Abstract

The operational capability of future nuclear fusion experiments and reactors relies heavily on the
durability of plasma facing components, especially the first wall and the divertor plates. Edge localized
modes (ELMs) as seen in high confinement (H-mode) plasmas stress these components even further by
applying large transient heat loads that are not tolerable in standard operation scenarios. Resonant
magnetic perturbations (RMPs) have been successfully applied to reduce or even eliminate ELMs
(mitigation, suppression) while maintaining the beneficial properties of H-mode. At small amplitudes
RMPs are usually shielded by the plasma, whereas at larger amplitudes they undergo a bifurcation
into an unshielded state where they significantly modify magnetic field topology. It is supposed that
ELM mitigation and/or suppression occurs in this second state.

In this thesis, a quasilinear, kinetic estimation of the bifurcation threshold which accounts for mode
coupling is presented. The interaction of RMPs with the plasma is covered on a basic level, especially
the application of ideal MHD to RMPs, tearing mode theory and some properties of magnetic islands.
The cylindrical MAXWELL solver KiLCA which takes kinetic plasma response into account is described
and applied on test profiles. Finally, the physical and computational basics of the model as well as a
qualitative explanation of bifurcation is presented.

The model is applied to selected ASDEX Upgrade shots, where indications are found that the difference
between (1) ELM suppression, (2) ELM mitigation and (3) ELMy shots is due to the spatial location
of particular resonant modes which enter a bifurcated state. These modes are: (1) modes on top of the
pedestal, (2) modes further inside the plasma but still near the pedestal and (3) no bifurcated modes
at all. Further, qualitative studies on the dependency of the bifurcation threshold on the form of the
profiles and the amplitude of density and electron temperature are made.
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List of Abbreviations

Notation Description

ASDEX Axially Symmetric Divertor Experiment (predecessor of AUG).

AUG ASDEX Upgrade tokamak in Garching, DE.
BC Boundary Conditions.
CXRS Charge Exchange Recombination Spectroscopy (Diagnostics).

DIII-D Tokamak in San Diego, US.

ECRH Electron Cyclotron Resonance Heating.

ELM Edge Localized Mode.

EM Electromagnetic.

FKR The authors: Furth, Killeen and Rosenbluth.

FLRE Finite Larmor Radius Expansion.

GR The authors: Goldston and Rutherford.

H-mode High confinement mode.

ICRH Ton Cyclotron Resonance Heating.

ITER Next level tokamak currently built in Cadarache, FR (iter = latin "the way").
JET Joint European Torus tokamak in Culham, UK.

KiL.CA Kinetic Linear Cylindrical Approximation.

L-mode Low confinement mode.

MHD Magnetohydrodynamics (i...ideal, r...resistive).
NBI Neutral Beam Injection.

ODE Ordinary Differential Equation.

RMP Resonant Magnetic Perturbation.




Chapter 1

Introduction

The future of nuclear fusion as an energy source strongly depends on the overall energy gain of the
fusion reaction. By the extended' LAWSON criterion |1} 2], the triple product of temperature T', density
n and energy confinement time 75 must exceed a certain value to achieve a break even situation. For
practical use this triple product must be even higher to get a net energy gain. However, it should
not exceed the ignition criterion where the heating is self-sustained by the produced alpha particles to
maintain better control of the reaction.

Temperature is implicitly determined by the fusion reaction itself, i.e. by the maximum of the reaction
cross section. Density has operational limits due to magnetohydrodynamic instabilities? and further
empirical limits linked to disruptions, for example the GREENWALD limit [3]. Thus, energy confinement
time is the parameter to tune to achieve a net power gain. This quantity describes how well energy
is confined in the system. The higher the energy confinement time, the longer the energy stays inside
the plasma.

The most obvious way to increase 7p is to increase the size of the configuration. This is why fusion
devices get bigger and bigger, reaching their temporary maximum with ITER?. The major radius of
this device is about twice the one of the JET tokamak (the largest experiment up to today) and should
be the first to demonstrate the possibility of a net energy gain out of the fusion reaction [4].

1.1 High Confinement Mode

The discovery of the High Confinement Mode (H-mode) in Neutral Beam Injection (NBI) experiments
[5] on the ASDEX tokamak provided a new possibility to increase 7. Previously (Low Confinement
Mode), profiles* of density or temperature decreased steadily from the core to the edge of the plasma
(figure blue curve). In H-mode (red), these profiles are “shifted upwards” (pedestal) resulting in
steep gradients in the edge region. This can be seen as a transport barrier preventing transport from
flattening the profiles again.

IThe original LawsoN criterion only considered the product of density and energy confinement time.

2Precisely it is pressure which is limited but due to the more or less fixed temperature ranges, it boils down to a
limit for the density.

3Tokamak currently built in Cadarache, FR.

4Profile means a 1D representation of a quantity along a certain axis in the cross section of a device. For example,
from the magnetic axis in the center to the separatrix (last closed flux surface) at the edge with an angle of 6 = 0 (see
e.g. figure in section for a better geometrical view). Along these lines one can take the intersection with flux
surfaces of the configuration as a fluz surface label p (usually normalized flux).



Chapter 1 — Introduction

AnorT

H-Mode

Edge
Transport
Barrier

T

Pedestal

; (Y
——

Figure 1.1. Profiles of density or temperature for I.- and H-mode. L-mode is characterized by a steady
decrease from the core to the edge. H-mode profiles are higher with a typical pedestal at the edge.

As implied by the name, H-mode plasmas have increased confinement time due to the edge transport
barrier. Typically this is about twice as high as in L-mode. In the above context of power gain, this
would mean a fair increase in perfomance. This is the reason why heavy research is undertaken to
make H-mode the standard operational mode on future nuclear fusion reactors.

There are certain negative effects that accompany H-mode. For example, uncontrolled density increase,
enhanced impurity confinement or decreased hydrogen recycling at the edge (— a-particle build up in
the core) [6]. To quote WESSON on the H-mode:

“The ultimate usefulness of the H-mode depends on whether the benefits of improved con-
finement can be achieved under controlled conditions without detrimental effects |...].”

1.1.1 Edge Localized Modes

Although the already mentioned problems of H-mode are crucial, there is one particular instability
that is a possible game breaker. From the beginning of experiments the transition from L- to H-
mode (short LH-transition) was accompanied by Edge Localized Modes (ELMs) [5]. These instabilities
are characterized by periodic bursts that result in a degradation of confinement at the edge and
consequently a reduction in density and temperature [6]. The exact cause of ELMs is not fully known
but a magnetohydrodynamic origin is suspected |7].

One way to detect ELMs is the H,-radiation® emitted at the edge of the plasma. For deuterium plasmas
one also calls this D,-radiation. This radiation is (mostly) a result from core electrons travelling
towards the edge and hitting neutral particles near the divertor plates |7]. During the event of an
ELM, this radiation is increased greatly. A second way is to detect particles that are ejected towards
the edge of the plasma. These will certainly hit the divertor plates or the first wall at some point.
Increased heat loads result in a thermoelectric current in the divertor plates that can be taken as an
indictor for ELMs [8]. Figure shows both quantities, divertor current and D,-radiation for an
“ELMy” AUG (tokamak) shot.

5First spectral line in the BALMER series for hydrogen.
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Figure 1.2. Divertor current and Dy-radiation for a typical ELMy AUG shot (33340). The LH-transition
occurs at about 1s which can be seen from the onset of ELMs. Their burst-like structure results in the visible
peaks.

