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Abstract

In this work, space-time variational formulations and their discretisations with conforming,
piecewise polynomial functions for the heat and wave equation are considered in a bounded
space-time cylinder Q with a finite time 7.

The main result for the heat equation is an unconditionally stable finite element method
of Galerkin-Bubnov type with piecewise linear, continuous functions, which is based on
a variational formulation in a subspace of an anisotropic Sobolev space. This space-time
variational formulation is analysed with the help of Fourier series, and a kind of Hilbert
transform is introduced. This leads to a symmetric and elliptic variational formulation
and hence, to a symmetric Galerkin discretisation of the first-order time derivative. For
the heat equation, unconditional stability for unstructured space-time meshes is proven.
In addition, error estimates in L?(Q), in H'(Q) and in an anisotropic Sobolev norm for
a tensor-product approach are derived. Finally, numerical examples, which confirm the
theoretical results, are presented.

For the wave equation, a space-time variational formulation in a subspace of the Sobolev
space H'(Q), which is not inf-sup stable, is used for a conforming space-time finite el-
ement method, which leads to a conditionally stable method, i.e. a CFL condition is
required. For a tensor-product approach, a stabilised finite element method with piece-
wise linear, continuous functions is investigated, where unconditional stability in L?(Q) is
proven. Furthermore, error estimates in L?>(Q) and in H'!(Q) are derived, and numerical
examples, confirming the theoretical findings, are given. In addition, existence and unique-
ness results for the wave equation as a partial differential equation in L?(Q) and in a weaker
sense than L?(Q) are proven, including isomorphic solution operators and corresponding
inf-sup conditions.



Zusammenfassung

In dieser Arbeit werden Raum-Zeit-Variationsformulierungen und deren Diskretisierung
mittels konformer, stiickweise polynomieller Funktionen fiir die Wéarmeleitungsgleichung
und Wellengleichung in einem beschrinkten Raum-Zeit-Zylinder Q mit Endzeitpunkt 7
betrachtet.

Fiir die Wiarmeleitungsgleichung ist das Hauptresultat eine unbedingt stabile Galerkin-
Bubnov-Raum-Zeit-Finite-Element-Methode mit stiickweise linearen, stetigen Funktionen
basierend auf einer Raum-Zeit-Variationsformulierung, welche in einem Unterraum ei-
nes anisotropen Sobolevraums formuliert wird. Diese Raum-Zeit-Variationsformulierung
wird mithilfe von Fourierreihen und einer Transformation, welche dhnlich zur Hilberttrans-
formation ist, analysiert. Daraus ergeben sich eine symmetrische und elliptische Variati-
onsformulierung und infolgedessen eine symmetrische Galerkin-Diskretisierung fiir die
erste Zeitableitung. Fiir die Warmeleitungsgleichung wird unbedingte Stabilitét fiir un-
strukturierte Raum-Zeit-Netze bewiesen. Weiters werden Fehlerabschitzungen in L?(Q),
inH! (Q) und in einer anisotropen Sobolevnorm fiir einen Tensorproduktansatz hergeleitet.
SchlieBlich werden numerische Beispiele, welche die theoretischen Ergebnisse bestétigen,
angegeben.

Fiir die Wellengleichung ist der Ausgangspunkt eine Raum-Zeit-Variationsformulierung in
Teilriumen des Sobolevraums H'(Q). Diese Raum-Zeit-Variationsformulierung ist nicht
inf-sup-stabil. Die Diskretisierung dieser Raum-Zeit-Variationsformulierung mittels einer
konformen Raum-Zeit-Finite-Element-Methode mithilfe von stiickweise linearen, stetigen
Funktionen fiihrt zu einer bedingten Stabilitit des Verfahrens. Das heif3t, fiir die Stabi-
litdat muss eine CFL-Bedingung zwischen der Orts- und Zeitmaschenweite erfiillt sein.
Um die CFL-Bedingung zu vermeiden, wird fiir einen Tensorproduktansatz eine stabili-
sierte Raum-Zeit-Finite-Element-Methode mittels stiickweise linearer, stetiger Funktionen
hergeleitet. Fiir diese Formulierung werden unbedingte Stabilitit in L?(Q) sowie Fehler-
abschitzungen in L?>(Q) und in H'(Q) bewiesen. Weiters werden numerische Beispiele,
welche die theoretischen Ergebnisse bestitigen, angegeben. Zu guter Letzt werden Exis-
tenz- und Eindeutigkeitssitze fiir die Wellengleichung als partielle Differentialgleichung
im L?(Q) und in einem schwicheren Sinne als L?(Q) bewiesen. Die zugehorigen Losungs-
operatoren sind Isomorphismen, welche entsprechende inf-sup-Bedingungen garantieren.
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1 INTRODUCTION

Standard approaches for the numerical solution of time-dependent partial differential equa-
tions are usually based on semi-discretisations in space and time, where the discretisation
in space and time is split accordingly, see, e.g., [150] for parabolic partial differential equa-
tions, and [32, 33] for hyperbolic problems. Interpreting such approaches in a space-time
sense, 1.e. the time variable is considered as an additional spatial variable, these methods
are related to tensor-product space-time methods, see, e.g., [16,48-50,85] for the parabolic
case, and [19,22,55,86,164] for the hyperbolic one. An alternative is to discretise the time-
dependent problem without separating the temporal and spatial variables, i.e. a space-time
discretisation. This ansatz may lead to unstructured decompositions of the space-time do-
main. The approaches of unstructured meshes are considered, e.g., in [116, 142-144] for
parabolic equations, and [42, 63,111, 130, 140] for hyperbolic ones. More references are
given in Chapter 3 for the parabolic equations, and in Chapter 4 for the hyperbolic prob-
lems. In general, the main advantages of space-time methods are space-time adaptivity,
space-time parallelisation and the treatment of moving boundaries. At a first glance, a dis-
advantage is that a global linear system must be solved at once. Therefore, fast solvers and
preconditioning are essential, which are not investigated in this work, see, e.g., [56]. In this
thesis only direct solvers and the GMRES method are used. However, space-time approx-
imation methods depend strongly on the space-time variational formulations on the con-
tinuous level. The focus of this thesis are space-time variational formulations for the heat
and wave equation, which result not only in inf-sup stable formulations but fit also very
well to conforming space-time methods with piecewise polynomial functions. In addition,
these space-time variational formulations might be useful for variational formulations and
their analysis of boundary integral equations and boundary element methods.

To motivate space-time approximation methods, space-time adaptivity is investigated in
the case of a space-time interpolation and in the case of an adaptive space-time boundary
element method for the spatially one-dimensional wave equation.

1.1 Space-Time Interpolation

For the approximation of a function u(x,t) depending on a spatial variable x € Q C R?,
d =1,2,3, and on a time variable t € (0,7) C R, where Q is a bounded Lipschitz domain
and T > 0 is a finite time, a better adaption of a sequence of arbitrary admissible and shape
regular decompositions (7y)y of the space-time cylinder Q := Q x (0,T) C R¢*! is possi-
ble in contrast to a tensor-product meshing of Q. As illustration, consider the rectangle

0=1(0,3) x(0,6) c R?
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with Q = (0,3) and T = 6 for the C?>(Q) function u;: Q — R,

1 3 3
s(t—x—2)0(x—1)°, x<tandt—x<2,
(o) = s(t—=x—=2)(x—1)°, x<tan x< (L.1)
0, else,
which is plotted in Figure 1.1, and for the piecewise smooth function uy: Q — R,
1 .
5 —t <t,
w(x,1) = { 2 [sin(zlx—=))I, x< (1.2)
0, else,

which is plotted in Figure 1.2.

un (X!t)

3

Figure 1.1: The smooth function u; of (1.1).

The given rectangle

C=

o=Tv=J%

=1

is decomposed into N uniform space-time triangles ¢, C R? with mesh size h as given
in Figure 1.3 for level 0, where M is the number of vertices {(x;,#;)}*,. The finite-

dimensional space S} (Q) = span{y;}1, C H'(Q) is the space of piecewise linear, con-
tinuous functions on these space-time triangles with the nodal basis functions yj;, and the
space-time interpolation operator I,: C(Q) — S}(Q) is defined by

Lv(x,t) =Y v(x,t)wi(x,t) for (x,t) € Q,

M=

1

1
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1.0

us(x,t) 0.

3

Figure 1.2: The piecewise smooth function u; of (1.2).

where v € C(Q) is a given continuous function, see Section 2.8 for details. Next, the
interpolation errors in ||-||;2(g) and |-|;y1 (o) for the functions uy,u, are investigated for a
sequence of uniform space-time meshes and for a sequence of adaptive space-time meshes.
The uniform refinement strategy is depicted for the levels 0, 1,2 in Figure 1.3. As adaptive
refinement strategy, Dérfler marking [41] with parameter 6 = 0.5 for the norm ||-[|2(g) is
used.

For the smooth function u, the adaptive meshing is given in Figure 1.4. The uniform
and the adaptive refinement strategies lead to optimal convergence rates with respect to
Il 72(0) and ||1(g)» see Table 1.1 and Figure 1.5. However, a comparison between the
uniform and the adaptive schemes shows that the adaptive scheme needs considerably less
degrees of freedom M for the same accuracy of the errors.

For the piecewise smooth function u;, the uniform refinement strategy results in reduced
orders of convergence, see Table 1.2. With the adaptive refinement strategy, the optimal
convergence rates are obtained, see Figure 1.7, and see Figure 1.6 for the meshes produced
by the adaptive scheme.

To summarise, a main advantage of space-time methods is the space-time adaptivity, as
depicted in Figure 1.4 and Figure 1.6, which is difficult to realise for standard approaches
based on semi-discretisations, where the discretisation in space and time is split accord-

ingly.
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Level O Level 1 Level 2
6 T T 6 T T 6 T T
5 5H 5
4 4 H 4
3 3 3
2 2 2
1 1 1
0 0 ‘ 0
0 1 2 3 0 1 2 3 0 1 2 3
X X X

Figure 1.3: Uniform refinement strategy: Starting mesh, the meshes after one and two
uniform refinement steps.

level M N lur — Iyl 2y eoc  |ug —Iyui|yig) eoc
0 15 16 5.122e-01 - 1.947e+00 -
1 45 64 2.302e-01 1.46 1.397e+00 0.60
2 153 256 5.797e-02 2.25 6.973e-01 1.14
3 561 1024 1.477e-02 2.11 3.537e-01 1.04
4 2145 4096 3.744e-03 2.05 1.788e-01 1.02
5 8385 16384 9.386e-04 2.03 8.957e-02 1.01
6 33153 65536 2.348e-04 2.02 4.481e-02 1.01
7 131841 262144 5.872e-05 2.01 2.241e-02 1.00
8 525825 1048576 1.468e-05 2.00 1.121e-02 1.00
9 2100225 4194304 3.670e-06 2.00 5.603e-03 1.00

10 8394753 16777216 9.176e-07 2.00 2.801e-03 1.00
11 33566721 67108864 2.294e-07 2.00 1.401e-03 1.00
12 134242305 268435456 5.735e-08 2.00 7.003e-04 1.00

Table 1.1: Interpolation errors for the function u; of (1.1) for Q = (0,3) x (0,6) for a uni-
form refinement strategy with the meshes of Figure 1.3.
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Level 15 Level 20 Level 25

6 T T 6 T T 6 L T
5 5F¢ 5

4 4+ 4
— -t -t

3 3 3

2 2+ 2

1 1r 1

0 0t ; 0

0 1 2 3 0 1 2 3 0 1 2 3
X X X

Figure 1.4: Adaptive refinement strategy for the function u; in (1.1).

level M N us—Ihuo|| 29y €0c  |uz —Ipuz|pyi(g)  €oc
0 15 16 7.373e-01 - 5.653e+00 -
1 45 64 7.423e-01 -0.01 5.437e+00 0.07
2 153 256 2.970e-01 1.50 4.021e+00 0.49
3 561 1024 1.044e-01 1.61 2.821e+00 0.55
4 2145 4096 3.613e-02 1.58 1.939e+00 0.56
5 8385 16384 1.257e-02 1.55 1.365e+00 0.51
6 33153 65536 4.404e-03 1.53 9.491e-01 0.53
7 131841 262144 1.549¢e-03 1.51 6.749e-01 0.49
8 525825 1048576 5.463e-04 1.51 4.717e-01 0.52
9 2100225 4194304 1.929e-04 1.50 3.364e-01 0.49

10 8394753 16777216 6.815e-05 1.50 2.355e-01 0.51
11 33566721 67108864 2.409e-05 1.50 1.681e-01 0.49
12 134242305 268435456 8.514e-06 1.50 1.177e-01 0.51

Table 1.2: Interpolation errors for the function u, in (1.2) for Q = (0,3) x (0,6) for a uni-
form refinement strategy with the meshes of Figure 1.3.
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Figure 1.5: Interpolation errors for the function u; of (1.1) for Q = (0,3) x (0,6) for the
adaptive refinement strategy with the meshes of Figure 1.4.

1.2 Boundary Element Method for the One-Dimensional Wave
Equation

As a second example, an adaptive boundary element method for the spatially one-dimen-
sional wave equation is investigated, see [161] for a summary. For details of the boundary
element method, see [70, 131, 141]. As a model problem, consider the wave equation

Ouu(x,t) — dett(x,t) = 0 for (x,r) € @ = (0,L) x (0,T),
u(x,t) = g(xt) for (x,t) € X={0,L} x[0,T], (1.3)
u(x,0) = du(x,0) = 0 forx € (0,L),

where g is a given Dirichlet datum and L > 0, T > 0. Define

[2(X):=L*(0,T) x L2(0,T) = {v = (zz) :vo € LX(0,T), v € L2(O,T)}
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Level 15 Level 20 Level 25
6 , , 61 . ; 61 . .
5 5H 5
4 4+ 4
4 -~ -~
3 3+ 3
2 2 F 2
1 1H 1
0 0 i 0
0 1 2 3 0 1 2 3 0 1 2 3
X X X

Figure 1.6: Adaptive refinement strategy for the function u in (1.2).

with the inner product

(vow)2x) = (V0. w0) 207y + (Ve W) 20y Tor viw € L2 (E)

and introduce the Sobolev space

HY (%) := {v = (:2) :vo € HY(0,T), vy € H'(0,T), vo(0) = vy, (0) = 0}

with the inner product
(v, W>Hg’(2) i= (90,9 wo) 20,7y +{9vL. OwL) 2oy forv,w e Hy (D),
see Section 2.2 for more details. In general, for w € L?(0,T), set w(t) := 0 for t < 0 or
t > T. The solution u(x,t) of the wave equation (1.3) admits the representation
u=Vdu—Wg inQ (1.4)

with the single layer potential 1 and the double layer potential WV, where d,u denotes the
unknown normal derivative of u on X. The single layer potential V is defined by

! t—|x| 1 t—|x—L|
Vw(x,t) = 5 wo(s)ds + 3 / wr(s)ds fortre€[0,T],x € (0,L)
0 0
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Figure 1.7: Interpolation errors for the function u; in (1.2) for Q = (0,3) x (0,6) for the
adaptive refinement strategy with the meshes of Figure 1.6.

for a density w = (wg,wr)' € L?>(X) with w = 0 outside of X. The single layer operator
V: L*(2) — H& (X) is given by

t —L
/wo(s)ds+ /WL(s)ds
V() :% 0 0 . reloT],
/wo(s)ds+/wL(s)ds
0 0

for a density w € L2(X). Hence, it holds d;(Vw) € L*(Z), i.e. 3;V: L*(X) — L*(X). In [7],
ellipticity and boundedness in L?(X) of the bilinear form ag(-,-): L>(Z) x L>(X) — R,

ag(w,v) := (dVw, V)LZ(Z) = <(81VW)0’V0>L2(0,T) + <(atVW)L»VL>L2(0,T)

for w, v € L*>(X), are proven. Therefore, the following variational formulation is uniquely
solvable:
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Find d,u € L*(X) for a given g € Hé’ (X) such that

1
aE(anu, V) = §<a[g, V)LZ():) + <a[(lcg>, V>L2(Z) Yv € L2<Z), (15)

where the double layer operator K is given for g = 0 outside of X by

Ke(t) = K (go) (t) = — (gL(’ _L>> for € [0,7].

gL 2 \go(t—L)

For a boundary element approximation, consider a decomposition of the lateral bound-

ary
No+NL

= T
i=1

into Ny + Nz boundary elements 7; with maximal mesh size & = max; |7;|, where N is the
number of boundary elements for x = 0 and Ny is the number of boundary elements for
x = L. The conforming ansatz space of piecewise constant functions

No+NL

2
—; CL* (%)

SH(E) =58 (0,T) x S) (0,T) = span { ¢}
is used to define an approximate solution wy, € 52(2). Then the discretisation of (1.5) to
find wy, € SY(X) C L*(X) such that
1
2

is equivalent to the global linear system

ag(wp,vy) = =(9,g, Vh>L2(Z) + <at(/Cg),vh>Lz(E) Yy, € 52(2) C LZ(Z) (1.6)

Viw=g

with the related system matrix V, € RM+N)*MNo+N) | the right-hand side g € RM+M
and the vector of unknown coefficients w € RM ™M of w), € 52(2). Note that the system
matrix V}, and the discretisation of the double layer operator K are calculated analytically,
whereas all other appearing integrals are computed by the usage of high-order integration
rules. Since the bilinear form ag(-,-): L*(X) x L*(£) — R is bounded and elliptic, the
discrete variational formulation (1.6) is uniquely solvable and unconditionally stable. By
Céa’s Lemma and standard error estimates, there follows the a priori estimate

[0t = will 25y < CB|| O]l s 5, (L.7)

for some s € [0,1] and a constant C > 0, where H*(X) = H*(0,T) x H*(0,T), see Sec-
tion 2.2. An approximate solution #i;, =~ u in the space-time cylinder Q is given by inserting
the approximate normal derivative wy, ~ d,u into the representation formula (1.4), i.e.

ip:=VYw,—Wg inQ. (1.8)
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To derive an adaptive mesh refinement on X, an a posteriori error estimator [136] is used,
which is based on the application of the normal derivative d, to the approximate represen-
tation formula (1.8),

1
Wy, i= Oplly, = Ewh -+ /C/Wh +Dg onk.
Here, the adjoint double layer operator K’ and the hypersingular boundary integral operator
D are used. Hence, the local error estimators

ni:= Hwh — Wh”Lz(Ti) ~ Han” - WhHLz(r,-)

fori=1,...,Nyg+ Np are computable, where the adjoint double layer operator X’ and the
hypersingular boundary integral operator D are calculated analytically. For an adaptive re-
finement strategy, a parameter 6 € [0, 1] is chosen and all elements 7; are refined, where

f; > 60 max ;. (1.9)
J

As numerical examples, consider L =3 and T = 6, i.e. Q = (0,3) x (0,6), for the exact
solutions u; and uy, which are given in (1.1) and in (1.2), with the smooth Dirichlet datum
g1i=1uyy € H(}, (X) and the piecewise smooth Dirichlet datum g; := uyy € H(}, (X). In the
case of the smooth Dirichlet datum g; = u; 5, the optimal order of convergence, i.e. s = 1
for the error estimate (1.7), is achieved by a uniform refinement strategy, see Table 1.3,
and by the adaptive refinement strategy (1.9), see Figure 1.8. Furthermore, the L?(Q)
error for the approximate solution (1.8) is given in Table 1.3. However, in the case of
the piecewise smooth Dirichlet datum g = uy|x, only reduced orders of convergence are
obtained, when using a uniform refinement strategy, see Table 1.4 and Figure 1.9. Note
that the full order of convergence is attained for the adaptive refinement strategy (1.9), see
Figure 1.9. A resulting sequence of adaptive meshes is depicted in Figure 1.10, where
different decompositions for x = 0 and x = 3 are used, i.e. a decomposition without time
slabs.

Remark 1.2.1. Acoustic scattering problems are often formulated in exterior domains,
i.e. in an unbounded domain. The boundary element method is suited very well for
such scattering problems, since only a meshing of the surface of the bounded interior
domain is needed. The starting point of the boundary element method is the correspond-
ing boundary integral equation. The standard approach of boundary integral equations
for the wave equation uses the Laplace transform with respect to the time variable, see
[20, 21, 71-73, 87, 132]. This Laplace transform method results in space-time varia-
tional formulations, where the related bilinear form is bounded and elliptic in differ-
ent norms, i.e. the Lax-Milgram Theorem is not applicable in the space-time domain
and related error estimates for a boundary element method are not optimal. See also
[1,57-62, 70, 121, 155, 156] for recent developments in this direction. In [6, 8, 69], an
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level No+Np ||dnuy _Wl,h”LZ(z) eoc |lug —dppllp2) e0C
0 2 1.33823e+00 - 7.26168e-01 -
4 1.14684e+00 0.22  4.49627e-01 0.69
8 1.10072e+00 0.06  3.24885e-01 0.47
16 8.06608e-01 0.45 1.46335e-01 1.15
32 4.02738e-01 1.00  3.75263e-02 1.96
64 2.04198e-01 0.98  9.55880e-03 1.97
128 1.03212e-01 0.98 2.49973e-03 1.94
256 5.17114e-02 1.00  5.95579e-04  2.07
512 2.58723e-02 1.00 1.56495e-04 1.93
1024 1.29381e-02 1.00  3.71371e-05 2.08
10 2048 6.46928e-03 1.00  9.78807e-06 1.92
11 4096 3.23467e-03 1.00  2.40515e-06  2.02
12 8192 1.61734e-03 1.00  5.99227e-07  2.00
13 16384 8.08670e-04 1.00 1.49398e-07  2.00
14 32768 4.04335e-04 1.00  3.77370e-08 1.99

O 0 1NN B~ W~

Table 1.3: Numerical results for the boundary element method (1.6) for the function u; in
(1.1) for Q = (0,3) x (0,6) for a uniform refinement strategy.

level No+Np ||dwz =woullpay)y  eoc  |ua—iippll 2y e0c

0 2 3.95477e+00 - 2.59835e+00 -

1 4 3.33217e+00 0.25 5.78383e-01  2.17
2 8 3.11643e+00 0.10 4.73586e-01  0.29
3 16 3.16575e+00 -0.02  4.10036e-01  0.21
4 32 2.37997e+00 0.41 1.77812e-01 1.21
5 64 1.66423e+00 0.52 6.10341e-02  1.54
6 128 1.15613e+00 0.53 2.28464e-02 142
7 256 8.07589¢e-01 0.52 8.15019¢e-03 1.49
8 512 5.67073e-01 0.51 3.29593e-03 1.31
9 1024 3.99491e-01 0.51 1.33215e-03 1.31

10 2048 2.81940e-01 0.50 5.98854e-04  1.15
11 4096 1.99168e-01 0.50 2.74489%-04  1.13
12 8192 1.40764e-01 0.50 1.32773e-04  1.05
13 16384 9.95104e-02 0.50 6.47539¢-05  1.04
14 32768 7.03558e-02 0.50 3.21587e-05 1.01

Table 1.4: Numerical results for the boundary element method (1.6) for the function u; in
(1.2) for Q = (0,3) x (0,6) for a uniform refinement strategy.



12 1 Introduction

T \\\HH‘ \\\HH‘ \\\HH‘ \\\HH‘ ]

s E

a  01f B
= g .
= - ]
5 - |
L0001 | E
= - .
< § .

0.001 |- | =¢— uniform
—— 0 =0.05
N—l

10 100 1,000 10,000

—_—

degrees of freedom N : =Ny + N

Figure 1.8: Numerical results for the boundary element method (1.6) for the function u; in
(1.1) for Q = (0,3) x (0,6) for the adaptive refinement strategy (1.9).

approach without the Laplace transform is considered for a screen problem in a two-
dimensional spatial domain, see also [2-5] for further investigations. In addition, the
work [77, 132] examines the boundary integral equations via semigroup theory and their
discretisations via the convolution quadrature method [105, 106], see also [23], and [104]
for a generalisation to variable time stepping. Note that this list of references is highly
non-exhaustive. However, a complete analysis of space-time variational formulations for
boundary integral equations of the wave equation seems to be still open. This motivates the
investigations of space-time variational formulations for the wave equation in the interior
and exterior of the space-time domain, see Chapter 4, since variational formulations of
boundary integral equations are highly related to the variational formulations within the
domain.

To summarise Section 1.1 and Section 1.2, one main advantage of space-time approxima-
tion methods, i.e. the space-time adaptivity, is realisable and leads to significantly lower
numbers of the degrees of freedom for achieving a desired accuracy.
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Figure 1.9: Numerical results for the boundary element method (1.6) for the function u; in
(1.2) for Q = (0,3) x (0,6) for the adaptive refinement strategy (1.9).
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Outline

The rest of this thesis is organised as follows: In Chapter 2 notations of distributions,
Sobolev spaces and discretisation methods are fixed and their most important properties
are repeated. In Chapter 3 the heat equation is examined, whereas in Chapter 4 the wave
equation is investigated, where a more extensive overview of the literature and an outline
of the different sections are given at the beginning of each chapter. In Chapter 5 a short
summary of this thesis and an outlook for future work are given.



2 PRELIMINARIES

In this chapter, notations for function spaces, distributions and discretisation schemes are
introduced and their most important properties are repeated. Furthermore, a short summary
for variational methods is given.

In the whole thesis, Q C R4, d = 1,2,3, is a bounded Lipschitz domain and (0,7) is
a time interval with the finite time 7" > 0. The bounded space-time cylinder is defined as
Q:=Qx(0,T) C R4, L:=9Qx[0,T] € R4 is the lateral boundary, and o := ZU Qg
with Qp := Q x {0}, 7 :=XUQr with Q7 := Q x {T'} are parts of the boundary dQ of
the space-time cylinder Q.

2.1 Distributions

As areference for the theory of distributions see, e.g., [68, 138, 152]. In this work, Cy (Q)
is the set of infinitely differentiable real-valued functions with compact support in Q. The
set C5’(Q) endowed with the, usual for distributions, locally convex topology is denoted
by D(Q) and is called the space of test functions on Q. The set of (Schwartz) distributions
D'(Q) is given by all linear and sequentially continuous functionals on D(Q), see [138].
For a locally integrable function v € L| (Q), the distribution 7 : D(Q) — R, defined by

loc
T,(¢) = / V(1)@ 1)dxds  for all € D(Q),
0

is associated uniquely with that function v € L\ (Q). Hence, the function v € L\ (Q) and
the related distribution 7;,: D(Q) — R are identified. Throughout this work, [J := d;, — A,
denotes the classical (pointwise) derivative for sufficiently smooth functions. Furthermore,
letOyp: D'(Q) — D'(Q) be the distributional wave operator for distributions D’(Q), where
for a distribution T: D(Q) — R, derivatives are defined as usual:

OoT(9) =T(0e) Yo €D(Q).

In particular, for Q_ 1= Q x (=0, T) C R¥*!, let Op_: D'(Q-) — D'(Q-) be the distri-
butional wave operator for distributions D’(Q_).

The sets C5’(0,7T'), Cy’ (L) and the spaces of test functions D(0,T), D(L) are introduced
analogously.

15
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2.2 Sobolev Spaces in (0,7)

For an introduction to Sobolev spaces on intervals, see the references in the Section 2.3 and
in addition, see [13, Kapitel 5] or [96, Chapter 8]. With the usual notations, the Hilbert
space H*(0,T), s > 0, is the Sobolev space of real-valued functions endowed with the
Sobolev-Slobodeckij inner product (:,-)ys(o 7y and the induced norm ||-| (o 7. Analo-

gously, H*(R) is the usual Sobolev space on the whole real line for s > 0. Note that
H*(0,T) C C[0,T] for s > 1/2, see [64, (1.4.4.6), page 27]. Hence, for s € (%,3) one
defines the subspaces

H; (0,T) :={ve H*(0,T): v(0) =0},
Hy(0,T) :={ve H*(0,T): v(T) =0}.

In particular, for s = 1 the Sobolev spaces Hol’(O,T) and H})(O,T) are endowed with the
inner products

T
g o) = (V) b o) 1= / (1) Apv(t)dr,
0

and with the induced norm

\”|H1(0,T) = Hat”HB(o,T) =

T
/\&u(t)\zdt.
0

For s = 1/2, one defines via function space interpolation the Sobolev space

Hy*(0,T) := [H} (0,T), L2(0,T)], 2

s

with the Hilbertian norm

T 2
- 2 u(t)|
il oy = || I+ [ 22
0

which is equivalent to the interpolation norm HH[HS (0.7),12(0.T)], p* SE€ [102, Théoréme
11.7, page 72] and [102, Remarque 11.4, page 75]. Analogously, set

HY?(0,T) == [H)(0,T), L*(0,T)); 2

with the Hilbertian norm

2
e ulo)
oy = ||l + [ 2
0
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There hold the representations

1/2(0 T)= {U|(OT) U e H"Y?(—,T) withU(t) = 0 for t < 0}

T
= {uec HY0,T): /lu dr < oo @2.1)
0

and

HY(0,T) = {UKO,T): U € H'/2(0,00) with U(1) = 0 for 1 > T}

H

T
—ueH?0,T): /’” df < oo b, 2.2)
0

see [102, Proposition 5.2, page 276] and [102, Remarque 11.4, page 75]. Because the
test functions CB"(O,T) are dense in H1/2(O,T), see [64, Theorem 1.4.2.4, page 25], the

sets H&/ 2(O,T) and H})/ 2(O,T) are dense in H'/2(0,T). Note that the constant function

1(t) == 1 fort € (0,7) fulfils 1 € H'/2(0,T), 1 ¢ Hy*(0,T) and 1 ¢ Hy/*(0,T) due to the
representations (2.1) and (2.2). Because the set

Cy(0.T] = {@07: ® €C5(0,0)}

is dense in H&(O, T), it follows by interpolation arguments that the set C;’(0,7] is dense in
HY 2(O T), see [102, Chapitre 1, Section 2.1, page 11], and analogously, the set

Col0.T) = {@or): @ €Cy(—o.T)}

is dense in H,i)/z(O,T). It even holds that the set Ci’(0,7) is dense in HS’/Z(O,T) and in
1/2(0 T), see Theorem 2.2.2.

Lemma 2.2.1. Th . , d db
e norm ||l defined by
el g2 .7 mf{ |0l U € HY(R) with Ujo.py = u. U(t) = 0 for t < o}

forue Hé/z(O, T), is equivalent to ||- ||H1/z
) 0,
by

(07T).Analog0usly, the norm |||.|||H},/2(O,T)’ defined

e | W or) = 1nf{||U||H1/2 ®: UeHl/z(]R)withUKo,T):u,U(t)=0fort>T}

1/2 . .
forue H’O/ (0,T), is equivalent to ||- HH})”(O,T)‘
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Proof. The proof is given only for the case of H ; 1/2 (0,T), the other case is proven anal-
ogously. By interpolation arguments, see [102, Proof of Proposition 5.2, page 276], the

extension operator £r: H 1/ 2(O T) — H'/2(0,00), defined by

Eru(t) = {u(f), 1€ (0,7),

0, t>T,

foru € H})/ 2(0, T), and the restriction operator Ry : H'/?(0,00) — H L/ 2(0, T), given by
RrU(t):=U(t)—-UQRT —t), t€(0,7T),

for U € H'/2(0,00), are bounded. For u € H})/Z(O, T), itholds Ry Eru = u and so, it follows

= [Rr&rull 2

e < CryllErulgizo.) < CryCerllul 1

(0.7)

1.e. the norms |-
(A

(0,7) (0,1)’

and u — [|Erul| 1720 ) are equivalent. Since ||| 1729 ) is

0.7)

equivalent to the norm
W inf{ ||U||H1/2(]R) . U € H'*(R) with Uj(0,00) = w} for w € H'/2(0,00),

see [160, Satz 5.3, page 100] with a natural extension by reflection in # = 0, the assertion
follows. O

Theorem 2.2.2. The set C3(0,T) is dense in Hy/*(0,T) and Hy *(0,T).

Proof. The proof is given for H L/ 2(O T). Because of the density of the set C;’[0,7) in

HY 2(0 T), it remains to prove the density of Ci’(0,7') in Ci’[0,T) with respect to the norm

H H V20,7 Therefore, fix an element ¢ € C;°[0,T) with supp(¢) C [0,R], T > R > 0. Take

an arbltrary extension V € C3(R) € H'/?(R) with Viory =@ and V(¢) =0 fort > T,
Le. Vi) € Cg [0,00). The result [102, Lemme 11.1, page 60] yields for X =Y = R that
there exist sequences (Wy),en C C5(R) and (&,)nen C (0,7) such that y,(z) = 0 for
t € (—&€n,€y), ie. W, vanishes in a neighbourhood of = 0, and [y, — V|12 () — O as
n — oo. Consider a cutoff function y € g’ (R) satisfying 0 < x <1, o5 = 1 and (1) =0
for ¢t > H see [160, Folgerung 1.2, page 18] for the existence of such function. Note
that supp(x) (—o0,T) and hence, ((Wu - X)|(0,1))nen C C5'(0,T) is the desired sequence.
With Lemma 2.2.1 and the local property [102, Théoreme 7.2, page 36] of H 1/ Z(IR) it
follows

I 2)i0) = @l 0.y = 10 Do) =00 Pl 0
< H\ (W 2))(0.1) _%\(O,T)‘PWH,B/Z(O,T)

< Cillx(Wn = V)l g2y
< C1Cyllwn _VHHI/Z(]R) —0 asn—r oo,
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where the constant C; > 0 comes from the norm equivalence of Lemma 2.2.1 and the
constant Cy > 0 depends on the cutoff function y and therefore, on ¢. 0

The dual spaces [Hé (0,7)]" and [H})(O,T)]’ are characterised as completion of L2(0,T)
with respect to the Hilbertian norms

o gV o1
Hg“ [H(} o,7)) -— sup ’Vl
' 0#veH, (0,T) H(0,T)
and

‘(f’W>(0T)|
Aoy = swp T,
[H(0.7)] 0wer)(0.) ’W’HI(O,T)

where (-, -) o,r) denotes the duality pairing as extension of the inner product in L%(0,T), see
[160, Satz 17.3, page 258]. In other words, for [H&(O, T)) and [H})(O, T)]', there exist inner
products (-, '>[Hd’(0,T)]’ and (-, '>[H})(0,T)}” inducing the norms || - ||[H&(0’T)]/ =./(, '>[H&(0,T)}’
and || - H[H,b(O’T)]’ =./(, '>[Hb(0,T)}” i.e. with these abstract inner products, [Hj (0,7)]" and
[H})(O, T)]" are Hilbert spaces, see [158, Satz V.1.7, page 222].

Analogously, the dual spaces [H(i/ 2(O,T)]’ and [H})/ Z(O,T)]’ are Hilbert spaces charac-
terised as completion of L%(0,T) with respect to the Hilbertian norms

I8l g2y = sup Wﬂ
o 0#veHy*(0.T) Y 01)
and
Whpory = o W%T)‘ 2.3)
O#weH | *(0.T) HY2(0,7)

2.3 Sobolev Spaces in Q

For a general introduction to Sobolev spaces see, for example, the books [31,64,119,160],
and for function space interpolation, see [26, 102, 103, 153]. For s > 0, the usual Sobolev
spaces of real-valued functions H*(Q), H}(Q) are endowed with the Sobolev-Slobodeckij
inner product (-,)ys(q) and the norm ||-||;sq). For the subspace H}(Q) C HY(Q), the
inner product

<“9V>H(§ @) = (Vxit, Vav) 12 = /qu(x) Vo(x)dx, u,v€H)(Q),
Q
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and the induced norm

iy = gy = \ /ey = [ [ IV Pax. we H ().

Q

are considered. For a type of Fourier series approach in Chapter 3 and Chapter 4, the
eigenfunctions ¢; € H} (Q) with eigenvalues y; € R, satisfying

—A¢i =9 inQ, ¢ =0 ondQ, |[f2q =1 (2.4)

for i € N, are used, see [97, Theorem 4.1 in Chapter II, page 60]. Note that the eigenfunc-
tions ¢; form an orthonormal basis in L?() and an orthogonal basis in H} (Q). In addition,
the eigenvalues p; satisfy

O<uy <w<uz<... and Y —>ocasi— oo,

Hence, for a function u € L> (Q), there holds
M

u—Y uif;
i=1

ie. u=Y7" u¢in L*(Q), with the coefficients

—0 asM — oo,
L2(Q)

u = /u(x)(bi(x)dx e R,
Q
and the L?(Q) norm is given by

lullr2) = [ Y -

i=1

Analogously, for a function u € H(} (Q), there holds

—0 asM — oo,

M
Vie— Y uiVi0;
i=1 12(Q)

ie. u=Y7, u9; in H}(Q), with the coefficients

u; = /u(x)gbi(x)dx ceR
Q

and the H!(Q) seminorm is given by

’”’HI(Q) = Z“i”iz-
Vi<t



2.4 Hilbert Tensor-Product and Bochner Spaces 21

The dual space [H}(Q)]’ is a Hilbert space characterised as the completion of L?(Q) with
respect to the Hilbertian norm

gV
8l (yp = sup -v)al (2.5)

omveny@) V(@

where (-,-)q denotes the duality pairing as extension of the inner product in L?(Q), see
Section 2.2.

2.4 Hilbert Tensor-Product and Bochner Spaces

For an introduction to the algebraic tensor-product ® and to the Hilbert tensor-product &,
see [15, Chapter 12], [157, Unterkapitel 1.6], [128, Section 11.4] or [152, Part III]. For
Bochner spaces, see also [160, Kapitel IV], [162, Chapter 23], [82, Chapter 1 and 2], [139,
Kapitel 10], [110, Chapter 2] and the recent work [12]. In this section, let H be a separable
real Hilbert space with inner product (-,-),; and let Q; C R%! and Q, C R%2 be bounded
Lipschitz domains with dy,d, € N. Consider the Bochner space LZ(Ql ;H) of classes of
measurable vector-valued functions U: Q1 — H, i.e. for each element U € L?(Qq;H) it
holds
U(y) e H foralmostallyec Q,

such that

U205 =

The Bochner space L2(Q1; H) is a Hilbert space with respect to the inner product
<U’V>L2(Q1;H) = / <U(y),V(y)>de
Q)

The dual space [L?(Q;;H)]’ and the Bochner space L?(Q;H’) are isometric, see [82,
Corollary 1.3.22, page 54] and see also [162, Section 23.3]. Furthermore, the Bochner
space L?(Q1;H) and the Hilbert tensor-product L?(Q;)®H are isometric, i.e.

L*(Q:H) ~ L*(Q))&H ~ HOL*(Q),
see [15, Theorem 12.6.1, page 304].
For m € Ny, the Bochner Sobolev space is defined by

H"(Q:H) :={U € L*(Q:H): dfU € L*(Q;H) for |ot| < m}
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where d, is the distributional derivative on Q; with respect to y for vector-valued functions
and o = (Qp,...,0,) € }Ng‘ is a multi-index. With the inner product

0V o= [ WOV Oty + T [ GV 0)
Q alsmg,

for U,V € H"(Q;H), the Bochner Sobolev space H"(;H) is a Hilbert space. Further-
more, the Bochner Sobolev space H™(Q;H) and the Hilbert tensor-product H"(Q)&H
are isometric, i.e.

Hm(.Q.l;H)ZHm(Q.l)@HZH@Hm(Q]), (2.6)

see [15, Theorem 12.7.1, page 307].

As a first special case, for m = 1 and Q| = (0, T), it holds the Sobolev embedding theorem
[110, Proposition 2.46, page 46], i.e.

H'(0,T:H) C C([0,T]:H) 2.7)
with a continuous embedding. Therefore, as in Section 2.2,
H} (0,T;H) :={V € H'(0,T;H): V(0) =0in H},
H4y(0,T;H):={V e H'(0,T;H): V(T)=0in H}
are subspaces of H'(0,T;H).
As a second special case, consider H = H?(£;) with p € Ny. Then the space
Hg’m(gz X Ql)
- {u €L2(Q x Q1): % 0% ue L2 (Qy x Q) for |o?| < p,

o 1‘ < m} ,
with the inner product

2 1 2 1
_ o o o o
<u’ V)Hg’m(szQI) - <ax ay u’ax 8y 4

) ,
|o2[<p ot [<m L2(QyxQy)

where d, and 8y denote the distributional derivatives with respect to x and y on Q; and Q,
is isometric to H™(Q; HP (L)), i.e.

Hgm(Qz X Q.]) ~ Hm(Q.l;Hp(Qz)) ’in(.Qz;Hm(.Ql)) ZHP(Qz)@)Hm(.QI), (2.8)

see [15, Theorem 12.7.2, page 308] and (2.6). Thus, for m = p = 0, the relation (2.8)
states

L2(Q x Q) ~ L2 (Q; L2 (Q))) ~ L2 (Q: L2 (Q)) ~ L*(Q) QL (L),
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see also [128, Theorem II.10, page 52] and [139, last line, page 188]. Hence, for a separa-
ble Hilbert space H C L?(Q;,), the Bochner space L*(Q;H) C L?(Q;L*(Q,)) and the L?
subspace

{ueLl*(QxQ): yu(-y) € L*(Q;H)}, (2.9)

endowed with inner product
() 1= [ (U3 0(9))
Q

are isometric by the bijective isometry ® given by u(x,y) := (®U)(x,y) := U(y)(x) for
(x,y) € Qo x Q1, U € L*(Q1; H). Therefore, for a separable Hilbert space H C L*(Q;), the
Bochner space L2(Q; H) is identified with the subspace (2.9) of L?>(Q, x Q), hence, one
writes

LX(QiH) = {uc L*(QxQ): yu(-y) € L*(Q;H)}.

Analogously, for a separable Hilbert space H C L*(Q;) the Bochner space L?(Q;;H) is
identified with a subspace of L> (Q7 x Q1), hence, one writes

L*(Qy;H) = {ue L2(Qy x Q) x> u(x,) €L2(QZ;H>},

where this subspace of L?(Q, x Q) is endowed with the inner product

Q

With these identifications, the anisotropic Sobolev spaces are defined for 0 < r € R,
0<seRas

H™(Qy x Q1) 1= L*(Q:H"(Q)) N L2 (Qy: H (Q1)) C L2(Q) x Q1) (2.10)
with the inner product
(V) prs(@, <)) ¢=/<u(-,y),V(-,y)>Hr(Qz>dy+/<u<x,-),V(x,-)>Hs(gl)dx-
Q Q

For integers r and s, simpler characterisations of the spaces H™*(Q, x ) are given. For
p e N, m=0, it holds

HPO(Qo x Q1) =du € 12(Q2 x Q1) 0% u € L2(Qa x Q) for |a?| < p
X

—HPO(Q x Q1) = L*(Q1; HP (Q))
ZHP(.Qz;L2(Q1)) >~ HP(Q2)®L2(Q.1)
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with the inner product

2 2
(u,v)Hp,O(szQI) = Z <axa u, 9y’ v>L2(

and analogously, for m € N, p = 0, it holds
HO™(Q) x Q) = {u e L2(QxQ): a;”u € L*(Q x Q) for |a!| < m}
—H2™(Q x Q1) = L2(Q; H™(Q))
ﬁHm(.Ql;Lz(Qz)) ZLZ(.Qz)@Hm(Q])

with the inner product

1 1
o o
(V) om(@, <) <8y u, 0y v>L2(szg21)'
|a1 |§m

As a last special case, consider the interval Q; = (0,7"). For 0 < s € R\ N, the space
H*(0,T;L*(€3)) is defined via function space interpolation endowed with the inner prod-
uct () grs(0,7:12(0)) 7= (") 12(@:15(0,7)) @nd with the to the interpolation norm equivalent
norm ||+[[2(q,.xs(0.7)» s€€ [103, page 8]. So, in the following, the spaces H*(0, T:L*(Q;))
and LZ(QZ;H $(0,T)) are identified, hence, one writes

L2(Q:H*(0,T)) = H*(0,T;L*(Qy)). (2.11)

2.5 Sobolev Spaces in Q

In this section, the notations and identifications of Section 2.2, Section 2.3 and Section 2.4
are used.

For an introduction to anisotropic Sobolev spaces, see [102, 103] and for a short summary
see [35, Chapter 2].

