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Abstract

This work presents the design process of permanent magnet-free brushless AC (induction and
synchronous reluctance) machines for a speci�c actuator application. The speci�cations include
a high dynamic cycle, which should be repeatedly driven by the actuator within given tolerances
in an elevated-temperature environment. Both demands given by the application with respect
to maximum volume, torque-over-speed performance and the thermal limits of the insulation
materials, which limit the maximal loss that may occur, have to be considered.

For the machine's conceptional design, a gross electro-magnetic approach coupled to a thermal
model of the actuator is used to estimate the machine's main dimensions. In a subsequently
re�ned design step, starting from the geometry, semi-analytic modelling approaches and suitable
controller designs are implemented in an optimisation algorithm (genetic algorithm) to develop
designs, appropriate for this application, within the predetermined limits. For this sample case
application, the focus of the optimisation is on minimum losses to prevent the winding of the
machine from thermal damage; but the structure of the electro-magnetic model and the genetic
algorithm allow the presented design method to be also expanded to other applications and
optimisation criteria.

The modelling approaches for the two machine types are validated with computations using
the �nite element method and measurement results of a benchmark study. Due to limitations
of production accuracy, some di�erences between the manufactured motors and the computed
optimal machine designs occur. Their in�uence on the performance of the machine is discussed.

The magnetisation characteristic of the electrical steel sheets is particularly in�uenced by the
degradation caused by laser cutting. This will notably a�ect small machines with small teeth
and can have a great impact on the inductances of the machines.

Both simulation and measurement results show that the IM and SynRM are able to ful�l
the requirements determined by the speci�cations. A comparison between simulations and
measurements for the IM as well as the SynRM is presented, focussing on their dynamic and
loss performances. The IM is slightly preferable with respect to its dynamic behaviour and the
realised position-control accuracy. However, the measured temperature increase indicates lower
losses for the SynRM, which suggests it may be preferred for this application.
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Zusammenfassung

Diese Arbeit beschreibt den Designprozess für bürstenlose Drehstrommaschinen ohne perma-
nent Magneten (Asynchron- und Synchrone Relukanz Motoren) für eine bestimmte Aktuator
Anwendung. Diese Applikation beinhaltet einen hoch dynamischen Zyklus, welcher wiederholt
innerhalb festgelegter Toleranzen durchlaufen werden soll und eine erhöhte Umgebungstempe-
ratur. Beide Anforderungen und die thermischen Grenzen der Isolation der Wicklung müssen
berücksichtigt werden.

Um die grundlegenden Dimensionen der beiden Maschinen abzuschätzen wird ein grobes elektro-
magnetisches Model, welches an ein thermische Modell des Aktuators gekoppelt ist, verwendet.
Im folgenden verfeinerten Designschritt werden semi-analytische Modelle der Maschinen und
geeignete Regler in einem Optimierungsalgorithmus implementiert, um ein Motordesign in-
nerhalb der zuvor festgelegten Grenzen zu berechnen, welches für diese Anwendung geeignet
ist. Für diese exemplarische Anwendung zielt die Optimierung auf minimale Verluste, um die
Wicklung der Maschinen vor thermischer Beschädigung zu bewahren. Die Struktur der Maschi-
nenmodelle und des genetischen Algorithmus erlauben die verwendete Designmethode auch für
andere Anwendungen und Optimierungskriterien zu nützen.

Die Modellierungsansätze der beiden Maschinen wurden mit Finite Elemente Rechnungen und
Messergebnissen einer Benchmarkstudie validiert. Aufgrund gewisser Fertigungsgrenzen treten
Unterschiede zwischen dem optimalen berechneten Design und den realisierten Maschinen auf.
Dieser Ein�uss auf die Leistung der Maschinen wird diskutiert.

Die Magnetisierungskennlinie der Elektrobleche wird durch das Laserschneiden beein�usst. Das
wirkt sich vorallem auf kleine Motoren aus und kann einen groÿen Ein�uss auf die Induktivitäten
der Maschinen haben.

Sowohl Simulations- als auch Messergebnisse zeigen, dass beide Maschinen für diese Anwen-
dung geeignet sind. In dieser Arbeit wird ein Vergleich der Maschinen präsentiert mit Fokus auf
Dynamik und Verluste. Die Asynchronmaschine hat kleine Vorteile in Hinblick auf dynamisches
Verhalten. Jedoch, der gemessene Temperaturanstieg während des Betriebs zeigt geringere Ver-
luste für die Synchrone Reluktanzmaschine. Aus diesem Grund ist sie für diese Anwendung zu
bevorzugen.
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Chapter 1. Introduction

Chapter 1

Introduction

1.1 Motivation

This work presents the design of induction and synchronous reluctance 'machine-based' actua-
tors for a given application in an elevated-temperature environment and discusses their dynamic
and loss performances. The basic concept of designing such an actuator is determined by the
given application which demands

- high dynamic and exact positioning,

- maintenance-free operation,

- an elevated-temperature environment and

- low material costs.

Conventional actuators are based on the hydraulic or pneumatic principle and require addi-
tional components for their �uid supply, e.g. valves which in some cases are high-maintenance.
Actuators based on linear electric machines have been replacing their hydraulic or pneumatic
counterparts for many years (e.g. [1, 2, 3]). With respect to rotating actuators and the most
recent literature, accounts typically refer to applications with much smaller devices than those
of interest in the work reported on here (e.g. [4, 5, 6, 7]).

With the advent of power electronics-based drives and the implementation of �eld-oriented
control as state-of-the-art [8], squirrel cage induction machines (IMs) have become also ap-
propriate for dynamic applications as well. While the market share of synchronous reluctance
machines (SynRMs) is still relatively low, this type of machine has received renewed and height-
ened attention in the last years, as re�ected by an increasing amount of literature on speci�c
design-related questions (e.g. [9, 10, 11, 12, 13]). Both IMs and SynRMs are not only brushless
machines and thus commonly considered to be low-maintenance, but they are also permanent
magnet free, making their application also possible in elevated temperature environments, with-
out the risk of demagnetisation (as already identi�ed two decades ago, e.g. [14]) or the market
uncertainty of rare-earth magnets [15, 16]. Both IMs and SynRMs may be appropriate machine
types for such an application and, with a suitably designed vector control, they should be able
to achieve the desired dynamic behaviour and accuracy [17, 18].

A comparison of an IM and a SynRM for steady-state operation, using the same stator, indi-
cates preferences for the SynRM concerning rated torque [19, 20, 21] and temperature increase
[22, 23, 24]. An elevated-temperature environment, as part of the work, provides a demanding
operating context for the electric actuators. Such operating environments have become increas-
ingly important, as for example re�ected by activities in the �elds of semiconductor devices
and their assemblies (e.g. [25, 26, 27, 28, 29]). Furthermore, permanent magnet (PM) based
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Chapter 1. Introduction

machines, despite an inevitable decrease in volume [30], do not provide a viable option, because
of the additional costs, e.g. for external cooling to protect the permanent magnets (PMs) from
thermal failure. In this context, a better insight into the design challenges of IMs and SynRMs
for this �eld of application will complement the overall understanding of the comparison of
these two types of machines.

When compared with the design criteria of other rotating electric machines, the mass moment
of inertia of the rotor is also a key parameter for the machine design for the present actuator
application, as for any application that demands a high degree of dynamics. Hence, the pos-
sibility of increasing the machine's air gap to reduce the copper loss occurring for a certain
developed torque may at the same time increase the torque required to accelerate the rotor and
thereby the loss.

For the rather small machines of interest in this work, the uncertainties inherent in manufactur-
ing process are relatively high and may have a comparatively large in�uence on the machine's
behaviour. The low-cost requirement of the application, on the other hand, does not allow
for increased demands on the manufacturing accuracy. Therefore, the analysis of the in�uence
of these uncertainties on the machine performances is an important factor in the evaluation
thereof.

To address these questions, this work discusses two optimum machine designs, including the
corresponding design processes tailored to the speci�c application, i.e. minimum loss designs
o�ering a certain required dynamic performance, one for an IM and one for a SynRM. The �nite
element method has become the standard for the computation of electrical machines; though,
depending on the problem, it could require long computing times. This is why simple and fast
semi-analytical models for the computation of those two machine types must be developed,
which can be used within an optimisation algorithm.

The �nal machine designs and the manufactured motors are compared with each other with
regard to loss performance, temperature increase during operation and position control devia-
tion. Furthermore, di�erences between the used controller designs and their in�uence on the
machines' behaviour are discussed.

2



Chapter 1. Introduction

1.2 Speci�cations

The electrical machine should be integrated into a given mechanical system, located in an
elevated-temperature environment, which may not be changed. Therefore, some parameters
such as the shaft diameter of the machine, are determined by the application. In addition,
the focus of the machine design is on minimum losses for the given application to prevent the
insulation of the winding from thermal damaging.

Chapter 1.2.1 presents the example case cycle used to investigate the designs and to illustrate
the methodology and performance and discusses its e�ect on the design process of the machine.
In Section 1.2.2 the mechanical system of the actuator is introduced (see also Fig. 1.1) and
Section 1.3 presents a simple thermal model to estimate the steady-state temperature of the
actuator during operation.

Figure 1.1: Sketch of the spindle, used to transform the circular motion of the motor into a
linear motion of the actuator.

1.2.1 The Cycle

The cycle, shown in Fig. 1.2, includes short periods demanding a high degree of dynamic and
relatively long still standing times, approximately 30%. This cycle, speci�ed by a customer,
should be repeatedly driven by the actuator and forms the starting point of the design process.

The maximum linear adjusting range of this actuator is 14mm. It is converted using an
appropriate mechanic into an azimuthal angle. Consequently, a rotating electrical machine is
used, not a linear drive. Of course, for the electrical machine a position controller has to be
implemented to run through the cycle. In addition, the load of the cycle is position dependent.
The given tolerances of the cycle are shown in Table 1.1, which means, the actuator has to be
able to change its position within 0.1 s with an accuracy of 0.1mm.

Table 1.1: Tolerances of the cycle of the linear distance x and the time t.

Variable Value Unit

∆x ± 0.1 mm
∆t ± 0.1 s

When compared with other applications, the cycle application brings forth the following addi-
tional challenges:

1. During the holding times of the cycle, no mechanical power is delivered to the system, but
the motor still has to generate position depending holding torque, which causes losses. In
these operating points the e�ciency is zero.

3



Chapter 1. Introduction

2. The dynamic periods require a much higher torque than the average torque of the cycle.
In these operating points the motor can be overloaded by a certain degree, which has to
be considered in the design of the machine.

3. Each time the actuator has to change the position, the motor has to accelerate and brake
its own torque of inertia. The rotor diameter dRO of a rotating electrical machine impacts
its torque of inertia with the fourth power, hence dRO is also a key parameter for the
design process.

0 2 4 6 8 10 12
0

2

4

6

8

10

12

14

t / s

x
/
m
m

Figure 1.2: Cycle trajectory x, de�ned by a customer, as a function of time t that should be
repeatedly driven by the actuator. It contains, relatively long resting times, dynamic
phases (step function response of position) and phases of oscillation movement.

1.2.2 The Mechanical System

The actuator has to work against the force of a spring, proportional to the linear displacement,

Fload = Dspring x .

This spring is prestressed, so that at the cycle position x = 0mm the counterforce is already
approximately 50N.
The spindle forms the heart of the mechanical system and transforms the circular motion of the
motor into a linear motion. The spindle pitch kspindle determines the ratio between the linear
and the rotary motion,

x =
kspindle
2π

φ ,

4



Chapter 1. Introduction

and de�nes the maximal values of torque and speed for the motor to ful�l the cycle. Another
important parameter for this system is the friction torque

Tfric =
1

2
F dshaft ηfric + Tbearing .

Unfortunately, the determination of the friction coe�cient ηfric is very di�cult. Therefore, for
the simulations only an estimation of Tfric is used, considering a mean value for the force and
a friction coe�cient ηfric of approximately 5%. The friction coe�cient is in�uenced by the
materials used and determined by an educated guess.

Table 1.2 summarises the parameters given by the mechanical system. A comparison of Tfric
and Tmax shows that this system is disproportionately highly in�uenced by the system friction.

Table 1.2: Summary of the parameters given by the mechanical system.

Description Symbol Value Unit

Counterforce at x = 14mm Fmax 250 N
Counterforce at x = 0mm Fmin 50 N
Spindle pitch kspindle 1.6 mm
Load torque at x = 14mm Tmax 0.064 Nm
Load torque at x = 0mm Tmin 0.013 Nm
Friction torque of the system Tfric 0.036 Nm
Diameter of the shaft dshaft 11 mm
Mass moment of inertia of the shaft Ishaft 3.5 · 10−6 kgm2

DC link voltage UDC 24 V

The cycle is, from a mathematical point of view, except for the two step changes in position,
a �well behaved� function1. Certainly, the actuator will not be able to perform this abrupt
change of the actuating variable immediately, but will react with some kind of delay.
For these step changes in position a preferable response of the system is shown in Fig. 1.3. An
educated guess to estimate the trajectory of the actuator at t = 7 s leads to

x (t) =

[
−95− 18

2
cos

(
2π t

2∆t 0.80

)
+ 18

]
xmax

100
, (1.1)

which allows to compute the driving speed of the motor. Eq. (1.1) describes the position step
of the cycle2 and also considers a safety of 20% of the time tolerance, as depicted in Table 1.1.
The �rst derivative of x with respect to time results in the rotational speed of the motor

n (t) =
30

π

d

dt

(
2 π

kspindle
x (t)

)
to run through the cycle, depicted in Fig. 1.4. The maximal speed is given by

nmax =
95− 18

2

xmax

100

2π

kspindle

π

∆t 0.80

30

π
. (1.2)

Except for the two short periods demanding a high degree of dynamic, the rotational speed
during the cycle is quite moderate. Therefore, the fundamental frequency of the motor supply

1Two times continuously di�erentiable.
2The numbers 95 and 18 in eq. (1.1) denote percent of the maximum linear adjusting range of the actuator.
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Figure 1.3: Comparison of the cycle trajectory (blue line) and the educated guess (red line), as
depicted in eq. (1.1).

voltage will be low as well. Since iron losses depend on the frequency of the supply voltage,
they can be neglected in the simulations in good approximation.

The torque, which has to be generated by the motor during the cycle, is calculated in exactly
the same manner as outlined above and results in

Tmotor = I
d2

dt2

(
2 π

kspindle
x (t)

)
+ Tload (x) + Tfric . (1.3)

An evaluation of eq. (1.3), using a mass moment of inertia for the complete system of

I = 1.35 · 10−5 kgm2 ,

corresponding to a hollow cylinder with an inner diameter of dshaft, an outer diameter of 22mm
and a length of 60mm, gives the maximum motor torque

Tmotor max ≈ 0.50Nm , (1.4)

and the e�ective torque
TRMS ≈ 0.06Nm . (1.5)

TRMS is used as a basis for the design process of the IM (Section 2.1.2). A graph of eq. (1.3) is
shown in Fig. 1.5.
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Figure 1.4: Rotational speed of the motor n as a function of time t required to run through the
cycle, as described by eq. (1.1), parameters from Table 1.2.
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Figure 1.5: The torque Tmotor (red line), which has to be generated by the motor during the
cycle as a function of time t. For comparison also TRMS (orange line, the e�ective
value of Tmotor), Tload (green line) and Tfric (blue line) are plotted separately.
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1.3 Thermal Modelling

The machines have to be designed to operate at an ambient temperature of about Tamb = 100 ◦C.
A simpli�ed thermal model of the actuator was developed to estimate its steady-state temper-
ature. Within this model, the electric machine of the actuator is described as a cylinder with
the outer dimensions of the machine (c.f. Section 2.1) constantly fed with thermal energy.

For about 30% of the driving cycle, the actuator is at rest, making self-cooling impossible and
at the same time, cooling with an external fan would exceed its �nancial limits. Therefore, the
increase of the winding temperature Twinding during operation is an important factor for the
machine design.

The model considers:

1. Free convection: Only free instead of forced convection is considered [31, Chapter Fa] due
to the absence of external cooling for the machine. For the computation of the heat �ow
Q̇ via convection the cylinder barrel and the base area are treated separately.

- Cylinder barrel: The heat-transfer coe�cient λfluid, the kinematic viscosity νkin and
the Prandtl number Pr are selected from a database [31, Chapter Dbb] and are used
for the computation of the heat �ow according to eqs. (1.6) to (1.13).

βexp =
1

Tamb

(1.6)

lstream = dSO
π

2
(1.7)

Gr =
g l3stream
ν2kin

βexp (Twinding − Tamb) (1.8)

Ra = GrPr (1.9)

fPr =

[
1 +

(
0.559

Pr

)9/16
]−16/9

(1.10)

Nu =
[
0.752 + 0.387 (Ra fPr)

1/6
]2

(1.11)

αheat = Nu
λfluid
lstream

(1.12)

Q̇ = π dSO lFe αheat (Twinding − Tamb) (1.13)

- Base area: The heat �ow of the cylinder base area is calculated similarly, where the
values of some parameters di�er, see eqs. (1.14) to (1.17).

lstream = dSO (1.14)

fPr =

[
1 +

(
0.492

Pr

)9/16
]−16/9

(1.15)

Nu =
[
0.825 + 0.387 (Ra fPr)

1/6
]2

(1.16)

Q̇ =
d2SO π

4
lFe αheat (Twinding − Tamb) (1.17)
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Chapter 1. Introduction

2. Radiation: In the given application, the actuator is located in a chamber that is large
compared to its size. Radiation towards in�nity can thus be assumed with good approxi-
mation [32, Chapter 7]. Due to the surface characteristics of the machine, the emissivity
coe�cient is estimated to 0.8, which gives a heat �ow of

Q̇ = σB ϵAcyclinder

(
T 4
winding − T 4

amb

)
, (1.18)

with

σB ≈ 5.67 · 10−8 W

m2K4
. (1.19)

3. Thermal conduction: This heat �ow occurs mainly along the machine mounting, such as
the shaft and the mounting pads/screws. For simpli�cation, all such paths are treated as
one and described by one thermal resistance Rtherm, equivalent to an iron rod of 12mm
diameter and 100mm length, as derived from the application. The heat �ow via thermal
conduction is given by

Q̇ =
Twinding − Tamb

Rtherm

. (1.20)

An estimation of the steady-state temperature, using the conceptional thermal modelling ap-
proach presented in this Section, indicates that the maximal mean copper loss PCu to run
through the cycle at Tamb = 100 ◦C must not exceed 24W. Under these circumstances the mo-
tor would reach an over-temperature (Twinding −Tamb) of about 80K, as illustrated in Fig. 1.6a,
which is at the thermal limit of the winding's insulation.

We note that the results indicate a strong sensitivity of the steady-state temperature towards the
thermal coupling between the machine and the ambient, notably the thermal resistance of the
heat conduction Rtherm. Fig. 1.6b illustrates this sensitivity for di�erent values3 of Rtherm and
assumed total losses (here: copper losses, see Section 1.2.2) of 24W. Thus, a modi�cation of the
mounting arrangement might allow for an additional reduction of the volumes of the machines
that meet the thermal and dynamic requirements. Since both types of machines investigated
showed to ful�l the original design speci�cations, this path has not been investigated further.

3k = 1 �ts to the original computation of Fig. 1.6a.
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(a) Steady-state temperature of the motor as a function of the mean copper losses PCu using the

modelling approach presented in this Section. Tamb indicates the ambient temperature.
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(b) Steady-state temperature of the motor as a function of the thermal resistance of the heat

conduction Rtherm assuming copper losses of 24W. k = 1 �ts to the original computation of

Fig. 1.6a.

Figure 1.6: Results of the thermal model.
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Chapter 2. Induction Machine Modelling

Chapter 2

Induction Machine Modelling

Section 2.1 presents a method to determine the outer dimensions of the machine, which are
�xed in the further design process and act as constraints for the minimal loss design, presented
in Section 4.1. Sections 2.2 and 2.3 discusse basic principles for simulating and controlling the
induction machine. Various deviations for the IM modelling are reviewed in Appendix A.

2.1 Conceptional Design

2.1.1 Overview of the Methodology

A method to estimate the basic dimensions, the outer diameter dSO and the active length
lFe of an induction motor, is presented. This method requires prior knowledge of the inner
dimensions of the motor (such as the ratio between outer diameter and bore diameter) and
uses the maximal permitted losses, which are typically determined by the cooling to compute
the allowed current sheet. To estimate the current linkage and the magnetic �eld density in
the air gap, a linear magnetic characteristic is assumed. Using these electric and magnetic
variables, as well as an educated guess for the rotor current angle, the torque is calculated.

The mechanical demands on the machine result from the de�ned cycle and are considered under
two conditions, eqs. (2.1) and (2.2).