The most problematic effect of ELMs is the large transient heat load released with each burst. For
large ELMs this could be up 3 — 10% of the total plasma energy, released in few microseconds. The
power load on the divertor of ITER can be estimated to be around 1 —10 GW m~2 whereas acceptable
ones would be 1 —3 GW m 2 ||§|| “Acceptable” hereby was taken to be about 3000 power cycles before
a needed exchange of the divertor plates. This may be tolerable for experimental devices but for future
nuclear fusion power plants this may not. Still, the expected heat load for ITER is too high, so there
are two possibilities: Find another operational mode without ELMs (e.g. stay in L-mode) or try to
mitigate or suppress ELMs (figure [L.3).

1.1.2 Resonant Magnetic Perturbations

One of the most promising ELM mitigation techniques are Resonant Magnetic Perturbations (RMPs).
These static and non-axisymmetric, small perturbations are produced by an arrangement of toroidally
distributed outer coils (called RMP or ELM coils) and are typically of the order 10~% By, where By is
the equilibrium field. For example the coil configuration for the AUG tokamak can be seen in figure[T.4]
Non-axisymmetry is not only due to the discrete amount of coils in toroidal direction but furthermore
due to different currents driven in each coil. An example can be seen in figure

The effect of RMPs can be generally explained in simple terms. The magnetic field produced by the
RMP coils penetrates into the plasma and hits resonant surfaces, located at positions where the plasma
safety factor has rational numbers. This creates magnetic islands . By choosing a specific magnetic
field one can choose which resonances to stimulate. The safety factor profile is usually quite flat in
the center of the plasma and diverges towards the last closed flux surface (separatrix). This means

10
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Figure 1.3. Cartoon to illustrate (a) ELMs, (b) ELM mitigation and (¢) ELM suppression. ELMs can be
viewed as avalanches (blue) that threaten a small mountain village (= first wall, divertor plates). Explosives
(red) can trigger many smaller avalanches or no avalanches at all (= mitigation or suppression). The suppression
could be anything, e.g. RMPs (section. Questions remain about the increased core impurity confinement
(rubble, ) which is greatly reduced by ELMs and enhances overall performance. This would vanish together
with suppressed ELMs.

11
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Figure 1.4. RMP coil configuration for the AUG tokamak. Shown are the upper and lower “B-coils” at
their true position relative to the plasma boundary (last closed flux surface). The numbering of the coils is
important as each one is driven with a different current in experiment.
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Figure 1.5. Example for currents driven in AUG B-coils in a typical ELM suppression experiment (shot
34548). The amplitude of the total current for each coil is plotted against the toroidal position of the center
of the corresponding coil (points). Fits of cosines have been layed through the points to show the overall
non-axisymmetric effect of the different coils with different currents. Note that in general there can be a phase
shift between upper and lower coils.

12



Chapter 1 — Introduction

%104 Divertor Current
T T

t/s
BI6 Coil Current
15 T T T T T T T T
1 , -
<
v
— 0.5+ .
0 L 1 1 1 1 1 L
0 1 2 3 4 5 6 7 8

Figure 1.6. Divertor current, D,-radiation and Bl6 coil current for a typical ELM suppression experiment
on AUG (shot 33348). The RMP coils are switched on at about 2s. The ongoing ELMs (between 1s and 2s)
are consequently suppressed which can be seen by the disappearance of spikes in the D,-radiation.

that rational surfaces for higher safety factor are closer in space than ones for lower safety factor.
Furthermore, resonances excited at the edge may lead to magnetic islands overlapping at some point
which can be used to create a stochastic region at the edge of the plasma. The stochastic region was
originally thought to cause ELM suppression or mitigation [11].

Experiments by EVANS, et al. have first shown the effectiveness of RMPs in terms of ELM
suppression on the DIII-D tokamak. In favor for this technique was the fact that the transient ELM
impurity transport was not completely lost but replaced by steady-state transport through the stochas-
tic region at the edge® whereas general properties of the density and temperature profiles remained.
An example for ELM suppression can be seen in figure [[.6] In AUG, ELM mitigation was first seen
in [13] and ELM suppression studies where summarized in . The next section will deal with the
implications of RMPs in more detail.

STransport parallel to magnetic field lines is easy in contrast to perpendicular transport. Thus, a stochastic region
replacing nested flux surfaces improves (radial) transport locally.

13
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1.2 Plasma Response to RMPs

Plasma is a self-consistent medium which means that EM fields determine the motion of charged
particles inside the plasma which in turn manifest themselves as currents that affect the EM fields.
Upon applying RMPs, the expectation in vacuum would be the onset of large islands at the position
of the corresponding resonant surface. The consideration of the plasma response to these external
fields manifests itself in localized shielding currents that diminish the external perturbation inside the
resonant surface and therefore the size of magnetic islands. In particular plasma rotation (or toroidal
flow) has a crucial effect on this shielding |15}, |16} [17].

Although the formation of magnetic islands will be suppressed for most resonant surfaces, there exist so-
called locked modes which means that the RMP penetrates inside the plasma. These are characterized
by the formation of magnetic islands (full reconnection). One speaks of bifurcated states, where there
can be either locked modes or suppressed ones (unreconnected state). The transition between these
states is called bifurcation [18].

Both, the bifurcation as well as the effect of plasma rotation has been in seen in experiments at the
DIII-D tokamak [19].

1.2.1 Two-Fluid Estimation of the Shielding of RMPs

This simple model can be used to make qualitative explanations how the shielding current, produced
by the plasma response to RMPs, affects the magnetic field perturbation itself. We start with the
two-fluid momentum balance equation (e.g. [20])7,

MaNe [0tVa + (Vo - V) Vo] =naga (E+ vy xB) =V - P, + ZRaﬂ’ (1.1)
B

where m and ¢ denote mass and charge of the fluid elements, respectively. This equation decribes the
conservation of momentum for each particle species a (i.e. NEWTON’S 2nd law). On the left hand side
we have inertial forces due to temporal or convective changes. On the right hand side we have forces
acting on the fluids. From left to right these are the Lorentz force, internal forces described by the
pressure tensor (pressure or viscosity) and a term which allows the momentum transfer from species
« to species (.

For simplicity we neglect all inertial forces® (left hand side = zero) and assume isotropic pressure
without viscosity as well as an electrostatic field,

P, = Ip,, (1.2)
E=-Vo. (1.3)
Thus, we get:
Nada (~V® + Vo x B) = Vpa + > Rap =0. (1.4)
s

Now we assume the plasma to be made of electrons and one species of ions. The term respecting
transfer of momentum to electrons by electron-ion collisions can be written as |20

"Units are SI or gaussian natural units.
8The convective term (v - V)V can be estimated to be about 100 times smaller than the v x B term on the right
and the explicit time derivative is even about 10° times smaller than the convective term.

14
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Rei = —meneve; (Ve — Vi) . (1.5)

This momentum transfer is called friction force and scales with relative velocity v, —v; and electron-ion

collision frequency v;.

The electron version of is then:
—nee (=VOP +ve X B) — Vpe — menelei (Ve — v;) = 0. (1.6)
We now write the magnetic field as an equilibrium field which we perturb externally,
B =B, +B. (1.7)

By multiplying (1.6 with By we can get rid of the gradient terms, since ® and p. are flux functions
in Oth order (no perturbations), i.e. they are constant along a flux surface and thus, their gradient is
perpendicular to the equilibrium field,

—neeBg - (Ve X B) — meneveiBo - (ve —v;) = 0. (1.8)
Evaluation of both terms individually yields

By - (v. x B) = By - (ve x [Bo n ﬁ]) —B-(By xv.)=B-eBoves = B,Bove.,

1 1
B0~(v67vi):f BoJif BOJ”’
Ne€ Nee
where we used J = —n.e (ve — v;) in the latter calculation. Finally we get

~ 1
—neeBrBOUeJ_ + meneVeiiBOJH = 07
Ne€

or

JH :O"Uej_§7«7 (1.9)
2
Nee
= —. 1.1
7 MelVei ( 0)

This equation links the parallel plasma response current to the radial perturbed magnetic field via the
SPITZER conductivity ¢ and the perpendicular electron flow velocity. Temperature dependence enters
through the collision frequency, whereas density dependence will drop out since vg; ~ neTe_3/ InA
(where the CoULOMB logarithm In A = const.) [20]. We can clearly see that for lower temperatures
the parallel current will decrease for fixed velocity and magnetic field perturbation.