For0 <reRR,0<s € R, one defines as in (2.10), see also (2.11), the anisotropic Sobolev
space

H™(Q):==L*(0,T;H"(Q)) NH*(0,T;L*(Q)) ~ (H(Q)&L*(0,T)) N (L2 (Q)EH*(0,T)),

which is a Hilbert space with respect to the inner product

I/l V H” / H’ dt+/ Hs(o T)dx
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for u,v € H*(Q). Note that for r = s = 1, there hold
H'(Q)=H"'(0) cC([0,T];L*(Q)) (2.12)
with a continuous embedding, see (2.7). The subspace
Hy:'(0) == H'(0,T:L*(Q)) NL*(0,T; Hy (X))

is endowed with the inner product

T
() 1 ) = / / (O, ) av(x, 1) + Vau(n,1) - Vov(x0)) deds (2.13)
0 Q

and the induced norm

T d
g = [ 11 ) = / / <|a,u(x,t)|2+ le8xmu(x,t)|2> duds
0 Q "=

Note that in H(};’l(Q), the seminorm |-|;10) is a to ||| (o) equivalent norm due to the
Poincaré inequality. The subspaces

1/2

Hyjy (Q) := Hy (0.T;L7(Q)) NL*(0,T: Hy (Q)) (2.14)
and

Hyo(Q) := Hpp(0, T L*(Q)) N L*(0,T; Hy (Q))
are endowed with the inner product (2.13) and the induced norm [-[ 1) -

For functions defined in €, the standard trace operator

. HY(Q) = H'2(0Q)

is bounded, i.e. Hy(i)mZHH'/Z(aQ) < CTI-”ZHHI(Q) with a constant Ct; > 0, where the Sobolev

space H 1/ 2(89) is the usual trace space, see [34, 64, 119, 160] for more details. The
extended trace operator
b L(0.T:H' (Q)) — L(Z) (2.15)
satisfies the relation
y(if;v =vy forve L*(0,T;C(Q)),
the relation

int

by =0 <= vel*0,T;Hj(Q)),

and with the same constant Ct, > 0 as yé)m, the boundedness estimate

int
v
H Y0 L2(X)

L2(x)

< CTrHVHLZ(O,T;Hl(Q))’
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see [12, Theorem 6.13, page 21]. Hence, the representations
1,1 o 1 - |[4int, _
Ho; (Q) = {v €EH (Q): 0 L) = O},

H&;&(Q) = {v ceHY(Q): On; 2(3) = HV(',O)”LZ(Q) = 0} ,

Hh(©@) = {v e w1 @) ], = - Tliey =0

L2(%)
are valid.

The dual spaces [HO 0. (Q)] and [Hé;”lo(Q)]’ are characterised as completion of L?(Q) with
respect to the Hilbertian norms

el o = sup e
[ 0;0,(Q)] 07év€H5;’&(Q) |V‘H](Q)

and

HfH[Hl,l (Q)]/ = Sup M
0;,0 oyéwEH(};’,lo(Q) ’W’HI(Q)

b

where (-,-)o denotes the duality pairing as extension of the inner product in L*(Q), see
Section 2.2.

For s = 1/2, one defines via function space interpolation the Sobolev space
12
Hy/?(0.7:L7(Q) 1= [y (0.T:L%()). L*(0.T: ()] 2

with the Hilbertian norm

T

o 2 u(-, )HLZ(Q)
”uHH&/z(O,T;LZ(Q)) . HMHHI/Z(O’T;LZ(Q))+/fdt, (216)
0

which is equivalent to the interpolation norm, see [102, Théoreme 11.7, page 72] and [102,
(5.8), page 276]. Analogously, set

Hy*(0,7;12(Q)) = [H)(0,T;L2(Q)), L2(0,T; L2 (Q))], /2

with the Hilbertian norm

T
2 IIL2
||u||H1)/2(O,T;L2(Q)) = ||u||H1/2(O,T;L2 / t. (217)

0
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There hold the representations

HY*(0,T;17(Q)) = {V|Q: v € H'/2 (o0, T;LX(Q)) with v(-,1) = 0 in L2(Q) for 1 < 0}
T 2
ul-,t
—due HV2(0,T;12(Q)): /Mdl < oo (2.18)
0

and

HY?(0,T;L%(Q)) = {V‘Q' v € H'2(0,00,[2(Q)) with v(-,7) = 0 in L2(Q) for 1 > T}
r luC-, ||
2
= ueH'*0,T;L*(Q / PO g <o, (2.19)
0

see [102, Proposition 5.2, page 276] and [102, Remarque 11.4, page 75]. Because the test
functions
G (Q)@Cy(0,T) =span{¢ -y € (5 (Q): ¢ € (5'(Q), w € G5 (0.T)} C G5 (Q)

are dense in L2(Q)&H'/2(0,T) ~ H'/2(0,T;L*(Q)), see [64, Theorem 1.4.2.4, page 25],
[157, Satz 1.63, page 62] and for the tensor-product of functions see [ 152, Example II, page
407], the sets Hé’/z(O,T;LZ(Q)) and H’B/z(O,T;Lz(Q)) are dense in H'/2(0,T;L*(Q)).
Note that the constant function 1(x,7) := 1 for (x,r) € Q fulfils 1 € H'/2(0,T;L*(Q)),
1¢ Hl/z(O,T;Lz(Q)) and 1 ¢ HI/Z(O,T;Lz(Q)) due to the representations (2.18) and
(2.19).

The first spaces needed for the heat equation are the anisotropic Sobolev spaces

Hy*(0) = Hy/*(0.T:L3(Q)) N L*(0.T: H} (),

Hy! §7(0) := Hg > (0, T3L7(Q)) N L2 (0, T3 HY ()

endowed with the Hilbertian norms
- 2 \V/ 2
Mhgaze \/HVHH&/Z(O,T;LZ(Q)) Vel

R 2 2
Ml = \/”WHH}/2<0,T;L2(Q>) IVl o) (2.20)

The dual spaces [Héé/ 2(Q)]’ and [Hé;’}()/ 2(Q)]’ are characterised as completion of L?(Q)
with respect to the Hilbertian norms

[{g:v)l
||8||[H1_,1/2(Q)], = sup H"H—Q
" 0vergy () 1 Hy, ()
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and 1wl
W
||fH[H1_’1/2(Q)}/ = sup ||W|| g s
0:,0 04w eHl 1/2 0) H(;;’,]O/Z(Q)

where (-,-)o denotes the duality pairing as extension of the inner product in L*>(Q), see
Section 2.2.

A second space needed for the heat equation is introduced. Therefore, one defines
W(Q) :=L*(0.T: Ho (Q)) NH'(0.T: [Hy (Q))) (2.21)
~ (Hp (Q)OL*(0.7)) N ([Ho () &H'(0,7)),

which is a Hilbert space with the inner product

//Vxl/t Xt xv Xt dth+/ 8[u atv »[Hé(ﬁ)]’dt’

see [160, Satz 25.4, page 380], and the norm is given by
1/2

llly o) //|quxt ) dxdt—i—/||8,u Wpayd | -~ @2

0 Q

where the Hilbertian norm in the dual space [H}(Q)]’ is given as in (2.5) for t € (0,T)

by
du(-,1),z
o)l ey = sup M
0#£z€H} (Q) 2 (Q)

Moreover, it holds
W(Q) c C([0,T;L%(Q)) (2.23)

and this embedding is continuous, in other words, there exists a constant Cer, > 0 such
that

1/2

2
max (1)@ = max | [luenPdc) < Conlillyg forueW(o),

see [162, Proposition 23.23, page 422]. In addition, the trace map

Yo, W(Q) = L*(Q), 7yo,ulx):= ujq,(x) = u(x,0) forxeQ,

is surjective, see [102, Théoréme 3.2, page 25], and bounded due to the continuous em-
bedding (2.23) and

[v20u]| 20y = 1.0l 2 ) S max lu(-0)ll12(0) < Cem Ul (o)
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for u € W(Q) with the constant Cer, > 0. Moreover, there exists a continuous, linear right
inverse £q,: L*(Q) — W(Q), satisfying for all uy € L*(Q)

’}’QOSQOMQ =up in LZ(Q) and ||€Q0M0||W(Q) < CexHu()HLz(Q) (2.24)

with a constant Cex > 0, see [102, Remarque 3.3, page 26]. Note that also Theorem 3.1.1
in Section 3.1 gives such an extension operator £q, . Because of the embedding (2.23), the
initial condition v(-,0) = vq in L?(Q) for a given vo € L>(Q) is meaningful. Further, the
subspace

Wo,(Q) := {veW(Q): v(-,0)=0inL*(Q)} C W(Q) (2.25)

is again a Hilbert space with respect to the inner product (-, -)W(Q).

2.6 Discretisations in Time

For the given finite time T > 0, the time interval (0,7) is decomposed via the time steps
O=tn<h<n<- <ty <ty =T,

where N; denotes the number of time intervals 1, = (fy_1,#;) for £ = 1,...,N;. In addition,
the number of time steps #; is denoted by M,,i.e. M, = N, + 1, and the local mesh sizes are
given as h; gy =ty —t,_y for £ =1,...,N;. Next, the global mesh size in time is defined by
h; = maxy—1_.n, h, s, and the related finite element space

.....

83, (0.7) = span{ @i}y

of piecewise linear, continuous functions is introduced, where the usual nodal basis func-
tions @y, k =0,...,N;, satisfy @i (t;) = O for k, = 0,...,N;. In addition, the subspaces
S}lz,,o,(O’T) C S,llt(O,T) and Sfl,,,,()(O’T) C S}lz, (0,T) fulfil the homogeneous initial or end
conditions, i.e.

$h.0.(0.7) = S}, (0.7) NHY (0.T) = span{y }}"

and
Sh.0(0.T) = $},(0.7) NHb(0,T) = span{ i}y

Furthermore, 521 (0,T) is the finite element space of piecewise constant functions. The

mapping
0y L*(0,T) — Sp (0,T)

denotes the L? projection on the piecewise constant finite element space 521 (0,T), defined
for u € L*(0,T) by finding Qgru € Sgt (0,T) such that

<Q21u’vht>L2(o,T) = <M»Vh,>L2(()’T) (2.26)
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for all vy, € ng (0,T), satisfying the stability estimate
1%l 207y < el 207

For a continuous function u € C[0, T], the interpolation operator
I, : C[0,T] — S}, (0,T)
is defined by
N,
Inu(r) := Y u(te)@e(7) (2.27)
/=0

for ¢ € [0,T], which is uniformly bounded with respect to the mesh size 4, as a mapping
I, : H'(0,T) = S, (0,T), i.e.

i ull i o,y < Cllull oy Ve € H'(0.T)

with a constant C > 0 independent of /4, see [51, Proposition 1.4, page 6], and in addition,
it holds
10, ull 207y < 1Ol 207y Ve € H'(O,T), (2.28)

see [51, Proof of Proposition 1.4, page 6]. For u € H&(O, T)NH 2 (0,T), recall the standard
error estimates for the piecewise linear interpolant

1
[l =Ty, ull 20,7y < %h, 10: (s = In10) || 20,7 (2.29)
1 1
[ = Inull gy o7y = 19 (= Inu) | 20,7y < —7= he |9hutl| 20,7y < —= e | Geutl| 0,1

0 (0.T) V3 V3

(2.30)
and therefore
1 1

([ = I ul[ 20,7y < ﬁh? 19l 20.7) < ﬁhrz 19l 10,1 (2.31)

An interpolation argument between (2.30) and (2.31) yields for u € H&(O, T)NH?*(0,T)
3/2
=Tl gy < €I 90l (2.32)

where the constant C > 0 is independent of /;, but dependent on the norm equivalence
constants concerning || - [| ,1/2 (01) S€€ Theorem 3.4.2 and (3.32).
0,

.T)
For a given function u € H&(O, T), the H& projection Q}llu es }ll’o’(O, T) is defined by

<8Z‘Q}11t u, alvhl >L2(0,T) - <8l‘u9 alvhr >L2(0’T) (233)
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forall v, €S }IL,,O,(O’ T), satisfying the stability estimate

1
10:Op, ull 20,7y < Nl 9eutl| 120,1)-
In addition, it holds for s € [0, 1] the standard error estimate
Ju— Qilz,”HLZ(o,T) < Cht]+s||u||H1+~"(0,T) (2.34)
for u € Hy (0,T) NH'*™*(0,T) with a constant ¢ > 0.

Next, time stepping schemes are introduced. For a given positive integer M, € N, consider
a first-order ordinary differential equation

du
dr
where u(0) = uy, € RMx and F: [0,T] x RM* — RMx are the imposed initial condition and

right-hand side. The right-hand side F is assumed to be sufficiently smooth and Lipschitz
continuous with respect to the second argument, i.e.

(t)=F(t,u(t)) forte][0,T],

|E(t,v)) —E(t,vy)| < Crlv; —vy| forallyy,v, € Rt € 0, 7]

with a Lipschitz constant C; > 0. To approximate the function u: [0,7] — RMx, time step-
ping methods are considered. These lead to approximations

u(ty) ~U" € R™
in each time step #; for ¢ =0, ..., N;. Therefore, the 6-method for 6 € [0, 1] is defined as

U U =iy (1= 0)F (10,U") + OF (141,U") ) (2.35)

for £ =0,...,N; with U° := u;, € RMr. The §-method simplifies to the explicit Euler
method for 6 = 0 and to the implicit Euler method for 6 = 1. For 6 = 1/2, the Crank-
Nicolson method is obtained. The explicit and implicit Euler method converge with order
h;, whereas the Crank-Nicolson method converges with order h,z. Furthermore, the implicit
Euler and the Crank-Nicolson methods are A-stable. On the other hand, the explicit Euler
method is not A-stable. See [93, Section 7.4] and [75] for more details and proofs.

2.7 Discretisations in Space

Let the bounded Lipschitz domain  C R be an interval Q = (0,L) for d = 1, or polygonal
for d = 2, or polyhedral for d = 3. For this situation, different discretisations in space are
introduced as follows. The spatial domain € is decomposed as

Ny
Q= U y
(=1
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with N, spatial elements @, C R?. The sequence (7y)y of decompositions is assumed to
be admissible, shape regular and globally quasi-uniform. Here, the spatial elements @y are
intervals for d = 1, triangles or quadrilaterals for d = 2 and tetrahedra or hexahedra for
d = 3. The local mesh sizes are given as

1/d
Ty = /dx for 0= 1,...,Ny
2%

and h, = max/—;__n, hyy 1s the global mesh size. Furthermore, M, is the number of ver-
tices {x,-}?i“l of the decomposition. The space
Vi, () = span{ya}y € H'(Q)

is the space of piecewise linear, continuous functions S}lx (Q) on intervals (d = 1), triangles
(d =2), tetrahedra (d = 3), or V,_(Q) is the space of piecewise linear/bilinear/trilinear, con-
tinuous functions Q}lx (Q) on intervals (d = 1), quadrilaterals (d = 2), hexahedra (d = 3),
where the functions y; are the usual nodal basis functions satisfying y;(x;) = 0y for
i,k=1,...,M,. Recall that S}lx(O,L) = Q}ix(O,L) on intervals. In addition, the subspace
Vi0(Q) C V;, (Q) satisfies the homogeneous Dirichlet boundary condition, i.e.

Vi 0(Q) = Vi, (Q) NHy (Q).

After an ordering of the vertices {xi}?ﬁl in interior vertices {xi}?i*l C Q and boundary

vertices {xi}ﬁ‘Mx 1 C 99, this Hj () conforming subspace is written as

Vi 0(Q) = span{y;} 1%, (2.36)

A function Uy, € Vj,_o(Q) admits the representation

M,
Up,(x) = ;in,-(x)

for x € Q. In the remainder of this work, M, € RM:xMx gnd Ap, € RM:*Mx denote mass
and stiffness matrices defined via

th[i’j] = <1Vj’ I//i>L2(Q) (2.37)

fori,j=1,...,M,, and
An[i ] = (Va0 VW) 12 (2.38)

fori,j=1,...,M,. The I? projection
thi Lz(Q) — th,()(.Q.)
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on the piecewise linear, continuous functions, satisfying homogeneous Dirichlet boundary
conditions, is given as the solution of the variational formulation to find Q. u € Vj,_o(Q)
such that

<thu’vhx>L2(Q) = (u, vhx>L2(Q) (2.39)
for all v, € Vj,_o(€2), satisfying the stability estimate

HthuHL2(Q) < H”||L2(Q)’

where u € L*() is a given function.

2.8 Discretisations in Space and Time

As in Section 2.7, let the bounded Lipschitz domain Q € R¥ be an interval Q = (0,L) for
d =1, or polygonal for d = 2, or polyhedral for d = 3. Hence, the space-time cylinder
Q =Qx (0,T) c R¥*! is polygonal for d = 1, or polyhedral for d = 2, or polychoral
for d = 3. For this situation, different discretisations in space and time are introduced as
follows.

First, consider a sequence (7y)y of admissible, shape regular and globally quasi-uniform
decompositions

. L N
0=Tv=Ja
/=1

with N space-time elements g, C R4*!, where g is a triangle for d = 1 or a tetrahedron
for d = 2 or a pentatope for d = 3, see [117,142]. In addition, M is the number of vertices

.....

local mesh sizes are given by

1/(d+1)
hy = /dxdt for/=1,...,N.
qr

The space }
Sp(Q) = span{yi}iL; C H'(Q)
is the space of piecewise linear, continuous functions on triangles (d = 1), tetrahedra

(d = 2) or pentatopes (d = 3), where {llli}f-zl is the nodal basis, i.e. Wi(x, ) = &, for
k,i=1,...,M. A function u; € S} (Q) admits the representation

M
up(x,t) = Zu,-l//i(x,t) for (x,t) € Q.
i=1
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For the space S }Z(Q) the space-time interpolation operator
In: C(Q) = $,(0)
is defined by

Lu(x,t) =) u(x;,t;)yi(x,t) (2.40)

M=

I
_

for (x,t) € Q.

Second, consider for a tensor-product ansatz a sequence (7y)y of admissible decomposi-
tions

N, N
0=Tyn=Qx[0,T] = <Uw,-> X (U@) (2.41)
i=1 /=1

with N = N, - N, space-time elements, where the time intervals 7y = (fy_1,ty) are defined
via the decomposition

O=tn<h<n<---<ty_1 <ty =T

of the time interval (0,7") and where the spatial domain € is decomposed as

Here, the spatial elements @; C R? are intervals for d = 1, triangles or quadrilaterals for
d =2 and tetrahedra or hexahedra for d = 3. The local mesh sizes are h; y = t, — 1,1 for
£=1,...,N; and

1/d
hyi= /dx fori=1,...,N,.
o;

Furthermore, the global mesh size is given as & = max{hy, i } with hy = maxy—_; __n Iy
and h, = max;—1__n, hy;. It is always assumed that the sequence (7y )y of decompositions
is shape regular and globally quasi-uniform. Next, consider the finite element space

04(0) ==V, 0(Q) ®S;, (0, T) (2.42)

of piecewise multilinear, continuous functions, where Vj, o(Q) C H}(Q) is the space of
piecewise linear, continuous functions S}IXO(Q) on intervals (d = 1), triangles (d = 2),
tetrahedra (d = 3), or V;, (L) is the space of piecewise linear/bilinear/trilinear, continuous
functions Q}lx (&) oniintervals (d = 1), quadrilaterals (d = 2), hexahedra (d = 3), fulfilling
in both cases the homogeneous Dirichlet boundary conditions on the lateral boundary X,
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see (2.36). Recall that Sllzx,o (0,L) = Q}lx,o (0,L) on intervals. A function u;, € Q}(Q) admits
the representation

Ny M, Ny _
wi(xt) =Y Y ubw;(x) @u(t) = Y Uy o(x)@u(t)  for (x,1) € O, (2.43)
(=0 j=1 (=0
Z
=Up, ¢(x)

where @y is a piecewise linear, continuous nodal basis function with respect to time and
Y is a piecewise linear/bilinear/trilinear, continuous nodal basis function with respect to
space with My := dimV},_¢(Q). Furthermore, it holds U, s € V},_o(Q) for £ =0,...,N;.

The extended time interpolation operator
I,: C([0.T);L*(Q)) = L*(Q) ®S,, (0,T)

is defined by
N

Inu(x,t) = Z u(x,17)@y(t) (2.44)
=0

for (x,1) € Q.

To derive space-time error estimates, different space-time projections are needed. As a
first space-time projection, the H&.’é (Q) projection

Oh: Hyp (0) — QL(Q)NHY, (Q)

is introduced as the solution of the variational formulation to find Q}lv € Q,ll(Q) ﬂHS;’& (0)
such that

<atQ}11V’ atvh>L2(Q) + <VxQ}ILV, VxVh>L2(Q) = <an, atvh>L2(Q) + <VxV, VxVh>L2(Q) (245)

for all v, € 0}(Q) N Hyjy (Q). where v € Hy}y (Q) is given. There hold the stability esti-
mate

‘Q;ll"‘Hl(Q) < MHI(Q) Vve H(};’é,(Q)

and if Q is sufficiently regular, for s € [0, 1] the standard error estimate
lv—04vllr20) < ch'*IVlls(o) (2.46)
forv e Hé;’é, (Q)NH'*5(Q) with a constant ¢ > 0.

As a second space-time projection, the H&—H& projection Q/lz, Q,llxv € Q,IZ(Q) OHS;S, (0)
is introduced analogously to [16, Section 2], where the function v € Hé;’é’ (Q) is suffi-

ciently smooth. First, for a given function v € L?(0,T; H} (Q)), the extended H{ projection
0}V € Vi 0(Q) ®L*(0,T) is defined by

(V203 Vi) 129y = (Vs Vv ) ) (2.47)
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for all v;,, €V, 0(Q) ® L?(0,T). Note that V,_o(Q) ® L?(0,T) is, as a tensor-product of the
separable Hilbert spaces (th,o(Q), <Vx('),vx(')>L2(g)) and (LZ((), T),(, '>L2(0,T)> , again
a Hilbert space, where the inner product is given by (Vi(-),V());2(g)- Hence, by the
Lax-Milgram Theorem, it follows the well-posedness of the extended H(} projection

Q.1 L*(0,T;Hy () = Vi, 0(Q) ® L*(0,T),
satisfying the stability estimate
V205 vl 2(0) < IVevllr2(0)-
Furthermore, it holds for s € [0, 1] the standard error estimate
v =i vll20) < IVl 20781 +5(0) (2.48)

for v e L2(0,T;H}(Q)NH'™(Q)) with a constant ¢ > 0, if Q is sufficiently regular. Sec-
ond, for a given function v € Hj (0,7 L*(€)), fulfilling the homogeneous initial condition,

the extended Hé’ projection Q}hv cL?(Q)®S }lt’o’(O, T) is defined by
(% Qi v- 0V ) 29y = (O, v, ) 2 (2.49)
for all v, € L*(Q) ® S}, , (0, T), satisfying the stability estimate
HalQ}lz,VHLz(Q) < HatVHLZ(Q)’
where the well-posedness of the extended H& projection
0}, HY (0.T:L7(Q)) —» [A(Q) @), (0.T)

is shown analogously as for Q}lx. In addition, it holds for s € [0, 1] the standard error esti-
mate

[v— Qilz,VHLZ(Q) < Chtl+s||V||H1+S(0,T;L2(Q)) (2.50)

forv e Hy (0,T:L*(Q)) NH'(0,T;L*(Q)) with a constant ¢ > 0. Testing the variational
formulation (2.49) with the test function

oy = 201 for () €@ 0.1,
YT @) for (nr) € @x [1T]

with an arbitrary function z € L2(Q) for £ € {1,...,N,} yields

/ 2()0} v(x.1p)dx = / 2(x) 7 210} v(x.1)drdx = / 2(x) f Apv(x,1)dedx = / 2()v(x1p)dx
0 0

Q Q Q Q
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and hence, with the fundamental lemma of calculus of variations follows the interpolation
property
O, v(x.10) = v(x.1).

In other words, it holds Qfll, = I, for functions in Hj (0, T:L*(Q)), see (2.44).
Lemma 2.8.1. The following properties of the projection operators Q}llx and Qilz, are true:

1. For a function v € H'(0,T;HJ (Q)), it holds that Q/szv €V 0(Q)@HY0,T). If, in
addition, v satisfies v € H&(O, T;H(Q)), then it follows Q}lxv €V 0(Q) ®H&(0, T).

2. For a functionv € H&(O, T:H'(Q)), it holds that Q}IZ,V cH'(Q)® S,11 (0,T) and if,
in addition, v satisfies v € H&(O, T;HY(Q)), then Q}%v €EH}(Q)® Sht,o,(O, T).

Proof. For the first part, consider a representation for (x,7) € Q

Q) v(x.1) Z (2.51)

where {lf/j}jj‘.i*  is an orthonormal basis of Vj,, o(€2) with respect to (Vx(-), Vx(+))2(q) and
V; € L*(0,T). To show that a weak derivative of V; exists, fix an index j € {1,...,M,}.
The definition of the extended H|} projection Q}l in (2.47) for v, (x,t) = J;(x)z(t) gives

T T
/ V(1)1 / V0L V(1) Vi) 2 200l = / (V1) Vo)) o (0
0 0
(2.52)
for all z € Cy (0,T). So, the fundamental lemma of calculus of variations for (2.52) yields
fort € (0,T). For z = d,Z in (2.52), it follows
T
/ (1)9h2(1)dt = / (Vv (1), 50 1) E(0) / (Vv ). V) 1y 20
0 0
forall € C5(0,7), i.e. 9;Vj(t) = (9 V(-,1),ViV;) 2@ Furthermore, it holds with the
Cauchy-Schwarz 1nequahty
T
- 2 . 2
10Vl 20, = / <<arvx"("’)’vx‘Vj>L2(Q)> dr
0
T

< [ 100l @[Vl e = 10V )| V03] ) < o
0
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and so, the first assertion. If, in addition, v(-,0) = 0 in H(}(Q), then the continuity of
(+)12(q) and of the trace operator yields

Vj(t)\tzo = <VxV(',t)|;:0,Vxlf/j>L2(Q) = 0.
The second part follows in an analogous way. =

The next lemma shows that Q;lz, Q}lxv € Q}Z(Q) ﬂHé;’é, (Q) is well-defined under regularity
assumptions for v and that the operators in space and time commute, where the proof is
analogous to [16, Lemma 2.1, page 261].

Lemma 2.8.2. For a given function v € Hé;’& (Q) with the regularity v € L*(0,T;H} (Q))
and 0y,,v € H&(O, T;LZ(Q))for m=1,...,d, there hold

1. the relation athl;xV = Q}lxatv € Vi o(Q)®L*(0,T),
2. the relation O, Q}ltv = Q}ltc?xmv c?(Q)® S}l[,o,(O, T)form=1,...,d and

3. the relation Qflz, Q}lxv = Qilszflz,V € Q}l(Q) ﬂHé;’é (Q). In particular, the space-time
projections Qilz, Q}lxv and QllzXQ}lz,V are well-defined.

Furthermore, the error estimate
1 1 1 1
lv— ththVHLZ(Q) <|v- thVHLZ(Q) + HV_thVHLZ(Q) "‘ChxhtHathVHH(Q)

with a constant ¢ > 0 is valid.

Proof. For the proof of the first relation, recall that
9,0}V € Vi 0(Q) ®L*(0,T)

by Lemma 2.8.1. Consider (2.47) for d,v € L*(0,T;H} (Q)) and with integration by parts
follows

<VxQ}11X v, Vxth >L2(Q) = <antva VxVhX>L2(Q) = - <va, antth>L2(Q)
= - <VxQ}11xV’ an’VhX>L2(Q) = <antQ},xV’ vahx>L2(Q)
= <Vinllxat Q}llxv, vahx >L2(Q)
for all vy, € V;,0(Q) ® C(0,T). Because of the density of C(0,T) in L2(0,T), it holds
Q}lx&v = Q}lx8,Q,11xv with 9, Q}lxv € Vi 0(Q) ®L2(0,T). So, the first relation is proven.

The proof of the second relation is analogous to the proof of the first relation.
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For the third relation, note that it holds by Lemma 2.8.1 that
N;
Ohv=Y Vi e Hy(Q)®S} o (0,T) C Hy (0,T:Hy (L))
/=1
with coefficients V! € H} (Q) and so,
04 OV € Vi o(Q) ® Hy (0,T) C H (0, T3 Hy (Q))

is well-defined. With the representations as in (2.51) and in (2.53) for Q}IZ,V’ there follow
for (x,t) € Q
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and so, O} O} v € 0}(Q) NHy (Q). Analogously, 0} O} v € 0L(Q) N Hy (Q) is well-
defined. With the help of the first relation, the second relation and the definitions (2.47),
(2.49), there hold

I
_
~.

I
_

I
M=~

d
Z <8t axm Q;l,, Q;llXV, 9 axm Vh) L2(Q) <at Q;ll, axm Q;llx v, 0 axm Vh> L2(Q)
m=1

3
I

I
M=~

(04x,, O,V 910, Vi) 12(0)

3
n

I
M=~

(0,0x,,v: 010k, Vi) 2 Q)

3
[N

and analogously,

d d
Z <at axm Qh Qh v, at axm Vh L2 Z at a)Cm v, a[ axm Vh>L2(Q)

m=1

for all v, € 0} (Q) ﬂH(}.’é (Q). Hence, also the third relation is true.

The error estimate follows with the triangle inequality, the first and second relation and
standard error estimates for Q}lt and Q}lx from

ol <llv—o! Nl
V=05, CnVl200) < V=0 Vll200) + IV —Cn V12 (0)
1 1 1
+ [[(v=04v) = O, (v= 0 V)l 12(0)

<cth |0, (v=0}, V)l 2 gy Sc1e2hihe|| 9 Vvl 2 )

with constants c¢1,cp > 0 independent of /4, and h,. O
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Next, for a function v € C([0, T]; L*(Q)), investigate I, @5, v € O} (Q) OHS;] (Q). Therefore,

for a given function v € L?(Q), the extended L? projection Qp v € Vj,_o(Q) ® L?(0,T) is
defined by

(On vV )2 (0) = (Vavi)2(0) (2.54)
for all v;,, € Vj,_o(Q) ® L*(0,T), satisfying the stability estimate

HthVHLZ(Q) < ||V||L2(Q), (2.55)
where the well-posedness of the extended L? projection
QOn,: L*(Q) = Vi o(Q) ® L*(0,T)

is analysed as for the projection Q}sz given in (2.47). Furthermore, it holds for s € [0, 1] the
standard error estimate

1
v =0Onvllzzi) < he ™ IVllzaor:m+(e)

forv € L*(0,T;H (Q) NH!™(Q)) with a constant ¢ > 0. The following properties of the
projection operator Q;, are true:

Lemma 2.8.3. For a function v € C([0,T];L*(Q)), it holds that Qv € Vj, o(Q) ® C[0,T].
In addition, for a function v € H'(0,T;L*(Q)), there hold Oy, v € Vj,_o(Q) @ H(0,T) and
100Vl (0,7:22(0)) < VN o.m:0200)) for ¥ = 0. In particular, for r =k € N, the relation

8,thxv = th8tkv is valid.

Proof. The proof is analogous to the proof of Lemma 2.8.1. More precisely, take an or-
thonormal basis {%}J}/sz 1 of Vi, 0(Q) with respect to (-, )2 () and write

M,
O v(x,r) =Y Vi(1);(x) (2.56)
j=1

for (x,t) € Q with V; € L(0,T). For the first assertion, it remains to show that V; € C[0,T].
For that reason, the equation (2.54) gives for v;,_(x,1) = j(x)z(¢)

T

T
/Vj(t)z(t)dt = (On,v, W}LZ(Q) = (v, tisz>L2(Q) = /<v(-,t),1pj>L2(Q)z(t)dt (2.57)
0 0

for each z € L?(Q) and hence, the fundamental lemma of calculus of variations yields

i(0) = (00,02 = [ Ve By x)de 2.58)
Q
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fort € (0,T). Because for almost all x € Q and all t € [0, T] it holds

v(x.1) P (x)| < max. v(x,5)] -rfne%\%(i)l =: g(x)

with g € L?>(Q), the theorem of continuity for parameter integrals [47, Satz 5.6, page 147]
gives Vj € C[0,T] and hence, the first assertion.

For the last statement, an interpolation argument is used, see [102, Théoreme 5.1, page 32
in Chapitre 1]. For r = 0, the assertion is trivial. Therefore, let v € H*(0,7;L*(Q)) be
given for k € N, i.e. r = k. Because of the representation (2.56), it remains to prove that
d}V; € L2(0,T). For z = 9}Z in (2.57), it follows

T T T
k k ~
/ / P / (Q)z(t)dt
0 0 0

for all Z € C5(0,7), ie. OfV;(t) = (fv(-.1), ;) 12(q)- Furthermore, it holds with the
Cauchy-Schwarz inequality

]( >2@)2dt
< [l

0

< oo,

H‘/’JHLZ

=1

v
L2(Q)

The relation 8thhxv = O, Btkv is proven analogously to the relations of Lemma 2.8.2, and
s0, the assertion for r = k, where for the stability || Qn vl (0 7.12()) < IVl a0.7:22(0))» the

stability (2.55) is used for 9} Onv=0n, d/v,1=0,...,k. For arbitrary r > 0, the statement
follows by interpolation. [

For a given function v € C([0,T]; L*(Q)), Lemma 2.8.3 ensures that [, 0, v € O} (Q), given
by

1, Opv(x.1) Z On v (x,10) @y (1 Z Z Vi wi(x (2.59)
for (x,t) € Q, is well-defined.
Lemma 2.8.4. For a given function v € C([0,T];L*(Q)), there holds

1, 0n,v = O Inv € 04(0Q).
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Furthermore, for v € L*(0,T;H*(Q))NH"(0,T;L*(Q)) with s € [0,2] and r € (1/2,2], the
error estimate
V=10, O llr2 () < ct VIl 2 0,7:m5()) T 2 V| 0,7:2(0))

with constants cy,cy > 0 independent of hy and h; is valid.

Proof. Take an orthonormal basis {1/71-}1]‘./[:"1 of Vj, 0(Q) with respect to (-,-);2(q and write
with (2.58)

M,

M,
Op,v(x,1) Z Z Q)l/?j(x) for (x,t) € Q,

where Vj € C[0,T), see Lemma 2.8.3. With this representation, there follow for (x,z) € Q

N M,
I, Qpv(x,t) = Z Z (v(-s10), l//J>L2 () @e(t)
=0 j=1
and
M, N, M,
On I, v(x,1) Z Inv( 1) W)) 2 Wi (x) = Y ) VCat0) W7) 120 W5 (%) @ (0).
=1 =0 j=1

1.e. Ithth = thlh,V € Q;Z(Q)

The error estimate follows with the triangle inequality, standard error estimates for I, and
O, and Lemma 2.8.3 from

||V_Ithth“L2(Q) < HV—QhXVHLZ(Q) + HthV_IththHLZ(Q)
< cr vl 20,0 (0)) + 2 190 g0 7:22(02))

< caildlizorms @) bVl or2@)

with constants c1,c; > 0 independent of A, and A;. O

2.9 Variational Methods

Let X and Y be real Banach spaces endowed with norms ||-||y and ||-||,. Furthermore,
let a(-,-): X xY — R be a given continuous bilinear form and let F: ¥ — R be a given
continuous linear form. Consider the abstract variational problem to find u € X such that

a(u,v) =F(v) Yvey. (2.60)
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A continuous, linear operator A: X — Y’ is associated with a(-,-): X xY — R by set-
ting
(Au,v)yry :=a(u,v) foralueX,vey,

where (-,-)ys. .y is the duality pairing.

Theorem 2.9.1 (Necas). Let (X, ||-||y) be a real Banach space, (Y, ||-||y) be a real, reflexive
Banach space and a(-,-): X XY — R be a continuous bilinear form. Then the following
statements are equivalent:

1. For every given continuous linear form F: Y — R, there exists a unique solution
u € X of (2.60), satisfying
lullx < &llFlly:

with a constant &, > 0.

2. The continuous, linear operator A: X — Y' associated with a(,-): XxY = Ris
an isomorphism, i.e. A is bijective and A~": Y' — X is continuous.

3. For the continuous bilinear form a(-,-): X XY — R, there hold:

e There exists a constant ¢y > 0 such that

inf  sup M > Cy.

0#ueX 0£yey H”HXHVHY N

o Foreachv €Y, v #0, there exists an element u € X such that a(u,v) # 0.

Moreover, it holds ¢, = Cl
N

Proof. If X,Y are real Hilbert spaces, a proof is contained in [118, Théoreme 3.1, page
318] or in [29, Satz 3.6, page 119]. For the general case, see [51, Theorem 2.6, page
85]. ]

Remark 2.9.2. For complex Hilbert spaces X and Y, a continuous sesquilinear form
a(-,-): X xY — C and a continuous linear form F: Y — C, a proof is included in [131,
Theorem 2.1.44, page 36].






3 HEAT EQUATION

The main focus of this chapter are space-time variational formulations and conforming
discretisations for parabolic problems. First, a highly non-exhaustive list of references and
second, an overview of the sections of this chapter are given, where for each section the
relevant literature is cited. Here, the model problem for a parabolic partial differential
equation is the homogeneous Dirichlet problem for the heat equation,

du(x,t) — Au(x,t) = f(x1) for (x,1) € 0 =Q x (0,T),
w(xt) = 0 for (x,1) € £ =T x [0, 7], 3.1)
u(x,0) = wup(x) forx € Q,

where Q C R4, d = 1,2,3, is a bounded Lipschitz domain with boundary I' = dQ, T > 0
is a finite time, uq is a given initial condition and f is a given right-hand side. To compute
an approximate solution of the heat equation (3.1), different numerical schemes including
different approaches of the underlying mathematical framework are available. On the one
hand, some of them are repeated in this chapter, but on the other hand, powerful tools like
semigroup theory as in [91, 123] on the continuous part or on the discretisation side, any
kind of discontinuous Galerkin methods [48-50,56,78,85,116,134,135] or finite difference
methods [65, 97, 147] or boundary element methods are not in the scope of this work.
For boundary integral equations and boundary element methods for the heat equation,
see [14, 35,40, 120] and in addition, see [39,76, 107,109, 125,129, 149]. Furthermore, all
approaches where the heat equation (3.1) is reformulated as a first-order system also in the
spatial variables are excluded in this work, see, e.g., [25] and the references therein. In
addition, see also the approaches in [10,11,38,99,100,112,137, 154].

Outline of Chapter 3

The remainder of this chapter examines the heat equation (3.1) as follows:

In Section 3.1 a pointwise spatial variational formulation coming from a so-called Galerkin
method [36,97,98,102,160, 162] and time stepping schemes [65,74,85,93,150] are cited,
see also [9,16,17,43,54,79,108,148,151,159]. In Section 3.2 a space-time variational for-
mulation with ansatz spaces of Bochner type, analysed via the inf-sup theory and including
a stable space-time discretisation, is formulated, see [51, 137, 142—144]. In Section 3.3 an
anisotropic space-time variational formulation [35, 98, 102, 103], which is obtained by a
transposition and interpolation argument, is replied, and also an example for an unstable
numerical scheme, which is derived by the (natural) usage of conforming, piecewise linear,
continuous ansatz and test functions, is given. Nevertheless, this anisotropic formulation

45
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leads to boundary integral equations in anisotropic Sobolev spaces, where the single layer
and hypersingular boundary integral operators are elliptic, see [35,40, 120]. For the last
and main Section 3.4, see [145], a motivation is given by transmission problems. For trans-
mission problems of the heat equation a coupling of finite and boundary element methods
is a natural choice, i.e. the finite element method is used for the interior problem as in (3.1)
and the boundary element method is used for the corresponding exterior problem. For the
finite element part, the anisotropic variational formulation of Section 3.3 is not well-suited
on the discretisation level because it seems that a stable finite element method is not avail-
able. On the one hand, the Bochner type variational formulation of Section 3.2 gives a
stable finite element method, but on the other hand, from an analysis point of view, the
boundary integral equations [35,40, 120] and the variational formulation of Bochner type
in Section 3.2 do not fit, i.e. the resulting trace spaces of the Bochner spaces are different
from the anisotropic boundary spaces in Section 3.3. In other words, it seems that the anal-
ysis of a coupling of the corresponding discretisations in [35,40, 120] and Section 3.2 is
very difficult. To overcome the problem of non-fitting spaces, either the boundary integral
equations are treated in trace spaces of the Bochner spaces of Section 3.2, or a stabilised
finite element method of the anisotropic spaces of Section 3.3 is introduced. The second
approach is the motivation of Section 3.4, where the main result is a symmetric and elliptic
variational formulation and hence, a symmetric Galerkin discretisation of the first-order
time derivative, see [145]. In addition, see [37,52,101]. In Section 3.4 the key ingredient
is a type of Hilbert transform, where its fast realisation is not in the scope of this thesis.
However, Section 3.4 is completed with error estimates and some numerical examples,
which emphasise the theoretical results.
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3.1 Variational Formulation in Space and Pointwise in Time

In this section, a short overview of a pointwise in time variational formulation is given.
Furthermore, numerical examples for lowest order in space, i.e. piecewise linear, continu-
ous ansatz functions, combined with lowest order time stepping are presented.

The pointwise in time variational formulation of (3.1) is given with the notations of Sec-
tion 2 as follows:

Find u € L*(0,T;H}(Q)) with du € L*(0,T;[H}(Q))') and u(-,0) = ug in L*(Q) such
that
(Qu(-1),v) g+ (Vxu(,1),Vav) 2 ) = (f (1) v)g (3.2)

for almost all # € (0,7) and all v € HJ (Q), where f € L*(0,T;[H} (Q)]') and up € L*(Q)
are the given right-hand side and the given initial condition. Here, o} is the distributional
derivative on (0,7), i.e. equality (3.2) means that it holds

T T T
~ [0 O+ [ (V). V) 001 = [ (700000
0 0 0

for all ¢ € Cy (0,T). The variational formulation in (3.2) is examined in many books,
for example, [102, Exemple 1, Chapitre 3, page 263], [160, Beispiel 28.1, Kapitel IV,
page 409], [162, Section 23.8, Chapter 23, page 426] or [36, Mathematical Example 1,
Chapter XVIII,page 524]. In these books, the following existence and uniqueness result is
proven.

Theorem 3.1.1. For given f € L*(0,T;[H}(Q)]') and ug € L*(Q), there exists a unique
solution u of the variational formulation (3.2), satisfying

ue L*(0,T;H(Q)NC([0,T];:L2(Q)), du € L*(0,T;[H}(Q)]),

i.e. u € W(Q), and the stability estimate

H”HW(Q) = \/HM‘%}(O,T;H&(Q)) + Ha’”HiZ(O,T;[H(}(Q)}’) sc (HMOHLZ(Q) + HfHLZ(OaT;[Hd(Q)]’)>

with a constant ¢ > 0.
Proof. See the books [36,102, 160, 162] as mentioned above. ]

For a discretisation scheme, let the bounded Lipschitz domain Q C R4 be an interval
Q = (0,L) for d = 1, or polygonal for d = 2, or polyhedral for d = 3. With the notations
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of Section 2.8, consider a discretisation of a tensor-product type (2.41) with the finite-
dimensional space 0} (Q) = Vj, o(Q)®S flzz (0,T), see (2.42). Therefore, introduce for x € Q
and ¢ € {0,...,N;} the approximation

=

Up,o(x) := ' U,-fl//i(x) ~ u(x,ty),

~
—_

where Uf € R are the unknown coefficients of the functions U, s € V},_o(Q) C H& (Q) for
¢€40,...,N;}. Furthermore, set for (x,7) € Q

N; My N
we0) == Y. Y UIV00(0) = Y U 0)u(t) = u(or). (33)
(=0i=1 (=0

ie. uy € Q}(Q).

For the pointwise in time variational formulation (3.2), a conforming discretisation in space
with V;, 0(Q) C H(Q) in combination with a 8-method (2.35) for 6 = 1 leads to the so-
called implicit Euler Galerkin method to find Uy, ¢ € Vj, o(Q) C H} (Q) for £ € {0,...,N;}
such that

Uh,,0 = On,tto
andfor/=1,...,N;
1 1
m(Uhx,f - Uhx,efl,vh)()l}(g) + <Vthx,Z, vahx>L2(Q) = m /f(',S)dS,th (3.4
5 ” T( o

for all v;,, €V}, 0(Q), where Oy, : L*(Q) — Vj,, 0(Q) denotes the L? projection (2.39). This
method is given in [74, (2.10), page 684] or in [79, (3.5), page 508] and differs from the
methods [150, (1.47), page 16] or [65, (1.34), page 334] only in the right-hand side. The
implicit Euler Galerkin method (3.4) is equivalent to the linear systems

My U° = u

and
(M, +hy oAy ) U =M, U+ FF (3.5)

forall £ = 1,...,N;, where M), € RM+*Mx is the mass matrix (2.37), A;, € RM~Mx ig the
stiffness matrix (2.38) and the vectors u, F’ ! ¢ RMx gre defined by

ug[i] == (uo, Vi) 12()» F'li] := </f(-,s)ds,l,l/,'> (3.6)
T o

for i = 1,...,M, with the nodal basis functions y; satisfying V;,_o(Q) = span{l//i}?i*’l, see
(2.36). The matrix M;,_+ h; j/Ap_ is positive definite and hence, the linear systems (3.5)
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are uniquely solvable for all £ = 1,...,N;. Stability of the numerical scheme (3.4) holds
without any CFL condition because the implicit Euler method is unconditionally stable,
see Section 2.6.

