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Abstract

This thesis deals with shape optimization problems which are motivated by the de-
sign optimization of an electrical machine. Mathematically each problem results in an
infinite dimensional optimization problem which is constrained by a linear system of
coupled parabolic partial differential equations (PDEs). We are facing three different
problems: (i) a one-phase problem, (ii) an interface problem, (iii) a linear shape op-
timization problem for an electric motor. We solve each problem by means of shape
optimization techniques based on sensitivity information. The underlying PDEs are
solved via a conforming space-time finite element method.

In a first step we solve the coupled system of linear parabolic PDEs of problem (i)
and (ii) via a conforming space-time method. The method is based on a Galerkin-
Petrov variational formulation and allows continuous ansatz and test spaces. We
present numerical results which illustrate the experimental order of convergence (eoc)
for the error in the L?-norm and energy norm.

In a second step we briefly introduce the reader to the theory of shape optimization
in which we define the so called shape derivative. We show how this derivative can be
embedded in algorithms in order to get improved designs.

Next, we apply the introduced shape optimization techniques to problem (i) and
(ii). We compute the shape derivative for each problem and describe the main steps of
the algorithm which is used to solve the problems. We state numerical results which
demonstrate the correctness of the presented method.

Finally, we focus on (iii) which is a linear shape optimization problem for an electric
motor. We describe the mathematical problem as well as the geometrical setting
for a motor geometry in 2D. Further we discuss the solvability of the state system
and solve (iii) by employing the shape derivative. Since we do not use any parallel
implementation and consider the state system to be of linear type the obtained results
have to be understood as a proof of concept.
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Introduction

Shape optimization problems arise in many engineering applications in which one
wants to find an optimal design of a shape such that a given performance criterion is
minimized or maximized. For instance in mechanical engineering one wants to find
the optimal structure of a bridge such that the compliance is minimized or in aviation
one is interested in finding an optimal layout of a wing. [13]

Following the classification in [12] one basically distinguishes between parametric
and non-parametric shape optimization. In parametric shape optimization the design
is described by a set of parameters such as dimensions or orientation of an object
[12]. This results in a shape optimization problem, where the design space is finite
dimensional and has vector space structure. Hence one is able to use standard tools
from analysis like the Fréchet-derivative in order to set up gradient-based algorithms.
In general the possible designs are restricted due to the finite number of parameters.
Further we want to mention (cf. [13]) that parametric shape optimization problems
can be solved via evolutionary algorithms. This class of algorithms gets along without
the knowledge of a derivative. Hence, they are less prone to getting stuck in local
optima and it is more likely that the global optimum can be found [13]. Moreover
these algorithms are also useful in the context of multi-objective optimization. One
disadvantage of evolutionary algorithms compared to gradient-type algorithms is that
they typically need much more computational time.

Non-parametric shape optimization problems allow for a wider variety of optimal
designs since the design space is infinite dimensional. Since the design space does
not have vector space structure the mathematical tool used in this context is shape
sensitivity analysis. [12]

In this thesis we deal with non-parametric shape optimization problems and use
shape sensitivity analysis in order to set up gradient-type algorithms.

An important class of shape optimization problems are PDE-constrained shape op-
timization problems. This means that the function which is minimized or maximized
depends on the shape via the solution of a partial differential equation (PDE). In gen-
eral a PDE-constrained shape optimization problem consists of an objective function
J(Q) = J(Q,uq), where 2 € A is an element out of the set of admissible shapes A
and ugq satisfies the PDE constraint E(2, ug) = 0 [39]. The goal is to minimize the
objective function J : A — R over the set of admissible shapes, i.e.

min J(2,u) s.t. u solves E(Q,u) = 0. (0.1)
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Note that maximizing the objective function J can be achieved by minimizing —J
[12]. The PDE constraint E could be a single PDE or a system of PDEs. Elliptic
PDE-constrained shape optimization problems are well investigated in literature, see
e.g. [7, 134, 39]. They are also considered in practical applications like in the design
optimization of an electric motor, see [12, [14]. The literature for parabolic PDE-
constrained shape optimization problems is more limited, as it is also remarked in
[15]. Theoretical results are presented in [10, [33]. In [I5] the numerical solution of a
parabolic shape optimization problem using multipole-based space-time boundary el-
ements has been considered. In [32] a parabolic shape optimization problem is solved
via a BFGS-quasi Newton method. The underlying parabolic PDE is solved with
the vertical method of lines. The space discretization is done via standard linear finite
elements and the resulting first-order system is solved using the implicit Euler method.

So far, parabolic shape optimization using space-time finite elements has not been
considered to the best of our knowledge. We focus on this approach. Different space-
time methods have been considered in literature. In [22] 23] a discontinuous Galerkin
method is used in time. Conforming space-time methods have been considered by
Steinbach [35] and Toulopoulos [40]. In [20] a space-time method is proposed in which
[sogeometric Analysis is used for space-time discretization. This space-time scheme
is extended in the master thesis [28] in which a conforming finite element method is
used to discretize. We focus on the space-time approach by Steinbach [35] in this
thesis, which is a conforming space-time finite element method and allows continuous
ansatz and test spaces. The idea is to treat the time variable as an additional spatial
coordinate. The discretization is done simultaneously in space and time. Thus one is
able to use adaptive mesh refinement strategies in space-time. Further it is possible to
parallelize the method not only with respect to space, but also with respect to time.
The main disadvantage of the space-time method proposed in [35] is that it leads to a
problem in one dimension higher which results in a bigger computational effort.

The objective of this master thesis is to solve parabolic PDE-constrained shape opti-
mization problems via a gradient-based algorithm and using space-time finite elements.
The problem we are going to consider is motivated from the design optimization of an
electric motor. In general the task is to find an optimal design of the rotor such that
a given performance criterion which is measured in terms of an objective function J is
as good as possible [12]. For instance J could measure the torque and one is interested
in finding a rotor design such that the torque is maximized or in [12, [14] a shape opti-
mization of an electric motor is considered such that the rotation pattern of the rotor
becomes smooth. Mathematically, the design optimization of an electric motor can be
formulated as PDE-constrained shape optimization problem. The PDE constraint can
be of elliptic type if the rotor of the motor is considered to rotate at a constant speed,
see [12] [14]. We are also interested in the starting phase of the motor, i.e. when the
rotor is accelerated from its resting position. The PDE constraint then turns out to
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be a system of parabolic PDEs. This system of PDEs describes the physical model of
the motor, which is due to the electromagnetic-thermal coupling in the motor. This
coupling is on the one hand given through eddy-currents which have an impact on the
temperature and on the other hand given through the electrical conductivity o = o (¥})
which depends on the temperature and has an influence on the magnetic induction
B. Furthermore the properties of the permanent magnets depend on the temperature.
The shape optimization problem for a motor geometry D C R? and T > 0 reads:

min J(Q, A., ), such that (0.2a)
QeA
o (V) agiz — div (vVA,) = Jy. — div (Hy (9)) in Qp :=D x (0,T), (0.2b)
oy 0A. 0A.
CHO 5 — div (AVY) = a(99) ( 5 ) - JSTCW in Qp. (0.2¢)

Here, A, denotes the third component of the vector potential, 1 describes the tem-

perature distribution, H, describes the magnetization and Js,.. denotes an impressed
current density. The parameter o describes the electrical conductivity, v the reluc-
tivity, cgy the specific heat capacity, o the density and A the heat conductivity. The
admissible set of shapes is denoted by A and the objective function by J. Of course
problem ((0.2)) is not complete for the moment since we have not specified the objective
function J, the set A as well as boundary and initial conditions. These things will be
stated later when we consider concrete problems. Further we want to mention that
the system of PDEs is of nonlinear type. This is can be seen from the fact that the
reluctivity v is a nonlinear function depending on |V A,| and the right hand side of
. Moreover, note that the second term in has to be understood in the
distributional sense.

Based on (0.2)) we are facing three different shape optimization problems: (i) a one
phase-problem, (ii) an interface problem, (iii) a linear version of ([0.2). We solve each
problem by means of shape optimization techniques based on sensitivity information.
Hence, this thesis is structured as follows: In Chapter 1 we derive the physical model
(0:2b)-(0-2¢) describing the electromagnetic-thermal coupling in an electric motor in
more detail. Based on the physical model we state two shape optimization model
problems: (i) a one phase-problem, (ii) an interface problem. In Chapter 2 we concen-
trate on the numerical solution of parabolic PDEs via a conforming space-time method
proposed in [35]. We solve the state systems given by (i) and (ii) and determine the
experimental order of convergence (eoc) of the L2-error as well as the energy error. In
Chapter 3 we give a brief introduction to the theory of shape optimization. We present
standard results on shape calculus and explain the averaged adjoint method which we
use to compute the shape derivative of the problems (i)-(iii). Further we describe how
one can employ the shape derivative in order to compute a descent direction and state
a generic algorithm. In Chapter 4 we apply the introduced methods from Chapter
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2-3 to problem (i) and (ii). In Chapter 5 we apply the shape optimization techniques
shown in the previous chapter to an electric motor. We consider (iii) on a motor geom-
etry in 2D. We discuss the analysis of the state system, compute the shape derivative
of the objective function and give a proof of concept of the numerical method used in
Chapter 4.



1 Physical model and model
problems

In this chapter we will introduce the reader to the physical model which is used to
describe the electromagnetic-thermal coupling in an electrical motor. Therefore we will
first give a brief introduction to electrical machines and explain some basic notions.
Following that we will derive the physical model which describes the electromagnetic
field as well as the heat propagation in an electrical motor. Finally we will state two
model problems which are based on the physical model and which will be considered
throughout this thesis.

1.1 Introduction to electrical machines

Electrical machines are part of our everyday life. They appear in the sector of mobility
like in cars or bikes, in industrial applications like in automated production lines and
in household applications like in washing machines. [12] They are also used in the field
of energy production and renewable energies like in water power plants or wind power
plants. All these different areas of applications of electrical machines lead to the fact
that the improvement of the performance of an electrical machine is an active field of
research.

Electrical machines can basically be distinguished between generators and motors.
A generator converts mechanical energy into electrical energy while a motor converts
electrical energy into mechanical energy. Electric motors can further be distinguished
in direct current motors (DC-motors) and in alternating current motors (AC-motors).
Two important types of AC-motors are the synchronous motor and asynchronous
motor. Electric motors generally consist of a fixed part which is called stator and a
rotating or moving part which is called rotor. [5, 43]

In this thesis we will deal with an asynchronous motor also called induction motor
with a so called squirrel-cage rotor. In this type of motor the rotor rotates at a slower
speed than the stator field. This is due to the fact that in an induction motor the
torque is built by stator and rotor currents. In the starting phase, i.e., when the rotor
is accelerated from its resting position, the magnetic field of the stator, which is caused
due to the AC power supply, induces currents in the rotor bars. The induced currents
create a magnetic field in the rotor which interacts with the stator field. Due to Lenz’s
law [42], the rotor will start to rotate in direction of the rotating stator field. The

11
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maximal rotational speed of an induction motor is slightly lower than the rotational
speed of the magnetic field in the stator since at synchronous speed no current would
be induced in the rotor and therefore the torque would be zero. The difference between
actual and synchronous speed is called slip. [41]

For more information on electrical machines we refer the reader to [5].

1.2 Physical model

In this section we will derive the physical model which describes the electromagnetic-
thermal coupling in an electrical motor. In a first step we will derive the magneto-
quasistatic formulation which is the common physical model to describe the magnetic
field in an electrical motor in the starting phase. In a second step we will make use of
a classical heat conduction equation in order to model the temperature propagation.
The crucial part in this step will be in the choice of the right hand side of the heat
equation in order to describe the impact of the magnetic field on the temperature in
an appropriate way. Finally we will reduce the 3 dimensional model in space to a
2 dimensional model in space which is commonly used in the context of an electric
motor. This section is based on [12], [16] 18] 24].

Starting point for the magnetoquasistatic formulation are Maxwell’s equations [16]:

oD

|H=J+ — 1.1
cur + TR (1.1a)
0B
|E = ——— 1.1b
cur o (1.1b)
divB =0, (1.1c)
div D = p. (1.1d)

The quantities which occur in have the following meaning:
e H = H(x,t) is called magnetic field intensity,
o E = E(x,t) is called electric field intensity,
e B = B(x,t) is called magnetic induction or magnetic flux density,
o D = D(x.t) is called electric flux density or electric induction,
o J=J(x,t) is called current density,
e p = p(x,t) electrical charge density.
Note that H, E, B, D,J are vector valued functions mapping form R?® x R — R3.
These quantities are connected via the material laws [16]
D=¢E+P, (1.2a)
B = u(H + Hy), (1.2b)
J=0FE+ J,, (1.2¢)
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where € denotes the electric permittivity, P the electric polarization, u the magnetic
permeability and o the electric conductivity. The vector field H describes the mag-
netic field intensity which is for instance due to permanent magnets. One can see that
the current density J is split up into a part J, and a part J. = cE. J, describes
the impressed current density which is usually due to an external source. J. describes
the conduction currents which occur due to the fact that in materials where o # 0 an
electric field causes a current which is described by Ohm’s law. An important class of
conduction currents are eddy currents which occur due to a changing magnetic field
[45].

In general €, u, o are tensors of rank 2 which depend on space, time and the field
quantities E,H. We will assume isotropic material throughout this thesis. Hence
these quantities become scalar fields [24]. In addition to that we assume that these
quantities are constant in time. Of special interest in the context of an electric motor is
the magnetic reluctivity which is defined as the reciprocal of the magnetic permeability,
i.e. v:= p~! Since we are dealing with ferromagnetic material in an electric motor
which is of nonlinear type the reluctivity turns out to be a nonlinear function depending
on space and the magnitude of the magnetic flux, i.e. v = v(x,|B]). For so called
linear material the reluctivity is independent of the field intensities, cf. [45].

_ oD - s
Furthermore we assume P = 0 and we neglect %= in ([l.1a)) which is a common

assumption for electrical machines since they are low frequency applications [12].

Therefore (|1.1d)) decouples from ((1.1a))-(1.1c)) and the resulting system which is called

magnetoquasistatic problem or eddy current problem reads

curl H = J, (1.3a)
0B

lE = ——— 1.3b

cur TR (1.3b)

div B = 0. (1.3¢)

We will now derive the vector potential formulation of (1.3)) which is used to solve
the eddy current problem numerically. Due to (1.3c) and the identity divcurl(.) = 0
there exists a vector potential A such that

B = curl A. (1.4)

Note that the vector potential A is not unique. We can add a gradient field Vo to A
which results in a solution to (1.4 as well. Plugging in (1.4)) into ([1.3b]) yields

0A
I{E+— ] =0.
cur < + at) 0

Due to the identity curl V(.) = 0 we conclude that there exists a scalar field ¢ such

that ~
0A
— =F+ —. 1.
Ve + = (1.5)
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We are now able to introduce the gauging vector potential A by
t
A(z,t) = A(x, t) +/ Vo(x,s)ds (1.6)
0

Note that A fulfills B = curl A which can be seen by an easy computation. Moreover
we get out of the material law (({1.2b]) that

1
H=-B-H;,=vB—-H,. (1.7)
©
Plugging in (1.7)) into the left hand side of (|1.3a]) one gets
curl H = curl(vB) — curl(H) = curl(v curl A) — curl(H,) (1.8)

The right hand side of ([1.3a)) turns out to be

J:JC+JS:aE+Js:0<—V —%—?) +Js

(1.9)
0A 0A
=o|—-Vyo—— Jy=—0—+J,.
a( Vo BT —|—V<p)—|— aat—l—
Putting (|1.8]) and ((1.9) together yields the vector potential formulation of (|1.3)) which

reads

088—? + curl(vcurl A) = J + curl(Hy). (1.10)

Once one has solved (|1.10f) the magnectic induction as well as the electric field intensity
can be computed by B = curl A and E = —224 cf. [45].
In order to describe the heat distribution in an electrical motor we use a classical

heat conduction equation of the form
oY
cHOG, ~ div (AVY) = Q. (1.11)

The quantities involved are

e ¥ = J(x,t) temperature distribution,

e cy specific heat capacity,

e o mass density,

e )\ heat conductivity.

The quantities ¢y, 0, A are dependent on space, but constant in time. The term ()
represents the Joule losses of the electromagnetic field [I8]. We model these losses
according to [18] by

0A 0A 0A

Q=J E=(J,+J,) E=0E-E+J, E=o0" —J o

= 1.12
ot ot ( )
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The first term in ((1.12) is due to eddy currents while the second part is due to the
Joule losses [1§].

Accounting for the fact that the electrical conductivity o as well as the properties
of permanent magnets (i.e. H) depend on the temperature ¢, the physical model to
describe the electromagnetic-thermal coupling reads

O’(ﬁ)% + curl(vcurl A) = J s + curl(Hy(9)), (1.13a)
oy 0A 0A 0A

ot

In order to solve problem (|1.13]) numerically one has to introduce boundary, initial
as well as interface conditions. Let therefore © x (0,7") with Q C R* T > 0 be the
computational domain with I' := 9€). Further denote by n the outer unit normal vector
to the computational domain. One possible choice of boundary and initial conditions
is to choose

Axn=0 onI' x (0,7, (1.14a)

v =1 onI'x (0,7, (1.14Db)
ALO)=0  inQ, (1.14c)
9(.,0) =1y in . (1.14d)

Condition implies that B-n = 0 on I' [24]. This means that no magnetic flux

can leave the computational domain. This is also called induction boundary condition
and is a common choice in the context of an electric motor [12]. The initial condition
of A corresponds to the case that at ¢ = 0 the current J, is switched on and the
motor is accelerated from its resting position. We assume that the temperature at
initial time as well as on the boundary of the motor are constant and given by room
temperature. For more information on the different types of boundary conditions on
the electromagnetic field we refer the reader to [6],[45].