15
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1.2.2 Physics of the Two-Fluid Estimation

Now we can make a qualitative physical picture of the effect of RMPs on the plasma. The radial
magnetic field perturbation from an RMP (which is driven by a current in the RMP coil) will produce
a parallel current in the resonant layer (due to plasma response). This parallel current creates a
magnetic field counteracting the external perturbation, thus annihilating the effect at the resonant
surface and further inside the plasma (shielding). Due to the parallel current diminishes its own
driving mechanism but only to the point where it can be sustained by a very small magnetic field
perturbation due to the generally high conductivity inside the plasma.

There are two general mechanisms that weaken shielding. First, the temperature drop at the edge will
lead to increased collisionality and further to decreased conductivity (as mentioned before). Second, at
locations where the perpendicular electron flow direction changes (sign change, v,y = 0), the shielding

9

current will become zero at all. This is called fluid resonance”. The screening of RMPs by flows as

well as the simple picture derived above has been treated in [22].

The whole analysis of section [I.2.1]is only valid at the resonant surface because only there the parallel
current can be constant along a field line (divergence-freeness can be fulfilled). Away from the resonant
surface, the perturbations in the electrostatic potential will become too large to be neglected. The
resulting parallel electric field will counteract the magnetic part of the LORENTZ force, thus preventing
the occurence of a parallel current.

1.2.3 Other Mechanisms of Bifurcation

In our two-fluid estimation we discovered the fluid resonance, where the perpendicular electron flow
velocity was zero. We can decompose v, into the electron diamagnetic velocity veq!? and the E x B
drift velocity,

Vel = Ved + VExB; (1.11)
C

ed = ar ey 1.12

Ved enB p ( )
cE,

VExB — B 5 (1.13)

to write the fluid resonance as the criterion

VEXB = —Ved- (1.14)

In the early investigations of [15] as well as in newer models [21] there appears a second resonance'!

at the point where the E x B drift velocity has a zero,
VExB — 0. (115)

In other words, the zero of the radial electric field E, may be a crucial point when investigating the
bifurcation point.

9A linear kinetic treatment (like in [21] but in first order) will result in a slight shift of the fluid resonance away from
the point in two-fluid theory.

10Sometimes in literature this is also written as ves.

1n the fluid theory of R. FrrzraTRICK [15], also a third resonance was seen at the point where the ion perpendicular
velocity was zero. This was not seen in investigations with the kinetic code KiLCA (private communication with S. V.
Kasivov in 2020).

16
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1.3 Content of this Thesis

In chapter 2 we investigate the effect of a sheet current in the framework of ideal magnetohydrody-
namics in simple slab geometry. This is way simpler than the two-fluid estimation from above and it
may become apparent that the model cannot handle currents that are concentrated in such narrow
regions as resonant layers are. The effect of resisitivity will “heal” the problems of the ideal model
which results in the growth of magnetic islands at the location of the current sheet. This chapter only
treats the effect of internal current sheets that may arise due to instabilities (tearing modes).

Chapter 3 will move on to more realistic geometry, i.e. the large aspect ratio approximation of a
tokamak. In this geometry, the equilibrium will be shortly analyzed, as well as the effect of an
external vacuum perturbation. For the plasma response the MAXWELL solver KiLCA will be used to
demonstrate the effect of a kinetic plasma response.

A quasilinear estimation of the bifurcation threshold for RMPs will be given in chapter 4. It will
describe the physical and computational model based on earlier work [21] and the improvements made
in the scope of this thesis. It will include an application to experiments on the AUG tokamak and will
investigate the effect of density and electron temperature on this threshold.

Finally, chapter 5 will try to link all topics presented here together and summarize each chapter
individually. For the application on experiment, conclusions and suggestions for further improvements
will be given.

17



Chapter 2
Linear Tearing Mode Theory

The aim of this chapter is to understand how the model called magnetohydrodynamics or MHD treats
the occurrence of sheet-currents that flow only in a single, narrow region around some surface. Initially
this was done by Furth, Killeen and Rosenbluth (FKR) |23] in a treatment including plasma resistivity.
However, we will start with an ideal static equilibrium, analyze it rigorously and move further in
complexity by including dynamics. In the end the effects of resistivity will be touched.

2.1 Ideal MHD Treatment

The model we use is commonly known as iMHD and essentially describes the plasma as a charged
single particle species fluid with zero resistivity. The system of 15 iMHD equations is given by (see

e.g. [24]):
% +V.-(pv) =0, (2.1)
d

pd—:—JxB—i—Vp:O, (2.2)

d /fp
— (2] = 2.
dt </ﬂ> v 23

0B
E4+—= 2.4
V x +8t 0, (2.4)
V x B — 473 =0, (2.5)
V.B=0, (2.6)
E+vxB=0. (2.7)

The set of equations consists of two conservation laws for mass and momentum (from fluid mechanics),
the energy equation (adiabatic evolution with v = 5/3), three of the low-frequency MAXWELL equations
and ideal OHM’S law (in the limit of zero resistivity). The corresponding quantities are the mass density
p, flow velocity v, scalar pressure p, current density J, electric field E and magnetic field B. Gaussian
units with ¢ = 1 were chosen.

For now we will assume a static equilibrium where we can set time derivatives to zero. Thus, the only
interesting equations left are (2.6)), (2.5) and (2.7) which can be combined to

_ _ 1 _ 1 _lgpe
foJxB747T(VxB)xB747T (B-V)B 2VB . (2.8)

18



Chapter 2 — Linear Tearing Mode Theory

This equation is the static pressure balance. The last equality sign used a standard decomposition into
magnetic tension and magnetic pressure given by simple vector identities!.

2.1.1 The Current Sheet

The configuration we are interested in is given in figure 2.1} The equilibrium magnetic field has a
y-component pointing towards positive y-direction on the side x > xy and vice-versa on the other
side. Without loss of generality we can set o = 0. Additionally we can include a field component in
z-direction. Thus we have

BO = BOy (I) €y + BOz (l‘) e,. (29)
AMPERES law (2.5) gives rise to a current?,
47TJO = 7axBOZey + 83330?/82. (210)

By momentarily setting the z-component of the equilibrium field to zero we can make the following
inference: The equilibrium field as given in figure is equally strong on both sides® but differently
directed. Thus we can think of it as a HEAVISIDE theta function. The current in z-direction is then
given as the derivative of this which can be viewed as a DIRAC delta distribution. This means, the
current is only located on the sheet-like layer x = 0 which separates the left and right region. The
name Current Sheet is now apparent. In reality the field will not look like a HEAVISIDE theta function
but differently. Still, the form will be similar in the way that the equilibrium field will be almost
constant outside a narrow region around z = 0 and the difference will only imply a broadening of the
current profile. We will then say the current is concentrated around the sheet-like layer.

Back to the general equilibrium field, the last quantitiy left in the iMHD equations is the equilibrium
pressure which can be easily calculated using (2.8)

1
A0y po = _58“33' (2.11)

Now we finished analyzing the equilibrium and will move on with stability considerations.

Yy v Yy v y

Y B,, <0 B, >0

I x=0 oy
X 0z

Figure 2.1. Sketch of the current sheet configuration. Only the y-component of the equilibrium field and the
z-component of the equilibrium current is displayed.

