differ.

Θp

Br

B in T

Θ in 
degmech

Br

B in T

Θ in 
degmech0 90 0

(b)

Θp

(a)

90

Figure 3.5: Magnetization of one pole (θp) of the magnetic ring with (a) linear
transition zones and (b) parabolic transition zones.

Fig. 3.5(b) shows the adapted magnetization of the magnetic ring (including radial
magnetization pattern with parabolic transition zones), used for the new 3D-FEM
simulation. Fig. 3.7 shows the 3D-FEM simulation result with adapted magnetiza-

Figure 3.6: Measured and simulated
3D-FEM flux density with linear

transition zones.

Figure 3.7: Measured and simulated
3D-FEM flux density with adapted

parabolic transition zones.
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3.3 Investigation of the Magnetic Ring with Magnetic Field Measurements

tion, again, compared to the measured result. Now, the amplitudes of both flux
densities, as well as their waveforms agree well.

Figure 3.8: BEMF with modified 3D-FEM magnetization from Fig. 3.5(b).

Using the adapted magnetization of the magnetic ring, the 3D-FEM simulation for
the BEMF has been repeated and compared to the measured voltage, see Fig. 3.8. As
expected (from Faraday’s law of induction), the amplitude and the waveform of the
simulated and measured BEMF agree well now.
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3.4 Investigation of the Soft Magnetic Material

Properties

Next, the soft magnetic properties of the rotor and stator steel material were in-
vestigated. Manufacturing processes, such as laser cutting, mechanical cutting and
punching, on electrical steel can have big influence in terms of their magnetization
characteristics [33–35]. Therefore, the magnetic properties of the stator iron and
rotor back iron have been investigated with an AC-test, respectively a DC-test. The
experimental investigations are explained in the Appendix A.1.

Figure 3.9: µrB-curves of stator iron,
datasheet versus measurement.

Figure 3.10: µrB-curves of rotor back
iron, datasheet versus measurement.

Fig. 3.9 and Fig. 3.10 show the µrB-curves for the datasheet values compared to the
measured results for the stator steel and the rotor steel, respectively. The influence
due to manufacturing processes is enormous and decreases the magnetic properties
compared to the datasheet parameters. With the results of the measured rotor and
stator steel parameters, the 3D-FEM simulation has been repeated and compared to
the measured BEMF of the example case drive. Due to the influence of the adapted
steel the amplitude of the BEMF has slightly decreased but still agrees well compared
to the measured BEMF.
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3.5 Stray Path Allocation for the Open Circuit

3.5 Stray Path Allocation for the Open Circuit

Since the 3D-FEM model of the machine has been adapted, now the stray paths
have been allocated using 3D-FEM. Since the magnetic flux distribution of the ma-
chine and so the stray paths vary in every position, the 3D-FEM model has been
investigated in the position where the magnet is directly above the stator tooth (at
0 degmech as illustrated in Fig. 3.11(b)). This position has most influence on the slope
of the stator flux (see Fig.3.12 at 0 degmech), which determines the BEMF; and also
the following analytic calculations have been performed in this position.
Then, the leakage fluxes have been located, using the 3D-FEM simulation results.
The leakage terms have been separated into a stator leakage flux and a rotor leakage
flux, as shown in the flow chart in Fig. 3.11(a). The magnet flux (the flux which is

Magnet Flux

(Φm)

Rotor Leakage 

Flux (Φrl)

Air Gap 

Flux (Φg)

Stator Leakage 

Flux (Φsl)

Stator Iron 

Flux (Φs)

Φm

Φg

Φsl

Φs

Φrl

stator

rotor

magnetic 

ring

(a) (b)

Figure 3.11: Separated flux terms of the machine illustrated as (a) flow chart and (b)
magnetic flux lines from the FEM model.

leaving the magnet, φm) can be separated in the air gap flux φg (crossing the air gap)
and the rotor leakage flux (φrl, which closes from the magnet directly to the rotor,
respectively to the other magnet). Furthermore, the air gap flux can be separated
in the stator leakage flux (φsl, from stator tooth tip to stator tooth tip and across the
slots) and the stator iron flux φs (respectively stator linkage flux). The stator iron
flux is the part of the flux which causes the BEMF of the machine. Tab. 3.1 shows
the results for the stray paths separation of the machine. The largest leakage part
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Chapter 3 Experimental Investigation and FEM Model Adaptation

Figure 3.12: Ideal stator iron flux with illustrated position for stray paths
separation.

Flux Part Symbol Value Percent of Total

Magnet Flux φm 15.53µVs 100%

Rotor Leakage Flux φrl 1.54µVs 9.9%

Air Gap Flux φg 13.99µVs 90.1%

Stator Leakage Flux φsl 0.12µVs 0.8%

Stator Iron Flux φs 13.87µVs 89.3%

Table 3.1: Separated flux paths of the example case machine determined with
3D-FEM simulation results.

appears in the rotor. On the other hand, the leakage of the stator is small compared
to the one occurring in the rotor. This may be attributed to the high saturation of the
rotor back iron resulting in low permeability of the rotor steel, as well as the rotor
overhang. This leads to a total flux leakage factor (from [36], using the stator iron
flux instead of the air gap flux, which basically describes the ratio of the linkage flux
to the total flux in per unit) of about 0.9.
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Chapter 4

Calculation of Stray Paths Using a
Magnetic Equivalent Circuit Model

This Chapter analyses the use of a magnetic equivalent circuit for analytic calculation
of FHP BLDC machines. First, the 2D case has been calculated, neglecting 3D effects
such as the rotor overhang. To evaluate and compare the analytic calculations a
2D-FEM model with the adapted parameters has been developed. Then, a 2D-
MEC has been implemented and extended (subsequently) with the different leakage
terms and the rotor and stator steel parameters. Every MEC extension step has been
compared to the adapted 2D-FEM simulation results to determine the impact and
error of each step. The goal is to determine the use, respectively the error of basic
analytic models and equations. Therefore, a symmetrical analytic model has been
created, neglecting the asymmetric air gap. The magnetic ring has been simplified
for the analytic calculations as well (see Chapter 2.2).

4.1 2D-FEM Simulation Results

First, a 2D-FEM model of the example case drive, with the adapted parameters
form the previous Chapter has been created. The 2D-FEM model neglects the rotor
overhang (so rotor and stator have the same axial lengths) and the three dimensional
stray paths on the end face of the rotor and stator. Then, the magnetic fluxes have
been separated using the 2D-FEM model, to evaluate the analytic calculations with
the use of the MEC. Tab. 4.1 shows the results of the flux paths and their percentage
of total flux of the FEM simulation. Compared to the 3D-FEM simulation results
from the previous Chapter, the leakage flux factor of the 2D-FEM is 0.97, respectively
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Flux Part Symbol Value Percent of Total

Magnet Flux φm 11.84µVs 100 %

Rotor Leakage Flux φrl 0.27µVs 2.3 %

Air Gap Flux φg 11.57µVs 97.7 %

Stator Leakage Flux φsl 0.08µVs 0.7 %

Stator Linkage Flux φs 11.49µVs 97 %

Table 4.1: Magnetic flux separation determined by 2D-FEM simulation with
adjusted parameters.

the leakage is just 3 %. Again, more leakage occurs in the rotor. But on the other
hand, the stator iron flux is decreased by about 20 %, due to the missing magnet area
from the rotor overhang. The following analytic calculation results for the 2D case
have been compared to these values.

4.2 Magnetic Circuit Calculated with a Leakage Factor

The first calculation methods for the design step for large machines (especially
leaving the FHP range) is by using leakage factors for the analytic calculations [13,
p. 68-72]. Therefore, a simple model of the machine is used where every path that
the magnetic flux will pass is represented by a magnetic resistance (reluctance), see
Fig. 4.1. The magnets are represented as flux sources with internal reluctances. In
this case, the armature reaction, the saturation, and the non-linearity are neglected
and the simplified model just considers the reluctance of the air gap and the internal
magnet reluctance. Then, a leakage factor (Kl) and a reluctance factor (Kr) to consider
the leakage flux and the stator and rotor iron, respectively were introduced. The
flux leaving the magnet (4.1) and the air gap flux (4.2) are calculated by:

φm =
2Rm

2Rm + 2KrRg
φr (4.1)

φg =
Kl

1 + Kr
µrhagAm

lsAg

φr (4.2)
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Rs

Rg

Rm

Rg Rm

Rr

Φr

Φr
Rl

Figure 4.1: Model of stator and rotor with the used reluctances.

where the remanence flux is given by:

φr = BrAm (4.3)

The reluctances of the magnet (4.4) and the air gap (4.5) are calculated as follows:

Rm =
hmg

µ0µrAm
(4.4)

Rg =
hag

µ0Ag
(4.5)

For well known standard machines Kl is normally in a range of 90 % to 100 % and Kr

is in a range of about 1 to 1.2 [13, p. 73]. For small size motors and special machine
geometries these factors generally do not hold anymore, and cannot be used for
the design process. This leads to different calculation methods using MEC in the
following sections.