Since we have different materials in the motor we need interface conditions as well.
Let therefore I'; x (0,7) represent the material interface where the reluctivity v and
the heat conductivity A jumps. Further denote by [v] the jump of a function v along
the interface, i.e.

_ .+ -
[v] = v ‘le(o,T) -V ‘FIX(O,T)’

where vt and v~ are the restriction of v to the corresponding subdomains, cf. [12].
The interface conditions are given by

[B-n]=0 onl;x(0,T), (1.15a)
[H xn]=0 onl;x(0,T), (1.15b)
[9] =0 onT;x(0,7), (1.15¢)
[A\ V& -n] =0 onI;x(0,7). (1.15d)
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Under certain assumptions it is possible to reduce (|1.13)) to a two dimensional model
in space. The assumptions read [12], 24]:

(i) Q= Q x (=1,1) with [ >> diam(Q),
(ii) Js, Hy and H are constant with respect to the third spatial coordinate and of

the form
0 H()l(xlwx%t) Hl(xlyaj?vt)
Js = 0 JHo= | Hop(x1,20,t) | , H = | Ho(1,22,1) |,
Jg(xl,l’g,t) O O

for (21, s,t) € Q x (0,7).

One can immediately see that due the assumptions and the constitutive equation ([1.2b))
the vector field B is of the same form as H, H,. Since there has to hold B = curl A
this can be achieved by the ansatz

0
A= 0 for (l’l,l'g,t) € Q X (O,T)
u(zy, 22,1)

Note that this ansatz also ensures the so called Coulomb condition div A = 0. One
can show [12], [24] that through this ansatz the physical model (1.13)) reduces to the
following initial boundary value problem: Find w,p: 2 x (0,7) — R such that

o(p)oyu — div (vVu) = J5 — div Hy (p) in Q x (0,7), (1.16a)
c00ip — div (AVp) = o (p) (yu)* — J50u in Q x (0,7), (1.16b)
u=20 on 99 x (0,7), (1.16¢)

P =po on 09 x (0,7), (1.16d)

w(.,0)=0 in Q, (1.16¢)

p(.,0) = po in Q, (1.16f)

[ul =0 on 'y x (0,7), (1.16g)

[vVu-n] = on I'y x (0,7), (1.16h)

Ip] = on I'; x (0,7), (1.161)

[A\Vp-n] =0 on I’y x (0,7), (1.16)

where v = v(z, |Vul), p(z,t) == 9(z,t) and Hi := (—Hyy, Ho1)". Problem is a
system of coupled nonlinear parabolic PDEs. The nonlinearity can be seen from the
fact that the parameter v is a nonlinear function with respect to |Vu| and the right
hand side in the second equation.
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1.3 Model problems

Based on ([1.16]) we will formulate two PDE-constrained shape optimization problems
which will be considered throughout this thesis. We make the following assumptions:

Assumption 1.1. Let D C R? with d € {1,2,3} a bounded Lipschitz domain,
A(D) := {Q C D: Q open, Lipschitz with uniform Lipschitz constant L4} and T >
0. Further let Qp := D x (0,T) and for 2 € A(D) let Qq := 2 x (0,7). Moreover de-
note the boundaries of the space-time cylinder with g := Q2 x (0,7), Lqg := Qx {0},
Yp :=0D x (0,T) and Xpg := D x {0}.

The first shape optimization problem reads

min J1(Q, u,p) / /|u—ud] dxdt—l—/ /\p pal” dadt, (1.17)
Qe A(D)

where (u, p) is solution to

Ou—Au=fi+p in Qq, (1.18a)
op—Ap=fo+u in Qq, (1.18b)
u=">0 on Yo U Xqo, (1.18¢)
p=0 on Yo U Xqq. (1.18d)

and ug, pg, f1, f» € CH(Qp) are given functions. The functional J; is of so called
tracking type. The goal is to find a shape * such that the states u = u(Q),p = p(Q2)
which depend on the shape §2 come as close as possible to given functions ug, pg and

fulfill (T.18).

In the second shape optimization problem we consider a transmission problem. We
assume that the material parameters are piecewise constant functions of the form

v 1) = vy for (z,t) € Qq Mo t) = A1 for (z,t) € Qq (1.19)
’ vy for (z,t) € Qp\ Qo ’ Ny for (z,t) €Qp\ Qo

Thus the material coefficients describe linear material behavior. We denote by I'; x
(0,7T) the interface where the material parameters jump. The problem reads

Qg}‘l(rb)Jgup / /|u—ud| da:dt+/ /|p pal” dzdt, (1.20)
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where (u, p) is solution to

u=0
p=20
[u] =0
[vVu-n] =0
[p] =
[AVp-n] =

in @p,
in QD7
on ZD U ZD(),

where wug, pa, f1, fo € CHQp) are given functions. The functional J, is again of
tracking type. Note the difference between J; and J,. While J; also depends explicitly
on the shape ) the dependence of J; on the shape 2 is given only implicitly through

the states u and p.



2 Parabolic PDE system

In this chapter we focus on the parabolic PDE system as seen in and (1.21)),
respectively. At this point we want to mention that we will not treat any analysis of
the coupled system, since this task is more involved and thus is beyond the scope of
this master thesis. Instead we will numerically solve the coupled system with a space-
time method according to the approach of Steinbach in [35],[37] and determine the
experimental order of convergence of the error in the L?-norm and energy norm. The
idea of space-time methods is to treat the time variable as additional space coordinate.
In contrast to other solution methods like the vertical method of lines or Rothe’s
method one has to deal with a problem in one dimension higher, which leads to a
higher computational effort. The main advantage of the space-time method described
in [35] is that it is possible to use adaptive finite element meshes since the discretization
is done simultaneously in space and time. Another advantage lies in the possibility
to parallelize the method. Moreover the proposed approach in [35] allows to use
continuous ansatz and test spaces.

Throughout this chapter let Q@ C RY, d € {1,2,3} be a bounded domain with
Lipschitz boundary T" := 9. Further let 7" > 0 and @ := Q x (0, T) be the space-time
cylinder. Moreover let ¥ := T' x (0,7), Xy := Q x {0}, X7 := Q x {T'} such that
0Q = X U XU Xr. For given functions f; and fs we want to find (u,p) such that

ou—Au=fi+p in Q, (2.1a)
Op—Ap=fotu in @, (2.1b)
u=0 on XU Xy, (2.1¢)
p=0 on ¥ U . (2.1d)

This chapter is organized as follows: We start with some preliminaries in which we
introduce the function spaces and basic definitions which we are going to use through-
out this section. Afterwards we will treat the variational formulation of problem ([2.1)).
Following that we will discuss the discretization and last but not least we will consider
some numerical examples.

2.1 Preliminaries

In this section we are going to introduce the so called Bochner spaces which we will
need to state the variational formulation. In addition to that we will present some
basic definitions which we will need to discretize (2.1).

19
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2.1.1 Bochner spaces

The approach in [35] uses Bochner spaces. We will give a brief introduction to them.
The basic definitions and results are taken from [26], [29], [46].

Definition 2.1 ([29, Def. 2.1, p. 25]). Let (X, ||.||x) be a Banach space, p € [1, o0]
and T' > 0. The space of p-integrable functions is denoted by

T
LP0,T;X) := {f:(O,T)%Xmeasurable,/ ||f(t)|]§’(dt<oo}, p€[l,00),
0

L£2(0,T;X) = {f :(0,7) — X measurable, esssup || f(t)]|y < oo}.

te(0,T)
Moreover we call
LP(0,T;X) := LP(0,T;X)/~, with f ~ g :& f = g almost everywhere (a.e.),
Bochner space of p-integrable functions.

One can show [26, Satz 1.22], that LP(0,T; X) is a Banach space with respect to
the norm

, :
oz, = ( [ s dt) pellix),

||f||L°°(O,T;X) 1= esssup || f ()]l
te(0,T)

We will also need a characterization of the dual space (LP(0,7; X))". One can show
[29, Thm. 3.13] that for p € [1,00), % + % = 1 and a reflexive Banach space X the

mapping
T:L%0,T; X") — (LP(0,T; X)), urs Tu

(Tu,v) ::/0 (u(t),v(t)) x: x dt, v € LP(0,T; X),

is an isometric isomorphism. Thus we can identify (LP(0,T; X))" with L(0,T; X").

In order to state the variational formulation we further need so called generalized
Sobolev spaces. For this reason we first introduce the concept of a generalized deriva-
tive for a function u € LP(0,T; X).

Definition 2.2 (|29, Def. 4.17, p. 54]). Let (X, ||.||x) be a Banach space, 7" > 0, and

u € L}, (0,T; X). The function u obtains a generalized n-th derivative if there exists

a function v € L}, (0, T; X) such that

loc

/D v(t)gp(t)dt:(—l)”/o u(t)e™(t)dt Yo € C(0,T). (2.2)

. n n
We write £% .= ¢ and call &%

T 5 n-th generalized derivative of u.
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We are now able to state the definition of generalized Sobolev spaces.

Definition 2.3 ([29, Def. 5.1, p. 63]). Let (X, ||.||5) be a Banach space and p > 1.
The space

d
W20, T; X) := {u € L0, T;X) : d_? € LP(O,T;X)} (2.3)
is called generalized Sobolev space where ‘31—7; has to be understood in the sense of

Definition 2.2 For p = 2 we also use the notation
HY0,T; X) := W"*(0,T; X).

One can show [29) Thm.5.2] that the space W'P(0,T; X) for p > 1 is a Banach
space with respect to the norm

du
dt

Lr(0,T;X)

||UHW14>(0,T;X) = HUHLP(O,T;X) + ‘

For more information on the generalized derivative as well as generalized Sobolev
spaces we refer the reader to |29, Chapter 4,5], [46, Chapter 23].

2.1.2 Basic notion of finite element discretization

In this section we will recall some basic notions of finite element discretization. For
the rest of this section we consider 2 C R to be a bounded Lipschitz domain. The
definitions are taken from [§],[11]. We start with the definition of a simplex.

Definition 2.4. Let s € {0,1,...,d} and zy,...,2,,1 € R? be given, such that the
called a non-degenerate s-dimensional simplex in R?. The corner points z1, ..., 2,41 are
called nodes of T'. For 21, ..., 2., € {z1,..., 241} and € {0, ..., s — 1} the convolution
T" = conv{z{,..., 2., } is called r-dimensional face of the simplex 7.

In R? a 2-dimensional simplex is called triangle and the 1-dimensional face of the
triangle are called edges. In R?® a 3-dimensional simplex is called tetrahedron. The
2-dimensional faces of the tetrahedron are called surfaces, the 1-dimensional faces are
called edges. The next definition states the notion of triangulation, which is a basic
concept when dealing with finite elements.

Definition 2.5. The set 7 := {1}, ..., Tjs} is called triangulation or mesh of Q C R?,
if the following conditions hold:

(i) For each i € {1,..., M}: T} is a d-dimensional simplex,

() 9= U T

TeT
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(iii) VT, 7' € T with T # T" holds: |TNT'| = 0.

The triangulation 7 is called admissible, if for all T,7" € T with T' # T’ one of the
following statements hold:

e TNT =1,
e I'NT" =S, where S is a r-dimensional face of T" and 7", where r € {0, ...,d — 1}.

In numerical simulations we use shape regular triangulations which are defined in
the following way:

Definition 2.6 ([11, Def. 1.107]). A family of admissible triangulations (7p)nes is
called shape regular if there exists a constant og > 0 such that

where h(T) and p(T) are defined by
h(T) := max |z —ylly, p(T) := 2r:£1€aTx {T eR,: B.(x)C T} .

The finite element space which we are going to use throughout this master thesis is
the space of globally continuous and piecewise polynomial functions of order k defined
as

SHT):={veC(Q): v|, € P(T) VT € T}, where

P.(T)=¢v:T—-R: v(x)= an:p“, co €R

aeNg
|| <k

2.2 Variational formulation

We derive a weak formulation of in the usual manner by multiplying with a
test function, integrating over the space-time cylinder and by applying Green’s for-
mula. By introducing the spaces X := L*(0,T; Hy(Q)) N H'(0,T; H1(Q)), X, =
{veX: vlg, =0} and Y := L*(0,T; Hj(Q)) the variational formulation of is
to find (u,p) € Xy x Xy such that

/ Oyuv dzdt + / Veu - Vyudedt = / frvdzdt + / pvdxdt Yv €Y, (2.4a)
Q Q Q Q

/ﬁtpqda:dt+/ pr-qudxdt:/fzqd$dt+/ ugdxdt Vg evy. (2.4b)
Q Q Q Q
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By introducing the bilinear forms
a(u,v) = / Oyuv dadt +/ V,u - Vo dadt
Q Q
b(p,v) ::/pv dadt
Q

the variational formulation (2.4)) reads: Find (u,p) € Xo x X such that

a(u,v) —b(p,v) = (f1,v)q Vv €Y, (2.5a)
a(p,q) = b(u,q) = (f2.q)g Ve €Y. (2.5b)

Note that is a Petrov-Galerkin variational formulation meaning that ansatz and

test spaces are different. Hence it is necessary to establish an inf —sup condition
in order to show existence and uniqueness of a solution to (2.5). In [35] and [37] a
stability estimate is derived for a problem of the form

cpOu — div(AVu) = f in Q, (2.6a)
u=0 on X, (2.6b)
U= Ug on X, (2.6¢)

where cg > 0 is a given heat capacity, A a symmetric and positive definite coefficient
matrix and vy € Hj(Q) some initial data. It is however not clear if the proof of this
estimate can be generalized to a coupled problem like ([2.5]).

2.3 Discretization

Let (Tn)ner be a shape regular family of triangulations of the space-time cylinder Q.
Further let X, C X, Y, C Y and as in the continuous case Xy C Y we assume
the inclusion X¢, C Y, [35]. The discrete version of the Galerkin-Petrov variational
formulation is to find (up, pn) € Xon X Xop such that

a(up, vn) = b(pr,vn) = (fi,vn)g  Vou € Ya, (2.7a)
a(ph7 qh) - b(ufw Qh) — <f27 Qh>Q VQh € Yh. (27b>

2.4 Numerical examples

In this section we will numerically solve the coupled problem (12.1)) which also comes
up in the shape optimization problem (1.17))-(1.18). Further we will consider the
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interface problem which arises in the shape optimization problem —. We
will present numerical solutions to (2.1 as well as in one (d=1) and two (d=2)
space dimensions, respectively.

In all numerical tests we determine the experimental order of convergence in the
L?norm as well as in the energy norm. In order to obtain these error rates we have
to compute the error of the coupled problems in total. Hence, we define

#=lp)

and the total errors by

2 2
1Z = Zull i) = /I = unlliaiq + Ip = pull}e

2 2
1Z — ZhHm(o,T;Hg(Q)) = \/”U - uhHLQ(O,T;Hé(Q)) +llp — ph”m(o,T;Hg(Q))-

The mesh generation as well as the numerical simulation is done in the finite element
software Netgen/NGSolve [31]. In all numerical tests the resulting linear system is
built using a piecewise linear and globally continuous finite element space (k = 1)
where it is sufficient to consider Y, = X}, [35]. The linear system is solved using the
package UMFPACK.

2.4.1 Examples in 1d-1d
Example 1

In this example we consider (2.1)) on the unit square, i.e. d = 1,7 = 1,Q = (0,1)>.
We choose the exact solutions to be

u(z,t) = sin(rz) sin(wt)  for (x,t) € Q,
plx,t) =x(1—2)t(1—1t) for (z,t) € Q.

The functions fi, fo are given by

fi(z,t) = —p(x,t) + 7 cos(nt) sin(wx) + w2 sin(wt) sin(rx) for (x,t) € Q, (2.8a)
fa(z,t) = —u(z, t) + (1 — 2)(1 — 2t) + 2t(1 — t) for (z,t) € Q. (2.8b)

In Table one can see the errors in the L?*(Q)-norm and energy norm as well as
the experimental order of convergence for different refinement levels. The order of
convergence is quadratic in the L?(Q)-norm and linear in the energy norm. In Figure
one can see the numerical solutions uy,, p;, for the refinement level L = 4.
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L N [|Z - Zh||L2(Q) eoc | Z — ZhHL?(o,T;Hg(Q)) eoc
0 8 3.645e-01  0.000 1.253e+00 0.000
1 21 1.007e-01 1.855 6.277e-01  0.998
2 65 2.537e-02  1.989 3.204e-01  0.970
3 225 6.235e-03  2.025 1.609e-01  0.993
4 833 1.521e-03  2.035 8.063e-02  0.997
5 3201 3.747e-04  2.021 4.034e-02  0.999
6 12545 9.318e-05 2.008 2.017e-02  1.000
7 49665 2.325e-05 2.003 1.009e-02  1.000

Table 2.1: Error table for problem (2.1)) with d =1 and k =1

.0600+60 2.5000-01 5.0600-01 7.5880-01 1.6000100 G_,mgm 1.563e-82 _3_,259,52 e 6.250e-02

EEEEEEEE

L.

(a) up (b) pn
Figure 2.1: Numerical solutions up, py for (2.1)) with d = 1 and &k = 1 on refinement
level L =4

Example 2

In this example we consider the transmission problem (1.21]) for d = 1. Before we
discuss the settings for the numerical test in more detail let us recall problem ({1.21)).

