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Abstract

This thesis deals with the inverse problem for the dielectric conductivity o, which was
first posed by Calder6n in 1980, see [2]. We start with proving the uniqueness of this
problem and go through similar steps as in [10]. Next we derive different algorithms
to compute o from the given boundary data. Then we look at a posed reconstruction
problem and discretize the algorithms. In the end we compare the numerical results.

In dieser Arbeit behandeln wir das inverse Problem zur Bestimmung der dielek-
trischen Leitfahigkeit o, welches erstmals von Calderdn in [2] gestellt wurde. Zunéchst
zeigen wir die Eindeutigkeit des gestellten Problems und gehen dabei &hnlich vor wie
n [10]. Als néchstes leiten wir verschiedene Algorithmen zur Bestimmung von o her.
Danach beschéftigen wir uns mit einem Rekonstruktionsproblem und diskretisieren
die einzelnen Algorithmen. Am Ende vergleichen die numerischen Ergebnisse.






Posing the problem

In this thesis we work on the inverse problem for the dielectric conductivity and com-
pare algorithms to solve it. This inverse problem finds application for example in the
Electrical impedance tomography (EIT). The idea behind the problem is to compute
the dielectric conductivity, which is substance specific, by sending electricity into the
body and measuring it’s outcome on the boundary.

Therefore we consider a bounded Lipschitz domain Q C R, d > 2, with the boundary
[' = 09). Furthermore we assume for the dielectric conductivity o:

e 0 € C*Q).
e There exists a 09 € Ry such that 05! > o(x) > 09 > 0 for all z € Q.
e Let 0 be known on the boundary.

In case of d = 2 we have additionally the restriction diam(2) < 1. The differential
equation which we want to use to compute o is one of the Maxwell equations namely

—div(eVu) =0 in

u=g on I’

where Vu is the electrical field. For the boundary data g we will assume g € H'/?(I).
We will derive a method to compute o from the Dirichlet-to-Neumann operator S
which assigns the boundary data ¢ to the Neumann data of the solution of the dif-
ferential equation above. Therefore we begin with proving the uniqueness of this
procedure in the first two chapters. Then we will proceed to finding this Dirichlet-
to-Neumann operator S in chapter three. After that the goal is to compute ¢ from
the Dirichlet-to-Neumann operator S. From then on we will consider only d = 2 and
d = 3. In chapter four we derive several algorithms to get o. Following that we work
on the discretization of the algorithms for a posed reconstruction problem in chapter
five and end up with some numerical results in chapter six.

An overview on this topic is given in [13] for d = 2 and in [14] for d = 3. However
they are using one more assumption for o which is ¢ = 1 in a neighborhood of I". For
some proofs of convergence rates in [I3] 0 € C*(Q) is required and 2 needs a C'*
boundary. In [I4] they use as well that Q@ = B,(0), which is the ball around 0 with
radius a.

The uniqueness of this problem was first shown by Sylvester and Uhlmann in [4]
for o € C*(Q2), d > 3 and Q C R? with a smooth boundary. One of the weakest
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assumptions to show uniqueness of this problem was taken by Brown und Torres in
[12] who only needed o € W3/22(Q) for p > 2d and Q C R%



1. Introduction

1.1. Solvability of the original problem

We start with the problem: Find v € H'(Q) such that
—V-oVu=0 in €, (1.1)
u=gqg on I,
holds in a weak sense. Therefore we take an extension g € H'(Q2) of ¢ in 2. Then we
consider uy := u — §. After putting the differential equation into the L?(Q) duality

pairing with a test function v € H}(€) and applying integration by parts, we get the
variational formulation for this problem: Find uy € Hg(£2) such that

/aVuo Vv de = —/JV§ Vo dr Yov € Hy(Q) (1.2)
Q Q
with u = uy + g. Therefore we are looking at the bilinear form

a(u,v) := /UVU -V dx. (1.3)
0
From the assumption ¢ > ¢ > 0 we get that
d d

20(33)77i77i > 0 Zmz Vn € R?

i=1 i=1
and therefore
a(u, u) > ooVl 7).

With the Poincaré inequality (B.1]) we get that a(.,.) is H}(Q)-elliptic, i.e. there exists
a constant ¢ > 0 such that

Since a(.,.) is as well bounded due to the assumption
o(z) <oyt Vo € Q,

we get from the lemma of Lax-Milgram, see Thm. (B.3), unique solvability and the
estimate

||u||H1(Q) < CngHHl/2(F).
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1.2. Definition of the Dirichlet-to-Neumann
Operator

The Dirichlet-to-Neumann operator (DtN operator) is defined as the Poincaré-Steklov
Operator S. We write the DtN operator for (1.1)) as

Syg(x) == lim o(Z)Vuy(z) - n,

Q>T—x

for x € T', where u, solves (1.2) and n is the normal which is pointing outside of
Q almost everywhere. S, : HY?(I') — H~'?(T") is well defined because for every
g € H'Y?(T') there exists a unique solution u, € H'(Q) that solves the equation (1.2).
Now we find a weak formulation for S,. For that let v, € H'(Q2) be a bounded

int

extension for a given h € H'/?(T") which suffices 7Z"v), = h and

||Uh”H1(Q) < CQHhHHl/Q(F)

for a ¢ > 0 and solves the corresponding variational formulation (1.2)). If we apply
the first Green’s identity (B.2)) to u and vy, we get

Oug
e B — d
<Saga h)F /U on h Sg

r

/[(V -oVug)v, + oVu, - V| do
0

/aVug -V, dx.
Q

Now we have a weak definition of the operator S, for g,h € H'/?(T) :

(S,g,h)r = /aVug -V, dz, (1.4)
0

where u, and v, are the extensions of g and h which solve the corresponding equation
(1.2)). With this the self-adjointness of the operator S, follows as well.
We get with the Cauchy—Schwarz inequality and the theorem of Fréchet-Riesz, see
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Thm. [B.4] that
|<SO'ga h>F| | (Jvug7 vvh)L2(Q) ’
HSUQHH*l/?(F) = sup T = sup
nem2m) 1Py hemve) 1]l g7z ry
h#0 h#0
< sup ||U||L°°(Q)||Ug||H1(Q)||?Jh||H1(Q)
hem/2(r) 1]l 12y
h#£0

< CQHUHLw(Q)HugHHl(Q)
Thm
< 0201H0'||L°°(Q)||g||H1/2(F)’

where we get the last inequality from the trace operator, see Thm. [A.13] So the DtN
operator S, is linear and bounded as well as not dependent on the extension ug, since
it holds true that for uy € HJ ()

; Ju
<Sag7/y(z)mu0>f‘ = /08_7;] 0 de =0.

r

Therefore we can substitute u, with (u, + uo) and still get the same result for the
integral. If we take ug,ul, € H'(Q) with v{"u, = g = 7{"ul, then u), — u, € Hy(Q)
and it follows that

(S09, 76" ugr = (Seg, 70" ug)r.

Our original goal is to derive the dielectric conductivity ¢ from the boundary values
g or furthermore from the DtN operator S. However we first have to consider the
unique solvability of this problem. In the first three chapters we want to show the
following theorem:

Theorem 1.1. Let () C@d, d > 2, be a bounded Lipschitz domain, o1 and oo two
positive functions in C*(Q). If Sy, = S,,, then it holds true that oy = o9 almost
everywhere in €.

This theorem implies uniqueness to this problem, that was first posed by Calderon
in [2]. In the case d = 2, under the condition that there exists a R € R such that
R > 0; > R for i = 1,2 Astala and Péiivéirinta proved this theorem in [9]. We will
prove the uniqueness for d > 3 as it was done in [10] to get a better understanding of
the nature of this problem. However to prove this theorem, we first must transform
the problem into another one.
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1.3. Transformation to the Schrédinger equation

Since the solution of the differential equation (1.1)) is unique we can transform it to
another uniquely solvable equation which will give us more information about o.
Let o,u € C%(Q). For v, = ¢%/?u it holds true that

0 V. (oVu) =~V (6V (07 20,))
B 1 1/2 o
=-V. (—U;(VU )UU + vaU)

=-V. (—(V01/2)UU + O'I/QVUU)
= (A, — 02 Av,.

Therefore we get

(—A+q)v, =0 in Q, (1.5)
Vy = 01/29 on I
with
Agl/?

This transformation can be done as well for u € H'(Q):

Lemma 1.2. Let 0 € C%(Q), 0 > 09 > 0 for g € R and u € H'(Q). Then it holds
true for v, = o'/?u

V-oV(oVu,) =02 (=A +q) v,
in a weak sense.

Proof.
The idea of the proof was given in [10} p.16].
We know that for the dual of H}(Q) holds true that

H™Y(Q) := [Hy(Q)]*
with the norm

|Flla-1) == sup [F(u)], (1.7)

HuHH(%(Q>:1

see Thm. and Thm. for more details. Remember that H~1(f2) is a Banach
space, for the proof see [3, Cor. 11.2.2) p.58].
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First we show that for v, € H'(Q) there exists a sequence (v,x)ren C C*(Q) that
converges in H'(Q) and satisfies

IV - Vo 2 (04 — Vo) |r-1(0) = 0 as k — oo.

Since € is a Lipschitz domain C§°(Q) is dense in H'(£2) with respect to the H(f)-
norm, for the proof see [I5, p.77]. Hence C?*(Q) is dense in H'(f2) since C5°(Q2) C
C2(Q2) € H*(£2). We choose (v x)ren C C?*() with |[vys — vo |10y — 0 for k — oco.
It holds true that

o2 < 00_1/2.
With 2a® + 26> > (a + b)?, a,b € R, we get
HO’il/Q,U(r,k - 0'71/2/00-"%{1(9) = HO’71/2<UU,]€ - Uo’)“%ﬂ(g) -+ ”V(O’il/z(vg,k - Uo'))”%Q(Q)

< 0 vok — UUH%Q(Q)

+ IV (0™ (W, = vo) + 072V (00 — 00) [ 720y
< 0g H[ves — UGH%Q(Q)

+ (IV (072 (Vo ke = vo) |20 + [l 2V (g — vo) |l 22(0)
< 07" (Ivok = Vo2 + 209 (e = v0)llE(ey

2

+2/Vo ™2 10 = Vol 72(0y.

Due to o € C%(Q) we know that Vo is bounded in €. Therefore it follows that

1
Vo™ 20y = | = 5072V 0| ()

1 _
< 5% 3/2HVUHL0<>(Q) =:C < o0.

As a consequence we get

o™ 20,0 — (771/27)0”H1(0) < (205" +2C%) 2w s, — Vol 11 ()

— 0  for v, — V,.
In the end we have

loV a2 (vg s — vo) |20y < lollzoello™ (Vo — vo) |10
—0  for v, — v,. (1.8)

For the next step we need the definition of derivatives in the H1(Q) duality pairing:
Let u € L?(Q), w € H}(Q) and a € N? with |a| = 1, then we define D®u € H~(Q)
with

<Dau7w>H*1(Q)><H3(Q) = —<U7 Daw>L2(Q)
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see [1, p. 22]. The Cauchy Schwartz inequality implies

(81 Uaii o (Vg — Vo) W) H-1(@)x HE Q)| = ‘_<006xi o2 (v — vs), %wﬁ?(m
< o 0 2wt = o)y gt
< HU@xi o 2 (W — vo)ll 2 1wl a1 (o)
for © = 1,...,d. Therefore we get
Haii “aii o V2 (v, — Vo )|l m-1(0) < Haaxi o V2 (v, — Vo) || 2()

with the theorem of Fréchet-Riesz, see Thm [B.4] which tells us that we can rewrite
the norm that was defined in (1.7]) as

8 (9 <8(z‘1 Uaixi 0_1/2(Ua,k - Uo‘)a w>

I o— 0-_1/2(,UUJ§ — V)|l = sup
Ox; Ox; @ 0AwEH} () HwHHg(Q)

With (1.8) we get for v, — v, that
HV . O'VO'_1/2<UUJg — Ug)HHfl(Q) — O

By using integration by parts and Cauchy Schwartz inequality we get for w € Hj ()

(0 (=0 + ) (Vo = 00, W) -1 o]
d

<oy D

=1

0 0
<%(UU,I€ - Ua), %'LU)L?(Q)

% %

+ ||01/2||Loo(gz)||q||Loo(Q)||Uo—,k - Ua||L2(Q)||w||L2(Q)

< o[y (1 + lallz(e) Vo = vollmn @Il my@)-

Due to 0 € C%(QQ) the function ¢ is bounded as well as ¢ that was defined in (1.6)).
Since v,, is converging to v, in H'(2), we get

(01/2(_A + q) (Vo — Vo), w)Hfl(Q)XHé(Q)‘ —0  for vy, — v,.