4.3 Investigation of the Air Gap Reluctance

First, the air gap reluctance of the basic machine model has been investigated using
the fringing effect from [13, p. 22-23]. This is the influence of the flux in the end
zones of the air gap which increases the air gap area and so decreases the air gap
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Rg RmΦr
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Figure 4.2: Basic machine model with air gap and inner magnet reluctance.
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Ag Ag

hag hag

Figure 4.3: Fringing illustration considering (a) no fringing, (b) rectangular
fringing, and (c) circular fringing from [13, p. 22-23].

reluctance.
Then, the air gap reluctance is calculated using (4.6)-(4.8). (4.6) calculates the air gap
reluctance by using just the straight paths without any fringing flux components, see
Fig. 4.3(a) from [13, p. 21]. In (4.7) the fringing effect is considered by increasing the
air gap area by two times the air gap length, see Fig. 4.3(b) from [13, p. 22-23]. (4.8)
calculates the air gap reluctance by adding two times a circular area to the straight
area, see Fig. 4.3(c) from [13, p. 23-24]. Here X is the height of the fringing flux path
of the magnet. Because of the small magnet height in this machine X is chosen as
half of the air gap height. Here wmg, hag, ls, and hmg are the motor dimensions as in
Fig. 2.5 and µ0 is the permeability of free space.

Rg,no fringing =
hag

µ0wmgls
(4.6)

26



4.3 Investigation of the Air Gap Reluctance

Rg,rectangular area =
hag

µ0

(
wmg + 2hag

)
ls

(4.7)

Rg,circular area =

[
µ0wmgls

hag
+

4µ0ls

π
ln

(
1 +

πX
hag

)]−1

(4.8)

Additionally, the air gap reluctance has been calculated from the adapted 2D-FEM
model using Ampere’s law:

R2D-FEM =
Hghag

φg
(4.9)

where Hg is the magnetic field strength in the air gap, hag is the mean air gap length
and φg is the air gap flux. Tab. 4.2 shows the results for the analytically calculated air
gap reluctances, as well as the 2D-FEM result for the air gap reluctance. Compared

Calculated Air Gap Reluctances

No Fringing Rg,no fringing 7.07 MA/Vs

Fringing with Rectangular Area Rg,rectangular area 6.58 MA/Vs

Fringing with Circular Area Rg,circular area 6.91 MA/Vs

2D-FEM Result R2D-FEM 5.79 MA/Vs

Table 4.2: Different calculated air gap reluctances compared to the 2D-FEM air gap
reluctance.

to the 2D-FEM calculated air gap reluctance, the reluctance calculated with (4.7) is
the most accurate one and so is used for the further calculations. The remaining error
can be explained by the asymmetric air gap of the FEM model, while the analytical
calculations use a symmetric air gap.
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4.4 Adding Rotor Leakage to the MEC

This Chapter extends the MEC, using the leakage flux terms of the magnets (espe-
cially the magnet to magnet and magnet to rotor flux leakage from [36]). Fig. 4.4
shows the model with the used reluctances for this extension. Here, Rm is the inner

Rg

Rm

Rg
RmΦr

Φr
Rmr
Rmr

Rmm

Figure 4.4: Model of the motor and the added reluctances of flux paths in red.

reluctance of the magnet, Rmr is the leakage reluctance from magnet to rotor, Rmm

is the magnet to magnet reluctance, Rg is the air gap reluctance and φr is the flux
source of the magnets. The magnetic circuit has been simplified by considering just
one half of one pole pair (because of the symmetric MEC). This assumption and sim-
plification from [36] leads to the magnetic circuit shown in Fig. 4.5, using four times
(twice the half magnet) the inner magnet reluctance (4.10), two times the magnet to
rotor reluctance (4.11), once the magnet to magnet reluctance (4.12) and again, four
times (twice the half air gap) the air gap reluctance with fringing (4.7). The magnet
flux (4.3) has been halved (half magnet) as well. The dimensions of the machine are
used from Fig. 2.5 (or Tab. 2.1) and µrec is the relative permeability of the magnet.

Rm =
hmg

µ0µrecwmgls
(4.10)

Rmr =
π

µ0 ln
(
1 +

πhag

hmg

)
ls

(4.11)

Rmm =
π

µ0 ln
(
1 +

πhag

wmg

)
ls

(4.12)
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4.4 Adding Rotor Leakage to the MEC

Solving this MEC using the current divider rule and the given reluctances leads to

4Rm 2Rmr Rmm 4Rg

Φr/2

Φm/2

Φmr/2 Φmm/2 Φg/2

Figure 4.5: MEC of the motor model including rotor leakage.

the results of the flux paths and their percentage of the total flux, see Tab. 4.3. The
magnet to magnet flux and the magnet to rotor flux has been united to the rotor
leakage flux φrl to compare the results to the 2D-FEM simulation result. The leakage
flux factor is the ratio of the air gap flux and the flux leaving the magnet (4.13), which
is the percentage of the air gap flux in Tab. 4.3.

Klg =
φg

φm
(4.13)

The error (ε) of the analytically calculated fluxes compared to the adapted 2D-FEM
simulation results is given in (4.14).

ε =

∣∣∣∣∣∣ 1 −
φsimulated

φanalytical

∣∣∣∣∣∣ (4.14)

Even though the rotor leakage differs about 80 % to the FEM simulation the total

Flux Part Symbol Analytic Result Percentage Error to 2D-FEM

Magnet Flux φm 14.74µVs 100 % 19.7 %

Rotor Leakage Flux φrl 0.49µVs 3.3 % 81.5 %

Air Gap Flux φg 14.25µVs 97.7 % 18.8 %

Table 4.3: Analytically calculated fluxes including rotor leakage, their percentage of
total and the error to 2D-FEM.

error of the main flux paths differ just at about 20 %. This is caused by the relatively
small percentage of the leakage flux compared to the total flux.

29



Chapter 4 Calculation of Stray Paths Using a Magnetic Equivalent Circuit Model

4.5 Adding Stator Leakage to the MEC

Next, the stator leakage, including stator tooth tip to stator tooth tip leakage and
stator tooth to stator tooth leakage has been added to the model, see Fig. 4.6. The

Rs

Rg

Rm

Rg
RmΦr

Φr
Rmr
Rmr

Rmm

Rt2t

Rtt2tt

Figure 4.6: Expended model of the BLDC machine including and stator leakage in
red.

reluctance of the air gap and the magnet reluctances are calculated in the same way
as shown in Chapter 4.4. But now the reluctance of the stator iron is not neglected
anymore but computed using (4.15). Hence, the flux is passing through the stator
iron the magnetic properties have to be considered with the relative permeability
(µstator) of the used iron from the measured BH-curve from Appendix A.1.2 for a
saturation of about 1.2 T (from the 2D-FEM model).

Rs = 4Rstt + 4Rst + Rsy = 4
d1

µ0µstatorwttls
+ 4

d3

µ0µstatorwtbls
+

wsy

µ0µstatorwsbils
(4.15)

Here, Rstt is the reluctance of the stator tooth tip iron and is taken four times (twice
because of two teeth in the circuit and twice because it is considered just the half
pole). Rst is the reluctance of the stator tooth iron and is also taken four times. Rsy is
the reluctance of the stator yoke. The tooth tip to tooth tip reluctance Rtt2tt and tooth
to tooth reluctance Rt2t are given by [37]:

Rtt2tt =
ws

µ0d1ls
(4.16)

Rt2t =
wcs

µ0d3ls
(4.17)
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4Rm 2Rmr Rmm Rs
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Figure 4.7: Extended MEC of the motor including stator leakage flux.

Fig. 4.7 shows the extended MEC for this case, including the stator reluctances. The
current divisor rule has been used to calculate the fluxes for each path and the results,
their percentage of the total flux and the error to the adapted 2D-FEM simulation
results are shown in Tab. 4.4. This leakage flux factor is now the ratio of the stator
iron flux φs to the magnet flux φm and is again shown as the percentage of the stator
iron flux. The errors of the main flux paths are now in a range of 15 % compared to

Flux Part Symbol Analytic Result Percentage Error to 2D-FEM

Magnet Flux φm 14.23µVs 100 % 16.8 %

Rotor Leakage Flux φrl 0.51µVs 3.6 % 47.1 %

Air Gap Flux φg 13.72µVs 96.4 % 15.7 %

Stator Leakage Flux φsl 0.28µVs 2.0 % 71.4 %

Stator Iron Flux φs 13.44µVs 94.4 % 14.5 %

Table 4.4: Calculated results for the fluxes, their percentage of total and the error
compared to 2D-FEM.

the 2D-FEM simulation results, although the leakage terms still differ at about 50 %
and 70 % respectively, because of their relatively low percentage of the total flux they
hence have low impact.
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4.6 Considering the Rotor Iron in the MEC

Next, the rotor back iron of the machine has been added to the magnetic circuit. This
term typically can be neglected at large machine designs with no saturation effect
because of the large permeability. As already mentioned in the previous Chapter,
the manufacturing influence, as well as the saturation of the steel change its relative
permeability. Also the distance of the magnetic paths in the rotor is larger, because
of the inside out motor design, the rotor reluctance has been added for the analytic
calculations, see Fig.4.8. The reluctance of the rotor back iron Rr is calculated by:

Rs

Rg

Rm

Rg
RmΦr

Φr
Rmr
Rmr

Rmm

Rt2t

Rtt2tt

Rr

Figure 4.8: Model of the machine with rotor back iron reluctance consideration in
red.

