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Introduction

The fuel tank system is a very important part of most vehicles, but it is also one of the
last things in the development process of an automobile. The first fact results in high
requirements with respect to stability, durability and general performance of the tank.
The latter, on the other hand, brings limitations concerning the volume and geometry
of the tank, because the available design space for the tank is limited by the already
existing components. In the process of developing a fuel tank the help of computer
aided engineering (CAE) gets continuously more attention. Although it will not fully
replace real tests in the near future, there are many possibilities where CAE can be
of great help. One option is the use of structural dynamics simulations where (among
other things) the behavior and durability of several parts of the tank system under
different conditions like changing pressure or temperature can be examined. Another
option is the usage of computational fluid dynamics (CFD). An area where CFD can be
of help are sloshing simulations, which are needed for different reasons. First there is
the wish to get some insight into the behavior of the liquid in a tank while the vehicle is
driving. That means, given a particular displacement or acceleration profile, analyzing
the force respectively pressure distribution and finding critical regions or the built-in
parts which are most likely the first to fail. Another point of interest is the comparison
of different shapes/designs with respect to the fluid flow inside. A relatively new
problem originates from the concept of hybrid cars. In electrical mode they are very
quiet and at rapid velocity changes the sloshing noise from inside the tank can be heard
by the driver. By simulating the sloshing of fuel the reasons for that sound emission
can be identified and could be removed or at least minimized with some design changes.
There are many different things which have to be considered before doing an actual
simulation. On one hand there is the necessary physical modeling for that kind of flow
and on the other hand there is the numerical solution (approximation) method for that
model. From the physical point of view the most important item is that more than one
kind of fluid is involved. In most of the cases there is a liquid phase (e.g. fuel) and a
gas phase (e.g. air). That means in addition to the flow in every phase there is an inner
boundary between the phases which has to be modeled (the free surface). Moreover
there will not always be only one connected liquid region, but several smaller parts. So
the model should account for things like droplets breaking up or waves turning over.
The two separated fluids are also one of the important things concerning the choice of
numerical solution algorithm for the model, because this free surface and its evolution
have to be computed. The approximation method should therefore be able to do this
accurately enough. CFD could for example be done with mesh based methods like the
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8 Introduction

finite volume method (FVM, see [16] or [34]), the finite element method (FEM, see
[51] for a basic description and [18] for details on the application on fluid dynamics)
or the finite difference method (FDM, shortly described in [16]). Independently of the
choice between those methods there are several possibilities to describe the location and
evolution of the free surface, like the Level Set (LS, proposed in 1988 in [38]) or Volume
of Fluid method (VOF, originally described in 1981 by [23]). However, the need for a
computational mesh is common to all of this methods. On contrary there are meshless
methods, like the particle based Smoothed Particle Hydrodynamics (SPH,see [17] and
[33]). In the SPH method the flow is, roughly speaking, computed by modeling the
interaction between representative fluid particles in a small area around every particle.
By doing so the free surface is automatically present through the distribution of the
fluid particles. Most SPH implementations do parallelize very good and are running
fast when used on GPUs. They are also accurate in predicting the free surface evolution
([45]). However, based on personal experience, there are inaccuracies in the evaluation
of the pressure distribution on walls. This makes it difficult to use the method in
conjunction with a structural simulation based on this pressure values. In this work
the simulations will be based on a combination of FVM with a VOF approach for
the free surface. As simulation tool the open source library OpenFOAM R© (see [37])
was chosen. It is a very flexible framework for the description and solution of general
systems of partial differential equations mainly based on the FVM. OpenFOAM R© has
many different features for a broad field of possible applications by default and allows
the user to freely modify every part of the solver. Furthermore it has already been
used for similar problems, including sloshing (see for example [31] or [9]).



1. Modeling

The term sloshing means any motion of a liquid inside a partially filled container and
therefore including a free surface. Usually the sloshing is induced by the motion of
the container, which often gets again influenced by the sloshing itself (e.g. damping).
Due to the different physics involved, it is an unsteady, highly non-linear phenomenon
and difficult to describe in full detail. Because of that, several simplifications have
been used, both in the physical and the numerical model. The main assumption is
that the continuum hypothesis should hold true. That means we are only interested
in those problems where all the materials involved can be described as a continuum.
The second very important assumption is that only the fluid flow is modeled. The
tank walls are defined as a rigid body and no fluid-structure interaction is considered
at that stage. As long as the resulting forces are not too strong and will not result in
significant deformations of the tank walls there should not be too much of an error in
the behavior of the fluids by neglecting this deformation.
A third major assumption is that no foam is considered in the model. Especially in the
context of automotive fuels there is often a huge amount of foam created on the free
surface. Nevertheless the creation of foam is completely ignored in the methodology
used here. The reason for that is that the inclusion of an additional foam phase would
lead to a significant more complex physical model which is out of the scope for this
work. Other simplifications or models are concerning the characterization of the fluids
or the flow and are described in the following sections alongside the basic equations
used for describing free surface flows.

1.1. General Equations

This section describes the partial differential equations used in this work. The specific
notation and the necessary operators are given in Appendix A. In a first approach
every fluid is viewed as a separate domain. Therefore in every phase the conservation
principles for a general fluid are valid (see [55] or [50] for a more detailed deriva-
tion). Expressed as partial differential equations the first principle is that of mass
conservation

∂ρ

∂t
+∇ · (ρuuu) = 0, (1.1)

with the velocity uuu and the density ρ.

9



10 1. Modeling

The second one is the linear momentum conservation

∂ρuuu

∂t
+∇ · (ρuuuuuu) −∇ · TTT = fff, (1.2)

where TTT is the stress tensor and fff is the total body force (in most cases this is the
gravitational force with fff = ρggg). The stress tensor is symmetric due to the angular
momentum conservation (see [50, §2.3]). The fluids considered here are all Newtonian
fluids for which the stress tensor can be expressed as

TTT = (−p+ λ∇ · uuu )III + 2µSSS, (1.3)

with the pressure p, the dynamic viscosity µ, the second coefficient of viscosity λ and
the deformation tensor SSS. Putting that into Equation (1.2) results in the momentum
equation for Newtonian fluids

∂ρuuu

∂t
+∇ · (ρuuuuuu) +∇p−∇(λ∇ · uuu )−∇ · (2µSSS) = fff, (1.4)

From Stokes’ hypothesis (see [50, §3]) follows λ = −2
3
µ and with the assumption of

small deformations the deformation tensor can be written as

SSS =
1

2
(∇uuu+∇uuuT ). (1.5)

Combining all this, the momentum equation takes the form

∂ρuuu

∂t
+∇ · (ρuuuuuu) +∇p−∇ ·

[
µ

(
(∇uuu+∇uuuT )− 2

3
(∇ · uuu )III

)]
= fff. (1.6)

In this equation only the velocity, pressure and density fields are left as variables.
The third principle is that of energy conservation, written as

∂

∂t
ρ

(
e+

uuu2

2

)
+∇ ·

(
ρ

(
e+

uuu2

2

)
uuu

)
−∇ · (TTT · uuu) +∇ · qqq = fff · uuu. (1.7)

Here e means the internal energy and qqq the heat flux vector. By using the continuity
and momentum equations this can be rewritten as

ρ(
∂e

∂t
+ uuu · ∇e)− TTT : ∇uuu+∇ · qqq = 0. (1.8)

If we deal with Newtonian fluids and use Fourier’s law
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qqq = −k∇T, (1.9)

the energy equation takes the form

ρ(
∂e

∂t
+ uuu · ∇e) + p(∇ · uuu ) = Φ +∇ · k∇T . (1.10)

Here, T is the temperature, k the thermal conductivity and Φ the dissipation function,
given by

Φ = λ(∇ · uuu )2 + 2µSSS : SSS. (1.11)

If a fluid is assumed to be incompressible these equations can be simplified further.
Note that incompressibility does not necessarily mean a constant density field, but that
the density of a specific fluid particle does not change with time ([50]). In particular
this can be described as a vanishing substantial derivative which is defined as

D

Dt
(·) :=

∂(·)
∂t

+ uuu · ∇(·).

Therefore

Dρ

Dt
=
∂ρ

∂t
+ uuu · ∇ρ = 0, (1.12)

which reduces the continuity Equation (1.1) to the volume conservation

∇ · uuu = 0. (1.13)

That means for every particle the density is prescribed for all times through the initial
conditions. Therefore Equation (1.4) can be written for incompressible fluids as

∂ρuuu

∂t
+∇ · (ρuuuuuu) = −∇p+∇ · τττ + fff, (1.14)

with the incompressible stress tensor τττ = 2µSSS. Using the additional assumption
of a constant viscosity, the deformation tensor from Equation (1.5) and the identity
∇ · (∇uuu+∇uuuT ) = ∇2uuu, the momentum Equation (1.14) becomes

ρ
∂uuu

∂t
+ ρuuu∇uuu+∇p− µ∇2uuu = fff. (1.15)
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Sometimes this equation is divided by the density and the kinematic viscosity ν = µ
ρ

is introduced. That leads to

∂uuu

∂t
+ uuu∇uuu+

∇p
ρ
− ν∇2uuu =

fff

ρ
. (1.16)

From equations (1.13) and (1.16) one can see that there are only uuu and p left as
independent variables. Therefore, as long as no change in temperature occurs, the
energy equation is not necessary for the solution of the flow field. In fluid dynamics
this whole bunch of equations, namely the mass, momentum and energy equation, is
often referred to as the Navier-Stokes equations.

1.2. Boundary and Interface Conditions

In all of the examined sloshing problems the whole domain is assumed to be closed
without any inlet or outlet. So besides the interface only boundary conditions at the
rigid tank walls are needed. The description of the necessary conditions follows in
most parts the derivations in [55]. For the walls, there are generally two possible
approaches: slip and no-slip conditions. No-slip means that the fluid particles stick to
the wall and therefore they are having the same velocity

uuu = uuuwall. (1.17)

This condition resembles the physical situation better, whereas the slip condition is
an approximation of this condition for small viscous stresses. A slip condition means
that the fluid particles can freely slip along the wall and only their normal velocity is
fixed. Therefore

uuun = uuuwall,n, (1.18)

uuut − uuuwall = β
∂uuut
∂nnn

, (1.19)

where β is a slip coefficient and the subscripts n and t are related to the normal and
tangential directions. These two conditions are normally used dependent on the con-
crete problem. The no-slip boundary condition is for example suitable for viscous,
incompressible fluids, whereas the slip condition can be used in the absence of viscous
stresses. In this work we assume that the no-slip condition holds.

For the pressure in incompressible flows at a static wall usually the zero gradient
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boundary condition is applied. That means that the gradient perpendicular to the
wall should vanish

∂p

∂nnn
= 0. (1.20)

This condition actually is not really a physical boundary condition, because the incom-
pressible flow model does not impose any condition on the pressure. In a numerical
method it can be interpreted in a simple manner as a low order extrapolation, which
will be shown in section 2.3.4. In a real-world application that condition has to be
slightly modified so that the gradient is compatible with the tangential velocity and
the velocity gradient at the wall [34, §15.6]. Especially for moving walls it has to be
adjusted to accomplish for the additional wall velocity. Sloshing is mostly induced
by the displacement of the tank under consideration. This excitation can be applied
to the model in two different ways. One is the application of a rigid body motion to
the tank geometry. This results in a non-zero velocity at the walls and is therefore
included in the boundary conditions. The other option is to do the simulation using
a non-inertial frame of reference ([50]). This means that the equations are formulated
for an observer which is moving with the tank. The tank displacement is then applied
through additional source terms in the momentum equation ([44]).

In the two fluid approach, where every phase is treated as a separate domain, the
interface forms an additional boundary Γ. Therefore additional boundary (or inter-
face) conditions are needed. In the following derivations it is assumed that the fluids
are Newtonian, incompressible and that no phase change respectively mass flow be-
tween the phases occurs. Real fluids will not fully satisfy this simplification. However,
under several conditions they can be treated as if they were like that (see §1.4). The
different fluids are generally named as fluid 1 (the reference fluid, in most cases the
liquid) and fluid 2. For any quantity φ the subscript φk means here the respective
quantity of the k-th phase (e.g. the viscosities µ1 and µ2). The interface conditions
are then formulated as

uuu1 = uuu2, (1.21)

− (−p+ 2µnnn ·SSS · nnn)2 + (−p+ 2µnnn ·SSS · nnn)1 = σκ, (1.22)

−
(
2µttt(l) ·SSS · nnn

)
2

+
(
2µttt(l) ·SSS · nnn

)
1

= ttt(l) · ∇Γσ. (1.23)

In these equations nnn is the unit normal vector directed from fluid 1 to fluid 2 and
ttt(l) (l = 1, 2) are unit tangent vectors at the interface. Furthermore σ means the
surface tension coefficient and κ the interface curvature. The ∇Γ symbol is the surface
gradient (see [55, §2.4.2 and Appendix A]). The first equation assures continuity of the
velocity across the interface. Additionally the second and third equations are the jump
conditions for stresses in normal and tangential directions (jump condition because of
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the discontinuity due to surface tension).
The evaluation of those relations, especially the surface curvature, requires an accurate
description of the position of the interface. This can be done in several ways. One is
the parametrized description as a surface (or separate surfaces for every region) in the
three dimensional space. This is represented by a mapping

XXX(u, v) = (x(u, v), y(u, v), z(u, v)), (1.24)

with two independent parameters u and v (see also [55, §2.3]). Another possibility is
the description through a phase function. Here two different methods to define this
phase function are given. The first is the definition of the interface as an iso-surface
through a specific value of a smooth function F . By using the 0 contour for the
interface the different fluid regions are then defined by the values F > 0 or F < 0.
With F > 0 as the reference phase the outwards pointing surface normal is given by

nnn = − ∇F
|∇F |

(1.25)

and the surface curvature by

κ = −∇ · nnn = ∇ ·
(
∇F
|∇F |

)
. (1.26)

This approach is followed by the level-set methods ([55, §4.5]). The other approach
is by using the characteristic function H(xxx) which takes a value of 1 in the area of
fluid 1 and 0 in the other regions. In this case the fluid 1 was taken as the reference
phase, but this can also be done the other way around or with multiple different fluids
where each of them has its own phase function. The interface is then described by this
discontinuity. In that approach one has to pay attention to the fact that this function
is not differentiable in the conventional sense, although the gradient is needed for the
surface curvature. Therefore the concept of distributions is used, where the derivative
of a characteristic function can be described with a δ-distribution (for details see [55,
§2.3 or Appendix A]). The position of the interface changes with time. Nevertheless,
every single fluid particle has its own value for H which does not change with time,
defined through the initial or boundary conditions. Therefore the material derivative
of H is zero leading to the equation

∂H

∂t
+ uuu · ∇H = 0 (1.27)

for the evolution of the phase function ([55, §4.1]).
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1.3. One Fluid Formulation

The whole free surface model can also be viewed in a so called one fluid formulation,
where the different phases are treated as one fluid with varying properties, depending
on the respective phase. This approach is especially interesting with respect to the
numerical procedure described in Section 2.4. In the one fluid approach the properties
of both fluids are combined to a mixture by using the phase function H from Section
1.2 to identify the different regions. Taking the densities ρ1 and ρ2 as an example the
mixture density is then defined as

ρ = Hρ1 + (1−H)ρ2. (1.28)

This mixture is then also using only one pressure field and one mixture velocity.
The formulation of the incompressible continuity equation (Eq. (1.13)) is not affected
by that mixture model, because the separate velocities are just replaced by the mixture
velocity. The same goes for the momentum equation, but it needs to be further
modified to account for the additional interface physics like the surface tension. In our
case that is added to the equation as an additional surface body force fffσδΓ following
the Continuum Surface Force (CSF) model ([7]). Here δΓ = δ(xxx − xxxΓ) is the Dirac-
delta distribution with respect to the interface coordinates xxxΓ ([55, Appendix A]).
Therefore (1.16) changes to

ρ
∂uuu

∂t
+ ρuuu∇uuu+∇p− µ∇2uuu = fff + fffσδΓ. (1.29)

In the case of constant surface tension fffσ can be rewritten as

fffσδΓ = σκnnnδΓ

with σ and κ according to Equation (1.22).
So far only the situation of an existing interface moving with time got addressed, but
nothing has been said about possible topological changes. Such changes like the break
up or coalescence of droplets are very common in free surface flows. According to
[55] this situations can generally be reduced to two situations. Those are the rupture
of thin films and the snapping of thin threads in one of the fluid areas. In these two
situations molecular effects are always present in reality, but they can not be described
in the framework of the continuum hypotheses. Details on slightly bigger scale, on
the other hand, can be treated with continuum mechanics. The snapping threads
can be described accurately enough by the standard Navier-Stokes equations as their
diameter becoming zero in finite time should be accounted for without modifying the
equations ([55, § 2.7]). The problem of rupturing films on the other hand needs some
special care. The intermolecular forces acting on a thin film with a thickness less then



16 1. Modeling

Figure 1.1.: Surface force at thin film

a few hundred nanometers can be modeled as a singular surface force ([55, §2.7.1]).
This force per unit surface area, whose direction is away from the opposite interfaces,
can be taken as

fI = −Ah−3, (1.30)

where h means the distance between the two interfaces (see image 1.1) and A is the
Hamaker constant.

