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Preface

In 1900 Hilbert posed twenty-three problems, which since then have aroused significant attention
and flourished many mathematical disciplines. Among them, the seventh problem addresses to the
transcendence of numbers of the form a’, where a, b are algebraic, a ¢ {0,1} and b is irrational,
whereas the tenth problem asks for a general algorithm which can decide the existence of solution
for any given Diophantine equation. The seventh problem was solved affirmatively by Gelfond and
Schneider independently in 1934, whereas the tenth problem was solved negatively by Matiyasevich
in 1970.

The quest for generalizing the results of Hilbert’s seventh problem lead to the pioneering work
of Alan Baker on the theory of linear forms in logarithms in the 1960’s. Amazingly, this theory
also provides essential machinery for solving many types of Diophantine equations effectively, hence
furnishes the understanding of Hilbert’s tenth problem. Since Baker’s first series of publications, the
theory (which is also known as Baker’s method) has been widely studied by many mathematicians
and its advancement brings forth the solving of many long-standing classical problems in number
theory, such as the class number problem, the solving of Thue equation effectively, the Catalan’s
equation and so on. The theory of linear forms in logarithms we have nowadays (in Archimedean,
non-Archimedean and elliptic settings) are the collective contributions of many mathematicians
within these decades, and is still regarded as one of the crucial tools for solving Diophantine
equations and other problems in number theory effectively.

In this thesis, we focus on Baker’s method in the Archimedean and non-Archimedean settings.
The plot is as follows. First, we shall give an overview of some important milestones in the
historical development of the theory in Chapter 1. We shall also give a brief description of some
selected problems which are solved with the aid of Baker’s method. These serve as a purpose to
give the readers a brief idea on the usage, strength and limitation of the theory, the demand for
improvement, the issues of concern when improving the existing theory, as well as the difficulty
in achieving the improvement. Chapter 2 gives a brief description and background of my work
achieved during my doctoral studies. These include the work on the lower bounds for linear forms
in two p-adic logarithms (more precisely, the lower bounds of |0/{1 —agz |p, where aq, ag are numbers
algebraic over Q and by, be are positive rational integers), the solving of two variants of a problem
of Pillai (namely F,, — T},, = ¢ which involves Fibonacci and Tribonacci sequences, and U,, — V,, = ¢
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which involves linear recurrence sequences), and the solving of two Diophantine equations (namely
Fo, + Fp, =29 429 129 and F,, + Fy, + Fipy = 211 +22). Chapter 3 to Chapter 6 are the
documentary of my manuscripts and journal publications.

I am very grateful to Prof. Gisbert Wiistholz, my supervisor, for taking me as his doctoral student.
I am very thankful to have his guidance to explore the field of linear forms in logarithms and related
issues, and to further enhance my understanding and interest to this topic. I wish to express my
deepest gratitude to him for his great effort to cultivate me in the research and for taking care of
my difficulties encountered. I am indebted to him for his endless support, encouragement and his
lead to achieve goals persistently and optimistically.
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Chapter 1

Linear Forms in Logarithms

Diophantine equation is usually referred to as a polynomial equation in two or more unknowns
such that only integer solutions are sought. An exponential Diophantine equation is a Diophantine
equation with variable(s) at the exponent(s). The solving of Diophantine equations or Diophantine
problems in general is very fascinating because it is usually simple to be stated but it can be
very difficult to be solved. The Fermat’s last equation, the Catalan’s equation and the generalized
Fermat equation are illustrative examples.

The theory of linear forms in logarithms of algebraic numbers (Baker’s method) has vast appli-
cations on solving Diophantine equations (in particular exponential Diophantine equations) and
Diophantine problems. Plainly speaking, it obtains the upper bounds for the size of possible solu-
tions to a wide class of Diophantine equations having finitely many solutions. Provided that the
bound is explicit and practically small, one can solve the equations completely by extracting all
solutions from computer enumeration.

In this chapter, we shall give an overview of some important milestones in the development of linear
forms in logarithms, and a brief description of some selected problems being solved with the aid of
this method. These help revealing the usage, strength and limitation of the theory, the demand for
improvement, the issues of concern when improving the existing theory, as well as the difficulty in
achieving the improvement.

1.1 Origins and background

The existence of transcendental numbers was first proved by Liouville in 1844 and the Liouville
constant was constructed in 1851 as one of the first illustrated decimal examples. In 1873, Hermite
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proved that e is transcendental. Cantor showed in 1874 that there are only countably many algebraic
numbers but uncountably many transcendental numbers. In 1882, Lindemann proved that for any
nonzero algebraic number «, the number e® is transcendental. Hence m is transcendental from
the fact that ¢ = —1. The approach was generalized by Weierstrass to give the Lindemann-
Weierstrass theorem in 1885. Besides, the ancient problem of squaring the circle involving compass
and straightedge was proven to be impossible as a consequence of the transcendence of .

In 1900 Hilbert posed twenty-three problems, which since then have flourished many mathematical
disciplines. Among them, the seventh problem addresses to the quest for the transcendence of
numbers of the form of, where a, § are algebraic, a ¢ {0,1} and f is irrational. Hilbert believed
that,

“the expression o for an algebraic base a + 0,1 and an irrational algebraic exponent 3, e.g. the
number 2V2 or e™, always represents a transcendental or at least an irrational number.”

The Hilbert’s seventh problem was solved affirmatively by Gelfond [45] and Schneider [75] inde-
pendently in 1934. They proved the following Gelfond-Schneider Theorem.

Theorem 1.1 (Gelfond-Schneider Theorem). Suppose that a # 0,1 and (3 is irrational. Then «,
and o cannot all be algebraic.

Equivalently, for any non-zero algebraic numbers «q, g, 81, B2 such that loga; and logas are
linearly independent over the rationals, we have

B1log oy + B2 log aig # 0.

The common scheme of the methods of Gelfond and Schneider is to construct auxiliary functions
with a large number of zeros in a certain disc, and enlarge the set of zeros by using a combination
of number-theoretic and analytic means.

In 1935, Gelfond [46] obtained a positive lower bound for |51 log a1 + B2 log aa|. Suppose B1, 52 are
algebraic numbers not all zero with classical heights at most B (>4), a1, ag are algebraic numbers
not 0 or 1, the field K generated by the a’s and (’s over the rationals has degree at most d and

—iog =L is irrational. He proved that
og aa

|81 log ay + B log ava| > Ce™ e B)" (1.1.1)

where k > 5 and C' > 0 is effectively computable in terms of aq, as, d and k. As a remark, the
classical height of an algebraic number is the maximum of the absolute values of the relatively prime
integer coefficients in the minimal defining polynomial. He foresaw the strength and significance of
extending this effective result to arbitrarily many logarithms of algebraic numbers in solving very
difficult problems in modern number theory. In [47, p.177], he mentioned that

“.. one may assume... that the most pressing problem in the theory of transcendental numbers is
the investigation of the measures of transcendence of finite sets of logarithms of algebraic numbers.”
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1.2 Baker’s first results

The generalization of Gelfond’s results was eventually achieved by Alan Baker in 1960’s in his series
of papers including [1, 2, 3]. Denote

4] = |Bo + Bilog a1 + -+ + B log a . (1.2.1)

In [1, 2] Baker obtained lower bound of |A| for the homogeneous case (i.e. taking Sy = 0) whereas
in [3], he obtained lower bound of |4| for the non-homogeneous case (i.e. fy # 0) and strengthened
slightly the results for the homogeneous case in [1, 2]. His theorems are as follows.

Theorem 1.2 (Baker [3], Theorem 1). Let aq,... ,a, and By, P1, ... , By denote non-zero algebraic
numbers. Suppose that kK >n+ 1, and let d and B denote respectively the maximum of the degrees
and heights of By, ... ,Bn. Then

|60 + B1log oy + -+ + By log ay | > Ce(ogB)"

for some effectively computable number
C=C(n,ai,...,an, K, d)>0.

Theorem 1.3 (Baker [3], Theorem 2). Let ay,...,q, and Bi,...,[B3, denote non-zero algebraic
numbers. Suppose that either logaq,... ,loga, or Bi,...,0, are linearly independent over the
rationals. Suppose further that k > n, and let d and B denote respectively the mazximum of the
degrees and heights of B1,...,Bn. Then

1B110g vy + -+ + B log oy | > Ce~ (108 B)"

for some effectively computable number

C=C(n,ai,...,an,kK,d)>0.

In the above two theorems, the height is referred to as the classical height. The proof of Baker’s
theorems involves the construction of auxiliary functions in several complex variables, with zeros
to high order on a certain set of points. With the hypothesis that |A| is small, number-theoretic
and analytic means are used. With an ingenious extrapolation technique, it can be shown that a
subset of the original set of auxiliary functions has even more zeros on a larger set. By applying the
extrapolation step several times, it can be deduced that an auxiliary function vanishes, leading to
contradiction by using for example the non-vanishing of Vandermonde determinant. The expression
of parameters involved in the derivation are carefully and appropriately chosen which are adequate
to yield the contradiction so that the proof can be established.

There are a handful of immediate consequences and applications of Baker’s first series of results.
To name a few,
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1. Theorem 1.2 implies that eﬂoo/f L. ag" is transcendental for any non-zero algebraic numbers
A1y ..., On, 607 517"' 757L;

2. the theorem facilitates the determination of explicit upper bounds for the size of all solutions
of Diophantine equations of the type

f(x,y) =1,

where f denotes any irreducible binary form with integer coefficients and degree at least 3
(see Section 1.6.1);

3. at least in principle, the theorem suffices to settle the celebrated conjecture dating back to

Gauss that there are only nine imaginary quadratic fields with class number 1 (see Section
1.6.2).

Among Hilbert’s twenty-three problems, the tenth problem asks for a general algorithm which
can decide the existence of solution for any given Diophantine equation. Baker’s method, being
an essential machinery for solving many types of Diophantine equations effectively, furnishes the
understanding of this problem. It was eventually solved negatively by Matiyasevich in 1970.

Baker was awarded the Fields Medal in 1970 for his achievement to have “generalized the Gelfond-
Schneider theorem (the solution to Hilbert’s seventh problem). From this work he generated tran-
scendental numbers not previously identified.”

1.3 Further development of Baker’s method and general strategy
of solving Diophantine equations

Since Baker’s first series of results, there were developments on the theory of linear forms in log-
arithms towards several directions, namely, the improvement on the dependence on B and other
parameters in the lower bound, the explicit determination of the constant C, and the generalization
of the theory in ultrametric case. Readers can refer to [15] and [20] for more details.

In 1968, Feldman [43, 44] achieved the best dependence of B in the lower bound as follows.

Theorem 1.4 (Feldman [43, 44]). Let n > 2 be an integer and ai,...,a, be positive rational
numbers which are multiplicatively independent. Let by, ... by, be rational integers, not all of which
being zero, and set B = max{|bi],...,|bn|,3}. Then, there exists a positive, effectively computable
number C, depending only on ai,... ,ay, such that

jabt---al ~ 1| > exp (-Clog B) = BC.
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On the other hand, Baker [4] gave the first explicit results in 1968. Let aq,...,ap (n > 2) denote
non-zero algebraic numbers. Suppose the heights and degrees of aq, ... ,a, do not exceed integers
A, d respectively, where A > 4, d > 4. Suppose further that 0 < <1 and logay,... ,loga, are the
principal values of the logarithms.

Theorem 1.5 (Baker [4], Theorem). If rational integers by, ..., by, ezist, with absolute values at
most B, such that

0<|bilogay + -+ by logay| < e_‘SB,

then

2n+1)2
B«< (4"25_1d2" logA)( i .

This is the first explicit results by Baker about his theory. This was applied by Baker and Davenport
[17] to demonstrated that there is no other Diophantine quadruple containing 1,3,8 than the set
{1,3,8,120}. As a remark, their paper [17] is the origination of the Baker-Davenport reduction
method. (See Section 1.5.)

Whereas in 1972, Baker [11] obtained the following results, which gives the best possible dependence
with respect to B when A is fixed and with respect to A when B is fixed. Let o, ... , a, be non-zero
algebraic numbers with degrees at most d and let the heights of a1,...,a,_1 and o, be at most A’
and A (> 2) respectively.

Theorem 1.6 (Baker [11], Theorem). For some effectively computable number C > 0 depending
only on n,d and A’, the inequalities

0< ‘bl logaq + -+ + by, logan| < C—logAlogB

has no solution in rational integers by, ... by, with absolute values at most B (> 2).

A more generalized result was given in [12]. As a remark, the generalized A-function (refer to [11,
Lemma 1]) and the Kummer’s condition were used in [11, 12].

Lemma 1.7 (Kummer’s condition). Let aq,...,q, be non-zero elements of an algebraic num-
ber field K and let o&//p,... ,a,ll/p denote fized p-th roots for some prime p. Further let K' =
K(a}/p, Lalr ) Then either K’ (a}b/p) is an extension of K' of degree p, or we have

» -1

_ AJ1 Jn-1
ap =o' o) AP

for some v € K and some integers ji,... ,jn-1 with 0 < j. <p.

In 1973, Baker [12] obtained the following result which fosters general strategy of solving Diophan-
tine equations.
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Theorem 1.8 (Baker [12], Theorem 2). Let a, ... ,ayp be non-zero algebraic numbers with degrees
at most d and let the heights of a1, ... ,an-1 and a, be at most A" and A (> 2) respectively. If for
some € >0, there exist rational integers by, ... ,by,—1 with absolute values at most B such that

0 <|brlogoy + -+ bp_110g a1 —logay,| < e85, (1.3.1)
then B < Clog A for some effectively computable number C depending only on n, d, A" and ¢.
It means that having (1.3.1) guarantees the finiteness of the size of b’s in the equation. We can

utilize the above theorem to sketch a general strategy of deriving explicit upper bounds for the size
of possible solutions by Baker’s method (refer to Gyéry in [96, Chapter 4]):

1. Formulate the Diophantine problem into equation(s) to which Baker’s method is applicable.

2. Reduce the equation(s) to inequalities of the form

b1 b1
0 <oy a7 = ap| < ¢ exp{-coB} (1.3.2)
where aq, ... ,a, are non-zero algebraic numbers, b1,... ,b,_1 are unknown rational integers,

B = max; |b;| and ¢1, ¢5 as well as c3, ¢4 below denote effectively computable positive constants
which are independent of by, ... ,b,-1. If B is large, (1.3.2) implies that

|4] < ez exp{-caB} (1.3.3)

where A = by logay +-+-+b,-log a1 —log av,,. For simplicity, it is assumed here that aq,...,a,
are real and positive.

3. The application of Baker’s method gives
exp{-c4(log B)"} <|4|. (1.3.4)
Together with (1.3.3) we come across the inequality
coB < ¢4(log B)" +log cs (1.3.5)
which yields an explicit upper bound for B, denoted by By.

4. Deduce an explicit upper bound for the size of unknowns in the initial Diophantine problem.

The essential issue here is that inequality (1.3.5) reveals the desire of keeping x = 1 and a small
c4 for getting a smaller By. It should be noted that in solving some equations one may need to
apply Baker’s method several times in a cascaded way so that the explicit upper bound for B
obtained would inevitably be larger. Although further reduction tool may be available to reduce
the upper bound to a greater extent (see Section 1.5), it requires a preliminary upper bound for B
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to start with which should be small enough for initial computer enumeration. All these reinforce
our demand for a small By and hence a good dependence on log B and a small ¢y4.

There are further development in this regard. In 1975, Baker announced in [13] the following
sharpening of his previous results. Let aq,...,a, be non-zero algebraic numbers with degrees at
most d and suppose that the height of «; is at most A; (> 4). Further, let by,...,b, be rational
integers with absolute values at most B (> 4), and let

A=bilogag + -+ bylogay,
where the logarithms are assumed to have their principal values.
Theorem 1.9 (Baker [13], Theorem). If A # 0, then |A| > B~88 yhere
Q=log Ay---log A,

and C is an effectively computable number depending only on n and d.

Baker mentioned in the paper that “it would be of much interest to eliminate log €2 and to generalize
A so as to incorporate these results.”

In 1977, Baker [15] further improved his results as follows. Denote
|A| = |BO + 61 logayg + -+ Bn 10gan|

where a; and §; are algebraic numbers with heights at most A; > 4 and B > 4 respectively. The
field K generated by the a’s and S’s over the rationals has degree at most d, €2 = log A;---log A,,,

r_ 0
and = Tog AL

Theorem 1.10 (Baker [15], Theorem 1). if A # 0, then |A| > (BQ)~“218Y  yhere C = (16nd)200",

When 5y =0 and 8y,... , 3, are rational integers, the bracketed factor €2 can be eliminated to yield:

Theorem 1.11 (Baker [15], Theorem 2). If, in the rational case, A # 0, then |A| > B~C¢*le®
where C = (16nd)?°°".

1.3.1 Results of Baker and Wiistholz

One of the main problems concerning Baker’s results in 1977 was to eliminate the term log )’ in
Theorem 1.11. This has been established by Wiistholz [92, 93], as well as Philippon and Wald-
schmidt [70] independently in 1988. The advancement achieved by Wiistholz was made possible by
the use of the theory of multiplicity estimates of group varieties (see [95] and also [62, 63]), which
replaced the use of Kummer’s theory in the derivation.
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In Wiistholz’s results [93], the Weil height, which has advantages over the classical height, is used
instead. Let K be an algebraic number field and v a place of K. Denote by K, the completion of
K at v and set d, = [K, : Q,] if d = [K : Q]. We write v|p if v is a finite place of K lying over
the prime p and v|oo if v is an infinite place. For every place v of K the absolute value | |, is
normalized as follows:

—dy v

().  Ipl=p if v|p,

().l = 20

if v|oo,z € K.
The product formula [], |z|, = 1 follows for 0 # 2 € K. Let « = (z1,... ,zy) be in K~. We put
H(x) = [T masx(al)
v
and the logarithmic height

h(x) := Zmﬁmxlogﬂxnh). (1.3.6)

Both heights depend only on the projective coordinates of x due to the product formula. If o € K*
is any algebraic number then we put

H(a):=H((1,a)) and h(a) :=h((1,a)).

For the linear form L = 8121 + - + Bp2, we put h(L) = h((B1,...,5,)). The following states the
Theorem of Wiistholz [93].

Theorem 1.12 (Wiistholz [93], Theorem).
If B1,..., By are rational integers, A = L(logay, ... logay,) #0, then

log|A| > —c(n,d)h(L)h(ay) - h(ay)

for an effectively computable positive constant ¢ = c¢(n,d) depending only on n,d.

In 1993, Baker and Wiistholz [19] obtained the explicit formula for ¢(n,d) in Theorem 1.12 while
keeping the same structure of dependence of parameters in the lower bound. This celebrated result
signifies a new stage of the Baker’s method. Before stating the results, we shall introduce some
notations. Denote by ai,... ,a, algebraic numbers, not 0 or 1, and by logay,... ,loga, a fixed
determination of the logarithms. Let K be the field generated by aq,...,a, over the rationals Q
and let d be the degree of K. For each a € K and any given determination of loga we define the

modified height h'(a) by
1
B (o) = 5 max(h(ar),llogal, 1),

where h(«) is the standard logarithmic Weil height of « in (1.3.6). Consider the linear form

L(Zl, N ,Zn) = b121 + -+ bnzn,
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where by, ... ,b, are rational integers, not all 0. In analogy with the modified height introduced
above, we define

1
W(L) = 5 max(h(L), 1),
where h(L) is the logarithmic Weil height of L (and h'(L) = max (log (M) , é)) Baker

ged(bi,... ,bn)
and Wiistholz [19] obtained the following
Theorem 1.13 (Baker and Wiistholz [19], Theorem). If A= L(logaj,... ,logay) # 0 then

log|A| > =C(n,d)h' (aq) -+ h'(cn )W/ (L),
where

C(n,d) =18(n + 1)! n"*(32d)"*? log(2nd).

The following version is also provided in order to compare with previous results. Suppose that
B > max|bj|, and for any o as above we take A as an upper bound for the absolute values of the
relatively prime integer coefficients in the minimal defining polynomial for o. Define A; like A with
a=qa;. Thenif A>e, B >e and loga has its principal value we have

h'(L) <logB, h'(a)<m+logA<4-2logA.

n+1€—n+1

Since n! <n we have

C(n,d) < 2400(3 - 5n)*"*3d" 2 log(2nd),
whence
log|A| > =(16nd)2™*?) log A; - log A, log B. (1.3.7)

Theorem 1.13 has vast significance and applications to solving Diophantine problems and became
widely used by many mathematicians since then. A p-adic analogue of [19] is proposed by Yu in
his series [100]-[102].

1.3.2 Other results of linear forms in n logarithms

There are other mathematicians, whose results are not mentioned above, giving contributions to
the development of the Baker’s method. For a more comprehensive account on the historical
development of Baker’s method, readers can refer to [15, Section 1] and [20].

A more recent result is performed by Matveev [64] in 2000, in which he obtained an improved form
¢" for the expression of n in the absolute constant. There are also far-reaching conjectures for an
improved dependence of h'(c;) in the lower bound (see [20] and [53]).
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1.3.3 Linear forms in two logarithms by Laurent et al.

Studies by some French mathematicians such as Laurent were performed to use interpolation deter-
minant method to obtain the bound for linear forms in logarithms. In particular, Laurent’s study
in [54] was for n = 2, with

|A] = |balog aa — by log avy |,

where aj,as > 1 are two real and multiplicatively independent algebraic numbers, b; and by are
rational integers > 1 without loss of generality. He obtained a lower bound of the form

log |A| > -C'D*log a; log az(logb')?, (1.3.8)

where D = [Q(aq,a2) : Q], a1, ay are two real numbers > 1 such that h(«;) <loga; (i =1,2), with
h(«) being the absolute logarithmic Weil height, and

b = b1 + b2
Dlogas Dlogay

which has a different expression but analogue role as that in Baker and Wiistholz [19]. It should be
noted that (1.3.8) has a weaker dependence on b’ as that of B in (1.3.7). The interest in Laurent’s
result lies in the constant ¢ which gets a size of less than 100. In particular, [54, Theorem 2] was
stated as follows:

Theorem 1.14 (Laurent [54], Theorem 2). Suppose thatlogay > 1, logas > 1 and logb’ > 25. Then

log |A| = =87D*(0.5 + logb’)*log a; log as.

The interpolation determinant method used in [54] is different from the classical Baker’s method.
It begins with considering the determinant of a square matrix with maximal rank (as demonstrated
by theory of multiplicity estimates), which represents a non-zero polynomial in «; and ag. The
lower and upper bounds of the determinant are estimated respectively by arithmetic and analytic
means. Under the hypothesis that |A4] is small and with further conditions, contradiction arises. By
asserting appropriate expressions to the intermediate parameters, various theorems in the form of
(1.3.8), such as Theorem 1.14, are obtained.

Laurent’s result was further improved by Laurent, Mignotte and Nesterenko [56], yielding a constant
of roughly 30 and keeping the shape in (1.3.8). Further reduction on the constant was also given
by Laurent in [55]. A p-adic analogue of [54] and [56] was proposed by Bugeaud and Laurent in
1996 [33]. In 2006, Gouillon [50] modified [54] and succeeded in yielding the lower bound with a
dependence on log B instead of (log B)? (note that here B has a different expression but analogue
role as B in Baker and Wiistholz [19]), maintaining the constant C' to be of a reasonable size.
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1.4 p-Adic analogue

The evolution of the theory of p-adic linear forms in logarithms follows closely the development
of the theory of linear forms in logarithms in the complex domain described in previous sections.
It begins with the studies by Mahler who proved the p-adic analogue of the Hermite-Lindemann
theorem [59] in 1932 and obtained the p-adic analogue of the Gelfond-Schneider theorem [60] in
1935. He also founded the p-adic theory of analytic function.

Since Baker’s remarkable results in 1966, several mathematicians provide p-adic analogue of Baker’s
series of results. The p-adic analogue of the tools for proving linear forms in logarithms in the p-adic
case are developed. One of the main challenges in the p-adic domain is to ensure the convergence
of the exponential function. In this regard, appropriate setting has to be adopted so that similar
methodology as in the complex case can be well applied in the p-adic case.

1.4.1 Results of Kunrui Yu

Among all the p-adic analogue results, Kunrui Yu performed p-adic analogues of Baker’s results [12]
and [15, Theorem 2] in his series [97]-[99]. Besides, he performed p-adic analogues of the results
of Baker and Wiistholz [19] and subsequent improvement in his series [100]-[102]. He proposed the
idea of supernormality in dealing with the convergence issue for the exponential function in the
p-adic domain (see [100]).

The following is a consequence of the Main Theorem in Yu [102]. Let aq,... , a5 (n > 2) be non-zero
algebraic numbers and K be a number field containing a;,... ,q, with d = [K : Q]. Denote by p
a prime ideal of the ring of integers in K, lying above the prime number p, by e, the ramification
index of p, and by f, the residue class degree of p. It is noted that e, < d and f, <d.

Theorem 1.15 (Yu [102] p.190). Denote = = a?lagz o abn — 1, where by,... b, are rational
integers, not all zero, and = # 1. Let ho(a) denotes the absolute logarithic Weil height of an
algebraic number «, and hj = max (ho(aj), @) (7=1,...,n). Let B be a real number satisfying
B > max{|bi|,... ,|bn|,3}. Then

ord,(= - 1) <nC(n,d,p)hy - hy,log B,

where
pf P

C(n,d,p) = (16ed)* " log(2nd) log(2d)ef ———.
(fplogp)

Besides getting accord with the development of Baker’s method in the complex case, the develop-
ment of the p-adic case is also driven by practical use in solving Diophantine problems. Section
1.6.4 and Section 1.6.5 provide further illustrations. Readers can also refer to [96, Chapter 2] for a
more comprehensive description on the development of the Baker’s method in p-adic domain.
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1.4.2 Linear forms in two p-adic logarithms by Bugeaud and Laurent

In line with the results of linear forms in two logarithms in [54] and [56], a p-adic analogue was
proposed by Bugeaud and Laurent in 1996 [33] as follows.

Let p be a prime number. Denote @p as the algebraic closure of Q,. The field @p has the ultrametric
absolute value |z, = p~(*) where vp is the extension of p-adic valuation in Q, normalized by
vp(p) = 1. Let a1, as be two numbers algebraic over Q and we regard them as elements of the field
Q- Denote K, = Qy(a1,az2). Denote by e the ramification index of the valuation group from Q,
to K, and by f the residue class degree of the extension. Set D = w

Theorem 1.16 (Bugeaud and Laurent [33], Corollary 2). Let a1 and ag be multiplicatively inde-
pendent and satisfy vp(a1) = vp(a2) =0. Let Ay and Ay be real numbers such that

logAiZmax{h(ai),lo%}, i=1,2.

Let by and by be positive integers and let

b1 by ) 10logp }
H-= 1 + +logl +0.4, ————,10¢.
max{ Og(Dlog A, Dlog A oglogp
Then, we have the upper bound
24p (p! -1
Up (ozlil - aZQ) < P (p ) D*log Ay log Ao H?.

~ (p-1)(logp)*

The interest of this result is the very small size of the constant, though in sacrificed by a worse
dependence on log B (which is analogous to H) as compared to the results by Yu.

1.5 Supplementary tools for solving Diophantine equations com-
pletely

As demonstrated in (1.3.5), linear forms in logarithms is capable of obtaining By, an explicit upper
bound of the size of unknowns in the Diophantine equation. The tightness of the bound matters
much on ¢4 and k. The state of the art is having x = 1 which is the best possible, and having ¢4
which depends on n, d and heights of «; explicitly. The size of By can reach 10'0 and typically
higher (e.g. 10%°) especially when n is larger or if linear forms in logarithms is used several times
in a cascaded way. In view of solving the equations completely, it is desirable if By is reduced to a
greater extent.



1.5. SUPPLEMENTARY TOOLS 13

A tool of this kind, which is regarded as Baker-Davenport reduction method, is first proposed
by Baker and Davenport [17] in 1969. They demonstrated for the first time that linear forms in
logarithms is applied to solve Diophantine equations completely. The tool is modified by Dujella
and Peth6 in [42]. In the following, we present a lemma from Bravo et al. [27], which is a slight
variation of the result in [42]. We denote by || = min{|z —n|: n € Z} the distance from z € R to
the nearest integer.

Lemma 1.17 (Bravo et al. [27], Lemma 2.4). Let M be a positive integer, let & be a convergent of
the continued fraction of the irrational v such that ¢ >6M, and let A, K, i be some real numbers
with A>0 and K > 1. Let € := ||uq| — M||vq|. If € >0, then there is no solution to the inequality

O<|uy-—v+pl<AK™, (1.5.1)

. ., . . log(A
in positive integers u,v and w with u < M and w > log(Ag/e)
’ log K

Lemma 1.17 is used for linear forms in three logarithms, by rewriting the equation of the form
(1.5.1), where w, M are respectively B, By in our previous notation. We take the smallest ¢ > 6 M
and test whether € > 0. If £ > 0 we have a new, usually much smaller upper bound for w than By.
If € <0 we test whether € > 0 for the next larger denominator ¢ and so on. In case odd scenarios
happen, that is having ¢ < 0 for repeated trials of ¢, it can normally be tackled by arguments from
continued fractions.

The reduction method is generalized by Lenstra, Lenstra and Lovdsz in 1982 [57] to the so-called
LLL-algorithm. To illustrate, we consider for simplicity the case of real approximation lattices. Let
L < R* be a k-dimensional lattice. Further, we define

_ minxeﬁ{Hx_y“}’ Z/¢’C
WLyy) = { mingsges {||2]}, yeL,

where ||- || denotes the Euclidean norm on R*. By applying the LLL-algorithm it is possible to give
a lower bound for I(£,y) > ¢; in a polynomial time. (See e.g. [76, Section 5.4], for details.) For
application, suppose we are given dg,d1,...,0; € R linearly independent over Q and two positive
constants co, c3 such that

|00 + 2101 + -+ + Tx0k| < co exp(—c3B), (1.5.2)

where z; € Z with 1 < i < k are bounded by |z;| < X; with X; given upper bounds for 1 <i < k. Set
Xo = maxi<<s {X;}. This associates with inequality (1.3.3) before. Referring to de Weger [90] and
[91, Section VI1.3]), the basic idea is to approximate the linear form (1.5.2) by an approximation
lattice. Namely, we consider the lattice £ generated by the columns of the matrix

1 0 0 0
0 1 0 0
0 0 1 0

|Cor| [Co2] ... [Cor-1]| [Co]
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where C is a large constant usually of size about X¥ and y = (0,0,...,~[Cd]). If we have a lower
bound I(L,y) > ¢1, then we hope to obtain a much reduced upper bound for B in inequality (1.5.2)
by the following lemma from [76].

: R e _ s X
Lemma 1.18 (Lemma VI.1 in Smart [76]). Assume that S = Y/ X7 and T = S If

c% >T?+ S, then we have either ©1 =3 =+ =251 =0 and xj = —{ggﬁ or

B< é (log(C’cQ) —log (m— T)) .

Both the Baker-Davenport reduction method and the LLL-algorithm can be used repetitively to
reduce By to a greater extent. For the LLL-algorithm in the p-adic domain, readers can refer
to [76, 91]. Nevertheless, it should be emphasized that their usage require a definite knowledge
on the values of a; and in particular By, which should be small enough for the initial computer
enumeration. Therefore, these reduction strategies cannot substitute linear forms in logarithms.
These considerations reinforce the importance of maintaining a good dependence on log B and a
small constant from the results of linear forms in logarithms.

1.6 Some applications of linear forms in logarithms

The evolution of the theory of linear forms in logarithms brings forth the solving of many long-
standing classical problems in number theory. Here we shall only mention a few of the many appli-
cations that prosper from linear forms in logarithms in either the Archimedean or non-Archimedean
domain, or both. Readers can refer to [14, 20, 69, 76, 86] for more detail accounts.

1.6.1 Effective results of the Thue equation

A Thue equation is a Diophantine equation of the form
F(X,Y)=m (1.6.1)

where F' € Z[X,Y] is a homogeneous, irreducible polynomial of degree n > 3 and m is a non-zero
integer. It is well known that many Diophantine equations in two unknowns can readily be reduced
to a finite number of equations of the type (1.6.1). The equation is named in honour of A. Thue
who proved in 1909 [88] the following

Theorem 1.19 (Thue). The equation (1.6.1) has only finitely many solutions in integers x and y.

Thue’s original proof is based on a result of the rational approximations of algebraic numbers which
is ineffective. The advancement on the proof and studies of the Thue equation is brought up by
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mathematicians such as Siegel and Mahler. Besides, there are flows of new ideas and methods on
solving the Thue equation. However, most suggested methods are ineffective except for bounds for
the number of solutions and hence fail to obtain complete solutions.

Baker gave breakthrough by providing an effective bound to the size of solutions to the Thue
equation. The first result of this kind [5], established in 1968, depends essentially on Baker’s
theory in [1, 2]. Let m be any positive integer, without loss of generality.

Theorem 1.20 (Baker [5], Theorem 1). All solution of (1.6.1) in integers x,y satisfy
max(|z|, |y]) < Cellee™)" (1.6.2)

where k >n+1, C is an effectively computable number depending only on n,k and the coefficients
of F.

The proof also brings forth an effective improvement on Liouville’s inequality. In [6], Baker exploited
the results to obtain an effective upper bound for max(|z|,|y|) for the solutions of

v =2+ k

where k is any non-zero integer. The advancement on Baker’s method over the decades also lead
to a better dependence on m in (1.6.2).

1.6.2 Class number problem

Gauss conjectured that the only imaginary quadratic fields @(\/—_d) with class number 1, where d
is a square-free positive integer, are given by d =1, 2, 3, 7, 11, 19, 43, 67 and 163. Heilbronn and
Linfoot [52] showed that there can be at most ten such field, whereas Stark [77] showed that the
tenth field with dyo, if exists, would satisfy djg > exp(2.2 x 107). Gelfond and Linnik proved in [48]
that if the tenth field exists then

|1 log ag + zolog ag + log ag| < €™ 1Y o (1.6.3)

holds, where a1, a9, ag are fixed algebric numbers whose logarithms are linearly independent over
Q, x1, 29 € Z with |z1|,|z2| < v2/d10 and 71,7, are effective constants.

Baker’s first results [1] obtains a lower bound for the linear forms in (1.6.3) which together with
the upper bound in (1.6.3) yields an upper bound for djg. In principle, with adequate sharpness of
the bound, it can be shown that the tenth field does not exist if this upper bound contradicts with
d1o > exp(2.2 x 107). The non-existence of the tenth field is also given by Stark [78] independently
with another approach.