Rr =
wry

µ0µrotorwrbils
(4.18)

where wry, wrbi and ls are the motor dimensions given in Tab. 2.1 and µ0 is the
permeability of free space. µrotor is the permeability of the rotor steel and has been
taken from the measured BH-curve (from Appendix A.1.1) for the given saturation
at about 1.4 T (determined by 2D-FEM). The results obtained with MEC are shown
in Tab. 4.5. The leakage terms of the analytic calculations have an error (compared to
2D-FEM) of about 50 % and 65 % respectively. The stator iron flux agrees very well,
because the leakages are very small compared to the main flux parts. Most influence
here is caused by the rotor and stator iron, because of their low relative permeability
in this machine.
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4.7 Analytically Calculated Versus 2D-FEM Simulated Results

Flux Part Symbol Analytic Result Percentage Error to 2D-FEM

Magnet Flux φm 12.15µVs 100 % 2.6 %

Rotor Leakage Flux φrl 0.52µVs 4.3 % 48.1 %

Air Gap Flux φg 11.63µVs 95.7 % 0.5 %

Stator Leakage Flux φsl 0.23µVs 1.9 % 65.2 %

Stator Iron Flux φs 11.40µVs 93.8 % 0.8 %

Table 4.5: Calculated values for the magnetic fluxes, their percentage and the error
to 2D-FEM including the rotor back iron.

4.7 Analytically Calculated Versus 2D-FEM Simulated

Results

This section discusses the distribution of the analytically calculated values along
the circumference from Chapter 4.6 and compares them to the 2D-FEM simulation
results, including the magnet flux, the stator iron flux and the BEMF.
Magnet Flux
First, the magnet flux has been compared, see Fig. 4.9. While the analytically cal-
culated magnet flux is (ideally) constant, the one of the 2D-FEM simulation varies
with the circumference. This is caused by the total reluctance of the motor, which
changes with the position of the rotor. These two fluxes are in a good range for this
2D case.
Stator Iron Flux
Fig. 4.10 shows the analytically calculated stator iron flux compared to the 2D-FEM
simulation results. For the analytically calculated stator iron flux course the assump-
tion from [13, p. 86] has been used, telling that the ideal flux course of the stator iron
flux is trapezoidally shaped. The 2D-FEM simulated stator iron flux is illustrated
and differs to the ideal flux curve due to the magnetization of the magnetic ring and
the asymmetric air gap of the example case drive. Still, these two flux paths agree
well.
BEMF
The computed BEMFs are shown in Fig. 4.11 and are the derivations of the stator flux
linkage (ψs). They are calculated using Faraday’s law of inductance (from Chapter
3 in [38]) given by:

uEMF = −2p
dψs

dt
= −2pN

dφs

dt
(4.19)
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Figure 4.9: Magnet flux comparison,
analytic versus 2D-FEM.

Figure 4.10: Stator iron flux comparison
for the 2D case.

where ψs is the flux linkage of one phase, 2p is the number of poles, N is the number
of turns per coil and φs is the stator iron flux. Since the linking stator iron flux
for the analytical calculation is ideally trapezoid-shaped (seen Fig. 4.10), the BEMF
(uEMF) is rectangular shaped. To consider the asymmetric air gap for the analytically
calculated BEMF, it has been computed for the smallest and largest distance of the
asymmetric air gap. Then, the two forms have been combined and adapted to one
curve. The 2D-FEM simulated BEMF is not ideally rectangular-shaped, which again

Figure 4.11: BEMF comparison (of one phase) for the 2D case.

are the effects of the asymmetric air gap and the magnetization of the magnetic ring.
Nevertheless, the analytically and numerically determined values agree well.
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4.8 Conclusion - 2D

4.8 Conclusion - 2D

Comparing the analytic calculations and extension steps from this Chapter show
that the stator and rotor iron parameters, have the largest influence on the MEC,
due to the relative poor magnetic properties of the steel caused by manufacturing
process, as well as the high saturation of the material. So, it is important to consider
these effects in the analytical calculation methods. Since these parameters are often
not known in the design process, and also the flux density of the steel is not known,
this makes it even more complicated to calculate the machine with analytic methods.
On the other hand, Fig. 4.12(a) and Fig. 4.12(b) show the flux separation in percent of
the analytical model and the 2D-FEM model respectively. Although the analytically

(a) (b)

Stator Iron 

Flux (97.0%)

Rotor Leakage 

Flux (2.3%)

Stator 
Leakage 

Flux (0.7%)Stator Iron 

Flux (93.7%)

Rotor Leakage 

Flux (4.3%)

Stator 
Leakage 

Flux (1.9%)

Figure 4.12: Flux separation of (a) the analytical model from Chapter 4.6 and (b) the
2D-FEM model.

computed leakage factor is almost twice the 2D-FEM computed leakage factor, the
main flux terms including the magnet flux and especially the stator iron flux agree
well. This is caused by the relatively low percentage of the leakage terms compared
to the main flux parts. This means that, for a accurate prediction of the flux parts
in the machine, these analytical methods are not useful but they do offer a quick
estimation of the main flux terms.
Finally, the simulated 2D-FEM flux separation shows that the example case drive
(neglecting rotor overhang and end face leakage) just has 3 % leakage. This was not
expected and is small compared to the assumption of well known standard machine
designs from [13], which indicates a range up to 10 % flux leakage.
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Chapter 5

Three Dimensional Investigation of
Stray Paths Using a MEC

This Chapters aim is to extend the MEC of the previous Chapter by the influence
of the three dimensional leakage paths (including rotor overhang and stator end
face leakage). First, the MEC from Chapter 4.6 has been considered and extended
with rotor overhang effects. As a next step, the three dimensional stator leakage
terms has been added to this MEC. For the extended MEC all flux paths has been
calculated and compared to the 3D-FEM results form Chapter 3.5. For the analytical
calculations the axial dimensions from Chapter 2.5 with different rotor and stator
lengths have been considered.

5.1 Rotor Overhang Impact

First, the rotor overhang of the example case drive was considered. The MEC model
from chapter 4.6 was extended by the overhang paths of the air gap, the inner
magnet, the magnet to magnet and the magnet to rotor reluctances from [39]. Fig 2.5
shows the rotor overhang leading to extra flux paths in the air gap. The paths have
been separated into a straight line flux and a circular flux path. To consider these
flux paths an effective air gap length has been introduced from [39] given by:

hag,eff =


√

h2
ag + z2 for 0 < z ≤ hag

1
2πz for hag < z ≤ lOH

(5.1)
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hag

hag

lOH

magnet

stator

rotor

dz

Figure 5.1: Rotor overhang and illustration of additional air gap flux paths
from [39].

Then, (5.2) - (5.5) has been used to calculate the additional overhang reluctances.

Rg,OH =
hag,eff

µ0

(
wmg + 2hag,eff

)
dz

(5.2)

Rm,OH =
hmg

µ0µrecwmgdz
(5.3)

Rmm,OH =
π

µ0 ln
(
1 + π

hag,eff

wms

)
dz

(5.4)

Rmr,OH =
π

µ0 ln
(
1 + π

hag,eff

hmg

)
dz

(5.5)

To solve these equations they have to be integrated with respect to dz (infinitesimal
stack length), using the integration limits and the effective air gap length, where z
starts from one side of the stator in the direction of the overhang. Due to the axial
offset between rotor and stator iron of the example case drive, the overhang of both
end sides is different. Therefore, the overhang reluctances have to be computed
separately on both sides.
The rotor overhang causes additional reluctances (one straight line and one circular
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5.2 3D Stator Leakage Investigation

reluctance on each side), which are added parallel to the 2D-MEC reluctances (Rg,
Rm, Rmr and Rmm) from Chapter 4.6. This leads to the three dimensional reluctances,
for the overhang impact, the air gap, the inner magnet, the magnet to magnet and
the magnet to rotor, respectively.