Let D C R? be a bounded Lipschitz domain and Q C D open with Lipschitz
boundary. Denote Qp = D x (0,T),Qq := Q x (0,T),%p = 9D x (0,T),%py =
D x {0}. We consider piecewise constant material coefficients which are given by

(1) = {m for (z,t) € Qq Mo t) = {)\1 for (z,t) € Qq (2.9)

vy for (x,t) € Qp\ Qq’ Ao for (z,t) € Qp\ Qo

Note that we assume the material parameters to be constant in time. We denote by
['; x (0,7T) the material interface where the parameters jump. The interface problem
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reads: For given functions fi, fo find functions u, p such that

Owu —div (vVu) = f1+p in Qp, (2.10a)
O — div (AVp) = fo +u in Qp, (2.10Db)
u=20 on Xp U Xpo, (2.10c)

p=0 on Xp U Xpo, (2.10d)

[ul =0 on I'y x (0,7, (2.10e)

[vVu-n] = onI'y x (0,7, (2.10f)

Ip] = on I'; x (0,7), (2.10g)

[AVp-n] = on I'y x (0,7 (2.10h)

For the numerical simulation we choose the computational domain Qp = (0,1)? and
Qo = (3,2) x (0,1). We assume that the domain Qq corresponds to iron (ferro-
magnetic) and that Qp \ Qq corresponds to air (non-ferromagnetic). In view of this
assumption we choose the parameters vy = %ﬂ,yg = % where oy = 147”7 is the
magnetic permeability of vacuum, pu,; = 5100 the relative permeability of the ferro-
magnetic material and p,.o = 1 the relative permeability of air. The values for the
parameter A\ read A\; = 80.2 and Ay = 0.0262. The computational domain Q)p is
depicted in Figure in which blue corresponds to iron and red corresponds to air.

We choose the functions fi, fo as in (2.8). Note that we do not know the exact solu-

t

L

Figure 2.2: Computational domain )p, blue: iron, red: air

tion for this problem. One possible way to work around this problem is to compute
the numerical solutions up,ef, prre On a very fine mesh and consider them as exact
solution, i.e. w = Uprer,P = Phres.- Hence it is possible to obtain error rates, but
one has to treat the obtained rates with care since the numerical solutions u, and py,
converge in a natural way to Upref, Phrey as the mesh size gets smaller. We compute
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the reference solutions on a mesh with N = 307823 nodes (dofs). The obtained error
rates are shown in Table 2.2l We observe that the rates increase in every refinement
step. This is perhaps due to the fact that we do not compute the error against the
exact solution. The rates increase to a value of 2.1 for the error in the L?*(Q)p)-norm
and a value of 1.5 in the energy norm which is better than expected. Figure 2.3 shows

L N ||Z - Zh||L2(QD) eoc || Z— Zh”L?(o,T;Hg(D)) €oc
0 24 5.238e-02  0.000 3.718e-01  0.000
1 77 3.500e-02 0.582 2.447¢-01  0.603
2 273 2.879e-02 0.282 1.527e-01 0.681
3 1025 1.600e-02 0.847 8.129¢-02  0.909
4 3969 5.581e-03 1.519 3.185e-02 1.352
5 15617 1.225e-03 2.187 1.098e-02 1.537

Table 2.2: Error rates for problem (2.10) with d =1 and k=1

the numerical solutions uy, p, on refinement level 5.

~6.109e-84 3.061e-05 6.721e-84 1.314e-03 1.955e-03 ~1.632e-01 ~1.113e-01 -5.939e-82 ~7.488e-03 4.441e-62

[

(a) up (b) pn

Figure 2.3: Numerical solutions wuy, pj, for (2.10) with d = 1, k = 1 on refinement level
L=5
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2.4.2 Examples in 2d-1d
Example 1

In this example we consider (2.1]) on the unit cube, i.e. d =27 =1,Q = (0,1)3. We
choose the exact solutions to be

u(z,y,t) = sin(rx) sin(my) sin(wt)  for (x,y,t) € Q,
p(z,y,t) =x(1 —x)y(l —y)t(1 —t) for (z,y,t) € Q.

The functions fi, fo are given by

fi(@,y.t) = —p(x,y, t) + wsin(mz) sin(ry) cos(rt) + 27°u(z, y, 1)

for (z,y,t) € Q, (2.11a)
fow,y, 1) = —u(z, y,t) + o(1 = 2)y(1 — y)(1 = 26) + 2y (1 — y)t(1 — 1)
+2x(1 —2)t(1 —t) for (x,y,t) € Q. (2.11b)

The numerical results can be seen in Table 2.3] We observe an experimental order
of convergence of up to 1.7 for the error in the L?(Q)-norm and a linear order of
convergence in the energy norm.

L N |Z = Zpll 2 coc | Z— ZhHL?(o,T;Hg(Q)) coc
0 21 6.200e-02  0.000 6.977e-01  0.000
1 87 7.045e-02 -0.184 6.610e-01  0.078
2 469 3.805e-02  0.888 4.591e-01  0.526
3 3017 1.245e-02  1.612 2.513e-01  0.869
4 21521 4.043e-03  1.622 1.287e-01  0.966
5 162337 1.231e-03  1.716 6.476e-02 0.991

Table 2.3: Error table for problem (2.1) with d =2 and k =1

Example 2

In this example we consider the interface problem in two space dimension, i.e.
d = 2. We choose D = (0,1)%, T =1, 2o = (0.5,0.5)T and Q to be a circle with center
zo and radius 0.3, i.e. Q@ = {z € D: |z — x|, < 0.3}. The computational domain
Qp is shown in Figure 2.4, where the domain Qg is highlighted in blue and the domain
@ p \ Qq is highlighted in green. We assume that the material properties of domain Qg
corresponds to air and that the material properties of domain @p \ Qq corresponds
to iron. The values for the material coefficients v, A are chosen similar to example 2 in
Section The functions fi, fo are chosen according to . In order to obtain
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s

t

Figure 2.4: Computational domain ()p, green: iron, blue: air

convergence rates we compute a reference solution on a mesh with N = 34851 dofs
and consider this solution as “exact” solution. The error rates can be seen in Table 2.4
One observes a rate of 2 for the L?(Qp)-error and a rate of about 1.3 for the error in
the energy norm, which is better than expected. In Figure [2.5] the numerical solution

L N |Z - Zh||L2(QD) eoc |[|Z — Zh||L2(o,T;H3(D)) eoc
0 256 9.880e-03  0.000 1.978e-01  0.000
1 1706 2.671e-03 1.887 8.721e-02 1.182
2 12467 6.520e-04 2.035 3.450e-02 1.338

Table 2.4: Error rates for problem (2.10) with d =2 and k =1

up, computed on the refinement level L = 2 is depicted for different values of ¢t. The

numerical solution p, on refinement level L = 2 and for different values of ¢ can be
seen in Figure [2.6]
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I | 9 0008500 5 (Bana- 91085 N arecas 263845

©.0000+00 6.595e-04 1.319e-03 1.9780-03 2.6380-03

tx.

(a) t = 0.2 (b) t = 0.5

0.0600+60 6.5950-64 1.3190-03 1.9780-03 2.6380-63

0.0000+60 6.5950-64 1.319-03 1.9780-03 2.6380-63

Figure 2.5: Numerical solution wu;, to (2.10) with d = 2, k = 1 on refinement level
L=2
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i
23.097e-01 —2.316e-81 ~1.535-81 ~7.53de-82 2.7850-03 -3.897e-01 ~2.316e-81 -1.535e-81 ~7.534e-82 2.785e-63

-3.097e-01 -2.316e-81 -1.535-01 ~7.53de-62 2.785e-63 ~3.097e-01 ~2.316e-01 153501 ~7.534e-62 2.785-03

Figure 2.6: Numerical solution p;, to (2.10) with d = 2, k = 1 on refinement level
L=2






3 Introduction to shape
optimization

In this chapter we give a brief introduction to the theory of shape optimization. We
want to mention that we focus on those parts of the theory which are essential to
set up an algorithm and to solve the model problems from a numerical point of view.
Therefore we put a strong emphasis in characterizing the shape derivative for PDE-
constrained shape optimization problems and in explaining the numerical procedure
in this chapter. While the existence of optimal shapes to shape optimization problems
is certainly an interesting task we do not consider this issue here. The following is
motivated by [13, 25].
In general a shape optimization problem reads

oin I (€) (3.1)
in which A(D) is some admissible set of shapes and J : A(D) — R a mapping called
shape functional. Note that the model problems can be written in the sense of
too by introducing the reduced functionals J1(Q2) := J1(£2, uq, pa), where (ugq, pq) is

solution to (1.18)) and J2(Q2) := Jo(ugq, pa), where (uq, pa) is solution to (1.21]). The
problems then read

i (), (32)
QIETE(HD) Ja (V). (3.3)

For this reason it is sufficient to study problem (3.1]). In order to get an idea of how
a shape optimization algorithm could look like let us first recall the main ingredients
of a gradient based optimization algorithm in a Banach space to solve the problem

min F'(z), (3.4)

zeX

where X is a Banach space and F' : X — R some functional. The goal is to find a
minimizer z* of the functional F', i.e. F(z*) < F(x) Vo € X. The main steps of the
algorithm read:

e Compute a descent direction, i.e. for given x;, € X find y, € X such that
DF(zg)yr < 0. Here the mapping DF : X — L(X,R) denotes the Fréchet
derivative.

33
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e Choose a step size t; € R and calculate x5, 1 := zy + tgyy such that F(zp1) <
We want to use a similar approach in the context of shape optimization. Since we
minimize over a set of admissible shapes which does not have vector space structure
we cannot use the Fréchet derivative. Therefore, in a first step we have to think of a
suitable notion of derivative of a function J(£2) with respect to Q. In literature this
derivative is known as shape derivative. In a second step we have to think of how to
extract a descent direction out of the shape derivative and finally we have to discuss
how to perform the optimization step.

This chapter is structured as follows: First we will introduce basic definitions and
results in which we define the shape derivative. Following that we will discuss how to
calculate the shape derivative via the averaged adjoint method. Furthermore we will
have a look on how to get descent directions and on domain evolution. Last but not
least we will state a gradient type shape optimization algorithm.

3.1 Basic definitions and results

In this section we state basic definitions and results which will be used later on. The
definitions and results are taken from [7],[12],[25],[30] and [39]. To begin with we start
with the definition of a shape function.

Definition 3.1 ([7]). Let  # D C R open, bounded and P(D) := {Q: Q C D} the
set of subsets of D. The set D will be referred to as the underlying hold all domain.
A shape function(al) J is a map

J:AD) =R, Q— J(Q)
from some admissible set A(D) C P(D) into R.

In this thesis we consider the hold all domain D to be a bounded Lipschitz domain
or a C* domain (k > 1) meaning that D is a bounded domain and its boundary 0D
is of class C* in the sense of |7, p.68, Def.3.1.]. Before we can define the notion of
derivative for a shape function we have to introduce domain pertubations. There are
different kinds of pertubations like the pertubation of identity or the velocity method.
We focus on the latter approach. The velocity method is a method to define a mapping
T, used to transform an initial shape 2. It is important to notice that the shape 2
we are going to transform is an element out of the admissible set, i.e. Q € A(D).
One feature of the transformation 7T should be that it leads to an element in A(D),
ie. T.(R2) € A(D). More precisely we are looking for a transformation which on the
one hand preserves the topology and on the other hand preserves the regularity of the
boundary of the set 2. Mappings which guarantee that are so called diffeomorphic
mappings. Before we state the definition of the transformation 7 let us recall the
definition of the tangent cone of a set D C R
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Definition 3.2 ([39, Def. 2.15, Rem. 2.17]). The tangent cone of a set D C R? at
x € D is defined as

Tp(z) == {h € R?: liminf

d(x +th,D) 0
t\0 - ’

where d(z, D) := lnlf; [z —yl.
ye

Note that d(z, D) = d(x, D) and hence Tp(z) = Tx(z). We are now able to state
the definition of the mapping 7T, by the velocity method.

Definition 3.3. Let V : [0, 7] x D — R? be a non-autonomous vector field satisfying
the conditions

VreD: V(. x)eC([0,7],RY, (3.5a)
AL >0, st. Yo,y e D= [V, 2) =Vl eonary < Lle—yl, (3.5b)
Vo € DV €[0,7]: £V(1,7) € Ts(z). (3.5¢)

The transformation 7" : [0, 7] x D — R? (also called flow) associated with the vector
field V' is defined by

T(r, X) = T(X) := x(7)
where z(7) is solution of the differential equation
2(r)=V(r,z(1)), 7>0, 2z(0) = X
We denote the transformation of a shape 2 C D C R? by the mapping 7. as
O, = T.(0) = {T.(X): X €0},

Of course the mapping T, depends on the vector field V' meaning that T, = T, but
we will not indicate this dependence for ease of notation. The conditions are
sufficient to conclude [7, pp.194, Thm. 5.1, Remark 5.1.] that for all 7 € [0, 7] the
mapping T, : D — D is a homeomorphism, i.e. T, and its inverse are continuous. In
particular this means that interior points are mapped to interior points and boundary
points are mapped to boundary points. Throughout this thesis we assume the vector
field V' to be autonomous, i.e. V= V(z). The conditions then reduces to [39] p.
14]

Ve C™"(D,RY) and Vo € D: £V (x) € Tp(x). (3.6)

In addition to that we will assume that V' € C’k(D R?) for some k > 1. Hence V clearly
fulfills (3.6) by extending it with zero to D [39, p. 15]. As a consequence the flow
T.:D — D is a homeomorphism and further it holds that 7,.(D) = D, T,(0D) = 0D
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and for Q € D : T,(Q) € D. Moreover the mappings T and 7= belong to C*(D, R%)
[34, p.51, Thm.2.16.] which guarantee that the regularity of the boundary [39, p.13,
Remark 2.8.] as well as the topology is preserved.

Summing up we can conclude that for Q € A(D) with

A(D) :={Q C D: Q open, Lipschitz with uniform Lipschitz constant L4}

given like in the model problems, the transformed set 2, = T,.(2) is an element of
A(D) for sufficient small 7.
We are now able to define the notion of derivative for a shape function.

Definition 3.4 ([38], Eulerian semi-derivative). Let V € C*(D,R?) for k > 1 and for
Q € A(D) let Q, := T,(9) according to Definition[3.3] Moreover let 7 sufficiently small
such that €2, € A(D). The Eulerian semi-derivative of a shape function J : A(D) — R
at  in direction V' is defined as

dJ(; V) := lim J (@) = T

7\.0 T

(3.7)

if the limit exists and is finite.

The Eulerian semi-derivative basically gives us information about the sensitivity of
the shape function J with respect to a perturbation of the domain €2 by a deformation
map T, [12].

Definition 3.5 ([9]). A shape function J is said to be shape differentiable at € if for
some k > 1 the Eulerian semi-derivative dJ(Q; V) exists for all V' € C¥(D,R?) and
the mapping V + dJ(; V) is linear and continuous from C¥(D,R?) to R. Moreover
the smallest integer £ > 0 for which V +— dJ(€2; V) is continuous with respect to the
C*(D,R)-topology is called order of d.7(;.)

In the following we state the structure theorem of Hadamard-Zolésio. Basically, this
theorem says that under certain smoothness assumptions on the boundary 02 and V'
the shape derivative only depends on the normal component V - n [13], 9].

Theorem 3.1 (Structure theorem of Hadamard-Zolésio). Let J be a shape functional.
Assume that J is shape differentiable at Q € A(D) and that 0 is of class C*+1
k > 0. Then there exists a unique outward unit normal vector field n € C*(9Q, RY)
and a scalar distribution g € C*(9Q)" such that for all V € C*(D,R?)

dj(Q, V) = <97 ’YBQ(V) . n)ck(ag)/xck(aﬂ)- (38)

When g € L*(99), we may write

dJ(Q; V) = / gV - nds. (3.9)

oN
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Proof. A proof can be found in [7, pp.479-481, Thm. 3.6 and Cor. 1] ]

Formula is also known as Hadamard formula. It can be seen from that
the shape derivative can be represented as an integral over the boundary if the domain
Q) is regular enough. Another way to represent the shape derivative is in volume form,
ie.

dJ (V) = / g(V,DV)dx (3.10)
D
for some function g. The formula is also known as distributed shape derivative.

Let us briefly comment on the two representation formulas. One advantage of having
the shape derivative in boundary form is that a descent direction is given by choosing
V' = —gn, see Section [3.3] However, this descent direction is only defined on the
boundary 02 and sometimes has to be regularized as it might not be regular enough.
[12, Chapter 6.1.2]

The distributed shape derivative is more general, meaning that for shapes with
lower regularity the distributed shape derivative may be well defined while the shape
derivative in Hadamard form is not. One drawback of this representation form is that
in order to obtain a descent direction one has to solve an auxiliary boundary value
problem, see Section [3.3] [12, Chapter 6.1.2]

Further we want to mention that in many numerical procedures it is necessary to
have the shape derivative defined on the whole domain and not only on the bound-
ary. This is for instance in numerical procedures the case in which the domain D is
discretized by means of a finite element mesh and one moves every node a certain
distance in direction V.[12, Chapter 6.1.2]

In this master thesis we focus on the shape derivative in volume form since in our
numerical procedure it is beneficial to have a descent direction defined on the whole
computational domain D.