A schematic illustration of the method is shown in Fig. 2.1. In the computation all reasonable
combinations of PCu, dSO and lFe are used to identify a compromise between, on the one hand,
a machine with a small volume and, on the other hand, low losses.

The results of the method, the outer diameter dSO and the active length lFe, are used as
astarting point of a re�ned design in which details, such as the number of slots or the winding
are determined, as discussed in Section 4.1.

2.1.2 Machine Size Estimation

The relations derived in Appendices A.1 and A.2 are used to estimate the main dimensions of
the machine, considering the mechanical constraints, determined by the cycle (Section 1.2.2).
But, to this aim, some additional assumptions have to be made.

1. The conductors in the motor (stator and rotor) are made of copper and a temperature of
100 ◦C is assumed.

2. The permitted losses PCu are divided in the ratio of 2:1 between stator and rotor.

3. The cross sectional area of the rotor bars is circularly shaped.

4. The diameter of the shaft dshaft is 11mm, as depicted in Table 1.2.

11
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..dSO, lFe.PCu

.

JRMS, eq. (A.2)

.
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Table 2.1

.

A, eq. (A.3)
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.

δeff ,
eq. (A.13)
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eqs.
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Figure 2.1: Schematic illustration of the computation to choose suitable values for the outer
dimensions of the machine.

12



Chapter 2. Induction Machine Modelling

5. The other required starting points, for the geometry and material of the motor, are listed
in Table 2.1.

Table 2.1: Starting points for sizing the machine

Description Symbol Value Unit

Ratio of air-gap diameter and outer diameter dδ/dSO 0.525 -
Ratio of height slot-tooth layer and height of stator hST/(hST + hSJ) 0.440 -
Ratio of height slot-tooth layer and height of rotor hRT/(hRT + hRJ) 0.480 -
Ratio of tooth-width and slot pitch stator aS/τSSP 0.250 -
Ratio of tooth-width and slot pitch rotor aR/τRSP 0.333 -
Width of the short-circuit ring1 aSCR 5.0 mm
Air gap length δ 0.2 mm
Carter factor kC 1.2 -
Relative permeability of the iron sheet µr 310 -
Slot �ll factor ksff 0.5 -
Phase angle of rotor current ψR -124 ◦

These values originate from a machine used in a benchmark study and are used to give a rough
estimation of the developed torque for two di�erent cases.

1. Loss equivalent torque

Given the permitted losses, the machine has to produce at least a torque, which causes
the same losses as if the machine would drive through the de�ned cycle.

In contrast to eq. (A.6), which supposes linear magnetic properties and steady state op-
eration, the relationship between copper losses and torque of a �eld oriented controlled
induction motor is similar to a separately excited DC machine (see Section 2.3.1). There-
fore, this loss equivalent torque is given by the e�ective value of the torque TRMS [33,
Chapter 8.3], which has to be generated by the motor during the cycle,

Tmotor ≥ TRMS =

√
1

τ

∫ τ

0

[Tmotor (t)]
2 dt ≈ 0.061Nm . (2.1)

2. Angular acceleration

The machine has to achieve the required angular acceleration,

φ̈ ≥ 1

I
(Tmotor − Tmech) ≈ 3.25 · 104 rad/s2 , (2.2)

to ful�l the cycle, if it is overloaded temporarily by

Tmotor max

TRMS

=
0.50Nm

0.06Nm
≈ 8 .

1The height of the short circuit ring is equal to the rotor height.
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Chapter 2. Induction Machine Modelling

Fig. 2.2 shows the results of the calculation. In terms of color, the surface plot shows the
required permitted losses in Watt to ful�l the conditions of eqs. (2.1) and (2.2) as a function
of the outer diameter dSO and the active length lFe. According to this Figure, a machine with

lFe = 60mm and dSO = 40mm (2.3)

might be a suitable compromise between volume, permitted losses and portion of end windings.

In the subsequent design process of the motor, the outer dimensions (eq. (2.3)) are �xed and
the machine is optimised within these limits.
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Figure 2.2: In terms of color, the required permitted losses PCu in Watt to ful�l the conditions
in eqs. (2.1) and (2.2) as a function of outer diameter dSO and active length lFe.
The computation is performed for p = 1.

14



Chapter 2. Induction Machine Modelling

2.2 Equivalent Circuit

A fundamental wave model of the IM is reviewed in Appendix A.3, which is used for simulation
purposes. Section 2.2.1 discusses the computation of the equivalent circuit parameters.

2.2.1 Calculation of the Equivalent Circuit Parameters

An essential task for simulating electrical machines is the computation of the underlying model
parameters. The more exact these parameters are calculated, the better are the simulation
results. For the presented model of the induction machine �ve parameters are needed, whereby
the calculation of RS, RR and LSσ is straight-forward and is reviewed in detail in [34, 35].

A more complicated challenge is the computation of the leakage inductance of the rotor LRσ

and the main inductance Lh, considering their non-linearities. This is why, this Section focuses
on these parameters.

If additional results of a �nite element analysis [36] are available, it is possible to improve the
model parameters. In the context of this work, steady state characteristics of the induction
machine are computed using the equivalent circuit parameters and are �tted to the results of
the �nite element method. Further details are given in Section 2.2.1.3.

2.2.1.1 Rotor slot leakage inductance

The leakage inductance of a machine can be calculated as the sum of di�erent leakage induc-
tances [37, Chapter 4], such as slot leakage inductance, end winding leakage inductance and
tooth tip leakage inductance.

An essential component for an induction motor is the slot leakage inductance. For a round slot
(sketched in Fig. 2.3) Richter [38, eq. 381] gives the slot permeance factor λ,

λ = 0.47 + 0.066
dbar
aRSO

+
hbar
aRSO

, (2.4)

which is proportional to the inductance. Eq. (2.4) is only applicable for open rotor slots, since

lim
aRSO → 0

λ = ∞ .

The inductance of closed rotor slots, which are often used for IMs, depends highly on the
properties of the material and the saturation of the �ux bridge. Richter also treats this topic
in [39, Fig. 114].

Another semi-analytic approach has been developed in the context of this work and is presented
at this point. On the one hand, this ansatz is based on a �nite element calculation to identify
the saturation of the �ux bridge. On the other hand a �virtual slot opening width� is de�ned.

That means, determining a region of the �ux bridge, which is saturated to a certain degree
(blue area in Fig. 2.3) with the help of the �nite element calculation. For that region the
average of the relative permeability µr using the magnetisation characteristic of the iron sheet
is computed. The remaining part of the �ux bridge is neglected in this consideration.

De�ning this virtual slot opening width leads back to the original eq. (2.4) to calculate the slot
permeance factor λ, except that the result has to be multiplied with the mean value of µr of
the saturated region in the �ux bridge.

The proposed method is, strictly speaking, only valid for a speci�c point of operation of the ma-
chine, but a comparison with results of a �nite element calculation shows a suitable agreement
for steady state characteristics for this application.

15



Chapter 2. Induction Machine Modelling
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dbar
.

hbar

.

aRSO

.

rotor bar

Figure 2.3: Sketch of a round rotor slot. The blue area illustrates the region of the �ux bridge
which is saturated to a certain level. Its width can be used to calculate the slot
permeance factor according to eq. (2.4).

2.2.1.2 Main Inductance

In consideration of saturation, the calculation of the main inductance is based on an accu-
rate calculation of the magnet circuit of the machine for various magnetising currents Îµ, c.f.
Fig. A.2.

The magnet circuit is divided into di�erent regions (air gap, yoke and slot-teeth layer for stator
and rotor) to calculate the required current linkage for a given saturation state but, in contrast
to the deviation in Appendix A.2, the non-linear magnetisation characteristic of the iron sheet
is considered.

The entire computation of the main inductance can be divided into three interlaced calculations,
which are based on [40, Chapter 2]. Within these calculations iterative loops are needed to
obtain self-consistent results.

1. Current linkage of the slot-tooth layer

The aim of this calculation is to obtain the magnetic voltage drop of the slot-tooth layer

Ûδ slot tooth = Ûδ + ÛST + ÛRT , (2.5)

for di�erent values of B̂δ and to consider that a certain part of the magnetic �ux, entering
the slot pitch, will also �ow across the slot. The computation of the magnetic voltage
over the air gap Ûδ is straight forward, according to eq. (A.8).

The challenge is the computation of ÛST and ÛRT. The problem is equivalent to a parallel
connection of a constant magnetic resistance (slot) and a variable one (tooth), which can
only be solved iteratively and has to be performed for every desired value of B̂δ, separately
for stator and rotor.

The di�erent steps of the computation are listed below and illustrated in Fig. 2.4 for the
slot-tooth region of the stator. However, the approach is the same for the rotor.

- At the beginning of the iteration an initial guess for the �ux density in the tooth
is needed. Certainly, the better the start value is estimated, the faster the iteration
converges. A suitable initial guess might be

B̂S tooth = B̂δ
τSSP
aS

. (2.6)
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- In the next step the magnetic �eld strength of the tooth HS tooth is computed using
the magnetisation characteristic of the iron sheet and subsequently the magnetic �ux
density in the slot via

B̂S slot = µ0HS tooth . (2.7)

- The �ux densities of tooth and slot give the magnetic �ux entering the slot pitch,

ΦSSP = ΦS slot + ΦS tooth =
[
B̂S tooth aS + B̂S slot (τSSP − aS)

]
lFe . (2.8)

- ΦSSP is used to compute a new estimation of the air gap �ux density,

B̂∗
δ =

ΦSSP

τSSP lFe
. (2.9)

These steps are repeated until the resulting �ux density of the air gap B̂∗
δ equals the

target value B̂δ.

At the end of the iteration, the last value of HS tooth is used to calculate the magnetic
voltage drop of the slot-tooth layer.

..̂Bδ

target value
.

B̂S tooth

.

B̂S slot

eq. (2.7)

.

ΦSSP

eq. (2.8)

.

B̂∗
δ

eq. (2.9)

.

|B̂δ − B̂∗
δ | < ϵ

.

change B̂S tooth

.

HS tooth

.

ÛST

..

no

.

yes

Figure 2.4: Schematic illustration of the iteration to compute the magnetic voltage drop of the
slot-tooth region ÛST for a given B̂δ.
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2. Current linkage of the yokes

For the calculation of the required current linkage of the yokes ÛSJ and ÛRJ, the previously
obtained result of the slot-tooth layer (Ûδ slot tooth as a function of B̂δ) is needed. Again,
the computation can be divided into di�erent steps, listed below and illustrated in Fig. 2.5
and has to be performed separately for stator and rotor.

- As input for the computation, a speci�c value of B̂∗
δ is needed, which is converted

into the maximum value of current linkage of the slot-tooth layer Û∗
δ slot tooth using

the previously obtained results.

- The distribution of the magnetomotive force of the slot-tooth layer Uδ slot tooth across
a pole pitch is estimated to be trapezoidal, de�ned as follows.

Uδ slot tooth =


3
τp
Û∗
δ slot tooth x 0 ≤ x < τp

3

Û∗
δ slot tooth

τp
3
≤ x < 2 τp

3

− 3
τp
Û∗
δ slot tooth x+ 3 Û∗

δ slot tooth
2 τp
3

≤ x < τp

The current linkage distribution is converted, using again the results of the previous
computation to obtain the �ux density in the slot-tooth layer BδST across a pole
pitch.

- For simpli�cation, only the peak fundamental value B̂1
δST of BδST is used to calculate

the maximum �ux density in the yoke region

B̂1
J =

ΦJ

lFe hJ
=

Φp

2 lFe hJ

eq. (A.10)
=

τp
π hJ

B̂1
δST . (2.10)

- The �ux density in the yoke BJ is approximated sinusoidal and converted into the
magnetic �eld strength in the yoke HJ using the magnetisation characteristic of the
iron sheet.

- The magnetic voltage drop of the yoke is the product of the mean value of the
magnetic �eld strength HJ and the average length of the magnetic �eld lines in the
yoke,

ÛJ = HJ lHJ . (2.11)

3. Main inductance

For the computation of the main inductance, the machine is assumed to be in no-load
operation (no current �ow in rotor, cf. Fig. A.2) for a given stator voltage US and stator
voltage angular frequency ωS. In addition, detailed information on the geometry of the
motor is needed to calculate the leakage inductance LSσ and the ohmic resistance RS of
the stator.

The problem results in an iteration containing di�erent steps, listed below and illustrated
in Fig. 2.6, which has to be performed for every desired value of US.

- The iteration starts with an educated guess for the main inductance Lh, which is
used to compute the voltage drop

Uh = iωS Lh
US

RS + iωS (Lh + LSσ)
.
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Figure 2.5: Schematic illustration to compute required current linkage of the yokes.
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A suitable initial guess might be∣∣∣∣ iωS Lh

RS + iωS (Lh + LSσ)

∣∣∣∣ ≈ 0.85 ,

or, if results of �nished iterations are available, that value of Lh with the stator
voltage nearest to the present one.

- Uh is used to calculate the magnetic �ux

Φp =

√
2Uh

ωS ξ wstr

(2.12)

and the magnetic �ux density in the air gap

B̂δ =
π Φp

2 τp lFe
.

- B̂δ serves as an input for the computation of the magnetic voltage drop of the slot-
tooth layer and the yokes. Their sum gives an expression (eq. (A.7)) for the required
current linkage for one pole of the machine, which is used to compute the magnetizing
current in this operation point,

Iµ =
1

2

Ûp π p√
2mξwstr

, (2.13)

according to [37, eq. (3.60)].

- Ohm's law gives a new estimation for the main inductance

L∗
h =

Uh

ωS Iµ
. (2.14)

These steps are repeated until the kth iteration of Lh equals the (k − 1)th one, within
a speci�ed tolerance limit. To increase the stability of the iteration it is bene�cial to
introduce a relaxation parameter f [41, Chapter 10].

L∗
h (k) = (1− f)

Uh

ωS Iµ
+ f L∗

h (k − 1) , f ∈ (0, 1) .

2.2.1.3 Improving the equivalent circuit parameters

In this work standard minimisation algorithms [42, Chapter 10] are used to adjust the param-
eters of the equivalent circuit, such that steady state characteristics of the induction machine
(no-load curve, current-slip curve and torque-slip curve) computed using the model, derived in
Section A.3, are in agreement with the results of a �nite element simulation. This method is
similar to the method of least squares.

The results of the FEA, presented in Figs. 2.7 to 2.9, are obtained using a two-dimensional
transient simulation. Within the simulation, the voltage, its frequency and the slip are �xed
and the current respectively the torque is computed by averaging over several electric periods,
after the transient e�ect has decayed. The underlying geometry of the presented FEA results
is shown in Fig. 4.3.

To keep the dimensions of the minimisation space as small as possible, the stator ohmic resis-
tance RS is assumed to be correct and is therefore not changed. The computation is divided
into two steps.
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Figure 2.6: Schematic illustration of the iteration to compute the main inductance Lh for a
given stator voltage and stator voltage angular frequency.
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1. The no-load curve (Iµ as a function of US)
At no-load the rotor does not carry any current and the parameters RR and LRσ (cf.
Fig. A.2) do not have any impact. Thus, only two minimisation parameters fLSσ

and fLh
,

de�ned in eq. (2.17), are left over.

Mathematically formulated, the problem yields

min
fLSσ

fLh

χ2 =
∑
i

[Iµ (US)i − IµFEM (US)i]
2

[IµFEM (US)i]
2 . (2.15)

The result of the computation is illustrated in Fig. 2.7.

2. The current-slip (IS as a function of s) and the torque-slip (Tmotor as a function of s)
curve

For this minimisation the previously obtained results (LSσ fit and Lh fit) are used. There-
fore, again only two parameters, fLRσ

and fRR
de�ned in eq. (2.17), have to be varied.

The challenge of this problem is that both, the current-slip and the torque-slip curve,
should be in good agreement with the �nite element analysis, which can be formulated
mathematically as

min
fLRσ

fRR

χ2 =
∑
i

[IS (s)i − ISFEM (s)i]
2

[ISFEM (s)i]
2 +

[Tmotor (s)i − Tmotor FEM (s)i]
2

[Tmotor FEM (s)i]
2 . (2.16)

The results of the computation are shown in Figs. 2.8 and 2.9.

An important part of the minimisation is to set physically reasonable constraints for the factors,
given in eq. (2.17), because even if the result of the minimisation would describe the data of
the �nite element analysis perfectly it need not be correct.

LSσ fit = fLSσ
LSσ Lh fit = fLh

Lh LRσ fit = fLRσ
LRσ RR fit = fRR

RR (2.17)

The result of the minimisation of eqs. (2.15) to (2.17) used for the graphs in Figs. 2.7 to 2.9,
are presented in Table 2.2. These values are also used for the loss computation of the �nal
machine design resulting from the GA (see Section 4.1.2).

Table 2.2: Result of the minimisation of eqs. (2.15) to (2.17). The underlying geometry is the
�nal machine design, shown in Fig. 4.3.

Parameter Value

fLSσ
1.49

fLh
0.92

fLRσ
1.32

fRR
1.03

2.2.1.4 Computation of the Mass Moment of Inertia

For an application, which demands a high degree of dynamic, the mass moment of inertia is
a key parameter for the machine design. Certainly, to obtain reasonable simulation results an
accurate knowledge of this parameter is indispensable.
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The geometry of the IM (c.f. Fig. 4.3) allows to compute its mass moment of inertia analytically
using the parallel-axis theorem. For the computation of a more complex object see Section 3.2.4.
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Figure 2.7: The green line indicates the no-load curve calculated using the equivalent circuit
parameters as described in this Section, the red rings show the results of a �nite
element analysis and the blue line is computed with the optimised parameters,
according to eq. (2.15). The stator voltage frequency of the computation is 50Hz.
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Figure 2.8: The green line indicates the current-slip curve calculated using the equivalent cir-
cuit parameters as described in this Section, the red rings show the results of a
�nite element analysis and the blue line is computed with the optimised parame-
ters, according to eq. (2.16). The stator voltage of the computation is 2V and its
frequency 50Hz.
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Figure 2.9: The green line indicates the current-torque curve calculated using the equivalent
circuit parameters as described in this Section, the red rings show the results of a
�nite element analysis and the blue line is computed with the optimised parame-
ters, according to eq. (2.16). The stator voltage of the computation is 2V and its
frequency 50Hz.
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2.3 Field Oriented Control (FOC)

Field oriented control for IMs �rst proposed by Hasse [43], respectively Blaschke [44], enables
IM for high dynamic operation. The mathematical background is derived in Appendix A.4
and gives an overview of FOC of an IM. Section 2.3.1 treats the design of the controller and a
method to estimate the nominal value of the rotor �ux for minimum loss operation at a given
load is presented in Section 2.3.2.

2.3.1 Controller Design

For controlling an electrical machine it is preferable to be able to adjust the magnetic �ux and
torque independently of each other, similar to a separately excited DC machine. This aim can
be achieved by transforming eqs. (A.22) to (A.25) into the rotor �ux oriented coordinate system
(ΨCS).

A schematic overview of the implemented controller design is illustrated in Fig. 2.10. It consists
of a current controller, a superposed speed, respectively �ux controller and a position controller.
This kind of cascaded controller design [45, 46] has the advantage that the controllers can be
designed from the inside out. The details of the underlying FOC are not shown, due to reasons
of con�dentiality.

Except for the position controller, proportional-integral (PI) controllers including Anti-Windup
[47] strategies are used. In general, the relation of input e(t) and output u(t) of a PI controller
is given by

u (t) = kP

[
e (t) +

1

TI

∫ t

0

e (τ) dτ

]
. (2.18)

In this context, kP represents the controller's gain, a tuning parameter of the proportional part
and TI, the reset time, a tuning parameter of the integral part of the controller. The transfer
function R(s), the Laplace transformation of eq. (2.18), results in

GR (s) =
u (s)

e (s)
= kP

(
1 +

1

s TI

)
. (2.19)

The tuning parameters of the controllers have to be adjusted to their control paths, shown
below.

- Current controller

After subtracting the compensation voltage from eq. (A.42) the control path for the d-
current-controller2 results in

uSd(t) = R iSd(t) + Lσ
d

dt
iSd (t) d t uSd(s) = R iSd(s) + Lσ s iSd (s) ,

and accordingly the transfer function

GS (s) =
iSd (s)

uSd (s)
=

1

R + sLσ

=
1

R

1

1 + s
Lσ

R︸︷︷︸
TC

=
1

R

1

1 + s TC
(2.20)

2Non-linearities of the power converter are neglected in this consideration.
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Chapter 2. Induction Machine Modelling

is obtained. Through reducing the dominant pole, the open loop transfer function G0

gives,

G0 (s) = GRGS =
kP
R

1 + s TI
s TI

1

1 + s TC

TI=TC=
kP
R

1

s TI
. (2.21)

The magnitude optimum criterion [46, Chapter 3] does not provide a unique solution for
the transfer function in eq. (2.21), which means the parameter kp and accordingly the
gain crossover frequency can be chosen arbitrarily from that point of view. In practice,
kp should be �tted to the system requirements.