5.2 3D Stator Leakage Investigation

Next, the three dimensional flux paths of the stator end face are added to the 2D-
MEC from Chapter 4.6 and the extended one from the previous Chapter, respectively.
Again, the additional reluctances have been calculated and added to the main reluc-
tances of the two dimensional case. The following approaches from [40, p. 127-132]
have been used to calculate the additional 3D end face reluctances (for the stator
tooth to stator tooth flux and the stator tooth tip to stator tooth tip flux). These
flux lines are separated into a semicircular cylinder, see Fig. 5.2(a), a half annulus,
see Fig. 5.2(b), a spherical quadrant, see Fig. 5.2(c) and a spherical shell part, see
Fig. 5.2(d). For these parts (5.10) - (5.13) from [40, p. 127-132] have been used with
their mean areas and the mean distances as follows:

Asc =
πg2l

8
·

1
1.22g

= 0.322gl and lsc = 1.22g (5.6)

Aha = xl and lha = π
( g + x

2

)
(5.7)

Asq =

1
3π

(
g
2

)3

1.3g
= 0.1g2 and lsq = 1.3g (5.8)

Ass =
π
8

x
(
x + g

)
and lss =

π
2

(
x + g

)
(5.9)

Rsc =
lsc

µ0Asc
=

1.22g
0.322µ0gl

=
3.789
µ0l

(5.10)

Rha =
lha

µ0Aha
=
π

(
g + x

)
2µ0xl

= 1.57

(
g
x + 1

)
µ0l

(5.11)
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Rsq =
lsq

µ0Asq
=

1.3g
0.1µ0g2 =

13
µ0g

(5.12)

Rss =
lss

µ0Ass
=

π
2

(
x + g

)
µ0

π
8 x

(
x + g

) =
4
µ0x

(5.13)

Here g is the straight line distance from one to the other part of the flux and l is the
length of the iron, see Fig. 5.2(e). Adding these additional reluctance parts to the

g
l

lsc

g

g x
l

(a) (b)

(c) (d)

g
x

lha

g

l

(e)

x

stator 
tooth

Figure 5.2: Leakage stray paths for (a) semicircular cyliner, (b) half annulus, (c)
spherical quadrant, (d) quadrant of squerical shell and (e) the combination of these

paths from [41].

main 2D reluctances (on both stator iron end faces) leads to the three dimensional
reluctances for the stator leakage terms.
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5.3 Analytically Calculated Versus 3D-FEM Simulated

Results

This section compares the analytically calculated results of the three dimensional
extended MEC to the 3D-FEM simulated results from Chapter 3.5. For the analyti-
cal calculation, the relative permeability of the stator iron and rotor back iron were
adjusted using the 3D-FEM flux density and the µrB-curves form Appendix A.1.
Tab.5.1 shows the results for the analytically computed values, their percentage of

Flux Part Symbol Analytic Result Percentage Error to 3D-FEM

Magnet Flux φm 17.29µVs 100 % 10.2 %

Rotor Leakage Flux φrl 0.72µVs 4.2 % 118.1 %

Air Gap Flux φg 16.57µVs 95.8 % 15.6 %

Stator Leakage Flux φsl 0.98µVs 5.7 % 87.8 %

Stator Iron Flux φs 15.58µVs 90.1 % 11.0 %

Table 5.1: Analytically calculated results for the 3D investigation, their percentage
of total and the error to 3D-FEM.

the total flux, as well as the error to the adapted 3D-FEM simulation results. While
here the main flux terms differ more than 10 % compared to the 3D-FEM simulations,
the leakage terms differ almost 120 % and 90 % respectively. The flux curves for the
magnet flux, the stator iron flux, and the BEMF have been compared as well.
Magnet Flux
Fig. 5.3 shows the distribution of the magnet flux obtained by the analytical calcula-
tions and the 3D-FEM simulation. Again, the analytically calculated magnet flux is
constant. The magnet flux of 3D-FEM varies in amplitude, as already mentioned in
Chapter 4.7. The magnet fluxes differ about 10 %.
Stator Iron Flux
The distribution of the flux within the stator iron is modeled, using a DFT (Discrete
Fourier Transformation) of the 3D-FEM simulated stator iron flux. Then, the DFT
result was used to replicate the analytically calculated stator iron flux. Fig. 5.4 shows
both stator iron fluxes.
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Chapter 5 Three Dimensional Investigation of Stray Paths Using a MEC

Figure 5.3: Simulated and analytically
calculated magnet flux curves.

Figure 5.4: Simulated and analytically
calculated stator iron flux curves.

BEMF
Fig. 5.5 shows the BEMFs per phase of the analytical case, respectively the 3D-FEM
simulation result. The BEMF (uEMF) for the analytical determination, again, has been
calculated by deriving the stator fluxes with Faraday’s law of induction from (4.19).
Even by using a DFT to replicate the analytically computed stator iron flux for the
waveforms, differ by about 10 %, which is a logical consequence of the difference in
the computed fluxes.

Figure 5.5: Simulated and analytically calculated BEMF of one phase.
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5.4 Conclusion - 3D

Comparing the three dimensional analytically calculated results to the 3D-FEM sim-
ulation results, it is noticeable that the fluxes of the magnet and through the stator
iron differ about 10 % compared to the 3D-FEM simulation results, even by consid-
ering the material parameters for the rotor and stator iron.

Stator Leakage 

Flux (5.7%) Stator Iron 

Flux (89.3%)

Stator Iron 

Flux (90.1%)

(a) (b)

Rotor Leakage 

Flux (4.2%)

Rotor Leakage 

Flux (9.9%)

Stator Leakage 

Flux (0.8%)

Figure 5.6: Flux separation of (a) the analytical model from Chapter 5.3 and (b) the
3D-FEM model.

Fig. 5.6(a) and Fig. 5.6(b) show the separation of the flux terms of the analytical
model, respectively the 3D-FEM model. The leakage of both cases are in total in
same range, but the rotor and stator leakage terms of both cases are totally different.
While in the analytical model the rotor and stator leakage components are balanced,
in the 3D-FEM model most of the leakage is determined by the rotor.
This leads to the result that the prediction of the flux distribution, especially the
leakage flux terms, using simple analytical models is not accurate. While in the 2D
case the main flux parts can be used for a quick estimation, the 3D case (including
rotor overhang and end face leakage) does not offer accurate results.
Finally, considering the stray paths using the 3D-FEM model leads to about 10 % flux
leakage of the example case drive. Compared to the leakage assumption from [13]
for well known machine designs (in a range of 10 % - 20 %), shows only a small
leakage pf the PM generated flux.
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Chapter 6

Motor Inductance Investigation

This Chapter is concerned with the investigation of the inductance of the example
case drive, especially its leakage parts. These leakage parts, in difference to the
open circuit leakage parts, are affected by the flux produced by the coil current. The
investigation starts with an overview of the inductance terms and the separation in a
main part and in leakage parts. Moreover, a preliminary 3D-FEM investigation of the
motor inductance neglecting the flux produced by the PM, has been realized. First,
the data sheet parameters, but with the adapted magnetization from Chapter 3.3,
have been used for the simultion. Then, again the parameters of the FEM model
have been adapted, to identify the influence of each parameter on the machine
inductance. Further on the flux produced by the PM has been considered, because
it leads to saturation of the rotor and stator iron. After that the results of the 3D-
FEM simulations have been compared to experimentally determined inductance
of the example case drive. Because of the large difference between the 3D-FEM
simulations and the measurements the parameters of the 3D-FEM model have been
adapted step by step to identify the parameters of largest influence and to decrease
the discrepancy. Finally, the inductance parts have been separated with the FEM
model, using the adapted parameters. The leakage inductance of the example case
machine is about 50 % of the total inductance.

6.1 Main Inductance Parts of a BLDC Motor

The inductance of a machine is an important parameter, e.g., for sensorless control of
EC (electrically commutated) motors. It is directly proportional to the time constant
and has an important influence on the current control. To obtain accurate results,
mostly 3D-FEM analysis is used. Since many parameters do affect the inductance,
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Chapter 6 Motor Inductance Investigation

e.g., the rotor position and so the saturation of the iron, its determination is not
straightforward [27, p. 214].
In addition to the self inductance, also the mutual inductance has to be considered. In
a multi phase machine it is about 10 % of the self inductance and is often neglected [13,
p. 94]. In special cases (e.g., bifilar windings) the mutual inductance becomes as large
as 100 % of the self inductance (investigated in Appendix A.2.3).
The investigated self inductance parts are [27, p. 214]:

• Air Gap Inductance (Lg)

• Slot Leakage Inductance (Lslot)

• End Turn Inductance (Lend).

RLendLslotLg

Ls

u uEMF

Figure 6.1: Equivalent circuit diagram of a BLDC machine with focus on leakage
inductances.