3.2 Shape derivative via the averaged adjoint
method

In this section, based on 21} 38|, [39], we discuss the calculation of the shape derivative
if the shape function is constrained by a PDE. There are several methods to calculate
the shape derivative for a PDE constrained shape function like the material derivative
method which is also known as chain rule approach, the minimax formulation intro-
duced in [7] or the (formal) method of Céa. We concentrate on the approach based in
[38]. This is the calculation of the shape derivative via the averaged adjoint method.
This method is a Lagrangian-type method which allows to compute the shape deriva-
tive of a shape functional depending on the solution of a PDE without the need to
compute the material derivative of the PDE [2I]. The following is motivated by [21].
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The idea behind Lagrangian methods is that in order to compute the derivative of a
shape functional it is sufficient to compute derivative of the Lagrangian with respect to
7. For better understanding let F(2), F'(2) be vector spaces, 7 > 0 and €0, := T,.(2)
a parametrization for 7 € [0,7]. We further assume that the spaces E, F' fulfill the
following property

¢ e E(Q) e ¢oT, € B(),
b e FQ,) e voT, € F(Q).

In order to compute the derivative of J(€2,) we first write the functional in terms of
the Lagrangian, i.e.

*-7<Q7') = ‘C(Qﬂuﬂ’@>

where u, € E(£,) is the solution to the perturbed state equation and ¢ € F(Q,) is
arbitrary. The Lagrangian £(Q;, @, 1), where ¢ € E(Q,), ¥ € F(Q,) usually consists
of integrals on €2.. Using a change of variables yields to integrals on a fixed domain {2
and the 7-dependence is shifted to the integrands. Hence this leads to integrands of the
form ¢ o T. € E(Q) and ¢ o T, € F(€) which are not straightforward to differentiate
since @, 1 are functions on the moving domain €2,. To find a remedy for this problem
one defines

G(r,0,%) = L, oo T po T,

where ¢ € E(Q2), ¥ € F(2), which is a re-parametrization of the Lagrangian. The
re-parametrization G leads after a change of variables to functions ¢, on the fixed
domain 2. Summing up we end up with

d d - d
Q' = — Q = — Q —_ T
dj( 7V) dT j( T>|T:0 d7—£< T7uT7’l/}) dT G(T,U 71/})‘7'20
where u”™ := u, o T} is the pull-back of the solution to the perturbed state equation

and ¢ := 1) o T},. Hence we will investigate the differentiability of G with respect to 7
in the following. We start with introducing some notation and assumptions and then
state the main theorem. We follow the lines in [38] Section 3.1].

Let E, F Banach spaces, 7 > 0. Consider

G:[0,7]x ExF —R
(7-7 <p7 w) H G(T7 (p7 w)?

such that ¥ — G(1,¢,1) is affine for all (¢,¢) € [0,7] x E. We introduce the set of
solutions to the state equation on the perturbed domain Q. := T,.(€2) brought back to
the fixed domain Q2 by

E(1):= {u ekb: de(T,u,O;@@) 0V e F} (3.11)

Furthermore we need the following assumptions.
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Assumption 3.1. (HO)
(i) E(r) = {u"} is single-valued for all 7 € [0, 7].
(ii) For all 7 € [0,7] and p € F, the mapping
0,1] = R, s+ G(1,su” + (1 — s)u’, p)
is absolutely continuous.
(iii) Forall T € [0,7], p€ E,p€ F
s d,G(1,su” + (1 — s)u’, p; @)
is well-defined and belongs to L'(0,1).

Remark 3.1. Let us briefly discuss the consequences of assumption (HO).

e Point (i) of (HO) corresponds to the unique solvability of the perturbed state
equation.

e Point (i) of (HO) implies that for almost all s € [0, 1] the derivative
d,G (1, su” + (1 — s)u’, p;u” — u°)

exists and together with (ii7) this yields
G(r,u™,p) — G(1,u’, p) = /1 d,G(1,su” + (1 — s)u’, p;u” — u°) ds.
0
For 7 € [0,7], u™ € E(1), u’ € E(0), let
Y(r,u",u’) = {q eF|VpeFE: /1 d,G(7, su” + (1 — s)u’, q; p) ds = 0} (3.12)
0

the set of solutions to the averaged adjoint equation. For 7 = 0 the set Y (0,u°) :=
Y (0,u°, u®) coincides with the solution set of the usual adjoint state equation

Y(0,u") ={q€e F|Vp e E:d,G(r,u’,¢;¢)ds = 0}. (3.13)

Theorem 3.2. Let E, F linear vector spaces and T > 0. Suppose that the function
G :[0,7] x ExXF — R, (1,0,0) — G(1,9,v) is affine in the last argument. Let
assumption (HO) and the following conditions be satisfied.

(H1) For all T € [0,7] and all (u,p) € E(0) x F, the derivative 0,G(7,u,p) exists.

(H2) For all T € [0,7] the set Y (,u”,u") is non-empty and Y (0,u°) is single-valued.

(H3) Let p® € Y(0,u°). For any sequence (1,)n \ 0 there exists a subsequence (Tp, )i
and (p™r )y, with p™ € Y (1, , u™x,u’) such that

lim 9,G(s, u”,p™) = 0,G(0,u”, ).
—00

s\0
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Then for any ¢ € F':

d% (G )],y = DGO, u”, ). (3.14)

Proof. A proof can be found in [38, Thm.3.1.]. ]
Remark 3.2 ([38]). In concrete applications the conditions (HO0)-(H3) have the following

meaning:
(i) By assumption (HO) we can apply the fundamental theorem of calculus to G with
respect to u. Note that this condition is milder than Fréchet differentiability.

(ii) Condition (H1) allows an application of the mean value theorem with respect to
t.

(iii) Condition (H2) ensures that the averaged adjoint equation is solvable and that
the adjoint equation has a unique solution.

(iv) Condition (H3) can be verified by showing that p™ converges weakly to p° and
that (7,v) — G(1,u’, v) is weakly continuous. Note that there is no assumption
on the convergence of u” to u’, but in applications we need the convergence
u” — u® to prove p” — p with respect to the appropriate topologies.

Using Theorem the shape derivative can be computed by

d d
dJ(Q; V) = o T ()], = - G(r,u",¥)|._y = 8,G(0,u°, p°).

Finally we want to mention that the averaged adjoint method is in particular well-
suited for problems involving nonlinear PDE constraints [13].

3.3 Descent directions, domain evolution and
generic algorithm

In this section we are going to state a generic gradient based shape optimization
algorithm. Therefore we first introduce descent directions and discuss how to extract
them out of the shape derivative. Furthermore we explain how to update the domain
and finally we state the generic algorithm. This section is based on [13].

We start with the definition of a descent direction.

Definition 3.6 (descent direction,[21]). The vector field V € C%1(D,R%) is called a
descent direction for J at € if there exists an € > 0 such that

T(Q) < T(Q) Vre (0. (3.15)

The following lemma gives us a characterization of a descent direction by the shape
derivative.
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Lemma 3.3. Let J : A(D) — R be a shape functional and assume that J is shape
differentiable at Q € A(D) with shape derivative dJ(€,.) : CH(D,R?) — R, V
dJ(Q,V) for some k > 1. Furthermore let V € C*(D,R?) such that

dJ (V) <0. (3.16)

Then V' is a descent direction.

Proof. Since J is shape differentiable at 2 we can use the definition of the Eulerian-
semi derivative to get

0> AT (V) = lim L&) =T (@)

7\0 T
By definition of the limit there is a € > 0 such that for all 7 € (0, ¢)

j(QT> — j(Q>

T

< 0.

Therefore it follows that V' is a descent direction. O

If d7(92;V) is given in Hadamard form (3.9) then choosing V' = —gn yields a

descent direction since

47 (0 —gn) = /

g(—gn) -nds = —/ g*ds < 0.
09

o0

If d7(€2;V) is given in volume form one common approach to compute a descent
direction is by solving an auxiliary boundary value problem. To make things clear let
X be a Hilbert space and assume that d7(€2,.) is linear and bounded on X. Further
let b: X x X — R be a positive definite and bounded bilinear form. Consider the
auxiliary boundary value problem

FindVeX: bV,W)=-dJQ,W) VW eX. (3.17)
If we solve ([3.17)) the solution V is a descent direction since
dJ(Q,V)=-bV,V) <0.

Note that we can obtain different descent directions by choosing different bilinear
forms. Possible choices are

o (VW) = [, a(x)dV : OW + B(x)V - W dz, with o, 8 € L>®(D) positive,

o b(V,W) = [, Fe(u) : €(v) dz, the bilinear form of linearized elasticity.
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The next thing we are going to discuss is how to update the domain €2, in the n-
th iteration if one has computed a descent direction V,,. There are two approaches
based on the explicit or implicit representation of the domain. We focus on the first
approach. If one has an explicit representation of the domain one can simply move
every point in €2, a certain distance 7, in direction V,,, i.e.

Qn+1 = {JJ + Tnvn(ﬂf) RS Qn} = (Zd+ TnVn)(Qn)

The distance 7, is called step size. There are different opportunities for the choice of
T,,. Popular choices are

e 7, constant and small,
e "back-tracking™ choose 7, = max {1, 1,1, ...} such that J(Qn41) < T (),
e Armijo rule.
We are now able to state a generic gradient based shape optimization algorithm.
Algorithm 3.4. Choose an initial design .
Forn =0,1,2, ... until converge,
(1) Find a vector field V,, such that dJ(2,; V,,) <0

(2) Choose a step size T, according to the step size rule
(3) Set Q1 = (id+ 7,V,) ()



4 Shape optimization of model
problem 1 and 2

In this chapter we focus on the parabolic PDE-constrained shape optimization model
problems. So far we have discussed how to solve the forward problem using space-
time finite elements and explained shape optimization techniques based on the shape
derivative. We will now apply the results from the previous chapters in order to
set up an algorithm and to solve the model problems described in — and
(L.20)-(1.21) numerically. We start with some preliminaries in which we collect some
basic properties of Sobolev functions composed with flows and state a modification
of Theorem to the multi-valued case. Following that we will compute the shape
derivative of J; and J, via the averaged adjoint method. Moreover, we will outline
a gradient-type shape optimization algorithm used to solve the problems. Finally we
will present some numerical tests which demonstrate that the introduced algorithm is
feasible.

4.1 Preliminaries

In this section we present some basic results on Sobolev functions composed with flows
and state an extension of Theorem [3.2] This section is mainly based on [39, Chapter
2.3.3, Chapter 4.1.4]

In the following let V' € C}(D,R%) be a given vector field and T} its associated flow
[39]. We will make use of the following abbreviations

E(7) == det(0T,), A(r) :=det(9T,)0T *0T-", B(r):=0T". (4.1)

T

Here, det : R™? — R denotes the determinant and 97, and OT-! denote the Jaco-
bians of T, and T-!, respectively. We will now state some properties of the functions

§(7), A7), B(7).

Lemma 4.1. Let V € CYD,R%) and T, the flow associated with V wvia the velocity
method. The mappings T — &(7), T — B(7), 7 — A(T) given by (4.1) are differ-
entiable on [0,7], i.e. they are differentiable on (0,7), the right-sided and left-sided

43
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derivatives exist in O and T,respectively and these functions satisfy

d

L B(r) = ~B(r@V)B(r), (42)
Le(r) = @V B (r))e(r), (43)
d

EA(T) = tr(OV™ BT (1)) A(r) — BY(1)oVT A(1) — (BT (1)oV™ A(1))T, (4.4)

where V™ (z) := V(T;(x)).
Proof. A proof can be found in [39, Lemma 2.14] O

An immediate consequence of Lemma together with the fact that £(0) = 1,
A(0) = B(0) =1 is

(g =i (4.5
= B,y = -0V, (4.6)
;I_T ()], = divV — 9V — gV'". (4.7)

The next lemma states that the mappings 7 +— £(7), 7 — A(7) are bounded.

Lemma 4.2 ([39)]). Let the mappings A € C([0,7]; C(D,R¥>%)) and £ € C(]0,7];C(D))
be given and assume that A(0) = I and £(0) = 1. Then there are constants ~yy,72, 01, 0y >
0 and 7 > 0 such that for all n € R and for all T € [0,7]:

il <n-A(T)n < eln)?,
(51 S 5(7’) S 52.

One common approach in shape calculus is to use function space parametrization
in order to avoid differentiating functions which live on the moving €2.. Hence for a
Banach space E(£2) we need the property

P e E;) < ¢oT, € E(Q).
This condition is fulfilled if F(Q2) = W?(Q), which can be seen in the next theorem.

Theorem 4.3. Let p > 1. Suppose that T : R? — R? is a bi-Lipschitz mapping.
Suppose that U is an open subset of R? and set W := T~1(U). Then we have

u€ W (U) <= uoT € WH(W).
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Proof. A proof can be found in [47, Thm.2.2.2] O
The theorem basically says that for a transformation Q, = T, (€2) we can write
Hy() ={poT " : o€ Hy(Q)}.
We can state a similar result as in Theorem [4.3| for the space L?(0,T; H'(2)) too.

Theorem 4.4. Suppose that T : R? — R? is a bi-Lipschitz mapping. Suppose that
U is an open subset of R and set W := T=Y(U). Foru € L*(0,T; H*(U)) we have
uwoT € L*(0,T; HY(W)) and

d
j(woT)=> ((Du)oT) (D;T}), j€{1,..d}, (4.8)
=1

where D; denotes the weak derivative with respect to j-th spatial coordinate.

Proof. We have to show that
() woT e L2(0.T: L2(W)),
(ii) wo T admits a weak derivative in L*(0,T; L>(W)) which is given by (4.8).

Before we start with the proof of (i) and (ii) note that due to Rademacher’s theorem
the mappings 7' and T~! are differentiable almost everywhere and there holds for

ije{l,...,d}:

|D;Ti(z)| < L, for a.e. v € R |DjTi_1(y)’ < L, for a.e. y € RY,

where L,[A/ are the Lipschitz constants of 7' and T, respectively. Hence, we conclude
that for the determinant of the Jacobian OT~! there exists a C' > 0 such that

|det (9T '(y))| < C for a.e. y € R™. (4.9)
This results from the fact that the determinant of 97! corresponds to a finite sum
of the bounded entries of the Jacobian.

Now, we proceed with the proof of (i). Using a change of variables z = T71(y),
estimate (4.9) and u € L*(0,T; L*(U)) we get

0o Ty / | lute. T dsde
:/ /|u(t,y)]2‘det (8T*1(y))|dydt (4.10)
0 U

T
2
<c / / ut, )P Ayt = Clull oo zopaary < 00
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We continue with the proof of (ii). We define for j € {1, ...,d}:

fit,x) = Z ((Dju) (t,T(x))) - (D;Ti(x)), for a.e. (t,x) € (0,T) x W.

i=1
We show that

(a) f; € L*(0,T; L*(W)), j =1,...,d,

(b) (uoT, Dj‘P)LQ(o,T;L?(W)) ==/ 90)L2(07T;L2(W)) Vi € L*(0, T3 C5°(W)).
We start with (a). Let j € {1,...,d}. Then we have

12> (ZI(DZ-U)(t,T(w))IQ)

M=

() < LS (D) (tT())| < L (

=1

o= S
Il

= Ld> <Z |(Diu)(t,T(x))|2> , for a.e. (t,z) € (0,T) x W.

Using this estimate, a change of variables z = T !(y), estimate (4.9) and that by
assumption D;u € L*(0,T; L*(U)) for i € {1, ...,d} we conclude

T T d
sy = | [ 1P dedt< 22 [ [ 3 (D Tl dod
o Jw o Jwi5
d T
= LQdZ/ / |D;u(t,y)|? |det (0T (y)) | dydt
i=1 70 JU
d
< LQdCZ ||Diu||i2(o,T;L2(U)) < 00.
i=1

We proceed with (b). The idea is to approximate u o T' with smooth functions such
that one can use integration by parts with respect to x. For u € L*(0,T; H*(U)) let
(un)n be a sequence such that u,(t) € C(R?) for a.e. t € (0,7) and u, — u in
L*(0,T; HY(U")) for all U’ € U, see Remark [4.1] Hence, we conclude from that
for all W' e W

2 2
”un ol'—wuo T“LQ(O,T;LQ(W/)) < OH'LLn — UHLQ(O,T;LQ(U’)) — 0, n — oo, (411)
and that

((Diu,) o T) - D;T; — ((Dyu) o T) - D;T; in L*(0,T; L*(W')) (4.12)
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which can be seen by

|((Diuy) o T) DT, = (D) o T) DyTil 20,1120

// w) o T - D;T;|* dadt
<L2//, W)(t, T(@)) P dadt

2 / 1Dyt — u)(t, )% |det (8T (3))] dydlt
U/
< CL*|| Di(un — U)HiQ(O,T;LQ(U’)) — 0, n— o0

Now, let ¢ € L*(0,T; Cs°(W)). Then there exists a W' € W: supp (p(t)) C W € W.
Then we have

(wo T, Dip) a2y = (W0 Ts Dip) paorzqw)

= lim (’I,Ln @) T D]QO)L2(OTL2(W’))

n—oo

= — lim (Dj(un o T), ) 20,1322 (W)

n—oo

d
(3) .
i=1 L2(0,T;L2(W"))

= (19) 2052w -

In (1) we used and the continuity of the inner product. In (2) we applied
integration by parts. This is possible since u, o T" is as a composition of two Lipschitz
functions again Lipschitz continuous with respect to the spatial coordinates and hence
by Rademacher’s theorem differentiable almost everywhere. (3) follows by the chain
rule and in (4) we used continuity of the inner product and (4.12).