The surface force in (1.29) is then given by

fffσδΓ = −Ah−3nnnδΓ + σκnnnδΓ +∇ΓσδΓ. (1.31)

In this equations the value of A is fluid dependent, but generally a value of A > 0
results in interfaces which attract each other, as it is the case for pure water, while
A < 0 means the opposite (see [55, §2.7.1]). Although the surface force from Equation
(1.31) can be used in solving the macroscopic Navier-Stokes equations, it is in many
cases not really efficient to do so. The needed scales in time and space are so small that
the computational afford to resolve them in the numerical solution procedure would
be too high. As the influence of this additional force is usually only important at those
very small scales, it is mostly sufficient to just use the Navier-Stokes equations in a
formulation where this force fI is simply neglected.
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1.4. Incompressibility

Under the assumption of immiscible, incompressible and isothermal fluids the physics
of a general sloshing model can be described by the equations which are presented so
far. That leads to the question whether this constraints are valid and under which con-
ditions. Generally a fuel tank is exposed to major changes in temperature. However,
most of the sloshing takes place at small time scales and nearly constant environmental
conditions, which in this case means also nearly constant temperature. Therefore an
isothermal model should be a good approximation of reality if only the effects of slosh-
ing are considered. Whether the fluids are miscible or not depends on their properties,
but combinations like water-air or diesel-air at normal room temperature, which are
mostly used in this work will fulfill this condition. The remaining condition of incom-
pressibility is a bit more difficult to justify. That is because this depends not only
on the material and thermophysical properties, but is related to the characteristics of
the flow. In reality incompressible fluids do not exist. However, for applications of
sloshing in fuel tanks and under the assumptions made so far, it is sufficient to assume
incompressibility for fluids in liquid form. Although gases, especially air, are truly
compressible there are conditions where they can be modeled as incompressible fluids.
According to [50], several characteristic numbers are suitable for confirming that. For
that we define U as a characteristic velocity, L as a typical length, a as the speed of
sound and f as a typical frequency (which also means τ := f−1 as a characteristic
time interval). The conditions are then written as

gL

a2
� 1, (1.32)

U2

a2
= M � 1, (1.33)

L2f 2

a2
� 1 or

L

a
� τ. (1.34)

The condition on the Mach number M in (1.33) is often taken to be the most important
number. Many take M < 0.3 or 0.2 as a sufficient condition for incompressibility
(e.g. [16], [34]). So in order to use the incompressible model as described before,
those conditions have to be satisfied, especially in the gaseous area. Therefore this
justification has to be done separately for any specific problem. Only some general
facts can be given here. The first observation is that the speed of sound in air at 25◦C
is about 346m

s
([1, §4.4.3]). Because sound is traveling the slowest in gaseous media

this can be taken as some kind of lower bound for the real value. Therefore the term
a2

g
will be at least of order 105. That means that condition (1.32) should always be

true in those dimensions where the sloshing takes place. The same goes for condition
(1.34) as long as the main sloshing frequencies are not too high. That leaves the Mach
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number condition (1.33), depending on a characteristic velocity, as the most important
point to verify.

1.5. Turbulence

Generally the Navier-Stokes equations completely describe the whole range of fluid
flows from laminar to fully turbulent, as long as the continuum hypothesis holds true.
However, in numerical solution procedures it is in most cases not even possible to fully
resolve every detail of turbulence. So one has to distinguish between different levels
of turbulence modeling (see [16]). The most detailed version is the Direct Numerical
Simulation (DNS) where all of the motions down to the Kolmogorov scales (see [59])
are resolved, which makes this approach computationally very expensive. In the Large
Eddy Simulation (LES) only the large scales (those which are resolvable by the used
grid) are computed exactly whereas the smaller scales are modeled by a so called
subgrid-scale (SGS) model. Although it is computationally cheaper than a DNS, in
most cases this approach is also too expensive to be of practical use. As in many fluid
problems one is not interested in all of the small and random turbulent fluctuations,
but in general (or average) properties of the flow, the use of Reynolds-Averaged Navier-
Stokes (RANS) equations is often sufficient. If the inclusion of turbulence is necessary
this approach is also followed in this work and therefore will be shortly described here.
In RANS simulations all the computed quantities are statistically averaged (see [16,
§9] or [34, §17]). In this model any quantity φ is split into an average value and its
fluctuation around that value

φ(xxx, t) = φ(xxx, t) + φ′(xxx, t).

The definition of the average for a given quantity φ depends on the problem. For
statistically steady flows the average can be computed as the time average

φ(xxx) = lim
T→∞

1

T

∫ T

0

φ(xxx, t) dt.

In unsteady flows this average is replaced by the ensemble average, where an ensemble
is a big enough number of realizations of the same flow situation. Then the average is
defined as

φ(xxx, t) = lim
N→∞

1

N

N∑
n=1

φ(n)(xxx, t),

with N the number of realizations in the ensemble. Independent of the choice of
averaging process the term ”Reynolds averaging” refers to any of them. To derive the



1.5. Turbulence 19

RANS equations all of the averaging strategies have to fulfill the following rules (φ
and ψ are general variables):

φ′ = 0,

φ = φ,

∇φ = ∇φ,
φ+ ψ = φ+ ψ,

φψ = φψ,

φψ′ = 0,

φψ = φψ + φ′ψ′.

With that in mind the Navier-Stokes equations are rewritten with every quantity split
into an average part and a fluctuating part. Then every equation gets ”Reynolds
averaged”. For the case of incompressible Newtonian fluids, governed by the equations

∇ · (ρuuu) = 0,

∂ρuuu

∂t
+∇ · (ρuuuuuu) = −∇p+∇ · τττ + fff,

and using a general stress tensor τττ and body force fff , this results in the equations

∇ · (ρuuu) = 0, (1.35)

∂ρuuu

∂t
+∇ · (ρuuuuuu) = −∇p+∇ · (τττ − ρuuu′uuu′) + fff. (1.36)

These are very similar to the original equations except for the additional tensor τττR :=
−ρuuu′uuu′, which is known as the Reynolds stress tensor and introduces 6 additional
unknowns. That leaves less equations than unknowns and makes this set of equations
non closed. A turbulence model is an approach to close the set by expressing the
Reynolds stresses in terms of the mean values. That is often done analogous to the
stress tensor in Newtonian flows by expressing the Reynolds stresses as a linear function
of the mean velocity gradients. That means

τττR = −ρuuu′uuu′ := µt
[
∇uuu+ (∇uuu)T

]
− 2

3
[ρk + µt(∇ · uuu )]III (1.37)

with the turbulent kinetic energy
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k =
1

2
uuu′ · uuu′ (1.38)

and the turbulent eddy viscosity µt. This assumption is known as the Boussinesq
Hypothesis ([5],[34]). In the models based on this approximation the calculation of
the Reynolds stresses is done through the calculation of turbulent kinetic energy and
turbulent viscosity. Those models are generally grouped into categories corresponding
to the numbers of additional transport equations which have to be solved [16]. Here
the k − ε and the k − ω model are presented (see [59]), which are both so called
two-equation models. The k − ε model ([26]) is based on the equation

µt = ρCµ
k2

ε
(1.39)

for the turbulent viscosity, where ε is the rate of dissipation of turbulence kinetic
energy per unit mass due to viscous stresses defined as

ε =
1

2

µ

ρ
{∇uuu′ + (∇uuu′)T} : {∇uuu′ + (∇uuu′)T}. (1.40)

The necessary transport equations for k and ε are

∂(ρk)

∂t
+∇ · (ρuuuk) = ∇ · (µeff,k∇k) + Pk − ρε (1.41)

and

∂(ρε)

∂t
+∇ · (ρuuuε) = ∇ · (µeff,ε∇ε) + Cε1

ε

k
Pk − Cε2ρ

ε2

k
, (1.42)

where Pk is the production of turbulent energy defined as

Pk = τττR : ∇uuu. (1.43)

In these equations the viscosities are defined as

µeff,k = µ+
µt
σk

and µeff,ε = µ+
µt
σε
. (1.44)

The constants in these equations are generally flow dependent, but in most cases
they are defined as Cε1 = 1.44, Cε2 = 0.09, σk = 1.0 and σε = 1.3. The k − ω-
model ([58],[59]), also based on the Boussinesq approximation, introduces another
variable instead of ε. It is based on the specific turbulence dissipation (=rate at which
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turbulence kinetic energy is converted into internal thermal energy per unit volume
and time)

ω =
ε

Cµk
(1.45)

and the turbulent viscosity

µt = ρ
k

ω
. (1.46)

The respective transport equations are given by

∂(ρk)

∂t
+∇ · (ρuuuk) = ∇ · (µeff,k∇k) + Pk − β∗ρkω (1.47)

and

∂(ρω)

∂t
+∇ · (ρuuuω) = ∇ · (µeff,ω∇ω) + Cα1

ω

k
Pk − Cβ1ρω

2. (1.48)

In these equations the viscosities are

µeff,k = µ+
µt
σk1

and µeff,ω = µ+
µt
σω1

, (1.49)

with the constants often defined as Cα1 = 5
9
, Cβ1 = 0.075, β∗ = 0.09, σk1 = 2 and

σω1 = 2.
While the k − ε model is performing good for free-shear flows it is having problems
in predicting the flow in regions with adverse pressure gradient. The k − ω model on
the other hand is more robust, directly applicable through the sub-layer and better
suitable for adverse pressure gradients. However, it is very critical to define the free-
stream conditions in the right way (see [34, §1.7.2]). Therefore another model that is
regularly used has been developed. This is the k−ω−SST model (see [32]), which is
based both on the k−ε and the k−ω model with the aim of combining the advantages
of both models. For simplicity reasons it will not be described here.
Each of these models has its one advantages and drawbacks and by using them, one
has to always keep in mind that they all introduce additional modeling compared
to the original Navier-Stokes equations. Additionally, when using such a turbulence
model, it is always necessary to pay attention to the flow at near wall regions by using
the right boundary conditions and wall functions in combination with a suitable mesh.
Some details on the models, wall functions and their implementation in finite volume
methods can be found in [34, §17].
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1.6. Summary of Equations

The complete two-phase model used in this work is now described by the equations for
incompressible immiscible isothermal Newtonian fluids with a free surface as explained
in the previous sections. This means primarily the incompressible Navier-Stokes Equa-
tions given by the mass and linear momentum conservation equations

∇ · uuu = 0,

ρ
∂uuu

∂t
+ ρuuu∇uuu = −∇p+ µ∇2uuu+ fff. (N.-S.)

These are combined with the phase fraction equation

∂H

∂t
+ uuu · ∇H = 0 (1.50)

and the mixture properties

ρ = Hρ1 + (1−H)ρ2, (1.51)

µ = Hµ1 + (1−H)µ2. (1.52)

Dependent on the used models for turbulence and surface tension the momentum
equations have to be slightly modified (mainly the effective viscosity and the source
terms will be changed) and eventually some additional turbulence equations are to be
solved.
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In this section the solution procedure for the system of equations derived in the last
section will be addressed. It starts with a short comment on the existence and unique-
ness of a solution for the incompressible Navier-Stokes equations given by the equations
(N.-S.). The Finite Volume Method will be presented in several steps. First the dis-
cretization of a general transport equation with the FVM will be described. Based
on these techniques the methodology for the numerical solution of the Navier-Stokes
equations is explained. After that the representation and advection of the free surface
on a discrete mesh with the VOF method will be discussed concluding with the in-
tegration of the VOF method in the solution algorithm. At the end of this section a
short summary of the algorithm used will be given.

2.1. Existence and Uniqueness

Before applying any solution method on any system of equations, one has to consider
whether a unique solution of this system does even exist. In the case of the Navier-
Stokes equations there are some problems in this context ([54], [6]). The solvability
of these equations is often examined using a general weak formulation and therefore
searching for a unique weak solution. A weak formulation of the Navier-Stokes equa-
tions can be found in [54, Ch. III, Problem 3.2]. For dimension n ≤ 4 there exists
a weak solution to the weak problem in a specific function space depending on the
regularity of the boundary conditions and source terms (see. [54, Ch. III, Theorem
3.1]). In the case of a 2-dimensional space also the uniqueness of this solution in the
same function space can be established (see. [54, Ch. III, Theorem 3.2]). However
for the 3-dimensional space this can not be shown in the same way. There are results
which give a unique solution, but this solution is not lying in the same function space
as used in the existence theorems. In fact it can be shown that there exists at most
one solution, but in a space which is smaller (see. [54, Ch. III, Theorem 3.4]). This
problem for the 3D general Navier-Stokes equations is still unsolved at the moment.
However, there are some results showing both existence and uniqueness under specific
a priori estimates respectively conditions (see [6, Ch. 5]). Nevertheless, for the deriva-
tion of the FVM method, it is necessary to assume that there is a smooth enough
solution so that for example the Taylor Series Expansion Theorem is applicable. That
has to be kept in mind when thinking about accuracy or convergence.

