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Preface
This cumulative PhD thesis in chemical engineering consists of two parts.
The first one is the research part which is concerned with the research project
“Comprehensive Investigation of Wet Powder Blending”. The objective of this
project is the development of microscopic models to comprehensively study wet
granular system. The numerical approaches for particle simulations employed
here are mainly direct numerical simulation and the discrete element method.
The analysis is mainly carried out numerically and theoretically. Specifically,
numerical strategies to directly simulate wet granulate flows at high saturation
levels have been developed. Also, a model to predict liquid transport from particle
surfaces into liquid bridge regions has been developed. This newly developed
model has been used to simulate particle systems involving several hundred
thousand of particles in small periodic domains. These simulations focused on
evaluating the effect of the liquid bridge model on hydrodynamic of a fluidized
bed of particles.
The second part is the educational part which is concerned with the educational
and communication project “The Virtual Sandbox”. The objective of the second
part is building a virtual sandbox, and presenting the sandbox to public audience.
In the end, a virtual model of the real-world sand surface should be
reconstructed, and the benefits of such a virtual sand model should be explorable
by the user.
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Kurzfassung
Die Flüssigkeitsbrückenbildung ist für die Mischeigenschaften von feuchten
Pulvern von Bedeutung, da sie (i) die während der Kollisionen übertragene
Flüssigkeitsmenge bestimmt, sowie (ii) die Größe von Kohäsionskräften zwischen
Partikeln durch viskose und kapillare Effekte beeinflusst. Diese Dissertation
beschäftigt sich mit mikroskopischen Modellen die erforderlich sind um diese
beiden Phänomene vorherzusagen.
Während eine Vielzahl von Literatur existiert, die ein solides Verständnis der
Kohäsionskräfte dokumentiert, ist dies bei dem Brückenvolumen nicht der Fall:
die in der Literatur verfügbaren Modelle konzentrieren sich auf statische
Brücken, oder den Brückenbruch allein. Zudem wurden diese Modelle meist
nicht durch experimentelle, theoretische oder numerische Untersuchungen
abgesichert. Zum Beispiel basiert das in der Literatur oft verwendete Modell von
Shi und McCarthy (Powder Technology 2008, 184: 64-75) lediglich auf
geometrischen Argumenten, denen keine physikalische Argumentation zu
Grunde liegt.
Der erste Teil dieser Arbeit zeigt, dass dieses Modell aus der Literatur sogar
qualitativ falsch ist: Das Modell von Shi und McCarthy kann die nichtlineare
Zunahme des Brückenvolumens mit der auf den Partikeln vorhandenen
Flüssigkeitsmenge nicht vorhersagen. Folglich wird eine korrekte geometrische
Analyse

eines

Referenz-Brückenvolumens

präsentiert.

Insbesondere

wird

festgestellt, daß im Falle einer Flüssigkeitsbrücke zwischen zwei benetzten
Partikeln eine nichtlineare Beziehung zwischen der Filmdicke, dem PartikelPartikel-Abstand und dem Flüssigkeitsbrückenvolumen besteht. Auch die
Geschwindigkeit der Brückenbildung wird zum ersten Mal analysiert, was zur
Formulierung eines dynamischen Flüssigkeitsbrückenmodells führt. Dieses
Modell wird folglich angewendet, um Brückenfüllraten in monodispersen
Partikelschüttungen zu untersuchen. Es zeigt sich, dass diese Füllraten für
ix

Systeme

mit

hochviskosen

Flüssigkeiten

und

kurzen

Kollisionen

von

entscheidender Bedeutung sind.
Der zweite Teil der Arbeit beschäftigt sich mit der Verallgemeinerung des
dynamischen Brückenmodells für polydisperse Systeme. Es wird gezeigt, dass die
für monodisperse Systeme entwickelte funktionelle Form des dynamischen
Flüssigkeitsbrückenmodells vielversprechend ist: auch die Übertragungsraten in
Systemen mit ungleichgroßen Partikeln können damit beschrieben werden.
Der

