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Preface

This doctoral thesis contains a collection of papers of the author. Eight of these are already
published. All the details can be found in the Publication List following this preface. One paper
On Pillai’s problem with k—generalized Fibonacci numbers and powers of 3, has been accepted
for publication in International Journal of Number Theory.

The structure of this thesis is as follows. After the introduction, there are four chapters and each
corresponds to one publication. There is an appendix which also includes a collection of papers
of the author, some of which were published before the actual PhD studies began while others
are related papers that were published during the PhD studies. At the beginning of each of the
chapters, more information about each publication can be found.
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Abstract

The field of transcendence has a variety of subfields including: the transcendence of individual
numbers, algebraic independence, transcendence of functions (for example, modular forms, the
zeta and j functions, etc.) at particular values, and applications to Diophantine equations. This
thesis applies the methods of transcendence to solving Diophantine equations which involve
the linearly recurrent sequences (for example, Fibonacci numbers, Lucas numbers, Tribonacci
numbers, Pell numbers, Padovan numbers, and the k—generalized Fibonacci numbers).
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1. Introduction

1.1. Linear forms in logarithms and Baker’s method

We start by recalling results from the theory of transcendence, and then work towards lower
bounds for linear forms in logarithms of algebraic numbers, which are of great importance in
effectively solving Diophantine equations. For further details and proofs we refer the reader to
the book of Baker [10], and that of Shorey and Tijdeman [58].

First, we state the transcendence result proved in 1934, independently by Gelfond — a Russian
mathematician and Schneider — a German mathematician, and thereby solved the famous seventh
problem of Hilbert.

A transcendental number is a real number or complex number that is not an algebraic number
— that is, a number that is not a root of a nonzero polynomial with integer coefficients. The
well-known examples of transcendental numbers are 7 and e.

Theorem 1.1.1 (Gelfond—Schneider). Let o, B be algebraic numbers in C, with oo # 0, 1 and
B ¢ Q. Then oP is transcendental.

In Theorem 1.1.1, P := eP1o2% where ¥ =Y, ’;—r,l and log & = log ||+ iarg o. The argument
of o is determined only up to a multiple of 27. Thus, log o and hence of are multi-valued.
Theorem 1.1.1 holds for any value of arg or. We state some of the immediate corollaries.

Corollary 1.1.2. Let a be a complex algebraic number with ia ¢ Q. Then e™* is transcendental.

Corollary 1.1.3. Let a, B be algebraic numbers in C, with a, 3 # 0,1 such that log o and log 8
are linearly independent over Q. Then, for all nonzero algebraic numbers y and 1 in C we have
that yloga+mnlog B # 0.

Next, we state a result of Baker in 1966, which is a generalization of Corollary 1.1.3 to linear
forms in an arbitrary number of logarithms of algebraic numbers.

Theorem 1.1.4 (Baker). Let «,..., 0, be algebraic numbers in C which are different from
0,1 and such that logay,...,log, are linearly independent over Q. Then, for every tuple
(Bo,Bi,-- -, Bn) of algebraic numbers in C different from (0,0,...,0) we have

Bo+ Bilogoy + -+ Buloga, # 0.



1. Introduction

For applications to Diophantine equations, it is important that not only the above linear form
is nonzero, but also that we have a strong enough lower bound for the absolute value of this
linear form. Below we state a result of Baker in 1975, which is a special case where y = 0 and
Bi, ..., B, are rational integers.

Theorem 1.1.5 (Baker). Let ..., o, be algebraic numbers in C different from 0, 1. Further-
more, let by, ...,b, be rational integers such that

bilogay +---+bylogay, # 0.

Then

|bilogay + -+ - +bylogay,| > (eB)’C,
where B := max{|by|,...,|by|} and C is an effectively computable constant depending only on n
andon Qy,...,0.

The statement C is an effectively computable constant means that by going through the proof
of Theorem 1.1.5 one can compute an explicit value of C. It is also possible to get rid of the
logarithms. Then, Theorem 1.1.5 leads to the following corollary.

Corollary 1.1.6. Let ..., o, be algebraic numbers in C different from 0,1 and let by, ..., b,
be rational integers such that

by b
o' ot #£ 1

Then
b e
al o —1| > (eB) €,
where B := max{|by|,...,|by|} and C' is an effectively computable constant depending only on
nandon oy,...,Q,.

For completeness, we give the result of Matveev [50], which is a completely explicit version of
Corollary 1.1.6 in the case that ¢y,.. ., oy, are rational numbers. The height of a rational number
o = p/q with p,q € Z and ged(p,q) = 1, is defined by H () := max{|p|,|q|}.

Theorem 1.1.7 (Matveev). Let «;,...,Q, be nonzero rational numbers and let by,...,b, be
integers such that

b b
o' -0 #£ 1

Then
o[> e €

1 n
where B :=max{|by|,...,|by|} and C' := 3¢ 30"t [ max{1,logH (c;)}.
=1

1



1.1. Linear forms in logarithms and Baker’s method

To prove our main results, we need to use several times a Baker-type lower bound for a nonzero
linear form in logarithms of algebraic numbers. There are many such in the literature like that
of Baker and Wiistholz from [12]. We recall the result of Bugeaud, Mignotte, and Siksek ([23],
Theorem 9.4, pp. 989), which is a modified version of the result of Matveev [50]. This result is
one of our main tools in this thesis.

Let 1 be an algebraic number of degree d with minimal primitive polynomial over the integers
d .
apx’ +apx '+ tay = aoH(x— n®),
=1

1=

where the leading coefficient aq is positive and the n(i)’s are the conjugates of 1. Then the
logarithmic height of 7 is given by

h ::l 10a+dlo max{|n®| 1 .
(n):=~ go;g {In"],1}

In particular, if n = p/q is a rational number with gcd(p,q) = 1 and g > 0, then k(1) =
logmax{|p|,q}. The following are some of the properties of the logarithmic height function A(-),
which will be used in the next chapters of this thesis without reference:

h(m £n2) < h(m)+h(n2) +log2,
h(mny") < h(m)+h(m), (1.1)
h(n®) =[slh(n)  (s€Z).

For the proofs of (1.1) and further details, we refer the reader to the book of Bombieri and Gubler
[14].

With the above notation, Matveev [50] proved the following theorem.

Theorem 1.1.8 (Matveev according to Bugeaud, Mignotte, Siksek). Let 1y, ..., n; be positive
real numbers in a number field K of degree D, let by, . ..,b; be nonzero integers, and assume that

A::T’{jl...ntbt_l, (12)
is nonzero. Then
log |A] > —1.4 x 3073 x *> x D*(1+1logD)(1 +1logB)A; - - Ay,

where
B> maX{|b1|,...,‘bz|},

and
A; > max{Dh(n;),|logn;|,0.16}, forall i=1,...,t.
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When ¢t = 2 and 1y, n, are positive and multiplicatively independent, we can use a result of
Laurent, Mignotte, and Nesterenko [44]. Namely, let in this case By, B> be real numbers larger
than 1 such that

logB; > max{h(n,-), |logn,~| , %} , for i=1,2,
and put
Y b2
DlogB, DlogB,
Put

I':=b1logn; + bylogn,. (1.3)

We note that I" = 0 because 1; and 7, are multiplicatively independent. The following result is
due to Laurent, Mignotte, and Nesterenko ([44], Corollary 2, pp. 288).

Theorem 1.1.9 (Laurent, Mignotte, Nesterenko). With the above notations, assuming that Ny, 1>
are positive and multiplicatively independent, then

21 1\*
log|T'| > —24.34D" (max {10gb'+0.14, D E}) log By logB;. (1.4)

Note that with I" given by (1.3), we have el —1=A, where A is given by (1.2) in case t = 2,
which explains the connection between Theorem 1.1.8 and Theorem 1.1.9.

1.2. Reduction procedure and continued fractions

During the calculations, we get upper bounds on our variables which are too large, thus we need
to reduce them. To do so, we use some results from the theory of continued fractions.

For the treatment of linear forms homogeneous in two integer variables, we use the well-known
classical result in the theory of Diophantine approximation.

Lemma 1.2.1 (Legendre). Let T be an irrational number, 5—8, Z—ll, %, ... be all the convergents of

the continued fraction of T, and M be a positive integer. Let N be a nonnegative integer such that
gn > M. Then putting a(M) := max{a; : i =0,1,2,...,N}, the inequality

1

ST W 12

S

-
-1~

holds for all pairs (r,s) of positive integers with 0 < s < M.



1.2. Reduction procedure and continued fractions

For a nonhomogeneous linear form in two integer variables, we use a slight variation of a result
due to Dujella and Pethd (see [30], Lemma 5a). The proof is almost identical to the proof of the
corresponding result in [30] and the details have been worked out in Lemma 2.9 in [16]. For
a real number X, we write ||X || := min{|X —n| : n € Z} for the distance from X to the nearest
integer.

Lemma 1.2.2 (Dujella, Pethd). Let M be a positive integer, % be a convergent of the continued
fraction of the irrational number T such that g > 6M, and A, B, |1 be some real numbers with
A > 0and B > 1. Furthermore, let € := ||lq|| — M||tq||. If € > O, then there is no solution to the
inequality

0<|ut—v+u|<AB™",
in positive integers u,v, and w with

log(Aq/€)

u<M and w> logB

At various occasions, we need to find a lower bound for linear forms in logarithms with bounded
integer coefficients in three and four variables. In this case, we use the Lenstra-Lenstra-Lovasz
lattice basis reduction algorithm (LLL algorithm) that we describe below. Let 71, 7,... 7, € R
and the linear form

X7+ 457 with x| < X;. (1.5)
We put X := max{X;}, C > (tX)' and consider the integer lattice Q generated by
bj:=e;j+[Ctj] for 1<j<tr—1 and b;:=|Crle;,
where C is a sufficiently large positive constant.

Lemma 1.2.3 (LLL algorithm). Let X1,X>,...,X; be positive integers such that X := max{X;}
and C > (tX)' is a fixed sufficiently large constant. With the above notation on the lattice Q, we
consider a reduced base {b;} to Q and its associated Gram-Schmidt orthogonalization base
{b}}. We set

151 ]] (S 1 :
= m 0= ::EX d R=—-11 EX- .
C1 1§?§z“b?|” i 9 Q — i an 2 +i:1 i

If the integers x; are such that |x;| < X, for 1 <i <t and 6% > 0 + R2, then we have

/02 _ () —
i=1 C

For the proof and further details, we refer the reader to the book of Cohen. (Proposition 2.3.20 in
[27], pp. 58-63).
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1.3. The k—generalized Fibonacci sequences

In this section, we recall some of the facts and properties of the k—generalized Fibonacci
sequences which will be used later in Chapter 2, Chapter 3, and Chapter 4.

Let k£ > 2 be an integer. We consider a generalization of Fibonacci sequence called the k—
generalized Fibonacci sequence {Fn(k) }n>2—k defined as

k k k k
Fn( ) = Fn(jl -|-Fn(j2 +..- —l—Fn(_)k, (1.6)
with the initial conditions
(k) _ k) _ ) _ (k) _
Floy=Fliy="=F =0 ad R’ =1

We call F,,(k) the nth k—generalized Fibonacci number. Note that when k = 2, it is the classical
Fibonacci number (n-th term, which is denoted by F,), when k = 3 it is the Tribonacci number
(n-th term, which is denoted by 7},), and so on.

The first direct observation is that the first K+ 1 nonzero terms in Fn(k) are powers of 2, namely

(k) _ (k) _ (k) _ (k) _ (k) _ Hk—1
FV=1,R"=1,FY=2 FY =4 . FY =21,

while the next term in the above sequence is Fk(ji)z =2k _ 1. Thus, we have that

FY =22 holds for all 2<n<k+]1. (1.7)
We also observe that the recursion (1.6) implies the three—term recursion
_, forall n>3 (1.8)
which shows that the k—Fibonacci sequence grows at a rate less than 2”2, In fact, the inequality

Fn(k) < 2" 2 holds forall n > k+2 (see [17], Lemma 2).

It is known that the characteristic polynomial of the k—generalized Fibonacci numbers F k) .=
{Fn(k)}nzo, namely

W(x) i=aF =X — —x -1,
is irreducible over QQ[x] and has just one root outside the unit circle. Let o := (k) denote that
single root, which is located between 2 (1 — 2"‘) and 2 (see [29]). To simplify notation, in our

application we shall omit the dependence on k of &. We shall use o M, ..., a® for all roots of
W, (x) with the convention that a(!) := a.

We now consider for an integer k > 2, the function

z—1
W)= ey o et (1.9)
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With this notation, Dresden and Du presented in [29] the following “Binet-like” formula for the
terms of F(*):

E0 _ Y ()", (1.10)

It was proved in [29] that the contribution of the roots which are inside the unit circle to the
formula (1.10) is very small, namely that the approximation

k)

1
F —fk(oc)oc"’l‘ <5 holds for all n>2—k. (1.11)

When k = 2, one can easily prove by induction that
a"?<F,<a"™!' foral n>1. (1.12)
It was proved by Bravo and Luca in [17] that
a2 <FEY <! (1.13)

holds for all n > 1 and k > 2, which shows that (1.12) holds for the k—generalized Fibonacci
numbers as well. The observations made from the expressions (1.10) to (1.13) lead us to call o
the dominant root of F).

Before we conclude this section, we present some useful lemmas that will be used in the next
chapters of this thesis. The following lemma was proved by Bravo and Luca in [17].

Lemma 1.3.1. For k > 2, let o be the dominant root of F%), and consider the function fi(2)
defined in (1.9). Then:

(i) Inequalities
1 3 ,
5 <fila) <7 and fe(aN|<1,2<i<k

hold. So, the number fi.(a) is not an algebraic integer.
(ii) The logarithmic height of fi(a) satisfies h(fi(@)) < 3logk.

Next, we present a useful lemma which is a result due to Cooper and Howard [28].

Lemma 1.3.2. Fork>2andn > k-+2,

where
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In the above, we have denoted by |x| the greatest integer less than or equal to x and used the

. a o . . .
convention that <b) = 0 if either a < b or if one of a or b is negative.

Before going further, let us see some particular cases of Lemma 1.3.2.

Example 1.3.1. (i) Assume thatm € [2,k+1]. Then 1 < ’,’:Tﬂk <2, 50 L’,’;:ﬂ = 1. In this case,

Fy)=2m2,

a fact which we already knew.
(ii) Assume that m € [k+2,2k+2]. Then 2 < ',:‘TJF{‘ <3, so0 L’,?Tﬂkj = 2. In this case,

ank) — om-2 +Cm’12m—(k+1)—2
m—k m—k—2
— 2m—2_ . 2m—k—3
("))
— 2m—2_(m_k)‘2m—k—3.

(iii) Assume that m € [2k+ 3,3k +3]. Then 3 < ’]’:TJF{C <4, so L’,’%{‘J = 3. In this case,

an — 2m72 + Cm7] Zm*(k+1)*2 + Cm722m*2(k+1)72

—2k m—2k—2
— om2_ (p_ pyym—k=3 m _ om—2k—4
(m—k) + 5 0

— om=2_ (m— k)2m7k73 + ((m —2k)(m—2k—1) . 1) om—2k—4
2

= 2" _(m—k) 2" 3 4 (m—2k+1)(m—2k—2) - 2" 25,

Gomez and Luca in [34] derived from the Cooper and Howard’s formula the following asymptotic

expansion of Fn(,k) valid when 2 < m < 2k,

Lemma 1.3.3 (Gémez, Luca). If m < 2%, then the following estimate holds:

k— k,
A = 2 (st ram i veem).  a

where f(k,m) :=3(z—1)(z+2); z=2k—m, § := {(k,m) is a real number satisfying

4m?

|C|<W’

and 8;(m) is the characteristic function of the set {m > i(k+1)} fori=1,2.
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1.4. The problem of Pillai

In this section we introduce the problem of Pillai that is studied in Chapter 2 and Chapter 3 for
the k—generalized Fibonacci numbers with powers of 2, and with powers 3, respectively and
the appendix chapters where it is studied for Fibonacci numbers with powers of 2, Fibonacci
numbers with powers of 3, Tribonacci numbers with powers of 3, and Padovan numbers with
powers of 3.

A perfect power is a positive integer of the form a* where a > 1 and x > 2 are integers. Pillai
wrote several papers on these numbers. In 1936 and again in 1945 (see [55, 56]), he conjectured
that for any given integer ¢ > 1, the number of positive integer solutions (a, b, x,y), with x > 2
and y > 2, to the Diophantine equation

a —bv =c, (1.15)

is finite. This conjecture, which is still open for all ¢ # 1, amounts to saying that the distance
between two consecutive terms in the sequence of all perfect powers tends to infinity. The case
¢ = 1 is Catalan’s conjecture which states that the only solution in positive integers to (1.15) for
a,b>0,x,y>1isx=2, a=3, y=3, b=2.This conjecture was proved by Mihdilescu [53].
In 1936 (see [55, 56]), in the special case (a,b) = (3,2) which is a continutation of the work of
Herschfeld [38, 39] in 1935, Pillai conjectured that the only integers ¢ admitting at least two
representations of the form 2* — 3 are given by

2_32=2l_31—_1, 22-33=23_31=5 28_33=02%_31-13. (1.16)

This was confirmed by Stroeker and Tijdeman [59] in 1982. For small |c| this is not the case.
Pillai (see [55, 56]) extended Herschfeld’s result to the more general exponential Diophantine
equation (1.15) with fixed integers a,b,c with gcd(a,b) = 1 and a > b > 1. Specifically, Pillai
showed that there exists a positive integer co(a,b) such that, for |c| > co(a,b), equation (1.15)
has at most one integer solution (x,y). The general problem of Pillai is difficult to solve and this
has motivated the consideration of special cases of this problem. In the past years, several special
cases of the problem of Pillai have been studied. Work in this direction began when together
with Luca and Rakotomala [8], we studied a variant of (1.15) and replaced a* with the sequence
of Fibonacci numbers F;, and b’ with powers of 2. Futher details on this problem are given in
Appendix B. This problem is further studied in Chapter 2 and Chapter 3 for the k—generalized
Fibonacci numbers. Other related problems have been studied in [19, 25, 26, 33, 36, 37].

1.5. Pell equations and Dickson polynomials

In this section, we recall some of the facts and properties of Pell equations and Dickson polyno-
mials which will be used later in Chapter 4 and Chapter 5.



1. Introduction

Let d > 2 be a positive integer which is not a perfect square. It is well known that the Pell
equation

x> —dy* = +1 (1.17)

has infinitely many positive integer solutions (x,y). By putting (x,y;) for the smallest positive
solution, all solutions are of the form (xi,yy) for some positive integer k, where

X+ yVd = (xj +y1vVd)F  forall k> 1. (1.18)
Furthermore, the sequence {x; };> is binary recurrent. In fact, the following formula

(x1 + VK + (x) —y1Vd)*

X = > )

holds for all positive integers k.
We put 6 :=x; + \/ﬂ for the minimal positive integer x| such that
X —dyl=¢, eec{£l}
for some positive integer y;. Then,
Xn+ Vdy, = 8" and Xy — Vdy, = 6", where o:=¢e6 L.
From the above, we get
26, = 8"+ (67" forall n>1. (1.19)

There is a formula expressing 2x;, in terms of 2x; by means of the Dickson polynomial D, (2x1, €),
where

D,,l(x,v):%2J n (”fi)(—v)ixnzi.

=on—i\ i

These polynomials appear naturally in many number theory problems and results, most notably
in a result of Bilu and Tichy [13] concerning polynomials f(X),g(X) € Z[X] such that the
Diophantine equation f(x) = g(y) has infinitely many integer solutions (x,y).

Example 1.5.1. (i) n=2. We have
2—1 : :
2%y = Z 2—_1( ; l) (—€)i(2x)*> 2 =4x? —2¢e, s0 xp=2x7—€.

(ii) n=3. We have

I :

3 [(3—i , Y

2x3:~z‘(’)3—i< i >(_8)l<2x1)3 ¥ =(20)° —3e(2x), so x3=dx —3ex.
=

10



1.5. Pell equations and Dickson polynomials

(iii) n > 4. We have

R (i i n—2i
2y = i§:0 n—i < ; ) (_8) (ZXI)
_ n__ n—2 n(n B 3) n—4 /2] n(_g)i n—i n—2i
= (2x1)"—ne(2x)" "+ 5 (2x)" "+ 1223 i\ (2x1)" 7.

Finally, the following lemma is also useful. It is Lemma 7 in [35].

Lemma 1.5.1 (Gizman Sanchez, Luca). Ifm > 1, T > (4m?)™, and T > x/(logx)™, then

x<2"T(logT)™.
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2. On a problem of Pillai with
k—generalized Fibonacci numbers
and powers of 2

The presentation in this chapter is a slightly modified version of the paper [9] with the title On a
problem of Pillai with k—generalized Fibonacci numbers and powers of 2. This is a joint work
with Carlos Alexis Gomez Ruiz and Florian Luca. The article has been published in Monatshefte
fiir Mathematik in December, 2018.

Abstract: In this paper, we find all integers ¢ having at least two representations as a difference
between a k—generalized Fibonacci number and a powers of 2 for any fixed k > 4. This paper
extends previous work from [8] for the case k = 2 and [19] for the case k = 3.

Keywords: Diophantine equations; Pillai’s problem; Generalized Fibonacci sequence; Reduction
method.

2010 Mathematics Subject Classification: 11D61, 11B39, 11D45, 11J86.

2.1. Introduction

Recently, Ddamulira, Luca, and Rakotomalala [8] considered the Diophantine equation
F,—2"=c, 2.1

where ¢ is a fixed integer and {F;, },,>0 is the sequence of Fibonacci numbers given by Fp =0, Fj =
1, and F;,4» = F,11 + F, for all n > 0. This type of equation can be seen as a variation of Pillai’s
equation. Ddamulira, et al. proved that the only integers ¢ having at least two representations of
the form F;,, — 2" are contained in the set ¥ = {0,—1,1,—3,5,—11,—30,85}. Moreover, they
computed for each ¢ € ¥ all representations of the form (2.1).

Bravo, Luca, and Yazan [19] considered the Diophantine equation

T,—2" =, (2.2)

13



2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

where c is a fixed integer and {7, },>0 is the sequence of Tribonacci numbers given by T = 0,
Th=1,T,=1,and T)43 = Ty+2 + T;+1 + T, for all n > 0. In their paper, Bravo, et al. proved
that the only integers ¢ having at least two representations of the form 7, — 2™ are contained in
the set € = {0,—1,—3,5,—8}. In fact, each ¢ € € has exactly two representations of the form
(2.2).

In the same spirit, Chim, Pink, and Ziegler [25] considered the Diophantine equation
F,—T,=c, (2.3)

where c is a fixed integer. They proved that the only integers ¢ having at least two representations
of the form F;, — T, are contained in the set

¢ =1{0,1,—1,-2,-3,4,-5,6,8,—10,11,—11,—22,—23,—41,—60, —271}.

In particular, they computed for each ¢ € ¢ all representations of the form (2.3), showing that
each ¢ € ¥ has at most four representations.

The purpose of this paper is to generalize the previous results corresponding to (2.1) and (2.2).

Let k > 2 be an integer. We consider the k—generalized Fibonacci sequence {Fn(k)}n>2,k defined
in Section 1.3.

In this paper, we find all integers ¢ admitting at least two representations of the form F,,(k) — 2"
for some positive integers k, n and m. This can be interpreted as solving the equation

FH—om—F —om (=¢) (2.4)
with (n,m) # (n1,my). As we already mentioned, the cases k = 2 and k = 3 have been solved com-

pletely by Ddamulira, et al. [8] and Bravo, et al. [19], respectively. So, we focus on the case k > 4.

We prove the following theorem:

Theorem 2.1.1. Assume that k > 4. Then equation (2.4) withn > ny > 2, m > my > 0 has the
following families of solutions (¢,n,m,ny,my).

(i) In the range 2 < n; <n < k+ 1, we have the following solution:
(0,s,5 —2,t,t —2) for 2<t<s<k+1.
(ii) In the ranges2 <ni <k+1and k+2 <n < 2k+ 2, we have the following solutions:

(a) whenny =n—1:
(2"*1 L k+2.k—1k+ 1,0) .

14



2.2. Parametric families of solutions

(b) whenny <n—1:
(27’—2p,k+2“—2”7k+2‘1—2b—2,y+2,p> ,

withy=b—3+2-2and p = a—3+2%—2° where a > b >0, (a,b) # (1,0)
and y+3 <k+2.

(iii) In the range k+2 < n; < n < 2k+ 2, we have the following solutions: if the integer a is
maximal such that 2¢ < k+ 2 satisfies a+ 2% = k+ 1 +2° for some positive integer b, then

(=223 k2% k+2° =2, k+2" b +2" - 3).
(iv) If n =2k + 3, and additionally k = 2" — 3 for some integer t > 3, then:
(1 _2l+2’—3’2t+1 _3,21‘-0-1 —5,2,t+2t _3)

Equation (2.4) has no solutions with n > 2k + 3.

2.2. Parametric families of solutions

Assume that (n,m) # (ny,m;) are such that

k)

FO —om = g0 _om

If m = my, then F¥ = Fn(lk) and since min{n,n; } > 2, we get that n = n;. Thus, (n,m) = (ny,my),
contradicting our assumption. Hence, m # m;, and we may assume without loss of generality
that m > m; > 0. Since

k) k)

FO_FY = gm_om (2.5)

and the right-hand side of (2.5) is positive, we get that the left—hand side of (2.5) is also positive
and so n > n;. Thus, since Fl(k) = Fz(k) = 1, we may assume that n > ny > 2.
We analyze the possible situations.

Case 2.2.1. Assume that 2 <n1 <n<k-+1.
Then, by (1.7), we have
) =2m2  ana EY =22

so, by substituting in (2.5), we get

om _omp _ 2n—2 o 2711—2‘

15



2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

The number on the left—hand side of the above equation is 2"~ ! 4. .. 42" and the number on
the right-hand side is 23 + - .- +2"172_ So, by the uniqueness of the binary representation we
have m =n—2 and m; = n; — 2, giving ¢ = 0. All powers of 2 in the k—generalized Fibonacci

sequence are known to be just the numbers Fs(k) with 1 <s <k+1 (see [17]). This gives (i) from
the statement of Theorem 2.1.1.

From now on, we assume that ¢ # 0.

Case 2.2.2. Assume that 2 <ny <k+1landk+2 <n<2k+2.

Then, by (1.7) and Example 1.3.1 (ii), we have
FO=om=2  ang  EM =22 (n—k) 20 k3,
So, by substituting in (2.5) as before, we get
22 _gm=2_(p—k). 2"k =pm _om, (2.6)
In the left—hand side of the above equation, we have
2n—2 . 2n1—2 o (I’l . k) . 2n—k—3 > 2n—3 . (I’l o k) _2n—k—3 > 2n—4‘
Indeed the last inequality is equivalent to 2”4 > (n—k)- 2"k=3 or 2k=1 > p — k. Since n <
2k + 2, it suffices that 21 > k + 2, which indeed holds for all k > 4. Furthermore, unless
ny =n—1, we have
2n72 . 2n172 o (n o k) . 2n7k73 > 2n72 - 2n74 o (n o k) . 2n7k73 > 2n737

from the preceding argument. Thus, we have either ny = n — 1 and then

2n—3 > 2n—2 o 2n1—2 . (I’l _ k) _2n—k—3 > 2n—4’
which leads to

211—3 > oM _pmi 2n—4,

showing that m = n —3, or ny < n— 1, in which case

2]1—2 > 2n—2 _ 2}’11—2 _ (n _ k) . 2n—k—3 > 2!’!—37

showing that m =n — 2.

We study the two cases. When ny = n — 1, then since n; < k+ 1, it follows that n < k+ 2. Since
infactn > k+2,wegetn=k+2. Thenm =n—3 =k — 1, so from (2.6)

2k—1 _pm —gm _om :2/(_2](—1 _2‘2—] :2k—1 _17

16



2.2. Parametric families of solutions

showing that m; = 0. So, we have found the parametric family
(n,m,ny,my) = (k+2,k—1,k+1,0)

for which ¢ = 2¥=! — 1 according to (2.4). This corresponds to situation (ii—«) in the statement
of Theorem 2.1.1.

A different possibility is n; < n— 1, in which case m = n — 2. Now (2.6) leads to
22 _gm=2_(y _f).pnk=3 —gn=2_pm
SO
(n—k)- 2" %3 =gm _om=2
Simplifying the powers of 2, we get

n—k—= 2m1*(nfk)+3 _om 7(n7k)+1.

Thus, n —k € [2,k+ 2] is a difference of two powers of 2. Take any number in [2,k + 2] which is
a difference of two powers of 2. Let it be 2¢ — 2. Note that a > b and (a,b) # (1,0). Set

n—k=2"-2".
This gives n = k +2% — 2> € [k+ 2,2k + 2]. Next we have n; — (n—k) +1 = b. Then n; =
b+ (n—k)—1.Butny <k+1.This gives (b—1)+(n—k) <k+1,s0 (b—1)+2¢—20 <k+1.
But we started with 24 —2° € [2,k+2]. So, in fact we get

b+2¢—20<k+42

and 2¢ — 2 > 2. If n — k = 2, then (a,b) = (2,1), otherwise n —k > 3 and b > 0. Finally,
my 43— (n—k) = a. Thus,

m=(a—-3)+n—k)=(@—1)+((n—k)—2)
and this is nonnegative from the preceding discussion. So, the family is
(nym,ny,my) = (k+2% =20 k+29—20—2 b— 142420 a—3420-2b),

where (a,b) are such that a > b > 0, (a,b) # (1,0), and b+ 2% — 2° < k +2. Furthermore, by
(2.4), we have ¢ = 2° =3420-2" _ 9a=3+2"-2" g corresponds to situation (ii—b) in the statement
of Theorem 2.1.1.

Case 2.2.3. Assume thatk+2 <n; <n <2k+2.

17



2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

Then, by Exapmle 1.3.1 (i1), we have that
FW =02 (my—k)- 2 %3 and M =272 (n—k). 23,
Then by a similar substitution as before, equation (2.5) translates into
n=2 _ogm=2_ <(n LK) 2R3 (g k) - 2"1*’“3) —om_gm, 2.7)
Since n; < n— 1, the left-hand side is at least

2n72 . 2n172 . ((I’l - k) _2n7k73 o (nl o k) .2n17k73)
> 2n—2 o 2n—3 _ ((n o k) _2n—k—3 o (n —k— 1) _2n—k—4)
— 2n—3 _ (n _ k+ 1) . 2n—k—4 > 2]’!—4,

where the last inequality is equivalent to
2" > (n—k+1)- 2"k,

or
K> n—k+1.
Since n — k < k+ 2, it suffices that 2 > k+2+ 1 = k + 3, which holds for k > 4. Thus, if
ny =n—1, then
2n—3 > 2n—2 o 2n—3 _ <(l’l —k) _2n—k—3 . (l’l —k— 1) . 2n—k—4> > 2n—47
SO
13 s gm g pn—4

giving m = n — 3. In this case, we get from (2.7),
2}’172 _ 2}’173 _ (n _ k+ 1) . 2)’[71(74 — 21’!73 _ 21’!117

SO

(n—k+1).20k4 =om
giving

l’l—k—|— 1= 2m1+4—(n—k).

Thus, n—k+ 1 = 2" is a power of two in the interval [3,k+ 3] (so t > 2). Further, n = 2"+ k —
I,n=n—1=2"4+k—-2, m=n—-3=2'4+k—4andm =n—k—4+t=2"+1t—5. Since
t > 2, we get that m; > 0. Hence,

(n,m,ny,my) = (k+2'—1,k+2' —4,k+2' —2,t+2' —5)

which corresponds to the parametric family (iii), with ¢ = k214 4 24 o124 i the
statement of the Theorem 2.1.1.
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Next we consider the situation n; < n — 1. We show that there are no solutions in this case.
Then,

22 s 2 om=2 (g k). 2m RT3 (g — ) 2m k)
S gn=2 _on—4 _ <(n k)23 (k- 2). 2n—k—5>
> 2"73,
The last inequality is equivalent to
2" s (n—k) 2K (n—k—2) .27,

which is implied by
2n—4 > (I’l _ k) . 2n—k—3,

or
2=l k.

Since n —k < k+ 2, it suffices that 28~ > k+2 and this holds for all k > 4. Thus, for n<n—1,
we have
25 M _FR S on3

SO
-2 -3
21 > M 2™ > 1

showing that m = n — 2. In this case, we have by (2.7), that
2n—2 o 2n1—2 _ (l’l o k) _2n—k—3 + (nl . k) . 2n1—k—3 — 2n—2 _ oM ’

giving
(f’l _ k) . 2}’[7](73 _ (Vll _ k) . 21’1]7](73 — zml _ 21’1]72.
The left-hand side is positive therefore so is the right-hand side. Thus,

2n17k73(2n7n1 (l’l o k) . (nl o k)) _ 2n172(2m17n1+2 _ ]). (28)

To proceed, we write
n—k=2% and n —k =2%yy,

where o, a; are nonnegative and u, u; are odd. Since n —k, n; —k € [2,k+ 2], it follows
2% <k+2and 2% < k+2. Hence, max{c, @ } <log(k+2)/log2. Equation (2.8) becomes

pm—k=3(patn=ny oy ) pmi=2(gmi-m+2 _ 1) (2.9)

We distinguish various cases.

Case2.24. a+n—n; = oy.
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

In this case, by (2.9), we have
pmk=3TO () = am T2 memA2 ), (2.10)

Note that we cannot have u = u; (otherwise we get n = np, a contradiction). Since the exponent
of 2 in the right in (2.10) is exactly n; — 2 and in the left is at least n; —k — 3 + o1, we get that
n—2>n—-k—34+a;,s0k+1> o, and

U—up = 2k+1—061 (2m1—n1+2 . 1)

We deduce that the following inequality holds:

1 — log(k+1
Py so k1 — oy < og(u—u) _ log(k+ )_

- log2 T log2
Thus,
log(k+1) log(k+2)
k+1=(k+1—-a o <
+1=(k+ 1+ < log2 + log2
which yields

2 < (k+2)(k+1),

so k < 3. So, this case cannot lead to infinitely many solutions.

Case 2.2.5. a+n—n; < aq.

In this case, by (2.9), we now have
2n—k—3+a(u o 2051—06—n+nl Ml) — 2n1—2(2m1 —ni+2 1)
Identifying factors which are powers of 2 in both sides, we have

n=n+aoa—k—1.

Since loo(k 42
n—n1<a1—a§a1§M,
log2
we have log(k+2)  log(k+2)
og(k + og(k +
k+1=(n— o<
+ (n—m)+a< log?2 + log?2
giving
2k+1 S (k+2>2,
so k <4.

Thus, as in the previous case, this situation cannot lead us to infinitely many solutions either.
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Case 2.2.6. o) < ax+n—n;y.

In this case, (2.9) becomes

21117/(734»(11 (2(17061 +n—ny u— Ml) — 2}’1172(21’”17}1]4»2 o 1)

Identifying powers of 2 in both sides above, we get
k+1=0q.

Hence,
log(k+2)

k+1<
s log?2

?

giving 281 < k+2, s0 k < 1, a contradiction.

The last parametric family from the statement of Theorem 2.1.1 will be identified in the next
section.