Studies on adapting Baker’s method to determine all the imaginary quadratic fields with class
number 2 proceeded soon after. The determination concerns linear forms in three logarithms and
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requires sharp version of Baker’s first series of results (see Baker [7, 9, 10], Baker and Stark [18]
and Stark [79, 80, 81]). The problem is finally completely solved with precisely eighteen such fields.

1.6.3 Catalan’s equation

Catalan, dated back to 1844, states the following

Conjecture 1.21 (Catalan’s Conjecture). The equation
P -yl = (1.6.4)

has no solutions in integers z, y, p, ¢ > 1 other than 3% —23 = 1.

A weaker conjecture that equation (1.6.4) has only a finite number of solutions is given by Cassels
[34] in 1953. Only partial results were obtained before Tijdeman’s breakthrough [89] in 1976, in
which he proved the conjecture by Cassels.

Tijdeman deduced a improved version of Baker’s results in [11] for obtaining the upper bounds for
p and ¢. A novelty in Tijdeman’s version is the explicitly given dependence on the upper bound
of the heights of a,...,a,-1 in the linear forms. Next, an explicit upper bound for max(|z|,|y|)
can be obtained using Baker’s results on hyperelliptic equation in [8]. In conclusion there are only
finitely many values of x, y, p, ¢ to check for satisfying (1.6.4), though the quantity is very large.
The Catalan’s conjecture is proved affirmatively by Mihailescu [67] in 2004 by another approach
(see also [23, 24]).

1.6.4 Results related to the abc-conjecture

Let x, y and z be positive integers and denote by G = G(z,y, z) the greatest square-free factor of
xyz. In 1985, Masser proposed the abc-conjecture [61] as stated below, which is a refinement of a
conjecture formulated by Oesterlé and has profound consequences.

Conjecture 1.22 (abc-Conjecture). For each positive real number e there is a positive number
c(g), which depends on € only, such that, for all positive integers x, y, and z with x +y = z and
(x,y,2) =1, we have

z<c(e)GME.

In 1991, Stewart and Yu [84] obtained results towards the abc-conjecture by adopting both the
Archimedean and non-Archimedean estimates of linear forms in logarithms. They proved that
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there exists an effectively computable positive constant ¢; such that, for all positive integers z, y
and z, with z > 2 satisfying x + y = z and (z,y,2) =1,

z <exp (G2/3+cl/loglogG). (1.6.5)

In 2001 Stewart and Yu [85] strengthened (1.6.5) and yield the following

Theorem 1.23 (Stewart and Yu [85], Theorem 1). There exists an effectively computable positive
number ¢ such that, for all positive integers x, y, and z with x +y =z and (x,y,2) =1,

z < exp (c G1/3(log G)3) .

They also proved a stronger bound when the greatest prime factor of one of x, y and z is small
relative to G. One of the reasons for these improvements is the use of the non-Archimedean
estimates by Yu [101] which has a better dependence on n (the number of a’s in the logarithmic
forms) and the Archimedean estimates by Baker and Wiistholz [19].

1.6.5 A problem of Erd6s and its generalization

In 1965, Erdos conjectured that

P(2"-1)
————~ 500 asn— oo,
n
where P(m) denotes the greatest prime divisor of m € Z with the convention that P(m) =1 when
m € {1,0,—1}. There is also a generalization of the conjecture to Lucas numbers u,, and Lehmer

P(sn) — 00 and P(an)

numbers u,, that — oo respectively as n — oo.

The problem and its generalization were studied by Stewart and Yu and were finally proved in
2013. The primary proof in [83] appeals to the intensive work of Yu in [103] which succeeded in
achieving three main refinements in the results of p-adic linear forms in logarithms as compared to
preceding versions. In particular, the refinement in the dependence on p in the p-adic logarithmic
forms is crucial for the proof. Section 9 of [103] remarks the roles of [102] and [103] in solving the

problem and its generalization.

1.6.6 Diophantine m-tuples

A set of m distinct, positive integers {a1,... ,an} is called a D(n)-m-tuple if a;a; + n is a perfect
square for all 1 < i < j < m (or simply a Diophantine m-tuple when n = 1). The Diophantine
m-tuples problem originates from Diophantus who studied sets of positive rational numbers with
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the same property. The first example for an integral Diophantine quadruple {1,3,8,120} was found
by Fermat and it was found that the set cannot be extended to a Diophantine quintuple by Baker
and Davenport [17]. Tt is a general belief that no Diophantine quintuple exists.

This conjecture is extensively studied by many mathematicians in particular Dujella and his collab-
orators. Dujella established many results paving the path of development. Among them the mile-
stone result in [41] states that there are only finitely many Diophantine quintuples, with d < 10?17}

and e < 101026

if {a,b,c,d, e} is a Diophantine quintuple and a <b<c<d<e.

In 2016 He, Togbé and Ziegler [51] announced the proof of the above conjecture. This attributes to
the definition of an operator on Diophantine triples and their classification, the use of sharp bound
for linear forms in three logarithms obtained by applying a result due to Mignotte [66] iteratively,
and the use of new congruences in certain cases. In 2017, Bliznac Trebjesanin and Filipin [25]
announced the nonexistence of D(4)-quintuples using similar arguments and further tools.

The conjecture that no Diophantine quintuple exists is regarded as the weak version of the following
Diophantine quintuple conjecture. Let {a,b,c} be a Diophantine triple and

ab+1=7r% ac+1=5% be+1=t%
where 7, s,t are positive integers. Define d, = a+b+c+2abc+2rst. Then {a,b,c,d,} is a Diophantine
quadruple since ad, + 1 = (at +rs)?, bd, +1 = (bs+7t)? and cd, + 1 = (cr + st)%.

Conjecture 1.24 (Diophantine quintuple conjecture). If {a,b,c,d} is a Diophantine quadruple
and d > max{a,b,c}, then d=d,.

It remains an open problem. The website [40] prepared by Dujella provides rich resources on the
Diophantine m-tuple problem and the generalization.

1.6.7 Final remark

As a final remark, the theory of linear forms in logarithms is still regarded nowadays as one of the
crucial tools for solving Diophantine equations and other problems in number theory effectively.
There are still demands for the reduction of the size of the constant and the improvement on the
dependence on certain parameters in the results of linear forms in logarithms to suit the practical
use in solving specific Diophantine problems.



Chapter 2

Description of my work

In this chapter, we shall give a brief background and description of the work achieved during my
doctoral studies. The first work (described in Section 2.1) concerns the deduction of a lower bound
for linear forms in two p-adic logarithms. The other work (described in Section 2.2 and Section
2.3) showcase the application of the results of linear forms in logarithms (taking n = 3) by Baker
and Wistholz [19], together with a version of reduction method (for the work described in Section
2.2.1 and Section 2.3).

To avoid repetition of the introductory information, we try to make it brief here. Readers can refer
to the first section of Chapter 3 to Chapter 6 for more descriptions on each topic.

2.1 Linear forms in two p-adic logarithms

In Chapter 3, we shall develop the lower bounds for linear forms in two p-adic logarithms. More
precisely, we establish the lower bounds for the p-adic distance between two integral powers of
algebraic numbers, i.e. |4, = [a?' - agz |p, where aq, g are numbers algebraic over Q and by, by are
positive rational integers. The chapter is the manuscript of my main research work on linear forms
in two p-adic logarithms.

As mentioned in Chapter 1, there are results on linear forms in n logarithms for complex case and
p-adic case with the dependence on log B, which is regarded as the best possible. For example,
Kunrui Yu published several series of celebrated work on various refinements on the results of p-adic
linear forms in n logarithms with the dependence on log B.

For the particular case when n = 2, Laurent [54] and Laurent, Mignotte and Nesterenko in [56]
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obtained results in 1994 and 1995 respectively. They achieve very sharp bound on numerical
constant (to a size of less than 30 in [56]) with the cost of worsening the dependence of log B to
(log B)?. Bugeaud and Laurent [33] adopted the same format of matrix as in [54, 56] and obtained
the p-adic analogue of these results.

By introducing one more variable to the matrix in [54, 56] and using an improved version on
multiplicity estimates, Gouillon [50] in 2006 suceeded in obtaining the dependence back to log B
and maintaining the numerical constant of reasonable size. He obtained the lower bound of |4 =
|balog aia — by log aq|, where aq, a9 are two non-zero complex algebraic numbers, logaq,logas are
any nonzero determinations of their logarithms and b1, by are two nonzero rational integers. The
following states one of his corollaries.

Let D = [Q(aq,a2) : Q]/[R(c1,2) : R]. Put b = Dl(l))é;AQ + Dlg;Alf with Aj, As real numbers > 1

so that log A; > max{h(ai),%,%}, (i = 1,2) in which h(q;) is the usual (Weil’s) absolute

logarithmic height of a.

Corollary 2.2 of Gouillon [50]. Suppose that 1 and «g are multiplicatively independent. Then

1.888

log |A] > —9400 (3.317 + +0.946 log D) D*hlog A; log Ay

with

h = max {logb+ 3.1, %,498 + % + 142 logD}.

Our results presented in Chapter 3 is a p-adic analogue of Gouillon’s results [49, 50]. It is the
first work of linear forms in two p-adic logarithms using interpolation determinant method with
an explicit determination of numerical constant and a dependence on H (which is analogous to
log B in Yu’s results), where H is bounded below by terms involving a logarithm of b; and be. We
manage to maintain a reasonable size for the numerical constant.

We follow a similar proof from Bugeaud and Laurent [33] for the arithmetic lower bound of ||,
where ~ is the determinant of an extracted square matrix, by means of Liouville’s estimate. For
deducing the analytic upper bound, we refer to the development in the proof of Bugeaud and
Laurent [33] and in Gouillon [49, 50]. We obtain the analytic upper bound by means of Schwarz’s
lemma (p-adic version).

It should be noted that our results as well as results in [33, 49, 50, 54, 56| are established with the
assumption that oy and as are multiplicatively independent.
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2.2 Diophantine equations of Pillai’s type

S. S. Pillai considered Diophantine problems on perfect powers and in particular posed in [71] the
following famous

Conjecture 2.1 (Pillai’s Conjecture). For any integer ¢ > 1, the Diophantine equation
a®*-b =c (2.2.1)

has only finitely many positive integer solutions (a,b,x,y), with x >2 and y > 2.

Another interpretation of Conjecture 2.1 is mentioned in Pillai’s another paper in 1945 [72]. It
refers to the arrangement of all perfect powers of integers in ascending order as

1, 4, 8, 9, 16, 25, 27, 32, 36, 49, 64, 81, 100, 121, 125, 128§,....

Denote by a, the n-th term in the above series so that a; = 1,a2 = 4,a3 = 8 etc. Then Conjecture
2.1 is equivalent to
liminf(ay, — ap-1) = oo.

n—oo

For ¢ = 1 it becomes Catalan’s conjecture, dated back to 1844 [35] and is eventually solved by
Mihailescu [67]. For ¢ # 1 Conjecture 2.1 is still open. If one of the four variables a, b, z,y is fixed,
it is known that (2.2.1) has only finitely many solutions. Moreover, there is more understanding
on the solutions of this problem when a and b are fixed. For a more recent results we can refer for
example to the work by Bennett [21], in which he showed that for fixed a and b equation (2.2.1)
has at most two solutions. Besides, he gives the following

Conjecture 2.2 (Bennett [21], Conjecture 1.2). If a,b,c are positive integers with a,b > 2, then
equation (2.2.1) has at most one solution in positive integers x andy, except for those triples (a, b, c)
corresponding to the following set of equations:

3-2=32-23=-1 23-3=2°-33=5
2t -3=-2%_-35-13 23 -5=2"T-53=3
13-3=13*-3"=10 91-2=912-23 -89
6-2=62-2°=4 15-6=152-63=9
280 - 5 = 280% -5 = 275 4930 - 30 = 4930% - 30° = 4900

6 - 3% =6°-3% =1215.

2.2.1 On a variant of Pillai’s problem: F,, -T,, =c¢

The solving of equations involving linear recurrence sequences instead of the sequence of perfect
powers can be regarded as a variant of Pillai’s problem.
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In Chapter 4, we find all integers ¢ having at least two representations of the form F,, — T, for
some positive integers n and m, with {F}, },,50 and {7}, }m»0 representing the sequences of Fibonacci
number and Tribonacci number respectively.

The content of Chapter 4 is the same as the joint paper with Istvan Pink and Volker Ziegler titled
“On a variant of Pillai’s problem” [36], which is published in the International Jounal of Number
Theory.

2.2.2 On a variant of Pillai’s problem: U, -V,, =c

In Chapter 5, we generalize the setting considered in Chapter 4 and show that under mild con-
ditions there are only finitely many c such that the equation U, — V,, = ¢ has at least two distinct
solutions (n,m), where {U, }n>0 and {V,, }m>0 are given linear recurrence sequences.

The content of Chapter 5 is the same as the joint paper with Istvan Pink and Volker Ziegler titled
“On a variant of Pillai’s problem II” [37], which is published in the Journal of Number Theory.

2.3 Sums of Fibonacci numbers and powers of two

A Zeckendorf representation is to express a number as a sum of nonconsecutive Fibonacci numbers,
that is

L
n= Z Eka
k=0

where €; € {0,1} and exexr,1 = 0. Every positive integer can be written uniquely in this form.
There has been vast studies on solving Diophantine equations involving linear recurrence sequences,

especially the Fibonacci sequence. In Chapter 6, we shall completely solve the Diophantine
equations

Foy+ Fny =2 +2%242%  and  Fpy, + Fpy + Fipy = 27 + 22 (2.3.1)
where Fj, denotes the k-th Fibonacci number. In particular, we prove that max{ni,ns,a1,as,as} <

18 and max{mi,mg, ms,t1,t2} < 16. The solving of (2.3.1) amounts to determining all integers
that have few non-zero integer digits in their binary as well as in their Zeckendorf expansion.

In Chapter 6 and in [38] we used sequence {Fy}nso of Fibonacci numbers defined by Fo = 0, F1 = 1 and
Fri2 = Fpi1 + Fy, for n > 0. There should be a shift of the index by two (into Fo =1, Fy =2 and Fry2 = Fri1 + F, for
n > 0) when we refer to the Zeckendorf representation.
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The content of Chapter 6 is similar to the submitted joint paper with Volker Ziegler titled “On
Diophantine equations involving sums of Fibonacci numbers and powers of 2” [38].






Chapter 3

Linear forms in two p-adic logarithms

This chapter is the manuscript of the main research work on linear forms in two p-adic logarithms
by the author.

3.1 Introduction

In 1960’s, Baker [1, 2, 3, 4] published a series of papers on linear forms in logarithms. He obtained
in [2] that

|A| = |181 logag + ...+ 6y logan‘ > Ce*(logh)”?

where «aq, ..., «ap are non-zero algebraic numbers such that logay,... ,loga, are linearly inde-
pendent over the rationals, 51, ..., B, are algebraic numbers not all 0. Also, d and h denote the
maximum of the degrees and the classical heights of (1,... , 8, respectively, k >2n +1 (n >2) and
C=C(n,aq,...,an,k,d) >0 is an effectively computable number.

The studies were performed subsequently by other mathematicians. In particular, Baker and
Wiistholz [19] refined the lower bound for |A| = |by logay + -+ + by, log a,| with an explicit constant
and a dependence on log B, where B = max{|b1],...,|b,|} essentially and by,...,b, are rational
integers (not all 0). It is a vast improvement to the lower bound with a dependence on (log B)? in
preceding publications by other mathematicians especially Baker’s original results [1, 2, 3, 4]. The
final structure for the lower bound for linear forms in logarithms without an explicit determination
of the constant C'(k,d) involved has been established by Wiistholz [93] and the precise determina-
tion of that constant is the central aspect of [19] (see also [20]). An extension theory on generalizing
studies on logarithmic forms to the p-adic domain was also developed. In particular, Kunrui Yu
[100]-[102] performed p-adic analogies of Baker and Wiistholz [19] and subsequent improvement.
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Studies by some French mathematicians such as Laurent were performed to use interpolation de-
terminant method to obtain the bound for linear forms in logarithms. In particular, his study in
[54] was for n = 2, with

|/1| = |b2 log Q9 — bl log O£1|,

where aq,as > 1 are two real and multiplicatively independent algebraic numbers, b; and b, are
rational integers. The result involves a dependence of (log B)? for the bound (here B has a different
but analogous expression as Baker and Wiistholz [19]) but the constant C for the lower bound of
was greatly reduced to a size of less than 100. Further improvements on the constant were given by
Laurent, Mignotte and Nesterenko in [56] and Laurent in [55]. Bugeaud and Laurent [33] obtained
the p-adic analogy.

In 2006, Gouillon [50] modified that of Laurent [54] and succeeded in yielding the lower bound of
linear forms in two logarithms with a dependence on log B, and maintain the constant C' to be of
reasonable size.

The purpose of this chapter is to obtain an analogy of Gouillon’s results for the non-Archimedean
case. We make use of the method of interpolation determinants in our derivation, and manage
to obtain the lower bound with a dependence of H (which is analogous to log B) and an explicit
constant of reasonable size.

We shall first state the theorem (Theorem 3.1) and the Main Proposition in Section 3.2. A brief
description on the p-adic setting, multiplicity estimates and the A-functions will be presented in
Section 3.3. After the construction of the square matrix § with non-vanishing determinant - in
Section 3.4, we proceed with deducing the arithmetic lower bound for |v|,, analytic upper bound
for ||, and the Main Proposition in Section 3.5, Section 3.6 and Section 3.7 respectively. Next, we
derive Theorem 3.1 using the Main Proposition and appropriate choices of parameters in Section
3.8 and Section 3.9. Finally, we present results of variants of Theorem 3.1 in Section 3.10. In
proving the Main Proposition, we follow a similar proof from Bugeaud and Laurent [33] for the
arithmetic lower bound of ||, by means of Liouville’s estimate. By referring to the development
in the proof of Bugeaud and Laurent [33] and the proof in Gouillon [49, 50], we obtain the analytic
upper bound by means of Schwarz’s lemma (p-adic version).

3.2 Statements of the results

Before stating Theorem 3.1 and the Main Proposition, we shall introduce some notations and the
setting. Let p be a prime number. Denote @p as the algebraic closure of Q,. The field @p has
the ultrametric absolute value |z, = p~ (@) where vp is the extension of p-adic valuation in Q)
normalized by v,(p) = 1. Let a1, as be two numbers algebraic over Q and we regard them as
elements of the field @p. We consider obtaining the lower bound of

A=a;" - ay’?,
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where by, by are positive rational integers. As in the complex case in [54] and [56], we denote by
h(a) the absolute logarithmic height of «, that is,

1 d ,
h(a) = p (10g |a] + Zlogmax(l, |a(’)|)) ,
i-1

where the minimal polynomial of a is written as a [T (X - o).

The results depends in addition on several parameters related to the field K, = Q,(a1,a2). Denote
by e the ramification index of the valuation group from Q, to K, and by f the residue class degree of
the extension. Denote U, as the multiplicative group of units K (formed of = € K,, with v,(z) = 0).
Denote by U the subgroup of principal units (for which v,(z - 1) > 0). Put

D [Q(a1,a2): @].

f

We assume that «; and ag belongs to U, (i.e. vp(a1) = vp(a2) = 0) in the rest of the chapter.
Denote by g the smallest positive integer such that

o €Ul (i=1,2). (3.2.1)

That is, we have v, (19 - 1) > 0 and v,(a2? — 1) > 0. Tt should be noted that g divides p/ — 1. (See
[33, Lemma 4].) Let Ay, Ay > 1 be two real numbers such that

logAl-ZmaX{h(ai),lo%} (i=1,2).

Furthermore, we denote
b1 ba

b = .
DlogA2 " DlogA1

We shall state the theorem.

Theorem 3.1. Suppose that a1 and s are multiplicatively independent. Then we have the upper

bound
p \ yD* (Z1 log p )
A)<C ) 4.85 +1og D | log A log Ay H

Up( ) < (p_ 1 (10gp)3 2D + +log 0g A1 10g A9
where

C =4300, Zh =4, ifp=2,

C =4700, Z1 =3, ifp=3,

C =27600, Zp =1, if p>5,

10001 Z11
H = max {log b +loglog p, Tng, 180 (%ﬁ;p +4.85 + log D) logp} ,

gSpf—l.
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It should be noted that the values 1000 and 180 in the above expression of H can be changed and
the value of C' in the upper bound will be changed accordingly. For example, for the case when
p > 5 if we take

]
L1800 (ﬂ +4.85 + log D) logp} ,

10000 log p
D 2D

H = max {log b’ +loglog p,
then C becomes 27210.

We have a rough estimation that for the case when p > 5 the value of C in the upper bound can be
reduced to roughly 27100 if H is asymptotically large.

If we compare Theorem 3.1 with Theorem 3 from Bugeaud and Laurent [33], we notice that their
final constant is much smaller and the dependence on logp is slightly better. The main difference
however is that our result yields a dependence of H instead of H? in their results.

Theorem 3.1 can be obtained from the Main Proposition to be stated below. Let us consider the
following additional setting and notations.

Fix in @p a root of unity ¢ with order exactly g. [33, Lemma 4] shows that ¢ belongs to the subfield
K,. We can write a1 and a9 uniquely as

i =C™0;, G Ul (i=1,2) (3.2.2)

with integers m;, mo determined modulo g. Besides, we have v,(6; —1) > 0 and v,(f2 — 1) > 0.
Denote by k >0 the integer satisfying the inequalities

<" (3.2.3)

where e is the ramification index of the valuation group from Q, to K, defined before. Let K and
L be integers > 1, let T1,T5,13, R1, Ra, R3, S1, 52 and S3 be integers > 0. We set

R=R1+R2+R3, stl-i-Sg-i-Sg, T=T1+T2+T3.

For any pair of positive integers (b1, b2), denote p* as the greatest power of p that divides simulta-
neously b; and by. Denote

C(K+1)(K+2)(L+1) 7 Rby + Sby
B 2 T 2K

N

and U(n)=(R+n)(S+n)(T+1). (3.2.4)

Denote by gg, w and wg real numbers which satisfy the lower bounds:

1 gN gN N 3¥(g)

> >1-—— .
g0= YT () “0= TN

1 v (3.2.5)
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We introduce the sets

E1a={rby+sb;;0<r<R;,0<8< S, mir+maes=c; mod g},
&= {a’fﬁragms;() <r<Ri,0<s5< 81, mir+mos=c; mod g},
Eon ={rby+sb1;0<r < Ry,0<5<S9, mir+maes=cy mod g},
Ep = {ozlfmrozgﬁs;() <1r<Ry,0<5< 8y, mir+mos=cy mod g},

Es = {(rb2+sb1,o/f "ab *);0<r < R3,0<5< S35, myr+mas =c3 mod g}

with c1, ¢, c3 residue classes modulo g such that they satisfy the following condition:

Ty > K,
Card E14 > K +1,
(Ty+1)Card E1p > L +1,

(Tg + l)Card Ep>2KL +1, (326)
(Tx +1)Card &4 > K?+1,
(T3 +1)Card &3 > 3K°L + 1.
Furthermore, we introduce
V—1 1- L +4/1- 2 (K+2)(L+1)A (3.2.7)
4 L+1 L+1 ’ -
where
1
V> (3.2.8)
p-1
and
A= with  p=1-107. (3.2.9)
2e
Our Main Proposition is as follows.
Main Proposition. Suppose the following Condition (1a) holds:
K K D N K ~ T 1454
K2(T+—))\+ + (log(—)+—(logB+log(—)+—5 )
2 3 3(p-1) elogp 2 3 KL 309
107(K L
(T + wp) (2 +log(073(09—+1?) + 1)) 14+ p(L+1)go (R + g)h(ar) + (S + g)h(as)) )
w
(3.2.10)
Then
|Alp > p V. (3.2.11)
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3.3 Backgrounds on the p-adic setting, multiplicity estimates and
the A-functions

In this section, backgrounds on the p-adic exponential and logarithmic functions, multiplicity esti-
mates and the A-function will be addressed.

3.3.1 The p-adic exponential and logarithmic functions

The convergence of exponential and logarithmic functions is an important issue in the p-adic setting.
There is a comprehensive description on the p-adic exponential and logarithmic functions, normal
series and functions as well as supernormality in Yu [97, Sections 1.1-1.3]. We shall make use of
some facts described there in our work.

Here we shall briefly presents some technical tools about the p-adic exponential function and the
p-adic logarithm. As usual let C, be the p-adic analogue of the field of complex numbers and B(r)
the open disc |z|, < r. Furthermore we introduce @, as the set of x € C, such that |z|, <1 and

1
write M for the set of x € O, such that |z|, < p »~I. The main object is to establish the following

Proposition 3.1. For x e M, z € O, we have
(1+2)* =1+2z2v(x,2)

with some power series v(S,T) € Qp[[S,T']] such that v(z, z) € Q, with |v(x,z)|, < 1.

Proof. Some properties of the exponential function e* and the logarithm log z are derived which
are necessary to deal with the proof of the proposition. This means that we have to study the

formal power series
X’n
Exp(X) =}, o

n>0

for the exponential function and at the same time its inverse, the power series

Log(1+X) = Z ﬂ

n>1 n

for the logarithm.

Exp. The formal power series for Exp(X) can be expressed as

Exp(X) =1+ Xe(X) (3.3.1)
for ) )
X" X X
e(X)=> — =1+ 5t T + higher order terms.
n! !

n>1
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We write e* = Exp(X)|x-.. Then (3.3.1) means that |e*|, =1 for z e M.

Log. Similar to Exp(X) the formal power series for the logarithm can be rewritten as
Log(1+ X) = XA(X) (3.3.2)

where . .
- X X
MX)=> (Gl D S =1- 5t higher order terms.
n

n>1

It maps M isomorphically onto itself and has the property that the composition of the two power
series Exp(X) and Log(X) give the identity:

z2eM" e el +M™ > 2zeM™,

where M™ is the the ideal {z € O, | |z, <p7p%}.

One derives that
log(1+2) =2zA(2)

and deduces that
|log(1 + 2)|p = |2,
for z € M.

Exponential function (1 + X)¥. We define
(1+X)Y = Exp(Ylog(1 + X)) (3.3.3)

and easily one sees that the series on the right exists as a formal power series. The reason is that
its constant term is zero and one applies standard results from [26]. We then define

(1+a)®:=(1+ X)Y‘X:a,Y:z
for a e Ml and z € @p. From above and (3.3.3) it becomes clear that
(1+X)Y =1+ XYu(X,Y),

with [v(X,Y)|, <1 and that (1 + a)® maps O, into 1 + M. The latter holds for Z and then by
continuity also for @,. This establishes Proposition 3.1. O

3.3.2 Multiplicity estimates

We now state the multiplicity estimate used in [49, 50]. We shall adopt the same theory of multi-
plicity estimate for our case with m = 2.
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We work with the product group C?xC* whose group law is written additively by the symbol +. For
any element w in C* and any element (vg,v1) in C? we denote briefly (v, w) = (vg,vi,w) € C2x C*.
Let © := aiXO + Ya% be a derivation operating on the polynomial’s ring C[X,Y]. Let T be a
non-negative integer. We say that a polynomial P € C[X,Y ] vanishes to order > T" with respect to
D on the set ¥ ¢ C? x C*, if for any integer 0 <t < T, D! P vanishes identically on ¥.

Theorem 3.2. Let K, L be integers > 1, let T, T, T3 be integers > 0 and let 31, X, Y3 be nonempty
finite sets of C* x C*. Denote by uj(W x C*) and puj(W x {1}) the number of distinct elements of
¥; modulo W x C* and W x {1} respectively. Assume that for all j =1,2 and any vector subspace

W of C? with dimension <2 - j, we have
(Tj+1 1, if (1,0) ¢ W,

0, otherwise. (3.3.4)

)uj(W x C*) > K7 where ¢; = {
J

Assume further that for all j =1,2,3 and any vector subspace W of C? with dimension <3 - j, we
have

(Tj +1) uj (W x {1}) > jKI7 L. (3.3.5)

Then any polynomial P € C[X,Y] of total degree < K in X and of degree < L in'Y which vanishes
on X1 + Yo + X3 to order > T + T + T3 with respect to D 1is identically zero.

Proof. See the proof of [50, Theorem 3.1] and [49, Theorem 2.1]. O

3.3.3 The A-functions and the variation

We shall introduce the A-functions and the variation. Define for any z € C and any n € N the
functions A, which were introduced by Feldman [43], by
_(z+1)(2+n)
- n!

A(z;n)

9

with A(z;0) =1 for n = 0. It is clear that A(z;n) takes integer value for all integers z. It should
also be noted that A(z;0),A(z;1),...,A(z;n) forms a basis for the vector space of polynomials of
degree < n. On top of the A-function we perform further variation. For any a € N and any b € N*
we define the polynomial A(z;b,a) € Q[z] of degree a by

A(z;b,a) = A(z;0)1A(z;71),

where by Euclidean division a = bg + r. For any integer ¢ > 0 denote furthermore

1 ¢ 1 ¢
m(z;b,a,¢) = — (i) A(z;b,a) = — (i) A(z;0)IA(z;7).
c\dz ' \dz
Denote by v(b) the least common multiple of 1,2,...,b. Finally, denote
A(l;b,a,¢) =v(b)m(l;b,a,c). (3.3.6)

A nice property of A(l;b,a,c) is described in
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Lemma 3.3. Let a,b and c be integers >0 with b>1 and ¢ <a. Then forleN,

A(l;b,a,c¢) € Z.

Proof. 1t is a modified version of the proof of [89, Lemma T1] since our A(l;b,a,c) is defined
differently. First, note that

m(l;b,a,c) = ﬁ (@+1) - (l+b))T(I+1) - (L+7) > (1 +) 7 e (T4 4)7h (3.3.7)

where j1, ..., j. runs through all the selections of integers from the set 1,...,b,1,... ,r with 1,...,b
repeated ¢ times and the right hand side is read as 0 if ¢ > a.

Write 7(l;0,a,¢) = 2, where m,n € Z, (m,n) = 1. If p is a prime with p|n, then from (3.3.7),
p|(b!9r!) and hence p|b! and hence p < b. Then the number of factors p of bl9r! is exactly

(Gl =D+ 1)

where u; = [Eg;] and up = [%]. Since A(l;b,a) = ((ZH)"'(”221!(“1)"'0”) € Z, the product

((I+1)(1+b))? (L +1)-(l +7) contains at least as many factors p as in b!%r!. In fact, there may
be more than wu; factors p in a certain factor [ +j (1 < j < ¢) which we have not counted. Hence if
¢ factors are removed out of this product, the remaining product contains at least

(Gl ) e [ 339

factors p. It follows that the number of factors p that

U+ 1) QDT+ 1) () YU+ 51) 7 e (L Ge) ™

contains is at least that of (3.3.8). As a result, n contains at most cu; = c[}%] factors p. This is

exactly the number of factors p of v(b)¢. Therefore Lemma 3.3 follows. O

The following lemma reveals an upper bound for |A(;b,a,c)|.

Lemma 3.4. Let a,b,q,7,1 be non-negative integers with a =bq+ 7 and 0 <r <b. Then we have

|A(l§ b,a, C)| <e 1(1)ggc (a) %eaw'
C a

Proof. First, by referring to the Taylor expansion of e*, we have e® =1 +b+-- + I;—T! +oe I;)_l; + -+ 80
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that (II’]—Z,?) (b ) < eble” < e and thus < bi @b Next,

blq

A(l:b,a,c) = ”(:)C ((d ) A2 B)IA (2 r))

—C”,g;)r,(( ) ((z+ 1) b)) (+ ) (2 +1))
= ,;)S):'c (1) (+0)T(A+1) = (L) YU+ 51) 7 (U + o)

=v(B)°Alb,a) Yo+ 51) 7 (T4 de) ™

(%) terms
where the sum is over all selections ji,... ,j. from the set {1,2,...,b,1,... 7} in which {1,... b}
is repeated ¢ times. We use the estimate v(b) < exp(1.03883b) < exp ( 11%7;’) (see [74, p.71, (3.35)]).
Since A(l;b,a)(1+71) 7t (I+5.)7 < (lZﬁl)ﬂ , the upper bound in Lemma 3.4 follows. O

3.4 Construction of matrices M, M, M and &

Our goal of this section is to obtain a square matrix § with detd # 0 under condition (3.2.6). Recall
N and ¥(1) are in (3.2.4). To begin with, we denote by M a matrix of size N x U(1) with NV < ¥(1)
whose coeflicients are the numbers

Xho E\ g o
t 0 kivy-l k1t-k l l
@ (k_olely ) ‘(0 Tb2+sb1, plr 123 s - (er +3b1) 1l O(ko)af " 0412) s (341)
where (ko, k1,1) with (0 < ko+ k1 < K,0<1< L) is the row index, while (r,s,t) with (0<¢t<T,0<
r < R,0<s<.S) is the column index. Next, we extract a matrix M, formed by columns (r,s,t)
of M satisfying mi7 + mas = ¢ modulo g, where ¢ = ¢ + ¢ + ¢3 and ¢1,co and c3 are fixed integers
satisfying (3.2.6). The numbering of the rows and columns for M and M are not important.

Lemma 3.5. The matriz M has mazimal rank, equal to the number of rows N.

Proof. The proof follows along the same line as in [49] with o7 and a2 replaced by azl’N and agm
and changes made to the sets >1, 39 and X3.

We proceed by contradiction assuming that rank(M) < N. Then there exists A1,... , Ay € C, not
all zero, such that if we denote by L; (i =1,...,N) the rows of M, we have the linear relationship

Let
kO,i

= Z)\ Xyt
ka




3.4. CONSTRUCTION OF MATRICES 35

Note that P is not identically zero. Besides, by definition 0 < ky; + k1; < K and 0 < [; < L for all
i=1,...,N, so that

degX P = max {k‘oﬂ' + kl,z’} <K, degy P = max {lz} < L.
- 1<i<N 1<i<N

By the composition of M, we also notice that ©!P vanishes on the set
Yrs = {(0,7by + sbl,azfnragﬁs);o <r<R,0<s<S,mir+mos=c mod g}
forall 0 <t <T. Now, let

Y1 ={(0,7by + sbl,a{’wagﬁs);() <r<Ry,0<s<8,mir+mes=c; mod g},
Yo = {(0,7by + sbl,ajl’ﬁragﬁs);o <r<Ry,0<s< Sy, mir+maes=cy mod g},

Y3 ={(0,7rby + sbl,o/f%ag“s);O <r<R3,0<s< S5, mir+mes=c3 mod g}
with ¢; + ¢ + c3 = ¢ mod g. It can be easily checked that
YR 2 X1+ 20+ 23

since R= Ry + Ro+ R3, S = 51+S52+.53 and ¢ = ¢1 +ca +c¢3. It follows that the polynomial P vanishes
on X1 + X9 + X3 with order > T =T + 15 + T3 with respect to the derivation .