23
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2.2. The Finite Volume Method

The finite volume method is explained according to [25] and [34].
Since the basic equations from section 1 are all some kind of transport equation it
suffices to consider only the general transport equation for any scalar property φ(xxx, t),

∂ρφ

∂t︸︷︷︸
I

+∇ · (ρuuuφ)︸ ︷︷ ︸
II

−∇ · (ρΓφ∇φ)︸ ︷︷ ︸
III

= Sφ(φ)︸ ︷︷ ︸
IV

, (2.1)

depending on a given density ρ and velocity field uuu. The first term (I) is the temporal
derivative which expresses the change of φ with time at any point in space. The second
term (II) is the convection term which generally describes the change of φ by material
transport through the velocity field. The third term (III) is the diffusion term with
the diffusivity Γφ. It means the change of φ due to its own gradient (for example
change in concentration of some transported quantity). The Sφ(φ) term (IV) is the
source term, which includes every other effect on φ. That could for example be some
external forces or some effects which create sources or sinks. Note that in general the
source term can also depend on φ itself. At some points in the following derivations
a modified one-dimensional formulation of this equation will be used to give better
insight in particular aspects of the discretization. This equation is given by

∂ρφ

∂t
+
∂ρuφ

∂x
− ∂

∂x
(ρΓφ

∂

∂x
φ) = Sφ. (2.2)

Any method for the discretization of such an equation can be evaluated with respect
to a few basic criteria (see [34, §5.6]). Some of the most important criteria are

• Conservation
That means that any transported property should be preserved throughout the
computational domain. It basically says that the flux leaving one cell through a
face has to be equal to the flux entering the neighboring cell through the same
face. This property is strongly dependent on the formulation of the conservation
principles (conservative vs non-conservative formulation, see [22]).

• Accuracy
This property describes the error between the approximated and the exact solu-
tion. As the exact solution is in most cases not known, an alternative is to look
at the truncation error of a suitable taylor expansion series. Although this value
can not really give informations about the absolute error it can give some insight
into the rate at which the error will decrease with further grid refinement.

• Convergence
This term can be used in several ways. In general, a method has converged if a
solution is obtained. However, it can also mean that a solution does not change
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with further grid refinement or by marching forward in time. In iterative methods
it says that the change between consecutive iterations or the residual is smaller
than a predefined value.

• Consistency
The method is said to be consistent if approximate solutions are approaching the
exact solution at any time or point in space if the grid size and time step go
to zero. Particularly, this means that the discretization error has to depend on
positive powers of both ∆t and ∆xxx.

• Stability
For transient problems a method is said to be stable if errors are kept bounded
when marching forward in time. Additionally, it can also describe how an iterative
solution method for the discretized equations reacts to errors or how variations
in the initial and boundary conditions affect the solution.

• Transportiveness
This means how the discretization method depicts the transport characteristics of
the original system of equations. In particular we refer to the ratio of convective
to diffusive transport which is measured by the Péclet number.

Pe =
Convection

Diffusion
=

ρu

Γφ/∆x
(2.3)

where Pe = 0 indicates pure diffusion. Here the discrete equations should exhibit
the same behavior as the continuous equations

• Boundedness
By boundedness one refers to the ability of the method to prevent unphysical
over- or undershoots. That means for example that when no sources or sinks
exist the value of a conserved quantity at any point in the domain should be
bounded by the initial, boundary or neighboring values of that point.

A Finite Volume Method can be constructed in different ways where the approximate
solution is then described by its values at the defined computational nodes. It could
be introduced using the vertices of a mesh as computational nodes which results in
a so-called vertex-based FVM or it can be constructed based on the cells of a mesh.
The method described in this work is cell-based and applicable to any unstructured
mesh. That means the computational domain can be split into cells/control volumes
of any polyhedral shape. The only restriction on the mesh is that all the cells have
to be convex and bounded by flat faces. This limitation has theoretical reasons and
assures the validity of the needed mathematical theorems (see Appendix A). However,
modern FVM codes are often able to give acceptable results even on meshes with
non-flat faces as mentioned in [44]. The computational nodes are the midpoints of the
cells or control volumes. For a cell VP the midpoint xxxP is defined by the equation
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∫
VP

(xxx− xxxP ) dxxx = 0. (2.4)

Because of the assumed convexity of the cells this midpoint is lying inside the control
volume. The bounding faces with area S are referred to as f and for each of them the
face midpoint is given as xxxf , which is defined analogously to (2.4) as∫

Sf

(xxx− xxxf ) dsxxx = 0. (2.5)

The idea behind the finite volume method is to assure that Equation (2.1) should be
valid in every control volume. That means given an arbitrary control volume VP , a
time instant t and time step ∆t the equation has to be satisfied for all points in the
control volume. Integrating this equation first in space over Vp and then in time from
t to t+ ∆t gives the integral conservation equation

∫ t+∆t

t

(∫
VP

∂

∂t
(ρφ) dxxx+

∫
VP

∇ · (ρuuuφ) dxxx−
∫
VP

∇ · (ρΓφ∇φ) dxxx

)
dt

=

∫ t+∆t

t

(∫
VP

Sφ(φ) dxxx

)
dt.

(2.6)

Equation (2.6) is used as the base for the finite volume method, where every term
of this equation needs to be discretized separately. The quality of the discretization
depends on the assumed variation of φ over any control volume.
In this case the variation is restricted to be linear in both space and time in every cell.
Therefore a Taylor series expansion of φ in space and time is used, where the terms
with order higher than 2 are neglected (see Appendix A, Theorem A.1).
The control volumes are assumed to be compact subsets of Rd by construction. That
means for every control volume VP there exists an open set ΩP ⊃ VP . For every
xxx ∈ VP ⊂ ΩP it holds true that also the path to xxxP is in VP . If additionally, φ(xxx, t) is
at least C2(ΩP ) for any fixed time t, it can be written according to

φ(xxx, t) = φ(xxxP , t) + (xxx− xxxP ) · ∇φ(xxxP , t) +O(|xxx− xxxP |2) (2.7)

In time it is necessary to use the one dimensional version of Theorem A.1 (see for
example [21, §VIII]) with the fact that for a finite ∆t any interval [t, t + ∆t] is also
compact. That means for every time interval there exists an open set Ωt ⊃ [t, t+ ∆t].
Let xxx now be arbitrary but fixed. Then, if φ(xxx, t) ∈ C2(Ωt), it can be written similar
to (2.7) as
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φ(xxx, t+ ∆t) = φ(xxx, t) + ∆t
∂φ(xxx, t)

∂t
+O((∆t)2). (2.8)

For a second order accurate finite volume method those last terms are simply neglected.
That means if ∆t and ∆xxx are small enough the variation of φ in a control volume (both
in space and time) is then expressed as

φ(xxx, t) ≈ φP + (xxx− xxxP ) · (∇φ)P (2.9)

φ(xxx, t+ ∆t) ≈ φt + ∆t

(
∂φ

∂t

)t
. (2.10)

The sub- and superscripts are used for better readability and will be regularly used
from here on. They mean the evaluation of φ at certain discrete points and are defined
as

φP = φ(xxxP ) (cell center), (2.11)

φf = φ(xxxf ) (face center), (2.12)

φn = φ(tn) (discrete time instance tn). (2.13)

Taking the integral of φ over VP and using equations (2.9) and (2.4) leads to

∫
VP

φ(xxx, t) dxxx
(2.9)
≈
∫
VP

[φP (t) + (xxx− xxxP ) · (∇φ(t))P ] dxxx

= φP (t)

∫
VP

dxxx+

[∫
VP

(xxx− xxxP ) dxxx

]
︸ ︷︷ ︸

=0 (2.4)

·(∇φ(t))P

= φP (t) |VP | . (2.14)

Looking at this the other way around it is in fact a mean value approximation where
the mean value is defined as

φP (t) =

∫
VP
φ(xxx, t) dxxx

|VP |
(2.9)
=

1

|VP |

∫
VP

[φP (t) + (xxx− xxxP ) · (∇φ(t))P +O(|xxx− xxxP |2)] dxxx

= φP (t) +O(|xxx− xxxP |2). (2.15)



28 2. Discretization

This is therefore an approximation of the value at the midpoint with second order
accuracy.
In the following derivations the Gauss or Divergence Theorem will be needed (see
Appendix A, Theorem A.2). Let aaa be an arbitrary vector field which is assumed to
vary linearly over each control volume. Since any control volume VP is compact and
bounded by flat and therefore smooth faces, Gauss’ divergence theorem can be used
to derive the following identities

∫
VP

∇ · aaa dxxx =

∮
∂VP

aaa · nnn dsxxx (2.16)∫
VP

∇φ dxxx =

∮
∂VP

φnnn dsxxx (2.17)∫
VP

∇aaa dxxx =

∮
∂VP

aaannn dsxxx. (2.18)

With the first equation follows∫
VP

∇ · aaa dxxx =

∮
∂VP

aaa · nnn dsxxx =
∑
f

(∫
Sf

aaa · nnn dsxxx

)
.

Using the linear variation of aaa over a face f for every component ai one gets

∫
Sf

aini dsxxx =

∫
Sf

[(ai)f + (xxx− xxxf ) · (∇ai)f ]ni dsxxx

≈ (ai)fni

∫
Sf

dsxxx︸ ︷︷ ︸
=|Sf |

+

[∫
Sf

(xxx− xxxf ) dsxxx

]
︸ ︷︷ ︸

=0

ni(∇ai)f

= |Sf | (ai)fni. (2.19)

Putting this together yields∫
VP

∇ · aaa dxxx ≈
∑
f

|Sf |nnn︸ ︷︷ ︸
:=SSSf

·aaaf =
∑
f

SSSf · aaaf . (2.20)

The vector SSSf in this equation is the surface vector, which is pointing into the direction
of the outwards normal and has the same magnitude as the surface area. Alternative
to the assumption of a linear variation over a cell the equations (2.14) and (2.19)
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could also be derived through numerical integration by using quadrature formulas
with only one integration point (midpoint rule, see [34, §5.2]). Using the previous
identities, every term of Equation (2.1) can be rewritten in its semi-discretized form.
That means for the convective term

∫
VP

∇ · (ρuuuφ) dxxx =

∮
∂VP

(ρuuuφ) · nnn dsxxx =
∑
f

∫
Sf

(ρuuuφ) · nnn dsxxx (2.21)

≈
∑
f

(ρuuuφ)fSSSf . (2.22)

The diffusive term is transformed as

∫
VP

∇ · (ρΓφ∇φ) dxxx =

∮
∂VP

(ρΓφ∇φ) · nnn dsxxx =
∑
f

∫
Sf

(ρΓφ∇φ) · nnn dsxxx (2.23)

≈
∑
f

(ρΓφ∇φ)f ·SSSf (2.24)

and the source term and temporal term change similar to Equation (2.14):

∫
VP

Sφ(φ) dxxx ≈ [Sφ(φ)]P |VP | , (2.25)∫
VP

∂

∂t
(ρφ) dxxx ≈

[
∂

∂t
(ρφ)

]
P

|VP | . (2.26)

Using all the results from (2.21), (2.23) and (2.25) in Equation (2.6) gives the semi-
discretized transport equation

∫ t+∆t

t

[
∂

∂t
(ρφ)

]
P

VP dt+

∫ t+∆t

t

[∑
f

(ρuuuφ)fSSSf

]
dt

−
∫ t+∆t

t

[∑
f

(ρΓφ∇φ)fSSSf

]
dt

=

∫ t+∆t

t

[Sφ(φ)]PVP dt. (2.27)

Up to this point only the assumption of linear variation respectively the midpoint rule
in space have been used. The truncated terms in Equations (2.7) and (2.8) are of
second order in terms of spatial resolution and time step. Therefore the approxima-
tions leading to the semi-discretized Equation (2.27) are second order accurate. The
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next step is to derive a system of linear equations for the cell center values. This is
sometimes referred to as flux linearization. For a further discretization in space the
face center values should be expressed in terms of the cell center values and for the
temporal term a suitable representation of the time derivative in terms of the discrete
time steps is necessary. In the next sections a short overview of the discretization
schemes used and their properties is given. This follows in most parts the descriptions
in [16], [25] and [34]. In the used finite volume mesh any face belongs to a unique cell,
its owner, given by the letter P . Therefore every inner face does also have a neighbor
cell N and the respective normal is always directed from P to N .
After the second discretization step one will get a linear algebraic equation for every
control volume. That means Equation (2.27) transforms to an equation of the form

aPφP +
∑

N∈NB(P )

aNφN = bP . (2.28)

Assembling all of the cell specific equations results in a system of linear equations.
This system is usually solved by means of an iterative solution method because of the
relatively high number of unknowns in CFD. The choice of iteration method depends
on the structure of the coefficient matrix. An overview of different methods is given
in [52]. If the matrix is symmetric one could use the (preconditioned) CG method.
For general non-symmetric systems the BiCGSTAB ([56]) or a GAMG ([15], [13], [47])
method are possible choices. Therefore one should assure independently of the used
solver that the iterative process will converge to the desired solution. A possibility
to guarantee convergence for the iterative solution of linear problems is to keep the
coefficient matrix (weakly) diagonal dominant (see [8, Satz 8.2.6 and Satz 8.2.9]). That
means the coefficients have to satisfy

−
∑

N∈NB(P )

aN ≤ aP for all cells and

−
∑

N∈NB(P )

aN < aP at least for one cell. (2.29)

Whether the system is diagonally dominant or not is highly dependent on the final
choice of discretization scheme respectively procedure. That means one should keep
that in mind for the right choice of schemes. Examples for such discretization schemes
are given in the following sections, starting with the diffusion term followed by the
convection, source and temporal terms. Another important property of the resulting
system of linear equations is that it should be consistent with the original differential
equation and exhibit the same characteristics. Taking for example the steady pure
diffusion equation without any source terms

−∇ · (ρΓφ∇φ) = 0, (2.30)
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which can be deduced from Equation (2.1) by neglecting all the other terms, it can
easily be seen that the solution is only defined up to a constant c. That means φ and
φ + c are both solutions. In this case, the resulting linear equations should also have
this property, therefore

aPφP +
∑

N∈NB(P )

aNφN = 0 and

aP (φP + c) +
∑

N∈NB(P )

aN(φN + c) = 0,

should both hold true which gives

aP +
∑

N∈NB(P )

aN = 0. (2.31)

To guarantee consistency with (2.30) this should hold true in all the discretized equa-
tions. Expressing φP as

−φP =
∑

N∈NB(P )

aNφN
aP

,

it can be interpreted as a weighted sum of its neighbors ([34, 8.2]). Therefore the value
at P should be bounded by the values at its neighbors as long as no source terms are
present.
One can assure this also with the opposite signs rule. In the above equations the
coefficients of φP and φN are of opposite signs

aP = −
∑

N∈NB(P )

aN .

This means an in- or decrease in φN will result in an in- or decrease of φP . This can
be used as a sufficient condition to guarantee boundedness ([34, §8.2.2]). As long as
the opposite signs rule is true the solution should remain bounded. If that is not the
case it may get unbounded.