dritte Teil

der

Arbeit

beschäftigt sich mit

der

Anwendung

der

mikroskopischen Flüssigkeitsbrückenmodelle auf feuchte Wirbelschichten. Die
zentrale Motivation dieser Studie ist es, die Grenzen der verfügbaren
mikroskopischen Flüssigkeitsbrückenmodelle zu untersuchen. Dazu werden
feuchte Wirbelschichten in kleinen periodischen Bereichen mit dem CFD-DEMVerfahren simuliert. Eine Flüssigkeitsbrücke wird bei Partikel-Partikel-Kollisionen
gebildet, die dann bricht, wenn die Partikeldistanz einen kritischen Wert
übersteigt. Die Simulationen berücksichtigen sowohl oberflächenspannungsinduzierte, als auch viskositätsinduzierte Kohäsionskräfte aufgrund der Flüssigkeitsbrücken. Eine Reihe von Simulationen wird durchgeführt, die auf
verschiedenen Flüssigbrückenbildungsmodellen basieren: (i) dem statischen
Brückenmodell von Shi und McCarthy, (ii) einer einfachen statischen Version des
Modells von Wu et al. (Wu et al., AIChE Journal, 2016, 62:1877-1897), sowie (iii)
das von den letztgenannten Autoren entwickelte vollständige dynamische
Brückenmodell. Unterschiede, die durch verschiedene Flüssigbrückenbildungsmodelle resultieren werden systematisch untersucht, sowie auch die Sensitivität
gegenüber relevanten Systemparametern. Schließlich geben wir Empfehlungen
für welche Systeme ein dynamisches Flüssigkeitsbrückenmodell verwendet
werden muss, und für welche Anwendungen dies weniger wichtig erscheint.
Schließlich wurde am Institut für Prozess- und Partikeltechnik der TU Graz eine
virtuelle

Sandbox

aufgebaut.

Das

damit

verbundene

virtuelle

„Sandkastenprojekt“ konzentriert sich auf die Erhöhung der allgemeinen
x

öffentlichen Wahrnehmung der Forschung im Bereich (feuchter) granularer
Medien. Dies geschieht durch eine physikalische Sandbox, die mit der
Partikelsimulationsumgebung LIGGGHTS® integriert wurde. Insbesondere wird
die Oberfläche des Sandes mit einer 3D-Kamera aufgenommen, und die
Geometrie anschließend in LIGGGHTS® eingespielt, um Untersuchungen an
einem digitalen Zwilling des Sandkastens zu ermöglichen.
der TU Graz eine virtuelle Sandbox aufgebaut. Das damit verbundene virtuelle
Sandkastenprojekt konzentriert sich auf die Erhöhung der allgemeinen
öffentlichen Wahrnehmung der Forschung im Bereich der nassen körnigen
Materialien. Dies geschieht durch eine physikalische Sandbox, die mit der
Partikelsimulationsumgebung LIGGGHTS® integriert ist. Insbesondere wird die
Oberfläche des Sandes mit einer 3D-Kamera aufgenommen und die Geometrie
wird anschließend in LIGGGHTS® eingegeben, um einen digitalen Zwilling des
Sandkastens zu realisieren.
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Abstract
Liquid bridge formation is relevant for wet powder blending since it (i)
determines the amount of liquid transferred during collisions, as well as (ii) the
formation of cohesive forces between particles due to viscous and capillary effects.
This thesis is concerned with microscopic models that are required to predict the
outcome of these two phenomena: (i) the volume of liquid in the bridge, as well as
(ii) the resulting cohesive forces. While a plurality of literature exists that
establishes a sound understanding of the latter, this is not the case for the bridge
volume: despite a number of models available in literature claim to be able to
describe the bridge formation phase, almost all of them focus on static bridges,
and/or bridge rupture. They often lack of experimental, theoretical, or numerical
support. For example, a cornerstone of modern literature on liquid bridge
formation, i.e., the work of Shi and McCarthy (Powder Technology 2008, 184:6475), purely relies on geometrical arguments that are void of any physical
reasoning.
The first part of this thesis indeed demonstrates that this model from literature is
even qualitatively incorrect: the model of Shi and McCarthy cannot predict the
non-linear increase of the liquid bridge volume with the amount of liquid present
on the particles that is obvious from a proper geometric analysis of the bridge
shape. Specifically, it is found that in case a liquid bridge forms between two
wetted particles, a non-linear relationship exists between film thickness,
separation distance, and liquid bridge volume. Also, the rate of bridge formation
is analyzed for the first time, leading to the formulation of a dynamic liquid bridge
model. This model is then applied to study liquid bridge filling rates in
monodisperse particle beds. It is shown that these filling rates are of critical
importance for systems involving highly viscous liquids and short collisions.
The second part of the thesis is concerned with the generalization of the dynamic
bridge model to polydisperse systems. It is demonstrated that the functional form
xiii