Because v, € C*(£), it holds true that

V- UV(U’l/vak) = gl/? (—A+q) Vo,
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see the arguments above, and we get

IV - oV (e 20,) — /2 (=A +q) Vo |l m-1(0)
<V -0V(0™ (05 — voi))lla10)
+ 102 (A + ) (v = vor) |51
+ IV oV (0 up) — 02 (=A + q) Vo 510
—0 for vy — v,

O

Remark 1.1. To get the variational formulation of the Schrdodinger equation ,
we consider § as an extension of the boundary data o'/?g. With this we get

/Vvo-Vwdx—l—/qvgwdx:—/V§~dex—/Q§U)dx VUJGHS(Q>‘

Q Q Q Q
(1.9)

The lemma also implies the equivalence of the variational formulation of the
original problem and this variational formulation of the Schrédinger equation .
Due to the discussion in the beginning of this chapter we know of the unique solvability
of the first variational formulation . Therefore we know that 1S uniquely

solvable.

1.4. Definition of the DtN operator for the
Schrodinger equation

Now we can look at the Dirichlet-to-Neumann operator for the Schrodinger equation
as well. For every boundary data g € H'/?(I") there exists a unique weak solution v,

of (1.9) and ¢4 > 0 with
oo a1y < eallgllrzqr)-

Formally we define S'q as

Se9(z) == lm Vu,(Z) - n;z

O>T—z

for z € I', where v, solves the variational formulation ((1.9)) of the Schrédinger equation

1} with boundary data g. For the weak definition of gq we look at g,h € HY?(T')
and the extensions vy, w, € H'(2) which solve the variational formulation (1.9) with

int

boundary data g and h respectively, where 7" w;, = h and

[wnllmr @) < esllhllma)
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for a ¢ > 0. Such v, and w, exist due to the trace theorem and previous
theorems. With the first Green’s identity (B.2|) for v, and w;, we get

(S.9. /aghd

&2 /{Avg wy, + Vo, - Vwy} dx
Regm/{qvg wp, + Vg - Vwy} de. (1.10)

With this we get the self-adjointness of the operator gq. S*q is linear and bounded
because ¢ is bounded in € and with the trace Thm. it follows that

S g h Vg, W + (Vv ,Vw
||ng||H_1/2(F) = sup M — sup ‘(q g h)LQ(Q) ( g h)[p(g)’
h€H1/2(F) ||h||H1/2(F) hGHl/Q(F) ||h||H1/2(F)
h#0 h#£0
ThuiZTH o4 1
heH/2(r) 1]l g2y
h#0
< (lallze o) + 1) csllvgll (o)
< (llllzoeqey + 1) cacs gllrszry

With the same argumentation as in Chapter 1.3 we get that S’q is as well not dependent
on the extension v,. Therefore we get that S’q is well defined, linear, bounded and
independent of the extension v,.

Next we will look at the dependency between the two DtN operators. Let g €
H'Y?(T) and v, the corresponding solution of the variational formulation (1.9) with
the boundary value g. Remember that v, = ¢'/?u and S,u = a . Then it holds true

/ghdsm /a o?u)h ds,

[l 00 / 120U
—/ o auhdsx o 8hd8x

2
T r
1
= /50_1/22—20_1/2th d3x+/0_1/250.(u)h ds,
T T
. 1 00 —1/2 —-1/2
—/50’ %gh d3$+/0 Sg<0' g)h dsz

r r
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for every h € HY/?(T"). Therefore we get
G 100 —1/2 —1/2
Sqg = =0 a—ng+a Sy(074g) (1.11)

in the weak sense for every g € HY/(I).

We now look at the slightly different uniqueness theorem.

Theorem 1.3. Let Q C R? be a bounded Lipschitz domain, gi,g, € HY*(T') and ¢
and gs two functions in L>(Q2), for which

(—A+q)u; =0 in Q,
Uy = g1 on Fa
and
(=A+qa)uz =0 in Q,
Uz = g2 on Fa

are uniquely solvable in a weak sense. If Sql = ng, then it holds true that ¢ = ¢
almost everywhere in €.

This theorem implies Thm. due to the following reasoning:
Let 01,09 € C?*(Q) be two positive functions and S,, = S,,. So it holds true for any
g € HY?(T) that
dg dg

19 Ulan 0287”& 2 g

on I'. With this we follow with the right choice of g
W01 (7) = 15" oa(z) = Mo (x),

80'1 . 80'2
on @) =3, @)

1/2
for z € T. For ¢; = A‘i# holds ¢; € L>(Q). We get for g € HY?(T)

1 _180'1

= —1/2 —1/2
Sag = 571 %9+01 / So, (04 / q)
1 00, —1/2 —1/2
= 5021%9+U2 / 502(02 / 9)

= ngg
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and that the equations

(—A+q)ur =0 in Q,

ur = g1 on Fa

and
(~A+@us=0  inQ,
Ug = g2 on Fa

are well posed and uniquely solvable in a weak sense for gy, g, € HY/?(I') due to the
reasoning of chapter 1.3 and 1.4.
Thm. [1.3| now implies that

Aai/Q Aaé/Q

1 = = =qg2=:q
g%/2 05/2

almost everywhere in €2. However both o;, i = 1,2, solve the equation

(—A+q)o* =0 in €,

o, =7"o onT,
and we know that this equation is uniquely solvable in a weak sense. Hence we get

01 = 02

almost everywhere in 2. Therefore the equivalence is proven.



2. Uniqueness of the inverse
problem

We look at the Schrédinger equation

(-A+q)v, =0 in Q,
Vy = 01/29 on I
with
A01/2

Our goal is to derive o from S’qvg. However we do not know anything about the
uniqueness of this problem. Therefore we are going to prove Thm. [1.3, which tells
us that if we have two DtN operators S,, and S,, of the Schrodinger equation and
Sq1 = SQQ, then ¢; and ¢o are identical almost everywhere in ). As the first step in
this direction we prove the following lemma.

Lemma 2.1. Let Q C R? be a bounded Lipschitz domain, g1, g, € HY?(T') and q1, ¢ €
L*>(Q) for which

(A +q)u1 =0 in §,
Uy = g1 on Fa
and
(A +quy=0 in §,
Uz = g2 on Fa

are uniquely solvable in a weak sense. Then

<(§q1 — ng) 91792>F = /(Q1 — @q2)uqug dr,

Q

holds true with uy,us € H'(Q) as the weak solutions of the differential equations above.

19
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Proof.
This statement follows directly from the weak definition 1) of gq. O

Since we consider the case S,, = S,, we get
0= /((h — q2)uruy dx.
Q

To show that ¢; = @2 we need that the products ujus of all solutions u; of the
Schrédinger equation above are dense in L%(Q). Since we know that {e**}, ;4 form a
orthonormal basis in L?(Q), see Thm. , we would like the product u;us to behave
like e where k € Z%. In the following chapter we will discuss such solutions.

2.1. Solution of Schrodinger equation
In this chapter we prove a special behavior of solutions of the Schrodinger equation:

Theorem 2.2. Let g € L>(Q2). Then there is a constant Cy(S2, d), such that for every
n € CN\{0} withn-n=0 and |n| > max(Co||q| =), 1) and for any a € H*(Q) with

n-Va=0
almost everywhere, the equation (—A + q)u = 0 in  has a solution
u(z) = e (a(x) + r(z)) (2.2)

almost everywhere, where r € H(Q) and

C
7]l L2() < ‘—77(|)H(—A + q)all 2 (), (2.3)
V7| L20) < Coll(=A + q)all 2o (2.4)
Proof.
This proof was given in 10, p. 22-25].
If

u(z) = " (a(z) + r(z))
and u solves (—A 4 ¢)u = 0 in §2 then it holds true that

e (=A +gq(x))e™ " (a(x) +1(2)) = 0.



2.1. Solution of Schrédinger equation 21

It holds true that

e "V -V (e (a(x) + r(2))) = eV - (ine (a(x) + r(2)) + €7V (a(z) + 7(2)))
= e " —n - e (a(z) +
+ 2ie"*y - V(a(z) + r(x))
+ eV - V(a(x) +r(z))}
= (=n-nla(z) + r(z)) + 2in - V(a(z) + r(z))
+V - -V(a(z) +r(z)))

"E? (2in - V(a(x) +r(x) + V- V(a(x) +r(x))).
Therefore we study the equation
(—=A=2in-V+q)(a+r)=0.

Since 1 - Va = 0 almost everywhere, we now look for a r € H'(€) which solves the
differential equation

(=V-V—=2in-V+qr=(-V-V+q)a,

and for which the two estimates (2.3)) and (2.4) hold true. We split this problem into
two. First we study the equation

(V-V+2in-V)r=finQ
and it’s solutions for f € L*(Q) in Lem. 2.3] Afterwards we consider
(=A—=2in-V+q)r=/finQ

for f € L*(Q2) and solve the equation in Lem. Finally we sum up and end with
the proof of Thm. 2.2

Lemma 2.3. There exists a constant Co(S2,d) such that for any n € CN\{0} with
n-n=0 and|n| > 1 and for any f € L*(Q) the differential equation

(V-V+2in-V)r=FfinQ

has a solution r € H*(Q)) satisfying

Co
fllLe 2.5

IVl L2y < Collfll2e) (2.6)

7|20 <
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Proof.
This proof was given in [I0, Thm 3.7]. Since we have constant coefficients and a linear
differential equation we might think of the Fourier transform first. With

F(Vju)(§) = &§Fu(f)

for ¢ € R?, we get the transformed differential equation

(& &+ 2in- &) Fr() = Ff(E)

for £ € RY. However the term (£ - € + 2in - £) is zero for certain ¢ € R Therefore we
try to use Fourier series instead.

Write n = s(w; +iw) with s = ‘\%, where w; and wy are orthogonal unit vectors in R
Without loss of generality we can assume that w; = e; is the first coordinate vector
and wy = ey is the second coordinate vector, because otherwise we can rotate and shift
the coordinate system. It follows that

(A + 228(81 + 262))7‘ = f,
and therefore

(A + 2is0, — 2s0y)r = f.

Let 2o € Q. For simplicity we assume that Q C [—m, 7|¢ =: Q. Otherwise we scale
and shift €2 by an bijective function hy, : 2 = Qe

1 _
d = —max{|r — xo| : z € Q},
m

r—x
hao () 1= y 0,

and look instead at the functions

where € Q,cate.

i 1 . . . . .
Let wy () := "2 for k € 7. Consider the Fourier series in the lattice Z% 4 €.
We know that the {wy }eze form an orthonormal basis in L?(Q) with respect to scalar
product

(1, v) = (27) / T dr,

Q
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u,v € L2(2), see Thm. m The Parseval equality from Thm. tells us that for

f: kawk7 fk = (f?wk:)7

kezd

the equation

1l = D 1l

kezd

holds true. Because we search for an 7 € L*(Q)), we can rewrite r as

r = Z TEWg, T = (1, wg).

kezd
With
. 1
Vwk = Z(k + 562)’wk
we get
PiTk = fk Vk € Zd, (27)
where

1 1
pr = —(k+ 562)2 — 2sky — 1 2s(ke + 5)

Therefore the imaginary part of py is never zero for s > 0, which is the reason why we
were looking at the shifted lattice Z% + %62 and n # 0. Now we can compute

Jx
e = —.