Finally, by definition of the weak derivative we conclude that D;(u o T) = f; €
L2(0,T; L>(W)) and therefore uo T € L?(0,T; H*(W)). O

Remark 4.1. Let us briefly comment on the sequence (u,), in the proof of Theorem [4.4]
The idea is to approximate the function u € L*(0,T; H'(U)) with smooth functions
with respect to z. This will be done with standard regularization theory. Let (g,)n
be a sequence of mollifiers, [I, Def. 6.2] and (1,), a sequence of cut-off functions
according to [I, p.171]. We denote with @ the extension of u by zero with respect to
z, i.e.

it 7) = u(t,x) (t,z) € (0,T) x U,
R N (t,r) € (0,T) x RE\ U
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We define for a.e. t € (0,7) and for all z € R? the functions

wnltea) = (o) [ oulo = )it) dy

For the sequence (u,), there holds that u,(t) € C§°(R?) for all n € N and that
[un(t) — u(®)|| g1y = 0, n — oo for ae. t € (0,T) and for all U" € U, cf. [1l Satz
6.16], [47, Lemma 2.1.3]. Further, we have by using the Cauchy-Schwarz inequality
and [o, 0(x) dz =1 that

unt.a)| < [ oulo =)ol =) fatt. )] dy

(/R onla — y)dy)% </R on(z —y) |at, y)|? dy)é (4.13)

</ on(x —y) |&(t,y)|2dy) , for a.e. t € (0,T), Vx € R%.
R4

IA

Using (4.13) and Fubini’s Theorem we get

lunt mw,h//@wF ) at, )| dyde
_/</w@—)>mﬁwdy (4.14)
Rd Rd
= ||u(t)||ig(U), for a.e. t € (0,7).

For sufficiently large n and for almost all ¢t € (0,7") we have, cf. [Il, Satz 6.16]

—_—

Dj(un,(t)) = on * D;(u(t)) in U (4.15)

Using (4.15)) and similar estimation techniques as in (4.13]) we obtain

1
dy) , fora.e. t € (0,7), Ve € U'. (4.16)

Dywn(ta) < ( [ oo = |Bruteon
R

By Fubini’s theorem we conclude for sufficiently large n that

— 2
| Djun (t IILzU/ //de)n y)’DjU(ty)’ dydz
I JR

_/Rd(/Rdgn(:c— dx)‘Duty)

= ||Dju(t)||L2(U), for a.e. t € (0,7)

2 dy (4.17)
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Now, extracting a subsequence (u,, )r C (u,), one can assume by (4.14)), (4.17)) that
||, (t)||H1(U,) < [Ju@®)|[ g ¢y for all k € N and for almost every ¢ € (0,7'). Hence, we
can conclude by Lebesgue’s theorem that

T
2 2
(T /O ot (8) = w(8) 21y & = 0,k = o, (4.18)

Moreover, we have the following result.

Lemma 4.5. Let D C R? be a bounded Lipschitz domain and p > 1. Denote by T,
the flow of V€ CY(D,R%). For any f € L?(D), we have

. o . —1 —
i llf o T = fllipwy = 0 and Y |[£ 0 T = fll ) =0

Proof. See [39, Lemma 2.16] and the reference therein. O

In order to be able to calculate the shape derivative for an optimization problem

which is constrained by two PDEs we need an extension of the single-valued case in
Theorem 3.2 We follow the lines in [39, Chapter 4.1.4]. Let Ey, Es, I, F» be Banach
spaces and 7 > (. Consider

G:[O,%]XE1XE2XF1XF2—>R
(7,010, C) = G(1,0,1,9, ().

We make the following assumptions on the function G.

Assumption 4.1. (D0)
(i) For all 7 € [0,7|,u,u € E1,p,p € Ey, w € Fy, z € F5 the mappings

0,1] = R, s — G(7,u+ su,p,w, z),
[07 1] - ]Rv S G(T,U,p—|— sﬁ,w,z)

are absolutely continuous which implies
1
G(r,u,p,w,z) — G(T,u,p,w, 2) = / d,G (7, st 4+ (1 — s)u,p,w, z; 1 — u) ds,
0
1
G(r,u,p,w,z) — G(T,u,p,w, z) = / d,G(1,u,sp+ (1 — s)p,w, z;p — p) ds.
0

(i) For all 7 € [0,7], u,@,p € Ey, p,p,n € Ey, w € Fy, z € Fy
s = d,G(T,u + st,p,w, z;¢) and s — d,G(7,u,p + sp, w, z; 1)

are well-defined and belong to L'(0,1).
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(ili) the mapping v — G(7,¢,n,¢,() is affine linear for all (,¢,7,() € [0,7] x Ey X
Ey x Fy and ¢ — G(7,¢,n,1,() is affine linear for all (7, ¢,n,1) € [0,7] x Ey X
E2 X Fl-

For any 7 € [0, 7] the (perturbed) system of state equations is given by
dyG(T,u,p,w, 2; 1&) =0V € Fy (4.19a)
dcG(T,u, p,w, z,é’) =0 Vf € . (4.19b)

We introduce the set of solution to (4.19)) by
E(7) :={(u,p) € Ey x Ey: (u,p) solves (4.19)}.
For any 7 € [0,7], ¢" := (u",p") € E(7), q° := (u° p°) € E(0) the averaged adjoint
system reads
1
/ d,G(r, su” + (1 — s)u’,p",w™,2";¢)ds = 0 V¢ € By, (4.20a)
0
1
/ d,G (1,4 sp” + (1 — 8)p°,w”, 27; %)) ds = 0 Vi) € Es. (4.20b)
0

We denote the set of solutions to system (4.20]) by

Y(7,q7,¢°) = {(w™,27) € Fy x Fy: (w", 2") solves (#.20))}

Note that for 7 = 0 the set Y (0,¢°) := Y (0, q°, q°) corresponds to the solution set of
the usual adjoint system. That is (w, z) € F} x Fy solves

d,G(0,u,p,w,z;¢) =0 Vp € Ey, (4.21a)
d,G(0,u,p,w,z;n) =0 VN € Es, (4.21b)

where (u, p) := (u°, p°) € E(0). Now we are able to state a modification of Theorem

Theorem 4.6 (|39, Thm. 4.5]). Let Ei, Ey, Fy, Fy be Banach spaces, T > 0 and a
function

GZ[O,%]XE1XE2XF1XF2—>R
(7,0,m,%,¢) = G(1,9,m,%, ),

be given. Let Assumption (D0) be satisfied and assume that the following conditions
hold:

(D1) For all p € Ey, n € Es, b € Fy, ¢ € Fy the mapping
0, 7] = R: 7= G(7,0,7,9,()

is differentiable.
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(D2) For all T € [0,7] let E(T) be non-empty and single valued. Moreover, for all
7€(0,7], q" € E(1), q° € E(0) let Y (7,q",q") be non-empty and single-valued.

(D3) Let q° € E(0) and p° € Y (0,¢°). For any sequence of non-negative real numbers
(Tn)nn converging to zero, there exists a subsequence (Tp, )ken, elements g™ €
E(7,,) and p™ € Y (1,,,q™*, q") such that

klim 0,G(s,q°, p™) = 0.G(0,q°, p°).
— 00
s\0

Then for any ¥ := (1,¢) € Fy x Fy:
d .
& (Cra )] _

4.2 Shape derivative of [J; and 7,

= aTG(O7 qov pO)

In this section we will compute the shape derivative of model problem 1 and 2 via
the averaged adjoint method. At this point we want to mention that the obtained
derivatives dJ1(€; V), dJ2(€2; V') have to be taken with care, since for the moment we
are not able to prove all assumptions in Theorem We will comment on the crucial
steps in more detail when deriving the shape derivatives for J;, Js.

Throughout this section we assume V € C1(D,R%), ie. V =V (x).

4.2.1 Shape derivative of [J;

Recall the problem: For given ug, pg, f1, f» € C*(Qp) we are looking for a solution of
the problem

min Jy(Q, u,p) / /|u—ud| dxdt+/ /|p pal” dzdt, (4.22)
Qe A(D)

where (u,p) € Xo(€2) x Xo(€) is solution to

a(,u,v) —b(Q,p,v) = F1(Q,v) YveY(Q), (4.23a)
a(Q,p.q) —b(Q,u,q) = F>(Q,q) Vg €Y(Q), (4.23b)
with
a(Q,u,v) = Oyuv dadt + V.,u - Vo dxdt,
Qa Qa

b(2,p,v) ::/ pu dadt,
Qa

Fi(Q0) = frvdadt,
Qa

FQ(Qaq) = f?qudta
Qa
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and the spaces

Xo(Q) :={veX(Q): Vs, = 0},

X(Q) := L*(0,T; Hy () N H'(0, T; H(2)), Y(Q) := L*(0,T; Hy(52)).
In the following we use the Greek letters ¢, n, 1, ( as variables while the roman letters
(u,p), (w,z) are used for the solution of the state system and adjoint state system,

respectively, cf. [21]. In order to set up the re-parametrized Lagrangian G; we first
consider the Lagrangian £; which reads

£1(97 ¥ 1, ¢7 g) = Jl(Qa 2 T]) + G(Q, ¥, 1/)) - b(Q7 7, W - Fl (Q7 ¢)
+ G<Qa m, C) - b(Qv @, C) - FZ(Q7 C)

Note that the reduced functional J;(2) can be written in terms of £, since

jl(Q) = Jl(Q> U,p) = ‘CI(Q7 u,p, % C)
In order to obtain the shape derivative we need to compute
d d AR

E j1<QT>|7—:0 — E L1<QT7UT7pT7¢7 C) 7_207

where (u,,p;) € Xo(€2,) X Xo(2,) solves the perturbed state system

a(Qr,ur,0) — b, pr,0) = F1(Q:,0) VO €Y(Q,), (4.24a)
a(Qr,pry @) = (s, @) = Fo(Qr,d) Vi € Y(Q,). (4.24b)
However, the derivative of £; can not be computed straightforwardly since after a
change of variables one has to deal with functions ¢ o T;, where ¢ € Xy(€2,) is a
function on the moving domain €, cf. [21]. To get around this difficulty one defines
a re-parametrized Lagrangian
G1:[0,7] x Xo(9) x Xo(2) x X°(Q) x X°(Q) — R,
(Ta@7na¢>C) = Gl(Ta 907777%0707 (425)
Gr(m,0,m,0,C) == Li(Qr,p 0 T o T o T (o T
where X°(Q) := {w € X(Q): w(z,T) =0, z € Q}.

Remark 4.2. In order to define the re-parametrized Lagrangian we assume that

0 € Xo(Q) &= poT'e Xy(Q,),
P e XN < YoT e X Q,).

If the spaces Xy and X correspond to L*(Q) or WP(Q), p > 1 this assumption is
fulfilled, see Theorem and [17, Remark 3.4]. Also for the space L*(0,T; H}(Q2))
this property is clear by Theorem . However, for the space H*(0,T; H~(€2)) the re-
parametrization property is an open question. We want to mention that this property
was already used by Sokolowski in [33].



4.2 Shape derivative of J; and Js 53

The re-parametrized Lagrangian (G; reads after a change of variables

Gl(T7907777w7C): 0 §(T)|cp—u2|2dxdt—i— 0 5(7)|n_p2|2dxdt
Q Q

+ &(1)0pptp dadt + / A(T)V - Vb dadt
Qo Qo

— [ &(rnpdzdt — | &
Qa Qo

+ &(1)0m¢ dadt + / A(T)V,n - V¢ dadt
Qq Qa

(1) f dodt (4.26)

(T)pC dzdt — (1) f5 ¢ dadt,

- ¢ 3
Qa Qa

where u} :=uqgoT,, pj :=pso Ty, f] := fioTy, f5 := fo0T; and
£(7) := det(0T,) = |det(9T;)| for 7 > 0 small, (4.27)
A(7) := det(0T,)0T 0T T. (4.28)
Remark 4.3. Note that we assume V € C}D,R?), i.e. V = V(). Therefore the
transformation €2, = T.(2) only acts on the space variables. This means that the
time derivatives in (4.26)) do not transform after a change of variables. Further the

shortcut f7 := f o T, for a function f : Qp — R means that f7(¢t,y) = f(t,T-(z)),
where y € 2, and z € Q.

The function G; can be interpreted as perturbed Lagrangian brought back to the
original domain Q [13].
The shape derivative in the context of the re-parametrized Lagrangian Gy reads

d d
a7 @) = 3o (G0 Q) (4.29)

where (u7,p7) € Xo(Q) x Xo(Q2) solves

E(T)0wu"p dadt + / A(T)Vu™ - Vb dadt — E(T)p" dadt
Qq Qq Qo
= E(n)fivdedt Vi € Y(Q), (4.30a)
Qe
E(T)0p"™ ¢ dzdt + / A(T)Vp™ - V¢ dadt — E(T)u"¢ dadt
Qe Q Qe
= E(r)f3¢dxdt V(€ Y(Q). (4.30b)

Qo

Note that (4.30) corresponds to the perturbed state system (4.24]) after a change
of variables Q. = T,(Q2). Therefore if (u™,p") solves (4.30) and (u,,p,) solves (4.24)
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these solutions can be written in terms of each other via u, = u™oT ! and p, = p"oT .

In order to compute the shape derivative we want to apply Theorem to (4.29).
Hence, one has to check assumptions (D0)-(D3) in Theorem [4.6] Let us briefly com-
ment on these assumptions. The ideas are taken from [13] and are adapted to our
setting.

(DO0)(i) can be verified by showing that the maps

S = G1<7',U + $ﬂ7n7¢7€>a S = Gl(Tv ‘P7p+ Sﬁ)¢7€)

are continuous differentiable. This can be done by using the theorem of Lebesgue and
the fact that the integrand is continuously differentiable with respect to s.

(D0)(ii) can be shown by direct computation using the boundedness of the mappings
7 — A(1), 7 &(7) described in Theorem [4.2]

(D0)(iii) follows by construction of G;. This means in order to see that G, is affine
linear with respect to 1 write

Gi(1,0,m,%,¢) = C(1,0,m,%) + D(1,0,1,() (4.31)

where C(7,¢,n,1) is linear and D(7, ¢, n, () is constant with respect to 1. The same
can be done to see that G is affine linear with respect to (.

Assumption (D1) can be shown by Lebesgue’s theorem using the fact that the
integrand is differentiable with respect to 7 since the mappings 7 +— A(7) and 7 — £(7)
are differentiable according to Lemma 4.1}

Assumption (D2) can not be verified for the moment since we have not proved any
existence and uniqueness results for the state and adjoint state system in this master
thesis. This task is more involved and is postponed to future work.

In order to verify condition (D3) we assume that assumption (D2) is true and that
there exist constants ¢q, ca > 0 such that

vr e [0,7]: ([ p)lxx < e [[(@7 27 lxx < 2 (4.32)

where (u™,p") =: q¢" € E(7), (w,2") =: p” € Y(7,q",q°). Note that (4.32) is
usually a consequence of (D2). We show that for all sequences (7,,), N\, 0 there exists
a subsequence (7, )x C (7n), such that

(i) Ip™ €Y (n,,q™,q°) : p™ —p’in X x X,

(ii) (1,%,C) — Gi(1,u,p, 1, () is weakly continuous.
We start with (i). Let (7,,), N\ 0. By (4.32) there exist a constant ¢; > 0 such that
foralln e N

1™, p™ M xux <1

Hence, (u™,p™), C X x X is a bounded sequence in a reflexive Banach space. There-

fore there exists a subsequence (u™x,p™), C (u™,p™), and z1,2o € X such that
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(u™, p™) — (z1,22) in X x X. Since (u™x,p™) € E(7,, ) we have (u™k,p™) €
X() X Xo and

E(Tn, ) O™ 1) dazdt + / A(Tn, ) Vo™ - Voth dzdt — &(Tn, )™+ dazdt
Qo Qa

= [ &(n) M dadt Vi€ X,
Qa

Qo

(4.33)

/ S(Tnk)é?tp“kédxdt + / A(T, )V ap™ - fo dxdt — f(Tnk)UT"kéd$dt
Qo Qo Qao (4'34)

= f(Tnk)fQTnkédxdt V¢ e XO.
Qo

Using the weak convergence (u™k,p™k) — (z1,22), the continuity of the mappings
T+ &(7), 7 — A(7) and that according to Lemma T — fiin L*(Qq), 7 — fo
in L?(Qq), we may pass to the limit & — oo in (4.33), and obtain due to
E0) = {(u,p)} that z; = u, 2o = p. Hence, we conclude (u™r,p™) — (u,p) in
X x X. By assumption the sequence (w™k, 2™ )y is bounded. Therefore we can
extract a subsequence which is again denoted by (w™k, 2™ ), and there exist g1, ¢z € X
such that (w™, 2™r) — (g1,q2) in X x X. Since (w™,2™) € Y (7,,,,q™*, q") there
holds

- §(Tn, ) Ow™r @ dadt +/ A(Tp, ) Vw™ - Vo dadt
Qo

@o (4.35)
— E(Tp, ) 2™ pdadt = — E(Tn, ) (U + u™ — 2u;"’“)95 dxdt V¢ € X,

Qa Qa
- &(Tn, ) Opz™rn dadt + / AT, )V 2™ -V dadt

Qo Qa (4.36)
— [ wmipdedt = — [ () (" + p™ = 2py " ) dadt Vi € X,

Qa Qa

Using the weak convergence of the sequences (w™k, z™) — (qi,¢q2), (u™,p™r) —
(u,p), the continuity of the mappings 7 — &(7), 7 — A(7) and that according to
Lemma uy™ — ug in L*(Qq), py* — pa in L*(Qq) we may pass to the limit
k — oo in (4.35), and obtain due to Y (0,¢°) = {(w, 2)} that ¢1 = w,q2 = 2.
Hence, assertion (i) follows. Finally, note that (ii) is fulfilled and we conclude condi-
tion (D3).
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Even though we can not verify all conditions of Theorem [{.6], we will use it to
compute the shape derivative. A formal computation yields

dJ(Q; V) = 0.G1(0,u, p,w, z) = / div V |u — ug)® dadt

Q

—/ 2(u—ud)qud-dedt+/ div V' |p — pa|* dadt

Q Q

— / 2(p — pa)Vapq - V dzdt + / div Voyuw dadt
Qo Qo

+ / (divV — 9V — oV V,u - Vyw dadt — / divVpwdzdt  (4.37)
Qo Q

Q

— / divV fiw dxdt — / V.fi-Vwdzdt + / div VOypz dxdt
Qao Qo Qao

+ / (divV — oV — oV V,p - V,zdzdt — / div Vuz dzdt
Qo Q

Q
— / divV fozdzdt — Vifo - Vzdadt,
Q Qa
where (u,p) = (u°,p°) is solution to the state system ([4.23) and (w,z) = (w°, 2°) is
solution to the adjoint system which reads: Find (w, z) such that