We shall now apply Theorem 3.2 to obtain a contradiction by verifying assumptions (3.3.4) and
(3.3.5) of Theorem 3.2. For this we note that W is a subspace of C2. We first check the assumption
(3.3.4). There are three scenarios. For j = 1, the dimension W must be < 1. We have two cases,
either (1,0) ¢ W, or (1,0) e W. If (1,0) ¢ W, we have to check that

(T1+1)M1(WXCX)ZK+1. (342)
As p1 (W x C*) > 1, assumption (3.4.2) is therefore implied by the inequality
T >K

which is the first condition in (3.2.6). Therefore, assumption (3.4.2) is verified. If (1,0) € W, we
have a check on the inequality

(W xC) > K +1. (3.4.3)
Since dim W < 1, it is necessary that W = C(1,0). So,

w1 (Cx {0} x C*) = Card & 4.

Assumption (3.4.3) is thus implied by the second condition in (3.2.6). For j = 2, we have dim W <0
and hence W = {0,0}. We have a check on the inequality

(Ty +1) p2({0,0} x C*) > K2 + 1. (3.4.4)
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Since
/Lz({0,0} X CX) = Card 52,4,
the fifth condition in (3.2.6) implies (3.4.4).

By similar deduction, we can check that the third, forth and sixth conditions in (3.2.6) imply
assumption (3.3.5). According to Theorem 3.2, the polynomial is identically zero. However, it
contradicts the fact that A; (i=1,...,N) are not all zero. Therefore, rank(M) = N. O

Now we follow a similar line as in [50] to modify M. First we translate the term (rby + sb;)*! in
(3.4.1) to A(rbe+sby; k1) by row operations to obtain the first intermediate matrix whose coefficients
are

t K K
A(rb + sbl;kl)lt—kO(kO)af; sl (3.4.5)

and whose rank is the same as rank(M). Next, we are about to replace [0 by w(l;T,t, ko). Note

that
zt—ko(t)_i(i)kozt
ko)  ko! \dl '

We shall make use of Lemma 3.6 (which corresponds to [50, Lemma 4.2]) below and replace z' by
a well chosen polynomial with the same degree.

Lemma 3.6. Let T, 7' e N* and 0<T' <T. Let Q € GL11(Q) be the matriz defined by
(1,2,...,20)Q = (A(%;,T",0),... ,A(zT',T)). (3.4.6)
Then for anyl e N, any ko e N and 0<t < T,

/ I V\ouk
w(l;T,t,ko):unt( )l 0,
v=0 , ko

where the q,; are the coefficients of Q.

Proof. Since each of A(z;77,0),...,A(z;T',T) is a polynomial in z with rational coefficients,
hence @ € GL7:1(Q). Let us denote by ¢, + the (v,t)-th entry of Q. From (3.4.6), we have

T
Az T t) = que 2", VOo<t<T.
v=0

Differentiate kg times with respect to z and divide by kq!, we have

1 (d\r
W(Z;T/7t7k0) = k_()' (a) A(Z’T,)t)
1 d ko T T » d ko
- (5) Sawr-s (o)
ol \dl) & Z ot \di

T v k
= ql/, ( )l’j_ O-
VZ:E) ko
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Lemma 3.6 shows that a second intermediate matrix with coefficient
A(rby + sby; k) w(l T, ko)l k!

can be deduced from the first intermediate matrix by linear operations among columns of which r
and s are fixed, hence maintaining the same rank as M.

Furthermore, we multiply each row by v(T")*, where T’ is a parameter with 0 < 77 < T to be
chosen later. Tt should be noted from (3.3.6) that A(1;T",t, ko) = v(T")kor(I; T, t, ko). As a result,
we get a new matrix, denoted by M, with coefficients

A(rby + sby; k) )AL Tt ko)ol ab ™! (3.4.7)

in which A(rby+sby; k1) € Z clearly and A(I; 77, ¢, ko) € Z by Lemma 3.3. It is trivial that rank (M) =
rank(M) = N.

For the last step we extract a square matrix of size N x N, denoted by &, with detd # 0 from M.
With a suitable ordering of rows and columns in § we can write

v = detd = det (A(rjba + 51 k) A T/ £, ko)l " el " (3.4.8)

)lsi,jsN'

Recall from (3.4.1) that (ko,k1,!) satisfies (0 < ko + k1 < K,0<[<L). Denote i and j as the row
index and column index of § respectively. Let us suppose the rows in § are ordered in a way that

° li= [(wf);(lm))J
2

o ko, < koi+1, and

e whenever ko; = ko ;+1 we have k1 ; < kq i1

for 1 <4< N. With this ordering we have k; ; = 0 whenever ¢ =1 or kg ;-1 + k1,,-1 = K. Consider the
polynomial

N
P(X, Y) = ngn(a) H A(bg’r’a(i) + blsa(i); kl,i)A(liQ T’, tg(i), I{Z(),i) . Xzi'\:rl lir"(i)YZz]'\:rl lisa(i), (3.4.9)
o i=1

where o runs over all permutations o € G and where sgn(n) is the signature of the permutation
o. As discussed in (3.4.7), we notice that P(X,Y") has integer coefficients. By expanding the

determinant v, we get 7= P (al e ) We shall present the following lemma for P(X,Y).
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Lemma 3.7. Let P(X,Y) be in (3.4.9). Then for any q € C,, we have

(bg’r’j + blsj - q)kl*i
Eq 4!

P(X,Y) = det ( Al Tty ko) X Y“SJ) . (3.4.10)

1<4,5<N
Proof. Referring to (3.4.9), we have

P(X,Y) =det (A(riby + s:by; k1. )A(L; T i, ko i) Xy lisi 3.4.11
J J s J ’

1<4,j5<N”
Denote a; as the i-th row in P(X,Y), i.e.

a; = (A('l“jbz +5;5b1; kl’i)A(li;T’,t]‘, k()J)Xlierlisj) , 1<j<N

ap
P(X,Y)=det| : .
N Ji<ijen

so that

Next, denote

( b1(q) ) ( by )
Q(q) = det : and Q=det| :
bN(Q) 1Si,jSN bN 1Si,jSN

(bz?“j + blsj - q)kl

bi(q) =

- (B
and b; = b;(0). Further, denote bg(gq) = 0. It suffices to show that
(a). P(X,Y)=Q and

(b). Q(9) = Q.

To prove (a), note that a; can be expressed as

b;, if k1,=0,
a; = k1, .
b; +Y,01 My iy,  oOtherwise

where

~A( T 8, ko,i)X””Y“sﬂ') ,  1<j<N

where m, € C,. Thus, if we start rewriting from the last row, we obtain

ai ai ay
. ki, N . .
P(X,Y) =det ) + m, det ) =det
( ) an-1 ;::1 * an-1 an-1
by AN—z by

We proceed similarly to the next preceding row and so on and finally obtain P(X,Y) = Q.
To prove (b), note that

d (o, if k1 =0,
d_qbZ(Q) _{ bi-1(g¢), otherwise.
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Therefore,
=01(a) b1(q) b1(q)
O -det| 2@ |ige| @@ |, aw] 2@ [Lo
b () b (q) Lo (q)
Thus, Q(g) is a constant function for all ¢ € C, and we have Q(¢) = Q(0) = Q. 0

3.5 Arithmetic lower bound for ||,

Our goal of this section is to deduce the arithmetic lower bound for |y|,. It is stated in the following

Proposition 3.2 (Arithmetic lower bound). We have the lower bound

11 107T’)

D KN [ -
1 “Zlog(N) + 2 (10g B+log | —t 4 = 4 L
og vy > e(og( )+ 3 (Og +Og(K(L+T’))+3+ 103

(3.5.1)

/

+ (wT+w0)N(1 +log(L;T )) + NT' + 2p" (G1h(aq) + Ggh(ag)))

where G1,Go are defined in Lemma 3.13 and w,wq are defined in (3.2.5).

3.5.1 Some auxiliary results

Before giving a proof to Proposition 3.2, we shall present some technical lemmas.

Lemma 3.8. Let K, L be integers > 1 and N be in (3.2.4). We have the upper bound

L 1 11 KNlogK

logTT T 4o S(61ogK_) 3
1=0 (kq,kq)eN2 O

ko+k1<K

Proof. This follows from [49, Lemma A.1 p.73-75]. The above inequality is estimated with the
use of Stirling formula and the Euler-MacLaurin formula

K K K "K)-f' K > sin(2mnx
kozzjlf(ko) ) fl J(@)da + o );f(l) " . )12f = " fl 2f(3)($)nz::1 (Srn)?’ )dx.

There were slight typos in the proof in [49] but the inequality still holds. We shall omit the
proof. O
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Lemma 3.9. Let N be an integer > 1, R, S, T be integers >0, W(1) be in (3.2.4) with ¥(1) > N.

Let (t1,...,tn) be a sequence of integers between 0 and T with each value appearing at most
(R+1)(S+1) times. Then we have
N
N v(l
Yti<N([|1- =+ T+3—() . (3.5.2)
a 2¥(1) 2N

Proof. We define a = [m] and consider the scenarios ¥(1) > N and V(1) = N separately.
For ¥(1) > N,

t;<(R+1)(S+1) Za: (T - 7).
=0

M=

S
Il
—_

Whereas for ¥(1) = N, we have a = [W] =T +1 and

N a
Yti<(R+1)(S+1) > ((T+1) 7).
i=1 j=1
Both are bounded above by NT + (R+1)(S+1)T - 2(R+)2(S+1) + % + %(R+ 1)(S+1) and hence by

N((l_wf{n)m?’g};)). 0

Corollary 3.10. Let N be an integer > 1 and let R, S, T be integers > 0. Further, let R' +1 =
[g] and S"+1 = [%] be integers > 0, with g = g'g" where ¢', ¢ are positive integers. Let
(RT+1)(S"+1)(T+1) > N. Let (t1,...,tn) be a sequence of integers between 0 and T with each

value appearing at most (R’ +1)(S"+ 1) times. Then we have
N
Y oti < N (wT +wp)
i=1

where w and wo are defined in (3.2.5).

Proof. 1t is obtained immediately from inequality (3.5.2) of Lemma 3.9 after using the trivial
bounds ¢'(R'+1) < R+gand ¢"’(S"+1) < S +g. O

Lemma 3.11. Let T and T" be two integers so that 0 <T' <T. Let (tx, k1) be a sequence of N
integers between 0 and T where 0 < kg + k1 < K and 0 <1< L. Assume that each ty, 1, appears at
most (R+1)(S +1) times, then we have

L
IOg(H H ‘A(Z;T’7tko,k1,lvk0)‘)

1=0 ko+k1 <K
KN T 11 1071 L+T
< log +—+——— |+ (wT +wo)N[1+]og * +T'N
3 K(L+T) 6 103 T

with w and wy defined in (3.2.5).
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Proof. This is similar to [50, Lemma 4.5, by using Lemma 3.4, Lemma 3.8 and Corollary 3.10.
The proof is presented as follows.

First, by Lemmma 3.4 and (tkolé’gl’l) < 7,;—1:!),

1077 kg (1 1+ T")tkok1.1=Ro
‘A(Z;T', tko,kl,la kO)‘ <e 103 ’ ( ko’klyl)( ) etko»k1vl+T’

ko Ttk k1,1
ko "Ytkg,kq =Ko 1077 k
< T— (L +T ) etkoykhl*T/Jr 103 .
> ko' T’tkovklvl

Next, by using Lemma 3.8, Corollary 3.10 and ZlL:o Pko+ky<K ko = %,

L

[T AT thy ki ko)l
120 ko +hy <K

L ko Ntkg,kq,1—Ko 1077k
T 1 D TR e e
ko! T’tkoykhl
1=0 ko+k1<K NO-
L 1 L L L+T' Lo,k 1
il ko
(oS o) (B
1=0 ko+k1 <K "O° 1=0 ko+k1<K 1=0 ko+k1<K

(ﬁ H (L + T,)_ko) (ﬁ H etko,kLl"'T"" 1071€;k0 )

1=0 ko+k1<K 1=0 ko+k1<K

N (wT+wo) ,
< lamr 1) s pEN (L ; T,) S (L+T') "5 . N@TrworT'+ 2555
TI
Thus, the upper bound in Lemma 3.11 follows. O

Lemma 3.12. Let K, L, R, S, T be integers >0, N and V(1) be in (3.2.4) with W(1) > N. Let
I, = [m], (1 <v < N). For each sequence of integers (ri,...,ry) between 0 and R

such that none of them is repeated more than (S +1)(T + 1) times, we have the estimates

N N
M{-G1 <Y L, <M{+G} and My-Gy< > lys, < My+Gy

v=1 v=1
where
M,_L(ri+---+7“§v) , N(L+1)(R+1) 1 N
e 2 I 2 4 120(1))°
, L(si+-+5ly) , N(L+1)(S+1)(1 N
.1\42:—7 G2: - — ——1-
2 2 4 120(1)

Proof. The estimate for Y2V, 1,7/, is Lemma A.2 in [49]. The estimate for $2, 1, can be obtained
similarly. O
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The following Lemma coincides with Lemma 3.12 when g = 1.

Lemma 3.13. Let K, L, R, S, T be integers >0 and m1, meo, g, ¢ be rational integers with my,
meo and g coprime. Let 1, = [m], (1<v<N). Let (r1,81),...,(rn,sn) be sequence
of N pairs of integers, which among them the same paired value appears at most (T + 1) times,
satisfying the condition

0<r, <R, 0<s,<8, miry,+mses,=c modg (3.5.3)
forallv=1,... ,N. Then we have the estimates
N N
M -Gy < Zl,,T‘,,SMl-l-Gl, My -Gy < ZZVSVSM2+G2 (3.5.4)
v=1 v=1
where
M1=L(T1+.2“+TN), GlzN(L+1)2(R+g)gO,
MQZL(Sl +-2--+SN)7 GQZN(L+1)2(S+g)gO

and go is defined in (3.2.5).

Proof. The proof follows closely the proof of [33, Lemma 10]. Here we shall show that M; — G <
Z,jj\le l,r, < My +G1. The second result My —Go < Z,]jvzl 1,8y < Ms + G5 can be obtained similary by
simply replacing r with s. Denote

g =gcd(ma,g9), 9" =4g/g"

Since my,ms and g are coprime, we have gecd(mq,g’) = 1. Denote by ¢’ an integer between 0 and
g’ — 1 that satisfies
mic =c¢ mod ¢’

Note that such condition for ¢’ is always valid since ged(mq,g’) = 1. Then it can be shown that the
condition (3.5.3) implies
r,,:c'+g'rl',, OSTZ',SR' = [;]
To show this, we write r, = ¢, + ¢'rl, with 0 < ¢, < ¢’ — 1 and substitute into (3.5.3) to get
ma(cry +g'r)) +mos, =c mod g
which, by writing ms = g'us, implies
micry, +mig'r,, + g'uss, =mic’ mod g.

This gives

ma(cry — )+ g (mir], +ugs,) =0 mod g.
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Noting that g = ¢¢" and mic’ = ¢ mod ¢’, the above relation can be further written as
mi(c, —c')=0 mod ¢’
which gives
¢ =c¢ mod g’ since ged(mq,g’) =1

and we deduce that

!
Cry =C.

In addition, the same congruence (3.5.3) shows that for r fixed, the class of s modulo g” is uniquely
determined. To show this, we write s, = cs, + g”s), with 0 < s, < §' := [%], 0<ceyy <g”"-1. We

substitute the expression into (3.5.3) to get

myry, +ma(csy +g"s,) =c mod g

which, by writing ms = g'us and r, = ¢’ + ¢'r},, implies
my(c' +g'r),) + g'ua(cey + g"'s,) =¢ mod g.
This gives
g'(mar, +uscs,) = c=mic mod g. (3.5.5)

Therefore, when r is fixed, ¢’ and r,, are fixed, so that cs, can be determined by (3.5.5). To show
that c¢g, is uniquely determined modulo g”, suppose there exist cgy,, s, such that

Igll)

rn

q")
g’ (mar, + uacs, ) = g'(mary, + ugce,) mod (g

g' (myr), +uscs,,) =c—mic mod (g
g' (mir), +uacsy,) =c—mic’ mod (g

r_n

q")
A _ l4 d 14
M7, + UaCsy, = MIT,, + U2Csyy, MoOd g
— 14
UCsy, = U2Csy, MmoOd g

Cspy = Cspy mod g” since ged(ug,g") =1

Thus, the class of s modulo ¢ is uniquely determined. This means that while r is fixed, there are
at most ([%] + 1) (T + 1) pairs of integers (r, s) satisfying condition (3.5.3), i.e.

0<r, <R, 0<s,<8, mir,+mes,=c mod g.

By applying Lemma 3.12 to the above sequence of integers (r1,...,7}) gives

N
M{ -Gy <) lLr, <M +G
v=1
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L) _ N(L+1)(R'+1) (1 N
where M| = "5 G = 2 (Z - 12(R’+1)(S’+1)(T+1))'

Recall that r, = ¢’ + ¢'r], and [, = [m] for 1 <v < N. We obtain Y0, 1, = &£ and thus

N N N
Mg+ Y L, -g' G <Y L( +g'r,)<Mig' +c Y 1, +¢'Gy
v=1

v=1 v=1

N
My - g,Gll < Z lyry, < My +g,G’1.
v=1
Trivially, we have the upper bound R’ +1 = [g] +1< RgL,gl (e. (R"+1)’<R+¢ <R+g) and
g"(S"+1) <S+g. Therefore,

o  NL+DR +1)g"  N(L+1)g' N(L+1)(R+g) N?(L+1)g <G
7= 8 TS T (T 1) 8 ToU(Stg)(T+1) T

The proof is completed. ]

3.5.2 Deduction of Proposition 3.2

We shall prove Proposition 3.2. It is based on the following p-adic analogue of Liouville inequality
which is also used in [33].

Lemma 3.14 (p-adic analogue of Liouville inequality). For any polynomial P(X,Y), with integer
coefficients and all algebraic numbers § and ¢ contained in Q, such that P(&,() # 0, we have the
lower bound

IOg |P(£> C)|p 2

_w (log|P[ + (degx P)h(€) + (degy P)h(()),

where e and f denote as before the ramification index and the residue degree of the extension of
Qp(&,¢) over Qp, and where
|P| = max{|P(z,y);z e C,y € C, |2] = |y| = 1} (3.5.6)

denotes the maximum norm of the polynomial P.
Proof. See Yu [97, Lemma 2.1]. O
Proof of Proposition 3.2. By referring to P(X,Y) in (3.4.9), v in (3.4.8) and Lemma 3.7, we

notice that v =P (a’l’ﬁ, O/Q’K), which can be expressed as

N (b2r0'i +b13cri _Q)kl’i BYN Lirg YN 1isg
7= Ysen(o) [ —2@ - o) Al T oy, ko) ol =21 Te@ gl = liseo (3 5 7)
o =1

1,2-
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for any ¢ € Cp, where o runs over all permutations o € &y and where sgn(n) is the signature of the
permutation 0. We choose ¢ = Rb%sh. Then using (3.5.6), Lemma 3.8, Lemma 3.9 and Lemma
3.11 we deduce that

IJ—V[ (baro(iy + b150(7) — @)™
=1 k!
N (bar (i) + b15a(i) — )"

[1 kq ;!

i=1

Pl

(e

A(lla T,') ta‘(i)a ko,i)

< Nlmax

o

max

N
[TAUT  toy ko)
i1

KN

NI T 5 (L4 \(@TreoN o [LLEN | 107ENT
' K(L+T) T Pl 309

+ (wT+w0+T’)N).
(3.5.8)

It should be noted that, due to the definition of g in (3.2.1), the integers m1, mo and g are coprime.
We use (3.5.4) from Lemma 3.13 to estimate Y2, lirg(;) and N lisq(;) in (3.5.7). Denote by V4
(resp. V5) the integral part of M + Gy (resp. My + G3), and by Uy (resp. Us) the smallest integer
> M; — G (resp. My —G3). Then

V:P(aﬁ),ag):o}f Yo 2P( pm,—pm),
@y

where P(X,Y) is a polynomial with integer coefficients, the norm ‘ﬁ‘ = max{‘ﬁ(x,y) ;e eCuy e
C,|x| = |y| = 1} is equal to |P|, Also, the degree of X and Y for P(X,Y) are bounded respectively
by Vl—Ul and ‘/Q_UQ.

Now we apply the version of Liouville inequality in Lemma 3.14 to the polynomial P, knowing that
h(ef) = p*h(e;) and note that D = M, to give the lower bound

log ‘? (a’fn,agﬁ)L > - (log |ﬁ‘ + (degy ﬁ)h(af’fﬁ) + (degy ﬁ)h(agﬂ))

> —

oo |

(log ‘ﬁ| +pH(V1 - Ul)h(oq) +pK(VQ - Uz)h(az)) .
Note that ’13‘ = |P|, |aulp = |oa|p = 1 and V; = U; < 2G; for i = 1,2. Thus,

log |’y|p =log ‘? (aii”‘jajzo,«v)‘p
D ~
2 0 (log |P| +p" (Vi = Ur)h(on) + p*(Va = Uz)h(az))

> —g (log |P| +2p" (G1h(a1) + Gah(a2))).

The lower bound in (3.5.1) can be obtained after using the upper bound of |P| in (3.5.8). O
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3.6 Analytic upper bound for |y|,

The goal of this section is to deduce the analytic upper bound for |y|,, which is stated in

Proposition 3.3 (Analytic upper bound). Suppose that
|Alp <p~ V), (3.6.1)

where V> p%l is defined in (3.2.7). Then

K
log|’y|p<N(T)\—%+—()\+

3 ! 1))logp. (3.6.2)

3.6.1 Some auxiliary results

We first present some technical lemmas and the p-adic Schwarz’s lemma.

Lemma 3.15. Let n be a positive integer. Then vy(n!) < Ll
p-

Proof. See for example Neukirch [68], p.138-139. O

Lemma 3.16. Let 0 be an element of Q, such that v,(6 — 1) >0. Then

pop(6-1), if vp(0-1) < ! ,
up(0” -1) = Pyl
vp(0-1)+1, ifv,(0-1)> 7 and
p 1 , 1
P_1 - 1 )= —
up(0 )Zp—l p—1+ , ifup(6-1) b1

Proof. It has been used for example in the papers of Yu ([97]-[103]). We omit the proof here. [J

Lemma 3.17. Suppose 0 € K,, satisfying v,(0 —1) > 0 and let k > 0 be the integer satisfying the
inequalities (3.2.3), i.e.

Then . )
v, (07" - 1) 2 LA
2¢ p-1

1
> —. (3.6.3)
p-1

Proof. The proof follows similar line as in Yu [99, Lemma 1.1]. We omit the details here. O
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Lemma 3.18. Let u be a positive integer. For any root of unity & of order p*, the ramification
index of the extension Q,(£)/Q, is equal to p*(p—1). Furthermore, for any positive integer m
not divisible by p, we have

Z vp(§-1) =u.

g'mpu =1

£#1

Proof. This is rephrased from [33, Lemma 5, p.319].
O

Lemma 3.19 (Krasner’s Lemma). Let £ and o be in an algebraic closure of Q. Let & = &,
&2,...,&q denote the Galois conjugates of & over Q. If

vp(o=&) >vp(0 - &), 1=2,....,d,

then & belongs to the field Qp(0).
Proof. See for example [73, p.130]. O

Before stating the p-adic Schwarz’s lemma, we introduce some notations. Let K be a complete
ultrametric valuation field, of characteristic 0 with residual characteristic p. Let f = 3,50 an X" be
a formal power series with coefficients in K such that there exists a real number R > 0 satisfying
limy, 4 o0 |@n|pR™ = 0. Then, f defines an analytic function on the disc {z € K, |z|, < R}. For any
real number r such that 0 <r < R, we put |f|, = sup,,5q |an|pr™. We have

[flr <115 (3.6.4)

In particular, if K is algebraically closed, then |f|, = supj, <, [f(2)|p and inequality (3.6.4) expresses
the maximum principle.

Lemma 3.20 (p-Adic Schwarz’s Lemma). Let p be a prime number. Let Tt be a nonnegative
integer, v and R be real numbers satisfying 0 < r < R and f be an analytic function on the disc
{z€C,: |zl < R}. Assume f has a zero of multiplicity at least T; at 0. Then

e (5) 7 e

r

Proof. We consider the function z = g(z) = 2717 f(2) which is analytic in the disc {z € C, : ||, <
R}. Since r < R, we have |g|, <|g|gr with

gl =" "fl and  glr = R7T|f|R.

This completes the proof.
Remark: See also Bertrand [22] and Mahler [60]. O
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3.6.2 Deduction of Proposition 3.3

In this section we deduce the analytic upper bound for ||, in Proposition 3.3. Our derivation
follows first the similar line of [33] and then [50] with the development by the p-adic Schwarz’s
lemma. It is established based on several results which can be best presented by the following
lemmas subsequently. We assumed (3.6.1) holds in this section.

Lemma 3.21. Recall 01 and 63 as in (3.2.2). Let

bor: + bis; — g)FLi Kl oKD
’Y':det(( 21 klsél ?) AT, ko )00 768 l) (3.6.5)
Li: 1<i,j<N
where q is any number in C, and set
A=0 -0.

Then we have vy(7y) = vp(y") and vy(A) = v,(A).
Proof. We consider the determinant 7 stated in (3.4.8) and refer to P(X,Y) in (3.4.9). Recall
that v = P (o} ,af"). By referring to P(X,Y) in (3.4.10), we get

(barj +bysj —q)kvi
k1!

My ptlis;
fy:det( AT 1y, ko)l 7l e

)1si,jgN'
Since mirj+mgsj=cmod g (j=1,...,N), by rewriting aq,as as in (3.2.2), we obtain
y= ¢y
Therefore, vy(y) = vp(7') follows because v,(¢) = 0. Next, according to the assumption (3.6.1),

since
_ b1 b _ rmibipgbi _ ~mabz b2
A=o' —ay? =( 07" - ¢ 0,

has positive valuation, m1b; and mobs are necessarily in the same class modulo g. Thus, it follows
that vy (A) = vy(A). O

Lemma 3.21 reveals that it suffices to verify Proposition 3.3 with a; = 61 ag = 62 being principal
units. Next, we recall that u denotes the integer such that p* divides exactly ged(by,b2). In case
that u > 0, we set

bl

b b by b 0,
b, = %, A B=—=21 o= (3.6.6)
pY p bo bQ (922
and we can assume without restriction that p does not divide b}. Let &1,...,&u be all the p*-th

roots of unity in @p with the ordering

vp(o—&1) 2 2 vp(0 —Epu). (3.6.7)
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Let , .
A =6 — g%, (3.6.8)

Lemma 3.22. Suppose that (5.6.1) holds. Then we have ffn =1 and the lower bound
vp(A") = vp(A) —u > V. (3.6.9)

Proof. We follow the line of [33] to achieve this. Note by using Lemma 3.21 and the hypothesis
that

N Y E AN 1
vp(o? -1)=v, 0%7 = vp @ = vy (A) +vp(057) =vp(A) 2V +u> E+u.
2
In other words, we have
pu

vp(o—&) =vp(A) >V +u>

+u, (3.6.10)

<
Il
—

where the summation involves all the p“-th roots of unity & (v =1,...,p") in @p. With the
ordering of these roots as in (3.6.7), we shall show that in fact v,(c — &) > vp(0 — &2). By the
ultrametric inequality,

o (1) =6 =60 2 min{upo =€) plo =€)} 00 =6)  (W=2uee ). (3611

Next, we consider Yertog vp(§ — 1), where each of the ¢ in the summation represents £ = % (v =
&+1
2,3,...,p%), so that & # 1 and 7" = 1. Besides, for each of these valuations vp(§ - 1), we have

vp(€-1) =, (% - ) > vp(0 — &) from (3.6.11). Therefore, using (3.6.10),

U

vp(o=&1)+ ) Up(f—l)ZUp(U—fl)JfZ”p(a—fv):”p(‘fpu_l)ZV+u>pi1 e
P v=2

According to Lemma 3.18, Zgﬁ“:1 vp(€-1) = u, yielding vy,(c-&;1) > p+1' We claim that this implies
Ex1
vp(o=&1) >vp(0 —&2). Indeed, if vy(o - &1) = vp(0 - &2), then with the ultrametric inequality,
(6 )
=vp|l == - 1) =vp(€2—-&1) 2 vp(0 - &2) >
pwfl(p—l) p §1 p( ) p( )

1
p-1’

where p" denotes the exact order of the root of unity % # 1. Hence there is a contradiction.

Krasner’s Lemma 3.19 then shows that &; belongs to the field Q,(0) ¢ K,. If we denote by p*
the order of the root of unity &, then the ramification index of the extension Q,(&1)/Q, equals
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p“~t(p-1) by Lemma 3.18. It follows from Q,(c) ¢ K, that p*~!(p-1) < e. Together with (3.2.3)
we have

. 1
P (p-1)<e< S (P -1).

It follows that w < k, and

To prove (3.6.9), since £fu =1, Lemma 3.16 and Lemma 3.21 then shows that

vp(A) = vp(Z) = vp(apu -1) =v, ((?)p - 1) =vp(0c—&) +u=uv,(A") +u.

1

Alternatively, it is noted that the inequality v,(A4) = v,(A") + u results also directly from the
ultrametric inequality above. By (3.6.1), the lower bound (3.6.9) follows. O

Now we introduce the function ®;(z) for z € C,, represented in the form of a determinant with
(i,7) indicating the i-th row and j-column respectively, satisfying

2], < p* (3.6.12)

where X is in (3.2.9). Let I ¢ {1,...,N} be any set, 0;; € Q, with |o; [, < 1. We define

O;(2) = idet( 222 ) (3.6.13)
where
1(2) =(Cij(2)) foriel, Q7 (2) = (04;C;,j(2)) fori¢l
with
Ci () = EL Z:J'B )t AT 1, ko) 8,7 152 (i+558) (3.6.14)

)

and =1 is chosen for the determinant depending on the positioning of the rows. (Lemma 3.24 and
(3.6.23) reveal another representation for ®;(z).)

The following lemma (Lemma 3.23) provides a lower bound for v,(®;(2)).

Lemma 3.23. For any set [ € {1,...,N} and for any z € C, so that |z|, < p*,

op(®1(2)) > —K—;V ()\ ; 1%) .



3.6. ANALYTIC UPPER BOUND FOR |y|, 51

Proof. We develop the determinant ®;(z) in (3.6.13) to get

((Zgl,a(i))kl’i

N
r(z)= ). sgn(a)&lpﬂzzﬁlliél’”@n o A(li;letg(i)akO,i))Hgi,a(i)'
16! il

O'GGN i=1

Moreover, |o; j|, <1 as adopted in ®;(z). Thus,

vp(@1(2))

K N z o(1 kLi
> min {v, | 6,7 75500 T MA(li;Tlia(i)akOi) [Toiow
e 1 k1 ;! ) der

K N z ot kl,i N
= min {v, (61’” 225 ’iﬁlv(i)) +vp o)™ +vp [ [TAUST  togiy ko) |+ D vp (Gio()
UEGN =1 kl,’L! =1 7'¢I\—s(——/
() *

(ii) (iif)

(i) To determine v, (Hlpﬁzzﬁlli{fl,a(i)).

We shall have similar argument as Proposition 3.1 in Section 3.3.1 to Hlpmzzglliglﬁ(i).
First consider

N
exp ((z Z; zigljg(i)) log, (1+ (617" - 1))) : (3.6.15)

(Note: log, denotes the p-adic logarithms.) We shall show that

<p (3.6.16)
p

N
(z D zigl,c,(i)) log, (1+ (617" - 1))
=1

By Lemma 3.17, we have inequalities (3.6.3), i.e. vp(Ozfn -1) > g—z + p%l > p%l. Therefore,
log,, (1 + (911’& - 1)) converges and
2=,

flog,, (1+ (61" = 1))| =|o?" - 1] <p(Berit) < it

Besides, since li,7,(;), So(i) € Z € Zyp, |Blp =

hence Z,f\zfl li€1,6(i) € Zp. Therefore,

b/
7 ) <1, so that & o() = ro(s) + So(i) € Zp and
R3] cf(i)‘ <L

o (D)lp

Further, for z € C, such that |z, < p*,

pK,
<p2e.
p

= |Z|p
P

N N
2 Y 1€ o (i) Y L€l o)
=1 =1
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Therefore,

K K
p _(L+L

) _1
<p2ep \2¢ p1)=p p-1,
p

N
(Z Z ligl,g(i)) logp (1 + (91pN - 1))
i=1

Therefore, exp ((z Zf\il liglﬂ(i)) log,, (1 + (917’“ - 1))) converges and

=1 (3.6.17)
p

N

exp ((Z Zlifl,a(i)) log,, (1+ (617" - 1)))
i=1

by Proposition 3.1. We have

le”z SN i1 o) - (1 + (9117” _ 1))321-]11 li&1,0()
N
~exp ((z ;zigl,a(i)) log,, (1+ (67" 1)))

and thus

=1.

‘9117”2’ >N li€1,0(4)
p

Equivalently, e
rUp (91 i=1" 170'(1)) = 0 (3618)

2G1,0(i R
(i) To determine v, (Hgl % ‘
1,3

Since &1,j = 7; + 558, so that v, (&1 »(;)) 2 0.

N (281 5(i)) "
v | ] N
klz

i=1 )

KN

N N N
) =—Up (11 kl,i!) + Zl kl,i Up (2’5170(@-)) 2 —Up (I_—{ kl,i!) + Tvp(z),

where, using Lemma 3.15,

N K
Up (H kru!) = (L+1)vp( I ]{171‘!) =(L+1) Y (K+1-n)vy(n!)
i=1

ko+k1<K n=2

K n +
<(L+1)7L22(K+1—n)1::i_ll-%(K+4)(K—1)
KN
“3(p-1)

Therefore with |z|, < p* we have

N (261 0y KN 1
. - A . 3.6.19
Up(g k«'l,i! g 3 ( +p—1) ( )
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(ifi) To determine vy, (T AL T 0 i) ko)) -

By Lemma 3.3,
N N
Up (H A(lz, TI, tg(i), koﬂ‘)) = Z Up (A(lz, TI, tg(i), ]{7071‘)) > 0. (3620)
i=1 i=1
Summing (3.6.18), (3.6.19) and (3.6.20), we obtain the result in Lemma 3.23. O

Next we wish to obtain a lemma (Lemma 3.25) which concerns the multiplicity of zeros for ®;(z).
Before achieving this, we start with rewriting ®;(z). The following lemma concerns C; ;(z) in
(3.6.14).