1One can find a summary of basically all needed identities for plasma physics in [25|
21 will use the notation 8, = 8/dz for the rest of this work.
3The field strength By, is the density of field lines that point in y-direction which is uniform in figure

19
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2.1.2 Normal Mode Analysis

Since the equilibrium is fully known, the next logical step is to figure out if it is stable or not, or
to be precise, at which conditions it is stable or not. However, we are merely interested in the form
of perturbations rather than the stability of the equilibrium. No matter what aim our analysis has,
we can use a common technique in the MHD framework. We apply small perturbations which are
assumed to add up linearly to the equilibrium,

B =B, + 4B, (2.12)
P = po + Ip. (2.13)

Because of this, we can always cancel out the equilibrium-only quantities by applying this form to the
MHD equations. We will also neglect terms of second order or higher. As an example, we can look at
the right side of the static pressure balance (2.8)):

1 1
(B-V)B - 5VB2 =(By-V)Bg — §VB§,

part of equilibrium eq.

1 1
+(Bo-V)8B — 2V (By - B) + (6B V) By — SV (6B By).

+(6B-V)dB — %VcSBQ.

O(62)

Only the second line will be used in the perturbed version of the initial equation. We assume the form
of these perturbations to be described by FOURIER modes containing no time dependence (since we
already restricted ourselves to make a static analysis using (2.8))),

0B = B (z)*T, (2.14)
5p = B () 6, (2.15)
k =Fkye, + ke, (2.16)

were r = re; + ye, + ze, is the position vector. We already used the symmetry of the current
sheet configuration, as we wrote the perturbation only to depend on the z-direction. The modes
correspondingly evolve in the yz-direction. The quantity k is refered to as the wave-vector, although
the perturbation does not have to form waves necessarily. It rather describes spatial periodicity of
any perturbation. By taking typical scale lengths of the configuration, one can connect this to integer

mode numbers

ky =%, k=

’
Yy

n
—. 2.17
i (2.17)
Since the dimensions of the current sheet are considered to be infinite we will not need this integer

mode numbers here. Nevertheless, they will become important in the discussion of real geometries
which represent systems of finite size e.g. slab-like, cylindrical or toroidal ones.

Going back to the application of small perturbations in the form of normal modes, the static force

balance ([2.8) becomes

Ar (—i0,pe, + kp) = FB — iB,0,Bg + 0, (Bo : f3) er — k (Bo : E) . (2.18)
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We already used the form of the equilibrium given by (2.9) and introduced the quantity*
F:=k By =k byBy = kjBo. (2.19)

Note that the exponential of our FOURIER mode assumption gives rise to the factor of ik (derivative)
and can be canceled afterwards because it appears in every term. The second equation we need, is the
divergence-freeness of the perturbation,

V-6B =0. (2.20)

Now we take the xz-component of the perturbed pressure balance (2.18) and the scalar product of it
with k. We write both equations together with the explicit form of (2.20) to arrive at the central set
of equations for this problem:

By (4m’5+ By - 1§) —iFB,, (2.21)
2 (4m’5+ B, -E) = F (k : 1§) —iB,0,F, (2.22)
9,B, +ik-B =0. (2.23)

We get an additional equation by taking the scalar product of By with the perturbed pressure bal-

ance([2.18),
_ ~ 1
4nFp = finiaiBg. (2.24)

This set of equations can be solved for the three components of the perturbed field®.

First, we substitute (2.23)) into (2.22)) and the result into (2.21)) to get

=~ = O:F
9?B, — B, <k2 + }) = 0. (2.25)
By using the equilibrium pressure balance (2.11) in our fourth equation (2.24]), we can relate the
perturbed and equilibrium pressure by Fp = iB,0.pg. Inserted in l) and further substituted

together with (2.23]) in (2.21)) this leads to

B ik.0, B, ik, B, <8wF 477(‘3wp0).

TR {kx By, \ K2 F

(2.26)

Now we got an ODE for Ez which upon solving defines EZ The missing component is Ey which can
be simply calculated using the perturbed divergence-freeness ([2.20)),

kyBy = 10, B, — k. B.. (2.27)

If we look closely at these equations we can identify Em to be purely real and Ey and Ez to be purely
imaginary. For FOURIER amplitudes this means a phase shift of m between the components.

4This is the projection of the perturbation parallel to the equilibrium field.
5This also holds for the perturbed pressure which we are not interested in here.
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2.1.3 Discontinuities

As has been shown in the previous section, the calculation of the perturbed magnetic field is more or
less reduced to the solution of . Even without a rigorous mathematical analysis of this equation
we can see that this equation does not have to necessarily behave well everywhere in z. Since the
quantity

F =Xk-By = k, By, + k.Bo., (2.28)

appears in the denominator we encounter singularities everywhere, where F' = 0. Now thinking back
of the initial discussion of the current sheet, we can once again momentarily set the z-component of
the equilibrium field to zero. The problem is now apparent: since By, points in different directions on
both sides of the sheet-like layer, there must be a zero exactly at this plane x = 0. The singularity
occurs at this point and our equation breaks down. For the rest of the work we want to keep
this case, thus we assume the other term k, By, to shift the functional form of F' but not destroy the
appearance of the singularity (the a-value where this occurs will then shift). The result: we have to
concede with our use of iMHD.

We can still do some kind of restricted analysis, since we do not have singularities everywhere, instead
only at one point in z. We can avoid facing this by restricting our domain to x € (0%, +00). In this
so called Outer Region we can apply our iMHD model, whereas in the other part or Inner Region, we
have to find more suitable equations describing our configuration.

Since we split our domain into two distinct areas with two distinct solutions, we will later have to think
about how to glue these two together at the boundaries. We can derive some general properties of the
solutions by considering two small scenarios around the sheet-like layer which were done by Goldston
and Rutherford (GR) in their book|20].

We can integrate the divergence-freeness (2.23) over the volume of a small box with size z € [07,07],
y € [y1,y2] and z € [21, 23] centered around the sheet-like layer and apply GAUSS’ theorem,

/ V-BdV = # B - ndS = 0. (2.29)
VBox SzaVBox

The margins y; 2 and 21,2 can be chosen arbitrarily, with Ay = y2 —y1 and Az = 23 — 2;. The closed
surface integral can be evaluated as a sum of integrals over the six enclosing surface planes (because
it is a box). The three positive directed ones are given in figure As a result of the components of
the perturbed field to only have spatial dependence in z, this evaluates to

ﬁgSB~ndS;§é§SiB'nid5¢7
—AzAy | B, (07) - B, (07)] (2.30)
or with :
B, (0") =B, (07). (2.31)

This means that the xz-component of the perturbed field is continuous at the sheet-like layer.

In the second consideration we integrate the perturbed current density 473 = V x B over the xy-plane.
The left side yields the total current in z-direction,
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resistive layer

P 1

n=(1,0,0) n=(0,0,1) n=(0,1,0)

Figure 2.2. Positive oriented surfaces on the specified box around the sheet-like layer.

//S ds-J=1.. (2.32)

On the other hand, we get a contour integral using STOKES’ theorem,

//dS-Vxﬁzyg ds - B. (2.33)
S C=08

Again, this can be split into different parts now given by the contours in figure Our special
configuration leads to similar results as above:

— Ay |B, (07) - B, (07)]. (2.34)
Further, because this time the left side of the equation is non-zero, we have

B, (0") — B, (07) = 421;? (2.35)

This means there is a discontinuity in the y-component of the perturbed field, that can be associated
with the total current in z-direction. This current is located in a thin region around the sheet-like
layer and therefore called a surface current®.