As a second discretisation method in time, the Crank-Nicolson method is considered,
which follows from the 6-method (2.35) for 6 = 1/2. Hence, using the Crank-Nicolson
method combined with a conforming discretisation in space with V},_o(Q) C Hj (Q) for the
pointwise in time variational formulation (3.2), there follows the so-called Crank-Nicolson
Galerkin method to find Uy, ¢ € V;, 0(Q) C HL(Q) for £ € {0,...,N;} such that

Un,.0o = Onuo
andfor/=1,...,N;

1 1
—(Up, 0 — Uhx,é—lavhx>L2(Q)+§ (VaeUnt +ViUn =1, Vavi ) 2 o

ht,z
1
= m</f(-,s)ds,vhx> (3.7)
T

Q

for all v, €V}, 0(Q), where Qj,_: L*(Q) — Vj, o(Q) denotes the L? projection (2.39). This
method is given in [74, (2.11), page 684] and differs from the methods [150, (1.54), page
16] or [65, (1.34), page 334] only in the right-hand side. The Crank-Nicolson Galerkin
method (3.7) is equivalent to the linear systems

M, U° = u,

and

h h
(th + %Ahx) U= (th - %Ah)) U HES foralll=1,....N, (38

where M), € RM-*Mx ig the mass matrix (2.37), Aj,, € RM<*Mx is the stiffness matrix (2.38)
and the vectors u, F e RM: gre givenin (3.6). The matrix M), + %Ahx is positive definite
and hence, the linear systems (3.8) are uniquely solvable for all / = 1,...,N;. Stability of
the numerical scheme (3.7) holds without any CFL condition because the Crank-Nicolson
method is unconditionally stable, see Section 2.6.

Next, error estimates for the implicit Euler and the Crank-Nicolson Galerkin method are
the aim. It seems that error estimates of the quantities |lu(-,z)) — Uy, /|| 12(q) for each
¢ =0,...,N; are standard, see [150, Theorem 1.6, page 16 or Theorem 1.5, page 15]
or [65, Theorem 5.13, page 336], [85,93] and also [43, 159] for some early references.
However, here, error estimates in space-time norms ||-|| 12(0)" || HI(Q) are considered, see
the work [9,16,17,54,74,79,108, 148, 151].
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Theorem 3.1.2. Let Q be sufficiently regular and consider a constant step size h; = h;y
for all { =1,...,N; together with a sequence (Ty)n of admissible, shape regular and
globally quasi-uniform decompositions with maximal mesh size hy. Furthermore, let the
unique solution u of (3.2) be sufficiently smooth and let uy, be defined via (3.3), where the
coefficients Uy ¢ are calculated by the implicit Euler Galerkin method (3.4). Then there
holds the space-time error estimate

[ —unll 1200y < c1(he + R lull 20, 7:502)) + 2 b 1l e 0,722 (02

with r € (1/2,1], s € [1,2] and with constants c¢; > 0, ¢; > 0 independent of h; and h,.

Proof. This proof follows the ideas of the proof of [74, Theorem 3.1, page 684]. So, for
u € C([0,T];L*(L)), one defines the function I, O .u € @} (Q) as in (2.59), i.e.

Iy, Op,u(x,1) Z O, u(x,10) o(t)  for (x,1) € Q

=0y (x)
with Uy, € Vi, 0(Q) C H} (Q), satisfying
<Uhx,€»vhx>L2(Q) = (u(-.t0),vn)2q)  forallvy, €V o(Q)
for £ =0,...,N;. With the triangle inequality, it holds

Ju— uh|lL2(Q) < fu _IthhquLZ(Q) + {1, Qn 1t — uh”LZ(Q)

The first term is estimated by standard error estimates of Lemma 2.8.4 and so, it remains
to investigate the second term. Therefore, set

n[ :: Uhx,g_ljhx,é E th’O(Q) fOI‘f:O,...,Nt,

where 19 = 0. Hence, it holds
2
th,thu—uhHLz Z HIh,Qh u-— ”h“LZ (Qx1)

/ htﬁ )2+ Mot ()M (x) + 1M1 (x)%) dx

<M Z M6l 72 (3.9)
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With [74, (4.5), page 689] for o¢ = 0 and [74, (4.4a), page 688] for ¢ = & = 0, it follows
from the last inequality (3.9) that

N 1/2
||Ithhxu — ”hHLZ(Q) < (Z_Z,l ht||n£\|1%2(9)>

< ci(h+hy) H”HLZ(O,T;HS(Q)) +e htrH”HH’(O,T;LZ(Q))

with r € (1/2,1], s € [1,2] and with constants ¢; > 0, ¢; > 0 coming from standard error
estimates and inverse inequalities, see the proofs in [74] for details. [

Theorem 3.1.3. Let Q be sufficiently regular and consider a constant step size h;y = hyy
for all ¢ =1,...,N;, together with a sequence (Ty)y of admissible, shape regular and
globally quasi-uniform decompositions with maximal mesh size hy. Furthermore, let the
unique solution u of (3.2) be sufficiently smooth and let uj, be defined via (3.3), where the
coefficients Uy, ¢ are calculated by the Crank-Nicolson Galerkin method (3.7). Then there
holds the space-time error estimate

e = wnll 20y < c1 (B + ) el 20,7 (2)) + €2 hf Ntll 0,722

with r € (1/2,2], s € [1,2] and with constants c| > 0, c¢; > 0 independent of h; and hy.
Furthermore, assume for Q}I(Q) C H(;;’l (Q) the inverse inequality

Valg (o) < Cinyh ™! Vall 2y Vi € 0,(0)
with a constant ciny > 0 and h = max{hy,h,}. Then it holds
]u — uthl(Q) < Cciny h HMHH[.H—I(Q) =+ Ciny h_l ||”h - u||L2(Q)

with 1 € [0,1] and with a constant C > 0 independent of h.

Proof. For the L?(Q) error estimate, repeat the proof of Theorem 3.1.2 until (3.9). Then,
with [74, (4.5), page 689] for a = 0, see also [74, Lemma 4.4, page 690], and the first
estimate of [74, Lemma 4.3, page 690] for ¢ = & = 0, there follows from the inequality
(3.9) that

N 1/2
(14, Ont — upl 120y < (; htHrM“iZ(Q)>

< Cl(ht2+h)sc)||”||L2(0,T;HS(Q)) JrC2htrH“||1L1r(o,T;L2(Q))’

with r € (1/2,2], s € [1,2] and with constants ¢; > 0, ¢; > 0 coming from standard error
estimates and inverse inequalities, see the proofs in [74] for details.
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For the H'(Q) error estimate, consider an Hol;’1 (Q) projection to find Q}lz,ou € 0}(Q) such
that

(91Qhott:Ovh) 12 ) + (VQhott: Vivi) o) = (91t v 12(g) + (Vatts Viv) 2 )

forall vj, € Q}? (Q). Then it follows with the triangle inequality, standard error estimates for
Q,ll’0 and the inverse inequality in Q} (Q) that

|M—uh|H‘(Q) < |u_Q}l,0u‘H1(Q)+ |Q}l70”_”h‘H1(Q)
< Ch [l s ) +cine | Qhott — un] 2

< éh‘uHMHHﬂH(Q) ‘f’cinvhi1 HQ}I,,OM_ MHLZ(Q) "f’cinvhi1 Huh - MHLZ(Q)
C

Ciny I H”HH#+1(Q) +Cin b ug, — MHLZ(Q)
for u € [0,1] and hence, the assertion. O

Remark 3.1.4. Since in the proofs of Theorem 3.1.2 and Theorem 3.1.3, see [74] for more
details, regularity results of related adjoint problems are used, one expects reduced orders
for the error estimates, given in Theorem 3.1.2 and Theorem 3.1.3, if Q is less regular.

Corollary 3.1.5. Let the assumptions of Theorem 3.1.2 and of Theorem 3.1.3 be fulfilled
and let u be sufficiently smooth. Then, for the implicit Euler Galerkin method (3.4), there
holds the error estimate

Ju— ”hHL2(Q) <Ch

and for the Crank-Nicolson Galerkin method (3.7), there hold the error estimates
Hu - uh“LZ(Q) < C/’l2

and

with a constant C > 0 independent of h = max{h;,h,}.

Proof. These estimates follow immediately from Theorem 3.1.2 and of Theorem 3.1.3 for
the maximal values of r,s and u. ]

In the last part of this section, some numerical examples are presented. So, for the space-
time cylinder

0=Qx(0,7)=(0,1)x(0,2),
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consider the solutions of (3.2)

up (x,1) == sin(7x) (1 +1)e /2,

up(x,t) := sin(mx) (T —t)3/4t,

uz(x,1) = sin(7x) (12 +x2) /8,

uy(x,1) = sin(7x) ((T /4 —1)% +x2) /8

for (x,t) € Q. Note that u; € H'(Q) for i = 1,2,3,4. The spatial interval Q = (0,1) is de-
composed into Ny elements, i.e. intervals, and M, = N, + 1 vertices with the constant mesh
size hy = 1/(M, — 1) = 1/N,. For the time interval (0,2), there are M, time steps intro-
duced with the constant time step size h, = T /(M; — 1). See Section 2 for more details. The
appearing integrals for the initial condition and the right-hand side in (3.6) are calculated
by the usage of high-order integration rules, and the degrees of freedom are denoted by

dof = (M —2)- (M, — 1)

due to the homogeneous Dirichlet boundary condition and the initial condition.

In Table 3.1 and Table 3.2, the errors in ||-[| ;2 and in |-[ 1) are presented for the smooth
function u; and for a uniform refinement strategy in space and time direction, i.e. i; ~ h,.
Note that no CFL condition like &, ~ h2 is needed because the Crank-Nicolson method and
the implicit Euler method are unconditionally stable, see Section 2.6. The error estimates
of Theorem 3.1.3 and Theorem 3.1.2 are confirmed.

Table 3.3, Table 3.5 and Table 3.7 show that the position of singularities leads to differ-
ent convergence behaviours for the Crank-Nicolson Galerkin method. For the function u3,
the singularity is at (0,0) and hence, the initial condition ug € L?(Q) is less regular, i.e.
ug & H}(Q). This results in an observed convergence rate of 3/4 in ||-|| 12(g) and in no con-
vergence in || H(0) although u3 € H'(Q), see Table 3.5. If the position of the singularity
is at the end time 7, as for the solution uy, or at the time 7 /4, as for the solution u4, then
reduced orders of convergence are observed as expected, see Table 3.3, Table 3.7. For the
implicit Euler method, analogous results are given in Table 3.4, Table 3.6, Table 3.8, where
the position of the singularity for the functions u,, u3, us plays no role.
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M, M, dof hy hy lur —winllzg)  eoc  ur —uiplgig) eoc
3 3 2 0.50000 1.00000 2.5257e-01 - 1.6202e+00 -

5 5 12 0.25000 0.50000 6.3416e-02 1.54 8.2405e-01 0.75

9 9 56 0.12500 0.25000 1.5851e-02 1.80 4.1399¢-01 0.89

17 17 240 0.06250 0.12500 3.9635e-03 1.90 2.0726e-01 0.95

33 33 992 0.03125 0.06250 9.9092¢-04 1.95 1.0366e-01 0.98

65 65 4032 0.01562 0.03125 2.4773e-04 1.98 5.1836e-02 0.99

129 129 16256  0.00781 0.01562 6.1933e-05 1.99 2.5918e-02 0.99

257 257 65280 0.00391 0.00781 1.5483e-05 1.99 1.2959e-02 1.00
513 513 261632  0.00195 0.00391 3.8708e-06 2.00 6.4797e-03 1.00
1025 1025 1047552 0.00098 0.00195 9.6769e-07 2.00 3.2398e-03 1.00
2049 2049 4192256 0.00049  0.00098 2.4206e-07 2.00 1.6199¢-03 1.00
4097 4097 16773120 0.00024  0.00049 6.0215e-08 2.01 8.0996e-04 1.00

Table 3.1: Numerical results of the Crank-Nicolson Galerkin method (3.7) for the space-
time cylinder Q = (0, 1) x (0,2) and for u;.

M, M, dof hy hy |ley — ul,h”LZ(Q) eoc |up — “1,h|H1(Q) eoc
3 3 2 0.50000 1.00000 2.4176e-01 - 1.6141e+00 -

5 5 12 0.25000 0.50000 7.8469e-02 1.26 8.3436¢-01 0.74

9 9 56 0.12500 0.25000 2.8683e-02 1.31 4.2342e-01 0.88

17 17 240 0.06250 0.12500 1.2317e-02 1.16 2.1337e-01 0.94

33 33 992 0.03125 0.06250 5.8288e-03 1.05 1.0719¢e-01 0.97

65 65 4032 0.01562 0.03125 2.8627¢e-03 1.01 5.3748e-02 0.98

129 129 16256 0.00781 0.01562 1.4228e-03 1.00 2.6918e-02 0.99

257 257 65280 0.00391 0.00781 7.0988e-04 1.00 1.3470e-02 1.00
513 513 261632 0.00195 0.00391 3.5463e-04 1.00 6.7383e-03 1.00
1025 1025 1047552 0.00098 0.00195 1.7725e-04 1.00 3.3699e-03 1.00
2049 2049 4192256 0.00049  0.00098 8.8607e-05 1.00 1.6852e-03 1.00
4097 4097 16773120 0.00024  0.00049 4.4300e-05 1.00 8.4263e-04 1.00

Table 3.2: Numerical results of the implicit Euler Galerkin method (3.4) for the space-time
cylinder Q = (0,1) x (0,2) and for u;.
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M, M, dof hy hy luz —wopll2p) €0 |z —urplyig) eoc
3 3 2 0.50000 1.00000 1.7974e-01 - 1.2812e+00 -

5 5 12 0.25000 0.50000 5.3647e-02 1.35 7.0582e-01 0.67

9 9 56 0.12500 0.25000 1.5830e-02 1.58 4.0519e-01 0.72

17 17 240 0.06250 0.12500 5.4556e-03 1.46 2.5515e-01 0.64

33 33 992  0.03125 0.06250 2.2538e-03 1.25 1.7871e-01 0.50

65 65 4032 0.01562 0.03125 1.0047e-03 1.15 1.3639¢-01 0.39

129 129 16256 0.00781 0.01562 4.4819e-04 1.16 1.0957e-01 0.31

257 257 65280 0.00391 0.00781 1.9647e-04 1.19 9.0273e-02 0.28
513 513 261632 0.00195 0.00391 8.4780e-05 1.21 7.5223e-02 0.26
1025 1025 1047552 0.00098  0.00195 3.6195e-05 1.23 6.2996e-02 0.26
2049 2049 4192256 0.00049  0.00098 1.5351e-05 1.24 5.2874e-02 0.25
4097 4097 16773120 0.00024  0.00049 6.4854e-06 1.24 4.4422e-02 0.25

Table 3.3: Numerical results of the Crank-Nicolson Galerkin method (3.7) for the space-
time cylinder Q = (0, 1) x (0,2) and for u;.

M, M, dof Iy hy ||l — MZ,hHL2(Q) eoc  |ux —uppp (@) eoc
3 3 2 0.50000 1.00000 3.7057e-01 - 1.6781e+00 -

5 5 12 0.25000 0.50000 1.9478e-01 0.72 1.0367e+00 0.54

9 9 56 0.12500 0.25000 1.0549e-01 0.80 6.1865e-01 0.67

17 17 240 0.06250 0.12500 5.6371e-02 0.86 3.7187e-01 0.70

33 33 992 0.03125 0.06250 2.9435e-02 0.92 2.3356e-01 0.66

65 65 4032 0.01562 0.03125 1.5118e-02 0.95 1.5857e-01 0.55

129 129 16256 0.00781 0.01562 7.6856¢e-03 0.97 1.1747e-01 043

257 257 65280 0.00391 0.00781 3.8823e-03 0.98 9.2856e-02 0.34
513 513 261632 0.00195 0.00391 1.9533e-03 0.99 7.6028e-02 0.29
1025 1025 1047552 0.00098 0.00195 9.8032e-04 0.99 6.3241e-02 0.27
2049 2049 4192256 0.00049  0.00098 4.9126e-04 1.00 5.2947e-02 0.26
4097 4097 16773120 0.00024  0.00049 2.4596e-04 1.00 4.4444e-02 0.25

Table 3.4: Numerical results of the implicit Euler Galerkin method (3.4) for the space-time
cylinder Q = (0,1) x (0,2) and for u5.
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M, M, dof hy hy lluz — usz, ||L2(Q) eoc  |uz —uz g (@) eoc
3 3 2 0.50000 1.00000 3.8930e-01 - 2.8412e+00 -
5 5 12 0.25000 0.50000 1.5092¢-01 1.06 2.2724e+00 0.25
9 9 56 0.12500 0.25000 7.2348e-02 0.95 2.0666e+00 0.12
17 17 240 0.06250 0.12500 3.9069¢e-02 0.85 2.0819e+00 -0.01
33 33 992 0.03125 0.06250 2.2136e-02 0.80 2.2423e+00 -0.10
65 65 4032 0.01562 0.03125 1.2839¢e-02 0.78 2.5212e+00 -0.17
129 129 16256 0.00781 0.01562 7.5378e-03 0.76 2.9090e+00 -0.21

257 257 65280 0.00391 0.00781 4.4532e-03 0.76 3.4053e+00 -0.23
513 513 261632 0.00195 0.00391 2.6393e-03 0.75 4.0171e+00 -0.24
1025 1025 1047552 0.00098 0.00195 1.5668e-03 0.75 4.7577e+00 -0.24
2049 2049 4192256 0.00049  0.00098 9.3084e-04 0.75 5.6463e+00 -0.25
4097 4097 16773120 0.00024  0.00049 5.5325e-04 0.75 6.7077e+00 -0.25

Table 3.5: Numerical results of the Crank-Nicolson Galerkin method (3.7) for the space-
time cylinder Q = (0, 1) x (0,2) and for us.

M, M, dof hy hy lus —us ||L2(Q) eoc  |uz —uz | () eoc
3 3 2 0.50000 1.00000 3.1084e-01 - 2.9018e+00 -

5 5 12 0.25000 0.50000 1.7098e-01 0.67 2.2254e+00 0.30

9 9 56 0.12500 0.25000 1.0734e-01 0.60 1.7948e+00 0.28

17 17 240 0.06250 0.12500 6.2274e-02 0.75 1.4924e+00  0.25

33 33 992 0.03125 0.06250 3.4179¢-02 0.85 1.2533e+00  0.25

65 65 4032 0.01562 0.03125 1.8147e-02 0.90 1.0550e+00  0.25

129 129 16256 0.00781 0.01562 9.4412e-03 0.94 8.8824¢-01 0.25

257 257 65280 0.00391 0.00781 4.8483e-03 0.96 7.4759¢-01 0.25
513 513 261632 0.00195 0.00391 2.4686e-03 0.97 6.2902e-01 0.25
1025 1025 1047552 0.00098 0.00195 1.2498e-03 0.98 5.2914e-01 0.25
2049 2049 4192256 0.00049  0.00098 6.3032e-04 0.99 4.4507e-01 0.25
4097 4097 16773120 0.00024  0.00049 3.1707e-04 0.99 3.7433e-01 0.25

Table 3.6: Numerical results of the implicit Euler Galerkin method (3.4) for the space-time
cylinder Q = (0,1) x (0,2) and for u3.
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M, M, dof hy hy llug — g, HL2<Q> eoc  |us — uap|p (@) eoc
3 3 2 0.50000 1.00000 6.2378e-01 - 2.5520e+00 -

5 5 12 0.25000 0.50000 1.7639¢-01 1.41 2.7132e+00 -0.07

9 9 56 0.12500 0.25000 6.6921e-02 1.26 2.1509e+00 0.30

17 17 240 0.06250 0.12500 2.7324e-02 1.23 1.7729e+00 0.27

33 33 992 0.03125 0.06250 1.1359¢-02 1.24 1.4811e+00 0.25

65 65 4032  0.01562 0.03125 4.7565e-03 1.24 1.2429e+00 0.25

129 129 16256 0.00781 0.01562 1.9991e-03 1.24 1.0444e+00 0.25

257 257 65280 0.00391 0.00781 8.4227e-04 1.24 8.7808e-01 0.25
513 513 261632  0.00195 0.00391 3.5559¢-04 1.24 7.3836e-01 0.25
1025 1025 1047552  0.00098  0.00195 1.5046e-04 1.24 6.2093e-01 0.25
2049 2049 4192256 0.00049  0.00098 6.3843e-05 1.24 5.2221e-01 0.25
4097 4097 16773120 0.00024  0.00049 2.7189e-05 1.23 4.3923e-01 0.25

Table 3.7: Numerical results of the Crank-Nicolson Galerkin method (3.7) for the space-
time cylinder Q = (0, 1) x (0,2) and for uy.

M, M; dof hy hy ||l — uap HLQ(Q) €oC  |u4 — Ugp|p () ©oc
3 3 2 0.50000 1.00000 5.8329¢-01 - 2.5931e+00 -
5 5 12 0.25000 0.50000 2.5431e-01 0.93 2.9416e+00 -0.14
9 9 56 0.12500 0.25000 1.5258e-01 0.66 2.4423e+00 0.24
17 17 240 0.06250 0.12500 8.6590e-02 0.78 2.0575e+00 0.24
33 33 992 0.03125 0.06250 4.7030e-02 0.86 1.7383e+00 0.24
65 65 4032 0.01562 0.03125 2.4819¢-02 091 1.4675e+00 0.24
129 129 16256 0.00781 0.01562 1.2856e-02 0.94 1.2372e+00 0.24

257 257 65280 0.00391 0.00781 6.5804e-03 0.96 1.0419e+00 0.25
513 513 261632  0.00195 0.00391 3.3420e-03 0.98 8.7684¢e-01 0.25
1025 1025 1047552 0.00098 0.00195 1.6887e-03 0.98 7.3767e-01 0.25
2049 2049 4192256 0.00049  0.00098 8.5041e-04 0.99 6.2046e-01 0.25
4097 4097 16773120 0.00024  0.00049 4.2730e-04 0.99 5.2183e-01 0.25

Table 3.8: Numerical results of the implicit Euler Galerkin method (3.4) for the space-time
cylinder Q = (0,1) x (0,2) and for uy.
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3.2 Space-Time Variational Formulation of Bochner Type

In this section, a short overview of space-time variational formulations of Bochner type is
given and a stable space-time discretisation is formulated, see [51, 137, 142—-144].

For the heat equation (3.1), a space-time variational formulation of Bochner type for the
Hilbert space W(Q) from (2.21) with the norm |-y o) from (2.22) is given as follows:

Find u € W(Q) such that
(G, v) o+ (Vatt, Vav) 2 o) 4 (u(-,0),w) 12y = (1) o + (0. W) 2@ (3.10)

forall (v,w) € L*(0,T; H} (Q)) x L*(Q) =: Y, where f € L*(0,T; [H} (Q)]') and ug € L*(Q)
are the given right-hand side and the given initial condition. The space-time variational
formulation of Bochner type (3.10) is equivalent to the pointwise in time variational for-
mulation (3.2) because of the fundamental lemma of calculus, the density of Cy (0,T) in
L?(0,T) and so, the density of the algebraic tensor-product

Hy(Q)®CF(0,T) =span{¢ - y: ¢ € Hy(Q), y € C(0,T)}

in H}(Q)&L*(0,T) ~ L*(0,T;H} (Q)). Hence, the unique solvability of the space-time
variational formulation of Bochner type (3.10) follows from the pointwise in time varia-
tional formulation (3.2), i.e. from Theorem 3.1.1. An alternative proof of a uniqueness and

existence result for the space-time variational formulation of Bochner type (3.10) uses the
Necas Theorem 2.9.1. Therefore, define the bilinear form b(+,-): W(Q) xY — R by

b(u, (v,w)) := (0, v) g + (Vatt, Vav) 12 ) + (u(,0), W) 2 (3.11)

foru € W(Q), (v,w) €Y, where the Hilbert space Y is endowed with the inner product

T
(v, W), (5, 9))y = / / Vor(x) - Vb (x,t)duds + / wiw(x)dx  for (v,w), (5,%) € Y.
0 Q Q

Theorem 3.2.1. The bilinear form (3.11) is continuous and fulfils an inf-sup condition and
the surjectivity condition, i.e. there hold:

1. There exists a constant C > 0 such that for all u € W(Q) and for all (v,w) €Y

|b(u, (v,w))| < CH”HW(Q)”(V’W)“Y'

2. There exists a constant ¢y > 0 such that

[b(u, (v,w))|

inf sup > Cs.
0AueW (Q) ot (vw)ey |1 Ullw (o) ll(v.w)lly ’
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3. For each element (v,w) €Y, (v,w) # 0, there exists an element u € W(Q) such that

b(u,(v,w)) # 0.

Proof. For ug = 0, the proof is contained in the book [51, Proof of Theorem 6.6, page
282]. For the general case, see [137, Theorem 5.1, page 1300]. 0

The linear form F: Y — R is given by
F(v,w) = (f.v)o+ (uo,w)2q) for (v,w) €7,
where its boundedness follows with the Cauchy-Schwarz inequality by
[E ) < Nl 20700 @) Vv ll 2 ) + ol 22 Wl 22

<\ 20 gmy )+ Nollz2( 0 w)

for all (v,w) € Y. Hence, the variational formulation (3.10) is rewritten to find u € W(Q)
such that

b(u,(v,w)) =F(v,w) forall (v,w) €Y. (3.12)
There holds the following existence and uniqueness result:

Theorem 3.2.2. For each given F = (f,ug) € Y', the variational formulation (3.12) and
hence, the variational formulation (3.10) have a unique solution u € W (Q), satisfying

2 2
lullwigy < O 720 743 ey + 10l 2200
with a constant C > 0. Furthermore, the solution operator
L:Y —W(Q), LF=L(fu):=u,

is an isomorphism.
Proof. This follows with the Necas Theorem 2.9.1 from Theorem 3.2.1. [

In the remainder of this section, the initial condition u is incorporated via homogenisation.
So, the bilinear form
a(u,v) := (Gu,v) o+ (Vau, Vav) 2y foru € W(Q),v € L*(0,T;H} (Q))
is introduced. The bilinear form a(-,) is bounded, i.e.
()| < V2 ulhy ) [Vavllizg  forue W(Q).v e L2(0.T:HY ().
Next, the requirements of the Necas Theorem 2.9.1 for the bilinear form
a(-,): Wo,(Q) x L*(0,T;HY(Q)) = R

are examined, where the Hilbert space Wy (Q) is the subspace given in (2.25).
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Theorem 3.2.3. The bilinear form a(-,-): Wo (Q) x L*(0,T;H} (Q)) — R is continuous
and fulfils an inf-sup condition and the surjectivity condition, i.e. there hold:

1. Forallu € Wy (Q) and for all v € L*(0,T;Hy (Q)), there is

la(u,v)| < \/§||”||W(Q)||va”L2(Q)'

2. There holds the inf-sup condition

, 1
inf sup jau,v)|

04uW0.(0) o yer2(0,m:m @) 1w IVavllizg) — 2v2

3. For each function v € L*(0,T;HL(Q)), v # 0, there exists an element u € Wy (Q)
such that a(u,v) # 0.

Proof. The proof is contained in the book [51, Proof of Theorem 6.6, page 282]. For the
inf-sup constant, see [142, Theorem 2.1, page 5]. O]

For a given initial condition ug € L?(Q) and a given right-hand side f € L*(0,T; [H} (Q)]),
the variational formulation of the heat equation (3.1) is to find u € W(Q) with u(-,0) = ug
in L?(Q) such that

a(u,v) = (f,v)o (3.13)

forallv € L2(0,T;H} (Q)). By homogenisation, there follows the existence and uniqueness
theorem:

Theorem 3.2.4. Let the right-hand side f € L*(0,T;[HJ(Q)]") and the initial condition
uy € LZ(Q) be given. Then the variational formulation (3.13) admits a unique solution
u € W(Q) with u(-,0) = ug in L*(Q), satisfying

||”HW(Q) <2v2 (Hf||L2((),T;[H(§(Q)y) + \/ECeXHMOHLZ(Q)> +Ct:XHMOHU(Q)

with a constant Cex > 0 coming from the extension (2.24) of ug.

Proof. Consider the extension ug := Eq g € W(Q) from (2.24) with 7y (+,0) = ug in L*(Q)
satisfying |[#o||y (o) < Cex|luoll;2(q) With a constant Cex > 0. Next, investigate the varia-
tional formulation by homogenisation to find @ € Wy (Q) such that

a(u,v) = (f,v)o —aluo,v) (3.14)
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for all v € L?(0,T;HL(Q)). The right-hand side is bounded by

(£ =a(@o)| < (If 20 rmyan + V2Tl ) IVl

< (Iflzorimen + VCallolg ) IVollzg G159

for all v € L*(0,T; H} (Q)). So, the Netas Theorem 2.9.1 yields with Theorem 3.2.3 that
there exists a unique solution u € Wy (Q) of the variational formulation (3.14), satisfying
with (3.15)

[y (o) <2V2 <Hf||L2(0,T;[H(}(Q)]/) + ﬁcex”“OHU(g)) : (3.16)

Setu:=u+uy € W(Q).

Next, the independence of the extension u for u is examined. So, for a second extension
o € W(Q), satisfying iig(+,0) = up in L?(Q), there exists again it € Wy (Q), satisfying
the variational formulation (3.14). The difference (i + o) — (2 + do) € Wo,(Q) fulfils the
homogeneous variational formulation

a((@+1p) — (@+ip),v) =0 forall ve L2(0,T;H (Q)).

Because of Theorem 3.2.3 and the Necas Theorem 2.9.1, the to the bounded bilinear form
a(-,-): Wo.(Q) x L*(0,T;H} ()) — R related operator A: Wy (Q) — L*(0,T; [Hg(Q)])
is an isomorphism. Hence, A ((z+1p) — (i +p)) = 0, i.e. u+up = i+ ilp and therefore,
the solution u € W(Q) is independent of the extension # for the initial condition ug.

With the triangle inequality, (3.16) and the continuity of the extension operator for u,
there follow the stability estimate

lullw @) < lallw (o) + llHollw (g)
<2v2 <||f||L2(o,T;[H01(Q)y) + \/ECGXHMOHLZ(Q)) + Cexluoll2(q)

and hence, the assertion. O]

For a discretisation scheme, let the bounded Lipschitz domain Q C R4 be an interval
Q = (0,L) for d = 1, or polygonal for d = 2, or polyhedral for d = 3. As a conform-
ing space-time discretisation, consider the space of piecewise linear, continuous func-
tions S} (Q) NWo,(Q), see Section 2.8 for more details. For an arbitrary fixed extension
iy € W(Q) with 7g(-,0) = ug in L>(Q) and o]l (o) < C’ex||u0||Lz(Q) with a constant
Cex >0 independent of uy, e.g., up = Eq,up from (2.24), the discrete variational formu-
lation is to find %, € S} (Q) NWy,(Q) such that

a(up,vy) = (f, Vh>Q —a(up,vp) (3.17)
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forall v, € § }l(Q) NWy.(Q). Note that ansatz and test spaces are equal. Next, define the
approximation
up == u, +ug € W(0Q), (3.18)

where in practice u is replaced by the space-time interpolant Iug € S }l(Q) from (2.40), if
up is smooth enough, see [141, page 246] or [51, Section 3.2.2, page 124] for the elliptic
case.

The following stability and convergence theorem is contained in the work [142, Section 3,
page 6].

Theorem 3.2.5. Let the assumptions of Theorem 3.2.4 be satisfied with the unique solu-
tion u € W(Q) of (3.13). Further, let ug € W(Q) be the extension from (3.17) of ug with
iy (+,0) = ug in L*(Q) and [@ollw (o) < C"exHuoHLz(Q) with a constant Cex > 0 independent
of ug. Then there exists a unique solution u, € S} (Q) "Wy (Q) of the discrete variational
Sformulation (3.17), satisfying the stability estimate

IV ctin | 29y < 2V2 <||f||L2(o,T;[H(; @t \/ECGXHMOHU(Q)) :
Furthermore, assume u = u—1ug € H°(Q) for some s € [1,2]. Then it holds for the approx-
imation u, = uy +ug in (3.18) the error estimate
V(= un)ll 20y < CH [l s

with a constant C > 0.

Proof. The unique solvability of the discrete variational formulation (3.17) follows from
the discrete inf-sup condition

1
inf sup a(unvi)

> , (3.19)
0 €5, (Q)Wo,(Q) 0:£v,,€5] (0) W, (Q) IVatnll 200 IVavall 2y — 2v2

which is proven in [142, Theorem 3.5, page 7]. In addition, the discrete inf-sup condition
(3.19) yields with the bound (3.15) the stability estimate

VTl 2y < 2V2 <||f||L2(o,T;[H(; @)+ \/§C~ex||uo||L2(Q)> :

The error estimate follows from [142, Corollary 3.4, page 10] with

[Vl =)l 20y = V(@ —0n) [l 120

and hence, the assertion. O]

Numerical examples and further investigations are given in [142-144].
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3.3 Space-Time Variational Formulation of Anisotropic Type

In this section, a short overview of a so-called space-time variational formulation of an-
isotropic type for a homogeneous initial condition, i.e. ug = 0, is given. The motivation
comes from considering a FEM-BEM coupling for transmission problems of the heat equa-
tion. Because this variational formulation of anisotropic type arises by the treatment of
boundary integral equations for the heat equation, the usage of this variational formulation
of anisotropic type is natural for the finite element method. However, it seems that a stable
conforming discretisation of this variational formulation of anisotropic type by piecewise
linear, continuous functions is not available.

For the homogeneous Dirichlet problem of the heat equation

du(x,t) — Awu(x,t) = f(x,1) for (x,1) €0 =Qx (0,7T),
u(x,t) = 0 for (x,r) e X=Tx[0,T],
u(x,0) = 0 forx € Q,

where Q C R?, d = 1,2,3, is a bounded Lipschitz domain with boundary I = dQ and
T > 0 is a given finite time, the space-time variational formulation of anisotropic type is
given as follows:

Find u € Hé;’é,/ 2(Q) such that
(ru, V>Q + <VxM,VxV>L2(Q) = <f,V>Q (3.20)
1,1/2 L1/2 ) A\ s s . . .
forallv € Hy, ;7 (Q), where f € [Hy ;"(Q)]" is a given right-hand side, see Section 2.5 for
1,1/2 1,1/2

the notations. The bilinear form a(-,-): Hy,y'"(Q) X Hy 4" (Q) = R,
a(u,v) := (G, v) o+ (Vatt, Vav) 12 )

foru e HSZS/Z(Q), Ve H&;}()/Z(Q), is bounded, i.e. there exists a constant C > 0 such that

<
a0 < Clull gy Wi,

1,1/2

. 1,1/2
foru € Ho;o,

(Q).v € Hy 4" (Q), see [35, Lemma 2.6, page 505].

Remark 3.3.1. The bilinear form (d,u,v) ¢ for u,v € C5’(0,T) has no continuous exten-
sion to

Hy/*(0,7) x Hy/*(0,T)

or to
H'20,T) x H'/(0,T),
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i.e. the usage of the different ansatz and test spaces Hé;’é,/ 2(Q), H(;

form

;’}O/Z(Q) for the bilinear

a(-,-): Hyy2(0) x Hy'y (@) = R

is crucial. See [35, Remark 2.7, page 505] and [64, Proposition 1.4.4.8, page 32].

In [35], the following existence and uniqueness theorem is proven by a transposition and
interpolation argument as in [102, 103], see also [98].

Theorem 3.3.2. Let the right-hand side f € [Hglo/ 2(Q)]’ be given. Then the variational

formulation (3.20) has a unique solution u € H&’é’/ 2(Q), satisfying
<C

with a constant C > 0. Furthermore, the solution operator

L: [Hy' (O = Hy 2 (0), Lf:=u,

is an isomorphism. In addition, the bilinear form

a(): Hyp2(Q) x Hy (@) = R, a(u,v) = (9u.v) g+ (Vo Viv) )

is continuous and fulfils an inf-sup condition and the surjectivity condition.

Proof. The existence and uniqueness of a solution u € HS.’OI/ 2(Q) of the variational formu-

lation (3.20) and that the solution operator L : [H(i;’,lo/ 2(Q)]’ — Hé;&/ 2 (Q) is an isomorphism

follow from [35, Lemma 2.8, page 505]. The Necas Theorem 2.9.1 yields the properties

of the bilinear form a(-,-): Hé;’é’/z(Q) X Hé;}()/z(Q) — R. O

Remark 3.3.3. In Section 3.4 an alternative proof of Theorem 3.3.2 is given by the usage
of Fourier series, see Theorem 3.4.19.

For a discretisation scheme, let the bounded Lipschitz domain Q C R? be an interval
Q = (0,L) for d = 1, or polygonal for d = 2, or polyhedral for d = 3. With the notations

of Section 2.8, a conforming space-time discretisation via the space of piecewise linear,

continuous functions S} (Q) leads to the discrete ansatz and test spaces S} (Q) ﬂH&.’é/ 2(Q)

and § /11 (Q) ﬂHé;’}()/ 2(Q). Hence, the test space differs from that of the approach (3.17), i.e.

SH(Q) NHy > (0) # SH(Q) NWo,(Q).



3.3 Space-Time Variational Formulation of Anisotropic Type 65

It turns out that the resulting finite element method, for the choice above of different ansatz
and test spaces, is not stable. Therefore, only the time component is considered. That
means, for a fixed yu > 0, the ordinary differential equation

du(t)+pu(t) = f(t) forre (0,T), u(0)=0,
and the variational formulation to find u € H&/ 2(O, T') such that

(Gu,v) o) + (. v) 200y = (f-V)01) (3.21)

for all v € H})/ 2(O,T), where f € [H %)/ Z(O,T)]’ is given, are investigated. Analogous to

Theorem 3.3.2, there exists a unique solution u € H&/ 2(O, T') of the variational formulation
(3.21), see also Theorem 3.4.10. With the notations of Section 2.6, a conforming discreti-

sation with piecewise linear, continuous functions S}lt (0,T) = span{(pk}iv’zo leads to the

discrete variational formulation to find u;,, € S }lt (0,7)N Hé’/ 2 (0,T) such that

(Orttn,»vi )20,y + Mt Vi) 20 7y = (s vmd 0.1) (3.22)

for all vy, € S,llt 0,7)NH 1)/ 2(O, T). The resulting system matrix of (3.22) is given as

1
| 0 1
K —Ll-1 0 1
ht 2 . .
-1 0 1
hy 1
2ht,1 + 2h[’2 h[’z
+ % ) 2hip+2his By (3.23)

hin—1 2MN—1+2M N hn,

and hence, unique solvability of the discrete variational formulation (3.22) follows because
K, € RM>*N: is a lower triangular matrix with positive diagonal elements.

For a uniform discretisation with mesh size &, the matrix Kj, in (3.23) can be interpreted
as a finite difference scheme

apvi =f1,
ayvi +aopva =f2,
avj_o+avj_1+agvj=f; forj>2,
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where

1 h 3 h
___l_h: + wny

o _ Auhy a.__l u_ht_—3+uht
7276 6 - 2

6 ° 2+6_ 6

ay .

with given f; € R. The essential case f; = 0 for j > 2 is examined. The solution of the
homogeneous linear recurrence relation

avjo+apvj1+apv;j=0 forj>2

is given for j > 1 by

j-1 j—1
_— <—2htu—\/9+3h,2u2> A (—thu+\/9+3ht2u2)
J »

where the coefficients Ag,A; € R are determined by fi, f, € R. Hence, in general, the
sequence (v;) jen is unbounded as j — oo independently of u and /;. In other words, the
numerical scheme of (3.22) is unstable for each u and each 4;. For the heat equation, deriv-
ing a conforming discretisation by piecewise linear, continuous functions of the variational
formulation (3.20), which results in a stable numerical scheme, is delicate and is not dis-
cussed in this thesis. On the other hand, an alternative approach with the help of a type of
Hilbert transform is given in Section 3.4.
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3.4 Space-Time Variational Formulation with a Type of Hilbert
Transform

In this section, the space-time variational formulation of anisotropic type of Section 3.3
is examined with the help of a type of Hilbert transform, see [145]. Via a Fourier series
ansatz a transformation operator Hr is introduced, and existence and uniqueness of the
space-time variational formulation of anisotropic type of Section 3.3 is proven directly, i.e.
no transposition and interpolation argument is needed, see also [35, Remark 2.13, page
507]. For the resulting space-time variational formulation of this section, ansatz and test
spaces are equal. Furthermore, the used analysis is developed on a finite time interval
(0,T) instead of considering an unbounded time interval (0,e0) as in [37,52, 101]. More-
over, a conforming discretisation of the resulting variational formulation leads to an uncon-
ditionally stable finite element method, which is combinable with the boundary element
method as in [35] via a FEM-BEM coupling. In the last part of this section, unconditional
stability for unstructured space-time meshes, error estimates in L?>(Q), in H'(Q) and in

the anisotropic Sobolev space H(} /2 (0,T;L%(Q)) for a tensor-product approach are proven.
Furthermore, numerical examples, which confirm the theoretical results, are presented.

3.4.1 Characterisation of H(;’/ 2(0, T)and H ’10/ 2(O, T) via Fourier Series

In this subsection, the interpolation of functions spaces as in [102, Chapitre 1, Section
2.1, page 11] is considered. Hence, all functions are complex-valued in this subsec-

tion, i.e. H*(0,T;C) and H,, 1/ 2(O,T;(D) are the complex-valued versions of the Sobolev
spaces of Section 2.2. Wlth the notations of [102, Chapitre 1, Section 2.1, page 11] let
Y := L?(0,T;C) be the usual complex Hilbert space with inner product

T
(MVL20T<D /”
0

and let the complex Hilbert space X := H&(O, T;C) be endowed with the inner product

(V)i 01:0) = / (1) I (1)t
0

Clearly, X and Y are separable and X is a dense subset of ¥ with a compact embedding,
see [13, Proof of Satz 5.12, page 148].

Next, an unbounded operator A: Y O dom(A) — Y with domain dom(A) = X is con-
structed such that A is self-adjoint and positive in Y. Therefore, define the unbounded
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sesquilinear form a: dom(a) x dom(a) — C by

T
a(u.v) = () g 7.0 = / Syuu(r)v(0)dr
0

for u,v € dom(a) := X = Hol’(O,T;(D) C Y. The sesquilinear form a is densely defined,
symmetric, closed and lower semibounded in Y, i.e.

e dom(a) is denseinY,
* it holds a(u,v) = a(v,u) for all u,v € dom(a),
* (dom(a),(-,-)q) is a Hilbert space with the inner product (u,v)q := a(u,v),

e it holds
2

2 T 2
a(u,u) = H”HH&((),T;@) 2 mH“Hy(o,T;@)
for all u € dom(a) due to the Poincaré inequality, see Lemma 3.4.5 for the constant.

The Representation Theorem for Semibounded Forms, see [133, Theorem 10.7, page 228]
and see also [90, Theorem 2.1, page 322], [157, Unterkapitel 4.2], yields that there exists a
uniquely determined, lower semibounded, self-adjoint operator S: ¥ O dom(S) — Y such
that

e it holds dom(S) C dom(a) = X,
* it holds for all u € dom(S) and v € dom(a) that
a(u,v) = (Su.v)20.1.0)» (3.24)
* it holds
dom(S) = {u €X: Jw, €Y with a(u,v) = (Wi V) 200,7:0) Vv € dom(a)},
and the operator is given by Su := w,, for u € dom(S),

* alower bound for S is given by

(Su.)20r0) 2 7l B0y
for all u € dom(S).
Lemma 3.4.1. The unbounded operator S: Y O dom(S) — Y from above is given by
Su= —0dyu

and
dom(S) = {u € H*(0,T;C): u(0) =0,/ (T) =0}.
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Proof. Let u € dom(S) be fixed. It is shown that u satisfies u € H>(0,T;C) with u(0) =0
and ' (T) = 0, i.e. u is contained in the right-hand side. First, because dom(S) C dom(a),
it holds u € H&(O,T;C) and so, u(0) = 0. Second, for v € C5(0,T) in (3.24), it follows
with integration by parts that

(SM’V)LZ(O,T;(D) =a(u,v) = _(u’attV)B(O,T;(D)’

hence, Su = —d,u € Y and so, u € H>(0,T;C). Third, for v € C>[0,T] with v(0) = 0 and
v(T) = 1 in (3.24), it follows with integration by parts that

a(u,v) = (Su,v)201.0) = — (Ot V) 1200.1,0) = ' (TW(T)+a(u,y) <= u(T)=0
and so, u 1s contained in the right-hand side.