of the dynamic liquid bridge model developed for monodisperse systems also
holds great promise to describe liquid transfer rates in more complex systems
involving unequally-sized particles.
The third part of the thesis deals with the application of the microscopic liquid
bridge models to wet fluidized beds. The key motivation of this study is to probe
the limits of available microscopic liquid bridge models. We simulate wet fluidized
beds of particles in small periodic domains using the CFD-DEM approach. A
liquid bridge is formed upon particle-particle collisions, which then ruptures
when the particle separation exceeds a critical distance. The simulations take into
account both surface tension and viscous forces due to the liquid bridge. We
perform a series of simulations based on different liquid bridge formation models:
(i) the static bridge model of Shi and McCarthy, (ii) a simple static version of the
model of Wu et al. (Wu et al., AIChE Journal, 2016, 62:1877-1897), as well as (iii)
the full dynamic bridge model developed by the latter authors. We systematically
compare the differences caused by different liquid bridge formation models, as
well

as

their

sensitivity

to

system

parameters.

Finally,

we

provide

recommendations for which systems a dynamic liquid bridge model must be used,
and for which application this appears to be less important.
Finally, a virtual sandbox has been built up at the Institute of Process and Particle
Engineering at TU Graz. The associated virtual sandbox project focusses on
increasing the general public perception of research in the area of wet granular
materials. This is realized by means of a physical sandbox, which is integrated with
the particle simulation environment LIGGGHTS®. Specifically, the surface of the
sand is recorded using a 3D camera, and the geometry is subsequently fed into
LIGGGHTS® to realize a digital twin of the sandbox.
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1

“人之为学有难易乎？学之，则难者亦易矣；不学，则易者亦难矣”
(清代 彭端淑, 1699-1779)

1
Wet Granular Flows

Wet granular flows and granular matters are frequently encountered in a wide
range of industries, such as food making, pharmaceutical, the energy sector and
metallurgical engineering. However, it is still a big challenge to predict liquid
transport between particles during particle-particle collisions. These collisions
may result in cohesive liquid bridges, which may lead to the agglomeration of
particles [1,2] which are either wanted (in the case of wet granulation), or
unwanted (e.g., in wet fluidized beds used for coking). Consequently, a complex
and potentially unpredictable system behavior may result, impacting the product
quality, e.g., by formation of permanent particle agglomerates. In addition to its
industrial relevance, many general scientific disciplines, such as geomechanics and
astronomy, are also concerned with wet granular flows. For example, as suggested
by Herminghaus [3], the probability of two grains sticking together is of
considerable interest in the context of structure formation in the universe.

2

1.1 Introduction to Wet Granular Flows

1.1 Introduction to Wet Granular Flows
Due to viscous effects, evaporation or condensation, capillary forces and
inhomogeneous liquid distribution in wet granular flows, the liquid transport is
difficult to describe and complex flow behaviour is generally observed [5].
Specifically, liquid bridges between particles may lead to particle agglomeration
[1] which is either wanted (in the case of wet granulation), or unwanted (e.g., in
wet fluidized beds used for coking). Clearly, a better understanding of the
formation of liquid bridges will aid in controlling these processes. Previous studies
on liquid bridges between particles mainly focused on static bridges, [6] bridge
deformation during stretching and rupture [5,7–9], or the energy dissipated upon
rupture [5,10,11]. However, few theoretical and experimental studies provided a
detailed understanding of the initial bridge formation process, and the
accompanying liquid transfer rate from the particle surface into the bridge.
Experimental results, and the resulting empirical models, have been summarized
by Herminghaus [3], mainly focusing on the effect of roughness, as well as
evaporation and re-condensation. Unfortunately, these models cannot be applied
to engineering problems, since they (i) focus on the long-term behaviour of the
bridge and (ii) do not provide a rigorous enough closure expression for some
model parameters.
Despite its significant industrial and scientific impact, the description of the flow
of granular materials, especially when wet, is still a challenge. Typical examples
are large