The control path for the q-current-controller is identical to that of the d-current (cf.
eq. (A.41)), which means two identical controllers have to be implemented. One to control
iSd, the other for iSq.

Since every power converter is restricted to a certain maximum of current IS,max and
voltage US,max these conditions,

IS,max ≥
√
i∗Sd

2 + i∗Sq
2 and US,max ≥

√
u∗Sd

2 + u∗Sq
2 ,

have to be considered in the controller design as well3.

One possible strategy to realise the controller is outlined in the following.

• The rotor �ux ΨR is set to a constant value, thus eq. (A.44) reduces to

Ψ̇Rd = 0 =
RR

Lh + LRσ

(Lh iSd − ΨRd) , (2.22)

and causes a speci�c value of i∗Sd, which is also constant.

• To control the q-component a method similar to the one presented in [48] is imple-
mented. But, in contrast to [48], in this controller design, priority is given to the
d-component of the current and only the rest of the current reserve is available for
i∗Sq to generate torque (cf. eq. (A.46)), which means

i∗Sq,max =
√
I2S,max + i∗Sd

2 .

The voltage limitation is implemented exactly in the same manner.

- Flux controller

The rotor �ux control path is given by eq. (A.44),

d

dt
ΨR (t) =

RR

Lh + LRσ

(Lh iSd (t)− ΨR (t)) d t
s ΨR (s) =

RR

Lh + LRσ

(Lh iSd (s)− ΨR (s)) ,

which results in the transfer function

GS (s) =
ΨR (s)

iSd (s)
=

Lh

1 + s
Lh + LRσ

RR︸ ︷︷ ︸
TΨ

= Lh
1

1 + s TΨ
. (2.23)

3Command variables are marked with a ∗ superscript.
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Eq. (2.23) has the same structure as eq. (2.20) and thus the tuning parameters of the
controller are also chosen in the same manner.

As already mentioned, during operation, the rotor �ux is set to a certain constant value
Ψ ∗
R. Research has shown that the copper losses during the driving cycle are highly a�ected

by Ψ ∗
R. This is discussed in more detail in Section 2.3.2.

- Speed controller

Assuming a constant rotor �ux and a rotor �ux oriented coordinate system, the torque
of the induction machine is proportional to iSq, as described in eq. (A.46). Therefore, a
torque demand causes a required q-current, which is realised by the subordinated current
controller.

The delay of the rotational speed relative to the torque, caused by the mechanical inertia
of the system and the subordinated current controller makes the computation of the
tuning parameters of the speed controller more complex than the one of the current or
the �ux because an exact knowledge of the control path is needed. This topic is not
discussed at this point.

Another more practice-related method to determine the tuning parameters of a controller
was introduced by Ziegler and Nichols [49] and was used to estimate the parameters for
the speed controller. In short, this method uses simple experiments/simulations to obtain
information on the dynamic behaviour of the system and is used to determine the tuning
parameters of the controller in this work.

- Position controller

The position controller is implemented as a proportional controller, because its control
path already contains an integral part,

φ(t) =

∫ t

0

ω(τ)dτ .

To avoid overshooting the deceleration of the machine has to be considered in the con-
troller design as well. Assuming constant deceleration, the output of the position con-
troller ω∗ is limited by the motor torque and mass moment of inertia of the system,

ω∗ =
√
2 ω̇ ∆φ =

√
2
Tmotor

I
∆φ .

Using this approach, ω∗ is proportional to the square root of the control deviation
∆φ = (φ∗ − φ).

To also ensure a suitable controller performance for small deviations ∆φ a linear part
also is implemented in addition.

ω∗ =

{
sgn(∆φ) kP |∆φ| |∆φ| ≤ φ0

sgn(∆φ) kP
√
φ0 |∆φ| |∆φ| > φ0

(2.24)

The tuning parameters, including some safety, can be estimated using Tables 1.1 and 1.2
and eq. (1.4), which result in

φ0 ≈ 1.3
∆x

kspindle
≈ 30 ◦ and kP ≤

√
2Tmotor max

φ0 Isystem
≈ 350 .
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2.3.2 Flux Optimisation

Eq. (A.46) gives the torque of the induction machine in a reference frame oriented to the rotor
�ux,

Tmotor =
3

2
p

Lh

Lh + LRσ

ΨΨ
Rd i

Ψ
Sq .

The controller design (Section 2.3.1) implies that the rotor �ux ΨR is controlled to be constant
on its command value. Thereby, also the d-axis current iSd is determined. If the choice of ΨR

does not �t to the actual operating point, it would cause more losses than necessary.

A controller design by adjusting the rotor �ux to the torque and speed requirements can be
obtained at the cost of a lower dynamic behaviour of the machine [50]. However, the idea to
adjust ΨR to obtain minimal losses can be adopted for the complete cycle, at least on average.
This can be achieved, either, via trial and error, through simulating or operating the machine
for the given cycle and to calculate PCu, or using an approximation, presented below.

In the steady state, the copper losses of an induction machine are given by

PCu =
3

2

[
RS |iS|2 +RR |iR|2

]
, (2.25)

and eq. (2.22) for the rotor �ux reduces to

ΨR = Lh iSd . (2.26)

A adaptation of eq. (A.25) gives an expression for the rotor current,

iR =
1

Lh + LRσ

ΨR − Lh

Lh + LRσ

iS =
Lh

Lh + LRσ

iSd −
Lh

Lh + LRσ

(iSd + i iSq) , (2.27)

in the rotor �ux oriented reference frame. Combining eqs. (2.26) and (2.27) with eq. (2.25)
results in

PCu =
3

2

[
RS

(
i2Sd + i2Sq

)
+RR

L2
h

(Lh + LRσ)2
i2Sq

]
. (2.28)

If additionally the torque, eq. (A.46),

TRMS =
3

2
p

Lh

Lh + LRσ

ΨR iSq ,

is inserted into eq. (2.28), a relation between the copper losses and the e�ective torque TRMS

(= loss equivalent torque) of the given cycle (eq. (2.1)) as a function of iSd is obtained,

PCu =
3

2
RS i

2
Sd +

(
RS +RR

L2
h

(Lh + LRσ)2

)
T 2
RMS (Lh + LRσ)

2

L4
h p

2

2

3

1

i2Sd
. (2.29)

If the main inductance is assumed constant, an analytic expression can be given for the optimal
�ux value ΨRopt, c.f. [51, Section 10.3.8],

d

diSd
PCu

∣∣∣∣∣
Lh = const.

!
= 0 = 3RS iSd −

(
RS +RR

L2
h

(Lh + LRσ)2

)
T 2
RMS (Lh + LRσ)

2

L4
h p

2

4

3

1

i3Sd

⇒ ΨRopt = 4

√(
(Lh + LRσ)2

p2
+
RR L2

h

RS p2

)
T 2
RMS

4

9
. (2.30)
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Otherwise, if the non-linearity of Lh is considered, the minimisation problem

min
iSd

PCu =
3

2
RS i

2
Sd +

(
RS +RR

L2
h (iSd)

(Lh (iSd) + LRσ)2

)
T 2
RMS (Lh (iSd) + LRσ)

2

L4
h (iSd) p

2

2

3

1

i2Sd
, (2.31)

has to be solved numerically.

Fig. 2.11 shows simulation results of the average copper loss PCu (red line) of an induction
machine to run through the cycle as a function of the rotor �ux ΨR. As already mentioned, PCu

is highly a�ected by ΨR. The blue × indicates the approximation for the minimal loss nominal
value of the rotor �ux, according to eq. (2.31).

A further reduction of the copper losses could be achieved by reducing the nominal value of the
rotor �ux during the still standing phases of the cycle (in the extreme case to zero), similar to
zero torque control, presented in Section 5.2.5. This modi�cation of the controller design was
tested in preliminary studies with the result that the required dynamic behaviour cannot be
achieved, if the duration of the resting phases is not known. Note, the speci�ed cycle is only
used as a starting point for the design process. For the �nal application, the actuator should
be able to move to any position within its de�ned adjusting range and tolerances. Therefore
this control strategy would, in principle, be applicable for the speci�c cycle, but not for the
�nal application of the actuator.
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x 10
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Figure 2.11: Simulation results of the average copper loss PCu (red line) of the induction ma-
chine, de�ned in Table 4.3, to run through the cycle as a function of the rotor �ux
ΨR. The blue × indicates the approximation for the minimal loss nominal value of
the rotor �ux, according to eq. (2.31).
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Chapter 3

Synchronous Reluctance Machine

Modelling

The �rst Section of this Chapter treats some basics of the Synchronous Reluctance Machine
(SynRM), the d-q-model and the torque equations. Section 3.2 describes an analytical model
to estimate the magnetising inductances in direct (d) and quadrature (q) axis for the use within
the GA loss minimisation routine (c.f. Section 4.2)1. The controller design for the SynRM is
presented in Section 3.3, followed by a modelling approach to consider cross saturation based
on �nite element analysis in Section 3.4. This modelling approach is used for the comparison
with measurement results in Section 5.3.

3.1 Basic Principles

The working principle of a cageless-rotor synchronous reluctance machine is based on the
anisotropy of its rotor [9], typically realised by internal rotor �ux barriers. The only con-
tribution to its torque originates from the reluctance torque, due to the di�erent magnetic
resistances in direct d- and q-axis. The winding of the stator is similarly structured like that
of an induction machine and is the only current-carrying part.

If core losses can be neglected, as in the case of this application, the voltage equations [52] in
stator �xed reference frame2 (a-b) are given by eqs. (3.1) to (3.3).

uSS = iSSRS +
dΨS

dt
(3.1)

ωR = p ωmech (3.2)

βR = βR0 +

∫ t

0

ωR(τ) dτ (3.3)

.. a.

b

.

d

.

q

.
βR

Figure 3.1: Illustration of the relation between the stator (a-b) and the rotor �xed d-q coordinate
system.

1Note, within the presented analytical model Ld and Lq are assuemed to be constant.
2The superscript denotes in which coordinate system the variable is de�ned (S ...stator, R ...rotor)
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Transforming eq. (3.1) into the rotor �xed coordinate system, using eq. (A.26), results in

uRS eiβR = iRS RS e
iβR +

d

dt

(
ΨR eiβR

)
uRS = iRS RS + Ψ̇R + iΨR dβR

dt︸︷︷︸
ωR

. (3.4)

Splitting eq. (3.4) into its real (d) and imaginary (q) part yields the d-q-model equations:

Ψ̇d = ud − idRS + ωR Ψq , Ψd = Ld id (3.5)

Ψ̇q = uq − iqRS − ωR Ψd , Ψq = Lq iq (3.6)

The corresponding space phasor diagram is shown in Fig. 3.2. Per de�nition, Ld and Lq include
the magnetising inductance for the corresponding direction and the leakage inductance of the
stator.

iS = id + i iq (3.7)

β = arctan
iq
id

(3.8)

Ψh = Ψd + iΨq (3.9)

γ = arctan
Ψq

Ψd

(3.10)

.. d.

q

.

iq

. id.

iS

.

Ψq

. Ψd.

Ψh

Figure 3.2: Space phasor diagramm �xed in the rotor reference frame.

For simulations it is essential to compute the inductances Ld and Lq as accurately as possible.
However, Ld is in�uenced not only by id but also by iq and vice versa [53].

Ψd = Ld(id, iq) id , Ψq = Lq(id, iq) iq (3.11)

This so called cross magnetic saturation can be considered in simulations using a two-dimensional
lookup table extracted from �nite element calculations.

For steady-state, eqs. (3.5) and (3.6) respectively reduce to

Ud = IdRS − ωR LqIq and Uq = IqRS + ωR LdId .

The torque generated by the machine can be derived from the e�ective power balance according
to [54, Chapter 10.2].

Tmotor =
P

ωmech

=
3

ωmech

[
ℜ(U I∗)− I2RS

]
=

3

ωmech

[
Ud Id + Uq Iq −RS(I

2
d + I2q)

]
=

3

ωmech

(−ωR LqIq Id + ωR LdIdIq)

= 3 p (Ld − Lq) Id Iq =
3

2
p (Ld − Lq) id iq (3.12)

Two aspects essential for the machine design follow directly from eq. (3.12).
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1. The inductance di�erence between d and q-axis should be as large as possible to achieve
maximum torque within the limits of allowable volume. This is achieved using so called
�ux barriers in the rotor. The optimal shape and number of the �ux barriers have been
discussed by various publications, e.g. [10, 55, 13].

2. Assuming a constant stator current iS =
√
i2d + i2q and constant inductances the machine

produces its maximal torque if id = iq. This may be taken into consideration in the
controller design.

∂

∂iq
Tmotor =

∂

∂iq

(
3

2
p (Ld − Lq)

√
i2S − i2q iq

)
!
= 0

0 = −1

2

(
i2S − i2q

)− 1
2 2 i2q +

√
i2S − i2q

i2q = i2S − i2q = i2d (3.13)

3.2 Analytic Model

To compute Ld and Lq of a SynRM either analytic or �nite element methods may be used.
At this point, a gross analytic model to estimate the inductances of the SynRM is presented,
whereby the d- and q-axis are treated separately and independently from each other, i.e.,
cross saturation (see eq. (3.11)) is not considered. This model is used within the GA-based
minimisation routine (see Section 4.2).

For the rotor geometry, �ux barriers of a certain number and width, with one width for a
given design are used. The shape of the �ux barriers is based on circles, as shown in Figs. 3.3a
and 3.5a.

The method uses constant stator current as input to compute the magnetomotive force

Θ̂ =
3

2

2

π
ÎS
wstr

p
. (3.14)

To develop the analytic equations, the rotor cross section is simpli�ed into segments and trans-
lated into an equivalent magnetic circuit (see Figs. 3.3 and 3.5). Because of symmetry, only
half a pole has to be modelled.

A few assumptions have been made [56]:

1. The �ux enters the rotor perpendicular to the air gap surface and only at speci�c positions.

2. The current linkage is sinusoidally distributed, but for the computation in the equivalent
circuit an averaged value is used.

3. The surface of the stator is smooth, which means, no in�uence of slotting.

4. The magnetisation characteristic of the iron sheet is linear.

The challenge is the computation of the resistances in the magnet circuit, which depend,
amongst others on the saturation of the machine and the magnetisation characteristic of the
iron sheet. This topic is treated subsequently for d- and q-axis separately.

The equivalent magnetic circuit is solved by applying Kirchho�'s laws, which results in a system
of linear equations. The outcome, the magnetic �ux, is used to compute the �ux density in the
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air gap (see Figs. 3.4 and 3.6). The component of the fundamental wave B̂δ1 is extracted and
used to calculate the main �ux linkage

Ψh(ÎS, β) =
2

π
τp lFewstr ξB̂δ1(ÎS, β) , (3.15)

and �nally the magnetising inductance

L =
Ψh

ÎS
.

In the following, the computation is shown for a rotor cross section with two �ux barriers, but
it is also adjustable for several barriers.

3.2.1 Direct - axis

For the calculation of the d-axis, the stator current phase angle β is zero, i.e., ÎS = Îd. Thus,
the distribution of the current linkage is given by

Θ(φ) = Θ̂ cos(pφ) .

The current linkages occurring in the equivalent circuit are averaged depending on the geometry
(Fig. 3.3a) and are calculated as follows:

φAB = (φB1 + φA2)
1

2
(3.16)

φBC = (φC1 + φB2)
1

2
(3.17)

ΘA =
1

φAB

∫ φAB

0

Θ(φ)dφ (3.18)

ΘB =
1

(φBC − φAB)

∫ φBC

φAB

Θ(φ)dφ (3.19)

ΘC =
1

(φC2 − φBC

∫ φC2

φBC

Θ(φ)dφ (3.20)

The current linkage between φC2 and π/(2p) is neglected in this consideration.

The equivalent circuit contains two di�erent types of magnetic resistances, RJx and Rx, treated
in detail below. For the entire computation, the relative permeability is assumed with µr = 310.3

• RJx, x ∈ [A,B,C]

RJx consider the magnetic voltage drop in the stator yoke.

rJ = dSI/2 + hST + hSJ/2

RJA =
rJ∆φAB

µ0 µr hSJ lFe
, ∆φAB =

φB1 + φB2

2
− φA2

2

RJB =
rJ∆φBC

µ0 µr hSJ lFe
, ∆φBC =

φC1 + φC2

2
− φB1 + φB2

2

RJC =
rJ∆φC

µ0 µr hSJ lFe
, ∆φC =

π

2 p
− φC1 + φC2

2

3This value originates from the assumed magnetisation characteristic of the iron sheet.
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• Rx, x ∈ [A,B,C]

Rx consists of the magnetic voltage drop of the �ux path Rx,path, the air gap Rx, δ and slot
tooth layer Rx, slot tooth. Due to the geometry, it is di�cult to estimate these resistances
accurately. In the computation, some degree of approximation is needed [57].

The magnetic resistances of the �ux paths are calculated via

Rx,path =
larc eff

µ0 µr lFewpath

. (3.21)

In eq. (3.21), wpath denotes the minimum width and larc eff the e�ective length of the �ux
path. For path A, larc eff is taken to be 1/4 of the minimum arc length, for the others it
is the mean length.

The magnetic resistance of the air gap is computed as follows,

Rx, δ =
δ kC

µ0 lFe 0.5 dRO∆φx

and (3.22)

∆φx is de�ned according to

∆φA =
1

2
(φB1 + φA2) ,

∆φB =
1

2
(φC1 + φB2)−

1

2
(φB1 + φA2) and

∆φB = φC2 −
1

2
(φC1 + φB2) .

Rx, slot tooth considers the slotting of the stator and consequently higher �ux densities and
magnetic resistance per length compared to the yoke.

RA, slot tooth =
hST τSSP

µ0 µr lFe 0.5 dSI φA2 aS
(3.23)

RB, slot tooth =
hST τSSP

µ0 µr lFe 0.5 dSI (φB2 − φB1) aS
(3.24)

RC, slot tooth =
hST τSSP

µ0 µr lFe 0.5 dSI (φC2 − φC1) aS
(3.25)

On average, the factor aS/τSSP in eqs. (3.23) to (3.25) is the ratio between the area of the
teeth and the entire area of the slot teeth layer.

The solution of the system of linear equations originating from the equivalent circuit is the
magnetic �uxes Φx, x ∈ [A,B,C]. They are used to compute the magnetic �ux density in the
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air gap as a function of the azimuthal angle φ.

Bδ(φ) =
2ΦA

lFe dδ φA2

, 0 ≤ φ < φA2

Bδ(φ) = 0 , φA2 ≤ φ < φB1

Bδ(φ) =
2ΦB

lFe dδ (φB2 − φB1)
, φB1 ≤ φ < φB2

Bδ(φ) = 0 , φB2 ≤ φ < φC1

Bδ(φ) =
2ΦC

lFe dδ (φC2 − φC1)
, φC1 ≤ φ < φC2

Bδ(φ) = 0 , φC2 ≤ φ <
π

2 p

The result, shown in Fig. 3.4, is extrapolated for a complete pole pair and used to extract the
component of the fundamental wave of the air gap �ux density B̂δ1.

3.2.2 Quadrature - axis

For the computation of the q-axis, the stator current phase angle β is π/2, i.e., ÎS = Îq. Thus,
the distribution of the current linkage is given by

Θ(φ) = Θ̂ sin(pφ) .

The current linkages Θx, x ∈ [A,B,C], occurring in the equivalent circuit are calculated
according to eqs. (3.16) to (3.20). ΘD, which is neglected in the consideration of the d-axis, is
computed by

ΘD =
1

( π
2 p

− φC2)

∫ π/2p

φC2

Θ̂ sin(pφ)dφ . (3.26)

For the computation of the equivalent circuit resistances, an in�nite relative permeability of
the ferromagnetic parts is assumed, except for the �ux bridges. They are highly saturated for
the given current linkage distribution.

Again, two di�erent types of resistances, Rx and Rxy, can be distinguished within the equivalent
circuit.

• Rx, x ∈ [A,B,C,D]

Rx describes the magnetic voltage drop between rotor and stator, similar to Rx, δ in
the computation of the d-axis. Though in this case, the �ux bridges are saturated, which
yield a larger resistance. For convenience, this is taken into account by assuming a relative
permeability µr = 1 for regions between the �ux barriers and the air gap.