Pk
It follows that

1

e < <
i 25(ks + 3)]

18 ERTA 2:5)

Therefore we get

1/2 ] 1/2 ) \/§
\rer(@:(ZlmP) S;(Z\M) = Mlzo = il

kezd kezd

It remains to show that Vr € L*(Q) and the estimate (2.6). We know that

1
Vr = Z Z(k’ + 562) T Wg.

kezd
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So we show that
1
‘(k) + 562)7’k| < 4|fk| Yk € Zd,

which implies

1/2 1/2
1
V7|2 = <Z (& + 562)7%|2> <4 (Z \fk|2> = 4[| fll2(q)-

kezd kezd
For this we consider two cases:
1
o |k + seq| <ds,
° |]€ + %62’ > 4s.

In the first case we have

1 4s
(B + ea)rsl < dslrel < —[ful < 4l

In the second case we have

1 1

§|k+ §€2| — 28 > O
and therefore

1 1 1
‘k’ + §€2|2 + 28]{71 > |]{7 + 562’2 — 2S|]€ + §€2|

Now we have an estimate for the real part of p, and we get

1 ’k‘i‘legl
[(k + sex)r| = ———=2—|fx]
2 ‘pk’
‘k—i— l€2|
>~ 7 21 2|fk|
§|/{7+ §€2|
1
< — .
< 2$|fk|

With the condition s > \%, which is full filled if || > 1, we get that Cy = 4. Therefore
we have proven this lemma. O
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Continuation of the proof of Thm.
And so we have a r that behaves quit similar to the desired solution.
Consider

Definition 2.4. Define
G,: L*(Q) Cc HYQ) — HY(Q), frr
where 1 is the constructed solution of the last lemma and solves
(V-V+2in-V)r=finQ.
Now we want to consider the case that ¢ # 0:

Lemma 2.5. Let ¢ € L®(Q), n € CN\{0} withn-n = 0. Then there exists an Co(, d)
such that for |n| > max(2 Cyllq||r=(),1) and for any f € L*(2) the equation

(—A=2in-V+q)r=fin, (2.9)

has a solution r € H'(Q) almost everywhere which satisfies

7] 22 () | |||f||L2
V7|2 < Coll fllz2@)-

Proof.

This proof was given in [I0, Thm. 3.8]. For ¢ = 0 we already have the solution
r=G,f.

Consider that ¢ is not 0 everywhere. Let r = G, g, where g has to be determined. If
we put this into the differential equation, we get

f=(V-V+2in-V+qG,g
=(V-V+2in-V)G,g+ qG,g

LB (7 4 4Gy

Now we have to verify that (I + ¢G,,) is invertible. We know from Lem.
Co
laGhgllzz@) < lalle@l|Grgllr2@) < HQHLOO(Q)WHgHm(m
for g € L*(2). Therefore we get

laGallz2@)» 20 HHCJIIme)
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For |n| > max(2 Co||q|| L), 1) it holds true that

l\DIH

l9Gllz20)-r2(0) <
Due to the Neumann series (I + ¢G,)) is invertible and it holds true that

I+ 4G) Iz @)z < (1= 4Gyl 2@ r2@) ™ < 2,

for the proof of this equivalence see [3, Thm II.1.11, p.56]. Hence we can compute

9= (I+an)_1f-
This implies
(A —=2in-V+q)r = (—A—2in-V)G,g + q¢G,g

Lem[23]
="9+qGyg

= (I +qGy)g
=f

and therefore r solves the equation (2.9). Since
11+ 4Gy) 2@ r20) < 2

we get that

191l z2@) < 2l 12 @)

With lemma 2.3 it follows that
||Gn9||L2( | | ||9||L2(Q

C

ﬁ||(l+qG) e
Cy
WHfIILQ

IVGaall2) < Collgllr2

< 2Co|| f]lz2(e)
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Continuation of the proof of Thm.
Due to lemma [2.5 we know now, that

(=V-V—=2in-V+qr=(-V-V+q)a,

has a solution r with

Co
7]l 2@ < mll(—A +q)all @),

7]z < 2Co[[(—A + q)al|r2(q)-
Therefore
u(z) = e (a(z) + ()

is the required solution to (—A 4 ¢)u = 0 in . O

2.2. Uniqueness of the inverse problem

In chapter one we have already proven the equivalence of the uniqueness of the original
problem as it was stated in Thm. to the following one:

Theorem Let Q C RY be a bounded Lipschitz domain, g1, 9> € HY*(T') and ¢
and qa two functions in L>(QY), for which

(A +q)u; =0 in Q,

Uy = g1 auf T’

and
(—A + go)uy =0 in €,
Uy = Go auf I"

are uniquely solvable in a weak sense. If S'ql = qu then it holds true that g1 = qo in €2
almost everywhere.

In addition we haven proven:
Lemma Let Q C R? be a bounded Lipschitz domain, g,,9, € HY*(T') and
q1,q2 € L=(Q) for which

(A +q)u; =0 in €,
ur =g auf T
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and

(—A + QQ)UQ =0 i €2,
Uy = o auf I’

are uniquely solvable in a weak sense. Then

<<§q1 — S'q2> 91,92>F = /((h — q)urus dr,

Q

holds true, where uy,us € HY(Q)) solve the differential equations above.

We will now proof the Thm. (1.3} . .
This proof was given in [I0, Thm 3.2]. Since we consider the case S, = S,, we get
with Lem. 2.1]

0= /(q1 — QQ)'UqUQ dz. (210)
Q

To show that g; = ¢ we need that the products u;us of all solutions u; of the differential
equations above are dense in L*(2). The following proof comes from [10]. We consider
only the case of d > 3. For the case d = 2 please read [9] from Astala and Péivirinta.
Choose for an arbitrary fixed value ¢ € R? where d > 3, two orthogonal vectors
w1, ws € R which are as well orthogonal to & and full fill w; -w; = 0 for i = 1,2. Then
we get an orthogonal set {&,wi,wy} in RY. Let s € R be arbitrary and pick

n = s(wy + iws).
_ 1/2
It follows that - = 0. Due to 0; € C*(Q) and ¢; = %, we get ¢; € L=(Q) for
i =1,2. Now we want to use the Thm. 22| It holds true that
n-Vel?® =in. 5% = 0.

From Thm. we know for s sufficiently large there exist functions r; and ro such
that

wn(z) = (T 17y (),

IUQ(,T) = ein~x(1 + 7“2(1‘))
solve the equation (—A + ¢;)w; = 0 in Q with boundary data g; := v{"w; and gy :=
Yirtw,. Additionally we get

I7ill220) < (2.11)

w | ™
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for © = 1,2 and for ¢ > 0. If we insert wy, ws in the equation (2.10]), we see that

V= /<CI1 — q2)(@) (e +r1(2)) (1 + ra(x)) da

Q

for s large enough. We get with the Cauchy-Schwarz inequality

/ (@1 — @)(@) (11 (2)(1 + 72(z)) + €€7r9(2)) da

Q

<l = aallmio) | [ @4 rae)] dot [ || do

< |1 — @llz=() /|7"1<£E)| dm+/|r1(x)7“2(x)| dx+/‘ei§.xr2(gg)‘ dx
) Q )

< ||fh - Q2HL°°(Q)(H1Q||L2(Q)||7"1HL2(Q) + HT1||L2(Q)||7’2HL2(Q)
+ lleell2@) 72l L2 )
= a1 — @llze@ (Irillz2@llra2ll 2@ + 121Ul 2@ + I72llz2@)

5§—00
0,

because of (2.11)). Hence we get

0= /(q1 — @) (7)™ da.

Q

We did this for an arbitrary ¢ € R, Since q1, ¢ € L>(Q) we know that the Fourier
transform of (¢; — go) exists, see Thm , and is zero for every frequency &. Therefore
¢1 = @2 must hold, which we can derive from the Plancherel formula, as it was stated
in Thm. With this we get the uniqueness of the inverse problem. O






3. An integral equation to compute
Sq¥Pn

3.1. A formula for ¢, on I

We know now of some behavior and the existence of the solution of the equation
(—A+q)v, =0 in §,
vy = o/ 2g onT.

Choose a n € C\{0} with -7 = 0 and consider the continuation 1, of v, that solves
the Laplace operator in the exterior of €Q:

(=A+q), =0 in RA\T, (3.1)
Y, =c'%g on I,

() = €%+ O

) for |z| — oo,
]

where -1 =0, n € C\{0} and

_)a in €,

Y0 wmrAQ
Additionally we know about the unique solvability of the inverse problem. In this
chapter we will derive a method to compute the DtN operator S, from the Dirichlet
data of 9, so that we can compute o from S, in the next chapter. For that we first

prove the following theorem which tells us about the behavior of the solution v, of

the equation (3.1)) for z € T'.
Theorem 3.1. Let d > 2, Q C R? be a bounded Lipschitz domain and n € C?\{0}
with n -1 = 0. Then the solution of the equation has the form

() = 7 / Gole, 9)a(y)iy(y) dy.

Q

for x € ', where Gy is the fundamental solution of the Laplace operator.

31



32 3. An integral equation to compute S'qwn

We will later see in Thm. [3.3| under what conditions the integral exists.
To prove this theorem we consider w = e~“*1),. Then it holds true that

(o) D A () = -V - ( (7w()))
= -V (ine""* 4+ """ Vuw(x))
—(i)*n - ne" w(x) — 2" in - Vw(r) — " Aw(r).
Let e_,(z) := e~ ™. Under the condition 7 -7 = 0 we get for w

—Aw — 2in - Vw = —e_, § ¥, in RAT, (3.2)
w=e_, 01/2g on I,
w—1+0( ) for |z| — oo.

To solve this equation we first look at the homogeneous equation
—Aw — 2in - Vw = 0. (3.3)

Since w(z) = e~ does not solve the equation (3.3) we consider w(x) = e~ r(x),
where r is a correction term to get the exact solution. It holds true that

0 , D
— — —p.e” T —ina
8xjw<x> e r (@) +e axjr(ﬂf%
—82 —in-x ; —in-x 0 iz 82
axgw(ff) = —77926 Tr(x) — 2in;e " a—mjr( x) e o 2T(x)
j

for j =1,...,d. If we put this result into (3.3]) we get:

IIﬁ

0 77 n e Pr(z) 4 2ie "y - Vr(x) — e T Ar(z) — 21 - n e ()
— 2ie”" "y - Vr(z)
M0 Qje My r(x) — e M Ar(z) — 2ie "y - Vr(z)
e Ar(x).

So we need Ar(x) = 0. For that reason we take the fundamental solution of the

Laplace operator
—Llogl|z if d=2,
7’(1’) — { 2T g| |

1 1 .
d@ e e td=3

where a(d) is the volume of the unit ball in R?, see [8, p.22] for more details. Hence
w(z) = e”M*r(z), x # 0, solves the equation (3.3)). The fundamental solution of (3.2))
for which we were searching, is therefore

e~ (z—y) .
—&——log |z — y| if d =2,
Gn(l‘,y) = { 1 e—in (z—y) ifd>3 (34)
d(d—2)a(d) lﬂﬂ—yld’2 =

for x # vy, v,y € RY.
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Lemma 3.2. Let the same conditions as in Thm. hold true. Then the solution of
the equation has the form

w(z) =1 - / G, y) (e q(y)in(y)) dy.