2.3. Solutions with n > 2k + 3

From now on, we searched for solutions other than the ones given in Theorem 2.1.1 (i), (ii),
and (iif), with the aim is to show that perhaps they are none except for some sporadic ones with
k < ko with some small ky. Then the problem will be solved by finding individually for every
k € [4, ko), the values of ¢ such that (2.4) has some solution (n,m,ny,m;) withn > ny, m > m;
and determining for each c all such representations. It turns out that this program does not quite
work out since along the way we find parametric family (iv) with n = 2k + 3, but afterwards all
does work out and we are able to show that indeed if n > 2k + 3, then k& < 790.

So, let’s get to work. We go back to (2.4) and assume that n > 2k + 3. Suppose first that m > n— 1.

We recall equality (2.5):

k) k)

om—om — o _ gl

The left—hand side is positive and

om _ omi > 2m71 > 2n72 > Fn(k) > Fn(k) —Fn(]k),

where we used the fact that Fn(k) < 2" 2 forn > k+2. Thus, m < n— 2. Note that n > 2k + 3, so
n—2k>3.

We puty:=n/ 2k and assume that

<2k 5o y<1/4. (2.11)
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

Thus, by Lemma 1.3.3, we have

1
Fn(k):Z”_z(l—C)’ where |C|<§(y+y2+y3).
Similarly,

1
Fn(lk) 22”1_2(1 - &), where also 11| < E(y+y2+y3). (2.12)

We get from (2.5)

2 3
‘(zm o 2m1) . (2?172 . 2n172)| < (2?172 _{_2n172) (y+y2+y )

<22y, (2.13)
If m < n—4, then the left-hand side in (2.13) is at least
(2]’1—2 _ 2]’!1—2) _ 2n—4 Z 2]1—3 _ 21’!—4 Z 2}’1—4’

showing that
2}174 S 2}’172))7

giving y > 1/4, a contradiction to (2.11). Further, assuming that m =n—3 but n; < n— 1, the
left—hand side in formula (2.13) is at least

(2n72 . 2n172) _om > 2n72 . 2n74 o 2n73 — 2nf47

and we get to the same contradiction to (2.11), namely that y > 1/4. Thus, we conclude that
either (m,n;) = (n—3,n—1), or m = n— 2. The first case gives from (2.5)

FH —F® =om3 _om, (2.14)
Using Lemma 1.3.3, we get
Y =2 2(1—2k+1+y) and FY =2 3(1_W+%)’ (2.15)

where
2

1
max{ 7], |1} < 507 +5%) <7,
Putting these into (2.14), we get
_2n—k—3 (n _ k) +2n—k—4(n _ k— 1) + 2m1 < 2n—2‘,}/| + 2}’1—3’,}/1’ < 2n—1y2'

In the left-hand side, we have the amount

2m k= k4 1)
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If m; < n—k — 4, then this amount exceeds 2" *—4 (n—k) > 2"=k=4 1f m; > n— k — 4, then the
above number can be rewritten as

R S G

Ifn—k+1# 2m1_(”_k_4), then the above amount is > 2" %%, We thus get in all the above
instances
2n—1n2

22k )

2n—k—4 S |2m1 —2n_k_4(l’l—k—|— 1)’ < 2n—1y2 <
giving

n* > 2k=3 so n> 2(k=3)/2

Y

a contradiction to (2.11). If n—k+1 = 2m—(n—k=4) "we consider one more term in (2.15):
FY = on2 o k3 ) 4 0 RS (n _ 2f1) (n— 2k — 2) + 2728,
FY = on3 ok 1) 4276 (- ) (n— 2k — 3) + 2773,
where

2n—2|6’ < 2n—3y3 < 2n—3k—3n3 and 2n—3’61| < 2n—4y3 < 2n—3k—4n3‘

Thus, by (2.11),
max{2"2(§|,2" 3|8, |} < 2" %8, (2.16)
Putting these into (2.14), we get
272k 12 (n— 2k + 1) (n— 2k —2) — (n— 2k) (n— 2k — 3)| < 2"72|§| +2"73|8;| < 2",
Taking w := n — 2k, we have that
wrdw—4d=2(w+1)(w—-2)—ww-3)| <1/2,

which is a contradiction for all k > 4, given that n > 2k + 3. So, the situation (m,n;) = (n—
3,n— 1) is not possible.

Hence, we continue with the case m = n — 2. Going back to (2.4), we have
FM o2 = g _om, 2.17)

The number on the left—hand side in (2.17) is negative. We will show that m; > n; — 2. Indeed,
suppose that m; < nj — 3. Since for us y < 1/4, we get |{;| < 1/2 (see (2.12)). Further, again

by (2.12), we note that F¥) > 23 > 2" o the right-hand side in (2.17) is positive, a
contradiction. Thus, m; > n; — 2. The case m; = n; — 2 leads to

Fn(k) B 2n72 — Fn(1k) _ 2"1*2. (218)

Since ¢ # 0, it follows that n; > k+ 2. However, we have the following lemma.
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

Lemma 2.3.1. The sequence {22 — Fn(k)}nzku is increasing for n > k+ 3.

Proof. We want

p L RN L

n+1 ’

which is equivalent to

)

-2 (k) (k) (
S EU AR+ F

There are k — 1 terms in the right—hand side. Each of them satisfies Fn(f)p j < 2n=3=J for j=
0,1,...,k—2because F, < 292 holds for all @ > 2. Thus, it suffices that

2}’!72 > 27[73 _|_ 2”74 _|_ .. _|_ 2?[71(71,

which is obvious. ]

Thus, (2.18) is impossible. Hence, m| > ny — 1. Using the first identity in (2.15), we have that
the left-hand side in (2.17) is

— 2"k — k) 42" 2y, (2.19)
where |y < (y* +y?)/2 < y2. Note that since
n2
¥ = ot <z (by 211,
it follows that
272y < 2n kS, (2.20)

Thus, the left-hand side of (2.17) is in the interval
(—2" P (n—k+1/2),-2"*P(n—k—1/2)).
Now the right-hand side of (2.17) is in the interval (—2"™, —2™1~1] where for the right-hand
extreme of the interval we used the fact that Fn(lk ) <2m=2 <M=l Comparing them we get
"Bk +1/2) <—2m"1 and 2" F P (n—k—1/2) > 2™,
which gives
oMl k3 _k41/2) and 2" P (m—k—1/2) <2™.
In particular, m; > n—k—3, so
omi—(=k=3)=1 < p < gm—(n—k=3)
We thus get, from (2.17) and (2.19), that

_on—k=3 (n—k—2m —("—k—3)) = Fn(lk) —2" 2y (2.21)

We distinguish two cases.

24



2.3. Solutions withn > 2k +3

Case 2.3.1. Assume thatny <n—k—1.

Then F,,(,k) < 2m=2 < 2n=k=4 Using also (2.20), we get
213 (n— k) — 2] < max R, 27y} < 2n

s0 n—k —2"™~("=k=3) is an integer which is at most 1 /2 in absolute value. Hence, it is zero.
Thus, n — k = 21~ ("=%k=3) We now go one more step and say that

FY = 22 0 k3 () 27 RS (= 2k 1) (n — 2k — 2) 42728,
By o= 2n2(1—y),

where, by (2.16),
2n—2|6| < 2n—2k—8.

Further, by (2.12),
2”172|,}/]| < 2n173y2 < 2n73k74n2 < 27[72](78.

Equation (2.17) now implies that
2R — k) 427 R (= 2k + 1) (n—2k —2) 427725 =2M 2 M2y o™
so, given that n — k = 2™ _(”_k_3),
27K 2k 4+ 1) (n—2k—2) 2" 72 = _2"2§ M2y, (2.22)
Assume that n; < n—2k—4. Then

2125 <SS (y 2k 4+1)(n—2k—2) < 2MT2 427725 4 2m 2y
< 3x 2n—2k—7 < 2n—2k—5

which is a contradiction. Thus, we must have n; > n— 2k — 3, so

21’!—2/(—5 (I’l _ 2k+ 1)(” _ 2k _ 2) _ 2n1—2—(n—2k—5) S 2n—2|6| + 2n1—2|,y1 |
2n—2k—7‘

The left—hand side above is an integer divisible by 2"~2f=>_ Since it is smaller than 2"~2¥~7 it
must be the zero integer. Thus, with w = n — 2k, we have

w+1)(w—2)= ym—2—(n—2k=5)

In the left-hand side above, one of the factors w —2 and w41 is odd. Since they are both positive
and powers of 2, it follows that the smaller one is 1. Hence, w = 3, so

w4+1= 72 2n1—2—(n—2k—5)

b
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

givingny —2=n—2k—3=0. Thus,n =2k+3,ny =2 and m = n—2 = 2k + 1. From equality
(2.17), we conclude that
22k+l _2k(k+3) — 22k+] _2m1

iving k +3 = 2!, for some integer t > 3 and m; = k +t. Hence, we obtain the parametric
ging g p
family

(n,m,ny,my) = (21 =320 52 142 —3)

withc=1-21 +2t_3, which corresponds to situation (iv) in the statement of the Theorem 2.1.1.

Case2.3.2. ny >n—k—1.

The equation that we then get from (2.12) and (2.21) is
on—k=3 <(n k) — ymi—(n—k=3) +2n1—2—(n—k—3)> _ 2”1_21/1 _’_2n—2,},'

Given that m; < m and that we are in the case m = n — 2, we have

22y < 2m= | < 20K 3 (n— k)y < 20232 < kT,
We thus have

2n—k—3‘(n k) — omi—(n—k=3) _|_2n1—2—(n—k—3)’ < 2n1—2|,},1| 4 2n—2m < k=S
showing the left-hand side is zero. Thus,a =m; —(n—k—3),b=n; —2—(n—k—3) and
n—k=2"-2"

So, n = k+2%—2". As in previous iterations, we go one step further and write

FR = on2 o k3 gy 4ok (0 4 1) (n— 2k — 2) + 2728,

Fn(lk) = 2"'72—2n17k73(l’l1—k)—l—znliz’}/l.

Inserting these into equation (2.17), we get

2" * S m—k) + 2" (n—2k—2)(n—2k+1)+2"%6
2n1—2 . 2n1—k—3 (nl _ k) _pm +2n1—2,y1,

or
27T (= 2k —2)(n— 2k 4 1) + 2" K3 (g — k) = —2" 25 2" 2y

Wehaveny =n—k—1+b,sony—k—3=n—2k—4+bson—k—3—(n—2k—5)=b+1
andny —k =n—2k—1+b. Thus,

on=2k=5 <(n 2k 1) (n—2k—2) + 2P (n—2k— 1 +b)) — 2§ om2y,
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2.4. Establishing an inequality in terms of n and k and estimating ko

We already know that 2"~2|§| < 2"2k=8 Nown; —2=n—k—3+b, so
=2 _ yn—k=35b
Note that n — k = 29 — 20 > 24-1 > 20 5020 < 5. Thus,
22|y | < 21k < k33 o2k o gn=2k=8,
since n® < 273, Hence, we get
21K (= 2k 4+ 1) (n—2k —2) + 20T (n—2k — 1 +b)| < 2" 2T,

showing that the number in absolute value is zero, which is a contradiction because n —2k > 3
and b > 0. In conclusion, there are no solutions with n > 2k + 3 provided that (2.11) holds. In the
next section, we estimate a value of kg for which inequality (2.11) is fulfilled for all k > k.

2.4. Establishing an inequality in terms of n and k£ and
estimating k,

Since n > n; > 2, we have that Fn(lk ) < Fn(f)l and therefore

>F® 4.y F®  SER L0

Fn(k) :F(k)1+“'+F(k) n—k—1 n

n— n—k —

So, from the above, (1.13) and (2.5), we have

n— 1 )
(k) (k) (k) 2.23)
a1 >FY > EY -FY =2m—2m >om
leading to
log?2 log2
(B -1 <n< (22 ) mta (2.24)
loga log o

It can be noted that the above inequality (2.24) in particular implies that m < n < 1.2m + 4.
Moreover, note that we can assume n > k + 2, since otherwise, this would give us only the
solution for ¢ = 0, which is family (i) of Theorem 2.1.1.

Assume for technical reasons that n > 1600. By (1.11) and (2.5), we get

K@y =27 = |(fle)e ™ = B+ (B —2m)
= ‘(fk(a)a"_l—Fn(k))Jr(Fn(,k)—fk(a)a”1_1)+(fk(a)oc”1‘1—2’"1)
< %+%+a"1‘1+2’"1
< a"t42m

< 2max{a", 2"}
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

In the above, we have also used the fact that | fy(a)| < 1. Dividing through by 2" we get

nj

[fi(@)a 127"~ 1| < 2max { z

2m

,2'"1'"} < max{™ "6 pmmmtIY () 95)

where for the right-most inequality in (2.25) we used (2.23) and the fact that a’ > 2.

For the left-hand side of (2.25) above, we apply Theorem 1.1.8 with the data
t:=3, m:=fi(a), m:=a, Nn3:=2, by:=1, bp:=n—1, b3:=—m.

We begin by noticing that the three numbers 11, 12, 13 are positive real numbers and belong to
the field K := Q(c), so we can take D := [K : Q] = k. Put

A= fi(a)o" 127 1.

To see why A # 0, note that otherwise, we would then have that fi(a) = 2mo—(n=1) and so
fr(a) would be an algebraic integer, which contradicts Lemma 1.3.1 (i).

Since h(n2) = (loga) /k < (log2)/k and h(n3) = log2, it follows that we can take A, := log?2
and A3 := klog?2. Further, in view of Lemma 1.3.1 (ii), we have that h(1;) < 3logk, so we can
take A; := 3klogk. Finally, since max{1,n—1,m} =n—1, we take B := n.

Then, the left-hand side of (2.25) is bounded below, by Theorem 1.1.8, as
log |A| > —1.4 x 30° x 3*3 x k*(1 + logk) (1 +logn)(3logk)(log2)(log2).
Comparing with (2.25), we get
min{(n—n; —6)loga, (m—m; —1)log2} < 4.2 x 101 k*log? k(1 +logn),
which gives
min{(n—n;)loga, (m—m)log2} < 4.25 x 10" k*log? k(1 +logn).

Now the argument is split into two cases.
Case 2.4.1. min{(n—ny)loga, (m—m;)log2} = (n—n;)logac.

In this case, we rewrite (2.5) as

|fel@)a" ! = fi(a)om—t =2 = ‘(fk(oc)oc”‘l—F,,(k))wL(Fn(lk)—fk(oc)oc’”‘l)—Zm1
1 1
S m m1+l'
< 2+2+2 <2
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2.4. Establishing an inequality in terms of n and k and estimating ko

Dividing through by 2" gives
|fe(a) (o™ = o127 —1| < 2moml (2.26)

Now we put
Ar = fi(o) ("™ —Dam 1271,

We apply again Theorem 1.1.8 with the following data
t:=3, M :=fi(a) ("M =1), m:=a, n3:=2, by:=1,by:=n;—1, by := —m.

As before, we begin by noticing that the three numbers 11,12, 3 belong to the field K := Q(«),
so we can take D := [K : Q] = k. To see why A # 0, note that otherwise, we would get the
relation fi(o)(o" ™ — 1) = 2"a! =™ Conjugating this last equation with any automorphism
o of the Galois group of W (x) over Q such that o(ct) = at!¥) for some i > 2, and then taking
absolute values, we arrive at the equality | fi(ct?)((a@)*=" —1)| = [2"(a®)!="1|. But this
cannot hold because, | fi(oc?)||(a!?)"=™ — 1| < 2 since | fi ()| < 1 by Lemma 1.3.1 (i), and
|(aDy="| < 1, since n > ny, while [2" (D)1 ="1| > 2.

Since
log
h(m) < h(fi(@)) +h(a"" = 1) < 3logk+ (n—n1) =~ +log2,

it follows that
kh(my) < 6klogk+ (n—ny)logo < 6klogk+2.95 x 10! k*log? k(1 +logn).

So, we can take A1 := 3 x 1011 k* logzk(l + logn). Further, as before, we take A; := log2 and
Az :=klog?2. Finally, by recalling that m < n, we can take B := n.

We then get that
log|Aq| > —1.4 x 30 x 3% x k(1 4 logk) (1 +logn)(3 x 101 k*log? k(1 +logn)) (log?2)?,

which yields
log|A] > —4.13 x 1072k log> k(1 +logn)>.

Comparing this with (2.26), we get that
(m—mj)log2 < 4.2 x 10°*k” log® k(1 4 logn)?.

Case 2.4.2. min{(n—ny)loga, (m—m)log2} = (m—m;)log2.

In this case, we write (2.5) as

frleyar —2m+2m| = |(fl@)a™ = B+ (B~ f(@)a™ ™) + fil@)an ™!
< l_f_l_'_a”l_l < o™
2 2 ’
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

so that

anl 206"1
‘fk(OC)(meml —1)7106’77127”“—1 < < < anrn+6.

o = om (2.27)

The above inequality (2.27) suggests once again studying a lower bound for the absolute value
of
Az = fi(a) 2" — 1) ot — 1,

We again apply Matveev’s theorem with the following data
t:=3,n := fila)2" ™ — 1)71, m:=o, Nn3:=2, by:=1,by:=n—1,b3:=—m;.

We can again take B := n and K := Q(a), so that D := k. We also note that, if A, = 0, then
fi(or) = o= (r=m)mi(2m=m _ 1) implying that fi(ct) is an algebraic integer, which is not the
case. Thus, Ay # 0.

Now, we note that

log?2

h(m) < h(fe(@)) + (2" = 1) < 3logk+ (m—m +k) ==

Thus, kh(1;) < 4klogk + (m —my)log2 < 3 x 10" k*1og? k(1 + logn), and so we can take
Ap =3 x 10"k*10g? k(1 + logn). As before, we take A, := log2 and A3 := klog?2. It then
follows from Matveev’s theorem, after some calculations, that
log|Aa| > —4.13 x 10%2k" log> k(1 +logn)>.
From this and (2.27), we obtain that
(n—np)logar < 4.2 x 1072k 1og> k(1 + logn)?.
Thus in both Case 2.4.1 and Case 2.4.2, we have

min{(n—ny)loga, (m—m)log2} < 4.3 x 10 k*1og? k(1 +logn), (228)
max{(n—n;)logo, (m—my)log2} < 4.2 x 10°2k” log> k(1 +logn)>. '
We now finally rewrite equation (2.5) as
n—1 np—1 m m n—1 (k) (k) np—1
@)™ = filaem ™t =27 2m | = |(fil@)a ™ — BV + (R~ (@) ™) < 1.
We divide through both sides by 2" — 2" getting

fe(a) (o™ —1)
om=mi ]

A 1 2 _
anl 12 ml_l‘ < Wgz_m <25 0.811, (229)
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2.4. Establishing an inequality in terms of n and k and estimating ko

since n < 1.2m+4. To find a lower-bound on the left-hand side of (2.29) above, we again apply
Theorem 1.1.8 with the data
_ filo) ("™ 1)

t:=31Mn:= Sm—mi s, M=o, N3:=2,by1:=1, by:=n; —1,b3 :=—m;.

We also take B := n and we take K := Q(o) with D := k. From the properties of the logarithmic
height function, we have that

k() <k (A(fe(@) +h(o" ™ — 1)+ A2 — 1))
< 3klogk+ (n—ny)loga +k(m—mp)log2+ 2klog2
< 5.3 x10%2k%log® k(1+1logn)?,

where in the above chain of inequalities we used the bounds (2.28). So we can take A :=
5.3 x 102248 1og’ k(1+ logn)z, and certainly as before we take A, :=log2 and A3 := klog?2. We
need to show that if we put

fk(a)(an_nl - 1) al’l]*lz*l’ﬂl —1

A3 =
3 ym—m; _ | )

then Az # 0. To see why A3z # 0, note that otherwise, we would get the relation
fela) (o™ —1) = 2m gl (2m=m _ 1),

Again, as for the case of Ay, conjugating the above relation with an automorphism ¢ of the
Galois group of W (x) over Q such that o(a) = or¥) for some i > 2, and then taking absolute
values, we get that | fi(a(?)((aD)"—m —1)| = |2 (a(D)! = (2m=™ —1)|. This cannot hold
true because in the left-hand side we have |f; (a?)]|(a(®)"~" — 1| < 2, while in the right-hand
side we have [21]|(ot())!=71]|2=™ _ ]| > 2. Thus, A3 # 0. Then Theorem 1.1.8 gives

log |As] > —1.4 x 30° x 3%k (1 + logk) (1 +logn) (5.3 x 10**log? k(1 +logn)?) (log2)?,
which together with (2.29) gives
(0.8n—5)log2 < 7.3 x 103k log* k(1 +logn)>.
The above inequality leads to
n<5.1x10**k " log* klog® n,

which can be equivalently written as

< J.I'X og k. .
Togn)? 5.1x 107k log*k (2.30)
ogn

If A > 10°°, the inequality

<A yields x< 16Alog’A.

X
(logx)3
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

Thus, taking A := 5.1 x 103*k'"log* k, inequality (2.30) yields
n < 2.8x10Mk " log” k. (2.31)

We then record what we have proved so far as a lemma.

Lemma 2.4.1. If (n,m,ny,my,k) is a solution in positive integers to equation (2.4) with (n,m) #
(n1,my), n>n; >2,m>my >0andk >4, we then have that n < 2.8 x 104 % 1og” k.

2.5. Reduction of the bounds on

2.5.1. The cut-off for &k

We have from the above that Baker’s method gives
n<2.8x10* k" log’ k.

Imposing that the above amount is at most 2(k=5)/3 which would imply inequality (2.11), we
get
2.8% x 10122133 (log k)% < 2,

leading to k > 790.

‘We now reduce the bounds and to do so we make use of Lemma 1.2.2 several times.

2.5.2. The Case of small &

We next treat the cases when k € [4,790]. We note that for these values of the parameter &,
Lemma 2.4.1 gives us absolute upper bounds for n. However, these upper bounds are so large
that we wish to reduce them to a range where the solutions can be identified by using a computer.
To do this, we return to (2.25) and put

I''=(n—1)loga —mlog2+log(fi(x)). (2.32)

For technical reasons we assume that min{n — ny,m —m, } > 20. In the case that this condition
fails, we consider one of the following inequalities instead:

(1) if n—ny <20 but m —m; > 20, we consider (2.26);
(i1) if n —ny > 20 but m —my < 20, we consider (2.27);
(ii1) if n—ny < 20 and m —m; < 20, we consider (2.29).
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2.5. Reduction of the bounds on n

Let us start by considering (2.25). Note that I" # 0; thus we distinguish the following cases. If
[ > 0, then ¢! —1 > 0, so from (2.25) we obtain

0 < <el —1 < max{gm "0 gm—mtly
Suppose now that I' < 0. Since A = |el — 1| < 1/2, we get that eIl < 2. Thus,
0< I <ell—1=eMel — 1] < 2max{om—"+0 2m—m+1y,
In any case, we have that the inequality
0 < |T) < 2max{q™ "+6 2m—mtl} (2.33)

always holds. Replacing I" in the above inequality by its formula and dividing through by log?2,
we conclude that

(n—1) (%) —m+ log(fi(@)) < max{200- o~ "=m) 8.2~ (m=m)

0<
log?2 log?2

We apply Lemma 1.2.2 with the data

_ loga . log(fi(a))
log2’ ke log2

k € [4,790], T : , (Ax,Bi) :=(200,t) or (8,2).

We also put M := |2.8 x 10"k log” k|, which is upper bound on n by Lemma 2.4.1. From

the fact that o is a unit in Ok, the ring of integers of K, ensures that 7; is an irrational number.

Furthermore, 7y is transcendantal by Gelfond—Schneider Theorem. A computer search in Mathe-

matica showed that the maximum value of |log(200¢/€)/log | is < 1571 and the maximum

value of |log(8g/€)/log2] is < 1566. Therefore, either
log(200g/¢€)

n—n < ———=<1571, orm—m; <
loga

log(8q/¢€)

1566.
log?2 <

Thus, we have that either n —ny < 1571, or m —m; < 1566.

First, let us assume that n —n; < 1571. In this case we consider the inequality (2.26) and assume
that m —m > 20. We put

Iy :=(n—1)loga —mlog2+log(fi(a)(a™ ™ —1)).

By the same arguments used for proving (2.33), from (2.26) we get

O<’F1‘<

m—nmy’

and so

< 8.p (m=mi) (2.34)

1) (12 ey el 1)
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2. On a problem of Pillai with k—generalized Fibonacci numbers and powers of 2

As before, we keep the same i, My, (Ag, Bx) := (8,2) and put

_ log(fi(o)(a! ~ 1)
log?2

e . ke[4,790] and 1€ ][1,1566].

We now apply Lemma 1.2.2 to inequality (2.34) for the values of k € [4,790] and [ € [1,1571].
A computer search with Mathematica revealed that the maximum value of |log(Ag/¢€)/logB]|
over the values of k € [4,790] and [ € [1,1571] is < 1570. Hence, m —m; < 1570.

Now let us assume that m —m; < 1566. In this case, we consider the inequality (2.27) and
assume that n —n; > 20. We put

I;:=(n—1)logo —mylog2+log(fi(a)(2™ ™ —1)).

Then, by the same arguments as before, we get

200

on—"ni '

0< |F2| <

Replacing I'; in the above inequality by its formula and dividing through by log?2, we finally get
that

o [loga) log(fi(a)(2™™™ —1)) —(n—m)
0<‘(n 1>(10g2> mi+ o2 <114« .

We apply Lemma 1.2.2 with the same 7, My, (A, Bi) := (114, @) and put

_ log(fi(0)(2' ~ 1))
log?2

THE . ke[4,790] and 1€ [1,1566).

As before, a computer search with Mathematica revealed that the maximum value of
|log(Aq/¢€)/logB]|, for ke€4,790] and 1€ [1,1566]

is < 1574. Hence, n —n; < 1574.

To conclude the above computations, we first got that either n —ny < 1571 or m —m; < 1566.
If n—n; <1571, then m —m; < 1570, and if m — m; < 1566, then n —n; < 1574. Thus, in
conclusion, we always have that

n—n; <1574 and m—my < 1570.

Finally, we go to (2.29) and put

I'3:=(n;—1)logax —mjlog2+log (fk(oc)(a””' _ 1)) :

2m=mi ]
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2.5. Reduction of the bounds on n

Since n > 1600, from (2.29) we conclude that

26
0< I3 < 208"
Hence,
log o log(filo) (o = 1)/(21 = 1)| ¢ .
0 -1 — 2°/log2)-27"
<Jom=1) (25 ) =+ " <(2°/10g2) 27,

where (1, j) := (n—n;, m—m;). We apply Lemma 1.2.2 with the same 7, My, (Ag,By) :=
(26/10g2,2) and

log(fi(@)(a’ —1)/(2/ 1))
log?2

W= for ke€[4,790], 1€[1,1574] and j€[1,1570].

With the help of Mathematica we find that the maximum value of
|log(114g/€)/1og2|, for ke[4,790], [€[1,1574] and je€[1,1570]
is < 1574. Thus, n < 1574, which contradicts the assumption that n > 1600 in Section 5.

We finish the resolution of the Diophantine equation (2.4), for this case, with the following
procedure. Consider the following equivalent equation to (2.4)

k) k) _

FO g —om _om
For k € [4,790] and n € [k +2,1600], let the set

k) k)

Fog = {F,f ~FY (mod 1020):n1€[2,n—1]},

and
Dy = {2"—2" (mod 10°°) :m € [|[c(n—4)],[c(n—1)+1]], my € [0,m—1]}

with ¢ = log o /log2. Note that we have used (2.24) to define the range of m in D, 4. As in
all computations of this paper, with the help of Mathematica, we looked for all (n,k) the
intersections F, y N Dy, ;. After an extensive search, we obtain that F;, , N D, ; contains only the
solutions corresponding to the families (i) — (iv) in the statement of Theorem 2.1.1 for the current
range of the variables.

This completes the proof in the case of small k.

2.5.3. The Case of large k.

In this case we assume that £k > 790, we have already shown that the Diophantine equation (2.4)
has only the solutions listed in Theorem 2.1.1.
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3. On the problem of Pillai with
k—generalized Fibonacci humbers
and powers of 3

The presentation in this chapter is a slightly modified version of the paper [5] with the title On
the problem of Pillai with k—generalized Fibonacci numbers and powers of 3. This is a joint
work with Florian Luca. This paper has been accepted for publication in International Journal
of Number Theory.

Abstract: In this paper, we find all integers ¢ with at least two representations as a difference
between a k-generalized Fibonacci number and a power of 3. This paper continues the previous
work of [1] and [3].

Keywords: Generalized Fibonacci numbers; linear forms in logarithms; Baker’s method.

2010 Mathematics Subject Classification:11B39, 11J86.

3.1. Introduction

Let £ > 2 be an integer. We consider a generalization of Fibonacci sequence called the k—
generalized Fibonacci sequence {Fn(k)}n}z,k defined in Section 1.3.

The generalised Fibonacci analogue of the problem of Pillai under the same conditions as in
(1.15), concerns studying for fixed (k, ¢) all values of the integer ¢ such that the equation

R _go — 3.1)

has at least two solutions (n,m). We are not aware of a general treatment of equation (3.1)
(namely, considering k and ¢ parameters), although the particular case when {k,¢} = {2,3} was
treated in [25].

Ddamulira, Gémez, and Luca [9], studied the Diophantine equation

0

ER _om — ¢ (3.2)
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

where £ is also a parameter, which is a variation of equation (3.1). They determined all integers ¢
such that equation (3.2) has at least two solutions (n,m). These ¢ together with their multiple
representations as in (3.2) turned out to be grouped into four parametric families.

In this paper, we study a related problem and we find all integers ¢ admitting at least two

representations of the form F,,(k) — 3™ for some positive integers k, n and m. This can be interpreted

as solving the equation
FM —3n— ) —3m (=) (3.3)

with (n,m) # (ny,mp). The cases k = 2 and k = 3 have been solved completely by the first author
in [1] and [3], respectively. So, we focus on the case k > 4.

Theorem 3.1.1. For fixed integer k > 4, the Diophantine equation (3.3) with n > ny > 2 and
m>m; > 1 has:

(i) solutions with ¢ € {—1,5,13} and 2 < n < k+ 1, which arise from the classical Pillai
problem for (a,b) = (2,3), namely:
FM-32 = FM 30 — 1 k>4,
FM -3 — FP_3! — 5 k>6,
k) 25 _ pk)_ a1 _ :
Fiy—3 = F’'-3 = 13, k>9;
(ii) solutions with ¢ € {—25,—7,5} and n > k+2 and k € {4,5,6}. Futhermore, all the
representations of c in this case are given by
FY -3t = FM_3 — o5
Fl(g) _35 — F3(5) _32 _ _7’

F9 -3 = 931 = s

for k=4,5, and 6, respectively.

3.2. The connection with the classical Pillai problem

Assume that (n,m) # (ny,m;) are such that

5

oA Ly i U
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3.2. The connection with the classical Pillai problem

If m = my, then Fn(k) = F,,(lk) and since min{n,n; } > 2, we get that n = n;. Thus, (n,m) = (ny,m;),
contradicting our assumption. Hence, m # m, and we may assume without loss of generality
that m > m; > 1. Since

I - - (3.4)

and the right-hand side of (3.4) is positive, we get that the left-hand side of (3.4) is also positive

k)

and so n > n;. Furthermore, since Fl(k) = F2( = 1, we may assume that n > n; > 2.

We analyse the possible situations.

Case 3.2.1. Assume that2 <ny <n<k+1.

Then, by (1.7), we have
Fl=om=2  anga FM =212
so, by substituting them in (3.4), we get
2n—2 _3m_ 2n1—2 _3m

By comparing with the classical solutions in (1.16), and by using the fact that Fn(k) is a power of
2 if and only if n < k+ 1 (see [20]), we get the solutions

FO 32— 30 = 1 k>4

FP_33=fFM_32 = 5 k>¢, (3.5)

(k) 45 _ (k) 1 _
Fly -3 =F"Y-3" = 13, k>09.

Case 3.2.2. Assume n > k—+ 2.
The following lemma is useful.
Lemma 3.2.1. For n > k-+ 2, the conditions
FY —3m = B9 -3 apd 22 _3m =2 3m

cannot simultaneously hold.

Proof. 1f they do, then
211—2 _ n(k) — 2n1—2 _F(k)

ny -
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

The sequence {22 — Fn(k)}nzz isOatn=2,3,....,k+1andis 1 at n = k+ 2. We show that
from here on it is increasing. That is

21— F® 5 0n 2 _E® holds for > k2.

n+

This is equivalent to
k)

-2 (k) (k) _ (k)
2" >Fn+1_F” _Fn71+”.+Fn+1—k’
and this last inequality holds true because in the right-hand side we have F; < 2= for i =
n+1—kn+2—k,...,n—1 and then
n—1 n—1 )
Y FE< Y 27P<l42+42"0 <20
i=n—k+1 i=n—k+1

3.3. Bounding n in terms of m and k

By the results of the previous section, we assume that n > k+ 2. Thus, =2 _3m #£2M —2_3m,
Since n > n; > 2, we have that Fn(lk ) < Fn(f)l and therefore

k) k)

_ (k) (k) (k) (
=1 TR SN = 7/ SE o (AR

n—

So, from the above, (1.13) and (3.4), we have

F L+ Y > W

n—

ar* <FY <M _FM =3m_3m <37 and

leading to
log3 log3
! 4. 3.7
+(10g0¢) (m )<n<(10ga)m+ (3.7)

We note that the above inequality (3.7) in particular implies that m < n < 1.6m + 4. We assume
for technical reasons that n > 600. By (1.11) and (3.4), we get

fl@a =3 = |(fl@)a" = F) + (£ -3m)
= |(floe ! = FO)+ (B - fil@)am )+ (filwyam ! —3™)
< %+%+a"1‘1+3’"1
< oM43M

< 2max{a", 3"}

40



3.3. Bounding n in terms of m and k

In the above, we have also used the fact that | f; ()| < 1 (see Lemma 1.3.1). Dividing through
by 3™, we get

nj

| fe(@)a" 137" — 1| < 2max { -

3m

,3’"1'"} < max{g" "0 3mmtL o (3.8)

where for the right—-most inequality in (3.8) we used (3.6) and the fact that a? > 2.
For the left-hand side of (3.8) above, we apply Theorem 1.1.8 with the data

t:=3, m::fk(oc), m:=o, n3:=3, by:=1, by:=n—1, b3:=—m.

We begin by noticing that the three numbers 71, 7>, 73 are positive real numbers and belong to the
field K := Q(a), so we can take D := [K : Q] = k. Put

A= fi(o)o" 1371,

To see why A # 0, note that otherwise, we would then have that fi(a) = 3ma~("=1) and so
fi(a) would be an algebraic integer, which contradicts Lemma 1.3.1 (i).

Since h(1;) = (log &) /k < (log2)/k and h(n3) = log3, it follows that we can take A, := log2
and Az := klog3. Further, in view of Lemma 1.3.1 (ii), we have that 4(7n;) < 3logk, so we can
take A; := 3klogk. Finally, since max{1,n—1,m} =n—1, we take B := n.