RA =
δ kC

µ0 lFe 0.5 dRO φA2

(3.27)

RB =
δ kC

µ0 lFe 0.5 dRO (φB2 − φB1)
(3.28)

RC =
δ kC

µ0 lFe 0.5 dRO (φC2 − φC1)
(3.29)
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(a) Sketch of half a pole of the rotor cross section for the d-axis. The areas marked in red indicate

material with µr = 1, the white areas indicate iron and the blue arrows suggest the favoured

direction of the magnetic �ux.
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(b) Derived equivalent circuit for the d-axis from Fig. 3.3a.

Figure 3.3: Sketch of the rotor cross section and the derived equivalent circuit to compute the
magnetising inductance for the d-axis.
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Figure 3.4: An example of the analytic approximation of the magnetic �ux density in the air
gap (blue line) and the corresponding fundamental wave (red line) for ÎS = Îd.

An exception is given by the resistance RD. For this case an additional �ux barrier has
to be considered, estimated with its average width wbarrier.

RD =
δ kC + wbarrier

µ0 lFe 0.5 dRO

(
π
2 p

− φC2

) (3.30)

• Rxy, x,y ∈ [AB,BC]

These resistances correspond to the magnetic resistances between the �ux paths A and B
respectively B and C and are treated as a parallel connection of two resistances, Rbridge

and Rbarrier.

Since the �ux bridges are neglected in the computation of Rx, x ∈ [A,B,C,D], they are
considered in this case, computed according to

Rbridge =
wbarrier

µ0 µr,bridge lFewbridge

. (3.31)

In eq. (3.31), wbarrier denotes the width of the �ux barrier and wbridge the radial distance
between the �ux barrier and the air gap. µr, bridge is a key parameter of the computation
and may be determined with an educated guess or with the result of a �nite element
analysis.

The computation of Rbarrier is straight forward, using the mean length of the �ux barrier
larc eff ,

Rbarrier =
wbarrier

µ0 lFe larc eff
.
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The rest of the calculation is based on the same procedure as for the d-axis, except for the
computation of the �ux density in the air gap for an azimuthal angle φ ≥ φC2. In contrast to
the d-axis computation, it is given by

Bδ(φ) =
2ΦD

lFe dδ

(
π
2 p

− φC2

) , φC2 ≤ φ <
π

2 p
.

Again the result, shown in Fig. 3.6, is extrapolated for a complete pole pair and the component
of the fundamental wave B̂δ1 is extracted.

3.2.3 Comparison with FEM

A comparison of the presented analytic model and a �nite element analysis for the magnetic
�ux density of the air gap as a function of the azimuthal angle φ is not expedient, because
the presented method does not consider the slotting of the stator. But, if the component
of the fundamental wave is also extracted from the FEM results and averaged over di�erent
rotor positions, the methods are comparable. For the FEM computations, again, transient
simulations with �xed current and speed are performed.

Results for one speci�c operating point are shown in Table 3.1 and Fig. 3.9. Certainly, if
the machine is more saturated, the results will di�er more signi�cantly, because within the
analytical model, only a speci�c saturation state of the machine is considered.

Table 3.1: Comparison of the analytic model and a �nite element analysis for the fundamental
component of the �ux density in the air gap B̂δ1 for one operating point (compare
to Figs. 3.4 and 3.6).
Parameters of the computation: Θ̂ = 98A, dδ = 23mm, µr,bridge = 30, geometry
according to Figs. 3.3a and 3.5a.

Axis B̂δ1 FEM B̂δ1 Analytic model

d 0.32T 0.31T
q 0.13T 0.14T
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(a) Sketch of half a pole of the rotor cross section for the q-axis. The areas marked in red indicate

material with µr = 1, the white areas indicate iron and the blue arrows suggest the favoured

direction of the magnetic �ux.
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(b) Derived equivalent circuit for the q-axis from Fig. 3.5a.

Figure 3.5: Sketch of the rotor cross section and the derived equivalent circuit to compute the
magnetising inductance for the q-axis.
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Figure 3.6: An example of the analytic approximation of the magnetic �ux density in the air
gap (blue line) and the corresponding fundamental wave (red line) for ÎS = Îq.

3.2.4 Computation of the Mass Moment of Inertia

The mass moment of inertia I is computed, assuming a known mass distribution ρmass, by the
volume integral

I = ρmass

∫
r2 dV . (3.32)

For simple rotationally symmetrical objects eq. (3.32) can be solved analytically and/or using
the parallel-axis theorem, discussed in various books on mechanics, such as [58].

If the geometry is more complex, such as the one of the selected rotor cross section of the
SynRM, these analytic methods reach their limits and numerical methods have to be considered.
A suitable approach is given by simple monte carlo integration [42, Chapter 7.7].

This algorithm is based on N uniformly distributed points x1, x2, . . . , xN in a multidimensional
volume V . It can be shown that,∫

f dV = V ⟨f⟩ ±
√

⟨f 2⟩ − ⟨f⟩2
N

.

In this case the angle brackets denote

⟨f⟩ =
1

N

N∑
i=1

f(xi) and ⟨f 2⟩ =
1

N

N∑
i=1

f 2(xi) .

Applied to eq. (3.32), assuming that the random points are distributed in a square with side
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length dRO, yields

I = ρmass lFe

∫
r2 dA ≈ ρmass lFeArotor ⟨r2⟩ = ρmass lFe d

2
RO

n

N

1

n

n∑
i=1

r2i . (3.33)

In eq. (3.33), n is the number of points on the rotor cross section and ri their radius. Points
inside the �ux barriers do not contribute to the moment of inertia.
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3.3 Controller Design

The controller of the synchronous reluctance machine is similarly structured as the one of the
IM (c.f. Section 2.3.1 and Fig. 2.10). Again, a cascaded controller design consisting of a current
controller, a superposed speed and a position controller is implemented and again, except for the
position controller, proportional-integral (PI) controllers including Anti-Windup [47] strategies
are used. Moreover, again, the control paths for the d and q-axis are treated separately.
The main properties of the SynRM's controller are listed below.

- No �ux controller is required.

- The position controller is implemented in exactly the same way as for the induction
machine.

- The control paths of the current controller in d and q-axis di�er from each other, because
of the di�erent inductances (see Section 3.3.1).

- The speed controller uses the MTPA (maximum torque per ampere) control strategy (see
Section 3.3.1) including �eld weakening.

3.3.1 Current Controller

The control paths of the current controller, resulting from eqs. (3.5) and (3.6), are given by

ud (t) = RS id (t) + Ld
d

dt
id (t)−ωR Lq iq (t)︸ ︷︷ ︸

ud, comp

and (3.34)

uq (t) = RS iq (t) + Lq
d

dt
iq (t)+ωR Ld id (t)︸ ︷︷ ︸

uq, comp

. (3.35)

Subtracting the compensation voltages ud, comp and uq, comp from eqs. (3.34) and (3.35) gives a
linear control paths,

ud (s) = RS id (s) + Ld s id (s) and uq (s) = RS iq (s) + Lq s iq (s) , (3.36)

similar to those of the induction machine, c.f. eq. (2.20). The tuning parameters of the controller
were determined in exactly the same way as for the induction machine.

3.3.2 Speed Controller - MTPA

In the basic setting range of the SynRM the maximum torque per ampere strategy (MTPA)
i.e., id = iq, minimises copper losses for an unsaturated machine [59] and is implemented in
the controller. For a saturated machine, the angle between id and iq becomes larger than 45 ◦,
however requiring additional knowledge concerning torque as a function of current, which is
not available, due to the absence of a torque-sensing �ange. For this reason, this characteristic
of the SynRM is not considered within the controller design. Other possibilities to implement
a controller for the SynRM are e.g., discussed in [60].

Since the maximum current IS,max and voltage US,max are determined by the power converter
of the application the conditions,

IS,max ≥
√
i∗d

2 + i∗q
2 and US,max ≥

√
u∗d

2 + u∗q
2 ,

have to be considered in the controller design as well4.

4Command variables are marked with a ∗ superscript.
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To also ensure a maximum torque control in the �eld weakening region, needed in the periods
of abrupt position change within the cycle, a strategy proposed in [61] is implemented. Within
those short phases of the cycle, the machine reaches a high speed, which requires �eld weakening
control, due to the limited voltage.

This method expresses the q-axis current in terms of id,

iq = a id a ∈ R , (3.37)

and establishes a relation between the torque, the d-q-model equations and US,max. This results
in an optimisation problem and its solution, derived below, gives a maximum torque per voltage
(MTPV) control strategy for the SynRM, which is also implemented in the controller design.

The d-q-model equations simplify for steady state, Ψ̇d = Ψ̇q = 0, to

ud = RS id − ωR Lq iq and uq = RS iq + ωR Ld id . (3.38)

Combining eqs. (3.37) and (3.38) and the condition for the maximum voltage US,max results in:

U2
S,max ≥ u2d + u2q = (RS id − ωR Lq iq)

2 + (RS iq + ωR Ld id)
2

= (RS id − ωR Lq a id)
2 + (RS a id + ωR Ld id)

2

i2d =
U2
S,max

(RS − ωR Lq a )
2 + (RS a + ωR Ld)

2 (3.39)

Inserting eqs. (3.37) and (3.39) into the expression for the torque, eq. (3.12), gives

Tmotor =
3

2
p (Ld − Lq) id iq =

3

2
p (Ld − Lq) a i

2
d

=
3

2
p (Ld − Lq) a

U2
S,max

(RS − ωR Lq a )
2 + (RS a + ωR Ld)

2 , (3.40)

and establishes a relation between the torque of the machine and the maximum voltage of the
power converter.

Assuming Ld and Lq constant for any given point of operation, the solution of the optimisation
problem

d

da
Tmotor =

d

da

(
3

2
p (Ld − Lq) a

U2
S,max

(RS − ωR Lq a )
2 + (RS a + ωR Ld)

2

)
!
= 0

yield the equations for maximum torque control in the �eld weakening region, eqs. (3.41)
to (3.43), as also shown in [61].

a =

√
R2

S + ω2
R L

2
d

R2
S + ω2

R L
2
q

(3.41)

i∗d = US,max

√
1

(RS − ωR Lq a )
2 + (RS a + ωR Ld)

2 (3.42)

i∗q = US,max

√
1

(RS/a − ωR Lq )
2 + (RS + ωR Ld/a)

2 (3.43)
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Since the magnetising inductances of the SynRM are a�ected by saturation [62], it is recom-
mendable to consider these non-linearities in the controller design as well. A possible approach
is to perform beforehand simple standstill (locked rotor) DC tests [63] to identify Ld and Lq

as a function of id and iq and to use the results in lookup tables within the controller (see
Fig. 5.13a and [61]). A schematic illustration of the implemented speed controller is shown in
Fig. 3.7, the details of the underlying FOC are not shown, due to reasons of con�dentiality.

The tuning parameters of the proportional-integral speed controller are determined with the
method of Ziegler and Nichols [49] (see Section 2.3.1).
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3.4 Cross Saturation

The saturation of the iron-sheets in synchronous reluctance motors causes a magnetic coupling
between d- and q-axis [62, 63]. This means the magnetic �ux in d-axis does not only depend
on id but also on iq and vice versa and should be taken into account.

Simple analytic models based on a sinusoidally distributed magnetomotive force and a reluc-
tance network for the rotor, such as the one presented in Section 3.2, allow to compute the
magnetising inductances of the machine in one point of operation. But, d- and q-axis are treated
separately and independently from each other and the in�uence of slotting and saturation is
neglected.

More sophisticated (semi) analytic methods based on winding functions e.g. [64], considering
the e�ect of slotting, are able to give an accurate estimation of the �ux density in the air gap
if the core is not saturated.

Computations based on �nite element analysis (FEA) are, in general, able to consider the non-
linearity of the iron sheet and therefore di�erent saturation states of the machine. But FEA
are more computationally intensive than (semi) analytic methods. Especially the simulation
of a transient operation and when the �nite element solver is coupled to another simulation,
which needs small time steps, causes long computing times.

Another approach, which is able to consider cross saturation and to perform transient simula-
tions within reasonable computational time is presented in the following. This model is used
for the comparison with the measurement results (see Section 5.3.3).

This method is based on the d-q-model equations,

Ψ̇d = ud − id (Ψd, Ψq)RS + ωR Ψq and Ψ̇q = uq − iq (Ψd, Ψq)RS − ωR Ψd , (3.44)

and uses results of steady-state �nite element computations to consider the mutual dependences
of the d- and q-axis, provided in two-dimensional lookup tables within the simulation.

The procedure to obtain the data for the lookup table is described below and schematically
shown in Fig. 3.8.

1. The geometry of the machine and speci�c values for the stator current space phasor ÎS
and its angle β (to determine id and iq) are needed as an input to compute the �ux density
distribution of the machine via FEA.

2. The radial component of the �ux density in the mid of the air gap as a function of the
azimuthal angle Bδ (φ) is extracted. The component of the fundamental wave B̂δ1 and
its maximum's azimuthal position γ is computed using the fourier transformation.

3. Eq. (3.15),

Ψh =
2

π
τp lFewstr ξB̂δ1 ,

gives the main �ux linkage Ψh and further Ψd and Ψq, c.f. Fig. 3.2.

4. A two-dimensional linear interpolation provides id and iq as a function of Ψd and Ψq for
use in the lookup table (red terms in eq. (3.44)).

The complete procedure is repeated for various rotor positions to average out the in�uence of
the slotting. The two-dimensional lookup tables itself are shown in Fig. B.2.
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Since harmonics of the �ux density in the air gap and their in�uence on the torque of the
machine are not considered in this approach, a correction value,

ftorque (ÎS) =
Tmotor,dq (ÎS, β = 45 ◦)

Tmotor,FEA (ÎS, β = 45 ◦)
, (3.45)

is introduced to compensate this di�erence, at least on the average, within the simulation.

Fig. 3.9 shows a comparison of steady-state torque characteristic between a �nite element
analysis and the described d-q-model. The factor de�ned in eq. (3.45) ensures that these curves
match each other, at least for id = iq.

..ÎS, β

.

FEA

.

geometry

.

B̂δ1, γ

.

Ψd, Ψq

.

id (Ψd, Ψq)
iq (Ψd, Ψq)

.

Bδ (φ)

.

eq. (3.15)

Figure 3.8: Schematic illustration to obtain the two-dimensional lookup tables to simulate d-q-
model eqs. (3.44). The results are shown in Fig. B.2.

The advantage of this approach is evident, the time-consuming �nite element computation
has to be performed only once beforehand. Afterwards, arbitrary scenarios can be simulated
requiring a fraction of computational time and providing nearly the same degree of accuracy:
as illustrated for example in Fig. 3.10.
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Figure 3.9: Steady state torque characteristic for a stator current of ÎS = 5.1A (which results
in a slightly saturated machine, c.f. Fig. B.1) and a geometry according to Fig. 4.5.
The factor in eq. (3.45) was introduced to compensate the di�erence between the
results of the �nite element analysis (blue +) and the d-q-model (red ◦). The green
line shows the result of the analytic model, presented in Section 3.2.
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(a) Torque Tmotor as a function of time t.
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(b) d-axis current id as a function of time t.

Figure 3.10: Comparison of the presented d-q-model including the torque factor of eq. (3.45)
and a �nite element analysis, computed using JMAGR⃝ [36]. The graphs show a
simulated torque ramp in the �eld weakening region for constant speed.
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Chapter 4

Optimal Designs

This chapter describes an optimal machine design for the IM respectively the SynRM regarding
an arbitrarily criterion, such as maximum torque in a speci�c operating point, or in particular
for this application to run through the de�ned cycle producing a minimum of copper loss.

Therefore, on the one hand, similar to Chapter 2.1.2, some input parameters for the optimisation
have to be de�ned, which completely describe the mechanical and electrical properties of the
machine. The number of input parameters should be chosen according to the rule �as much
as necessary but as little as possible� to keep the space of the optimisation small and further
the computing time as short as possible. On the other hand, also the constraints given by the
application, listed in Tables 1.1 and 1.2 have to be considered.

The outer dimension of the machine were �xed to

lFe = 60mm and dSO = 40mm ,

as a suitable compromise between the volume and the permitted losses (see Section 2.1.2) to
ful�l a steady-state and a transient condition, de�ned in eqs. (2.1) and (2.2), which are derived
from the original cycle, shown in Fig. 1.2.

This high-dimensional and non-linear problem is solved using a Genetic Algorithm (GA) in-
cluded in the Global Optimization Toolbox of the commercial software MATLABr [65]. This
kind of solver enables to �nd the global optimum, or at least a very good local one, for this
type of problem [66].

The main part within a GA is provided by the �tness function, schematically shown in Fig. 4.1.
It uses geometry parameters as input, computes the properties of the resulting machine and
evaluates this machine with a �tness value concerning a de�ned criterion. The formulation of
this optimisation criterion is a very important detail of the computation.

..dSO, lFe.

machine
model

.

optimisation
parameters

.

criterion

.

�tness
value

Figure 4.1: Schematic diagram of the �tness function integrated into the genetic algorithm to
obtain a minimum loss machine design.
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4.1 Optimisation of the IM

For the optimisation of the induction machine 9 parameters, listed below, are used to de�ne its
mechanical (e.g. torque of inertia of the rotor) and electrical (e.g. equivalent circuit parameters)
properties. The slot geometry for the computation of stator and rotor is de�ned in Figs. 2.3
and 4.2. Further constraints and assumptions are listed in Table 4.1.

1. Number of pole pairs p.

2. Number of slots per pole q
p and q de�ne the number of stator slots

NS = 6 p q .

3. Ratio of air-gap diameter dδ and outer diameter dSO
Thereby dδ, the height of the stator (hSJ+hST) and the height of the rotor (hRJ+dbar+hbar)
are determined.

4. Ratio of slot-tooth layer hST of the stator and height of the stator (hST + hSJ).

5. Ratio of stators tooth-width aS and slot pitch τSSP .

6. Ratio of the slot opening width aSSO and the slot width (τSSP − aS) of the stator
In combination with Fig. 4.2 point 4, 5 and 6 determine the complete geometry of the
slot-tooth layer of the stator.

7. Number of rotor bars Nbar,
Nbar de�nes the slot-pitch

τRSP =
(dδ − δ) π

Nbar

.

8. Ratio of rotor tooth width aR and slot pitch τRSP.
The diameter of the rotor bars results in

dbar = τRSP − aR .

Thereby, also the complete geometry of the slot-tooth layer of the rotor is �xed.

9. Magnetic �ux density in the air gap B̂δ for nominal voltage and frequency.
Thus, also the nominal magnetic �ux Φp of the machine is determined and further the
number of turns in series wstr per phase of the machine.

The machine is designed under consideration of all these constraints regarding a certain crite-
rion, which is de�ned in Section 4.1.1.
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Figure 4.2: Sketch of the de�ned stator slot. Parallel teeth are assumed. The orange area
illustrates the space for the winding.

Table 4.1: Additional assumptions and constraints.

Description Symbol Value Unit

Nominal voltage (e�ective value) US 2 V
Nominal frequency fS 50 p Hz
Slot �ll factor ksff 0.5 -
Air gap length δ 0.2 mm
Virtual slot opening width of rotor aRSO 3 δ mm
Distance between the outer diameter of rotor and the rotor bar hbar 0.1 mm
Relative permeability in the �ux bridge of rotor µr 10 -
Width of the short-circuit ring1 aSCR 5.0 mm
Length of winding overhang - 10 mm

1The height of the short-circuit ring is equal to the rotor height.
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4.1.1 Optimisation Criterion

A custom-designed optimisation criterion is needed, which represents the quality of a machine
design in a single value. Amongst others, for this application two di�erent criteria, entailing
advantages and disadvantages, were used.

1. A machine speci�c characteristic
The equivalent circuit parameters are used to compute a steady-state characteristic of the
machine at nominal voltage and frequency. An empirically found criterion, according to∫ 1

0

Tmotor (s)

PCu,Stator (s)
ds ,

has been proven to be useful for this application. That means the machine, which gener-
ates most torque per losses, integrated over the entire torque slip curve, obtains the best
�tness value.

The advantage of this criterion is that it needs relatively little computation time. On
the other hand, it is not possible to predict the losses to run through the complete cycle
within the optimisation algorithm. This has to be performed after the GA has converged.

2. The complete cycle
A more straightforward approach is to simulate the complete cycle and to use the com-
puted losses as �tness value. Since simulating the complete cycle including the �ux
optimisation approach (Section 2.3.2) is time-consuming, machine designs, which do not
ful�l eq. (2.2) are rejected beforehand.

In the context of this work, the optimisation was performed using both types for calculating
the �tness value with comparable results.