—Ow — Aw — z = —2(u — uy) in Qq, (4.38a)
—Oiz — Az —w = —=2(p—pg) in Qq, (4.38b)
w =20 on X, (4.38¢)
z2=0 on X, (4.38d)
w(T)=0 in €, (4.38¢)
2(T)=0 in Q. (4.38f)
The adjoint system can be derived out of the equations
d,G1(0,u,p,w, 2)(v) =0 Vv e X, (4.39)
d,G1(0,u,p,w,2)(q) =0 Vg € Xo. (4.40)

In the following we will show how to do that by deriving the adjoint equation for the
state u out of (4.39)). Expression (4.39)) is equivalent to

Oyvw dadt+ Vv - V,ow dxdt—/
Qo Qo Q

Integration by parts with respect to the variable ¢ yields

vzdadt = —/ 2(u — ug)vdzdt VYo € X,.
Q Qo

/ v(x, T)w(x,T)dx — / v(z,0)w(x,0)dr — Oywv dadt+
“ “ Qo (4.41)
/ V,w - Vyvdxdt — / vzdadt = —/ 2(u — ug)vdedt Yo € X.
Qa Qa Qa
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Since v € Xy and w € X° the first and second integral of (4.41)) vanishes and we end
up with

— Oywv dxdt + V,w - Vo dxdt — / vz dadt =
—/ 2(u — ug)vdedt Vv € Xj.
Qa

Equation (4.42)) is even well defined for v € Y. Therefore a solution to the variational
formulation: Find w € X° such that

—/ Oywv dzdt + Vw - Vyvdedt — / vzdedt =
—/ 2(u —ug)vdzdt v ey,
Qa

Qa

is also a solution to (4.42) and hence d,G1(0,u,p,w,2)(v) =0 Vv € Xy We will
use variational formulation (4.43) for numerical implementation as it suits our setting
described in Chapter [2| better. Note that (4.43)) is the weak formulation of

—Ow — Aw — z = —2(u — ugy) in Qq, (4.44a)
w =0 on g (4.44b)
w(T) =0 in Q. (4.44c¢)

The adjoint equation for z can be derived in the same way out of (4.40)).

4.2.2 Shape derivative of [,

Recall model problem 2: For given functions ug, pg, f1, f2 € C*(Qp) we consider the
shape optimization problem

T T
min Jo(u,p) == / / |u — ug|” dzdt +/ / lp — pa|” dadt, (4.45)
o Jp o Jp

QcA(D)
where (u,p) € Xy x X is solution to

a1(Q,u,v) — b(p,v) = Fi(v) Yv ey, (4.46a)
az(2,p,q) — b(u,q) = Fa(q) Vg ey, (4.46b)
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with
ar(Q, u,v) = Oyuv dadt + / voVu - Vo dedt,
@b @b
as(2,p,q) = Oypq dxdt + / Ao Vp - Vgdzdt
Q@p @p

b(p,v) ::/ pv dadt,
D

Fi(v) ::/ frv dadt,
D

Fy(q) = foq dxdt,
Qp

where X := {ve X: v|y =0}, X =L*0,T; Hy(D))NH'(0,T; H (D)) and Y =
L*(0,T; Hy(D)). The material parameters are given as vq := v1Xg, +v2(1 — Xg,) and
Ao = AiXg, +A2(1—xq,), where vy, 15, A1, A3 > 0 and xq,, denotes the characteristic
function. Note that in contrast to problem 1 the dependence of the functional J; on €2
is given only implicitly via the states u, p. We can now follow the same procedure as
in Section [.2.1] to build the Lagrangian and to compute the shape derivative. We will
use again the Greek letters (¢, 7,1, () as variables while the roman letters (u, p, w, 2)
are used for the solution of the state and adjoint state system. The Lagrangian L, of
problem 2 reads

['2(97 @51, W C) = JQ(()OJ 7)) + Cll(Q, P ¢> + b(na w) - Fl(d})
+ Gz(Qﬂ% C) + b(gp, C) - FQ(C)

In order to compute the shape derivative we introduce the re-parametrized Lagrangian

Gy :[0,7] x Xo x Xox X?x X° = R,
(7,0,m,9,¢) = Ga(T,0,m,9, (), (4.47)
Gao(T,0,m,,¢) = Lo(Qr, 00 T no T o T (o T

where X' :={ve X : v(z,T)=0, z € D}.

Remark 4.4. In order to build the re-parametrized Lagrangian we assume

peX) c,DOTT_leXO
YpeX &= Yol e X"
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The re-parametrized Lagrangian (G5 reads after a change of variables

Go(T,0,m,0,¢) = ; (1) o — uf|? dedt + ; &(7) In — py)” dadt

+ (1) Opptp daxdt + / voA(T)V e - Vo dadt

Qp D
- () dadt — [ &(7) f{v dedt (4.48)
Qp Qp
+ &(7)0m¢ dzdt + / Mo A(T)Vn - Vo dadt
Qb D
- (T)eCdzdt — [ &(7)f7¢ dadt,
Qb Qb

Note that the transformation 7). does not change the hold all domain, meaning that
T,(D) = D, T;(0D) = 0D. Hence the domain of integration stays the same before
and after the change of variables. The shape derivative in terms of the Lagrangian G,
reads

d d
de(Q’ V) = Ej2(QT) = E GQ(T’ uT7pT7 @D» C)|~r:0 5 (449>

where (u”,p") solves

(1)Oyu™ dzdt + / voA(T)Vu™ - V) dedt — E(T)p" dadt
Qb @b @b
= (1) f{Ydxdt V¢ €Y, (4.50a)
Q@p
E(T)0p" ¢ dxedt + / A A(T)Vp™ - Vi (dzdt — (T)u"¢ daedt
Qb D @b
= E(r)f3¢dxdt V(€Y. (4.50b)
Qb

In order to compute the shape derivative we again want to make use of Theorem [4.6]
Assumptions (D0),(D1),(D3) can be shown analogously as in section described.
However, assumption (D2) can not be verified for the moment since we have not
considered any existence and uniqueness results to the state and adjoint state system,
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respectively. Nevertheless we apply Theorem [4.6]to (4.49) and get

dF (V) = 0.G2(0,u, p,w, 2) = / div V |u — ug|* dadt
Q@p

- / 2(u — uq)Vyug - V dedt + / divV [p — pg|* dzdt

D D

— / 2(p — pa)Vepa -V dadt + / div Vo,uw dzdt

D D

+ / (divV — 9V — oV)\oV,u - Vow dodt — / div Vpwdadt (4.51)
D

D

V.fi - Vwdzdt + / div VOypz dzdt
Qp D

+ / (divV — 0V — oV \qV,p - Vyz dadt — / div Vuz dzdt
Qb Q

D

—/ divV fiw dxdt —
D

—/ diVVngdiL‘dt—/ Vofo - Vzdadt,
Qp Qp

where (u,p) solves (4.46) and (w, z) is solution to the adjoint system which reads

—Oyw — div (vgVw) — z = —=2(u — ug) in Qp, (4.52a)
—0pz — div (A\qV2) —w = =2(p — pa) in Qp, (4.52b)
w=70 on Xp, (4.52¢)

z2=0 on Xp, (4.52d)

w(T) =0 in D, (4.52¢)

2(T) =0 in D. (4.52f)

4.3 Numerical algorithm

In this section we focus on the numerical method which is used to solve model problem
1 and 2. First of all we summarize the main steps of the algorithm and describe the
procedure. Afterwards we discuss the computation of a descent direction in more detail
and demonstrate how one can obtain it in an advantageous manner in a parabolic
setting.

Let us briefly summarize the main ideas of the algorithm. The presented algorithm
is of gradient-type and makes use of the shape derivatives d7,(€2; V) and dJ(£2; V)
computed in the previous section in order to generate descent directions. First of all
we have to solve the state equations (4.23), also known as forward problem
to get the states u,p. We solve this problem by using space-time finite elements as
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explained in Chapter . Next we have to solve the adjoint problems , also
known as backward problem to get the adjoint states w, z. This is also done by using
the approach explained in Chapter [2l Afterwards we compute a descent direction V'
via an auxiliary boundary value problem as explained in . In the last step we
choose a step size 7 and move every node of the finite element mesh according to the
step size in direction V. This procedure results in the following algorithm:

Algorithm 4.7. Choose an initial design §2q.
Forn =0,1,2, ... until converge,

(1) Solve (4.23)) to obtain uy,,p,

(2) Solve (4.38) to obtain wy, z,
(3) Find a vector field V,, such that dJ,(Q,;V,) <0

(4) Choose a step size T, according to the step size rule

(5) Set Q11 = (id + 7, V) ()

Remark 4.5. Algorithm [£.7]is written in terms of model problem 1. If one wants to solve
model problem 2 replace (4.23)),(4.38),d 71 (Q2,; Vi) with (4.46)),(4.52),d T2 (2,; Vi).

Let us comment on step 3 of the algorithm. We have to compute a descent direction
which only acts on the space variables and lets the time variable unaffected. This is
different to a shape optimization problem in an elliptic setting, but we will see that it
can be done in a similar way. We explain the computation of a descent direction in
terms of model problem 1.

In order to determine a descent direction we solve the auxiliary boundary value
problem: Find V € C'(Q, R%) such that

/ 0,V 1 0,W + V- Wdadt = —d 7, (Q, W) VIV € C(Q,RY). (4.53)
Q

This can be done in the following way: First we compute a vector field V e C*(Qgq, RY)
as solution to the boundary value problem

O,V 0, W +V - Wdz = —dL(Q; W) VYW € CY(Qq,RY). (4.54)
Qo

Note that the solution V to is time dependent. This is not what we want to
have since a time dependent vector field would lead to geometries which change in
time. To overcome this issue we compute in a second step a time independent vector
field V by averaging the vector field V with respect to the time variable, i.e.

Vi) = /O 7 (x, 5)ds. (4.55)
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The vector field V' € C'(©,R?Y) then solves (4.53)). This can be seen by testing (4.54)
with W € C*(Q, R%) which yields

—dA QW)= [ 9,V :8,W+V . Wdadt
Qo
= / 0,V : 0,W +V -Wdz VYW € C*Q,R?),
Q

where we used the fact that

T d
/ V- Wdzdt = // (x, t)W;(x)dtdz
Qo

/Z/ (2, )W, dtdx-/ﬂZVj(x)VVj(x)dx

:/V-de,
Q

9,V : 0, Wdzdt = // Z@th&W()dtdx

Qa i =1

/Zaw a/ xtdtdx—/av 0,Wdz.

7,7=1

and

Remark 4.6. A descent direction for model problem 2 can be computed in the same
way as described above. One just has to replace 2 by D, the space C* by C! and d.J;
by dJs.

4.4 Results for model problem 1

In this section we apply Algorithm [£.7] to model problem 1. We present numerical
examples in one and two space variables, respectively. The implementation is done in
the finite element software Netgen/NGSolve [31].

4.4.1 1d-1d

In this example we choose Q,.; = (0,1) and T' = 1. Thus, Qq,,, = (0, 1)?, which is
the unit square. We choose the functions ug, pg to be

ug(x,t) = sin(wz)sin(wt)  for (z,t) € Qrey,
pa(z,t) =z(1 —x)t(1 —t) for (x,t) € Qrey.
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iteration J1 Q

0 1.043¢-01  (0.2,0.8)
3 4.477e-02  (0.109, 0.89)
7 2.227¢-04 (0.007,0.993)
15 3.487e-09 (0,1)

Table 4.1: Evolution of cost J; and domain € for problem (4.22))-(4.23|) with d =1

and determine f1, fo such that ug, pg is solution to (L.18)) on Qq, ... Hence, the functions

f1,f2 read

fi(x,t) = —pg(w,t) + 7 cos(nt) sin(nz) + w2 sin(nt) sin(rx) for (z,t) € Qa,.;
fo(z,t) = —ug(x,t) + (1 —x)(1 — 2t) + 2t(1 — ¢) for (z,1) € Qq,.;-

We choose as initial domain € = (0.2,0.8) which result in Qo = (0.2,0.8) x (0, 1).
Due to the chosen functions we expect that the initial shape 2 converges to (.. In
the numerical test we solved all arising PDEs with piecewise quadratic and globally
continuous finite elements and choose the step size to be 7 = 0.3 in every iteration.

In Table and Figure one can see the numerical results. Table shows
the evolution of the cost J; and the domain 2 while in Figure one can see the
corresponding computational domains (). We observe that after 15 iterations the
domain (2 is basically identical to the reference domain €2,y with cost J;=3.487e-09.
Moreover, we see that the mesh quality over the optimization process is satisfying.

4.4.2 2d-1d

In this example we consider model problem 1 in two spatial coordinates, i.e. d = 2.
In the numerical test we choose the reference domain Q,.; := (0,1)% and 7' = 1. The
reference space-time cylinder is then simply the unit cube, i.e. Q,..; = (0,1)%. We
choose the functions ug4, pg to be

uq(x,y,t) = sin(nz) sin(ry) sin(nt)  for (z,y,t) € Qpey,
pa(z,y,t) =x(l —2)y(l —y)t(L —t) for (z,y,t) € Qpess

and determine f, fo such that ug, pg is solution to ((1.18]) on the reference space-time
cylinder. The functions f;, fo are therefore given by

fi(z,y,t) = —pa(x,y,t) + wsin(mrz) sin(mwy) cos(nt)
+ 21 %ug(w, y, t) for (z,y,t) € Qrey,

fo(@,y,t) = —ua(z,y,t) + (1 — 2)y(1 — y)(1 — 2¢) + 2y(1 — y)t(1 — 1)
+2z(1 — x)t(1 —t) for (z,y,t) € Qpey-
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Ll .

(a) iteration: 0 (b) iteration: 3
(c) iteration: 7 (d) iteration: 15

Figure 4.1: Evolution of the computational domain Qg for problem (4.22))-(4.23) with
d=1



4.5 Results for model problem 2 65

iteration J1

0 5.078e-02
5 4.104e-04
10 2.632e-04
20 1.237e-04
30 1.362¢-05
200 3.565¢-06

Table 4.2: Evolution of cost function J; for problem (4.22))-(4.23]) with d = 2

We choose our initial domain to be Q := (0.2,0.8)% and thus the space-time cylinder
reads Qq = (0.2,0.8)% x (0,1). Moreover, all arising PDEs were solved with piecewise
quadratic and globally continuous finite elements. Since the functional is of
tracking type we expect that the initial domain €2 converge to €2,.¢. In the numerical
test we used a constant step size of 7 = 1.3 in every iteration.

The results of the simulation are shown in Table and Figure [£.2] Table
shows the values of the objective function 7; while Figure depicts the evolution
of shape €). We observe that the values of the cost function decrease from 5.078e-02
in iteration 0 to 3.565e-06 in iteration 200. Moreover, we see that the initial domain
converges as expected to the reference domain. Finally, we want to mention that after
200 iterations we still observed a decrease of the objective functional in every iteration
step.

4.5 Results for model problem 2

In this section we apply Algorithm .7 to model problem 2. We present numerical
examples in one and two space variables, respectively. The implementation is done in
the finite element software Netgen/NGSolve [31].

4.5.1 1d-1d

We choose D = (0,1), Q2 = (0.2,0.8), Q5 = (0.4,0.6) and 7' = 1. We assume that the
material in the domain Qg corresponds to iron while the domain Qp \ Qq corresponds
to air. The particular choice of the material leads to the material coefficients

1 : .
B s in Qq = 80.2 in Qo ’
#Ollirg n QD \ QQ 00262 in QD \ QQ
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) iteration: 0 (b) iteration: 5
) iteration: 10 (d) iteration: 20

e

(e) iteration: 80 (f) iteration: 200

Figure 4.2: Evolution of the domain 2 for problem (4.22)-(4.23)) with d = 2
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iteration N Q

0 1.107e-03 (0.2,0.8)

2 1.134e-04  (0.3182,0.6818)

5 2.273e-05 (0.3581,0.6419)

10 4.907e-06 (0.3789,0.6211)
( )
( )

20 6.259¢-07  (0.3921, 0.6078
20 2.417e-08  (0.3991, 0.6009

Table 4.3: Evolution of the objective function [J, and domain 2 for problem (4.45))-
(4.46)) with d = 1

where pg = 147”7, tr, = 5100, p,, = 1. We choose the functions fi, fo to be

fi(z,t) = —x(1 — 2)t(1 — t) + 7 cos(nt) sin(nz) 4+ 7° sin(nt) sin(mz) for (z,t) € Qp,
fo(z,t) = —sin(mx) sin(nt) + z(1 — x)(1 — 2t) 4+ 2t(1 — ¢) for (z,t) € Qp.