Then, the left-hand side of (3.8) is bounded below, by Theorem 1.1.8, as
log |A| > —1.4 x 300 x 3% x k*(1 4+ 1ogk) (1 4 logn)(3logk) (log2)(log3).
Comparing with (3.8), we get
min{(n—n; —6)loga, (m—m; —1)log3} < 6.54 x 10! k*log? k(1 +logn),
which gives
min{(n—n;)loga, (m —mj)log3} < 6.60 x 10" k*log? k(1 + logn).

Now the argument is split into two cases.
Case 3.3.1. min{(n—ny)loga, (m—m;)log2} = (n—n;p)loga.

In this case, we rewrite (3.4) as

|fela)a" ! = fi(a)o 1 —3"| = ‘(fk((x)a"_l —Fn(k)) +(Fn(,k) — fi(a)am 1y —3m
1 1
- - mp m1+1'
< 5 + 5 +3"M <3
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

Dividing through by 3" gives
|fe(a)(a" ™ =)o 137m—1| < 3moml (3.9)

Now we put
Ar = fi(o)(a"™ — ™13 1.

We apply again Theorem 1.1.8 with the following data
t:=3, Mm:=file)(@""=1), m:=a, M3:=3, by:=1, by:=n—1, b3:=—-m.

As before, we begin by noticing that the three numbers 1y, 12, 3 belong to the field K := Q(«),
so we can take D := [K : Q] = k. To see why A # 0, note that otherwise, we would get the
relation fi (o) (o™ —1) = 3™a! =™ Conjugating this last equation with any automorphism
o of the Galois group of W (x) over Q such that o(ct) = at!¥) for some i > 2, and then taking
absolute values, we arrive at the equality |f;(a®)((a@)*1 —1)| = |3"(a))!~™1|. But this
cannot hold because, | f;(ot!?)[](a))*" — 1| < 2 since | fi(a!))| < 1 by Lemma 1.3.1 (i), and
|(a@Dy=m| < 1, since n > ny, while [3" (D)1= | > 3,

Since |
o
h(n) < h(fi(@)) +h(o™™ — 1) < 3logk + (n—ny)—2

it follows that

+log?2,

kh(y1) < 6klogk + (n—ny)loga < 6klogk +6.60 x 10" k*log® k(1 +logn).

So, we can take A := 6.80 x 101 k* logzk(l +logn). Further, as before, we take A, :=log?2 and
Az :=klog3. Finally, by recalling that m < n, we can take B := n.

We then get that
log|A1] > —1.4x30% x 3%3 x k3 (1 +logk)(1+1ogn)(6.80 x 101 k*1og? k(1 +logn)) (log2)(log3),

which yields
log|A1] > —7.41 x 102k log> k(1 +logn)>.

Comparing this with (3.9), we get that

(m—my)log3 < 7.50 x 1022k 1og> k(1 +logn)>.
Case 3.3.2. min{(n—ny)loga, (m—mj)log3} = (m—m;)log3.

In this case, we write (3.4) as

frleyar =37 +3m] = |(fl@)a" ~ B+ (B~ fl@)a™ ™) + fil@)an ™!
< l_f_l_'_a”l_l < o™
2 2 ’

42



3.3. Bounding n in terms of m and k

so that

anl 206"1
\fk(a)(3m*m1 —1)7106’77137”“—1 < < < anrn+6.

T = 3m (3.10)

The above inequality (3.10) suggests once again studying a lower bound for the absolute value
of
Az = fi(a)(3" ™M — 1) o137 — 1,

We again apply Matveev’s theorem with the following data
t:=3,n := fila) 3" ™ — 1)71, m:=o, N3:=3,b1:=1,by:=n—1, b3 :=—m;.
We can again take B := n and K := Q(a), so that D := k. We also note that, if A, = 0, then

fi(or) = o= (r=m)3mi(3m=m _ 1) implying that fi(ct) is an algebraic integer, which is not the
case. Thus, Ay # 0.

Now, we note that

log3

h(m) < h(fe(@))+ (3" = 1) < 3logk-+ (m—m +k) ==

Thus, kh(n;) < 4klogk -+ (m —my)log3 < 6.80 x 10''k*1og? k(1 4 logn), and so we can take
Aj :=6.80 x 10" k*1og? k(1 +logn). As before, we take A, := log2 and A3 := klog3. It then
follows from Matveev’s theorem, after some calculations, that
log|Aa| > —7.41 x 1072k 1og> k(1 +logn)>.
From this and (3.10), we obtain that
(n—np)logar < 7.50 x 10%%k” log® k(1 +logn)>.
Thus, in both Case 3.3.1 and Case 3.3.2, we have

min{(n —ny)loga, (m—m)log2} < 6.6 x 10'1k*1og? k(1 +logn),

22,7153 2 (.11
max{(n—nj)loga,(m—mj)log2} < 7.5x 10“°k"log” k(1 +logn)~.

We now finally rewrite equation (3.4) as
@)™ = fi(a)em ™t =33 | = |(fil@)a ™ — BV + (R~ (@) ™) < 1.
We divide through both sides by 3" — 3™ getting

Si(a) ("™ —1)

3m—m |

P 1 2 _
anl 13 ml_l‘ <W§3_m<35 0.811, (312)
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

since n < 1.6m +4. To find a lower-bound on the left-hand side of (3.12) above, we again apply
Theorem 1.1.8 with the data

o)(a" ™M —1
1:=3, M= Ui 3,)%("11 1 ), M=o, N3:=3,by:=1, by:=n;—1, b3 := —my.

We also take B := n and we take K := Q( ) with D := k. From the properties of the logarithmic
height function, we have that
kh(ni) < k(h(fi(o))+h(a"™ —1)+h(3"™ —1))
< 3klogk+ (n—ny)loga+k(m—m;)log3+ 2klog2
< 8.3 x 1072k log® k(1 +logn)?,

where in the above chain of inequalities we used the bounds (3.11). So we can take A :=
8.3 x 10228 log? k(1+logn)?, and certainly as before we take A, := log2 and A3 := klog3. We
need to show that if we put

fk(a)(an_nl — 1) anl—l?)—ﬂﬂ _
3m—mi 1
then A3z # 0. To see why A3 # 0, note that otherwise, we would get the relation

filo) (™™™ —1) =3m gl —m(3m=m _ 1),

A3 =

L,

Again, as for the case of Aj, conjugating the above relation with an automorphism ¢ of the
Galois group of W (x) over Q such that o(a) = ot'¥) for some i > 2, and then taking absolute
values, we get that | fi (o)) ((alD)"=m —1)| = 3™ (at{))! =™ (3™=™ —1)]|. This cannot hold
true because in the left-hand side we have |f; (oc?)][(c(?)"~™ — 1| < 2, while in the right-hand
side we have [3"1]|(t())!="1|[3m=™ — 1| > 4. Thus, Az # 0. Then Theorem 1.1.8 gives

log |As| > —1.4x30°x 3%k (1 +1ogk) (1 +logn) (8.3 x 107 1og” k(1 +logn)?) (log2)(log3),
which together with (3.12) gives
(0.8n—5)log3 < 9.05 x 10°* k! log* k(1 +logn)?.
The above inequality leads to
n<6.2x10**k" log* klog*n,

which can be equivalently written as

ﬁ < 6.2x 103! log*k. (3.13)
ogn

We apply Lemma 1.5.1 with the data m := 3, x:=n, T :=6.2x 103*k!"log*k. Inequality
(3.13) yields
n<8x(6.2x10%k! " 10g*k)10g(6.2 x 103k 1og* k)?

< 4x 102k (1ogk)’.

We then record what we have proved so far as a lemma.

(3.14)
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3.4. Reduction of the bounds on n

Lemma 3.3.1. If (n,m,ny,my,k) is a solution in positive integers to equation (3.3) with (n,m) #
(n1,my), n>min{k+2,n; + 1}, ny > 2, m > my; > 1 and k > 4, we then have that n < 4 X
1042k (log k).

3.4. Reduction of the bounds on n

3.4.1. The cutoff k

We have from the above lemma that Baker’s method gives
n < 4x10%k'" (logk)’.
By imposing that the above amount is at most 2k/2 we get
4 x 102k (logk)? < 2K/2,

The inequality above holds for k£ > 600.

‘We now reduce the bounds and to do so we make use of Lemma 1.2.2 several times.

3.4.2. The Case of small k&
We now treat the cases when k € [4,600]. First, we consider equation (3.4) which is equivalent
to (3.3). For k € [4,600] and n € [3,600], consider the sets

K k)

Fog = {F,} — FE¥(mod 10%) : n e [3,600], n; € [2,n—1]}

and
D,y = {3"—3"(mod 10%) : m € [2,600], m € [I,m—1]}.

With the help of Mathematica, we intersected these two sets and found the only solutions listed
in Theorem 3.1.1.

Next, we note that for these values of k&, Lemma 3.3.1 gives us absolute upper bounds for 7.
However, these upper bounds are so large that we wish to reduce them to a range where the
solutions can be easily identified by a computer. To do this, we return to (3.8) and put

I':'=(n—1)loga —mlog3+log(fi(a)). (3.15)

For technical reasons we assume that min{n —n;,m —m; } > 20. In the case that this condition
fails, we consider one of the following inequalities instead:
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

(1) if n—ny <20 but m —m; > 20, we consider (3.9);
(i1) if n —ny > 20 but m — m; < 20, we consider (3.10);
(ii1) if n—ny <20 but m —m; < 20, we consider (3.12).

We start by considering (3.8). Note that I' # 0; thus we distinguish the following two cases. If
I >0, then ¢! — 1 > 0, then from (3.8) we get

0<T<el—1< max{a”1’”+6,3m"m+l} .
Next we suppose that I" < 0. Since A = |e! — 1| < %, we get that el < 2. Therefore,
0< I <ell—1=eMel—1] < 2max{a”17"+6,3m1’m+1} :
Therefeore, in any case, the following inequality holds
0< I < 2max{a”1—"+6,3ml—m“}. (3.16)

By replacing I' in the above inequality by its formula and dividing through by log3, we then
conclude that

o [loga\ - log(fi(@)) 6y o(nm) O A (mem)
0<‘(n 1)(10g3) m+ log3 <max{ (2a”)- o Tog3 3

Then, we apply Lemma 1.2.2 with the following data

loga log(fi(@)) 6 6
k € |4,600 = — = A, By) = (2 — 3.
S [ ) ], Tk 10g37 Hi log3 ) ( k> k) ( (04 ,OC) or 10g3,

Next, we put M := |4 x 10*2k'! (logk)” |, which is the absolute upper bound on n by Lemma
3.3.1. An intensive computer search in Mathematica, revealed that the maximum value of
[log(2a%q/¢€) /log o] is < 600 and the maximum value of |log((6/log3)q/€)/log3] is < 375.
Thus, either

log(2a°q/€) log((6/1log3)q/¢)

— ——= <600 — 375.
n—np < log < , orm—myg < log3 <

Therefore, we have that either n —ny < 600 or m —m; < 375.

Now, let us assume that n —n; < 600. In this case, we consider the inequality (3.9) and assume
that m —my > 20. Then we put

I :=(n —1)logo —mlog3+log((fi(a)(a" " —1)).

By similar arguments as in the previous step for proving (3.16), from (3.9) we get

()<|F}|<

3mfmﬂ
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3.4. Reduction of the bounds on n

and replacing I'; with its formula and dividing through by log3 gives

(”1 - 1) <loga) —m+ log(fk(axaninl — 1)> < 6 3—(m—m1).

0 .
< log3 log3 log3

(3.17)

As before, we keep the same 1, My, (Ag,By):=((6/1og3),3) and put

_ log(fi()(a' ~ 1))
log3

TR ., ke [4,600), €:=n—n; €[l1,600].

We apply Lemma 1.2.2 to the inequality (3.17) with the above data. A computer search in
Mathematica, revealed that the maximum value of |log(Ag/€)/log B| over the values of k €
[4,600] and ¢ € [1,600] is < 377. Hence, m —m; < 377.

Next, we assume that m —m;| < 375. Here, we consider the inequality (3.10) and also assume
that n —ny > 20. We put

I :=(n—1)loga —milog3+log (fi(a)/(3™" ™ —1)).

Thus, by the same arguments as before, we get

200

0< I < o

By substituting for I', with its formula and dividing through by log 3 in the above inequality, we
get

logot log (fi(e)/(3" ™™ =1))| _20°
0< —1 — < . 1)
’(n ) <log3 ) i+ log3 log3 «

As before, we apply Lemma 1.2.2 with the same 7, My, (A, By) := (2a®/log3, a) and put

. log (fi(er) /(3™ ™ —1))
ki log3

, ke[4,600], j:=m—m€][l,375].
A computer search with Mathematica, revealed that the maximum value of |log(Ag/€)/logB],
for k € [4,600] and j € [1,375] is < 603. Hence, n —n; < 603.

To conclude the above computations, first we got that either n —n; < 600 or m —m; < 375. If
n—ny <600, then m —my <377, and if m —m; < 375, then n —n; < 603. Therefore, we can
conclude that we always have

n—n; <603 andm—my <377.

Finally, we go to (3.12) and put

I'3:=(n;—1)loga —mjlog3+log (fk(oc)(a””' _ 1)) :

3m—m |
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

Since n > 600, from (3.12) we can conclude that

2.33
0< T3] < S

30.8n°
Hence, by substituting for I'3 by its formula and dividing through by log 3, we get
1 1 1) /(3™ — 1
(- 1) 0gaN 4 og (fi(a)(a )/( ) < 1308.3-081
log3 log3
We apply Lemma 1.2.2 with the same 7, My, (A,Bx):= (1328,3), k € [4,600], and put

log (fila)(a! —1)/(37 — 1))
Het = log3

0<

, l:'=n—n; €[1,603], j:=m—m; €[1,377].

A computer search in Mathematica, revealed that the maximum value of |log(1328¢/¢)/log3],
for k € [4,600], € [1,603] and j € [1,377] is < 378. Hence, n < 473, which contradicts the
assumption that n > 500 in the previous section.

3.4.3. The case of large k

We now assume that £k > 600. Note that for these values of k we have
n < 4x10%k!" (logk)’.
Since, n > k+ 2, we have that n > 602. The following lemma is useful.

Lemma 3.4.1. For1 <n< 2%/2 and k > 10, we have

(k) _ on-2 S
F,/ =2"""(1+&) where \C!<W

Proof. Whenn < k+ 1, we have Fn(k) = 2"=2 g0 we can take £ :=0.S0,assume k+2 <n< 2k/2,
It follows from (1.8) in [22] that

n— n— 2"
[fe(@)a ' =2 2|<W'

By (1.11), we also have Jalld —fk(oc)a"‘l‘ < 1/2. Thus,
B9 =272 < @ =2 B — flaya|
» 12 Loy (]
< Sty T an \ T ) S\ s

2125 _ (5 ) .o
ak/2 - \2k/2 ) '

N
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3.4. Reduction of the bounds on n

By the above lemma, we can rewrite (3.4) as

14— 2214 0) == max{ICL G < 52
So,
R T U (PR AR
< 2"—2(%) 2"1—2(1+%)+3"“. (3.18)

Next, we have

2 s W gl —am_am s amel g gne2y3m s 03,
Further,
333 — M _p0 > M _pW)
> FY) > o (1 = %)
> (i—;) (k> 10),
0 128 272 2
> > G5 (3.19)

Going back to (3.18), we have

5 1.25 3m 5 1 1
ma—(n—2) o
|3 2 1| < 2k/2 + on—ny + (2/3)3111 k)2 +1.5 (2n—n1 + 3m—m1) )

Thus,

1 1 1
mn—(n—2)
372 1| < 8max { S g 31 } . (3.20)

We now apply Theorem 1.1.8 on the left-hand side of (3.20) with the data
[:=3"2"0"2 1 t:=2,1:=3, m:=2, by :=m, by :=—(n—2).

It is clear that I" # 0, otherwise we would get 3" = 2"~2 which is a contradiction since 3" is odd
while 2”2 is even. We consider the field K := Q, in this case D := 1. Since i(1;) = h(3) =log3
and h(ny) = h(2) =log2, we can take A := log3 and A, :=log2. We also take B := n. Then,
by Theorem 1.1.8, the left-hand side of (3.20) is bounded below as

log || > —5.86 x 10%(1 +logn). (3.21)
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By comparing with (3.20), we get
min{(n—n; —3)log2, (m—m;—2)log3, (k/2—3)log2} < 5.86 x 10%(1+logn),
which implies that
min{(n—n;)log2, (m—mj)log3, (k/2)log2} < 5.88x 108(1+logn). (3.22)

Now the argument is split into four cases.

Case 3.4.1. min{(n—ny)log2, (m—mj)log3, (k/2)log2} = (k/2)log2.

In this case, we have
(k/2)log2 < 5.88 x 103(1+1logn),
which implies that

k < 1.70 x 10°(1 +logn).

Case 3.4.2. min{(n—nj)log2, (m—m)log3, (k/2)log2} = (n—n;)log2.

We rewrite (3.4) as

32T )| = 342" 2R
< 3mgn—2? <%> ,
which implies that
3mmr T — )T -1 < 20max{3m—£ml,#}. (3.23)

We now apply Matveev’s theorem, Theorem 1.1.8 on the left-hand side of (3.23) to

Iy :=3m2m=2)n=m _ )=l _q,
t:=3,n:=3M:=2,n3:=2""—1,by:=m, by :=—(n; —2), by :=—1.

Note that I'; # 0. Otherwise, 3" = 2""2 — 272 son; =2, and 2" 2 —3" = 1,50 n < 4 by
classical results on Catalan’s equation, which is a contradiction because n > k+2 > 602. We
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3.4. Reduction of the bounds on n

use the same values, A| :=1log3, A> :=1log?2, B :=n as in the previous step. In order to find Az,
note that

h(n3) =h(2"™ —1) < (n—n; +1)log2 < 5.90 x 108(1 +logn).
So, we take Az := 5.90 x 108(1 +1logn). By Theorem 1.1.8, we have
log|[y| > —6.43 x 10"(1 +logn)?.
By comparing with (3.23), we get
min{(m—m —3)log3, (k/2—5)log2} < 6.43 x 10'°(1 +logn)?,
which implies that
min{(m—mj)log3, (k/2)log2} < 6.44 x 10°(1 +logn)>.
At this step, we have that either
(m—my)log3 < 6.44 x 10"(1 +logn)?
or
k < 1.86 % 10%°(1 +logn)>.

Case 3.4.3. min{(n—n;)log2, (m—my)log3, (k/2)log2} = (m—m;)log3.

We rewrite (3.4) as

EMEm -1 =22 = 222144y

5 5
n—2 ny—2
< 2 (_/)+21 (1_|__/>’

which implies that

my (qm—m —(n— 1 1

We again apply Matveev’s theorem, Theorem 1.1.8 on the left-hand side of (3.23) which is

Iy :=3mp=(=2)@m=—m _qy_1,

t:=3,Mn:=31M:=2,n3:=3"""—=1), by :=my, by:=—(n—2), b3 := 1.
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

Note that I'; # 0. Otherwise, 3" — 3™ = 272 which is impossible since the left-hand side is
a multiple of 3 and the right—hand side isn’t. We use the same values, A| :=1log3, A, :=log2,
B :=n as in the previous steps. In order to determine A3, note that

h(n3) = h(3™™™ — 1) < (m—m; +1)log3 < 5.90 x 108(1 +logn).
So, we take A3 := 5.90 x 108(1 +1logn). By Theorem 1.1.8, we have the lower bound
log || > —6.43 x 101 (1 +1ogn)?.
By comparing with (3.24), we get
min{(n—n; —5)log3, (k/2—5)log2} < 6.43 x 10'°(1 +logn)?,
which implies that
min{(n—ny)log3, (k/2)log2} < 6.44 x 10'°(1 +logn)>.
As before, at this step we have that either
(n—ny)log3 < 6.44 x 10"(1 +logn)?

or
k < 1.86 x 10%°(1 +logn)>.

Therefore, in Case 3.4.1, Case 3.4.2, and Case 3.4.3, we got

min{(n —n;)log2, (m—mi)log3, (k/2)log2} < 5.88 x 10%(1+logn)

o . (329
max{(n—ny)log2, (m—mj)log3, (k/2)log2} < 6.44 x 107 (1+logn)~.

Case 3.4.4. (k/2)log2 > 6.44 x 10"(1 +1logn)?.

From the previous analysis, we conclude that one of (n —n;)log?2 and (m —m;)log3 is bounded
by 5.88 x 10%(1 +logn) and the other one by 6.44 x 10'°(1 +logn)?. We rewrite (3.4) as

) o B o 10
- 1) - - | =g 2 ) <22 ()

which implies that

e —1 20
—(m—2
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We apply Matveev’s Theorem to

B B 3m—m1_1
Iy :=3mp-(m=2) <—2nn1_1)_1’

with the data

3

ﬁ) , bri=my, by:=—(n1—2), by:=1.

r=:3, M =3, Mm:=2,1M3 ::<

Note that '3 # 0, otherwise, we get 2" — 3™ = 2"t — 3™ which is impossible by Lemma 3.2.1.

As before we take B :=n, A1 :=1log3, Ay :=log2. In oder to determine an acceptable value for
As, note that

h(n3) < R(B™T™ —1)4+h(Q2"™M —1) < (m—my +1)log3+4 (n—ny + 1)log2
< 2x6.46 x 10" (141ogn)* < 1.30 x 10%°(1 +logn)*.

Thus, we take A3 := 1.30 x 1020(1 +10gn)2. By Theorem 1.1.8, we have
log|T3| > —1.86 x 103! (1 +logn)>.
By comparing with (3.26), we get
(k/2—5)log2 < 1.86 x 103! (1 +logn)?,

which implies that
k < 5.42 % 10°1 (1 +1logn)?. (3.27)

Thus, inequality (3.27) holds in all four cases. Since n < 4 x 10%?k!! (logk)’, then

k< 5.42x 10°" (1+log (4 x 102 (logk)7)), (3.28)
which gives the absolute upper bounds

k < 8.631 x 10°° < 10*!

and
m<n<3.44x10°% < 1077,
We record what we have proved.
Lemma 3.4.2. We have
k<10 and  m<10°".
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3.4.4. The final reduction

The previous bounds are too large, so we need to reduce them by applying a Baker-Davenport
reduction procedure. First, we go to (3.20) and let

:=mlog3 — (n—2)log2.

Assume m —my > 1066, n —n; > 1690 and k > 600. Then, we note that (3.23) can be rewritten
as

|€Z _ 1| < max{znl—n+3’ 3m1—m+27 2—k/2+3}.
If z> 0, then ¢ — 1 > 0, so we obtain
0<z<e—1<max{2m "3, 3m-m2 p=k/2i3)
Suppose now that z < 0. Since I' = |e? — 1| < 1/2, we get that el?l < 2. Thus,
0< |z < el —1=ell|er —1| < 2max{2m—"+3 3m=—m+2 p=k/243}
Therefore, in any case we have that the inequality
0 < |z| < 2max{2m "3 3m—mi2  o=k/2+3) (3.29)

always holds. By replacing z in the above inequality by its formula and dividing through by
mlog?2, we get that

log3 n 24 26 24
< log2 n_q‘ < max { Qn—nip’ 3m—mipy’ 2k/2m} : (3.30)
Then
24 26 24 1
T 2w 3mmigy 2k/2m < 2m?’

because m < 10°°7. By the Legendre criterion Lemma 1.2.1, it follows that n/m is a convergent
of log3/log2. So n/m is of the form p;/q, for some [ =0,1,2,...,972. Then n/m = py/qy
implies that m = dgy for some d > 1. Thus,
1
(@r+1+2)qrqe+1

24 26 24

10g3 P < max
2n-mdg,’ 3mmdqy’ 2%2dgy )

log?2 _a

Since max{a; 1 :1=0,1,2,...,972] = 3308, we get that

min{2" " 3" 2K/2) < 26.3310g973.
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With the help of Mathematica, we have gg73 ~ 1.6834 x 10°97. We then conclude that one of the
following inequalities holds:

n—n; <1690,  m—my <1066, k< 3380.

Suppose first that m —m; > 10 and k > 20, we go back to (3.23) and let
z1 :=mlog3 — (n; —2)log2 —log(2" " —1). (3.31)
Then we note that (3.23) can be rewritten as
|9 — 1| < max{3™ "3 27k/245)
This implies that
0 < |z1| < 2max{3™m "3 27k/2H5Y

This also holds when m —m; < 10 and k£ < 20. By substituting for z; and dividing through by
log2, we get

log3 log(1/(2"™ —1)) —(m— k)2
0< 27 ) _(n =2 < 98.3~(m=mi) g4q.9=k/2}
‘m <10g2> (m=2)+ log2 max{ ’ ;

We put

. log3 _log(1/(2" ™ —1))
" log2’ o log2

, (A,B):=(78,3) or (94,2),

where n —n; € [1,1690]. We take M := 10°7. A computer search in Mathematica reveals that
q = qo77 ~ 5.708 x 10°1 > 6M and the minimum positive value of & := ||ug|| — M||zq|| >
0.0186. Thus, Lemma 1.2.2 tells us that either m —m; < 1078 or k < 3418.

Next, we suppose that n —n; > 10, k > 20 and go to (3.24) and let
72 :=mylog3 — (n—2)log2+log(3™ " —1). (3.32)
Then we also note that (3.24) can be rewritten as
|62 — 1| < max{2" "5, 27K/2+3)
This gives
0 < |z2] < 2max{2m "5, 27k/2H5Y,

This also holds for n —n; < 10 and k£ < 20 as well. By substituting for z, and dividing through
by log2, we get

log3 log(3™"™ —1) —(n— —k
0< =) —(n—2 < max{94-2-(1=m) " 94.27k/2},
‘ml <10g2) (n—2)+ log2 max{ : }
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3. On the problem of Pillai with k—generalized Fibonacci numbers and powers of 3

We put

. log3 . log(3™~™ —1)

= : A,B) = (94,2
T L (4,8) 1= (94.2)

Y

where m —m; € [1,1066]. We keep the same M and ¢ as in the previous step. A computer search
in Mathematica reveals that the minimum positive value of € := ||ug|| — M||tg|| > 0.0372. Thus,
Lemma 1.2.2 tells us that either n —ny < 1708 or k < 3416.

Lastly, we assume that k > 20 and go to (3.26) and let
z3:=mylog3 —(n; —2)log2 —log((3"™ —1)/(2" ™ —1)). (3.33)
We note that (3.26) can be rewritten as

|623 _ 1| < 7 —k/2+5

This gives

0 < |z3] < 27K/2+6,

which also holds when k < 20. By substituting for z3 and dividing through by log2, we get

log3 log((3"™™ —1)/(2" ™™ 1)) /2
— | —(m -2 4.27"°,
" (logZ) (m=2)+ log2 <9

0<

We put

g3 log((3"M - 1)/ — 1))

- : A.B):= (94,2
log2’ H log2 ’ (4,B) :=(94,2),

where n—n; € [1,1708] and m —m € [1,1074]. We keep the same M and g as before. A computer
search in Mathematica, reveals that the minimum positive value of € := ||uq|| — M||zq|| >
0.00058. Thus, Lemma 1.2.2 tells us that k < 3428.

Therefore, in all cases we found out that k < 3428 which gives that n < 7.2741 x 1087 < 10%.
These bounds are still too large. We repeat the above procedure several times by adjusting the
values of M with respect to the new bounds of n. We summarise the data for the iterations
performed in Table 3.1.

M n—-m<|\m-m<| k<
1] 1097 | 1708 1074 | 3428
2| 1088 319 197 662
3| 1080 287 180 590
41 107 282 180 584
5] 107 282 180 584

Table 3.1.: Computation results
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3.4. Reduction of the bounds on n

From the data displayed in the above table, it is evident that after four times of the iteration,
the upper bound on k stabilizes at 584. Hence, k < 600 which contradicts our assumption
that k£ > 600. Therefore, we have no further solutions to the Diophantine equation (3.3) with
k > 600.
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4. On the z—coordinates of Pell
equations which are k—generalized
Fibonacci numbers

The presentation in this chapter is a slightly modified version of the paper [6] with the title On the
x—coordinates of Pell equations which are k—generalized Fibonacci numbers. This is joint work
with Florian Luca. The article has been published in Journal of Number Theory in February,
2020.

Abstract: In this paper, for an integer d > 2 which is square free, we show that there is at most
one value of the positive integer x participating in the Pell equation x*> — dy> = %1, which is a
k—generalized Fibonacci number, with a few exceptions that we completely characterize. This
paper extends previous work from [47] for the case kK = 2 and [49] for the case k = 3.

Keywords: Pell equation; generalized Fibonacci sequence; linear form in logarithms; reduction
method.

2010 Mathematics Subject Classification: 11A25, 11B39, 11J86.

4.1. Introduction

Recently, Luca and Togbé [47] considered the Diophantine equation
X, = Fy, 4.1

where {F;, } m>0 is the sequence of Fibonacci numbers. They proved that equation (4.1) has at
most one solution (n,m) in positive integers except for d = 2, in which case equation (4.1) has
the three solutions (n,m) = (1,1),(1,2),(2,4).

Luca, Montejano, Szalay, and Togbé [49] considered the Diophantine equation
Xn = T, 4.2)

where {T,, } >0 is the sequence of Tribonacci numbers. They proved that equation (4.2) has at
most one solution (n,m) in positive integers for all d except for d = 2 when equation (4.2) has
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

the three solutions (n,m) = (1,1),(1,2),(3,5) and when d = 3 case in which equation (4.2) has
the two solutions (n,m) = (1,3),(2,5).

The purpose of this paper is to generalize the previous results. Let k > 2 be an integer. We
consider a generalization of Fibonacci sequence called the k—generalized Fibonacci sequence

{ank)}mzz_k defined in Section 1.3.

4.2. Main Result

In this paper, we show that there is at most one value of the positive integer x participating in
(1.17) which is a k—generalized Fibonacci number, with a couple of parametric exceptions that
we completely characterize. This can be interpreted as solving the system of equations

Xy =F . xpy =F, 4.3)

with 7 > n; > 1, my > m; > 2 and k > 2. The fact that F\*) = F{¥

that m > 2. That is, if Fn(qk) = 1 for some positive integer m, then we will assume that m = 2.
As we already mentioned, the cases k = 2 and k = 3 have been solved completely by Luca and
Togbé [47] and Luca, Montejano, Szalay, and Togbé [49], respectively. So, we focus on the case
k> 4.

=1, allows us to assume

We put € := x? — dy?. Note that dy? = x} — €, so the pair (x1, &) determines d and y;. Our main
result is the following:

Theorem 4.2.1. Let k > 4 be a fixed integer. Let d > 2 be a square-free integer. Assume that

X =EY, and x,,=F} (4.4)

for positive integers my > my > 2 and np > ny > 1, where x, is the x—coordinate of the nth
solution of the Pell equation (1.17). Then, either:

(i) np=1,np=2,m = (k+3)/2, my=k+2ande=1; or
(i) mp=1,nm=3, k=3x2""43a—-5 m =3x2%+a—1, my =9 x2%+3a—35 for
some positive integer a and € = 1.

4.3. Preliminary Results

The following variation of a result of Luca [46] is useful. Let P(m) denote the largest prime
factor of the positive integer m.

Lemma 4.3.1. If P(x,) <5, then either n =1, or n =2 and x; € {3,9,243}.
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4.4. A small linear form in logarithms

Proof. In [46] it was shown that if € = 1 and P(x,) <5, then n = 1. We give here a proof for both
cases € € {£1}. Since x,, = y2,/yn, where y,, = (0" — 6™) /(8 — ©), it follows, by Carmichael’s
Primitive Divisor Theorem [24], that if n > 7, then x,, has a prime factor which is primitive for
y2n. In particular, this prime is > 2n— 1 > 5. Thus, n < 6. Assume next that n > 1. If n € {3,6},
then x, is of the form x(4x*> & 3), where x = x; with £ = n/3 € {1,2}. The factor 4x*> &3 is
larger than 1 (since x;,, > xy) odd (hence, coprime to 2), not a multiple of 9, and coprime to 5

+3
since <?) — —1. Thus, the only possibility is 4x> 43 = 3, equation which does not have a

positive integer solution x. If n € {2,4}, then x,, = 2x*> £+ 1, where x = x; and £/ = n/2 € {1,2}.
Further, if £ = 2 only the case with the —1 on the right is possible. The expression 2x> — 1 is odd,

2 2
and coprime to both 3 and 5 since (§> = (§> = —1, so the case x,, = Zx% — 1 is not possible.

Finally, if x,, = 2x§ +1, then n =2, ¢ = 1. Further, 2x* + 1 is coprime to 2 and 5 so we must
have 2x? 4 1 = 3" for some exponent b. Thus, x*> = (3” — 1) /(3 — 1), and the only solutions are
b € {1,2,5} by aresult of Ljunggren [45]. O

Since none of 3, 9, 243 are of the form Fnsk) for any m > 1, k > 4, for our practical purpose we

will use the implication that if x, = ank) and P(x,) <5,thenn=1.

4.4. A small linear form in logarithms

We assume that (x1,y;) is the fundamental solution of the Pell equation (1.17). As in Section
1.3, we set
Xt —dy? =: €, g€ {1},

and put
0 :=1x —i—\/gy] and O :=Xx|— \/3y1 =eé .
From (1.18) (or (1.19)), we get

Xp = % (8" +0"). (4.5)

Since 6 > 1+ V2>2> o, it follows that the estimate

n

e <x,< 0" holdsforall n>1. (4.6)

We now assume, as in the hypothesis of Theorem 4.2.1, that (ny,m;) and (ny,my) are pairs of
positive integers with ny < np, 2 < m; < mp and

k k
Xn = F,,(”) and Xny = F,S,z).
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By setting (n,m) = (n;,m;j) for j € {1,2} and using the inequalities (1.13) and (4.6), we get
that

n

a2 <FP —x <8  and ST FR < gm1. 4.7)
Hence,
ncilogd <m+1<ncylogéd + 3, c1:=1/loga. (4.8)
Next, by using (1.10) and (4.5), we get

1
5 (8" 40" = filo)o™ "+ (Fy) = fil@)a™ ),
SO
_o" . (F,,(,k) —fk(oc)oc’"‘l)
2fi(a)om—1 fr(a)am=1
Hence, by using (1.11) and Lemma 1.3.1(i), we have

§"(2fi()) oV — 1=

_ _ 1 1 1.5
8 @A) Ta Y | < < 2 “9)
In the above, we have used the facts that 1/ (o) < 2, FY — fil)a™ 1 <1/2,|c| =871, as

well as the fact that 6 > 2. We let A be the expression inside the absolute value of the left—hand
side above. We put

I':=nlogd —log(2fi(ct)) — (m—1)loga. (4.10)
Note that e — 1 = A. Inequality (4.9) implies that
3

T < 4.11)

Indeed, for m > 3, we have that O}Til < %, and then inequality (4.11) follows from (4.9) via the
fact that

b — 1] <x  implies T < 2x, whenever  x € (0,1/2), (4.12)

m

with x := al'fl.Whenm:Z wehavexn:F,,(f) =1,son=1,e=1,8 =1++/2, and then

IT| = |log(14v/2) —log(2fi(@)ax)| < max{log(1+v2),log(2fi(a)a)} < log3 < %,

where we used the fact that 1 < 2f;(a)a < 3 (see Lemma 1.3.1 (i)). Hence, inequality (4.10)
holds for all pairs (1,m) with x, = Fp with m > 2.