4.1.2 Final Machine Design

Within an outer diameter of 40mm and an active length of 60mm, the minimum loss design
of the GA yields the set of parameters listed in Table 4.2. These parameters determine the
electrical and mechanical properties of the machine, listed in Table 4.3. The cross section of
the machine is shown in Fig. 4.3 and the computed steady-state characteristics of the machine
are presented in the Figs. 2.7 to 2.9.

The mean copper losses to run through the cycle of the optimal machine design, considering
the speci�cations of Section 1.2 and the parameters of Table 2.2, yields

PCu ≈ 1

12

∫ 12

0

3

2

[
RS

(
i2Sd (t) + i2Sq (t)

)
+RR i

2
Sq (t)

]
dt ≈ 19.5W . (4.1)

Table 4.2: Result of the GA to obtain a minimum loss design for a machine with an outer
diameter dSO of 40mm and an active length lFe of 60mm.

Parameters p q dδ
dSO

hST

hSJ+hST

aS
τSSP

aSSO
τSSP−aS

Nbar
aR

τRSP
B̂δ

Value 1 3 0.54 0.66 0.36 0.35 32 0.71 0.21T
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Figure 4.3: Cross section of the induction machine's �nal design, visualised using JMAGR⃝ [36].

Table 4.3: Further information on the minimal loss machine design shown in Table 4.2. The
electrical parameters are computed for a temperature of 100 ◦C and are �tted to a
�nite element computation, c.f. Section 2.2.1.3.

Description Symbol Value Unit

Stator outer diameter dSO 40.00 mm
Stator bore diameter dSI 21.68 mm
Height of stators slot-tooth layer hST 6.03 mm
Height of stator yoke hSJ 3.13 mm
Tooth width stator aS 1.35 mm
Slot opening width of the stator aSSO 0.86 mm
Cross-sectional area of one stator slot - 19.35 mm2

Number of turns in series per phase wstr 27 -

Rotor outer diameter dRO 21.28 mm
Rotor bar diameter dbar 1.48 mm
Rotor's mass moment of inertia I 1.08 · 10−5 kgm2

Stator ohmic resistance RS 0.14 Ω
Rotor ohmic resistance RR 0.24 Ω
Stator leakage inductance LSσ 0.13 mH
Rotor leakage inductance LRσ 0.20 mH
Main inductance at nominal voltage and frequency Lh 1.45 mH
Optimal nominal value of rotor �ux ΨRopt 9.5 · 10−3 Vs

56



Chapter 4. Optimal Designs

4.2 Optimisation of the SynRM

Similar to the IM (see Section 4.1), also for the SynRM, the previously presented analytic model
(Section 3.2) is used within a GA to obtain an optimal machine design for this application.

Again, some input parameters for the optimisation have to be de�ned, which completely de-
scribe the machine, but they di�er slightly to those of the induction motor. Also, the optimi-
sation criterion determining the �tness value, presented in Section 4.2.1, which evaluates the
quality of a machine design in a single value has to be adjusted to the current issue.

For an adequate comparison between the IM and the SynRM, both machine types have to be
optimised relating to the same constraints. In particular, the outer dimensions of the machine
are �xed to

lFe = 60mm and dSO = 40mm .

For the computation of the optimal machine design of the SynRM 7 parameters, listed below,
are used as an input to determine mechanical and electrical properties.

1. Number of pole pairs p.

2. Number of slots per pole q.

3. Ratio of air-gap diameter dδ and outer diameter dSO.

4. Ratio of slot-tooth layer hST of the stator and height of the stator (hST + hSJ).

5. Ratio of stators tooth-width aS and slot pitch τSSP .

6. Number of �ux barriers in the rotor cross section Nbarrier.

7. Ratio of �ux barrier width wbarrier to �ux path width wpath.
2

In contrast to the optimisation of the IM, two parameters, B̂δ
3 and aSSO

4, are determined with
an educated guess: Both are of secondary importance in the analytic model.

Table 4.4: Additional assumptions and constraints for the minimum loss design of the SynRM.
Geometry parameters are de�ned in Fig. 4.4.

Description Symbol Value Unit

Nominal voltage (e�ective value) US 2 V
Nominal frequency fS 20 p Hz
Slot �ll factor ksff 0.5 -
Air gap length δ 0.2 mm
Length of winding overhang - 10 mm
Relative permeability of the iron sheets5 µr 310 -
Relative permeability in the �ux bridge of the rotor6 µr,bridge 5 -
Width of the �ux bridge of the rotor wbridge 0.25 mm

2wbarrier and wpath are de�ned in Fig. 4.4.
3The magnetic �ux density in the air gap, determined with B̂δ = 0.3T, for ÎS = Îd.
4The slot opening width of the stator aSSO a�ects only the carter factor and is set to half of the slot width.
5Needed for the computation of Ld.
6Needed for the computation of Lq.
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Figure 4.4: Sketch of half a pole of the rotor cross section. The areas marked in red indicate
the �ux barriers (material with µr = 1), the �ux bridges are highlighted in blue.

4.2.1 Optimisation Criterion

For this application two di�erent �tness values have been shown to provide the desired results.

1. Maximum torque per copper loss
A �tness value according to

Tmotor

PCu

∝ p (Ld − Lq) Id Iq

RS

(
I2d + I2q

) Id=Iq∝ p (Ld − Lq)

RS

,

does only depend on the geometrical parameters of the machine. Certainly machine
designs, which do not ful�ll conditions determined by the cycle, such as the required
acceleration assuming a temporarily overload, are rejected.

2. The complete cycle
Again, the straightforward approach is to simulate the complete cycle and to use the
computed losses as �tness value. But also for the SynRM simulating the complete cycle
needs a lot of computational time.

For this reason, it is also suitable to reject machine designs which do not ful�l eq. (2.2)
beforehand.

4.2.2 Final Machine Design

The optimisation results in the set of parameters listed in Table 4.5. These parameters de-
termine the cross section, shown in Figure 4.5, the electrical and mechanical properties of the
machine, listed in Table 4.6.
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The mean copper looses to run through the cycle of the optimal machine design, using the
two-dimensional lookup tables for the d-q-model (eqs. (3.44)) of Fig. B.2, the dependencies of
the magnetising inductances Ld and Lq of Fig. B.1 for the speed controller and considering the
speci�cations of Section 1.2, yields

PCu =
1

12

∫ 12

0

3

2
RS i

2
S (t) dt ≈ 13.5W . (4.2)

Table 4.5: Result of the GA to obtain a minimum loss design, for a machine with an outer
diameter dSO of 40mm and an active length lFe of 60mm.

Parameters p q dδ
dSO

hST

hSJ+hST

aS
τSSP

Nbarrier
wbarrier

wpath

Value 2 2 0.57 0.75 0.45 2 1.43

Table 4.6: Further information concerning the minimal loss machine design according to Table
4.5. The electrical parameters are computed for a temperature of 100 ◦C.

Description Symbol Value Unit

Stator outer diameter dSO 40.00 mm
Stator bore diameter dSI 23.16 mm
Height of stators slot-tooth layer hST 6.28 mm
Height of stator yoke hSJ 2.14 mm
Tooth width stator aS 1.36 mm
Cross-sectional area of one stator slot - 14.64 mm2

Number of turns in series per phase wstr 44 -

Outer diameter of rotor dRO 22.76 mm
Rotor's mass moment of inertia I 6.23 · 10−6 kgm2

Stator winding ohmic resistance RS 0.30 Ω
Stator current at nominal operating point IS 3.60 A

Flux density in the air gap, d-axis * B̂δ1,d 0.29 T

Flux density in the air gap, q-axis * B̂δ1, q 0.12 T
Magnetising inductance for d-axis * Ld 1.70 mH
Magnetising inductance for q-axis * Lq 0.68 mH

* for nominal point of operation
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Figure 4.5: Cross section of the synchronous reluctance machine's �nal design, visualised using
JMAG R⃝ [36].
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Chapter 5

Measurement Results

5.1 Friction in a Thread

Section 1.2.2 gives an overview of the mechanical system, which is used as a basis for the machine
design. Measurement results, which are in poor agreement with the original approximation for
the mechanic, demand a more detailed consideration.

The modeling of the spindle, which transforms the circular motion of the motor into a linear
motion, can be reduced to an inclined plane [67, Chapter 5].

For the movement against the force of the spring, considering Fig. 5.1 and eqs. (5.5) to (5.8),
the balance of forces is given by,

Fmotor cosα = Ft, load + µFn = Fload sinα + µ (Fload cosα + Fmotor sinα) . (5.1)

Using the well know relation,

tan (x± y) =
tan x± tan y

1∓ tanx tan y
, gives

Fmotor =
2Tmotor

dspindle
= tan (α + ξ) Fload . (5.2)

A similar consideration gives the relation for the movement with the force of the spring,

Fmotor =
2Tmotor

dspindle
= tan (α− ξ) Fload . (5.3)

Eq. (5.3) determines an important condition for the still standing times of the cycle. If

arctan
kspindle
dspindle π

= α ≤ ξ = arctanµ = arctan
Ffric

Fn

, (5.4)

the system is self-locking and means, there is no holding torque required to keep the actuator
at a speci�c position.

The dimensions of the built-in spring are listed in Table 5.1 and result in a spring constant of

Dspring =
Gd4wire

8 d3spring n
≈ 17.0

N

mm
,

which is in poor agreement with the speci�cations listed Table 1.2.
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Table 5.1: Parameters of the of the built-in spring.

Description Symbol Value Unit

Shear modulus for stainless steel G 73000 N/mm2

Spring wire diameter dwire 2 mm
Spring mean diameter dspring 10 mm
Number of the springy coils n 8.5 -
Spindle diameter dspindle 4.7 mm

tanα =
kspindle
dspindle π

(5.5)

Ffric = µFn (5.6)

µ = tan ξ (5.7)

Fn = Fn,motor + Fn, load (5.8)

..

screw nut

..

spindle

..
α

.

dspindle π

.

kspindle

.

Fload

.
Fn, load

.

Ft, load

.

Fmotor

.

v

Figure 5.1: Forces on a �at thread assuming a relative movement of screw nut and spindle.

The torque, which has to be generated by the machine to run through the cycle, is given by

Tmotor = I
d2

dt2
φ+ Tload (x) + Tfric . (5.9)

The position depending load Tload is given by

Tload =
dspindle

2
[tan(α+ ξ) (Fmin +Dspring x)] , (5.10)

for a movement against the force of the spring and by

Tload =
dspindle

2
[tan(α− ξ) (Fmin +Dspring x)] , (5.11)

for a movement with the force. For simplicity, it is assumed, that the friction torque is constant
and does not depend on the rotational speed of the machine.

To provide a suitable comparison between measurements and simulations, it is essential to
determine the mechanical constants of the system (Tfric, ξ, Fmin) beforehand.

In the mechanical system no torque-sensing �ange is installed, due to �nancial reasons. There-
fore, for the IM the relation of eq. (A.46),

Tmotor =
3

2
p

Lh

Lh + LRσ

ΨRd iSq , (5.12)
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is used to obtain information concerning the torque. Though, this estimation depends on
equivalent circuit parameters, which have some kind of uncertainty and on ΨR and iSq, which
are again estimated using eq. (A.44),

Ψ̇Rd =
RR

Lh + LRσ

(Lh iSd − ΨRd) , (5.13)

and eq. (A.45)

ρ̇ = φ̇+
RR Lh

Lh + LRσ

iSq
ΨRd

. (5.14)

For the SynRM, the relation of eq. (3.12),

Tmotor =
3

2
p (Ld − Lq) id iq , (5.15)

is used, providing Ld and Lq in a lookup table, also a�icted with some kind of uncertainty.
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5.2 Measurement Results IM

First, this Chapter discusses some di�erences between the original design and the manufactured
machine (Section 5.2.1). If the equivalent circuit parameters used in the controller, do not �t
to the machine, unphysical measurement results might be observed, illustrated in Section 5.2.2.
The parameters of this actuator, determined with a method presented in Section 5.2.3, are
used in Section 5.2.4 to compare simulation and measurement results. An improvement of the
controller design to reduce losses during the still standing times of the cycle is presented in
Section 5.2.5.

The stator and rotor of the manufactured IM are depicted in Fig. 5.2.

(a) Stator of the manufactured IM. (b) Rotor of the manufactured IM.

Figure 5.2: Stator (left) and rotor (right) of the manufactured IM.

5.2.1 Deviation from Original Design

The machine was supposed to be manufactured according to Table 4.3 and Fig. 4.3. Due
to limitations of production accuracy, some di�erences between the delivered motor and the
computed design occur, listed subsequently.

- Air gap length δ

Its nominal length is de�ned with 0.2mm, but the production accuracy of the manu-
facturer for the outer diameter of the rotor is speci�ed with ± 0.05mm. This directly
in�uences the length of the air gap, accordingly its magnetic voltage drop (c.f. eq. (A.8))
and further the main inductance [37, Eq. 3.110] of the machine.

Simulation has shown that at the nominal working point of the machine's original design,
the ratio of the magnetic voltage drop of the air gap Ûδ and the iron path ÛFe is

Ûδ

ÛFe

≈ 4

9
.

This factor is used to estimate the maximum deviation of the main inductance caused by
the change of the air gap. This assumption is only valid for small di�erences of the real
air gap compared to the original design. The main inductance Lh is also in�uenced by
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the outer diameter of the rotor (c.f. eq. (5.19)), but this is of small impact and neglected
in this consideration.

The real air gap δ∗ (denoted with a superscript ∗) results from the computed one. The
factor f is introduced to consider the manufacturing inaccuracy.

δ∗ = δ f f ∈
[
15

20
,
25

20

]
(5.16)

Eq. (A.13) describes the e�ective air gap,

δeff =
Ûδ + ÛFe

Ûδ

kC δ =
kC δ

Ûδ

ÛFe

(
1 +

Ûδ

ÛFe

)
. (5.17)

The air gap δ cancels in the �rst term of eq. (5.17), since

Ûδ =
δ kC
µ0

B̂δ ,

and therefore the true e�ective air gap δ∗eff results in eq. (5.18).

δ∗eff
δeff

=
1 + Ûδ

ÛFe
f

1 + Ûδ

ÛFe

=
1 + 4

9
f

1 + 4
9

=
9 + 4 f

13
!
= f ′

δ∗eff = f ′ δeff f ′ ∈ [0.92, 1.08] (5.18)

Since the main inductance of the induction machine is inversely proportional to δeff ,

Lh = 2µ0m

(
wstr ξ

π

)2
lFe τp
p δeff

, (5.19)

the deviation caused by the production uncertainty is about 9%.

- The distance between the outer diameter of the rotor and the rotor bar hbar

This parameter of the rotor geometry is similar to the length of the air gap, directly
in�uenced by a change of the nominal diameter of the rotor and causes a change of the
rotor leakage inductance (c.f. Section 2.2.1.1 and Fig. 2.3).

This e�ect is not that easy to quantify, because LRσ highly depends on the saturation of
the �ux bridge, which changes with the actual point of operation.

- The diameter of the rotor bar dbar

Certainly, the diameter of the rotor bars has to be smaller than its borehole. The manu-
facturer uses a wire with a diameter of 1.4mm, whereby the ohmic resistance of the rotor1

RR increases by approximately 8% when compared to the originally expected one.

- The slot �ll factor and the length of the end winding

A measurement of the ohmic resistance of the stator yields

RS = 0.19Ω at T = 100 ◦C . (5.20)

This is approximately 32% higher than originally expected and results from

1Transfered to the stator.
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1. a slot �ll factor of about 40.5% instead of 50.0% and

2. lengthy winding overhangs of approximately 14mm respectively 16mm in contrast
to the design of 10mm.

Another element of uncertainty in the computations is given by the magnetisation characteristic
of the electrical steel sheets. For the original machine design, the magnetisation characteristic
originates from a benchmark study. The edges of electrical steel sheets are particularly in�u-
enced by the degradation caused by the cutting - here laser cutting - process [68, 69]. This will
notably a�ect small machines with small teeth. Hence, the magnetisation characteristics of the
machine will di�er from the original estimation. However, this e�ect is very di�cult to predict,
given the current state of knowledge, but can have a great impact on the inductances of the
machine Lh and LRσ.

The in�uence of di�erent magnetisation characteristics on Lh is illustrated in Fig. C.2. For the
computations the modelling approach of Section 2.2.1 and a geometry according to Fig. 4.3 are
used. The two curves in Fig. C.2 may be seen as upper and lower bound for Lh. Therefore, it
can be assumed that Lh of the manufactured machine is located somewhere between these two
extremes.

The in�uence on LRσ is, again, di�cult to quantify.

5.2.2 In�uence of Badly Estimated Parameters

To illustrate the in�uence of badly estimated equivalent circuit parameters, the actuator is
forced to change its position from minimum to maximum range and back with constant speed

n =
14mm2 π

kspindle 5 s

30

π
= const. = 105min−1 .

Thus, the acceleration term in eq. (5.9) cancels and for simpli�cation the spring is not pre-
stressed, hence

Fmin = 0 .

For this situation, the mechanical model predicts a linear relation between motor torque and
the actuator position x,

Tmotor ∝ Dspring x ,

what is in poor agreement with the estimated torque, resulting from measurements, for the
movement against the force of the spring, presented in Fig. 5.3.

The reason for the observed non-linear relation indicates that either the main inductance Lh,
the rotor resistance RR or the rotor leakage inductance LRσ, used for the online estimation of
Tmotor, ΨRd and ρ (see eqs. (5.12) to (5.14)), do not �t to the machine.

The rotor resistance is determined by the geometry and the winding, which is well known,
but during operation it is in�uenced by temperature. The following assessment gives an upper
bound for the change of RR caused by temperature during the movement against the spring:
Let us estimate the torque generating current with iSq = max(iS (t)) = 12A (maximum current
within this experiment, c.f. Fig. 5.6) and the rotor resistance with RR = 0.25Ω, which is also
quite high. This gives a heat energy transferred to the rotor of

Q = PCu∆t ≈ 3

2
RR i

2
Sq∆t =

3

2
122 · 0.25 · 5 J = 270 J .
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The bars and the laminated sheet package of the rotor are mechanically strongly connected
with each other. Hence, good thermal coupling between them and almost an instantaneous
distribution of the heat energy Q is assumed.
The mass of the rotor (neglecting the end rings) is approximately mrotor ≈ 0.12 kg and the
speci�c heat capacity of iron is cFe = 452 J/(kgK), which gives a maximum temperature rise of

∆T =
Q

mrotor cFe
≈ 270

0.12 · 452
K ≈ 5K .

This causes a maximum change of resistance of

RR (T +∆T ) < RR (T ) (1 + αCu, 20∆T ) = RR (T ) 1.02 ,

which is insigni�cant within this experiment.

The impact of inaccuracies on machine-parameters is for example discussed in [70].
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Tmotor

Tfric + Tload

Figure 5.3: Estimated torque Tmotor (eq. (5.9)) vs. time t (blue) for a position change of the
actuator with constant speed between minimum and maximum range to estimate
the material constant ξ. The red line shows the result predicted by theory, presented
in Section 5.1.

In the context of this work, simulations are used to illustrate the in�uence of badly estimated
equivalent circuit parameters on its produced torque and the rotor �ux, since these values are
easily available.

Figs. 5.4 and 5.5 show simulation results for the scenario that Lh or LRσ are badly estimated
as a function of the real produced torque of the machine. In these cases parameters marked
with a superscript �est� are used for the online calculation of eqs. (5.12) to (5.14). The other
parameters are used to model the machine or denote the real produced torque and rotor �ux.
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From these calculations follows:

- A wrongly estimated rotor �ux ΨR, est causes a wrong estimation of the torque Tmotor, est.
This mismatch is compensated by a change of iSq to generate the torque given by the load.
The magnitude of the change depends on the nominal value of ΨR and therefore from the
distance between the actual operating point and the maximum torque per ampere point.

- Even if all parameters used for the �ux estimation match the parameters used for the
machine modelling there is a mismatch between the real �ux (torque) and the estimated
one. This is why the approximation Ψh ≈ ΨR is used in the �ux observer.

- A wrongly estimated rotor leakage inductance LRσ has a small impact on the estimated
torque for a minor load.

Fig. 5.6 presents a comparison of the measured stator current according to Fig. 5.3 and simu-
lation results.

The �ux observer on the test bench uses the same set of parameters as the simulation. The
simulation in Fig. 5.6a uses the same equivalent circuit parameters for modeling the machine
as for the �ux observer. The values for Lh and LRσ to model the machine within the simulation
in Fig. 5.6b are adjusted to the observed data using the least-squares method.
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(a) Estimated torque Tmotor, est versus real torque Tmotor as a function of Tmotor for a nominal

value of ΨR = 0.0095Vs. LRσ is used to model the machine and LRσ, est for the �ux observer.
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(b) Observed rotor �ux ΨR, est versus real value of ΨR as a function of Tmotor for a nominal value

of ΨR = 0.0095Vs. LRσ is used to model the machine and LRσ, est for the �ux observer.