Here, the air gap inductance corresponds to the flux which crosses the air gap, the
slot leakage inductance does not pass the air gap but rather crosses over the slots of
the stator and the end turn leakage encircles the end turns outside of the active air
gap.
The flux produced by the coil current of the machine does not contribute to the
flux produced by the permanent magnets. Hence the magnets are just blocks with
relative permeability µr [13, p. 94-95].
The three inductance parts (air gap inductance Lg, slot leakage inductance Lslot

and end turn inductance Lend), the coil resistance (R) and the BEMF (uEMF) of the
equivalent circuit diagram (for one phase) are shown in Fig. 6.1.
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6.2 Preliminary Inductance Analysis

For the first investigations of the motor inductance a 2D and 3D finite element
analysis has been realized. For these simulations, the FEM model from Chapter 3.3
was used. In preliminary investigations cross-coupling due to the magnet flux was
neglected, meaning that the magnetic flux of the PM was not taken into account
and the magnetic ring has been set to soft iron with its relative permeability. So the
magnetic field in the machine is just caused by the coil current, to obtain a quick
overview of the magnitude of the motor inductance.
Further on, the FEM simulations have been performed with constant coil current and
different amplitudes. For the different amplitudes of the coil current the inductance
of the machine has been analyzed using the known relationship of (6.1), where ψ is
the flux linkage, 2p is the number of poles, N is the number of turns per coil and φ
is the magnetic flux in the machine,

L =
ψ

I
= 2pN

φ

I
. (6.1)

Fig. 6.2 and Fig. 6.3 show the inductance depending on the coil current for one
phase of the 2D-FEM model, respectively the 3D-FEM model. The inductance is

Figure 6.2: Inductance dependent on coil
current in 2D-FEM.

Figure 6.3: Inductance dependent on coil
current in 3D-FEM.

constant for low coil current and decreases with increasing coil current, due to the
saturation of the stator and the rotor iron. The difference between the 2D- and 3D-
FEM simulation results is about 30 % and can be explained by the 3D effects (end turn
winding and rotor overhang), which are not included in the 2D-FEM simulations.
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6.3 Inductance Analysis at Certain Rotor Positions

Including Magnet Cross-Saturation

The first case of inductance determination with finite element analysis was realized
without considering the flux produced by the magnetic ring. In this case, the induc-
tance of the machine has been investigated when the magnetic flux of the magnetic
ring affects the stator and rotor iron in terms of their saturation and magnetic prop-
erties. The rotor is positioned and locked in three certain positions. The flux density
distribution of the machine is shown in Fig. 6.4(a) for the rotor positions at 3 degmech

and 48 degmech. The rotor position at 93 degmech leads to the same flux density dis-
tribution (but opposite flux direction) as at 3 degmech. Fig. 6.4(b) shows the 3D-FEM
simulated stator iron flux waveform of the motor. The rotor position at 3 degmech

(in direction of the asymmetric air gap) leads to the stator iron flux maximum. The
position at 48 degmech is the rotor position, where the stator iron flux is zero, and the
stator iron flux reaches its negative maximum at 93 degmech.

(3degmech)

Magnetic Flux 
Density in T

1.500
1.425
1.350
1.275
1.200
1.125
1.050
0.975
0.900
0.825
0.750
0.675
0.600
0.525
0.450
0.375
0.300
0.225
0.150
0.075
0.000

(48degmech)

(a) (b)

Figure 6.4: 3D-FEM simulated (a) flux density distributions and (b) stator iron flux
waveform at different rotor positions.

Another consideration for the inductance investigation is shown in Fig. 6.5, where
(a) shows the current direction for positive and (b) the current direction for negative
current. For the given direction of the stator iron flux (produced by the permanent
magnet), a positive coil current leads to a flux in the same direction as the flux pro-
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6.4 Inductance Analysis with Rectangular Voltage

duced by the permanent magnets, see Fig. 6.5(a). This means that the total flux (from
coil current and PM) leads to a higher saturation in the stator iron and the inductance
of the machine is supposed to decrease. For a negative coil current the flux produced
by the PM and coils are in opposite direction, see Fig. 6.5(b). This means that the total
flux in the stator iron decreases which leads to less saturation and the inductance
is supposed to increase. This can also be seen as the same effect with a negative
maximum of the flux in the stator iron, produced by the PM. So by changing the flux
in the stator to negative maximum, a positive coil current would decrease the flux
density of the stator iron and for negative coil current would increase the flux desity
in the stator. Because of the non linear characteristic of the machine, this leads to the
difference for the rising and falling inductance in the following investigations. Since
the inductances of booth phases of the machine are almost equal, just one phase has
been considered in the next investigations.

stator iron flux
produced by the PM

direction of 
coil current 

for one phase
(a) (b)

Figure 6.5: Coil current directions for (a) phase A and (b) phase B by a given stator
iron flux.

6.4 Inductance Analysis with Rectangular Voltage

Two separate approaches of analysis were introduced. The first method is by sup-
plying the coil of the machine with a rectangular voltage. The second method is by
supplying the coil with a sine wave voltage to see the impact of lower (respectively
no) harmonics in terms of eddy currents compared to the rectangular voltage. Since
these two methods almost lead to the same results, the results of the sine wave
approach are shown in Appendix A.2.
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By providing a rectangular voltage to the coil a step response, where the inductance
can be calculated from its time constant has been investigated. The exponential time
curve of the current (seen Fig. 6.6), has been considered. After one τ (time con-
stant) the current has reached 63 % for the rising edge (black markings in Fig. 6.7),
respectively 37 % for the falling edge (green markings in Fig. 6.7). The inductance is
calculated from the time constant of the step response as follows:

τ =
L
R

=⇒ L = τR, (6.2)

where R is the resistance of the coil and L is the inductance. The 3D-FEM simulations

Figure 6.6: Simulated rectangular voltage
and current course (3D-FEM) with

absolute values.

Figure 6.7: Adjusted courses (in p.u.)
with illustrated time constant for rising

and falling edge.

have been performed for the three different rotor positions. Since the results for both
phases (phase A and B) are almost equal the investigations have just been analyzed
for one phase. The amplitude of the voltage has been chosen with 1 V so that the
coil current remains small in order to saturate the rotor and stator iron saturation
too much and also operate close to the nominal current range of the example case
drive. Tab. 6.1 shows the computed inductances of the machine for the three rotor
positions. It is striking that the inductances at 3 degmech and 93 degmech respectively,
are lower as the are at the position where the stator iron flux is zero (at 48 degmech).
This is caused by saturation of the iron (caused by the flux of the magnetic ring)
which reduces the permeability.

50
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Voltage Rotor Position Simulated

Û in V θ in degmech Lrise in mH Lfall in mH

1
3 5.5 5.2

48 6.1 6.1
93 5.2 5.5

Table 6.1: Inductance values for rectangular voltage at different rotor positions.

6.4.1 Measurement of the Motor Inductance

The 3D-FEM simulated results of the example case drive were compared to experi-
mentally determined values. The experimental setup was the same as used for the
BEMF measurement in Fig. 3.1. The only differences was a locked rotor in a certain
position where a power amplifier provides the rectangular voltage to the coils. Fur-
ther on, the coil voltage and the coil current of each phase have been measured. By
measuring the time constant, the inductance has been calculated from (6.2). Tab. 6.2

Voltage Rotor Position Measured Error (3D-FEM)

Û in V θ in degel Lrise in mH Lfall in mH εrise in % εfall in %

1
0 3.2 3.1 42 40

90 4.4 4.4 27 27
180 3.1 3.2 40 42

Table 6.2: Measured inductances for the rectangular voltage.

shows the inductance Lrise for the rising edge and the inductance Lfall for the falling
edge.
To compare the measured values to the simulate resutls , the errors (ε) have been
calculated by:

ε =

∣∣∣∣∣ 1 −
Lmeasured

Lsimulated

∣∣∣∣∣
and are also shown in Tab. 6.2. The results of the measurements do not correspond
well to the simulated ones from Tab. 6.1. This is mainly caused by the unadapted
parameters of the FEM model, eventually leading to a FEM model adaptation.
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6.5 FEM Model Adjustment and Further Investigations

The FEM model adjustment has been realized by changing the parameters (which
have an impact on the inductance) in the FEM model subsequently, considering:

• Winding Configuration

• Eddy Current and Stator Lamination

• Stator Iron Material

• Rotor Iron Material

After every model adaptation the inductance has been computed by 3D-FEM and
again compared to the measured results to identify the influence of every parameter.

6.5.1 Change of the Winding Configuration (II)

First, the winding configuration of the 3D-FEM model has been changed. Fig. 6.8(a)
shows the coarse windings (approximated by two rectangular coils for the two
phases), used in the previous simulations. Since this approximation seems to mis-

(a) (b)

rotor

stator

coil
winding

Figure 6.8: 3D-FEM model of (a) old winding configuration and (b) new winding
configuration.

match the reality a new coil model was implemented. Fig. 6.8(b) show the windings,
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6.5 FEM Model Adjustment and Further Investigations

Voltage Rotor Position Simulated Error

Û in V θ in degmech Lrise in mH Lfall in mH εrise in % εfall in %

1
3 5.5 5.1 41 39

48 6 5.9 26 26
93 5.1 5.5 40 41

Table 6.3: Inductances for the adapted winding configuration.

split in smaller and crossed out coils, of course, with the same number of turns
as before. Their rectangular form was changed in a rounder configuration, which
should represent the bifilar winding more accurately. Tab. 6.3 shows the results for
this case, again with the error to the measurements. Here, it could be observed that
the modification of the coil setup did not have much effect on the inductance of the
motor. This leads to further adaptations.