Lemma 3.24. For all1<j< N andiel, we have
T o \Yi
Cij(z) = Z Qu i (3_) cpi(zé) (3.6.21)
v=0 20
Vi Vj;
where qy,¢; is in Lemma 3.6, (8%0) i SOZ(zg_J) represents (aizo) i c,oi(zo>z1)|(z0,zl)=(z§j)’ with

kl ) A
v(T 0,1 k i K.
vi(20,21) = | (k—)'zoo e®olig, Pl & = (80,5.615) = (0,75 + 5;0). (3.6.22)
1,Z~ 0,2+ -

)

Proof. This lemma can be deduced from Lemma 3.6. Indeed, if v; > ko ;,

Vi vy
8 J k(),i zol; _ . V] k(]ﬂ:! kO i le] kO i Zoll Vj k A le_kO,i zol;
— ) ze®i= ) %0 i + 0,i- & €
0z =0 \x/ (ko —2)! ko
$¢k‘07i

so that

L 8 Vi ¥4 j vi—ko i
z_%q”’tj (a—zo) QDz(Zg_J) — ( 517]) (T )ko 20p "l z€ 5 Z ql/,tj( Vj )lZ] ko, = C,L’J(z)

k14! =0 ko

)

Whereas if v < ko, (k';j_) =0, and

v; Vj
a ’ kO,i zol; _ V] koyl' kO P 1 ka 2ol;
) et < 5 () el o,
029 x /) (ko; —x)!

thus ¥.7_, vt (8%0) J ¢i(2§) =0=Cj;(2) by Lemma 3.6. O



54 CHAPTER 3. LINEAR FORMS IN TWO p-ADIC LOGARITHMS

We can develop the determinant ®;(z) in (3.6.13) to yield

N
Dr(z)= >, Jlawys®ru(2) (3.6.23)
(v1,... vy )eNN j=1
v <T,1<j<N
where
o7 ,(2) )
®; ,(2) = +det Ty
IL( ) ( q)f,g(z)
with

}’K(z) _ ((aizo)”j SOl(zg_j)) foriel, <I>}£(z) = (Jivj ((%O)Vj %(zg_])) fori¢l (3.6.24)

and +1 is chosen for the determinant depending on the positioning of the rows. Therefore, in
order to obtain a lower bound for the multiplicity of zero for ®;(z), it suffices to obtain the lower
bound for the multiplicity of zero for ®;,(z), denoted by T7, for all N-tuples (v1,... ,vn), v; <T
(i=1,...,N).

We rewrite
¢i(20,21) = pi(20, 21 )l 1) (3.6.25)

where
w =log, (67 ) (3.6.26)

(Note: log, denotes p-adic logarithm) and

1 (1)

k14
Z O,zz K
il kot 07

pi(20,21) =

is a monomial of total degree < K, since ko ; +k1; < K. We apply the change of variable Zy = zp+2z1w
so that eli(z0t51w) = ¢liZ  Thig change of variable, being a translation with respect to the variable
zp, is evident as for any continuous function

0 0
(6_z0) f (20, 21) ‘(ZO7z1)=(0, 215) (G_Zo) f(Zo - z1w,21) |(ZO,Z1)=(Z§1,jw,z§1’j).
We denote
. 9 \Yi . ~ o \Yi '
\llLl,(z):((a—ZO) ¢z‘(2’ﬁ)); foriel, \I/I&(z):(ai’j (8_Z0) gﬁi(zﬂ)); fori¢l,
0i(Zo,21) = 4(Zo, 21)€"%°; 1<i< N, zj=((rj+s;B)w,rj+s;8); 1<j<N,
ko,: ko,
, 1 T ' ko .
0i(Zo,21) = Y. pin 2™ T TR 1<i< N Piz = &(—w)f( 0 ) 1<i<N.
=0 - kl,i! k(m’! T
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Note that the degree of z; in the polynomial ¢;(Zy,21) is < K. It can be verified that the function
P, (%) then becomes

Qry(2) =Vr,(2) = idet( i?’gzi ) (3.6.27)

where +1 is chosen for the determinant depending on the positioning of the rows. Furthermore it
should be noted that 8 € Z,, from (3.6.6), v,(z) > —5- from (3.6.12) and that v,(w) 2 p + p— from

(3.6.26), (3.3.2) and Lemma 3.17. Thus, for the substltutlon of the value z(r; + sjﬁ)w to Zy in the
exponential function €40, we have

vp(liz(rj + s;8)w) = vp(li(rj + 5;6)) + vp(2) + vp(w) > p%l (3.6.28)

Now we present the following lemma (Lemma 3.25) which concerns the multiplicity of zeros for
®;(z). As illustrated before, it suffices to obtain the lower bound for the multiplicity of zero for
@, (z) for all N-tuples (v1,...,vn), v; <T (i=1,...,N).

Lemma 3.25. For any set I € {1,... ,N} of cardinality |I|, the function ®;(z) has a zero at the
origin with multiplicity > Ty, where

1I{l+1 K
T} > max || H+1 K ) _rnol.
K+1 2

Proof. First, we take the Taylor’s expansion with respect to the variable Zy for the function
¢i(ZOaZ1)- That iS,

= (lZZO)u %y Li" T+k1 utko,i=T
¢i(Zo, 21) = qi(Zo, 21) ), =y Z ”—21 W 7O
u=0

: u>07=0

It gives, for all 1 < j < N, a development of the form

1 (0 ko.s zu(uwoz

;(87) ¢i(Zo,21) = ZZow

) Z1T+k1,i Zoquk()’ifol/j .
u>07=0

vy
Further, with the change of variable 79 = u + ko ; — 7 and 7 = 7 + k14, we get

ko,i+k1,i

1 9 \” 70 TO-Vj ., T
;(8_20) ¢i(Zo,21) = ). > ( ‘)di,To,'rlZOO Tzt

T1=k1 i To+T12ko i +k1 i VJ

=2 Z (TO) imom 20 2™ (3.6.29)

1020 71=0

To+7-ko, . . . .
where d; , - = pi rlTOJrT—kl, with d; 7, -, = 0 in the i-th row (1 < j < N) when 71 < k14, 71 > ko i + k14,

7'0+7'1<k'071+k‘11 lfl >0andwhen7'0+7'1ik07i+k‘1,7; ifliIO.
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Using the expression (3.6.29) above, we can develop ®7,(z) (i.e. ¥;,(2z)) by modifying the entries
in the submatrix U7 (2) as

K /- ; s T
Z 2 ( 07 ) Vj! dz‘,To,i,n,i(Z(?"j + Sj/B)w) 0 J(z(rj + SJB)) b

7’0’2‘20’7'1@:0 V.j

Now ®;,(z) (i.e. ¥r,(2)) can be written as

®ry(2) =%d t( Sri20 £ 120 (07 Vil diry 1 im o (21 + 55 8)w) 0477 (2 + 558)) ) Yiel
Iy\7z)==+de

oii (%) ¢i(2)) biel
rop [ ()it im0 T AT e

+de Vj .
0ii (%) diz2;) Yigl

(70,0,71,1) i€l
70,i20, 71 ;<K

(H di77‘0,i7T17,-ZTO’i+T1’iT) (£detQr (2)), (3.6.30)
(70,i,m1,1),0€l \iel

70,:20, T172'SK

where the entries in Q7 ;(z) are the functions

70,1 N 9)yT70,i~Vj TOZi+Tl,i*Vj T-v; e
Wij(2) = (Vj)yg.ww L s el
7 Tij (6_20) ¢i(zw;), i¢l

with 0 < v; < T. The matrix Q7 (z) is of rank < N, in the case where there exists 4,7’ € I, such
that ¢ # 4" and (704,71,) = (70,7, 71,i7). It follows that the multiplicity of zero of ®7,(z) is greater
than or equal to the minimum value of the sums

> (i+mi=T), (3.6.31)
(70,i,71,4) 5
71,i<K

where all couples (79, 71,;) are pairwise distinct, while excluding the scenarios that d; -, -, = 0 in
the i-th row (1< j<N) foriel.

By referring to the proof of [49, Lemma A.4], it is noted that the derivation involved still applies
to our scenario for obtaining the lower bound of the multiplicity of zero of ®r,(2), after taking
into account scenarios with d; , -, = 0 mentioned above. Therefore, it suffices to adopt the bound
obtained in [49, Lemma A.4], that is

I+ Ky
2 \K+1 2

Finally, it should be noted that due to the way that ®; ,(2) is defined, the actual minimum possible

value of T} is zero. Thus the lower bound 717 > max {% ('II(‘—E - % - 1) -TN, O} results. O]
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We have acquired all necessary lemmas to deduce the analytic upper bound for |y, (i.e. the lower
bound for v,()) in Proposition 3.3 as follows.

Proof of Proposition 3.3. It is clear from Lemma 3.21 that v,(7y) = v,(7"). We now develop +/
defined in (3.6.5). Recall from (3.6.6) that we assume p + b5. From the relation

o - Ao (-6, A
&1 &1

by
0, =

and noting that §’fﬁ =1 from Lemma 3.22, we obtain
Qgépﬂlﬁj — ell’ip'ilisj'(l _ 01*5/1 Al)pﬁlisj (1 < i,j < N) (3632)

By inequalities (3.6.3) in Lemma 3.17,

‘ -

K
v (07 —1) > 2y

1
_—> (i=1,2).
2 p-1 p-

[t

Secondly, by Lemma 3.22 and (3.2.8), v,(A") >V > p%l so that
o1
6, 1A > —.
up(6; 1 A7) -1
It should also be noted that v,(p"l;s;/by) > k > 0. Raising both sides of (3.6.32) by the power bi,
2
and taking 5 as in (3.6.6) gives
eé}“lisy' _ Gfﬂﬂlﬁj(l B 91—511 Al)p”liSj/b'Z‘
By applying Proposition 3.1 in Section 3.3.1 to (1—0;1),1 AP si[Y with ¢ = —91_(),1/1' and z = p"l;s; /b5,
we get

eg“lisg' _ 9119”511'83‘(1 + 0,4 (1<i,j<N), (3.6.33)

where 0; ; = —Hl_bllp”lisj/bév(m,z) € Q, with |v(z,2)|, < 1. In addition, as l;s;/b € Z,, we deduce
that
|oijlp <p7" < 1. (3.6.34)

Now we substitute (3.6.33) into the determinant 4" displayed in (3.6.5). By Lemma 3.6, multilin-
earity of determinants, taking ¢ = 0 and noting (3.3.6),

N
/Xt ki m
v = b Y
where

7" =det (i (1+0i547) . on
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with B
(rj + 5;6)"1s —
ig = %A(Zi;T/,fj,ko,i)ef (rys;8). (3.6.35)
Trivially,
N _ SN ki " "
vp(7') = vp | b3 +vp(7") 2 vp (7)), (3.6.36)
~—
>0

so from now on we shall focus on obtaining the lower bound for v,(7"). By further developing ~",

=S ()N, (3.6.37)
I<{1,...,N}

where |I] is the cardinality of I and

.
o :=idet( - ) (3.6.38)
I

with 7" = (¢; ;) fori € I, y;~ = (045 ¢ j) for i ¢ I and +1 is chosen for the determinant depending on
the positioning of the rows. Refering to the function ®;(z) defined in (3.6.13), it can be observed
that

We have shown in Lemma 3.25 that the function ®;(z) has a zero at the origin with multiplicity

> T;. We shall apply Lemma 3.20 (p-adic Schwarz’s lemma) with r = 1, R = p*, f = ®;(2) to get

=T,
il = 121Dl < () nax @1 (2)lp- (3.6.40)
Z|p=p

We refer to the lower bound of v,(®;(2))) obtained in Lemma 3.23, which essentially gives an
upper bound for maxy;) _[®7(2)[,. With the fact that p* > 1 from (3.2.9), we obtain

—Amax{ﬂ( I+ —%—1)—TN70} KN (,\+pi)

|7]|p <p 2 \ K+1 p? L
< p (B (R -5 1) TN A (e )
Equivalently,
Il (|I|+1 K KN( , )
SE B - S — ) - A - = (A —). 3.6.41
vp(71) (2 K+1 2 3 | ( )

We shall now obtain the upper bound for |v|,, which is the same as the upper bound for |y/[, due
to Lemma 3.21 and we already have |y/|, < |y"'|, due to (3.6.36). We refer to (3.6.37) and note from
Lemma 3.6.9 that v,(A4") > V. Hence,

vp(v'") > Ig{gl}ipN} {(N =1V +wvp(71)}
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where |I| is the cardinality of I. But the upper bound of |y;|, derived before does not depend on
I. So the minimum for (N — |I|)V + v,(~r) is independent of I. Thus,

/ " . |I| |I|+1 K KN !
op(7') 2 up(3 >>T}|“{<N-|f|>v*(5(m‘3‘1)‘”)*7(“10—1)}'

We shall minimize the following expression with respect to |I|:

(N—|I|)V+(m(u|+1 —5—1)—TN)A. (3.6.42)

2\K+1 2

Note that (3.6.42) is a second degree polynomial in variable ||. The minimum is reached on R at
the value

—+

17| - 14 K+2_ 1
A 4 2AK+1)

) (K +1).
The minimum value is then

CVA(K+1) K(K+3)  K*(K+3)°A

NV
2\ 4 32(K +1)

~ NT. (3.6.43)

Similar to [50], we wish to simplify (3.6.43) by obtaining its lower bound in the form &Y — NTA
instead. It suffices to find the value of parameter V satisfying the quadratic inequality

(K+1)  K(K K*(K+3)°X N
VIE+D)  K(K+3),  K(K+3) A NV (3.6.44)
2 4 32(K +1) 2
It can be checked that condition (3.6.44) is satisfied for V' defined in (3.2.7). As a result,

NV KN 1
5() = (1) > 50~ NTA= == (A m)

where A is in (3.2.9). It is equivalent to (3.6.2). The proof of Proposition 3.3 (Analytic upper
bound) is completed. O

3.7 Proof of the Main Proposition

As a final step, we now present the proof of the Main Proposition.

Proof of the Main Proposition. Suppose on the contrary of (3.2.11) we have (3.6.1), that is

|Alp <p~H, (3.6.1)
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We shall demonstrate that there is a contradiction to Condition (la) (i.e. (3.2.10)) in the Main
Proposition. Combining the results from Proposition 3.2, Proposition 3.3, using the inequality

N!< (%)N and the fact that log(ﬁ) < log(%), we obtain

K K D N\ K T 11 1071
g<(T+§)>\+ + (log( )+—(logB+log( ) —+ o7 )

3(p-1 elo 2 KL 3 103
(r-1) gp (3.7.0)

+ (wT +w0) (1 + log (L;,T,)) + T’ + % (Glh(al) + Ggh(ag)) )

The value of the variable 7" is now chosen so that RHS of (3.7.1) is preferably the smallest. By a

similar derivation as in [49], we take for simplicity

T,_[ 309w T ]+ , _ 309wT
1309+ 107K T 107(K +3)

This gives log (L+T ) <log (% + 1) and (1%5 )T' < 1%5{ +1+wT. Using the definitions

of G1 and G5 in Lemma 3.13 it follows that

K<(T+5))\+ K + D (lo (N)+E(lo B+lo(T) 1454)
2 3)7 7 30p-1) " elogp\ B\ ) T3 B TR ) 309

107(K +3)L

30007 1)) +14+p (L +1)g0 (R +g)h(an) + (S + g)h(az)) ) :

+(WT + wp) (2+Iog(

However, it contradicts Condition (1a) (i.e. (3.2.10)) in the Main Proposition. The hypothesis
(3.6.1) has to be reversed. The proof of the Main Proposition is completed. O
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3.8 Preparation for the proof of Theorem 3.1

Our goal of this section is to obtain Theorem 3.1 by using appropriate formulae and numerical
choices of parameters involved in the Main Proposition. The proof will be divided into two cases
which will be further described in Section 3.9.

3.8.1 Choice of parameters and estimates

We list the choices and assumptions of parameters appeared in the Main Proposition and generated

during the derivation. Recall N = w in (3.2.4) and \ = % in (3.2.9). We adopt

90=024, w=0.94, wp=12.45 =435, if p=2,3, (3.81)
go =0.239, w=0.933, wp=11.06, 9J=2.35, ifp>5. o
Let Cy and C7 be positive real numbers to be specified later. Denote
A\ 1/3
J = (—QDlogE ) , F:min{K+ 1,L+ 1},
goy/aia2 2
1/3 2/3
R* = g"BI(K +1)2/3 /%’ S = g BI(K +1)%3 /ﬂ, and T = 9 (L+1)(K+1) _
al a9 J2
We have the following expressions for the parameters:
K = [CpgaiasDlog E* ], (3.8.2)
Ch1DH
L-[& ] (3.8.3)
| logp
[ R* g 1/6
R = 3.8.4
=5 (%) | (3.8.4)
- R
RQ = _m] 5 (385)
Ry =[3'R"], (3.8.6)
[ o 1/6
s - |2 ( J ) , (3.8.7)
| J \K +1
- gr
Sg = -m‘ 5 (388)
Sy =[335], (3.8.9)
[ L+1
T1 zmax{-ﬁ:l,K}, (3810)
T 7
T2 = I:m‘ B (3811)




62 CHAPTER 3. LINEAR FORMS IN TWO p-ADIC LOGARITHMS

Ty =357 (3.8.12)

We further pose some conditions to our parameters.

Dlog A; Dh(ey
g < Dlogdi o [PMai) | (i=1,2) (3.8.13)
logp logp
. [ 15, ifp=23,
Dlog E 2{ 95 ifp>5 (3.8.14)
1/2n1
%(;ngp+2+§log00+wlogD), if p=2,
log E* > —( ”ng+2+flogco+wlogp), if p=3, (3.8.15)
4\ 2D 3
5(”2(§p+2+§1og00+w10g1)), if p>5,

10001
max{log(b2 bl),%,?QOlogE*logp}, if p=2,3,

H> (3.8.16)
b b 1000 1
max{log(—2+—1),M,36010gE*logp}, if p>5,
al ag D
8000 < Cy < 10000, (3.8.17)
2, ifp=23,
Cq > { 10, ifp>5. (3.8.18)
We deduce from (3.8.1), (3.8.13), (3.8.14), (3.8.15), (3.8.16) and (3.8.18) that
. [ 15 ifp=23,
log E* > { 95 ifp>5 (3.8.19)
120009 > 12000, if p=2,3,
K+lz { 20000g > 20000, if p > 5, (3.8.20)
2000, if p=2,3,
L+1> { 10000, ifp>5 (3.8.21)
1 1.522 ifp=2,3
1/3 ) p )
3 T < { 1.4887, ifp>5. (3.8.22)

Besides, recalling that R = Ry + Ro+ R3, S =51+ S2+S3 and T =14 + T + T3, we can obtain the
bounds

R<R* l( ! )1/ PEVC (3.8.23)
- J\K +1 ris h
L g\ 13
oes (3(K+1) " F1/3 )
3134 1
(L+1)(K+1). g ( /) <TSmaX{[—L+1]aK}+T (31/3+L) (3.8.25)
DlOgE* 22/301/3(1+L) K+1 1/3
0 X
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where X7 =11999 when p = 2,3 and X7 = 19999 when p > 5.

These enable us to show that the values chosen for g, w and wy in (3.8.1) satisfy (3.2.5). The main
step involved is to obtain an estimate for the upper bound

V() (Rrg)(S+)(T+1) _, g+l g+l Tl
gN gN T K+1)2B (K+1)2B (L+1)(K + )23

The computations are tedious but elementary. We omit the deductions here.

3.8.2 Modification of Condition (1a) (i.e. (3.2.10)) with choices of parameters

Our target in this section is to establish inequality (3.8.43), which is given at the end of this section.
We shall show that using our choice and conditions of parameters in Section 3.8.1, Condition (la)
(i.e. (3.2.10)) in the Main Proposition can be implied by inequality (3.8.43). We achieve this with
deductions involving several lemmas and a proposition. Denote

1 1 5
. 1- . 8.2
© 8( L+1 L+1) (3.8.26)

Using (3.2.7) and (3.2.9), Condition (1a) (i.e. (3.2.10)) becomes:

@(K+2)(L+1)(%)
(1) (5 ) 50y oy (o8(5) + 5 (o8B w10s(57) 55
+(wT+w0)(2+lo (107;£+1?)L ))+1+p (L+1)90((R+g)h(a1)+(S+g)h(a2)))
(3.8.27)

It is rearranged to yield

O +1)(L+1)n - (3.8.28)
. >

_M+(T+E)Q+£. K + D (0 (N

3/2 pv 3(p-1) prlogp 2

107(K +3)L
309wT

T ) 1454)
+_

K
“ (10g B +1
)+ (Og +Og(KL 300

+(WwT + wp) (2 + log( + 1)) + 1) + é (L+1)go ((R+g)h(a1)+(S+g)h(az)).
(3.8.29)

We begin with several steps to obtain the first upper bound for =. The steps involved are:
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2. ifp=2, 4, ifp=2,
e We refer to (3.2.3) and observe that k>4 1, ifp=3, sothat p*>3 3, ifp=3,
0, ifp>5, 1, ifp>5,

e use e<D, 10g%<210g(K2*2)+10g(L+1) and

e use h(a;)<logA,;= ail,#, (i=1,2) by referring to (3.8.13).

These give
DK ~ 1454
E<—(logB+ 45 +£log(K+2)+log(i)+Zlnl()gp+10gp)
3Z1logp 309 K KL 2D p-1

terms with K as key term
1
07(K +3)L
309wT

DT (Zmlogp

+ +2w+wl
Zylogp 2D v wog(

))+90(L+ 1) (R +g)ar + (S + g)as)

terms with go

terms with T" as key term

D
+ 2w + w log W—+?’)[J+1 +1+log(L+1) _@(L+1)77
Zy logp 309w -5
(3.8.30)
where
4’ ]f p = 2’
Zi=1 3, if p=3,
1, if p>5.

—_

We shall now derive a sequence of lemmata a larger upper bound for =, a proposition to obtain
the upper bound for m and then a lower bound for €. Then we require that the lower

2
bound for % supersedes the upper bound obtained for U(J&)Ew This assertion will be justified

in Section 3.9.1. These show that Condition (la) (i.e. (3.2.10)) is satisfied with our choice of
parameters.

We shall derive the case when p > 5. The derivation for the case when p = 2 and p = 3 are similar
and shall be omitted. We start with obtaining an upper bound for the terms with K as key term
in (3.8.30). The following lemma is similar to [49, Lemma 5.2] and [50, Lemma 5.1].

Lemma 3.26. With the use of (3.8.1), (3.8.2) and (3.8.13) to (3.8.25), we have

~ 1454 6 K+2 T 1 1 1
log B + +—10g( i )+log(—)+m+ﬂ<ﬂ—2.23+w. (3.8.31)

309 K 2 KL 2D p-1" 2D

Proof. Going back to the definition of B in (3.2.4), we start with deducing the upper bound for
% and % This can be achieved by adopting the upper bound of R and S in (3.8.23) and (3.8.24)
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respectively and the choice of K in (3.8.2). We obtain

R R 1 1 1 1 2 \'Brap 1
—= (1+—)£—(1+—) +( ) (3 +—)
K K+1 K]~ K)\\/CoDlogE* \goCy ri/3
S

S 1 1 1 1 2 \'Bros 1
= (1+—)§—(1+—) +( ) (3 +—) .
K K+1 K]~ as K/)\\/CoDlogE* \goCo s
Together with (3.8.14), (3.8.18) and (3.8.20), we get

R 0.16 S 0.16
—<— and —<—
K al K az
and hence
~ by b
log B < log (— + —) - 2.52. (3.8.32)
ap az
Next, we make use of (3.8.20) to obtain
6 K +2
—1 <0.003 3.8.33
K Og( 2 ) (3:8.33)

and use (3.8.14), (3.8.17), (3.8.20), (3.8.21), go in (3.8.1) and the upper bound of T" in (3.8.25) to
get

T 2 2 T
— < (1 + ) (1 + ) <0.008. (3.8.34)
KL K+1 L+1)(K+1)(L+1)
Now making use of (3.8.16), (3.8.32), (3.8.33) and (3.8.34), Lemma 3.8.31 follows. O

Next, we shall obtain an upper bound for terms with 7" as key term in (3.8.30).

Lemma 3.27. With the use of (3.8.1), (3.8.14), (3.8.15), (3.8.17) and the inequalities (3.8.20) and
(3.8.25), we have the upper bound

DT (nlogp

2+ wlog 107(K +3)L 1)) < DT9Ylog B .
logp\ 2D

309wT logp

Proof. We begin with obtaining the upper bound of log( %

(3.8.20) and the lower bound of 7" in (3.8.25) to get

+1). First, we use (3.8.1),

(K +3)L . K+3 (K+1)(L+1)

<2.86C)*Dlog E*.

T K+1 T
Next, we note by using (3.8.1), (3.8.14) and (3.8.17) that
107 1/3

——-2.86C,'"Dlog E* > 53.
309w
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Finally, by referring to (3.8.1) and (3.8.15), we deduce that

7’/1ng +2w+wlog 107(K+3)L 1)< T}lOﬂ +20 +wlo g(% ﬂQ 8601/3D10gEx—)
2D 309wT 2D 3 309w
lo
< (17251) +2+ §logCg +wlogD) +wloglog E*

<2log E* + wloglog E*
_ (2+ wloglog E )logE*
log E*
<dlog E*. (3.8.35)

The last step is due to the fact that the function f(x) = bgggx, x > 0 attains maximum at z = e (=
2.718...). O

Remark. As a consequence to (3.8.35), we obtain an upper bound for two terms in (3.8.30), namely

107(K +3)L .\ 1) wo?

2&]0 + wo IOg ( 309071 < T 1

Now we group the term %OI%E* obtained at the upper bound in Lemma 3.27 with the terms with

go in (3.8.30). We make use of the upper bounds of R, S in (3.8.23) and(3.8.24) to obtain
Ray + Sap < 2¢'3\/aray ( US/K +1+ J(K +1)%3 (31/3 e )) (3.8.36)

which is used together with the upper bound of T" in (3.8.25) to yield

DTYlog E*
logp

DYlog E* (L +1
+g0(L+1)((R+g)a;+(S+g)ag) <P+ vlog ( il )

logp K+1

where

Dilog E*K
d = Zvosh A +gg0(L+1)(a1 +az) +2g90(L +1)\/garas(K +1)

logp (3.8.37)
1/3 2/3 (31/3
+(210gp+2)g0 (2garagDlog E*) (L +1)(K +1) (3 F1/3)
Up to now, we have deduced the upper bound
. DKH nK 223DK DYlogE* ( L+1
= 3lo +?_ 3lo rhe lo (K+1)
(WLlogE* +1+log(L + 1)) Aty Ly
logp \ w 2
We rewrite the upper bound for Z in (3.8.38) as
D(K+1)H Kn 223DK
g + _77 _ 3— + D+ Q’

3logp 6 3logp
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where @ is in (3.8.37) and

H  wd L+1
il logE*+1+log(L+1)+19(K 1)1ogE*). (3.8.39)
w

O(L+1)n .

Q=- (
2 logp 3

We shall deduce a larger upper bound for = than that stated above. We proceed by deducing that
Q) <0 in the following lemma.

Lemma 3.28. Let ® and 2 be in (3.8.37) and (3.8.39) respectively. We have Q<0 and

D(K+1)H Kn 223DK
E<g+—n——+®. (3.8.40)
3logp 6 3logp

Proof. First we note by using (3.8.2), (3.8.3) and (3.8.21) that £ < Q; + 9, where

L+1 HL+1
- 2L Dn (100011+10g(01H)) NUCL
2 1 Coglogp
Qs = D (—E u)OﬁlogE*+log( D ))
logp\ 3 w logp

To show that §; < 0, we make use of (3.8.3), (3.8.21) and the fact that © > 0.2499 by referring
to (3.8.26) to verify that €; is a decreasing function in the variable C1H. Then we deduce from
(3.8.16) and (3.8.18) to get ©; < 0.

Next, we can show that Q9 < 0 by using (3.8.1) and (3.8.16). This gives

0y < D (H wot?

D
-—+—Ilog E* +log D — 047) < —— (-150log E* +log D - 0.47) < 0.
logp\ 3 w logp

Thus, we have €2 < 0 and Lemma 3.28 is proved. O

As a last deduction to =, we present the following Proposition, which gives an upper bound for

(K+1):(L+1) :

Proposition 3.4. We have

= P 1 . 290 +1910gE*+ nlogp 2.2 . 290
(K+1)(L+1) 3C 1 CoDlogE*min{al,ag} ClH 601DH 301H (C’(]l)lOgE’*)l/2

2/351/3
N (2logp * 2) 2 (31/3 . (min{chH 1
c® logp "2

-1/3
(C’ogalangogE )}) ) .
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Proof of Proposition 3.4. We begin with dividing (3.8.40) in Lemma 3.28 by (K + 1)(L +1)
and then using the choices of K and L in (3.8.2) and (3.8.3) respectively to get
= 1 nlogp 2.2 P
< + - + .
(K+1)(L+1) 3C, 6CiDH 3CiH (K+1)(L+1)

(3.8.41)

The result follows by adopting the definition of ® in (3.8.37) and using again the choices of K and
L in (3.8.2) and (3.8.3) respectively. O

Finally, we obtain a lower bound for the term %, which is actually the LHS of (3.8.28) divided by
(K +1)(L+1). This is simply done by referring to the definition of © in (3.8.26) and to the choice

of L in (3.8.3). This yields
O, n(y_ loer  J;_ 2loep) (3.8.42)
2 “16\" CDH Ci1DH

We require that the lower bound for % obtained in (3.8.42) supersedes the upper bound for

m obtained in Proposition 3.4. That is, we require that

LA log p N /1_ 2logp | 290
16 Ci1DH C1DH (CoDlog E*)1/2
( ¥ + 2) 98/321/3

-1/3
_ 2logp : 31/3 + (min { Cvl.D}I7 l(C’ogamQDlOg E*)}) (3843)
o3 logp "2
0

S 1 N 290 Jr19logE*Jr nlogp 2.2
B 301 CoD logE* min{al,ag} ClH 601DH 301H

holds. This would imply that Condition (la) (i.e. (3.2.10)) in the Main Proposition holds. As
a conclusion, for the case when p > 5, we have shown that under the choices and conditions of
parameters in Section 3.8.1, (3.8.43) implies Condition (1a) (i.e. (3.2.10)) in the Main Proposition.

3.9 Proof of Theorem 3.1

In this section we assume that a1 and as are multiplicatively independent. We shall prove Theorem
3.1 by considering separately the following two cases:

Case 1 (rbe + sb; are all distinct):
For any class ¢ mod g and for i =1,2,3,

Card {rby + sb1;0<1r < R;,0< s < S;,mir+mes=c mod g}

(3.9.1)
=Card{(r,s);0<r<R;,0<s<S;,mir+mas=c mod g}.
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Case 2 (rbe + sb; are not all distinct):
There exists a class ¢ modulo g and a certain i € {1,2,3} such that

Card {rby + sb1;0<r < R;,0< s < S;,mir+maes=c¢ mod g}

(3.9.2)
<Card{(r,s);0<r<R;,0<s<S;,mr+mas=c modg}.

3.9.1 Derivation for Case 1

Since oy and «g are multiplicatively independent, condition (3.2.6) can be rewritten as

T > K,

(R1+1)(Sl+1)2g-maX{K+1, L+l },

T +1

2KL+1 K?+1 (3.9.3)
T2+1 ’T2+1}’

(3K2L+1)

T+l

(R2 + 1)(32 + 1) >2g- Inax{
(R3+1)(S3+1) 29
These inequalities are clearly verified with our choice of parameters (3.8.2) to (3.8.12).

Next we adopt the following explicit expressions for parameters, which can be shown to fulfill
conditions (3.8.13) to (3.8.18) and (3.2.8) trivially.

For p =2 we take

Co=8800,  C1=39, logE" =

121
( ng+4.85+logD),

21
,180 (% +4.85 + logD) logp} :

10001
H =max {log (b—2 + b—l) , 10001ogp
al a9 D

for p = 3 we take

Cp=8800, (=425 logE*=—-(2"2L +485+logD

1(310gp )
ba b_l) 10001og p 18 <3logp

H = log| —
max{og( + D

+4.85 + log D) logp}
al a9

and for p > 5 we take

Cp = 9500,
C1 =11.6,
11
log B” = - ( in +4.85 +log D) : (3.9.4)
10001 1
H = max {log (b—2 + b—l), 000 ng, 180( 98D, 4.85 + logD) logp}.
ai as D 2D
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Again we shall consider the case when p > 5. The derivation for the case of p = 2 and p = 3 are
similar and shall be omitted.

It remains to show that the choices fulfill inequality (3.8.43), and hence Condition (1a) (i.e. (3.2.10)).
We substitute all the parameters in (3.9.4) and (3.8.1) into both the LHS and RHS of inequality

(3.8.43). Besides, notice that log B* = 1 (‘82 +4.85+log D) > 1 ('8 +4.85) > 2.827, so that

H> max{%gogp,BGO(ZSQ?)logp}. We get:

russ 2 [1- 2 +\/1_72 __2(0.239) _
161 1000¢y 1000C1 | (9500 (2.827))"

2.35 1 9)(.2392/321/3 e
B (210g5 ) (31/3 + (min {100001, C[)g (2-827)}) )

95001/3 2
>0.0291
1 290 1 ( . mnlogp 2.2)
RHS < + + Jdlog K™ + -—
30, " Colog B 360C: (log E*)(logp) \\ ° 6D 3
< 1 . 2490 . 1 v 2.2 L
3C1  Colog E*  360C; \logp 3(log E*)(logp) 6logE*

L2 1 (1(_ 2.2)+ n )
~3C1 Cplog E*  360C7 \logh 3log E*/ 6log E*

R 1 2(0.239)(360)(116) 22 n 9
3C7  360C log E* 9500 3logh 6] 360Clogh
<0
< 0.029086
<LHS
Thus, (3.8.43) is fulfilled, which implies that Condition (1a) is fulfilled.
log min{by,

Note that p" is the greatest power of p dividing both b; and by. Using u < bQ}, the upper

logp
bound log by < ag max {log (%) ) 1} and (3.8.13), we can obtain the upper bound of u as

2

u< ———logAlog As H. 3.9.5
(logp)? (395)

Finally, we refer to the lower bound for |4], in (3.2.11), use (3.8.2), (3.8.3), (3.8.13), (3.9.4), (3.9.5),

the fact that
vollio e A (k2@ )< Sk )L+ DA
4 L+1 L+1 2
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and from (3.2.3) and (3.2.9) that

we get,

up(A) < %(K+2)(L+ DA+u

1 (95009 D% log Ay log Ay (log P
2 2(log p)? 2D
2
‘(11.6DH +1) nw_ D .
logp p-1 (logp)

1 1 ]
<= 1P (1.0001)(1.0001)(9500)(11.6) (1 + )( 98P | 485 +logD)
4 p-1 150000/ \ 2D

+4.85 + log D) + 2)

log A1 log A2 H

D4
. @ IOg Al IOg AQ H

p ) gD* (logp
p-1/ (logp)3 \ 2D

Thus, Theorem 3.1 is proved for Case 1, p > 5.