Let us recall what we have proved, since this will be important later-on.

Lemma 4.4.1. If (n,m) are positive integers with m > 2 such that x,, = ank), then with 6 =
X1+ /x% — &, we have
Inlogé —log(2fi(cx)) — (m—1)loga| < . (4.13)

am—l
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4.5. Bounding n in terms of m and k&

We next apply Theorem 1.1.8 on the left-hand side of (4.9). First we need to check that
A=8"2fi(a) o —1

is nonzero. Well, if it were, then 8" = 2fi(o) o !. So, 2fi () = 8"~ "~V is a unit. To see
that this is not so, we perform a norm calculation of the element 2f; () in L := Q(o). For
i €{2,...,k}, we have that |o (i)| < 1, so that, by the absolute value inequality, we have

2)al) —1 4 4 4
| | < - for k>6.

(i)
‘ka<06 )’ |2+(k+1)( )| = (k+1)(2—|a(l)|)—2 < k—1—35

Thus, for k > 6, using also Lemma 1.3.1 (1), we get

k—1 5
2 f )] < 2l \H\sz 3(‘5‘) g%(‘g‘) 1

This is for k > 6. For k =4, 5 one checks that |47, (2fk(e)| < 1 as well. In fact, the norm of
2fi () has been computed (for all k > 2) in [31], and the formula is

2K(k—1)?
|‘/V]L/Q(2fk(a>)| - 2Tk — (k4 1)k

One can check directly that the above number is always smaller than 1 for all k > 2 (in particular,
for k =4,5). Thus, A # 0, and we can apply Theorem 1.1.8. We take

l‘:3, n1:6, n2:2fk(06), m=a, b1:n7 l’)z:—l, b3:—(m—1).

We take K = Q(+/d, ) which has degree D < 2k. Since § > 1 ++/2 > «, the second inequality
in (4.7) tells us right-away that n < m, so we can take B := m. We have h(n;) = (1/2)log é and
h(n3) = (1/k)log a. Further,

h(ny) =h(2fi(a)) <h(2)+h(fi(a)) <3logk+log2 < 4logk (4.14)

by Lemma 1.3.1 (ii). So, we cantake A; := klog 8, A, := 8klogk and A3 :=21log 2. Now Theorem
1.1.8 tells us that

log|A] > —1.4x30%x 3% % (2k)2(1 +log2k)(1 +logm)(klog 8)(8klogk)(21og2),
> —1.6 x 108k*(logk)*10g(8) (1 +logm).

In the above, we used the fact that k£ > 4, therefore 2k < K3/ 2 50

1 +1log(2k) <1+ 1.5logk < 2.5logk.
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By comparing the above inequality with inequality (4.9), we get
(m—1)loga —log3 < 1.6 x 1013k* (logk)?(log §) (1 + logm).

Thus,
(m+1)loga < 1.7 x 1083k*(logk)?(log §) (1 + logm).

Since ! > 8" by the second inequality in (4.7), we get that
n < 1.7x 108k* (logk)? (1 +logm). (4.15)
Furthermore, since o¢ > 1.927, we get
m < 2.6 x 1013k* (logk)?(log 8)(1 + logm). (4.16)
We now record what we have proved so far, which are estimates (4.15) and (4.16).
Lemma 4.5.1. If x, = F.X) and m > 2, then

n < 1.7x 108k* (logk)?(1 +logm) and m < 2.6 x 103k*(logk)?(log §)(1 + logm).

Note that in the above bound, n is bounded only in terms of m and k (but not J).

4.6. Bounding m,, ny, ms, ny in terms of k

Next, we write down inequalities (4.13) for both pairs (n,m) = (n;,m;) with j = 1,2, multiply
the one for j = 1 with n, and the one with j = 2 with n;, subtract them and apply the triangle
inequality to the result to get that

|(np —ny)log(2fi(e)) — (nymy —nymy +ny — ny)log |
na|nylogd —log(2fi(a)) — (m; — 1)log c|
ni|nalogé —log(2fi(a)) — (mz — 1)log |
31’12 3111 6n2
< .
aml—l amz—l aml—l

IN -+ IN

Therefore, we have

6n,
aml -1

’(I’lz — I’ll)lOg(2fk(OC)) — (l’lﬂ’l’lz —nomy +npy — l’ll) lOg(X‘ < “4.17)

We are now set to apply Theorem 1.1.9 with

m=2fi(a), m=ca, by=ny—ny, by=—(nimy—nymi+ny—ny).
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4.6. Bounding my, n1, ma, ng interms of k

The fact that 17, and 7, are multiplicatively independent follows because « is a unit and 2 fi (o)
isn’t by a previous argument. Next, we observe that n, —nj < ny, while by the absolute value of
the inequality in (4.17), we have

log(2fi (o 6n
\nymy —npmy +ny —ny| < (np—ny) g2fi(@)) 712 < 6ny.
loga a™~loga
In the above, we used that
log(2 log(1.
o2file) _log(1S) °© s
loga loga a™~loga
because & > oy > 1.92 and m; > 2. We take K := Q(or) which has degree D = k. So, we can
take | .
log B; = 4logk > max {h(m), | 0:‘;’{771 | , %}
(see inequality (4.14)), and
1 I 1
logB, = £ = max {h(nz), &knﬂ, E} .
Thus,
— — +n—m | 61,
p = mom) | fmma = nam < <13m.
k< (1/k) 4klogk "t Gogk <

Now Theorem 1.1.9 tells us that with
I':= (n —m)log(2fi(a)) — (nima — naymy +ny —ny) log @,
we have
log|[| > —24.34 x k* (max {log(1.3n2) +0.14, %, %})2 (4logk) (%) .
Thus,

21 1\?
log || > —97.4k> logk (max {log(l.Snz), = 5}) ,
where we used the fact that log(1.3n5) +0.14 = log(1.3 x €*#n,) < log(1.5n;). By combining
the above inequality with (4.17), we get

21 1)°
(my —1)log o — log(6ny) < 97.4k>logk (max {log(l.Snz), = 5}) . (4.18)

Since log(1.5n;) > log3 > 1.098, the maximum in the right-hand side above cannot be 1/2. If
it is not log(1.5n;), we then get

21

1.098 < log(1.5n;) < - <5.25, so k<19 and np, <127. (4.19)
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

Then, the above inequality (4.18) gives

(mi+1loga < 97.4x21%klogk+log(6 x 127) +2log
< 4.3 x10°klogk. (4.20)

Since a > 1.927, we get that
mi+1<6.6x10°klogk. 4.21)

Further, we have

(™Y > BEY™ = 2F + 1) = (26, +1)"

— (5’11 + (1 _|_6n1))n2 > §mne — (5712)"1

= (2x,, —0")" > 2xp, — 1 > xp, = F,,(j;) > ™2

SO
my < 1+ny(my +1) < 8.4 x 10"klogk. (4.22)

Since n; < ny, inequalities (4.19), (4.21) and (4.22) bound m,ny,my,n; in terms of k when the
maximum in the right-hand side of (4.18) is 21 /k.

Assume next that the maximum in the right-hand side of (4.18) is log(1.5n). Then

(mi+1)loga < 97.4k>logk(log(1.5n;))? + 2log a + log(6n)
< 97.4k%(logk)(log 1.5+ logny )? +log(24n;)
< 97.5 x2.56k*(logk)(logn;)* + 6logn,
< 249.6k%(logk)(logny)? 4 6logn,
6
< 249.6k(logk)(logny)? (1 + 51960 (fogh) (1ogn2))
< 2.5x10%3(logk)(logny)>. (4.23)

For the above inequality, we used that 2log @ + log(6n,) < log(24n;) < 6logn, (since ny > 2
and o < 2), the fact that log(1.5n,) < 1.61logn; holds for n, > 2 and the fact that

6

I <1.0004  holdsfor k>4 and ny>2.
+249.6k3(10gk)(10gn2) oldsfor k>4 and ny>

In turn, since o > oy > 1.927, (4.23) yields
my < 4 x 10%k> (logk)(logny ). (4.24)
Since o™ *! > §™ > § (see the second relation in (4.9)), we get

log < nilogd < (my+1)loga < 2.5 x 104> (logk) (logny ). (4.25)
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4.6. Bounding my, n1, ma, ng interms of k

By combining the above inequality with Lemma 4.5.1 for (n,m) := (ny,my) together with the
fact that ny < my, we get

my < 2.6x10%k*(logk)?(log 8)(1+logmy)
< 2.6 x108k*(logk)?(2.5 x 10%k3(logk) ) (logmy )?(1.921ogm;)
< 1.25x 10"k (logk)? (logmy)>. (4.26)

In the above, we used that 1 4 logmy < 1.921ogm, holds for all my > 3. We now apply Lemma
1.5.1 with m := 3 and T := 1.25 x 10'°k” (logk)? (which satisfies the hypothesis T > (4 -m?)™),
to get

8 x 1.25 x 10'%” (logk)* (log T')?

107" (logk)®(71ogk + 3loglogk +log(1.25 x 10'©))3

107 x (4.1 x 10°)k” (logk)®

4.1 x 10%2k” (logk)°®. (4.27)

NN NN

In the above calculation, we used that

<7logk+3loglogk+log

1016 3
ook ( )) <4.1x10° forall k> 4.
og

By substituting the upper bound (4.27) for m; in the first inequality of Lemma 4.5.1, we get

ny < 1.7x108%k*(logk)?(1+logm,)
< 1.7x1083k*(logk)?(1 +log(4.1 x 10%2) 4+ Tlogk + 6loglogk)
< 1.7 x 10" x 48k*(logk)?
< 8.2x10"k*(logk)?, (4.28)

where we used the fact that

7logk +6loglogk +log(4.1 x 10%2) 4-1
logk

<48 forall k>4.

Finally, if we substitute the upper bound (4.28) for n; into the inequality (4.23), we get

(m+1)loga < 2.5x 10%3(logk)(logn,)?
< 2.5%x10%3 (logk)(1 +log(4 x 10'®) +4logk + 3loglogk)?
< 2.5%10%(9.2 x 102k (logk)?
< 23x10°K(logk)?. (4.29)

In the above, we used that

(4logk+3loglogk+log(3.4 x 1010) 4-1

2
) <9.2x10? forall k>4,
logk
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

Thus, using o > 1.927, we get
my < 3.6 x 10°k> (logk)?. (4.30)

Thus, inequalities (4.27), (4.28), (4.30) give upper bounds for my, ny and my, respectively, in the
case in which the maximum in the right-hand side of inequality (4.18) is log(1.5n;). Comparing
inequalities (4.27) with (4.22), (4.28) with (4.19), and (4.29) with (4.21), respectively, we
conclude that (4.27), (4.28) and (4.30) always hold. Let us summarise what we have proved
again, which are the bounds (4.27), (4.28) and (4.30).

Lemma 4.6.1. If x,, = Fn(g) for j€{1,2} with2 <mj < my, and n; < ny, then

my < 3.6 x 10°k3 (logk)?,  my < 4.1 x 10k’ (logk)®, na < 8.2 x 10Mk*(logk)?.

Since n; < my, the above lemma gives bounds for all of m,n;,m;,n, in terms of k only.

4.7. The case k > 500

Lemma 4.7.1. If k > 500, then
8m3 < 2k, (4.31)

Proof. In light of the upper bound given by Lemma 4.6.1 on m;, this is implied by
4.1 x 102k (logk)® < 2K/371

which indeed holds for all k£ > 462 as confirmed by Mathematica. 0

From now on, we assume that £ > 500. Thus, (4.31) holds. The main result of this section is the
following.

Lemma 4.7.2. If k > 500, then my < k+ 1. In particular, x,, = Fn(ff) =2M=2 andn; = 1.

For the proof, we go to Lemma 1.3.3 and write for m := m; with j = 1,2 the following approxi-
mations

k —
R\ =2"2(14 ¢, =22 (1 +0m (zk—j) + Vm> ) (432)

where 8, € {0,1} and

2 3
m m 4dm 1 1 1 1 1
|Gl = k1 T %k T 3k < 53 (§ T T 24+4k/3> < 53 (4.33)

ooomt o 4w’ 1 (1 1 1
Yl < 22k+2+23k+3<24k/3 22+22k/3+4 < Sa3
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4.7. The case k > 500

where we used that m < 2k/3-1 (see (4.31)) and k > 4. We then write

B — x| =0
from where we deduce
2" 14&,) - 8" = %. (4.34)
Thus,
28 = G2,
SO
11— §"2 | = Sign T Ionl < 5 : w535 S S AT (4.35)

In the above, we used that §” > § > 1 4+ /2 > 2. The right-hand side above is < 1 /2, s0 we
may pass to logarithmic form as in (4.12) to get that

|nlogd — (m—1)log2| < (4.36)

omin{2k/3—2,m—2}"
We write the above inequality for (ny,m;) and (ny,my) cross-multiply the one for (n1,m;) by ny
and the one for (np,my) by n; and subtract them to get

no n
|(n1(m2 —1) —na(mi —1))log?2| < Smin{2k/3 2m 2} | pmin{2k/3 2umy 2}

Assume ny(my — 1) # ny(m; — 1). Then the left-hand side above is > log2 > 1/2. In particular,

either
omin{2k/3-2m=2} - gp op omin{2k/3-2m—2} g

The first one is weaker than the second one and is implied by the second one, so the first one
must hold. If the minimum is 2k/3 — 2, we then get

22K/3-2 < g < 2k/3+17
because n, < m, < 2K/3-1 g0 2k/3—2<k/3+1, or k <9, a contradiction. Thus,
2M172 < 4]’12 < 2k/3+1’

getting
my <k/3+3<k+2.

Thus, by Example 1.3.1 (i), we get that x,,, = F,,(jf) = 2™~2_which by Lemma 4.3.1, implies that
ny = 1.

So, we got the following partial result.

Lemma 4.7.3. For k > 500, either ny = 1 and my < k/3+3, orny/ny = (m;—1)/(my —1).
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

To finish the proof of Lemma 4.7.2, assume for a contradiction that m; > k+?2. Lemma 4.7.3
shows that ny /ny = (m; — 1) /(mp — 1). Further, in (4.32), we have 6,,, = 6,, = 1. Thus, we can
rewrite equation (4.34) using ¥, for both m € {m,my}. We get

P <1+kzk+1 +ym) — 8" = %,
SO
om! (1+ "2,;’1") -8 < o +2" I,
therefore
‘(szkj) ~ 82 < S+l

Now 8" > o~ by the first inequality in (4.7). Thus,

2m—16n > 2m—1am—2 > 2m—120.9(m—2) > 21.9m—3 > 21.9k > 24k/3
where we used the fact that m > k+2 and that & > oty = 1.9275... > 2%9_ Since also || < 24+/3
we get that
k—m o~
‘<1+ 2,(“)—6 2~ (m=1)

The expression 1+ (k —m) /2! isin [1/2,2]. Thus,

2
< 24k/3"

(1_5" “n=D (] 4 (k—m) /25y ]<24k/3

The right-hand side is < 1/2 for all k > 4. We pass to logarithms via implication (4.12) getting
that

k—m 8
nlogd — (m—1)log2 —log (1+ TEs] )' < I

We evaluate the above in (n,m) := (nj,m;) for j = 1,2. We multiply the expression for j = 1
with ny, the one with j = 2 with ny, subtract them and use ny(m; — 1) = ny(my — 1), to get

k—my k —my 16n;
l’lllOg (1—|— e )— <1+ Kt )‘<W (437)

One checks that in our range we have

16n, < 2K/4, (4.38)
By Lemma 4.6.1, this is fulfilled if

16 x 8.2 x 10"k (logk)? < 2¢/4,
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4.8. The case my > 376

and Mathematica checks that this is so for all k > 346. Thus, inequality (4.37) implies

on (12 k=m2 | k=m 2k/4 1
mlog \ L+ —pgr |~ (M e )| < qas < Sz

Using the fact that the inequality

|log(1 +x) —x| < 2x*> holds for |x| < 1/2,

with x;j := (k—m;)/2*! for j = 1,2, and noting that 2x; < 2m3/2**2 holds for both j = 1,2,
we get

4n2m% 1

22k+2 213k/12 ’

I’ll(k—mz) I’lz(k—ml)
k+1 ok+l

In the right-hand side, we have

4n2m% 22+(k/4—4)+2(k/3—1) 1
22k+2 22k+2 ~ DI3k/12%5
Hence,
n(k—my) np(k—m) - 2
2k+1 2k+1 2 13k/12°
which implies
4
|n1(k—m2) —I’lz(k—ml)l < W

Since k > 500, the right-hand side is smaller than 1. Since the left-hand side is an integer, it
must be the zero integer. Thus,

nl/l’lz = (k—ml)/(k—mz).

Since also ny /n, = (my —1)/(my — 1), we get that (my —1)/(my — 1) = (my; —k)/(my — k), or
(my—1)/(my—k)=(mp—1)/(my—k). This gives 1 + (k—1)/(m; —k) =1+ (k—1)/(mp — k),
So m| = my, a contradiction.

Thus, m; < k+1. By Example 1.3.1 (i), we get that x,,, = 2" ~2, which by Lemma 4.3.1 implies
ghat ny = 1. This finished the proof of Lemma 4.7.2.

4.8. The case m; > 376

Since k > 500, we know, by Lemma 4.7.2, that m; < k+ 1 and n; = 1. In this section, we prove
that if also m; > 376, then the only solutions are the ones shown at (i) and (ii) of the Theorem
4.2.1. This finishes the proof of Theorem 4.2.1 in the case k > 500 and m > 376. The remaining
cases are handled computationally in the next section.
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

4.8.1. A lower bound for m in terms of m»

The main goal of this subsection is to prove the following result.

Lemma 4.8.1. Assume that my > 376. Then 2™ ¢ > max{k*, n3}.

Proof. Assume m; > 376. We evaluate (4.35) in (n,m) := (np,my). Further, by Lemma 4.3.1,
Xn, i not a power of 2, so my > k+ 2, therefore min{2k/3 —2,my —2} = 2k/3 — 2, getting

We write a lower bound for the left-hand side using Theorem 1.1.9. Let
A :=nylogd — (mp —1)log?2. (4.40)

‘We have
m=0, Mm=2, by=m, b=—(m—1).

We have K := Q(98) has D = 2. Further, 2(1;) = (log §)/2 and h(1,) = log2. Thus, we can take
logB; = (log8)/2,logB; = log2,

por2_ml L, 1 <2
= m my.
2log2 = logo >\ 210g2 log(1++/2) ?

Further, Theorem 1.1.9 is applicable since n;, 7 are real positive and multiplicatively inde-
pendent (this last condition follows because d is a unit and 2 isn’t). Theorem 1.1.9 shows
that

log|A| > —24.34-2*E?(log § /2)log2 > —1951log2(log §)E?, E := max{log(3m;),10.5}2,

where we used log(3m;) > 0.14 +1log(2my) > 0.14+1ogb’. Thus,

|A| > 2 195(log8)E?. (4.41)
Comparing (4.39) and (4.41), we get
195(log 8)E? > 2k/3 —2. (4.42)
Since
2m=l — 9y, :5+§ > g,

we get & < 2™, sologd < mjlog2. Thus,

(mylog2)(195E?%) > 2k/3 —2.
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Now let us assume that in fact the inequality 21 ~° < max{k*, n%} holds. Assume first that the
above maximum is n3. Then m; log2 < log(2°r3). We thus get that

2k/3 —2 < 195log(64n3)E>.

Since by Lemma 4.6.1, 64n3 < 64 x 8.22 x 10?8k (logk)®, and 3my < 12.3 x 10?2k’ (logk)>, we
get that

2k/3 —2 < 195log(64 x 8.22 x 10%8k3(logk)®) max{10.5,1log(12.3 x 10%2k” (logk)°)}?,
which gives k < 4 x 10°. Thus,
ny < 8.2 x 10Mk*(logk)® < 5 x 10%,

and since
2M=6 < 2 < (5% 10%)2,

we get m; < 6+2(log5 x 10%)/(log2) < 377, contradicting the fact that m; > 376. This was
in the case ny > k. But if ny < k2, then max{n%,k“} = k* and the same argument gives us an
even smaller bound on k; hence, on m;. This contradiction finishes the proof of this lemma. []

4.8.2. We have my —1 =ng(m;—1)

The aim of this subsection is to prove the following result.

Lemma 4.8.2. Ifk > 500 and m; > 376, then ny(m; — 1) =my — 1.
For the proof, we write
2x) = 5+§ —2F0) = gm-1,
2x,, = 8™ + <§)n2 — 25,

Thus,

[n2/2] ;

(k) _ np (M2 —L\  Nin(m—1)(ny—2i)
2F, ZZ(,) n2_i( ; )( €)"2
[n2/2] ;

(mi1—1)ny ny (m—i)y /o € l

2 <1+ ; nz—i( i )( 22(m11))>'
Note that
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

Thus,

< <—”2 ))i. (4.43)

22(m171

25 () Can)

Since m; > 376, we have 26 > n% by Lemma 4.8.1. In this case, (4.43) tells us that

np ny —1i & i 1 1 ; 1 1
n2_i( i > <_22(m1*1)> < 21.5mi (20.5m1—2> < S 15mi (5) . (4.44)

Combining (4.44) with (4.33),

[n2/2] : '
_ (mi—1)my ny ny—1 B € t
2xn2 2 <1+ l_Zl nz—i( i ) ( 22(m1—1)> )

20m=Nm (1 ¢t
2R = oml(14¢,),

i=1 ny—1i <n2_l> <_%)i'

where

/2]
Z

Since 2x,, = 2F,,(£), we then have

=1z gt < oDy | ol |
If (my — 1)ny # my — 1, then putting R := max{20"1 =D 2m=11 the left—hand side above is
> R/2, while the right-side above is < R/2, since

11 , 1 /1 1 1
|Cm2’ < W < Z and ’an‘ < l>Zl 3 1.5myi (E) 21 5m1 ; 2_ 21 5m1 Z

This contradiction shows that my — 1 = ny(m; — 1), which finishes the proof of Lemma 4.8.2.

4.8.3. The case ny =2

By Lemma 4.8.2, we get my = 2m; — 1. Since m; < k+ 1, we get that my < 2k+ 1. Also,
my > k+ 2. By Example 1.3.1 (ii), we have

Fn({;) = 2m272 . (mZ o k)2m27k73 =Xy = 2)6% —_e= 2<2m172>2 _ e

We thus get
22]’"173 _ (2m1 —k 1)221’]’!1 —k—4 221’]’!1 -3 _e.

We get that the € = 1, and further (2m; —k — 1)22"M k=% — 1 so m| = (k+3)/2. This gives the
parametric family (i) from Theorem 4.2.1.
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4.8. The case my > 376

4.8.4. The case ny =3

By Lemma 4.8.2, we get my = 3(m; — 1)+ 1 =3m; — 2. Since m; < k+ 1, we get that my =
3m; —2 < 3k+ 1. Further, my > k+2. If my € [k+2,2k+ 2], then, by Example 1.3.1 (ii), we
have

FO = 0m2 (g, — )23 =y = did —3exy = 4(2m2)3 —3g2m 2,
so € = 1,and (3my —k —2)23"~*%=5 = 3 x 2™ ~2_This gives
(3my —k—2)22m k=3 =3
By unique factorization, we get
3my—k—2=3x2* and 2m—k-3=—a

for some integer a > 0. Solving, we get

m = 3x2%+a—1,
k = 3x2¢t 43¢5,

and then my = 3m; —2 =9 x 24+ 3a — 5. The case a = 0 gives k = 1, which is not convenient
so a > 1. This is the parametric family (ii).

It can also be the case that my € [2k+ 3,3k + 1]. By Example 1.3.1 (iii), we get
4(2mM=2)3 _3gpm =2 = 2m=2 _ (my — k)2"™ K3 — (my — 2k 4 1) (ma — 2k —2)2m2 %3,
This leads to
3e2™M 72 = (3my —k—2)23™M K5 — (3my — 2k — 1)(3my — 2k —4)23m—2k=7,
Simplifying 231 ~2k=7 from both sides of the above equation we get
3e22K 572 — (3 — k—2)2572 — (3my — 2k —1)(3my — 2k — 4).

Since my = 3m; —2 > 2k + 3, it follows that my > (2k+5)/3,s0 2k+5—2m; < (2k+5)/3. 1t
thus follows, by the absolute value inequality, that

M2 < (Bmy —k—2)2%2 < 3225572 (3 — 2k — 1) (3my — 2k — 4)
< 320608 4 (k4 2) (k- 1),

an inequality which fails for k > 5. Thus, there are no other solutions in this range for n, =3
except for the ones indicated in (ii) of Theorem 4.2.1.
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4.8.5. The case n, =4

In this case, we have my = 4(m; — 1)+ 1 = 4m; — 3. Since m; < k+ 1, we have my < 4k+ 1.
Note that

x4 =203 —-1=22x3—€)> —1=8x —8ex? +1=8(2™"2)*—8e(2M 22 4+1  (4.45)
is odd. Assume first that m; € [k + 2,2k + 2|. We then have, by Example 1.3.1,
FY = 0m2 (i, — )omaked = p4m=S (4 — f— 3)24m k6, (4.46)
Comparing (4.46) with (4.45), we get
(4my —k —3)24m k=6 — gp2m—1_ 1

First, € = 1. Second, the right-hand side above is odd. This implies that the left—-hand side is
also odd. Thus, the left-hand side is in {1,3}. This is impossible since the right-hand side is at
least 273, Thus, this instance does not give us any solution.

Assume next that my € [2k+ 3,3k + 3]. Then
Fa) = 272 (my — k)2" K 4 (mmy — 2k 1) (mg — 2k —2)272 2
= 8(2m2)* —8g(2™m )2 4 1.
Identifying, we get
(4my —k —3)2%M =56 _ (4m) — 2k —2)(dmy — 2k — 5)2%m k=8 — gp2m—1 _
Note that 4m; — 2k — 8 is even. If 4m; — 2k — 8 > 0, then the left—hand side is even and the

right-hand side is odd, a contradiction. Thus, we must have 4m; — 2k — 8 = —2. This gives
dm) =2k +6,s0 m; = (k+3)/2. We thus get

(k+3)2k—1=ge2k2_1.

This implies that € = 1 and (k4 3)2% = 2K*2, which leads to k +3 = 4, so k = 1, which is
impossible. Thus, this instance does not give us a solution either.

Assume finally that my € [3k+ 4,4k + 1]. Applying the Cooper-Howard formula from Lemma
1.3.2, we get

3
Fn(f;) —m—2 y Cpy j2m~(KH1)i=2,
j=1

Eliminating the main term in the equality F,,(ll;) = x4 and changing signs in the remaining equation,
we get

w

Z Cpny j2m(kF1)I=2 — gp2m =1 _q (4.47)
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4.8. The case my > 376

At j = 3, the exponent of 2 is mp — 3j — 5. If this is positive, the left hand side is even and the
right-hand side is odd, a contradiction. Thus, my € {3k +4,3k+ 5}. In this case,

— 3k —3k—2
—Cppy 32235 = ((’"2 ; > — <m2 1 )> pme—3k=S e £ 7).

For j € {1,2}, mp — j(k+ 1) —2 > my — 2k —4 > k > 500. Thus, the left-hand side in (4.47) is
congruent to 1,7 (mod 2°%), while the right-hand side of (4.47) is congruent to —1 (mod 2°%)
because m; > 500. We thus get 1,7 = —1 (mod 2500), a contradiction. Hence, there are no
solutions with ny, = 4.

4.8.6. The case ny > 5

The goal here is to prove the following result.

Lemma 4.8.3. If k > 500 and m| > 376, then there is no solution with ny > 5.

We write again the two series for 2x,, = 2F,£L]§):

k—m —&n
2 = 2m! (1 + e+ sz) = 2m2lm=1) (1 + ot 7412> :

where
1 1 1 1
Yo | < S5 and  |y,| < 2_21.5,”11' (5) < 23m

i>2
By Lemma 4.8.2, we have my — 1 = np(m; — 1) so the leading powers of 2 above cancel, and we
get
k—my —&ny
Yoo

St T Im = 22(my—1)

We would like to derive that this implies that

k— my —&ny
2K+~ 22(m—1) (4.48)
Well, we distinguish two cases.
Case 4.8.1. Suppose that2(m; —1) > k+ 1.
We then write
k—my (X 1 1
S+ 3a oy | S [l 10| < 2575+ g3 (4.49)

77



4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

Since 2m; > k+ 3, we get 3m; > 3k/2 > 4k/3. Thus,

k—my X 2

2k+1 + 22(my—1) < 24k/3" (4.50)

Suppose further that m; < 2k/3. Multiplying inequality (4.50) across by 220m=1) we get
2(my—1)—(k+1) 22—l
’2 mi (k—m2)+en2\ SWSE,

and since the left-hand side above is an integer, it must be the zero integer. This proves (4.48) in
the current case assuming that m; < 2k/3.1f m; > 2k/3, we deduce from (4.50) that

my —k 2 np 244n; Sny 1
T < 50k/3 T e 1) S pak3 < p#k/3 < HTk/12

where in the right—-above we used the fact that 8ny < 2k/4 (see (4.38)). We thus get

2k+l 2
213k/12 < 2k/12 <

2<mp—k< 1,

where the right-most inequality holds since k > 500. This is a contradiction, so the m; > 2k/3
cannot occur in this case. This completes the proof of (4.48) in Case 4.8.1.

Case 4.8.2. Assume that 2(m; — 1) < k+ 1.

We then write L
np my —
22(,,”1_1) S 2k+1 + |Ym2| +|%,12|

Since |, | < 1/2%/3 < 1/2M 1 and |y, | < 1/2%™ < 1/22m=1 we get that

1

n2—1
22(my—1) <

22(my—1)

n
- 22(}’”1 -1

m2—k my
) — %l < W+|sz| < Se

where we also used that n, > 1 and k > 2. Thus,

2k+172(m171) < ms.
We now go back to (4.49) and write that

2
< omin{4k/3,3m}

k—my n€
‘ 2k+1 +22(m171)

We multiply across by 2K+1 getting
2k+2

B ket 1-2(my 1) I
|<k mZ) +2 g 8n2| < 2min{4k/3,3m1} :
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4.8. The case my > 376

If the minimum on the right above is 4k/3, then the right-hand side above is smaller than
4/ k3 <1 /2 since k is large, so the number on the left is zero. If the minimum is 3m, on the
right above then

1 2k+1—2(m1—1)
k— ok+1=2(m1—1) ¢ Sl e
|(k—my) + ny| < > o
Since
pRHI=2(m=1) ) = ny(my—1) <kny < max{kz,n%} < 2m=6 - om

(here, we used Lemma 4.8.1 for the inequality in the right-hand side above), it follows that

1
|(k_m2> +2k+1—2(m1—1)6n2| < 57
so again the left-hand side is 0. Since m, > k, this implies that € = 1. We record what we just
proved.

Lemma 4.8.4. If k > 500, my > 376 and ny > 5, then m; < k+1,ni=1,e=1my—1=
ny(my; — 1) and
my —k n

2T 32(m—1)°

We now get an extra relation. First, from Lemma 4.8.4, we get that

22(my—1)—(k+1) _ if 2 —1) > 1:
nzz{ (my =) if 20my —1) 2 k413 4.51)

my K if 2(mp—1) <k+1.

ok+1-2(m1—1)

Since np > 5, we can write more terms.

k) 1 k—my (mp —2k+1)(my — 2k —2)
_ Anp(m—1) —&m I’l2(l’l2 _3) /
2xy, = 2™mUm (1 + 20m=1) + Aim D1 + My,

In the formula for F,,(f;), we have 6, = sz =01if my <2k—+2. But my < 2k+ 2 is not possible
since then the only terms in the first expansion of 2F,£,]§) are the first two which already coincide
with the first two terms of the expansion of 2x,,, but in the second expansion we have additional

terms since 7o > 5 while in the first we do not, which is a contradiction. Thus, m, > 2k + 3.

Assume that 2(m; — 1) > k+ 1. In this case, from (4.51), we deduce that

_m2—1

ny = 22(m1—1)—(k+1)(m2 —k) —

ml—l'
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

So, my —k | mp — 1. Thus, mp —k | (my — 1) — (my — k) = k— 1. This shows that my —k < k—1,
so my < 2k — 1, a contradiction. Thus, k+ 1 > 2(m; — 1).
Simplifying again the power of 2 from the two representations of 2x,, = 2F,,(ll§) and eliminating
the first two terms we get

(m2—2k—|—1)(m2—2k—2) nz(n2—3)

. /
22k+3 M2 nd(mi—1)+1 Ty

Here,
4m3 1 , 1 /1 1
Mol < 53553 < 5arga - and [My| < ;3 2T.5mi <§> < 2a5mF1
[
by (4.31) and (4.44). Thus,

2
min{22k+4724.5m1+1}'

(4.52)

my —2k+1)(my —2k—2 ny(np, —3
- ! A

92k+3 24(my—1)+1

Recall that 2(m; — 1) < k+ 1. Then, by (4.51), we have n; | my — k. Since also ny | mp — 1, it
follows that ny | (my — 1) — (my — k) = k— 1. Thus, ny < k, and since 2(<+1)=20m=1) i 3 divisor
of np, we conclude that 2*+1D=20m—=1) <k We multiply (4.52) across by 22+ We get

(my —2k+1)(my —2k—2) 22(k+1),4(m1,1)n2(n2 —3) 2k+3
2 2 — min{22k+4,24.5m1+1}‘

If the minimum above is 2%*#, then the right-hand side is < % < 1. The left-hand side is an
integer, so it equals 0. If the minimum is 2*>™1+1 then we can rewrite it as

22k+3 22(k+1)—4(m;—1) K2

ASmAT . 505mtd S 305mE5 L

The right-most inequality holds because 2 ~® > k* by Lemma 4.8.1. Hence, the left-hand side
above is again 0. We get that

(my — 2k + 1) (my — 2k — 2) = 22K+ D)=40m=1) )y () 3. (4.53)

So, let us record the equations we have:

my—1 = nz(ml—l);
b = (k+1)—=2(m —1);
B ( >,n2_£_ ) : (4.54)
ny - 217 ’
(mg —2k+1)(my —2k—2) = 2%ny(ny —3).

with b > 0. To finish, we need to prove the following lemma.

Lemma 4.8.5. There are no integer solutions (b,k,my,my,ny,ny) to system (4.54) with ny > 5
in the range k > 500 and my > 376.

80
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Now that we are seeing the light at the end of the tunnel, let’s prove Lemma 4.8.5. As we saw,
ny | (k—1). The last equation in system (4.54) is

(m2—1_2(k—1)

na nz

) (my — 2k —2) = 2%0(ny — 3),
or, using the first equation in system (4.54),

(m1—1—2<k_1))(m2—2k—2):n2—3.

na

Now ny < k and m; < k+ 1, so from the first equation my < k2. Since 2° | my — k, we get that
20 < k?,s0 b < 2(logk)/(log2) < 3logk. Since b = (k+ 1) —2(m; — 1), we get that

mi

_k+3—bE k+3—3logk k+3
2 2 2 )

In the last equation in the left, at most one of m; — 1 —2(k — 1) /ny (divisor of my — 2k + 1) and
my — 2k — 2 is even. If the first one is even, then my, — 2k — 2 is a divisor of np — 3. Thus,

k+1—3logk
my—3>my—2k—2=my(m;—1)—2k—1>m (%) k-1,
giving

k+1—3logk k—1—3logk
2k_22n2<¥_1):n2(—0g).