Figure 5.4: Simulation results to illustrate the in�uence on the observed rotor �ux and the
estimated torque for a badly estimated rotor leakage inductance.
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(a) Estimated torque Tmotor, est versus real torque Tmotor as a function of Tmotor for a nominal

value of ΨR = 0.0095Vs. Lh is used to model the machine and Lh, est for the �ux observer.
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(b) Observed rotor �ux ΨR, est versus real value of ΨR as a function of Tmotor for a nominal value

of ΨR = 0.0095Vs. Lh is used to model the machine and Lh, est for the �ux observer.

Figure 5.5: Simulation results to illustrate the in�uence on the observed rotor �ux and the
estimated torque for a badly estimated main inductance.

70



Chapter 5. Measurement Results

0 1 2 3 4 5 6 7 8 9 10
5

6

7

8

9

10

11

12

13

14

15

t / s

i S
/
A

 

 

measured

simulation

(a) Stator current iS vs. time t. The �ux observer on the test bench operates with the same set

of parameters as the simulation. The simulation uses the same equivalent circuit parameters

for modeling the machine.
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(b) Stator current iS vs. time t. The �ux observer on the test bench operates with the same set of

parameters as the simulation. The equivalent circuit parameters used to model the machine

within the simulation are adjusted to the measured data.

Figure 5.6: Comparison of the measured stator current according to Fig. 5.3 and simulation
results for a movement of the actuator against the spring and back with constant
speed.

71



Chapter 5. Measurement Results

5.2.3 Parameter Identi�cation

This Section presents an ansatz to identify Lh, LRσ and the mechanical constants Tfric and ξ
of the actuator. Certainly, for a suitable comparison between simulations and measurements a
knowledge of these parameters with su�cient accuracy is indispensable

In literature, numerous techniques relating to online and o�ine parameter estimation of a rotor
�ux oriented controlled induction machine are discussed and are summarised in e.g. [71]. Due to
lack of alternatives, a simple o�ine parameter adaptation based on a torque reference, provided
by the mechanical model of the actuator, (eqs. (5.10) and (5.11)), is used. But the constants
Tfric and ξ have to be determined as well. This is why this method, presented in the following
and illustrated in Fig. 5.8, contains iterative loops to achieve self-consistent results.

1. The iteration starts with an initial guess for Lh and LRσ.

2. The actuator is forced to move within its maximal range with constant speed, once with
an installed spring and once without. This is a task on the test bench!

3. The estimation of the torque, eq. (5.12), is used to compute a new value for Tfric and ξ.

4. The method of least squares is used to adjust the simulation, based on the new values of
Tfric and ξ, to the results from the test bench and gives a new guess for Lh and LRσ.

5. This procedure is repeated until the estimation of the torque and the mechanical model
are in agreement up to a certain level.

Fig. 5.7 shows a repetition of the experiment presented in Fig. 5.3, which shows a linear relation
of the estimated torque and the position x ∝ t of the actuator, as predicted by theory.

The rotor leakage inductance is constant within the simulation, but its value will change during
operation. Thus, in the strict sense the obtained result is only valid for one point of operation.

5.2.4 Comparison: Measurement & Simulation

This Section presents a comparison of simulation and measurement results of the actuator,
while the actuator runs through the complete cycle (Figs. 5.9 and 5.10). The corresponding
parameters of the mechanic are listed in Table 5.2.

- The graphs for the q-axis current iSq and the estimated torque Tmotor, using eq. (5.12),
are in good agreement during the periods of the cycle, which demand a movement of the
actuator.

An exception is given in the period of the cycle between t = 8 s and t = 12 s for a movement
against the force of the spring. It seems that in these phases the �ux bridges of the slot
tooth layer of the rotor are more saturated and therefore the slot leakage inductance is
smaller than initially estimated. This causes an estimation of the rotor �ux, which is
considerably smaller than in reality, c.f. Fig. 5.4b, and has to be compensated by a rise
of iSq. Certainly, this also causes a wrong estimation of Tmotor, c.f. Fig. 5.4a.

- In contrast to the prediction of the mechanical model, the machine produces torque during
the still standing times of the cycle.

At this time, the actuator has reached its nominal position within fractions of millimeters
and the machine has accordingly reduced its speed close to zero. In this speed range the
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Figure 5.7: Comparison of the estimated torque of the machine Tmotor and the predicted torque
based on the mechanical model (Tfric = 13.5 · 10−3, ξ = 0.125, Fmin = 0) for a
movement of the actuator against the spring and back with constant speed.
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static friction term dominates, which causes a comparatively high torque to compensate
this position control deviation. This e�ect cannot be seen in the simulation, because
stiction is not considered within the mechanical model.

If the position of the actuator is within the tolerances given by the speci�cation, c.f. Table
1.1, the e�ort of the controller to reach the exact position is not absolutely essential for
this application and causes avoidable losses. A small change in the design of the controller,
presented in Section 5.2.5, provides a remedy for this problem.

- The graphs for speed n and position x as a function of time t are almost equal, except for
the abrupt changes of position of the cycle. In these phases, simulation and measurement
results di�er slightly from each other, probably caused by inaccuracies in the estimation
of the torque of inertia of the system.

- The mean copper losses to run through the cycle are estimated according to

PCu ≈ 1

12

∫ 12

0

3

2

[
RS

(
i2Sd (t) + i2Sq (t)

)
+RR i

2
Sq (t)

]
dt .

The results between simulation and measurement di�er by approximately 20%, mainly
caused by the holding torque during the still standing times of the cycle. In the present
case the results of the simulation has to be interpreted as lower limit for the copper losses.

Converting the temperature of the winding to 100 ◦C would increase the copper losses by

1 + αCu, 20 (100− 35) = 1 + 3.93 · 10−3 (100− 35) ≈ 1.26 ,

for the simulation as well as for the measurement. This is still lower than originally
expected (see eq. (4.1)), despite higher values for the stator and rotor resistances (c.f.
Section 5.2.1) caused by manufacturing.

This is, on the one hand, explained by the properties of mechanical system of the test
bench. They di�er from the speci�cations, which result in a di�erent value for the e�ec-
tive torque of the cycle. With the implemented controller design, the e�ective torque is
proportional to the square of the copper losses, determined by

PCu ∝ RS i
2
Sd + (RS +RR) i

2
Sq = PCu, flux + PCu, torque︸ ︷︷ ︸

∝T 2
RMS

.

On the other hand, the main inductance of the manufactured machine has increased
compared to the original design. For this reason, less magnetising current is needed for
the same rotor �ux.
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Table 5.2: Estimated parameters and results for the actuator to run through the cycle.

Description Symbol Value Unit

Spring constant Dspring 17 N/mm
Spindle diameter dspindle 4.7 mm
Spindle material constant ξ 0.13 -
Additional friction torque Tfric 13.5 · 10−3 Nm
Counterforce at minimum position of the actuator Fmin 0 Nm
Estimated mass moment of inertia of the system Isystem 1.44 · 10−5 kgm2

Estimated e�ective torque of the cycle (simulation) TRMS 48 · 10−3 Nm
Nominal rotor �ux ΨR 9.5 · 10−3 Vs
Temperature of the winding during the experiment - 35 ◦C

Estimated mean copper losses of the simulation PCu, sim 10.2 W
Estimated mean copper losses of the measurement PCu,meas 12.3 W
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(a) Comparison between measurement (blue) and simulation (red) of the torque generating current

iSq as a function of time t.
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(b) Comparison between measurement (blue) and simulation (red) of the estimated torque Tmotor

as a function of time t.

Figure 5.9: Comparison of measurement and simulation results of the actuator equipped with
the IM to run through the cycle.
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(a) Comparison between measurement (blue) and simulation (red) of the actuator's speed n as a

function of time t.
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(b) Comparison between measurement (blue) and simulation (red) of the actuator's position x as

a function of time t.

Figure 5.10: Comparison of measurement and simulation results of the actuator equipped with
the IM to run through the cycle.
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5.2.5 Zero Torque Control

Due to minor position control deviations, the machine also produces a torque during the still
standing times of the cycle, c.f. Fig. 5.9. In addition, this torque is comparatively high because
in a speed range of n ≪ 1 the static friction term dominates. Assuming that the actuator
has already reached its nominal position within the tolerances given by the application, this
property of the controller is not absolutely essential and causes avoidable losses.

Minor modi�cations of the original controller design, presented in Section 2.3.1, eliminate this
problem. Therefore, two additional conditions have to be included in the controller.

1. Detect a change of the nominal position value x∗,

|x∗ (tk)− x∗ (tk−1))| < ϵ and (5.21)

2. check the actual position control deviation,

|x (tk)− x∗ (tk))| < ∆x . (5.22)

In this context, tk denotes the time at the kth sampling instance. If eqs. (5.21) and (5.22) are
ful�lled, the nominal value for the torque generating current is now set to zero.

The consequence of this controller modi�cation is shown in Fig. 5.11, in comparison with the
original controller design.
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Figure 5.11: Measurement results of the estimated torque Tmotor as a function of time t to
run through the cycle. This Fig. shows a comparison of the controller design as
presented in Section 2.3.1 (blue line) and the modi�cation (red line), which sets
torque generating current to zero, if eqs. (5.21) and (5.22) are ful�lled.

78



Chapter 5. Measurement Results

5.3 Measurement Results SynRM

Again, at �rst, this Chapter discusses the di�erences between the manufactured motor and
the computed design (Section 5.3.1). Results of the parameter identi�cation of the SynRM
are presented in Section 5.3.2 and a comparison between simulation and measurement results,
while the actuator runs through the complete cycle, in Section 5.3.3.

The stator and rotor of the manufactured SynRM are depicted in Fig. 5.12.

(a) Stator of the manufactured SynRM. (b) Rotor of the manufactured SynRM.

Figure 5.12: Stator (left) and rotor (right) of the manufactured SynRM.

5.3.1 Deviation from Original Design

The machine was supposed to be manufactured according to Table 4.6 and Fig. 4.5. Due to
limitations of production accuracy, also for the SynRM, in particular the slot �ll factor and the
length of the end winding di�er from the computed design.

A measurement of the ohmic resistance of the stator yields

RS = 0.46Ω at T = 100 ◦C . (5.23)

This is approximately 50% higher than originally expected and results mainly from a slot �ll
factor of about 35.9% instead of 50.0%.

Again, the other element of uncertainty in the computations is given by the magnetisation
characteristic of the electrical steel sheets. For the original machine design, the magnetisation
characteristic originates from a benchmark study. The edges of electrical steel sheets are partic-
ularly in�uenced by the degradation caused by the cutting - here laser cutting - process. This
will notably a�ect small machines with small teeth. Hence, the magnetisation characteristics
of the machines will di�er from the original estimation. However, this e�ect is very di�cult to
predict, given the current state of knowledge, but can have a great impact on the inductances
of the machines.
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5.3.2 Parameter Identi�cation

The SynRMs controller needs information about the d- and q-axis inductance as a function of
the stator current iS. Therefore, simple DC voltage step response experiments (at standstill
and locked rotor) were performed to obtain data used to compute Ld and Lq with the method
of least squares. The transfer function is assumed to be a RL circuit.
The results are provided for the controller within lookup tables and are shown in Fig. 5.13a.

Also for the SynRM, a knowledge of the mechanical constants of the actuator, Tfric and ξ,
and the magnetic properties of the machine is indispensable to provide a suitable comparison
between simulation and measurement results.

Therefore, a procedure, similar to the IM (c.f. Section 5.2.3), is realised. Again, the actuator
is forced to move within its maximal range with constant speed, once with an installed spring
and once without. The measurement results are iteratively used to determine the mechanical
parameters of the actuator and to adjust the underlying two-dimensional lookup table of the
SynRMs simulation model.

A comparison of measurement and simulation results, using the parameters of the �nal iteration,
for a movement of the actuator against the spring and back with constant speed is shown in
Fig. 5.13b, exemplary for the stator current iS.
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(b) Comparison between measurement and simulation results of the stator current iS for a move-

ment of the actuator against the spring and back with constant speed.

Figure 5.13: Results of the parameter identi�cation of the SynRM.
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5.3.3 Comparison: Measurement & Simulation

This Section presents a comparison of simulation and measurement results of the actuator
equipped with the SynRM, while the actuator runs through the complete cycle (Figs. 5.14
and 5.15). The corresponding parameters of the mechanic are listed in Table 5.3.

- The performance of the SynRM as it runs through the required cycle, exempli�ed by the
stator current iS, is shown in Fig. 5.14.

The di�erences between simulation and measurement results observed for the high dy-
namic phases (see also Fig. 5.15) are explained by uncertainties about the mechanical
constants and properties of the test bench, such as dead times and static friction, which
are not or insu�ciently considered in the model.

- The mean copper losses to run through the cycle are estimated according to

PCu =
1

12

∫ 12

0

3

2
RS i

2
S (t) dt .

For the SynRM, the results between simulation and measurement are equal. This is
why the modi�cation of the controller, which sets the stator current to zero, if the ac-
tuator's position is within the required tolerances, described in Section 5.2.5, is already
implemented during the measurements for these graphs.

Converting the temperature of the winding to 100 ◦C would increase the copper losses by

1 + αCu, 20 (100− 35) = 1 + 3.93 · 10−3 (100− 35) ≈ 1.26 ,

for the simulation as well as for the measurement. This is still lower than originally
expected (see eq. (4.2)), despite a higher value for the stator resistance (c.f. Section
5.3.1) caused by manufacturing.

This is, on the one hand, again explained by the properties of mechanical system of the
test bench. They di�er from the speci�cations, which results in a di�erent value for the
e�ective torque of the cycle.

On the other hand, the inductances of the manufactured machine has changed for the
better, compared with the original computations, see Appendix B, based on the magneti-
sation characteristic derived from a benchmark study (c.f. Appendix C).
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Table 5.3: Estimated parameters and results for the actuator to run through the cycle.

Description Symbol Value Unit

Spring constant Dspring 17 N/mm
Spindle diameter dspindle 4.7 mm
Spindle material constant ξ 0.14 -
Additional friction torque Tfric 6.5 · 10−3 Nm
Counterforce at minimum position of the actuator Fmin 0 Nm
Estimated mass moment of inertia of the system Isystem 0.97 · 10−5 kgm2

Estimated e�ective torque of the cycle (simulation) TRMS 46 · 10−3 Nm
Temperature of the winding during the experiment - 35 ◦C

Estimated mean copper losses of the simulation PCu, sim 5.6 W
Estimated mean copper losses of the measurement PCu,meas 5.6 W
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Figure 5.14: Comparison between measurement (blue) and simulation (red) of the stator current
iS as a function of time t of the actuator equipped with the SynRM to run through
the cycle.
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(a) Comparison between measurement (blue) and simulation (red) of the actuator's speed n as a

function of time t.
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(b) Comparison between measurement (blue) and simulation (red) of the actuator's position x as

a function of time t.

Figure 5.15: Comparison of measurement and simulation results of the actuator equipped with
the SynRM to run through the cycle.
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Chapter 6

Comparison of IM and SynRM

For the comparison of the IM and the SynRM, again, the speci�ed cycle is used. However, the
�nal application of the actuator demands to change its position within the de�ned adjusting
range. Therefore, control strategies, such as reducing the IM's �ux to zero during the resting
times or limiting the torque of the machines to a certain level, might be applicable for the
speci�c cycle, but not for the �nal application of the actuator.

6.1 Simulation

This Section compares the optimal machine designs of the IM and SynRM. Firstly, general
aspects of the two machines designs are discussed. Subsequently, their dynamic behaviour is
compared for two di�erent load pro�les.

- Slot-tooth layer of the stator
Both machines have deep and wide slots (c.f. Figs. 4.3 and 4.5) to accommodate a lot
of copper to keep the ohmic resistance of the stator winding and further copper losses as
small as possible.

- Moment of inertia of the rotor
The air gap diameters dδ of the two machines are almost equal,

dδ, IM
dδ,SynRM

=
0.54

0.57
≈ 0.95 ,

but the moments of inertia di�er considerably, because of the material removed for the
�ux barriers in the case of the SynRM,

IIM
ISynRM

=
1.08 · 10−5

0.62 · 10−5
≈ 1.74 . (6.1)

As a result, the SynRM needs considerably less energy to accelerate and brake its rotor.
This has a direct e�ect on the required torque and accordingly the copper losses.

- Controller design
The controller forces the IM to operate with a constant rotor �ux ΨR, which causes a �ux
producing current. In the extreme case that the machine does not have to produce any
torque at all, the IM's controller would reduce the torque producing current iSq to zero.
But iSd remains at its value and causes further losses of

PCu =
3

2
RS i

2
Sd .

In this situation, the SynRM's controller would reduce the stator current to zero, resulting
in zero copper loss.
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- Torque ripple
For both machines, the numerically computed torque, Tmotor, as a function of the az-
imuthal angle φmech, for constant speed and for an average torque of Tmotor = 0.04Nm,
are shown in Fig. 6.1. Due to the rotor geometry of the SynRM, its torque ripple is
signi�cantly higher than that of the IM, what may lead to acoustic noise and vibrations.
However, for the application motivating the work presented here, noise was considered to
be of minor interest only.

During operation of the IM, the rotor �ux is estimated using eq. (A.44), which depends on
knowledge of the equivalent circuit parameters. This procedure is not necessary for the SynRM.
Thus, the performance of the SynRM's controller depends to a smaller extent on the quality of
the estimated equivalent circuit parameters than the IM's controller.
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Figure 6.1: For both machines, the numerically computed torque, Tmotor, as a function of
the azimuthal angle φmech, for constant speed and for an average torque of
Tmotor = 0.04Nm using JMAGR⃝ [36]

.

6.1.1 Load pro�le: Speci�cation

The �rst scenario is given by the speci�cation of the application. Thus, the actuator has to run
through the cycle shown in Fig. 1.2 with a load pro�le given by Table 1.2 and Fig. 1.5.

The load on the machine depends on the position of the actuator, but not on the direction of
movement against or with the force of the spring. In particular, the machine has to produce
a holding torque during the still standing phases of the cycle. The key parameters of the
simulation are summarised in Table 6.1.
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Fig. 6.2a shows the computed copper losses PCu as a function of time t for both machine types
to run through the cycle within the tolerances given by Table 1.1.
During the complete cycle, the SynRM produces lower losses than the IM: The crucial di�er-
ence occurs during the high dynamic phases, shown magni�ed in the right top hand corner of
Fig. 6.2a. The SynRM needs less energy to accelerate its rotor up to the maximum rotational
speed due to

1. its smaller torque of inertia and

2. that it can generate more torque than the IM.

This performance of the SynRM is exempli�ed in Fig. 6.2b for the step function response of
position at t = 7 s on the basis of the torque Tmotor respectively the speed n (enlarged view).
Thus, the SynRM accelerates faster, which in sum reduces the current requirement.

Table 6.1: Key parameters for the simulation according to the speci�cations, presented in Sec-
tion 1.2.

Description Symbol Value Unit

Maximum rotational speed nmax 6000 min−1

Maximum current of the power converter Imax 50 A
Temperature of the winding - 100 ◦C
Nominal rotor �ux (IM) ΨR 9.5 · 10−3 Vs

Estimated mean copper losses of the IM PCu, IM 19.5 W
Estimated mean copper losses of the SynRM PCu,SynRM 13.5 W
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(a) Computed copper losses PCu vs. time t for the IM (red) and the SynRM (blue). The enlarged

view in the right top hand corner shows the abrupt change of position at t = 7 s.
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(b) Computed torque Tmotor and speed n (enlarged view in the right top hand corner) for the

step function response of position at t = 7 s for the IM (red) and SynRM (blue).

Figure 6.2: Comparison of IM and SynRM for the load pro�le described in Section 6.1.1.
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6.1.2 Load pro�le: Test bench

The realisation of the mechanical construction on the test bench di�ers in some points from
the speci�cation.

1. The load depends on the direction of rotation of the machine and is described by eqs. (5.2)
and (5.3).

2. The mechanical components used for the actuator cause a self-locking system, which
means, no holding torque is required to keep the actuator at a speci�c position.

3. The spring constant of the built-in spring di�ers considerably from the speci�cations. In
order to compensate for this, the spring is not prestressed.

Again, the key parameters of the simulation are summarised in Table 6.2.

In contrast to the results presented in Section 6.1.1, the losses of both machine designs are
remarkably reduced, due to the di�erent load pro�le, c.f. Fig. 6.3. This mainly a�ects the
SynRM, because its controller reduces the current to zero during the still standing times of the
cycle.