2.2.1. Diffusion Schemes

In the semi-discretized diffusion term given by Equation (2.23), the values of the
(surface or normal) gradient at the faces of the mesh are used. In order to derive
a linear system of equations solely dependent on the cell centers an expression for
those values in term of cell center values is needed. On orthogonal grids and with the
assumption of a linear variation of φ it could be done in the following way

(∇φ)f ·SSSf = |SSSf |
φN − φP
‖xxxN − xxxP‖

= |SSSf |
φN − φP
dPN

. (2.32)
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Figure 2.1.: Non-Orthogonality

The approach in Equation (2.32) uses the fact that on orthogonal grids the face normal
nnn and the vector dddPN connecting the centroids of P and N are aligned. On arbitrary
unstructured non-orthogonal grids this is generally no longer true (see Fig. 2.1). By
computing the gradient according to (2.32) with the unit vector

eee =
xxxN − xxxP
‖xxxN − xxxP‖

=
dddPN
dPN

, (2.33)

which differs by an angle θ from nnn (see Figures 2.2, 2.3 and 2.4), one would in fact
calculate the directional derivative

(∇φ)f · eee =
φN − φP
‖xxxN − xxxP‖

=
φN − φP
dPN

(2.34)

which has a component perpendicular to the face normal. To accomplish for this
error one can introduce a splitting of the surface area vector into an orthogonal and a
non-orthogonal contribution

SSSf = EEEf + TTT f (2.35)
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Figure 2.2.: Minimum Correction

and write the gradient as

(∇φ)f ·SSSf = (∇φ)f ·EEEf + (∇φ) · TTT f (2.36)

≈ Ef︸︷︷︸
=|EEEf |

φN − φP
dPN

+ (∇φ)f · TTT f . (2.37)

Therefore the diffusion term gets split into a linearized orthogonal like part and a non-
orthogonal part. This second term of (2.35) is the so-called cross diffusion and leads to
the idea of non-orthogonal correction by using different options for this decomposition.
These can for example be the
Minimum Correction approach (Fig. 2.2) where

EEEf = (|Sf | cos θ)eee = (eee ·SSSf )eee, (2.38)

and

(∇φ)f · TTT f = (∇φ)f · (SSSf −EEEf ) = (∇φ)f · (nnn− cos θeee) |Sf | , (2.39)

the Orthogonal Correction approach (Fig. 2.3) with

EEEf = |Sf |eee (2.40)

and
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Figure 2.3.: Orthogonal Correction

(∇φ)f · TTT f = (∇φ)f · (SSSf −EEEf ) = (∇φ)f · (nnn− eee) |Sf | , (2.41)

or the Over-Relaxed approach (Fig. 2.4), where

EEEf =

(
|Sf |
cos θ

)
eee =

(
|Sf |2

Sf cos θ

)
eee =

(
SSSf ·SSSf
SSSfeee

)
eee (2.42)

and

(∇φ)f · TTT f = (∇φ)f · (SSSf −EEEf ) = (∇φ)f · (nnn−
1

cos θ
eee) |Sf | . (2.43)

The evaluation of the cross-diffusion term needs again the value of the gradient at the
cell faces. Those gradients could simply be neglected. That is mostly done in cases of
small angles between eee and nnn (low non-orthogonality) where the resulting error will be
small. For higher non-orthogonality it can be computed by calculating the gradient
at the cell centers using a mean value approximation with

(∇φ)P ≈
1

VP

∑
f

SSSfφf (2.44)

and interpolating those values to the faces. With a linear interpolation profile and a
suitable geometric weighting factor fxxx defined as the ratio of the distances from P to
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Figure 2.4.: Over-Relaxed Correction

f and P to N with

fxxx :=
dPf
dPN

, (2.45)

this looks like
(∇φ)f = fxxx(∇φ)P + (1− fxxx)(∇φ)N (2.46)

This kind of gradient computation could also be used directly in (2.23) for the com-
putation of the diffusion term, but that would include a significant higher number of
computational nodes involved than the method described above. That is, because in
Equation (2.44) the values of φ at all the faces are required, which again requires an
interpolation using the values at all neighboring cell centers. To avoid this problem
in the cross diffusion term the gradient is there computed in a deferred-correction ap-
proach, which means the gradient values from the previous iteration or time step are
used. Following the tests in [25] the over-relaxed approach is found to be performing
better than the others in terms of stability and accuracy. According to those results
its convergence behavior is less oscillatory and it is able to converge at higher angles
of non-orthogonality than the other approaches. Additionally the angle at which the
non-orthogonal correction becomes necessary is higher. This approach is also followed
in the OpenFOAM R© implementation of the FVM ([44]). Besides the non-orthogonality
there is another general problem with the interpolation of cell values to the faces. For
the midpoint integration to be accurate at the face it is essential that the correct value
at the face midpoint is used. However, in a skewed mesh, the connection between
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Figure 2.5.: Skewness

neighboring cell centers P and N does not cross the face exactly at the center. So the
interpolation is done at another point xxx′f instead (see Fig. 2.5). This can be corrected
to some extend as long as the skewness is not too big by using an incomplete Taylor
series expansion at xxx′f :

φf ≈ φ′f + (∇φ)′f · ddd′f , (2.47)

where ddd′f is the vector connecting those two points. This is referred to as skewness
correction.

2.2.2. Convection Schemes

In Equation (2.21) the convective term was transformed so that instead of the diver-
gence of φ over the whole cell only the face values are needed. The (convective) mass
flux through the face is defined as

F conv
f := (ρuuu)f ·SSSf . (2.48)

With Equation (2.21) the convective term can be written as∫
VP

∇ · (ρuuuφ) dxxx =
∑
f

F conv
f φf . (2.49)
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The calculation of the mass flux for those cases where the necessary values are either
not known before or depending on the solution (e.g. in the momentum equation) will
be explained later on depending on the specific situation. The remaining face value φf
is computed by a so-called convection differencing scheme, which is used to express the
face values in terms of cell values. One of the possibilities is using linear interpolation
or the Central Differencing scheme (CD) like we did for the diffusion term. It is
defined as

φf = fxxxφP + (1− fxxx)φN . (2.50)

The factor fxxx is the same as in Equation (2.45). This scheme represents a second
order accurate calculation of the face center value ([34] and [16]). However, it has
been observed that this scheme leads to unphysical oscillations in situations where
convection is very important. In fact, the solution can become unbounded because
of those under- and overshoots (see [16, section 4.7]). This problem can be overcome
by the use of upwind differencing (UD), where the face value is determined by the
direction of the flow/face flux. It is defined as

φf =

{
φP , if F conv

f ≥ 0,

φN , if F conv
f < 0.

(2.51)

The drawback of this scheme is that it is only first order accurate ([34], [16]) and tends
to be very diffusive compared to CD. That can result in smoothing out local peaks
or areas with high gradients. However, this two schemes are the most basic schemes
and very easy to use in a computer code. The aim of overcoming the numerical
shortcomings of the CD and UD schemes led to the construction of high order (HO)
and high resolution (HR) schemes (see [34, §12]). Most of these schemes are of higher
accuracy than UD while maintaining a stability similar to that of the upwind scheme.
The cost of this is their increase in complexity compared to the basic schemes. To keep
it simple the construction of HO and HR schemes is shown for the one dimensional
pure convection equation without source terms

∂ρφ

∂t
= −∂ρuφ

∂x
. (2.52)

Details on the implementation of HO schemes on multidimensional nonuniform un-
structured grids can be found in [34, §11.7-11.8, §12.6-12.8]. This equation is dis-
cretized on the domain depicted in Figure 2.6. The main cell is denoted by C and
the velocity u is assumed to be positive. Therefore U , UU mean the upwind and far
upwind nodes and D, DD are the downwind and far downwind nodes.
These cells are all uniform sized so that the faces are lying on the half distance between
two cell centers. An example for a high order scheme is the so called second order
upwind scheme (SOU, see[34]). It is constructed using an upwind based linear inter-
polation. The calculation of the face value is done by fitting a linear profile between
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Figure 2.6.: one dimensional domain used for the convection equation

the nodes U and C. This gives the formula

φ(x) = φC +
φC − φU
xC − xU

(x− xC). (2.53)

Using this equation for the uniform grid depicted in Fig. 2.6 gives the face value

φf =
3

2
φC −

1

2
φU . (2.54)

Computing φf with the SOU scheme is in fact not really an interpolation, it is more
like an extrapolation because the face value is computed depending on the cell values
of the upwind cells. The problem with this scheme is, that it is, although second order
accurate, not unconditionally stable for general flow situations ([34]). The wide class
of HR schemes is build with the aim of systematically getting this second order accu-
racy without introducing to much dispersion by limiting the dispersive portion of the
scheme. HR schemes are often explained with the Normalized Variable Formulation
(NVF, [28, 29, 30]) or the Total Variation Diminishing framework (TVD, see [53] or
[34] ). Here the TVD method is shortly explained. The Total Variation is defined as

TV (φ) =
∑
i

|φi+1 − φi| (2.55)

where the summation is done over the indices of all computational nodes (cells) in the
domain. Any method is Total Variable Diminishing if

TV (φt+∆t) ≤ TV (φt). (2.56)
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That means that TV (φ) does not increase with time. The face value φf could, inter-
polated with the CD scheme and written as the sum of an upwind interpolation and
an additional term, be written as

φf =
1

2
(φD + φC) = φC +

1

2
(φD − φC) (2.57)

The second term on the right hand side is some kind of anti-diffusive flux. That term
is the part of the CD scheme which makes it second order accurate. However, it is
also responsible for the anti-diffusivity which tends to produce oscillations. The aim
in constructing high resolution schemes that way is to add a part of this flux to the
upwind value which is small enough to avoid oscillations while preserving the second
order accuracy. That is done by introducing a flux limiter ψ(r). The face value is then
written as

φf = φC +
1

2
ψ(rf )(φD − φC) (2.58)

with

rf =
φC − φU
φD − φC

as the ratio of two consecutive gradients. The limiter is assumed to be non-negative.
According to [34, 12.4] for a scheme to be TVD, it is necessary that ψ(r) fulfills the
following inequality ([19],[53] and [34])

0 ≤ ψ(r)− ψ(r)

r
. (2.59)

By assuming a value of 0 for negative values of r this holds if

ψ(r) ≤ 2 and ψ(r) ≤ 2r. (2.60)

This can be visually depicted in a r−ψ or Sweby’s diagram. Such a diagram is shown
in Figure 2.7 where the red area shows all the values for which equations (2.60) hold
true. Any flux limiter lying in this region gives a TVD scheme. The limiter function
for UD is obviously ψ(r) = 0 and the limiter for CD can be seen from Equation (2.57)
as ψ(r) = 1. The SOU scheme can be rewritten as

φf =
3

2
φC −

1

2
φU = φC +

1

2
(φC − φU) (2.61)

= φC +
1

2

φC − φU
φD − φC

(φD − φC) = φC +
1

2
rf (φD − φC) (2.62)

which gives the limiter as ψ(r) = r. Drawing this in the diagram (Fig. 2.8) shows
that the three schemes are not completely in the TVD-region. Additionally we can
see that the two second order schemes are both going through the point (1, 1). In [57]
it is shown that any second order scheme is in fact a weighted average between the
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Figure 2.7.: TVD region

Figure 2.8.: second order region
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SOU and CD. This means also that the limiter of every second order scheme has to
go through this point (1, 1) and should lie in the area between them (the blue area in
Figure 2.8, see also [34]). Many different HR schemes have been developed and used
in the past years. One of them will be used in this study and that is the Van Leer
scheme, introduced by [57], with the limiter

ψ(r) =
r + |r|
1 + |r|

. (2.63)

The corresponding green line in Figure 2.8 is lying in the TVD region and in the
second order area. That indicates that it is second order accurate and fulfills the
TVD criteria from equations (2.56) and (2.59).

2.2.3. Source Term

The source term Sφ(φ) is in general also depending on φ itself. It can be directly
evaluated as in Equation (2.25) using the available values φ∗ from previous iterations
or time steps ∫

VP

Sφ(φ) dxxx = [Sφ(φ∗P )]P |VP |

where the superscript ∗ indicates this old value ([34, §14.1]). This does not introduce a
big error if Sφ is either constant, very small or does not change very fast in comparison
to all the other terms. If that is not true one can linearize the source term over a control
volume by using the first terms of a Taylor series expansion in φ∗P ([34])

Sφ(φ) ≈ Sφ(φ∗P ) +

(
∂Sφ
∂φ

)∗
(φ− φ∗P ). (2.64)

Using this relation in Equation (2.25) leads to the representation

Sφ(φP ) |VP | =
(
∂Sφ
∂φP

)∗
|VP |φP +

(
Sφ(φ∗P )−

(
∂Sφ
∂φP

)∗
φ∗P

)
|VP | (2.65)

where the first term on the right hand side is treated implicitly while for the second,
explicit part the old values are used.

2.2.4. Time Discretization

Before any integration in time the integral scalar transport equation on a control
volume can be written in an abbreviated form as∫

VP

∂ρφ

∂t
dxxx+

∫
VP

L(φ) dxxx = 0. (2.66)
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Here the operator L(φ) includes all the spatial terms ([34, §14]). By applying a spatial
discretization as described in the previous sections this changes to

∂ρPφP
∂t

VP + L(φtP ) = 0 (2.67)

where L(φtP ) is the spatial discretization operator evaluated at a time t. This operator
can also be expressed in its algebraic form as

L(φtP ) = aPφ
t
P +

∑
N∈NB(P )

aNφ
t
N − btP . (2.68)

The coefficients of this system of equations are in general dependent on the choice
of spatial discretization schemes. The temporal grid is structured due to its one-
dimensionality and very often uniform sized time-steps are used. Therefore it is an
obvious choice to do the discretization of the temporal derivative with a finite difference
approach. Many different schemes have been used for that and some of them will be
presented here. The first explained schemes are the explicit and implicit Euler.
Using a time step ∆t, one gets the explicit or forward Euler scheme by writing the
value of an arbitrary function φ at the instant t+∆t with a Taylor series approximation
at t. That means

φ(t+ ∆t) = φ(t) +
∂φ(t)

∂t
∆t+

∂2φ(t)

∂t2
∆t2

2
+ · · · , (2.69)

which can be rewritten by neglecting all terms of order 2 or higher as

∂φ(t)

∂t
=
φ(t+ ∆t)− φ(t)

∆t
+O(∆t) (2.70)

and is therefore first order accurate. Substituting that back into Equation (2.67) gives

(ρPφP )t+∆t − (ρPφP )t

∆t
|VP |+ L(φtP ) = 0 (2.71)

which can be written in algebraic form as

at+∆t
P φt+∆t

P = btP −

(atP + aP )φt +
∑

N∈NB(P )

aNφ
t
N

 . (2.72)

This is an explicit time scheme and therefore computationally very cheap because all
the new values can be computed from the existing values without the need to fully
solve a linear system. The additional coefficients are

at+∆t
P =

ρt+∆t
P |VP |

∆t

atP = −ρ
t
P |VP |
∆t

.
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Although this scheme is very fast it is limited in terms of the maximum usable time
step size. That is because in an explicit scheme the time step has to fulfill the so-
called CFL criterion (originally reported in [10]). This criterion says that the discrete
difference equation has to use at least all the information contained in the area of
influence for the original differential equation in the same time interval. According
to [34] the CFL criterion can be interpreted depending on the algebraic coefficients
as the opposite signs rule extended to the temporal neighbors. In this case the main
coefficient is at+∆t

P whereas the temporal neighbor is aP +atP and to assure boundedness
the inequality

atP + aP ≤ 0 (2.73)

should hold true. For a one dimensional pure convection problem spatially discretized
with the upwind scheme this results in the very often used form

uP∆t

∆xP
≤ 1, (2.74)

see [34, p. 494ff]. The term on the left hand side is also called CFL or Courant
number. This is a very strong limitation on the time step for the explicit Euler scheme
especially for small cells. This scheme is for example used in the MULES limiter in
the algorithm for the phase fraction field (see §2.4).
An easy way to overcome the problem with the CFL condition is the usage of the
implicit or backward Euler scheme. For any function φ this is constructed by expressing
the value at t with a Taylor series at t+ ∆t

φ(t) = φ(t+ ∆t)− ∂φ(t+ ∆t)

∂t
∆t+

∂2φ(t+ ∆t)

∂t2
∆t2

2
+ · · · . (2.75)

By ignoring the terms of order higher than ∆t2, the first derivative can be approxi-
mated as

∂φ(t+ ∆t)

∂t
=
φ(t+ ∆t)− φ(t)

∆t
+O(∆t) (2.76)

which results in a first order truncation error. By using Equation (2.76) in Equation
(2.67) (evaluated at t+ ∆t) one gets