2 2

Since ny, > 5, we get
4k —4 > 5(k—1—3logk), or  k<I15logk+1,

giving k < 63, a contradiction. Thus, 22b | my — 2k — 2. Hence,

2k—1)\ [(my—2k—2
o ) (252

and all fractions above are in fact integers. The left-most integer is

2k—1) _ k+1-3logk 2(k—1) k-1

PR 2 5 1 3

ml—l—

since k > 500. Since this number is a divisor of (so, at most as large as) the number n, —3 =
(k—1)/D —3 for some integer D, we get that D € {1,2,...,11}. Thus, (k—1)/D € {1,...,11},

SO
2(k—1) S k—|—1—310gk_22: k—43—310gk.

np - 2 2

ml—l—
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

Now let us look at the integer (m; — 2k —2)/2%". Assume that it is at least 3. We then get

3(k—43—310gk

5 )§n2—3§k—4, or k <121+9logk,

and this is false for k > 500. Thus, (my — 2k —2)/2?% € {1,2}.
Assume that (my — 2k —2)/2?> = 1. Then

2(k—1)
np

ml—l— =l’l2—3.

The number in the left hand side is

2(k—1) N k+1-—3logk

k—43—-3logk k—1
= >

—1- 22 —
m n 2 2 30
(since k > 500) and also
2(k—1 k—3
m—1— ( )§m1—3§—<k—4.
n 2
Thus, writing again ny = (k—1)/D, we get that
k—1 k—1 k—1
3= 3 —3 —3
g D e( 3 0T )
showing that 1 < D < 3, so D =2. Thus, np = (k—1)/2, and we get that
k=7 k-1 2(k—1
—=——3:n2—3:m1—1— ( ):m1—1—4:m1—5,
2 2 n
SO L3
mlz%, SO b=0,

which is impossible.
Assume next that (my — 2k —2)/2” = 2. In this case, we get

2(k—1)).

na

n2—3:2<m1—1—

Proceeding as before, we have

1 2k—1 1-31
k=1 5 _ n2—3:2(m1—1— (k ))zz(w—zz)

D no 2
k—1
= k—43—3logk>T—3,
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4.9. The computational part £ < 500 or m; < 376

showing that D < 2. Thus, D =1 and so n, = k— 1. Hence,

2(k—1)
na

k—4:n2—3:2(m1—1— ):2(}111—1—2):2(}111—3),

SO
Ck+2

2
Thus, my — 2k —2 = 2?*1 = 8. Consequently,

my , therefore b=1.

—1 2_5k—2
(k )k_zk_lzk ;k |

8= (MQ—I)—Zk—I:l’lz(ml—l)—Zk—lz
giving k> — Sk — 18 = 0, which is impossible.

So, indeed there are no solutions with & > 500 and m; > 376 other than the ones from (i) and (ii)
of Theorem 4.2.1. O

4.9. The computational part £ < 500 or m; < 376

Throughout this section, we make the following definition.

Definition 4.9.1. Assume that k >4, x; > 1, € € {1} are given such that there exist n; > 1
and m; > 2 such that x,,, = F,,(jf) . We say that n; is minimal if there is are no positive integers

ng < ny and mo < m; such that the equality x,, = F,,(f;) also holds.

The aim of this section is to first show that in the range & < 500 or m; < 376, all solutions of

Xny = F,,(f]{) with n; minimal have n; = 1. Then we finish the calculations.

4.9.1. The case k < 500

Here, we exploit inequality (4.17), which we consider convenient to remind:

6n
|[(na —np)log(2fi(@)) — (nimy —nymy +ny —ny)loga| < amlz_l : (4.55)
Thus,
N 61, log(2fi(a))
‘Xk ny —ny (np —np)om—lloga’ k logar ' (4.56)

with N := nymy — nomy +n, —ny. Lemma 4.6.1 shows that

ny—ny <ny < 8.2x 10M%*(logk)® < 10%.
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4. On the z—coordinates of Pell equations which are k—Fibonacci numbers

The right-hand side of (4.56) can be rewritten as

1 m=1] -
(O‘ Og“) . (4.57)

2(1’12—711)2 121’12(1’12—711)
Assume that |
a™” 14,4 3,2
> 12(8.2 x 107k (logk . 4.58
oga > 120825104 10gk)?) (458)

Using o > 1.927, inequality (4.58) holds with k£ < 500 for all m > 203. In this case, inequalities
(4.57), (4.56) and Lemma 1.2.1 show that N/(n; —n;) = pﬁk)/qg.k) for some j > 0, where

pgk) / qE-k) is the jth convergent of j;. Note that ) € (0, 1) because by Lemma 1.3.1 (i), we have
1 <2fi(a) <15< .

We distinguish two cases.
Case 4.9.1. N # 0.

In this case, j > 1. Since
ny —ny <10 < Fiso < qﬁ’?o,
where Fi5 is the 150th member of the Fibonacci sequence, it follows that if we take
ay :=max{a® : 2 <i<150;4 < k < 500},
then Lemma 1.2.1 implies that
1
(av+2)(q;”)?

A computer calculation shows that ay = 433576, so ay +2 < 10°. Hence,

6l’l2
(n2 —l’ll)OlefllogOC.

<’Xk— <

np —np

a™ oga < 6n2(a—i—2)(q§.k))2(n2 —ny) < 6x 1043
< 6x10°(8.2 x 10'500%(10g 500)3)2,

and using o > 1.927, we get my < 221.
Case 4.9.2. N =0.

In this case, inequality (4.56) gives
o™ Moga < 6y, ' < 6x (8.2 x10'500%(log500)%) x, '

A computation with Mathematica reveals that y, ' < 10'8 for k < 500. Feeding this into the
above inequality, we get m; < 720. Note that since N = 0, we also have nj (my — 1) = ny(m; —1).
In particular, n; = 1 is not possible in this case.

Let us record what we just proved.
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Lemma 4.9.1. If k < 500, then the following hold:

(i) my <221;
(ii) my € [222,720], but ny > 1.

For reasons that will become clear later, we allow m < 1049 (instead of just m < 720). To

continue, assume first that x; € {1,2,3,...,20}. We then generate all values of § = x| + 4 /x% —&

for € € {£1}. We generate x,,, = (6™ + ¢™)/2, where 7 is the Galois conjugate of § in the
quadratic field Q(9), for all 1 <n <m < 1049 and we test for the equation

x=F%®  4<k<500, 2<m<1049.

The only solutions we find computationally have:

(i) n=1and x| € {1,2,4,8,15,16};

(ii)) n =2 and x, € {31,127,511}. These are not minimal because x, = 31 = F7(5) hase =1
and for it x; = 4 = F7(4), xy = 127 = F9(7) has € = 1 and for it x; = 8 = Fg(s), while
xy =511 =F) has € = 1 and for it x, = 16 = F,?), as stated in (i) of Theorem 4.2.1 with
k=1,9, and 11, respectively.

(iii) n =3 and x3 = 16336 = F1(913). This is not minimal since x| = 16 = F6(13), as stated in (i)
of Theorem 4.2.1 with a = 1.

Assume now that x; > 21. Then & > 21 + 1/440. Inequality (A.15) together with the fact that
my < 1050 gives

(my+1)logo 10511og2
np < < )
log & log(21 + 1/440)

so n; < 194. Our next goal is to show that in our range k < 500 and m < 1049, we must have
n € {1,2,3}. For this, assume that n > 3. Every positive integer > 3 is either divisible by 4, 6, 9
or a prime p > 5. Thus, we generate the set

B =1{4,6,9,p;:3 <k<44}

a set with 45 elements, where py is the kth prime. We use the fact that if a | b, then x;, is the ath
solution of the Pell equation whose first (smallest) x-coordinate is x; /, (that is, 0 gets replaced

by 8b/ ). In particular, x,, is x; for some b € B and some value of x;. Further, say y = F,,(lk) for
some m € [2,1049] and k € [3,500]. We then need to solve x;, = y. Note thatif z > 1 and n > 2,

then ]
oo (1) ) o] 459
7'+1) 1=z + < TSy (4.59)

b b
xb:()q—i—\/x%—s) +(x1— x%—e) =2y

Thus,
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implies
X+ /x—1e (2y—1/2)"7 2y +1/2)!/7).
Further, this leads to

21 € (2y—1/2)V"—1/2, 2y +1/2)1/"+1/2).

The length of the interval on the right above is, by (4.59), at most 2, so it contains at most one
even integer 2x; and if it contains one, it must be such that

1/b
= E ((Mg) 2)J @.60)

So what we did was for each y = F,,Sk) and each b € B, we calculated the last 10-digits of the
integer shown at (4.60) (that is, we only calculated it modulo 10'9). Then we picked € € {1}
and generated {x, },>0 as the sequence given by xj := 1, x; given by (4.60) modulo 10'9 and
Xpi1 = (2x1)x, — €x,_1 (mod 10'%) for all n > 1. In this way, we never kept more that then
last 10 digits of x,,. And we checked whether indeed x, =y (mod 10'°). Unsurprisingly, no
solution was found. We used the same program for n; = 2,3. For these we got that all solutions
of (i) in our range were candidates for n; = 2 and all solutions (ii) in our range were candidates
for n; = 3. By candidates we meant that we only checked out these equalities modulo 10'°,
They turn out to be actual solutions for € = 1 (and they are not solutions with € = —1 just
because a number of the form 2%/7! — [ with j > 2 cannot be also of the form 2z% + 1 for some
integer z, while a number of the form 4x> — 3x for some integer x > 1 then it cannot be also
of the form 4z + 3z for some integer z). Finally, one word about “recognising" y as number
of the form ank). It follows from a result of Bravo and Luca [21] that the equation ank) = Fn(g)

withm > k+2, n>¢+2 and k > ¢ > 4 has no solutions (m,k,n,¢). Thus, if we already know
(k)

a representation of a representation of y as F,; ' for some m and k > 4, then it is unique. In
particular, for j > 2, Fgfgl) is the only representation of 2%/t! — 1 as a F,,Sk) for some positive

integers m and k > 4.

4.9.2. The case m; < 376

We may assume that £ > 500, otherwise we are in the preceding case. Thus, kK > my, son; = 1.
Thus, § =2™ 24+ /22m=2 _¢gforallm; >2and € € {£1} (except for m; = 2, case in which
only € =1 is possible). We now go back to the proof of Lemma 4.8.1 to get that the inequality
(4.39), recalled below

1
implies (4.42), namely

2k/3 —2 < 195(log §) max {10.5,1log(3m2) }*.
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For us, logd < mjlog2 < 376log2. Using also the upper bound from Lemma 4.6.1 on my, we
get

2
2k/3 —2 < 195 x 376(log2) max { 10.5,log(3 x 4.1 x 1022k7(10gk)6)} :
leading to k < 4 x 10°. Thus, by Lemma 4.6.1 again,
ny < 8.2 x 10M1* (logk)? < 8.2 x 1014(4 x 10%)*(log(4 x 10”))* < 10%,

Now (4.61) gives
logd my—1 - 1
log?2 n (log2)22k/3=1p,

(4.62)

In our range, the right-hand side above is smaller than 1/(2n3). Indeed, this is equivalent to
ny < 2%/3=3(10g2), which holds provided that

8.2 x 10Mk* (logk)? < 2%/373(10g2),

which indeed holds for all k > 500. Thus, (m, —1)/ny = p;/q; is some convergent of log 6 /log 2.
Since its denominator g divides n, and

q; < ny < 10 < Fagg,

where F,g9 is the 299th term of the Fibonacci sequence, it follows that j < 298. We generated the
continued fractions of all log §/1log?2 for all possibilities for m; < 376, € € {£1} and j <299
and collected together the obtained values of a;. The maximum value obtained was 1033566.
Hence,

1 1

logd mp—1 1
73S 2
1.1x107n5  (ajy1+2)n5

_ < ,
log?2 n ’ (log2)22k/3-1p,

giving
2%/3-21092 < 1.1 x 107, < 1.1 x 107 x (8.2 x 10"*k*(logk)?),

giving k < 166, a contradiction.

Thus, this case leads to no solution, and we must have k£ < 500, n; = 1 and m; <221 by Lemma
49.1.

4.9.3. The final computations
Now we go to inequality (4.13) for (n,m) = (np,ms):

|nylogd —log(2fi(a)) — (my — 1)log | < %. (4.63)
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We divide both sides by log & and get

logé log(2fi() 3 1.92) .

A
_ —1)—ul< — A,B) =
|n2’L' (I’I’l2 ) ‘LL’ Bma—1° (Tnuv ) ) <10ga’ log & ’ 10g(192) !

We have
ny < 8.2 x 10Mk*(logk)? < 8.2 x 101%(500)* (log 500)% < 1.3 x 10% := M.

Since 6M < 10°° < Fj59, we try g, for some A > 150. A computer code ran through the range
k € [4,500], m; € [2,221] and € € {£1}, generated § = 2™ ~2 4 /22(m~2) _ ¢ (except for
m; = 2, when only € =1 is possible), and confirmed the following:

(1) For 4 <k <500 and A = 200, we have € > 0 in all cases.
(ii) The maximal value of 1+ |log(Agq, /€)/logB] in (i) above is 1049.

Applying Lemma 1.2.2, we got that in all cases my, < 1049 by using either gi59 or ¢200. By
the calculations from Subsection 4.9.1 where in fact we treated the case m < 1049, we get that
(na,my) is one of the solutions listed in (i) or (ii) of Theorem 4.2.1. This finishes the proof of the
theorem. O
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5. On the xz—coordinates of Pell
equations that are products of two
Lucas numbers

This chapter contains a presentation of a slightly modified version of the paper [4] with the title
On the x—coordinates of Pell equations that are products of two Lucas numbers. The article has
been published in The Fibonacci Quarterly in February, 2020.

Abstract: Let {L, },>0 be the sequence of Lucas numbers givenby Lo =2, L} =1, and L, =
L,11+ L, for all n > 0. In this paper, for an integer d > 2 that is square-free, we show that there
is at most one value of the positive integer x participating in the Pell equation x> — dy? = +1, that
is a product of two Lucas numbers, with a few exceptions that we completely characterize.

Keywords: Lucas numbers; Pell equations; Linear forms in logarithms; Baker’s method.

2010 Mathematics Subject Classification: 11B39, 11D45, 11D61, 11J86.

5.1. Introduction

Let {L, },>0 be the sequence of Lucas numbers given by Lo =2, L; = 1, and
Lyi2 =Lyt + Ly

for all n > 0. This is sequence A000032 on the Online Encyclopedia of Integer Sequences (OEIS).
The first few terms of this sequence are

{Lu}n>0 = 2,1,3,4,7,11,18,29,47,76,123,199,322,521,843,1364,2207,3571,....
1 5 1—-+v5
Putting (o, ) = +2\/_, 2\/_ for the roots of the characteristic equation 7> —r — 1 =0

of the Lucas sequence, the Binet formula for its general terms is given by

L,=a"+B", forall n>0. (5.1)
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

Furthermore, we can prove by induction that the inequality
o <L, <ot (5.2)

holds for all n > 0.

Kafle, et al. [43] considered the Diophantine equation
Xn = FyFy, (5.3)

where {F, }n>0 is the sequence of Fibonacci numbers given by Fy =0, F; = 1 and F,1» =
Fy+1+ F, for all m > 0. They proved that equation (5.3) has at most one solution 7 in positive
integers except for d = 2,3, 5, for which case equation (5.3) has the solutions x; = 1 and x; = 3,
x1 =2 and x; =26, x; =2 and x; = 9, respectively.

There are many other researchers who have studied related problems involving the intersection
sequence {x,},>1 with linear recurrence sequences of interest. For example, see [15, 19, 6,
40-42, 47, 57].

5.2. Main Result

In this paper, we study a similar problem to that of Kafle, et al. [43], but with the Lucas numbers
instead of the Fibonacci numbers. That is, we show that there is at most one value of the positive
integer x participating in (1.17), that is a product of two Lucas numbers, with a few exceptions
that we completely cahracterize. This can be interpreted as solving the Diophantine equation

in nonnegative integers (k,n,m) withk > 1 and 0 <m < n.

Theorem 5.2.1. For each square-free integer d > 2 there is at most one integer k such that the
equation (5.4) holds, except for d € {2,3,5,15,17,35} for which x; = 1, x, = 3,x3 = T,x9 =
1393 (ford =2), x1 =2, xp =7 (ford =3), x1 =2, xo =9 (ford =5), x; =4, x5 = 15124 (for
d=15), x1 =4, xp =33 (ford = 17) and x| = 6, x3 = 846 (for d = 35).

5.3. Bounding the variables

We assume that (x1,y;) is the smallest positive solution of the Pell equation (1.17). As in Section
1.3, we set
Xt —dyl=1e, ec{+l},
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5.3. Bounding the variables

and put
5::x1+\/3y1 and G::xl—\/gyl =es L.

From (1.18), we get

1
=3 (6" + ok) . (5.5)
Since 6 > 1+ V2> o’/ 2 it follows that the estimate
3k k
— <x,<— holdsforall k>1. (5.6)
o2 o

We let (k,n,m) := (k;,n;,m;) for i = 1,2 be the solutions of (5.4). By (5.2) and (5.6), we get

k k

n+m—2 . _ n+m-+4
o <L,Ly,=x < o and ngk—Lang(x , (5.7)
SO
1
kcilogd —6 <n+m<kcilogd+1 where ¢ ::l et (5.8)
0g

To fix ideas, we assume that
n>m and ki <k».
We also put
m3 :=min{m,mp}, my:=max{m;,mp}, n3:=min{ny,ny}, ng:=max{ny,ny}.

Using the inequality (5.8) together with the fact that § > 1+ /2 = a®/2 (so, ¢1log > 3/2),
gives us that

3
Ekz <kyc1logd < 2np +6 <2n4+6,

SO
4
kl <k < §n4 +4. 5.9
Thus, it is enough to find an upper bound on n4. Substituting (1.10) and (5.5) in (5.4) we get
1
5 (8¢ +0") = (o"+p")(a" + B"). (5.10)
This can be regrouped as

6k2—la—n—m_1:_2—16ka—n—m+(ﬁa—l)n+(ﬁa—l)m_i_(ﬁa—l)n—b—m.
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

Since B = —a~!, 0 = £§~! and using the fact that ¥ > o" "~ (by (5.7)), we get

1 1 1 1
ky—1_,—n—m
6"2" -1 < 28k gntm + o2n + a2m + aZ(n-i—m)
a 3 6

2 o2 (n+m) + oZm < a2m’

In the above, we have also used the facts that n > m and (1/2)a + 3 < 6. Hence,

6
kn—1,,—n—
e 1] < (5.11)
We let A; := 82~ 1a™" — 1. We put
I') :=klogd —log2 — (n+m)loga. (5.12)

Note that €T — 1 = Ay. If m > 100, then # < % Since |e!! — 1| < 1/2, it follows that

12
r
By recalling that (k,n,m) = (k;,n;,m;) for i = 1,2, we get that
12
|kilog§ —log2 — (n; +m;)loga| < P (5.14)

holds for both i = 1,2 provided m3z > 100.

We apply Theorem 1.1.8 on the left-hand side of (5.11). First, we need to check that A} # 0.
Well, if it were, then 8¥a—"~™ = 2. However, this is impossible since Sk~ is a unit while 2
is not. Thus, A # 0, and we can apply Theorem 1.1.8. We take the data

t:=3, Mm:=906, Mm:=2, Mm:=a, by:=k by:=—1, by:=—-n—m.

We take K := Q(v/d, &) which has degree D < 4 (it could be that d = 5 in which case D = 2;
otherwise, D = 4). Since 6 > 1+ V2 > «a, the second inequality in (5.8) tells us that k < n+m,
so we take B :=2n. We have h(1;) = h(8) = L1og 8, h(n) = h(2) =log2 and h(n3) = h(a) =
%logoc. Thus, we can take A := 2logd, A; :=4log2 and A3 := 2log @. Now, Theorem 1.1.8
tells us that

log|Ar| > —1.4x30°x 3% x 4%(141og4)(1+1log(2n))(21log §)(4log2)(2log &)
> —2.92x 103 10g §(1 +log(2n)).

By comparing the above inequality with (5.11), we get

2mlog o —log6 < 2.92 x 1013 10g §(1 +log(2n)). (5.15)
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5.3. Bounding the variables

Thus
m < 6.06 x 10 1log §(1 +log(2n)). (5.16)
Since, §¥ < o"T"*6 we get that
klogd < (n+m+6)loga < (2n+6)log e, (5.17)
which together with the estimate (5.16) gives
km < 5.84 x 103n(1 +1log(2n)). (5.18)

Let us record what we have proved, since this will be important later-on.

Lemma 5.3.1. If x; = L, L,,, and n > m, then

m < 6.06 x 10 1log §(1+1log(2n)), km < 5.84 x 10°n(1 +1log(2n)), klogd < 4nloga.

Note that we did not assume that m3 > 100 for Lemma 5.3.1 since we have worked with the
inequality (5.11) and not with (5.13). We now again assume that m3 > 100. Then the two
inequalities (5.14) hold. We eliminate the term involving log 6 by multiplying the inequality for
i = 1 with k, and the one for i = 2 with k, subtract them and apply the triangle inequality as
follows

|(k2—k1)10g2—(kz(nl—|—m1)—k1(n2—|—m2))logoc|

= |ka(k1logd —log2 — (n; +mj)loga) — ki (kalog 6 —log2 — (ny +my)log )|
< ky |kilogd —log2 — (n; +mj)logo| +kj |kalog & —log2 — (ny 4+ my)log |
_ 12k 12k 24k

- q2m o2k2 o2ms’

Thus,

24k;

|| :=|(ka — k1) log2 — (ka(ny +my) —ki(np +my))loga| < pre (5.19)

We are now set to apply Theorem 1.1.9 with the data
t:=2, Mm:=2, Mm:=a, bi:=ky—ki, by:=ko(ni+my)—ki(np+my).

The fact that 11 = 2 and 1, = o are multiplicatively independent follows because « is a unit
while 2 is not. We observe that k; — k1 < ka, whereas by the absolute value of the inequality in
(5.19), we have

log?2 24k,
logax  a?mloga

lka(ny +my) —ki(np+mp)| < (ky—ky) < 2k,
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

because m3 > 10. We have that K := Q(o), which has D := 2. So we can take

1 1
logB; = max{h(nl), | 0g2n1|7§} =log2,

and

|log | 1} _ 1

log By = max {h(nz), SRD) =

=3
Thus,

ky —k k —k k
L 1!_1_! 2(n1 +my) 1(n2+m2)\§k2+ 2 3.

b =
2logB; 2log B log?2

Now Theorem 1.1.9 tells us that with
[ = (ky—ky)log2 — (ka(ny +my) —ky(npy+my))loga,
we have
log |T| > —24.34 x 2* (max{log(3k,) +0.14,10.5})*- (2log2) - (1/2).
Thus,
log T3] > —270 (max{log(3ky) +0.14,10.5})%.
By comparing the above inequality with (5.19), we get
2m3log o — log(24ky) < 270 (max{log(3k;) +0.14,10.5})*.
If ky < 10523, then log(3k;) + 0.14 < 10.5. Thus, the last inequality above gives
2m3loga < 270 x 10.5% 4 log(24 x 10523),
giving m3 < 30942 in this case. Otherwise, k; > 10523, and we get
2m3loga < 272(14logks)? +log(24ky) < 280(1 4 logks)?,
which gives
m3 < 160(1+logk,)?.
We record what we have proved

Lemma 5.3.2. If m3 > 100, then either

(i) ko <10523 and msz < 30942 or
(ii) ky > 10523, in which case mz < 160(1 +logk)?.
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5.3. Bounding the variables

Now suppose that some m is fixed in (5.4), or at least we have some good upper bounds on it.
We rewrite (5.4) using (1.10) and (5.5) as

%(5’%&) — Lo+ B"),

SO
1
s5@2L,) 'a —1=——ocfa "+ (Ba”)".
2L,
Sincem>1,B=—-a"!,c=e5""and 6 > o™ !, we get
1 1 a 1
k . R ——-
_ < < 4
6 (ZLm) el I < 2Lm5kan + o2n - aZ(n—l—m) + on
o+1 6

S e S g

where we have used the fact that n > m > 0 and ot + 1 < 6. Hence,

R 6
IAs| == [8F(2L,) o —1 < (5.20)

We assume that n3 > 100. In particular, % < % for n € {ny,n}, so we get by the previous
argument that

12
a2n :

T3] := |klog 6 —log(2L,,) —nlogo| < (5.21)

We are now set to apply Theorem 1.1.8 on the left-hand side of (5.20) with the data
t:=3, m:=96, mMm:=2L,, mM3:=0a, b=k, by:=-—1, bz:=—n.

First, we need to check that Az := §%(2L,,) '™ — 1 # 0. If not, then 8 = 2L,,a™. The left-
hand side belongs to the field Q(\/c_i ) but not rational while the right-hand side belongs to the
field Q(v/5). This is not possible unless d = 5. In this last case, & is a unit in Q(v/5) while 2L,
is not a unit in Q(v/5) since the norm of this first element is 412, # +1. So, A3 # 0. Thus, we
can apply Theorem 1.1.8. We have the field K := Q(v/d,+/5) which has degree D < 4. We also
have

h(2L,) = h(2) +h(Ly)
< log2+(m+1)loga <2+mloga
< 2.92x10%10g (1 +1log(2n)) by (5.16).

h(n2)

So, we take

h(m)zélog& h(ny) =2.92 x 10 1og §(1 +1log(2n)) and h(n3):%10ga.
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

Then,
Ap:=2log8, Ay:=1.18x10"1og8(1+1log(2n)) and Ajz:=2loga.
Then, by Theorem 1.1.8 we get

log|As| > —1.4x30°%x3% x4%(141og4)(1+logn)(2logd)
x(1.18 x 10'*1og § (1 +1log(2n)))(2log &)
> —8.6x 10%°(1+1log(2n))?(log §)* log .

Comparing the above inequality with (5.20), we get
2nlog o —log6 < 8.6 x 10%6(1 +1log(2n))*(log §)*log ct,

which implies that

n < 4.3 x10%(1 +1log(2n))?(log §)°. (5.22)
We record what we have proved.
Lemma 5.3.3. If x;, = L, L,,, withn > m > 1, then we have

n < 4.3 x10%(1 +1log(2n))?(log §)°.
Note that we did not use the assumption that m3 > 100 of that n3 > 100 for Lemma 5.3.3
since we worked with the inequality (5.20) not with the inequality (5.21). We now assume that

n3 > 100 and in particular (5.21) holds for (k,n,m) = (k;,n;,m;) for both i = 1,2. By the previous
procedure, we also eliminate the term involving log 0 as follows

12ky 12k 24k
2 1 200

|kalog(2Ly,, ) — k11og(2Ly, ) — (kany —kinp)log | < 2 T gam < g (5.23)
We assume that &> > 48k,. If we put
I'y: =k 10g(2Lml) —k 10g(2Lm2) - (kzl’ll — kll’lz) log «,
we have that |I'4| < 1/2. We then get that
48k,
|Aq] = | — 1] < 2|Ty| < P (5.24)
We apply Theorem 1.1.8 to
Ay = (2L )2 (2L,,) R~ em—hin2) _q
First, we need to check that A4 # 0. Well, if it were, then it would follow that
Lk
=M _ pki—ky pkon—kima (5.25)
ok ) .
my

We consider the following Lemma.
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5.3. Bounding the variables

Lemma 5.3.4. The equation (5.25) has only many small positive integer solutions (k;,n;,m;) for
i ={1,2} with k| < kp and m; < my < 6. Futhermore, none of these solutions lead to a valid
solution to the original Diophantine equation (5.4).

Proof. We suppose that (5.25) holds and assume that gcd(ky, k) = 1. Since ak2m—51m2 ¢ Q, it
follows kpny = kyny. Thus, if one of the ny, ny is zero, so is the other. Since n; > m; fori € {1,2},
it follows that ny =ny =0, m; = my =0, s0 x;, = x,, therefore k| = kj a contradiction. Thus,
n; and ny are both positive integers. Next Lﬁ,zl /Lfnl2 = 2ki=k2 < 1, Thus, L’,Z%l < L’,Z,‘z < L’f,%z, SO
Ly, < Ly,. This implies that either (m;,my) = (1,0) or m; < my. The case (m,mz) = (1,0)
gives 1/2% = 2ki=k2 Thus, k) = 2k; and since ged(ky,ky) = 1, we getk; = 1, ky = 2, s0 ny = 2n1.
But then x = x4, = Ly, Ly, = Lyp, Lo = 2Lo,, 1s even, a contradiction since x = 2x; = 1 (by
Example 1.5.1 (1)) is odd. Thus, m| < my. If my > 6, the Carmichael Primitive Divisor Theorem
for Lucas numbers shows that L,,, is divisible by a prime p > 7 which does not divide L,,,. This
is impossible since it contradicts the assumption that (5.25) holds. Thus, my < 6. Further since
L]f,%, /L]fnl2 = 1/2k=%1 it follows that Lﬁ}l | L]f,%, | Ll,ﬂz, SO Ly, | Lim,. So, there are three cases that
we analyse:

Case 5.4.4.1. m; = 0, my € {3,6}. If (m1,my) = (0,3), then 2k /4k1 = 1 /22ki—ke — 1 joka—h1,
This gives 2k, = 3k; and since k| and k; are coprime, it follows that k; = 2 and k, = 3. Then
xp =Xy, = Ly, Ly, = Ly, Lo = 2L,, is even, a contradiction since x, = 2x; =1 is odd. If (m,m;) =
(0,6), then 2k2 /18%1 = 1 /2k2=%1 which is impossible since by looking at the exponent of 3 we
would get k; = 0, a contradiction.

Case 5.4.4.2. m; = 2 and L, is a power of 2. The case m, = 0 has been treated so the only other
case left is my = 3. In this case, 1/4%1 = 1/2%~k giving ky = 3k;. Thus, since ged(ky,kp) = 1,
then k; = 1 and kp = 3. Since kpn; = kyny, we get np = 3ny. Thus, x; = L, Ly = L,, and
x3 = L3y, L3 = 4L3,,,. Now x3 = x| (4x% + 3) (by Example 1.5.1 (ii)) and the second factor is odd,
so the power of 2 dividing 4L3,,, divides x| = L,,. But 4L3,,, is a multiple of 8 since L3,, is even.
Thus, 8 | L,,, which is false.

Case 5.4.4.3. m; = 2 and my = 6. We get 3K /(2.32)%1 = 1 /2k2=k1 Looking at the exponent of 3,
we get ko = 2k and loking at the exponent of 2 we also get kp = 2k, so k; = 1 and k = 2. Also,
ny =2ny. Thus, x; = L, Ly, = 3Ly, and xo = Ly,L;, = 18Ly,, is even, a contradiction with the
fact that x, = 2x7 + 1 is odd. O

So, by Lemma 5.3.4 we have A4 # 0. Thus, we can now apply Theorem 1.1.8 with the data

1= 3’ nl = 2Lml7 n2 = 2Lm27 n3 = (X, bl = k27
b2 = —kl, b3 = —(kzl’ll —kll’lz).
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

We have K := Q(\/g) which has degree D := 2. Also, using (5.9), we can take B := 4n§. We can
alsotake A} :=2(2+mjloga) <4mjloga, Ay :=2(2+mploga) < 4mplog o and A3 :=logo.
Theorem 1.1.8 gives that

log|Ag] > —1.4x30%x 3% x22(1410g2)(1 +log(4n3))(4m; logc)(4malog o) log ax,
> —3.44 x 102mymy(1 +log(2ny)).

By comparing this with the inequality (5.24), we get
2n3log o — log(48ks) < 3.44 x 10"2mymy (14 1og(2ny)).
Since k < 4n4 and ny > 10, we get that log(48k;) < 2(1+1log(2n4)). Thus,
n3 < 3.58 x 102mymy (1 +log(2n4)). (5.26)
All this was done under the assumption that > > 48k,. But if that inequality fails, then
n3 < cqlog(48ky) < 12(1+log(2n4)),

which is much better than (5.26). Thus, (5.26) holds in all cases. Next, we record what we have
proved.

Lemma 5.3.5. Assuming that n3 > 100, then we have
n3 < 3.58 x 102mymy (1 +log(2n4)).

We now start finding effective bounds for our variables.
Case 5.4.1. my < 100.
Then m; < 100 and my < 100. By Lemma 5.3.5, we get that
n3 < 3.58 x 10'9(1 +log(2n4)).
By Lemma 5.3.1, we get
log§ < 4nzloga < 6.89 x 10'°(1 +log(2ny)).
By the inequality (5.8), we have that

e < ngt+myg—1
kzcl 10g6
1.72 x 10%7 ¢ (1 +log(2n4))?(log 8)*  (by (5.9) and Lemma 5.3.3)

(1.72 x 10271 +log(2n4))?)(6.89 x 10'°(1 +1og(2n4)))?

JANVANRVAN

loga

< 1.17x 10"81og(1 +log(2n4))°.
With the help of Mathematica, we get that ny < 4.6 x 108, Thus, using (5.9), we get
max{ky,ns} < 4.6 x 10%°.

We record what we have proved.
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Lemma 5.3.6. [f my := max{m,my} < 100, then

max{ky,ns} < 4.6 x 10%.

Case 5.4.2. m4 > 100.

Note that either m3 < 100 or m3 > 100 case in which by Lemma 5.3.2 and the inequality (5.9),
we have m3 < 160(1 4+ log(4n4))2 provided that m4 > 10000, which we now assume.

We let i € {1,2} be such that m; = m3 and j be such that {i, j} = {1,2}. We assume that n3 > 100.
We work with (5.21) for i and (5.14) for j and noting the conditions n; > 100 and m; = m4 > 100
are fullfilled. That is,

12

[kilog 8 +log(2Lu;) —miloga| < —70,
12

[kjlogd —log2— (n;+mj)logar| < —.

By a similar procedure as before, we eliminate the term involving log 6. We multiply the first
inequality by k;, the second inequality by k;, subtract the resulting inequalities and apply the
triangle inequalty to get

12k; 12k
[kjlog(2Ly,) — kilog2 — (kjmi —ki(n;+m;))loga| < 0 i
24k,

Assume that o2™n{7imj} > 48k, We put
['s := kjlog(2L,,;) — kilog2 — (kjn; — ki(nj+m;))loga.

We can write As := (2L, )% 2~ kigkjni—ki(nj+mj)) _ 1 Under the above assumption and using
(5.27), we get that

48Kk
As| = |5 — 1] < 2|Ts| < 2 (5.28)
o

2min{n;,m;} "

We are now set to apply Theorem 1.1.8 on As. First, we need to check that As # 0. Well, if it
were, then we would get that

Ly = 2kikj gy kjmi—hi(njtm;)) (5.29)

We consider the following lemma.