The functions ug, pg are chosen as numerical solution to (|1.21]) on Q) p where we used the
material parameters v, . Aq,, . i.e. we assume our reference geometry to consist of
iron in Q,.; and air in D\ Q,.;. With these settings we expect that the initial domain,
which consists of iron in © and air in D \ €2, converges to the reference geometry.
We solved all arising PDEs with piecewise quadratic and globally continuous finite
elements and used a constant step size of 7 = 100 in every iteration.

The numerical results can be seen in Table [£.3] and Figure [£.3] Table [£.3] shows the
objective value J> and the interval © in different iterations while Figure [4.3]depicts the
evolution of the computational domain )p. The blue area in Figure indicates iron
while the area in red corresponds to air. We observe that the objective value decreases
from a start value of 1.107e-03 to 2.417e-08 in iteration 50. Further we see that the
interval converge from (0.2,0.8) to (0.3991,0.6009) which is almost €,.;. Hence the
simulation fulfills our expectations. Finally we want to mention that also the mesh
quality is satisfying during the whole optimization process as one can see in Figure
4, 3l

4.5.2 2d-1d

In this example we consider model problem 2 in two spatial coordinates, i.e. d =
2. We choose D = (0,1)%, T =1, Q = (0.35,0.65)?, 2y = (0.5,0.5)" and Q,; =
{reD: ||z —x, <03}, We assume that the material in the domains Q, Q,.;
corresponds to air while D\ Q, D \ Q,.; has the material properties of iron. Hence
the reference computational domain can be imagined as an iron cube with a hole of
radius 0.3. The initial computational domain can be viewed as an iron cube with a
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(a) iteration: 0 (b) iteration: 2

(c) iteration: 5 (d) iteration: 10

(e) iteration: 20 (f) iteration: 50

Figure 4.3: Evolution of the computational domain @)p for problem (4.45))-(4.46)) with

d = 1, blue: iron, red: air
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iteration o

0 2.815¢-03
2 1.802e-03
) 5.502e-04
10 4.088e-05
20 1.155e-06
100 9.608e-07

Table 4.4: Evolution of the objective function J5 for problem (4.45)-(4.46)) with d = 2

square hole. We choose the material parameters

1 : .
v — L oy 12 Qo = 0.0262 in Qq |
,uollirg n QD \ QQ 80.2 in QD \ QQ

where pg = %, fr, =1, pr, = 5100. The functions fi, fo read

fi(z,y,t) = —x(1 — 2)y(1 — y)t(1 — t) + 7wsin(7wz) sin(mwy) cos(nt)
+ 27 ug(z, v, t) for (z,y,t) € Qp,

fa(z,y,t) = —sin(mz) sin(my) sin(nt) + (1 — 2)y(1 —y)(1 — 2¢) + 2y(1 — y)t(1 — 1)
+2z(1 —2)t(l — 1) for (z,y,t) € Qp.

The functions ug, pg are chosen as numerical solution to on the reference geom-
etry, i.e. we used vq, . and Aq , as material coefficients. Through these settings we
expect that the initial geometry converges to the reference geometry. We solved all
PDEs in the algorithm with piecewise linear and globally continuous finite elements.
The step size was chosen with 7 = 10 in every iteration.

In Table and Figure 4.4] one can see the numerical results. Table shows
the objective value [J, in different iterations. We observe that the value of the cost
function decreases from 2.815e-03 in iteration 0 to 9.608e-07 in iteration 100. Figure
[4.4] depicts the evolution of the domain D. The blue area indicates the material
corresponding to iron while the red area characterizes air. One can clearly see that
the initial shape converges to the reference shape. Thus the numerical simulation
fulfills our expectations.
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(a) iteration: 0 (b) iteration: 2

(c) iteration: 5 (d) iteration: 10

(e) iteration: 50 (f) iteration: 100

Figure 4.4: Evolution of the domain D for problem (4.45)-(4.46) with d = 2, blue:

iron, red: air



5 Shape optimization of an
asynchronous motor

In this chapter we apply the presented shape optimization techniques to an asyn-
chronous motor in order to determine an optimal rotor design with respect to a given
performance criterion. We want to mention that we do not use any parallel imple-
mentation of the shape optimization algorithm. Hence, we are restricted in the time
scale of the geometric model in order to keep the dimensions of the resulting linear
system low. Further, we restrict ourselves to a linear model of in order to keep
things simple. Moreover, we consider a fixed position of the rotor in our simulations.
For the above reasons the obtained results have to be understood as proof of concept,
meaning that parabolic shape optimization using space-time finite elements can work
for this real world application. In order to obtain more practically relevant results one
has to take parallel implementation and the nonlinearity in the physical model into
account. Since this is beyond the scope of this master thesis we postpone these tasks
to future work.

This chapter is organized as follows: First we explain the shape optimization prob-
lem and specify problem to our concrete application. Next, we discuss the
solvability of the state system. Further we derive the shape derivative of the shape
optimization problem which we need to set up a gradient-based algorithm. Finally,
we apply the algorithm and present some first numerical results.

5.1 Problem formulation

We consider an asynchronous electric motor with a squirrel cage rotor. A schematic
construction can be seen in Figure [5.1(a)] The motor consists of a fixed part called
stator and a rotating part called rotor which are separated by a thin air gap, cf. [12].
The stator consists of coils made of copper which are highlighted in red. The rotor
contains aluminum bars, marked in yellow, which are set into grooves and connected
at both ends via shorting rings forming a cage-like shape, cf. [44]. We refer to the
geometry depicted in Figure as computational domain D C R% The colors
indicate the areas in the motor with different material. Blue corresponds to iron/steel,
red to copper, yellow to aluminum and green to air. We denote the associated domains
with Qpe, Qcw, Qa and Qg;,., respectively.

71
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stator

rotor

(a) (b)

Figure 5.1: (a) Computational domain D, blue: iron, red: copper, green: air, yellow:
aluminum, (b) Design domain Q4 (red)

Remark 5.1 (cf. [12]). For the simulation of electrical machines the computational
domain D typically includes a layer of air around the stator. The reason for this is
that one assumes a homogeneous Dirichlet boundary condition on the boundary 9D,
which implies that B - n|,, = 0. This boundary condition in the context of an electric
motor is more realistic if the computational domain D includes a layer of air outside
the stator.

The design of the rotor grooves and hence the aluminum bars have an impact on the
speed-torque characteristics of the induction motor, cf. [44]. We refer the reader to [3],
Chapter 6.3] for different designs of the bars and their influence on the speed-torque
characteristics. We are interested in finding an optimal design of the rotor bars such
that the overall Joule losses in the rotor due to the harmonics are minimized. In order
to reach that goal we start from the layout in Figure and apply shape optimiza-
tion techniques based on the shape derivative to find an optimal shape of aluminum
inside the rotor. Therefore we first need a suitable formulation as a shape optimization
problem. We state the problem in the following.

In order to describe the electromagnetic-thermal coupling in the induction motor
we use model . Note that is a model for a motor geometry in two space
dimensions. We already mentioned that for simulating electrical machines it is common
to use a two dimensional geometry in space since the axial dimension of the motor
is large compared to its diameter, cf. [12]. Moreover we restrict to the linear
case, i.e. we assume linear material behavior meaning that v, A\, ¢ only depend on
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space and we neglect the nonlinear term on the right side of . Further the
magnetization term on the right hand side of vanishes since we do not have
any permanent magnets in the induction motor. In order to state the mathematical
model we introduce the set €y C D, which denotes the design domain. The design
domain can be seen in Figure which corresponds to the rotor of the motor.
Note that the design domain stays fixed during the whole optimization process. We
denote by 2 C €2, those parts in the design domain which are currently occupied with
aluminum. The current configuration of iron in the motor is then given by

Qf = (Qd \ Q) U QFe,sa
where (24 \ ©) corresponds to the iron in the rotor and Q. s denotes the iron in the

stator. We denote by I';,, and I'; , the interface, where the corresponding material
parameters v, A\ jump, respectively. The problem reads

T
gleiﬂ J(p) := /0 o Ip|? dzdt (5.1)
such that
oo — div (voVu) = J; in D x (0,7), (5.2a)
cr0000p — div (AqVp) = —J50u in D x (0,7), (5.2b)
u=0 on 0D x (0,7, (5.2¢)
pP=g on 0D x (0,7, (5.2d)
u(,0)=0 in D, (5.2¢)
p(.,0) = po in D, (5.2f)
[u]l =0 onIy, x(0,7), (5.2g)
[vaVu - n] = onI'y, x (0,7), (5.2h)
Ip] = onI'yy x (0,7), (5.2i)
MaVp-n] =0 onI'y x (0,7), (5.2j)

where the set of admissible shapes A is given by
A :={Q C Qq: Q open, Lipschitz with uniform Lipschitz constant L4}.  (5.3)

The boundary condition p = g on 9D x (0, T") denotes the temperature on the boundary
of the air layer outside the stator in the simulation interval (0,7) and we choose
g = 295.15 Kelvin which corresponds to room temperature. The initial condition
p(.,0) = po in D denotes the temperature inside the motor at initial time ¢ = 0. We
choose py = 295.15 Kelvin. The material parameters read

37.7-10% in Q
L QU U Qs 58-10°  in Qe
vo=49", . , 0 = .
10000 M Qy 0 in Qg

107 in Q;
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236  in 897 in 2.6989 - 103 in
Ny J01 i Qe Ceno 400 in Qe oo 8.94-10°  in Qe |

0.026 in Quy 1005 in Qg 1.293 in Qi

40 in €y 465  in Q 7.86-10°  in Q

where 19 = 1. Note that the objective function J in depends implicitly on the
shape Q via the state p = p(€2). The states u = u(2), p = p(Q2) depend on Q via the
material parameters. Further we see that the reluctivity vq of copper and aluminum
are the same as for air meaning that the ferromagnetic behavior of these materials are
equal.

5.2 Analysis of the state system

In this section we discuss the solvability of . The key observation is that the
system is decoupled meaning that the boundary value problem associated to
is independent of the temperature p. Hence, we can show existence and uniqueness
of a solution (u,p) to in the following way: In a first step we show that there
exists a unique solution u to the eddy current problem, that is together with the
corresponding boundary, initial and interface conditions. In a second step we use this
solution in order to show that there exists a unique solution p to the heat conduction
problem, that is together with the corresponding boundary, initial and interface
conditions. For the analysis of the eddy current problem we focus on the approach in
[2], [3], [], [19], while for the analysis of the heat conduction problem we focus on the
space-time approach by Steinbach [35], [36] and [37].

5.2.1 Preliminaries

In this section we state the theorems which we will need to state existence and unique-
ness results of the state system (5.2). The definitions and results are taken from
[111, 146].

We start with the definition of an evolution triple.

Definition 5.1 (|46, Def. 23.11}). The triple (V, H, V*) is called evolution triple if
(i) (V,].]ly) is a real, separable and reflexive Banach space,
(ii) (H,(.,.)g) is a real, separable Hilbert space,

(iii) the embedding V' < H is dense and continuous, i.e. V C H, Vile — g and
there exists a ¢ > 0 such that ||z||; < c||z|, for all z € V.

The following theorem states existence and uniqueness of an abstract evolution
equation. We will need this theorem in order to show that the eddy current problem
has a unique solution.
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Theorem 5.1. Let (V, H,V*) be an evolution triple. Let A : L*(0,T;V) — L*(0,T;V*)
be linear. Further assume that A is bounded and coercive, i.e. there exist constants
et st > 0 such that

|[(Au, v)| < C?HUHLQ(O,T;V)”UHLQ(O,T;V) Yu,v € L*(0,T;V) and
(Au,u) > e[l fa 00 Vu € L*(0,T; V),

where {.,.) denotes the duality pairing. Suppose furthermore that F € L*(0,T;V*)
and ug € H. Then the initial value problem

ou+Au=F in L*(0,T;V"),
u(0) = wo,

has a unique solution u € L*(0,T; V) with weak derivative Oyu € L*(0,T; V™).

Proof. A proof can be found in [46, Thm. 23.A, Cor. 23.24] O

Next, we state a theorem which we will need to show that the heat conduction
problem has a unique solution.

Theorem 5.2 (Banach-Necas-Babuska). Let X be a Banach space and let Y be a
reflexive Banach space. Let a € L(X X Y,R) and f € Y'. The variational problem:

Findue X : a(u,v) = f(v) YoeY

has a unique solution if and only if the following conditions hold:

(i)
Ja > 0 inf sup alv, v) > a,
ueX yey |u||X||U||Y

(i)
YoeVY, Vue X, a(u,v) =0) = v =0.

Moreover, the following a priori estimate holds:

1
lullx =~ flly

Proof. A proof can be found in [I1, Theorem 2.6] O
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5.2.2 Eddy current problem

In this section we discuss the existence and uniqueness of a solution to the initial
boundary value problem associated to . This initial boundary value problem
corresponds to a two dimensional eddy current problem. One feature of eddy cur-
rent problems in general is that they are different for conducting (oo > 0) and non-
conducting (oq = 0) regions. In conducting regions they turn out to be of parabolic
type, whereas in non-conducting regions they reduce to an elliptic problem [19]. The
strategy for showing existence and uniqueness results is based on the observation that
the solution in the non-conducting domain is uniquely determined by the solution in
the conducting domain [3]. Hence, one is able to reformulate the variational formu-
lation in terms of the solution to the conducting region and can apply standard tools
to show existence and uniqueness of a solution, cf. [19]. We will explain the crucial
steps in more detail in the following. We follow the lines in [3, [19] and adapt them to
our setting. We introduce the domains

Q)= QUQ, U Qe
QQ = Qair-

The domain €2; consists of those parts of the computational domain D where the
conductivity is greater zero and the domain €2, corresponds to those parts of D where

the conductivity is equal to zero. The eddy current problem in more detail reads: Find
u: D x (0,T) — R such that

o10u — div (1 Vu) = J3 in ; x (0,7), (5.4a)
—div (1.,Vu) =0 in Qy x (0,7), (5.4b)
u=0 on 0D x (0,7, (5.4¢)

u(.,0) =0 in Q, (5.4d)

[u]l =0 onI'r, x(0,7), (5.4e)

[vaVu-n] =0 on Iy, x(0,7T), (5.4f)

where o1 1= 09]91, v = VQ|Qi for ¢ = 1,2. Note that the source current .J3 only acts
in the coils of the motor, i.e. supp (J3) C Q¢y. Therefore we have no source term in
(5. Further note that v is a piecewise constant function while v, is a constant. In
the following we will make use of the notation u; := ulqg for i =1,2.

We show that there exists a unique solution to in the following way: First,
we show that there exists a unique solution us in the non-conducting domain, which
depends on u;. In a second step we exploit this fact to show that there exists a unique
solution u; in the conducting domain. For this reason we start with the observation
that the solution in the conducting domain wus is given by the solution of the boundary
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value problem: For given u; € L?(0,T; H'(Q;)) find uy such that

—div (1,Vuy) =0 in Q9 x (0,7), (5.5a)
up =0 on 0D x (0,7, (5.5b)
Uy = Uy onI';. x (0,7), (5.5¢)

where I'; . denotes the material interface where the conductivity g jumps from og = 0
to oq > 0. One can see that u; together with the condition provide the boundary
conditions for the boundary value problem in . It is well known that obtains
a unique solution by the lemma of Lax-Milgram. Hence, one can define the operator

H o L*0,T; HY () — L*(0,T; H (), uy — H(up) = uo, (5.6)

which maps a given u; € L*(0,T; H*(€1)) to the unique solution us € L*(0, T; H*(€22))
of (5.5)). Note that this operator is linear and bounded. To be more precise there exists
a constant cjf > 0 such that

1H ()l 200100 < Ml p20mmnqary  Yur € L20,T5 H (). (5.7)

Estimation (5.7 is a consequence of the a priori estimate from the lemma of Lax-
Milgram and the boundedness of the trace operator. Introducing the space

uy € L*(0,T; HX(Qy)),
Z=LueL*0,T; H (D)) : uy =H(w), : (5.8)
u=0on9dD x (0,T)

where
HI Q) := {U € H' () : / vder = O},
Q

the variational formulation of (5.4)) reads: Find u € Z with dyu € Z* and u(.,0) =0
in € such that

T T T
/ / o010yuv dadt + / / v1Vu - Vodedt + / / ,Vu - Vo dxdt
0 Ql Ql Q2
/ / Jsvdedt Vv € Z.
951

The variational formulation can be rewritten in terms of the function u; which

reads: Find u; € L*(0,T; Hi(Q )) with yu; € L*(0,T; (H(94))*) and u;(0) = 0 such

that
T T
/ / 010uyv; dedt + / / v1Vuy - Vo daedt
0 Q1 Ql

/ / I/QVH u1 VH 'U1 d.fL'dt / / J3U1 dl’dt
QQ Ql

for all v; € L*(0,T; H(Q

(5.9)

(5.10)
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Theorem 5.3. Let J; € L*(0,T;(H!(4))*) and let the operator H be defined as
in (5.6). Then there exists a unique solution uy € L*(0,T;H(Q)) with Oyuy €
L2(0,T; (HL(Q1))*) to the variational formulation (5.10)).

Proof. Defining the operator A : L*(0,T; H} (1)) — L*(0,T; (H(Q4))*)

T T
(Auy,vp) = / / 1 Vuy - Vup dzdt +/ / vV H(uy) - VH(vy) dadt, (5.11)
0 Ql 0 QQ
where (.,.) denotes the duality pairing and uy,v; € L*(0,T; H}(Q4)), the variational

formulation (5.10)) is equivalent to the operator equation

010y + Auy = J3 in L*(0,T; (HX (1)), (5.12a)
u1(0) = 0. (5.12b)

We apply Theoremto (5.12)). First note that by setting V' = H}(Q), H = L*(Qy)
the triple (V, H,V*) is an evolution triple. The operator A is linear since H is linear.
Using the Cauchy-Schwarz inequality, estimate and that the material parameter
Vg is uniformly bounded, i.e.