6.5.2 Simulation with Eddy Current and Stator Lamination (III)

Next, the influence of eddy currents in the stator iron was considered. To this aim,
the properties of JMAG have been changed to consider the eddy currents for the
worst case (no stator core lamination). Tab. 6.4 shows the results for this case and

Voltage Rotor Position Simulated Error

Û in V θ in degmech Lrise in mH Lfall in mH εrise in % εfall in %

1
3 5.1 4.9 38 37

48 5.8 5.8 24 24
93 5 5.1 38 37

Table 6.4: Inductances with eddy current consideration.

the errors to the measurements. The results show that eddy currents only slightly
influence the inductance, for the example case machine.
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6.5.3 Impact of the Stator Iron Material (IV)

The the next, the stator iron properties were considered. As already mentioned
in Chapter 3.4, an AC-test to determine the magnetic properties of the stator iron
was performed. With these experimentally investigated magnetic parameters the
simulations have been repeated and are shown in Tab. 6.5. By considering the

Voltage Rotor Position Simulated Error

Û in V θ in degmech Lrise in mH Lfall in mH εrise in % εfall in %

1
3 4.2 3.9 24 20
48 5.6 5.5 21 21
93 3.9 4.2 20 23

Table 6.5: Inductance with adapted stator iron properties.

correct parameters of the stator iron material, the error of the simulated inductance
compared to the measured inductance decreases down to about 20 %.
To evaluate the improvements of the 3D-FEM model for the inductance, another
measurement was implemented. The rotor (including the magnetic ring and the
rotor back iron) was removed and the inductance was measured again, see Tab. 6.6.
The investigated stator iron material in Appendix A.1.2 was a laser cut ring with

Voltage
Method

Rectangle
Û in V Lrise in mH Lfall in mH

1
Measurement 3.5 3.4

Simulation 3.1 3.1

Table 6.6: Measured and simulated inductances of the stator without the rotor.

a glued stack, while the investigated motor does have a punched stator lamination
connected with interlocking. Nevertheless the results without rotor of the 3D-FEM
model (including the new winding configuration, the improved material of the
stator iron and the impact of eddy current) fit well compared to the measurements.
This motivated to also consider adaptation of the rotor parameters in a last step of
analysis.
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6.5.4 Impact of the Rotor Iron Material (V)

Due to the influence of the machining process also the rotor back iron has been
investigated, using a DC-test (see Chapter 3.4 and Appendix A.1.1 respectively).
Tab. 6.7 shows the 3D-FEM results, using the experimentally investigated magnetic
parameters of the rotor back iron. Although the parameters of the 3D-FEM model

Voltage Rotor Position Simulated Error

Û in V θ in degmech Lrise in mH Lfall in mH εrise in % εfall in %

1
3 4.1 3.8 22 18

48 5.4 5.4 19 18
93 3.8 4.1 18 22

Table 6.7: Inductance with adapted rotor back iron properties.

have been adapted the difference to the measurement is still about 20 %. This can
be caused by the non linear behavior of the machine, which makes it even more
complex to determine the inductance.

6.5.5 FEM Simulation Error Reduction

By adjusting the 3D-FEM models to better consider the machine’s geometry and
material parameters, the error of the 3D-FEM model has been cut in half. Fig. 6.9
and Fig. 6.10 show the relative error of the simulated inductance compared to the
measured inductance for every modification step for the rotor postion at 3 degmech

and 93 degmech respectively. The adaptation steps are marked in the Chapter title,
where (I) is the 3D-FEM model with datasheet parameters (but the correct magneti-
zation of the magnetic ring from Chapter 3.3), (II) is the new coil configuration, (III)
is the eddy current impact, (IV) is the stator iron influence, (V) is the impact of the
rotor back iron.
Other methods for the inductance investigation, e.g., using the stored energy from
[42] could maybe lead to more accurate results.

55



Chapter 6 Motor Inductance Investigation

5

10

15

20

25

30

35

40

45

(I) (II) (III) (IV) (V)

E
rr

o
r 

in
 %

0

Figure 6.9: Inductance error reduction
of 3D-FEM for rotor position θ

at 3 degmech.
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Figure 6.10: Inductance error reduction
of 3D-FEM for rotor position θ

at 48 degmech.

6.6 Separation of Inductance Parts

This section now aims to determine and separate the inductance parts with the use
of the adapted FEM model (from Chapter 6.5.4). The main inductance parts for the
separation are:

• Rotor Overhang Impact on the Inductance (LOH)

• End Turn Inductance (Lend)

• Air Gap Inductance (Lg)

• Slot Leakage Inductance (Lslot)

In addition to the inductance terms mentioned before, the rotor overhang inductance
is introduced here. This inductance considers the influence of the rotor overhang,
which leads to less reluctance in the air gap and so the flux can pass the air gap
more easily. These parts have been separated at the position of the rotor, where the
stator iron flux is zero (at 48 degmech), because of two reasons. First, the inductance
at this position is the most accurate, compared to the measured values. Second, the
stator iron is not influenced by the magnetic flux of the permanent magnets. For the
separation of the inductances a 2D- and 3D finite element analysis of the machine
are needed. So, this position guarantees the same saturation of the stator iron for the
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Figure 6.11: Flow chart of the inductance parts of the machine.

FEM models. Fig. 6.11 shows the relationship between the inductance terms, with
L2D, L3D,SL and L3D,SL discussed in the following sections.

6.6.1 Rotor Overhang Impact on the Inductance

First, the rotor overhang inductance is investigated, by creating another 3D-FEM
model of the machine, where the axial length of the stator is equal to the length
of the rotor (so a model without rotor overhang). This new model has the same
magnetic parameters for the stator iron and rotor back iron, as well as the same
winding configuration, see Fig. 6.12.

rotor

coil 
winding

stator(a) (b)

Figure 6.12: FEM motor model (a) with rotor overhang and (b) without rotor
overhang.

Inspired by [43], the difference of the inductance from the 3D-FEM model (Ls) with
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rotor overhang to the 3D-FEM model with equal length for rotor and stator (L3D,SL)
has to be the impact of the rotor overhang. Tab. 6.8 shows the result fo this inductance
term.

6.6.2 End Turn Inductance

Next, the end turn inductance, using the consideration from [43] has been inves-
tigated. Here, the 3D-FEM model of the previous Chapter, where the stator and
the rotor have the same axial length, has been considered and is again shown in
Fig. 6.13(a). In addition to that, a 2D-FEM model has been created, with the same

rotor

coil 
winding

stator(a) (b)

Figure 6.13: 3D-FEM model (a) of the machine with same length and (b)
approximated model as calculated in 2D-FEM.

parameters used in the 3D-FEM model. A model as it is calculated in 2D-FEM is
shown in Fig. 6.13(b), where the three dimensional end windings are not considered.
As per [43], the difference of the inductances from the 3D model with same length
(L3D,OH) and the 2D model (L2D) approximately equals the inductance caused by the
end windings. Again, the result for this case is shown in Tab. 6.8.
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6.6.3 Air Gap Inductance

The air gap inductance is determined by using the 2D-FEM model. The air gap
inductance is represented by the magnetic flux crossing the air gap and hence can
be calculated by considering the magnetic flux crossing the air gap which is caused
by the coil current as follows:

Lg = 2pN
φg

I
(6.3)

where Lg is the air gap inductance, 2p is the number of poles, N is the number of
turns per coil, φg is the air gap flux and I is the coil current. The result is shown in
Tab. 6.8.

6.6.4 Slot Leakage Inductance

After calculating the air gap inductance, the slot leakage inductance of the machine
has to be the difference of the total inductance of the 2D-FEM model (L2D) minus
the air gap inductance Lg, because the other parts are not considered by the two
dimensional finite element analysis. Tab. 6.8 again, shows the result.

6.6.5 Inductance Separation

After all inductance terms have been separated, the value and percentage (of total)
of each term is shown in Tab. 6.8 and visualized in Fig. 6.14.

Inductance Part Symbol Value Percent of Total

Air Gap Inductance Lg 2.6 mH 49 %

Slot Leakage Inductance Lslot 0.9 mH 16 %

End Turn Inductance Lend 1.8 mH 33 %

Rotor Overhang Inductance LOH 0.1 mH 2 %

Total Motor Inductance Ls 5.4 mH 100 %

Table 6.8: Illustration of the separated inductance parts and their percentage of
total.

59



Chapter 6 Motor Inductance Investigation

Rotor Overhang 
Inductance 

(2%)

Air Gap Inductance 

(49%)

Slot 
Leakage 

Inductance 
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End Turn 
Inductance

(33%)

Figure 6.14: Separated inductances and their percentage of total.