Because the divergence-freeness of the magnetic field 1} relates the z-derivative of B, with Ey, a
discontinuity in this derivative is implied. This (relative) discontinuity is commonly defined as”

~ 0t
0. By
B,

_ 9.B,

A = (2.36)

0-

This quantity plays a central role and we will continue this section by finding solutions to the set of
equations ([2.25)-(2.27) and consecutively calculating A’

50ne can see this for e.g. constant current density where I, = j,AzAy. For the derived expression Ay cancels and
the current flows only in the region Az which was taken to be infinitesimal small.
7This can also be seen as the discontinuity in the logarithmic derivative: 95 In (A) = %BZA
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resistive layer

Y

Figure 2.3. Contours in the xy-plane around the sheet-like layer.

2.1.4 Solutions in the Outer Region

As has been indicated before, the only difficulty lies in solving the equation for the x-component of
the perturbed field. Once this has been done, all other quantities can be calculated. We start with B,
by rewriting (2.25)) into a slightly different form:

9B, — k*B, = q, (2.37)
~ 92F

= Byt 2.38

q 7 (2.38)

Eq. (2.37) now has the form of a simple ODE with some perturbative term ¢ (that is dependent on
the solution itself).

Short wavelength limit: First we want to consider the limit k& > in which case we can neglect the
contribution by ¢q. Then we have a simple ODE with solutions

B, = Ce kel (2.39)

where C' is a constant and the absolute value in the exponent results from the fact that we already
applied boundary conditions on both sides of the sheet-like layer: Em (x — £o0) = 0. By the reason
of symmetry we implied the assumption that B, (—z) = B, (z). Using this solution in we get
the discontinuity as

A = —2k. (2.40)

This is due to the inner derivative of the absolute value of x giving an extra sign (z), making this
quantity non-zero.
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Long wavelength limit: In this case we have k < and one can expand the solution for §$ in
terms of (2.39)). This has been done by FKR [23] in their treatment of the outer region. We are only
interested in the k-dependence of the asymptotic solution for the discontinuity that is given by

1
A~ = 2.41
. (241)
One can see that for small k values we get positive A’ and for large k values negative A’. In a realistic
configuration only certain values of k are allowed as it will be linked to integer mode numbers, thus
some modes will have positive A’ and others will have negative A’. The implication of this fact will

become clear when advancing to the end of this section.

Full solution: We now treat the full ODE for the z-component of the perturbation given in .
We can consider the short wavelength solution as the homogenious solution of the ODE leaving
us with the task to find a particulary solution. We can apply the method called Variation of Constants®
(on the solution without applied boundary conditions) using the ansatz

B, =C, (z) e + C_ (z)e™". (2.42)

The procedure is now to compute the first derivative, insert it into the ODE (2.37)), obtain an expression
for 9,C+ (x) and integrate this to get Cy () itself. Then, a particulary solution has been found and
we get the general solution by adding this to the homogenious one. This general solution is

B, = e (2.43)

~ f—;f;dx'q(m’)esz/-i-e*kz (Cf——fz dz'q (z ) ’"/), z>0",
ek (C++if:odx’q(x’)e_kl)f S [ dalq (x Mz <0.

Since the quantity ¢ is dependent on Em itself this is an implicite solution for Em and must be solved
numerically in an iterative way. The same symmetry reasons that have been used for the homogenious
equation B, (—x) = B, (), lead to the result that both constants are the same, i.e. C;. = C_ = C.

We can use this formal solution in (2.36) to get an analytical expression for the discontinuity,

1 oo F// ,
A = -2k — E/ Bw ?e_m d/l‘/, (244)

. and d’ denotes that the integral has to be taken non-continously over z’ = 0.

=0
This is the main result of FKR [23] in the outer region. Before giving an example calculation in the
next section, one can write the general solution given in (2.43)) in a different way:

kx ’ ’
B o_ Sk [ dalq (@) e ™ emhe (Bl + ﬁfooo da'q (z') ek’ — ﬁ 0 da'q (@ ) ke ) , x>0t
ekw (31 + o Jo da'q (2) e ke’ 4 3 Jo da'q (a')e” ) S ) dr'q (x e <0,
(2.45)

This may look more complicated but it turned out that it is numerically more stable to solve this
iterative equation than (2.43)). It also has the advantage to contain the perturbed field at the boundary
B instead of the constant C'. This can be set to a typical perturbation strength which must be specified
anyway.

80ften also called Variation of Parameters.
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Figure 2.4. Chosen toy model for the equilibrium field configuration.

2.1.5 Application of a Toy Equilibrium

Solving the central iMHD equations we arrived at a solution that looks not so friendly but should
behave quite stable when implemented numerically. We will start exploiting this by choosing a “toy”
equilibrium and solve these equations. An analytically nice model to study is a hyperbolic tangent one

(figure B-1)°,
Byy = tanh (z) . (2.46)

Even at = 0 there is an existing value for ¢ ~ F'/F. Parameters left to specify are the perturbation
strength and the wavevector respectively. The first one can be set by the following thought: by
the given form of we have limiting amplitudes of +1 for the equilibrium field. Because the
perturbation we apply must be small by assumption, a typical value that can be chosen is

B, =104 (2.47)

For the latter quantity a pseudo-realistic approach is used. Despite the fact that we do not have a real
configuration, we use integer mode numbers and typical lengths. We associate the y-direction to be
poloidal and the z-direction to be toroidal,

, L, =10cm, (2.48)
—, L, =170cm. (2.49)

The integers m and n are then the poloidal and toroidal mode numbers, respectively. Further, we
restrict the toroidal mode number to the single value

n=2, (2.50)

9This form implies the use of normalized units for the magnetic field strength.
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Figure 2.5. Solutions for the z-component of the perturbed magnetic field for different poloidal mode numbers
(real part).

and only vary the poloidal mode number m instead.

The field components are then calculated first, by using our general solution for B, ll and second,
by afterwards applying (2.26) and the divergence-freeness (2.27). The solutions for different mode
numbers can be seen in figure 2:5] [2:6] and [2.7] respectively.

As has been discussed before, ém is purely real and Ey and éz are purely imaginary'®. The second
observation is the continuity of B, and the discontinuity of its derivative (kink of B,), together with
Ey and B, (jump). It is nice to see the previous considerations match with the numerical results. The
third thing to discuss is the color-coding of the different considered mode numbers. This has been
done by calculating the discontinuity A’ using either or and checking its sign afterwards.
“Green-ish” corresponds to A’ > 0 and “red-ish” to A’ < 0. There is a slight color-gradient indicating
the magnitude of A’, but generally we are interested in its behaviour. The blue curve is a limiting
case, where beforehand the analytical model was solved for k with A’ = 0. It would not occur for our
choice of scale lengths because mode number m is not an integer for this curve.

The values for A’ for the different mode numbers can be seen in figure Additionally to the
calculated values of A’ a solid red curve is shown which is the exact analytical solution for this model
that has been calculated by FKR 11.

The last thing to discuss is the functional form of the discontinuity A’. One can clearly see that for
large k it starts to be linearly decreasing, with an approximate slope of 2 which fits perfectly to our
limiting calculation (it can be seen even better when advancing to higher mode numbers). For
small k it is harder to see, but there is a trend towards a singular behaviour at £ = 0. This point can
clearly not be reached since our mode numbers are limited by the smallest positive integer which is
1. The plot even starts at a k value that corresponds to m = 3 which was chosen to be the smallest

mode considered, because of deeper reasons in real configurations!?.

10T his is the reason one only sees the corresponding non-vanishing components in the plots.

HThe thin black line is called “stability criterion” which will be apparent when advancing to the end of this section
(section .