Now, let u satisfy u € H*(0,T;C) with u(0) = 0 and «/(T) = 0, i.e. u is contained in
the right-hand side. Hence, u € X = H&(O, T;C). The function u is contained in dom(S),
because for w, := —dyu € LZ(O, T;C), it holds with integration by parts

a(u,v) = _(aﬂu’v)Lz(O,T;(D) = (WuaV)LZ(o,T;cD)

for all v € dom(a). Thus, Su = w, = —dyu. O

The Second Representation Theorem [90, Theorem 2.23, page 331] yields that the square
root A := S8'/2: Y > dom(A) — Y fulfils dom(A) = dom(a) = X = H&(O,T;(D) and

a(u,v) = (Au,Av)2 o7,y forallu,v € X.

Recall that A: Y D dom(A) — Y is self-adjoint and positive in Y, because A is the unique
square root of the self-adjoint and positive operator S: ¥ D dom(S) — Y, see [157, Satz
8.22, page 303] or [133, Proposition 5.13, page 95].

Because of the compact embedding of X in Y, the operator S: Y D dom(S) — Y has a
purely discrete spectrum, see [133, Proposition 10.6, page 227]. A simple calculation
gives

. /4 t 1 /m 2
Vi(t) := sm(<§+k7r>f>, M= ﬁ(i +k7r) for k € Ny, (3.25)
which fulfil for £ € Ny

=9 Vi(t) = 4Vi(t) fort e (0,T), Vi(0)=0, Vi(T)=0,

i.e. SV, = AV for k € Ny. These eigenfunctions V) form an orthogonal basis in L? (0,7,C)
satisfying
T

T
/ Velt)Ve(o)d = > 8 for k. € No
0
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and in H&(O, T;C) with

1

2T< +"”> S fork, € Ny.

T
/ V(1) Velt)dr = A / Vi(t)Ve(t)ds =
0 0

Hence, by Parseval’s identity, see [157, Entwicklungssatz 1.55, page 53] and [158, Satz
V.4.9, page 254], it follows that for u € LZ(O, T;C), it holds the expansion

Z uksm<< +k7t> == / sm +k7r> T) &t (3.26)

and the norm is given by

[}

H“”U 0,7:C) Z

T o0
(u, Vi Lon(D’ = Y Il (3.27)
k=0

Furthermore, for the inner product, it follows

N|’ﬂ

T
(V) 2007:0) = /u Z Wk (3.28)
/ =0

for u,v € L*>(0,T;C) with expansion coefficients u; and v from (3.26). For a function
ue H(}’((), T;C), the expansion (3.26) converges also in H; (0,7;C), i.e.

1 [

T Z (g-l—kﬂ:)ukcos <<g -|—k7r> %)

k=0

aﬂl(t) =
converges in L2(0,T;C), and the norm is given by

2 1
e W |

—_y(Z k) . 3.29
2Tk:0<2+ ™)l 29

u, Vi) 12(0.1:C)

Before defining the interpolation space H&/ 2 (0,T;C), note that for 6 € (0,1) the powers

§9: v o dom(Se) — Y are given by the so-called Functional Calculus, see [133, Section
5.3] or [157, Unterkapitel 8.4], i.e.

dom(s?) = {MEY Z?L

Hs"u

2
(u, Vi) 2 OTC)‘ <°°}

and it holds )

2
12(0.T:C) _Zl

b

(. Vi) 2 0.1:0)
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see [133, Theorem 5.9, page 93].

Plugging these results in the definition of the interpolation spaces [102, Définition 2.1,
page 12] gives with the expansion (3.26)

Hy/*(0,T;C) = [H} (0,T;C),L%(0,T; C)], ) = dom(A'/?) = dom(s"/4)

{uELz(OT C): le/z‘ uvk)LZ(OT@)‘ <oo}

= {u e L*(0,T;C): u= i u Vi, %i (g-l-k”) g |* < °°}
k=0

k=0

with the interpolation norm for u € H,, 1/ 2(O, T;C)

2 2
HuH[H(}’(0,T;C),L2(0,T;C)]1/2 = \/||u||L2(0,T;(D) + HAI/ZMHLZ(O,T;(D)

— \/; kZ: (1 +ﬂ,1/2> ‘(M,Vk)ﬁ(o,r;@)’

=0

_ \/%I;<T+ <g+kn)> g |2, (3.30)

see also [102, Proof of Théoreme 16.2, page 112] and [15, Section 11.5] for such a con-
struction. This motivates to define for u,v € H,, 1/ 2(O,T;(D) with expansion (3.26) the

2

norm
l o /m >
HMHH&/Z(O,T;@),F = \/Ek_z‘z) (5 +k7r> ’uk’ s (331)
as well as the inner product
l & /m o
(u’V)Hé‘/z(O,T;(D),F = Ekzb <E —l—kn’) Ui Vi,

where the subscript F stands for Fourier series.

Theorem 3.4.2. There hold the norm equivalences for all u € Hl/2 0,7;0)

””HH&”(OT@)F < llulle LOT:C)2O.TC))y, S +_H”” 5 2(0.T:C).F

and

2
u(1)]
dr <C
: = 2Hu||H&/2

T

2 |

Cilll oy < || Wiy + [ oo
0
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with constants C; > 0 and C, > 0. Hence, (Hé’/z(o, T;C), () 1 0T:C).F ) is a Hilbert

space.

Proof. From [102, Théoreme 11.7, page 72] and [102, Remarque 11.4, page 75], it follows
|

dr is equivalent to the interpolation norm

that the norm u — \/ |

-] H (0.7:C).L2(0.TC)] > €€ also [102 Remarque 2.3, page 13]. It remains to prove that

the norm || -[| .1 1 and the interpolation norm |-, 1(0.7:0).L2(0.T5T)], , AT equiva-

(0,T;C),F
lent. The first mequahty ull, 200 = < |u H[Hl 0.7:C).L2(0.7:0)), , 18 trivial because of

(3.30). The second inequality follows from

H”” L0.T:C).L2(0.T:C)]y o —

+ 4
= = ¥

a3 al%’IMs

where the representation (3.30) is used again. 0

Remark 3.4.3. For the explicit calculation of boundedness constants, an interpolation
argument, i.e. the Interpolation Theorem [30, Proposition 14.1.5, page 373] or [26, Theo-
rem 3.1.2, page 40] or [153, Section 1.3] for the so-called K-Method of Interpolation with
the interpolation norm ||-|| g, (x.yy, is used. Interpolating the Hilbert spaces H&(O,T;(D)
and L*(0,T;C) with the K-Method of Interpolation yields again H&/z(O, T;C) with the to
Il L0.1:0).2(0.1:0)), , €quivalent norm ||.||KI/Z(H&(O,T;C);LZ(O,T§®))fumlling

2 T 2 2
|’uHKI/Z(H&(O,T;C);Lz(O,T;C)) =5 [H”H H, (0, T;@),LQ(O,T;C)]]/z - ||”||L2(0,T;@)

A2,

2 H L2(0,T;C)

:EHMHH&/Z(O,T;(D),F (3.32)

foru€ Hy/*(0,T;C) with (3.30), see [102, Proof of Théoréme 15.1, page 108].

Now, the result of Theorem 3.4.2 is transferred to real-valued functions. Hence, for the
real Hilbert space HS’/ 2(O, T), see (2.1), it holds the representation

1/2(0 T)= {u eL*(0,T): u= iukvk, %i (§+kn’> g <o<>}
k=0
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and |
T
e =3 X (5 4w

is a inner product, which induces a to [|-|| 12 equivalent norm, where u;, vy € R are
0,

(0.7)
the expansion coefficients given by (3.26).

Analogously, the real Hilbert space H })/ 2(O, T) is investigated. Here, only the notations are
introduced and some properties are stated. The eigenfunctions and eigenvalues

T t A 1
Wilr) i=cos (5 +4m) ). A= (5 +k7t>, keNog,  (333)
fulfil for £k € Ny

—0uWi (1) = AWi(t)  fort e (0,T), Wi(0)=0, Wi(T)=0.

Note that there hold A, = jtk and 0,V, = /W, for all k € Ny. These eigenfunctions W,
form an orthogonal basis in L?(0, T) satisfying

T
/W( YW(1)de _—5k£ for k,¢ € No
0

and in H{(0,T) with

1

2T<2+k77> O for k, £ € Ny.

/3th(f)3zWe(t)df Zlk/Wk(’)Wé(f)d
0

Hence, by Parseval’s identity, it follows that for w € L2 (0,T), it holds the expansion

Zwkcos<< +k7r>;), wk:%]w(t)cos<<g+k7r>%)dt (3.34)
0

and the norm is given by

T & )
12 0r) = Z\kaLzOT\ =5 Y el
k=0 k=0

Furthermore, for the inner product follows

T
T (o)

(w,z) 12(0,T) /W = — Z WkZk (3.35)
2 &0
0 -
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for w,z € L2 (0,T) with expansion coefficients wy and z; from (3.34). For w € H})(O, T),
the expansion (3.34) converges also in H})(O, T),ie.

ow(t ———Z< —|—k7r>wksm((g+k7r>%>

converges in L2(0,T), and the norm is given by

2 1 & /7@ 2 2
HatWHLz 0.T) Zkk‘ WWk)LZ(OT)‘ :ﬁ];:o(i‘l‘kﬂ) [wie|~

For the real Hilbert space H})/ 2 (0,T), see (2.2), it holds the representation

1/2(0 T)= {u cL*(0,T): u= ikak’ %i <g—l—kn) wi? < oo}
k=0

and |
T
<W,Z> 1/2(0 T).F = E};) <§ +k75> WiZk

is a inner product, which induces a to [[-[| 12 equivalent norm, where wy,z; € R are
0

0.7)

the expansion coefficients given by (3.34).

Finally, representations of the dual spaces [H})/ 2(O, T)]" and [H})(O, T)]" are given. In Sec-
tion 2.2 the dual space [H})(O, T)]" is characterised as a completion of L(0, T') with respect

to the Hilbertian norm || - ||[H1 (0,7)y» Where H||H1 0,r) = |l 0,y is the norm in H(0,7).
Analogously, in Section 2.2, the dual space [H / (0,T)] is characterised as a completion
of L?(0,T) with respect to the Hilbertian norm | - H[H})/z o) where HHHB o) is the

norm in HB/Z(O, T), see (2.3). Here, ato || - || 2 equivalent norm is given by
’ 0

o.7))
[f(w)l
o= S0 e —
| H[H’102(0,T)],F 0 EHI/Z( HW”H})/z(O,T),F

for f e [H HY 2(O T)]’. With the help of the expansion (3.34), the following lemma holds,
see also [96 Section 8.1].

Lemma 3.4.4. For f € [H 1/2(0 T)), there holds

T -1
I 0myr = 5 X (5 +48) 72
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where fi .= %f(Wk) with W (t) = cos ((% + kﬂ?) %) . Furthermore, the dual space is given
by

Too

[H*(0,7)) = {g H*(0,T) +R:  g(w) = 3 Y wige with (gx)rex, C R
k=0

T2 &/ -1
satisfying — Z (— —|—k7r) g% < oo 5,
2 =\2

where the expansion coefficients wy are from (3.34).

Analogously, for f € [H})(O,T)]’, there holds

2 TP
Hf”[[-[})(O,T)]’ - 7 Z

k=0

where fi := % f(Wy) with Wi(t) = cos ((% —|—k7r> %) :

(G+im) 7

Proof. Let f € [H 1/ 2(0 T)]' be fixed. Forw € H 1/ 2(O T'), there hold the representations

Zwkcos<< +k7r) ) Zkak [w|? 110 F:%i( —|—k7t>wk

and therefore, with the continuity of f,

Z wif (We) = Z Wi fk-

~1
Set wfcv = (5 +k7r> fx for k=0,...,N and wkN =0 for k > N. Assume w.l.o.g. that
wh = YN wW # 0. Thus, w? GH]/Z(O,T) and it is obtained that

Yo 1\ \/?kgo <%+k”>_1f’<2 \/?kgOWkak
(7;‘6 (5 +k7f> fk2> = L N2 N 1/2
(k);o (% + kn) sz) <k§0 (% +k7r) (wjkv)z)
__ SO < sup _ Wl
||WN||H})/2(O,T)’F 0weH?(0,1) HW”H})/Z(O,T),F
Hence, 5 o
I omye 2 5 X (3 +4m) 7
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follows as N — oo,

On the other hand, the Cauchy-Schwarz inequality yields
S W)

= sup
HWHHg/z

T
0TI T o

(0,1),F

oo ~1/2 1/2
= y wkfk<§ —|—k77:> (g —|—kﬂ:>
=4/ = sup k=0

0AweH*(0.7) ( ¥ (3+kr) w%)
k=0

e . 1/2
3(72(5“‘”) ff) -

k=0

Hence, the norm equality is proven and f is contained in the right-hand side.
To show that the right-hand side is a subset of [H HY 2(0 T)]', one defines for a given se-

quence (g )keN, C R, satisfying %22,;"’:0 (% —|—k7r) g7 < oo, the element

T &
) Z Wik8k
k=0

forwe H I/ 2(0, T') with the coefficients wy from the expansion (3.34). The linear functional
g H L/ 2(O, T) — R is well-defined and bounded due to

T & 12w —1/2
g(w)] = Ekg)wk<2+kn> s(5 +kr)
1/2 1/2
1 & /m T° & (m -1
<(5Y (G+i)wi] (S X G+rn) g
<2k:0 2 2 & \2
M <eo
=|lw|l? B0
Hence, g € [H 1/2(0 7))
For f € [H{(0,T)], the proof is of the same manner. O

Note that for g € L*>(0,T), with expansion coefficients g; from expansion (3.34) with re-
spect to Wy, there holds for w € H})/ 2 (0,T) with expansion (3.34) that

(g:w) W)r2(0,1) Z 8ikWk
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and

72 (E‘l‘kﬂ) 8k§72E k= _||g||L2 (0.T)
k=0 k=0

Hence, it follows that g € [H L/ 2(0, T)]" with

2T

and there exists a unique continuous extension of {-,-) ;2 7 on [H /2 (0,T)] x j)/ 2(O, T),
which is denoted as duality pairing (-, -) ¢ 7). Thus, for f € [H 1/ 2(0 T)]’ the usual notation
fw) = (f,w) o) forw € H’10/2(0,T) is used.

With the help of the representations (3.26) and (3.34), the following lemma states inequal-
ities of Poincaré type with sharp constants.

Lemma 3.4.5. The following inequalities are sharp:

1. ForueH, /2(0 T)andze H1/2(0, T), there hold

2T
2o <A/l giren e ad Telzon < \/ e 1Y 0.1)F

2. Forue H&(O, T)andz € H’B(O, T), there hold

2T 2T
||“||L2 0.1) S ||atu||L2 (or) and ||Z||L2 (0.1) S ||atz||L2 (0,7)

The inequalities remain valid for complex-valued functions.

Proof. The inequalities for H)’ 172 (0,T) and H&(O, T') follow from the norm representations
(3.27), (3.31) and (3.29) Wlth

> 2T1
||”||L2 0.7) Z”k

T 5 1 T , 2T »
5“k§752(5+"”>“k —” I 0m)r
and
4T%2 1 & /2 4T2 1 & /1 4T?
2 _ 2 2
lullzz0r) =257 & (3) 8<% X (5 +42) = " o,

which are sharp for functions u with expansion coefficients ug # 0 and u; = 0 for k € N.
Correspondingly, the inequalities for H’i)/ 2 (0,T) and H’lo(O, T) are proven. O
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3.4.2 Transformation Operator H 7

First, the distributional derivative d; on (0,7') for a fixed u € Hé’/ 2 (0,T) is investigated.

Theorem 3.4.6. For u € H, 1/ 2(O,T), there holds for the distributional derivative d;, on
(0,T) that du € [H 1/ 2(0 T)|'. More precisely, there exists a uniquely determined element
g€H 1/2(0 7)), sansfymg

T, (@) = <ga(P>(o,T) Vo € D(0,T),

where Ty: D(0,T) = R, Tu(@) = (u,9)2(,1): is the to u related distribution, see Sec-
tion 2.1.

In addition, there hold
HatuH [H,B/Z(O,T)]/,F S HuHHé’/z(O,T),F
and

(e w) .7 Zuk< k)i (3.36)

forallw e Hj)/z (0,T) with expansion coefficients uy from (3.26) and wy, from (3.34).

Proof. Foru € Hé’/ 2(0, T) with the representations

Zukmn(( -|—k7£> > Zuka u| | 10 F—%i( —I—kn')uk,

one defines the functional g € [H 1)/ 2(O, T)]' via the sequence (gx)ken, C R with

1

8k = TW(% —l—kﬂ?), k € Ny,

satisfying
T -1 2 1 > 2
T L (GHam) =g B (5l =l ) <

see Lemma 3.4.4. Hence, g € [H 1/ 2(O T)]" is well-defined. Next, consider the related
distribution T;,: D(0,T) — R defined by

Tu(@) = (u, @) 12(0.7)
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for ¢ € D(0,T). The distributional derivative d; on (0,7) is given by

O Tu(@) = —Tu(99) = —(u, 9, 9) 12(0.1) = Z (Vi @) 120,17
—0

_ Z (Vi @) 20 Z uk( k) (Wi )20

= — Z uk( +kjr> O = Z 8kPr = <g’(P>(O,T)
22

for ¢ € D(0,T) with expansion coefficients ¢ = %(Wk,(m 20,y from (3.34). Further-
more, it holds with the last calculation and the Cauchy-Schwarz inequality that

‘(g, ‘ Zuk( +k7f>(Pk

I « I «
S\/gz (2+kﬂ)uk\/gz( ) 92 =l oo 1) 1010, 1

k=0 /=0

Due to the density of C3'(0,7) in Hj)/z(O, T), see Theorem 2.2.2, it holds

”gH [H})/Z(O,T)}/,F S ||u||H(;,/2(O,T),F
and the element g is unique. The last equality of the assertion follows from the continuity

of g and again from the density of C;'(0,7) in Hl/2 (0,7). O

The representation (3.36) motivates to define for u € L?(0,T) with expansion (3.26) the
function

(Hru)(t Z ugWy(t) Z Uy cos (( + Eﬂ) T) (3.37)
fort € (0,T). By construction, it holds Hru € L*(0,T). Furthermore,
Hr: L2(0,T) — L*(0,T)
is bijective and norm preserving, i.e.
[ Hrull 20,0y = llull 207y forallue L*(0,7),
where the inverse transformation operator

H,': L2(0,T) — L*(0,T)
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is given by

Zkak Zwkmn(( —i—k?t)T) t€(0,7),

for w € L?(0,T) with expansion (3.34).

Foru € H&/ 2(0, T) with expansion (3.26), the function

(Hru)(t Z uWo(t) Z Ugcos ((g +€7r> %)

fulfils Hru € Hj)/ 2(O, T') because it holds

HHT”HH’IO/z

= |lu
o

(0,1),F (0,T),F’

ie. Hr: l/2(0 T)— Hl/ (0,T) is norm preserving. Furthermore,

Hr: Hy/*(0.T) = Hy*(0.7)

is bijective. Analogously,
Hr: Hy (0,T) — Hy(0,T)

is norm preserving and bijective.

The representation (3.36) yields for u,v € H, /2(0 T)andw:=Hrv e H1/2(0, T)

1 (o]
(G, Hrv) o) = 5 ; < —|—k7r)uka = (u,v) H2(0.1)F

and

(o)

— 1 2 _ 2
@tz =5 X (5 +4m)ud =l (338)

Hence, the bilinear form b(-,-): H, 5/2(0, T) x 1/2(0 T)—R,

b(w.v) == (B Hrv) o) = . uveH(0,T), (3.39)

{u, V>H&/2(0,T),F
is bounded, elliptic and symmetric.
Next, some properties of the operator Hy: L?(0,T) — L*(0,T) are given.

Lemma 3.4.7. Foru € L*(0,T) and w € L*(0,T), there holds

(Hru, W>L2(o T) = = (u, HT >L2(0,T)-



3.4 Space-Time Variational Formulation with a Type of Hilbert Transform 81

Proof. For u € L>(0,T) and w € L?(0,T), there hold the expansions

= Yusin((G+4) 7). i) = L weeos (5 +17) ).
and

(trae) = L weos (5 +km) 1) ()0 = E wisin((F+0x) )

with expansion coefficients u; from (3.26) and w, from (3.34). Hence, it follows with the
representations (3.28), (3.35) that

335 T & (3.28)

(Hru,w)ppor) = 7 L W = (w1 'W)r20.m)
k=0
and therefore, the assertion. O]
Lemma 3.4.8. There holds
<V’HTV>L2(O,T) Z 0 (340)

forallv e L*(0,T).

Proof. By using the representations

kamn(( —|—k7t>T>, (Hrv)(t chos<< -l—ﬁﬂ:);)

it follows with the continuity of the inner product (-,-);2(o 7y that

T
(=}
iy
o
O\'ﬁ
<4
=
/N
/
\S)
—+
»
Q
N——
Nl
N——
(@)
o
©»
/N
S
[\
_|_
I
Q
N——
~
N——
-~

W HV) 200 = Y Y Vive
T

o o T
_ % y va/ [sin ((k-+ 0+ 1)7:%) +sin ((k—z)n%ﬂ dr
0

—k+£T e cos((k—kﬁ—f—l)ﬂ%)]

T & & 1
_ L 1— 1k+£+1]’
27:ZZV" €k+£+1[ (=1)

0
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where the second integral is ignored due to symmetry. When splitting k and ¢ into odd and
even indices, i.e. k =2i,2i+ 1, £ =2j,2j+ 1, this gives

TS o[ vivy V2it1V2)+1
H = — " Y
(v TV>L2(0,T) ﬂ:l'ZOjZO 2i+2j+1 + 2i+2j+3

1 1
T2 2 . .
2i+2 204242
:EZZ "ZiVZj/xl jdx+V2i+1V2j+1/xl I dx
- 0 0
1

TN N A A
- 2i+2 2i+2j+2
= lim p E E Vzl'sz/x A dx 4 voipvajar [ x0T

1
N=eo | T35 50 5 o/
Y Ly - 2
— l1m 2| dx Vo1 x T dx| >0
= oam / Z 2i +/ Z 2i+1 >
0 i=0 0 i=0
and hence, the assertion follows. O]

Remark 3.4.9. The transformation Hr is the counterpart on finite intervals (0,T) of the
Hilbert transform H: L*(R) — L*(R) defined by

Hv(t) = - lim /eﬁdw/w@ds , 1€R,

for a function v € L*(R), see [92, 122]. The Hilbert transform H has similar properties as
the transformation Hr, see [145].

3.4.3 Variational Formulation for d;u = f

To get a first impression of the transformation Hr, the simple initial value problem
du(t) = f(t) forte (0,T), u(0)=0, (3.41)

is investigated. The corresponding variational formulation is to find u € H,, 1/ (0,T) such
that

b(u,v) = (f, Hrv)o.r) (3.42)

for all v € H, 1/ 2(O,T) where f € [H L/ 2(O,T )]" is a given right-hand side and the bilinear
form
Ll 12
b(-): Hy!"(0,T) xHy'“(0,T) = R,  b(u,v) = (dru, Hrv) o 1y
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is bounded, elliptic and symmetric, see (3.39). Hence, existence and uniqueness of a
solution u € H /2 (0,T) for the variational formulation (3.42) follow by the Lax-Milgram

Theorem, since the right-hand side f € [H 1/ 2(0 T)] satisfies

|[(f. Hrv) o) {<Hf|! Y20, clHrvll, 12(0 =71, HY2(0 IV 2 ore G4

forall v € Hl/Z(O,T).

With the notations of Section 2.6, a conforming finite element discretisation of the vari-
ational formulation (3.42) is to find uy, € Sllz,,o,(O’T) = span{(pk}kN’:1 C Hé’/ 2(O,T) such
that

(Orttn,s Hrvi) 20,1y = (> Hrva ) o.r) (3.44)

forall vy, € S }lho’(O, T). Using standard arguments, e.g., [51, 141], there follow the unique
solvability of (3.44) and the a priori error estimates

1/2
=t a2y < Bt Pl fors e (1/2,2],
[l —up N 20,7y < hillullmso.1) fors € (1/2,2],
e =, |l 0.7y < e Mlullso.ry  fors € (1.2]

with a constant ¢ > 0, when assuming u € H(i/ 2(O,T) NH*(0,T). Note that the error es-

timate in the energy norm ||u — up, || H2(07) F is a consequence of Céa’s Lemma and the
0’ ’ >

approximation property of Slla,,o, (0,T). The approximation property

' 3/2
inf V= Vh <c-h Vg2
Vi €8} 0.(0.T) | ’HH({/ 2(0,7).F iVl (0.7)

for v € H&(O,T) N H?(0,T) is derived by an interpolation argument, see (2.32). For
|| — up, || 12(0.7)> the Aubin-Nitsche trick is used, and for |[u — up, ||H1 (0,7)> @n inverse in-

equality is required, i.e. for this situation a globally quasi-uniform mesh is needed. The
Galerkin-Bubnov finite element formulation (3.44) is equivalent to the system of linear
equations

Kpu=f

with a symmetric and positive definite stiffness matrix K, € RV defined by
Kht []’k] == <8t(pk, %T(pj>L2(O,T) fOI‘ k,] == 1, e ,Nt,
and the right-hand side f € RM, given by

fUl= (" Hrop)or)y forj=1,....N,
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where high-order integration rules are used for the calculation. The evaluation of the trans-
formed basis functions Hr @ can be done by using the definition (3.37). Although the
piecewise linear basis functions ¢ have local support, the transformed basis functions
Hr @y are global, see Figure 3.1 and Figure 3.2, and therefore, the stiffness matrix K}, is
dense.

1.0 A 1.0 R
05 0.5
t t
o.w 2.0 05 1 15 2.0
-0.5 HT -0.5 HT o
-1.0 -1.0
10 03 10 @4
HT P4
05 0.5
t t
05 1.0 1.U0 05 10 15 2,0
~05 Hros -0.5
-1.0 -1.0

Figure 3.1: Transformed basis functions Hr ¢, k=1,...,N;, N; = 4.

As a numerical example for (3.44), the solution u(t) = sin (%£¢) for ¢ € (0,2) = (0,T) of
(3.41) with the right-hand side f(¢) = 2% cos (2%t) for ¢ € (0,2) is considered. For the dis-
cretisation, a sequence of finite element spaces S}lt’o’(O,Z) of uniform mesh size h, =2/N;,
and N; =2/%! j=0,...,7, is introduced. Since the solution u is smooth, quadratic con-
vergence in L%(0,2) and linear convergence in H'(0,2) are expected. This behaviour is
confirmed by the numerical results as given in Table 3.9. In addition, the minimal and
maximal eigenvalues of the symmetric stiffness matrix Kj, as well as the resulting spectral
condition number of Kj, , which behave as expected for a first-order differential operator,
are given in Table 3.9.

3.4.4 Variational Formulation for d;u + pu = f

Instead of the initial value problem (3.41), consider for u > 0 the first-order linear equa-
tion
du(t)+pu(t)=f(t) forte (0,7), u(0)=0, (3.45)
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0.5

0.5 1.0 1.5 2.0
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0.5
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Figure 3.2: Transformed basis functions Hr @y, k=1,...,N;, N; = 8.
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Ni Nlu—unlli202) eoc |0 —dup,llr202) €0C  Amin(Kp) Amax(Kn) K2 (Kp)

2 1.00473818 - 7.05949197 - 0.4166 0.9602 23
4 0.86127822 0.2 5.88004588 03 0.2844 1.1169 39
8  0.16924553 2.3 3.66044528 0.7  0.1688 1.1280 6.7
16  0.03246999 24 1.82612730 1.0 0.0915 1.1327 12.4
32 0.00748649 2.1 0.90514235 1.0 0.0475 1.1338 23.9
64 0.00183184 2.0 0.45124173 1.0 0.0241 1.1340 47.0
128  0.00045545 20 0.22543481 1.0  0.0122 1.1341 93.2

256  0.00011371 2.0 0.11269290 1.0 0.0061 1.1341 185.6

Table 3.9: Numerical results for the Galerkin-Bubnov formulation (3.44).

and the related variational formulation to find u € H 1/2 (0,T) such that
(G, Hrv) o,y + m Hv) 200y = (> Hrv) o) (3.46)

forall v € H, 1/ 2(O,T), where f € [H HY 2(0 T)] is given. The first-order ordinary differen-
tial equation (3 45) plays a central role in the analysis of the heat equation, see Subsec-
tion 3.4.5, where 1 > 0 corresponds to a Dirichlet eigenvalue of the Laplace operator, see

(2.4).
Theorem 3.4.10. Let u > 0 and the right-hand side f € [H HY 2(0 T)] be given. Then there

exists a unique solution u € H, / (0,T) of the variational formulatlon (3.46), satisfying the
stability estimate

”uHH&/Z(O,T),F < ||f||[Hj)/2(O,T)}’,F' (347)
Proof. When combining (3.38) with Lemma 3.4.5 and (3.40), this gives

2
<3,u HTV>(0 T) —l—u(u HTV L2 0.T) ‘ < (1 —+ H ) HMHH(;/Z(O,T),F”VHH(;/z (348)

(0,T).F
and

(@, Hrv) o) + 1 Hrv) 2oy = (O Hev) o) = V2 0T (3.49)

for all u,v € Hé,/ 2(O, T), i.e. the bilinear form of the variational problem (3.46) is bounded
and elliptic, implying unique solvability of (3.46) by the Lax-Milgram Theorem, including
the stability estimate

||MHH(}’/2(O,T),F S ”fH [H})/Z(O,T)]/,F’
since the right-hand side f satisfies (3.43). [
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A first regularity result is given in the next lemma.

Lemma 3.4.11. Let f € L*(0,T) be given. Then the unique solution u € Hé’/z(O,T) of
(3.46) is given by

t
u(t) = / e £(s)ds (3.50)
0

fort €10,T] and fulfils
10l 20,7y < 1f 1207y

Proof. By inserting [ et~ f(s)ds into the variational formulation (3.46), it follows that

the unique solution u € H&/ 2(0, T) is represented by (3.50) and that u € H(}’(O, T). Further-
more, the ordinary differential equation (3.45) holds for almost all 7 € (0,7"). Multiplica-
tion of (3.45) by dyu € L*(0,T) and integration via (0, T) yield

{f+0m) 20,7y = (O, Opta) 20,1y + M Orua) 20 7y = Hat”HLz (0.) T ZU(T)z-

The Cauchy-Schwarz inequality gives the assertion. [

For the analysis of the heat equation, a 4 dependent estimate for the solution u in L?(0,T')
is required.

Lemma 3.4.12. Let u € H, 1/ 2(O,T) be the unique solution of the variational formulation
(3.46), where f € [H ]/2(0 T)] is given. Then it holds

T
llon < 5

Z {k =l (3.51)

where

Ji= %<f’Wk>(O,T)’ Wi (t) = cos ((g +k7f) %) :

Proof. First, note that the right-hand side in (3.51) is finite due to

T & 2T
EZ 2, 1 F 2§_||f||21-11/20T’F<°o’
k=0 M +ﬁ(§+kﬂ') T [Hy=(0.T)],
see Lemma 3.4.4.
2 . .
Let (fu)nen C L*(0,T) be a sequence with ,}5&”f_f"”[y,})”(o,r)]/f 0, see (2.3). Let

u, € H 1/ 2(O, T') be the weak solution of the variational formulation (3.46) with right-hand
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side f,. Hence, u —u, € H, 1/ 2(O,T) is the unique solution of (3.46) with right-hand side
f— fu € [Hy*(0,T)]'. Thus, the stability estimate (3.47) yields

Hu_unHH&/z(O’T),F < Hf—an[Hj)/z(O,T)]',F (352)

and therefore, 1, — u in Hé’/ 2(O, T) as n — oo. Write for f, € L?(0,T) the expansion (3.34)
as

. T
w(t) = kgbfn,kcos ((g—f—kn) %) s fuk = %O/fn(t)cos ((g—kkn)%) dr.

2
First, with A, = % ( + kn’) , the Cauchy-Schwarz inequality and Lemma 3.4.4, it follows

2

Z = Fadd
—_——
*|fk_fn,k| | fet Fuk|

1/2
T & | fi— foxl? | fic + [kl
(FE" ) GESE)

2T

TS ff T
2,;);12+/Ik ZkZMZJr?L

as n — oo, It other words, it holds

L TE foe TE fR
LD M rial ® Dy
k:()/-L‘i" k k:().u+ k

(3.53)

Second, because of f, € LZ(O, T), it holds for the solution u, the representation (3.50) for
t€[0,7]
t

t
up(t) = /e“(s_t)fn(s Jds =Y fn,k~e_“’/e‘”cos( Ais)ds
0

k=0

.- fnk —
—Z 2+7L[ Aesin(\/ Agt) + pcos(/ At) — e ‘”},

where the continuity of the inner product (-,-);2(, for fixed 7 € [0,T] is used. When
computing all integrals, where again the continuity of the inner product (-, -) 12(0,7) 1s used,
one obtains

2
2 _ L nk % —2uT n.k <L n.k
luallzzor =5 X2y 7, u[1+e ]<Zu2+/1k> “2heia

Now, the assertion follows as n — oo with the help of (3.52) and (3.53). ]
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Remark 3.4.13. From (3.51), it follows immediately the estimate

T° &
lulizon <5 X (Z+km) "7 = 1Py oy
=0
see Lemma 3.4.4 for the representation of the norm || - || 1 (0.7))- Moreover, when it holds

f € L*(0,T), the estimate (3.51) gives

oy e #lulzon < Iflz0m-

2 T o 1
u < fi =
|| ||L2(0,T) Zuzkzz) k M

With the notations of Section 2.6, the Galerkin-Bubnov discretisation of (3.46) is to find
up, € S;lz,,o,(O’T) such that
(Orttns Hrvi ) 20,1y + M un Hrvw) 1200y = (s Hrva) 0.) (3.54)

for all vy, € S%lz,,o,(o’ T). As for the initial value problem (3.41), the unique solvability of
(3.54) follows by Céa’s Lemma, including with (3.43) the stability estimate

[[un, | w2 0r)F S Il 00y

and with the help of (3.49), (3.48), an error estimate in the energy norm
UT\ s—1/2
=y <€ (1 250 0 Pl

fors e (1/2,2] and u € Hl/z(O, T)NH*(0,T) with a constant ¢ > 0 independent of u and
h;. Hence, in general, a priori error estimates depend on u and require a sufficiently small
mesh size h; to ensure convergence for large p. In the following theorem, a refined error
estimate in the energy norm ||-|| H0r).F and an error estimate in |[-[| ;2 7) are given.

Theorem 3.4.14. Let u € H1/2(0 T) and up, € S}l 0.(0,T) be the unique solutions of the
variational formulations (3.46) and (3.54). If u € Hl/z(O,T) NH?(0,T), then there hold
the error estimates
2
ottt a2 3y < €120 )13 Ol

and

[ — up, ||L2(0,T) < Co(hs, 1) hzz ||at””H1(0,T) (3.55)
with
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and

V8  /mr+2(142u2)12
— 4+ why | .
v 2V6

Co(he, 1) :=Cypa(he ) - <

Proof. Using (3.49) and the Galerkin orthogonality of the variational formulations (3.46)
and (3.54), it holds with the norm invariance of H7 that

O,T),F S <a[(u - uht)’ HT(” - uh[)>(0,T) + :u“<u - uhts HT(M - uht>>L2(O,T)

=2
= (=) Fr (=D )) 0.7+ 1=, Hr 0= ) o

< M=l g2 gy 1 = It g 20 oy BN =t N2, 1 = Tl 20,7

(3.56)
To estimate the error in L?(0, T), consider the adjoint problem
—w(t) +uw(t) = u(t) —up, (r) fort e (0,T), w(T)=0, (3.57)
1.e. the function w € H})/ 2(O, T) is the unique solution of the variational problem
—(Iw,v)0.r) MW V) 200,y = (U=t V) 20,1 (3.58)
forall v € H(i/ 2 (0,T). Analogous to Lemma 3.4.11, it holds the regularity result
19wl 20,7y < [l = un, [l 2(0,1) (3.59)

and in addition, d,w € H'(0,T). Hence, from the differential equation in (3.57), one finds
duw(t) = now(t) — o u(t) —up, ()] fort € (0,7),
and therefore, with (3.59) and the Poincaré inequality of Lemma 3.4.5

19wz 0. = 10w 200y + 10wl 7207
< (L2610l Z2(0.7) + 200 (u = un )72,
< (1+2u?)||u— up, Hiz(oj) + 2|9, (0 —up,) “iZ(o,T)

412
<(1 +2H2)?”at(” — i) H%Z(O,T) + 2|0 (u — up,) ||i2(0,r)

4T?  8T?u? 5
= (2—{-?4-7) Hu—uhtllH&(O’T) (3.60)
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follows. Since d;w € H'(0,T), an interpolation argument for the K-Method of Interpola-
tion between (3.59) and (3.60) yields the estimate

AT?  8T?u?
19wk, a1 0.1 ):22(0.7) < \/2+ M=l 0.1):2200,m)

T2 8T2;,L
\/7\/ 2 || _uthH&/z(O,T),F (361)

with the help of the norm equivalence (3.32).

Forv=u—u, € Hol,/ 2(O, T) in (3.58) and with the Galerkin orthogonality for u — uy,, it
follows
[t — up, HiZ(o,T) = (u—up,, u— Mh,>L2(O,T)
—(Ghw,u—up, ) 0.1y + WW,u — up ) 120,17
= (I (u—up, ), w)o,r) + 1 — un, W) 20,7
= (A (u—up,),w—In,w)(0,r) + H{u—tp, w—InW) 20,7

S ||u - uht ||H(;’/2(O,T),F||w _IhtWHH})/Z(O,T),F
+ wflu—un, || 20,0 [lW = In,wll 20,1 (3.62)

For the first summand in (3.62), it holds

2
HW—[h,WHH})/z(O,T)’ = \/jHW_IhrWH[q/2 HY(0,T);L2(0,T))

\[ Vi 9wz

< _hl/z

Nz Ju— uhr”Lz (0.7)
where the first equality follows from a norm equivalence analogous to (3.32), the last in-

equality follows from (3.59), and the first estimate follows from an interpolation argument
for the K-Method of Interpolation between

1 1 1
W =T, w207y < 7§hr 10, (W =L, w) | 20,7y < ﬁht 10wl 207y = ﬁhr Wil 0.7)

and
W=t wllgs 0.y = 10w =l W)l 1207y < 29Wlli20,7) = 20wl 0.7

with the stability (2.28) and an error estimate analogous to (2.29) since w € H’]O(O, T).
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For the second summand in (3.62), it follows with (3.61)

1 132

\/__ 2|9
Tz 8T2H e

<7 i R T

\/n2+2 (14+2u )T2 3/2
2v/6

where the first estimate follows from an interpolation argument for the K-Method of Inter-
polation between

W =T, w20,y < Wik, (e 0.1):2200.7))

||I/l uhz” 1/2(OT)

1

2 2
HW_IhtW”L2(O,T) < h; HattWHLZ(o,T) < — =nh HatWHHI(o,T)

1
V24

5

and { .
W —Inwll20) < \/_h,Ha,(w w2 < \/EhtHatWHU (0.7)
with the stability (2.28) and an error estimate analogous to (2.29) since d,w € H'(0,T).

Therefore, the inequality (3.62) yields
V3 L2

R e T R T PR s

VA A LU 02y o |
2% e 1L OT hy I/ZOT)

1.€.

V8  ¥/m24+2(142u2)T?
[l =, || 20,7y < —+\/ (4 )
Nz 2v/6

When inserting this into (3.56), together with the estimate

2 2 1 3
||u—1h,u||H&/z(0,T)’F= = Tnullg, gt 0.r):0200m)) = Eﬁhl 9kl 0.1

derived with the help of (3.32) via an interpolation argument for the K-Method of Interpo-
lation between (2.30) and (2.31), and again (2.31), this gives

‘ll]’lt) 1/2||M ul’ltH I/ZOT) . (363)

3/2||

— Un, ||H(;,/2(0,T),F [[9hu]| (0.T)

th 1/20T F_ \/— /—
1 V8 /m2+2(1+42u2)T? i3

a2 h o,
+\/ﬂu<\/ﬁ+ 2v/6 Hil = Hy*(0.T),F 1okl 0,r,
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i.e.

||I/t — Up, ||H(;’/2(O,T),F

1 1 (V8  Y/mr2(1+2u?)T? 32
< + —+ h he | ;' ||0
= [\/ﬁm \/ﬂ <ﬁ 2% Ung | lhy t || luHHl(O,T)

and thus, the first assertion is proven.

The L?(0,T) error estimate follows with the first assertion from (3.63). O

To illustrate the error estimate (3.55), consider the given right-hand side f as f(¢) = 1 for
t € (0,2) = (0,T), which results in the solution

u(t) = ﬁ [1 —e*“’], 1 €(0,2),

satisfying ||dyul|12(02) < \/g . As at the end of Subsection 3.4.3, a sequence of finite el-

ement spaces S}lho’(O, 2) of uniform mesh size h; = 2/N;, and N; = 2%l j=0,...,7,is
introduced. Depending on u, quadratic convergence is expected, but requiring a suffi-
ciently small mesh size h, = 2/N, for large p. This well-known behaviour can be seen
in Figure 3.3, Figure 3.4, Figure 3.5 and Figure 3.6, where the computed L?(0,2) error is
plotted versus the error bound (3.55).

r — o —_— —_—
1E _"_l‘“*”h/HLZ(o_T) E 100 - —*—Hu*“h,HLZ(QT) i
F —+— error bound | —+— error bound
0.1 ? N ]\/,72 E - NFQ
S oorf S r |
= g =
|§ 0.001 ? ? -T': 001 | |
= 0.0001 y 2
0.00001 | ] 0.0001 |- i
0.000001 & :
E L L T ] L L | L T 0000001 L L T ] L L |
10 100 10 100
degrees of freedom N, degrees of freedom N;

Figure 3.3: L?(0,T) error and error bound  Figure 3.4: L?(0,T) error and error bound
(3.55) for (3.46) for u = 1. (3.55) for (3.46) for u = 10.

Remark 3.4.15. The Galerkin-Petrov finite element formulation (3.22) of Section 3.3 is
uniquely solvable but unstable for any mesh size h; and any u > 0, whereas the Galerkin-
Bubnov finite element formulation (3.54) is uniquely solvable and stable independently of
the mesh size hy and u > 0.
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: maa —— — —
— Hu_ull;“LZ(OVT) —e Hu_uh'HLZ(OvT)
—+— error bound —— error bound
- N;Z

10,000 8 10,000,000 +

1,000

[Jue— Up, HLZ((),T)
S
T

[l — HLZ(()_T)

/
|

000001F | |, i i 0.00001 | | w )
10 100 10 100

degrees of freedom N, degrees of freedom N,

Figure 3.5: L?(0,T) error and error bound  Figure 3.6: L>(0,T) error and error bound
(3.55) for (3.46) for u = 100. (3.55) for (3.46) for u = 1000.

3.4.5 Variational Formulation for the Heat Equation via Fourier Series

In this subsection, the ideas of Subsection 3.4.4 are transferred to the homogeneous Dirich-
let problem of the heat equation

du(x,t) —Awu(x,t) = f(x,1) for (x,1) € 0 =Q x (0,7T),
u(x,t) = 0 for (x,t) e X=T"x[0,T], (3.64)
u(x,0) 0 forx € Q,

where Q C RY, d = 1,2,3, is a bounded Lipschitz domain with boundary I' = dQ and
T > 0 is a given finite time. To write down the variational formulation (3.20) via a Fourier

series approach, characterisations of the spaces H(}.’é/ 2(Q) and Hé,’ 10/ 2(Q) are given. There-
fore, consider for i € N the eigenfunctions ¢; and eigenvalues u; from (2.4), i.e.