The air gap inductance is in a range of about 50 % of the total inductance, while the
slot leakage inductance is about 16 % and the end turn leakage is about one third.
The rotor overhang is just 2 % of the total inductance, which leads to a total leakage
inductance of about 50 %.
While the leakage paths of the example case drive due to the flux produced by the
PM (from Chapter 3.5) is just about 10 %, the coil current affected leakage parts are
about 50 %.
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Chapter 7

Analytical Coil Inductance
Investigation

This Chapter is concerned with the analytical calculation of the example case ma-
chine. The individual inductance parts have been calculated with the use of a MEC.
To evaluate the analytical method the different calculated inductance parts have
been compared to the inductances from Chapter 6.6. The results for the air gap
and the slot leakage inductance are in an accurate range, while the rotor overhang
inductance can get used as quick estimation and the end turn inductance has a large
error and cannot be used for the calculation.

7.1 Air Gap Inductance

First, a MEC to calculate the air gap inductance from [13, p. 95-96] has been devel-
oped. Fig. 7.1 shows the model of one pole pair of the machine, where just the air
gap reluctance and the inner magnet reluctance are considered. The magnets are
considered as reluctances with a relative permeability≈ 1. N · i is the magneto motive
force (MMF) of each coil. Solving the MEC using the procedure from [13, p. 95-96]
leads to the N2P relationship as follows, where N is the number of turns, P is the
permeance and 2p is the number of poles:

Lg =
2pN2

Rg + Rm
(7.1)

The air gap reluctance is calculated with fringing effect from (4.7). Then, the air gap
inductance is calculated. The result is shown in Tab. 7.1.
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Rs

Rg Rg

Rr

Rm Rm

N·i

N·i

Figure 7.1: Model of the motor to calculate the air gap inductance.

7.2 Rotor Overhang Inductance

Additionally, the air gap inductance has been calculated for the rotor overhang
with the air gap reluctance and the inner magnet reluctance from Chapter 5.1. The
difference of these two air gap inductances (calculated with and without considering
the rotor overhang) is the rotor overhang inductance, in Tab. 7.1.

7.3 Slot Leakage Inductance

Next, the slot leakage inductance from [13, p. 96-98] has been calculated. Again, the
N2P relationship has been used as follows:

Lslot = 2p(2N)2ls

[
µ0d3

3wcs
+
µ0d1

ws

]
(7.2)

This calculation leads to the result, shown in Tab. 7.1.

7.4 End Turn Inductance

The end turn inductance of the machine is calculated using a semicircular approx-
imation of the end windings. Fig. 7.2(a) and Fig. 7.2(b) show the used model for
this calculation, where τcp is the distance from the middle of one side of the coil to
the middle of the other side of the coil and As is the cross-sectional area of the coil
winding bundle. Therefore, the equation from [13, p. 100] was used:
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A
coil 

winding

stator tooth

(a) (b)

As

Ƭcp

cross section A:

Figure 7.2: Model of (a) the BLDC with windings and (b) the cross section based
on [13].

Lend =
2pµ0τcpN2

2
ln

τcp
√
π

√
2As

 (7.3)

The result for the analytical calculation of the end turn inductance is shown in
Tab. 7.1.

7.5 Comparison with FEM Simulated Results

Finally, all analytically calculated inductances are shown in Tab. 7.1, where the total
motor inductance Ls is the sum of all individual inductances. To evaluate the analytic

Inductance Part Symbol Value Error

Air Gap Inductance Lg 2.2 mH 18 %

Slot Leakage Inductance Lslot 1 mH 10 %

End Leakage Inductance Lend 0.1 mH 1700 %

Rotor Overhang Inductance LOH 0.6 mH 83 %

Total Motor Inductance Ls 3.9 mH 38 %

Table 7.1: Results for the analytical calculated inductance.

results, they were compared to the FEM simulated results from Chapter 6.6, using
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the error (ε) in (7.4).

ε =

∣∣∣∣∣∣ 1 −
Lsimulated

Lanalyrical

∣∣∣∣∣∣ (7.4)

The error of the total machine inductance is about 40 % compared to the FEM simu-
lated results. The analytic methods for the air gap inductance and the slot leakage
inductance differ by about 18 %, and 10 % respectively compared to FEM and offer
good results (keeping in mind that even the FEM model differs about 20 % to the
measured value). On the other hand, the analytic results for the rotor overhang
inductance differs more than 80 %, while the end turn inductance even differs about
1700 %. This means that the calculation methods for the air gap and the slot leakage
inductance offer a good result while those for overhang and end turn inductances
are not suitable to compute these inductances for the small drives of interest here.
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Chapter 8

Conclusion and Future Work

8.1 Conclusion

Due to the increased need of fractional horsepower PM motors, especially in the
automotive industry due to electrification or automated driving and the increasing
demanding constraints like EMC and NVH, the design process of such machine
types has become increasingly important. Because analytical calculations are often
not accurate enough and finite element analysis takes too long, approximation based
models may be introduced, however this kind of models need training to work well.
This master thesis investigates the leakage paths of a fractional horse power PM
motor. Therefore, an adaptation of a finite element model has been performed, by
comparing the simulation results with measured values of a example case motor.
The FEM model has been adapted step by step and the results of the simulations
have been compared to the results of conventional analytical calculation methods.
The leakage paths determination has been separated in two different cases. The first
case has been realized by an open circuit investigation of the machine to determine
the leakage paths that affect the flux of the permanent magnet. Therefore, the FEM
model has been improved in terms of the magnetic flux paths, magnetization of
the magnets as well as the induced voltage. The results of the open circuit FEM
simulations did match very well with the experimental investigations. Then, the
analytical investigations, using the parameters of the adapted FEM model, has been
considered. It was remarkable that for the two dimensional calculations with the
use of magnetic equivalent circuits, the impact of the leakage paths do not have
that much influence compared to the magnetic parameters of the used iron in the
machine. For the three dimensional analytical calculation the same applies with
larger difference compared to the FEM simulations.
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The second case of the leakage determination was realized by the inductance in-
vestigations, to determine the leakage paths that affect the flux of the coil current.
Here again, the FEM model was adapted to decrease the error compared to the mea-
surements. And even though the error has been halved the simulation values differ
about 20 % compared to the measured results. This could be mainly caused by the
different manufacturing method (punching for the investigated motor versus laser
cutting for the ring sample for measuring the magnetic properties) of the stator iron.
Nevertheless, the inductance terms have been separated, eventually revealing that
about 50 % of the total inductance can be attributed to leakage. Again, these results
have been compared to the conventional analytical inductance calculations. Here
the error between the simulation and the calculated results for the air gap and slot
leakage inductance differ less, while the end turn and rotor overhang inductance do
not come in a good accuracy and are not recommended as a solely basis for design.
This master thesis solidly investigated stray paths in small PM motors but could
not include all interesting questions. So a proposition for further investigations or
research tasks, based on this work, could be:

• An investigation of the stator iron material, respectively the difference between
the manufacturing steps punching and laser cutting, could be performed for
the used material.

• An investigation of the deviation of the individual components, such as the
stator, the rotor and the magnetic ring, in terms of their magnetic properties

• Other methods for the inductance determination could be investigated, for
example with the use of the magnetic energy of the coils.

• The leakage investigations may be expanded to other motor dimensions and
designs (sensitivity analysis).
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Appendix

A.1 Investigation of Rotor and Stator Material

The magnetization properties of the used stator iron and rotor back iron (having
different materials), were investigated. While the investigation of the rotor back iron
is based on a DC-test (described in Appendix A.1.1), the stator iron investigation
has been realized using an AC-test (described in Appendix A.1.2). Fig. A.1 shows
the experimental setup for these measurements, including the data recorder for the
measurements (I), the power amplifier to supply the setup (II), the power resistor to
limit the current (III), the current sensor from [29] in (IV) and the investigated ring
sample (V). Parts (II) and (III) are not shown in the picture in Fig. A.1(b).

A.1.1 DC-Test of the Rotor Iron

The back iron of the rotor has been investigated with a DC-magnetization test based
on [44], because the flux in the rotor does not vary much and so the effects of
eddy currents in the iron can be neglected. Instead of supplying the circuit with a
fixed voltage and magnetizing the ring sample with different switch combinations,
a magnetization curve, produced by the power amplifier (with a frequency of 1Hz)
was supplied to the primary coil. On the secondary coil a flux meter (VI) (instead of
a voltmeter for the secondary coil has been used in Fig.A.1(b)), which measures the
magnetic flux by integrating the voltage, was connected. Here, the rotor back iron
with a primary and secondary coil wound on it has been used as ring sample, based
on the method from [45, p. 105-112].
Then, the magnetic field strength (A.1) and the magnetic flux density (A.2) have
been calculated by the measured primary current and the measured magnetic flux,
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Figure A.1: Experimental setup overview, (a) block diagram with voltmeter (usec)
for the AC-test and fluxmeter (φsec) for the DC-test and (b) a picture of the test

bench.

using the parameters and geometries of the rotor back iron from Tab. A.1 as follows:

H =
NpriIpri

lm
(A.1)

B =
φsec

Ar
, (A.2)

Parameter Value Unit

Outer Diameter D 27.5 mm

Inner Diameter d 25.55 mm

Stack Length w 5.75 mm

Primary Linding Npri 35 -

Secondary Winding Nsec 50 -

Material - 11SMnPb30 -

Table A.1: Parameters and dimensions of the rotor back iron for the DC-test.
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Figure A.2: Hysteresis curve of the rotor
back iron with the DC-test.