121n cylindrical or toroidal geometry it turns out that positions where such sheet currents arise are located where
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Figure 2.6. Solutions for the y-component of the perturbed magnetic field for different poloidal mode numbers
(imaginary part).
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Figure 2.7. Solutions for the z-component of the perturbed magnetic field for different poloidal mode numbers
(imaginary part).
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Figure 2.8. Calculated A’ corresponding to the solutions given in ﬁguretogether with the corresponding
analytical solution and the “stability criterion” described in the main text.

2.1.6 Magnetic Islands

With the solution given in (2.45), we can consider the problem in the outer region to be solved.
Nevertheless, there is still one thing remaining as we can look at the form of the magnetic field lines.
Since the perturbation is small we expect something similar to our equilibrium field shown in figure

2T

The following considerations can be found partially in the book of GR [20|. To look at lines of constant
magnetic field strength, one has to solve the field line equation (see e.g. the book of D’HAESELEER
[26]). In the zy-plane this reads as

== (2.51)

This can be rewritten and integrated giving
/Bydx - /Bmdy = const. (2.52)

We want to consider the effect of a general perturbation to the equilibrium that still corresponds to
our given geometry (7 represents a potential growth rate),

6B, = Byeltvytit, (2.53)

Since the z-component consists only of the perturbation, the second integral (2.52)) can be evaluated
immediatly, yielding

/5Bxdy _ %8 (2.54)
ky

the safety factor ¢ reaches rational numbers which are given by the fraction m/n. Because of basic iMHD stability
considerations we need g > 1 everywhere to avoid crucial instabilities. This means that m > n and i.e. for integers
m > 1.
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The phase of the solution can be chosen arbitrarily,

~ B, .
Im (/ Byydx + /Bydxelk“ﬁw + ike‘kyy+7t> = const. (2.55)
Y

In this section we have already shown that Ey is purely imaginary, i.e. Ey = ilm (§y> which can be

used to give the general equation for this configuration!3:

Bp + cos (kyy) € Bp = const., (2.56)
Bp = / Boydz, (2.57)

- B,
Bp = /Im (By) do+ - (2.58)

This form has split the field line equation into an equilibrium part and a modification due to the
perturbation.

Ref. |20] treates the problem only in a narrow region around x = 0. This means one can approximate
the equilibrium field by its derivative and the perturbed field as constant,

~ (0. Boyl,— (2.59)
~ Dq

By
B, ~ B. (2.60)

Eq. (2.56]) can then be solved explicitly to give

B,

1 2
§[a$B0y]x=0x + ky

cos (kyy) €7 = const. (2.61)
As long as the region that is affected by the perturbation is small, it does not matter whether we
use or . For example, we can plug in our previous numerical solutions for the perturbed
magnetic field into one of the field line equations and look at the resulting contour lines (ﬁgure. As
one can see immediately, the shape of our initial current sheet equilibrium has changed dramatically.
Near the sheet-like layer the topology of straight field lines'* has broken up and instead magnetic
islands have formed. The current sheet has split up into current filaments. Outside the separatriz
(last closed flux surface of the island) the field line topology has not changed, instead there are only
small perturbations to the “straightness” of the lines.

The main question that arises is related to the size of these magnetic islands. Do they become
macroscopically large, affecting the equilibrium and stability of our whole configuration or do they
stay small, maybe even infinitesimal?

13With i = €' the term containing B, could be simplified by
ieifuy) — i(kyy+3)) = g ™ = cos
Im (™Y ) =Im (e'\"¥¥72)) =sin (kyy + 5) = cos (kyy) .

14Which are nested flux surfaces in real configurations.
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Figure 2.9. Magnetic islands resulting for the given equilibrium field and the applied perturbation for mode
m = 3. The width of the island has been numerically calculated and included in the plot.
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Properties of magnetic islands: Either (2.56|) or (2.61)) indicate a periodic structure in y-direction
that leads consequently to a repetition of magnetic islands with period

h=2" (2.62)

which is refered as the height of the island. At the maximum of the cosine function (y = 7/k,), the
island will have its largest extent in x-direction which is the island width w. To get this value one can
trace the corresponding field line (separatriz) back to y = 0 where = 0. At this point the cosine is 1
and the equation reads

By

e = const. (2.63)
ky

It must hold for the same field line everywhere so back at the point y = 7/k, and x = w we have

1 B B
3 [0 Boy),_q w* — k—le“’t = k—le'yt (2.64)
Y Y
Solving for the width yields
B
=22 | L 2.65
b ‘ ky [awBOy}x:o ( )

This has been done using the analytically simpler form (2.61)) instead of the general one (2.56)*°.

These are basically all relevant properties of magnetic islands'®. One can see that the island width
(which is basically the only relevant parameter) grows exponentially in time, given a positive real
growth rate.

2.1.7 Ideal Stability

Throughout most of this section we assumed static equations. However, discussing magnetic islands
we suddenly introduced a growth rate in our assumed form of the perturbation and discovered the
islands to possibly grow in time. For determining this growth rate we have to go back to the beginning
and change our initial equations to include dynamic effects.

Using dynamic equations will force us to use introduce the flow velocity in our equations. We will
assume zero flow in equilibrium:

vo = 0, (2.66)
v = dv. (2.67)

15For the general case of (2.56), at = 0 and y = 0 one has Bg = 0 and cos (kyy) = 1:

vt —_
e’ Bp »—o = const.

This results in an equation for w:

e_“’tBE (w) — Bp (w) — BP'x:O =0.

This is similar to the special case (2.65), but instead with a slightly distorted parabola.
16For the sake of completeness: the choice of phase will only affect the +shift in y-direction.
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Part of the dynamics will still be neglected, i.e. convective effects in the inertial terms of the pressure
balance. This means we replace the total by the partial time derivative of the velocity,

1

" ar

1
Vp (B-V)B -~ JVB*| —pd,v. (2.68)

The temporal change of the magnetic field is then given by FARADAY’S law (2.4)) and is linked to the
velocity by ideal OHM’S law ([2.7)),

B=-VxE=Vx(vxB)=(B -V)v- (v V)B. (2.69)

The last equality used some vector calculus, the divergence-freeness of the magnetic field (2.6 and
additionally

V.v=0. (2.70)

This equation describes what we know as incompressible flow, which is maybe not strictly true but in
good approximation useable. In our normal mode analysis we then use time dependent perturbations,

of = f(ac) elkr—iwt (2.71)

where f is a scalar or vector quantity and w is generally a complex number. For purely imaginary w
we have exponential growth with growth rate

v =1Im(w), (2.72)

with v > 0 meaning growth and v < 0 decrease. For purely real omega these perturbations describe
waves. The goal of stability analysis is to identify the exact value of w.

The application of linear perturbations to (2.69)), keeping only linear terms results in the following

expression,
0t0B = (By - V) év — (6v - V) By, (2.73)
or using normal modes
— wB = FV + 7,0, B. (2.74)

The last equation connects the magnetic field with the flow velocity and can be viewed as a the frozen
fluz condition of ALFVEN in some sense. Later we will need the z-component of this equation:

—wB, = Fu,. (2.75)
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Dynamic modifications: In the pressure balance (2.18)) we have to add one term,
4 (9, e, + ikp) = iFB + B,0,Bo — 0, (Bo : 1§) e, — ik (B0 : 1§) + dmiwpoV. (2.76)

The new set of central equations will then look like:

0y (47r;5+ By - f3) = iF B, + 4miwpos, (2.77)
k2 (4m‘5+ By - fa) —F (k : 1§) — iB,0, F + 4mwpo (k- V), (2.78)
8.B, + ik - B =0, (2.79)
9,0, + ik - ¥ = 0. (2.80)

The last equation is simply the incompressibility of the perturbed flow velocity which is formally the
same as the divergence-freeness of the perturbed magnetic field. Our “simple” ODE for B, (left hand
side) is then modified by inertial terms introduced by the velocity perturbation (right hand side),

F )~ F (aﬂc (p0020g) — k2POf17:c) . (2.81)

~ ~ 02F 4
02B, — B, <k2+ z ) -
This equation can be combined with the previously derived connection of Ez and v, 1) to give
either an equation only for B, or v,. We will choose the latter one as it turned out to be much simpler

than the other one. Namely
Oy ([F2 — 47rw2p0] 893@) — K2 [FQ — 47rw2,00] v, = 0. (2.82)
A slightly different form of this equation can also be found in the book of GR. [20].