Based on the simulation results, while considering the underlying speci�cations, preferences for
this application could be given to the SynRM, due to a comparable dynamic performance and
lower losses. This not only increases the e�ciency of the actuator, but also leads to a smaller
temperature increase. This, in turn, might eventually allow for a smaller design exploiting the
thermal reserves.
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Figure 6.3: Copper losses PCu vs. time t for the IM (red) and the SynRM (blue) for the load
pro�le described in Section 6.1.2.

89



Chapter 6. Comparison of IM and SynRM

Table 6.2: Key parameters for the simulation of the performance on the test bench.

Description Symbol Value Unit

Maximum rotational speed nmax 6000 min−1

Maximum current of the power converter Imax 50 A
Temperature of the winding - 100 ◦C
Spring constant Dspring 17 N/mm
Diameter of the spindle dspindle 4.7 mm
Material constant of the spindle ξ 0.125 -
Additional friction torque Tfric 13.5 · 10−3 Nm
Counterforce at minimum position of the actuator Fmin 0 Nm
Nominal rotor �ux (IM) ΨR 8.5 · 10−3 Vs

Estimated mean copper losses of the IM PCu, IM 16.5 W
Estimated mean copper losses of the SynRM PCu, SynRM 9.0 W
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6.2 Results from the Test Bench

This Section discusses the dynamic and loss performance, based on measuring results of the
two actuators as manufactured, equipped with an IM, respectively a SynRM, for an ambient
temperature of Tamb = 20 ◦C.

1. Current space phasor iS

Fig. 6.5a shows iS versus time t, required for the two machines to complete a cycle.

The SynRM's controller reduces the stator current to zero during the resting phases of
the cycle, as discussed in Section 6.1.2.

For the step function response of the position, the IM builds up the current faster than
the SynRM. But, the SynRM accelerates faster and therefore the periods requiring high
currents are shorter than for the IM, as shown in the enlarged views of Figs. 6.5a and 6.5b.

2. Trajectory x

Results of the actuators' positions as a function of time are shown in Fig. 6.5b. Both
machines meet the speci�cation within the given tolerances. Minor preferences concerning
the position control deviation are attributed to the IM during the cycle's slow movement
phases.

3. Temperature increase of the machines

The temperature increase of the machines, shown in Fig. 6.4, was measured while repeat-
edly running through the cycle shown in Fig. D.1 in the Appendix. This cycle di�ers from
the one given by the speci�cations and had to be used for the publications [72, 73] due
to con�dentiality. Its load pro�le is similar to the original cycle speci�ed by a customer,
shown in Fig. 1.2.

Both measurements agree with the results of the rough thermal model, presented in
Fig. 1.6. The steady state temperatures of the two machines, which are directly related
to the losses, di�er by approximately

Twinding, IM − Twinding,SynRM ≈ 15K . (6.2)

The thermal time constants τtherm of the machines can be computed by applying the
method of least squares to the measurement results of Fig. 6.4 and eq. (6.7). The calcu-
lation neglects the heat transfer through radiation1 and considers that the copper losses
increase with the temperature of the winding (eqs. (6.3) to (6.6)).

dTwinding

dt
=

1

Cmotor

[PCu(Twinding)− Ptherm(Twinding)] (6.3)

PCu(Twinding) = PCu, 0

1 + αCu, 20 (Twinding(t)− Twinding(t = 0))︸ ︷︷ ︸
T0

 (6.4)

Ptherm(Twinding) = k (Twinding − Tamb) (6.5)

dTwinding

dt
=

1

Cmotor

Twinding (PCu, 0 αCu, 20 − k)︸ ︷︷ ︸
a

+(PCu, 0 − PCu, 0 αCu, 20 T0 + k Tamb)︸ ︷︷ ︸
b


(6.6)

1Might be insigni�cant for an ambient temperature of Tamb = 20 ◦C.
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In this context, PCu, 0 denotes the copper losses of the machines for a winding temperature
at the beginning of the measurement, k is a thermal constant, Cmotor the heat capacity of
the motor / actuator and Ptherm the dissipated power. The solution of eq. (6.6) results in

Twinding(t) =

(
T0 +

b

a

)
exp

(
a

Cmotor

t

)
− b

a
=

(
T0 +

b

a

)
exp

(
t

τtherm

)
− b

a
. (6.7)

The computation gives for the IM τtherm IM ≈ 17min and for the SynRM
τthermSynRM ≈ 14min. To analyse the di�erences, a more detailed thermal modelling
approach would be required what is beyond the scope of this work.

Based on the results, the actuator equipped with the SynRM might be the better choice for
this application. However, it must be taken into account that two key parameters (ksff and
Tfric, see Table 6.3), which are directly related to the losses, are di�erent from each other.

A comparison of the two manufactured rotors is shown in Fig. 6.6a, the actuator itself is depicted
in Fig. 6.6b.

0 5 10 15 20 25 30 35 40 45 50
0

5

10

15

20

25

30

35

40

45

50

t / min

(T
w
in
d
in
g
−
T
a
m
b
)
/
K

 

 

IM
SynRM

Figure 6.4: Measured temperature increase of the IM (blue ×) and SynRM (red +) as a function
of time t for an ambient temperature of Tamb = 20 ◦C.
At t = 0 the actuator started repeatedly to run through the cycle. (The initial
winding temperatures Twinding di�er, due to previous measurements.)
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Table 6.3: Exemplary parameters of the manufactured actuators.

Parameter IM SynRM

ksff 0.41 0.36
δ / mm 0.16 0.20
Tfric / Nm · 10−3 13.5 6.5
ξ 0.13 0.14
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(a) Measured stator currents iS for the IM (blue) and SynRM (red) to run through the cycle as

a function of time t. The enlarged view at the top shows the abrupt change of position at

t = 0.5 s.
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(b) Measured trajectories x of the IM (blue) and SynRM (red) to run through the cycle as a

function of time t. The enlarged view at the top shows the abrupt change of position at

t = 0.5 s. For comparison, the cycle as determined by the speci�cation is plotted (green).

Figure 6.5: Comparison of measurement results for the actuator equipped with an IM respec-
tively SynRM.

94



Chapter 6. Comparison of IM and SynRM

(a) Comparison of the two manufactured rotors (SynRM left and IM right).

(b) The actuator equipped with an IM, respectively a SynRM.

Figure 6.6: Pictures of the manufactured rotors (above) and the actuator (below).
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6.3 Simulation using Results from the Test Bench

A comparison between measurement and simulation results of the two machines is presented in
Section 5.2.4, respectively Section 5.3.3. Measurement results of the two actuators with respect
to their dynamic performance and temperature increase are presented in Section 6.2, but the
mechanical constants di�er from each other.

This Section presents simulation results of the IM assuming the mechanical constants of the
SynRMs actuator (ξ = 0.14 and Tfric = 6.5 · 10−3 Nm), depicted in Fig. 6.7. The quintessence
of this computation is that the losses and, certainly, the temperature increase of the machine
decreases compared to the measurement results (Fig. 6.4), due to the smaller friction torque.
But, based on the thermal model of Section 1.3, the temperature increase of the actuator
equipped with the SynRM will still be lower.
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Figure 6.7: Computed copper losses PCu vs. time t for the IM using the mechanical parameters
of the IMs actuator (red), respectively the SynRMs actuator (green dashed), c.f.
Table 6.3. The enlarged view in the right top hand corner shows the abrupt change
of position at t = 7 s.

In contrast, the e�ect of the di�erent slot �ll factors on the machines' performances can be
quanti�ed relatively easily, because

PCu, SynRM =
3

2
RS i

2
S ∝ ksff .

That means, a slot �ll factor of 41% instead of 36% (c.f. Table 6.3) would reduce the SynRM's
losses down to

36

41
≈ 0.88 ,

and thus, similarly the temperature increase, assuming the current requirement of the machine
remains unchanged.
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Chapter 7

Conclusion

In this work the design and analysis of IMs and SynRMs for a speci�c elevated-temperature
actuator application is presented. PM based machines do not provide a viable option for the
cost-sensitive application of interest here, because of their inherent temperature sensitivity, the
related costs for additional, external cooling and the market uncertainty of rare-earth magnets.

Chapters 2 and 3

- Machine speci�c semi-analytical modelling approaches including a suitable controller de-
sign have been implemented in an optimisation algorithm to obtain a machine design,
suitable for this sample case application.

- During the design process, the main dimensions of the machines were determined using
a rough electro-magnetic approach and a thermal model of the actuator (Sections 2.1
and 1.3). The optimisation of the machines was performed within these predetermined
limits, focussing on minimum losses. But the structure of implemented models of the two
machines also enables this design method to be used for other boundary conditions.

Chapter 4

- The machine optimisation process and the �nal design results have been presented in
Chapter 4.

- Di�erences occurred between the motors as manufactured and their computed designs:

On the one hand, mechanical parameters of the machines and the actuator itself are
in�uenced by the production. On the other hand, the magnetisation characteristic of the
electrical steel sheets is particularly in�uenced by the degradation caused by laser cutting.
This will notably a�ect small machines with small teeth and can have a great impact on
the inductances of the machines.

- In a potential renewed design process these experiences have to be considered, if possible.

Chapters 5 and 6

- A comparison between simulations and measurements for the IM, respectively the SynRM,
has been presented in Chapters 5 and 6. Both, simulation and measurement results
show that the IM and SynRM are able to ful�l the requirements determined by the
speci�cations.
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- It is of particular interest for this application to operate the IM at the optimal nominal
value of the rotor �ux, because copper losses during the driving cycle are highly a�ected
by this value. Therefore, an accurate knowledge of the equivalent circuit parameters of
the IM is required. For the SynRM no �ux controller is needed. Thus, the performance of
the SynRM's controller is less sensitive to the accuracy of the estimated equivalent circuit
parameters than the IM's controller.

- In the extreme case that the machine is not required to produce any torque at all, the
SynRM's controller reduces the stator current to zero, resulting in zero copper losses.
In contrast, the IM operates with a constant rotor �ux, which requires a �ux-producing
current causing copper losses for this situation.

Further Remarks

For the given application and using the control techniques as implemented (constant �ux for
the IM and variable �ux for the SynRM), the IM is slightly preferable with respect to dynamic
behaviour and the position control deviation. However, the measured temperature increase
indicates lower losses for the SynRM which would allow operation at even higher ambient
temperature. Since both characteristics - loss and dynamic behaviour - are in�uenced by the
control strategy, further research on control optimisation might allow to expand the respective
capabilities of the machines. However, this was beyond the scope of this work, where rather
established control techniques had to be chosen for reasons of cost.
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Appendix A

Induction Machine Theory -

Derivations

A.1 Fundamental Torque Relationship

A relationship between the resistive losses and the produced torque of the induction motor is
deduced, according to [37, Chapter 6 and 7].

The copper losses PCu in the stator of an induction motor are given by

PCu = mI2PhRPh , (A.1)

which can also be expressed as a function of the current density JRMS,

PCu = m (JRMSAC)
2 ρCu lCu

AC

wstr = mJ2
RMS ρCu lCuAslot ksff

wstr

wslot

= mJ2
RMS ρCu lCuAslot ksff

NS

2m
= J2

RMS ρCu
lCu

2
ACu .

Thus, the maximum current density (rms-value), given speci�c permitted losses, decreases with
the volume of copper in the stator

JRMS =

√
2PCu

ρCuACu lCu

. (A.2)

The same approach can also be applied to the rotor.

As already mentioned in Section 1.2.2 for this application of the induction motor, iron losses
can be neglected in good approximation.

Suppose the current densities of the rotor and stator are known, the current sheet A is given
by

A =
ACu JRMS

dδ π
. (A.3)

In eq. (A.3), the linear current density is an e�ective value of a space phasor and a sinusoidal
distribution at the circumference of the air gap diameter1 is assumed.

A (α) =
√
2A︸ ︷︷ ︸
Â

sin(pα)

1For simplicity, dδ ≈ dSI ≈ dRO is used in the following.
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Applying Ampère's law, as deduced in [37, Chapter 7.1.1], the current linkage results in

Θ (α) =

∫
A (α)

dδ
2
dα′ = − Â dδ

2 p︸ ︷︷ ︸
Θ̂

cos(pα) .

Considering normal load conditions both, the stator and the rotor, are current-carrying, which
causes a current linkage from each of the two and accordingly an air-gap �ux density Bδ. But,
only if a linear magnetic characteristic is assumed for the machine, the �ux densities of stator
and rotor can be superposed,

B̂δ =
µ0

δeff
Θ̂ . (A.4)

The e�ective air gap length δeff , used in eq. (A.4), is de�ned as follows∑
i∈ iron parts

Hi li +Hδ δ = Hδ δeff ,

describes the system if there was no magnetic voltage drop in the iron and combines all magnetic
drops to the air gap. In other words, δeff describes the length that would be required to produce
the same voltage drop of the magnetomotive force in a machine with in�nite permeability in
the iron parts.

Furthermore, δeff exclusively depends on geometric properties, if linear magnetic properties
(µr = const.) are assumed, as shown in Section A.2.

The current sheet

A (x) = Â sin

(
xπ

τp
+ ψ

)
and the air gap �ux density

Bδ (x) = B̂δ sin

(
xπ

τp

)
cause the torque

T = p dδ lFe

∫ τp

0

A (x)Bδ (x) dx , (A.5)

according to [54, eq. (4.7-1)], where ψ de�nes the phase angle between the current sheet and
the air gap �ux density, which depends on the angle of the rotor current.

Using a trigonometric relation2, eq. (A.5) results in

T = p dδ lFe Â B̂δ

∫ τp

0

sin2

(
xπ

τp

)
cos (ψ) + sin

(
xπ

τp

)
cos

(
xπ

τp

)
sin (ψ)︸ ︷︷ ︸

=0

dx

= p dδ lFe Â B̂δ cos (ψ)
τp
2 π

[
xπ

τp
− sin

(
xπ

τp

)
cos

(
xπ

τp

)] ∣∣∣∣∣
τp

0︸ ︷︷ ︸
π

= p dδ lFe Â B̂δ cos (ψ)
π

2 π

dδ π

2p
= Â B̂δ d

2
δ lFe

π

4
cos (ψ) .

2sin(a+ b) = sin(a) cos(b) + cos(a) sin(b)
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That means, within this model, the torque of the induction machine is constant in time and
increases linearly with its active length and with the square of the air gap diameter. Because of
this, a short machine should be favoured if the volume of the machine is the limiting factor of
the design process. But, for a short machine, the end windings would cause a disproportionately
high portion of copper losses.

Since the current sheet

Â ∝ ACu JRMS

dδ π
∝

√
2PCu

ρCuACu lCu

∝
√
PCu

and the air gap �ux density

B̂δ ∝ µ0

δeff
Θ̂ ∝ Â dδ

2 p
∝ ACu JRMS

dδ π
∝

√
2PCu

ρCuACu lCu

∝
√
PCu ,

the torque and the copper loss are proportional.

Tmotor ∝ Â B̂δ ∝ PCu (A.6)

A.2 Linear Magnet Circuit

The assumption of linear magnetic properties of the laminations is acceptable as long as the
machine is not saturated. The derivation results in an expression for the e�ective air gap length
δeff , de�ned in Section A.1.

The peak magnetic voltage Ûp for one pole pair of the machine is obtained from Ampère's law.
This task can be simpli�ed by dividing the machine into di�erent regions (air gap, yoke and
teeth for stator and rotor), which are analysed separately for the peak value of the magnetic
�ux density of the air gap B̂δ. Due to symmetry, it is su�cient to only treat one pole.

Ûp ≈
∑
i

∫
Hi dli =

∑
i

Ûi = 2

(
Ûδ + ÛST + ÛRT +

1

2
ÛSJ +

1

2
ÛRJ

)
(A.7)

In the following, the calculation of the magnetic voltage for the di�erent regions of the induction
motor is described in more detail.

- Air gap region

The magnetic voltage over the air gap is calculated from the length of the physical air
gap δ and the �ux reduction due to the slot openings. This is achieved by introducing
the Carter factor [74].

The Carter factor kC considers that due to the slotting of the machine on average the air
gap seems to be longer than it physically is. According to Carter's principle, the Carter
factor has to be calculated separately for stator and rotor and their product yields the
Carter factor of the air gap.

Thus, Ûδ results in:

Ûδ =
δ kC
µ0

B̂δ (A.8)

101



Appendix A. Induction Machine Theory - Derivations

- Slot tooth region

Instead of the whole slot tooth region, for simpli�cation, only one slot pitch is considered.
Furthermore, it is assumed that the complete magnetic �ux entering the slot pitch is
forced into the tooth. According to this, the magnetic �ux density in the tooth increases
by the ratio of slot pitch and tooth width compared to the �ux density in the air gap.

Thus, the magnetic voltages for the stator and the rotor slot tooth regions result in

ÛST =
hST
µ0 µr

τSSP
aS

B̂δ and ÛRT =
hRT
µ0 µr

τRSP

aR
B̂δ . (A.9)

As long as the teeth of the machine are not saturated the above mentioned assumption
works �ne, but a more detailed model has to consider that a certain part of the magnetic
�ux will also �ow across the slot.

- Yoke region

The magnetic �ux of the machine per pole is de�ned by

Φp =
2

π
B̂δ τp lFe . (A.10)

In eq. (A.10), the factor 2/π arises from a sinusoidally assumed �ux density B̂δ averaged
over one pole pitch τp.
In the yoke region Φp splits into two equal parts,

ΦJ = 1/2Φp . (A.11)

The �ux density in the yoke region is assumed constant and depends on the cross sectional
area of the yoke. Using eqs. (A.10) and (A.11) the magnetic voltages for the stator and
the rotor yoke regions are given by

ÛSJ =
lSHJ

µ0 µr π

τp
hSJ

B̂δ and ÛRJ =
lRHJ

µ0 µr π

τp
hRJ

B̂δ . (A.12)

Combining eqs. (A.7) to (A.9) and (A.12) gives an expression for the e�ective air gap length
according to [37, eq. (3.56)],

δeff =
Ûδ + ÛST + ÛRT + 1

2
ÛSJ +

1
2
ÛRJ

Ûδ

kC δ . (A.13)

A.3 Derivation of the Equivalent Circuit

The equivalent circuit of the induction motor is derived [75, Chapter 5], starting with the
di�erential equations for the stator and rotor voltage circuit.

uSS = RS i
S
S +

d

dt
ΨS
S (stator circuit) (A.14)

0 = uRR = RR i
R
R +

d

dt
ΨR
R (rotor circuit) (A.15)

ΨS
S = LS i

S
S +M iSR (stator circuit) (A.16)

ΨR
R = M iRS + LR i

R
R (rotor circuit) (A.17)

The meanings of the superscripts and subscripts are as follows:
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- Superscript: denotes in which coordinate system the variable is de�ned.
(S . . . stator, R . . . rotor)

- Subscript: denotes either a variable of the stator (S) or of the rotor circuit (R).

In eq. (A.15), the rotor voltage uR is set to zero, because only the special case of a squirrel-cage
motor is treated in this derivation, which is performed in two steps.

1. Transformation of the rotor variables to the stator (Section A.3.1).

2. Transformation of eq. (A.15) to the stator �xed coordinate system (Section A.3.2).

A.3.1 Transformation of the Rotor Variables to the Stator

This transformation is based on three conditions [76, 75, 54], concerning the transformed rotor
current i′R

3:

1. i′R has to cause the same current linkage as iR.

ΘS
µ = ΘS

S +ΘS
R

3

2
wS i

S
µ =

3

2
wS i

S
S +

3

2
wR i

S
R

iSµ = iSS +
wR

wS

iSR

In this case, wS and wR represent the number of turns in series of the winding of the
stator and the rotor.

i′R =
wR

wS

iR (A.18)

2. i′R and iS should �ow across the same main inductance Lh, de�ned as

Ψh = iµ Lh . (A.19)

Starting with eq. (A.17) and considering the relations, M ∝ wS wR, LSh ∝ w2
S and

LRh ∝ w2
R, M and LRh can be expressed in terms of LSh.

ΨR
R = LSh

wR

wS

iRS + LSh

(
wR

wS

)2

iRR + LRσ i
R
R

wS

wR

ΨR
R = LSh i

R
S + LSh

wR

wS

iRR + LRσ
wS

wR

iRR

wS

wR

ΨR
R︸ ︷︷ ︸

ΨR
R

′

= LSh i
R
S + LSh

wR

wS

wS

wR

iRR
′ + LRσ

(
wS

wR

)2

︸ ︷︷ ︸
L′
Rσ

iRR
′

Renaming LSh to Lh leads to

ΨR
R

′ = Lh i
R
S + Lh i

R
R

′ + L′
Rσi

R
R

′ = Lhi
R
µ + L′

Rσi
R
R

′ = ΨR
h + L′

Rσi
R
R

′ . (A.20)

3Transformed variables are marked with an apostrophe.
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3. i′R has to cause the same ohmic loss as iR.