< 27600 ( +4.85 + log D) log Ajlog Ay H.

3.9.2 Derivation for Case 2

We shall derive a stronger upper bound of v,(A4) for Case 2 using Liouville’s inequality, referring to
the derivation in [33]. From (3.9.2), there exist at least two pairs (71, s1), (72, s2) with 0 < 71,72 < R;
and 0 < s1, 89 < 5; such that

62(7’1 —7“2) +b1(81 —82) =0

and mi(ry—rg) +ma(s1—s2)=c-c=0 mod g.

Observe that |r; —ra| < R; < R and [s1 — 2| < S; < S, thus there is a pair of integers (ro, o) # (0,0)
satisfying |ro| < R; < R and |so| < S; < S with

Tobg + Sobl = 0, mirg + moSp = 0 mod g. (396)
Let
To S0
r=——, §=——
ged(ro, o) ged(ro, o)
in a way that
b1 =nr, by = —ns, nez.

Then we can write

N
b by _ nr -ns _ _-ns aq _ T -5
A=af' —o’ =) -y = oy — | -1]= (a1 —€a3”).

(07 en=1
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As n =ged(by,b2) = n'p* with (n',p) = 1, Lemma 3.18 shows that

> vp(€-1) = u.
§n=1
£#1

Proceeding as in the proof of Lemma 3.3, there exists a unique n-th root of unity p such that

vp (o] — pas®) > vp(A) —u (3.9.7)
vp (0 — pay”) > vp (a) = §a”) (§"=18#p)

since vp(A4) > p%l +u. Then, Lemma 3.19 shows that p belongs to the field Q,(afas3) € K.
Consider that ¢ is a root of unity of order exactly g. We can write pu = ("¢, for an integer m and a
p"-th root of unity £&. The reason is that the class in U, /U, of the component of u of order prime to
p is generated by the classes of a; and as, and the order of the p-primary component of y divides
p". Since € € Uz} and that v, (o] — pay®) > 0, a reduction modulo Ul implies the congruence

mir = —meos+m mod g.
Then,
m x ged(r,s) =mir+mes=0 mod g.

Now, let ¢’ = The congruence above shows that ged(r, s) is divisible by ¢’. This gives the

9
ged(m,g) *
upper bound

We apply the Liouville’s inequality to the polynomial X —Y and obtain

[Q(a, g, 1) : Q]
[Qp(ar, 0, 11) = Qp
[Q(ar, ag, i) : Q]

> - of (log2+§h(a1)+§h(a2)).

Furthermore, ¢" is the root of unity of order exactly g’. We have the upper bound

[Q(e1,02,1) Q] _ [Qn,02): Q] x [Q(¢™): Q] < [Q(E) Q] _ Dg'y"™ (p-1)
ef - ef - e

By (3.8.13), we get

log | — pe®|, > - ] (log2 + gh(al) + §h(ag))

<2Dg.

T =S R S
log |} - pay®|, 2 =2Dg (log2 + ?h(al) + ;h(ag))
s 9 (gD log 2 . D

D
Rh(aq) + —Sh(ag)) logp
logp

logp logp
Dlog?2

2—2(9 o8 +Ra1+Sa2)logp.
logp
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Using (3.8.2), (3.8.14) and (3.8.36),

log |} — pas®|,

. 1/3
S _9 gDlog?2 +291/3(K+1) 91/6 ai1as N 2Dlog E*ajas (31/3+ L) log p
log p K+1 go(K +1)

gDlog?2 1 ( 2 )1/3( s, 1 )
~ 2K +1 2 318+ — )| 1ogp.
(K )((K+1)1ogp+ ( Dlos B°C,  \g0Co ")) o8P

By (3.8.1), (3.8.2), (3.8.13), (3.8.17), (3.8.19), (3.8.20) and (3.8.21),

v

gDlog? +2 ! +( 2 )1/3(31/3+ L ) <1
(K +1)logp VDlog E*Cy  \ goCo ri/s '

Thus,
vp (o] — pay®) <2(K +1).
Together with (3.9.7) we get the result
vp(A) <wvp (0] —pog®) +u<2(K +1) +u. (3.9.8)
However, the upper bound for Case 2 in (3.9.8) is obviously stronger than that obtained in Case 1,
i.e.
vp(A) <V +u< %(K+ 2)(L+ 1A+ u.

As a conclusion, Theorem 3.1 is proved for the case when p > 5. The deduction for p =2 and p =3
are similar and therefore omitted.

3.10 Proof of variants of Theorem 3.1

By applying the Main Proposition, we can obtain various theorems by having proper choice of
parameters and the values of intermediate constants within the derivation.

The values 1000 and 180 in the expression of H of Theorem 3.1 can be changed and the value of
C' in the upper bound will be changed accordingly. In fact, if we change the values 1000 and 180
in the expression of H of Theorem 3.1, we can use the same derivations as before to obtain new
values for (3.8.1) and other intermediate inequalities correspondingly. Then we use new choices for
Co, C1 in (3.9.4) and go through the derivations thereafter.

As an illustration for the case when p > 5, we shall give a list of the modifications to the values
of the parameters/intermediate constants in each scenario and state the corresponding variants
obtained in Table 3.1. Here,

x1logp . (logp

i) 5D +4.85+logD)logp}

H = max {log b +loglog p,
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and

p gD (1ogp )
A) < Cy- 4.85+1log D |log A1 log A H.
D <€ G 1) oy \ap 0B D Jlos rlos s

The derivations are very similar to the previous sections and we shall omit the derivations here.

Table 3.1: Summary of results for the case when p > 5
T T Co 1 Cy Remark
650 120 9450 11.93 28200
850 150 9500 11.7 27800
1000 180 9500 11.6 27600 This is Theorem 3.1 when p > 5.
5000 900 9500 11.49 27300
10000 1800 9500 11.45 27210
15000 2700 9500 11.42 27140

We have a rough estimation that the value of C' in the upper bound of Theorem 3.1 for the case
when p > 5 can be reduced to roughly 27100 when H is asymptotically large.

Remark: For simplicity in comparison, the value of Cjy is kept almost unchanged so that the
expression % +4.85 +log D is unchanged. In fact, if Cy is reduced, the value 4.85 in the expression
will be reduced and vice versa. The value of C5 may be reduced with more flexible choices of Cy

and Cl.



Chapter 4

On a variant of Pillai’s problem

The content of this chapter is the same as the joint paper with Istvan Pink and Volker Ziegler [36],
which is published in the International Jounal of Number Theory.!

4.1 Introduction

Pillai’s famous conjecture first formulated in [71] states that the Diophantine equation
a®-b =c (4.1.1)

has for any fixed integer ¢ > 0 at most finitely many solutions a,b,x,y in positive integers. This
conjecture is still open for all ¢ # 1. Note that the case ¢ = 1 is Catalan’s conjecture which has been
solved by Mihailescu [67]. If we leave a,b and ¢ fixed, then much more is known about the solutions
(x,y). For instance Pillai [71] showed that if ¢ is larger than some constant depending on a and b,
then Diophantine equation (4.1.1) has at most one solution. In particular, he conjectured that in
the case that a =3 and b = 2 Diophantine equation (4.1.1) has at most one solution if ¢ > 13. This
conjecture was confirmed by Stroeker and Tijdeman [87] and their result was further improved by
Bennett [21], who showed that for fixed a,b and ¢ equation (4.1.1) has at most two solutions.

Recently Ddamulira, Luca and Rakotomalala [39] considered the Diophantine equation
FE,-2"=¢, (4.1.2)

where ¢ is a fixed integer and {F),},>0 is the sequence of Fibonacci numbers given by Fy = 0,
iy =1 and F0 = Fpi1 + F, for all n > 0. This type of equation can be seen as a variation

'K. C. Chim was supported by the Austrian Science Fund (FWF) under the projects P24574, P26114 and W1230.
I. Pink and V. Ziegler were supported by the Austrian Science Fund (FWF) under the project P 24801-N26.
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of Pillai’s equation. However Ddamulira et al. proved that the only integers c¢ having at least
two representations of the form F), — 2" are contained in the set C = {0,-1,1,-3,5,-11,-30,85}.
Moreover, they computed for all ¢ € C all representations of the form (4.1.2).

The purpose of this paper is to consider a related problem. Denote by {7}, }ms0 the sequence of
Tribonacci numbers given by Ty = 0, 171 = Ts = 1 and Ti13 = Tineo + Tine1 + Ty, for all m > 0. The
main result of our paper is to find all integers ¢ admitting at least two representations of the form
F, — T, for some positive integers n and m. It is assumed that representations with n € {1,2}
(for which F} = F» = 1) as well as representations with m € {1,2} (for which 77 = T5) count as one
representation to avoid trivial parametric families such as 1-1= Fy1-T1 = Fo =T, = [} T = Fy - T5.
Therefore we assume that n > 2 and m > 2. We prove the following theorem:

Theorem 4.1. The only integers ¢ having at least two representations of the form F,, —T,, come
from the set

c={0,1,-1,-2,-3,4,-5,6,8,-10,11,-11,-22,-23, -41,-60, -271}.

Furthermore, for each c € C all representations of the form c¢ = F,, — T}, with integers n > 2 and
m>2 are:

—2=13-13(=Fy-Ty = F3 - Ty = F; - Tg),
=5—4=8—7(=F3—T2=F4—T3=F5—T4=F6—T5),

2-2

3-2
=3-4(=F-Ty=Fy-Ty),

5-7

—4(=F5-Ty=F-Ty),
~13=144-149 (= F3 - Ty = Fs - Tg = Fis - Tho),
=13-T(=Fs-T3 = Fy - T}),
8=21-13=89-81 (= Fy - Ty = Fi1 - Tpy),
~10=3-13=34-44 (= Fy - Ty = Fy - T3),
11=13-2=55-44 (= Fy - Ty = Fio - T§),
~11=2-13=13-24 (= F3-Ts = Fr - T%),
—22=2-24=121393 - 121415 (= F3 - Ty = Fos — To1),
—23=1-24=21-44 (= F, - T = F5 - T3),
—41=3-44=233-274 (= Fy - Ty = 13- Th1),
~60=21-81=89-149 (= Fs - Ty = F11 - Tho),
—271=3-274=233-504 (= Fy - Th1 = Fi3 - T12).
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4.2 Preliminaries

In this section, the result of linear forms in logarithms by Baker and Wiistholz [19] is stated.
Besides, we state a lemma from [30], which is a slight variation of a result due to Dujella and Pethé
[42], of which is a generalization of a result due to Baker and Davenport [17]. Both results will be
used in the proof of Theorem 4.1.

4.2.1 A lower bound for linear forms in logarithms of algebraic numbers

In 1993, Baker and Wiistholz [19] obtained an explicit bound for linear forms in logarithms with
a linear dependence on log B, where B > e denotes an upper bound for the height of the linear
form (to be defined later in this section). It is a vast improvement compared with lower bounds
with a dependence on higher powers of log B in preceding publications by other mathematicians in
particular Baker’s original results [1, 2, 3]. The final structure for the lower bound for linear forms
in logarithms without an explicit determination of the constant involved has been established by
Wiistholz [93] and the precise determination of that constant (which is denoted as C(n,d) in [19]
and later in this section as C'(k,d)) is the central aspect of [19] (see also [20]). The improvement
was mainly due to the use of the analytic subgroup theorem established by Wiistholz [94]. We shall
now state the result of Baker and Wiistholz.

Denote by aj, ..., ax algebraic numbers, not 0 or 1, and by logaj,...,logay a fixed determination
of their logarithms. Let K = Q(aq,...,ax) and let d = [K : Q] be the degree of K over Q. For any
«a € K, suppose that its minimal polynomial over the integers is

5 A
g(x) = aoz’ + a1’ + -+ ag = ag [[(z- a(]))
j=1

where a9) are all the roots of g(x). The absolute logarithmic Weil height of « is defined as

5 .
ho(a) = % (log|a0| + > log (max{|a(])|, 1}))

=1

Then the modified height h'(«) is defined by
, 1
h'(a) = < max{h(a),|loga|, 1},
where h(«) = dho(a) is the standard logarithmic Weil height of «.

Let us consider the linear form

L(zl, - ,Zk) = blzl + e+ bkzk,
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where b1, ... ,b; are rational integers, not all 0 and define
, 1
h (L) = Emax{h(LL 1}7

where h(L) = dlog (ma,XISjsk- {‘b—lﬂ}) is the logarithmic Weil height of L, where b is the greatest

common divisor of by, ..., bg. If we write B = max{|b1],... ,|bk|,e}, then we get

h'(L) <log B.

With these notations we are able to state the following result due to Baker and Wiistholz [19].

Theorem 4.2. If A= L(logay,...,logag) #+ 0, then
10g|/1| 2 _C(kad)h,(al)'“h,(ak)h,(‘[’)v

where

C(k,d) = 18(k + 1) kF*1(32d)**? log(2kd).

1 1
With |4] < 3 we have 5|/1| < | @] < 2|A], where

p=er-1= a?l---azk -1,
so that
log [a1-- ozZ’“ - 1| >log|4| - log2.
We apply Theorem 4.2 mainly in a situation where k£ =3 and d = 6. In this case
C(3,6) = 18(41)3%(32 x 6)°(log 36) ~ 3.2718 ... x 10",

We will use this value throughout the paper without any further reference.

4.2.2 A generalized result of Baker and Davenport

The following result will be used to reduce the huge upper bounds for n and m which appear during
the course of the proof of Theorem 4.1 (cf. Proposition 4.1). It is [30, Lemma 4], which is regarded
as a slight variation of a result due to Dujella and Pethd [42], of which is a generalization of a result
due to Baker and Davenport [17]. For a real number z, let |z| = min{|z—n|:n € Z} be the distance
from z to the nearest integer.



4.3. PROOF OF THEOREM 4.1 79

Lemma 4.3. Let M be a positive integer, let p/q be a convergent of the continued fraction of the
irrational T such that ¢ > 6M, and let A, B,u be some real numbers with A >0 and B > 1. Let
e:=|pg| - M|7q|. If e > 0, then there is no solution to the inequality

O<mr—-n+p<AB*,

in positive integers m,n and k with

. 5 log(Ag/e)

m< M and >
log B

4.3 Proof of Theorem 4.1

4.3.1 Set up

Assume that (n,m) # (n1,m1) are pairs of indices such that

Fp = Fp, =Ty~ Ty, (4.3.1)
We may assume that m # my, since otherwise (n,m) = (n1,m1). Furthermore we assume that
m >mjy. Due to equation (4.3.1) and since the right hand side of equation (4.3.1) is positive, we
get that the left hand side of equation (4.3.1) is also positive and thus n > n;. Therefore, we have

n>3,n>2and m>3, my >2.

During the proof of Theorem 4.1 we use the Binet formulae for the Fibonacci sequence and Tri-
bonacci sequence in the following form:

Fibonacci sequence:

F = g for all k >0,

where a = % and 8 = 1_2\/5 are the roots of the characteristic equation 22 —x — 1 = 0. Besides,
the inequality

ak_QSFkSa

k-1
holds for all £ > 1.

Tribonacci sequence:

Ty = caoz? + 05%2 + c,ﬂél for all £ >0,
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where ag, Br and 7 are the roots of the characteristic equation 23 — 22 —z — 1 = 0, with

1
ap = (1 +v19+3V33+ 3/19—3\/33),

3
1 3 3 \/g 3 3
ﬁT:6(2—\/19+3¢§—\/19—3¢§)+?z(\/19+3¢§—\/19—3@),
1 3 3 \/g 3 3
’YT:8(2_\/19+3@_\/19_3@)_71(\/1%3@_\/19_:)’@)’
and the coefficients
- aT _ 1
“ (ar-Br)(ar-r) -0 +dar-1
= Br _ 1
O Br-ar)(Br-ar) B +4fr -1
1
¢ T

" (yr-ar)(yr-Br) AR +dyr -1

are the roots of the polynomial 4423 — 22 — 1. Note that

1.839 < ar < 1.840 0.336 < ¢, < 0.337
ﬁT =97 0.737 < |BT| = |'7T| <0.738
cg =0y 0.259 < |cg| = |e4| < 0.260.

Finally let us state several useful inequalities. For instance
A2 <okl forall k> 1.
which was already shown in [29]. Using equation (4.3.1) we get that
A<, o< Fy—Fy =Ty =Ty < Tp < a7, (4.3.2)
and similarly we get

"> Fy > Fy—Fo =Ty =Ty 2 Ton = Tonet = Tong + Tinez > o™+ 075 > 2.83a75. (4.3.3)

Thus

log ap log ap

n-4< (m-1) and n-3>

(m-5), (4.3.4)
log log

log ar
og

~ 1.2663....

where

Inequality (4.3.4) implies that if n < 300, then m < 240. By a brute force computer enumeration
for 2 <n; <n <300 and 2 < m1 < m < 240 we found all solutions listed in Theorem 4.1. Thus we
may assume from now on that n > 300.
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4.3.2 Linear forms in logarithms

Since n > 300, by the first inequality of (4.3.4) we obtain that m > 235 which combined with the
second inequality of (4.3.4) implies that n > m. Moreover, we have

P L Bn1 m m m m m m
V5 VB = (ca0 + BT +e07') = (catip™ + caBp™ +cyp).

Collecting the “large” terms on the left hand side of the equation we obtain

a” m Bn /Bnl m m mi mi mi
5T = \/— \/— +(eBr + o) = (caa + caBy" +ey77)
o e
< o+ L Pl e ™ skl bt + el 1™ + e ™

ny
< —=+cqargt +0.46

V5

< 0.92max{a™, a7 }.

Q

Dividing by c.a7 we get

0.92 0.92
|(\/gca)71a"a}m - 1‘ < max{ —a", ag“_m}
Calllf Ca
nl 1
< max{2 74——4, 2. 74a$1_m} :
ar am

Hence we obtain the inequality

‘(\/gca)_loz”a}m - 1| < max{a™ " 2L (4.3.5)

Let us introduce
A =nloga—mlogar —log(v5cq)

and assume that |A4| < 0.5. Further, we put
$=et-1=(V5co) a7 -1
and use the theorem of Baker and Wiistholz (Theorem 4.2) with the data
k=3, alz\/gca, bi1=-1, as=a, by=n, az=ap, bz=-m.

With this data we have K = Q(\/_ ar), i.e. d=6, and B =n. Notice that the minimal polynomial
of o is 19362 — 88024 + 10022 — 125, and we conclude that h (ap) =1 g log1936. Further we obtain
by a simple computation that h'(az) = & 5loga and h'(a3) = 5 log ar.
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Before we can apply Theorem 4.2 we have to show that @ # 0. Assume to the contrary that
® =0, then a™(az!)™ = /5. But a”(azl)™ € O whereas v/5¢, does not, as can be observed
immediately from its minimal polynomial. Thus & =0 is impossible.

Theorem 4.2 yields

1 1 1
log|®| > -C(3,6) (6 log 1936) (5 log a) (§ log aT) logn —log 2
and together with inequality (4.3.5) we have
min{(n - ny - 5)loga, (m —m; - 2)logar} < 2.02 x 10'° log n.
Thus we have proved so far:

Lemma 4.4. Assume that (n,m,ni,m1) is a solution to equation (4.3.1) with m > my. Then we
have
min{(n - ny)loga, (m - mi)logar} < 2.03 x 10" logn.

Note that in the case that |A| > 0.5 inequality (4.3.5) is possible only if either n—nq <5 or m-my < 2,
which is covered by the bound provided by Lemma 4.4.

Now we have to distinguish between the following two cases:

Case 1. Let us assume that
min{(n —ny)loga, (m—-my)logar} = (n—-n;)loga.
We rewrite equation (4.3.1) as

n n n n
o —a't 1

NG - cattt| = COéO‘Tl+%_%+(655€/)’1+c”/71m)_(65/8?1+CW’7777‘11)
< Cy m1+|16n| |/Bn|+| ||B |+|C||m|+|CHBm1|+|C|‘m1|
NN esllPT T Bl 1PT Y7

and obtain that
a™™ -]

V5

Dividing by c,a7 we get the inequality

a™ —cqar| < (co +0.14)a7".

Qv
Y N N mi—m
N a™ap™ - 1| < 14207, (4.3.6)

Case 2. Let us assume that

min{(n - ny)loga, (m —my)logar} = (m—-my)logar.
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We rewrite equation (4.3.1) as

an

NG

| e
\/_ \/_
% 7 |?/_| sl 1B+ el W]+ |es] |87 + les |-

m mi m m mi mi
= CaQuUp + CoQuy +egBr + ey —cgBrt = eyyp

Thus we get

‘a —\/_ca(am -1t < L4a™.

Dividing both sides by v/5ea(af ™ - 1)ali" we get by using (4.3.2) the following inequality:

aay™ e 14 a
\/_Ca(Oém ml_l) \/gca(l_aml m)aTafZ’n}

- <2.22a™M 7 (4.3.7)

We want to apply Theorem 4.2 to both inequalities (4.3.6) and (4.3.7) respectively. Let us consider
the first case more closely. We write

/1 = 1 - 1 +1 (—1 )
ni1loga —mlog o (0]
1 1108 gar g \/—c

and assume that |A1| < 0.5. Further, we put
Pr=eM-1=———a"Ma"-1

and aim to apply Theorem 4.2 by taking K = Q(\/g, ar), i.e. d=6, k=3 and B = n. Further, we
have

ap = , bi=1, a=a, by=ni, az=ap, b3=-m.

Let us estimate the height of «. Notice that h(aq) < h(n1)+h(n2), where 7y = O‘n_\;gl_l and 79 = %
The minimal polynomial of 7; divides (e.g. see [39])

5X%—5F 0, X = ((-1)"™ +1-Ly_yp,),

where {Lj}rso is the Lucas companion sequence of the Fibonacci sequence given by Lg = 2, L1 =
1,Liso = Lis1 + Ly, for k> 0. Its Binet formula for the general term is Ly = o + ¥ for all k > 0.

Thus (cf. [39)), -
ho(n1) < % (10g5 +log (a—\/;l)) .

Thus Lemma 4.4 yields an upper bound

1 1
ho(m) < 5 log (2\/504"_"1) < 5(71 —-ny +4)loga < 1.02 x 10" logn,
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i.e. h(n) < 6x1.02x10%logn. Since ho(n2) = ho(ca) = %log44, ie. h(m2) = 2log44, we have
h(a1) <6 x1.02x 10 logn + 21log44 and finally we obtain that

h'(a1) < 1.03 x 10" log n.

Moreover, we have that h'(ag) = %loga and h'(«a3) = %log ar as before.

Now let us turn to the second case. We write
Ay = nlog o — mylog ar - log (\/5%(0[}”_’”1 - 1))
and assume that |A] < 0.5. Further, we put
Py =el2 1= (\/5004(04?77”1 - 1))_104”04:}’”1 -1

and aim to apply Theorem 4.2. As in the previous case we take K = Q(\/5,ar), i.e. d=6, k=3
and B =n. Further, we have

ar=Vheca(af ™ -1), bi=-1, az=a, by=n, az=oar, by=-mi.

Again, we have to estimate h(a;) and therefore note that h(ay) < h(m) + h(n2) + h(n3), where
m = o™ =1, ny = cq and 13 = /5. By applying Lemma 4.4 we get

ho(m) < ho(ar™™ ) + ho(-1) +log 2
m —1mq

= (m—-mq)ho(ar) +log2 = log ar + log 2
1
<3 x2.03x 10 logn + log 2.

Thus 1 1
h(ar) < 6(3 x 2.03 x 10 logn + log 2 + glog44+log\/5)

and therefore
W (a1) < 6.77 x 10" logn < 1.03 x 10'° log n.
Once again, we have that h'(az) = 3loga and h'(a3) = 3 log o

In particular, we have shown in both cases that
! 15 ! 1 ! 1
h'(a1) <1.03x107logn, h'(az)= §loga, h'(as) = glogaT, B=n.
But, before we can apply Theorem 4.2 we have to ensure that ®; # 0 for i = 1,2. Firstly we

deal with the assumption that @ = 0, i.e. o™ —a™ = \/5caa?. This is impossible if \/gcaoz%l €
Q(v/5,ar) but ¢ Q(v/5). Therefore let us assume that \/gcaag:‘ € Q(\/5). Since ca0f € Q(ar)
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and Q(ar)n Q(\/g) = Q, we deduce from \/gcaa? € Q(\/g) that we have \/50@0[? = y\/g for some
y € Q. Let o #id be the unique non-trivial Q-automorphism over Q(\/g) Then we get

o -a™ = \/500[05? = V5 = —J(ﬁcaa?) =—o(a" -a™)=p8"-p".

However, the absolute value of a” — o™ is at least a” — a™ > a2 > o??® > 2 whereas the absolute

value of " — 5" is at most |™ - 87| < |B"* + |B|™ < 2. By this obvious contradiction we conclude
that &1 # 0.

Now let us consider the second case and assume for the moment that &, = 0, i.e. a®" = %ml 2 (alfm -

1)2. However, o € Q(v/5) \ Q, whereas 5a2m1 (™™ -1)? € Q(ar). Thus we obtain also in
this case a contradiction and we also conclude in this case that &5 0.

Now, we are ready to apply Theorem 4.2 and get

log |®;] > - C(3,6) (1.03 x 10%° logn) (% loga) (% logaT) logn —log?2
> —1.65 x 10*°(log n)?
for i = 1,2. Combining this inequality with the inequalities (4.3.6) and (4.3.7), we obtain
(my —m)logar +log1.42 > -1.65 x 10%° (log n)?

and
(ny —n+4)loga +1og2.22 > -1.65 x 10 (log n)?

respectively. These two inequalities yield together with Lemma 4.4 the following lemma:

Lemma 4.5. Assume that (n,m,ni,m1) is a solution to equation (4.3.1) with m >my. Then we
have
max{(n - ny)loga, (m-my)logar} < 1.66 x 10°°(logn)?.

Note that in the case of |A;]| > 0.5, inequality (4.3.6) is possible only if m —m = 1 and in the case
of |Ag| > 0.5, inequality (4.3.7) is possible only if n —n; < 6. Both cases are covered by the bound
provided by Lemma 4.5.

One more time we have to apply Theorem 4.2. This time we rewrite equation (4.3.1) as

LA m1 m
= \/_ \/_ +cafr + ey —cgByt — eyt < 0.46.

a o™

N

Dividing both sides by cqa7" (o,

CaQ + Cqoup’| =

m-mi

- 1) we get by applying inequality (4.3.2)

0.46 1

ca(l=ap™™ ™ )ar o~ 1

—1 a™a ™M -1

o < 1.64a*™. 4.3.8
|\/56a(am ml_ ) T ( )
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In this final step we consider the linear form

ap ™ -1
Az =nqloga —mylogar +log \/5 ( m-mq 1)
ca(ar -

and assume that |A3] < 0.5. Further, we put

n-ni _q
453:6/13—1: a a” tap -1

\/gca(am 1)

As before we take K = @(\/3, ar),ie. d=6, k=3, B=n and we have

o™ -1
\/_Ca(am ml_ )’

By Lemma 4.5 and similar computations as done before we obtain that

Qg = bi=1, a=ca, br=ni, az=oar, bz3=-m.

nom_q 1
h (a—) <6 (—(n -ny+4) loga) +2log44 < 3 x (1.67 X 1030(logn)2)
\/gca 2

and

h(ai™™ —1) <6 (m—m1 log ar +log2) <2x (1.67 x 1030(logn)2).

Therefore we find the upper bound

h(on) < h(——= )+h(am ™ - 1) <5x (1.67 x 10 (log n)?)

\/_Ca

and thus 5
h'(aq) < e (1.67 x 10 (logn)?).

1 1
As before, we have h'(az) = Elogoz and h'(«a3) = glog ap.

Using similar arguments as in the proof that @, # 0 we can show that @3 # 0. Now an application
of Theorem 4.2 yields

1 1
log | P3| > -C(3,6) (g x 1.67 x 1030(logn)2) (gloga) (3 logaT) logn —log 2.

Combining this inequality with inequality (4.3.8) we get
(n—4)loga < 2.23 x 10*(logn)?

which yields n < 8 x 10°!.

Similarly as in the cases above the assumption that |43 > 0.5 leads in view of inequality (4.3.8) to
n < 5. Let us summarize the results of this subsection:
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Proposition 4.1. Assume that (n,m,ni,m1) is a solution to equation (4.3.1) with m >my. Then
we have that n < 8 x 10°1.

Remark 1. The theorem of Baker and Wiistholz (Theorem 4.2) [19] has a significant role in the
development of linear forms in logarithms. It is the first quantitative version of Baker’s theorem
with a linear dependence of log B at the lower bound instead of higher powers of log B in other
preceding work of Baker’s theorem. It also showcased the use of the analytic subgroup theorem
[95]. Tt is fully explicit to all parameters and can be easily applied. The reader may note that
a slightly sharper bound for n, namely n < 6 x 10*®, may be obtained if Matveev’s result [64] is
used instead. However, the improvement is insignificant in view of our next step, i.e. the use of
the method of Baker and Davenport (Lemma 4.3), in which our upper bound for n can be further
reduced to a great extent.

4.3.3 Generalized method of Baker and Davenport

In our final step we reduce the huge upper bound for n from Proposition 4.1 by applying several
times Lemma 4.3. In this subsection we follow the ideas from [39]. First, we consider inequality
(4.3.5) and recall that

A =nloga —mlogar —log(V5¢q).

For technical reasons we assume that min{n-nj,m—-mj} > 20. In the case that this condition fails
we consider one of the following inequalities instead:

e if n—ny <20 but m —m; > 20, we consider inequality (4.3.6);
e if n—ny > 20 but m —mq < 20, we consider inequality (4.3.7);

e if both n —ny <20 and m — m; < 20, we consider inequality (4.3.8).

Let us start by considering inequality (4.3.5). Since we assume that min{n — ny,m —mq} > 20 we
get |@] = le? — 1| < 1, hence 4] < . And, since |z| < 2|e” - 1| holds for all z € (-3, 1) we get

’/1‘ < 2max{an1—n+5,a?1—m+2} < maX{anl—n+77ag}1—m+4}.
Assume that A > 0. Then we have the inequality
O<n (_loga ) -m+ log(1/(v/5ca)) <max ot o () —aﬁ-lp a (M)
log ar log ar log arp "logap T

<max {4804_("_"1), 19a;(m_m1) }
and we apply Lemma 4.3 with

_loga_Tog(1/(v/Bea)

= ’ ) (A7B) = (48,&) or (19,0[T)-
log arp log ar
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We first show that that 7 is irrational. Let us assume for the moment that it is rational. Then
7 = ¢ with coprime integers a and b, thus o’ = ar®. The fact that o’ € Q(a), ar® € Q(ar) and
Q(a) nQ(ar) = Q implies that a’, ar® € Q, which can easily be seen to be not the case. Therefore
o’ # ap® and hence 7 is irrational. Let 7 = [ag,a1,a2,...]=[0,1,3,1,3,13,2,1,8,3,1,5,...] be the

continued fraction of 7. Moreover, we choose M = 8 x 10°! and consider the 104th convergent

P _ pio4 _ 528419636478855291192208008138409657842309076397924033
q¢  quoa 669159011284129920139468279297504453112608160771671810’

with ¢ = g104 > 6M. This yields € > 0.068 and therefore either

1 . .
iy < 0BUSI/0068) oy iy < 08(199/0:068) )

3.
log o log ap

Thus, we have either n —nj; < 271, or m —my < 212.

In the case of A4 <0 we consider the following inequality:

0 <m(10gaT)_ log(v/5¢q) { o o (1) ap a—(m—mn}

n+ ———= <max , T
log log o log ar log ar
<max {6104_(”_”1), 24oz;(m_m1)}

instead and apply Lemma 4.3 with

_logar _log(v/5ca)

= ) ) (A7B) = (61,&) or (247QT)'
log a log o

Let 7 = [ag,a1,0a2,...] = [1,3,1,3,13,2,1,8,3,1,5,2,...] be the continued fraction of 7. Again,
we choose M = 8 x 10°! but in this case we consider instead of the 104th convergent the 103rd
convergent

P _ pio3 _ 669159011284129920139468279297504453112608160771671810
q¢  quos  528419636478855291192208008138409657842309076397924033

with ¢ > 6 M. This yields € > 0.067 and again we obtain either

< log(61¢/0.067) <972 or m—my< log(24¢/0.067) <91

3.
log log ar

n-—-ni
These bounds agree with the bounds obtained in the case that A > 0. As a conclusion, we have
either n —n1 <271 or m —mq < 212.

Now, we have to distinguish between the two cases n —n; < 271 and m — m; < 212. First, let us
assume that n —ny < 271. In this case we consider inequality (4.3.6) and assume that m —my > 20.
Recall that
a1
Ay =nq loga—mloga;r+log(—)

\/gca
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and inequality (4.3.6) yields that

|/11| < Oé;ﬂnlim+2.

If we further assume that A; >0, then we get

oge) ., loa((”™ ~D/(5e) o

oMM g
log ap log ap log ap

—(m-ma)
T .

Qp

O<n1(

Again we apply Lemma 4.3 with the same 7 and M as in the case that 4 > 0. We use the 104th

convergent g = % of 7 as before. But, in this case we choose (A, B) = (6,ar) and use

q

_ log((a* -1)/(v/5¢a))
fie = ;

log ap

instead of p for each possible value of n—n1 =k =1,2,...,271. A quick computer aid computation
yields that € > 0.00038 for all 1 <k <271. Hence, by Lemma 4.3, we get

< log(64/0.00038) <99

0.
log ap

m —
Thus, n —n; <271 implies m —mq < 219.