—Api=p¢ inQ, ¢;=0 onI, [[¢il;2q) =

which form an orthonormal basis in L>(Q) and an orthogonal basis in H}(Q). Since the
relation

L*(Q) ~ L*(Q)&L*(0,T) = L2(Q) @ L2(0, T)MLZ(Q)
holds for tensor-products, see Section 2.4, the functions
0;-Vi € L*(Q), ieN, ke N,

form an orthogonal basis of L?(Q) with respect to the inner product (-, ) 12(0)» S€€ [128,
Proposition 2, page 50], where the eigenfunctions V} are given in (3.25). Hence, as an
extension of the expansion (3.26), it holds for a function u € L?(Q) the representation

- Z Z i Vi (1) Z i(1)¢i(x) Z ui 1 Vi (1) (3.65)
i=1

i=1k=0
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with the coefficients

T T

2
// (2, 1)V (1) @i (x)dxdr = T/ +k7r /u (x,1) ¢ (x)dxds,
0 0

Q

N

Uik =

{O

i.e. there hold

M N
u—Y Y uigVi ¢ —~0 asM — oo, N — o
i=1k=0 LZ(Q)
and
M
u—ZUi~¢), —0 asM —
= 12(0)

Z Y uig dig

foru,ii € LZ(Q) with the expansion (3.65), and if, in addition, u, i € H(};’l (Q), it follows

; [<8;U,,at L2(0.T) +,u«i<Ui, Ui>L2(O,T)]
T & = 2
52;[T2(2+k7r> —|—‘Lll} Uik - ulk

i=1

~.

for the inner product (2.13). Correspondingly, the functions
¢ - W € L*(Q), i€ N, ke N,

form an orthogonal basis of L?(Q) with respect to the inner product (-, -) 12(g)» Where the
eigenfunctions Wy, are given in (3.33). Hence, as an extension of the expansion (3.34), it
holds for z € L*(Q) the representation

=Y Y wW0)eix) = Y Zi(1)9i(x) Z 2 Wilt) (3.66)

i=1k=0 i=1

with the coefficients

Zig = %/T/z x,1)W (1) i (x)dxdr = ;/cos ((ngkn)%) /z(x,t)q),-(x)dxdt,
0

0 Q
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1.e. there hold

M N
ZZ szk'(Pi —0 asM — oo, N — oo
i=1k=0 L2(Q)

and

M
=Y. Zi- ¢ —0 asM — .
= 12(0)

Analogous to Subsection 3.4.1, there hold the representations

Y uigVi(1)o
1 k=0
£ 1 (5in)lusP <o)

i=1k=0

MS

Hy*(0,7;12(Q)) = {u cI2(Q): u

i

| =

with the inner product

(o]

. 1 &
<u’u>Hé/2(OTL2 F' 522( +kﬂ’.>ulk ulk

i=1k=0

with the inner product

. 1 oo oo T R
<Z’Z>H’L/Z(O,T;L2(Q)),F = Elzzlk;o (5 +k7r> Zi,k : Zi,k7

where the induced norms ||-|[ 12 and [|-]| 12 are equivalent to the
0

(0.T:L2(Q)).F
and [|- H %

(0,T;L2(Q)),F

norms |- 1 given in (2.16) and (2.17). So, the anisotropic

(0.7:12(Q)) (0.T:12(Q)
space H; 1/Z(Q) 1/2(0 T; LZ(Q)) NL2(

uct - o
Z Z {% (g +k7f) +l~li} Ui - Ui fes

)
0,7;HJ(Q)) is endowed with the inner prod-
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and analogously, H, 1/2(Q) = H})/z(O, T;L*(Q))NL*(0,T;H(Q)) is endowed with

gii{ ( +k7r>+ui]zz',k'2i,k-

<Z, 2>H(1_’1/2
0 i=1k=0

The transformation operator Hr, given in (3.37), acts only with respect to the time variable
t,i.e. for u € L*(Q) with expansion (3.65), one defines

(HTM xt ii szk if‘bui,kcos (( —i—kTC) )(Pl( ) (3.67)

for (x,t) € Q. By construction, it holds Hzu € L?(Q). Furthermore,
Hr: L2(Q) —~ L*(Q)
is bijective and norm preserving, i.e.
[Hrull oo = lullz) forallue L(Q),

where the inverse transformation operator
Hy': L2(Q) — L2(Q)

is given by

co oo

(Hy'z)(x,t :Zg ZixVi(t) ig ,ksm(< —|—k7r) >¢,( ), (x1) €0,

for z € L*(Q) with the expansion (3.66). Analogously, the maps
Hr: Hy*(0,T;12(Q)) — Hy*(0,T;L3(Q))

and

Hr: Hyy*(Q) — Hy'{*(0)

are norm preserving and bijective.

Finally, representations of the dual spaces [H(i’}o/ 2(0)] and [H 1/ 2(O T,L*(Q))] are given.

In Section 2.5 the dual space [Hélo/ 2(Q)]’ is characterised as a completion of L?(Q) with

respect to the Hilbertian norm || - |][H()1;}C)/2(Q)],, where H.HHQIZKZ(Q) is the norm in H&;}()/Z(Q),
see (2.20). Ato || - || H o)) equivalent Hilbertian norm is given by
0;,0

<
1l gy = SUP M
T
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for f € [H, 3 1/ 2(Q)]’ where (-,-), denotes again the duality pairing as extension of the
inner product in L?(Q). Moreover, a Hilbertian norm in [H I/ 2(O T:L*(Q))] is

[(f2)ol

<
B[R

sup

0.2 @pyr =
[Hy " (0.T:LX(Q))].F 0AzeH*(0.T:L(Q))

(0,T;L2(Q)).F
for f € [Hy/*(0,T;12())).

Lemma 3.4.16. For f € [Hy > (Q)), it holds

where fiy = 2(f, Widi) o with Wi (t) = cos <<% +k7r> %) :

Analogously, for f € [H’B/Z(O,T;LZ(Q))]’, there holds

2 1 & T -1
o ax@yr = 2 3 (5 “‘”) i

z(x,t) = Z i i x COS ((g +k7r> %) di(x) = i i ZixWi (1)

0 i=1k=0

k=
LE (7o) om)

0o oo T oo oo
Do =3, Y. ziklf-Wadi) o :EZZZi’k'ﬁJ“

i=1k=0 i=1k=0

-1
Setzf,]k = (%(%%—kn)—l—u,) fixfori=1,...,N, k:O,...,Nandzﬁlk:0f0ri>N0r
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k > N. Assume w.l.o.g. that zV # 0. Thus, 7" € HS;’}()/z(Q) and one obtains

mERE () )

Tﬁi 1 P
21:1k:01(5+k7r>+u,- " NN 1z 1y &
(3 <z y (T(7+kn)+ui) fi,k)
i=1k=0
N N
TY Y DS
B i=1k=0
- N N 1/2
(£2,6 (5o em)icar)
i=1k=0 -
(£.2%), (f.2)0]
e N”— S su HZH—
1222010~ 0peemi o) WPl e
Hence,
TS & 1
(Vi TV f
oty (@) F 22&%(%%7:)%,- |

follows as N — oo.
On the other hand, the Cauchy-Schwarz inequality yields

w020l

orzer (o) 1l at 200

\/T lgl éozl-,kfi,k (% (% +k7r) . L%) 1/2 (% <% +k7r> +ui) ~1/2
=\ 5 sup

||f|| [H(;:?IO/Z(Q)]/,F

- 20;£ZGH]’1/2(Q) S 1(n 2 1/2
0:.0 rY (T <7+k7f> ‘|‘.“i) ik
i=1k=0
1/2
- EZZ l(x fi’k
i=1k=0 T(E +k7r> + Wi

and thus, the first assertion is proven.

For f € [H})/ 2(O, T;L*(Q))]’, the proof is obtained in the same manner. O

Analogous to the case of the ordinary differential equation, see Theorem 3.4.6, the distri-

butional derivative d; on Q of a function u € Hé’/ 2(O, T;L*(Q)) is investigated.
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Theorem 3.4.17. For a function u € H, 1/ 2(O,T;LZ(Q)), the distributional derivative 0
on Q fulfils du € [H HY 2(0 T;L*(Q))]'. More precisely, there exists a uniquely determined
element g € [H 1/2(0 T,L*(Q))] satisfying

ATu(¢)=(g.9)p VYo eD(Q),
where Ty: D(Q) = R, Tu(@) = (1, 9) 12(g)» is the to u related distribution, see Section 2.1.
In addition, there hold
19l

H*(0.T:12(Q)))'.F < HMHH&/Z(O,T;LZ(Q)),F

and .
T

Oz =3 ¥, ¥ a5+ ) s (3.68)

i=1k=0

for all z € HI/Z(O,T;Lz(Q)) with expansion coefficients u; from (3.65) and z;; from
(3.66).

Proof. The proof is analogous to the proof of Theorem 3.4.6, since the algebraic tensor-
product C5' () ® C5’(0,T) C C5(Q) is dense in H})/Z (0,T;L%(Q)). O
Remark 3.4.18. The equation (3.68) leads, with the bijective transformation operator
Hr: Hy*(0,T;12(Q)) — Hy*(0,T;LX(Q)), 1o

1 (oo} oo
(pu, Hrid) p = 5;}; ( +k7r) I (3.69)

forall u,ii € H1/2(O, T;L?(Q)) with expansion coefficients u; i, i; s from (3.65).

As in Section 3.3, the variational formulation of (3.64) is to find u € Hé;’é’/ 2(Q) such that
a(u,z) = (f,z>Q (3.70)

for all z € Hy’ L1/ 2(Q) where f € [H, ]’]0/ 2(Q)]’ is a given right-hand side and the bilinear
form a(-,-): H;;;,ﬂ( ) x Hy'{*(Q) — R is defined by

a(u,z) == (Ju,z) o + (Vau, Viz) 12

foru e H1 1/Z(Q) H1 l/Z(Q) Note that for u € H, 1/Z(Q) 1/2(0 T;L*(Q)) and for
z€Hy, 1/2(Q) Hy/*(0,T;12(Q)), it holds

’@u z Q‘ < Iolliyy0 720y 1200200 1

S ||u||H&/2(0,T;L2(Q)),F ||Z||H})/2(O,T;L2(Q)),F
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due to Theorem 3.4.17, i.e. <8tu,z>Q is well-defined and bounded on

Hy2(0.7:12(Q)) x Hy*(0.7:12(Q)).

With this last estimate, it follows the boundedness of the bilinear form

a(--): Hyy/*(0) x Hy'{*(0) = R,

1.e. it holds with the Cauchy-Schwarz inequality

a(2)| < [(9ht,2g| + | (Vatt Vud) 2(g)

< Hu||H&/2 ,FHZHH})/Z ’F+ |Wx””L2(Q)HVxZHL2(Q)

(0.7:L2(Q)) (0.7:L2(Q))

<
= ”u“HSé/z(Q),FHZHH(;lo/z(Q),F

foru e Hé;&/z(Q) € H1 1/Z(Q).

Theorem 3.4.19. For a given right-hand side f € [H, Hy 1/2(Q)]', there exists a unique solu-
tionu € H / (Q) of the variational formulation (3.70), satisfying

<2
gz =2 M gt oyr

Furthermore, the solution operator

L: [Hy O = Hy 2 (0), Lf:=u,

is an isomorphism. In addition, the bilinear form a(-,-): H&;&/z(Q) X H1 1/Z(Q) — R is

continuous and fulfils an inf-sup condition, i.e.

ja(v.2)]

< inf sup , (3.71)

0£veH 2 (0) 022 ety (0) HV”HS;’&/Z(Q),FHZHH&;’}O/Z(Q),F

| =

Vo)

and the surjectivity condition, i.e. for each function z € Hy , 2 # 0, there exists an

element v € H1 1/ (Q) such that a(v,z) # 0.

Proof. For the solution u of the variational problem (3.70), consider the ansatz (3.65)

we) = Y Y uhVi(0) i >—§ ()00 zulkvk

i=1k=0
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where U; € H(i/ 2(O,T) are unknown functions to be determined. When choosing, for a
fixed j € N, z(x,7) := Z(t)¢;(x) with an arbitrary Z € H1/2(O,T) as test function, the
variational formulation (3.70) leads to find U; € H,, 1/ 2(O, T) such that

(ULZ) o)+ MU Z) 201y = (- 20))0 (3.72)
forall Z € Hy*(0,T). With Lemma 3.4.5, it holds

[(£:2000] < I Npuage g 1203l oz g

2 2

2Tuj

< Hf” HE2 (0 HZHH})/Z(O’T),F

forall Z € Hl/Z(O,T), and so,
(Fj-Z) (o) = (f-28))0

fulfils F; € [H 172 (0,7)]". The unique solvability of (3.72) follows from the unique solv-

ability of (3.46). So, there exists for every j € N a unique solution U; € H,, L/ 2(O, T) of the
variational formulation (3.72), satisfying

||Uj||12,{é/z(0,T)7F = (U, HrUj)(o.1)

<(AU;, HrUj) o)+ 1i{Uj HrUj) 20,1
= (f,9/HrUj)o.

Hence, the coefficients U; € H(} /2 (0,T) are uniquely determined. Next, the convergence
properties of the series expansion of u are investigated. Therefore, define the partial sums

M
1) = ZlUj(t)%(X)
j=

for M € IN, and one concludes

J

M
”“MHES/Z OTLAQ))F Z HU H 1/20T Z f (PJHTU 0— <f Z¢JHTU>
' J=1 )

= HfH[H(}IJZ(Q)]’,F"HTMM“HSI(J/Z(Q)’F

= Hf” [H(};’}()/Z(Q)]’,F HMMHHS;’&H(Q),F
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Hence, using (3.51) for f;; = %(Fi,Wk>(0 Ty = 2(f, $iWi) o, one obtains

T & ¢ Mi 2
leat 17200 7101 @) = 2 MillUill 2oy < 5 Jix
L2(0,T;HL(Q)) l; 2(07) =5 1—2‘11;)%“%(%%7?)2 i,
S 1 2 2
<T 2 <2
with the help of the inequality
a a+b
= for0 <a,b € R.
a*+b> = L(a+b)? a+b

With this, it holds
2 _ 2 2
||MMHH5(§/2(Q),F - HMMHH&/z(O,T;LZ(Q.)),F + ||MM”L2(O,T;H6 (Q))
< 2|1 £11?
< Ml gz gy plltmllgraz ) o + ||f||[H01;,}0/z(Q)},7F,
and therefore, by solving the corresponding quadratic equation,
<2
follows for all M € IN. The last inequality yields with U;(¢) = ¥.;"_, uixVk(t) the bound
T (o] (o]
L [ (5 +47) +u1] = lim Z [HU I e iU
1=1k=
Hoj(), (Q),F

< 4||f||[2H1,’1/2(Q)}’F < oo

=1
MgnooHuM” 1!1/2

and thus, u € H1 1/Z(Q) with limp e ttps = 1 in Hl 1/2(Q)-

Next, it is shown that u is a solution of the variational formulation (3.70). This follows

with the expansion z = ¥, Z;9; € Hy' *(Q), Z; € Hy/*(0,T), which is given by (3.66),
P y
from

CZ(M,Z) = <8,u,z>Q + <qu7 VxZ>L2(Q)
= lim <8,uM,z)Q —l—A/lIiLnoo(quM,Vx@Lz(Q)

atUj¢j,Z>Q + Zl (Uij(;)j, VXZ)LZ(Q)
J:

L
Z (9U;9;.Zi9i) , + Y Y (UjVi9;.ZiV 1) 12(g)

1 j=li=1

Mg

~.
_
Il
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and by using (3.72), from
:Z atUJ’Z (0.T) +ZNJ Uj,Zj) L2(0,T) Z<fZ¢J = (f.2)o-
Jj=1 Jj=1 Jj=1
The uniqueness of u is a consequence of the uniqueness of the coefficients U;.

The remaining parts of the theorem follow from the Necas Theorem 2.9.1. [

The variational formulation (3.70) is equivalent to find u € H, L1/ 2(Q) such that
!
a(u,?—lTv) = <8tu,HTV>Q + <qu, Vx%TV>L2(Q) = <f, HT\/)Q (3.73)

for all v € H,; L1/ 2(Q). Hence, unique solvability of the variational formulation (3.73) fol-
lows from the umque solvability of (3.70). In addition, the stability estimate (3.71) implies
the stability estimate

1 <atu,HTV>Q + <VXM,VXHTV>L2(Q)
5 HuHHljl/Z(Q),F < sup ||V||
0:0, OyéveHl I/Z(Q) H&’&”(Q),F

for all u € H1 1/Z(Q).

To introduce approximate solutions, the bounded Lipschitz domain Q C R is assumed to
be an interval Q = (0,L) for d = 1, or polygonal for d = 2, or polyhedral for d = 3. When

using some conforming space-time finite element space V), C HS.’&/ 2(Q), the Galerkin vari-
ational formulation of (3.73) is to find u;, € V), such that

a(up, Hrvn) = (f. Hrva)g (3.74)
for all v;, € V},. Note that ansatz and test spaces are equal.

Theorem 3.4.20. Let V), C Hé;’é,/ 2(Q) be a conforming space-time finite element space and

let f € [H(i;’,]o/ 2(Q)]’ be a given right-hand side. Then there exists a unique solution uy, € Vy,
of the Galerkin-Bubnov variational formulation (3.74). If, in addition, the right-hand side

fulfils f € [H’})/z(O,T;Lz( )] C [H, . 1/2( )], then the stability estimate

HuhHHé’/Z(O,T,Lz(Q)),F S Hf”[H})/Z(O,T,LZ(Q))]/,F

is true.
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Proof. Let u2 € V;, be any solution of the homogeneous variational formulation (3.74) with
f=0.With (3.69), v, = u2 € V), in (3.74) and Lemma 3.4.8, it follows

012 _ 0 0
Huh“H&/z(O,T;LZ(Q)),F = <atuh,7‘lTuh>Q

-~

>0

d
< (i i)+ X [ (9,5, 0, M, )20 9%
m:1Q N

= (f Hrup), (3.75)

which implies u, 0 and thus, the uniqueness of a solution u;, € V,, of the inhomogeneous
variational formulation (3.74). Since ansatz and test spaces of the variational formulation
(3.74) are equal, the unique solvability of the Galerkin-Bubnov variational formulation
(3.74) follows.

If, in addition, the right-hand side fulfils f € [H/>(0,T;L(Q))]' C [Hy'{*(Q)]', then, for
the unique solution u;, € V), of the Galerkin-Bubnov variational formulation (3.74), there
hold with (3.75)

HM”?{&“(O,T;LZ(Q)), <{f. Hrun)g
< [I£1l HY0:2(@) gl Tl 2 0.7:02(Q).F
= [I£1I H2(0 T;LZ(Q))],,F||uh||H3’/2(0,T;L2(Q))’F
and hence, the stability estimate. O]

A possible choice for a conforming space-time discretisation of (3.73) is the space of piece-

wise linear, continuous functions V, = S} (Q) NHy, L1/ 2(Q), see Section 2.8 for more details.
However, to perform the temporal transformatlon ”HT easily, and to derive error estimates,
based on the tensor-product structure, only a tensor-product space-time finite element

space V), = Q}I(Q) N Hy, L/ 2(Q) from (2.42) is considered in the remainder of this section.

The Galerkin-Bubnov Vanational formulation of (3.73) is to find u;, € Q}Z(Q) NH,y, L1/ 2(Q)
such that

a(uh,’Hth) = <f, HTVh>Q (376)
for all v, € QL(Q) NHyy'*(0).

The next aim is to derive error estimates in the space-time norms. First of all, it holds for
the unique solution u € H), L1/ 2(Q) of the variational formulation (3.73) and for the unique
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solution uy, € Q}l( 0) DH&’&/ 2(Q) of the discrete variational formulation (3.76) the Galerkin

orthogonality
a(u—up, Hrvy) =0 (3.77)
for all v, € 0}(Q) ﬂHé;’é’/ 2(Q). To derive an L?(Q) error estimate, a space-time projec-

tion Q}lz,/ ZQflsz € 0:(0) ﬁH&’é’/ 2(Q) for a sufficiently smooth function v € H(};’é,/ 2(Q) is

introduced, see Section 2.8.

For a function v € HS’/Z(O,T;LZ(Q)), the H(;,/z projection Q;lt/zv € L*(Q) ®Silz,,0,(0’T) is
defined by
1/2 _
<th v vh’>Hd’/2(O,T;L2(Q)),F - <v’vh’>H&/2(O,T;L2(Q)),F (3.78)

forall vy, € L*(Q)®S }lz,,o, (0,T). The properties of the H&/ 2 projection Q;llt/ ? are summarised
in the following lemma.

Lemma 3.4.21. Let v € H&/ 2(O,T;L2 (Q)) be a given function. For the H&/ 2 projection
Q,llt/ 2v, defined in (3.78), there hold the following properties:

1. The stability estimate

1/2
10, VHH(;,/Z(O,T;LZ(Q)),F < HVHH&/Z(O,T;LZ(Q))»F

is true.

2. If. in addition, it holds v € H*(0,T;L*(Q)) for some s € (1/2,2], then the error
estimates

1/2 —1/2
Iv—0; Y orazyr < He P Mlaso.r22(00)-

1/2 s
v — Qh,/ V“LZ(Q) < CthVHHs(o,T;LZ(Q))

with a constant ¢ > 0 are valid.

Proof. First, the stability estimate follows from the Cauchy-Schwarz inequality with

Vp, = Ql{lt/zv S LZ(Q) &® S},Z’O’(O, T)
in the variational formulation (3.78).

Second, with the Galerkin orthogonality

1/2
(= 03PV 12 e =0 Torallvy, € LA(Q) @8}, (0.7),
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the first error estimate is given by

1/2 12 1
=0/ h

/2, 2
(0.T:L2(Q)),F = (=0, -0y v>H(},/2(O,T;L2(Q)),F

1/2
= (V=0 V’V>H(§,/ 2(0,T:L2(Q)).F

—lv—0?
== vy Ih’V>H(;’/2(O,T;L2(Q)),F

1/2
<1y =03 Vgt g iy 1P = IVl e

0,T;L2(Q)),F
1/2
< HV— th/ VHHS/Z(O,T;LZ(Q)),FC |v||H5 (0,T;L2(Q))>

where Ij, is the extended time interpolant (2.44) and ¢ > 0 is the constant coming from
standard interpolation error estimates.

The second error estimate is proven by an Aubin-Nitsche argument. Therefore, let the
function w € H,) 1/ 2(0, T;L*(Q)) be the unique solution of

!
orans = 0w Hr2) = (Hr(v=0,). Hr2) o) = (v =0} w2z
(3.79)

<W, Z>H(:’/2

forall z € HI/Z(O, T;L*(Q)), i.e.

dw(x,t) =Hr(v—0,/*v)(x1)  for (x.1) € Q.

Forz=v— Ql/ ven) 2(0 T;L*(Q)) in (3.79), it follows with the Galerkin orthogonality
and the first error estlmate of this proof that
1 /2
HV— VHLZ < Qh V) (;,/Z(O,T;Lz(Q)),F
1/2 1/2
<W Q / w, V—th/ V>H(§/2(O,T;L2(Q)),F
1/2 1/2
<lw=0, wl, 2oz T Vg2 ) p
1/2
< ehy 2190wl i)t~V
= chyjllv— th V||L2(Q) HVHHS(O,T;LZ(Q))’
where the constant ¢ > 0 comes from standard interpolation error estimates. [

Lemma 3.4.22. For a function v € Hl/z(O, T:H'(Q)), there holds that

12,

Oy,

and if, in addition, v € H(;’/Z(O, T;H}(Q)), then

H'(Q)®S8},0,(0.T)

0,*ve HY(Q) ®5},0.(0.T).
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Proof. The proof is analogous to the proof of Lemma 2.8.1. 0

The next lemma shows that Q;llf/ 2 Q,'lxv c Q,ll(Q) OHS;’&/ 2(Q) is well-defined under regularity
assumptions on the given function v and that the operators in space and time commute,
where the extended H(} projection Q}lx is given in (2.47).

Lemma 3.4.23. For a given function v € HS;’é,/z(Q) with regularity v € L*(0,T; H} (Q))
and 0y,,v € HI/Z(O,T;Lz(Q))form =1,....d, there hold

1/2

1. the relation meQl/z =Q,/ "y, v E L*(Q) ®S}l 0.0.T) form=1,....d and

2. the relation Qh th = Qh Ql/zv S Q}I(Q) ﬁH1 1/2(Q). In particular, the space-
time projections th thv and th Q}lll/ 2y are well-defined.
Furthermore, the error estimates
1201 < 172 1 hyhy || 0,V
v =04 " Cnvliz) < v =05 Viizo) + V= Cpvlli2(0) + chx il [0 Vv 12 g)
and
Iv—0*0hvl <[v—0,/Ml
Ny 2 0,1302(Q) F = e NP 0,1502(Q),F
| 1/2
+ ||V - thvHH&/z(O,T;U(Q)),F + Chx ht/ ||atvxv‘|H(;’/2(O,T;L2(Q)),F

with a constant ¢ > 0 are valid.

Proof. The proof is analogous to the proof of Lemma 2.8.2. 0

Theorem 3.4.24. Let the unique solution u € H,; L1/ 2(Q) of (3.73) satisfy the assump-
tions d,v € L*(0,T;H}(Q)) and dx,v € HI/Z(O,T,LZ(Q)) for m=1,....d, and further,

A € Hy*(0,T;12(Q)). Then the solution w, € QL(Q) N Hyy/*(Q) of the Galerkin-
Bubnov ﬁnzte element discretisation (3.76) satisfies

1/2 1
||u— uh”H&/z(O,T;LZ(Q)),F <|lu—0) “||H5/2 0.7:12(Q) FT 2“” —Opu ‘ Hy*(0.T:12(Q)).F
1/2 _0Y2A
+Chxht HalVXuHH(}/z(O,T;LZ +‘ U Q ‘[ ’z)/Z(O,T;Lz(Q))]/,F
and
1/2

= unll12g) < llu—=Qp, "ullr2(o +Hu—thuHLz e[|V aul 2

1/2

2T
+—Hazu QhatM“Lz +_ Q) "Axu

L2(Q)
with a constant ¢ > 0 independent of h, and h,.
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Proof. With the H,) 1/ 2(O,T;L2(§2)) ellipticity of a(-,-), the Galerkin orthogonality (3.77)
of a(-,-), the properties of the H&/ 2 projection Q}llt/ 2, the properties of the H(% projection
Q}lx and integration by parts, it holds that

|0}/ 0},u < alun — 0,0} wu — 0,0} )

‘ o2 (0.T:12(Q)).F
= a(u— 0,0} uuy— 0)/* 0} u)
= (A=, "0l w. Hr(u~ "0} w)

+(Valu=0) 0}V r(w— 0} Q) ,

and further,

H”” - 0,0}, u

. . 1 _ 1/2 1
‘ o0T@)F (9= Q) Hor (= 0} th”)>
+ <Vx(u - Q;l,t/z )s ViHr (up — Ql/thx“)>
= <8,(u — Q,llxbt),,HT(uh - Q;ll,/ZQ;lzx“)>Q

~ (Aclu— 0}/ %u). Hr (w, - 0}/ 2Q,§XM)>L2(Q). (3.80)

L*(Q)

The relation (3.80) yields

uy—Q,> 0} u

‘ o2 (0.2 (Q)).F

< ””_Qh ”H o2 (0.T:L2(Q)).F Huh_Ql/zQ}u”

) o2 (0.T:12(Q)).F

up— Q> 0} u

+‘ 1/25

xu_Q

‘[HI/Z(O L2 Q)] F H Hy*(0.TL2(Q)).F

and so

Hu - uhH l/2 (0.T:L2(Q)),F

< Hu — Ql/zQ,]lxu

Huh —QI/ZQ}M

‘Hol,/ 2(0.T:2(Q)).F Hy*(0.T:L2(Q)).F

< [l 03/*eh

‘H&/Z(O T2 (Q)).F
1/2,

Oy, " Axu

+ u— Oju

‘H(;,/Z(O,T.Lz ‘[Hj)/z(O,T;Lz(Q))]”F .
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This gives, with the second error estimate from Lemma 3.4.23, the H, 1/ 2 (0,T;L*(Q)) error
estimate.

It remains to prove the LZ(Q) error estimate. With the Poincaré type inequality from
Lemma 3.4.5, the relation (3.80) and the Cauchy-Schwarz inequality, there follows

T 1201 |2 H 12 ‘
ZTH = Oy, On 2( =0y O o (0.1:12(@)).F
< Hatu_Qflz atl/lHLz Huh—Ql/zQ}lxu 2(0)
1/2 1/2 A1
+‘ At =0, ‘) H — O On 12(Q)’
This implies
u—u SHu— 1/2 Hu —o!/? Ly
|| h||L2(Q) Q Qh 12(0) h Q th 2(0)
< |0l
Ot 2 g
+?Hatu thatuHLz( +_‘ xu_Q LZ(Q)
and with the L? error estimate from Lemma 3.4.23, the assertion follows. OJ

Corollary 3.4.25. Let the assumption of Theorem 3.4.24 be satisfied. If, in addition, the
unique solution u of (3.73) is sufficiently smooth and the spatial H(% projection Q}lx Sulfils

the standard L? error estimate
1 2
= ull 20y < Chillull 20,712 (02))

with a constant C > 0, see (2.48), then, for the unique solution uy, € Q}l(Q) ﬂHl 1/Z(Q) of
the Galerkin-Bubnov finite element discretisation (3.76), there hold the error estimates

_ 3/2
||Lt uh”H&ﬂ(O,T;LZ(Q)),F <ch

and
= unll 12y < ch?

with a constant ¢ > 0 independent of the mesh size h = max{h;, hy}.

Corollary 3.4.26. Let the assumption of Theorem 3.4.24 be satisfied. Furthermore, let
uc H'*™(Q) QH&’& (Q) be for some s € [0,1] and let the H&;& (Q) projection Q,, given in
(2.45), fulfil the standard error estimate

1 1
Ju— Qh”HLZ(Q) <ch +S||”HH1+S(Q)



3.4 Space-Time Variational Formulation with a Type of Hilbert Transform 111

with a constant ¢ > 0, see (2.46). Moreover, assume for Q}(Q) OH(;;’OI, (Q) the inverse
inequality
Valg1 () < Cinv h! IVall 20y Vvn € 0;,(0) ﬂH&;’é’ (Q)

with a constant cipy > 0 and h = max{hy,h,}. Then it holds
‘I/l — I/lh‘Hl(Q) S CCinV thl/lHHerl (Q) + Cinv hil Hl/lh — MHLZ(Q)

with a constant C > 0 independent of h. If, in addition, the assumption of Corollary 3.4.25
is fulfilled, then it holds the error estimate

|u—uh|H1(Q) S Ch
with a constant C > 0.

Proof. Note that 0} (Q) QH&’& (0) = 0}(0) mHOI;’Olf 2(Q). It follows with the triangle in-

equality, standard error estimates for Q} and the inverse inequality in Q}(Q) ﬂH&’é’ (Q)
that

| — g 1 ) < |u— Ql]lu|H1(Q) + ‘Q}l”_”h|H1(Q)
< CR|ul gs+1 gy + Cinyh ™! HQ;lz”_”hHLZ(Q)
< Chs”””HsH(Q) +Cinvh_1HQ}lzu_uHL2(Q) +Cith_1HMh_uHL2(Q)
< Ceiny [l gss1(g) + Cine ™" 1w — ] 2(g)
with a constant C > 0 and hence, the assertion. H

Remark 3.4.27. The assumptions on the spatial H(% projection Q}lx and on the HS;’& (0)

projection Q}l in Corollary 3.4.25 and Corollary 3.4.26 are fulfilled, if Q is sufficiently
regular. Thus, for less regular Q, one expects reduced orders for the error estimates given
in Corollary 3.4.25 and Corollary 3.4.26.

In the last part of this section, some numerical examples for the Galerkin-Bubnov vari-
ational formulation (3.76) are presented. Therefore, consider the space-time cylinder

0=Qx(0,T)=(0,1)x(0,2) for the ﬁnite element space 0}(0) ﬂHl l/Z(Q) with a uni-
form discretisation with mesh sizes /i, = and hy = N with Ny = N, = 2/, j=1,...,6,
see Section 2.8 for the notations. The number of the degrees of freedom is given as

dof = (Ny— 1) NV,.

The temporal transformation H7 of the nodal basis functions of the finite-dimensional

space Q}l(Q) NH,, L1/ 2(Q) is realised via the series representation (3.67) and the appearing
integrals in (3. 76) are calculated by the usage of high-order integration rules. In Table 3.10
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N N dof hx Iy Omax (Ah) Omin (Ah) K (Ah)
2 2 2 0.5000000 1.0000000 2.27730420 0.90807052 2.51
4 4 12 0.2500000 0.5000000 5.67006465 0.28650743 19.79
8 8 56 0.1250000 0.2500000 7.29533888 0.11531994 63.26

16 16 240 0.0625000 0.1250000 7.80822886 0.04567559 170.95

32 32 992 0.0312500 0.0625000 7.94997290 0.01642706  483.96

64 64 4032 0.0156250 0.0312500 7.98720088 0.00472216 1691.43

Table 3.10: Stability behaviour of the Galerkin-Bubnov finite element discretisation (3.76)
with uniform meshes for the space-time cylinder Q = (0,1) x (0,2).

the minimal and maximal singular values of the system matrix Aj, corresponding to (3.76),
as well as the resulting spectral condition number of Aj; are given. Note that the finite
element stiffness matrix Ay, is still positive definite, but not symmetric, and that no CFL
condition is needed, see Theorem 3.4.20.

Remark 3.4.28. The to (3.76) related inf-sup constant

a(up, Hrvy)

inf sup

=: cs(h)
070, €Q}(Q)NHq* Q) 0.v,e0 (Q)NHL(0) e HHS;’&/ 21V HHS;’&/ 2(0),F

(3.81)

seems to depend at least linearly on the mesh size h. As illustration, consider the inf-sup
constant

. a(up, H

inf sup v (un ;Vh)
0400ty (@) 0xvcolonati (o) |Vl Vvl o)

=:ég(h),  (3.82)

satisfying
Eg(h) Z Cg(h).

The inf-sup constant és(h) is given as

5S(h) =V 2'rnin’

where Anin is the minimal eigenvalue of the generalised eigenvalue problem [84, Subsec-
tion 3.6.6, page 124]
Ap K, o An = AKpou

with the matrices

Ah[k,i] = a(xi,HT)(k), for i,k: 1,...,d0f,

Ky 0,1k, 1] == (Vaxti, Vadi) 12(0)
(Q), i.e.

04(0) NHyy/*(Q) = span{x;} 1.

where J; are the nodal basis functions of Q}l(Q) ﬂHé;’(]),/ 2
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For a uniform discretisation with mesh sizes hy, = 1% and h; = ]\% with Ny = N, = 2/,
X

j=1,...,6, and dof = (N, — 1) - N, the inf-sup constant ¢s(h) of (3.82) is given in Ta-
ble 3.11, where a linear dependency is observed. Hence, the inf-sup constant cs(h) of
(3.81) seems to depend at least linearly on the mesh size h = max{h;,h,}.

N. N, dof Iy he Zs(h)
2 2 2 0500000 1.000000 0.673637
4 4 12 0250000 0.500000 0.375800
8 8 56 0.125000 0.250000 0.216577
16 16 240 0.062500 0.125000 0.117912
3232 992 0.031250 0.062500 0.061679
64 64 4032 0.015625 0.031250 0.031558

Table 3.11: Optimal discrete inf-sup constant és(h) of (3.82) with a uniform temporal
mesh size h; and a uniform spatial mesh size A, for the space-time cylinder

0=(0,1) % (0,2).

Next, numerical examples concerning convergence rates are given. Therefore, consider the
functions

up(x,t) := sin (%t) sin (7x),

ur (x,1) := t*/3 sin (7x)
uz(x,1) == x(x— 1t

for (x,t) € 0 =Q x (0,T) = (0,1) x (0,2) as the solutions of (3.73). Since the solution
u; is smooth, a quadratic convergence in L?(Q) and a linear convergence in H'!(Q) are
expected by Corollary 3.4.25 and by Corollary 3.4.26. This behaviour is confirmed by the
numerical results given in Table 3.12.

The solutions u and u3 satisfy only us € H?/°°¢(Q) and uz € H'V/10-¢(Q) for £ > 0,
which leads to a reduced order of convergence in [|-||;2(p) and || 1 (g), see Table 3.13 and
Table 3.14.
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Ny N;  dof h hy lur —uinll2o)  eoc |y —uiplpig) eoc
2 2 2 0.500000 1.000000 0.91080532 - 4.48436523 -
4 4 12 0.250000 0.500000  0.15774388  2.50  1.89083082  1.20
8 8 56 0.125000 0.250000 0.02936086 240  0.84239378 1.20

16 16 240 0.062500 0.125000  0.00689501  2.10  0.41495910  1.00

32 32 992 0.031250 0.062500 0.00169574 2.00  0.20679363 1.00

64 64 4032 0.015625 0.031250  0.00042203 ~ 2.00  0.10331237  1.00

Table 3.12: Numerical results of the Galerkin-Bubnov finite element discretisation (3.76)
with uniform meshes for the space-time cylinder Q = (0,1) x (0,2) and for the
function u;.

Nx M dof hx h[ Hu2 — Uy ||L2(Q) €0C ‘”2 — Uy ’Hl (Q) €0C
2 2 2 0.500000 1.000000 0.23792432 - 1.54418611 -
4 4 12 0.250000 0.500000 0.06665335 1.80  0.85581404  0.85
8 8 56 0.125000 0.250000 0.02005423 1.70  0.51060465 0.75

16 16 240 0.062500 0.125000 0.00693925 1.50  0.35279809  0.53

32 32 992 0.031250 0.062500 0.00275227 1.30  0.27858415 0.34

64 64 4032 0.015625 0.031250 0.00118292 1.20  0.23695846  0.23

Table 3.13: Numerical results of the Galerkin-Bubnov finite element discretisation (3.76)
with uniform meshes for the space-time cylinder Q = (0,1) x (0,2) and for the
function u,.

Ny N,  dof hy hy lus —usnll2o)  eoc  |us—uzplpig) eoc
2 2 2 0.500000 1.000000  0.15401734 - 1.57948940 -
4 4 12 0.250000 0.500000 0.06178342 1.30 1.37041171 0.20
8 8 56 0.125000 0.250000 0.02645880 1.20 1.23225873  0.15

16 16 240 0.062500 0.125000 0.01181625 1.20 1.12878387  0.13

32 32 992 0.031250 0.062500 0.00542705 1.10 1.04367032  0.11

64 64 4032 0.015625 0.031250  0.00254779  1.10  0.96942251  0.11

Table 3.14: Numerical results of the Galerkin-Bubnov finite element discretisation (3.76)
with uniform meshes for the space-time cylinder Q = (0,1) x (0,2) and for the
function us.



4 WAVE EQUATION

The main focus of this chapter are space-time variational formulations and conforming
discretisations for hyperbolic problems. First, a highly non-exhaustive list of references
and second, an overview of the sections of this chapter are given, where for each section
the relevant literature is cited. Here, the model problem for a hyperbolic partial differential
equation is the homogeneous Dirichlet problem for the wave equation,

du(x,t) —Au(x,t) = f(x,t) for (x,t) € 0 =Qx (0,T),
u(x,t) 0 for (x,t1) e X=Tx[0,T], @.1)
u(x,0) = wup(x) forx € Q,
du(x,0) = vp(x) forx € Q,

where Q C R?, d = 1,2,3, is a bounded Lipschitz domain with boundary I' = dQ, T > 0 is
a finite time, u, vo are given initial conditions and f is a given right-hand side. To compute
an approximate solution of the wave equation (4.1), different numerical schemes including
different approaches of the underlying mathematical framework are available. On the one
hand, some of them are repeated in this chapter, but on the other hand, powerful tools
like semigroup theory as in [91, 123] on the continuous part or on the discretisation side,
any kind of discontinuous Galerkin methods [33,42,67, 86, 88,89, 111, 130, 140] or finite
difference methods [32, 33, 65,97, 147] or boundary element methods, see Remark 1.2.1,
are not in the scope of this work. Furthermore, all approaches where the wave equation
(4.1) is reformulated as a first-order system in the spatial and/or time variables are excluded
in this work, see [19,22,24,42,45,46,55,83,94,163]. In addition, see also the approaches
in [53,63,66,80,81,85,114,115,124].

Outline of Chapter 4

The remainder of this chapter examines the wave equation (4.1) as follows:

In Section 4.1 a pointwise spatial variational formulation coming from a so-called Galerkin
method [36,97,102,160,162] and time stepping schemes [18,22,27,28,44,95,113,126,127]
are cited. In Section 4.2 a space-time variational formulation [97] in a subspace of H' (Q) is
examined, which fits very well to finite element methods with piecewise linear, continuous
functions. This conforming finite element method is only conditionally stable, i.e. a CFL
condition plays a decisive role for stability. To gain a deeper understanding of the CFL
condition, an ordinary differential equation corresponding to the wave equation is anal-
ysed. For this ordinary differential equation, an unconditionally stable numerical scheme
is introduced. By transferring this idea to the wave equation, a stabilised space-time finite
element method for the wave equation is obtained. This stabilisation is proposed in [164].

115
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Finally, for this stabilised space-time finite element method, L?(Q) stability, L*>(Q) and
H'(Q) error estimates are proven, see [146]. In the last part of Section 4.2, numerical
examples for a one-dimensional spatial domain and a two-dimensional spatial domain are
given, including spatially adaptive refined meshes. In Section 4.3 and Section 4.4, ex-
istence and uniqueness results for the wave equation as a partial differential equation in
L?*(Q) and in a weaker sense than L?(Q) are derived, including isomorphic solution oper-
ators and corresponding inf-sup conditions.
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4.1 Variational Formulation in Space and Pointwise in Time

In this section, a short overview of a pointwise in time variational formulation is given.
Furthermore, numerical examples for lowest order in space, i.e. piecewise linear, continu-
ous ansatz functions, combined with lowest order time stepping are presented.

The pointwise in time variational formulation of (4.1) is given, with the notations of Sec-
tion 2, as follows:

Findu € L*(0,T;H (Q)) with du € L*(Q), dyeu € L*(0, T [HS (Q)]'), u(-,0) = ug in H} (Q)
and d;u(-,0) = vg in L?>(Q) such that

(Guu(-,1),v) o+ (Vxu(,1), Viv) 2y = (f (1)) 12 (4.2)

for almost all # € (0,T) and all v € H} (Q), where f € L*(Q), up € H} () and vy € L*(Q)
are the given right-hand side and the given initial conditions. Here, d; is the distributional
derivative on (0,7), i.e. equality (4.2) means that it holds

T T
0/ Q ar 2 dH'/ Viu (1), Viv) p210) @(1)dt :O/<f("t)’V>Q(P(t)dt

for all ¢ € C (0,T). The variational formulation in (4.2) is examined in many books, for
example, [102, Théoreme 8.1, Chapitre 3, page 287, and Théoreme 8.2, Chapitre 3, page
296], [97, Theorem 4.2, Chapter IV, page 167], [160, Satz 29.1, Kapitel V, page 422], [162,
Section 24.1, Chapter 24, page 453] or [36, Mathematical Example 1, Chapter X VIII, page
581]. In these books, the following existence and uniqueness result is proven.

Theorem 4.1.1. For given f € L*(Q), up € H} (Q) and vy € L*(Q) exists a unique solution
u of the variational formulation (4.2), satisfying

ue L*(0,T;HL(Q))NC([0,T]: H} (),
du € L*(Q)NC([0,T|;L*(Q)),
duu € L*(0,T;[Hy (Q)]),

and the stability estimate

\/||M|!iz(0,T;H5(g)) + ||atu||%2(Q) <c <|”0’H1(Q) +voll 2@ + ||fHL2(Q)>

with a constant ¢ > 0.

Proof. See the books [36,97,102, 160, 162] as mentioned above. O]
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For a discretisation scheme, let the bounded Lipschitz domain Q C R? be an interval
Q = (0,L) for d = 1, or polygonal for d = 2, or polyhedral for d = 3. With the notations
of Section 2.8, consider a discretisation of a tensor-product type (2.41) with the finite-
dimensional space 0} (Q) = Vj, 0(Q)®S flzz (0,T), see (2.42). Therefore, introduce for x € Q
and ¢ € {0,...,N;} the approximations

Uh g ZUgl//l th)

and

O e(x) = Y. OFwilx) = (),

where Uf, U! € R are the unknown coefficients of Uy, ¢, Uy, € Vi, 0(Q) C H}(Q) for
¢ €{0,...,N;}. Furthermore, set for (x,7) € Q

Z Z Ul yi(x Z Up,.o(x ~ u(x,1) (4.3)
and

N, M,

Z Z O wi(x Z Up,o(x ~ Qu(x,1), (4.4)

ie. uy, iy € Qh(Q).
For the pointwise in time variational formulation (4.2), a conforming discretisation in space
with V,_o(Q) C H(i (Q) in combination with the Newmark scheme with Newmark param-
eters B = i, Y=13 leads to the so-called Newmark Galerkin method to find the functions
Uy, 0, Uhx,ﬁ €V 0(Q) C H(% (Q) for £ € {0,...,N;} such that

U0 = Onto, - Un0 = Op,vo.

andfor/=1,...,N;

N 1
——(Up,t = Upyo—1 + b 0Up o~ 1,v0,) 2@ty (VaUp,t + VaUp, o1, VaVi ) 120

1

= Z<f("t£) +f("t€fl)avhx>L2(Q) 4.5)

for all v, € Vj,_0(€2) and
1 A A A 1 ™
I (Opt — Unpi—1.0n,) 2@ ts (VaUn,o+ VaUp, -1, VaPn) 12
t,

1
= §<f(‘,tzz) +fCte-1): 90 p2q)  (4.6)
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for all ¥, €V, 0(Q), where Oy, : L*(Q) — Vj,, 0(Q) denotes the L? projection (2.39). This
method is given in [127, (8.6-4), (8.6-5), (8.6-6), page 205], see also [18,22,27,28,44,95,
113,126]. The Newmark Galerkin method (4.5), (4.6) is equivalent to the linear systems

~0
M U =uy, MO =y,

andforall/=1,...,N;

1 1 _ ~f— 1 _
(th + Zh,’{EAhX) Ul = (th — thz’gAhx) Ut h M, 0 Zhié (Ef +F* 1) :

4.7)
A Ai—1 1 1
M 0" =My, 0" = Sy, (U U ) 4 She (EU+EY), @)

where M), € RM-*Mx ig the mass matrix (2.37), Aj,, € RM<*Mx is the stiffness matrix (2.38)
and the vectors u, vy, F ¢ € RM= are defined by

ugli] == (o, Vi) 2()> Yolil := (vo, Wil 2y E'lH) = (F(10), Wi 12 (4.9)

for i = 1,...,M, with the nodal basis functions y; satistying Vj,_o(Q) = span{l//,-}?i‘l.