(ρPφP )t+∆t − (ρPφP )t

∆t
|VP |+ L(φt+∆t

P ) = 0. (2.77)

The corresponding algebraic form is

(at+∆t
P + aP )φt+∆t

P +
∑

N∈NB(P )

aNφ
t+∆t
N = bt+∆t

P + atPφ
t (2.78)

with the additional coefficients
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at+∆t
P =

ρt+∆t
P |VP |

∆t

atP = −ρ
t
P |VP |
∆t

This is a fully implicit scheme, therefore it is necessary to solve a full system of equa-
tions to march forward in time. However, the implicit Euler scheme is unconditionally
stable independent of the time step size. This can be shown using the opposite signs
rule analogue to the explicit scheme. The diagonal coefficient is here at+∆t

P +aP and the
temporal neighbor is atP . Therefore they are always of opposite signs ([34, §13.2.3]).
Although there are larger time steps allowed with the backward Euler scheme it re-
mains only first order accurate, but it is a very robust and simple scheme.
The wish for a scheme that is stable for larger time steps and second order accurate
leads to the Crank-Nicolson scheme ([11]). Taking the Taylor series approximations
for φ(t+ ∆t) and φ(t) at the instant t+ ∆t

2

φ(t+ ∆t) = φ(t+
∆t

2
) +

∂φ(t+ ∆t
2

)

∂t

∆t

2
+
∂2φ(t+ ∆t

2
)

∂t2
∆t2

8
+ · · · , (2.79)

φ(t) = φ(t+
∆t

2
)−

∂φ(t+ ∆t
2

)

∂t

∆t

2
+
∂2φ(t+ ∆t

2
)

∂t2
∆t2

8
+ · · · , (2.80)

and subtracting (2.80) from (2.79) one obtains an expression for the first derivative at
t+ ∆t

2
that is second order accurate

∂φ(t+ ∆t
2

)

∂t
=
φ(t+ ∆t)− φ(t)

∆t
+O(∆t2). (2.81)

Inserting this in Equation (2.67) (evaluated at t+ ∆t
2

) gives

(ρPφP )t+∆t − (ρPφP )t

∆t
|VP |+ L(φ

t+ ∆t
2

P ) = 0, (2.82)

which results in an algebraic system of the form

at+∆t
P φt+∆t

P = b
t+ ∆t

2
P −

at+ ∆t
2

P φ
t+ ∆t

2
P +

∑
N∈NB(P )

aNφ
t+ ∆t

2
N

− atPφt, (2.83)

where the temporal coefficients are given by ([34, §13.2.4])

at+∆t
P =

ρt+∆t
P |VP |

∆t
,

atP = −ρ
t
P |VP |
∆t

.
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By using a midpoint approximation for

φt+
∆t
2 ≈ φt+∆t + φt

2

and

bt+
∆t
2 ≈ bt+∆t + bt

2
the above equation can be written as

at+∆t
P φt+∆t

P +
1

2

aPφt+∆t
P +

∑
N∈NB(P )

aNφ
t+∆t
N − bt+∆t

P


=

1

2

btP − aPφtP +
∑

N∈NB(P )

aNφ
t
N

− atPφt
=

1

2

btP − (aP + 2atP )φtP +
∑

N∈NB(P )

aNφ
t
N

 (2.84)

or in the general form as

(ρPφP )t+∆t − (ρPφP )t

∆t
|VP |+

1

2

[
L(φt+∆t

P ) + L(φtP )
]

= 0. (2.85)

In (2.84) the temporal neighbor can be identified as aP + 2atP and should remain
negative to guarantee stability. For a one dimensional convection case where the
spatial terms are discretized in the same way as for Equation (2.74) this gives the
inequality

uP∆t

∆xP
≤ 2 (2.86)

(see [34, §13.2.4]). Therefore this scheme allows twice the time step size of the explicit
Euler scheme and is second order accurate, but according to Equation (2.84) it has an
implicit part like the backward Euler scheme. Therefore a system of linear equations
has to be solved at every time step. However, it is possible to avoid this by using the
right implementation. The Crank-Nicolson scheme can be implemented as a two step
procedure starting with the implicit Euler followed by the explicit Euler ([34, §13.2.5]).
By using an intermediate time step ∆t

2
with Equation (2.77) one gets

(ρPφP )t+
∆t
2 − (ρPφP )t

∆t
2

|VP | = −L(φ
t+ ∆t

2
P ). (2.87)

doing the same with Equation (2.71) starting from this intermediate time-step gives

(ρPφP )t+∆t − (ρPφP )t+
∆t
2

∆t
2

|VP | = −L(φ
t+ ∆t

2
P ). (2.88)



46 2. Discretization

Adding up this equations leads to

(ρPφP )t+∆t − (ρPφP )t+
∆t
2

∆t
2

|VP |+
(ρPφP )t+

∆t
2 − (ρPφP )t

∆t
2

|VP | = −2L(φ
t+ ∆t

2
P ) (2.89)

or
(ρPφP )t+∆t − (ρPφP )t

∆t
|VP | = −L(φ

t+ ∆t
2

P ),

which is equal to the Crank-Nicolson Scheme in (2.82). In a practical implementa-
tion this two step procedure is done by combining equations (2.87) and (2.88) in the
following way

(ρPφP )t+∆t − (ρPφP )t+
∆t
2

∆t
2

|VP | =
(ρPφP )t+

∆t
2 − (ρPφP )t

∆t
2

|VP | (2.90)

which can be simplified to

(ρPφP )t+∆t = 2(ρPφP )t+
∆t
2 − (ρPφP )t. (2.91)

Implemented in this way the Crank-Nicolson scheme is fully explicit, but the values
of the last two time-steps are always needed.
Comparing equations (2.71), (2.77) and (2.82) one can describe all three schemes in a
unified approach with

(ρPφP )t+∆t − (ρPφP )t

∆t
VP + αL(φt+∆t

P ) + (1− α)L(φtP ) = 0. (2.92)

where α ∈ R is some kind of blending parameter and normally between 0 and 1.
By using the values 0, 1

2
or 1 one gets the explicit Euler, the Crank-Nicolson or the

implicit Euler scheme as special cases of this general approach. As mentioned in
[25], the Crank-Nicolson scheme does not guarantee boundedness of the solution. In
OpenFOAM R© the Crank-Nicolson scheme is implemented as a blending between the
pure Crank-Nicolson and the implicit Euler scheme. Therefore it is possible to sta-
bilize the solution by decreasing the usage of Crank-Nicolson while maintaining some
portion of the second-order accuracy ([36]). An additional option in OpenFOAM R© is
the possible usage of adaptive time steps, where the size of the next time interval is
defined by the current velocity (flux) field and a desired maximal CFL number ([36],
[12]).This is of great help if the maximal usable time step size is not known before
and for maintaining a small CFL number for the explicit solution of the phase frac-
tion Equation (§2.4). The usage of the Euler schemes with non uniform time steps
is straight forward because both do only need the information of one time step. The
Crank-Nicolson schemes needs to be adapted for that. Details on the Crank-Nicolson
scheme with non-uniform time steps can be found in [34, §13.4.1].
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2.3. Discretization of the Navier-Stokes equations

The next step is the application of the general discretization techniques from the previ-
ous chapter to the incompressible Navier-Stokes equations, given by Equations (N.-S.).
Using the described interpolation techniques directly can result in decoupling of the
pressure and velocity fields (see [34, §15.5.1]). One possibility to overcome this prob-
lem is the usage of staggered grids where the pressure and all the components of the
velocity field are calculated and stored on different (shifted) grid systems. Because of
this extra grid systems the needed computational storage increases significantly and
the use of general unstructured meshes leads to a higher number of equations to be
solved. However, with the Rhie-Chow interpolation technique ([43]), it is possible to
avoid the necessity of a staggered variable arrangement. This interpolation addresses
and removes the decoupling problem while maintaining the advantages of a collocated
grid ([34, §15.5]). The flow equations are then discretized using a segregated approach.
The methods used in this work are from the SIMPLE (Semi Implicit Method for Pres-
sure Linked Equations) family of algorithms. This class of algorithms is based on the
original SIMPLE algorithm ([39], [40], [41]) or a bit more precisely: the different
formulations are all sharing the same basic derivations which are presented here ac-
cording to [34].
Basically the discretization starts by using Gauss Theorem to rewrite the mass con-
servation equation with the face volume flux Ff and the face mass flux ṁf as∫

VP

∇ · (ρuuu) dxxx =
∑

f∈F (P )

∫
Sf

(ρuuu) · nnn dsxxx

≈
∑

f∈F (P )

ρf uuuf ·SSSf︸ ︷︷ ︸
:=Ff

=
∑

f∈F (P )

ρfFf︸︷︷︸
:=ṁf

=
∑

f∈F (P )

ṁf = 0, (2.93)

where F (P ) means all the faces belonging to cell P . The momentum equations are
taken in the form

∫
VP

∂ρuuu

∂t
dxxx+

∫
VP

∇ · {ρuuuuuu} dxxx = −
∫
VP

∇p dxxx (2.94)

+

∫
VP

∇ · {µ∇uuu} dxxx+

∫
VP

∇ · {µ(∇uuu)T} dxxx+

∫
VP

fff dxxx. (2.95)

In the discretization process, the underlined terms are evaluated explicitly using old
values of the required fields ([34, §15.5.1]) and therefore included in the source term.
This can be done analogous to the sections 2.2.1 and 2.2.3 by either transforming
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them into surface integrals or approximating them by using the cell center values.
This results in a system of linear equations for the velocity components for every cell
P

auuuPuuuP +
∑

N∈NB(P )

auuuNuuuN = bbbuuuP . (2.96)

Taking the (semi-discretized) pressure term out of the source term

bbbuuuP = − |VP | (∇p)P + b̂̂b̂buuuP

and dividing by auuuP gives

uuuP +
∑

N∈NB(P )

auuuN
auuuP
uuuN = −|VP |

auuuP
(∇p)P +

b̂̂b̂buuuP
auuuP
. (2.97)

This can be reformulated as

uuuP +HHHp[uuu] = −DDDuuu
P (∇p)P +BBBuuu

P (2.98)

with the vector operators

HHHp[uuu] =
∑

N∈NB(P )

auuuN
auuuP
uuuN ,

DDDuuu
P =

|VP |
auuuP

and

BBBuuu
P =

b̂̂b̂buuuP
auuuP
.

2.3.1. The Rhie-Chow Interpolation

The Rhie-Chow interpolation is used to get the face velocity values from the cell
center values. This is necessary to avoid the possible decoupling of the pressure and
velocity fields by using a simple linear interpolation. This decoupling can be easily
demonstrated in 1D where so-called checkerboard fields (fields with alternating values
from cell to cell) are misinterpreted as uniform fields by the SIMPLE algorithm (see
[34, section 15.2.3]). Assuming a collocated grid arrangement on a 1D mesh with
uniform cells of length ∆x as in Figure 2.9 and specifying f ′ as the upwind face, the
pressure term for the central cell VC can be transformed to a semi-discretized form∫

VC

∂p

∂x
dx ≈

∫
Sf

p dsx −
∫
Sf ′

p dsx.

Since |Sf ′| = |Sf | = |VC |
∆x

this can be further simplified by approximation of the surface
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Figure 2.9.: one dimensional domain used for the discretization of the pressure term

integrals with the midpoint rule to∫
VC

∂p

∂x
dx ≈ |VC |

∆x
[pf − pf ′ ] .

Computing the face values directly with linear interpolation gives∫
VC

∂p

∂x
dx ≈ |VC |

∆x

[
1

2
(pD + pC −

1

2
(pC + pU)

]
= |VC |

pD − pU
2∆x

(see [34, §15.2.3]). Thus the equation for the central cell C does only include the
pressure values of the neighboring cells. A similar situation can be derived for the
velocity by using the continuity equation. In both cases only alternating values are
linked to each other. If the fields have alternating values (zigzag or checkerboard fields)
this would then be mistakenly seen as a uniform field by the numerical method. That
is when the Rhie-Chow interpolation is needed.
Face values computed by linear interpolation will be expressed with an over-bar in the
following derivations. That means for any function φ, a cell face f between cells P
and N and the geometric factor fxxx from Equation (2.45) the face value is evaluated as

φf = fxxxφP + (1− fxxx)φN . (2.99)
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The Rhie Chow interpolation was originally reported in [43] and will be presented
here according to the derivations in [34]. In this interpolation technique an additional
dissipation term containing two variants of the cell face pressure gradient is added to
the linear interpolated velocity values. The face velocity is then expressed as

uuuf = uuuf −DDDuuu
f

(
∇pf −∇pf

)
. (2.100)

The cell face pressure gradient∇pf is computed according to the gradient computation
in section 2.2.1 as

∇pf = ∇pf +

[
pN − pP
dPN

− (∇pf · eeePN)

]
eeePN .

That means that the pressure gradient in the PN direction is computed using the
values of the adjacent cells

∇pf · eeePN = ∇pf · eeePN +

[
pN − pP
dPN

− (∇pf · eeePN)

]
eeePN · eeePN

=
pN − pP
dPN

and therefore the face velocities are also directly related to the adjacent pressure values.
This makes checkerboard fields inadmissible and therefore removes the possibility of
decoupling. Furthermore this makes the application of the SIMPLE algorithm on
unstructured collocated grids possible.