Stability analysis: We do not want to solve (2.82)), instead we multiply it by the complex conjugate

17

of the velocity v and integrate it over the whole domain —oco < z < oco'’. We can apply partial

integration since the perturbed flow velocity must vanish at the boundaries v, (x — +o00) = 0, to get
+oo
/ d'z (F2 — 47rw2p0) <|8$5a:|2 + k2 5I|2) =0. (2.83)
—o0
This equation is essential in our stability analysis. It gives a general condition for w?:

F? @ B?
w2 = 2:19 70 k2 = 'U124]f2. (2'84)
47 po 47 po I I

Because the right side is purely positive, we can immediately see that w must be purely real. This means
that we have oscillatory modes or waves (shear ALFVEN waves) and our equilibrium configuration is
stable. Furthermore, this means that there are no macroscopic magnetic islands produced by the
current sheet in this particular iMHD treatment.

170f course we must exclude the narrow region around the sheet-like layer.
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2.2 Resistive MHD Treatment

It was already mentioned several times that the initial iMHD equations are not valid throughout the
whole domain of the current sheet. In the inner region we need to use different, non-singular equations
to investigate the stability of the current sheet. This could be any model that describes the plasma
more or less accurately, e.g. kinetic theory or resistive Magnetohydrodynamics. As has been stated
in the beginning, the latter one was used by FKR [23]. This section will connect their work to the
previous analysis (section and will discuss some of the main results.

2.2.1 Resistive Modifications

We will use the same assumptions and the same configuration as in the section before. The main
difference lies in OHM’S law which introduces a resistivity or equivalently inverse conductivity n = o~ !

in the equations:
E+vxB=nl. (2.85)

This can now be applied to the remaining rMHD equations that coincide to the iMHD ones. The
procedure is exactly the same as in section Resistive OHM’s law ([2.85) will link the magnetic
field perturbation with the velocity, but in a different way as the frozen flux condition has done,

—iwB, = iF5, + Z—O (aﬁégc - k2§$) . (2.86)
7I8

Slightly rewritten and put together with the perturbed momentum equation we arrive at the central
set of equations:

~ ~ dmi s ~
02B, — kB, = -1 (wa n Fﬁw) , (2.87)
o
~ = 02F dnw - -

These two equations correspond to the dimensionless equations (13, 14) derived by FKR!®. At this
point we will end this resistive MHD treatment, because the complexity of the problem rises beyond
the expected reward of fully solving it. This is due to the fact that our interest will be more in the
difference of inner and outer region which has been already discussed and not in the growth rates and
resistive stability itself. For the sake of completeness a short summary of some of the main results of
the work of FKR is given in the next section.

18They included additionally z-dependent resistivity and gravitational effects and have the = and y axis switched.
Additionally their frequency w corresponds to a growth rate ~ in this notation.
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2.2.2 Discussion on the FKR Treatment

Solving the rMHD equations in the inner region of the current sheet is a tedious work. FKR assumed
many quantities almost constant in the narrow region except B, and v,. A solution for the latter one
could be found in terms of normalized HERMITE functions, leaving only the first one to be identified.

»19

In the end the “constant-i approrimation”"” was used which means that B, is approximately constant

in the inner region. This can taken to be valid for almost all &k, except for those which correspond to

wavelengths smaller than the size of the inner region°.

Given all these approximations FKR managed to find an analytical expression for the growth rate

. 1/5

310, F|

= 404/5 Lﬂf:o . (2.89)
(47)" po

They used the abbreviation  for a quantity that can be connected to the discontinuity A’ we encoun-

tered in (2.36)),
1
~ EA, +0(1). (2.90)

The second term can be neglected because it only exists for non-constant resistivity which we do not
assume here??. Using this in the above expression for the growth rate (2.89) we find

1/5

A3 a’sz

~ % 0.55 #lm:o . (2.91)
(4m)" po

t23 as all quantities on the right side are known and the growth rate is now

This is a remarkable resul
fully determined. One may legitimely ask where to get A’ from, but we already found it as a solution
in the treatment of the outer region. As this quantity was defined at the boundary of both regions it

must be the same in the whole domain, thus we can calculate it with (2.44]).

The second thing which can be immediatly seen, is the fact that all quantities on the right side are
defined as positive except A’ which can be either positive or negative. For exponential growth we need
~ > 0 which leads us to the condition for the tearing instability to occur:

A’ > 0. (2.92)

Last thing to mention is the resistivity dependency of the growth rate. As ~y is proportional to some
power of 7, the growth rate gets smaller the smaller the resistivity gets. At n — 0 we have v — 0 and
we get stability back??.

Finally we can also state an expression for the sheet-like layer thickness which is analytically linked to
the growth rate and thus given by

19The name comes from the fact that in their notation ¢ = Em.

20T his will hold for m = 1 modes in cylindrical and toroidal configurations.

21Equations were taken from the work of FKR and translated into the notation used here.

22Tnclusion of this term leads to a quadratic equation in € which still can be solved and inserted in .

23Exactly the same result can be found in the book of GR [20] who did the treatment of the inner region in a different
(and simplified) way compared to FKR.

24This is somehow evident as 7 — 0 corresponds to the iMHD limit and thus to stability as has been shown in section
Of course we have to again exclude the inner region in that case.
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i
&

Figure 2.10. Cartoon to show the origin of the name tearing instability. One can think of the instability
tearing the original straight field line equilibrium apart, leaving room for magnetic islands to form.
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This quantity only makes sense for the case of (2.92) to be true. Same as for «, the thickness of the
sheet-like layer gets smaller for smaller resistivity, arriving at a single sheet for g — 0.

&

2.3 Summary on Tearing Mode Theory

In the previous sections we did a quite detailed iMHD treatment of the current sheet equilibrium.
From the basic equations we applied linear perturbations and did a normal mode analysis to find a
singular behaviour of the equations defining the perturbed magnetic field B,. We resolved this by
splitting the domain into inner and outer region. At the boundary a short analysis has shown that
the Ey has a discontinuity and due to the divergence-freeness 8z§x which was linked to the relative
discontinuity A’.

In the outer region we solved the equations to find all components of B and a value for A’. A numerical
toy model was used to show all the features of the solution. Dependent on the wavevector (or mode
number) we got positive or negative values for A’. The first for small k and the latter for large ones.
An investigation of the magnetic field line structure has shown a potential development of magnetic
islands that would grow in time given a positive growth rate which was, however, not defined to that
point.

For this reason we did the whole analysis again for the dynamic case which gave us a slight modification
of our defining equations for Ew, introducing the perturbed flow velocity component v,,. We have
found an equation for the latter quantity that could be rewritten to show that the growth rate is in
fact imaginary (i.e. a frequency) giving us waves and stability.

Still having in mind that we did not solve anything in the inner region at all, we turned to the original
FKR treatment using tMHD to find a real growth rate that is linked to A’. For positive ones we have
the tearing instability that is characterized by exponential growth.