Q
forx el.
Proof.
We first look at the interior problem
—Aw —2in-Vw = —e_,, q ¢y, in €,
w=e_, 01/2g on I

For the homogeneous equation
—Aw — 2in - Vw = 0, (3.5)

we already have a fundamental solution G, (z,y). Next look at the dual problem of
the homogeneous differential equation, which is

—Aw + 2in - Vw = 0. (3.6)
With the same steps as above, we can show that

in-(z—y) .
- log |z — y| ifd=2
* N 27 )
Gn(x7y) T { 1 ein (z—y) ifd>3

d(d—2)a(d) l[z—y|i—2

(3.7)

is the fundamental solution of the dual problem. With the representation formula for
the interior Dirichlet problem, which was proven in [15, Thm 7.5, p.226], we get

w(r) = — / Gy, ) (e—y(¥)a(y)y(y) dy — / (0n,Gr(x,y)) ey g ds,

Q T

+ / Giy(,9)0n, (e (y)thy(y)) ds,

for € (2, where n, is the normal vector which is pointing outside of 2 almost
everywhere. As the next step we look at the problem in the exterior

—Aw —2in-Vw =0 in RN\ Q,
w=e_, o?g on I,

1
w=1+ O(m) for x| — oc.
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With the representation formula for the exterior Dirichlet problem, which was proven
in [I5, Thm 7.12, p.235], we get

w(z) =1+ / (&LyG:;(x,y)) e*nalmg dsy — /Gn<x7y)any (e—n(¥)¥y(y)) ds,

T

for x € RY\Q. By using the super position principle and traces we get for x € I’

wmzl—/&wqu@mw%@>@

Q

If we transform this result back to v, we get

infe) = e = [ Gyl ay) i) dy
Q

:mu/%@wmwmww

Q

for x € I', where G is the fundamental solution of the Laplace operator as well as G,
with 7 = 0. With this Thm. [3.1]is proven.

The next step to compute the DtN operator gq is to transform this equation in a way
such that it is independent of ¢q. But before we solve this question we look at a special
case of the Schrodinger equation ((1.5)) where o = 1. In this case we get the Laplace
operator

—Av; =0 in Q, (3.8)
v =o'/ 2 on I
Now we go back to the representation of ¢, on I'. For x € I' we get with the Schrédinger
equation (3.1))
unfe) = e~ [ Gula,y) alw) (o) dy
Q

_ ein-x .

Go(,y) Aywn(y) dy

(13-8)

[%Y
15

ein-x _

Go(z,y) (Ayy(y) — Ayvi(y)) dy.

/
/

In the following theorem we look at the well posedness of this problem:
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Theorem 3.3. Let Q C R?, d > 2, be a bounded Lipschitz domain. If
(Ayty — Ayun) € L=(9),
then the integral
[ Galea) (Ao = Agn(s)
Q

exists for every x € Q.

Proof.

The idea comes from [I1, Lem. 6.7, p.119].

Consider first d > 3:

Let # € Q and 0 < ry < 1, then it holds true for all y € Q with |z — y| < rg

1 L
d(d = 2)a(d) |z — |42

Ayihy(y) — Ayvi(y))
1 1
S d—2
d(d —2)a(d) |z — y|*% yeB,, (@)
C

= eyl

where B, () = {y € R : |z —y| < 7o} and

1

C > a1 A ® = By (s o

For this proof of existence it is enough if we show for 0 < ry < 79

1
|z — y|4-2

1
d(d — 2)a(d) / (Ayy(y) — Ayvl(y))‘ dy — 0, for r; =0,

ri<lz—y|<ra

since the rest of the integral is bounded. We get for 0 < rq < 79

1 1
d(d — 2)a(d) /

g2 (Ayty(y) — Ayvl(y))' dy
r1<|z—y|<re

c
Y
= / o — gyl Y

ri<|z—y|<r2

sup Ay, (y) — Ayui(y)|
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By applying substitution with spherical coordinates on the integral, we get with
G1, - @a—2 € [0,m) and ¢4, € [0, 27)

C
/ |z — y[4-2 4

ri<lz—y|<rs

ro T 27
C .
_ / / / gt st (1) sin = (go)...sin(a 1) 1 - dr
0o 0
With the theorem of Fubini and a(d) as the volume of the unit ball in R, we get

//7r /_ B (1) sin? " (¢)... sin(pa—1) ddpa_1 ...dey dr

—C/r dr / /sm 2(¢1) sin?3(¢y)... sin(dg_1) dg_1 ...de

J/

-

=a(d)

— 0, for ro — 0.

Therefore the integral exists.
Now consider d = 2:

1
“on log |z — y| (Ay¢n(y) - Ayvl(y)) < Py log |z —y| sup ’Ay¢n(y) - Ayvl(y)|

yeBTo( z)
< Clog|z —yl.

with

1
> 5 AW (y) = Ayor(y)llz= (5, @)
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We get with the same reasoning as above

ro 2m

/ C'log |z — v dy://ClogTrdgzﬁdr
rr O

ri<|z—y|<rsa

r2

= QWC/logr r dr

T1

=27C Eﬁ@log(r) — 1)] )
= wC [r3(log(r2) — 1) — ri(log(r1) — 1)] .

With L’Hopital’s rule we can easily see, that the last term tends to zero as ro — 0.
Therefore the integral exists. a

T2

3.2. An integral equation for §q¢n

In this chapter we derive an equation for the DtN operator S*q and discuss the solvabil-
ity of this equation. For this let n € C?\{0} with 5 -7 = 0. In the beginning we have
the boundary data of v, and therefore as well for v;. Now we want to transform the
integral so that we just need the boundary data as input to solve an integral equation
to get ngn-

Consider the second Green’s formula

ou ov
/Auvdm—/uAvdx—/%vds—/ua—nds (3.9)

Q Q T r

Let v = G, and v = 1, — v1. Then we get for z € I'

) = €7 — / Golz,y) (Dythy(y) — Aya(y)) dy
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Since v; and ), have the same boundary data on I' and Gy(x,y) solves the Laplace
equation for z # y, we get that for x € I and n € C4\{0} withn-n =0

4 o, —v
(o) = e — [ Gty 8= ) as,
Yy
r
With the definition of S'q we have
infe) = e~ [ Gulay) (3, - 50) (o) ds, (3.10)
I

for z € T, where S is the DtN operator for the Laplace equation. Hence we want to
solve this integral equation to get S,. As the next step we look at the solvability of
this equation.

3.2.1. Solvability

In this subsection we only consider d = 3 and d = 2. Remember the assumptions in
the beginning:
e () C R%is a bounded Lipschitz domain
o€ Q)
e There exists a 0y € Ry such that o;' > o(x) > 09 > 0 for all z € Q.
e Let 0 be known on the boundary I' := 0f2.

In d = 2 we have additionally the restrlctlon diam(f2) < 1. Now we look at the
solvability of the integral equation (3.10). For the DtN operator S, we have on T

- 1
Sp=V""! <§] + K) : (3.11)

for details see [I1], p.148], where I is the identity, V' is the single layer potential operator
and K the double layer potential operator defined as follows:

V:HYXI) - HYX(I)
K : HY*(') — HY*(I)

with

Vo(z) = /Go(x y)v(y) ds,,

/ —Go Jw(y) dsy
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where z € T', w € HY2(T'), v € H™Y2(T") and Gy(z,y) is the fundamental solution of
the Laplace equation with

—Lloglz —y| ifd=2,
Go(xay) = { 127r1 ifd=3

4m [z—y|

We know that V and K are linear and that

||Kw||H1/2(F) < C§||7~U||H1/2(F)

HVUHH*UQ(F) < C;/H”HHW(F)

hold true for all w € HY/2(T') and v € H~Y/3(T"), see [I1, Thm. 6.34, p.154] for more
details. If we use the theorem of Fubini, see [5, Chapter 5.2., p.175 et seq.|, we can
easily see that V is self-adjoint. It holds true as well that V' is elliptic

<VU7 U>F 2 CY||U||12L[71/2(r)a

see [11, Thm. 6.23, p. 143] for d = 2 with the restriction, that diam(2) < 1 and [11],
Thm. 6.22, p.141] for d = 3. Therefore V! is bounded and elliptic, see [11, p.144]
and [I1, Lem. 3.5, p.47] for the proof. When we look at the integral equation

unfe) =~ [ Gulaw) (3, 5) vy (w) ds,

for x € I', we can rewrite it as
Uy () + VS, (x) — VSoth,(x) = €.

Let e,(x) := €. With (3.11) we get

1 _
(51 - K) by + VS = e,

on I'. If we take into consideration that 1, = o'2g on T, see the equation (3.1), we
get

. 1
VS, = e, — (51 — K) o'%g (3.12)

on I We had as assumption for o is bounded by o, 'in Q and therefore 0'/?¢ €
HY2(I') for ¢ € HY?(T') due to the norm equivalence in Lem. [A.17, Since Q is
bounded e, is as well in HY?(T"). Hence the right hand side of this equation is in
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HY2(T'). If we look at the equation in the L?(T') duality pairing with w € H~'/?(T"),
we get the variational formulation

~ 1
/V(Sq¢n) w dsy = /en w ds, —/ <§I - K) (6'%g) w ds,
T T T

for all w € H~'/2(T). Since V is elliptic and bounded, see the argumentation above,
we know that this variational formulation is uniquely solvable due to the lemma of

Lax Milgram [B.3]



4. Solution of the inverse problem

4.1. Computation of ¢

Let d =2 or d = 3 and n € C\{0} with -7 = 0. In the last three chapters we
considered 1, which solves

(—A+ )¢, =0 in RY,
Yy =% on I,
() = " + O(—|) for |z| — oo, (4.1)
where
_ AUC{—;/; in Q,
o in RAQ

We concluded that 1, solves the equation
3 1 1/2
VSqby = e, — 5[ —K)o

on I', where K and V are defined as in chapter and e, (z) := e"*. This boundary
integral equation is uniquely solvable for quzn and so we are able to compute the
Neumann data ngn from the boundary data of .

With this information we now try to compute ¢ from qu/;n. Therefore we use the
second Green’s identity . If we take v € H*(Q) arbitrary and u = 1,, we get
with the Schrodinger equation

/(v qy — YpyAv) dx = / (v Sqwn — o!/2g yinty ) ds,.

Q T

On the other hand if we take u = v; with

—A’Ul =0 in Q,

v = 01/29 on I,

41



42 4. Solution of the inverse problem

we get with the same Green’s identity (B.2))
—/lev dr = / (U S’Ovl — 01/29 fy{"tv) ds,.
Q T

To compute this equation we have to calculate Syv; as well. For this we use the
equation (3.11)) and have to solve

~ 1
VSO’Ul = (51 + K) 0'1/2g.
Next we subtract both integral equation from each other and get
/v qy, dr = /U <S'qwn — 5'001) ds, + / (¢ —v1) Av dx. (4.2)

Q r Q

Since we are able to compute S’qwn with the equation , we can compute the right
hand side as long as the second integral vanishes. Therefore we have to choose our
v wisely to compute q from this equation. Now we will discuss several possible vs to
choose from and in chapter 6 we will compare the results.

4.1.1. Computation of ¢ with the Fourier transform

We choose v(z) = e "¢t where £ € R? and 7 € V; with V; := {n € C'\{0}|n-n =
(n+&)-(n+¢&) =0}. Next we compute 5,1, accordingly. Since v is harmonic, we get

/e(£+n) qy dr = /e(£+n) (gq@bn - 507)1) dsg.

Q T

The left hand side approximates the Fourier transform FgG(¢) of ¢ at & € R? for
|n| — oo because

/ ()i (x)e”EET dy — / G(z)e 7 da

R4 R4

= | [ a0 dn = [ ga)e e da

Q Q

= | [ a0y (e, (w) ~ 1) ds

< |le™™ "y () — U2 lg(@)e™ |2

@,

[n|—o00
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Since o € C%(Q) we get ¢ € C°(Q). Hence § € L'(R?, C)NL3(RY, C) and F§ € L*(RY)
due to Thm. [A.6l On the other hand we have a bound from Thm. 2.9l

—in-x CO in-
He K wn - 1HL2(Q) S WH(_A + q)e"'HLz(Q),
C(0 in-
= WH%"'HL?(Q)-

So we get a linear convergence if e, is bounded. For example in the case of J(n) > 0
or J(n) fixed, e, would be bounded.
In the end, if we want to get ¢, we have to take the inverse Fourier transform of

Fa€) = lim [ eern (St = Somn) dsa.