Lemma 5.3.7. The equation (5.29) has only many small positive integer solutions
(ki,kj,ni,nj,mij,mj) fori, j ={1,2} with ki < ky and m; < my < 6. Futhermore, none of these
solutions lead to a valid solution to the original Diophantine equation (5.4).
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

Proof. Suppose that (5.29) holds and assume that ged(k;,ky) = 1. Since o(kini—ki(njtm;)) ¢
Q. then kjn; = ki(n; +m;). Next Ly, = 2~%i_Thus, k; > kj, so i =2, j =1, ky > k; and
my # 1. Since L, > 1 is a power of 2, it follows that my € {0,3}. Suppose my = 0. Then
Ly, =2k = 2%~k g0 ky = 2k;. Hence, k; = 1 and ky = 2. Further, ny = 2(n; +m ). Thus,
X2 = Xy = Ly, Liny = 2Ly, 4.y 1s €ven, which false because xp = 2x% 4 1 is odd. Suppose next
that 7, = 3. Then 4%t = 20251 Thus, ky = 3ky, so k; = 1 and k, = 3. Next, ny = 3(ny +my).
Hence, xi = x, = Ly, Ly, and x3 = xp, = Ly, Ly, = 4L3(n1+m1)' By the previous argument in
the proof of Lemma 5.3.4, 8 divides x3 = x; (4x% +1), so 8| x;. Since x; =L, Ly, and 81 L,
for any n, it follows that L,, and L,,, are both even. Thus, 3 | nj, 3 | m;. Further, one of L,,,
Ly, is a multiple of 4, so one of ny, m; is odd. Suppose both are odd. Then 4 | L,,, 4 | L, so
16 | x1 | x3 [ 4L3(, 1m,)- This implies that 4 | L3, 1, ), Which is false because 3(ny +m;) is an
even multiple of 3, and 2||L¢,, for any m. Suppose now that one of nj, m; is an even multiple of
3, and the other is odd. Then ord,(x;) = 3, where ord;(x) is the exponent at which 2 appears in
the factorization of x. Hence,

3= 01‘d2()€3) = OI‘dz(4L3(n1+ml)) = 2+Ord2(l’3(n1+m1))7
giving orda(L3(,, +m,)) = 1, which is again false since 3(n; +m) is an odd multiple 3, so a

number of the form 3 4 6m, and for such numbers we have 4||L3¢,,- Hence, in all instances we
have gotten a contradiction. [

Thus, by Lemma 5.3.7 we have thatl As # 0. So, we can apply Theorem 1.1.8 with the data

t:=3, MmN := 2Lmi, Mm:=2 m:=a b := kj,
by = —k;, b3:= —(kjni—ki(nj+mj)).

From the previous calculations, we know that K := Q(\/i) which has degree D =2 and A| :=
4miloga, Ay :==2log?2 and A3 :=log . We also take B := 4n421. By Theorem 1.1.8, we get that

log|As| > —1.4x30°%x3% x2%(141og2)(1+log(4n3))(4m;logo)(2log2)log«,
> —5.18 x 10"%m;(141og(2n4)).

Comparing the above inequality with (5.28), we get
2min{n;,m;}loga —log(48ky) < 5.12 x 10"2m;(1 +log(2n4)).
Since m4 > 100, we get using (5.9) ( ky < 4ny) that,
min{n;,n;} < 5.38 x 1012(160(1 + log(4n))?)(1 + log(2n4)) + %log(192n4),
which implies that

min{n;,m;} < 1.72 x 101°(1 +log(2n4))>. (5.30)
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5.3. Bounding the variables

All this was under the assumptions that n4 > 10000, and that o 2min{nimj} ~ 48k,. But, still under
the condition that g > 10000, if a>™™"iM} < 48k,, then we get an inequality for min{n;,n;}
which is even much better than (5.30). So, (5.30) holds provided that ns > 10000. Suppose say
that min{n;,m;} = m;. Then we get that

m3 < 160(1 +log(4ny))?,  my < 1.72 x 1015(1 +log(2n4))>.
By Lemma 5.3.5, since m3 > 100, we get

n3 < (3.58 x10'%)(160(1+log(4ny))?)(1+1log(2n4))
x1.72 x 1015(1 +log(2n4))?
< 1.98 x 10%°(1 +log(2n4))°.

Together with Lemma 5.3.1, we get
log§ < 3.80 x 10°°(1 +log(2n4))°,
which together with Lemma 5.3.3 gives
ng < 4.30x10%(1+log(2n4))%(3.80 x 10%(1 +log(2n4))®)?,
which implies that
ng < 6.21 x 1087 (1 4+ log(2n4)) 4. (5.31)

With the help of Mathematica, we get that ng < 1.30 x 10'22. This was proved under the
assumption that n4 > 10000, but the situation n4 < 10000 already provides a better bound than
ng < 1.30 x 10122, Hence,

max{ky,ni,n} < 1.30 x 1012, (5.32)

This was when m; = min{n;,m;}. Now we assume that n; = min{n;,m;}. Then we get
n < 1.72x 105(1 +log(2n4))3.
By Lemma 5.3.1, we get that
log§ < 3.31 x 10"(1 +log(2n4))*.
Now by Lemma 5.3.3 together with Lemma 5.3.1 to bound /4 give

ng < 4.30x10%(1+1log(2n4)))*(3.31 x 10'°(1 +log(2n4))*)?
< 472 % 10°7(1 +log(2n4))'.

This gives, n4 < 2.44 x 1080 which is a better bound than 1.30 x 10?2, We record what we have
proved.

101



5. On the z—coordinates of Pell equations that are products of two Lucas numbers

Lemma 5.3.8. I[f my := max{m;,mp} > 100 and n3 := min{n,n,} > 100, then

max{ky,ny,ny} < 1.30 x 10122,

It now remains the case when my > 100 and n3 < 100. But then, by Lemma 5.3.1, we get
logé < 192 and now Lemma 5.3.1 together with Lemma 5.3.3 give

ng < 1.56 x 1031 (1 +1log(2n4))?,

which implies that ng < 10%¢ and further max{ky,ni,np} < 10*. We record what we have
proved.

Lemma 5.3.9. If my > 100 and n3 < 100, then

max{ky,n;,np} < 10%.

5.4. The final computations

5.4.1. The first reduction

In this subsection we reduce the bounds for ki, m, ny and k, mj, n, to cases that can be
computationally treated. For this we return to the inequalities for I'», I'4 and I's.

We return to (5.19) and we set s := kp — kj and r := kp(ny +my) — ki (np + my) and divide both
sides by slog  to get

24k,
a’mslogo

log2 r

(5.33)

loga s
We assume that /3 is so large that the right-hand side of the inequality in (5.33) is smaller than
1/(2s?). This certainly holds if

o> > 48k3 /log a. (5.34)

Since ky < 1.3 x 10122, it follows that the last inequality (5.34) holds provided that m3 > 589,

which we now assume. In this case r/s is a convergent of the continued fraction of 7 := llgggé and

s < 1.30 x 10'22. We are now set to apply Lemma 1.2.1.

We write T := [ag;a1,a2,a3,...] =1[1,2,3,1,2,3,2,4,2,1,2,11,2,1,11,1,1,134,2,2, .. ] for the
continued fraction of 7 and py /gy for the k—th convergent. We get that r/s = p;/q; for some
j < 237. Furthermore, putting a(M) := max{a; : j =0,1,...,237}, we get a(M) := 880. By
Lemma 1.2.1, we get

24k
o2msslog o’

I 1 < ‘”L’ r
88252 (a(M)+2)s2 — s
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5.4. The final computations

giving

882 x 24k3 _ 882x 24 x (1.30 x 10122)2
loga loga

2m3

Y

leading to m3 < 1190. We record what we have just proved.
Lemma 5.4.1. We have m3 := min{m,my} < 1190.
If m; = mj3, then we have i = 1 and j = 2, otherwise my = m3 implying that we have i = 2 and
Jj = 1. In both cases, the next step is the application of Lemma 1.2.3 (LLL algorithm) for (5.27),
where n; < 1.30 x 102 and |kjn; — k;(n; +m;)| < 1011°. For each m; € [1,1190] and

F5 = kj IOg(ZLml.) — k,’ 10g2 — (kjn,' — k,’(ﬂj —+ mj)) log o, (535)
we apply the LLL algorithm on I'; with the data

t:=3, 71 :=1log(2Ly,), ™ :=log2, T13:=logax
X1 .= kj, xp = —kj, x3:= kjni—ki(nj+mj).

Further, we set X := 10''® as an upper bound to |x;| for i = 1,2,3, and C := (5X)°. A computer
search in Mathematica allows us to conclude, together with the inequality (5.27), that

. 24k
2x 10740 < min IIs| < 57— S
1 <min{n;,m;} <1190 o 2min{ni,m;}

(5.36)

Thus, min{n;,m;} < 1419. We assume first that i = 1, j = 2. Thus, n; < 1419 or m; =
min{n,-,mj} < 1419.

Next, we suppose that m; = min{n;,m;} < 1419. Since m; := m3 < 1190, we have
m3 :=min{m;,mp} <1190 and my :=max{m;,mp} < 1419.
Now, returning to the inequality (5.23) which involves
[y :=kolog(2L,,,) — k1 1log(2Lyy, ) — (kony —kina)log a, (5.37)

we use again the LLL algorithm to estimate the lower bound for |I'4| and thus, find a bound
for n that is better than the one given in Lemma 5.3.8. We distinguish the cases m3 < m4 and
m3 = my.
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

The case m3 < my

We take m; :=ms3 € [1,1190] and my := my € [m3+ 1,1419] and apply Lemma 1.2.3 with the
data:

t:=3, 7 :=2Ly, T©:=2L,, w:=logaq,
X1 .= kz, Xy = —kl, Xy 1= k1n2 —kzl’ll.

We also put X := 10'1® and C := (20X)°. After a computer search in Mathematica together with
the inequality (5.23), we can confirm that

2x 107129 < min [Ty < 24k,
1<m3<1190
m3+1<my <1419

This leads to the inequality
a® < 12 x 10" k,.

Sustituting for the bound k, given in Lemma 5.3.8, we get that n := n3 < 2950.

The case m3 = my

In this case m; = my < 1419 and we have
I'y:= (kg — kl)log(ZLml) — (kzl’ll — kll’lz) 10gOC 7é 0.

This is similar to the case we have handled in the previous steps and yields the bound on n;
which is less than 2950. So in both cases we have ny < 2950. From the fact that

logd <kjlogd <4njlogo < 5678,
and by considering the inequality given in Lemma 5.3.3, we conclude that
ny < 1.4 x 10**(1 +log(2n»))?,

which with the help of Mathematica yields ny < 1.12 x 10’8, We summarise the first cycle of
our reductions.

max{k;,m} <n; <2950 and max{ky,my} <n, <1.12x10%. (5.38)
{ky,m} {ka,my}

From (5.38), we note that the upper bound on n; represents a very good reduction of the bound
given in Lemma 5.3.8. Hence, we expect that if we restart our reduction cycle with the new
bound on n,, then we get better bounds on n; and n,. Thus, we return to the inequality (5.33)
and take M := 1.12 x 1038, A computer seach in Mathematica reveals that

g >M >ny >ky—k; and a(M):=max{a;:0<i<82}=ap =134,
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5.4. The final computations

from which it follows that m3 < 100. We now return to (5.35) and we put X :=1.12 x 1040
and C := (20X)’ and then apply the LLL algorithm in Lemma 1.2.3 to m3 € [1,100]. After a
computer search in Mathematica, we get

1.04x 1071 < min_ |Ty| < 24kyo~2min{mimi},
1<m3<100

then min{n;,m;} < 410. By continuing under the assumption that m; := min{n;,m;} < 426,
we return to (5.37) and put X := 1.12 x 10%*, C := (20X)> and M := 1.12 x 10 for the case
m3 < my and the case m3 = my. After a computer search, we confirm that

439x10718 < min  |[y| < 24k, (5.39)
ISH’I3§100
m3+1<my <426

This gives n; < 494 which holds in both cases. Hence, by a similar procedure given in the first
cycle, we get that ny < 3 x 103,

We record what we have proved.

Lemma 5.4.2. Let (ki,n;,m;} be a solution to the Diophantine equation xy, = Ly,Ly,,, with
0<m;<njfori=12and 1 < k| <k, then

max{ky,m} <n; <494 and max{ky,my} <np<3x 103,

5.4.2. The final reduction

Returning back to (5.13) and (5.21) and using the fact that (x1,y;) is the smallest positive solution
to the Pell equation (1.17), we obtain

X = %(5k+7‘1k) = % <(x1 +Y1\/E>k+ <X1 _)’1\/3)]()

— %((X]—l- xﬁEl)kJr(m—\/E)k) =P (x1).

Thus, we return to the Diophantine equation x;, = L, L, and consider the equations
Pl (x1) = Ly Ly, and P (x1) = Ly, Lin,, (5.40)

with k € [1,500], my € [0,500] and n| € [ml + 1,500].

Besides the trivial case k; = 1, with the help of a computer search in Mathematica, on the above
equations in (5.40), we list the only nontrivial solutions in Table 5.1. We also note that

7+5V2=(1+V2)3,
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

so these solutions come from the same Pell equation with d = 2.

X1
Q]_:(xl) Ql( )
T ld 5 ki x1 oy d o
1L X1 N 2 1 1 2 112
2 2 1 3 24+43
2 2 1 5 2445
2 5 2 6 54+2v6
2 7 5 2 7452
2 10 3 11 104311
2 4 1 17 4417
2 4 1 15 4415
5 6 1 35 6435 2 26 1 677 26 ++/677
2 179 1 32042 179 ++/32042

Table 5.1.: Solutions to Pki1 (x1) = Ly, Ly,

From Table 5.1, we set each 6 := &, for t = 1,2,...10. We then work on the linear forms in
logarithms I'; and I',, in order to reduce the bound on n; given in Lemma 5.4.2. From the
inequality (5.14), for (k,n,m) := (kp,ny,my), we write

log & log2 12 5
k — o "™ 5.41
*loga (n2+m2) + log(a—1) < loga ’ (541)
forr=1,2,...10.
We put
log 6, log?2 12
T = log L Uy = L_l and (A,B):=|——,a).
ogo log(o=1) log

We note that 7; is transcendental by the Gelfond-Schneider’s Theorem and thus, 7; is irrational.
We can rewrite the above inequality, (5.41) as

0 < kot — (no+ma) + 1| < A;B;72™, for 1=1,2,...,10. (5.42)

We take M := 3 x 103® which is the upper bound on 7, according to Lemma 5.4.2 and apply

Lemma 1.2.2 to the inequality (5.42). As before, for each 7; withr =1,2,...,10, we compute

its continued fraction [a(()t),agl),ag), ...] and its convergents p(()t) / q(()t), pgt) / qu)’ pg) / qg), .... For

each case, by means of a computer search in Mathematica, we find and integer s; such that
¢ >18x10°=6M  and & :=||wmq?||—M|ng"|> 0.

We finally compute all the values of b, := Uog(A,qg) /€&)/1ogB;| /2. The values of b, correspond
to the upper bounds on m,, for each ¢t = 1,2,...,10, according to Lemma 1.2.2.
Note that we have a problem at §; := 2+ V/5. This is because

2
24+5=2 (1+2\/§) — 202,
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5.4. The final computations

So in this case we have I'y := (kp — 1)log2 — (np +my — 2ky) log a. Thus,

log2 ny+my—2k> < 12
log o ky—1 (ko —1)a?™log o

By a similar procedure given in Subsection 5.4.1 with M := 3 x 1036, we get that g77 > M and
a(M) :=max{a; : 0 <i <77} = 134. From this we can conclude that m, < 96.

The results of the computation for each ¢ are recorded in Table 5.2.

t O St qs, & > b,
1 2443 68 2.07577 x 10°7  0.319062 94
2 5426 91 8.19593 x 10%7 0.087591 97
3 104311 67 2.25831x10%® 0.316767 96
4  4+4/15 70 2.78896 x 1037 0.329388 94
5 6+35 74 175745 x 103 0.409752 96
6 1+V2 76 2.02409 x 1037 0.263855 94
7 2445 — — — 96
8 4++17 78 4.76137 x 1037 0.131771 96
9 26+677 65 3.17521 x 1037 0.356148 94
10 179++/32042 77 3.45317 x 107 0.384127 94

Table 5.2.: First reduction computation results

By replacing (k,n,m) := (kp,n2,my) in the inequality (5.21), we can write

log 6t + log(szz) < <101gza) a_2”27 (5.43)

k —
*log = log(o—1)

fort=1,2,...,10.

We now put

log & log(2L;,) 12
= = d A B = _— .
T[ lOg(x’ I'Lf,mz log(ail) an ( s [) log(x’a

With the above notations, we can rewrite (5.43) as

72"2

0 < |kaTy —no+ Wy my| <AB; 7%, for t=1,2,...10. (5.44)
We again apply Lemma 1.2.2 to the above inequality (5.44), for

r=1,2,...,10, mp=1,2,....b;, with M:=3x10%.
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5. On the z—coordinates of Pell equations that are products of two Lucas numbers

We take
&my = | thg""|| = M| |7g"")]| > 0,
and
b = by, = [10g(Argly™ /€1m,) /102 B: ] /2.

The case 87 = 2+ +/5 is again treated individually by a similar procedure as in the previous step.
With the help of Mathematica, we record the results of the computation in Table 5.3.

t 1 2 3 4 5 6 7 8 9 10
& m, > | 0.0145 0.0002 0.0006 0.0034 0.0106 0.0005 — 0.0009 0.0019 0.0010
bt m, 97 103 102 99 99 100 102 100 99 100

Table 5.3.: Final reduction computation results

Therefore, max{b;,,, :t=1,2,...,10 and mp=1,2,...b,} <103.

Thus, by Lemma 1.2.2, we have that n, < 103, for all + = 1,2,...,10. From the fact that
8K < a6 we can conclude that k; < k» < 198. Collecting everything together, our problem
is reduced to search for the solutions for (5.4) in the following ranges

1<k <ky<200, 0<m;<n; <200 and 0<my <ny<200.

After a computer search on the equation (5.4) on the above ranges, we obtained the following
solutions, which are the only solutions for the exceptional d cases we have stated in Theorem
5.2.1:

For the +1 case:
(d=3) xi=2=LLy, x2=7=L4Ly;

(d = 15) X1 = 4= L3L1 :L()L(), X5 = 15124 = L11L9;
(d =35) x1=6=1015L), x3=2846=Lgls.

For the —1 case:

(d:2) X1:1:L3L3, X2:3:L2L1, X3:7:L4L1, X9:1393:L11L4;
( 5) X1 = 2= LIL(), Xy = 9= L2L2;
(d=17) x1=4=L3L =LoLy, x=233=LsL,.

This completes the proof of Theorem 5.2.1. [
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Appendix A.

Fibonacci numbers which are
products of two Pell numbers

This appendix chapter contains a presentation of a slightly modified version of the paper [7] with
the title Fibonacci numbers which are products of two Pell numbers. This is a joint work with
Florian Luca and Mihaja Rakotomalala. The article was published in The Fibonacci Quarterly
in February, 2016.

Abstract: In this paper, we find all Fibonacci numbers which are products of two Pell numbers
and all Pell numbers which are products of two Fibonacci numbers.

Keywords: Fibonacci numbers; Pell numbers; Diophantine equations.

2010 Mathematics Subject Classification: 11B39, 11D61.

A.1. Introduction

Let {F, },>0 and {P, },,>0 be the sequences of Fibonacci and Pell numbers given by Fy = Py =0,
Fi=P = 1 and

Fhio=F+F and P p=2P, 1+P, foral n>0,

respectively. Their first few terms are
{Fy}n>1 1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1597,2584,4181,.. ..
{P.}n>1 1,2,5,12,29,70,169,408,985,2378,5741,13860,33461,80782,195025, . ...

Putting (e, ) = ((14++/5)/2,(1 —=+/5)/2) and (7, 8) = (1 ++/2,1 —+/2) for the pairs of roots
of the characteristic equations x> —x — 1 = 0 and x> — 2x — 1 = 0 of the Fibonacci and Pell
numbers, respectively, then the Binet formulas for their general terms are:

Fn:a :B and Pn:y”:g

forall n >0,
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respectively.

In this note, we study the Diophantine equations
F, = P,P, (A.1)

and
P = Fuky, (A.2)

Our results are:

Theorem A.1.1. (i) All positive integer solutions (k,m,n) of equation (A.1) have k =1,2,5,12.
(ii) All positive integer solutions (k,m,n) of equation (A.2) have k =1,2,3,7.

It is known that 144 = 122 and 169 = 132 are the largest squares in the Fibonacci and Pell
sequences, respectively, and 12 and 13 are Pell and Fibonacci numbers, respectively. So, the
above theorem says that there are no larger Fibonacci or Pell numbers which are products of two
numbers from the other sequence.

When m = 1 in equation (A.1) or kK = 1 in equation (A.2), the resulting Diophantine equation is
of the form
U,=V, forsome m,n>0, (A.3)

where {U, },>0 and {V},, },,>0 are the Fibonacci and Pell sequences, respectively. More generally,
there is a lot of literature on how to solve equations like (A.3) in case {U,},>0 and {Vi }m>0
are two non degenerate linearly recurrent sequences with dominant roots. See, for example,
[51] and [52]. The theory of linear forms in logarithms ta Baker gives that, under reasonable
conditions (say, the dominant roots of {U,},>0 and {V,, },>0 are multiplicatively independent),
equation (A.3) has only finitely many solutions which are effectively computable. In fact, a
straightforward linear form in logarithms gives some very large bounds on max{m,n}, which
then are reduced in practice either by using the LLL algorithm or by using a procedure originally
discovered by Baker and Davenport [11] and perfected by Dujella and Pethd [30].

In this paper, we also use a lower bound for linear forms in logarithms due to Matveev [50] and
the Dujella-Pethé [30] reduction procedure, to solve equations (A.1) and (A.2).

A.2. Proof of Theorem A.1.1

We ran a computation for k£ < 400 and got only the indicated solutions. We now assume that
k > 400 and that n > m. We do not consider the case n = m since they lead to F;, =[] and P, =[]
whose largest solutions are k = 12 and k = 7, respectively, as we already pointed out in the
Introduction. We deal with equation (A.1) first. We use the known inequalities that

" ?<F, <o ! and y"2<P,<y"! forall n>0.
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Thus,
2 <F=P,P,<y""? and of!'>F =pPpP,>y"" " (A.4)

Hence,
l+ciim+n—4)<k<2+ci(m+n—2), where c¢;=Ilogy/logo =1.83157.... (A.5)

In particular, k < 4n. We get

(@~ BY) = (7" = 5" (7~ &),

Sl -

which can be regrouped as

ak ,}/n+n Bk },nsm 4+ ,},m5n _ §mtn
Ny 8 ‘
Since § = —y ! and B = —a !, and the fact that 3/8 < 1/+/5, we get that
(Xk ,},m+n 2 . 2,},nfm
— — ——| < —=max G YSM = . A.6
g | < e { By = (A.6)
Dividing across by """ /8, we get
8 16
— a1 < ———. A7
e < oD

On the left-hand side of (A.7) we apply Theorem 1.1.8 with the data
t:=3,Mm:=8/V5 mi=a, n3:=7v, b :=1,by:=k, by:=—m—n.
We take K := Q(v/2,+/5), for which D := 4. Since
h(m) = log8, h(n2) = (1/2)logt, h(13) = (1/2)log .
we take A1 :=4log8, Ay :=2loga, A3 :=2logY. Finally, we can take D = 4n. Note that

Aj = %ak}/”m —1.

The fact that it isn’t zero follows from the fact that if it were, we would then get that o %y +" =
8/ V/5. However, the left-hand side of the above relation is a unit in K, whereas the right hand
side is not as its norm over K is 212/52. Thus, A; # 0. Theorem 1.1.8 gives that

log|A1] > —1.4 % 30% x 3%3 x 4%(1 +1og4) (1 +log(4n))(4log8)(2log(cx))(21og ¥).
Comparing the above inequality with (A.7), we get

2mlogy—log(16/V/5) < 7.8 x 1013 (1 +log(4n)). (A.8)

111



Appendix A. Fibonacci numbers which are products of two Pell numbers

Hence,
mlogy < 4 x 1013 (1 +log(4n)). (A.9)

Next we return to equation (A.1) and rewrite it as

' ak B 7/n ' B ﬁk B "
V5P, 2v2| V5P, 2V2
We divide both sides above by ¥ /2+/2 getting

&ak 7n_1 <ﬂmax{L L}
et S e

From (A.4), we get that
1 Vo _ (o) _ 7o 9

- _ - _ - — )

because }/3/06 < 9and m > 1. Thus,

2V2 _4V2x9  36v2
V5P, IERVAI VA 2

On the left-hand side of (A.10) we apply Theorem 1.1.8 with the data

(A.10)

aky " — 1‘

1:=3, M1 :=V5P,/2V2, ;i=a, N3:=7, by :=—1, by :=k, by :=—n.
We take again K := Q(\/Z \/5), for which D := 4. As before,
h(m2) = (1/2)logax, h(n3) = (1/2)logy,
so we can take Ay :=2loga, A3 :=2logy. As for h(n;), the polynomial
8X% —5P2
has 1 as a root. Thus,

h(m) < %<log8+210g(\/§Pm/2\/§))

= logP,+logV/5 < (m—1)logy+logV5
< mlogy.

Using (A.9), we can take

Ay =16 x 1013 (1 +log(4n)) > 4h(my).
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Finally, we can take B := 4n. Note that

Ay = 2\/§ OCk
- V5P,

Similarly to the argument used to prove that A; # 0, one justifies that Ay # 0. Theorem 1.1.8
gives that

,y—n—m _ 1

log|Ag| > —1.4 % 30% x 3% x 4%(1 4+ 1og4)(1 +log(4n))?16 x 103 x (2log(ax))(2logy).
Comparing this with (A.10), we get
2nlogy—log(36v'2/v/5) < 1.5 x 1077 (1 4 log4n))?,

giving
n<5x10%, (A.11)

The same arguments apply to equation (A.2) (just swap the roles of the pairs (¢, 8) and (7, 0) of
1/4/5 and 1/(2v/2). Let us give the details. We assume m > 3, otherwise m € {1,2}, F,, = 1 and
the solutions of (A.2) are among the solutions to (A.1) with m = 1. Inequality (A.5) becomes

l+co(m+n—4)<k<2+cy(m+n-2), ca=1/cy =logo/logy=0.545979...,

(A.12)
which implies in particular that k£ < 3n. The analog of inequality (A.6) is
,},k am+n _ ‘ 6k anﬁm+alnﬁn_ﬁm+n
2vV2 S 62\/5 3 - (A.13)
o
< gmax{|5]k,a"*m} ==
This leads to
iyka—"—m —1| < o (A.14)
2\/§ a2m7 '

which is the analogue of (A.7). We check that the amount A3 in the left-hand side above is
non-zero by an argument similar to the one used to prove that A; and A, are non-zero, and apply
Theorem 1.1.8 to get a lower bound for it, getting

log Az > —1.4 x 30°% x 3*3 x 42(14+1og4)(1 +log(3n))(4log5) (2log(cx))(210g ).
We get that the analog of (A.8) is
2mlog o —log6 < 5.98 x 10'3(1 +1log(3n)),

giving
mloga+1 <3 x 103 (1 +1og(3n)), (A.15)
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Appendix A. Fibonacci numbers which are products of two Pell numbers

which is the analog of inequality (A.9). Returning to equation (A.2), we get

‘ v ! i}. (A.16)

e e A

2V2F, /5

By (A.12), we get
7/( > ,},am+n—4 > ’}/06_3(Xn,

SO
a3/ Y

— A.17

Q
:

Hence, by (A.16) and (A.17), we get

4

,}/(—n

(A.18)

2\/_F

This is the analog of (A.10). Writing A4 for the amount under the absolute value in the left—hand
side above, we get that it is not 0 by arguments similar to the ones used to prove that A; # 0 for
i=1,2,3. We apply as we did for A,. Here, n; := 2\/§Fm/\/§ is a root of 5X% — 8F2. Its height
therefore satisfies

h(m) < logFp+1log2v2 < (m—1)logo +log2v/2
< mlogo+1<3x10"(1+1log(3n)),

by (A.15). We get that
logAg > —1.4 x 30°% x 3%3 x 4%(1 +1og4) (1 +1log(3n))?12 x 10" x (2log(ax))(210g?y),
which together with (A.18) leads to
2nlog o —log4 < 1.2 x 10%7(14log(3n))?,

giving
n<7x10%.

So, comparing the above bound with (A.11), we conclude that both in equation (A.1) and (A.2),
we get n < 7 x 100, We record what we proved as a lemma.

Lemma A.2.1. If (k,m,n) are positive integers satisfying one of the equations A.1 or (A.2) with
m<n, thenk <4n andn <7 x 10°9,

Now we need to reduce the bound. To do so, we make use several times of the following result,
which is a slight variation of a result due to Dujella and Pethd [30].
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A.2. Proof of Theorem A.1.1

We look at (A.7). Assume that m > 20. Put
' :=kloga — (n+m)logy+1log(8/v/5).

Then |e!" — 1| = |A{| < 1/4 by (A.7), which implies that [I'j| < 1/2. Since |x| < 2|e* — 1]
whenever x € (—1/2,1/2), we get from A; = ¢! and (A.7) that

Ty < 32
1 \/gf},Zm
IfI'y > 0, then
1 log(8/+/5 32 17
(950) gy OV 21
logy logy (v/Slogy)y?m ¥

We apply Lemma 1.2.2 with M = 3 x 103! (note that M > 4n > k),

log o log(8/v/5

T = g% , u::—og( /\/_), A:=17, B::}/Z.
logy log 6

Writing T = [ap,ay,...] as a continued fraction, we get

P14 _ 2037068391552562960855777461929676271
g74  3731035235978315437343082205475618926’

(o, .. aza] =

and we get g74 > 3 x 103 > 6M. We compute € = ||ug74|| — M||Tg74| > 0.4. The reason that
we picked the 74th convergent is that both the inequalities g74 > 6M and € > 0 hold. Thus, by
Lemma 1.2.2, we get m < 49. A similar conclusion is reached if we assume that I'; < 0. This
was in the case of inequality (A.7). In the case of inequality (A.14), assuming again that m > 20,

we get that
12

Let I'3 be the expression under the absolute value of the left-hand side above. If '3 > 0, we
get

’(n+m) log ot — klogy—log(5/2v2)| <

0 < (n+m) (bﬂ) k4 log(2v2/5) _ 12 3

logy logy (5logy) o2 <o
We keep the same values for M, T, ¢ and only change u to
log(2v/2
f= M, A:=3, B:=o’.
logy

We get € > 0.2, and by Lemma 1.2.2, m < 90. A similar conclusion is reached if I'3 < 0. Thus,
m < 90 in all cases. Now we move on to (A.10). Assume n > 100. We then get

722

klog ot —nlog y+1og(2v2/V/5P,)| < N3
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Appendix A. Fibonacci numbers which are products of two Pell numbers

Let I'; be the expression under the absolute value in the left-hand side above. If I'; > 0, we then
get

k(loga) _n+log(2\/§/(\/§Pm)) _ 72V/2 <¥‘
logy logy (V5logy)y> 7"

We keep the same values for M, T, ¢ and only change u to

 log2V/3/(V3Ey)
" logy

, A:=52, B:=9> forall m=1,...,90.
We get € > 0.019, so n < 53. A similar conclusion is reached if I, < 0. Finally, if instead of
(A.10), we have (A.18), then a similar argument leads to

4
‘nlogoc —klog }/-l—log(Z\/iFm/\/g)‘ <

Putting I'4 for the amount under the absolute value in the left-hand side above, we get in case
I’y > 0 that

- (logoc) . log(2v/2F,/V/5) 4 5

< < —.
logy logy logya?r =~ o2

We keep the same values for M, 7, ¢ and only change u to

. log(2v/2F,,/V/5)

e ., A:=5, B:=a? forall m=1,...,90.
logy

We get € > 0.005, so n < 94. So, in all cases n < 94, so k < 400. We generated {F} }1<x<400
and {P, P, }1<m<n<100 and intersected them, and also {P; }|<x<a00 and {F,F, }1<m<n<i100 and
intersected them and got no other solutions. Hence, Theorem A.1.1 is proved.

A.3. Comments

It is apparent from our proof that the method is more general and shows that every equation of
the form

Uk = VmVn

has only finitely effectively computable many positive integer solutions (k,m,n) provided that
{Un}n>0 and {V, },>0 satisfy a few technical conditions such as:

(i) they are both non degenerate binary recurrent and have characteristic equations of real
roots &, B and &, y with a8 = +1 and y6 = +1.
(ii) Q|| and Q[9] are distinct quadratic fields.
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A.3. Comments

In fact, more is true, namely that for fixed k and s, the diophantine equation

k s
HF ni — HP mj
i=1 j=1
has only finitely many positive integer solutions

(nl,...,nk,ml,...,mk)

and all such are effectively computable. Such a statement is not very difficult to prove. A deeper
conjecture made in [48] to the effect that the intersection of the multiplicative group generated by
{F,},>1 with the multiplicative group generated by Pell numbers {P, },> is finitely generated
cannot unfortunately be attacked by these methods.
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Appendix B.

On a problem of Pillai with Fibonacci
numbers and powers of 2

This appendix chapter presents a slightly modified version of the paper [8] with the title On a
problem of Pillai with Fibonacci numbers and powers of 2. This is a joint work with Florian Luca
and Mihaja Rakotomalala. The article was published in Proceedings — Mathematical Sciences in
June, 2017.

Abstract: In this paper, we find all all integers ¢ having at least two representations as a difference
between a Fibonacci number and a power of 2.

Keywords: Fibonacci numbers; Linear forms in logarithms; Reduction method.

2010 Mathematics Subject Classification: 11B39, 11J86.

B.1. Introduction

Let {F, },>0 be the sequence of Fibonacci numbers given by Fp =0, F; = 1, and
Fhio=F, 1 +F, forall n>0.
Its first few terms are

1,1,2,3,5,8,13,21,34,55,89, 144,233,377,610,987, 1597,2584, 4181, . ...

Here, we study a Pillai-related problem and find all positive integers ¢ admitting two representa-
tions of the form F,, — 2™ for some positive integers n and m. We assume that representations
with n € {1,2} (for which F; = F>) count as one representation just to avoid trivial “parametric
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Appendix B. On a problem of Pillai with Fibonacci numbers and powers of 2

families” such as 1 — 2" = F; — 2™ = F, — 2™, and so we always assume that n > 2. Notice the

solutions
1=5-4=3-2(=F-22=F, -2,

—3=5-8=1-4=13-16(=Fs—-2>=F -2>=F -2%),
5=21-16=13—-8(=FK—-2*=F-2%),
0=8-8=2-2(=F—2>=F; -2, (B.1)

—11=21-32=5-16(=FK—2°=F5—2%),
—30=34-64=2-32(=Fy—20 =3 —2°)
85 = 4181 — 4096 = 89 — 4(= Fjg — 2% = Fj; —2°).
We prove the following theorem.
Theorem B.1.1. The only integers c having at least two representations of the form F,, — 2" are

c€{0,1,-3,5,—11,—30,85}. Furthermore, for each c in the above set, all its representations
of the form F,, — 2™ with integers n > 2 and m > 1 appear in the list (B.1).

B.2. Proof of Theorem B.1.1

Assume that (n,m) # (ny,m;) are such that
F—2" =F, —2™.