Figure A.3: Compared BH-curves of the
rotor back iron.

where Ipri is the current of the primary coil, lm is the average circumference of
the rotor back iron, φsec is the flux measured on the secondary coil and Ar is the
cross section of the rotor back iron. Fig. A.3 shows the initial magnetization curve
as well as the hysteresis loop. The material used for the rotor back iron is soft
magnetic. Fig. 3.9 shows the experimentally investigated µrB-curve, derivated from
the initial magnetization curve, and the µrB-curve for the datasheet values. Due
to datasheet uncertainty or manufacturing stress the relative permeability of the
material decreases, compared to the datasheet values.

A.1.2 AC-Test of the Stator Iron

The stator iron has been investigated, using an AC-magnetization test based on [46].
The flux in the stator does vary with time and so eddy currents can have effects on
the steel, as described in [47, p. 257-271]. In difference to the rotor investigations not
the real stator, but a ring sample, with the same material and the given geometries
and parameters (see Tab. A.2), has been investigated. The experimental setup for
this investigation is almost the same as used in the DC-test. The differences were that
the primary coil was supplied by a sine wave voltage and instead of measuring the
flux of the secondary coil, the voltage (usec) has been measured. Then, the magnetic
field strength has been calculated with (A.1). The analysis of the flux density of the
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ring sample has been submitted to post processing with (A.3) from [48].

B =
1

NsecAr

∫
usecdt (A.3)

Then the BH-curves for different frequencies have been investigated. Fig. A.4 and

Parameter Symbol Value Unit

Outer Diameter D 88.2 mm

Inner Diameter d 77.6 mm

Stack Length w 4.12 mm

Primary Winding Npri 111 -

Secondary Winding Nsec 209 -

Material - M250-35A -

Table A.2: Parameters and dimensions of the ring sample for the AC-test.

Fig. A.5 show the BH-curves (hysteresis loop) for 50 Hz, and 200 Hz respectively,
where the hysteresis loop for 50 Hz is smaller than the loop at 200 Hz, due to the
impact of eddy currents in the material. Since the initial magnetization curve was

Figure A.4: Hysteresis curve of the stator
ring sample at 50 Hz.

Figure A.5: Hysteresis curve of the stator
ring sample at 200 Hz.

not included in the measurement, it has been determined by averaging the hysteresis
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Figure A.6: Compared BH-curves of the
stator ring sample for 50 Hz.

Figure A.7: Compared BH-curves of the
stator ring sample for 200 Hz.

curve (for a first-order approximation). Fig. A.6 and Fig. A.7 show the BH-curves for
the datasheet values and the experimental investigated results for 50 Hz, and 200 Hz
respectively. Again, the difference between the processed and unprocessed material
is quite large. Fig. A.8 and Fig. A.9 show the relative permeability depending on the
magnetic flux density at 50 Hz and 200 Hz of the datasheet values compared to the
measurements.

Figure A.8: Compared µrB-curves of the
stator ring sample for 50 Hz.

Figure A.9: Compared µrB-curves of the
stator ring sample for 200 Hz.

Since electric motors often operate in a range of 1 T to 1.5 T, the influence of the
manufacturing process on the steel material parameters can be enormous.
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A.2 Inductance Investigation with Sine Voltage

In analogy to Chapter 6, the inductance of the machine has been investigated, by sup-
plying the coil with a sine wave voltage. Then, the current has been considered and
the inductance has been calculated from the impedance. The inductance has been
investigated experimentally and the results are compared to the adapted 3D-FEM
model. Again, the error of both methods has been compared. Next, the inductance
parts have been separated with the adapted FEM model. Eventually, the mutual
inductance of the machine has been determined with experimental investigations
and 3D-FEM simulations.

A.2.1 Measured Inductance Versus Adapted Simulation Results

The coils of the machine have been supplied with a sine wave voltage, which causes
a sine shaped current, see Fig. A.10. Then, the inductance was calculated with (A.4).
Therefore the impedance was calculated form the root mean square of the voltage
and current. The same rotor positions, as well as the same amplitude of the voltage
as described in Chapter 6 have been investigated.

|Z| =
√

R2 + (ωL)2 =⇒ L =

√
|Z|2 − R2

ω2 with Z =
Ueff

Ieff
(A.4)

Another method to evaluate the inductance is by using a Fourier analysis of the

Figure A.10: Voltage and current of one phase coil.
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coil voltage and the coil current, using a DFT. Then, the fundamental wave of
the voltage and current have been determined, and again the impedance and the
inductance have been calculated from (A.4). Because the simulated voltage and
current waveforms do not have many harmonics the results are almost the same as
the results calculated by the RMS values of the signals.

Voltage Rotor Position 3D-FEM Simulated Measured

Û in V θ in degmech LRMS in mH LDFT in mH LRMS in mH LDFT in mH

1
3 4.6 4.7 3.4 3.4

48 6 6 4.8 4.8
93 4.6 4.7 3.3 3.3

Table A.3: Inductance of the adapted 3D-FEM model versus experimental
investigations.

Tab. A.3 shows the results for the 3D-FEM simulations with the adapted parameters
compared to the measured results for the RMS and DFT method. The inductances
of the sine wave method are larger than thosedetermined from the supply with
rectangular voltage. This is assumed to be the effect of increased eddy currents
in the stator and rotor steel, because of more harmonics of the rectangular voltage
compared to the sine wave voltage. The error of the simulated values compared to
the experimentally investigated results are, again, in a range of about 20 %.

A.2.2 Stray Paths Separation

Inductance Part Symbol Value Percent of Total

Air Gap Inductance Lg 2.7 mH 45 %

Slot Leakage Inductance Lslot 1.1 mH 18 %

End Turn Inductance Lend 2 mH 33 %

Rotor Overhang Inductance LOH 0.2 mH 4 %

Total Motor Inductance Ls 6 mH 100 %

Table A.4: Separated inductance parts of the machine for the sine voltage method.
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With the adapted FEM model the inductance of the machine has been separated
(see Chapter 6.6) for the rotor position at 48 degmech. Tab. A.4 and Fig. A.11 show
the inductance parts separated in air gap, slot leakage, rotor overhang and end turn
inductance. Again, the leakage part of the inductance is about 50 %.

Air Gap Inductance 

(45%)

Slot 
Leakage 

Inductance 

(18%) End Turn 
Inductance

(33%)

Rotor Overhang 
Inductance 

(4%)

Figure A.11: Illustrated inductance parts from Tab A.4.

A.2.3 Mutual Inductance Investigation

In addition to the self inductance of the machine also the mutual inductance has
been investigated. It is an important term in bifilar wound machines, because it
determines the energy, which is transferred between the two phases while switching.
To this aim, the sine wave approach has been used. While for the self inductance the
voltage and current of one phase is considered (uA and iA), the mutual inductance
is the influence from one coil to the other coil (uB and iA). The investigation has
been realized, again, at a rotor position at 48 degmech (see Chapter 6.6). Fig. A.12 and
Fig. A.13 show the sine wave current of one phase of the machine, which causes the
voltage in the other phase of the machine for the measured case, and the 3D-FEM
simulated case respectively. Then, the mutual inductance is calculated, using (A.5)
from [49].

M =

∣∣∣∣∣ UB

jwIA

∣∣∣∣∣ (A.5)

Here, IA is the current of one phase, UB is the induced voltage of the other phase
and w is the angular frequency of the signals. Tab. A.5 shows the results for the
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Figure A.12: Measured voltage and
current for mutual inductance

calculation at 48 degmech.

Figure A.13: Simulated voltage and
current for mutual inductance

calculation at 48 degmech.

Parameter Symbol 3D-FEM Simulated Measured

Self Inductance L 6 mH 4.8 mH

Mutual Inductance M 5.3 mH 4.2 mH

Mutual to Self Ratio M/L 88 % 88 %

Table A.5: Inductance of adapted 3D-FEM model versus experimental
investigations.

self inductance, the mutual inductance and the mutual to self inductance ratio of the
simulated, and the measured results respectively. The error of the mutual inductance
is about 20 % between the experimental investigation and the FEM simulated results.
The ratio of the mutual inductance to the self inductance is for both cases 88 %. Since
the example case drive is bifilar wound the mutual inductance is ideally assumed to
be 100 % percent of the self inductance. This means that the stray inductance of the
mutual inductance of this machine is about 12 %.
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