In the case that A7 < 0 we follow the ideas from the case that A7 > 0. We use the same 7 as in the
case that A <0 but instead of p we take

_log(v5ea/(aF - 1))
K =

log o

for each possible value of n —nq = k =1,2,...,271. Using Lemma 4.3 with this setting we also
obtain in this case that n —n; <271 implies m —mq < 219.

Now let us turn to the case that m —m; <212 and let us consider inequality (4.3.7). Recall that

1
V5o (alf T - 1))

Ay :nloga—mllogagp+log(

and let us assume that n —ny > 20. Then we have

4.440*
|/12| < e
o 1
Assuming that As > 0, we get
m-mi _ 4
O<n( log a )—m1 .\ log(1/(V5 ca(af™™ = 1))) 4.44 < 500-(-n1)
log ar log ar (log ap)an—m

Once again we apply Lemma 4.3 with the same 7 and M as for the case A > 0 before. We take
(A,B) = (50,«) and
o2 100 /(VEeo(ah - 1)))

log ap
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for every possible value m —mj =k =1,2,...,212. If we use again the 104th convergent of 7, i.e.
we put ¢ = qi04, then for each k that yields a positive €, we get € > 0.0012. Therefore we get

log (50 0.0012
ny < og( Q104/ )<2

n-— 80
log
in these cases. But for £ = 90 we get a negative €. In this case we consider the 105th convergent
b _ Pios of 7 instead. Let us note that
q 4105

g1o5 = 20120013979896675119357414743592977629715414121119669783.

Now we obtain in the case k = 90 that € > 0.46. Thus

1 4
< og(50q105/0 6) <9
log

75.

n—

In the case that A5 < 0 we follow again the ideas from the case that As > 0. Of course we choose

_log(V5caah 1)

log

log ar
T = and g
log

Applying Lemma 4.3 for all possible values of m —mi =k =1,...,212 also yields in this case that
n-n1 <279.

Let us summarize the above computations. First we got that either n—nq < 271, or m—my < 212. If
we assume that n—nq < 271, then we deduce that m—my < 219, and if we assume that m—-mq < 212,

then we deduce that n —ny <279. Altogether we obtain n —n; <279 and m —mq < 219.

For the last step in our reduction process we consider inequality (4.3.8). Recall that

an—nl _ 1
/13 =nq loga —m lOg aT + log \/5 ( m—mq 1) '
ca(ar -

Since we assume that n > 300, inequality (4.3.8) implies that

P 3.28a*
3 .

an

Let us assume that 43 > 0. Then

log o ) N log ((a* = 1)/(V/Bea(aly - 1))) ) 3 980/

<37a™,
log arp (log ap)am “

where (k,1) = (n—n1,m—-m1). We apply Lemma 4.3 once more with the same 7 and M as for the
case when A > 0. Moreover, we take (A, B) = (37,«), and put

_log((a* ~1)/(V5ea(al - 1)))

log ar

Mkl
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%. For all pairs (k,l) such

for 1 <k <279 and 1<1<219. We consider the 104th convergent %7 =
that ¢ is positive we have indeed € > 2.8 x 1076, Thus for these pairs (k,1) Lemma 4.3 yields that

< log(374¢104/0.0000028) <999,
log

p1o5
q105

For all the remaining pairs (k,!) which yield a negative ¢, we consider the 105th convergent § =
instead. And for all those pairs (k,[) the quantity e is positive for this choice of ¢. In particular,
we have that € > 0.0018 for all these cases, hence

< log(37¢105/0.0018) < 286
log

In the case that A3 <0 the method is similar. In particular we have to apply Lemma 4.3 with

_log((VBealar -1))/(a" - 1))

Mkl
log

1
_oear o d
log

However, we obtain in this case the slightly smaller bound n < 289.

Altogether our reduction procedure yields the upper bound n < 291. However, this contradicts our

assumption that n > 300. Thus Theorem 4.1 is proved.






Chapter 5

On a variant of Pillai’s problem II

The content of this chapter is the same as the joint paper with Istvan Pink and Volker Ziegler [37],
which is published in the Journal of Number Theory.!

5.1 Introduction

A linear recurrence sequence is a sequence {U, },>0 such that for some k > 1, we have
Unik = ctUpig1 + -+ Uy

for all n > 0, where cy,...,cp are given complex numbers with ¢y # 0. When ¢y, ..., ¢, are integers
and Uy, ...,Ui_1 are also integers, U, is an integer for all n > 0 and we say that {U, },>0 is defined
over the integers. In what follows we will always assume that {U, },»0 is defined over the integers.

It is known that if we write

t
F(X)=XF-c XM =g = [T(X - ),
i=1
where aq,...,as are distinct complex numbers, and o1,...,0; are positive integers whose sum is
k, then there exist polynomials a1(X),...,a:(X) whose coefficients are in Q(«y, ..., a;) such that
a;(X) is of degree at most o; — 1 for i = 1,...,¢, and such that furthermore the formula

t
U, = Z a;(n)al
=1

K. C. Chim was supported by the Austrian Science Fund (FWF) under the projects P26114 and W1230. I. Pink
and V. Ziegler were supported by the Austrian Science Fund (FWF) under the project P 24801-N26.
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holds for all n > 0. We may certainly assume that a;(X) is not the zero polynomial for any

i=1,...,t. We call & = a3 a dominant root of {Uy, }ns0, if 1| > |aa| > -+ > |oy|. In this case the
sequence {U, }ns0 is said to satisfy the dominant root condition.

This paper is a follow-up to our previous work [36], in which we found all integers ¢ admitting
at least two distinct representations of the form F,, — T}, for some positive integers n > 2 and
m > 2. Here we denote by {F}, },>0 the sequence of Fibonacci numbers given by Fy =0, F; =1 and
Fri2 = Fyi1 + Fy, for all n > 0, and denote by {7}, }m>0 the sequence of Tribonacci numbers given
by To =0, Ty =To =1 and Typ43 = Tiy + Tins1 + Tinso for all m > 0. In [36] the main result is the
following;:

Theorem 5.1. The only integers ¢ having at least two representations of the form F,, —T,, come
from the set

¢=1{0,1,-1,-2,-3,4,-5,6,8,-10, 11, -11, -22, 23, -41, -60, —-271}.

Furthermore, for each c € C all representations of the form c¢ = F,, — T, with integers n > 2 and
m > 2 are obtained.

The above problem of obtaining all integers ¢ having at least two representations of the form F,,-T,,
can be regarded as a variant of Pillai’s problem. Readers can refer to [36] for the complete list
of representations and some historical development of the Pillai’s problem. The interested reader
may also refer to the paper of Pillai [71] for the original problem, the papers of Stroeker and
Tijdeman [87] and Bennett [21] for tackling special cases and the papers of Ddamulira, Luca and
Rakotomalala [39] and Bravo, Luca and Yazan [32] for other variants.

The purpose of this paper is to generalize Theorem 5.1. Assume that we are given two linear
recurrence sequences {Uy, }ns0 and {V,, }ms0 defined over the integers which satisfy the dominant
root condition, then under some mild restrictions there exist only finitely many integers ¢ such that
the equation

U,-Vm=c

has at least two distinct solutions (n,m) € NxN, where N = {0, 1, ... } is the set of natural numbers.
That is, we want to solve
Un—=Un, =V = Vi, (5.1.1)

for (n,m) # (n1,my).

In order to avoid linear recurrence sequences which would yield infinitely many solutions trivially,
we assume that both {U,},>0 and {Vj;, }ms0 are eventually strictly increasing in absolute values.
That is, we assume that there exist constants Ny and My such that |U,.1| > |Uy| > 0 for all n > Ny
and |Vius1] > |Vin| > 0 for all m > My. We shall therefore require n > Ny and m > My when solving
equation (5.1.1). For instance in the case that {U,},so is the Fibonacci sequence we would find
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infinitely many integers c such that ¢ has at least two distinct representations of the form U, — Vi,.
Indeed all integers of the form ¢ =1-1V,, would yield the two representations Fy - V,, = Fo - V,,, = c.

Throughout this paper, we denote by Cy,C4,... ,Cy5 effectively computable constants. We prove
the following theorem:

Theorem 5.2. Suppose that {Up}nso and {Vy,}mso are two linear recurrence sequences defined
over the integers with dominant roots a and B respectively. Furthermore, suppose that o and 3
are multiplicatively independent. Suppose also that {Uy }nso and {Vp, tmso are strictly increasing in
absolute values for n > Ny and m > My respectively. Then there exists a finite set C such that the
integer ¢ has at least two distinct representations of the form U, —V,, with n > Ny and m > My, if
and only if ce C. The set C is effectively computable.

Besides, the assumption that « and § are multiplicatively independent is needed to avoid scenarios
such as having {Uy, }ns0 = {Fn}n20s {Vin}tms0 = {Fm}mso0- In this case equation ¢ = Fy10 — Fpy1 =
F,11 - F,_1 holds for all n > 1 and we have infinitely many c that yield at least two solutions to
equation U, -V, = c.

It should be also noted that the assumption that o and 8 are multiplicatively independent is not
necessary for the existence of only finitely many c. Consider the case where {U, }n>0 = {2" + 1}n0
and {Vi, }nso = {4™ + 2}ms0. By elementary divisbility criteria one can easily verify that the only
solutions to (5.1.1) with n # ny satisfy n = 2m and n; = 2mq, i.e. ¢ =-1. Although (5.1.1) has
infinitely many solutions the only ¢ such that U, — V,,, = ¢ has at least two solutions is ¢ = -1.

In view of the two examples above it seems to be an interesting problem to relax the condition that
« and B are multiplicatively independent in Theorem 5.2.

We shall prove Theorem 5.2 by applying the results of linear forms in logarithms and some results
on the heights of algebraic numbers several times to obtain an effectively computable upper bound
for the value of the largest unknown among {n, m,ny,mj}.

5.2 Preliminaries

In this section we present two basic tools needed in the proof of Theorem 5.2. Firstly, we state
a result on lower bounds of linear forms in logarithms due to Baker and Wiistholz [19]. Secondly

n

we provide a lower bound for the height of numbers of the form g—m provided that o and (8 are
multiplicatively independent, and an upper bound for the height of 5((—:;), where p, q are arbitrary

but fixed polynomials.



96 CHAPTER 5. ON A VARIANT OF PILLAI’S PROBLEM II

5.2.1 A lower bound for linear forms in logarithms of algebraic numbers

In 1993, Baker and Wiistholz [19] obtained an explicit bound for linear forms in logarithms with
a linear dependence on log B, where B > e denotes an upper bound for the height of the linear
form (to be defined later in this section). It is a vast improvement compared with lower bounds
with a dependence on higher powers of log B in preceding publications by other mathematicians in
particular Baker’s original results [1, 2, 3]. The final structure for the lower bound for linear forms
in logarithms without an explicit determination of the constant involved has been established by
Wiistholz [93] and the precise determination of that constant (which is denoted as C(n,d) in [19]
and later in this section as C(k,d)) is the central aspect of [19] (see also [20]). We shall now state
the result of Baker and Wiistholz.

Denote by aj, ..., ax algebraic numbers, not 0 or 1, and by logag,...,log ay a fixed determination
of their logarithms. Let K = Q(aq,...,ax) and let d = [K : Q] be the degree of K over Q. For any
«a € K, suppose that its minimal polynomial over the integers is

6 .
g(2) = apa® + a12° 1 + -+ as = ag [[(z- o))
j=1

where o), j = 1,...,8 are all the roots of g(x). The absolute logarithmic Weil height of « is
defined as

J=1

ho(a) = % (log|a0] + 25: log (max{\a(j)|, 1})) .
Then the modified height h'(«) is defined by
h'(a) = émax{h(a),ﬂog al,1},
where h(a) = dho() is the standard logarithmic Weil height of «.

Let us consider the linear form
L(Zl, . ,Zk) = blzl + e+ bkzk,

where b1, ... ,b; are rational integers, not all 0 and define
1
W(L) = = max{h(L), 1},

where h(L) = dlog (maX1stk {'Llf'}) is the logarithmic Weil height of L, with b as the greatest

common divisor of by, ... ,bg. If we write B = max{|b1],...,|bk|,e}, then we get

h'(L) <log B.

With these notations we are able to state the following result due to Baker and Wiistholz [19].
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Theorem 5.3. If A= L(logay,...,logay) + 0, then
10g|/1| 2 _C(kad)h,(al)'“h,(ak)h,(‘[’)v

where
C(k,d) = 18(k + 1) K**1(32d)**? log(2kd).

With |4] < §, we have 1|4| <|®| < 2|A|, where

_ A _ b by,
P=e"-1l=0ay"apf -1,

so that
log [al!-- ai’c - 1] > log|A| - log 2. (5.2.1)

5.2.2 Some results on heights

Before we state our results let us recall some well known properties of the absolute logarithmic
height:

ho(n +7) < ho(n) + ho(7y) +1og2,
ho(myvsh) < ho(n) + ho(7),
ho(n®) = [tlho(n),  forleZ,

where 1, are some algebraic numbers.

Upon applying inequality (5.2.1) from Theorem 5.3, which is only valid for A # 0, we need to treat
the situation A = 0 separately. We shall make use of the following lemma repeatedly applied when
dealing with this situation.

Lemma 5.4. Let K be a number field and suppose that o, 8 € K are two algebraic numbers which
are multiplicatively independent. Moreover, let n,m € Z. Then there exists an effectively computable
constant Coy > 0 such that

ho(g—Z) > Comax{|n], [m|}.

Although Lemma 5.4 seems to be well known we found no apropriate reference. In order to keep
the paper as self contained as possible we give a proof of this Lemma.

Before we start with the proof of Lemma 5.4 we want to fix some notations. Let K be a number
field. We denote by M the set of places of K. For each v € Mg we denote by |-, the normalized

absolute value corresponding to v, i.e., if v lies above p € Mg = {0} UP, where P is the set of

rational primes, then the restriction of |- |, to Q is |-|£,K”:Qp VIEQ here Qp and K, are the p-adic
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and v-adic completions of Q and K respectively. Here, || is the usual absolute value and for a
prime p the norm |- |, is the usual p-adic norm such that |p|, = %.

Let us note that with these notations the product formula (see e.g. [68, Chapter III, Theorem 1.3])
states that

Y, loglal, =0

UEMK

and the height can be written as

ho(@) = ) max{0,log|al.}.

UEMK

With these notations at hand we can turn to the proof of Lemma 5.4.

Proof of Lemma 5.4. Denote by S € Mg the finite set of places where the valuation of either « or
[ is non-zero. i.e.

S={veMg:|a|,#0or 3], *0}.

We consider a Log function defined as follows:

Log: K — [][R ar— (log|lerfv) yes -
veS

Obviously, Log has the properties that
a" — nLog(a), and «a-f+ Log(a)+ Log(pB),

so that

an

Log( gm
Since « and 8 are multiplicatively independent, there exist valuations vy,vs € S such that the

M:( 1og [as, log ] 8], )
log |afv, 1og|B] v,

) =n Log(a) — m Log(5).

matrix

is non-singular. For the moment let us write A = g—:b If we consider the system of linear equations

nlog ey, —mlog| B, =log | Al
nlog|elv, —mlog| B, =log | Al

we obtain from Cramer’s rule that

in] < 2max{|log | A v, |, |1og || Allv,|} - max{|log [ 8] v, ;| 1og | 8] v, |}

det M ’
im| < 2max{|log | Afv,|, [10g | Alv, |} - max{[log [a]u,|, [10g |et]us [}
- det M
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From the above inequality, we have

max {|log | A, [log | Ao, |} > max {Ciln|, Cafml},

where
~ det M 50
2max{|log | B, |, |log | Blw.[}
and
— det M

= >0
2 max{|log |y, |, [log v, [}

As noted above we have that

ho(A) = Z max{log | Al,,0} and Z log || All, = 0.

veM veMg

From the product formula we deduce that there exists v € My such that
log | All» > |S| -max{|log | Alv, |, [log || Alv,]}-
Thus, we obtain
a” 1

o() = ho () > gy mase (llog | AL g 4L, )
1
|S| max{C’1|n| C’2|m|}
> Comax {|n,|m|} ,

where we may choose Cy = % min {C’l, CQ} L]

Let us also state the following result as a lemma:

Lemma 5.5. Let K be a number field and p,q € K[X] arbitrary but fixed polynomials. Then there
exists an effectively computable constant C' = C(p,q) such that

p(n)
ho (q(m)) < Clog max{n,m}.

Proof. Since hg ( 5 ((:L))) < ho(p(n)) + ho(g(m)) it suffices to prove that there exists an effectively
computable constant C' such that ho(p(n)) < Clogn for some fixed polynomial p € K[X]. Assume

that p(n) = cgn® + -+ c1n + ¢g, then we have
ho(p(n)) = ho(cknk +eeton+ )
< ho(ek) + kho(n) +-+-+ ho(co) + klog2
< Clogn.
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5.3 Proof of Theorem 5.2

5.3.1 Set up

Recall that we wish to solve equation (5.1.1):
Un - Un1 = Vm - Vmp

for (n,m) # (n1,m1), with n,ny > Ny and m, my > M.

We may assume that m # mj, since otherwise (n,m) = (ny,m;). Without loss of generality we
may assume that m > m;. But, then we have to distinguish between the two cases n > n; and
n < nj. Since the proof of the second case is obtained by interchanging the roles of n and ny, i.e.
to interchange n; and n everywhere, we only give the proof of the first case. Therefore we assume
from now on that n >n; > Ny and m > mq > M.

In the following we use the L-notation. Assume f(x), g(x) and k(x) are real functions and that
k(x) >0 for z > 1. We shall write

f(@) =g(x) + L(k(z))
for
9(z) - k(z) < f(z) < g(z) + k().

The use of the L-notation is like the use of the O-notation but with the advantage to have an
explicit bound for the error term.

Let us consider the linear recurrence sequences {Uy, }n>0 and {V;, }ms0 a bit closer. Let us assume
that the characteristic polynomials of {U,,},>0 and {V,, }ms0 are

Fy(X)= H(X—ai)gi and Fy(X) = lj(X — B;)7

respectively.

Let a and 8 be the dominant roots of {U,}ns0 and {Vi,}mso respectively. According to our
assumptions we can write

Up =a(n)a” +az(n)ay +---+a(n)oy
=a(n)a" + L (a"nAozg“) (5.3.1)
=a(n)a" + L(a'a’"
where a’,a”, A are suitable but effectively computable, non-negative constants, a(X), a;(X) €
Q(a1,...,a¢)[X], 2 <i <t and o € R is such that |ay| = |a| > @' > |as|. Note that in case that
t=1weput ag =1 and a’ = a” = A =0 and with this choice (5.3.1) still holds. Let us also note
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that by our assumption that {U, },>0 is non-degenerate and defined over the integers the dominant
root « is a real algebraic integer which is not a root of unity, hence we have |a| > 1. Thus we may
assume that also |a| > o’ > 1 holds. This also implies that {|U,|}ns0 is eventually strictly increasing.
Moreover we may assume that |a(n)| is increasing for all n > Nj for some suitable constant Nj. In
addition, we choose Nj large enough such that |a(n)| > |a(n")| for all n> Ny and n>n'> 0.

Similarly we may write

Vi = b(m)B™ + L(b'3'™) (5.3.2)

where b, 3" are suitable constants. By the same arguments as above we may also assume that
|8] > B’ > 1 and |b(m)| is increasing provided that m > My, where M; is some sufficiently large
number. Moreover we assume that M is chosen large enough such that |b(m)| > |b(m”)| for all
m>M; and m>m' > 0.

Without loss of generality, let us assume that |a| > |3]. We denote by o and 7 the degree of a(n) and
b(m) respectively. Besides, we know that |U,| ~ an?|a™| as n — oo, where a is the leading coefficient
of a(n). Similarly we know that |V;,,| ~ b7 |3™| as m — oo, where b is the leading coefficient of b(n).
Therefore there are positive constants Cq,Cs and Cs, Cy such that Cy/Cy < || and Cy/Cs5 < |B] with

Cin?lal" < |Up| < Con?|al™ for all n > Ny
Csm™|B|™ < |Vip| < Caom™ | 8™ for all m > Mo,

where Ny and M> are sufficiently large.

Let us assume for the moment that n >mn; > Ny and m > m; > Ms. Using equation (5.1.1) we get
that
(oa (e 1
|Up, = Uny | < |Un| +|Uny | < Con? (Jof™ + ™) = Con%la]* [ 1+ ———
|a|n ni
g n ]' g n
< Cyn?|a (1 + ﬂ) = C5n? |

«

and

C
U = Un| 2 [Un] = U] > Gl = Conlaf™ = Cyn”laf (1~ 2
Cl|a|n ni

Ca
Cy|al

> Cin?|al” (1 - ) = Cgn’|af".

Similarly, we have

T m mi T oIm 1
Vo = Vi Vil Vi 5 Can” (31" + 517 = Can " (14 - )
T m 1 T m
SC’4m |,8| (1+m):C7m |ﬁ‘
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and
|Vm - Vm1| 2 |Vm| - |Vm1| 2 C3mT|ﬁ|m - C4m7'|5|m1
R

- C3|/8|m—m1
Cy
ZCmTﬁm(l— )szTﬁm.
am’|f] Cs|B| s 1A

Therefore, we have

Cen?lal™ < |\Up = Uny| = [Vin = Vi, | < Com | B)™ (5.3.3)
and

Csnlal” 2 |Up = Uny| = |Vin = Viny | > Csm™|B]™. (5.3.4)

Note that we proved (5.3.3) and (5.3.4) only under the assumption that n > n; > Ny and m >
m1 > My. However since by assumption n > n; > Ny and m > my > My we have |Uy| > |Uy,| and
|Vin| > |Vin, | respectively. Therefore by enlarging C7 and Cj5 respectively decreasing Cg and Cs we
obtain that (5.3.3) and (5.3.4) also holds under the assumption that n > No, ny > Ny and m > My,
mq > My. Thus
< log |4 +Tlogm + Co,
logla| ~ log|af

(5.3.5)

log ||
log o

where 0 < < 1.

Inequality (5.3.5) implies that m > n for m > M3, where Mj is sufficiently large. Denote by N3 the
infimum for n when m > M3. Let us assume in the following that n > Ny = max{ Ny, N1, No, N3, 2}
and m > My = max{My, M1, Ms, M3,2} (and ny > Ny and m; > My). Let us note that if m is
bounded from above by an effectively computable constant as My also n is bounded from above
by an effective computable constant due to inequality (5.3.5). Thus we can deduce that also ¢
is bounded and Theorem 5.2 holds in this case. Note that we assume for technical reasons that
Ny, My > 2. Therefore we may assume that m > M4 and hence m > n.

Furthermore let us fix the following notation for the rest of the paper. Let us write

K=Q(o1,...,a¢,51,...,8s) and d=[K:Q].

5.3.2 Linear forms in logarithms

We refer to equation (5.1.1) and make use of the asymptotic estimates (5.3.1) and (5.3.2). Thus
we get

(a(n)a" + L(a'o/")) - (a(nl)o/“ + L(a'a'"l)) = (b(m),@m + L(b'ﬁ'm)) - (b(ml)ﬁm1 + L(b'ﬁ'ml))
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Collecting the “large” terms on the left hand side of the equation we obtain

a(n)a”™ —=b(m)B™ = a(ny)a™ —b(my)B™ + L (a'o/n +a "+ "+ b'B'ml)
and therefore the inequality

la(n)a™ = b(m)B™ < |a(ny)]|a|™ + [b(m1)||8]™ + '™ +a'a™ + '3 + /3™

Dividing through b(m)S™ and using the inequalities (5.3.3) and (5.3.4), we get (note that we
assume n > N3 and m > Ms, i.e. |a(n)|>|a(ni)| and [b(m)| > |b(m1)]):

a(n)an ~ ‘ ‘a(nl)Ha‘?’Ll . ‘b(ml)”ﬁ‘ml . a/a/n . a/a/nl b//B/m b/ﬁ/ml
b(m)Bm —p(m)lisI™ p(m)l|BI™ [b(m)]|B[™ |b(m)]|ﬁ\m !b(m)HBIm b(m)]|B]™
CrmTla(ny)||a™ |b(m1)||f6’|""‘1 C-m™a'a'" . Crm™a'a'™
C6n”|b(m)||a|” [b(m)||8]™  Cenlb(m)[|al™ ~ Cen?|b(m)||a|™
bIIB’m b’ﬁ’ml

+ +
[b(m)||B™  [b(m)]|B]™
S011|Oz|n1_n+|ﬁ|m1_m+012 (‘;i,’) + (1 | |n1 n+C4(’5|) +C15|,8|m1_m

B’
ni-n mi-m
-n mi-m o ni-n mi-m
SCH|CV‘TL1 +|,3‘ 1 +012(|a—,|) +013|04| = (lﬁ_) +Cl5|m !

e ) (3

Note that n;:‘g((%)" ;'Z'&EZ;", ‘ﬁf(mni))“ and so on are bounded by absolute constants since deg(a) = o

and deg(b) = 7. Hence we obtain the inequality

a(n) AN B
b(m)a <max{016(a ) ,C4 (5') } (5.3.6)
a(n) ‘

-1

Let us introduce

b(m

and assume that |4 < 0.5 and a(n) a"™B™™ > 0. Further, we put

A =nlog|al —mlog|s| + log

a(n)
b(m)

and use the theorem of Baker and Wiistholz (Theorem 5.3) with the data

a(n)
b(m)|’

@ = e =1 = [ jal"3 " -

k:37 m=

bl =1, T]2=|Oé’, b2=n, 773=|B|, b3=—m.
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Note that with this data we have B = m. It should be noted that we have complete information on
the minimal polynomial of o and 8. Therefore, h'(«), h'(8) are effectively computable. Moreover,

due to Lemma 5.5 we have hg (%) < Clogm and thus

() L a(n) a(n) &
" (b<m>) dm“{dho(um))"log(um))"1} < Clogm.

Before we can apply Theorem 5.3 we have to ensure that @ # 0. Assume to the contrary that @ =0,

then Z((:L)) = ﬂ:’i—:?. With the use of Lemma 5.4 we get

élongho(%) ho(im)>00max{n m} = Com

which yields an absolute upper bound for m. Therefore also n and ¢ are bounded, i.e. Theorem
5.2 holds in this special case.

An application of Theorem 5.3 yields

log|B| > —C(3,d)h’ (g((”)) ) K (a)l'(B) logm - log 2

and together with inequality (5.3.6) we have

mm{(n nl)log(| |) (m-m )log(l |)}<C18(10gm)2.

Thus we have proved so far:

Lemma 5.6. Assume that (n,m,ni,my) is a solution to equation (5.1.1) with m >my. Then we
have

mm{(n nl)log(| |) (m-m )log(l |)}<Clg(logm)2.

Note that in the case that |A| > 0.5 or ZL((")) a7 < 0 inequality (5.3.6) is possible only if

m

ni—n mi—m
max{016(|0‘|) Chr (Iﬁl) } €3 —1>0.648,
1% ok

which leads to either

log ( ocfjlzfs )

tog (1))

n-ny<
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or

log ( 0%1478 )

These can be covered by the bound provided by Lemma 5.6 as long as we choose
o (55 ) o ()
(log ]\43)2 0.648 0.648/))°

Now we have to distinguish between the following two cases:

m-—mq <

Cig >

Case 1. Let us assume that

m{< m)log(l l) (- m)log(@)} - n)log(m)

ni—n mi1—m
i.e. we assume that(la‘) ' S(%) ' .

By collecting the “large terms” on the left hand side, we can rewrite equation (5.1.1) as
a(n)a™ —a(ny)a™ - b(m)B™ = =b(m1) ™ + L(d'a/" +d'a/™ +b'p"™ +1'5"™)
and obtain the inequality

nignm a(nl) —b(m
a(n)a ( ()) b(m)s"

Dividing through b(m)8™ and using the inequalities (5.3.3) and (5.3.4), we get

< [b(m)||B)™ +a’'a"" +a’a"™ + 0’ B+ 0 B

ama™ ("™ = G65) | bl | aa™ | aa™
b(m)pm p(m)lIB[™  o(m)l[B[™  [p(m)]| 5™
bIBIm lﬁlml

“ B b(mlIAr

where

pem 8™ ( ] )"””
el “\g)

/I m T 1 _m -n ni—-n mi—m
a o < Com™d o SClg(BJ) £C19(@) <Cyo (|5|) ,
Q o4

p(m)l[BI™ = Cenlb(m)lf?

alalnl C7m ao/nl u ni—nm |B|)ml m
|b<m>||ﬁ|m—cﬁnﬂb(m)nawscm( ) < G0 (5’ ’
e8] s B
C <
oy (ﬁ
b’ﬁ’ml mi

< 022|5|m1—m < C (|B|)

b(m)lI5™ g’
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Hence we obtain the inequality

M Qv ™M a(nl) nig-m _
o (- S

< 023 (|§,|) . (5.3.7)

Case 2. Let us assume that

mln{(n nl)log(’ ‘) (m - m)log(%)} (m - m)log(’g,')

mi1—m ni—n
i.e. we assume that(lg‘) B S('S—,‘) L

Similarly as in Case 1 we collect the “large terms” on the left hand side and rewrite equation (5.1.1)
as
a(n)a™ = b(m)B™ +b(m1)B™ = -a(ny)a™ + L (a'am +a'a™ +b "™+ b'ﬁ'ml)

and obtain the inequality

b(m1)
b(m)

‘b(m)ﬂml (6m_ml - ) —a(n)a"| <la(ny)||la]™ +a'’™ +a’a"™ + ' 8™ + '3

We obtain the inequality

b(m) m-mi _ b(ml) a 3™ _
o (7 - s

by the same arguments as in Case 1 by interchanging a(n), a,n,ny,a’ and o/ with b(m), 8, m, mq,b’
and '

ni-n

We want to apply Theorem 5.3 to both inequalities (5.3.7) and (5.3.8) respectively. Let us consider
the first case more closely. We write

A1 =nq log|al —mlog|B| + log

o ( e Z(ZZ)))‘

and assume that |4;| < 0.5 and ;((n)) ( T aa((m))) > 0. Further, we put

_ a(n) n-ni _ a(nl ni m
e e

@1 = €A1 -

and aim to apply Theorem 5.3 with B = m. Further, we have

a(n)( g _ a(m)

= b m) a(n)

)‘ bi=1, m=|al, ba=ni, m3=|p], bz=-m.
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It should be noted that as before h'(a)) and h'(3) are effectively computable. For h'(n;), we can
use the properties of height and the results of Lemma 5.6 and Lemma 5.5 to get

ho(m1) = ho Z((:L)) ot C;((T;Ll)) ))
< ho Z((:L)) + (n=n1)ho() + ho (%) o
i e R R ) M

< Cy9(log m)2

and thus )
W' (m) = 7 max {dho(m1), |logm|, 1} < C30(logm)>.

Now let us turn to the second case. We write

Ay =mq log|B| - nloglal + log

M m-mi _ b(m1)
a(n) (ﬂ b(m) )‘

and assume that |A3] < 0.5 and b(m) (Bm‘ml - M) > 0. Further, we put

a(n) b(m)
b(m) _ b(mz1) _
¢2A2—1: m-my _ nigm _q
e 1 Gl O [
and aim to apply Theorem 5.3. As in the previous case we also have B = m. Further, we have
b(m —m, (M
= | B (e YOV g el b=, =8 ba=m.

a(n) b(m)

It should be noted that as before h'(a) and h'(8) are effectively computable. For h'(n1), we can
use the properties of height and the results of Lemma 5.6 and Lemma 5.5 to get

ho(n1) = ho IZI((TZ)) g %))
< hg Z((TZ)) + (m=m1)ho(8) + ho (bb((Tnl)) ) o
b(m)\ . Cis(logm)? )
e ), ig(%ﬁ,) ho(ﬂ)+h0( b(ml) )+log2

< C31(logm)?

and thus ]
h'(m) =  max {dho(m),|logm|, 1} < Cs2(logm)>.
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Before we can apply Theorem 5.3 we have to ensure that @; # 0 for ¢ = 1,2. Firstly we deal with

the assumption that @; =0, i.e. :I:ZL((:I)) ( n-ni _ ‘2((’;1))) :: . This together with Lemma 5.6 yields

o) o (o = iy )) < Contiosmy

as determined before. With the use of Lemma 5.4 we get

m
C’gg(logm)2 > hg (6—1) > Copmax{ny,m} > Com.
an

Thus m is bounded by an effectively computable constant. Besides, since m > n so n is also bounded
and therefore also ¢, i.e. Theorem 5.2 holds in this case. A similar argument also applies to Case
2.

Now, we are ready to apply Theorem 5.3 and get
log |®;| > = C(3,d)h' (1 )h' () h'(B) log m — log 2

for i =1,2. Combining this inequality with the inequalities (5.3.7) and (5.3.8), we obtain

(m-my)log ( |§|) < Cs3(logm)® and (n-ny)log (| |) < C3y4(logm)?
o
respectively. Let Css = max{C33,C34}. These two inequalities yield together with Lemma 5.6 the
following lemma:

Lemma 5.7. Assume that (n,m,ni,m1) is a solution to equation (5.1.1) with m > my. Then we
have

max{(n nl)log(| |) (m-m )log(| |)}<Cg5(logm)3.