The matrix M), + %;h,z,gAhx is positive definite and hence, the linear systems (4.7), (4.8)
are uniquely solvable for all / = 1,...,N;. Stability of the numerical scheme (4.5), (4.6)
holds without any CFL condition because the Newmark method is unconditionally sta-
ble, see [22,95,113,127]. Concerning error estimates, it seems that error estimates of the

quantities |[u(-,t7) — Uy, ¢||,2 () for each £ =0,....N; are standard, which are of optimal

order (9(h,2 +h)2c), see [127, Chapitre 8], [113, Section 4.2] or [18,27,28,44]. However,
here, error estimates in space-time norms ||- | 12(p) and B (o) for the approximate solution

uy € Q}Z(Q), defined in (4.3), are considered. It seems that proofs of such error estimates
are not available. Hence, the proofs of such statements are left for future work.

In the last part of this section, some numerical examples are presented. So, for the space-
time cylinder Q = Q x (0,7) = (0,1) x (0, 10), consider the solution of (4.2)

up (x,1) = sin(7x) sin® (Zm) . (x1) €0,

see also the numerical examples of Section 4.2 for a comparison. The discretisation is done
with respect to nonuniform meshes as shown in Figure 4.1, where a uniform refinement
strategy is applied. The appearing integrals for the initial conditions and right-hand side in
(4.9) are calculated by the usage of high-order integration rules, and the degrees of freedom
are denoted by
ERETINPN 1,1
dof =dimQ,(Q)N Hy), (Q)

due to the homogeneous Dirichlet boundary condition and the initial conditions, see (2.14).
In Table 4.1 the errors in the space-time norms |[|[|;2() and ||y are presented for
the smooth function u;, where the convergence rates are as expected. Note that no CFL
condition is needed because the Newmark method is unconditionally stable.
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Figure 4.1: Nonuniform meshes: Starting mesh and the mesh after one uniform refinement

step.
dof /iy max D min Dt max Ny min llur —wrall 20y €0C  |ui —uialyi(g) eoc
30 0.37500 0.06250 3.75000 0.62500  7.088e+00 2.622e+01

132 0.18750 0.03125 1.87500 0.31250

552 0.09375 0.01562 0.93750 0.15625

2256 0.04688 0.00781 0.46875 0.07812
9120 0.02344 0.00391 0.23438  0.03906
36672 0.01172  0.00195 0.11719 0.01953
147072 0.00586 0.00098 0.05859 0.00977
589056 0.00293 0.00049 0.02930 0.00488
2357760 0.00146 0.00024 0.01465 0.00244
9434112  0.00073 0.00012 0.00732  0.00122
37742592 0.00037 0.00006 0.00366 0.00061

2.921e+00 1.20 1.276e+01 0.97
4.728e+00  -0.67 1.811e+01  -0.49
1.670e+00 1.48 8.558e+00 1.06
6.701e-01 1.31 4.571e+00 0.90
2.023e-01 1.72 1.813e+00 1.33
5.326e-02 1.92 7.733e-01 1.23
1.349e-02 1.98 3.652e-01 1.08
3.384e-03 1.99 1.797e-01 1.02
8.467e-04 2.00 8.950e-02 1.01
2.117e-04 2.00 4.471e-02 1.00

Table 4.1: Numerical results of the Newmark Galerkin method (4.5), (4.6) with nonuni-
form meshes for Q = (0, 1) x (0, 10) and for the function u;.
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Remark 4.1.2. For a solution of (4.2)
up(x,1) = sin(7x)e2 (10— )34, (x,1) € (0,1) x (0,10),

as considered as numerical example in Section 4.2, the Newmark Galerkin method (4.5),
(4.6) is not applicable because the corresponding right-hand side f has a singularity with
respect tot = T = 10. Hence, an alternative is to adapt the treatment of the right-hand
side f.

Remark 4.1.3. The Newmark Galerkin method (4.5), (4.6) fulfils a conservation of the
total energy

1 1
Evyzjﬂwﬁm@m+yWW@m@mytemJL
see [22,95]. As illustration, consider a solution of the homogeneous wave equation, i.e.
uz(x,t) = (cos(mt) +sin(mt)) sin(zwx), (x,¢) € Q= (0,1) x (0,10),

with the total energy

Here, the initial conditions are
uz(x,0) = up(x) = sin(zx), duz(x,0) =vo(x) = mwsin(zwx), x€ Q.

For the solution us and for the mesh as given in Figure 4.1, the discrete total energy

1. 1
En(t) = 5 100 oy + 5 1V oy 1€ 0.T)

is computed, where the approximation i, ~ d;u, given in (4.4), is used. In Figure 4.2 the

difference
2

QM—HQ:&@—%3t€&wL

is plotted pointwise for the approximate solution u3, of the finest level of Table 4.2, where
a conservation of the total energy is observed. In addition, the errors in the space-time
norms ||| 2g) and ||y gy are given in Table 4.2, where the convergence rates are as
expected.
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dof  Jiymax D min Dt max Dy min llus — uznlli2(g) €0C  |uz —uzplyi(g) eoc
30 037500 0.06250 3.75000 0.62500 2.561e+00 - 1.066e+01 -

132 0.18750 0.03125 1.87500 0.31250 2.503e+00 0.03 9.821e+00 0.11

552 0.09375 0.01562 0.93750 0.15625 2.243e+00 0.15 9.780e+00 0.01
2256 0.04688 0.00781 0.46875 0.07812 2.581e+00 -0.20 1.152e+01 -0.23
9120 0.02344 0.00391 0.23438 0.03906 1.082e+00 1.25 4.845e+00 1.24
36672 0.01172 0.00195 0.11719 0.01953 3.012e-01 1.84 1.444e+00 1.74
147072  0.00586 0.00098 0.05859 0.00977 7.695e-02 1.97 4.605e-01 1.65
589056 0.00293 0.00049 0.02930 0.00488 1.933e-02 1.99 1.804e-01 1.35
2357760 0.00146 0.00024 0.01465 0.00244 4.839¢-03 2.00 8.268e-02 1.12
9434112 0.00073 0.00012 0.00732 0.00122 1.210e-03 2.00 4.034e-02 1.03
37742592 0.00037 0.00006 0.00366 0.00061 3.026e-04 2.00 2.005e-02 1.01

Table 4.2: Numerical results of the Newmark Galerkin method (4.5), (4.6) with nonuni-
form meshes for Q = (0, 1) x (0, 10) and for the function us3.
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Figure 4.2: Difference of the total energy E(z) = %2 and Ej,(t) of the Newmark Galerkin
method (4.5), (4.6) with a nonuniform mesh for Q = (0, 1) x (0, 10) and for the
function u3.
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4.2 Space-Time Variational Formulation in H'(Q)

In this section, a space-time variational formulation in subspaces of H'(Q) of the homo-
geneous Dirichlet problem for the wave equation,

Ouu(x,t) — Au(x,t) = f(x,1) for (x,t) e 0 =Q % (0,T),
wxi) = 0 for (x,) €L =T x [0,7], (4.10)
u(x,0) = du(x,0) = 0 forx € Q,

where Q C R, d = 1,2,3, is a bounded Lipschitz domain with boundary I' =9dQ, T > 0
is a finite time and f is a given right-hand side, is examined and space-time finite element
methods with piecewise linear, continuous functions are considered, see [146]. The unique
solvability of this space-time variational formulation is given in [97], where the proof of
the stability estimate is repeated in this section. A (natural) tensor-product approach by
piecewise linear, continuous functions leads to a CFL condition

hy < Chy

with a constant C > 0, where h; and h, are the uniform mesh sizes in time and space.
To gain a deeper understanding of the CFL condition, an ordinary differential equation
corresponding to the wave equation is analysed. For this ordinary differential equation,
an unconditionally stable numerical scheme is introduced. By transferring this idea to
the wave equation, a stabilised space-time finite element method for the wave equation is
obtained. In the last part of this section, unconditional stability in Lz(Q), error estimates
in the space-time norms |[-[|2() and || 1 (), and numerical examples are given.

4.2.1 Variational Formulation for d;;u + pu = f

As a model problem, consider the second-order linear equation for u > 0,
Ouu(t)+pu(t) = f(t) forte(0,T), u(0)=du(0)=0, 4.11)
and the variational formulation to find u € H&(O, T') such that
a(u,w) = (f,w)(o,) (4.12)
for all w € H})(O,T), where T > 0 and f € [H’})(O,T)]’ are given. In (4.12), the bilinear
formaf(-,-): H(}’(O,T) X H})(O,T) — R is defined by
a(u,w) := —(9u, hw) 2oy + KU W) 12 (0. 1) (4.13)

for all u € Hol’ (0,T),w e H})(O, T). Note that (-,-),r) denotes the duality pairing as ex-
tension of the inner product in L?(0,7), and the Sobolev spaces H&(O,T), H})(O,T),
[H’})(O, T)] are introduced in Section 2.2.
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Lemma 4.2.1. The bilinear form af(-,-): H&(O,T) X H})(O,T) — R is bounded, i.e. it
holds

AT?
la(u,w)| < (1 + 7“) g1 00y Wlg oy Sforallu € H&(O,T), we H})(O,T).

Proof. The Cauchy-Schwarz inequality and the Poincaré inequality of Lemma 3.4.5 yield
la(u,w)| < lulg o) Wlar0,r) + Bllull 20.0) Wl 2007y

4T
< (1+ ) >|”|H1(0,T) |W|H‘(0,T)

foru € H&(O, T),we H})(O, T) and therefore, the assertion. O]

Forv e H&(O, T), one defines

(Hrv)(t) :==v(T)—v(t), t€(0,7), (4.14)
i.e. it holds Hyv € H(0,T). The operator
Hr: H)(0,T) — Hy(0,T)
is norm preserving, i.e.
HVHH&(O,T) = HatVHU(o,T) = HafﬂTVHLZ(O,T) = HﬁTVHH’})(O,T)’
and bijective, where the inverse operator
Hy': HY(0,T) — HY(0,T)

is given by

(Hy'w)(t) = w(0) —w(r), t€(0,T),
forw € H})(O, T). Then the variational formulation (4.12) is equivalent to the variational
formulation to find u € H&(O, T') such that

a(u, Hrv) = —(0u, o Hrv) 2(0,r) + W, Hrv) 120.7) = (f- Hrv)or (4.15)

for all v € H&(O, T). Note that for the variational formulation (4.15), the ansatz and test
spaces are equal. So, the existence and the uniqueness of a solution of (4.15) follow by a
compact perturbation argument.
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Theorem 4.2.2. For given f € [H(0,T))', the variational formulation (4.12) admits a
unique solution u € H&(O, T), satisfying

[ulio,ry < C(T 1) £l 0,7y (4.16)

with a constant C(T, ) > 0 depending on T and L.

Proof. By using the Riesz representation theorem, the variational formulation (4.15) is
equivalent to the operator equation

Au+ uCu = f,
where A: Hy (0,T) — [Hy (0,T)]', defined via
(Au,v) := —<8tu,8,ﬁTV)Lz(O’T) = (G, )20y Toru,ve Hy (0,7),
is elliptic, and hence, invertible, and C: H&’(O, T)— [H&’(O, T)]', defined via
(Cu,v) := <u’ﬁTv>L2(O,T) = (u,—v+v(T)) 20y foruve Hy (0,7),

is compact, see [12, Satz 5.12, page 148]. Furthermore, the corresponding right-hand side
f: H&(O,T) — R is given by

FO) = (- Hrv)or), veH(0.T),
satisfying
1F(v)] < 1AW g8 0.7y HﬁTVHH},(o,T) = s oy Ve 0.1) = Il .y e o,m)

for all v € H(},(O, T),ie. fe [H&(O,T)]/ . Hence, by applying the Fredholm alternative,
it remains to ensure the injectivity of A+ uC. Let u € H&(O,T ) be a solution of the
homogeneous equation (A + uC)u =0, i.e.

(8;14, a[W>L2(0’T) =u <l/l, W>L2(O,T) forallw e H})(O, T) .
This is the weak formulation of the eigenvalue problem
—dyu(t) =pu(t) forte(0,T), u(0)=2u(0)=0,

which only admits the trivial solution u = 0. ]

To examine the dependency of the constant C(7, ) in (4.16) on T and p, the continu-
ous bilinear form a(-,-): H&(O,T) X H})(O,T) — R is investigated. Hence, some basic
properties of the bilinear form af(-,-): H(}’ (0,T) x H})(O, T) — R are shown.
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Lemma 4.2.3. For the bilinear form a(-,-): H&(O,T) x Hy(0,T) — R, there holds the
inf-sup condition
2 la(u,w)|

< sup

——— ulgi o) < forallu € Hy (0,T).
24+/uT ©.1) 0AweH 1 (0,7) g o)

Proof. Letu € H; (0,T) be fixed and set for 7 € [0,
w(t) :=u(T) —u(t) +2(1)

with

It holds w(T) = 0 and w € H (0, T). Differentiation under the integral sign yields

T

az(t) = —N/COS(\/H(S—I)) [u(s) —u(T)]ds,

t
T

Iuz(t) = —u3/2/sin(\/ﬁ(s—t))[u(~?)—M(T)]dS+u[u(f)—M(T)]

t

= —pz(t) + ifu(t) —u(T)],
i.e. the functionz € H }) (0,T) is the unique solution of the adjoint equation
Ouz(t) + uz(t) = plu(t) —u(T)] fort € (0,T), z(T)=0z(T)=0.
Therefore, it holds
a(u,w) = a(u,u(T) —u) +a(u,z)
= (9u, Ou) 20,7y + M, u(T) — ) 20,7y + Mt — u(T)) 2 0.7)
= ‘”|%11(0,T)~
Integration by parts gives

T T

dzlt) = —ut / cos (V/EE(s — 1)) [u(s) — u(T)|ds = /I / sin (v/E(s — 1)) du(s)ds

t t

and so, from the Cauchy-Schwarz inequality follows

ur
lzlm o) < \/_T’ulHl(O,T)'
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Finally, one gets the estimate

|| 1 (0,T)

\/HT) " 24 JET
HI(O,T)_ 2

W‘HI(O,T) < |”|H1(0,T) + ’Z|H1(0,T) < (l + SN

to conclude

sup la(u, w)| > la(u,w)| - 2 i
w = H'(0,T
0#£weH ((0,T) ‘W‘Hl ’W’HI(O,T) 2+.,/uT 0.7)

and so, the inf-sup condition follows. 0

Lemma 4.2.4. For the bilinear form a(-,-): Hg (0,T) X H})(O,T) — R, there holds the
surjectivity condition:

For each function 0 £ w € Hylo(O, T), there exists an element u € H& (0,T) with a(u,w) # 0.

Proof. Let 0 # w € H(0,T) be fixed. Set for 7 € [0,7]

t

1 .
= ﬁ/W(S) sin (\/u(t —s))ds.

0

It follows that u € H&(O,T) satisfies (4.11) for the right-hand side f =w € H})(O,T).
Hence, one concludes

~ 2
a(u,w) = <W’W>L2(O,T) = ||W||L2(0,T) >0
and therefore, the assertion. OJ
With these properties of the bilinear form a(-,-): H&(O, T) x H})(O, T) — R, the next ex-

istence and uniqueness theorem is proven, including an explicit dependency relation of the
constant C(7, ) on T and .

Theorem 4.2.5. Let f € [H 0(0,7)] be given. There exists a unique solution u € Hy (0,T)
of the variational formulation (4.12). Furthermore,

L: [Hu(0,T)) — Hy(0,T),  Lf:=u,
is an isomorphism, satisfying

2 T
2B “17)

WHI(O,T) = ‘Ef’Hl(O,T)
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Proof. For the Hilbert spaces <Hé’(0, T),(, ->H(; (0,T)> and ( 50T, () y })(O,T)> , use
the Nec¢as Theorem 2.9.1 with the help of the previous lemmata to conclude the existence
and uniqueness of a solution u € H(%,(O, T') together with the a priori estimate. [

Theorem 4.2.6. There exist positive constants cy, ¢y and further, a family of functions
uyT € Ho (0,T) with HE ”uTH 0.7 ceO <\/Lﬁ) and ‘u“’T‘Hl(O,T) — 1 as b — oo,
and with HE Uy, TH HO.T)) € (9( ) and ‘u” T‘Hl FS — o as T — oo. In particular, the
inequality (4.17) is optzmal with respect to the order of wandT.

Proof. The asserted family of elements uy, 1 € H(}’(O, T) is given by

uy (1) /ssm Ls) tel0,T],

where the initial conditions uy 7(0) = d;uy, r(0) = 0 are fulfilled. One computes

1 sin(Z\/ﬁT) sin(Z\/ﬁT) cos(2\/ﬁT)
|“u,T|H10T)— 6 4 /BT T 8#3/2T3 N 4uT?

and hence,
1
[t 0.1y \[g asp—eo orasT —eo. (4.18)

The corresponding right-hand side is

Fure) = Butr(6)+ par (6) = ——sin V) 1€ (0.7).

and by the usage of the Fourier series representation of ||-|| i1} (0.7))> See Lemma 3.4.4, it

follows
HE Up, TH [H}(0.7)] Hf# T”[Hl 0.7))
T3 o T -2
= \/ S L (3+67) A
k=0
B 6 sin (2\/[._LT) 8sin (\/_T)
- ,LLTZ + “3/2]‘3
So, it holds ||£ Uy, TH ry € @ (f) as [ — oo and Hcfluu,TH[H})(O,T)}’ €0 (%) as

T — oo. O]
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While for f € [H%) (0,T)]’ the bound (4.17) shows an explicit dependence on /I, an esti-
mate independent of u is proven, when assuming f € L?(0,7).

Lemma 4.2.7. For a given right-hand side f € L*(0,T), the unique solution u € H&(O, T)
of the variational formulation (4.12) satisfies

2
’u|H10T —f-,u||u||L2 OT) T Hf||L2 0.T)"

In addition, the estimate above is optimal with respect to the order of the finite time T and
the order of the parameter [L.

Proof. For the solution u € H& (0,T) and its first-order derivative, there hold the represen-
tations

t
%O/sm VHI(E—s) )f(s)ds, te(0,7),
and
t
ou(t) /C wt—s )f(s)ds, t€(0,7).
0
With the calculations for ¢ € (0,T)
t t 2
Ahu(r)? + wu(r) /cos t—s + /sm t—s)f(s)ds
0 0
t t
/cos t—s)) / 2ds—l—/sm t—s))ds/f(s)zds
0 0

t

:t/f(s)zdsgt/f(s)zds,
0 0

there follow

’”|H1 0.7) +u ||u||L2 0.T)

{Qtu( 02+ ,uu(t)z}dt

IN

St~ o\’\]

1
tdt f(s)zds = ETz HinZ(O,T)’

St~

and so, the estimate.
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For the optimality of this estimate, take the family uy, 7 € H&(O, T) of the proof of Theo-
rem 4.2.6. The L? norm of Uy 18

HulJ’THLZ(O,T): 6u 8u5/273 4p3ieT 2u2T2 e

1 55in(2\/ﬁT)+sin(2\/HT) 1 +3cos(2\/ET)

1
(,)GO(\/—ﬁ>asu—>ooandHu“THL2 — 6“asT—>ooFur—
thermore, for the corresponding right-hand side f,, 7(t) = \/ﬁ s1n(\/— 1), the L? norm is
given by

Hf ” _ 2 sin(2\/uT)
wTll2(0,1) T2 JIT?

and so, with (4.18), the assertion follows. ]

With the notations of Section 2.6, a conforming Galerkin-Bubnov finite element discreti-
sation of the equivalent variational formulation (4.15) is to find a function

uy, € S, 0.(0,T) = span{@}p" C Hy (0,T)
such that
a(up, Hrvy,) = —(Guttn G Hrva) 2oy + L Hrvn) 2oy = (- Hrvw o) (4.19)

for all vy, € Sl]z,,O,(O’ T). Unique solvability of (4.19) and related error estimates follow as
for the numerical solution of elliptic operator equations with compact perturbations, which
is based on a discrete stability condition for a sufficiently small mesh size /. Using the
optimal Poincaré constant of Lemma 3.4.5, it turns out that for a sufficiently small mesh

size
3
< V3T (4.20)
V2(2+ ET)uT
there holds the discrete stability condition
a(up,, Hrvp,
c(,T) [un |0y < sup alun, Hrve,)

0w, es), o (0.1) Vi o)

for all uy, € Silz,,o,(O’T) with a constant ¢(u,T) > 0, see [145] for a proof, implying the
error estimate

|t — up, |H1(0,T) <c(u.T)h ||u||H2(O,T)

with a constant ¢(u, T) > 0, when assuming u € H>(0,T) OH&(O, T).



4.2 Space-Time Variational Formulation in H'(Q) 131

Alternatively, the Galerkin-Petrov finite element discretisation of the variational formula-
tion (4.12) is to find uy, € S}  (0.T) = span{@};"; C Hy (0,T) such that

a(up,,wn,) = —<at“h,’8thZ>L2(o,T) +I~l<”hnwh,>L2(o,T) = <f’Wh,>(0,T) (4.21)

for all wy, € S}lt”O(O, T)= span{(pk}f,cv’:?)1 C H})(O, T). The related system matrix of (4.21)
is given by

Kj, = —Ap, +uM,, € RN>M (4.22)
with the stiffness matrix
-1
L ey —1
P lem I fi I 1
Ap, = Tua Tz + M s (4.23)
1 P |
henye—1 hen—1 ' N,
and the mass matrix
hy 1
2hi 1+ 20 hi>
My, = c e 2hip+2hi3 My . (4.24)

hen—1 2he N1+ 20N, Tun,

Hence, unique solvability of (4.21) follows because Kj, is a lower triangular matrix with
positive diagonal elements.

Remark 4.2.8. For a uniform discretisation with mesh size h;, one can interpret the matrix
Ky, in (4.22) as a finite difference scheme

apvi = f1,
ayvy +aopv2 = f2,
apvj_p+avj_1+aopvj=f; forj>2,

where
1 +,uh, 6+ uh? o —2+4uh, _ —6+42uh?

ap -

6 oh, ~ VT T e 3,

and with given f; € R. The essential case f; =0 for j > 2 is examined. The solution of
the homogeneous linear recurrence relation

apvj_p+avj_1+apv;=0 forj>2
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is given for j > 1 by

j—1 j—1
6—2h2 1L++/3h, hu—12 6—2h*1—/3Mh nu—12
u Vi (hu )> A ( u V(R )) iR > 12,

0 6-+hi 1 6-+h? 1L
vj= , _ .
! (=1 N Ag+A(j— 1)), if 2 = 12,
2 2
Agcos ((j— 1) arccos 6612/1’:215‘) +Ajsin ((j— 1) arccos 661222’5) , ifh?u < 12,

where the coefficients Ay, A1 € R are determined by f1, fo € R. Hence, in general, the
sequence (v;) jeN is bounded as j — oo if and only if

/12
Ru<l12 <= < o (4.25)

see Table 4.6 for a numerical illustration.

From Remark 4.2.8, one concludes that the numerical scheme (4.21) is only conditionally
stable. To overcome the mesh conditions (4.20) or (4.25), the numerical scheme in (4.21)
is stabilised. Considering that the following technical lemmata are needed, where the
trapezoidal rule is used analogously as in [164, Chapter 2]. In addition to S}lt (0,T), also

the finite element space 52, (0,T) of piecewise constant functions on the same time mesh
is used, see Section 2.6.

Lemma 4.2.9. For all f € L*>(0,T), there holds

() ()
o, [ £(s)ds = 0, £ =it [ Fls)as (4.26)
0 T

where Iy, : C[0,T] — Sllz, (0,T) is the piecewise linear interpolation operator (2.27), and
Qgr : L2(0,T) — ng (0,T) denotes the L? projection (2.26) on the piecewise constant finite
element space 52; (0,7).

Proof. On the element 7, = (ty_1,t), { = 1,...,N;, there hold

f—q

) 7 7
o, 0/ F(s)ds = hig 0/ F(s)ds— 0/ F(s)ds | = h% [ rpas=ais

and 0
1 ¢ Ir— 1 Iy
oy, | Fs)as= o | [ ro)as— [ fls)as| = o= [ flopas=0ff
T LT T . tr—y

Hence, the assertion follows. O]
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Lemma 4.2.10. For all uy,, € S}lho,(O, T) and wy, € S}ZMO(O, T), there holds the representa-
tion

1Nr

<”hnwhz>L2(0 T) Z hz ¢{Orttn, atwht>L2(‘L'/) + (un,, lewht>L2(O,T)’ (4.27)

where Qgt : L2(0,T) — Sgt (0,T) denotes the L?* projection (2.26) on the piecewise constant
finite element space ng (0,7).

Proof. With the error representation of the trapezoidal rule, one obtains on each finite
element 7y, { =1,...,N,,

T Tt
1 fr—1 Iy hzz,e S
=3 /whl(s)ds+/wh,(s)ds 15 Wiz,
T T

Further, using integration by parts and (4.26), it follows

() ()
/ duun (1) | 1 / wa (s)ds | (£)dr = — /T w, (1) | o, / wa (s)ds | (1) dr

T T

T
/uht th Wh, dl‘
0

With this, by using integration by parts and the local definition of the L? projection Qgt,
one concludes that

T ()
<uh,,Wh,>L2(0T /uht t at/wht< ) /8[I/tht /Wht(s) ds (t> dt
0 T

T
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as well as

N 0 ()
o )zor == Y. [ S (e) | Qf [wn(5)ds | ()
= T

()
= Z T /atuht ) Oywp, (1) dt — /8,uht (1) lelht/wht(s)ds (¢)dr

T
and further,
1 N, N, Iy ()
(e wn) 20,1 = thﬁ Ortth, s O Wi, ) 12(z) — 2 / Ahuy, (t) | In, / wi, (s)ds | (£)dr
ﬁzlt[_] T
o 0
=13 th (Bt A, 2z / Shuan, (1) | I / wi (s)ds | () dr
T

1 &
Z ht 4 atuht’ 8twht>L2(Tg) + <uht’ ngwht>L2(O,T)’

i.e. the representation (4.27). OJ

Now, an alternative representation of the bilinear form a(-,-) is given.

Corollary 4.2.11. For u;, € S}lho,(O, T) and wy, € S}lz,,,o(o’ T), there hold
a(uht ’ Wht) = - <afuhz’ aﬂtht)Lz(O,T) + U <ul’lt > th>L2(0,T)

wh?
<aﬂ/lh,,a[Wht>L2 0,T) + Z 1££ a[uhz’atwhz>L2(‘Eg) + ‘Ll<1/lh[, Q?ltwhz>L2(0,T)

_Z(

Motivated by the representation (4.28), one defines the perturbed bilinear form

) (Orttn,» Orwi,) 12 () + Wty s O, W) 2 0.1 (4.28)

Apy (uht ’ Wht) = <atuht ’ atwht >L2(0,T) +TUu <uhz’ lewht >L2(0,T) (429)

for uy, € S}lt’o’(O, T) and wy, € Si,,,o(o’ T), and consider the perturbed variational formula-
tion to find u;, € S }llt 0.(0,T) such that

aht(ﬁht’wl’lt) = <f’ th)(O,T) (430)

for all wy, €S}, (0, 7).
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Lemma 4.2.12. The perturbed bilinear form (4.29) is bounded, i.e. it holds

4 2
|an, (up, s wn,)| < [ 1+ P#T i, | i1 o,y W1 0,1
forall up, €8} (0,T), wy, €8, ,(0,T).

Proof. With the Cauchy-Schwarz inequality, the L? stability of Qgt, and the Poincaré in-
equality of Lemma 3.4.5, there follow

lan, (s wi )| < |, [ 0,7 Wi [ 0,0) + 14 ||”ht||L2(0,T)||Q2tWhr||L2(0,T)
4 2
< |1+ ENT |, |1 (0.1 Whe L 0,1
for uy, € S}lt’o’(O, T), wp, € S}%O(O, T), and so, the assertion. O
The related system matrix of (4.30) is given by
Ky, = —Ap, +uM,, € RNN (4.31)

with the stiffness matrix Aj, in (4.23) and the perturbed mass matrix

hi
hiy+hep hio
My, = 1 %) hp+hs s . (4.32)

hin-1 hn—1+hin I,
Hence, unique solvability of (4.30) follows because Ith is a lower triangular matrix with
positive diagonal elements.

To prove a discrete stability condition for the perturbed bilinear form (4.29), the following
lemma is needed, which is analogous to [164, Theorem 2.1, page 168].

Lemma 4.2.13. For a given zj,, € S}lmo(O, T), represented by

N;
(1) = Y zi@i(t)  with zy, =0,
i=0

and a fixed index j € {0,...,N; — 1}, there exists a function V{lt € S}lz,,o,(O’T) with the
following properties:

1. Fort €10.t}], it holds v}, (t) = 0.
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2. For{ = j+1,...,N;, there hold

_j 1
<atvi,t,3tzhf>L2(q) =5 <Z% —Z%—1>

and

ty 2

_j 1
<viz,’Q2,th>L2(r,;):§ /th(s)ds —

1j Zj

| =
2N
=
—~
)
~—
o
%)

3. There holds the estimate
e 0.r) < Nz Nl 207y

Proof. For zj, € Silz, 0(0,T), consider the piecewise linear interpolation of the antideriva-
tive, i.e. for z € [0,T], one defines

N, T ()
(1) =Y / an()ds | o) = | In / a,()ds | (). T, €SL 0.(0.7).
k=0"\0 0
The relation d;v;, = Qh zp, follows from (4.26). For a fixed index j € {0, .. — 1}, one

now defines

. A/ .
A,0-Yde0. -]
i=0

(=1)/7'z;  fori=0,...,J,

Zi fori=j+1,...,N.
Note that zit es }lmo(O, T), and according to Zi, one introduces v vh , satisfying 8,vh = thzht
In particular, for j >0andz € 1 for ¢ =1,..., j, then it follows

Iy

1 ; 1/ .
70 =030 =5 [ 40d=3 (L +d) =0

7

and due to V{;t (0) = 0, one concludes Vf;t (t) =0fort € [0,z], i.e. the first assertion.

To prove the second assertion, one computes for £ = j+1,...,N;

<8;V£t, Oz, ) 12(z)) = <Q2tzi,’ 02 ) 12(xy)

—lzj +2) (2 —

F \&o—1 7% )2 2t
1

= §<Zz—1 +Z£> <Z(z _Zé—l)
Lo
-3(E-4)
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as well as
7 )
Gl = [ | [ 4,685 | 000G, 0)a

tr_q 0
to [ te—1 Iy
= 00 2ue / / o (s)dsgu 1 (1) + / o (s)ds u(r) | dr
tr—1 0 0
Iy -1 Iy
1 1 j j
=0 /zhr(s)ds Eht,g /zht(s)ds%—/zht(s)ds
t’ tr_1 0 0

ty Iy

:%/zhr(s)ds /zh,(s)derth,(S)dS

i1 Zj Ij

and with completing the square,

Iy L T
<Vilt,Q2ch,>L2(T€) :% / zp,(s)ds | + / zp, () ds / zp, () ds
-1 fp—1 151
ty ti—y 2 fi—1 2
:% /zht(s)ds—f— /zht(s)ds —% /zht(s)ds
-1 Zj Zj
ty 2 f—1 2
1 1
=3 /Zh, (s)ds | — 3 /Zh, (s)ds
1j i

Finally, from the L? stability of Qgt, one concludes the third assertion, i.e.

w;;,‘Hl(O,T) = |V£,|H1(rj,T) = ||Q2[Z£,HL2(@,T)
= ||Q2,th||L2(tj,T) < HQ%Z}ZIHLZ(O,T) < ”Zh,||L2(0,T)-
Hence, the lemma is proven. 0
Lemma 4.2.14. The variational formulation to find z, € S /11;,,0 (0,T) such that
N
an,(Vi,zn,) = (80:Vi, ) (0.1) + (€1, 9V, )12 (0,1) +z21 7 (82, 0vm,) 12z (4.33)
for all vy, € S,llt,o,(O,T) is uniquely solvable, where the right-hand sides go € [H(% (0,7)]

and g1,g> € L*(0,T) are given. Moreover, the stability estimate

||Zhr||L2(O,T) < 2T{||80||[H(;’ o)+ 181 ||L2(0,T) +ht2||g2”L2(0,T)} (4.34)
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holds for any mesh with maximal mesh size h;.

Proof. The related finite element system matrix I?Z of the variational formulation (4.33)
is upper triangular with positive diagonal elements, see (4.31), and hence, there exists a
unique solution zj, € Silz,,,o (0,T) of (4.33).

For the estimate, consider for each index j € {0,...,N, — 1} a function V{;I es }lt 0.(0,T) as

given in Lemma 4.2.13. Plugging these functions V};I into (4.33) and by using the properties
of Lemma 4.2.13, this gives

an, (V4 »2n,) = =9V Ohzn ) 12 (0.1) + LV, » QthhI>L2(o,T)
N ) N 0
== Y OV 0m)2m) 1 Y, O i)z
(=j+1 (=j+1
1 N N y A ?
- Z ( z%_l) +% Z /zh,(s)ds — /zh,(s)ds
E j+1 l=j+1 e £
J J
1 7 ’
2 M
33+ | faee
Zj
and so,
. . N 5 . .
<g0’v;z,>(0,T) =+ <g1, 8tvilt>Lz(0,T) + (Zl ht,£<g2’ anil)LZ(W) =ay, (vilt,th)
, | ) )
=52+ 5 [
1j
This result yields
2 & By
||Zh,||L2(OT Z ||Zh,||L2 (m) = ) T(z; + 20201 +25_ 1> th4<z5 +73 1)
= 23

N, 1 | N
—2Zh”zf+ thmz,

. Ni .
< Z ht/{ gO’Vh T) (81,3t72,>L2(0,T)+ thz,ﬂgz,aﬁ;,)LZ(m}
=1

Ni—1

. . N .
+ Y hijn {<goii,,>(o,r) +(21,9 ) r20m) + Y hzz,dgz,aﬂ_/f,thz(q)} -

j=0 =1
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With the last inequality, the Cauchy-Schwarz inequality and the use of the properties of
Lemma 4.2.13, one concludes

Ni—1

2 2 —J
len 220y < X A { 8ol oy + g llzoy + A g2l } 17 Lsco
j=1 ' ————
<||2n, ”L2(0,T)
Nt_l 2 .
+ X g { 8ol 0.y + etz + B g2l 20y § 178, s 0.
j=0 | N——

<[z [l 20,7
2
<2T { goll ey 0.y + g1 llz07) +i ||g2||L2(O,T)} 1z | 22(0,7)-
i.e. the assertion. [

Corollary 4.2.15. The variational formulation to find v, € S ilz,,O,(O’ T) such that

N;
an, (Vi Wi, ) = (for Wi 0,7y + (10w D20y + 3 e o2 Wi, ) 12(sy) (4.35)
P

forall wy, € S}lz,,,0<0’T> is uniquely solvable, where the right-hand sides fy € [H}O(O,T)]’
and fi, f» € L*(0,T) are given. Moreover, the stability estimate

Vall 20,7y < 2T { 1ol ety + fillz20,7) +h12”f2HL2(O,T)} (4.36)

holds for any mesh with maximal mesh size h;.

Proof. The related finite element system matrix Eh, of the variational formulation (4.35)
is lower triangular with positive diagonal elements, see (4.31), and hence, there exists a
unique solution v, € § ,1”’0’(0, T) of (4.35).

The proof of the stability estimate is analogous to the proof of (4.34) with the help of a
corresponding lemma analogous to Lemma 4.2.13. [

Lemma 4.2.16. For each u,, € S }11,,0,<0’ T), there holds the discrete inf-sup condition

! |an, (un,» wn,)|
T lun o) < sup SR
1+ auT 0wy, €8}, 0(0.T) Wh, |H1(0,T)

Proof. For a fixed function uj,, € S}%Q(O, T),letwy, € S}lt”O(O, T') be the unique solution of
(4.33) for go = g2 =0and g| = Jduy, € L?(0,T), i.e. it holds

ap, (Vh, s Wh,) = <8,uh,, 8,vh,>L2(O’T) (437)
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for all vy, € S}MOQ(O,T). For the particular choice vy, () = wy, (0) —wy, (¢), t € [0,T], it
holds vy, € S}lho,(O, T) and so, it follows

(dwh,» atWh)Lz(o,T) — W {wn, —wy, (0), Qgtwhf>L2(0,T) = —(Jup,, atwht>L2(0,T)'

Hence, using the Cauchy-Schwarz inequality, the Poincaré inequality from Lemma 3.4.5
and the L? stability of the L? projection Qgt, one concludes

‘th ‘%—11 (0,T) = <8[1/th, alwyhr>L2(0,T) + u <Wht — Wh, (O>’ Qg,wht>L2(0,T)
< |up, ’HI(O,T) |Wh, \HI(O,T) + 1 [l wn, —wp, (0) HLZ(O,T) HQ?I,Wh, HLz(O,T)

2
< lun, |0,y Wn b o,) + ;“T|Wh, e 0.1 W 22 0.1
4 0
< 1+EHT |, |1 0,0y Wi |11 (0,1)

where in the last step, the stability estimate ||wp,|[120.7) < 2T [up, |1 (o) from (4.34) is
used.

The choice v, = uy, € S}lho’(O, T) in (4.37) and the estimate above yield

2
an, (tp,, wp,) = |Mh,|H1(o,T) > |uht|H1(0,T)’Wht|H1(O,T)

T 1+ 2uT?
and hence, the discrete inf-sup condition follows. L]
Theorem 4.2.17. For given f € [H})(O,T)]', let the unique solution u of the variational
formulation (4.12) satisfy u € H&(O, T)NH*(0,T) for some s € [1,2]. Then there exists a
unique solution uy, € S }lho,(O, T) of the Galerkin-Petrov finite element discretisation (4.30),
satisfying the stability estimates
leth | 20,7y < 2T F et .y
~ 4 5
|uh,|H1((),T) < |1+ E.uT ”fH[H!‘O(O,T)]’
and the error estimate
~ 4 0 ) s—1
=t |0y < |1+ (1 +gHT ) (1 +ouT ) Cihy™ [|ull s o,y
1 4 _o\.»
+ oM <1 +oHT >hz lulgi 0.7

where the constant Cy > 0 is coming from standard interpolation error estimates.
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Proof. First, the unique solvability of the variational formulation (4.30) and the first sta-
bility estimate follow from Corollary 4.2.15 for fy = f, fi = f>» = 0. The second stability
estimate is a consequence of the discrete inf-sup condition given in Lemma 4.2.16.

Second, for any vy, € S,  (0,T), it holds

=t | g o,y < Nw—vu g o,y + [, — Vil o,

and it remains to bound the second term. With the usage the discrete inf-sup condition of
Lemma 4.2.16 and using the Galerkin orthogonality for the variational formulations (4.12)
and (4.30), it follows

- |ap, (W, — Vi, wp,)|
e T2|”h, Vi |0y < sup t|wt| 1 —
+zH 0wy, €8} 4(0.T) he|H1(0,T)

— sup ’ahr (ﬁht > th) —dp, (vht > th) ’

0w, €S}, o(0.T) Wi, |1 (0.7)

_ sup |Cl(l/l,Wht) —Clht(Vht,Wht”

0w, €8}, o(0.7) Wl o.7)

= sup |a(u— vy, wy,) +a(va,wp,) —an, (Vi wr, )|

0w, €S}, o(0.T) Wh, |1 (0,T)

Further, with the boundedness of the bilinear form a(-,-) and the Poincaré inequality of
Lemma 3.4.5, one concludes
au— vy, wy,) = — (0 (u—vy,), atwhz>L2(O,T) +p(u— Vhtawh;>L2(0,T)

< u—=vu e o0 Wn 11 00y + 11w = vl 20,0y Wh | 20,1
< <1 + %Hﬂ) = Vi [ 0.0y Wh 11 (0,1)-
Moreover, using the representation (4.28), one estimates the consistency error by
N

Z h12j<afvhz’ OWn, ) 12(z))

1
la(va,»wn,) — an, (Vi wa,)| = —= 1
12 =

1
< oM h; Ve # (0.7 Whe 11 (0.7) -

Hence, there follow

1
1+2u7?

4 1
|, = Vi |1 0.7y < (1 + ;Nﬂ) |t =i, |0,y + M hg il 0,1
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and therefore,

- 4 4
|t —tp, | 1 0.7y < {1 + (1 + ?LLT2> (1 + %‘uTzﬂ u—vn | 0,1)
1 4 5\ .»
+ oM (1 +ouT >ht Vim0,
In particular, for the piecewise linear interpolation vj, = Ij, u, there hold
[t — I, ul| g1 o7y < Ci ! lullgsorys  Mnttlar o0y < lulg o,y
see Section 2.6 and thus, the assertion. O]

Remark 4.2.18. The proof of the error estimate in Theorem 4.2.17 is also given by [51,
Lemma 2.27, page 95].

Remark 4.2.19. The discrete inf-sup constant of Lemma 4.2.16 depends on the parameter
W with order ="', Numerical experiments for the optimal discrete inf-sup constant

1
e (Topu) = inf sup 93, (Vi W, )| > (4.38)

= 4
071, €8}, 0 0T) 02, 5], o(0.1) [Virlet ) Wailm o) — 14 ZuT?

show only a dependency of order ,u’l/ 2, where a corresponding generalised eigenvalue
problem is solved to compute cyi (T, L), see [84, Subsection 3.6.6, page 124]. In Table 4.3
the optimal discrete inf-sup constant ¢y (T, 1) is presented for u € {125,250,500, 1000}
with T = 10 and a uniform mesh size h, = T |/ N;.

For the optimal discrete inf-sup constant with respect to ||-|| ;2o 1)

1
2T’

cp2(T,p) == inf sup \ay, (Vi wi,)|

>
07,5}, 0. 0.7) 0wy, e8], o0.1) [V ll20) Waelerto.7)

(4.39)

where the last inequality follows from Corollary 4.2.15, numerical experiments with the
same discretisations as for ¢y (T, L) confirm the independence of c;2(T, ) from the pa-
rameter U, see Table 4.4.

Numerical experiments for the bilinear form (4.13), i.e. without stabilisation, show a
similar behaviour as for the perturbed bilinear form (4.29), provided the mesh size h; is

sufficiently small, i.e. hy < \/12/ L.

Next, an LZ(O,T) error estimate is stated, where the proof is based on the proof of [164,
Theorem 3.1, page 175].
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N, hy e (10,125) ¢;1(10,250)  ¢;1(10,500) 71 (10,1000)
4 25000000 1.12365e+01 2.21744e+01 4.40526e+01 8.78100e+01
8 12500000 9.77956e-01 1.62745e+00 2.96357e+00 5.65355e+00
16 0.6250000 3.33189e-01 4.22413e-01  6.05756e-01  6.80010e-01
32 03125000 1.12684e-01 1.35639e-01 1.79762e-01  2.31985¢-01
64 0.1562500 4.89792e-02 4.96583e-02 5.60224e-02  6.97641e-02
128 0.0781250 3.33683e-02 2.72126e-02 2.47568¢-02  2.50579e-02
256 0.0390625 2.91545¢-02 2.16312e-02 1.66440e-02  1.36724e-02
512 0.0195312 2.83866e-02 2.02092¢-02 1.46513e-02  1.08659¢-02
1024 0.0097656 2.81193e-02 1.98896e-02 1.41544e-02  1.01405e-02
2048 0.0048828 2.80366e-02 1.98239¢-02  1.40306e-02  9.98949¢-03
4096 0.0024414 2.80160e-02 1.98080e-02 1.40038¢-02  9.93791e-03
8192 0.0012207 2.80108e-02 1.98041e-02 1.39974e-02  9.92346e-03
16384 0.0006104 2.80096e-02 1.98031e-02  1.39958¢-02  9.91987e-03
32768 0.0003052 2.80092e-02 1.98029¢-02  1.39954e-02  9.91898¢-03

Table 4.3: Optimal discrete inf-sup constant cy1 (7, i) of (4.38) for the perturbed bilinear
form (4.29) for u € {125,250,500,1000} with T = 10.