[n|—oc0
neVe r

However we have to be careful with d = 2. In this case the space V¢ is finite. So we
cannot take the limit.

4.1.2. Computation of ¢ with G

Let y € RN\Q. If we choose v(z) = Go(x,), we get the integral equation

/GO(Q%Z/) qiy dr = /G0<x7y) (S’qwn - govl) dsy + / (1/}77 —v1) AGo(r,y) dx
Q T

Q

= /Go(x,y) <gq1/}n—§0’l]1> ds.

r

For n € C*\{0} with very large absolute value || and n-n = 0 we get
/Go(x,y) qe, dx ~ /Go(az,y) <§q¢n — govl> dsy.
Q T

On the left side we have the Newton potential used on ge,. We know it is bounded for
ge, € H*(Q) with s € [~2,0], see [IT} p.153]. However, we can only choose y € R\,
since we do not know how 1), is behaving inside of €2. If we still choose y € {2 we get the
term —(¢,,(y) — v1(y)) added on the right hand side. The only way to approximate 1,
in € we know of is to use e, instead. We will see in chapter 6, that this approximation
does not work very well.
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4.1.3. Computation of ¢ with basis functions

Let y € RY. If we choose v(x) = ¢}(x) € SL(Q) where S}(£2) is the space of piecewise
linear and continuous functions. Then we get the integral equation

OF qby dz = | ¢} (Sytby — Sovr ) dse + [ (¢ — v1) Ag; d
Q/qnxr/ <qn 015)3—1—9/77@1 x
Z/qbzl (Sqwn—g()m) ds,.
r

For n € C¥\{0} with a very large absolute value || and -7 = 0, we get

/Cbzl qey dx = /(bzl <§q¢n - SOU1> ds,.
Q T

We will see in chapter 5 that this equation is uniquely solvable if we choose the
discretization of ¢ and the function ¢} wisely. However we will see in chapter 6 that
this method does not yield very good results either.

4.2. Computation of o
If we know ¢ in €2, there is nothing to hold us back from computing o, because
(=A+4q)o?=0in Q

. 1/2 . o . .
since q = %. The boundary data of ¢ is known as a condition to the whole inverse

problem. Let this boundary data be o and & the extension of o in €2. Then we try
to find a o> = o1/2 — 512 € H}(Q) with

/Vaé/Q -V dw+/q oo *v dx = —/V&W Vv dz — /q 520 de Vv e HY(Q).
Q Q Q Q

This equation is uniquely solvable due to the work we did in chapter 1.
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4.3. The algorithm

We will be working with the equation

(=A+q)b, =0 in R, (4.3)
Yy = 01/2g on I,
, 1
Yy(x) =€ + O(?’) for || — oc.

In the beginning we have the boundary data ¢ and or as the boundary data of o on
I'. Our goal is to compute o by knowing the boundary data g and op. The three steps
to that goal are

1. Computing ngn and Spv;.
2. Computing q.
3. Computing o.

4.3.1. Compute the Neumann data

Now we want to compute

e the Neumann data ¢ := ngn.

e the Neumann data ty := 5’01}1 = % .
First we have to solve
1
Vt=e, — (51 — K)o%/2g on I

If we put this equation into the duality pairing with w € H'/2(I") we get the variational
formulation to find t € H~'/2(T") with

1
/V(t) w ds, = /(—§I+ K)(Uémg) w ds, + /enw ds, Yw e H-Y3(T).
T T T
(4.4)

This equation is uniquely solvable, because V' is bounded and elliptic, for more details
see the discussion we had in chapter [3.2.1] Next we compute

1
Vto = (§I + K)O'%‘/%g on F

We use again the duality pairing and get to the variational formulation: Find t, €
H~'%(T") which solves

/V(to) w ds, = /(%[ + K)(afﬂg) w ds, Vw € H-V3(T). (4.5)

This equation is as well uniquely solvable.
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4.3.2. Compute q

With this Neumann data we can solve

/qu/J77 dx:/v (t —to) de-FQ/(%—Ul)AU d.

0 T
by using
1. vy(z) = e with ¢ € RY and 7 € V.
2. va(x) = Gop(z,y) with y € RN\Q.

3. v3(z) = ¢} (z) with ¢} € S}(Q).

In chapter 6 we will compare the results for the different v;, : = 1,2, 3.

4.3.3. Compute o
Afterwards we solve

(=A+q)o? =0 in €,

1/2 1/2

o/" =op on I'.

with or as the given boundary data of o on I'. We use a continuation ¢ of the boundary
data. Then we try to find a 0(1)/2 = ol/?2 — 512 € H}(Q) with

/VU%N-VU dx—i—/qaé/Qv dxz—/V&l/Q-Vv dx—/q51/2U dx VUGH&(Q)-
Q Q L @

(4.6)
4.3.4. Summary

We start with the boundary data g and op. First we solve the two variational formu-
lations

1
/V(t) w ds, = —/(51 — K)(a%ﬂg) w ds, + /enw ds, Ywe HY*(T),

r r r

1
[V wds, = [Gr+ ) w s, v € H-VA(T)
T T

to get the Neumann data t,t, € H~'/2(T"). Next we solve

/vql/zndx:/v (t — to) dsz—i-/(wn—vl)Avdx

Q r Q
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by using one of the methods which were explained above. In the end we solve

/Vaé/z-Vv dx+/qa(l)/21) d:v:—/Vfrl/Q-Vv d:v—/q&l/zv dr  Yv e Hi(Q)
Q Q

Q Q

to get the desired dielectric conductivity o.






5. The reconstruction problem

5.1. Introduction

Let d = 2. Consider Q = B((0.75,0.75),0.25v/2). If we try to solve the reconstruction
problem we first take o as a given function. In this case we use

|z—2m |2 — 872

(14 10exp(c——=3))? if |2 —z,[* < $12,
o1(z) =

1 otherwise,

where r = 0.25v/2 and z,, = (0.75,0.75). The function ¢y full fills our assumptions
for o since o € C?(Q).
To be able to use the algorithm of chapter four we first need to get the boundary data
of u. For this we solve

/01VU-VU dx = /?v ds, Vv € HY(Q).
n
Q T

However this equation is not uniquely solvable without the boundary data g of u, so
we need another equation. We get from the equivalence of the DtN operators ((1.11))

Sa(vaby) = Sy (ve"u),
and that

int int

g="u="" vy

holds true, since 0; = 1 in a neighborhood of I". If we put this into the equation (3.12)),
we have

1
Vt:en—(ﬁl—K)g on I,

with ¢ := S,ab, = S,u. So we need to solve the variational formulation

/V(t) w ds, = /enw ds, — /(%1 — K)(g) w ds, Yw € HY2(T),

r r r

49
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as well as the variational formulation for u. After that we go trough the algorithm
as explained in the previous chapter. In short we start by solving the two variational
equations

/01Vu-Vv dx:/tvdsy Vv e HY(Q),
Q T
1
/V(t) w ds, = /enw ds, — /(51 — K)(g9) w ds, Vw e HV4(D).
T T T

With the data we get from solving them, we compute ¢y by solving
1
/V(to) w ds, = /(§I+ K)(g) w ds, Yw € HY2(T).
r T

Afterwards we solve the equation

/v qiby dx:/v (t —to) dsgg—l—ﬂ/(z/)n—vl)Avdm

Q r

with different v. The last step is to compute o. Since o1 = 1 on I', we use 1r as the
continuation of the boundary data. For this we try to find a 0(1)/2 =o' —1r € HL(Q)
with

/Va(l)/Q-Vv dm+/qaé/2v dasz—/Vlr-Vv div—/qlrv dr v e Hy(9).
Q

Q Q Q

5.2. Discretization

Now we need to solve the two equations:

/01VU~VU dx:/tvdsy Yo e HY(Q),
Q T
/V(t) w ds, = /enw dsy, — /(%I — K)(g) w ds, Yw e HV4(D).
T T T

To discretize this problem we use as the solution space for u the space of piecewise
linear and continuous functions S;, () with the basis functions {¢}}X, and h, as
the step in space. For the solution space for t we use the space of piecewise constant
functions Sj (I') with the basis functions {¢)},., and as well the space step h,. For
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the test function space we choose S; () for the integral equation with « and S}, (T)
for the boundary integral equation with ¢. From this discretization we get the equation

Arr Ary Uy 0
Apr Arr M | ur] =101, (5.1)
(%Mh —Ky) Vi t In
where

ulj] == <U ¢ )12(9) Vj=1,..,N,
t[l] :== < &) vVi=1,.., M,
folk] = <6m¢°> Vk=1,..,M,
Ali, j] = <UV¢17V¢ )L2(Q) Vi,j=1,...,N,
[kv ] <V¢l ) ¢k> Vk’,l = 1, ..M.

Let {¢!}Y, be ordered by the basis functions in € and functions on I'. Choose )
1 < P < N so, that the first P basis functions are the functions of points in 2 and
(N — P) = M. Hence we can write

Mylk,j — P := (¢j, Sp)r Vj=P+1,..NVk=1,.., M,
Kylk,j— P]:= (K¢, &)r Vi=P+1,.NVk=1,.. M,

ur[j] = ulj] Vi=1,..P,

urlj — PJ = ulj] Vji=P+1,.., N,
Anrli, j] == Ali, j] Vi,j=1,.., P,

Arqli, j — P] == Ali, j] Vi=1,..,PVj=P+1,...N,
Aprli — P, j] == Ali, j] Vi=1,..,.P,Yi=P+1,..,N,
Arrli — P, j — P = Ali, j] Vi,j=P+1,..,N.

Since we know now the boundary data g = ur, we are able to compute ¢y by solving

/V(to) w ds, = /(%]—l—K)(g) w ds, VYw e HY2(T).

To solve this variational formulation we take S} (I') as test function and solution
space. With this we get the equation

1
Vhto = (§Mh + Kh)UF. (52)

where

toll] := (to, &])r Vi=1,...,M.
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With all the data we have computed, we now solve

/v qy dx:/v (t —to) dsz—i-/Av (¢ — 1) (2)dz.

Q r

We will discuss several methods to get q by solving this equation in chapter 5.2.1,
5.2.2,5.2.3 and 5.2.4.

After we have computed ¢, we solve the following variational formulation to find a
03/2 = ol/?2 — 1r € H}() with

/Vaé/2 Vo dz + /qaé/Qv dx = —/le Vo dz — /qlrv dx Vv € Hy(Q).
Q Q @ @

For this we choose S ,110 (€2), the space of piecewise linear and continuous functions which
have support in 2 and the space step h,, as the solution and the test function space

with the basis functions {¢}}Y7, N, < N. Hence we get

Anay® =¥, (5.3)
where
Autli.j) = / Vol Vol drt / 16'6! da Visj=1,.. P,
Q Q
Avili,j — Py = /vqs;-vqs} dm+/q¢}¢g dt Vi=1,.. P¥j=P,+1,... N,
Q Q

fi=—Apr1,

and the first P, basis functions are the functions of inner points of (2.

5.2.1. Compute ¢ with the Fourier transform
For arbitrary ¢ € R and n € Ve := {n € C\{0} : n-n=(E+n) - (£+n) =0}, it
holds true that

/e—(£+n) qYy dr = /e—(£+n) (ngn - SOUl) dsg.

0 T

For n with very large absolute value |n| it holds true that

Fq(&) = /6—(£+n) (t —to) dss.

r
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We approximate the integration domain of the inverse Fourier transform by a Q ¢ R?
big enough and it should hold true that Q C Q. For Q we choose B((0.75,0.75), 10.25+/2)
in this example. In chapter @ we explain this choice and compare different € based
on some results of [0].