2.3.2. The SIMPLE algorithm

The original SIMPLE algorithm ([39], [40], [41]) was first developed for a staggered
grid arrangement. With the Rhie-Chow interpolation (see § 2.3.1) it was possible to
adapt the algorithm for collocated grids. The respective formulation on such grids
is described following [34]. The algorithm starts with either guessed or old values
(uuun, ṁn, pn), where ṁ is the mass flow rate at the boundaries of the cells. Equation
(2.98) is then first solved for an intermediate velocity field uuu∗

uuu∗P +HHHp[uuu
∗] = −DDDuuu

P (∇pn)P +BBBuuu
P (2.101)

using the old pressure field. This intermediate solution obeys momentum conservation
but not necessarily mass conservation. Therefore some correction fields (uuu′, ṁ′, p′) are
needed to get both momentum and mass conservation. They are related to the desired
solution according to

uuu = uuu∗ + uuu′,

p = pn + p′,

ṁ = ṁ∗ + ṁ′.
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This gives ∑
f∈F (P )

ṁ′f = −
∑

f∈F (P )

ṁ∗f (2.102)

for the continuity equation, where ṁ∗f is computed as

ṁ∗f = ρfuuu
∗
f ·SSSf . (2.103)

The estimated face velocity uuu∗f is computed with the Rhie-Chow interpolation as

uuu∗f = uuu∗f −DDDuuu
f

(
∇pnf −∇pnf

)
. (2.104)

The difference between equations (2.98) and (2.101) gives

uuu′P +HHHP [uuu′] = −DDDuuu
P (∇p′)P (2.105)

and the correction of the mass flow rate can be written as

ṁ′f = ρfuuu
′
f ·SSSf . (2.106)

The correction uuu′f of the cell face velocity value is computed by subtracting Equation
(2.104) from Equation (2.100). This results in

uuu′f = uuu′f −DDDuuu
f

(
∇p′f −∇p′f

)
. (2.107)

Using Equation (2.106) and (2.107) in Equation (2.102) leads to∑
f∈F (P )

(ρfuuu′f ·SSSf ) +
∑

f∈F (P )

(ρfDDDuuu
f∇p′f ·SSSf )−

∑
f∈F (P )

(ρfDDDuuu
f∇p

′
f ·SSSf )

= −
∑

f∈F (P )

ṁ∗f . (2.108)

Taking the respective neighboring cell N corresponding to a face f , an equation for
the mass flow rate correction can be constructed analogous to Equation (2.105)

uuu′N +HHHN [uuu′] = −DDDuuu
N(∇p′)N . (2.109)

Linear interpolation between Equation (2.105) and Equation (2.109) gives

uuu′f +HHHf [uuu′] = −DDDuuu
f (∇p′)f , (2.110)

which can be rewritten as

uuu′f +DDDuuu
f (∇p′)f = −HHHf [uuu′]. (2.111)
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Inserting this in Equation (2.108) yields the pressure correction equation∑
f∈F (P )

(−ρfDDDuuu
f∇p

′
f ·SSSf ) = −

∑
f∈F (P )

ṁ∗f +
∑

f∈F (P )

(ρfHHHf [uuu′] ·SSSf ). (2.112)

The underlined term can not be directly used because it requires the unknown cor-
rection field uuu′. Its particular treatment results in different variants of the SIMPLE
algorithm [34, S 15.7]. In the original formulation of the algorithm this term is ne-
glected. That does not change the final solution since it is a correction term in an
iterative process which becomes zero for the converged solution. However, it does
influence the convergence behavior and results in larger pressure corrections. There-
fore often explicit under-relaxation is used for the pressure correction values. The
treatment of the remaining terms in Equation (2.112) can be done with the methods
from the previous section. The resulting coefficients for the linear equations are con-
structed as per the diffusion term discretization. That means the term on the left side
is rewritten according to

(DDDuuu
f∇p

′
f ) ·SSSf = (∇p′fDDDuuu

f

T
) ·SSSf (2.113)

= ∇p′f · (DDDuuu
f

T ·SSSf ) (2.114)

= ∇p′f ·SSS ′f (2.115)

where

SSS ′f = DDDuuu
f

T ·SSSf =

 Du1
f 0 0

0 Du2
f 0

0 0 Du3
f


 Sxf

Syf
Szf

 =

 Du1
f S

x
f

Du2
f S

y
f

Du3
f S

z
f

 . (2.116)

By using the modified surface vector SSS ′f this becomes a diffusion term as in Section
2.2.1 (with φ = p) and can be discretized accordingly with one of the choices for non-
orthogonality correction (Equations (2.39), (2.41) and (2.43)). Doing so results in an
algebraic equation

ap
′

P p
′
P +

∑
N∈NB(P )

ap
′

Np
′
N = bbbp

′

P (2.117)

with the term on the right side given as

bbbp
′

P = −
∑

f∈F (P )

ṁ∗f +
∑

f∈F (P )

(ρfHHHf [uuu′] ·SSSf ) (2.118)

and the mass flow rate ṁ∗f computed with the Rhie-Chow interpolation as in Equation
(2.104). As mentioned above, due to the neglection of the underlined term in the
SIMPLE algorithm, under-relaxation of the pressure correction field can improve the
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convergence of the algorithm ([34, §15.5.2]). Using an under-relaxation factor λP , the
following corrected values are obtained

uuu∗∗P = uuu∗P + uuu′P with uuu′P = −DDDuuu
P∇p′P (2.119)

ṁ∗∗f = ṁ∗f + ṁ′f with ṁ′f = −ρfDDDuuu
f∇p′f ·SSSf (2.120)

p∗P = pnP + λPp′P (2.121)

Putting these steps together one step of the collocated SIMPLE algorithm can be
summarized in the following way:

1. Start with a given solution (uuun, ṁn, pn) at iteration n (for example time t) as
initial guess.

2. Solve the momentum equation (Eq. (2.101)) to get a intermediate momentum
conserving velocity field uuu∗.

3. Use the obtained velocity field to compute an updated mass flow rate ṁ∗ with
the Rhie-Chow interpolation (Equations (2.103) and (2.104)).

4. Construct the pressure correction equation (Eq. (2.112)) with the updated mass
flow rate and solve it to get a pressure correction field p′.

5. Update the velocity and pressure fields using this pressure correction with Equa-
tion (2.119) to get the mass conserving fields (uuu∗∗, ṁ∗∗, p∗).

6. Take the obtained solution as a new initial guess and repeat from step 2 until
convergence is achieved.

7. Use the converged solution as the exact solution at iteration n+1 (or time t+∆t)
and proceed to the next iteration.

8. Repeat from step 1 until the last iteration or time step is reached.

2.3.3. The PISO algorithm

Starting with the SIMPLE algorithm, a whole family of similar algorithms have been
developed (see [34, §15.7] for an overview of the algorithms and their differences). They
are mostly differing in the treatment of the velocity correction term (the underlined
term in Eq. (2.112)). The PISO (Pressure-Implicit Split Operator) algorithm is an
often encountered member of this family. It is composed of two or more different
steps. Starting from an initial guess first a full SIMPLE iteration is done to get the
continuity satisfying fields (uuu∗∗, ṁ∗∗, p∗) by neglecting HHHP [uuu′]. In a second step this
fields are used to reconstruct the momentum equation, but this time using the updated
fields to compute the respective coefficients/operators HHH∗∗p , (DDDuuu

P )∗∗ and (BBBuuu
P )∗∗. This

new momentum equation is then solved explicitly for every cell to derive a new velocity
field uuu∗∗∗

uuu∗∗∗P = −HHH∗∗p [uuu∗∗]− (DDDuuu
P )∗∗(∇p∗)P + (BBBuuu

P )∗∗. (2.122)
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This field is further used to compute a new mass flow rate ṁ∗∗∗ with the Rhie-Chow
interpolation (analogous to Equation (2.103)). With that some part of the neglected
HHHP [uuu′] term is recovered by writing the remaining velocity correction as

uuu∗∗∗∗P = uuu∗∗∗P + uuu′′P
= −HHH∗∗p [uuu∗∗]− (DDDuuu

P )∗∗(∇p∗)P + (BBBuuu
P )∗∗ + uuu′′P

= −HHH∗∗p [uuu∗ + uuu′]− (DDDuuu
P )∗∗(∇p∗)P + (BBBuuu

P )∗∗ + uuu′′P

= −HHH∗∗p [uuu∗]−HHH∗∗p [uuu′]− (DDDuuu
P )∗∗(∇p∗)P + (BBBuuu

P )∗∗ + uuu′′P

= −HHH∗∗p [uuu∗]− (DDDuuu
P )∗∗(∇p∗)P + (BBBuuu

P )∗∗︸ ︷︷ ︸
≈uuu∗∗

−HHH∗∗p [−DDDuuu
P∇p′P ] + uuu′′P .

The first 3 terms on the right hand resemble an explicit evaluation of the momentum
equation with updated coefficients and pressure values, but the old velocity values.
Therefore it is an approximation of uuu∗∗. This gives the new velocity correction as

uuu∗∗∗∗P ≈ uuu∗∗ −HHH∗∗p [−DDDuuu
P∇p′P ] + uuu′′P , (2.123)

where the underlined terms represent the recovered part of the originally neglected
term HHHP [uuu′] ([34, §15.7.3]). The velocity correction of the second step, uuu′′P , satisfies

uuu′′P = −HHH∗∗p [uuu′′]− (DDDuuu
P )∗∗(∇p′′)P , (2.124)

which can be shown similar to Equation (2.105). Using this with the Rhie-Chow
interpolation in the same way as in the derivation of Equation (2.112) gives a new
pressure correction equation∑

f∈F (P )

(−ρfDDDuuu
f∇p

′′
f ·SSSf ) = −

∑
f∈F (P )

ṁ∗∗∗f +
∑

f∈F (P )

(ρfHHHf [uuu′′] ·SSSf ). (2.125)

The underlined parts of Equations (2.124) and (2.125) are again neglected. At the end
of the second step all the fields are again updated similar to Equations (2.119)

uuu∗∗∗∗P = uuu∗∗∗P + uuu′′P with uuu′′P = −(DDDuuu
P )∗∗(∇p′′)P (2.126)

ṁ∗∗∗∗f = ṁ∗∗∗f + ṁ′′f with ṁ′′f = −ρfDDDuuu
f∇p′′f ·SSSf (2.127)

p∗∗P = p∗P + p′′P (2.128)

This second corrector step can be repeated multiple times, recovering successively ad-
ditional parts of the originally neglected termHHHP [uuu′]. One step in the PISO algorithm
can be summarized as follows

1. Start with a given solution (uuun, ṁn, pn) at iteration n as initial guess.

2. Do one step of the SIMPLE algorithm to get (uuu∗∗, ṁ∗∗, p∗)
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3. Assemble a new momentum equation using these updated fields and solve it
explicitely to get uuu∗∗∗

4. Use this field to get a new mass flux field ṁ∗∗∗

5. Construct a new pressure correction equation (Eq. (2.125)) with the updated
mass flow rate and solve it to get a pressure correction field p′′.

6. Update the velocity and pressure fields using this pressure correction with Equa-
tion (2.119) to get the corrected fields (uuu∗∗∗∗, ṁ∗∗∗∗, p∗∗).

7. Repeat from step 3 for a predefined number of corrector loops taking this updated
values for the construction of the next momentum equation

8. Take the momentary solution as a new initial guess and repeat from step 2 until
convergence is achieved.

9. Use the converged solution as the exact solution at iteration n+1 (or time t+∆t)
and proceed to the next iteration.

10. Repeat from step 1 until the last iteration or time step is reached.

Contrary to the original SIMPLE, the PISO algorithm does not necessarily need
under-relaxation for stability, because of this extra correction steps [34, §15.7]. When
using the Rhie-Chow interpolation one has to pay special attention in transient cases,
when under relaxation for the velocity field is used and in treating the body force terms.
In all of this cases the interpolation has to be slightly modified to an extended Rhie-
Chow interpolation. Details on this topic can be found in [34, §15.9]. In OpenFOAM R©

both the SIMPLE and the PISO algorithm are implemented in a unified framework
called PIMPLE. This framework allows the user to use different versions of these
algorithms as described in [34] by using specific keywords ([24]).

2.3.4. Boundary Conditions

The choice and implementation of the boundary conditions is very critical in CFD
to ensure a stable and accurate solution procedure. In the case of sloshing only the
wall boundary conditions are of interest. The treatment of the boundaries described
here is following the derivations in [34, §15.6]. Recalling Section 1.2 one has a no-
slip or slip boundary condition for the velocity and no physical boundary condition
for the pressure. Both will be addressed here. The starting point, however, is the
necessary modification to the Rhie-Chow interpolation at boundary faces. Since no
linear interpolation can be done at such a boundary face b the averaging from Equation
(2.99) becomes a low-order extrapolation by setting the boundary value equal to the
cell value

φb = φP .
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That changes the different average values according to

uuu∗b = uuu∗P , (2.129)

DDDuuu
b = DDDuuu

P , (2.130)

∇pnb = ∇pnP (2.131)

and results in a Rhie-Chow interpolation of the form

uuu∗b = uuu∗b −DDDuuu
b

(
∇pnb −∇pnb

)
(2.132)

= uuu∗P −DDDuuu
P (∇pnb −∇pnP ) . (2.133)

For the details on the wall boundary conditions, the momentum equation (Eq. (1.14))
is rewritten in a semi discretized form with the viscous terms expressed as the incom-
pressible stress tensor τττ and the volume integrals of all the divergence terms trans-
formed to surface integrals(

∂ρuuu

∂t

)
P

|VP |+
∑

f∈F (P )

(ṁfuuuf ) = −
∑

f∈F (P )

(pfSSSf ) +
∑

f∈F (P )

(τττ f ·SSSf ) + fffP |VP | . (2.134)

All terms containing face values have to be considered at a boundary face. Therefore
the sums are split into their interior (Fint(P ) := {inner faces of cell P}) and boundary
faces. Without loss of generality we can assume that there is only one boundary face
(b) at the cell under consideration. This gives∑

f∈F (P )

(ṁfuuuf ) =
∑

f∈Fint(P )

(ṁfuuuf ) + ṁbuuub,

∑
f∈F (P )

(pfSSSf ) =
∑

f∈Fint(P )

(pfSSSf ) + pbSSSb,

and ∑
f∈F (P )

(τττ f ·SSSf ) =
∑

f∈Fint(P )

(τττ f ·SSSf ) + τττ b ·SSSb

=
∑

f∈Fint(P )

(τττ f ·SSSf ) +FFF b.

All of the boundary values need to be defined. That means they have to be either
directly determined by the physical boundary condition or constructed in a way that
they are compatible with this condition.
The no-slip boundary condition implies that the velocity uuu is equal to the wall velocity
uuuwall. Although this seems like a Dirichlet boundary condition, it is not really one. In
fact this means that one has to ensure a zero normal boundary flux while accounting
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for the right shear stresses. This is done by making the shear stress tangential to the
wall and defining the corresponding velocity in a compatible way. FFF b, which is the
force coming from the wall and acting on the fluid, can be divided into a normal and
a tangential part

FFF b = FFF ‖ +FFF⊥.

The normal force should vanish and therefore

FFF b = FFF ‖ = τwall |Sb|

with the shear stress

τwall = −µ
∂uuu‖
∂d⊥

(2.135)

exerted by the wall [34, §16.6.1.1]. The term uuu‖ in this equation is the velocity parallel
to the wall and d⊥ is the normal distance between the centroid of the boundary element
and the wall. It is evaluated according to

d⊥ = dddPb · nnnw =
dddPb ·SSSb
|Sb|

(2.136)

where nnnw means the unit normal vector to the wall. One can now express the tangential
velocity as a difference between the velocity uuu and its normal component

uuu‖ = uuu− (uuu · nnnw)nnnw =

 u1 − (u1nw1 + u2nw2 + u3nw3)nw1

u2 − (u1nw1 + u2nw2 + u3nw3)nw2

u3 − (u1nw1 + u2nw2 + u3nw3)nw3

 . (2.137)

By approximating the gradient in Equation (2.135) with a linear profile and using
Equation (2.137) we can write the wall shear stress as

τwall ≈ −µb
(uuuP − uuub)‖

d⊥
= −µb

(uuuP − uuub)− ((uuuP − uuub) · nnnw)nnnw
d⊥

(2.138)

which gives the boundary force

FFF b ≈ −µb |Sb|
(uuuP − uuub)− ((uuuP − uuub) · nnnw)nnnw

d⊥
. (2.139)

In the case of a slip boundary condition there is no wall shear stress which results in a
vanishing boundary force FFF b. In our case a wall is defined in a way so that the fluids
can not go through it. Therefore the mass flux at any wall ṁb is also zero. Since there
is no condition on the pressure at the boundary face there can not be a defined value.
Additionally we have no mass flux at a wall which means that there is no need for
a flux correction in the pressure equation (ṁb

′ = 0, cf. Equation (2.102)). However,
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a pressure value has to be defined at the boundary. This is done by extrapolation.
Relatively simple ways for that are either a low-order extrapolation

pb = pP (2.140)

or a truncated Taylor series expansion

pb = pP +∇pP · dddPb. (2.141)

For a closed vessel like the geometries under consideration every boundary face is of
the type wall. This also means that there is no defined pressure value at any boundary.
The pressure is also only present in the incompressible momentum equations through
its gradient. In this case no meaningful absolute pressure level can be calculated, only
pressure differences. Furthermore the coefficient matrix of the resulting linear system
after discretization will be singular. To get a regular matrix one can define a pressure
value at one point in the computational domain. The pressure field is then calculated
relative to this point ([34, §15.6.2.5]).