N, b c;2(10,125)  ¢;2(10,250)  ¢;2(10,500) ¢;2(10, 1000)
4 25000000 1.40996e+01 2.77886e+01 5.51698¢+01 1.09934e-+02
8 1.2500000 2.65957e+00 4.41397e+00 8.01919e+00 1.52769¢+01
16 0.6250000 1.68707¢+00 2.25321e+00 3.30172e+00 3.74737e+00
32 03125000 8.80041e-01 1.24605e+00 1.79212e+00 2.45043¢+00
64 0.1562500 4.89981e-01  6.40430e-01  8.88048¢-01  1.26819¢+00
128 0.0781250 3.59196e-01 4.07852e-01 4.91438e-01  6.42682e-01
256 0.0390625 3.26162e-01 3.37548¢-01 3.62111e-01  4.07958¢-01
512 0.0195312  3.14474¢-01  3.19977¢-01  3.26189¢-01  3.37739¢-01
1024 0.0097656 3.12185e-01  3.14389e-01  3.16821e-01  3.19974e-01
2048 0.0048828 3.11659¢-01 3.12923¢-01  3.14473e-01  3.14727e-01
4096 0.0024414 3.11531e-01  3.12570e-01  3.13677e-01  3.13615¢-01
8192 0.0012207 3.11499e-01 3.12482¢-01  3.13481e-01  3.13370e-01
16384 0.0006104 3.11491e-01  3.12460e-01  3.13432e-01  3.13310e-01
32768 0.0003052 3.11489¢-01  3.12455¢-01  3.13420e-01  3.13295e-01

Table 4.4: Optimal discrete inf-sup constant c;2 (T, i) of (4.39) for the perturbed bilinear
form (4.29) for u € {125,250,500,1000} with T = 10.
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Theorem 4.2.20. Let the unique solution u of (4.12) satisfy u € Hy (0,T) NH*(0,T) for
some s € [1,2]. Then the unique solution up, € Si,,o,(O’T) of the Galerkin-Petrov finite
element discretisation (4.30) from Theorem 4.2.17 satisfies

4
lu— i iz < (1+ TZ)hfuuuHs(o,Tw

with a constant ¢ > 0 independent of L and h;.

uTh?
\”’Hl (0,7)

Proof. With the representation (4.28) and the H& projection Q}ltu of (2.33), there holds for
all wy, € S (0,T)

ahz (izht o Q}lz u, Wht) = aht (ﬁhz’ Wht) _ahz (Qfll,u’ Wht)
N e’

=a(u,wy,)

uh
- a(u’whz) (thl/l Whr + Z tg athll[u’ alwhz)Lz(T()

— {ou, atwh,>L2( )+N<M Whr>L2(O T)

:<atthu7aIWh, >L2(0,T)
1 1
<3tQh u, atWh,>L2(0,T) - .U<th”’th>L2(o,T)

wh
+Z ’g 8,Q}ltu,9tWh,>L2(q)

2

12

1 — Oy, 1, w2 (9 Q) 1, Dwi,) 12z,

and so, up, — Q}lltu es }ll’o’(O, T) is the unique solution of the variational formulation (4.35)
for fo=u-(u— Q}lz,”) cL*(0,T), o = 1”—28,Q}ltu € L*(0,T) and fi = 0. Therefore, the
stability estimate (4.36), the Poincaré inequality from Lemma 3.4.5 and the stability of the
Hj projection give

~ 1 1 ‘U,T/’ltz 1
lits, = Qhell 20y < 2Tl = @l 0.0 + = 19420l 2 0.1
4 Th?
< 12 lu= Qo 3y + il

With the last estimate, the triangle inequality and the error estimate (2.34) for the H(i
projection, it holds
|u — up, ||L2(0,T) < lu— Ql]ztu||L2(0,T) + [lun, — Qllul/l”Lz (0,7)
4 uTh?
¢ <1 + ETZH) ellull gso.ry +—7— 6 lulg10.1)

with a constant ¢ > 0 independent of u and 4;. Hence, the assertion follows. [
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As a numerical example for the Galerkin finite element methods (4.21) and (4.30), a
uniform discretisation of the time interval (0,7) with 7 = 10 and a uniform mesh size
h = T /N, is introduced. For u = 1000, consider the solution u(¢) = sin® (37¢), where
calculations of the appearing integrals for the related right-hand side in (4.21) and (4.30)
are done by the usage of high-order integration rules.

In Table 4.5 the results for the stabilised variational formulation (4.30), which is uncon-
ditionally stable, are presented, where the error estimate in the energy norm of Theo-
rem 4.2.17 is confirmed. In addition, the error in L2(0, T) is presented, where a quadratic
convergence, as expected from Theorem 4.2.20, is observed.

N; hy [l —n, |lr2(0,00) €0 [u—ttn |p1(0,10)  €OC
4 2.5000000 1.7722e+00 - 9.0867e+00 -

8 1.2500000 6.0704e+00 -1.78 2.0130e+01 -1.15

16 0.6250000 1.2687e+00 2.26 9.4204e+00 1.10
32 0.3125000 5.7861e+00 -2.19  6.0121e+01 -2.67

64 0.1562500 3.3966e-01 4.09 6.1941e+00 3.28
128 0.0781250 7.6647e-02 2.15 2.2955e+00 1.43
256 0.0390625 2.0315e-02 1.92 9.4091e-01 1.29
512 0.0195312 5.2649¢-03 1.95 4.1539e-01 1.18
1024 0.0097656 1.3365¢-03 1.98 1.9803e-01 1.07
2048 0.0048828 3.3682e-04 1.99 9.7671e-02 1.02
4096 0.0024414 8.4229¢-05 2.00 4.8663e-02 1.01
8192 0.0012207 2.1057e-05 2.00 2.4310e-02 1.00
16384 0.0006104 5.2644e-06 2.00 1.2152e-02 1.00
32768 0.0003052 1.3161e-06 2.00 6.0758e-03 1.00

Table 4.5: Numerical results for the stabilised variational formulation (4.30), 1 = 1000,
T =10.

In Table 4.6 the related results for the variational formulation (4.21) without stabilisation
are presented, convergence is observed for a sufficiently small mesh size only. Note that

12/t ~ 0.1095.

4.2.2 Variational Formulation for the Wave Equation

Instead of the ordinary differential equation (4.11), the wave equation (4.10) is considered.
The aim is to extend the results of Section 4.2.1 to the wave equation. So, for u € H&;& (Q)

andw € H&;}O(Q), one defines the bilinear form

a(u, W) = —<aﬂ/l, a[W>L2(Q) + <qu, VXW>L2(Q)’
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N hy [ —up,[|2000)  €0C =, [ (0,0)  ©o¢
4 2.5000000 7.0573e+01 - 9.8785e+01 -
8 1.2500000 1.6871e+03 -4.58 3.7166e+03 -5.23
16 0.6250000 9.1421e+07 -15.73 3.72477e+08 -16.61
32 0.3125000 2.3915e+15 -24.64 1.9496e+16 -25.64
64 0.1562500 1.6337e+22 -22.70 2.9536e+23 -23.85
128 0.0781250 3.1417e-02 78.78 1.7859e+00 77.13
256 0.0390625 9.2885e-03 1.76 8.2361e-01 1.12
512 0.0195312 2.4767e-03 1.91 3.9567e-01 1.06
1024 0.0097656 6.3105e-04 1.97 1.9532e-01 1.02
2048 0.0048828 1.5839¢-04 1.99 9.7325e-02 1.00
4096 0.0024414 3.9633e-05 2.00 4.8620e-02 1.00
8192 0.0012207 9.9106e-06 2.00 2.4304e-02 1.00
16384 0.0006104 2.4778e-06 2.00 1.2152e-02 1.00
32768 0.0003052 6.1946e-07 2.00 6.0757e-03 1.00

Table 4.6: Numerical results for the variational formulation (4.21), u = 1000, 7 = 10.

see Section 2.5 for the details of the Sobolev spaces. The boundedness of the bilinear form
a(-,-) is stated in the next lemma.

Lemma 4.2.21. The bilinear form a(-,-): H&;’l’ (Q) x H(};’,IO(Q) — R is bounded, i.e.

la(u,w)| < \u|H1(Q) |w|H1(Q) forallu e Hé;’é, (Q),we H&;}O(Q).

Proof. The assertion follows immediately from the Cauchy-Schwarz inequality. [

The variational formulation of the wave equation (4.10) is to find u € Hé;’é, (Q) such that

(4.40)

a(u,w) = (f.w)2(g)

forall w € Hé.’lo(Q), where f € L?(Q) is given. Note that the initial condition u(-,0) =0
is considered in the strong sense, whereas the initial condition dyu(-,0) = 0 is incorporated
in a weak sense.

For the analysis of (4.40), the adjoint problem to find w € Hé;’}O(Q) such that

a(u,w) = <g,u)Lz(Q) (4.41)

for all u € H(;;’(])’ (Q), where g € L?(Q) is a given right-hand side, occurs.

Next, an existence and uniqueness result for the variational formulation (4.40) is given.
Such aresult is contained in [97, Chapter IV], see also [145]. To summarise and to examine
also to adjoint problem (4.41), the following theorem is stated.
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Theorem 4.2.22. Let f, g € L>(Q) be given. There are unique solutions u € H&’é’ (Q) of
(4.40) and w € Hy\y(Q) of (4.41), satisfying

1 1
|10y < ET”fHLz(Q) and Wl g) < ETHgHLZ(Q)

Proof. For the variational formulation (4.40), there exists a unique solution u € H(};’& (Q),
see [97, Chapter IV, Theorem 3.1, page 157, and Theorem 3.2, page 160]. The estimate
follows by a Fourier series ansatz as in [97, Section 7, Chapter 1V], see [145]. When using
the representation (3.65), any u € H&’&(Q) admits the representation

= i i ui Vi (1) i Ui(1)9i(x), (x.1)€Q, (4.42)
i=1k=0 i=1

where V;(¢) are the temporal eigenfunctions given in (3.25), and ¢;(x) are the spatial L%(Q)
orthonormal eigenfunctions of the Laplacian with homogeneous Dirichlet boundary con-
ditions, see (2.4). For the solution of the variational formulation (4.40), consider the ansatz
(4.42), where the unknown functions U; € H(}’(O, T) are to be determined. When choosing,
for a fixed j € N, v(x,r) = V(¢)¢;(x) with V € H(0,T) as test function, the variational
formulation (4.40) results in finding U, € H&(O, T') such that

T T
_ / QU()OV (6)dr + 11 / U;(0)V (1)dr = / Fi(0)V (1)dt
0 0
forall V € H})(O, T), where the functions Fj € L*(0,T),
— [ 0o re(0.7)
Q
are the coefficients of the Fourier expansion

:ZZ JiaVi(2) Z (x,7) € O,
j=1k=0

see again (3.65). From this, one concludes

T o o T
I£lg) = | [17te)Pasat = 1 3. [ 0@ [ oi)oytaias
0 Q =1j=1%

Q

T
_ Z/}F_,.(t)\zdz -X 1Fi1 720y
0 =

J=1
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Theorem 4.2.5 yields the uniqueness and the existence of the functions U; € H&(O,T).
Hence, one obtains

T
0y = Nl31 gy = | [ owuer) 2+ Ve anc
0
D) / AU / 01(3)9,(x)dx

/ £)dt / V. i(x) - V. (x)dx

and by using Lemma 4.2.7,

\u|12L,1(Q) =) /|07r |2df+l~h/|U (| =Y [|Ui‘12’-11(0,T)+‘uil|UiH%2(0,T)]

i=1 =1

[S—

" 2Z,||F||L2 0,T) T2||f||L2

[\.)

Analogous results hold for the adjoint problem (4.41). [

The variational formulation (4.40) is equivalent to find u € Hé;’& (Q) such that
a(u, Hrv) = (f, Hrv) ) (4.43)

forallv e H&.’é (Q), where the transformation operator Hr, given in (4.14), acts only on
the time variable ¢, i.e.

(Hr0)(x,t) = 9(x,T) = 0(x,1), (x.1) €0, (4.44)

for v € H&’& (Q). Note that in (4.43) the ansatz and test spaces are equal and so, discretisa-
tion schemes of Galerkin-Bubnov type are possible.

The solution operators from Theorem 4.2.22 are not isomorphisms and hence, to derive
from Theorem 4.2.22 an inf-sup condition, like

wp e

ozweri (o) Wli@)

> Csluly1(g)  Vu € Hyy (Q) (4.45)

with a constant Cg > 0, is not possible.
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Theorem 4.2.23. There does not exist a constant C > 0 such that each right-hand side
f € L*(Q) and the corresponding solution u € Hé;’é’ (Q) of (4.40) satisfy

[l (o) < CllA e oy (4.46)

In particular, the inf-sup condition (4.45) does not hold.

Proof. Consider the eigenfunctions ¢ € Hé (Q) and eigenvalues p;, > 0 of the Dirichlet
eigenvalue problem of the Laplacian, see (2.4). For k € N, take the eigenpair (¢, ) and
set for (x,7) € Q

up(x,t) == ([)k(x)/ssin(\/WS)ds,
0
Si(x,1) := g (x,1) — Ay (x,1) = 2 () sin(/ Lt ).

The initial and boundary conditions u(+,0) = dru(+,0) = 0, uyz = 0 and u; € HS;& (Q)
are fulfilled. One computes as in Theorem 4.2.6 that

T3
|Mk|H1(Q) —\ 3 and ka”[H&’,lo(Q)]’ —0  as k— oo

So, the first assertion is proven.

To show that the inf-sup condition (4.45) does not hold, the bilinear form
a(-."): Hyp (Q) x Hy:o(Q) = R

is investigated. Because of Lemma 4.2.21, the bilinear form a(-,-) is bounded. In addi-
tion, for 0 #Zw € Hé;}O(Q), there exists, according to Theorem 4.2.22, a unique solution

il € Hyy (Q) of (4.40) for g = w € L*(Q), satisfying

a(i,z) = (w,2);29) VzZ€ H(};’}O(Q)'

Hence, for z = w, it follows a(u,w) = (w,w) 2(¢) > 0, i.e. a surjectivity condition holds.
If the inf-sup condition (4.45) would be true, the bilinear form a(-,-) would fulfil all as-
sumptions of the NeCas Theorem 2.9.1, which gives the estimate (4.46). But this would be
contradictory to the first part of this proof. [

To overcome this problem with the inf-sup condition (4.45), two different approaches are
introduced in Section 4.3 and in Section 4.4. However, in the remainder of this section,
conforming finite element discretisations for the variational formulation (4.40), resulting
in Galerkin-Petrov schemes, are introduced and examined. Alternatively, the variational
formulation (4.43) is discretised, which leads to a Galerkin-Bubnov scheme. In any case,
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for the bounded Lipschitz domain Q C R4, it is assumed that Q = (0,L) is an interval for
d =1, or Q is polygonal for d = 2, or Q is polyhedral for d = 3. In this thesis, only the
tensor-product space-time finite element space

04(Q) = Vi 0(Q)®5, (0,T),

given in (2.42), is investigated for (4.40). Therefore, the Galerkin-Petrov finite element
discretisation of the variational formulation (4.40) is to find

up € OH(0) NHyy (Q) = Vi, 0(Q) @S}, 0,(0.T)

such that
Cl(l/th,Wh) = <f, Wh>L2(Q) (447)

for all w, € Q}(Q) ﬂH&;’}O(Q) =V 0(Q) ®S}1¢,,,O(O’T)' The approximate function u;, ad-
mits the representation

Ny M, M, N
up(6t) = Y Y Wiy () @u(t) = Y, Un j(Owi(x),  Upj(0) = Y ujou(t) — (448)
(=1 j=1 Jj=1 =1

for (x,t) € Q, see (2.43). After an appropriate ordering of the degrees of freedom, the
discrete variational formulation (4.47) is equivalent to the global linear system

Kpu=F
with the system matrix
Ky = —M,, @A), + A, @M, € RMeNixMeli

where M), € RM~Mx and A, € RM~*Mx denote spatial mass and stiffness matrices given
in (2.37) and (2.38), M), € R¥>*M and A;, € RV denote temporal mass and stiffness
matrices given in (4.24) and (4.23), and with the corresponding vector F € RMeNi of the
right-hand side.

Using a conforming semi-discretisation approach for the variational formulation (4.40)
leads to find uy,, € Vj,_o(Q) ®H&(O, T)C Hol;’é’(Q) such that

a(iin,wn,) = (f-Wn.)12(0) (4.49)

for all wy,, € V3, 0(Q) ®H’})(0,T) C Hé;’}O(Q). The semi-discrete function uj,, admits the

representation

=

tp, (x,1) = lﬁj(t)‘l/j(x)a (x1) €0,
J
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with the unknown temporal functions U [S H(% (0,T) to be determined. With this represen-
tation, the semi-discrete variational formulation (4.49) is equivalent to the M, equations to
find

~ ~ T 1 M
U= (Ul,...,UMx> € [HL(0.7)M:

such that

— /T My, 0,U(1)0,W (r)dt + / ApU(t = /T £ (4.50)
0

forall W € H})(O, T), where M), € RM>M: and A;, € RM*Mx denote mass and stiffness
matrices given in (2.37) and (2.38) together with the right-hand side

f = (froeeo i) € [LP0.7)M
defined by
— [ v re (0.1,
Q

for j=1,...,M,.

By using the Cholesky decomposition
My, =Ly L,

and for the symmetric, positive-definite matrix Ahx = L};IA;,XL};T, the decomposition

Ap, =Vi,DpV,.. Dy, = diag <ﬁk(Ahx)>a Vi, = (21,---,\_/Mx), A’ = lu(Ap,)y
the variational formulation (4.50) is equivalent to find
Va Ly U=2=(Zi,....2u,) " € [H (0,T)]"

such that

T

T T
_ / KZ(1) W (1)di + / Dy Z(1)W (1)dt = / VL (W (r)dr
0 0

0
forall W € H’}) (0,T). The related approximation
Zy, = Zno- - Znn,)
is defined by finding, for j = 1,...,M,, the functions

Zh,j € Sh0.(0.T) =S, (0,T) N Hy (0, T)
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such that
— (01 Zh,.j>Own,) 12 (0.7) T B (An,) - (Zn jswi,) 1201y = (&sWh ) 12(0.1)
for all wy, € S}lt”O(O, T)= Silz, (0.T)NH(0,T), where
g=(g1.ngm) =V L' f
is the transformed right-hand side. By construction, it holds
Zy, = V thQ Iy

where

U, = U1, ,Uh,,Mx)T

is the vector of coefficients of the representation (4.48).

1

Stability and related error estimates for the finite element solutions Zj, ; € S }lt’o’(O, T) fol-
low for sufficiently small time mesh sizes 4;, see (4.20). However, as in Remark 4.2.8,
for a uniform time mesh size 4;, the stability of the corresponding finite difference scheme
holds for

o (/] T Ay, u/ Hvxu;,XH%Z(Q) 12
A A = i~ T
u U HuthLZ(Q) 7

for j=1,...,M,,

where u/ = L, v/ € RMx are the transformed eigenvectors and uh € Vi,0(Q) are the
related functions. With the inverse inequality

Hvxvth%?(Q) < h;z HthHiZ(Q) Vi, € Vi, 0(2),
see [141, (9.19), page 217], with a constant ¢; > 0, this condition is satisfied for

12
hy <\ — hy, 4.51)

Cr

i.e. a CFL condition is needed for stability. In the particular case d = 1, it holds ¢; = 12,
see the derivation of [141, (9.19), page 217] and therefore, stability follows for

hy < hy.

When V;, o(Q) C H} (Q) is also of tensor-product structure, i.e.

Vio(@) = (81, (0.L1)@...@ 5} (0.La)) NHY(Q),
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for example, when considering Q = (0,L;) x ... x (0,L;) C R with uniform mesh sizes

hy,...,hy,, one concludes ¢; = 12d, and therefore, the stability condition
hx min
h < ——,
t \/C_i
where iy min = min{hy, ..., Ay, }.

As a numerical example, consider for d = 2 the spatial domain Q = (0, 1)? with uniform
discretisations with mesh sizes h, = hy, = hy, and the exact solution

u(xy,x2,1) = t>sin(7xy ) sin(mxy) ~ for (x1,x2,1) € Q= Q x (0,T)

with different finite times T € {17—0, L3, 2} . Then stability follows when choosing

h 1
e ~0.7071068.
hy V2

In Table 4.7, Table 4.8, Table 4.9, Table 4.10 and Table 4.11, the LZ(Q) error, H' (Q) error
and the spectral condition number k»(K},) of the related system matrix K}, of the Galerkin-
Petrov formulation (4.47) are given, where the observed convergence rates are as expected,
provided the CFL condition (4.52) is satisfied, i.e. the CFL condition (4.52) seems to be
sharp. Here, the degrees of freedom are denoted by

(4.52)

dof = dim Q},(Q) NHyy, (Q) = dim Q4(Q) N Hy;\y(Q).

dof hy hy |u—unll20) e€oc  |u—uplgg) eoc K (Kp)
2 0.5000000 0.3500000 2.0373e-02 - 3.8884e-01 - 1.0544e+00
36 0.2500000 0.1750000  4.7396e-03 2.1  1.9320e-01 1.0 4.8152e+01
392 0.1250000 0.0875000 1.1608e-03 2.0 9.6190e-02 1.0 2.5261e+02
3600 0.0625000 0.0437500 2.8868e-04 2.0 4.8036e-02 1.0 9.4412e+02
30752 0.0312500 0.0218750  7.2073e-05 2.0 2.4011e-02 1.0 3.9542e+03
254016 0.0156250 0.0109375 1.8012e-05 2.0 1.2004e-02 1.0 1.5656e+04

Table 4.7: Numerical results for the Galerkin-Petrov formulation (4.47) with uniform
meshes for Q = (0,1)? x (0, 17—0), satisfying the CFL condition (4.52).

From (4.51), one only expects conditional stability of (4.47). To stabilise the numerical
scheme in (4.47), Zlotnik’s idea [164], as in (4.28), is used again, and the following repre-
sentation is proven.
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dof hy hy |u—unll2) eoc  |u—uplpig) eoc K (Kp)
2 0.5000000 0.3535534  2.0970e-02 - 3.9813e-01 - 1.0000e+00
36 0.2500000 0.1767767  4.8903e-03 2.1 1.9798e-01 1.0 5.1911e+01
392 0.1250000 0.0883883  1.1986e-03 2.0 9.8593e-02 1.0 2.4119e+02
3600 0.0625000 0.0441942  2.9813e-04 2.0 4.9240e-02 1.0 1.0614e+03
30752 0.0312500 0.0220971  7.4437e-05 2.0 2.4613e-02 1.0 4.8885e+03
254016 0.0156250 0.0110485 1.8603e-05 2.0 1.2305e-02 1.0 1.9849¢+04

Table 4.8: Numerical results for the Galerkin-Petrov formulation (4.47) with uniform

meshes for Q = (0,1)% x (0, Lz) for the limit case of the CFL condition (4.52).

e

dof hy hy lu—unlli20) €oc |u—uplpg) eoc 1 (Kp)
2 0.5000000 0.3750000  2.4795e-02 - 4.5709e-01 - 1.3456e+00
36 0.2500000 0.1875000  5.8640e-03 2.1  2.2835e-01 1.0 5.5029e+01
392 0.1250000 0.0937500  1.4435e-03 2.0 1.1387e-01 1.0 6.5707e+02
3600 0.0625000 0.0468750  3.5946e-04 2.0 5.6892e-02 1.0 2.0536e+04
30752 0.0312500 0.0234375 8.9775e-05 2.0 2.8440e-02 1.0 1.1774e+07
254016 0.0156250 0.0117188  2.2438e-05 2.0 1.4219e-02 1.0 3.1270e+12

Table 4.9: Numerical results for the Galerkin-Petrov formulation (4.47) with uniform

meshes for O = (0,1)? x (0, 3), violating the CFL condition (4.52).

dof hy hy |u—unll2o) eoc  |u—up|lg) eoc K (Kp)
2 0.500000 0.500000  5.4253e-02 - 9.0857e-01 - 4.0000e+00
36 0.250000 0.250000  1.3532e-02 20  4.6108e-01 1.0 2.0727e+02
392 0.125000 0.125000  3.3817e-03 2.0 2.3115e-01 1.0 9.2901e+03
3600 0.062500 0.062500 8.4531e-04 2.0  1.1564e-01 1.0 1.0357e+07
30752 0.031250 0.031250  2.1132e-04 2.0 5.7831e-02 1.0 1.1044e+13
254016 0.015625 0.015625 4.7793e+08 -41.0 2.2237e+11 -41.8 1.6503e+28

Table 4.10: Numerical results for the Galerkin-Petrov formulation (4.47) with uniform
meshes for Q = (0,1)? x (0, 1), violating the CFL condition (4.52).
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dof hy hy |u—unll2o) eoc  |u—uplg) eoc K (Kp)
2 0.500000 1.000000  2.7814e-01 - 5.2099e+00 - 1.4440e+01
36 0.250000 0.500000  7.3571e-02 1.9 2.5832e+00 1.0 4.7953e+02
392 0.125000 0.250000  1.8630e-02 20 1.2955e+00 1.0 8.5065e+04
3600 0.062500 0.125000  4.7326e-03 2.0 6.4816e-01 1.0 1.3222e+09
30752 0.031250 0.062500 4.8264e+00 -10.0 9.8287e+02 -10.6 4.5260e+19
254016 0.015625 0.031250 2.4079e+23 -75.4 8.8587e+25 -76.3 1.3550e+39

Table 4.11: Numerical results for the Galerkin-Petrov formulation (4.47) with uniform
meshes for Q = (0,1)? x (0,2), violating the CFL condition (4.52).

Lemma 4.2.24. For all w, € Q}(Q) NHy (Q) and wy, € Q}(Q) N Hy\o(Q), the bilinear
form in (4.47) has the representation

d
a(uh,wh) = —(8,uh,8twh>Lz(Q) + Z <8xmuh,Q218xmwh)Lz(Q)
m=1
d N,
+ Z Z a[axmuh,atameh>L2(QXW) (453)
m=1/{=

where Qh L*(0,T) — 89 ' (0,T) denotes the L? projection (2.26) with respect to time on

the space SOZ (0,T) of piecewise constant functions.

Proof. Let u;, € Q1(Q) HH&’& (Q) and wy, € 0} (Q) HH&’}O(Q) be given. With the repre-
sentation (2.43), there follow for (x,t) € O

ZZ”WJ ZUhtJ X, Uhr] ZM(PZ

and
Ni—1 M, N—1

ZZW‘VJ Zth} vi(x),  Wi,;() ZWﬂPK
Hence, form=1,... ,d and by us1ng (4.27) there hold

M, M,

(Dot D W) 12(0) = / Up, 4(1) Wi (1)dt / O, Vi), v (x) dx

—_

0
.[1
~ 112

: / a)Cm ll/l (x) axm II/J (X) dx
Q

§ N
; ~.

M=

h7 (9 Un, i IWi,, ) 12(z) + (Ui Q2,Whr,j>L2(0,T)

1

N
I
_
~
Il
_
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and thus,

N;
<axmuh’axmwh>L2(Q) <axmuh,thameh L2(0 Z lg ataxm”haataxmwhh,?(gxw)

So, the assertion is proven. 0

Due to the representation (4.53), one defines for the functions uj, € Q,lz(Q) ﬂH&;’& (Q) and
wp € 0} (Q) ﬂHé;”lO(Q) the perturbed bilinear form

ah(uh,wh) = —<8,uh,8twh>L2(Q) + <axmuh,Q2t8xmwh>Lz(Q)

1

(O, O s O Wi 2 (4.54)

M~ ﬁM&

— <atl/lh, atWh>L2(Q) +

ey

m

So, the perturbed variational problem is to find &, € Q}(Q) HH&’& (Q) such that
an(un,wp) = (fwh)12(g) (4.55)

for all wy, € 0}(Q) ﬂH(};”lO(Q). After an appropriate ordering of the degrees of freedom,
the discrete variational formulation (4.55) is equivalent to the global linear system

Kwu=F
with the system matrix
Eh = —th ®Ahl +Ahx ®Mh, S ]RMX‘N’ XMX‘N’,

where M), € RM*Mx and A, € RM~*Mx denote spatial mass and stiffness matrices given
in (2.37) and (2.38), Mh, e RV>N is the temporal perturbed mass matrix (4.32), and
Ap € RN*N is the temporal stiffness matrix (4.23), and with the corresponding vector
F € RMx"Nt of the right-hand side.

To prove the existence and uniqueness of a solution uy, of (4.55), the following lemma,
which is analogous to Lemma 4.2.13, is shown.

Lemma 4.2.25. For a given v, € Q}(Q) HHS;’& (Q), represented by

Zth xX)@u(t), Vil ZV wi(x) for(x1)€Q

with Vj,_o(x) = Oforx € Qand Vg € Vy, 0(Q), and for a fixed index j € {1,...,N;}, there
exists a function z,, € Q}(Q) ﬂHé IO(Q) with the following properties:
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1. For (x,t) € Qx [t;,T), it holds Z;;(x,t) =0.

2. Fort=1,...,jand for x € Q, there hold

; 1
(02051 95, 22y = 5 (Vo1 P = Vi ()
and
2 ‘ 2
; 1
<3xmzf,(X,-),Q2tameh( ) i2(%) / O, vh(x,s)ds | — 5 /8xmvh(x,s)ds
I

form=1,...,d.

3. Forx € Q, there holds the estimate

|92} )Ml20) < Va0,

Proof. Forv, € 0}(0) OH&’& (Q), one defines for (x,t) € Q

N . Vi,.i(x) fori=0,...,J,
) =) Uj (0ei(), Uyl (x) = i .
=0 (=17 j(x)  fori=j+1,....N,

and further,

()

uiz x,5)ds | o(t) = — Iht/u;l(x s)ds | (1),
T

-1

N—_

where [, : C[0,T] — Sllu (0,T) is the interpolation operator with respect to time, see (2.27).
Note that z € Q}(Q) NHy; o(Q). For x € Q, it follows from relation (4.26) that

atzfl (x,-) = Qh, ”h( )
In particular, for j <N, x € Q. and fort € T for{ = j+1,...,N;, then it holds

Iy

i 1 . 1/ ,
—03 0 = ) = 1 [ ux9)as =5 (Ul Ly + U] (0) =0,

fr—1

and due to Z;; (x,T) =0, one concludes Z;; (x,t) =0fort € [t;,T],i.e. the first assertion.
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To prove the second assertion, one computes for x € Qandforl=1,..., j

Iy
<atzi(x")’atvh(x"»LZ(ré): /8,Z£(x,t)8,vh(x,t)dt

I

1 .
:—5 (U}{x’é 1 +U}{ é /a[Vh xt

- % (Viet—1(x) + Vi 0 (x)) (th,e—l (%) = Vit (x)>
= % ([th,é—l ()] = [Vae (x)]2> '

Moreover, for m = 1,...,d, there follow forx € Q and for £ = 1,... ,J

<axm2;; (‘x’ ')’ le axm Vh( )>L2 T/ Qh; 8xm Vh |Tg / a)szh X t

Ir—1

fe—1 I
= axmvh W/%Cm /uh (x,s)ds @y (2 )+/u£(x,s)dsgog(t) dr
T

fr—1

=7 /8xmvhxt)dt hy ¢ /(9xmuhxsds+/8 uhxs)ds
té

and further,

tr—1

(8xm2£(x,-),Q2t8xmvh( N2z /8xmvh x,t)dt — / Ox,,vn(x,1)d

1/1

/8xmvh X, S ds—i—/axmvh x,s)ds

Zj

1 2

/é?xmvhxs - = /axmvhxs
The L* stability of Q) and using

192 (e Moy = 1912020y = 19860 e 20,

= 1105y (e M2 0.1) < 1O vae 20,7y < Iva )20y
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for x € Q yield the third property. 0

With the last lemma, the existence, uniqueness, and stability of a solution uy, of (4.55) are
proven with the help of the next lemma.

Lemma 4.2.26. Let fy € [H,B(O,T;LZ(Q))]' and f1, f» € L*(Q) be given. The variational
formulation to find w, € Q}(Q) ﬂH(;;’&(Q) such that

N
an(Wn>vi) = (fo-vi)o + <f1’azvh>L2(Q) + Z h[2’€<f2’alvl’l>L2(Q><Tﬁ) (4.56)
=1

for all v, € 0} (Q) ﬂHé;’})(Q) is uniquely solvable, and there holds the stability estimate

will2g) < 2T {”fOH[Hb(O,T;LZ(Q))]’ +fillz o) + b7 ||f2||L2(Q)}' (4.57)

Proof. Letw?) € 0}(Q) ﬂHé;’&(Q) be any solution of the homogeneous variational formu-
lation (4.56) with f; = 0, and with the representation (2.43), i.e.

wi(x,1) Z Wh (X)) for (x,1) €0, W;g_’g € Vi.o(Q), W&,o(") =0.

For each index j € {1,...,N;}, consider an element 2{; € 0,(0) ﬂHé;”]O(Q) as given in
Lemma 4.2.25. Plugging v, = Z;; into (4.56), there hold

. d .
0= ap (W%,Zil) <atWh, ach L2 Z th mewg, ame;)Lz(Q)
m=1

J d Jj .
Z 8fwh’alzh L2(Qx 1)) + Z Z<Q2,8meg’axmzil>L2(Q><rg)

m=1/=1

and by using the properties of Lemma 4.2.25,
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This result yields, with the Cauchy-Schwarz inequality and the use of the properties of
Lemma 4.2.25,

N
[ W
A - 2 w0 0 0 2
= [ 3 (W R+ WR WSy () + W () di
O =1
& hl] ht j+1
< [ X dx+/ ¥ "W 0P ar <0,
o /=1

which implies w) = 0. Therefore, by using

dimQ}(Q) NHy} () = dimQ(Q) NHY(0),

one concludes unique solvability of the variational formulation (4.56) for any right-hand
sides fy € [H})(O,T ;L2(Q))) and f1, f> € L*(Q). Following the approach as above, there
hold

. , N . 1
(fo.-zp) o+ (f1:9Zh) 12 (0) + Y hié(ﬁﬂii)ﬁ(gw) an(wp.z}) > > /[th]( ) dx
= A

and

N;
t+1
Il < | 3 %5 W (0] dx+/Z T (W)

/
b

I/\

, N .
{ fo.Z) o+ (f1:97) 20+ L h12,€<f2’alzi,>L2(er/)}

=1
Ni—1

. . Ni .
+ Y hjn {<anZ;,>Q+ (f1,9Z)) 12000+ X h;‘2,£<fZaatZ;Z>L2(Q><T(g)}

j=1

N; .
< Y {1l oy + I Aillzg + 2 15l Mz )
j=1 '
N,—1 ) ‘
+ ) ht,j+1{Hf0||[H})(o,T;L2(g))y+ 1f1llz2 () +hi ||f2HL2(Q)}HalzhHLz(Q)

=1
<27 { 1ol 0.2y + 11 ll2(0) +ht (|22 (0) } Wallz2(0)

and hence, the stability estimate is proven. [
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Theorem 4.2.27. For f € L*(Q), there exists a unique solution i, € Q}(Q) ﬂHé;’é, (Q) of
the Galerkin-Petrov finite element discretisation (4.55), satisfying the stability estimate

. 4
lanllz2(0) < 2T f et o722 () < ETZHfHLZ(Q)'

Proof. Setting fy = f € L*>(Q), fi = f> =0 in (4.56) and the Poincaré inequality with
respect to time, see Lemma 3.4.5, give the assertion. [

Remark 4.2.28. Note that there exists a unique solution of the Galerkin-Petrov finite el-
ement discretisation (4.55) in the situation of Lemma 4.2.26, i.e. for a right-hand side f
weaker than L*(Q).

To derive an estimate for the L%(Q) error ||u — itj,|| 12(0)» the space-time projection

0}, 0} v € 04(Q) N Hy) (Q),

is used, which is well-defined for a sufficiently smooth function v € H&;’& (Q), for details
see Lemma 2.8.2.

Theorem 4.2.29. Let u € Hé;’é’(Q) be the unique solution of the variational formulation
(4.40), satisfying du € L*(0,T:Hy(Q)) and dy,u € Hj (0,T;:L*(Q)), m = 1,....d, and

Au € H} (0,T;L*(Q)). Then the unique solution iy € Q5(Q) OH&’& (Q) of the Galerkin-
Petrov finite element discretisation (4.55) satisfies the error estimate

=il 20) < = Ohull2(g) + llu— Oh (o) + el V.t )

h2
1 |
+27{ 1A= 04 )y 072y + 19(Ch = W)l 20y + T5 1Al 20 }

with a constant ¢ > 0.

Proof. Since the solution u € H&’&(Q) fulfils the assumptions of Lemma 2.8.2, the space-
time projection Q}lt Q}lxu € Q}I(Q) ﬂHé;’é, (Q) is well-defined. When using the representa-
tion (4.53), the properties of Q}lz, Q}lx as given in Lemma 2.8.2, and applying integration by
parts, it follows for all wy, € Q}(Q) N Hy\y(Q) that

an (i, — O, O . wn) = ap(iin. wi) — an(Qy, Qp u, wp)
= a(u,wy) — ap(Qy, O, . wh)

N[ 2
A
= a(u,wh) — a(Q}th}uu,wh) + Z 1’—2<8,VXQ}IZQ}1XM, 8,wah>Lz(QXm
/=1

= — (O, dwn) 2(0) + (Vtt: Vaiwn) 12 ) + (0O}, Ol 1t Irwi) 12 o)
N |2

4
— (V0 Qh, 1 Viwn) 12(0) + ), 75 (A Ve, 0 16,9 V.Wh) 20y
=1
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and further,
an (it — O, O s wi) = —(9hit, ywi) 2 (g) + (Vi VxWh>L2(Q) + {905, 1, 0wh) 2(g)
— (Va0 1, Vown) 12(g) + Z SOV 0}, 1,0, VaWn) 12 (@)
= (at(Q;lz u—u),0Wh)2(0) + <Vx(u — Q) 1), ViWwn) 12(0)
+ Z JCANCIR) VaWh) 12 (@x))
= (at(th” —u),0wh)2(g) + (—Ax(u— Q;z,u)’wh>L2(Q)

N, h2
_ Z o DA 1, DWh) 12 0y

In particular, one observes that uj — Q}lt Q}lxu is the unique solution of (4.56) in the case

1
fo=—Alu=Qhu). fi=0/(Qpu-u). fr=—750M0u
Therefore, the stability estimate (4.57) and the stability of Q}lz, in H(}’(O, T) give
5 — O, @, 1l 20

h2

<27 {1Ax(u— 0 ullygy 0,12y + 19 (@bt =) 2(0) + T5 1924l 20 |
hZ

<27 {|18u(u = 0} ullyy 0 12y + 19 (Qhte =) 20y + 75 1Al 120 }-

With the last estimate, the triangle inequality, and the error estimate of Lemma 2.8.2, there
hold

~ 1 1 ~ 1 1
||M—”h||L2(Q) < ||M—Qh,Qh ”||L2 + ||”h—thQh ”||L2

< flu=0hull2(o +Hu—thuHLz +chl|3, xuuLz
h2
+ 27 {84t = 0l ) 0020y + 191 (@h e = 0)12(0) + T3 10detl 2 g }

with a constant ¢ > 0 and so, the assertion. O]

Corollary 4.2.30. Let the assumptions of Theorem 4.2.29 be satisfied. If, in addition, the
unique solution u of (4.40) is sufficiently smooth and the spatial H(% projection Q,llx Sulfils

the standard L?* error estimate

e = @ ull 20y < ChEllull 20,7120
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with a constant C > 0, see (2.48), then, for the unique solution i, € Q}(Q) ﬂHé;’é’ (Q) of
the Galerkin-Petrov finite element discretisation (4.55), it holds the error estimate
= tin |20y < e <||”||L2(O,T;H2(Q)) + HatMHLz(o,T;HZ(Q)))

-I—Chxh,HathuHLz(Q) + Ch? <||8,,u||L2(Q) + ||aﬁAxl/l||L2(Q) + ||8tAxu||L2(Q)> (458)

with a constant ¢ > 0.
Proof. By using the error estimates (2.50) for the H& projection Q}lt and (2.48) for the H(}
projection Q}lx, it follows from Theorem 4.2.29 the asserted error estimate. [

Corollary 4.2.31. Let the assumption of Theorem 4.2.29 be satisfied. Furthermore, let
uc H'*5(Q) ﬂH(};’é’ (Q) for some s € [0,1] and let the Hé;’é’ (Q) projection Q}, given in
(2.45), fulfil the standard error estimate

e — Qputll 2(g) < k'™ ullgr4s(g)

with a constant ¢ > 0, see (2.46). Moreover, assume for Q}(Q) OHOI;’& (Q) the inverse
inequality
|Vh|H1(Q) < Ciny h! ||Vh||L2(Q) Vv, € Q;IL(Q) ﬂH(};’é’ (0)

with a constant ciy > 0 and h = max{h;, hy}. Then it holds
‘M — ﬁh‘Hl(Q) S CCinV hSHMHHerl (Q) + Cinv hil Hﬁ/h — MHLZ(Q)

with a constant C > 0 independent of h. If, in addition, the assumption of Corollary 4.2.30
is fulfilled, then it holds the error estimate

= it yy1 gy < Ch (4.59)
with a constant C > 0.

Proof. It follows with the triangle inequality, standard error estimates for Q}l and the in-
verse inequality in Q}(Q) ﬂHé;’& (Q) that
| =t 1 ) < |u— Q}1M|H1(Q) + | Qju — ﬁh|Hl(Q)
< CBull s ) + €inv ™| Qi = i g
< 5hs||uHHs+1(Q) + Cinyh ™| Qe — ”HL2(Q) + Ciny b1t — ull 12 (g)
< Cciny I|[ul| g1 () + iy 1y ullp2(g)

with a constant C > 0 and hence, the assertion. O]
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Remark 4.2.32. The assumptions on the spatial H(% projection Q}lx and on the Hé;’é’ (Q)

projection Q}l in Corollary 4.2.30 and Corollary 4.2.31 are fulfilled, if Q is sufficiently
regular. Thus, for less regular Q, one expects reduced orders for the error estimates given
in Corollary 4.2.30 and Corollary 4.2.31.

As a numerical example for the Galerkin-Petrov finite element method (4.55), consider
the one-dimensional spatial domain Q = (0, 1) and T = 10, i.e. the rectangular space-time
domain

0=Qx(0,T7)=(0,1)x(0,10).

The discretisation is done with respect to nonuniform meshes as shown in Figure 4.1 of
Section 4.1, where a uniform refinement strategy is applied. Note that these meshes do not
fulfil the CFL condition (4.51). As exact solutions, the functions

y(x,1) = sin(7ex) sin’ (Zm) L (weo
ur(x,1) = sin(mx)2 (10— )34, (x,1) € Q,

are chosen. The appearing integrals to compute the related right-hand side in (4.55) are
calculated by using high-order quadrature rules and the degrees of freedom are denoted
by
dof = dim Q},(Q) N Hyy (Q) = dim Q}(Q) NHy |, (Q).

The numerical results for the smooth solution u; are given in Table 4.12, where uncondi-
tional stability and quadratic convergence in || - || 12(0)» as predicted by the error estimate
(4.58), are observed. Moreover, linear convergence is seen, when measuring the error in
| |11 (@)» Which confirms the error estimate (4.59).

For the singular solution u,, the related results are given in Table 4.13, where reduced
orders of convergence in || - ||;2(g) and in |- |1 () are observed. These convergence rates

correspond to the reduced Sobolev regularity u, € H/4€(Q), € > 0.