Note that in view of |4;| > 0.5 or a(n) (a"‘”l - a(m)) < 0, inequality (5.3.7) is possible only if

b(m) a(n)
mi—-m
Cs (IBI) >e3 - 1> 0.648,
/6’
lOg(0648)

i - ——\0648) i b(m) ((gm-my _ b(m1) i ;
which leads to m — my < R In view of |A3] > 0.5 or ) (ﬁ b ) < 0, inequality

(5.3.8) is possible only if
ni—m
ng(lij) ez —1>0.648,
a

-

1 Cag
which leads to n —nq < % Both cases can be covered by the bound provided by Lemma 5.7
og o

as long as

C >;max{lo (@) lo ( Czs )}
%52 (log Ms)3 $\0.648) *®\ 0,648/
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One more time we have to apply Theorem 5.3. This time we rewrite equation (5.1.1) by collecting
“large” terms on the left hand side as

a(n)a™ —a(ni)a™ —b(m)B™ +b(m1) ™ = L (a'a’ +a'a™ + '™ + b'ﬁ'ml)
and obtain
ni n-ni a(nl) mi m—-m1 b(ml) rm rmi I Qrm I Qrm1
a(n)a™ |« _a(n) —b(m)p"™ | B _b(m) <a'ad +adt +V BT+ BT

Dividing through b(m)g™! (ﬁm_ml - %) and using the inequalities (5.3.3) and (5.3.4) we get

ni n-ni _ ll('fll)
a(n)a (a a(n) ) a'a™ a'a’™

-1 < +
-m b(m - m m—m b(m m m—m b(m
b(m)gm (m-m - Sl ‘ [b(m)|[B]m |Br-ms = S| [b(m)|| B[ | - S
I QIm ! QIMm1
’ T b(rmn) T )|
pCmlIBlm [ — 2] (gl [ — P
We make use of inequality (5 3.5) to get
= exp (nlogo/)
1 log o’
<exp|m 0g|5| s ke logm + Cylog o’
log|a

(i
ol

< Cg(jm

lo |B|) (mT)logla\ exp (Cyloga')

log o/
where ~y = |B|‘°§|a\. Note that since |a| > a’ > 1 and |8| > 1 we have that |3| >~ > 1. So that

(L,Oé,n . Cgﬁa,mT’)/m
-m b(m m mq—m b(m
[b(m)[|8lm | gm=mi = S| b(m) |8 [1 - gra-mEna)
C36a/m7-,ym
b(m1)

< Csea’m™y™ < Cyr (|5|)_m'
[p(m) 1™ 1 - 5]

In addition, since we assume that o > 1, we have

n n
alal 1 alal

<
m b(m1)
[b(m)|| 3™ b(ml)

__ b(m1)
b(m)Bm—m1

< Csea’'m™ 1 £C37(@)
[b(m) 18] |1 - 5] g

Bm—ﬂn —
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Furthermore,
! QIm I pIm -m
L b(m1) L <G (”i/l)
[b(m)| |l |gm-m: - Hom) “ el 1-4] 8
Since we may assume that 8’ > 1 we get
b's Lo v (IBI )‘m
-m b(m - m - Br
[b(m)||[m g = S| b |8 |1 - 4| B
Therefore,
n—-n a(ﬂl)
a(n) o™ - —
( bgm)l)) Q™A™ 1| < Cyl™, (5.3.9)
bm) (37 = 55
where I' = min {'gl u} In this final step we consider the linear form

)

A3 =n1logla] —m log|B] + log o
b(m) (57 - 55 )

a()(a" 1 -5E8)

e b(m

a(m) (o - 585)
b(m) (5 - 525 )

and assume that |A3] < 0.5 and ) > 0. Further, we put

@326/13—1:

o ™8™ -1

As before we take B = m and we choose
n-ny _ a(m)
| ) (o - 558
m-mi _ b(m1) ’
o(m) (6 = 528)

bi=1, m=lal, ba=ni, n3=|p], bz=-m.

For h'(n1), we can use the properties of the height and the results of Lemma 5.5 and Lemma 5.7
to get

a(n) (™™™ —%
ho(m) = ho ( — bgm)l)) )
bm) (57 - 558
<ho Z((Z)))un n)ho(a) + (m = m)ho(8) + ho (2<(7”§)>)+h0(”b7§)>)+210g2
a(n) Cssho(a)(logm)3  Cssho(B)(logm)? a(nq) b(m1)
< hg b(m))+ 35M0 4 235 (l)og(m) +h0(a(n1) )+h (b(rnl) )+2log2

tog (1)

< 041(10g m)3
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and thus

W ()

— max {dho(m),|logm|, 1} < Cya(logm)>.
It should be noted that as before h'(«) and h'(3) are effectively computable.

Before we can apply Theorem 5.3 we have to ensure that @3 # 0, i.e.

1~

a(n) ) _m
b(m) (1 - L )F ) ar
This together with Lemma 5.7 yields

a(ny)a™1™ ™
m a(n) 1- )
o (i_n) = ho ( ( b(ml)(ﬁT)”rm) ) < C43(10g m)3'
bm) (1= 5 )
Similar to the argument in Case 1 and Case 2, we deduce by using Lemma 5.4 that
Cuz(logm)? > hg (ﬁ—) > Comax{n,m} > Com.
an

Thus m is bounded by an effectively computable constant. Besides, since m > n so n is also bounded

and therefore also ¢ and we deduce Theorem 5.2 in this case.

Now an application of Theorem 5.3 yields

log | @3] > ~C(3,d)h' (n1)h'(a)h'(B) logm - log 2.
Combining this inequality with inequality (5.3.9) we get

mlogT +log Cyo < Cyy(log m)4 +log 2.
which yieldS m < C45.

Similarly as in the cases above the assumption that |As| > 0.5 or

n-ni _ a(n1)
a(m) ("™ - 565 0
m—-mi _ b(m1)
b(m) (57 - 52)
leads in view of inequality (5.3.9) to

Cpl™ > e3 —1>0.648,

1 C'40
which leads to m < og(0'648)

logI’

. These can be covered by the above bound m < Cy5 as long as

Cus > log ( 0%28) '

~ logl
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As a conclusion, if n > N3 and m > M3, we have n < m < Cy5, where Cy5 is an effectively computable
constant. Therefore, together with those finitely many cases where n < N4, m < My and all possible
cases of (m,n) which yield |®|,|®;] = 0 for i = 1,2,3, there can only be finitely many integers ¢
having at least two distinct representations of the form U, — V;,,. The number of integers ¢ and the
corresponding values of ¢ are both effectively computable. Therefore Theorem 5.2 is proved.



Chapter 6

Sums of Fibonacci numbers and
powers of two

The content of this chapter is similar to the submitted joint work with Volker Ziegler titled “On
Diophantine equations involving sums of Fibonacci numbers and powers of 27 [38].}

6.1 Introduction

There is a vast literature on solving Diophantine equations involving the sequence {F),},>o of
Fibonacci numbers (defined by Fy = 0, F} = 1 and F,42 = Fy1 + F,, for n > 0), the sequence

{F,Ek)}nzo of k-generalized Fibonacci numbers, the sequence {P,},so of Pell numbers or other
recurrence sequences. For instance, recent results include Bravo and Luca [31] where they studied
the Diophantine equation

F, + F,, =2%

In [28] they extended their work to k-generalized Fibonacci number F,Sk), and studied the equation
E®) 4 pR) _ 90,
Besides, Bravo, Faye and Luca [27] studied the Diophantine equation

P+ P, +P,=2%

The most general results in this respect are due to Stewart [82], who studied representations of
integers in two different bases. Note that e.g. the result due to Bravo and Luca [31] can be seen

K. C. Chim was supported by the Austrian Science Fund (FWF) under the projects P26114 and W1230.
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as an attempt to find all integers that have only few digits in base 2 and the Zeckendorf expansion
simultaneously. Also Luca [58] proves a similar result. Finally let us mention a recent result due
to Meher and Rout [65] on the Diophantine equation

Up, + -+ Up, = bipi* +--- + bep

in non-negative integers nq,...,n, 21, . ., 2s, where {Uy, },>0 is a binary, non-degenerate recurrence
sequence with positive discriminant, by,...,bs are fixed non-negative integers and pi,...,ps are
fixed primes.

Also recently Diophantine equations have been studied which can be regarded as variants of Pillai’s
problem [71]. For instance, Chim, Pink and Ziegler [36] obtained all the integers ¢ such that the
Diophantine equation

F,-T, =c

has at least two solutions. Here T}, denotes the m-th Tribonacci number. Ddamulira, Luca, and
Rakotomalala [39] considered the Diophantine equation

F,-2m=c¢

and found all integers ¢ for which this Diophantine equation has at least two solutions. Recently,
Bravo, Luca and Yazan [32] considered the Diophantine equation

T,-2"=c

instead. The most general result is due to Chim, Pink and Ziegler [37] who considered the case,
where U,, and V,,, are the n-th and m-th numbers in linear recurrence sequences {U,},>0 and
{Vin }mso respectively and found effective upper bounds for |c| such that the Diophantine equation

U,-Vmn=c
has at least two solutions.
All the problems stated above are solved by a similar strategy, the iterated application of linear
forms in logarithms. We extend this strategy and study the two Diophantine equations

Fp, + Fp, =29 +292 4 2%

and
Finy + Fny + Frpy = 21 + 22,

In particular, we prove the following two theorems.
Theorem 6.1. Let (ny,n2,a1,az,a3) € N° be a solution to the Diophantine equation
Fp, + Fp, =29 +292 4 2% (6.1.1)

such that ny > ng 20 and aj > ag > a3 >0, then ny <18 and a; < 11. In particular, equation (6.1.1)
has exactly 78 solutions.
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Theorem 6.2. Let (mq,ma, ms,t1,t2) € N’ be a solution to the Diophantine equation
Fopy + Fypy + Frpy = 211 4 212 (6.1.2)

such that mi1 > mg 2 mg >0 and t1 > tg > 0, then my < 16 and t1 < 10. In particular, equation
(6.1.2) has exactly 116 solutions.

Remark 2. The list of solutions to equations (6.1.1) and (6.1.2) is given in the Appendix. So we
keep the statement of Theorems 6.1.1 and 6.1.2 short and compact.

We shall prove both Theorems 6.1 and 6.2 by the typical strategy also performed in [31, 32,
36, 37, 39]. First we extract by a simple computer search all solutions (ni,ne,ai,as,as) with
ny < 360 to equation (6.1.1) and all solutions (m1,ma, ms,t1,t2) with m; < 360 to equation (6.1.2),
respectively. The key argument to obtain upper bounds for n; = max{ni,ne,ai,as,as} and my =
max{my, mo, ms,t1,to} respectively is to apply lower bounds for linear forms in logarithms. This is
done in the seven steps described below, where c1,...,c7 denote effectively computable constants.
These seven steps are in case of the proof of Theorem 6.1 the following:

Step 1 We obtain an upper bound
min{(a; —a2)log2, (n1 —n2)loga} < cjlogn;.
Hence we have to distinguish between the following two cases:

Case 1 min{(aj —az2)log2, (n1 —nz)loga} = (a; —az)log2 < ¢ logng

Case 2 min{(a; — az)log2, (n1 —nz)loga} = (n; —ng)loga < c;logng
Step 2 We consider Case 1 and show that (a; —az2)log2 < ¢1logn; yields
min{(a; — a3)log?2, (n1 —ny)loga} < ca(logny ).
Thus we have to further subdivide Case 1 into the following two cases:
Case 1A min{(a; —a3)log2, (n; —ns)loga} = (a; —az)log2 < cz(logny)?
Case 1B min{(a; - a3)log2, (n; —no)loga} = (n1 — ny)loga < ca(logni)?
Step 3 We consider Case 1A and show that (a; —a3)log?2 < ca(logny)? implies that

(n1 —n2)loga < cz(logng ).

Step 4 We consider Case 1B and show that (a;—as)log?2 < c; logni and (n;—ns)loga < cz(logny)?
yield the upper bound
(a1 —a3)log2 < cs(log n1)3.

Step 5 We consider Case 2 and show that (ny —ng)loga < ¢1logng yields the upper bound

(a1 - CL2) log2 < C5(10g ’I’L1)2.
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Step 6 We continue to consider Case 2 and show that assuming the upper bounds (a; —asg)log2 <
cs(logny)? and (ny —ng)loga < ¢ logng yield the upper bound

(a1 —a3)log2 < es(logny)>.

This is basically Step 4 again, but with probably slightly different constants. However after
Step 6 we have found upper bounds for (a; —az2)log2, (a1 —az)log2 and (n; —ng)loga.

Step 7 We show that the upper bounds found in the previous steps yield an inequality of the form
n1 < ¢7(logny)*. Thus we obtain an absolute bound for n.

As soon as we have found an upper bound for n; we go through all seven steps again but apply
instead of lower bounds for linear forms in logarithms the Baker-Davenport reduction method and
obtain in all steps small, absolute bounds respectively. In case the Baker-Davenport reduction
method fails we can make use of a criteria of Legendre for continued fractions to reduce the huge
upper bounds to rather small upper bounds. Indeed we succeed to show that all solutions satisfy
ni1 < 360, which already have been found by our previous computer search.

Of course, a slight modification of these seven steps also leads to a proof of Theorem 6.2.

It should be noted that due to having more terms in each equation as compared to the equations
considered in [31, 32, 36, 37, 39], we apply several times more the results of linear forms in logarithms
and the reduction method. E.g. instead of using only twice the results on linear forms in logarithms
and the reduction method as in [31] we apply them seven times.

6.2 Preliminaries

In this section, the result of linear forms in logarithms by Baker and Wiistholz [19] is stated. Besides,
we state a lemma from [27], which is a generalization of a result due to Baker and Davenport [17]
the so-called Baker-Davenport reduction method. Both results will be used to prove Theorems 6.1
and 6.2.

6.2.1 A lower bound for linear forms in logarithms of algebraic numbers

In 1993, Baker and Wiistholz [19] obtained an explicit bound for linear forms in logarithms with
a linear dependence on log B, where B > e denotes an upper bound for the height of the linear
form (to be defined later in this section). It is a vast improvement compared with lower bounds
with a dependence on higher powers of log B in preceding publications by other mathematicians in
particular Baker’s original results [1, 2, 3].
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Denote by aj, ..., ai algebraic numbers, not 0 or 1, and by logay,...,loga a fixed determination
of their logarithms. Let K = Q(aq,...,ax) and let d = [K : Q] be the degree of K over Q. For any
«a € K, suppose that its minimal polynomial over the integers is

(x _ a(j))

where o9, j =1,... .4, are all the roots of g(z). The absolute logarithmic Weil height of « is
defined as

[
g(x) = agr® + a1z® L + -+ as = ag I
j=1

ho(a) = % (log|a0| + ilog (max{|a(j)|, 1}))

j=1
Then the modified height h'(«) is defined by

1
(@) = 5 max{h(a), [logal, 1,
where h(a) = dho() is the standard logarithmic Weil height of a.

Let us consider the linear form
L(Zl, . ,Zk) = b1z1 + -+ bkzk,

where b1, ... ,b; are rational integers, not all 0 and define
1
W(L) = = max{h(L), 1},

where h(L) = dlog (maX1£j£k {|b_g|}) is the logarithmic Weil height of L, with b as the greatest

common divisor of by, ... ,bg. If we write B = max{|b1|,... ,|bx|, e}, then we get

h'(L) <log B.

With these notations we are able to state the following result due to Baker and Wiistholz [19].
Theorem 6.3. If A= L(logaz,...,logag) + 0, then
log |A| > =C'(k,d)h'(c1)+-h'(cu, )W (L),

where

C(k,d) = 18(k + 1) kF*1(32d) 2 log(2kd).

With |4] < §, we have 1|4| <|®| < 2|A|, where

_ A _ b by
P=c" -1=ai" o -1,
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so that
log ‘of{l---azk - 1‘ > log|A| - log 2.

We apply Theorem 6.3 mainly in the situation where K = Q(\/g), k=3 and d = 2. In this case we
obtain
C(3,2) =18-4!-3*.64°log 12 < 9.34-10"3.

We will use this value throughout the paper without any further reference. Besides, let us recall
some well known properties of the absolute logarithmic height:

ho(n +7) < ho(n) + ho(7y) +1og?2,
ho(ny*') < ho(n) + ho(7),
ho(11") = [€/ho(n),

where 7, are some algebraic numbers and £ € Z.

6.2.2 A generalized result of Baker and Davenport

The following result will be used to reduce the huge upper bounds for ny and m; found in Propo-
sitions 6.1 and 6.2 respectively. Let us state Lemma 6 in [27] which is regarded as a generalization
of a result due to Baker and Davenport [17]. We denote by |z| = min{|z - n|: n € Z} the distance
from x € R to the nearest integer.

Lemma 6.4. Let M be a positive integer, let p/q be a convergent of the continued fraction of the
irrational v such that ¢ > 6M, and let A, B, u be some real numbers with A >0 and B > 1. Let
e:=|uq| - M|vq|. If € >0, then there is no solution to the inequality

O<|uy-v+pul<AB™™, (6.2.1)
in positive integers u,v and w with

ws log(Ag/e)

us<M and >
log B

Remark 3. Let us explain how we will make use of Lemma 6.4 and explain how we proceed, if

we are given an inequality of the form (6.2.1) and an upper bound M for solutions with u < M.

We start with the smallest denominator g = ¢; of the j-th convergent % of v that exceeds 6M. If
J

log(Aq/e)
log B
we consider the denominator g1 of the (j + 1)-th convergent pj,i1/g;+1 instead. If a positive € is

obtained we compute the respective upper bound for w. If also the denominator ¢;,1 of the (j+1)-th
convergent yields a negative £ we consider the denominator of the next convergent until we obtain
a positive . Let us note that it is very unlikely that after several iterations no instance occurs
with a positive e, without any good reason. Usually this reason is a rational linear dependence on

e = |pql = M|~vq|l > 0, we compute the respective upper bound w < . If we get a negative e,
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1,7 and p. If we find such a linear relation involving 1, v and pu, inequality (6.2.1) turns into an
inequality of the form
0< |u'7 - v" <AB™"

and we are reduced to a classical approximation problem and may use the theory of continued
fractions. We will treat such cases separately.

6.3 Set up

During the proof of both theorems we use the Binet formula for the Fibonacci sequence in the
following form:

F = Vk >0, (6.3.1)

where a = % and = 1-v5 are the roots of the characteristic polynomial 22 — z — 1. Moreover,

2
we have the inequality
o< F <ot Yk (6.3.2)

Without loss of generality, we may assume that ny > ns >0 and a; > ag > ag > 0. Similarly, we may
assume that mj > mg >m3 >0 and ¢; > to > 0 when solving equation (6.1.2).

6.3.1 Scenario for equation (6.1.1)

Recall that we would like to solve
F,, + F,, =29 +2% 42%

for n1,mn9,a1,as and az. Thus we get

a2 F, < By + Fpy =271 4292 4298 < 390 (6.3.3)
and
20" > 2F, > F, + F, = 2% +2%2 429 5 991, (6.3.4)
Hence log2 log3 log 2
ni—-2<ap- 982, 98% and ni—1>(a;—-1)- o8 , (6.3.5)
loga loga log
where 82 = 1.4404.... In particular, we have ni > ag.

log «

In a first step, we solve equation (6.1.1) for all ny < 360. Inequality (6.3.5) implies that in this case
we have a; < 251. By a brute force computer enumeration for 0 < ny <nj; < 360 and 0 < ag < as <
a1 < 251 we found all solutions listed in the Appendix.
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6.3.2 Scenario for equation (6.1.2)

Recall that we would like to solve
Foy + Fpy + Fipy = 21 4212

for m1,mo, ms,t; and to. Similarly as above we obtain

Q™2 < Fryy < By + Frpyy + Frpy = 21 4202 < 20071 (6.3.6)
and
3a™ 7 > 3F,,, > Fy + Fpy + Fipy = 20 4202 5 9% (6.3.7)
Thus log2 log2 log2 log3
m1—2£t1-£+& and m1—1>t1‘0g _ 080 (638)

loga loga loga  loga’

In particular, we have mq > 1.

We solve equation (6.1.2) for 0 < mg < mg <mj <360 and 0 < 3 < t; < 251 by a brute force computer
enumeration and find all solutions listed in the Appendix.

By these computer searches we may assume now that n; > 360 for solving equation (6.1.1) (re-
spectively my > 360 for solving equation (6.1.2)). Moreover, we want to emphasize that the second
inequality of (6.3.5) (respectively (6.3.8)) implies that n; > a; (respectively m; > t1).

6.4 A first upper bound - Application of linear forms in logarithms

In this section, we shall establish the following two propositions concerning Diophantine equations
(6.1.1) and (6.1.2) respectively.

Proposition 6.1. Assume that (ny,n2,a1,az2,a3) is a solution to equation (6.1.1) with ny >ng >0
and ay > as > ag > 0. Then we have that ny < 4.1-10%2.

Proposition 6.2. Assume that (m1,ma2,ms,t1,t2) is a solution to equation (6.1.2) with my >mg >
ms >0 and t; > ts > 0. Then we have that my < 4.2 -10%2.

6.4.1 Proof of Proposition 6.1

We follow the steps explained in the introduction. We start with
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Step 1: Show that

min{(a; - as)log?2, (n1 - ng)loga} < 2.61-10"3logn;.

Equation (6.1.1) can be rewritten as
Q™ fM o2 _ g
5
In the first step we consider n; and a; to be large and by collecting “large” terms to the left hand
side of the equation, we obtain

=2%1 4 292 4 293,

ni
" e

V5
Dividing through 2% we get

2.9 8.7am
< max{2.9 L9e2-ar 9—a} < maX{Z.Q Lge2-ar —O‘} .
2a1 OZN1—2

/6711 anz _ 5712

292 4293 4 -
V5 V5

n2
<90l O‘—5 +0.45 < 2.9 max{2", a"}.

@ g g

V5

Hence we obtain the inequality

O gy

< 22.78 max {29274 27"}, 6.4.1
7 { ¥ (6.4.1)

In Step 1 we consider the linear form
A=niloga —ailog?2-1logVh
and assume that |A]| < 0.5. Further, we put
=t 1=am2u5 1
and use the theorem of Baker and Wiistholz (Theorem 6.3) with the data
=, ag=2, 053:\/5, by =n1, by=-a1, by=-1.

Since n; > a; we have B = n;. By simple computations, we obtain h'(aq) = %, h'(ag) =log?2 and
' (a3) = log /5.

Before we can apply Theorem 6.3 we have to show that @ # 0. Assume to the contrary that @ =0,
then o™ =+/5-2%. Let ¢ # id be the unique non-trivial Q-automorphism over Q(1/5). Then we
get

™ =/5.29 =—U(\/5-2‘“) =—-o(a™)=-p".
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However, the absolute value of o™ is at least a0 > 2 whereas the absolute value of —8™ is at
most |3°° < 1. By this obvious contradiction we conclude that & # 0.

Theorem 6.3 yields
log|®| > -C(3,2) (%) (log2) (log \/5) logn, —log2
and together with inequality (6.4.1) we have
min{(a; - as)log?2, (n1 —ny)loga} < 2.61-10"logn,.
Thus we have proved so far:

Lemma 6.5. Assume that (n1,n2,a1,a2,a3) is a solution to equation (6.1.1) with ny > ng >0 and
ay > as>ag>0. Then we have

min{(a; — as)log?2, (n1 - ny)loga} < 2.61-10"logn,.

Note that in the case that |A| > 0.5, inequality (6.4.1) is possible only if either a; —ag < 5 or
n1 —ne < 7, which are covered by the bound provided by Lemma 6.5.

Now we have to distinguish between

Case 1 min{(aj —az2)log2,(n; —ny)loga} = (a; —ag)log2 and

Case 2 min{(a; — a2)log2, (n1 —n2)loga} = (n1 —ng)loga.

We will deal with these two cases in the following steps.

Step 2: We consider Case 1 and show that under the assumption that (a1 — az)log2 < 2.61 -
10" logn; we obtain

min {(a; - az)log?2, (ni — n2)loga} < 8.5-10*(logny )%

Since we consider Case 1 we assume that

min{(a; - as)log2, (ny —no)loga} = (a1 — az)log2 < 2.61- 10" log n;.
By collecting “large” terms, i.e. terms involving ni, a; and ag, on the left hand side, we rewrite
equation (6.1.1) as

a™

V5

ﬁnl n9 no Oén2
— - +—| <2+ —+045
V5 V5 VB V5

— 2% 9a2| = |9a3 |
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and obtain that

a™

V5
at
5

Dividing through 75 we get by using inequality (6.3.4)

~292 (291792 4 1)| < 1.9max {2, 0"} .

1.
a2 V/5 (272 1) - 1] <max{ 95 2“3,1.9\/5a"2-"1}

a™

1.9v/5
< max{ 1_\{_ -2a371.9\/5a”2_"1}
a

2a
and obtain the inequality
7™ 2027/5 (217% +1) - 1| < 5.26 max {277 o™ ™} (6.4.2)

We shall apply Theorem 6.3 to inequality (6.4.2). Therefore we consider the following linear form
in logarithms:

Ay = —niploga+ aslog2 + log (\/5(2‘“_“2 + 1)) )
Let us assume for the moment that |A1] < 0.5. Further, we put
Py =M —1=a™292/5(297%2 £ 1) -1
and aim to apply Theorem 6.3 by taking
oa1=a, ag=2, ag= \/5(2‘“_“2 +1), by=-n1, by=az, bg=1.

Note that since n1 > a1 > as we have B = n;. Next, we estimate the height of as by using the
properties of heights and Lemma 6.5:

ho(as) < ho(V/5) + (a1 — az)ho(2) +log 2
<log\/5 + (a1 —a2)log2 +log2
<2.62-10%logn,

which gives h'(a3) < 2.62-10"3 logny. As before we have h'(c1) = § and h'(az2) =log2. By a similar
argument as in Step 1 we conclude that &, # 0. Now, we are ready to apply Theorem 6.3 and get

log|®1|>-C(3,2) (%) (log2) (2.62 10" lognl) logni — log 2
> —8.49-10%(logny )%
Combining this inequality with inequality (6.4.2), we obtain
min {(a; — az)log2, (n — n2)loga} < 8.5-10%°(logny ). (6.4.3)

Note that in the case that |A1] > 0.5 inequality (6.4.2) is possible, only if either a; —ag < 3 or
np —ng < 4. Both cases are covered by the bound provided by inequality (6.4.3).

At this stage, we have to consider two further sub-cases.
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Case 1A min{(a; —ag)log2, (n1 —nz2)loga} = (a; —asg)log2 and

Case 1B min{(a; —a3)log2, (n; —n2)loga} = (n; —n2)log a.

We will deal with Case 1A in Step 3 and with Case 1B in Step 4.

Step 3: We consider Case 1A and show that under the assumption that (a1 — a3)log2 < 8.5 -
10%(logn1)? and (ay —as)log2 < 2.61-10'logn; we obtain that

(n1 -n2)loga < 2.77- 10 (log ny ).

In this step we consider n1,a1,a2 and ag to be large. By collecting “large” terms on the left hand
side we rewrite equation (6.1.1) as

ni ni n2 n2 n2
%—2“1—2“2—2‘13 - %—%+% <%+0.45

and obtain that

a™

— 2% (1 42%7% 4 2%791)| < 0,907

V5

Dividing through % yields the inequality
a2 V/5 (1+20270 4 2097 ) — 1] < 2,020 7. (6.4.4)

We want to apply Theorem 6.3 to inequality (6.4.4) and consider the linear form
Ap=-niloga+ajlog?2+log (\/5(1 + 202701 4 2“3_‘“)) )
Let us assume that [44] < 0.5. Further, we put
Bp=eld—1=a7"2M/5 (142027 4295701y ]
and aim to apply Theorem 6.3 with
=, az=2, az=+5(1+29279 £29574)  p—_pn by=qap, bg=1.

Similarly as before we get that B =n;. Next, let us estimate the height of a3. Using the properties
of heights, Lemma 6.5 and inequality (6.4.3) we get

ho(as) < ho(V5) + (a1 — az)ho(2) + (a1 — ag)ho(2) +log2
<log\V/5 + (a1 —az)log2 + (a1 — a3) log 2 + log 2
<2.61-10%logn; +8.5-10%°(logni)? + log 2v/5
<8.51-10%(logn1)?,
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which gives h'(a3) < 8.51-10%¢(logny)?. As before we have h/(«ay) = %, h'(as) =log2 and @4 + 0.
An application of Theorem 6.3 yields

log|®4|>-C(3,2) (%) (log2) (8.51- 1026(logn1)2) logn; —log?2
>—2.76-10" (logny )®.
Combining this inequality with inequality (6.4.4) we obtain
(n1 —ng)log o < 2.77-10% (log ny ). (6.4.5)

Note that in the case that |A4] > 0.5 inequality (6.4.4) is possible only if ny —ng < 2. This is covered
by the bound provided by inequality (6.4.5).

Step 4: We consider Case 1B and show that under the assumption that (n; —ng)log2 < 8.5 -
10%5(logn1)? and (a; —as)log?2 < 2.61-10*logn; we obtain that

(a1 —a3)log2 < 1.39-10"(logn)3.

By collecting “large” terms to the left hand side, where we consider ni,n9,a1 and as to be large,
we rewrite equation (6.1.1) as

O L0 gm _gea| g BT P a5
V5 5 ) V5 V5 '
and obtain that
o'
L (@M 4 1) - 292 (29172 4 1)| < 1.45- 2%,
NG
Dividing through 22 (21792 + 1) we obtain the inequality
ni-ng 4
aragraz [ & L ) 4] 1 45.00m@ (6.4.6)
V5 (20142 4+ 1)

We want to apply Theorem 6.3 to inequality (6.4.6). Hence we consider the linear form

a™m2 4]
Ap =na2loga —aglog?2 +10g(m)

and assume that |Ap| < 0.5. Further, we put

Pp=elB _1=qm227% & -1
V5 (201-az2 4 1)
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and aim to apply Theorem 6.3 by taking

o™ 41

T Vs(2ue 1 1)

a1 =« a2:2, Qs b1=n2, b2=—a2, b3:1.

and get B = nj as in the steps before. Let us estimate the height of as. Using the properties of
heights, Lemma 6.5 and inequality (6.4.3) we get

ho(ag) < (n1 - ng)ho(a) + 10g2 + ho(\/g) + (a1 - ag)h0(2) + 10g2
1
= §(n1 —ng)loga+log\/5+ (a1 —ag)log2+2log?2
1
<3 (8.5 . 1026(logn1)2) +2.61-101logn +log4V5
<4.26-10*(logny)?,

which gives h'(as3) < 4.26 - 10**(logn1)?. A similar deduction as before yields h'(aq) = %, h(ag) =
log2 and &5 + 0. Now, we apply Theorem 6.3 and get
1 26 2
log|®p|>-C(3,2) 5 (log2) (4.26 - 10*°(log n1)?) log ng - log 2
>-1.38-10"(logn)?.
Combining this inequality with inequality (6.4.6), we obtain
(a1 —a3)log2 < 1.39-10%(logn)3. (6.4.7)

Note that in the case of |Ap| > 0.5, inequality (6.4.6) is possible only if a; — a3 < 1 which is covered
by the bound provided by inequality (6.4.7).

Step 5: We consider Case 2 and show that under the assumption that (ny — ng)loga < 2.61 -
10'31logny we obtain
(a1 —az)log2 < 4.26-10%(logn1 )%

Since we consider Case 2 we assume that
min{(a; — az)log?2, (n1 —nz)loga} = (n; —ny)loga < 2.61-10" logn;.

In this step we consider ni,ns and a; to be large and by collecting “large” terms to the left hand
side, we rewrite equation (6.1.1) as

7n1 ni n2
B +5— <2-2% 4045

V5 V5

o a?
— = -2 = (292 4 2% +
NGV
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and obtain that

n2

o
S (@M 1) - 29| < 2,45 2%
V5
Dividing through 2% we get the inequality
ni—ng 1
Q227 (%) ~1| < 2.45. 2 (a17a2) (6.4.8)

Similarly as above we shall apply Theorem 6.3 to inequality (6.4.8). Hence we consider the linear
form

a™™2 4]
Ag = nyloga — aq log 2 +log(T)

and assume that |A5] < 0.5. Further, we put

@2 = €A2 - ]_ = Oén22_a1 (—an1n2 * 1) - 1
V5
and
a™™"2 4]
o] = Q, 042:2, a3 = ———F, bl:n27 b2:_a17 b3:1'
V5

Once again this choice yields B = nj. Next, let us estimate the height of a3. Using the properties
of heights and Lemma 6.5 we find

ho(as) < (n1 —n2)ho(a) +log2 + ho(V/5)

1

§(n1 -ng)loga +log2 + log V5
1

< 5 (2.61 103 log nl) + log 2V/5

<1.31-10%1logn,

which gives h'(a3) < 1.31-10"* logny. A similar deduction as before gives h'(aq) = 3, h'(a2) =log2
and @, # 0. Thus by applying Theorem 6.3 we get

log|Po| > - C(3,2) (%) (log2) (1.31 -1013 lognl) logn; —log2
>—4.25-10%(logny )2
Combining this inequality together with inequality (6.4.8), we obtain
(a1 —az)log2 < 4.26-10*°(log ny ). (6.4.9)

Note that in the case of |A3| > 0.5, inequality (6.4.8) is possible only if a1 — ag < 2 which is covered
by the bound provided by inequality (6.4.9).
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Step 6: We continue to consider Case 2 and show that under the assumption that (n1—ng)loga <
2.61-10%1ogny and (a; - az)log?2 < 4.26 - 10*°(logn1)? we obtain

(a1 —a3)log2 < 1.39-10(logn)3.

We shall apply once more Theorem 6.3 to obtain an upper bound for (a;—ag)log2. The derivation is
very similar to Case 1B. By collecting “large” terms on the left hand side, we rewrite equation (6.1.1)
as

ni n2

g B

e e
29 ¢ — + —

NN VAN

By the same derivation as in Step 4 we obtain inequality (6.4.6), i.e.

a™ "2 4]
amyr | — | -1
()

We have the same setting as in Case 1B, except that the estimate for the height of as becomes

— 2% _ 9% < 2% +0.45.

< 1.45.2979,

ho(as) < (n1 = na)ho(a) +log2 + ho(V/5) + (a1 — az)ho(2) + log2

1
= 5(711 —ng)loga+log\/5+ (a1 —az)log2+2log?2

1
<3 (2.61-10" logny) +4.26- 10%(log n1)? + log 4v/5
<4.27-10*(logny)?,

which gives h'(a3) < 4.27 - 10%(logny)? instead of h'(a3) < 4.26 - 10%%(logny)? . Therefore by
applying Theorem 6.3 similarly as before we obtain

(a1 —a3)log2 < 1.39-10%(logn,)? (6.4.10)

which coincides with inequality (6.4.7). Table 6.1 summarizes our results obtained so far.

Table 6.1: Summary of results
Upper bound of Case 1A Case 1B Case 2

(a1 —ag)log?2 2.61-10logn; 2.61-108logn;  4.26-10%(logny)?
(a1 - az)log?2 8.51-10%%(logn1)? 1.39-10%(logny)® 1.39-10%(logny)?3
(n1-ng)logar  2.77-10*°(logn;)?  8.5-10%°(logny)?  2.61-1031logn,

Step 7: We assume the bounds given in Table 6.1 and show that niloga < 4.54 - 10°3(log n1)4,
hence nq < 4.1-10%2.
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We have to apply Theorem 6.3 once more. This time we rewrite equation (6.1.1) as

o (1+a™7™M) =291 (1 +2927% 429379 | = i + s <0.45
V5 V5o VBl
Dividing through % (1+ a™™™) we obtain the inequality
5(1 +292791 4 29370
‘a"12‘” (\/_( )) -1 <1.0la™™. (6.4.11)
1+qre-m

In this final step we consider the linear form

V/5(1 + 202701 4 gas—ar) )

A3 = —njloga + aplog?2 +log ( 1 + qn2—m
«

and assume that |A3] < 0.5. Further, we put

as—ai asz—al
¢3:e/13_1:a—n12a1(\/5(1+2 +2 ))—1

1+ n2™
We take

5(1 + 292791 4 20370
ap=a, Qg =2, 043:\/_( ), by =-ni, ba=ai, bz=1.
1+qn2—™m

Thus we have B = nj. By the results in Table 6.1 and similar computations done before we obtain
ho (043) < ho (\/g) + (a1 - ag) h0(2) + (a1 — ag) ho(?) + (n1 — ng)hg(a) + 210g2
1
< (a1 -az)log2+ (a1 —as)log2 + Q(m —n9)loga +log 45
<1.4-10"ogn1)?,

which gives h'(as) < 1.4-10%(logn1)3. As before we have h'(a1) = 1, h'(as) =log2 and @3 # 0.
Now an application of Theorem 6.3 yields

1
log | P3| > -C(3,2) (5) (log2) (1.4- 10*(log n1)3) logn; —log 2.