tumbling

blenders

and

high-shear

granulators

used

in the

pharmaceutical industry to mix and granulate active ingredients and inert
materials. In such blenders there are zones with rapid movement, and zones
which virtually do not experience any flow and shear. However, tools to design
and optimize such processes do not yet exist. Clearly, current theoretical and
computational tools for granular flows still do not match the tools available to
fluid mechanicists and researchers working with Computational Fluid Dynamics
tools. The reason for this is that in contrast to fluid mechanics, no generally valid

1.2 Thesis Scope
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constitutive relationships between stress and strain exist in granular flows.
Continuum models are valid for many conditions (e.g., smooth monodisperse
particle beds) - for many they are not (e.g., polydisperse cohesive powders). Thus,
it is our belief - and that of many others - that only microscopic (i.e., particlebased) approaches will eventually yield simulation tools that can be used to
design, optimize and control granular flow processes. Microscopic methods can
also be used to develop constitutive relationships for continuum models.

1.2 Thesis Scope
The microscopic methods that are the focus of this work are based on Direct
Numerical Simulations (DNS) and the Discrete Element Methods (DEM). The
DNS methods are able to take into account the details of granular microstructure
and hence possess a great potential to predict the liquid distribution in highly
saturated granular matter. DEM is a powerful tool to simulate granular flows by
accounting for all forces on all particles. While this method has been used for
several years, only lately it has attracted interest of the engineering community.
What has not been addressed satisfactorily in the literature, however, are DEMbased simulations of cohesive flows, especially the case when liquid is present
between the particles. Specifically, the detailed and local description of the impact
of liquid-bridge forces and moisture on granular flows and the (re-) distribution
of liquid in the granular bed are still open questions. In the first stage, we develop
a new simulation approach that allows highly resolved direct simulation of
complex three-phase systems relevant for wet particle flow. In the second stage,
we use the results of these direct micro-scale simulations to develop models that
can predict liquid bridge between two wet particles. We then use these models to
incorporate them in existing DEM codes (e.g., LIGGGHTS®). These newly
developed models cover liquid distribution, capillary forces and viscous forces of
bridge in wet granular system. We then use these models in CFD-DEM
simulations of the dynamics of wet fluidized beds to explain the formation of
agglomerates and mixing on a particle level. Also, we are able to answer the

4

1.3 Abbreviations

questions of for which system the newly developed models are essential and what
are the critical parameters for these models.

1.3 Abbreviations
DNS

Direct Numerical Simulation

DEM

Discrete Element Method

CFD

Computational Fluid Dynamics

1.4 References
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2.1 Goals

2.1 Goals
The outcome of the present thesis should be a thorough documentation of an
entirely new approach to investigate wet granular flows in great detail. The
approach should be designed such that it is applicable to a wide range of
problems encountered in chemical, pharmaceutical and mechanical engineering,
as well as geomechanics. The specific goals of this thesis are:


Development of a numerical strategy to directly simulate wet agglomerates
- even at high liquid saturation levels - using sophisticated Direct
Numerical Simulation (DNS) of gas-liquid-solid flow. Specifically, a DNS
based on the Volume of Fluid method should be employed to simulate
both the motion of the liquid and the surrounding gas. By reconstructing
the interfaces between these two fluid phases, the bridge’s shape and size
should be identified, e.g. by extracting the interface position at discrete
points. Specifically, the liquid bridge should be defined by detecting the
neck positions of the liquid film on each particle surface (for details see the
Chapter 4). A direct integration method (DIM) should then be used to
calculate the liquid bridge volume, and hence the bridge’s filling rate,
based on the known interface position at each instant in time. The goal is
then building a dynamic model for the liquid bridge volume during the
filling process based on this DNS data. Therefore, DNS data should be
fitted to a postulated liquid bridge filling model.