Now consider ¢, € S}Lq (©) with the basis functions {gbjl}j\]:ql with N, < N, < N of Q
and the supporting points {xj}fjil. Then we get

Ny '
=> q,¢)(x)
j=1

where qi ~ q(z;). We will look at the Fourier transform ¢ of ¢ in the space Sill(ﬂ) with
the basis functions {¢;}+_, and the supporting points {&}2_, so that

ZQh k(€

with ¢F ~ G(&). Now we have to do the following step for every k=1, ..., N:

Take n € Vg, = {n € C\{0} : - n= (& + 1) - (& +n) = 0} with maximum absolute
value of all  in V,. In chapter @ we discuss how V¢, looks like in more detail. For
this example we choose n = x + iy, z,y € R?, as follows:

If the first component & ; of & is not zero, we choose

B —a
=
_ \/l((g’%’l & ﬂéﬁ)z I a_2)
POV s e TR
513,1 + g}%’z + 2298k 2
Ty = ;
—28k1
Yy = —fk,2y2
Eey

where

_ 513,1 + 513,2 @
26k &k, 1

€k2)

b:=(1+
e
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For &1 = 0 and &2 # 0 we choose

To = —@,
2

Y2 )

T = 0,

Y1 = —@-
2

If & = 0, we take

To = 10,

Yo = —10,

x1 = 10,

y1 = 10.

These n are in V; and have maximal norm except for the last case with &, = 0. For
more details about the space V¢ see [6].

In the end we compute

M

a=3 11— toll) / e_(eurnm 5e-

=1 T,

When we are done computing ¢ for k = 1, ..., N, we can approximate
. 1 ,
= — [ §u(&)e d
ap, A2 Qh<€> ’5
Q

for j = 1,..,N,. In chapter six we will look at the error of this approximation and
compare the results.

5.2.2. Compute ¢ with G
Again we start with the integral equation

/v qiy, dx = /v (S’an — 5’01}1> ds, + / (¢ — v1) Av dx.

Q r Q

For n € C¥\{0} with very large absolute value || and -7 = 0 we get

/v qe, dx ~ /v (ngn — govl) ds, + / (¢, — v1) Av dx.

Q r Q
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Let {xk}gil be the inner supporting points of €2, where N, < N, < N. Furthermore
we assume that ¢" € S,llq(Q), which is the space of piecewise linear functions with

o

support in © and the space step h,. Let {gb}g}gil be the basis of S (€2). We will break
this problem into two problems. First we consider w := ge,, and solve

/v wdr = /v (S'qwn — S’ov1> ds, + / (¢ — v1) Av dx.

Q T Q

/qe,@} dr = /w@ dx
Q Q

for j =1,..,N,. Let us assume that w € S,llq (©). Then we can rewrite w and ¢ as

After that we will solve

Ny

w(z) =) w'ei(x),
k=1
Ny

a(@) = 3 (R(d") +iS(6"))oh(x)

k=1

with w' = w(z;) and ¢' = q(z;). Hence we get

éwk/v ¢y dr = /U <Sq¢n - go%) dsy + Q/ (¢ —v1) Av dx (5.4)

Q T

> [ (R Re) - 36130 +iREIDer) + (IR dhot do (53)

for j = 1,..,N,. Now we need N, different test functions v € H?({2) to get an equation
for {wk}ljcvil

In this example we choose the fundamental solution of the Laplace operator v =

Go(z,y1), defined in (3.4), y, € RN\Q for [ = 1,..., N,. Consider
y = (0.25v2 + h) (Sm(o‘l)) + <8;§)

cos(oy)
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with
27l
al = —

N,

q

forl =1,...,N, and h > 0 as step in space. Then we get

Zw /Go x,y) on(x )dm—/Go(x,yl) (ngn(x) —Sovl(x)> ds,,

r

for l =1, ..., N,. Therefore we end up with the equation
A w = f7

where

GO(nyl) (bllc(x) dx vhk - ]-7 "‘JN(]7

Golz, 1) (Sqw;‘(x) - 5'01)1(33)> ds, Vi=1,..,N,.

Q
wlk] == w" VEk=1,..., N,
F/

With this we want to solve

0 A) \S(w) () '
The integral in f is the single layer potential V' applied on (S’qw77 = Sovl). On the
other hand the integral in A is the Newton potential applied on ¢;. Hence we know

of the existence of these integrals and how they behave on the discrete level, see [11]
for more details. After we solved the first equation, we have to calculate

K™ k /3‘% en)( (bkgb dx Vi k=1,.., Ny,
KM ] = / S(ey)(2)Le! do Vik=1,..N,
Q
Nq
g™) Zzﬁ(wk)/cbi i dx Vji=1,.., N,
k=1 Q
Nq
9" 1] —Z%‘(wk)/cbi i dx Vi=1,..,N,
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to be able to compute the second equation

(i ) (369) = (5m)

with

Furthermore let

KIm KRe

Re
_ (9

The matrix K will make us some problems since the function e, can be hard to ap-
proximate for large 7. This we see from the numerical results in chapter six. Therefore
we look at a second way to solve e,q = w.

K= (KR@ _Klm) , (5.7)

5.2.3. Second way to compute ¢ with G|

Again let {mk}ivil be the inner supporting points of €2 and we are staying with the
same solution and test function spaces. Hence we can write

Nq

w(z) = 3 wieh(a),
k=1
Ng

¢"(x) =) (R(d") +iS(¢") ()

k=1

with w’ = w(z;) and ¢' = q(z;). We remain with first equation and solve
A 0Y (Rw)) _ (R(f)
0 A)\S(w)) \S(f)

All k] = /Go(x,yl) op(z) dv Vik=1,.., Ny,

with
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However we take a different approach for the second step to solve

qy, = w.
Now we use the equation
1 _ [ w _
/qqf)j dx = /€_¢j dx Vi=1,..,N, (5.8)
7
Q Q

and we get for j =1,..., N,

S / (R(") +13(¢")Bh(x)) (z) de

k=1 Q

with
K1j, K ~{¢i ! do Vik=1,..N,
P S T A
e 5 [ AR R 1,
q[k] == ¢" Vk=1,..,N,

In this case K is the Mass matrix and we know that this matrix is invertible, see [L1]
for more details. Hence we can solve this equation even though we won’t get very
good results since the function e, is still behaving badly.
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5.2.4. Compute ¢ with basis functions
For n € C\{0} with very large absolute value |n| and n-n = 0 we get
/v ge, dr ~ /v <5’qw,7 — govl> ds, + / (¢ —v1) Av dx.
Q T Q
Furthermore we assume that ¢ € Sj_ (&3) and let {¢L}27, be the basis of S,%q(&c')l)
Now we consider v(z) = ¢}, and look at the equation
/(bz 4y dx ~ /(bllc (Sqd}n - 50U1> ds,.
) T
Hence we want to solve
Ng
Zq] /(;5,1€ gb]le,, dr = /gb,lg (Sqwn — Sovl> ds, Vk =1,
=l q r
So we end up with the equation
Agq = f,
where
Alk,j] = /gb,ﬁ prey dx Vk,j=1,..,N,, (5.9)
Q
K] == /¢,1§ (S*qwn _ 5’01)1) ds, Vk=1,..,N,,
T
qlil =¢ Vi=1,.., N, (5.10)

Here we will have the same problems with the matrix A as with the matrix K in
chapter 5.2.2. The function e, can be hard to approximate for large n and this we will

see in the numerical results of the next chapter.






6. Numerical results

In this chapter we work with the same 2 and o7 as in chapter 5, therefore we have

Q = B((0.75,0.75),0.25/2)

and
(14 10exp(5—%=))? if r? < 53,
0'1(;1;) = TT9™™M
1 otherwise.
with
2- 1OeXp(T2_1§T2 ) [(r2_4§i2 E (T2_1§T2 +2) — m]
1/2 ) 91\/[2 E)JWSTQ 9]\/[1 91%4 ) ) g o
Ao-l (I’) = +2-10 eXp(TQ_%T?M) (7”2_%]\7/%1)3<T2_%7’?\4 + 1) — W} if r* < o M
0.0 otherwise.

where 7 1= |z — .|, 727 := 0.25v/2 and x,, := (0.75,0.75) is the radius of Q. We first

look at the approximation of ¢ and compare the different methods. In the end we look

at numerical results for the approximation of o.

6.1. Approximation of q

6.1.1. Results for approximating ¢ with the Fourier transform

We now test the approximation which was given in the previous chapter. For the forth

level of refinement for Q and different levels for Q = B((0.75,0.75),10.25v/2)

Level th — q||L2(Q)
0 0.101697
0.087418
0.0882527
0.0825344
0.085346
0.0519215

T W N =

If we take a look at the graphical approximation, we see

61
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6. Numerical results

Level

q original

Before we make a decision about the quality of this approximation, we look at the
profile of this plot to get a better understanding of it.

04

qorg

qappr

0.2

0.4 0.5 0.6 0.7 08 0.9 1 11

We see an approximation which is quit good. The range of the values is almost in the
same range as in the original. It rather looks like ¢ was smoothed by the approximation.
However we will see, that this is the best method compared to to the others.
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6.1.2. Results for approximating ¢ with G|

—100
1100
A, which was defined in . Then we look at the smallest eigenvalues of A. If we
take h = 0 in the definition of y;, we get

Let n = . We refine the neighborhood of ¥; twice to compute the entries of

Dof of q ‘ smallest Eigen value
5 -1.72464e-34 + 1 2.56731e-34
25 5.08604e-18 +1 0
113 6.24598e-19 + 1 0

For h > 0 as the discretization step we get

Dof of g ‘ smallest Eigen value

5 -6.20407e-08 41 0
25 -9.42247e-18 41 0
113 -1.39933e-19 +1 0

Therefore matrices are singular and we can’t compute the following steps. However
if we look at the inner points of Q y; = x;, [ = 1,..., N,, the equation Aw = f
as it was stated in is solvable. Which means as well that we ignore the term
— (4, (y1) + v1(y) on the right hand side. But now K is singular, what we see from the
following results:

For the smallest eigenvalue of K in each refinement step, we get

Dof of q ‘ smallest Eigen value
5 -1.72464e-34 4 1 2.56731e-34
25 3.37291e-44 + i 1.82075e-44
113 -2.05844e-49 41 0

We conclude that we can’t compute o with this method. Therefore we use a slightly
different method:

6.1.3. Results for the second way to approximate ¢ with G|
In the last chapter we tried to solve

/qenqb; dr = /wqb]l dx

Q Q
for j =1,..., N,. Now we solve instead the equation (/5.8

/qqa;. da :/Eqa; dr  Vj=1,..,N,
€y
Q

Q
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The matrix we get by discretizing this equation is uniquely solvable.

L We get for the system error between the matrix applied on the

original values of ¢ and the right hand side for different degrees of freedom of ¢

Let n = <_‘10

Dof of q | |Kq — gllr2@)

b 0.54235
25 0.268102
113 0.0622128

Here we see a convergence. Therefore we look at the approximation error and we get

Dof of q | lg — gl

5 4.19236
25 3.30176
113 1.37379

Here we can see a convergence as well. However we take a look at the graphical
approximation get a better understanding how good the approximation actually is.

Dof of q q original R(q) 3(q)

113

Now we see, that ¢ is not approximated at all, since the pictures show a completely
different function.