Remark 4.2.33. The Galerkin-Petrov finite element method (4.55) seems to fulfil a kind of
conservation of the total energy

1 1
E(t):= E||(9,u(.,z)||§2(9) + 5||vxu(.,t)||§2(g), t€[0,7].
As illustration, consider a solution of the homogeneous wave equation, i.e.
uz(x,t) = (cos(mt) + sin(xt)) sin(mx) for (x,t) € Q = (0,1) x (0,10)

with the total energy
2

E(t)= % fort €10,10].
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dof hx,max hx,min ht,max ht,min H”l - ﬁl,hHLZ(Q) coc |”1 - izl,h‘Hl(Q) e€oc
30 0.37500 0.06250 3.75000 0.62500 3.579e+00 - 1.289e+01 -
132 0.18750 0.03125 1.87500 0.31250 1.975e+00 0.86  9.849¢+00  0.39
552 0.09375 0.01562 0.93750 0.15625 9.213e-01 1.10  6.534e+00  0.59
2256 0.04688 0.00781 0.46875 0.07812 6.829¢-01 0.43 5.210e+00  0.33
9120 0.02344 0.00391 0.23438 0.03906 2.466e-01 1.47 2.848e+00 0.87
36672 0.01172 0.00195 0.11719 0.01953 7.029e-02 1.81 1.435e+00  0.99
147072 0.00586 0.00098 0.05859 0.00977 1.819¢-02 1.95 7.159¢-01 1.00
589056 0.00293 0.00049 0.02930 0.00488 4.588e-03 1.99 3.576e-01 1.00
2357760 0.00146 0.00024 0.01465 0.00244 1.149¢-03 2.00 1.788e-01 1.00
9434112 0.00073 0.00012 0.00732 0.00122 2.875e-04 2.00 8.938e-02 1.00
37742592 0.00037 0.00006 0.00366 0.00061 7.189¢-05 2.00 4.469¢-02 1.00
Table 4.12: Numerical results of the Galerkin-Petrov finite element discretisation (4.55)

with nonuniform meshes for Q = (0,1) x (0, 10) and for the function u;.

dof My max T min Dt max Nt min lluz —ti2nllpg)  €0C |y —iigplyng ~ €OC

30 0.37500 0.06250 3.75000 0.62500  7.836e+01 - 3.173e+02 -
132 0.18750 0.03125 1.87500 0.31250 2.166e+01 1.86  1.191e+02  1.41
552 0.09375 0.01562 0.93750 0.15625 5.487e+00 1.98  5.225e+01 1.19
2256 0.04688 0.00781 0.46875 0.07812 1.777e+00 1.63  2.696e+01  0.95
9120 0.02344 0.00391 0.23438 0.03906 6.476e-01 1.46 1.593e+01 0.76
36672 0.01172  0.00195 0.11719 0.01953 3.001e-01 1.11 1.076e+01  0.57
147072  0.00586 0.00098 0.05859 0.00977 1.393e-01 1.11 8.077e+00  0.41
589056 0.00293 0.00049 0.02930 0.00488 6.156e-02 1.18  6.452e+00  0.32
2357760 0.00146  0.00024 0.01465 0.00244 2.650e-02 1.22  5.308e+00  0.28
9434112  0.00073 0.00012 0.00732 0.00122 1.126e-02 1.23  4.423e+00 0.26
37742592  0.00037 0.00006 0.00366 0.00061 4.758e-03 1.24  3.704e+00  0.26

Table 4.13: Numerical results of the Galerkin-Petrov finite element discretisation (4.55)
with nonuniform meshes for Q = (0,1) x (0, 10) and for the function u,.
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Here, the initial condition
uz(x,0) = up(x) = sin(mx), x€Q,
is treated via homogenisation, while the initial condition
duz(x,0) = vo(x) = wsin(zwx), x€Q,

is incorporated in a weak sense. For the solution us, the discrete total energy

1, 1o
Ep(r) := Eua,uh(.,z)uiz(g) +§|\vxuh(.,t)y|§2(g), t€[0,7],

is computed. In Figure 4.3 the difference

72
En(t) —E(t) = Ep(t) — X fort €10,10]

is plotted pointwise for the refinement level with uniform mesh sizes

10 1
hy ~0.00162760 and hy = —5 ~ 0.00016276.

~6-210 6-2

Note that oy, is piecewise constant in time. Probably due to the used space-time approx-
imation, some oscillations within the finite element accuracy are observed, but no energy
loss occurs, see also Figure 4.2.

For a comparison with the Newmark Galerkin method (4.5), (4.6) of Section 4.1, the errors
in the space-time norms ||-[| 2oy and ||y (@) are given in Table 4.14, where the conver-
gence rates are as expected, when the nonuniform meshes as in Figure 4.1 are used.

Remark 4.2.34. A comparison of Table 4.12 with Table 4.1 and Table 4.14 with Ta-
ble 4.2 shows that the Newmark Galerkin method (4.5), (4.6) of Section 4.1 and the
Galerkin-Petrov finite element discretisation give similar results, provided the right-hand
side f € L*(Q) has no singularity with respect to time. Note that the Newmark Galerkin
method (4.5), (4.6) is not applicable to the solution u;.

Remark 4.2.35. The to (4.55) related inf-sup constant

. ap(up,wp)
inf sup
00} (Q)NH, (Q) 0wy 0l (o)L (o) 411 (@) WhlH (0)

—cs(h)  (4.60)

seems to depend linearly on the mesh size h. The inf-sup constant cs(h) is given as

cs(h) =/ Amins
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Figure 4.3: Difference of the total energy E(¢) = %2 and Ej,(t) of the Galerkin-Petrov finite
element discretisation (4.55) with a uniform mesh for O = (0,1) x (0,10) and
for the function u3.

dof hx,max hx,min ht,max ht,min l|luz — 3 HLZ(Q) coc [u3 — W3 5| 1 Q) €oc

30 0.37500 0.06250 3.75000 0.62500 2.503e+00 - 1.051e+01 -
132 0.18750 0.03125 1.87500 0.31250 2.496e+00 0.00 9.798e+00 0.09
552 0.09375 0.01562 0.93750 0.15625 2.241e+00 0.15 9.774e+00 0.00
2256 0.04688 0.00781 0.46875 0.07812 2.580e+00 -0.20 1.152e+01 -0.23
9120 0.02344 0.00391 0.23438 0.03906 1.082e+00 1.24 4.846e+00 1.24
36672 0.01172 0.00195 0.11719 0.01953 3.013e-01 1.84 1.445e+00 1.74
147072  0.00586 0.00098 0.05859 0.00977 7.697e-02 1.97 4.606e-01 1.65
589056 0.00293 0.00049 0.02930 0.00488 1.934e-02 1.99 1.804e-01 1.35
2357760 0.00146 0.00024 0.01465 0.00244 4.841e-03 2.00 8.268e-02 1.12
9434112 0.00073 0.00012 0.00732 0.00122 1.211e-03 2.00 4.034e-02 1.03
37742592 0.00037 0.00006 0.00366 0.00061 3.027e-04 2.00 2.005e-02 1.01

Table 4.14: Numerical results of the Galerkin-Petrov finite element discretisation (4.55)
with nonuniform meshes for Q = (0,1) x (0, 10) and for the function u3.
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where Apin is the minimal eigenvalue of the generalised eigenvalue problem [84, Subsec-
tion 3.6.6, page 124]
Ky A, Ky = AAno u

with the matrices

K, k,i) = an( i Mk),
An,[k.i) = (9 00 2k) 2 ) + (Vs Vadti) 12 0)
Ah”o[k, i] = (Jmi, a1‘77/<>L2(Q) + (Vi Vxnk>L2(Q)

fori,k=1,...,dof, where x; are the nodal basis functions of Q}Z(Q) ﬂHé;’é, (Q) and 1y are
the nodal basis functions of Q} (Q) QHS;’}O(Q), ie.

0},(Q) NHy (Q) = span{x;}i%,
01(Q) NHyy(Q) = span{m }¢,.
As illustration, consider the rectangular space-time domain
0=Qx(0,T)=(0,1)x(0,2)
with uniform discretisations with mesh sizes hy = hymax = Ny min and hy = ht max = Ny min,

where a uniform refinement strategy is applied. The inf-sup constant cs(h) of (4.60) is
given in Table 4.15, where a linear dependency on the mesh size h is observed.

dof  Jymax D min ht max Dt min cs (h)

30 0.16667 0.16667 0.33333 0.33333 0.13867820
132 0.08333 0.08333 0.16667 0.16667 0.07504415
552 0.04167 0.04167 0.08333 0.08333 0.03971295

2256 0.02083 0.02083 0.04167 0.04167 0.02028705
9120 0.01042 0.01042 0.02083 0.02083 0.01012171
36672 0.00521 0.00521 0.01042 0.01042 0.00510211

Table 4.15: Optimal discrete inf-sup constant cg(h) of (4.60) for the perturbed bilinear
form (4.54) with a uniform temporal mesh size 4; and a uniform spatial mesh
size h, for the space-time cylinder Q = (0,1) x (0,2).

In the remainder of this section, the two-dimensional spatial L-shaped domain

Q:=(—1,1)2\ ([0,1] x [~1,0]) C R? (4.61)
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and the finite time T = }‘ are considered for the solutions
. ) .2 (5
us(xy,xo,t) = sin(mxy ) sin(7xy ) sin 27 ) (x1,x2,2) € Q,
2
us(xy,x,t) = r(x1,x2)2/3 -sin (§ arg(xl,xz)) -sin(7t),  (x1,x2,1) € Q,

where (r(x1,x2),arg(x1,x2)) C [0,00) x [0,27) are polar coordinates located in 0 € R? with
the radial coordinate r(xj,x;) and the angular coordinate arg(x,x;). For the solution us,
the inhomogeneous Dirichlet boundary condition

us(x1,x2,1) = g(x1,x2,t), (x1,x2,1) €L,
is treated via homogenisation, and the second initial condition
dus(x1,x2,0) = vo(x1,x2), (x1,%2) € Q,

is incorporated in a weak sense. The spatial domain Q is decomposed into uniform trian-
gles with uniform mesh size iy = hymax = Ay min as given in Figure 4.4 for level 0. The
temporal domain (0, 1 /4) is decomposed into nonuniform elements with the nodes

10=0.0, 1 =0.125, 1 =0.1875, $,=025=T.

The appearing integrals to compute the related right-hand side in (4.55) and the vector,
related to the second initial condition dyus(-,-,0) = vy, are calculated by using high-order
quadrature rules. The numerical results for the smooth solution u4, when a uniform re-
finement strategy is applied as in Figure 4.4, are given in Table 4.16, where unconditional
stability and quadratic convergence in | - [|;2(), as predicted by the error estimate (4.58),
are observed. Moreover, linear convergence is seen, when measuring the error in | - | Q)
which confirms the error estimate (4.59). For the singular solution us, the related results
are given in Table 4.17, where a reduced order of convergence in | - [|;2(g) and in |- |1 (g

are observed. However, for a fixed uniform time mesh with h; = ﬁ’ an adaptive mesh-
ing for the spatial domain  is considered with respect to the time element 7) = (¢;_,.t;)
with

¢ = min (argmax[|u5 — I/~t5’hHL2(Q><T€)> )
ZZI ..... N[

i.e. the spatial decomposition Q = Uﬁ\f 10; C R? is adaptively refined with respect to the
local error indicator

||u5_17[5’hHL2(wi><TZ>’ l: 19"'9Nx’
where Dorfler marking [41] with parameter 8 = 0.2 is used.
This adaptive scheme seems to lead to optimal convergence rates in [[-[|2() and |-|1(g)
with respect to the spatial variable, see Figure 4.5, Figure 4.6, and see Figure 4.7 for the
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meshes produced by the adaptive scheme. Since the stabilised method (4.55) is uncondi-
tionally stable, the usage of spatially adaptive refinement strategies is possible, which is
confirmed by this example. Note that without the stabilisation such spatial refinement, as
in Figure 4.7, is only possible for a sufficiently small temporal mesh size /; due to the CFL
condition (4.51). However, adaptive refinement strategies are left for future work. See
also [115], for the approach of spatially graded meshes.

o Level 0 N Level 1 N Level 2
1 1 1
0.5 0.5 0.5
0 0 0
-0.5 -0.5 -0.5
1 -1 1
-1 -0.5 0 0.5 1x -1 -0.5 0 0.5 1x -1 -0.5 0 0.5 1x

1 1 1

Figure 4.4: Uniform refinement strategy: Starting mesh, the meshes after one and two
uniform refinement steps.

dof hx,max hx,min ht,max hr,min H”A - ’74,h HLZ(Q) €ocC |M4 - ’74,h ‘Hl () €oc

15 0.35355 0.35355 0.12500 0.06250 5.400e-02 - 7.381e-01 -
198 0.17678 0.17678 0.06250 0.03125 1.160e-02 1.79 3.280e-01 0.94
1932 0.08839 0.08839 0.03125 0.01562 2.627e-03 1.96 1.565e-01 0.97
16920 0.04419 0.04419 0.01562 0.00781 6.379¢-04 1.96 7.719e-02 0.98
141360 0.02210 0.02210 0.00781 0.00391 1.582e-04 1.97 3.846e-02 0.98
1155168 0.01105 0.01105 0.00391 0.00195 3.948e-05 1.98 1.921e-02 0.99
9339072 0.00552 0.00552 0.00195 0.00098 9.865e-06 1.99 9.604e-03 1.00

Table 4.16: Numerical results of the Galerkin-Petrov finite element discretisation (4.55)
for the L-shape (4.61) and T = % for the function u4 for a uniform refinement
strategy.
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dof Iy max hx,min ht,max ht,min [lus — s, HLZ(Q) €oc |us — s p| 1 © eoc

15 0.35355 0.35355 0.12500 0.06250 4.897e-03 - 8.597e-02 -
198 0.17678 0.17678 0.06250 0.03125 1.729¢-03 1.21 5.026e-02 0.62
1932 0.08839 0.08839 0.03125 0.01562 6.675¢-04 1.25 3.016e-02 0.67
16920 0.04419 0.04419 0.01562 0.00781 2.737e-04 1.23 1.844e-02 0.68
141360 0.02210 0.02210 0.00781 0.00391 1.159¢e-04 1.21 1.140e-02 0.68
1155168 0.01105 0.01105 0.00391 0.00195 4.888e-05 1.23 7.106e-03 0.68
9339072 0.00552 0.00552 0.00195 0.00098 2.034e-05 1.26 4.448e-03 0.67

Table 4.17: Numerical results of the Galerkin-Petrov finite element discretisation (4.55)
for the L-shape (4.61) and T = }‘ for the function u5 for a uniform refinement

strategy.

T T T TTT] T T T T T T T/
0.01 | |
S : l

N
i 0.001 = B
=S - .
| L i
£ f 1
0.0001 - | —— adaptive E
- uniform ]
i M- i}
L | I EEEN | I EEEN | Lo

10,000 100,000 1,000,000

degrees of freedom dof = M

Figure 4.5: L*(Q) error of us for (4.55) for the L-shape (4.61) and T = 1 for h, = ﬁ and
for a spatially adaptive refinement strategy with the meshes of Figure 4.7.
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T T T 1T T T T TTT] T T T TTT] T

01| |
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=<
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| — M2 |

b 1111 | RN | Lol | L1

10,000 100,000 1,000,000

degrees of freedom dof = M

Figure 4.6: H'(Q) error of us for (4.55) for the L-shape (4.61) and T = % for h, = Wloo and
for a spatially adaptive refinement strategy with the meshes of Figure 4.7.

< Level 10 < Level 15 < Level 20
1 1 1
0.5 0.5 0.5
0 0 0
-0.5 -0.5 -0.5
1 -1 1
-1 -0.5 0 0.5 1 X, -1 -0.5 0 0.5 1 X, -1 -0.5 0 0.5 1 X4

Figure 4.7: Spatially adaptive refinement strategy for the function us.
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4.3 Space-Time Variational Formulation in a Strong Sense

In this section, the wave equation (4.10) is considered in LZ(Q). Therefore, with the nota-
tions of Section 2.1, define

HY(Q;0):={ve H'(Q): OgveL*(Q)}
with the inner product

<M, V>Hl (Q,D) = <I/l, V>L2(Q) _'_ <aﬂ/l, a,V>L2(Q) + <qu, VxV>L2(Q) + <|:|Qu, DQV>L2(Q)

and the induced norm

el o) = /b gy = /Il gy + [Doul 2

For a function v € H'(Q;0), the condition v € L*(Q) involves that there exists a func-
tion f, € L*(Q) with

CoTi(9) = [ filxn)p(ur)dxdr  forall ¢ € D(Q),
0
where 7,: D(Q) — R, with

T,(¢) = / v 1)@(x,1)dxd  forall ¢ € D(Q),
0

is the distribution related to v € L?(Q). Note that the function f, € L*(Q) is unique, because
Cg(Q) is dense in L2(Q).

Clearly, (H'(Q;00), (,-) 1 (0:r)) is an inner product space.

Lemma 4.3.1. The inner product space (H'(Q;0), (-, VHi(:0)) is a Hilbert space.

Proof. Consider a Cauchy sequence (v,),en C H'(Q;0). Hence, (v;)nen C H'(Q) is
also a Cauchy sequence in H'(Q) and (Ogv,)nen C L?(Q) is also a Cauchy sequence in
L*(Q). So, there exist v € H'(Q) with [|v, —v||y1 (o) — 0 as n — o and f € L*(Q) with
180vn —fHLz(Q) —0asn—oo. LetT,: D(Q) — R, T,,: D(Q) — R, with

T,(¢) = / o) @(r)dxdr, T, (@) = / vm(n 1) @(x1)dxdt Yo € D(O),
0 0
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be the distributions related to the limit v € H!(Q) and to v, € H'(Q;0) for every n € N.
There follow for all ¢ € D(Q)

DQTV((p):TV(D(p):/v(x,t)D(p(x,t)dxdt:’}i_r}c}o/vn(x,t)D(p(x,t)dxdt

0 0
= r}groloTVn (D(p) = r}grolo I:]QTVn(q)) = ]}gIl}o/DQVn(x,t)(p(x,t)dth
o
_ / F0e1)@ (1) dxdr
0
and so, it holds Ogv = f € L?(Q). Hence, v € H'(Q;0). ]
Set
H{ (0,T;L%(Q)) := {v € H*(0,T;L*(Q)): v(-,0) = dv(-,0) = 0in L*(Q)}

and

Hol (Q;A):={we H(% (Q): Aw € LZ(Q)},

where A, is the distributional Laplace operator for distributions D’(Q). Furthermore, de-
fine the subspace

A2(0:00) := LX(0,T; HY (Q: A)) NH (0,T; HY(Q)) N HE (0, T L(Q)) € H' (0;0)

and by completion the Hilbert space
- g1,
Ay (0:0):= A2 (0:0) "¢V c H'(g;0)
endowed with the inner product (-, -) ;1 (0:0)- That means,
Hy (0:0) = {ve H'(Q:0): I(va)nen C ﬁ§,<Q§D> with [[v, = vl g1 (.0) — 0}

Lemma 4.3.2. It holds
Hj (0:0) C Hyy (0),
i.e. forue I:I&(Q; 0), there follow

where y(‘)“; L>(0,T;H' (Q)) — L*(X) is the extended trace operator (2.15).

int
O,xv

(0l 2(0) =0,

g =Y
(X)
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Proof. Letu e I:I&(Q; [J) be fixed. Because of the completion, there exists an approximat-
ing sequence (uy)nen C Hg (Q;0) with [|lu — uy| 190y — 0 as n — eo. It holds with the
constant Ct; > 0 from the extended trace operator, see (2.15), that

e, 5, < Crllewlizioran o) < Crlu—wllp gy =0 asn—eo
and hence,
H}/(lf;u —hmHyéxun .
\ﬁ,_/
=0

With the continuous embedding (2.12), there follow

u(-,0) = ua(-,0) || 12 () < Cllu = unl[ 1) < Cllut = ttnll 1) =0 asn— o0

and so,
(-, 0)lp2(0) = lim [Jun(-,0)[|2(q) = O-
N————
=0
Hence, the assertion is proven. L]

Lemma 4.3.3. For u € Hj (0;0), there holds

4T2
el gy </ 1"‘? lulp1 ()

Proof. Letu € I:I&(Q; [J) be fixed. Because of the completion, there exists an approximat-
ing sequence (un)nex C Hg (Q;0) with ||t — || g1 .y — 0 as n — eo. Hence, it holds

un(x,-) € Hy ! (O T) for almost all x € Q. By using the Poincaré inequality with respect to
time, see Lemma 3.4.5, there follow

T
4T? 4T2
Q0

and with
2 2 2 2
||”n||H1(Q) = ||”n||L2(Q) + ||al”n||L2(Q) + ||qun||L2(Q)

412 P )
< 1+? || tu"||L2(Q)+”qu””L2(Q)

the assertion by completion. [
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Lemma 4.3.4. Foru € I:I&(Q; O), there hold

T t
31 0) 2// (Ou(-,5),Ogu(-,5)) 12 g dsdt (4.62)
00

and hence,

‘u’Hl(Q) < 2THDQMHL2(Q)

Proof. Let u € FI&(Q;D) be fixed. Because of the completion, there exists an approxi-
mating sequence (un)nen C Hg (Q:0) with [ju— tn|| 1,7y — O as n — oo It holds with
integration by parts for almost all s € (0,7)

(G ) CR)) g = et i

+ (un(-5), A ”n("s)>L2(Q)
= (Vattn(-,5), VxOittn(-,5)) 12()
— (Vx0yutn(+,5), Viitn (- ’S)>L2(Q)
+ (%" Ortan(-,5), Ontan (-,5)) 12 (902
Q T

where }/(i)m is the trace operator and d, is the normal derivative, see Section 2.5.

The function u,, satisfies dyu,(-,0) = 0 in L?(Q) and V,u,(-,0) = 0 in [L*(Q)]¢ and so,
there follow

2 2 2
|un|H1(Q) = ||at”n||L2 + ||qun||L2

/T/[ latun 8)s Orttn (-+5)) 12 () +
00

T t
2 [/ [atun 1), it (+,5)) 120y +
00

-

N
Il
_

<3x,-un(-,s),8xiun(.,s))L2(Q)] dsdr

I
™=

I
—_

i

<axiun(-,S),axitun(-’S)>L2(Q)] dsdr
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and together with the help of the last relation,

T t
|Lm‘12r-11 2//<<axun ’S) (Vaxa,un(-,s)>> dsdt
00 tun ,S nl/tn(',S) 12(Q)
T
/

t
2 [ [{ Gt (R))) g o
5 lun ,S fxun("s) L2(Q)J
=0
Vi (-, s) 0
=2 dsdt.
<<8tun(-,s))’ <8nun(~,s)—Axun(-,s)> >L2(Q) sdt

2

(
<&tun(',s>,attun(‘,5) — Axun(‘,S)>L2(Q)del.

/
/

S O—_

The completion procedure gives the equality (4.62). The Cauchy-Schwarz inequality
yields the asserted estimate. 0

Corollary 4.3.5. The inner product space (I:I(}’(Q;D),(DQ(~),DQ(-)>L2(Q)) is a Hilbert
space.

Proof. The assertion follows immediately from Lemma 4.3.3 and Lemma 4.3 .4. [

In the following, I:I&(Q;D) is endowed with the inner product (Og(-),0p(+)) 12(p) and
hence, with the norm [|[Og(-)]|,2 (0)- The strong variational formulation of the wave equa-
tion (4.10) for given f € L?(Q) is as follows:

Find u € I:I&(Q; [7) such that
as(u,v) = (f,v) 120 (4.63)

for all v € L?(Q), where the bilinear form ag(-,): I:IOI,(Q; 0) x L?(Q) — R is defined by
as(u,v) == (Oou,v)r2p) 4 € Hy (0;0),ve L*(Q).

Next, properties of the bilinear form ag(-,-): FI&(Q; ) x L>(Q) — R are shown and fi-
nally, unique solvability of the strong variational formulation (4.63) is proven.

Lemma 4.3.6. The bilinear form as(-,-): I:I&(Q; 0) x L*(Q) — R is bounded, i.e.
Jas(ue )| < 0ol gy 20y

forallue FIOI’(Q;D), v € L*(Q).
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Proof. The assertion follows immediately from the Cauchy-Schwarz inequality. 0

Lemma 4.3.7. For the bilinear form as(-,-): I—NI&(Q;D) x L2(Q) — R, there holds the
inf-sup condition

wp laste)

= ||DQ””L2(Q) forallu e FI&(Q;D).
omver() V2o

Proof. The inf-sup condition follows by the representation of the norm |[-[|;2(¢)- O

Lemma 4.3.8. For the bilinear form as(-,-): ~&(Q;D) x L2(Q) — R, there holds the
surjectivity condition:

For each function 0 # v € L*(Q), there exists an element u € I:I&(Q; ) with ag(u,v) # 0.

Proof. Letv € L*(Q) be fixed. There exists an approximating sequence (¥, ),en C C5(Q)
such that [, —v||;2(g) — 0 as n — oo. Consider the eigenfunctions ¢; € H}(Q) and eigen-
values p; > 0 of the Dirichlet eigenvalue problem of the Laplacian, see (2.4). Write v and
v, for n € N as Fourier series

v@ﬂziwwwﬂ
and o
Da(x,1) = ; D i () 91 (x)
) 2(0

for (x,t) € Q with coefficients v; € L?(0,T), ¥,; € L>(0,T), see (3.65). It holds

2 - 2
oo > |[Vll2g) = )y villz2 0,7y
i=1
and forn € N

~ 112 — A 112 - A2
o > ||Vn||L2 Z |Vnt”L2 0,T)> 0 > ||vai’l||L2(Q) = ZUZ’HVHJHU(QT)-

i=1
Fix an index n € N. Define for M € N
M t
() = Y [ ouils)sin (VB —9))ds 0., (w) € 0.
V]

i=1

and
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Since
2

t
1
— /n, sin (\/u;(t —s))ds| dt
0

it

I
s

St — T —~

2
||“n||L2(Q)

I
—_
&

t

t
/ Vn.i st/sm VHi(t —s))dsdr
0

0

IA
gk

T
|-

1 72

< g Il <=

IA
N|’ﬂ

|an||L2 0,T)

i iy
i—1 Mi
it holds u,, € L*(Q) and uy s — u, in L*>(Q) as M — oo,

To compute the time derivative d; of u,, set for M € N

M t
Wnm (X,1) = Z/ﬁ"’i(s) cos (\/ii(t —s))ds- ¢i(x), (x,1) €0,
0

and compute
2

LT[
||Wn||i2(Q) = Z/ /ﬁn,i(S)COS(\/E(t—s))ds dr
0 0
2

T
||VnzHL2 01) = HVnHL2(Q) < oo,

[\S)
—~ =

Q) as M — oo. It follows

T
/ / n(5,1)2,0(x,1)dxdr = lim / / ot (,1)0, @ (x, 1)t
0 Q

= — lim //(9tunMxt (x,2)dxdt

M—s00

:—mn//mewmemr

M—o00

__ /T / W (35,1 (x, 1) xd
0 Q
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for all ¢ € C5(Q), i.e. diuy =wy € L?*(Q). Analogously, the weak derivatives d;;u,, V iy,
V. 0iuy, and Auy, are derived, since one formally computes for (x,) € Q

Osltn (x,1) = Z\/_/vn, sin (\/ui(t —s))ds - ¢;(x i

s

Vtty(x,1) =

! tA j | — . .
i lmo/vn,l(s)sm(\/m(t s))ds- V.¢;(x),

s

V. Ohttn(x,) = / Si(s) cos (VI —5)) ds- Vei(x),
0

=1

~

Acup(x,t) = —

VI [ 5aa(s)sin (VE(E = 5))ds- 92,
0

[ aok

1

where the term-by-term differentiation is allowed because of the estimates

Tl ¢ 2
1htal 22 <2Zu,/ /vmssm(\//.Ti(t—s))ds dt 429320
0
N 2 A 112
<T? Z.uiHVn,iHLZ(O,T) +2HVF1”LZ(Q)
i=1
A 112 A 112
= TzHVan”LZ(Q) +2||VnHL2(Q) < oo,
LTl 2
1Vt 22g) = Z/ / sin (VE( —s))ds| dt
=15 o
T2 & T2 .
< 72 |anHL2 0.T) HVnHL2(Q) < oo,
‘ 2
19 9ht ) Zu,/ / Ycos (v/E(1 —s))ds| de
- 0

)
Z ’VYZIHLZ 0.T) HVanHL2(Q)<°°
=1
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and
; 2
|tz zul / [ onils)sin (Rt —s))ds | ar
- 0
T2 * )
< 7 Z ||Vnz||L2 0.7T) ||Vx\/)\n||L2(Q) < oo,
Therefore, u, € FI&(Q;D).
Analogously, define for (x,7) € Q
t
ut) = Y —— [ i) sin (V(e — 5))ds- ()
=RV
and partial sums
M t
) = ) / sin (Bt — 5)) ds- ¢i(x)
i=1 0

for M € N. With the same arguments as above, there hold
lim uyy =u  in L*(Q),
M—o0
lim duy = du  in L*(Q),
M—o0

lim Vyuy =V in [L*(Q)])4.

M—oo

For each M € N, one computes for (x,¢) € Q

1
i=1 \/E

ME

vi(t)$i(x)

Oupr(x,1) =

/ vils)sin (VE(f —s5))ds- ¢i(x) | =
0

I
—_

i

and hence, it follows
T

(,00)12(0) //uxt[l(pxtdxdt 1

O\..ﬂ

/ (x,1)0¢(x,t)dxdt
Q

(=]

vi(t) 9i(x) @ (x, 1)dxdr

ME

I
—_

i

T T

//DMM x,1)Q(x,t)dxdr = lim /
Moo

0 Q 0 Q

/v ¢(x,t)dxds = (v, @) 20
Q

o\ﬂ
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for all ¢ € C3(Q), i.e. Ogu=v € L*(Q). The estimates
|ty — ”|H1(Q) < Clvn— V||L2(Q) and  [|Oo(un — u)||L2(Q) < [[%n — V||L2(Q)
yields [[u, — ul| g1 (g, — 0 as n — oo and hence, u € H' (Q; ).

To summarise, the sequence (u,),,eN C I:Ig,(Q; ) converges tou € H'(Q;0) in ||- 1 (o)
and hence, u € FI&(Q; OJ) by the completion procedure. With Cpu = v € L?*(Q) and there-
fore,

2

as(u,v) = |vllz2(g) > 0,
the assertion follows. O
Theorem 4.3.9. For each given f € L*(Q), there exists a unique solution u € I:I(}’(Q; O) of
the variational formulation (4.63). Furthermore,
Ls: L2(Q) —~ Hy (@:D).  Lsf=u,

is an isomorphism satisfying

10ull2(g) = I00Ls 71l 20y = 1720

Proof. With the help of the Necas Theorem 2.9.1, the results in Lemma 4.3.6, Lemma 4.3.7
and Lemma 4.3.8 yield the existence and uniqueness of a solution u € FI&(Q; ). In addi-
tion, it holds with the variational formulation (4.63) the equality

(vl q [(Dgu. V>L2(Q)|

£l r20) = = [Boull 2 (g

owverz) Ilg)  omerze) Vi)
and therefore, the assertion. L]
Remark 4.3.10. The following functions are given to get a first impression of the solution
space I:I(i(Q; ).

1. Functions u € C*(Q) with wy, =0, duz, =0 and Vyu g, = 0 are contained in

A3(0:0) < A (0:0).

2. A function u € H'(Q;0) with

|

isin I:I&(Q; O) if and only if u = 0 in Q. This follows immediately from the represen-
tation (4.62).

ey = M0z =0 and Cgu=0 inQ

3. Consider the smooth function
u(x,t) = sin(zx)sin(xt)  for (x,1) € (0,1) x (0,1) = Q,

satisfying H}/(‘)“;v
(4.62) yields that u ¢ H; (Q;0).

‘LZ(Z) = ”V("O)HLZ(Q) = 0 and Ugu = 0 in Q. The representation
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4.4 Space-Time Variational Formulation in a Weak Sense

In this section, the wave equation (4.10) is considered in a weaker sense than L?(Q). There-
fore, with the notations of Section 2.1 and Section 2.5, define

H(Q) == {vjg: vEL*Q-), Viax(-wp0) =0.0g_v € [Hy o(0)]'}

with the norm

VIl = \/IIVIIiz@ R L R

where
O_=Qx(—o,T)C RI!

is the unbounded domain with respect to time. For a function v € 7(Q), the condition
Op ve [H&.’IO(Q)]’ involves that there exists an element f, € [Hol.’lo(Q)]’ with

Do T,(9) = (f-910), forallpeD(Q-),

where T,,: D(Q_) — R, with

T,(¢) = / V(1)@ (x, 1) dxds — / vo1)@(x,1)dxdt  forall ¢ € D(Q_),
o- 0

is the distribution related to v € L>(Q_) and as in Section 2.5, (-, o denotes the duality
pairing in [Hé;”lo(Q)]’ X Hé;’}O(Q) as extension of the L?(Q) inner product. Note that it holds
OIS H&;}O(Q) for ¢ € D(Q-) and that 5’ (Q-) | is dense in Hé;’}O(Q). Hence, the element
fre [Hé;’}O(Q)]’ is unique.

Clearly, (H(Q), [|[l(g)) is a normed vector space and it is even a Banach space.

Lemma 4.4.1. The normed vector space (H(Q).|||ly(g)) is a Banach space.

Proof. Consider a Cauchy sequence (v,)nen C H(Q). Hence, (v)nen C L*(Q) is also a
Cauchy sequence in L2(Q) and (g vy )nen C [Hé;’}O(Q)]’ is also a Cauchy sequence in
[Hé;’}O(Q)]’. So, there exist v € L*(Q) with [|v, — V|20 —+0asn—coand f € [H&;’}O(Q)]’
with

—0 asn—oo.

‘ o vp—f,w ‘
Bo-va =l o= sup (o =fv
00 0AweH, 1 (Q) W Q)
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LetT,: D(Q-) » R, T,,: D(Q-) — R, with

T,(¢) = / V(60 e(n)dxds, T, () = / w60 @(x1)dxdr  forall ¢ € D(Q_),
0 0

be the distributions related to the limit v € L?(Q) and to v, € L?(Q) for every n € N. It
follows for all ¢ € D(Q-)

Do T,(¢) = T,(0p) = / v, )0 (x,1)dxdt = Tim | va(x, ) (x, 1) dds

n—>oo
0 0
= lim 7,, (Og) = lim Op_T7,,,(¢) = lim (Cg_va.910), = (f-910),,
because @)y € Hé;’}O(Q). So,itholds Oy v=f € [Hé;’}O(Q)]’. Hence, v € H(Q). O

Since the norm ||-|5;¢) is a Hilbertian norm, see Section 2.5, #(Q) is even a Hilbert space
with respect to an abstract inner product (-, )4/, which induces the norm ||-[|5;¢)-

Lemma 4.4.2. It holds H(};’é, (Q) C H(Q). Furthermore, each function u € H&;’& (Q) fulfils
<DQ7u,w>Q = ag (u,w) := — (9, Ow) 2 g) + (Vatts Vaw) 12 ) (4.64)

forallw e Hé;’}O(Q).

Proof. Let u € Hy (Q) be fixed. Set v:=uin Q and v:=0in Q_\ Q. Clearly, it holds

vEL*(Q_)and V|Qx (—ee0) = 0. It remains to prove that g v € [Hé;}O(Q)]’ . Therefore, let
T,: D(Q-) — R, with

T,(0) = / V(1)@ (x, 1) dxds — / u(x,1)(x,1)dxds  forall g € D(Q_),
0- 0o

be the distribution related to v € L?(Q_) and define f, € [H&;}O(Q)]’ by
(fusw) g = agp (u,w) = — (A, hw) 12 g) + (Vatt, Vaw) 2y forallw € Hé;’}O(Q).

Note that f, € [H&;}O(Q)]’ is bounded by the Cauchy-Schwarz inequality, satisfying the
estimate ||fMH[H1,1 oy = || 1) see Lemma 4.2.21. It follows for all ¢ € D(Q-) with
0;,0
integration by parts with respect to time and space that
Do Ty(9) = T,(0p) = / (e, )0 (x, 1) dxds — / e
0 0

= —<(9tu, ath‘Q>L2(Q) + <qu,qu)‘Q>L2(Q) - <f1/t’ ¢‘Q>Q

Hence, it holds O v = f, € [Hé;”lo(Q)]’ and so, u € H(Q). The equality (4.64) follows
also from the last relation, because Ci’ (Q- )| is dense in Hé;’ }O(Q). O
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Define by completion the Hilbert space

I-ll%0)

Ho.(Q) := Hyy (Q) CH(Q)

endowed with the Hilbertian norm |[-[|, ). That means,

H0.(Q) = {v € H(Q): I(vanew C Hyy (Q) with [[v, —v[l3) — 0}
Lemma 4.4.3. For u € Hy (Q), it holds
/3

2
1B ullt oy = 7 Iz

Proof. Let 0 # u € H(Q) be fixed. Because of the completion, there exists an approxi-
. 1,1 .
mating sequence (u)nen C Hyj (Q) with [lu— uy||3(g) — 0 as n — eo. Because of Theo-

rem 4.2.22, there exists for each n € IN a unique solution w,, € H&.’ IO(Q) of

!

ag (v, ) = — (0, ) 12(0) + (Vo Viv) 2y = (V) 20) WV € Hyp (Q), (4.65)
satisfying Wy g1 o) < %T\]unHLz(Q). With equality (4.64), with v =u, € H(i’é’ (Q) in the
variational formulation (4.65) and with the stability estimate [, |y (o) < %T“unH 12(0)>
there follow

HDQ I/th 1,1 , = sup |<|:|Q7unaW>Q| > ’<|:|Qil/ln,v’f/'n>Q’ _ ‘am(un,wn)’
= nl[Hy: ()] 0AWEH(Q) Wy nlgg Wl (o)

- V2|lunllZzi0) V2

Z [[un[ 2
Tlunllp2op T re)

and hence, the assertion by completion. 0

Corollary 4.4.4. The inner product space (Ho,(Q), <DQ7(-),DQ7(~)>[H1,1 (Q)]’) is com-
0;,0
plete, i.e. a Hilbert space.

Proof. The assertion follows immediately from Lemma 4.4.3. U

In the following, Ho (Q) is endowed with the Hilbertian norm HDQ— - The

Olligo
weak variational formulation for given f € [Hé;}o( Q)] is as follows:

Find u € Ho,(Q) such that
aw (u,w) = (f, W)Q (4.66)
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forall w € H&’}O(Q), where the bilinear form aw (+,-): Ho,(Q) X Hol;’}O(Q) — R is defined
by
aw (u,w) := <DQ7u,w>Q ueHo(Q),we H&;’,IO(Q).

Next, properties of the bilinear form aw (-,-): Ho (Q) X Hé;}O(Q) — R are shown and
finally, unique solvability of the weak variational formulation (4.66) is proven.

Lemma 4.4.5. The bilinear form ay (-,-): Ho.(Q) X H&;}O(Q) — R is bounded, i.e.

law (u,w)| < HDQ—”H[H&;}O(Q)]’ W) forallueHo(Q),we H&’}O(Q).

Proof. The assertion follows immediately by the definition of the space H (Q). [l

Lemma 4.4.6. For the bilinear form aw(-,-): Ho (Q) X Hé;’}O(Q) — R, there holds the
inf-sup condition

aw (u,w
sup w = HDQ*L‘H[H&"O(Q)}’ forallu e Ho (Q).
0£weH \(Q) " IH(Q) ”

Proof. The inf-sup condition follows by the definition of the norm HDQf (+) H Y (o) N
0;,0

Lemma 4.4.7. For the bilinear form ay(-,-): Ho.(Q) X H&;}O(Q) — R, there holds the
surjectivity condition:

Foreach 0 #w € H()l;’}O(Q), there exists an element u € Ho (Q) with aw (u,w) # 0.

Proof. Let 0 #w € H(};’}O(Q) be a given function. By Theorem 4.2.22 exists a unique
solution i € H(};’& (Q) of

|

ClHl (ﬂ,Z) = —<aﬂ/7, (9,1>L2(Q) + <Vxl/7, VXZ>L2(Q) = <W’Z>L2(Q) VZ - Hg:,l()(Q) (467)

satisfying \/Ti |10y < [Wll12(g)- With the help of representation (4.64) and the varia-
tional formulation (4.67) forz=w € Hé;’}O(Q), there follow

aw(ﬁ,w) = <DQ_L7,W>Q
=dp! (ﬁ’w = _<atl’~t’ atW>L2(Q) + <Vx1/~l» VXW>L2(Q) = <W, W>L2(Q) >0

and hence, the assertion. O]
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Theorem 4.4.8. For each given f € [Hol;’}O(Q)]’ , there exists a unique solution u € Ho (Q)
of the variational formulation (4.66). Furthermore,

Ly: [Hy'o(0)) = Ho(Q).  Lwf:=u,

is an isomorphism satisfying

180 ull 1, o = B0 Lw s o = 11l oy

Proof. With the help of the Necas Theorem 2.9.1, the results in Lemma 4.4.5, Lemma 4.4.6
and Lemma 4.4.7 yield the existence and uniqueness of a solution u € Hy (Q). In addition,
it holds with the variational formulation (4.66) the equality

|<f’W>Q’ _ sup law (u,w)

17 0 g |7, ul|

Hl 1
0AweH! () W) 0F£weHy(0) (@

and therefore, the assertion. O]

Remark 4.4.9. The following functions are given to get a first impression of the solution

space Ho (Q).
1. Functions u € C*(Q) with ujz, = 0 are contained in Hé;’é, (Q) C Ho,(Q).
2. Consider the smooth function
u(x,t) = sin(zx)sin(xt)  for (x,1) € (0,1) x (0,1) =Q
satisfying }/(i)mu = 0in Xy and Ugu = 0 in Q. But there is
Oo u#0
because the related distribution

T.(p) = /u(x,t)(p(x,t)dxdt forall g € D(Q-)
Q

fulfils with integration by parts for all ¢ € D(Q_)

Op. Tu(9) = T,(Cp) = / (e, )0 (x, 1) dxds — / (6,0) (9 — o) @ (x,1)dlxdt
0

Q

1
= —(0u,0,9) 12(g) + (s, 0xP) 12 ﬂ/sm 7x)@(x,0)dx
0

On the other hand, it holds u € Hé;’é’ (Q) C Ho.(Q). In other words, the second initial
condition du(-,0) = 0 in Q is not incorporated in the ansatz space Hy (Q).






S CONCLUSIONS AND OUTLOOK

In this work, space-time variational formulations and their discretisations with conforming,
piecewise polynomial functions for the heat and wave equation are considered in a bounded
space-time cylinder Q with a finite time 7.

The main result for the heat equation is an unconditionally stable finite element method
of Galerkin-Bubnov type with piecewise linear, continuous functions, which is based on
a variational formulation in a subspace of the anisotropic Sobolev space H L1/ 2(Q). This
space-time variational formulation is analysed with the help of Fourier series, and a kind of
Hilbert transform H7 is introduced. This leads to a symmetric and elliptic variational for-
mulation and hence, to a symmetric Galerkin discretisation of the first-order time derivative
0;. For the heat equation, unconditional stability for unstructured space-time meshes, error
estimates in L?(Q), in H'(Q) and in the anisotropic Sobolev space Hg/ 2(O, T;L*(Q)) fora
tensor-product approach are proven. Furthermore, numerical example’s, which confirm the
theoretical results, are presented. The main advantage of this formulation is the possibility
of a combination with the standard boundary element method for the heat equation, i.e.
a FEM-BEM coupling, see [39]. An investigation in such directions is a possible future
work. In addition, proving a discrete inf-sup condition and error estimates for unstruc-
tured space-time meshes and a fast realisation of the kind of Hilbert transform 7 given
in (3.67) are also of interest in future.

For the wave equation, a space-time variational formulation in a subspace of the Sobolev
space H'(Q), which is not inf-sup stable, is used for a conforming space-time finite el-
ement method, which leads to a conditionally stable method, i.e. a CFL condition is re-
quired. For a tensor-product approach, an unconditionally stable method with piecewise
linear, continuous functions is investigated. An extension to a space-time approximation
with unstructured space-time meshes remains open for the future. A first possibility is the
use of locally refined meshes with hanging nodes, including related constraints to satisfy
the continuity requirements of the ansatz space. A second possibility is to transfer the sta-
bilisation to unstructured but admissible space-time meshes. In both cases, one constant
source of difficulties is the situation of different initial and end conditions of the ansatz and
test spaces H(;;’& (0), H(;;’IO(Q), which may lead to a nonsquare system of linear equations

for discretisations based on unstructured space-time meshes. Using the transformation H 7
given in (4.44), i.e. a Galerkin-Bubnov scheme, is a possible way out.

Moreover, existence and uniqueness results for the wave equation as a partial differential
equation in L?(Q) and in a weaker sense than L?(Q) are proven, including isomorphic
solution operators and corresponding inf-sup conditions. These inf-sup stable space-time
variational formulations in the strong or weak sense might be useful not only for other
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discretisation methods, e.g., wavelets, but also for the analysis of the related boundary
integral equations.

For both equations, i.e. for the heat equation and for the wave equation, moving bound-
aries, space-time adaptive schemes, space-time parallelisations and especially fast solvers
and preconditioning, which are based on space-time variational formulations given in this
thesis, are left for future considerations. Finally, any extensions to more involved equa-
tions, e.g., Stokes equations or Maxwell’s equations, are of interest in future.
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