If m = my, then F, = F,, and since min{n,n; } > 2, we get that n = n; =2, so (n,m) = (n1,my),
which is not the case. Thus, m # my, and we may assume that m > m;. Since

Fy—F, =2"—2™, (B.2)

and the right—hand side is positive, we get that the left—hand side is also positive and so n > ny.
Thus, n > 3 and n; > 2. We use the Binet formula

ak—ﬁ"
= OC—B

where (o, ) = ((14++/5)/2, (1 —+/5)/2) are the roots of the characteristic equation x> —x — 1 =
0 of the Fibonacci sequence. It is well-known that

Fy

for all k>0,

ak? < F < k! forall k> 1.

In (B.2) we have
" <Fy ) <F—F, =2"-2™ < 2"

n—1 _ __Aam _ ~Hmy m—1 (B3)
o > Fy > Fy—F, =2" 2™ > 2"
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B.2. Proof of Theorem B.1.1

therefore
n—4<cm and n—1>cy(m—1), where c¢;=1log2/logax=1.4402.... (B.4)

If n < 400, then m < 300. We ran a computer program for 2 <n; <n<400and 1 <m; <m <
300 and found only the solutions from list (B.1). From now, on, n > 400. By the above inequality
(B.4), we get that n > m. Thus, we get

LAY

V5

ﬁ+u _om ot +2
V5 V5 BRVA]
200 L om < dmax{a™, 2™}
V5 o

+2m

IN

Dividing by 2" we get

ni

\/57106"2*’" — 1‘ < 2max { x

om’

2’“1'"} < max{oM "6 pm-mtiy (B.5)

where for the last right-most inequality above we used (B.3) and the fact that 2 < ¢?. For the
left—-hand side above, we use Theorem 1.1.8 with the data

t:=3,1m:= \/5, M=o, N3:=2,by:=—1, by:=n, by:=—m.

We take K := Q(+/5) for which D := 2. Then we can take A| := 2h(n;) = log5, Ay :=2h(12) =
loga, Az :=2h(n3) = 2log2. We take B := n. We have

A=5 a1,

Clearly, A # 0, for if A =0, then 02" € Q, which is false. The left-hand side of (B.6) is bounded,
by Theorem 1.1.8, as

log |A| > —1.4 x 30% x 3*3 % 22(1 +1og2)(1 4 logn)(log5) (2log ) (21og 2).
Comparing with (B.5), we get
min{(n—n; —6)loga, (m—mj; —1)log2} < 1.1 x 10'2(1+1logn),

which gives
min{(n—ny)loga, (m —my)log2} < 1.2 x 1012(1 +logn).

Now the argument splits into two cases.

Case B.2.1. min{(n—n;)loga,(m—m;)log2} = (n—n;)logo.
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Appendix B. On a problem of Pillai with Fibonacci numbers and powers of 2

In this case, we rewrite (B.2) as

%a“l—zm = %-2’”1 <2m o <omtl
SO
n—n1_1
K(XT) oMo 1‘ < gm=m=1, (B.6)

Case B.2.2. min{(n—n;)logc, (m—m;)log2} = (m—mj)log2.

In this case, we rewrite (B.2) as

an n a}’ll _ Rn anl 2
__2m1(2m—m1_1)‘: ﬁ + B + <an17
V5 V5 V5
SO
a™ 20
‘(\fS(zm—ml —1) a2 — 1‘ < g < o <20 <@ B

Inequalities (B.6) and (B.7) suggest studying lower bounds for the absolute values of

n—ni _q
A= (—O‘ NG )a”lz—’"—1 and Ay := (V52" —1))"lgm2m 1.

We apply again Theorem 1.1.8. We take in both cases ¢ := 3, 1, := «, 13 := 2. For Ay, we have
by :=ny, by := —m, while for A, we have b, := n, b3 := —m;. In both cases we take B := n.
We take
a" " —1
1= )
LN

according to whether we work with A or Aj, respectively. For A; we have b; := 1 and for A,
we have b| := —1. In both cases K := Q(+/5) for which D := 2. The minimal polynomial of 7,
divides

or 1M =+V5(2"™M 1),

5X2—5F X — (=)™ +1—L,,,) or X>—502m"™ —1)2

respectively, where {L; };>0 is the Lucas companion sequence of the Fibonacci sequence given
by Lo=2, Ly =1, Lyyp = L1 + Ly for k > 0 for which its Binet formula of the general term
is

Ly=of+p*  forall k>0.

Thus,

1 oM 41 —
h(n) < 3 <log5—|—log (T)) or log(V/5(2 1), (B.8)
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B.2. Proof of Theorem B.1.1

respectively. In the first case,
1 nen 1 11
h(n1) < E1og(2ﬁoc ') < 5(n—m+4)loga <7x 10" (1+logn), (B.9)
and in the second case
h(11) < log(8 x 2™ ™) = (m—mj +3)log2 < 1.3 x 10'2(1+1logn).

So, in both cases, we can take A| := 2.6 x 10'?(1 +logn). We have to justify that A; # 0 for
i =1,2. But A| = 0 means
(@M —1)a™ =+/5x 2™

Conjugating this relation in Q, we get that
("M —1)a™m =—(p" ™M —-1)8". (B.10)

The absolute value of the left-hand side is at least o* — o™ > a2 > 3?8, while the absolute
value of the right—hand side is at most (|3]"~"1 4 1)|B|™ < 2, which is a contradiction. As for
Ay, note that A; = 0 implies a?" € Q, which is not possible. We then get that

log |Aj] > —1.4 x 300 x 3% x 22(1 +1log2)(1 +logn) (2.6 x 10'%(1 +1ogn))2(log2) log c,
for i = 1,2. Thus,
log|Ai| > —1.7 x 10**(1 +logn)> for i=1,2.
Comparing these with (B.6) and (B.7), we get that
(m—my —1)log2 < 1.7 x 10**(14+logn)?, (n—n; —6)loga < 1.7 x 10**(141logn)?,

according to whether we are in Case B.2.1 or in Case B.2.2. Thus, in both Case B.2.1 and Case
B.2.2, we have

min{(n—ny)loga, (m —my)log2} < 1.2 x 10'?(1 +logn)

o4 5 (B.11)
max{(n—nj)loga,(m—mj)log2} < 1.8 x 10°*(1 +logn)~.
We now finally rewrite equation (B.2) as
(Ocn—m - 1) oM — M <2mfml _ 1)’ _ ﬁn —B”l < ’ﬁ’nl — L
5 V5 an
We divide both sides above by 2" — 2™1 getting
n—ny _
o 1 oo | < 1 < 2
\/§(zm7m1 —1) om(2m —2m) T gqm2m
< 204 < gt (B.12)
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because o't > a2 > 2. To find a lower-bound on the left—hand side above, we use again Theorem
1.1.8 with the data

a}’l—}’ll_l
t:=3,m:= , M=o, Nn3:=2, by1:=1, by:=ny, b3 :=—my, B:=n.

Va(2rm —1)

We have K := Q(+/5) with D := 2. Using the fact that h(x/y) < h(x) + h(y) for any two nonzero
algebraic numbers x and y, we have

IN

n—mp __ 1
h(m) < h (a—) +h(2"M 4 1) < log(2V/5a" ™M) +1log(2" ™ + 1)

V5
< (n—ny)logo+ (m—mj)log2+1og(2v/5) +1 < 2 x 10%*(1 +1ogn)?,

where in the above chain of inequalities we used the arguments from (B.8) and (B.9) as well
as the bound (B.11). So, we can take A| := 4 x 10?*(1 +logn)? and certainly A, := log & and
Az :=2log2. We need to show that if we put

Ca)

A3 = \/5

ol — M (2m—m1 _ 1)’

then Az £ 0. But A3 = 0 leads to
(o' — a" = /52" —2m),

which upon conjugation in K leads to (B.10), which we have seen that it is impossible. Thus,
A3 # 0. Theorem 1.1.8 gives

log |Az] > —1.4 x 30°% x 3%3 % 22(1 +10g2)(1+logn) (4 x 10**(1+1logn)?)2(log2)log ,
which together with (B.12) gives
(n—3)loga < 3 x 10°(1 +logn)?,
leading to n < 7 x 10*2,

Now we need to reduce the bound. To do so, we make use several times of the result due to
Dujella and Pethé [30].

We return first to (B.5) and put
I':=nloga —mlog2 —log V5.

Assume that min{n —n;,m —m;} > 20 and we go to (B.5). This is not a very restrictive assump-
tion since, as we shall see immediately, if this condition fails then we do the following:

(1) if n—ny; <20 but m —m; > 20, we go to (B.6);
(i) if n—ny > 20 but m —m; < 20, we go to (B.7);
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B.2. Proof of Theorem B.1.1

(ii1) if both n —n; <20 and m —m; < 20, we go to (B.12).

In (B.5), since |e!' — 1| = |A| < 1/4, we get that || < 1/2. Since |x| < 2|¢* — 1] holds for all
x€(—1/2,1/2), we get that

|F’ < 2max{a”1_”+672m—M1+1} < max{anl—n+8,2m1—m+2}.

Assume I" > 0. Then

logo log(1/+/5) ob 4
O<n( 8% _,y 28L/VD) .
<" ( log?2 ) m log?2 < max (log2)an—m" (log2)2m—m

We apply Lemma 1.2.2 with

logo log(1/+/5)
= =—" A,B):= (68, 6,2).
We let T = [ag,ay,az,...] =1[0,1,2,3,1,2,3,2,4,...] be the continued fraction of 7. We take

M =7 x 10*2. We take

p P149 75583009274523299909961213530369339183941874844471761873846700783141852920
q B q149  108871285052861946543251595260369738218462010383323482629611084407107090003

where g > 1074 > 6M. We have € > 0.09, therefore either

0y < log(684/0.09)
loga

< log(6¢/0.09)

253.
- log?2 <

n— <369 or m—m

Thus we have that either n —n; < 368 or m —m; < 252. A similar conclusion is obtained when
I'<O.

In case n —n; < 368, we go to (B.6). There, we assume that m —m; > 20. We put

I ‘=niloeax —mlo _|_0 — .
1 1108 g 24 \/3

Then (B.6) implies that

4
‘1—‘1’ < Sy
Assume I'; > 0. Then
loga log((a™™™ —1)//5) 4 6
0< — < < .
" (logZ) mt log2 (log2)2m=—mi = gm=m

We keep the same 7, M, ¢, (A,B) = (6,2) and put

_log((e* —1)/V/5)
M == log?2

. k=1,2,...,368.
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We have problems at k € {4,12}. We discard these values and we will treat them later. For the
remaining values of k, we get € > 0.001. Hence, by Lemma 1.2.2, we get

log(64/0.001
m—my < 10264/000) _5g
log?2
Thus, n —n; < 368 implies m —m; < 258, unless n —n; € {4,12}. A similar conclusion is
reached if I'j < 0 with the same two exceptions for n —n; € {4,12}. The reason we have a
problem at k € {4,8} is because

So,
I':=m+2)t—m, or (n+6)t—(m—3) when k=4,12, respectively.
Thus we get that

~m=3 < 4
n+6 2m=mi(n; +6)

- | < 4 T

— or
m+2| - 2mmi(ng +2)

Assume m —mj > 150. Then 2™ > 8 x (8 x 10*2) > 8 x (n; +6), therefore

4 1 4 1

< d < .
2 (g +2) C2(m 122 N 2mmmi(n 16) © 2(n; 1 6)2

By Lemma 1.2.1, it follows that m/(n; +2) or (m+3)/(n; +6) are convergents of 7, respectively.
So, say one of m/(n; +2) or m/(n; +6) is of the form p; /gy for some k =0,1,2,...,99. Here
we use that ggg > 8 X 10*2 > n; +6. Then
1
o fen]
(ax + 2)qk

Since max{a; : k=0,...,99} = 134, we get that

1 < 4
136g7 ~ 2m Mg

and ¢ divides one of {n;+2, n;+6}.

Thus
2T < 4 % 136(n) +6) < 4 x 136 x 8 x 10%

giving m —m; < 151. Hence, even in the case n —n; € {4, 12}, we still keep the conclusion that
m—mp < 258.

Now let us assume that m —m; < 252. Then we go to (B.7). We write

I, :=nloga —mylog2+log(1/(v/5(2" ™ —1))).
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B.2. Proof of Theorem B.1.1

We assume that n — n; > 20. Then

208
|F2| < .
Assuming I, > 0, we get
log ot log(1/(v/5(2m™ —1 2a° 52
0 (lo20 - los(1/(V5( D _ 2
log?2 log2 (log2)a=—m — gn=—m

We apply again Lemma 1.2.2 with the same 7, ¢, M, (A,B) = (52, ) and

_log(1/(3(2*~ 1)
e == log2

for k=1,2,...,252.

We get € > 0.0005, therefore

- log(52¢/0.0005)

< 379.
loga

n—ny

A similar conclusion is reached when I'; < 0. To conclude, we first got that either n —n; < 368
orm—my <252.If n—ny <368, then m —m; <258, and if m —m; <252, thenn—n; < 378.
In conclusion, we always have n —n; < 380 and m —m; < 260.

Finally we go to (B.12). We put

oM —1
I'; :=n1loga —mylog2 +log <\/§(2mrm - 1)) .

Since n > 400, (B.12) tells us that

2 2

T < poE

Assume that I'3 > 0. Then

0<n (10%0‘) _m1+log<(o‘k_1)/\/§(2€—1)) 203 13

< _
log2 log2 (log2)a™ ~ a”

where (k, /) := (n—nyj,m—my). We apply again Lemma 1.2.2 with the same 7, M, ¢, (A,B) =
(13,0r) and

_ log((a*—1)/v5(2' ~ 1))
log?2

Myc.p : for 1<k<379,1</<259.

We have a problem at (k,¢) = (4,1), (12,1) (as for the case of (B.6) and additionally for
(k,¢) = (8,2) since
ol —1 A
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We discard the cases (k,¢) = (4,1), (12,1),(8,2) for the time being. For the remaining ones, we
get £ >7x 1079, so we get

n < log(13¢g/(7 x 1079))

< 385.
loga

A similar conclusion is reached when I'3 < 0. Hence n < 400. Now we look at the cases
(k,0) = (4,1), (12,1), (8,2). The cases (k,¢) = (4,1), (12,1) can be treated as we did before
when we showed that n —n; < 368 implies m —m; < 258. The case when (k,¢) = (8,2) can be
dealt with similarly as well. Namely, it gives

13
[(m+4)T—mi| < .

Hence
my 13

— < .
n1+4' (n1—|-4)06”
Since n > 400, then o > 2 x 13 x (8 x 10*?) > 2 x 13(n; +4), which shows that the right-hand

side of inequality (B.13) is at most 2/(n; +4)2. By Legendre’s criterion, m/(n; +4) = p/qx
for some k =0,1,...,99. We then get by an argument similar to a previous one that

T

(B.13)

o < 13 % 136 x (8 x 10%?)

giving n < 220. So, the conclusion is that n < 400 holds also in the case of the pair (k,?) = (8,2).
However, this contradicts our working assumption that n > 400.

Theorem B.1.1 is therefore proved.
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Appendix C.

On a problem of Pillai with Fibonacci
numbers and powers of 3

This appendix chapter contains a presentation of a slightly modified version of the paper [9]
with the title On a problem of Pillai with Fibonacci numbers and powers of 3. The article has
appeared online in Boletin de la Sociedad Matemdtica Mexicana in September, 2019.

Abstract: In this paper, we find all integers ¢ having at least two representations as a difference
between a Fibonacci number and a power of 3.

Keywords: Fibonacci number; linear form in logarithms; Baker’s method.

2010 Mathematics Subject Classification: 11B39, 11J86.

C.1. Introduction

In this paper, we are interested in studying the Diophantine equation
F,-3"=c (C.1)
for a fixed integer ¢ and variable integers n and m. In particular, we are interested in finding those

integers ¢ admitting at least two representations as a difference between a Fibonacci number and
a power of 3. This equation is a variant of the Pillai equation (1.15).

C.2. Main Result

The main aim of this paper is to prove the following result. Since F| = F> = 1, we discard the
situation when n = 1 and just count the solutions for n = 2.
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Theorem C.2.1. The only integers c having at least two representations of the form F,, — 3™ are
c €{-26,—-6,—1,0,2,4,7,12}. Furthermore, all the representations of the above integers as
F, — 3™ with integers n > 2 and m > 0 are given by

—26=Fjg—3"=F -3

—6=F—3=F 3%

—1=F—3*=F-3!

0="F—3"=F-3%

2=F—3'=F —3%

4=F—3*=F-3"

7=F—-3=F-3%

12=F—-3>=F-3"

(C.2)

C.3. Proof of Theorem C.2.1

Assume that there exist nonnegative integers n,m,ny,m; with min{n,n;} > 2 and min{m,m; } >
0 such that (n,m) # (ny,m;), and

F,—3"=F, —3™.

Without loss of generality, we can assume that m > my. If m = my, then F, = F,,, so (n,m) =
(n1,my ), which gives a contradiction to our assumption. Thus m > m;. Since

F,—F, =3"-3™ (C.3)
and the right-hand side is positive, we get that the left-hand side is also positive and so n > n;.

Using the Binet formula

ak — Bk
F, = for all k > 0, (C4)
V5
where (a,f) := #, #) are the roots of the equation x> — x — 1 = 0, which is the charac-

teristic equation of the Fibonacci sequence. One can easily prove by induction that
of 2 <F, <o forall k> 1. (C.5)
Using the equation (C.3), we get

" <Fy ) <F—F, =3"-3M<3"

n—1 _ __qm _ qmy m—1 (C6)
A > Fy > By By =3 3" >3
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from which we get that

log3 log3

oga

If n < 300, then m < 127. We ran a Mathematica program for 2 <n; <n <300 and 0 < m; <
m < 127 and found only the solutions from the list (C.2). From now, we assume that n > 300 and
from (C.7) we have that m > 127. Therefore, to solve the Diophatine equation (C.1), it suffices
to find an upper bound for n.

C.3.1. Bounding n

By substituting the Binet formula (C.4) in the Diophantine equation (C.1), we get

o g* o™ —pm oM +2
_— 3m = —_—t — — mi < —+ 3}111
V5 ‘\/5 V5 YA
20 3m 3 fam,3m)
< + 3" < 3max{a",63"}.
IRVA] 7

Multiplying through by 37", using the relation (C.6) and using the fact that @ < 3, we get

nj

‘(\/5)_106”3_’”— 1‘ < 3max{a

7 ,3'"1—'"} < max{om 7 3m—mtly (C.8)
For the left-hand side, we apply the result of Matveev, Theorem 1.1.8 with the following data
t =23, ’)/12\/5, r=a, =3, by=—1, bp=n, b3=—m.

Through out we work with the field K := Q(+/5) with D = 2. Since max{1,n,m} < 2n, we take
B :=2n. Furthermore, we take A| :=2h(y) =log5, Ay :=2h(p) =loga, A3 :=2h(y;) =2log3.
We put

A= (V5) Tam3 1.

First we check that A # 0, if it were, then a?" € Q, a contradiction. Thus, A # 0. Then by
Matveev’s theorem, the left-hand side of (C.8) is bounded as

log|A| > —1.4-30°-3%3.22(141og2)(1 +log2n)(log5)(log &) (2log3).
By comparing with (C.8), we get
min{(n—n; —7)loga, (m—m; —1)log3} < 1.66 x 10'%(1 +1og2n),
which gives
min{(n—ny)loga, (m—mj)log3} < 1.67 x 10'%(1 +1og2n).

Now we split the argument into two cases.
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Case C.3.1. min{(n—n;)loga,(m—m;)log3} = (n—ny)logc.

()

an—nl o 1
’(T> o3 1' < 3momtl (C.9)

In this case, we rewrite (C.3) as

(5 >

which implies

< 143m < 3mtl

We put

n—ni _1
A= (a—) a3 ],
V5

To see that A # 0, for if A; =0, then
o — oM =+/5.3"
By conjugating the above relation in K, we get that
BB = —/5-3".

The absolute value of the left-hand side is at most |3 — B"t| < [B|"+ [B|™ < 2, while the
absolute value of the right-hand side is at least | — V5 3" > V/5 > 2 for all m > 127, which is a
contradiction.

We apply Theorem 1.1.8 on the left-hand side of (C.9) with the data
al’l—nl _ 1
V5

The minimal polynomial of y; divides

t:3, N = , h=0, ’}’3:3, b1:1, bzznl, b3:—m.

5X2—5F 0 X — (=)™ +1 =L, ),

where {L; }x>¢ is the Lucas companion sequence of the Fibonacci sequence given by Ly =
2, Ly =1, Lgyo=2L1 + Ly for all k > 0, for which the Binet formula for its general term is
given by

Ly = ok + B* forall k> 0.
Thus, we obtain

an*nl + 1

h(n) < %(logS—i—log <T)) < %log(z\/gan_nl)

1
< F—m+2)loga < 8.4 % 10 (1 +1log2n). (C.10)
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So, we can take A| := 1.67 X 1012(1 +log2n). Furthermore, as before, we take A, := log a and
Az :=2log3. Finally, since max{1,n;,m} < 2n, we can take B := 2n. Then, we get

log|A| > —1.4-30°-3*3.22(1 +1log2)(1+1log2n)(16.8 x 10! (1+1log2n))
X (logo)(21og3).

Then,
log|A1] > —1.72 x 10**(1 4+1og2n)?.
By comparing the above relation with (C.9), we get that
(m—my)log3 < 1.80 x 10?*(1 +log2n)>. (C.11)
Case C.3.2. min{(n—n;)loga, (m—m;)log3} = (m—m;)log3.
In this case, we rewrite (C.3) as

o™ +2

V5

n
%—(3’“’“1 )3 =

which implies that

ﬁl’l +an1 _ﬁnl
V5

n
< o'y

o™ 3a™
3m _ 3mj B 3m
< 3agMTt < gt (C.12)

(V5@ M —1) a3 1] <

We put
Ap = (V3(3™ ™M 1)) ta"3 ™M — 1.

Clearly, A # 0, for if A, =0, then @ € Q, which is a contradiction. We again apply Theorem
1.1.8 with the following data

t=3, 7= \/5(3m—m1 - 1), vr=a, p=0a, bj=—1, bp=n, by =—m;.
The minimal polynomial of y; is X? — 5(3™~" —1)2. Thus,
h(1) = log(V5(3™ ™ —1)) < (m—my +1)log3 < 1.25 x 10'2(1 +log2n).

So, we can take A} := 2.5 x 10'%(1 4 log2n). Further, as in the previous applications, we take
Aj :=loga and A3 := 2log3. Finally, since max{1,n,m;} < 2n, we can take B := 2n. Then, we
get
log|Aa| > —1.4-30°-3%2.22(141og2)(1 +log2n)(2.5 x 10"
x(1+41og2n))(logcx)(2log3).
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Thus,
log |Az| > —2.56 x 10%*(1+log2n)>.
Now, by comparing with (C.12), we get that
(n—np)logor < 2.58 x 10%*(1 +log2n)>. (C.13)
Therefore, in both Case C.3.1 and Case C.3.2, we have

min{(n—n;)loga, (m —m;)log3} < 1.24 x 10'%(1 +1og2n),

4 5 (C.14)
max{(n—nj)loga, (m—mj)log3} < 2.58 x 107 (1 +log2n)-.
Finally, we rewrite the equation (C.3) as
n—np _ 1 n__ A3n
(OC )anl_(3mfm]_l).3ml _‘B ﬁ < ‘ﬁ’nl<l.
V5 V5
Dividing through by 3" — 3" we get
o —1 1 3
a3 1 < < —
‘(ﬁ@mml _1)) ‘ (3m —3mi) = 3m
< 3a Y < ol (C.15)

since o < 3 and o < ™. We again apply Theorem 1.1.8 on the left-hand side of (C.15) with
the data

3 oo —1
t— 9 YI_\/g(Sm—’"l—l)

By using the algebraic properties of the logarithmic height function, we get

o' — ] ot — 1
h = h < h|———— | +h(3"™M -1
o) (\/5(3'""“—1))‘ () e )
1
< 5(n—m+4)loga+ (m—m)log3 < 2.80 x 10**(1+1og2n)?,

, h=0Q, 7’3:37 b1:17 b2:n17 b3:_m1'

where in the above inequalities, we used the argument from (C.10) as well as the bounds
(C.14). Thus, we can take A1 := 5.60 x 10?*(1 4 log2n), and again as before A, := log & and
Az :=2log3. If we put

Asi= ( ol ) a3
\/3(31117111] _ 1) ’

we need to show that Az = 0. If not, A3 = 0 leads to

Q' — g = /5(3m—3m),
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A contradiction is reached upon a conjugation in K and by taking absolute values on both sides.
Thus, Az # 0. Applying Theorem 1.1.8 gives

log|Az| > —1.4-300.3%5.22(1+1og2)(1+1og2n)(5.6 x 10%*(1 +log2n)?)
x (logx)(21og3),

a comparison with (C.15) gives
(n—4) < 3x10%(1+1log2n)?,
or
2n < 6.2x10%(1+41og2n)’. (C.16)

Now by applying Lemma 1.5.1 on (C.16) with the data m := 3, T := 6.2 x 10%%, and x := 2n,
leads to n < 2 x 10%.

C.3.2. Reducing the bound for n

We need to reduce the above bound for #» and to do so we make use of Lemma 1.2.2 several
times. To begin, we return to (C.8) and put

I :=nloga —mlog3 —log(V/53).

For technical reasons we assume that min{n —ny,m —m; } > 20. We go back to the inequalities
for A, A and Ay, Since we assume that min{n —ny,m —m;} > 20 we get |e! — 1| = |A| < 1.
Hence, |A| < 3 and since the inequality |y| < 2|e” — 1| holds forall y € (—3, %), we get

1] < 2maxfo™ "5, 3"} < max o8 3m o2y,

Assume that I' > 0. We then have the inequality
loga log(1/+/5) a8 6
O<n|——)-m+——""" < , .
" (10g3 ) M T 0g3 % log3)am—1 (log 3)3m—m:
< max{450~("=m) g.3~(m=m)y,

We apply Lemma 1.2.2 with the data

1 log(1/v/5
potoga 10s(VE) b s 6y or(8.3).
log3 log3
Let T = [ap;ay,az,...] =[0;2,3,1,1,6,1,49,1,2.2,1,1,2,1,2,2,1,10,3,...] be the continued

fraction of 7. We choose M := 2 x 10* and consider the 91-th convergent

P po1  487624200385184167130255744232737921512174859336581

g qo1 1113251817385764505972408650620147577750763395186265
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It satisfies ¢ = g91 > 6M. Furthermore, it yields € > 0.4892, and therefore either

log(4 1
< 108850/€) oy or g < 2289/E) 4y
loga log3

n—nj

In the case I' < 0, we consider the inequality
8
m 10g3 Cng log(\/g) < max a_af(nfnl) i ) 3*(’”*’”1)
log a log a log o ’ log o
< max{980~"~m) 18.37(m=m)y,

We then apply Lemma 1.2.2 with the data

log3 1 5
=28 Cu= Og\/_’ (A,B) = (98,a), or (18,3).
log o log o
Let T = [ag;a1,a2,...] = [2;3,1,1,6,1,49,1,2,2,1,1,2,1,2,2,1,10,3,12,...] be the continued

fraction of 7. Again, we choose M = 2 X 10%0, and in this case we consider the 101-th conver-
gent

P pior _ 106360048375891410642967692492903700137161881169662
g g1 56228858848524361385900581302251812795713192394033

which satisfies g = g19; > 6M. Further, this yields € > 0.125, and therefore either

log(98 log(18
np < —og( a/¢) <254 ,or m—my < —Og( a/¢)

< 110.
loga log3

n —_—
These bounds agree with the bounds obtained in the case I' > 0. As a conclusion, we have that
either n —n; <253 or m —m; < 109 whenever I' # 0.

Now, we distinguish between the cases n —n; < 253 and m —m; < 109. First, we assume
that n —n; < 253. In this case we consider the inequality for A, (C.9) and also assume that
m—mp < 20. We put

oM
I ::nlloga—mlog3+log< .
V5

Then inequality (C.9) implies that

6
|F1‘ < Fm—my
If we further assume that I'; > 0, we then get
log o log((o"~" —1)//5) 6 6
0 — < < .
< <10g3 ) me log3 (log3)3m—m =~ 3m-m
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Again we apply Lemma 1.2.2 with the same 7 as in the case I' > 0. We use the 91-th convergent
P/q = po1/qo1 of T as before. But in this case we choose (A,B) := (8,3) and use

_log((a — 1)/+/3)
log3

Mo )
instead of u for each possible value of ¢ :=n—n; € [1,2,...,253]. We have problems at
¢ € {4,12}. We discard these values for now and we will treat them later. For the remaining
values of /, we get € > 0.0005. Hence by Lemma 1.2.2, we get

log(8¢/0.0005)

— < < 116.
e log3

Thus, n —n; <253 implies that m —m; < 115, unless n —n; € {4,12}. A similar conclusion is
reached when I'} < 0 with the same two exceptions for n —n; € {4,12}. The reason we have a
problem at £ € {4,12} is because

4 12
-1 -1
O o ad T =23an.
V5

So,I'y = (n; +2)loga —mlog3 , or (n; +6)loga — (m—3)log3 when [ = 4, 12, respectively.
Thus we get that

_m—3 < 6
n+6 3m=mi(p; 46)’

T— m < 6 or T
ni +2 3m—im (n1 —{-2)7

respectively. We assume that m —m; > 150. Then 3"~ > 8 x (4 x 10*0) > 8 x (n; + 6),
therefore
6 1 6 1

< d < .
3 +2) " 3(m 422 T 3 +6) - 3(m +6)2

By Lemma 1.2.1, it follows that m/(n; +2) or (m—3)/(n; 4 6) are convergents of 7, respectively.
So, say one of m/(n; +2) or (m—3)/(n; +6) is of the form py /g for some k =0,1,2,...,92.
Here, we use that gop > 4 x 10*0 > n+1+6. Then

1 Dk
(ak+2)q; ‘ Gk

Since max{a; : k=0,1,2,...,92} = 140, we get

1 _ 6
14247~ 3mmgy

and g¢; divides one of {n;+2,n;+6}.

Thus, we get

3T <6 % 142(ng +6) < 6 x 142 x 4 x 10%,
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giving m —my < 92.
Now let us turn to the case m —m; < 109 and we consider the inequlity for A;, (C.12). We put
I, := nlog ot —my log3 +log(1/(v/5(3" ™ —1))),

and we also assume that n — ny > 20. We then have

208
|F2| < o
We assume that I, then we get
log log(1/(v/5(3™ ™ —1 3a8 130
o < (o2 - log(1/(V5( ) 10
log3 log o (log3)an—m on—m

We apply again Lemma 1.2.2 with the same 1, ¢, M, (A,B):= (130, ) and

_ log(1/(V5(3" - 1)))
He = log3

for ¢ =1,2,...,109.

We get € > 0.004, therefore

log(130qg/¢€
n—n <%<266.

A similar conclusion is reached when I'; < 0. To conclude, we first get that either n —n; < 253
orm—my; <109.If n —ny <253, then m —m; <115, and if m —m; < 109 then n — n; < 265.
Thus, we conclude that we always have n —ny <265 and m —m; < 115.

Finally we go to the inequality of A3, (C.15). We put

anfn] _1
I3 :=n;logo —m;log3+log <\/§(3m—m1 — 1)) .

Since n > 300, the inequality (C.15) implies that

3 3at
N

Assuming that I';3 > 0, then

0<n logo . +log((ock—1)/(\/3(36—1))< 3at <§
"\ Tog3 : log3 (log3)o® = an’

where (k, /) := (n—ny,m—m;). We again apply Lemma 1.2.2 with the same 7, ¢, M, (A,B):=
(20, 0r) and

_ log((@* —1)/(V5(3° 1))
N log3

My - for 1<k<265, 1<1<L11S.
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As before, we have a problem at (k,¢) = (4,1), (12,1), (8,2). The cases (k,¢) = (4,1),(12,1)
were treated before in the case of I'j. The case (k,¢) = (8,2) arises because
8
o —1 3
et —a47

V5(32—-1) 8

we therefore discard the cases (k,¢) := (4,1), (12,1), (8,2) for some time. For the remaining
cases, we get € > 0.0015, so we obtain

log(2
p < loe20g/8) o0
log

A similar conclusion is reached when I'; < 0. Hence, n < 300. Now we look at the cases
(k,0) = (4,1), (12,1), (8,2). The cases (k,¢) = (4,1), (12,1) can be treated as before when we
showed that n — ny < 263 implies m —m; < 115. The case when (k,¢) = (8,2) can be delt with
in a similar way. Namely, it gives that

20
|(n1+4)T—m| < Pt

Therefore,

20
‘ i (C.17)

T— < .
n1+4’ (n1—|—4)06"

Since n > 300, we have o > 2 x 20 x (4 x 10*°) > 40(n; +4). This shows that the right
hand side of the above inequality, (C.17) is at most 2/(n; +4)%. By Lemma 1.2.1, we get that
my/(ny +4) = pir/qy for some k = 1,2,...,92. We then get by a similar argument as before
that

o <20 x 142 x (4 x 10%),

which gives n < 211. Therefore, the conclusion is that n < 300 holds also in the case (k,¢) =
(8,2). However, this contradicts our working assumption that n > 300. This completes the proof
of Theorem C.2.1.
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On the problem of Pillai with
Tribonacci numbers and powers of 3

The presentation in this appendix chapter is a slightly modified version of the paper [3] with the
title On the problem of Pillai with Tribonacci numbers and powers of 3. This paper has been
published in Journal of Integer Sequences in August, 2019.

Abstract: Let (7,),>0 be the sequence of Tribonacci numbers defined by 7o =0, 71 = T = 1,
and 7,43 = T,,1 2 + T,,+1 + T, for all n > 0. In this note, we find all integers ¢ admitting at least
two representations as a difference between a tribonacci number and a power of 3.

Keywords: Tribonacci numbers; Linear forms in logarithms; Baker’s method.

2010 Mathematics Subject Classification:11B39, 11J86.

D.1. Introduction

We consider the sequence (7,),>0 of Tribonacci numbers defined by
Th=0,T1=1,T,=1,and T, 3 =T, 42+ T,+1 + T, foralln > 0.

The Tribonacci sequence is sequence AOOO073 on the Online Encyclopedia of Integer Sequences
(OEIS) [54]. The first few terms of the Tribonacci sequence are

(Tw)ns0 =0,1,1,2,4,7,13,24,44, 81,149,274, 504,927, 1705,3136, . ..

In this paper, we study the Diophantine equation
T,—3"=c, (D.1)

for a fixed integer ¢ and variable integers n and m. In particular, we are interested in finding those
integers ¢ admitting at least two representations as a difference between a Tribonacci number
and a power of 3. This equation is a variation of the Pillai equation (1.15).
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We discard the situation when n = 1 and just count the solutions forn =2 since T =T, = 1.
The reason for the above convention is to avoid trivial parametric families such as 1 — 3" =
Ty — 3™ =T, — 3™. Thus, we always assume that n > 2. The main aim of this paper is to prove
the following result.