Combining both treatments we can summarize that small perturbation mode numbers may lead to
the equilibrium beeing tearing unstable, resulting in exponentially growing magnetic islands. At this
point one can imagine the origin of the name tearing instability: it can be viewed as the mechanism
that tears the equilibrium, i.e. the straight field line configuration apart, leaving room for magnetic
islands to form (figure which lower the overall magnetic energy of the configuration.

37



Chapter 2 — Linear Tearing Mode Theory

2.4 More on Tearing Modes and Magnetic Island Growth

This section shall provide a short overview of the basic works on tearing mode theory and furthermore
on magnetic island growth. In no way this should be considered a full list of all relevant publications.

The basic work on tearing mode theory starts with the work of FKR [23] treating the current sheet
configuration. An extension to cylindrical geometry and a more rigorous stability analysis for different
current profiles can be found in the subsequent work of FURTH together with RUTHERFORD and
SELBERG [27]. Application to toroidal systems was made by GLASSER, GREENE and JOHNSON |28,
29].

Non-linear theories: A new area on this topic was opened by the work of RUTHERFORD |[30]
who did a non-linear treatment of the problem and could show that the exponential growth of the
tearing instability was replaced by algebraic (quadratic) growth of the perturbation as the size of the
magnetic island approaches the thickness of the sheet-like layer. He could write an ODE (now often
called RUTHERFORD equation):

ow

— o A'n. 2.94

5 <A (2.94)
for the time evolution of the island width that is linked to A’ as the source of the tearing instability.
The main cause of the weakened growth was found to be third-order non-linear forces that overcome

inertia as the main opposing mechanism in island growth.

Based on this work, WHITE, et al. [31] could show in a quasi-linear analytical treatment that the island
size may saturate for weakly unstable modes (A’ positive but not large). Technically, the RUTHERFORD
equation is then modified

ow

o~ A" (w) — aw] 7. (2.95)

This means that the driving term A’ is not constant for a given mode, but furthermore depends on
the actual size of the island. The growth itself is also decreased by a restraining term. The square
bracket may possess a zero for some width and therefore may saturate.

Magnetic Island Growth: The RUTHERFORD equation was then applied to magnetic islands in
general without requiring them to be created by the tearing instability. For example, HAHM and
KuLsrUD |32] studied the effect of a boundary perturbation on magnetic islands and FITZPATRICK [33]
the interaction with external structures in cylindrical geometry. Based on the first one, FITZPATRICK
and HENDER [15] also considered the interaction of Resonant Magnetic Perturbations with the plasma,
which links this topic to RMPs.
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Neoclassical tearing modes: The work of CARRERA, et al. [34], has shown that a kinetic treatment
of the island evolution can lead to different behaviour. Particulary the bootstrap current modifies the
dynamics of tearing modes. Further it was found that radial diffusion, finite orbit width effects,
electrostatic potentials, etc. do modify the evolution of islands as well. This has been summarized in
the term “Neoclassical Tearing Modes”. A discussion with more references of the stated effects can be
found in the overview paper by WILSON [35]. It is worth to note that all described effects do result in
a modification of the RUTHERFORD equation discussed above.

Books on tearing modes: Often cited in this work is the book of GR |20] which treats the same
configuration as FKR although a bit differently in a simplified version. The book of WHITE [36]
discusses tearing modes in cylindrical geometry (or equivalently a large aspect ratio tokamak) and
uses an approach with the helical flux instead of the perturbed field [27], simplifying equations a lot.
The same holds for the standard book tokamaks by WESSON [6] which additionally puts the topic in
a whole context of MHD instabilities.
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Linear Models in Cylindrical
Approximation

This chapter is dedicated to introduce the cylindrical approximation where we treat the tokamak as a
cylinder. After the initial considerations on geometry we will derive an equation similar to the “infinite
conductivity equation” of FKR in section This equation will hold for the outer regions of our
boundary problem. For the inner region the Kinetic Linear Cylindrical Approzimation is introduced.
At the end of the section, an existing code will be used to analyze perturbations from the view of
kinetics.

3.1 Large Aspect Ratio Limit / Cylindrical Tokamak

One of the most intuitive choices of a coordinate system to represent toroidal geometry are quasi-
toroidal coordinates, defined by the transformation laws

x =Rcos (p),
y =Rsin (), with R =Ry + rcos(0), (3.1)
z =2, Z =rsin (0).

The transformation is made via an intermediate cylindrical coordinate system (R, y, Z). The cylin-
drical R (large radius) and Z are represented by polar variables 7,6 that have their origin on the
major radius Ry. Hence we get a system (r, 0, ¢) which we call quasi-toroidal® (figure . The angles
0 € 10,27] and ¢ € [0, 27| are called poloidal and toroidal respectively and r € [0, a] is the small radius
(a is the minor radius). One can immediately see, that lines of constant r form nested tori, lines of
constant 6 form ribbons and lines of constant ¢ form circles (cross sections).

In a tokamak (generally also in a toroidal device) we can define the aspect ratio as the ratio between
major and minor radius [24]:

A==, (3.2)

IThe word quasi is used to distinguish this system from the ordinary torus coordinates.
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X

Figure 3.1. Sketch of quasi-toroidal coordinates. Blue represents the toroidal system.

For example spherical tokamaks have a very low aspect ratio (A — 1) whereas conventional tokamaks
have typically larger ones A = 2 ~ 10 [|24]. The extreme case would be A — oo which corresponds to
a cylinder (figure . In this case, the cylinder height? 2 corresponds to the toroidal direction. The
physical component of the toroidal magnetic field Bw can then be approximated by the z-component
of a field in cylindrical geometry B.3.

Technically we can approximate a tokamak with major radius Ry in large aspect ratio limit by a
cylinder with z € [0,27Ro] that must be periodically continued infinitely in the toroidal direction.
This is also known as the Cylindrical Tokamak.

The MHD equilibrium [24] of such a configuration will have nested flux surfaces in the form of concentric
circles around the magnetic axis which is located at Ry. The combination of toroidal and poloidal
field will cause a winding of field lines around the cylinder which can be quantified by the rotational
transform ¢/2m, or (more common for tokamaks) its inverse, the safety factor (see figure[3.3)),

r B,
=== 3.3
1= B, (3.3)
This is a common definition as the ratio between toroidal (= z) and poloidal field. It is usually an
approximation for the exact ¢, but in fact, it is exact for circular cross sections [26]. Whenever a field
line closes upon itself after an integer amount of toroidal windings, one speaks of it beeing on a rational
surface which is written as*

| y ;
X cylinder-like

Ro

Figure 3.2. Sketch of large aspect ratio limit. Blue represents the toroidal system.

2The lower case letter z is chosen intentionally to not confuse it with Z from the cylinder system above.

31n the following, the hat on physical coordinates is omitted as long as no other coordinates are used (especially the
covariant ones).

4 Absolute value of g because the sign is a matter of convention.
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Figure 3.3. Magnetic field lines for different safety factors and 200 toroidal (z) turns. (a, b) show low rational
field lines that close themselves after few toroidal transits. (c) shows a rather high rational field lines with 10
poloidal turns for 32 toroidal turns. (d) was taken twice the golden ratio ¢ (highly irrational) to represent
the effect of irrational field lines. Although the absolute numerical value is not so different from the lower left
figure, the irrational field line will map the whole cylinder surface whereas the other one will stay at a finite
amount of lines.

m
=g =2 3.4
lgl = q - (3.4)

The safety factor on this flux surface is a rational number of two integer numbers m and n which
characterize the amount of poloidal and toroidal windings done. For example m = 5 and n = 3 we
have three poloidal turns done upon five toroidal turns until the field line closes.

This should complete all the essential geometric considerations and allow the analysis of the configu-
ration in terms of iMHD in the next section.
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