Therefore we take another n and hope for better results. If we choose n = (;11(;)00),

then we get for 113 degrees of freedom for ¢ the errors

Dof of q | [|Kq — gllr2) | lla — dllr2@
113 | 4.28126e4+22 | 1.00813e+24

We already see that this is a very bad approximation and the pictures tell us the same:
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Dof of q q original

113

As a last choice we take n = (;2200) and compare the results. We get for 113 degrees

of freedom for ¢ the errors

Dof of q | [|[Kq — gllr2) | lg — dll 2
113 | 110034 | 25.3053

We already expect bad results in the graphical approximation from these errors and
the pictures tell us that this guess it right:

Dof of q q original R(q) I(q)

113

Since we were not able to produce good results, we yet again take a different ap-
proach. Now we try to use the Least square method by taking (N, + Ny pound) Points
on the boundary I', where N, pouna is the number of boundary points of the refinement
step with the space step h, and which gives us N, inner points. With this we get the
following results:

For the smallest Eigen value of the matrix AT A we get

Dof of q smallest Eigen value
5 1.00319e-10 +1i 0
25 1.07312¢-19 +1i 0

113 -7.82646e-22 + 1 4.32274e-21
481 1.10415e-21 +10
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The smallest Eigen value of K is for different degrees of freedom for ¢

Dof of q | smallest Eigen value
25 2.67125e-07 4 1 1.80736e-07
113 1.49145e-09 + i 4.62069e-08
481 1.59458e-09 + i 8.13272e-09

For the error of the solution we get

Dof of q | [lg — qllr2(0)
5 60357.6
25 107712
113 7263.13
481 29.7206

Here we do not have a good convergence and in the pictures we do not have a graphical
approximation either

Dof of q q original R(q) 3(q)

481

Therefore we can conclude that this method does not work well. So we look at the
next method and hope for better results.

6.1.4. Results for approximating ¢ with basis functions

Now we look the third method to approximate ¢ in which we use basis functions for v

in the equation (4.2)).
—100

Let n = 100 ) Again we are unable to solve the equation Aw = f, which was
posed in (5.9), because A is singular as we see from the smallest eigenvalues of A,
which are

Dof of q | smallest Eigen value
5 -2.472e-35+10
25 -2.73198e-45 + 1 0
113 -7.91374e-50 +1 0
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Therefore we choose another n = <;11(§) > We yet again start with the smallest

eigenvalues

Dof of q ‘ smallest Eigen value
25 2.67125e-07 + 1 1.80736e-07
113 1.49145e-09 + i 4.62069e-08
481 1.59458e-09 + i 8.13272e-09

The Eigen values are small but still big enough so we can solve the equation Aw = f.
So we look at the error of the approximation ¢

Dof of q | lg — qllz2(0)

) 76.5604
25 6.26376
113 6.0203

481 0.0890929

In case of 481 degrees of freedom for ¢ we get the zero solution, which we see in the
pictures below. We also see that there is no approximation of gq.

Dof of q q original R(q) S(g)

113

481

Since we do not have any approximation of ¢ with this method, we a different ap-
proach. Now we try the Least square method to get better results. We test with all
the N basis functions, which we used to compute 1, and ur, to get an over determined
equation.
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For the smallest Eigen value of AT A we end up with

Dof of q | smallest Eigen value of AT A
) 1.04245e-11 +1i 0
25 4.70264e-14 +1 0
113 7.71787e-16 +1 0
481 2.51413e-17 +1 0

Especially in the case of 481 degrees of freedom the Eigen value with the smallest norm
is very small and we can’t expect to get a good approximation. When we calculate
the error of the solution we get

Dof of q | |lg — Q||L2(Q)

) 1.95721
25 1.09349
113 1.96717

481 0.0890929

In case of 481 degrees of freedom for ¢ we get the zero solution again. This we could
have expected from the very small Eigen values. If we now look at the results in
pictures, we get:

Dof of q q original

113

481

We see as well in the pictures, that we get the zero solution in case of 481 degrees of
freedom for ¢q. With this we can conclude that this method does not show any good
results. Even if we try to use the Least square method we don’t end up with sufficient
solutions.
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6.2. Approximation of o

We look at the equation
(=A+q)o? =0 in Q,
ot/?=1 on I,
and solve the variational formulation which was discretized in in chapter 5.
Let 2 be refined four times. Now we use the results of the approximation of ¢ with

the Fourier transform from chapter on the fifth level of refinement for Q which
yielded the error

Level | lan — qllz2 ()
5 | 0.0519215

and the graphical approximation

Level q original

If we solve the equation (5.3)), we get the error

lon — ollz2@
0.000149404

and the graphical approximation

o original Oh
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We see that the values of the approximation o}, are almost in the same range as the
original function. In the same way as the function ¢ the approximation o; seems to
be smoothed. This happened probably when we chose to cut the integral domain of
the inverse Fourier transform from R2 to Q.



7. Conclusion

In this thesis we derived several methods to compute 0. We tested them and concluded
that we get the best approximation for ¢ if we use the method with the Fourier
transform as it was described in chapter [.1.1] On the other hand we did not take
computational time into consideration. The method with the Fourier transform does
take the most time, because we need to compute gw for every discretization point
&, of Q since n € Vg, as it was explained in chapter . But in the end we see that
this computation time is well spend since we can see in chapter that the results
are acceptable and much better compared to the other methods. Therefore we end up
with the algorithm:

We start with the boundary data g and or and solve

1
[V was, = [Gr+1)e ) wds,  vwen )

r r

to get to € H~V/2(I"). Then we choose the integration domain Q C R for the inverse
Fourier transform. For every discretization point &, k = 1, ..., N, of Q we choose
N € Ve, with a large enough absolute value. Next we do the following two calculations
for every k=1,...,N:

First we solve the equation
1
/V(tk) w ds, = /enkw ds, — /(51 - K)(a%/Qg) wds, Ywe HY(T),
r r r

to get the Neumann data ¢, € H~'/?(T"). Secondly we compute

Fhle) = / ¢ (on) (e — to) ds..
T

By interpolating the approximation of the Fourier transform F"§ we can compute the
approximated inverse Fourier transform and get

) = / Fra(e)e’s de.

Q
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Now we are able to solve the variational formulation
/Vaé/z -Vou dr + /qhaé/zv dr = —/V61/2 -Vou dx — /qh&1/2v dr  Yv € Hy(Q)
Q Q Q

for ¢ as the extension of the boundary data or to get the desired dielectric conductivity
o= (03/2 + 51/2)2,
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A. Definitions

First we will state some definitions, that are used in this thesis. The following two
definitions for Lipschitz domains come from the book [15] p.89]:

Definition A.1. The open set Q C R? is called a Lipschitz hypograph if there exists
a function ¢ : R™Y — R? such that

Q={z=(a,2,) R : 1,y < ((2),Va' = (21, ..., 20-1) €RT}
and C is Lipschitz, i.e. if there is a constant M > 0 such that
() = ¢ < Mla' —y/|  Va',y' e RTL

Definition A.2. The open set Q C R? is called a Lipschitz domain if its boundary
I' = 0Q is compact and if there exist finite families {W;} and {€;} having the following
properties:

o The family {W,} is a finite open cover of I', i.e., each W; is an open subset of
R, and T' C UW;.
J

o Fach §; can be transformed to a Lipschitz hypograph by a rigid motion, i.e. by a
rotation plus a translation.

o The set Q satisfies W; N Q= W; N, for each j.

From now on let  C R? open and bounded. The following definition of the LP()
space comes from [15 p.58]:

Definition A.3. The space LP()) is defined by the norm

1/p

ey = | [t da
Q
for1 <p<oo. We define

(u,v)q = /u(a:)v(a:) dx.

Q
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The definition of C*(Q) is from [15] p.61]:

Definition A.4. The space of k-times continuous differentiable functions, k € N, is
called

C*(Q) := {f|0°f ewists and is continuous in Q for any o € N* with |a| < k}
and

C>(Q) = (C*().

k>0

The following definition for compact supported function spaces comes from [15], p.
61,65,72]:

Definition A.5. e Let K be a compact subset of Q) and r € Ny, then define the
space of compactly supported C"- functions as

C(Q) :={ue C"(Q) : supp(u) C K},
D(Q) :=A{u:ue CF(Q) for some K which is a compact subset of 1}

o We define the Schwartz as the space of rapidly decreasing C*°-functions with

S(RY) := {1p € C*(RY) : sup |z°0°(x)| < oo for all o, B € N},

zcRd

For the definition of the Fourier transform we need the theorem of Plancherel as
stated as in [7, p.188, Thm 6.44]:

Theorem A.6 (Theorem of Plancherel). There is a unique operator F : L?(R? C) —
L*(R4,C) with

(ff7 fg)Lz(Q) = (fa g)L2(Q) Vf,g € Lz(Rd7C>7

such that

Ff()= (27T)_d/2/e_m"u(:v) dx,
R4
for f € LY(RY,C)N L3R4, C). It holds true that
(F @) = (FH(-2)
almost everywhere for all f € L*(R%,C).

The following definition is from [15], p.70,75]:
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Definition A.7. e The operator
Fu() := (27T)_d/2/e_i5'mu(ac) dx
R4

is called the Fourier transform for & € RY.

o We define the Bessel potential of order s € R by
Foula) i= (2" [ (14 6Py Fu(@)e dg
R4
for x € R
With this we can now define H spaces as follows:

Definition A.8. We define for s € R
H*RY) = {u e S*(R?) : T°u € L*(R)},
and
H*(Q) == {u € D*(Q) : u = Ulg for some U € H*(R%)}.
Furthermore we define

H*(Q) := closure of D(Q) in H*(RY),
Hi(Q) := closure of D(2) in H*(Q).

_ This definition is from [I5], p.76-78]. For Lipschitz domains we get a relation between
H*® and H}:

Theorem A.9. Let s > 0. If Q) is a Lipschitz domain, then
H*(Q) = {u e L*Q): @ € H*(R")} C H(Q)

where u denotes the extension of u by zero:

_ {u(x) if x € Q,
u =

0 if . € RAQ.
In fact

H*(Q) = H3(Q) provided s ¢ {

?

DN —
Do W
N | O
—
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for the proof see [15, Thm. 3.33, p.95]. In comparison we define W spaces as in [15]
p.74]:

Definition A.10. We define the Sobolev space Wﬁ(Q), k,p € N, as follows
WEQ) := {u € LP(Q) : 0%u € LP(Q) for |a| < k}

p

with
1/p
lulwge = | D [ 10%u(@)] do
la|<k g
We denote the Slobodechii seminorm by
1/p

— p
g i= [ [ [HELUDE g,
Q

|z — yl| e

forO<pu<l Fors=k+p, keN, 0<pu<1, we define
W2(Q) := {u € W) : [0%],p0 < oo for |a] =k}
and equip it with the norm
1/p

lallwseey = { lullfypa) + D 10%ul) g
|a|=k

The equivalence we get from the following theorem, as was stated in [15], p.92].

Theorem A.11. If ) is a Lipschitz domain, then
o H3(Q)* = H*(Q) and H*(Q)* = H*(Q) for all s € R;

o W5(Q)=H*(Q) for all s > 0.

Theorem A.12. For any non-empty open set Q C R%, and for any integer r > 0, it
holds true that

H™7(Q)=W™T"(Q)
with equivalent norms.

Proof.
Look at [15] p.81]. O

One of the most important theorems in this work is the trace theorem:
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Theorem A.13. Define the trace operator v : D(Q) — D(I') by
Yu = ulp.

If Q is a Lipschitz domain, and z'f% < s < %, then v has a unique extension to a
bounded linear operator

v HN(Q) = HVA(D),
and this extension has a continuous right inverse.

Proof.
See [15L Thm. 3.37, p.102] and [I5, Thm. 3.38, p.102]. O

With this theorem, we can write a definition of the traces on 2, which comes from
[11]:

Definition A.14. Let Q C R? be a Lipschitz domain. Then we define for u € H' ()
and z € I' = 0Q

int = =,
Y ulz) = lim o u(@),
You(z) = lim  u(@).

F—x,FERINQ

If further u € H*(QY) holds, we define

. ou
wnt N : ~
1 u(z) = ij;{geﬂ p— (T),
)
Vtu(r) = lim o (d),

F—x,2ERI\Q anemt

as the normal deriative for the Laplace operator, where ni, is the normal of 2 and
Negt the normal of RA\Q.