2.4. The VOF Method

Following the description in Section 1.3, the distribution of the free surface is described
by the phase function H and the corresponding transport equation (Eq. (1.50)). The
discretization of this equation is done with the volume of fluid method (VOF, originally
introduced in [23]). It will be described here in general according to [55] and following
the respective implementation in OpenFOAM R© as given in [44], [2] and [12]. For that
the discontinuous phase function H is replaced by a phase fraction field α. This α field
takes values between 0 and 1 and describes the fraction of the reference fluid at a point
in space. In the discrete case this means for any cell the fraction of the cell volume
occupied by the reference fluid. It is then used to define the fluid properties analogously
to the phase function in Equation (1.51). In the original VOF approach the advection
of the volume fraction field follows a three step procedure. Starting from an old α field
and a given velocity field the first step is the reconstruction of the interface in every
cell with values 0 < αP < 1. Several methods for that have been proposed in literature
apart from the one adopted in [23]. Basic ones are the SLIC (simple line interface
calculation,[35]) or PLIC (piecewise linear interface calculation,[60]) method. Some
of these algorithms require the computation of the interface normal. Examples for the
different methods used for that purpose are the Youngs Finite Difference Method ([61]),
the ELVIRA method (efficient least-squares VOF interface reconstruction algorithm,
[42]) and the least-squares fit method ([46]). This is followed by the advection of
the reconstructed surface. A good overview of different options for this step is given
in [55, §5.4]. The last step is the calculation of the advected α field based on the
moved surface. This new α field is then used in the Navier-Stokes equations for the
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computation of the mixture properties and the flow field. The implementation used
in OpenFOAM R© follows a different approach. There is no geometric reconstruction
and separate advection. The evolution of the α field is computed by using the general
conservation equation

∂α

∂t
+∇ · (uuuα) = 0. (2.142)

This equation can be discretized like any scalar transport equation (c.f. §2.2). How-
ever, one has to ensure that there is no extensive smoothing of the gradient at the
free surface by the used discretization methods. Optimally one wishes to keep the
gradient zone (the cells with values between 0 and 1) restricted to a width of just a
few cells while it is necessary to assure that the values are bounded between zero and
one. Therefore an extended version of this equation is used:

∂α

∂t
+∇ · (uuuα) +∇(uuurα(1− α)) = 0. (2.143)

It can be derived by defining separate transport equations for α and (1− α)

∂α

∂t
+∇ · (uuuαα) = 0, (2.144)

∂(1− α)

∂t
+∇ · (uuu1−α(1− α)) = 0 (2.145)

with their respective velocity fields uuuα and uuu1−α. Defining the velocity of the mixture
as a weighted average

uuu = αuuuα + (1− α)uuu1−α,

Equation (2.144) can be rearranged to Equation (2.143) with the compression velocity
defined as uuur := uuuα−uuu1−α. The additional term is an artificial compression term ([44],
[12]). This term is only active after discretization and in the vicinity of the interface
due to the product α(1−α) which is zero for any empty or full cell. It does not affect the
original continuous equation, because the indicator function at any point is either 0 or
1 but nothing in between. The compression velocity uuur has to be defined in a suitable
way to ensure a sharp interface region ([44]). It is computed in the discrete system via
face fluxes. The transport equation is solved explicitly and the desired boundedness
is achieved by limiting the calculated face fluxes with the so-called MULES limiter
(Multidimensional Universal Limiter for Explicit Solution, [12]) which is a special case
of the FCT (Flux-Corrected Transport, [3], [62], [27]) methodology. In this method
the face fluxes are limited (in contrary to the face values in case of HR schemes). The
first step is to integrate Equation (2.143) over a cell P and using Gauss Theorem and
a one point numerical integration similar to the discretization of the convection terms
in section 2.2.2. This gives a semi-discretized equation of the form(

∂α

∂t

)
P

|VP |+
∑
f

αfuuuf ·SSSf +
∑
f

αf (1− α)f (uuur)f ·SSSf = 0. (2.146)
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Using the explicit Euler temporal scheme and defining the face fluxes Ff := uuuf · SSSf
and F r

f := (uuur)f ·SSSf this becomes

αn+1
P − αnP

∆t
|VP |+

∑
f

αnf (Ff )
n +

∑
f

αnf (1− α)nf (F r
f )n = 0. (2.147)

The face values αf are calculated with any high resolution scheme (e.g. the TVD
conforming Van Leer scheme) as in section 2.2.2 whereas the volumetric flux Ff is taken
from the pressure-velocity coupling in the PISO algorithm (ṁf = ρuuuf · SSSf = ρFf ).
The compressive flux is computed as

F r
f := n̂fCα

∣∣∣∣FfSf
∣∣∣∣ (2.148)

with a compression constant Cα and the face unit normal flux n̂f . This flux is defined
using the gradient of the phase fraction

n̂f =
(∇α)f

|(∇α)f + δn|
·SSSf (2.149)

where δn is a small stabilization factor to avoid division by zero which is calculated
according to

δn =
ε(

1
N

∑N
i=1 |Vi|

) 1
3

. (2.150)

In OpenFOAM R© ε is set to 10−8. This computations are followed by the application
of a FCT technique. This is done by combining the fluxes and the face values to a
total high order face flux

Fα,H
f = αfFf + αf (1− α)fF

r
f .

Equation (2.147) can then be rearranged with these combined face fluxes to get

αn+1
P = αnP −

∆t

|VP |
∑
f

(Fα,H
f )n. (2.151)

Additionally a low order flux
Fα,L
f = αLfFf

is computed with the Upwind Differencing Scheme. While directly using the upwind
flux Fα,L

f in Equation (2.151) would keep the solution bounded it is too diffusive and

would smear out the gradient. Fα,H
f on the other hand keeps the gradient sharp at the

expense of possible unboundedness. For FCT the low order fluxes are then subtracted
from the ones with higher order to get the anti-diffusive flux

Af = Fα,H
f − Fα,L

f , (2.152)



2.4. The VOF Method 61

which is then limited to get the corrected flux

Fα,C
f = Fα,L

f + λfAf . (2.153)

The λf are suitable weighting factors between 0 and 1 to ensure that no new local
extrema are created and the global limits are fulfilled. The resulting limited fluxes are
then inserted in Equation (2.151) to get

αn+1
P = αnP −

∆t

|VP |
∑
f

(Fα,C
f )n (2.154)

which is an explicit equation for the α field at the new time step. The crucial step in
this procedure is the calculation of the weighting factors λf . In the MULES limiter
this is done by an iterative manner ([12]). According to [27], this iteration converges
to an analytical value given in [62]. It starts with the calculation of the local extrema

αmaxL,nP = max{αnP , αnN} N ∈ NB(P ),

αminL,nP = min{αnP , αnN} N ∈ NB(P )

and the total inflow F+
P and outflow F−P of the antidiffusive flux A

F+
P = −

∑
f

A−f ,

F−P =
∑
f

A+
f

where A−f are the inflows and A+
f are the outflows per face. This is followed by a

correction of the local maxima/minima with respect to the global limits αmaxG and
αminG

αmax,nP = min{αmaxG, αmaxL,nP },
αmin,nP = max{αminG, αminL,nP }.

These values are then used in combination with the low-order flux to compute the net
flux per cell

Q+
P =

V

∆t
(αmax,nP − αnP ) +

∑
f

Fα,L
f ,

Q−P =
V

∆t
(αnP − α

min,n
P )−

∑
f

Fα,L
f .
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The iteration starts with the initial guess λ1
f = 1.0 for every face. With λνf as the

value from a previous iteration, first two intermediate values are computed for every
cell

λ+,ν+1
P = max

{
min

(
−
∑

f λ
ν
fA
−
f +Q−P

F−P
, 1

)
, 0

}
,

λ−,ν+1
P = max

{
min

(
+
∑

f λ
ν
fA

+
f +Q+

P

F+
P

, 1

)
, 0

}
.

These are then used to compute the new face values

λν+1
f =

{
min{λ+,ν+1

P , λ−,ν+1
N }, if Af ≥ 0,

min{λ−,ν+1
P , λ+,ν+1

N }, if Af < 0.
(2.155)

Here N is the neighbor cell corresponding to face f . This loop is repeated for a pre-
defined number of iterations. The whole solution procedure for the phase fraction
equation is explicit (Eq. (2.154)), which gives an additional limitation on the maximal
usable time step (cf. section 2.2.4). For that reason temporal subcycling is often used
in the solution of Equation (2.143). That means the total time step is divided into
a number of smaller intervals, which are then solved successively in the algorithm for
the α equation without recomputing the complete flow field after every sub-step ([2]
and [12]).
Due to the one-fluid formulation only one pressure field is present in the model. How-
ever, the gradient normal to a stationary wall at a contact point of the free surface is
different for each phase due to the different densities of the fluids [2]. For a simpler
definition of boundary conditions and a more stable solution a modified pressure is
introduced

prgh = p− ρggg · xxx (2.156)

with the gravitational acceleration ggg. The negative pressure gradient is then expressed
as in

−∇p = −∇prgh − ggg · xxx∇ρ− ρggg. (2.157)

Rearranging Equation (2.157) results in

−∇p+ ρggg = −∇prgh − ggg · xxx∇ρ. (2.158)

Taking the gravitational force out of the body force term in the momentum equation

fff = f̃ff + ρggg
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the whole left side of Equation (2.158) can be substituted by the right hand side in
the momentum equation. This results in the following modified momentum equation∫

VP

∂ρuuu

∂t
dxxx+

∫
VP

∇ · {ρuuuuuu} dxxx = −
∫
VP

∇prgh dxxx−
∫
VP

ggg · xxx∇ρ dxxx (2.159)

+

∫
VP

∇ · {µ∇uuu} dxxx+

∫
VP

∇ · {µ(∇uuu)T} dxxx +

∫
VP

f̃ff dxxx (2.160)

which is then used in the PISO algorithm ([2],[12],[44]).

2.5. Summary of the solution algorithm

With the results of this chapter one step of the solution algorithm forward in time can
be summarized in the following way:

1. Start with the solution of the previous time step. This solution consists of the
velocity field uuun, the modified pressure field pnrgh, the mixture density ρn and the
viscosity µn and the phase fraction field αn, which are all defined on the cell
centers. Additionally the volume flux F n

f and the mass flux ṁn
f are stored on the

face centers.

2. Compute the evolution of the phase fraction field as described in Section 2.4 using
the MULES limiter and temporal sub-cycling. Use the new α field to calculate
the updated density and viscosity fields.

3. Take the updated fields and assemble the momentum and pressure equations.
Use the solution procedure of the PISO algorithm (sections 2.3.2 and 2.3.3) to
compute the pressure, velocity and flux fields for the new timestep

4. Take the computed fields as a new starting point and repeat this sequence for the
next time step





3. Validation and Application to
Sloshing

The numerical solution procedure described in the previous chapters is finally applied
to two different problems. Both are sloshing problems. The first is a simple validation
test case and used to find a suitable combination of discretization schemes and param-
eter settings to achieve an accurate solution. The second test case is a real fuel tank
exposed to a given acceleration profile. This model was chosen to show the usability of
the presented method for the simulation of real world sloshing problems and the used
pre- and postprocessing method to get results with respect to sloshing acoustics. As
mentioned in the beginning the OpenFOAM R© software (version v1712, [36]) is used
for these test cases. The solution algorithm from the previous chapter is implemented
in the two solvers interFoam and interDyMFoam. The difference between the two of
them is that the interDyMFoam implementation can deal with changing (dynamic)
meshes. This capability is necessary if one wants to use the rigid body motion ap-
proach for the displacement of the tank. The interFoam solver is only able to apply
the outer displacement through body forces in a non-inertial frame of reference.

3.1. Sloshing Box

The first test case is a simple rectangular box. It is based on an experimental test
done at the Technical University of Madrid ([4], [14], [49] and [48]). The box has the
following dimensions:

• Length: 900mm

• Width: 62mm

• Height: 508mm

It is partially filled with water up to a filling height of 93mm at rest. The material
parameters for this test case are defined in Table 3.1. The sloshing is induced by a
periodic rotational displacement with its axis in the middle of the bottom wall (see
Figure 3.1). The rotational displacement is starting at rest and ramps up until it
reaches a periodic situation with an amplitude of approximately 4 degrees and a pe-
riod time of approximately 1.63 seconds (see Fig. 3.2). A pressure sensor was installed
at the point P1 which is located in the middle of the left wall at a height of 93mm (the
water level). The pressure variation at this point is also recorded in the simulation
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water air

density (ρ) 998 kg
m3 1.2089 kg

m3

kinematic viscosity (ν) 8.96 · 10−07m2

s
1.50195 · 10−05m2

s

surface tension coefficient (σ) 0.072m
s2

Table 3.1.: Material properties

and then compared to the measured values from the experimental setup. Additionally
the distribution of the free surface is compared to the experiment at several instances.
The simulation time for each run is set to 8 seconds of physical time.

Figure 3.1.: Geometry of the box

The simulations are done with the interDyMFoam solver and the motion of the tank
is applied via the rigid body motion approach. The base mesh for this model is a pure
hexahedral mesh with 238680 elements (180 over the length, 13 over the width and
102 for the height). This results in a cell size (edge length) of approximately 5mm
(see Fig. 3.3). The temporal discretization is done with a uniform fixed time step of
0.0001s. As time scheme the implicit Euler scheme is used and the convection terms
are discretized with the Van Leer scheme. The constant Cα in the phase fraction
equation is set to 1.0 and the iteration for the λ values in the MULES limiter is done
three times. The systems of linear equations are solved with a GAMG solver.
The obtained pressure values are in good agreement with the experimental data, par-
ticularly for the first impact of a wave (see Fig. 3.4). However, there is an increasing
discrepancy between them with ongoing time. In many cases, especially for sloshing
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Figure 3.2.: Rotational angle vs time

Figure 3.3.: Base mesh with filling level
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acoustics, it is only necessary to evaluate the fluid flow for about 5 seconds. Therefore
this model with the respective settings is found to be a good starting point. The
following tests are mainly compared using only the pressure values for a small time
interval between 2 and 3 seconds of physical time (the first peak) since this is the most
important time span.