RR i
2
R

!
= R′

R i
′
R

2 = R′
R

(
wR

wS

iR

)2

⇒ R′
R =

(
wS

wR

)2

RR (A.21)

In conclusion, eqs. (A.14) to (A.17) result in:

uSS = RS i
S
S +

d

dt
ΨS
S (A.22)

0 = R′
R i

R
R

′ +
d

dt
ΨR
R

′ (A.23)

ΨS
S = (Lh + LSσ) i

S
S + Lh i

S
R

′ (A.24)

ΨR
R

′ = Lh i
R
S + (Lh + L′

Rσ) i
R
R

′ (A.25)

In the following, the apostrophe, marking variables, which are transformed from the rotor to
the stator, is omitted for simpli�cation.

A.3.2 Transforming the Rotor Di�erential Equation to the Stator

Fixed Coordinate System

In general, the relation of a variable Z, once expressed in the coordinate system �xed to the
stator and once in a rotating coordinate system �xed to the rotor, is given by

ZR = ZS e−iφ , (A.26)

according to Fig. A.1. Transforming eq. (A.23), using eq. (A.26) results in

..

Z

. ℜ{SCS}.

ℑ{SCS}

.

ℜ{RCS}

.

ℑ{RCS}

.

φ

Figure A.1: Illustration of the transformation (eq. (A.26)) from the stator �xed (SCS) to the
rotor �xed coordinate system (RCS).

0 = RR i
S
R e−iφ +

d

dt

(
ΨS
R e−iφ

)
= RR i

S
R − i

dφ

dt︸︷︷︸
ωmech

ΨS
R + Ψ̇S

R .

Consequently, the di�erential equations, describing the induction machine in the stator �xed
coordinate system, are given by

Ψ̇S
S = uSS −RS i

S
S and Ψ̇S

R = iωmech Ψ
S
R −RR i

S
R . (A.27)
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In a simulation program this coordinate system allows to consider the non-linearity of the main
inductance in a very simple way. A transformation of eqs. (A.24) and (A.25) leads to

ΨS
S

LSσ

= iSS +
ΨS
h

LSσ

and
ΨS
R

LRσ

= iSR +
ΨS
h

LRσ

.

The sum of these two equations results in

ΨS
S

LSσ

+
ΨS
R

LRσ

=
(
iSS + iSR

)︸ ︷︷ ︸
iSµ

+

(
1

LSσ

+
1

LRσ

)
ΨS
h

ΨS
h=Lh iSµ
=

(
1

LSσ

+
1

Lh

+
1

LRσ

)
ΨS
h . (A.28)

The left side of eq. (A.28) is the sum of the integrated eq. (A.27), the right hand could be
provided in a look-up table, which allows to compute Ψh and further the torque

Tmotor =
3

2
pℑ
{
ΨS
h i

S
S
∗} . (A.29)

For steady state,
dφ

dt
= ωmech = const. and uS = ÛS e

iωS t , (A.30)

the system equations of the induction machine in the stator �xed coordinate system (eqs. (A.31)
to (A.33)) became algebraic.

uSS = RS i
S
S + Ψ̇S

S = RS i
S
S +

d

dt

(
LSσ i

S
S + Lh i

S
µ

)
(A.31)

0 = RR i
S
R − iωmechΨ

S
R + Ψ̇S

R = RR i
S
R − iωmech

(
LRσ i

S
R + Lh i

S
µ

)
+
d

dt

(
LRσ i

S
R + Lh i

S
µ

)
(A.32)

iSµ = iSS + iSR (A.33)

In this state, certainly, also the currents simplify to

iS = ÎS e
iωS t , iR = ÎR eiωS t and iµ = Îµ e

iωS t . (A.34)

Applying eqs. (A.30) and (A.34) to eqs. (A.31) to (A.33) the resulting equations describe the
well known �T-equivalent circuit� of the induction motor, illustrated in Fig. A.2.

ÛS
S = RS Î

S
S + iωS

(
LSσ Î

S
S + Lh Î

S
µ

)
(A.35)

0 = RR Î
S
R + i (ωmech − ωS)

(
LRσ Î

S
R + Lh Î

S
µ

)
0 =

RR

s
ÎSR + iωS

(
LRσ Î

S
R + Lh Î

S
µ

)
(A.36)

ÎSµ = ÎSS + ÎSR (A.37)

In eq. (A.36), the de�nition of the slip s is used, which describes the relation between the
mechanical angular frequency ωmech and the angular frequency of the stator voltage ωS,

s =
ωS − ωmech

ωS

. (A.38)
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ÎS ÎR

ÛS

RS LSσ LRσ

Lh

Îµ

RR/s

Figure A.2: Equivalent circuit of the induction motor for steady state, an illustration of
eqs. (A.35) to (A.37).

A.4 Transformation to the Rotor Flux Oriented

Coordinate System

For controlling an electrical machine, it is preferable to be able to adjust the magnetic �ux and
torque independently of each another, similar to a separately excited DC machine. This aim
can be achieved by transforming eqs. (A.22) to (A.25) into the rotor �ux oriented coordinate
system (ΨCS). The relations for a general variable Z, de�ned in di�erent coordinate systems,
are

ZS = ZΨ ei ρ and ZR = ZΨ ei(ρ−φ) , (A.39)

according to Fig. A.3. Again, the superscript denotes in which coordinate system the variable
is de�ned (S . . . stator, R . . . rotor, Ψ . . . rotor �ux).

Per de�nition, in the rotor �ux oriented coordinate system ΨCS,

ℑ{ΨΨ
R }

!
= 0 . (A.40)

The following derivation of the di�erential equations for iS and ΨR is based on Schröder [46,
Chapter 13].

Transforming the di�erential equation for the rotor voltage circuit, using eq. (A.39) results in

0 = RR i
R
R + Ψ̇R

R

0 = RR i
Ψ
R ei(ρ−φ) +

d

dt

(
ΨΨ
R ei(ρ−φ)

)
0 = RR i

Ψ
R + ˙ΨΨ

R + i (ρ̇− φ̇)ΨΨ
R

˙ΨΨ
R = −RR

ΨΨ
R − Lh i

Ψ
S

Lh + LRσ︸ ︷︷ ︸
iR

−i (ρ̇− φ̇)ΨΨ
R .
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.
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.
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Figure A.3: Illustration of the transformation (eq. (A.39)) from the stator �xed (SCS) and the
rotor �xed coordinate system (RCS) to the rotor �ux oriented coordinate system
ℑ{ΨCS}).

Splitting ˙ΨΨ
R into its real and imaginary parts leads to

ℜ{ ˙ΨΨ
R } = Ψ̇Ψ

Rd =
RR

Lh + LRσ

(
Lh i

Ψ
Sd − ΨΨ

Rd

)
ℑ{ ˙ΨΨ

R } = 0 =
RR Lh

Lh + LRσ

iΨSq − (ρ̇− φ̇)ΨΨ
Rd

ρ̇ = φ̇+
RR Lh

Lh + LRσ

iΨSq
ΨΨ
Rd

.

The same transformation is performed for the di�erential equation for the stator voltage circuit.

uSS = RS i
S
S + Ψ̇S

S

uΨS ei ρ = RS i
Ψ
S ei ρ +

d

dt

(
ΨΨ
S ei ρ

)
uΨS = RS i

Ψ
S + ˙ΨΨ

S + i ρ̇ ΨΨ
S

uΨS = RS i
Ψ
S + (Lh + LSσ)

˙iΨS + Lh
˙iΨR + i ρ̇

[
(Lh + LSσ) i

Ψ
S + Lh i

Ψ
R

]
uΨS = RS i

Ψ
S + (Lh + LSσ)

˙iΨS + Lh

˙ΨΨ
R − Lh

˙iΨS
Lh + LRσ︸ ︷︷ ︸

˙iR

+i ρ̇

(Lh + LSσ) i
Ψ
S + Lh

ΨΨ
R − Lh i

Ψ
S

Lh + LRσ︸ ︷︷ ︸
iR


uΨS = RS i

Ψ
S + i ρ̇

[
(Lh + LSσ)−

L2
h

Lh + LRσ

]
︸ ︷︷ ︸

Lσ

iΨS +

[
(Lh + LSσ)−

L2
h

Lh + LRσ

]
︸ ︷︷ ︸

Lσ

˙iΨS

+
(
i ρ̇ ΨΨ

R + ˙ΨΨ
R

)
︸ ︷︷ ︸
i φ̇ ΨR−RR

ΨR−Lh iS
Lh+LRσ

Lh

Lh + LRσ

uΨS =

(
RS +

L2
h

(Lh + LRσ)2
RR

)
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R

iΨS + Lσ
˙iΨS + i ρ̇Lσ i

Ψ
S + i φ̇

Lh
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R − RR Lh

(Lh + LRσ)2
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R
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Splitting these terms in their real and imaginary parts results in

uΨSd = R iΨSd + Lσ
˙iΨSd − ρ̇ Lσ i

Ψ
Sq −

RR Lh

(Lh + LRσ)2
ΨΨ
Rd

uΨSq = R iΨSq + Lσ
˙iΨSq + ρ̇ Lσ i

Ψ
Sd + φ̇

Lh

Lh + LRσ

ΨΨ
Rd .

Also, the torque of the induction motor (eq. (A.29)) can be expressed in terms of iS and ΨR,
according to [46, eq. 13.114].

Tmotor =
3

2
pℑ{Ψh i

∗
S} Ψh = Lh (iS + iR)

Tmotor =
3

2
pℑ
{
Ψh

(
Ψ ∗
h

Lh

− i∗R

)}
= −3

2
pℑ{Ψh i

∗
R} Ψh = ΨR − LRσ iR

Tmotor = − 3

2
pℑ{(ΨR − LRσ iR) i

∗
R} = −3

2
pℑ{ΨR i

∗
R} ΨR = Lh iS + (Lh + LRσ) iR

Tmotor = − 3

2
pℑ
{
ΨR

(
Ψ ∗
R − Lh i

∗
S

Lh + LRσ

)}
=

3

2
p

Lh

Lh + LRσ

ℑ{ΨR i
∗
S} ℑ{ΨR} = 0

Tmotor =
3

2
p

Lh

Lh + LRσ

ΨRd iSq

To summarise, the di�erential equations of the induction machine in the rotor �ux oriented
coordinate system and some comments are listed below.

- ΨRd and ρ cannot be measured directly in a simple way. In this work, they are obtained
by integration [77, Chapter 12] of eqs. (A.44) and (A.45). However, many other methods
have been proposed in literature, e.g. [78].

That means, while operating the machine these di�erential equations are solved perma-
nently [79] using the simple Euler method to give an online estimation of the rotor �ux
ΨΨ
Rd, needed in the machine's controller. There is a high parameter sensitivity relating

to the rotor time constant, which may vary for di�erent operational states in practice.
For that reason, again, an adequate knowledge of the equivalent circuit parameters of the
machine is required.

- Subtracting the compensating voltages ud, comp and uq, comp, eqs. (A.42) and (A.43) sim-
plify to

d iΨSd
dt

=
1

Lσ

(
uΨSd −R iΨSd

)
and

d iΨSq
dt

=
1

Lσ

(
uΨSq −R iΨSq

)
, (A.41)

which gives a linear control path for the currents.

- As a result of the transformation, the torque and the rotor �ux decouple (eqs. (A.44)
and (A.46)), so that they can be controlled independently of each other using an extra
control circuit for iΨSd and iΨSq and accordingly a superposed control circuit for the �ux
and torque or speed.
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uΨSd = R iΨSd + Lσ
˙iΨSd−ρ̇ Lσ i

Ψ
Sq −

RR Lh

(Lh + LRσ)2
ΨΨ
Rd︸ ︷︷ ︸

ud, comp

(A.42)

uΨSq = R iΨSq + Lσ
˙iΨSq+ρ̇ Lσ i

Ψ
Sd + φ̇

Lh

Lh + LRσ

ΨΨ
Rd︸ ︷︷ ︸

uq, comp

(A.43)

Ψ̇Ψ
Rd =

RR

Lh + LRσ

(
Lh i

Ψ
Sd − ΨΨ

Rd

)
(A.44)

ρ̇ = φ̇+
RR Lh

Lh + LRσ

iΨSq
ΨΨ
Rd

(A.45)

Tmotor =
3

2
p

Lh

Lh + LRσ

ΨΨ
Rd i

Ψ
Sq (A.46)
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Appendix B

Synchronous Reluctance Machine -

FEA Results

The results of the FEM computations for the SynRM are obtained via transient simulations
with �xed current and speed. The dependencies of the magnetising inductances Ld and Lq on
the current, used for the speed controller (c.f. Section 3.3.2), are illustrated in Fig. B.1. The
two-dimensional lookup tables to simulate d-q-model eqs. (3.44) are shown in Fig. B.2.
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Figure B.1: Dependencies of the simulated magnetising inductances Ld and Lq on the current,
used for the speed controller (c.f. Section 3.3.2).
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(a) d-axis current id as a function of of Ψd and Ψq used for the two-dimensional lookup table in

the simulations.
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Figure B.2: Two-dimensional lookup tables, resulting from FEA (c.f. Fig. 3.8), to simulate
d-q-model eqs. (3.44).
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Appendix C

In�uence of Magnetisation

Characteristic

The magnetisation characteristic used for the computations of the machine design was obtained
by �tting a function, containing a linear and an arctan term [80], to a no-load characteristic of
an IM of a benchmark study.

Fig. C.1 illustrates the di�erences between the result of the �t and the magnetisation charac-
teristics speci�ed by the steel producer, which might by explained by the degradation of the
magnetic properties caused by the laser cutting process

The e�ect on the computation performed using the modelling approach of Section 2.2.1 and a
geometry, according to Fig. 4.3, of the main inductance Lh of the IM is shown in Fig. C.2. It
can be assumed that the magnetisation curve of the manufactured machine is located between
these two extremes.
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Figure C.1: Comparison of the magnetisation curve derived from a machine from a benchmark
study (blue) and the speci�cation of the steel producer (red, M235-25A).
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Figure C.2: Comparison of the computed main inductance Lh as a function of the magnetising
current Iµ, using the magnetisation curve derived from a machine from a benchmark
study (blue) and the speci�cation of the steel producer (red, M235-25A).
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Appendix D

Pseudo Cycle

The original cycle, de�ned in Fig. 1.2, was speci�ed by a customer and we were not allowed
to publish it for the reason of con�dentiality. For that reason, we de�ned a so called pseudo
cycle with a similar load pro�le, also including two step function responses of position, slow
movement and resting times.

This cycle, pictured in Fig. D.1, was used for the publications [72, 73] and to measure the
temperature increase of the actuator, shown and discussed in Section 6.2.
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Figure D.1: A pseudo cycle, used for publications and to measure the temperature increase of
the actuator.

Fig. D.2 shows the simulated mean copper losses PCu to run through the cycle, shown in
Fig. D.1, for the �nal design of the IM and SynRM (see Section 4), assuming a winding tem-
perature of Twinding = 100 ◦C and Twinding = 150 ◦C, respectively. (Based on the prediction of
the thermal model, the actuator will take on a steady-state temperature between these two
extreme cases during operation.) Not only the total copper loss, including the copper loss of
the rotor, of the IM, but also the one of the stator only are higher than those of the IM.

114



Appendix D. Pseudo Cycle

IM 100 °C IM 150 °C SynRM 100 °C SynRM 150 °C
0

5

10

15

20

25

P
C

u
/

W

 

 

Stator

Rotor

Figure D.2: Comparison of the simulated mean copper losses PCu to run through the cycle
for the IM and SynRM, assuming a winding temperature of Twinding = 100 ◦C and
Twinding = 150 ◦C, respectively. PCu increases approximately proportionally with
the temperature, due to the change of the ohmic resistance.
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Glossary

Glossary

A linear current density, current sheet.
AC cross section area of one conductor.
ACu cross section area of copper content in stator / rotor.
Acyclinder surface area cylinder.

Â peak value of linear current density, current sheet.
α angle coordinate.
aRSO rotor slot opening width .
aSSO stator slot opening width.
aR tooth width rotor.
aS tooth width stator.
Aslot cross section area of one slot.

Bδ �ux density in the air gap.

B̂δ peak value of �ux density in the air gap.
βR electrical angle between rotor and stator reference

frame.

B̂S slot stator slot �ux density.

B̂S tooth stator tooth �ux density.

dbar rotor bar diameter.
dδ diameter mid of the air gap.
δ air gap length.
δeff e�ective air gap length.
∆t time tolerance of the cycle.
dRO rotor outer diameter.
dshaft shaft diameter.
dSI stator inner diameter.
dSO stator outer diameter.
dspindle spindle diameter.

ηfric friction coe�cient.

Fload force of the spring.
fPr function of Prandtl number.

g gravity acceleration.
Gr Grashof number.

hbar distance between the outer diameter of rotor and the
rotor bar.

hRJ height rotor yoke.
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Glossary

hRT tooth height rotor.
hSJ height stator yoke.
hST tooth height stator.
HS tooth stator tooth magnetic �eld strength.

I mass moment of inerita.
id direct axis current.

Îµ peak value of magnetising current, steady state.
iµ magnetising current.
IPh electric phase current.
iq quadrature axis current.

ÎR peak value of rotor current, steady state.
iR rotor current.

ÎS peak value of stator current, steady state.
iS stator current.
Ishaft shaft mass moment of inerita.

JRMS current density, rms-value.

kC Carter factor of the slot-teeth layer.
ksff slot �ll factor.
kspindle spindle pitch.

lCu average conductor lenght of one turn of the stator
winding.

Ld direct axis inductance.
lFe active length, core length.
Lh main inductance.
Lq quadrature axis inductance.
LR self inductance rotor winding.
LRσ leakage inductance rotor.
lRHJ average length of magnetic �eld line in rotor yoke.
LS self inductance stator winding.
LSσ leakage inductance stator.
lSHJ average length of magnetic �eld line in stator yoke.
lstream streaming lenght.

M maximal mutual inductance between stator and ro-
tor.

m number of phases.
µ0 absolute permeability.
µr relative permeability.

n rotational speed motor.
Nbar number of rotor bars.
NS number of stator slots.
Nu Nusselt number.

123



Glossary

ωmech mechanical angular frequency.
ωR electrical angular frequency in rotor reference frame.
ωS stator voltage angular frequency.

p number of pole pairs.
PCu copper losses, resistive losses.
φ̈ angular acceleration.
ΦSSP magnetic �ux entering the stator slot pitch.
ΦJ yoke magnetic �ux.
Φp magnetic �ux per pole.
ψR phase angle of rotor current.
ΦS slot stator slot magnetic �ux.
ΦS tooth stator tooth magnetic �ux.
Pr Prandtl number.
Ψd �ux in direct axis.
Ψh main �ux linkage.
Ψq �ux in quadrature axis.
ΨR �ux linkage of rotor.
ΨS �ux linkage of stator.

q number of slots per pole.

Q̇ heat �ow.

Ra Rayleigh number.
ρCu speci�c resistance of copper.
RPh ohmic resistance of one phase.
RR rotor ohmic resistance.
RS stator ohmic resistance.
Rtherm thermal resistance of the heat conduction.

s slip.

T torque.
t time.
Tamb ambient temperature.
τp pole pitch.
τRSP rotor slot pitch.
τSSP stator slot pitch.
Tfric friction torque of the system.
Θ current linkage.

Θ̂ peak value of current linkage.
Tload load torque.
Tmech mechanical torque.
Tmotor motor torque.
Twinding winding temperature.

Ûδ slot tooth peak value magnetic voltage of slot-tooth layer.
ud direct axis voltage.
UDC intermediate circuit voltage, DC link voltage.
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Glossary

Ûδ peak value magnetic voltage of air gap.

Ûp peak value magnetic voltage of a pole pair.
uq quadrature axis voltage.
uR rotor voltage.

ÛRJ peak value magnetic voltage of rotor yoke.

ÛRT peak value magnetic voltage of rotor teeth.

ÛS peak value of stator voltage, steady state.
uS stator voltage.

ÛSJ peak value magnetic voltage of stator yoke.

ÛST peak value magnetic voltage of stator teeth.

wbarrier width of �ux barrier.
wbridge width of �ux bridge.
wpath width of �ux path.
wslot number of conducters in a slot.
wstr number of turns of one phase in series.

x linear coordinate.
ξ winding factor.
xmax maximum linear adjusting range of the actuator.

αheat heat-transfer coe�cient.
βexp thermal expansion coe�cient.
ϵ emissivity coe�cient.
λfluid thermal conductivity of the �uid (air).
νkin kinematic viscosity.
σB Stefan - Boltzmann constant.
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