Jv, v>0: v<vwg(x,t) <7 V(x,t) € D x(0,T)
we conclude that for all uy, v, € L?(0,T; H}(Q;)) there holds
s, 00)| < PTI98 130+ PITHE) g IV,
< Vlluill oo 2 @y 101l 220 7m0 00y + PINH W L2011 (00 V1| 220,711 (020
=V (1 + (C;{)z) HUIHL?(O,T;Hl(Ql))HUIHL?(O,T;Hl(Ql))?

where Qq, = §; x (0,T) for i = 1,2. Hence, the operator A is bounded. Since
|Vwl| 12(Qq,) defines an equivalent norm in L*(0,T; HY(Qy)) there exists a constant
¢; > 0 such that

Cl||wHL2(0,T;H1(Ql)) < ||vaL2(QQI) Yw € L*(0,T; Hy (). (5.13)

Using the boundedness of the material parameter vq, the estimate |VH (u1)l|2q, ) =
2
0 and estimate (5.13) we conclude

2 2
(Au, ) > v Vi G2,y + 2 VH ) |72(qu,)
2
> v||[Vurll2 g,
> veiljua 7
= 2O % L2 (0,7 HY (1))

which gives coercivity of the operator A. By Theorem [5.1]there exists a unique solution
up € L*(0,T; H () with Opuy € L2(0,T; (HL(Q1))*). O
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5.2.3 Heat conduction problem

In this section we show the existence and uniqueness of a solution to the initial bound-
ary value problem associated to using the fact that there exists a unique solution
u to the eddy current problem. This section is based on [35].

Let T'> 0 and Qp := D x (0,7) be the space time cylinder of the computational
domain D. Further let Xp := 0D x (0,T) and Xpg := D x {0}. We introduce the
spaces

X :=L*0,T; Hy(D))n H*0,T; H (D)), (5.14a)
Xo={veX: vy, =0}, (5.14b)
Y := L*(0,T; Hy(D)). (5.14c)

Since the boundary as well as the initial data on the state p can be seen as Dirichlet
data in the space time cylinder (cf. [35]) we choose the ansatz p = p+pg, where p € X
and py € L*(0,T; H'(D))NH'(0,T; H*(D)) denotes an arbitrary but fixed extension
of the given boundary and initial data. The Petrov-Galerkin variational formulation
of is to find p € X such that

a(p,q) = F(u,q) — a(po,q) Vg €Y, (5.15)
where
a(p,q) ::/ CH7QQQatﬁqd.Tdt+/ Ao Vep - V,qdxdt, (5.16)
D D
F(u,q) := / —J30,uq dxdt. (5.17)
D

We are now able to state the main theorem of this section.

Theorem 5.4. Let the spaces X, Xy, Y be given as in (5.14). Let J5 € L*(Qp) and
po € L*(0,T; HY (D)) n HY(0,T; HY(D)) be some given extension of the initial and
boundary data. Suppose furthermore that uw € Z with 0; € Z* is the unique solution
to (5.2a]). Then the variational formulation (5.15)) admits a unique solution.

Proof. We use Theorem in order to conclude that admits a unique solution
p € Xo. Hence we show that a(.,.) is bounded and fulfills conditions (i) and (ii) in
Theorem 5.2

First note that the coefficients cy o, 0q, Aq are positive and uniform bounded. Hence

we conclude that
T
1plly g = \// /)\vap-vxpd$dt (5.18)
o JD

defines an equivalent norm in Y and

2 2
||p||X7)\Q = \/”CH,QQQatp”lﬁ(O,T;H—l(D)) + ||p||y7>\g (519)
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defines an equivalent norm in X. We make use of the norms , in order
to show the boundedness and the stability condition on the bilinear form a(.,.). The
bilinear form a(.,.) is continuous since for all p € Xy and ¢ € Y there holds by using
duality and the Cauchy-Schwarz inequality

T
/ / AaVp - Veqdxdt
o Jp

S ||CH,QQQat15HL2(0,T;H—1(D))HqHY,)\Q + HﬁHY,)\Q”qHY«\Q
12 —112

< \/5\/HCH,QQQatm|L2(0,T;H—1(D)) + ||p||Y7/\Q|Iq||Y7)\Q

= V2[Bllx p0 4y g

la(p, q)| < [{crn000ip, q)| +

The key in showing a stability estimate for the bilinear form « lies in the special choice

of an element w € Y and the particular choice ¢ = p + w. We start with the trivial
estimate

a(p.q) _ a(p,p+uw)

0#geY HCIHY,AQ N ’|2§+w”x>\9

(5.20)

For p € Xy we choose w € Y as unique solution to the variational formulation
/ AaV,w - Vyodedt = / cuooaOpvdedt Vo €Y. (5.21)
D D
By inserting v = w in (5.21)) we immediately obtain

||w||§/7,\Q = /Q AoV,w - Vow dadt = /Q C[{@QQ@?UJ dxdt
D

D

< HCH,QQﬂatp“L2(0,T;H71(D))||w||y,,\9-

On the other hand we have

95
lerr 0000l 2o sy = SUP {cn0000:p, v)
o orvey  vlly,

{w,v)

= sup ———2 < flw
orvey  [[vlly g

HY,)\Q’
Summing up we get

||w||Y7)\Q - ||CH,QQQatﬁ”Y’)\Qa (522&)

||CH,QQQatﬁH22(0’T;H—1(D)) = ||w||§/)\ﬂ = / cu,n000;pw dzdt = (c00adip, w).
Qp
(5.22b)
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The properties (5.22) on the element w € Y will help us to conclude the stability
estimate as we will see. Considering ([5.20]) again we can estimate

T T
D :/ /CH,QQQ@ppdxdt—l—/ /)\vap-vxpdxdt
= / | enamngi* dadt+ I3,

> Seo [ 1RO+ 11,
0

Lo 2 12 12
= §§£HP<T)HL2(D) + HPHY,AQ 2 HPHY,AQa

where ¢ and ¢ denote the corresponding lower bounds of cy o and gq, respectively
and we used that p(0) = 0 for p € X,. Further, using (5.22b)), the Cauchy-Schwarz
inequality, Young’s inequality and ([5.22al) we have

T
a(p, w) = (cu.n0a0p, w) +/ / AoV.p - Vow dadt
o Jp
112 _
= HCH:QQQatpHLQ(O,T;H—l(D)) - ||p||y,xﬂ||w||y,,\Q
12 Lo 2
> llenaeadibl ey — 5 (18100 + 0l )
1 _u2 s
= 5||CH,QQQafp“LQ(O,T;Hfl(D)) - §||P||Y,AQ-
Hence we get
_ S 1 55l 2
a(p7p+ U)) - 5 ||CH,QQQ tp||L2(07T;H—1(D)) + HpHY’)\Q

= 1Pl

and together with
— 2
15+, <2 (1813, + lls,)

= 2||]§||X7>\Q

we conclude the stability estimate

a(p.q) _ a(p,p+uw)
ozaey lallyng — P+ wllyy,

15 2
s 2llPlig (5.23)
V2Pl x.a,

1
= ——||p Vp € X,.
2\/§Hp“x7>\9 p 0
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In order to show condition (ii) in Theorem [5.2] we show that for all ¢ € Y\ {0} there
exists a p € Xo such that a(p,q) > 0. For ¢ € Y \ {0} we define

¢
plx,t) = / q(z,s)ds forx € Dt e€[0,T].
0

By definition we have p € X and there holds

T
a(p,q) = / / [cr00a0ip(z,t)q(z,t) + Vop(x,t) - Veq(z,t)] dedt
o Jp
T
- / / [cro00 [0p(z, O + Vab(e,1) - Vodipl(z, 0)] dadt  (3:24)
o Jp
_ 1 _
= HCH,QQQatpHi2(QD) + §”V:EP(T)|’%2(D) > 0.

Finally, note that the right hand side in defines a linear and bounded functional
on Y. This follows from J; € L*(Qp), dyu € Z* and the fact that the bilinear form
a(.,.) is bounded for functions py € L*(0,T; H'(D))NH'(0,T; H~'(D)). Thus by using
Theorem the variational formulation has a unique solution p € Xj,. O

5.3 Shape derivative of the objective function

In this section we derive the shape derivative of the objective function via the averaged
adjoint method. Let Q C €y be the current configuration of aluminum in the design
domain. We choose V' € C!(Q4, R?) and assume that the vector field V is extended
by zero to the computational domain D. This leads to a transformation 7. : D — D,
which only acts on the design domain €2; and lets the stator of the motor as well as
the air gap unchanged. To be more precise we have for 7 small that 2, = T, () C Qq,
T-(Qq) = Qa, Tr(Qcw) = Qe Tr(Qair) = Qairy Tr(Qpeys) = Qpes and T7(D) = D.

In order to compute the shape derivative we have to set up the Lagrangian of

problem (5.1)-(5.2). We make use of the spaces

Zy={ueZ:0ueZ ul,0)=01in 4}, (5.25)
2 ={ueZ:0ueZ ul.,T)=0in Q}, (5.26)
X = L*(0,T; HY(D)) N HY(0,T; H (D)), (5.27)
X' ={veX: vT) =0}, (5.28)

where Z is given as in (5.8) and X is given as in (5.14). Recall the variational
formulation (5.9), which reads in more compact form: Find u € % such that

ai(u,v) = Fi(v) Yve Z, (5.29)
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where

T T
ay(u,v) ::/ /Ug@tuvdxdt+/ /l/gvxu-vxvdxdt,
0o JD o Jp
T
:/ /ngdxdt.
0o JbD

Instead of the variational formulation (5.15)) we use the equivalent formulation: Find
p € X such that

as(p,q) = Fy(u,q) Vg€, (5.30a)
Pls, =9, (5.30b)
ls,, = DPo; (5.30c)

where as is given as in (5.16)) and F; is given as in (5.17)). The Lagrangian then reads

L, 0,m,0,6) = J(n) + a1(p, ¥) — F1(¥) + a2(n, ¢) — F2(p, ()
(5.31)
/ | n=gcasat+ [ cnas (10) - m) 0
oD
The adjoint system can be derived from the equations
d,L(Q,u,p,w, z)(v) =0 Yve 2,
and reads in strong form
—oq0yw — div (vgVw) — J30,2 = 0 in Qp, (5.32a)
—cn000iz — div (AaVz) = —2pxq,, in Qp, (5.32b)
w=0 on Xp, (5.32¢)
z2=0 on Xp, (5.32d)
w(T) =0 in D, (5.32¢)
2(T) =0 in D, (5.32f)

where Qq, = Q4 x (0,T). Note that the adjoint system is decoupled. Hence we can
conclude unique solvability to (5.32]) in the same way as for the state system described
in Section [5.2] The re-parametrized Lagrangian

G:[0,7] x 29 x X x2°x X" =R
G(1,0,m,0,C) == L, o0 T o T po T (o T
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then reads

G(t,0,m,,¢) = g §(7) Inl* Xqq, dzdt + f(T)aaatwdwdt

+/ A(T)vaVep - Vb dedt — / J3p dadt
D D

+

E(T)enn0a0mC dedt + A(T)AoVen - Vi dedt (5.33)
@p @p

+/ §(r J38t80Cd:Edt+/ &(r) (n—g7) Cdsdt
/f T)euaoa (n(0) — pg) €(0) da,

where £(7) = |det (0T,)] = det (9T,) for 7 small and A(7) = &(7)0T10T-T. In
order to compute the shape derivative we make use of Theorem [£.6l The hypothe-
ses (D0),(D1) can be shown analogously as described in Section Assumption
(D2) is satisfied since the state system, the adjoint system and the averaged ad-
joint system are uniquely solvable. The verification of (D3) can be done with sim-
ilar techniques as shown in Section [£.2, We apply Theorem and conclude that
dJ(Q; V) = 0,G(0,u, p,w, z), where (u,p) € Z5 x X solves the state system and
(w,z) € Z° x X solves the adjoint system. For computing the shape derivative note
that supp (V) C Qq, supp (J3) C Q¢ and that Q4 N Qe = 0. Further notice that in
our case the functions g and py are constants. Therefore their derivatives vanish and
the shape derivative reads

dJ(; V) = / div V [p|? XQo, dzdt + / div Veoqouw dzdt
D D
+ / (divV — 9V — V") voV,u - Vow dedt
P (5.34)
+ / divVep aoaOpz dadt
D

- / (divV — 0V — V") A\qVup - Vo2 dadt,

5.4 Numerical results

In this section we apply a gradient based shape optimization algorithm to problem
(5.1)-(5.2)) and present the numerical results. The implementation of the algorithm is
done in the finite element software Netgen/NGSolve [31].
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We want to mention that we do not use any parallel implementation. Thus we are
restricted in the size of the space-time geometric model in order to keep the dimen-
sions of the resulting linear system low. For this reason we only simulate the PDEs
for T = 0.02 seconds in time and neglect the layer of air outside the stator in the
computational domain D in our simulations. Due to the short simulation time we
induce a very high current density J3 in order to see a deformation of the shape of the
aluminum bars in the rotor.

In our numerical test we use the initial design depicted in Figure . We choose
a rotor design in which the rotor consists of 28 aluminum bars in rectangular shape.
The numerical algorithm we apply in the test is the same as described in Algorithm
In the algorithm one has to use for the state system , for the adjoint system
(5.32)) and for the shape derivative (5.34). The computation of a descent direction is
done via an auxiliary boundary value problem which reads: Find V' € H}(Q4, R?) such
that

/ OV W +V-W = —dT(uW) YW € H Q4 R?). (5.35)
Qq

The numerical results can be seen in Table and Figure for a constant step
size of 7 = 0.001 in every iteration. Table shows the evolution of the objective
value for 9 iterations. We observe an initial value of 6.729 which decreases to a value
of 6.648 in iteration 9. Further we see that the decrease of the objective value is very
small. This is maybe due to the short period of the simulation time. Figure
shows the design of the rotor after 9 iterations. We observe that the change of the
shape of the aluminum bars is not uniform in the rotor. Some bars tend to get bigger
while others tend to get smaller. Still others seem to not change their shape over the
optimization process. Moreover, we have to say that the change of the shape of most
aluminum bars is small. This observation correlates with the small decrease of the
objective value.
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iteration J

6.729
6.718
6.708
6.698
6.688
6.680
6.671
6.663
6.655
6.648

o

© 00 O Ul W N+

Table 5.1: Values of the objective function J

(a) (b)

Figure 5.2: (a) Initial design of the rotor, (b) Design of the rotor after 9 iterations,
blue: ferromagnetic material, red: non-ferromagnetic material



Conclusion

In this thesis we considered three parabolic shape optimization problems: (i) a one-
phase problem, (ii) an interface problem, (iii) a linear shape optimization problem for
an electric motor. We solved each problem by means of shape optimization techniques
based on sensitivity information. The underlying PDEs were solved via a conforming
space-time finite element method.

First, we concentrated on the parabolic PDE systems which occurred in problem (i)
and (ii). We applied a conforming space-time method to both systems and determined
the experimental order of convergence for the L?-error as well as energy error for
piecewise linear finite elements. Numerical tests showed for (i) and (ii) a quadratic
convergence behavior in the L?-norm and a linear convergence rate in the energy norm.
This coincides with the well-known result for elliptic problems.

Second, we focused on the essential parts in the theory of shape optimization used to
set up an algorithm. We introduced the shape derivative and discussed its computation
for PDE-constrained problems within a Lagrangian framework. Further, we explained
how to exploit the shape derivative to set up gradient-type algorithms.

Next, we considered the shape optimization problems (i) and (ii). We formally
computed the shape derivatives for both problems and pointed out issues when proving
them in a rigorous way. We embedded these derivatives in a gradient-type algorithm
using space-time finite elements. Numerical results showed the correctness of the
proposed algorithm.

Finally, we applied the proposed algorithm to (iii). In order to run the algorithm we
had to use a small simulation time since a parallel implementation was not used. Due
to the small simulation time only minor changes in the design of the rotor could be
seen in the numerical test. Nevertheless, the results demonstrated that the algorithm
also might work in the framework of an electric motor.

Open questions and future work

The work presented in this thesis can be extended in the following directions:

A detailed analysis of the coupled parabolic system presented in Chapter 2 is an
open question. It would be interesting to see if the existence of a unique solution
to this coupled system could be shown by similar techniques as in [35] or if another
approach like the theory of compact perturbations [27, Chapter 8] would be necessary.

87
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Assuming that one is able to prove that the state system has a unique solution the
next step would be to prove the shape derivatives of (i) and (ii) in a rigorous way.
Here a further crucial point lies in showing the function space parametrization, see
Remark [£.2] We want to mention that this property was already used by Sokotowski
in [33].

Problem (iii) demonstrated that a parallel implementation of the space-time method
is mandatory in order to solve parabolic shape optimization problems in the context of
electric motors. It would be interesting to see how the design of the rotor in (iii) would
change if a bigger simulation interval and a parallel implementation of the algorithm
was used.

We only considered a linear shape optimization problem for an electric motor. It
would be more realistic to consider the nonlinear shape optimization problem given
in (0.2). Here, one problem from the modeling point of view is to find the correct
relation between the electrical conductivity ¢ and the temperature . In general this
mapping is not given analytically and one has to approximate it from measured data.
A further challenging task will be the analysis of the nonlinear state system. The
discretization of the nonlinear state system with a conforming space-time method will
lead to a system of nonlinear equations which could be solved by Newton’s method.
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