Figure 3.4.: Comparison of the experimental pressure with the basic test case

Based on this model some numerical tests are carried out in order to identify the influ-
ence of different parameters on the simulated sloshing behavior. The first tests consist
of a comparison of different time step settings where both fixed and adjustable time
intervals are used (see Tab. 3.2). The adjustable time step is based on a defined max-
imum Courant (CFL) number. Although the implicit Euler scheme is unconditionally
stable the maximum admissible Courant number is theoretically bounded by 1 since
the time integration in the MULES limiter is explicitly done with the forward Euler
scheme. Varying the fixed time step sizes does no big change in the prediction of the
peaks. Only the peak height is getting a little bit higher with smaller step sizes (Fig.
3.5). A comparison of the base case with the 3 settings for the adjustable time step
size shows that Time Step 4 and Time Step 5 are in better agreement with the data
than the others. While Time Step 5 gives a better approximation of the peak height,
Time Step 4 is reproducing the temporal occurrence of the wave impact more accu-
rately (see Fig. 3.6). Due to this and the fact that a lower Courant number reduces
the risk of a diverging simulation the combination of test Time Step 4 is found to be
more suitable for this case.
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Test (initial) ∆t adj./fixed. max CFL Nr. max ∆t
Time Step 1 0.0002 fixed - -
Time Step 2 0.0001 fixed - -
Time Step 3 0.00005 fixed - -
Time Step 4 0.0001 adjustable 0.5 0.005
Time Step 5 0.0001 adjustable 1.0 0.005
Time Step 6 0.0001 adjustable 1.0 0.01

Table 3.2.: Settings for the different time step tests

Figure 3.5.: Comparison of different fixed time step sizes
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Figure 3.6.: Comparison of different settings for the adjustable time step

The time step comparison is followed by an examination of different time discretization
schemes (§ 2.2.4). Both the implicit Euler and the Crank-Nicolson schemes are tested.
However, the Crank-Nicolson scheme is only used blended with the Euler scheme, be-
cause the usage of a pure Crank-Nicolson time integration is not recommended due
to possible stability problems (no boundedness, see [25]). The tested settings are de-
picted in Table 3.3. For the given time step size and spatial discretization there is

ddtScheme blending coefficient
Time Scheme 1 Euler 0
Time Scheme 2 Crank-Nicolson 0.5
Time Scheme 3 Crank-Nicolson 0.9

Table 3.3.: Different temporal discretization schemes

no significant difference recognizable between the 3 Tests. Only the Crank-Nicolson
scheme with a blending factor of 0.9 exhibits a more oscillatory behavior, especially
in the smooth region after the pressure peak (see Fig. 3.7).
For all the further comparisons from here on the temporal discretization is changed
to an adjustable time step with a maximal CFL number of 0.5 and a maximum time
step size of 0.005 (see test Time Step 4, Tab. 3.2). Additionally the temporal dis-
cretization scheme is changed to a blended Crank-Nicolson and Euler scheme with a
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Figure 3.7.: Comparison of different time discretization schemes

blending factor of 0.5 (see Tab. 3.3, Time Scheme 2). This scheme is chosen over the
pure Euler because of its theoretically higher accuracy. The next test is a comparison
of different mesh sizes for the influence of the spatial resolution. The used meshes are
summarized in Table 3.4. From this results it can be seen that the decreasing mesh

test case cell size [mm] number of elements
Mesh 1 ∼ 10 27540
Mesh 2 ∼ 5 238680
Mesh 3 ∼ 2.5 1.836e6

Table 3.4.: Properties of the different meshes

density is shifting the first peak forward in time (Fig. 3.8). An interesting fact is
that the finest mesh does exhibit a very similar curve to the experimental data at the
peak, but with a higher maximum pressure value. However, from the given data it is
not really possible to draw any conclusion from this since the experimental values are
exhibiting severe oscillations. Nevertheless, the setting with 5 mm cell size is giving
acceptable results to be used for bigger models where a smaller cell size would result
in too high cell counts.
The fourth test is a comparison of the different discretization schemes for the con-
vection terms described in Section 2.2.2. The three tests are done with the schemes
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Figure 3.8.: Comparison of different cell sizes

presented in Table 3.5. Interpolating the face values with the linear interpolation of

test case convection scheme
Conv 1 UD
Conv 2 SOU
Conv 3 Van Leer

Table 3.5.: Different Convection Schemes

CD did not give the desired results because was too dispersive and the simulation
diverged after 1 second of simulated time. Therefore only the other three schemes
are used in the comparison. From that we see that the Van Leer scheme is perform-
ing much better than UD and SOU. Upwind differencing is clearly too diffusive and
smoothing out the peaks. Second Order Upwinding is not predicting the time of the
wave impact accurately enough and gives a too big and too sharp pressure peak.
For the last test the dependence of the results on the constant Cα from the compres-
sion term in the phase fraction equation (Eq. 2.143) is examined. The different values
used for that are given in Table 3.6. These results show that a smaller value for Cα
can lead to a reduction of the peak value. Between the values 1 and 2 there is no
major difference. Therefore a value of 1 is assumed to be sufficient.
The results of the previous tests recommend a combination of the blended Crank-
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Figure 3.9.: Comparison of different convection schemes

test case Cα
Cα 1 0.25
Cα 2 0.5
Cα 3 1.0
Cα 4 2.0

Table 3.6.: Different Cα values
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Figure 3.10.: Comparison of different Cα values

Nicolson scheme, adjustable time stepping with a maximum CFL number not higher
than 0.5, the Van Leer limiter for the convection terms and a value of 1 for Cα. Using
these settings results in good conformance for the first peak, although there is a short
shift in time left (Fig. 3.11).
For this improved configuration a visual comparison to the real test for some time
instances at the second impact on the left wall is done. The figures show situations
shortly before the impact (Fig. 3.12), the moment of the impact (Fig. 3.13) and after
the impact (Fig. 3.14).
Comparing the evolution of the free surface for this test case in combination with the
relatively good approximation of the pressure curve shows that it is a good approxi-
mation of the real flow. These settings are therefore chosen to be accurate enough for
the usage on real tanks.

3.2. Fuel Tank

This second numerical test is done on a real automotive fuel tank geometry. Three
variants of the tank are used. One consists only of the tank hull while the second model
includes also all the inner components of a tank system. In the third variant there
are additional anti-sloshing devices (baffles) installed. All of them are asymmetrically
filled with 45 liters of water (see Fig. 3.15). This asymmetric filling is chosen because
it resembles the situation after a fresh refueling of the tank better where only the
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Figure 3.11.: Pressure comparison with changed settings

Figure 3.12.: Comparison of the free surface before the impact

Figure 3.13.: Comparison of the free surface at the impact
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Figure 3.14.: Comparison of the free surface after the impact

main chamber gets filled first until the fuel reaches the saddle point in the middle.
The material properties in this case are the same as in the previous case (Table 3.1).

Figure 3.15.: Initial filling of the tank

The sloshing is induced by a start-stop driving profile (see Fig. 3.16) The meshing is
done with a cell size of 5mm in the main fluid volume and ∼ 1mm at the boundaries
and the inner parts (see Figure 3.17 for the geometry of the full model with all parts
and Figure 3.18 for the mesh). This gives the following cell numbers:

• only tank hull: 1595243 cells

• inner parts without baffles: 2470680 cells

• inner parts with baffles: 2751513 cells
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Figure 3.16.: Acceleration vs time for the start-stop profile

Figure 3.17.: Geometry of the complete fuel tank
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Figure 3.18.: Mesh of the complete fuel tank

Due to the huge amount of data it is not feasible to write all the results with a fine
enough writing interval. But the accurate recognition of pressure peaks needs a small
writing interval for the output. Additionally it would be very time consuming to
directly evaluate the pressure distribution over the boundaries. Therefore in the pre-
processing step the whole tank hull is split into several smaller sectors. This can be
either manually defined areas of interest or defined by a regular grid in all coordinate
directions. For all this sectors the maximal and average pressure values are written by
the solver at every time step or at small enough time intervals for being able to capture
wave impacts. These pressure-time curves are then plotted for each sector and used
to do a comparison between the different geometries or separately examine them to
find critical peaks. With the desired size/number of such sectors one can control the
ratio between accuracy in finding the local wave impacts and the necessary amount of
evaluation in the post-processing. A splitting of the shell in 100mm× 100mm parts is
normally enough to identify the critical waves. In this test case the splitting was done
manually and with a coarser non-regular distribution of the sectors. This resulted in
30 pressure monitoring surfaces (Fig. 3.19).
An analysis of the plots shows different phenomena. In some areas the two models
with inner parts exhibit reduced pressure peaks compared to the hull alone while in
other regions the complete model leads to new impacts. In the following examples the
data related to the pure hull model is colored in blue while the data from the model
without baffles is red and that from the full model is green. The first sector examined
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Figure 3.19.: Splitting of the tank hull

is sector 1, which is the most right brown sector in Figure 3.19. This sector shows the
expected reduction in peak height. Only some short peaks resulting from the impact
of small water drops are apparent (see Fig. 3.20). Because of their small scale this
short peaks have to be ignored. This is one of the problems by plotting the maximal
pressure over the surface because it does not filter such occurrences. This reduction
can also be seen in the visualization of the free surface for the same area at a simulated
time of 3.35s. A reduction can also be found for sector 12 (the upper part of the higher
turquoise area in Fig. 3.19). In this case a big difference between the blue and the
green/red curves is obvious (see Fig. 3.22). This is because the liquid does not reach
these upper parts with the same intensity after adding the inner parts. A contrary
situation can be seen for sector 18 (the small red sector on the left in Fig. 3.19), where
the model with the additional baffles results in a new strong pressure peak (see Fig.
3.23).
These are only three examples of the 30 pressure plots for this test case. For a re-
ally useful investigation the sectors would have to be smaller, which can result in a
significant higher number of plots. The current post-processing procedure for a full ex-
amination consists of visually inspecting all the plots of the monitored pressure values,
finding critical peaks and investigating them further with a visualization of the flow
field to get a better insight into the motion of the respective wave. This methodology
has been found to be suitable to identify critical wave motion and therefore possible
noise sources due to the impact. The computed pressure field at specific time instances
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Figure 3.20.: max pressure on sector 1

Figure 3.21.: comparison of the free surface for sector 1
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Figure 3.22.: max pressure on sector 12

Figure 3.23.: max pressure on sector 18
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can also be used as surface loads in a structural simulation for any of the inside parts.
These structural simulations are sometimes necessary for being able to assure that the
parts will not break due to the maximum sloshing loads.



4. Conclusion and Prospect

The model presented in Chapters 1 and 2 is able to describe the evolution of a free
surface between two incompressible fluids. But by using it one has to keep in mind
that there are severe assumptions necessary to get the respective partial differential
equations (§1.6). The described discretization with the finite volume method and a
volume-of-fluid approach for the interface description is generally found to be suitable
for the simulation of fuel tank sloshing. However, not every combination of discretiza-
tion practice leads to satisfactory results, particularly if the mesh size can not be
arbitrary small due to the overall fluid volume of the geometry. Therefore a good
mixture between accuracy and stability as the one derived for the validation case at
the end of Section 3.1 had to be found. The final setting for this case is able to accu-
rately predict the occurrence of a wave impact, but especially the temporal accuracy
is decreasing with a longer simulated time span. Therefore it is more reliable for the
first few seconds of simulated physical time. For the evaluation oft the sloshing in
a real fuel tank an additional post-processing procedure had to be developed. The
developed simulation method with OpenFOAM R©, as described in Section 3.2 is al-
ready used in the development process for fuel tanks at the moment. However, it is
permanently under improvement and there are many possibilities for that. For ex-
ample, OpenFOAM R© does not only provide the numerical options described in this
work. There are additional methods which can be used to increase accuracy and re-
duce simulation time. Particularly the second factor will be an important point for
future research. Methods like the time step sub-cycling mentioned in Section 2.4 or
a semi-implicit MULES limiter are promising to be of great use. Also the influence
of turbulence on the sloshing loads has not been addressed by now. Besides the nu-
merics there are many other possibilities to improve the model. The inclusion of fluid
structure interaction between the fuel and the structural parts would be beneficial
for the prediction of damage due to the sloshing. An important aim for the future
is the simulation of a refueling process. Because of the then necessary modeling of
the complete ventilation system, an accurate model for the phase change between the
liquid fuel and its gas phase will be needed.
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A. Important Definitions and
Theorems

Here some important definitions or theorems used throughout this work are depicted.
All of the definitions are given for the three dimensional space R3 with the cartesian
coordinates

xxx =

 x1

x2

x3

 . (A.1)

A (column) vector is written with a boldface letter

fff =

 f1

f2

f3

 . (A.2)

The transpose of a column vector is the respective row vector

fffT =
(
f1 f2 f3

)
. (A.3)

The dot- or scalar product between two vectors aaa and bbb is denoted by

aaa · bbb =
∑
i

aibi. (A.4)

The partial derivative of a function f with respect to xi is written as ∂f
∂xi

and the
symbol ∇ means the partial derivatives along all the coordinate axes written as a
vector

∇ =

 ∂
∂x1
∂
∂x2
∂
∂x3

 , (A.5)

which is used to define the gradient of f :

grad f = ∇f =


∂f
∂x1
∂f
∂x2
∂f
∂x3

 . (A.6)
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The divergence operator of a vector quantity fff is given as the dot product of ∇ with
fff

div f = ∇ · fff =
∑
i

∂fi
∂xi

(A.7)

and the Lapace operator ∆ of a scalar quantity is defined as

∆f = ∇ · (∇f) = ∇2f =
∑
i

∂2f

x2
i

(A.8)

Tensors are also written in boldface letters

TTT =

 T11 T12 T13

T21 T22 T23

T31 T32 T33

 (A.9)

and the transposed form is given as

TTT T =

 T11 T21 T31

T12 T22 T32

T13 T23 T33

 . (A.10)

Tensors can be created by the dyadic product of 2 vectors

aaabbb =

 a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3

 . (A.11)

Taking the dyadic product of the ∇ operator and a vector-field fff gives the gradient

∇fff =


∂f1

∂x1

∂f2

∂x1

∂f3

∂x1
∂f1

∂x2

∂f2

∂x2

∂f3

∂x2
∂f1

∂x3

∂f2

∂x3

∂f3

∂x3

 . (A.12)

The dot product of a tensor TTT and a vector is defined as

TTT · fff =

 ∑
i T1ifi∑
i T2ifi∑
i T3ifi

 =

 T11f1 + T12f2 + T13f3

T21f1 + T22f2 + T23f3

T31f1 + T32f2 + T33f3

 . (A.13)

Similar to that the divergence of a tensor is written as

∇ · TTT =


∑

j
∂Tj1

∂xj∑
j
∂Tj2

∂xj∑
j
∂Tj3

∂xj

 =

 ∂T11

∂x1
+ ∂T21

∂x2
+ ∂T31

∂x3
∂T12

∂x1
+ ∂T22

∂x2
+ ∂T32

∂x3
∂T13

∂x1
+ ∂T23

∂x2
+ ∂T33

∂x3

 . (A.14)
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Finally the double dot product between 2 tensors results in a scalar quantity

TTT : SSS =
∑
i

∑
j

TijSij. (A.15)

A very important theorem concerning the accuracy of the FVM is the multidimensional
Taylor Series Expansion

Theorem A.1 (Taylor Series Expansion in Rd). Let Ω be an open subset of Rd and
f ∈ C(Ω)n+1 with n ≥ 0. Given xxx0 ∈ Ω and hhh = (h1, ..hd) such that all xxx′ = xxx0 + shhh ∈
Ω ∀ 0 ≤ s ≤ 1, then there exists a θ ∈ (0, 1), so that

f(xxx0 + hhh) =
n∑
k=0

1

k!

(
h1

∂

∂x1

+ ...+ hd
∂

∂xd

)k
f(x0x0x0) (A.16)

+
1

(n+ 1!)

(
h1

∂

∂x1

+ ...+ hd
∂

∂xd

)n+1

f(x0x0x0 + θhhh). (A.17)

Proof. See [21, §VIII] and [20, §XX.168].

The next one is the Gauss or Divergence Theorem which is in fact the base of the
FVM and occurs in several forms and can for example be found in [20]. The exact
formulation is often slightly different depending on the usage, the one used here is
chosen to be suitable for the derivation of the FVM.

Theorem A.2 (Gauss). Let Ω be a compact subset of R3 with a piecewise smooth
boundary ∂Ω and the outer normal vector nnn. If FFF is a continuously differentiable
vector field on an open subset of Ω, then∫

Ω

∇ ·FFF dxxx =

∫
∂Ω

FFF · nnn dsx. (A.18)

Proof. A proof is for example given in [20]
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canonical problems in sloshing. part 0: Experimental setup and data processing.
Ocean Engineering, 38(16):1823–1830, 2011.
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