Combining this inequality with inequality (6.4.11) we get
nyloga < 4.54-10%3 (logny)*

which yields
ny <4.1-10%2.

Similarly as in the cases above the assumption |A3| > 0.5 leads in view of inequality (6.4.11) to
n1 < 0 which is impossible. Thus Proposition 6.1 is established.
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6.4.2 Proof of Proposition 6.2

Since the deduction of an upper bound for solutions to (6.1.2) is similar to the proof of Proposition
6.1 we only sketch the argument. In the case of equation (6.1.2), we have
QM- Mo T amiogms

NG NG

Step 1: Show that

min{(t; - t2)log?2, (my — msy)loga} < 2.61-10"logm;.

First, we rearrange equation (6.1.2) and make use of inequalities (6.3.6) and (6.3.7) to get

Olml 27151

V5

We consider I" = mj log a — t1 log 2 — log /5 with |I'| < 0.5. Further, we put

—1| < 14.67max {227 a7} (6.4.12)

-1
U=el —1=am2t/5 -1
and apply the theorem of Baker and Wiistholz (Theorem 6.3) with the data
a1 = «, a2=2, 0432\/5, b1=m1, b2=—t1, b3=—1,

i.e. B =m;. By a simple computation, we obtain h'(ay) = 3, h'(az) =1log2 and h'(a3) = log V/5.
Similarly as in the proof of Proposition 6.1 we may assume that ¥ # 0. Then Theorem 6.3 yields

log || >-C(3,2) (%) (log2) (log \/5) logmy —log 2

and together with inequality (6.4.12) we have
min{(t; - t2)log?2, (my — my)loga} < 2.61-10" logm;.
Thus instead of Lemma 6.5 we obtain now

Lemma 6.6. Assume that (my,mg, ms,ti,t2) is a solution to equation (6.1.2) with my > mg >
mg >0 and t1 >ty > 0. Then we have

min{(t; - t2)log?2, (my — msy)loga} < 2.61-10"logm;.

The scenarios for which |I'| > 0.5 can be easily dealt with. Now we have to distinguish between two
cases:
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Case 1 min{(t; - t2)log2, (m1 —mgy)loga} = (m; —ms)loga and

Case 2 min{(t; —t2)log2, (m1 —ms)loga} = (t; —t2) log2

We will deal with these cases in the following steps.

Step 2: We consider Case 1 and show that under the assumption that (m; —mg)loga < 2.61 -
10" logm, we obtain

min {(t; — to)log 2, (my — m3) loga} < 4.26-10%°(logm,)?.

We rearrange equation (6.1.2) and make use of inequalities (6.3.6) and (6.3.7) to get
am227t (gmiTm2 4 1) ~
V5

We apply Theorem 6.3 to inequality (6.4.13) by taking b; = mg, by = —t; and b3 =1, i.e. B =my
since m1 > mo,t1. Further, we choose a1 = a, as =2 and ag = O‘ml—\/rgz” Note that by our standard

| ¥ = 1

<12.31max {27(112), @ (mma) ) (6.4.13)

arguments we obtain that h'(a3) < 1.31-10%logm; and ¥; # 0. Finally we get

min {(t; - t2)log2, (m; — m3)loga} < 4.26 - 10%°(logm1)*.
At this stage, we have to consider the following two sub-cases for Case 1:

Case 1A min{(t; —t2)log2, (m1 —ms)loga} = (my —ms3)loga and

Case 1B min {(t; —t2)log2, (m1 —m3)loga} = (t1 — t2) log 2.

We will deal with these sub-cases in the steps below.

Step 3: We consider Case 1A and show that under the assumption that (mi —ms)loga < 2.61 -
103 logmy and (my —m3)loga < 4.26 - 10%5(logmy )? we obtain that

(t1 —t2)log2 < 6.94-10% (logm ).

We rearrange equation (6.1.2) and make use of inequalities (6.3.6) and (6.3.7) to get

Q™27 (1 4 @M 4 oMM

w:
| W4l 7

~1[<1.9.207", (6.4.14)
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_ (1+a™2m14am3 M)

We apply Theorem 6.3 to inequality (6.4.13) with B=my, a1 = o, ap =2, a3 = 7
Note that we have h'(a3) < 2.14-10%(logm;)? and ¥4 # 0. Therefore, we get

(t1 —t2)log2 < 6.94-10% (logm, ).

Step 4: We consider Case 1B and show that under the assumption that (mi —ms)loga < 2.61 -
10'3logmy and (t; —t2)log?2 < 4.26 - 10?5 (logm1)? we obtain that

(m1 —m3)loga < 1.4-10% (logm; ).

We rearrange equation (6.1.2) and make use of inequalities (6.3.6) and (6.3.7) to get

am22t2\/5( oti—ta | 1 )_ .

a™"m2 + ]

IZE <3.02a™ ™ (6.4.15)

VB(2t17241)

™12l

We apply Theorem 6.3 to inequality (6.4.15) by taking B =m, a1 = a, ag =2 and g =
With this choice we have h'(a3) < 4.27-10%(logn;)? and ¥p # 0. and we obtain

(m1 —m3)loga < 1.4-10%(logm; )3

Step 5: We consider Case 2 and show that under the assumption that (t1 — t2)log2 < 2.61 -
103 1logm; we obtain
(m1 —ma)loga < 8.5-10% (logm)>.

We rearrange equation (6.1.2) and make use of inequalities (6.3.6) and (6.3.7) to get
|0 = [a ™22/ (2971 4 1) - 1] < 40307 (™). (6.4.16)

We apply Theorem 6.3 to inequality (6.4.16) by taking B =mj, a1 = o, ag =2, ag = \/5(2t1’t2 + 1).
In this case we have that h'(a3) < 2.62-10%logm; and also ¥, # 0. Therefore we get

(my —ma)loga < 8.5-10% (logm; )2

Step 6: We continue to consider Case 2 and show that under the assumption that (t1 —t2)log2 <
2.61-10%1logm; and (m1 —ms)loga < 8.5-10%(logmy)? we obtain that

(m1 —m3)loga < 1.38-10"(logmy)3.
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Again we apply Theorem 6.3 to obtain an upper bound for (m; —mg)log a. The derivation is very
similar to Case 1B. In particular, we have

a‘m22t2\/5( oti—ta | 1 )_1

< 3.02aM37™
ami—mz 4]

and the same setting as in Case 1B, except that h'(a3) < 4.26-10%¢(logm1)2. Therefore Theorem 6.3
gives us
(m1 —ms3)loga < 1.38-10%(logm1)3.

Table 6.2 summarizes our results obtained so far.

Table 6.2: Summary of results
Upper bound of Case 1A Case 1B Case 2

line (my —mg)loga  2.61-10%logm; 2.61-10logm, 8.5-10%%(logmy)?
(my-m3)loga  4.26-10%(logmy)? 1.4-10*(logmy)®  1.38-10%(logm,)?
(t1 —t2)log?2 6.94-10%(logm1)® 4.26-10*(logm1)?  2.61-103logm,

Step 7: We assume the bounds given in Table 6.2 and show that my < 4.2-10%2.

Once again we have to apply Theorem 6.3. We rearrange equation (6.1.2) and make use of inequal-
ities (6.3.6) and (6.3.7) to get

a—m1 2t1 ( \/5(1 + 2t27t1) ) -1

1+ am27m1 4 M3~

| W) = <2.0207™, (6.4.17)

In our last step we apply Theorem 6.3 to inequality (6.4.17) by taking B = my, ag = o, ag = 2,
B V5(1+2t2711)
A3 = Trama-miiqmsmi -

Us + 0. Thus we get

By our usual arguments we show that h'(a3) < 1.41-10%(logm,)? and

my < 4.2-10%2

hence Proposition 6.2 is established.

Remark 4. The theorem of Baker and Wiistholz (cf. Theorem 6.3) [19] has a significant role in the
development of linear forms in logarithms. The final structure for the lower bound for linear forms
in logarithms without an explicit determination of the constant involved has been established by
Wiistholz [93] and the precise determination of that constant is the central aspect of [19] (see also
[20]). The reader may note that slightly sharper bounds for n; and m; could be obtained by using
Matveev’s result [64] instead. However, the improvement is insignificant in view of our next step,
i.e. the use of the method of Baker and Davenport (Lemma 6.4), in which our upper bounds for
n1 and mq are further reduced to a great extent.
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6.5 Reduction of the bound

In our final step we reduce the huge upper bound for n; obtained in Proposition 6.1 (respectively
my in Proposition 6.2) by applying several times Lemma 6.4.

6.5.1 Proof of Theorem 6.1

First, we consider inequality (6.4.1) and recall that
A=niloga —ajlog2—log V5.

For technical reasons we assume that min{n; — ng,a; — ag,a; — az} > 20. In the case that this
condition fails we do the following:

e if a; —ay <20 but a; —as,n; —ng > 20, we consider inequality (6.4.2), i.e. we go to Step 2;
e if a; —ag,a; —ag <20 but n; —ny > 20, we consider inequality (6.4.4), i.e. we go to Step 3;
e if a1 —as,m1 —n2 <20 but a; — ag > 20, we consider inequality (6.4.6), i.e. we go to Step 4;

e if ny —ng < 20 but a3 — ag,a; —ag > 20, we consider inequality (6.4.8), i.e. we go to Step 5;
then we consider inequality (6.4.6), i.e. we go to Step 6;

o if all a; —ag,a; —az,n; —ng < 20, we consider inequality (6.4.11), i.e. we go to Step 7.

Step 1: We show that a1 —as < 218 or nq —ngy < 315.

Let us start by considering inequality (6.4.1). Since we assume that min{n; — no,a; — as} > 20
we get |®] = led - 1] < 1, hence 4] < 1. And, since |z| < 2|e” - 1| holds for all z € (-1, 1) we get
|4] < 45.56 max{2927%1 ™27 "1} Then we have the inequality

. loﬂ _al + M <max{45ﬁ .2*(04170,2)7 45-56a(n1n2)}
log 2 log 2 log 2 —log B
<max {66 27" 712, GG (M=)}

0< ni

and we apply the algorithm described in Remark 3 with

_loga _ log(1/v/5)

- A, B) = (66,2 66, ).
7" g2’ M og2 (A, B) = (66,2) or (66,c)

Let us be a bit more precise. We note that -y is irrational since 2 and « are multiplicatively indepen-
dent, hence Lemma 6.4 is applicable. Let v = [so, $1,82,...]=1[0,1,2,3,1,2,3,2,4,2,1,2,11,... ] be
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the continued fraction expansion of 7. Moreover, we choose M = 4.1-10% and consider the 125-th
convergent

pi2s _ 2028312018571414606476009600985599840687019168230545776285240837
qi2s  2921621381175511963618293669947470310883223581600886270426241482

with ¢ = g195 > 6 M. This yields € > 0.24 and therefore either

1 .24 1 24
0y < 108(064/024) o100 0y -y < 108(604/0-24)
log 2 log a

ay — < 316.

Thus, we have either a; — as < 218 or nj; —ny < 315.

From this result we distinguish between

Case 1 a1 — a9 <218 and

Case 2 n; —ng < 315.

Step 2: We consider Case 1 and show that under the assumption that ay — as < 218 we have that
a1 —ag <225 or n1 —no < 324.

In this step we consider inequality (6.4.2) and assume that a; — a3, n] —ng > 20. Recall that
A1 = —niloga+aslog?2 +log (\/5(2“17‘12 + 1))
and inequality (6.4.2) yields that |4;| < 10.52 max{2_(a1_“3),of("l_"?)}. Then we get

Ny log o s log (1/ (V5 (24172 +1)))

0<
" log 2 2 log 2

< 16 max {27(6“7&3), af(m*m)} .

We apply the algorithm explained in Remark 3 again with the same v and M as in Step 1, but
now we choose (A4, B) = (16,2) or (16,«) and

log (1/ (V5 (2F +1)))
M= pE =
log 2
for each possible value of a1 —ao =k =0,1,...,218. With these parameters we run our algorithm

and obtain for each instance a new and rather small upper bound either for a; —ag or ny —ns. In
particular

q128 = 49310467685085622966403899548743583219671853934492723134649593651
is the largest denominator that appeared in applying our algorithm. Overall, we obtain

a1 —a3z <225 or ni-—ng<324.

Within Case 1 we have to distinguish between two further sub-cases:
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Case 1A a1 —-a3<225 and
Case 1B n1 —no < 324.

Step 3: We consider Case 1A and show that under the assumption that a1 — as < 218 and
a1 — ag < 225 we have that nq — no < 334.

In this step we consider inequality (6.4.4) and assume that n; —ng > 20. Recall that
Ag=-nyloga+ajlog?2 +log (\/5 (1+2%927% 4+ 2“3_“1))
and inequality (6.4.4) yields that [A4] < 4.04a~(™17"2) Then we get

log o 10g(1/\/5(1+2“2—01 +2a3—a1))
: —a +
“ log 2

0<|ng < 6o (m1—n2)

We proceed as in Remark 3 with the same v and M as in Step 1, but we use (4, B) = (6, «) instead.

Moreover we consider
log (1/v/5(1+27% +27))
- log 2

K= Rl

for each possible value of a; —ag =k =0,1,...,218 and a1 —a3 =1 =0,1,...,225 (with respect to the
obvious condition that a; —ag < a; —ag). As in the previous step we apply the algorithm described
in Remark 3 to each instance (k,!) and start with the 125-th convergent ’é = P12 4f ~ as before and

q125
continue with the algorithm until a positive ¢ is obtained for every k and [. Thus we can compute

log(6q/<)

- for the respective choices of ¢ and
oga

a new upper bound for ni —ne by the formula n; —ng <
€. Overall we obtain that

n1 —ng < 334.

Step 4: We consider Case 1B and show that under the assumption that aq — as < 218 and
ny1 — no < 324 we have that a1 — ag < 233.

Thus we consider inequality (6.4.6) and assume that a; —ag > 20. In view of Step 6 we perform
the following reduction by considering a; — as < 224 instead of a; — az < 218. Note that the same
inequality (6.4.6) will be used once more with a slightly higher upper bound a; —ay < 224 in Step 6.
Recall that

a™™"2 4]
AB = ’I’ZQIOgOZ— 0210g2 +10g(m)

and inequality (6.4.6) yields that |Ap| < 2.9-27(41793)  Then we get
loga log((a"l_m + 1)/ (\/5(2@—@2 + 1)))
+

0< .
"2 log 2 2 log 2

‘ <5.27(m7a),
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We apply our algorithm with the same v and M as in the previous steps, but we use (A, B) = (5,2)

and
_log((" + 1)/ (V5 (2" +1)))
- log 2

m= i,

for each possible value of a; —as = k = 0,1,...,224 and ny —no =7 = 0,1,...,324. We run

our algorithm starting with ¢ = ¢qio5 and compute the upper bound for a; — asz by the formula
log(5q/¢)
log2

pairs (k,r) for which the algorithm terminates we obtain

ay —asg < for respective choices of ¢ and e, provided the algorithm terminates. For those

a1 —as < 233.

However, in case that (k,r) € {(0,2),(0,6),(2,10),(4,18)} problems arise and our algorithm does
not terminate. This is because in these cases there exist multiplicative dependences between i ,,
2 and «. In particular, one can easily check that

?+1 a af+1 5 al%+1 s at®+l

-5 = ) =« 3 = 20(9
VR A V] 5V5 17V5
Using these dependencies we obtain
Ap =(ng+1)loga - (az +1)log?2, Ap = (ng+3)loga—aylog?2,
Ap = (ng+5)loga—azlog2 and Ap=(n2+9)loga - (az—1)log2
for (k,7)=1(0,2),(0,6),(2,10), (4,18) respectively. Thus we get
‘ as +1 5 ‘ as ‘ 5
- < ) Y- < )
no + 1 2a1—a3(n2 + 1) no +3 2a1-as (TIQ +3)
5 as —1 5

ag
- < d - <
‘7 g+ 5‘ Du1-as(ny +5) ‘7 2+ 9] 2003 (0 1 9)

respectively. If a; — ag < 211 the previous bound is still true. Now assume a; —ag > 211. Then
201743 5 4.2.10% > 10(ng +9), hence

) 1 5) 1
< <
201-a3(ng +1)  2(ng +1)2’ 201-a3(ng +3)  2(ng +3)2’
) 1 5) 1
< and <
2a1-a3 (n2 + 5) 2(n2 + 5)2 2“1_0’3(”2 + 9) 2(n2 + 9)2
respectively. By a criterion of Legendre each of Zzﬁ, n‘;i?), n‘;i5 ! d fé;é is a convergent to -~y
and we may assume that zzﬁ, n‘;i3, n‘;is and Z;gl) is of the form Z_; for some j =0,1,2,...,124.

Indeed, we may assume that j < 124 since qi95 > 4.2 10%2 > ny + 9 but Qo4 < 4.2 - 10%2. However it
is well known (see e.g. [16, page 47]) that

_ ‘ P
(sj+1 +2)q7 4
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and since max{s;.1:5=0,1,2,...,124} = 134, we have
1 5

13642 ~ 201-asq,

4q; q;

and ¢; divides one of {ng +1,n2 + 3,12 + 5,n2 + 9}. Thus the inequality
29173 ¢ 5.136(ngy +9) < 5-136-4.2- 1052

yields a; — a3 < 218. Hence even in the case that (k,r) € {(0,2),(0,6),(2,10),(4,18)} we obtain
the upper bound a; — ag < 233.

Step 5: We consider Case 2 and show that under the assumption that ny —no < 315 we have that
a1 —ag < 224.

In this step we consider inequality (6.4.8) and assume that a; — ag,a; — a3 > 20. Recall that

a™™2 4]
Ay =nologa —aqlog2 +10g(—
V5

and inequality (6.4.8) yields that |As| < 4.9-27(41792) Then we get

loga s log((a™"2 +1)/\/5)

<g§.27(ma2),
log 2 ! log 2

0< [ng

We apply our algorithm with the same v and M, but we use (4, B) = (8,2) and

_ log((a” + D/V5)
log 2 ’

- Mr

for each possible value of ny —ne =r =0,1,...,315. Similar as in Step 4 we obtain a; — as < 224,
except in the problematic case that r € {2,6}. However these two problematic cases can be treated
in a similar way as the problematic cases in Step 4. That is we find a multiplicative relation between
2, o and W and reduce linear form A, to a linear form in two logarithms and use the
theory of continued fractions to obtain also in these problematic cases upper bounds for a; — as.

Thus in any case we obtain a; — as < 224.

Step 6: We continue to consider Case 2 and show that under the assumption that n; —ng < 315
and a1 — ag < 224 we have that a1 — a3 < 233.

Now we have nq —no < 315 and a1 — as < 224 and we shall assume that a1 — ag > 20 and attempt to
reduce the huge upper bound for a; —agz with the use of inequality (6.4.6). This setting has already
been considered in Case 1B, where we obtained

a1 —as < 233.
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Table 6.3 summarizes our results obtained so far.

Table 6.3: Summary of results
Upper bound of (<) Case 1A Case 1B Case 2 Overall

a1 — az 218 218 224 224
a1 —as 225 233 233 233
n] — N2 334 324 315 334

Step 7: Under the assumption that ni —ng < 334, a1 —as < 224 and a1 — as < 233 we show that
ny < 343.

For the last step we consider inequality (6.4.11). Recall that

VB(1 + 29270 4 2as—ar) )

A3 =-nyloga+ay log2+10g( 14+ qn2—m
a

and inequality (6.4.11) yields that |A3| < 2.02a™™. Then we get

loga  log((1+a™™)/(V5(1+20 +207)))

log 2 ! log 2

-nq

0<|ny- <3«

We proceed as described in Remark 3 with the same v and M as in the previous steps, but we use
(A,B) =(3,a) and

log ((1+a7™") /(V5(1+27 +27)))

H=pElr= 10g2 3
for each possible value of a1 —as = k =0,1,...,224 , a1 —a3 =1 =0,1,...,233 (with respect to
the obvious condition that a; —az < a; —a3) and n; —ng =7 =0,1,...,334. Starting with gi25 we
compute the upper bound for ny by the formula nq < % for the respective choices of ¢ such

that € > 0. For all triples (k,,7) except
(k,l,r) e {(0,1,10),(0,3,18),(1,1,2),(1,1,6),(1,3,14),(3,3,10),(5,5,18)}

the algorithm terminates and yields
ny < 343. (6.5.1)

The problematic cases can be treated in a similar way as in Step 4 and yield similarly small upper
bounds for n;. In particular we obtain that n; < 343 in all cases. However this upper bound
contradicts our assumption that n; > 360. Therefore no further solutions to (6.1.1) exist and
Theorem 6.1 is proved.
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6.5.2 Proof of Theorem 6.2

We reduce the upper bound for m; obtained in Proposition 6.2 by applying several times our algo-
rithm described in Remark 3. We do this in a similar manner as in the proof of Theorem 6.1.

Step 1: We show that t1 —to < 218 or my — mo < 314.

First, we consider inequality (6.4.12) and deduce that

loga s log(1/V/5)

0<
i log 2 ! log 2

<max {43-27(172), 43q-(mom2)}

log o
log2

4.2-10%%) (A, B) = (43,2) or (43,a) and u = %. We consider the 125-th convergent % of vy
and obtain € > 0.24 and therefore either

 log(434/0.24)

We apply Lemma 6.4 with the same v = as in the case of Theorem 6.1.1, but we use M =

log(4 .24
<218, or ml—mQSM

t—t
1o log 2 log a

< 314.

Now, we distinguish between

Case 1 m; —mo <314 and

Case 2 t1 —ty < 218.

Step 2: We consider Case 1 and show that under the assumption that mi —ms < 314 we have
t1 — 1ty <226 or mp —mg < 326.

We consider inequality (6.4.13) and get

log o i log ((04m1_m2 +1) /\/5)

0<|m 1+

< 36 max {27(“%2), af(mrm?’)} .

. log 2 log 2

We apply our algorithm (cf. Remark 3) for each possible value of m; —mgy = k < 314 and the
algorithm yields 1 — t5 < 226 or my —mg <326 for all k=1,2,...,314 except k € {2,6}. These two
problematic cases can be treated by using continued fractions and Legendre’s criterion. Thus we
obtain in all cases that t; — t2 < 226 or mq — ms < 326.

Within Case 1, we distinguish between the following two sub-cases:
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Case 1A m1—-m3<326 and

Case 1B ¢ — 19 < 226.

Step 3: We consider Case 1A and show that under the assumption that mi — me < 314 and
m1 —mg < 326 we have t1 —to < 231.

We consider inequality (6.4.14) and get

log o . log ((1+a™m2™m1 4 qm37m1) [\/5)
—t1+

<6-27(t2),
log 2 ! log 2

0<([mq-

For each possible value of mj — mg = k < 314 and m; —mg =1 < 326 (with respect to the obvious
condition my — mg < my —mg) except for

(k,1) €£(0,3),(1,1),(1,5),(3,4),(7,8)},

our algorithm yields ¢; —t2 < 231. Note that the same upper bound can be concluded for the
exceptional cases by using continued fractions and Legendre’s criterion.

Step 4: We consider Case 1B and show that under the assumption that mi — meo < 314 and
t1 —to £ 226 we have m; —m3 < 336.

In view of Step 6 we consider mi —mo < 323 instead of m1 — mg < 314 as required in this step. We
consider inequality (6.4.15) and get

toga | los((@™om 11/ (VE(2071 4 1))

9o~ (mimma),
log 2 2 log 2 =

0< mo

By applying our algorithm for each possible value of m; —mg = k < 323 and t1 —t9 = r < 226 we
get m1 —mg < 336, except for (k,r) € {(2,0),(6,0),(10,2),(18,4)}). However, by using continued
fractions and Legendre’s criterion we obtain the same upper bound also for these exceptional cases.

Step 5: We consider Case 2 and show that under the assumption that t; —ty < 218 we have
mi1 —mo < 323.

We consider inequality (6.4.16) and get

log ot 108;(1/(\/5(2t1_t2 + 1)))

9 <12q7(mma),
log 2 log 2

0<|mso-
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For each possible value of t1 —to = r < 218 our algorithm yields m; — mo < 323.

Step 6: We continue to consider Case 2 and show that under the assumption that t1 —to < 218 and
my —mso < 323 we have m1 —mg < 336.

This situation is covered by Step 4 and we obtain that mj — mg < 336. Table 6.4 summarizes our
results obtained so far.

Table 6.4: Summary of results
Upper bound of (<) Case 1A Case 1B Case 2 Overall

mi —ma 314 314 323 323
mi—ms3 326 336 336 336
t1 —ta 231 226 218 231

Step 7: Under the assumption that t1 —ts < 231, m1 —mg < 323 and m1 — mg < 336 we show that
m1 < 353.

For the last step in our reduction process we consider inequality (6.4.17) and get

log o ‘ log((1+am2‘m1+am3—m1)/(\/§(1+2t2—t1)))
-1+

0 <|m 1 <6a ™.

. log 2 log 2

We apply our algorithm for each possible value of m; —mg = k <324 , my —mg =1 < 337 (with
respect to the obvious condition mj —mg < mj —mg) and t; —te =7 < 232 and get m; < 353 except
in the case that

(k,1,r) €{(0,3,0),(1,1,0),(1,5,0),(3,4,0),(7,8,0),(1,9,2), (11,12,2), (1,17,4), (19,20,4)}.

These exceptional cases can be treated by using continued fractions and Legendre’s criterion. Thus
we obtain the upper bound m; < 353 in all cases. But this upper bound contradicts our assumption
that m; > 360. Therefore, no further solutions to (6.1.2) exist and Theorem 6.2 is proved.

6.6 Appendix - Lists of solutions for Theorem 6.1 and Theorem
6.2

The solutions for Diophantine equation (6.1.1) in Theorem 6.1 are displayed below. Since F} = Fj,
the solutions involving F} are not displayed for the sake of simplicity.

Fy+Fy=20420420-3 Fy+Fy=2420420 -4
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Fy+Fy=2"4242=3, Fy+Fy=2"4+201+20 =4
Fy+Fy=2 4214205 Fy+Fy =2 +2t+ 2l =,
Fy+F;=22424+2%=¢, Fy+Fy=2'+24+20=5
Fy+Fy=2 4242l =6, Fy+F,=224+2°120=¢,
Fy+Fy=224+2420=7 Fy+Fy=22+2v 421 =3,
Fy+ Fy=22+22 421 =10, Fy+ Fy=23+2%4+9% =10,
Fo+Fy=22+2" 42 =38, Fe+Fy=22+22420=9,
Fg+ Fy =22 +22+2' = 10, Fg+ Fy=2%+2"+2° = 10,
Fe+Fy=22+2 492 =11, Fo+Fy=23+2249Y=13,
Fs+ Fg=2%+22+922 =16, Fr+Fy=23+2%420-13,
Fr+Fy=22+22 491 =14, Fr+Fy=23+22492=16,
Fr+Fy=23+23421 =18, Fr+Fy=2+29420-18,
Fr+Fg=2"+2249% =21, Fr+ Fr=2%+23 491 = 26,
Fe+Fy=2+22420=91, Fe+Fy=2Y+22 421 =92
Fy+Fy=28+234+923=24 Fy+Fy=2v+22 422 =94,
Fy+ F5 =2"+2% + 2! = 26, Fy+Fr=2"+2"+2' =34,
Fe+Fr=2°+20420-34, Fe+Fg=2°+234+2' =42,
Fo+Fy=2"+2%+ 2! = 34, Fy+Fy=2>+2Y+9" =34,
Fo+Fy=2°+2"4+20=35, Fo+ Fy=2%+2% 422 =36,
Fy+ Fy=2°+2"+ 2! = 36, Fo+Fy=25+2%420-37,
Fy+Fe=2"+2%+2" =42, Fy+ Fy=2°+2°+22 = 68,
Fo+Fy=20+2" 42! =68, Fio+ Fy=2°+2%+23 = 56,
Fio+ Fr=2°+2°+2% =68, Fio+ Fr=20+2'+ 2! =68,
Fio+ Fs =20+ 2%+ 2% =76, Fli+Fs=20+2°+20=97,
Fii+ Fig=25+206+2% =144, Fip+ Fio=2"+2%+2% =144,
Flo+Fy=20+20+2% =144, Fio+Fy=2"+2%+2% =144,
Fio+ Fy=2"+2%4+20 =145, Fio+ Fy=27+2%+ 2! = 146,
Fio+ Fs=2"+2%+23 =152, Flo+ Flo=2"+27+ 25 =288,
Fio+ Fig =28 + 2% + 2% = 988, Fis+ Fio=2"+27 +2° = 288,
Fis+ Fjg =28+ 2%+ 2% = 288, Fis+ Fyp =28 +206 421 =322,
Fig+F5=2%+27+2 =385, Fia+Fio=27+234+20 =521,
Fis+ Fo=2°+2"+22 =644, Fig+ Fio =20+ 2% + 2! = 1042,

Fi7+ Fy =219 429 4 2% = 1600, Fig+ Fg =2 + 29 + 25 = 2592.
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The solutions for Diophantine equation (6.1.2) in Theorem 6.2 are displayed below. Since F} = Fj,
the solutions involving F) are not displayed for the sake of simplicity.

Fo+Fo+Fy=20+20=2, Fo+Fo+Fy=214+20=3,
Fo+Fy+Fy=2"+20=2, Fo+Fy+Fy=2'+20=3,
Fa+Fy+Fy=2"+2 =4, Fy+Fy+Fy=2"+2 =4,
Fy+F3+F,=22+20=5, Fy+F3+F3=22+2=¢6,
F4+F0+F0:21+20:37 F4+F2+F0:21+21:47
Fy+Fo+F=22+20=5, Fy+F3+Fy=22+20=5,
Fy+Fy3+Fy=22+2' =6, Fy+Fy+Fy=22+2' =6,
Fy+Fy+F3=22+22=8, Fy+Fy+F=22+20=9,
Fs+Fo+Fy=22+2"=5, Fy+Fy+ Fy=22+2' =6,
F5+F3+F2:22+22:87 F5+F3+F3:23+20:97
Fy+Fy+Fy=22+22=8, Fy+Fy+F,=23+20=9,
Fy+ Fy+ F3 =23 +21 =10, Fy+ Fy+ Fy =23 + 21 = 10,
Fy+ Fy+ F3=23+22=12, Fo+Fo+Fy=22+22=8,
F6+F2+F0:23+20:9, Fo+Fy+ Fy=23+2' =10,
Fs+ F3+ Fy =23 +21 =10, Fs+F3+F3=23+22=12,
Fo+Fy+Fy=23+22=12, Fo+ Fy+Fy=2%+2%=16,
Fo+ Fs+ Fy=2%+2' =18, Fo+ Fg+ Fy=2%+2° =16,
Fo+Fs+Fy=24420-17, Fo+ Fs+F3=2"+21 =18,
Fo+ Fg+Fs =2 +2% =24, Fr+ Fy+ Fy =23+ 2% =16,
Fr+ Fy+ F3=24 420 =17, Fr+ Fy+ Fy=2%+2%=16,
Fr+Fy+Fy=24+20=17, Fr+ Fy+ F3=24+21 =18,
Fr+ Fs+ Fy=2%+2' =18, Fr+ Fs+ Fy =24+ 22 =20,
Fr+ Fg+Fy=2Y 423 =24, Fr+ Fr+ F5=25+2' =34,
Fy+ Fy+ Fy =2t 423 =24, Fys+Fy+ Fy=2%+2%=24,
Fy+ Fo+ Fy =2+ 2% =32, Fy+ Fg+ F5=2° +2' =34,
Fy+ Fr+ Fy=2%+2' =34, Fy + Fr + F3 =25 +22 = 36,
Fo+Fy+ Fy=2°+2' =34, Fy+ Fy+ Fy =25+ 22 = 36,
Fo+F3+ Fy=25+2% =36, Fo+Fy+Fy=25+2% =40,
Fy + Fy + Fy = 2° + 23 = 40, Fo+ Fr+ Fy=2°+2% = 48,
Fo+ Fy+ Fr =20 + 22 = 68, Fo+ Fy+ Fy = 2% +22 =68,

F10+F5+F5=26+20=65, F10+F6+F2=25+25=64,
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Fio+ Fs+ F3=2°4+2% =65,
Fio+ Fg+ Fy =25 +2% =68,
Fio+ Fio+ Fo =27 +2% =144,
Fi1+Fy+ Fy=25+20=-128,
Fi1+Fo+ Fy=2"+2% =144,
Fio+ Fo+ Fy=2"+2% =144,
Fio+ Fr+ Fy =27 +2° = 160,
Fio+ Fio + Fy = 2% + 25 = 288,
Fis+ Fs+ Fy =28 +2° =257,
Fis+ Fy+ Fy =28 +2° = 288,
Fiy+ F5+ F3=2%+2" =384,
Fig+ Fo+ Fy =2 +2% =1024,
Fig+ Fio+ Fs =29 + 27 = 1152.

145

Fio+ Fs+ Fy = 2%+ 21 = 66,
Fio+ Fr+ Fy =25 +2% =68,
Fiy + F5+ F3 =254+ 25 = 96,
Fi1+ Fo+ Fr =27 +2% =136,
Fii+ Fio+Fy=2"+2%=144,
Fio+ Fg+ Fg =27 +2° = 160,
Fio+ Fiq + Fio =28 + 25 = 288,
Fis+ Fg+ F3 =27+ 27 = 256,
Fis+ Fy+ Fy =28 +2% =272,
Fis+ Fyg + Fy = 2% + 25 = 288,
Fiy+ Fio+ Fro =22+ 25 = 576,
Fig+ Fo+ Fy =21 + 21 = 1026,
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