Theorem D.1.1. The only integers c having at least two representations of the form T,, — 3™ with

n>2andm >0, are c € {—2,0,1,4}. Furthermore, all the representations of the above integers
as T, — 3™ with integers n > 2 and m > 0 are given by

—2=T5—3>=T,-3!,

0=T—3*=7-3",

1=1,-3"'=73-3,

4=To—3*=Ts-3".

(D.2)

D.2. Preliminary results

D.2.1. The Tribonacci sequence

The characteristic polynomial of the Tribonacci sequence (7;,),>0 is given by
W) i=x—x>—x—1.

Y (x) is irreducible in Q[x], and has a positive real zero

o= % (1+(19+3\/§)1/3+(19—3¢§)1/3> :

lying strictly outside the unit circle and two complex conjugate zeros 8 and ¥ lying strictly inside
the unit circle. Furthermore, |8| = |y| = a~'/2. According to Dresden and Zu [29], a Binet-like
formula for the k-generalized Fibonacci sequences is established. For the Tribonacci sequence, it
states that

Ty =Coqo" '+ CsB" 1 +Cpy ! foralln>1, (D.3)

where Cxy = (X —1)/(4X — 6). Dresden and Zu [29], also showed that the contribution of the
complex conjugate zeros 3 and 7 to the right-hand side of (D.3) is very small. More precisely,

1
[T, —Caa" | <5 foralln>1. (D.4)

The minimal polynomial of Cy, over the integers is given by

44X3 —44X% + 12X — 1,
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has zeros Co, Cg, Cy with |Cql, |Cgl, |Cy| < 1. Numerically,
1.83 <o < 1.84,
073 < |Bl =y =a"/?<0.74,
0.61 < |Cy| < 0.62,
0.19 < |Cg| = |Cy| < 0.20.
It is also a well known fact (see [19, 8]) that
"2 <T,<a"' holdsforalln>1. (D.5)

Let K := Q(a, B) be the splitting field of the polynomial ¥ over Q. Then, [K, Q] = 6. Further-
more, [Q(a) : Q] = 3. The Galois group of K over Q is given by

= Gal(K/Q) = {(1), (B), (7). (BY), (aBY). (ayB)} = Ss.

Thus, we identify the automorphisms of ¢ with the permutations of the zeros of the polynomial
. For example, the permutation (oY) corresponds to the automorphismo: o — 7y, vy — o, f —

B.

D.3. Proof of Theorem D.1.1

Let n,m,n;, and m; be non-negative integers such that (n,m) # (n;,m;) and
T, —3" =T, —3™.

Without loss of generality, we assume that m > my. If m =my, then T,, = T,,, so (n,m) = (ny,my),
which gives a contradiction to our assumption. Thus, m > m;. Since

T,—T, =3"—3™, (D.6)

and the right-hand side is positive, we get that the left-hand side is also positive and so n > njy.
Thus, n > 3 and ny > 2.

Using the equation (D.6) and the inequality (D.5), we get
"< Ty ) < T =Ty, = 3" —3™ < 3™,

| | (D.7)
ot >1,>T,—T, =3"-3">3""",
from which we get that
log3 log3
1+ (B2 ) 1) <n< [ 22 ) mta. (D.8)
log log o

If n < 300, then m < 200. We ran a Mathematica program for 2 < n; <n <300 and 0 < m; <
m < 200 and found only the solutions from the list (D.2). From now, we assume that n > 300.
Note that the inequality (D.8) implies that m < 0.6n 4-0.4. Therefore, to solve the Diophatine
equation (D.1), it suffices to find an upper bound for n.
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D.3.1. Bounding »

From (D.3) and (D.4), we get

|Caa" ™ =3"| = |(Caa " = T,,) + (T, —3™)|
= |(Cat™" = T,) + (T, — Ca@ ") + (Cqa — —3™)]

7
<14 ——om~!43m
+10 -

< ot 43

< 2max{a",3™}.
In the above we have used the fact that |Cy| < 0.62 < 0.7. Multiplying through by 37, using
the relation (D.7) and using the fact that o < 3, we get

ni

‘Caa"_13_m — 1} < 2max { (;Cm

,3'”1_’"} < max{oM "6 3m-mtiy (D.9)
For the left-hand side, we apply the result of Matveev, Theorem 1.1.8 with the following data:
t:=3, Mm:=Cq, M:=a, N3:=3, by:=1, bp:=n—1, and b3 := —m.

Through out we work with the field K := Q(a) with D := 3. Since max{1,n— 1,m} <n, we
take B := n. The minimal polynomial of Cy over the integers is given by

44x3 —44x% + 12x — 1.

Since [Cyl, |Cgl, [Cy| < 1, we get that h(Cy) = %10g44. So we can take A := 3h(y;) = log44.
We can also take A := 3h(1,) = log o and Az := 3h(n3) = 3log 3. We put

A:=Coa" 137" 1.

First we check that A # 0, if it were, then Co0"~! = 3" € Z. Conjugating this relation by the
automorphism (o3 ), we obtain that Cg B"~! = 3™, which is a contradiction because |C s <1
while 3" > 3 for all m > 1. Thus, A # 0. Hence, by Theorem 1.1.8, the left-hand side of (D.9) is
bounded as follows:

log|A| > —1.4-30°-3%3.32(1410g3)(1 +logn)(log44)(log &) (3log3).
By comparing with (D.9), we get
min{(n—n; —5)loga, (m—mj; —1)log3} < 2.06 x 10'3(1 +logn),
which gives
min{ (n — n1)log &, (m —my)log3} < 2.12 x 1013(1 +logn).

Now, we split the argument into two cases.
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D.3. Proof of Theorem D.1.1

Case D.3.1. min{(n—n;)loga,(m—m;)log3} = (n—n;)loga.

In this case, we rewrite (D.6) as

Coa" ! = Cqo™ ™! = 3" = [Cqa" ™' — T,) + (T, — Coa™ ") — 3™
<143m < 3mtl

which implies
|Co(o™ — 1) 137" — 1| < 3mmtl, (D.10)
We put
Ap = Cq(o"™™ —1)am 137 1,

As before, we take K := Q(o), so we have D = 3. We have A # 0, for if A} =0, then

Co(o"™ — a1 =3m,
By conjugating the above relation by the Galois automorphism (af3), we get that

Cp(B"™ — 1)~ = 3"

The absolute value of the left-hand side is at most |Cg (8"~ — 1) " ~!| < |Cg "+ |Cp ™ 1| <
2, while the absolute value of the right-hand side is at least 3" > 3 for all m > 1, which is a
contradiction.

We apply Theorem 1.1.8 on the left-hand side of (D.10) with the following data:

t:=3, N :=Co(a" " —=1), m:=a, N3:=3, by:=1, by:=n;—1, and b3 :=—m.

Since
h(m) < h(Cq) +h(a"™ —1)

1
< 10g44+§(n—n1)loga+log2

1
3
1 1
< 3(log 11 +1og32) + > x 2.12 102 (1 +logn)

1
<3 %250 1013(14logn). (D.11)

So, we can take Aj := 2.50 x 10'3(1 4-logn). Furthermore, as before, we take A, := log & and
Az :=3log3. Finally, since max{1,n; — 1,m} < n, we can take B := n. Then we get

log|Aq| > —1.4-30°-3%%.32(1 4-1og3)(1 +logn)(2.50 x 1013 (1 +1logn))(log ) (31og 3).
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Then,
log|A1] > —1.36 x 107 (1 +logn)>.
By comparing the above relation with (D.10), we get that
(m—my)log3 < 1.40 x 10%°(1 +logn)>. (D.12)

Case D.3.2. min{(n—n;)loga, (m—m)log3} = (m—m;)log3.

In this case, we rewrite (D.6) as

Coa" — (3" —1)-3™| = |(Co@" ' = T;)) + (T, — Cqot™ 1) + Coa™ 1|

1

7
<14+ —ao" ! < o' (beacause n > 3),

10

which implies that
o 3a™
<
3m_3m; —  3m
<3t < gmn S, (D.13)

Cu(3m™™ — 1)l 137m _ 1| <

We put
Ay i=Cy(3™ ™ — 1)t 137m 1,

Clearly, Ay # 0, for if Ay =0, then Coq = (o~ !)"~1(3™ — 3™) implying that C is an algebraic
integer, a contradiction. We again apply Theorem 1.1.8 with the following data:

=3, Mm:=Ce(3 ™ 1", m:=a, m:=a, by:=1, by:=n, and bz := —m;.
We note that
h(m) = h(Ca(3" ™ —1)"") < h(Ca) +h(3"™ 1)
= %log44+h(3mm1 —1) < log(3mmt2)
= (m—my+2)log3 < 2.50 x 103(1 +1logn).
So, we can take A| := 7.5 x 1013(1 4+ logn). Further, as in the previous applications, we take
A; :=loga and A3 := 3log3. Finally, since max{1,n— 1,m;} <n, we can take B := n. Then,

we get

log|Aa| > —1.4-30°-3%%.32(1 +-1og3)(1 +1logn)(7.5 x 10'3(1 4 logn)) (log &) (31og 3).
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Thus,
log |Az| > —4.08 x 10?°(14logn)?.
Now, by comparing with (D.13), we get that
(n—ny)loga < 4.10 x 10%(1 +logn)>. (D.14)
Therefore, in both Case D.3.1 and Case D.3.2, we have

min{(n—n;)loga, (m—mj)log3} < 2.12 x 1013(1 +logn),

o6 5 (D.15)
max{(n—nj)loga,(m—mj)log3} <4.10 x 10°°(1 +logn)~.
Finally, we rewrite the equation (D.6) as
Ca0" ' —Cqo ™1 =374+ 3M| = |(Cqot™ ' = T,) + (T, — Caad™ )| < L.
Dividing through by 3" — 3™ we get
Co(0"™™ —=1) 0 faem 1 3
E T R I TR T T
<3 Y < g, (D.16)

since 3 < @ < a"'. We again apply Theorem 1.1.8 on the left-hand side of (D.16) with the
following data:

Co(o""M —1)

1:=3, Mm:= 3m—my _1

Mm:=ao, N3:=3, by:=1, bp:=n;—1, and bz := —m;.

By using the algebraic properties of the logarithmic height function, we get

<10g352+ (n—ny)loga +3(m—my)log3
< 6.80 x 10%°(1+1ogn)?,

where in the above inequalities, we used the argument from (D.11) as well as the bounds (D.15).
Thus, we can take A := 6.80 x 10%%(1+logn), and again as before A, := log & and A3 := 31log 3.
If we put

C(X(aninl - 1) an1—13—m1 -1
3m—mi 1 ’

A3 =

we need to show that Az # 0. If not, A3 = 0 leads to

Ca(OCn_l . a"l_l) —3m_3m
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A contradiction is reached upon a conjugation by the automorphism (¢ f3) in K and by taking
absolute values on both sides. Thus, A3 # 0. Applying Theorem 1.1.8 gives

log|Asz] > —1.4-30°-3%3.32(141og3)(1 +logn)(6.80 x 10?°(1+1logn)?)(log ) (31og3),
a comparison with (D.16) gives
(n—6) < 3.70 x 10 (1 +1logn)?,
or
n<3.8x10°°(1+logn). (D.17)

Now, by applying Lemma 1.5.1 on (D.17) with the data m := 3, T := 3.8 x 10*°, and x := n,
leads to nn < 3 x 10%.

D.3.2. Reducing the bound for n

We need to reduce the above bound for n and to do so we make use of Lemma 1.2.2 several
times. To begin, we return to (D.9) and put

I':=(n—1)loga—mlog3+1logCy.
For technical reasons we assume that min{n —nj,m —m;} > 20. We go back to the inequalities

for A, A1, and A, Since we assume that min{n —n,m —m;} > 20 we get [e! — 1| = |A| < %.

Hence, [A| < % and since the inequality |y| < 2|e” — 1| holds for all y € (—%, %), we get

0< ’Fl < 2max{0¢”1*”+6,3mrm+1} < maX{OCnl*njLS, 3m17m+2}.
By substituting for I" in the above inequality and dividing through by log3, we get the inequal-

1ty
logo logCqy
0 —1 —
<‘(n )(log3> m log3

< max o o
(log3)on—1" (log3)3m—m |
We apply Lemma 1.2.2 with the following data

loga logC, ol 9
T:= i, u:= o8 ¢ and (A,B):=(—,a) or ([ —,3).
log3 log3 log3 log3
Let T = [ag;ay,az,...]=[0;1,1,4,13,1,6,1,4,1,10,7,1,24,3,3,2,12,4,4,...] be the continued

fraction expansion of 7. We choose M := 3 x 10*® which is the upper bound on n. With the help
of Mathematica, we find out that the convergent

P pss  383979914200993729068715782793592146551951600940

g gss 692255294546383107303758900444711151890883197059
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is such that g = ggg > 6M. Furthermore, it yields € > 0.0428119, and therefore either

_ log ((a®/10g3)q/€)
- logo

< log((9/log3)q/€)

< 105.
- log3

n—ng <193, or m—m

Thus, we have that either n —ny < 193 or m —m; < 105.

Now we distinguish between the cases n —n; < 193 and m —m; < 105. First, we assume
that n —n; < 193. In this case we consider the inequality for Ay, (D.10) and also assume that
m—my > 20. We put

[y := (n —1)loga —mlog3+1log (Co (o™ —1)).

Then, inequality (D.10) implies that
6

3m—m :

] <

If we substitute for I'; in the above inequality and divide through by log3, we then get

I 1 nom
(l’l]—l) oga —m Og(Ca((X )) < 6 a—
log3 log3 (log3)3m—m

0<

Again we apply Lemma 1.2.2 with the same 7 as in the case of I'. We use the 88-th convergent
p/q = pss/qss of T as before. But in this case we choose (A,B) := <@, 3) and use

o log(Ca(OCK —1))
B log3

M :

Y

instead of u for each possible value of £ :=n—n; € [1,2,...,193]. For all values of ¢, we get
€ > 0.0000420218. Hence, by Lemma 1.2.2, we get

] ]
ey < og((6/log3)q/¢) < 110
log3

Thus, n —n; < 193 implies that m —m; < 110.
Now let us turn to the case m —m; < 105 and we consider the inequlity for A, (D.13). We put
= (n—1)1 log3+1 Ca
2:= (n—1)loga —mjlog3+log Jn—m 1)

and we also assume that n — n; > 20. We then have

al

o :

] <
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Appendix D. On the problem of Pillai with Tribonacci numbers and powers of 3

If we substitute for I'; in the above inequality and divide through by log3, we then get

logo log(Cq/(3™™ —1)) o
0< '(n—l) (log3) —m log3 ' (log3)an—m"

We apply again Lemma 1.2.2 with the same 7, g, M, (A,B) := (%, a), and

8

. 1og(Ca/(3' 1)

for{=1,2,...,105.
10g3 or » < )

We get € > 0.00218297, therefore

log ((a®/10g3)q/¢
nom < el@/log3)afe) g0
loga

To conclude, we first get that either n —n; < 193 or m —m; < 105. If n —n; < 193, then
m—mp < 110, and if m —m; < 105, then n —n; < 198. Thus, we conclude that we always have
n—n; <198 and m —m; < 110.

Finally, we go to the inequality of A3, (D.16). We put

Co(a™™ —1
I'3:=(n;—1)loga —m;log3+log (M) :

3m—mi —1
Since n > 300, the inequality (D.16) implies that

2 ol
|F3’ < al’l—6 - E

Substituting for I'3 in the above inequality and dividing through by log 3, we get

1 log(Cy(ak—1)/(3' =1 )
(nl . 1) Oga —m + Og( OC(a )/( )) < 04 7
log3 log3 (log3)on

0<

where (k, () := (n—nj,m—m;j). We again apply Lemma 1.2.2 with the same 7, ¢, M, (A,B):=
(%, Ot), and

_ log(Ca(a*~1)/(3"~1))

for 1<k<198 and 1</<110.
log3

For the cases, we get € > 0.0000115272, so we obtain

< log ((a8/10g3)q/8)

< 207.
loga

Hence, n < 207. However, this contradicts our working assumption that n > 300. This completes
the proof of Theorem D.1.1. ]
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Appendix E.

On the problem of Pillai with Padovan
numbers and powers of 3

This appendix chapter contains a presentation of a slightly modified version of the paper [2] with
the title On the problem of Pillai with Padovan numbers and powers of 3. The article has been
published in Studia Scientiarum Mathematicarum Hungarica in September, 2019.

Abstract: Let {P, },>0 be the sequence of Padovan numbers defined by Py =0, P, =1, P, = 1,
and P, 3 = P, + P, for all n > 0. In this paper, we find all integers ¢ admitting at least two
representations as a difference between a Padovan number and a power of 3.

Keywords: Padovan numbers; Linear forms in logarithms; Baker’s method.

2010 Mathematics Subject Classification: 11B39, 11J86.

E.1. Introduction

We consider the sequence {P, },>o of Padovan numbers defined by
Py=0,P=1,P=1,and P,y 3 =P, 1+ P, foralln > 0.

This 1s sequence A0O00931 on the On-Line Encyclopedia of Integer Sequences (OEIS) [54]. The
first few terms of this sequence are

{P.}n>0=0,1,1,1,2,2,3,4,5,7,9,12,16,21,28,37,49,65,86,114,151,....

In this paper, we study the Diophantine equation
B,—-3"=c (E.1)

for a fixed integer ¢ and variable integers n and m. In particular, we are interested in finding those
integers ¢ admitting at least two representations as a difference between a Padovan number and a
power of 3. This equation is a variation of the Pillai equation (1.15).
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E.2. Main Result

We discard the situations when n = 1 and n = 2 and just count the solutions for n = 3 since
P = P, = P; = 1. The reason for the above convention is to avoid trivial parametric families
suchas 1 —3" = P, — 3" = P, — 3™ = P3 — 3™, For the same reasons, we discard the situation
when n = 4 and just count the solutions for n = 5 since P4 = P; = 2. Thus, we always assume
that n > 2 and n # 4. The main aim of this paper is to prove the following result.

Theorem E.2.1. The only integers ¢ having at least two representations of the form P, — 3" are
c € {—6,0,1,22,87}. Furthermore, all the representations of the above integers as P, — 3™ with
integers n > 3, n # 4, and m > 0 are given by
—6:P13—33 :P6—32;
0="Pio—3"=P—3" (=P —3%;
1=P4—3 =P -3 (=P —3%; (E.2)
22 =Py —3° =P —3;
87 = Py —3°=P; - 3%

By a recent result of Chim, Pink, and Ziegler [26], there exists an effectively computable bound
for ¢ in (E.1). Hence, the main difficulty is to compute the bound for our case and reduce it
to a manageable size. To do so, we apply the Baker’s theory for linear forms in logarithms of
algebraic numbers to establish the bound, and apply a Baker-Davenport reduction procedure to
reduce the bound to a manageable size that can be implemented by the computer.

E.3. Preliminary results

E.3.1. The Padovan sequence

Here, we recall some important properties of the Padovan sequence {P, },,>0. The characteristic
equation

Yx)=x—x—1=0
has roots ¢, 8,y = B, where

_r+n  —(r+r)+V-=3(r—n)
o=—— F= 2

ri=1108+12V69 and r, = {/108 — 12/69.

and
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Furthermore, the Binet formula is given by
P, =ad"+bB" +c¥" forall n>0,
where

(1-p)1-v (I1-a)(1-7) (1-a)(1-pB)

a = b: Cc = :B.

(a—pB)(a—7)’ B—a)(B—7) (Y—a)(y—B)
Numerically, the following estimates hold:

1.32 <o <1.33

0.86 < |B| =|y|= a7 <0.87
0.72 <a<0.73
0.24 < |b| = |¢| < 0.25.

By induction, one can easily prove that

" 2<P, <o holdsforall n>4.

(E.3)

(E4)

(E.5)

(E.6)

Let K := Q(a, ) be the splitting field of the polynomial ¥ over Q. Then [K, Q] = 6. Further-

more, [Q(a) : Q] = 3. The Galois group of K over Q is given by
9 = Gal(K/Q) = {(1), (aB), (@), (BY): (@BY), (aB)} = S,

Thus, we identify the automorphisms of ¢ with the permutations of the roots of the polynomial
. For example, the permutation (¢t f3) corresponds to the automorphism o : o« — 8,8 — o,y —

Y.

E.4. Proof of Theorem E.2.1

Assume that there exist positive integers n,m,ny,m; such that (n,m) # (n;,m;), and

P,—3"=p, —3"™,

In particular, we can assume that m > my. If m = my, then P, = P, , so (n,m) = (n;,m;), which

gives a contradiction to our assumption. Thus m > m; > 0. Since

P, — P, =3" 3™,

(E.7)

and the right-hand side is positive, we get that the left-hand side is also positive and so n > n;.

Thus, n > 5 and n; > 3, because n # 4.
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Using the equation (E.7) and the inequality (E.6), we get

"< Py <Py —P, =3"—3™ < 3"

B B (E.8)
an ZPnZPn_Pnl:3’n_3m123m 9
from which we get that
log3 log3
(2 ) <n< (222 ) mya (E.9)
log o log o

If n <500, then m < 200. We ran a Mathematica program for 2 < n; <n <500 and 0 < m; <
m < 200 and found only the solutions from the list (E.2). From now, we assume that n > 500.
Note that the inequality (E.9) implies that m < 411” + %. Thus, to solve the Diophatine equation
(E.1), it suffices to find an upper bound for n.

E.4.1. Bounding n

By using (E.1) and (E.3) and the estimates (E.5), we get

ad +bp" +cyt—3" ad™ +bB" 4yt —3™
jao™ — 3" jao™ +b(B™ = B") +c(y" —v") = 3™
ac™ +|b[(1B]" +|BI") + lel(|r" + |yI™) + 3™
o L 20pl(B + 1) + 3"
aa -+ 4[b[BI" +3™
o't +3™M
2max{a™, 3" }.

VAN VAN VAR VAN

A\

Multiplying through by 37", using the relation (E.8) and using the fact that o < 3, we get

nj

(04
laa"37" —1| < 2max{

3}1’1

,3’”1’”} < max{gm " gmomtly (E.10)

For the left-hand side, we apply the result of Matveev, Theorem 1.1.8 with the following data
t=3, Mm=a H=0Qa, }/3:3, by=1, bp=n, b3=—m.

Through out we work with the field K := Q(a) with D = 3. Since max{1,n,m} < n, we take
B := n. Further,
_o(a+1)

TR
the minimum polynomial of a is 23x> —23x? + 6x — 1, and has roots a, b, c. Also by (E.5), we
have max{|a|, |b|,|c|} < 1. Thus, h(y1) = h(a) = +10g23. So we can take A := 3h(y;) = log23.
We can also take Ay := 3h(p) = log o, Az := 3h(7y3) = 3log3. We put

A:=ac"37"—1.
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First we check that A # 0, if it were, then at” = 3™ € Z. Conjugating this relation by the
automorphism (o3 ), we obtain that b3" = 3™, which is a contradiction because |pf"| < 1 while
3™ > 1 for all m > 0. Thus, A # 0. Then by Matveev’s theorem, the left-hand side of (E.10) is
bounded as

log|A| > —1.4-30°-3%3.32(141og3)(1 +logn)(log23)(log &) (3log3).
By comparing with (E.10), we get
min{(n—n; —5)loga, (m—m; —1)log3} < 7.97 x 10'?(1 +logn),
which gives
min{(n—n;)loga, (m —mj)log3} < 7.98 x 10"2(1 +logn). (E.11)
Now we split the argument into two cases

Case E.4.1. min{(n—n;)loga, (m—mj)log3} = (n—n;)logo.

In this case, we rewrite (E.7) as

jae” —aa™ =3" < [b[(IB["+|B[") +|c[(IN" + ™) +3™
< 20p[([BI"+[BI™) +3™
< 4[pl|p[™ +3™
< 1+3m1 §3m1+1,
which implies
la(@"™™ — a3 —1| < 3momEL (E.12)

We put
Ap = a(o™™ — 1)om3™m — 1.

Since a,a,3 € Q(a), we take K := Q(a), so we have D = 3. To see that A # 0, for if A} =0,
then

a(a"™™M —1)a"™ =3".
By conjugating the above relation by the Galois automorphism (o), we get that
b(B"M —1)B" = 3",

The absolute value of the left-hand side is at most [b(B"™ — 1)~ < |b|(|B"] +|B™]) <
2|b||B|" < 1, while the absolute value of the right-hand side is at least 3 > 1 for all m > 0,
which is a contradiction. Thus, A; # 0.
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Appendix E. On the problem of Pillai with Padovan numbers and powers of 3

We apply Theorem 1.1.8 on the left-hand side of (E.12) with the data

r=3, ’}’1261(06”_"1—1), vr=a, =3, by=1, bp=ny, b3=—m.

Since

() < h(a)+h(a™™ —1)
< %10g23+%(n—n1)10ga+10g2
< %(10g8+10g23)+%><7.98><10]2(1—|—10gn) by (E.11)
< %xS.OOxlOlz(l—i—logn) (E.13)

So, we can take A1 := 8.00 x 10'2(1 +logn). Furthermore, as before, we take A := log & and
Az :=3log3. Finally, since max{1,n;,m} <n, we can take B := n. Then, we get

log|A1| > —1.4-300-3%5.32(1 +1log3)(1 +logn)(8.00 x 10'2(1+logn))(log &) (31og3).
Then,
log|A1| > —6.38 x 107 (1 +logn)?.
By comparing the above relation with (E.12), we get that
(m—my)log3 < 6.40 x 10%°(1 +logn)>. (E.14)

Case E.4.2. min{(n—n;)loga,(m—m;)log3} = (m—m;)log3.

In this case, we rewrite (E.7) as

|ao™ — (3" —1)-3™| ao +|b|(|B]"+ [B]") + [el([7I* +]7I™)
ao™ +4|b||BI"

3
< 1+Za”1 < o™,

which implies that
o™ 3a™M
<
3m_3m —  3m
n1—n+4 < OC”I_"+7. (E 15)

la(3™™™ — 1) la"3™m — 1| <
< 3a
We put

Ay :=a(3™™ — 1) lo"3m 1,
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E.4. Proof of Theorem E.2.1

Clearly, A; # 0, for if A, =0, then aa” = 3™ — 3™, by similar arguments of conjugation and
taking absolute values on both sides as before we get a contradiction. We again apply Theorem
1.1.8 with the following data

t=3, n=a3"""M-1)"", p=a, ny=a, by=1, by=n, by=—m;.
We note that
h(n) = h(@@B@" ™ =1)"") < h(a)+h(3" " —1)
= %10g23+h(3’"—’”1—1) < log(3"™*2)
= (m—m;+2)log3 < 8.00x 1013(1+1logn) by (E.11).

So, we can take A1 := 2.40 x 10'3(1 +logn). Further, as in the previous applications, we take
A; :=loga and A3 := 3log3. Finally, since max{1,n,m;} < n, we can take B := n. Then, we
get

log|Ag| > —1.4-30°-3%%.32(1 +-1og3)(1 +logn)(2.40 x 10"3(1 +logn))(log ) (3log 3).
Thus,
log|[a| > —1.91 x 10%(1 +logn)?.
Now, by comparing with (E.15), we get that
(n—ny)loga < 1.92 x 10%°(1 +logn)>. (E.16)
Therefore, in both Case E.4.1 and Case E.4.2, we have

min{(n—n;)loga, (m —mj)log3} < 7.98 x 10'%(1 +logn),

max{(n—n;)loga, (m —my)log3} < 1.92 x 10*°(1 +logn)>. (E17)
Finally, we rewrite the equation (E.7) as
Jad — @™ —3"+37) = BB ey | < BB + el < 20plIBI < 3.
Dividing through by 3" — 3" we get
ag(’x”’:"nll—_ll)am?’ml -l < 3m —1 3m = 3im
< 3 m=4) < gt (E.18)

since 1.32 < a < o"'. We again apply Theorem 1.1.8 on the left-hand side of (E.18) with the
data

, h=0a, )/3:3, b1:1, bzznl, b3:—m1.
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Appendix E. On the problem of Pillai with Padovan numbers and powers of 3

By using the algebraic properties of the logarithmic height function, we get

3h(’}/1) = 35h (M) < 3]’1((1(06"7"1—]))4—3]1(3’"*’"1 _1)

3m—mi — |
< log23+3log2+3(n—ny)logo+3(m—m;)log3
< 3.86x 10%(1 +1logn)?,

where in the above inequalities, we used the argument from (E.17). Thus, we can take A| :=
3.86 x 10%°(1 +logn), and again as before A, := log & and A3 := 3log3. If we put

a(a" ™M —1)
3m—m |

Ay = a3,

we need to show that Az # 0. If not, A3 = 0 leads to
a(a— o) =3"-3"M,

A contradiction is reached upon a conjuagtion by the automorphism (o) in K and by taking
absolute values on both sides. Thus, A3 # 0. Applying Theorem 1.1.8 gives

log|Az| > —1.4-30°-3%3.32(1 4 1og3)(1 +logn)(3.86 x 10%°(1 +logn)?)(log &) (31og3),
a comparison with (E.18) gives
(n—4) < 3.08x10*(141logn)?,
or
n < 3.10x10%(141logn)>. (E.19)

Now by applying Lemma 1.5.1 on (E.19) with the data m := 3, Y :=3.10 x 10*, and x := n,
leads to n < 2 x 10%.

E.4.2. Reducing the bound for n

We need to reduce the above bound for #» and to do so we make use of Lemma 1.2.2 several
times. To begin, we return to (E.10) and put

I':=nlogo —mlog3+loga.
For technical reasons we assume that min{n —nj,m —m;} > 20. We go back to the inequalities

for A, A1, and Ay, Since we assume that min{n —ny,m —m;} > 20 we get |ef — 1| = |A| < %.

Hence, |A| < 1 and since the inequality |y| < 2|e” — 1| holds for all y € (—4, 1), we get

0< | < 2max{oc”1_”+5’3’"1—m+1} < max{anl—n+6,3m1—m+2}.
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E.4. Proof of Theorem E.2.1

Assume that I' > 0. We then have the inequality

. log _m+loga < max ab 9
log3 log3 (log3)an—’ (log3)3m—m |~

< max{36-q~ """ 9.3=(m=m)1

We apply Lemma 1.2.2 with the data

_loga __loga

= = A.B) = .
= 10e3 M logy WB)=(36,0) or(93)

Let T = [ag;a;,az,...]=1[0;3,1,9,1,2,1,4,1,2,2,1,1,3,1,2,1,20,1,1,1,3,11,1,...] be the con-
tinued fraction of 7. We choose M := 2 x 10* which is the upper bound on n. By Mathematica,
we find out that the convergent

P psy  3123049185137266854491675319812527194766363593581

g  qgo  12201370578769620000479260876419428374896683408344

is such that ¢ = gg9 > 6M. Furthermore, it yields € > 0.436533, and therefore either
log(9q/€
< log®a/e) _ 45 (E.20)

1
< 108064/€) 417 o e <

nom log log3

For the case when min{n—nj,m—m; } < 20, we have that since min{n —n;,m—m; } <20 < 105
by (E.20), then (E.20) always holds in both cases.

In the case I' < 0, we consider the inequality

6
m<_10g3)_n+—10g(1/a) < max{—a o~ (=) 9 3_(’"_’"1)}

IOg(X loga 10goc y log(x .
< max{64a’(”*”1), 15.3*(m7m1)}_

We then apply Lemma 1.2.2 with the data

log3 log(1
oo togd o loe(l/a) -y by 64 g, or (15.3).
log o log o
Let 7= [ag;ay,az,...]=[3;4,4,1,1,4,4,9,11,2,7,4,2,4 2, 1,1,1,1,2,1,1,16,1,...] be the con-
tinued fraction of 7. Again, we choose M = 2 x 10%, and in this case the convergent p/q =
P90/ qoo is such that g = ggg > 6M. Further, this yields € > 0.432863, and therefore either

log(64 log(1
< 0g(644/8) _ 417 o ey < og(15g/¢)

105. E.21
log o log3 < ( )

n—np

For the case when min{n—nj,m—m;} < 20, we have that since min{n —n;,m—m; } <20 < 105
by (E.21), then (E.21) always holds in both cases.
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Appendix E. On the problem of Pillai with Padovan numbers and powers of 3

The bounds in (E.21) agree with the bounds obtained in the case I' > 0. As a conclusion, we
have that either n —n; < 417 or m —m; < 105 whenever I" # 0.

Now, we distinguish between the cases n —n; < 417 and m —m; < 105. First, we assume
that n —n; < 417. In this case we consider the inequality for Aj, (E.12) and also assume that
m—m; > 20. We put

Iy :=nilogo —mlog3+log (a(a"™ —1)).

Then inequality (E.12) implies that
6

3m—my

|F1‘ <

If we substitute for I'; in the above inequality, we then get

1 1 e 6 6
i (128) o ool 1)

0< < < .
log3 log3 (log3)3m—m = 3m=—m

Again we apply Lemma 1.2.2 with the same 7 as in the case I' > 0. We use the 89-th convergent
P/q = pso/qso of T as before. But in this case we choose (A,B) := (9,3) and use

_ log(a(af —1))

He: log3

b

instead of u for each possible value of £ :=n—n; € [1,2,...,417]. For all values of ¢, we get
€ > 0.00287989. Hence by Lemma 1.2.2, we get

1
mm < 08098 (E.22)
log3

For the case m —m; < 20, we have that since m —m; < 20 < 110 by (E.22), then (E.22) always
holds in both cases. Thus, n —n; < 417 implies that m —m; < 110.

Now, let us turn to the case m —m; < 105 and we consider the inequlity for A, (E.15). We put
I'; :=nlog ot —mjlog3 +log(a(3™ " —1)),
and we also assume that n — n; > 20. We then have

208
o '

| <

We substitute for I, in the above inequality and divide through by log 3. Then we get

loga 1 3mom ] 30 106
J(loga - logla/( )| 06
log3 log3 (log3)anr—m oM
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E.4. Proof of Theorem E.2.1

We apply again Lemma 1.2.2 with the same 7, ¢, M, (A,B):= (106, ) and

 logla/3' = 1))
He = log3

for{:=m—m;=1,2,...,105.

We get € > 0.00384254, therefore

n—n < M < 442, (E.23)
logo
For the case n —ny < 20, we have that since n —n; < 20 < 442 by (E.23), then (E.23) holds in
both cases. To conclude, we first get that either n —ny <417 orm—m; < 105. If n —ny <417,
then m —m; < 110, and if m —m; < 105 then n —n; < 442. Thus, we conclude that we always
have n —ny <442 and m —m; < 110.

Finally we go to the inequality of A3, (E.18). We put

oM —1
I3 :=n1loga —mylog3+log (%) .

Since n > 500, the inequality (E.18) implies that

3 308

We substitute for I'3 in the above inequality and divide through by log 3, then

k_ 0_ 6
n (loga>_ml+log(a(a 1)/(3"—1) 3a 116

0< < <
log3 log3 (log3)a® ~ a”

)

where (k, /) := (n—ny,m—m;j). We again apply Lemma 1.2.2 with the same 7, ¢, M, (A,B):=
(116, ) and

log(a(a* —1)/(3' ~ 1)

for 1<k<442, 1</¢<110.
log3

Ui, :=

For these cases, we get € > 0.0000160572, so we obtain

n< log(1164/¢)

< 457.
logo

Hence, n < 457. However, this contradicts our working assumption that n > 500. This completes
the proof of Theorem E.2.1.
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