These limits are to be understand as the use of the trace operator.
With this definition we can define the L?(T") product:

Definition A.15. For u,v € H'(Q) then we define
()= [t ngto ds.
T

We will also need the Sobolev space H'/2(I") for the weak formulation of the differ-
ential equations:
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Definition A.16. Let Q2 be a Lipschitz domain and 0 < s <1
H*(T) :={u € L*(T) : uc(2) = u(a’, {(2')) for some us € H¥(R¥1)}

with the norm

Jwl ?{s(r) = HUCH%{S(Rd—l)'

See [15, p.98].

Lemma A.17. It holds true that

Hw”ip/z(r) ~ HUCHi?(r) + ‘ucﬁ/m,w—l-

Proof.
By using the theorem of norm equivalence for W/2(R4-1) and H'/2(R¢1), [15, Thm.
3.16,p.80], we get

”le%Il/?(F) = ||UC||12L11/2(]Rd—1)
~ ||UC||$/V1/2(R¢1—1)

= HUC”IQ/VO(]Rd*l) + Z |aauc|%/2,2,Rdfl
|a|=0

= ||U<||%2(r) + |u€|%/2,2,Rd*1‘

And so this lemma is proven. O
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Let furthermore 2 C R? be a bounded Lipschitz domain. Then there exists an inter-
esting inequality for H}(Q) functions:

Theorem B.1 (Poincaré inequality). There exists a constant ¢ > 0 depending on €2
such that

[ullz2(@) < cl|Vullr2(o)
for all u € H}(Q).

Proof.
Consider [§, Thm. 3, p.279] for the proof. O

Next we look at the Green’s identities, which were proven in [15, p.4] :

Theorem B.2 (Green’s identities). Let u,v € H?(Q). Then it holds true that

1.
/Vu-Vv dx:/v ity dsx—/vAu dzx.
Q

Q T

/(UAU — uAv) dr = / (v 1" u —u ") ds,.
r

Q

We will be needing the lemma of Lax-Milgram as it was stated in [15, Lem. 2.32,
p.43]:

Theorem B.3 (Lemma of Lax-Milgram). Let H be a Hilbert space, H* its dual and
(.,.) the corresponding duality product. Let the operator A : H — H* be linear,
bounded and elliptic, i.e. there exists a constant ¢ > 0 such that

[{Au, w)| > cflullF

for allu € H. Then A has a bounded inverse A~' : H* — H.
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Later we use the Fréchet-Riesz representation as it was stated in [3, Thm. V.3.6,
p.226]:

Theorem B.4 (Fréchet-Riesz representation theorem). Let H be a Hilbert space.
Then the operator A : H — H*, y — (.,y) is bijective, isometric and conjungated
linear, 1.e.

A(hy) = AA(y).

That means that for every x* € H* exists exactly one y € H with x*(z) = (x,y) for
x € H and it holds true that ||z*|

we = ||ylla-

We will be also in need of some properties of the Fourier series which were proven
in [10, p.6-11].

Theorem B.5. Consider L*(Q) with Q := [—m,7|¢ and the inner product
(u,v) = (27r)_d/u@ dz, u,v € L*(Q).
Q

If f € L*(Q), then one has the Fourier series

flo) = fre™*

kezd

with convergence in L?(Q), where the Fourier coefficients are given by

fk = (fa eik.z)

One has the Plancherel formula

111720y = Z | fel?.
kezd
The following definition is from [3, Def. V.4.1, p.230]:
Definition B.6. Let H be a Hilbertspace.
o A subset S C H s called an orthonormal system if for all e, f € S, e # f holds

lefla =1,

<6, f>H = 0

e An orthonormal system S C H s called an orthonormal basis if for every or-
thonormal set T with S CT'C H follows T = S.
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With this definition we can prove the next Corollary:

Corollary B.7. Under the assumptions of the previous theorem {e*%},cza is an or-
thonormal basis in L*(Q).

Proof.

We simply need to show, that {e**}, ;4 is an orthonormal set in L?(Q). The rest
will follow due to the equivalence of the Placherel formula and the Parseval identity,
which on the other hand is equivalent to the condition that {e?**}, ;. is a basis, see
[3, Thm. V.4.9, p.234].

Let k,j € Z%. If k # j then there exists a n € N so that k, # j,. For simplicity let
n = d. With the theorem of Fubini, see [5 Chapter 5.2., p.175 et seq.] for it’s proof,
we get

™ d—1
(eij'x, eikm) Fugmz (27T)7d / /COS ((]d — kd)l'd + Z(]n - kn)xn)
n=1

[—m,m]d—1 —m

d—1
+ 4sin ((jd — kq)xqg + Z(]n — kn)xn> drg dxg 1, ..x1]

n=1

= (2m)™ / 0 d[zq_1,..x1] = 0.

[—7‘(‘,7l']d71

The last equation holds because we integrate the shifted cos and sin over (jz — kq) 27.
However if k£ = j then

(€77 ey = (27T>_d/1 dr = 1.

Q

Therefore we have proven the statement. O

In this thesis we need as well some properties of ei(kJr%e?)‘x, where e, is the second

basis unit vector, with k& € Z?. Therefore we look at the shifted lattice Z¢ + %622

Theorem B.8. Consider L*(Q) with Q := [—m,7|? and the inner product

(u,v) := (QW)_d/uE dz, u,v € L*(Q).
Q
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The functions
wi(z) = glhtze)e e 74

form an orthonormal basis. which implies the Parseval identity

lullfo@ = Y I(u,wh)]

kezd

Proof.
First we show that {wy}recza is an orthonormal set which means

17 .7 = k?
(wjawk) = .
0, Jj#k

Then we show the following property which is equivalent to the statement that {wy, }rezq
is an orthonormal basis:
For any v € L?(Q)) with

(v, wg) =0, vk € Z°
it holds that
v=0.

The proof of the last statement is shown in [3, Thm. V.4.9, p.234].

1. Now show that {wy}ene is an orthonormal system:
Consider

(wijk) = (27T)_d/ei(j+§ez)~m6—i(k+§ez).x dr
Q
= (eij-x7 eik-x)

Co 07 ]7& ka
1, j=Fk

2. Let v € L*(Q) and
(v, wg) =0, vk € Z°.
We know that {e**}, z4 is an orthonormal basis in L*(Q). It holds that

0= (v, wk) = (v, ei(“%”)'m)

= (e "2 ize2y, e””) Vk e 7.
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We get with the Plancherel formula from Thm. that

_ileo.
”U||2L2(Q) = [le IQGZIUH%Q(Q)

— |(€—z%eg-:vv 6ik-a:)|2
E R .
kezd
= 0’

Therefore v = 0 and we get that {wy, ez are indeed an orthonormal basis in L?*(Q).
The Parseval identity follows because {wy }reza is an orthonormal basis and the iden-
tity is equivalent to that statement, see [3, Thm. V.4.9, p. 234] for more details. O






C. The space

Let £ € R% The space V is defined as

{neC\{0}:n-n=((+n)-(E+n) =0}

For d = 2 and £ # 0 the two equations n-n =0 and (£ +7) - (£ +71) = 0 yield only
two solutions. In case the first component &; of £ is not zero, we get for n = = + iy,

x,y € R?,

where

In case of & # 0, but & = 0, we get

—a
$2:Tv
1 &+& ab a?
— b o252 52y
y2 \/b(< 2§1 bé-l) + b2)7
G &+ 2106
Ty = )
—2&
y = —&20o
1 51 )
SRR 1S]
26 &'
b= (1—1—6—%).
3
.
2 2 )
yQZOa
32'1:0,

So for £ # 0 the space V¢ is finite. To see the full computation see [6]. For £ = 0 we
are left with only one complex equation which yields the two conditions

x; —yi+a5—y; =0,

2.’]71:(/2 + 2&323}2 = 0.

Therefore V; is not finite.
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D. Comparison between different

In [6] we compared different Q) to see how good the approximation of the inverse
Fourier transform is. All of the results in this chapter are from [6]. For a more
detailed explanation see [6].

Let Q = B((0.75,0.75),0.25v/2) and consider the function

exp(

0.0 otherwise,

. 9 s o
'UJ(.ZL‘) - m) if ’$ - xm‘ < §?" ,

where r = 0.25v/2 and z,,, = (0.75,0.75). We compute the Fourier transform

Fw(§) = /w(m)e‘“f dx
Q

after that we compute an approximation of the inverse Fourier transform

wh (1) = 4—;2/}"11}(5)6@'5'”3 dg.
Q

for different ;, i = 1,...,4. In the end we compare the result w}i with the original w.
All the following results are for the forth refinement level for €2 and different refinement

level§ for Ql
For Q; = B((0.75,0.75),10.25v/2) we get the errors

Lvl | |lwy, — w2 eoc
0 1.55798e-05
1 1.56934¢-05 -0.0118285
2 1.50754e-05 0.0596308
3 1.08646¢-05 0.475869
4 9.4266e-06 0.205185

Next we look at Q, = B((0.75,0.75), 20.25v/2) and get

Lvl | lwp — wl 120 eoc
0 2.40924e-05
1 1.64794e-05 | 0.618569
2 1.53221e-05 | 0.108073
3 1.37403e-05 | 0.158306
4 5.94448e-06 1.2109
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To get a better understanding of the approximation we look at the graphics:

Lvl w original

The graphical approximation for €2, is more fitting, but the error is better for Q.
Next we compare this results with a very small and a very big 2 to get a better
understanding for the choice of €. Therefore we choose Q3 = B((0.75,0.75),0.25v/2)
and get
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Lvl | [Jwp — w20 eoc
0 1.63354e-05
1 1.63328e-05 | 0.000254511
2 1.63321e-05 | 6.65223e-05
3 1.63319e-05 1.6857e-05
4 1.63319e-05 | 4.22949e-06

In comparison we choose €y = B((0.75,0.75),100.25v/2) and get the error

Lvl | Jwp — w||12(0 eoc
0 0.00017215
1 4.70614e-05 2.11233
2 2.34675e-05 1.03279
3 1.85175e-05 | 0.344169
4 1.46407e-05 | 0.339497

Again we compare the graphical approximation:

Lvl w original
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Lvl w original

4

We see that both Q3 and Q4 don’t yield any good results..

D.1. With refinement steps beforehand

For the forth refinement level of Q we refine Q; five times and €, six times beforehand,
so that we get h < 1 in the beginning of our computations.

|w — w}L”LQ(Q) | |Jw — wi2LHL2(Q)
9.18703e-06 | 8.98132e-06

w original

Here we see a better approximation in case of )5.

We don’t refine the space Q3 beforehand, because h < 1 is already full filled in the
beginning. (24 we refine eight time beforehand to get h < 1 before we start the
computations. As a result we get

Jw — w120 | [lw — will2@
9.58595e-06 | 8.98035e-06
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For the graphical approximation we get

w original R(w3) R(w;)

Loy
T2

Ew.s.s

61705
f 55305
Qe

We see that we still get a bad approximation for €5 since it is just too small. In
comparison we get a very good graphical approximation for . However we needed
to first refine the space eight times to get this approximation, what is quit costly in
computational time.

In case of the approximation of ¢ which was explained in chapter [£.1.1] we will get a

different result:

With the same refinement steps beforehand that were stated above we get

L2- error for ¢ in | L2 error for ¢ in | L2 error for ¢ in (4
0.0519215 | 0.110233 | 1.09258e+12

and for the graphical approximation

q original

R(qy)

We see a much a better approximation for Q1. On the other hand we have a very bad
approximation for {4:

q original R(qr)

Ssonments
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Here we do not see any kind of approximation. Therefore we see that Q) is the best
choice we can make for €2 when we want to approximate ¢g. That is the reason why we

chose ; for Q in chapter [5.2.1
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