Studies of the liquid transport rate between unequally-sized particles
should extend the dynamic bridge model to be available for bi-and
polydisperse particle systems. Specifically, a VoF-based DNS approach
should be used to simulate both the motion of the liquid and the
surrounding gas. The goal is building a dynamic model to predict the
liquid bridge volume during the filling process between two unequallysized particles.

2.2 Thesis Overview



9

Application of the newly developed models and methodology to relevant
systems and investigation of the predicted effects. Specifically, one should
simulate wet fluidized beds considering different liquid bridge models (i.e.,
the model of Shi and McCarthy [1], the dynamic model of Wu et al., [2]
and a simplified version of the model of Wu et al. [2]). Specifically, one
should aim on answering the following questions: (1) for which systems the
dynamic liquid bridge model of Wu et al. [2] is essential, i.e., for which
situations the drainage rate of liquid into the bridge is relevant? (2) Which
model is the most suitable one in terms of picturing effects originating from
changes in the liquid surface tension and viscosity? (3) What are the most
critical parameters for each model that need to be determined, e.g., during
a calibration procedure?



The goal of the virtual sand box project is to increase the general public
perception of research in the area of wet granular materials. This should
be realized by means of a physical sandbox, which should be integrated
with the particle simulation environment LIGGGHTS®. Specifically, the
surface of the sand should be recorded using a 3D camera, and the
geometry should be then fed into LIGGGHTS®. Finally, a virtual model of
the real-world sand surface should be reconstructed, and the benefits of
such a virtual sand model should be explorable by the user, e.g., via liquid
imbibition simulations.

2.2 Thesis Overview
2.2.1 Part 1 - Wet Granular Flows
Chapter one gives an introduction of wet granular flows encountered in the
pharmaceutical industry and hence constitutes the motivation of this work.
Chapter two sketches the goals and contents of this thesis. Chapter three
introduces the modelling and simulation approaches employed in the simulations.
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Chapter four also analyzes the rate of liquid bridge formation, and formulates a
novel dynamic liquid bridge model [2].
Chapter five is concerned with the generalization of the dynamic bridge model to
polydisperse systems [3]. It is demonstrated that the functional form of the
dynamic liquid bridge model developed for monodisperse systems also holds
great promise to describe liquid transfer rates in more complex systems involving
unequally-sized particles.
Chapter six deals with the application of the microscopic liquid bridge models to
wet fluidized beds. The key motivation of this study is to probe the limits of an
array of microscopic liquid bridge filling models.
2.2.2 Part 2 - The Virtual Sandbox
Chapter seven details on the virtual sandbox project. The goal is to present a
sandbox to three target groups: (I) publics in primary schools, (II) pupils in
secondary schools, as well as (III) students and interested individuals. A number
of exercises are proposed to answer the following questions: “What are important
particle properties, and how can they be measures?”, or “How dense can we pack
particles, and why is this important?”. The strategy to transport the content is
developed to conform with Austria’s national education strategy focusing on
competence-based teaching.

2.3 Abbreviations
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2.3 Abbreviations
DEM

Discrete Element Method

DNS

Direct Numerical Simulation

DIM

Direct Integration Method
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“We must believe that we are gifted for something, and that this thing, at whatever cost, must be
attained.”
(Marie Curie, 1867-1934)

3
Models and Simulation Approaches
The aim of this chapter is to briefly introduce the methods which have been used
to study film flow on the surface of spheres, as well as the motion of particles in
wet fluidized beds.
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3.1 Direct Numerical Simulations (DNS) Methods
DNS methods directly resolve the solid and liquid interface in great details (i.e.,
on the so-called microscale), and hence allow the simulation of a few particles
only. Usually, the DNS method is only used to predict static liquid bridges
between particles, and the dynamics of the bridge formation process have
attracted far less attention: Previous studies on liquid transfer mainly focused on
static bridges and bridge rupture [1–3], and only a few studies provide a detailed
understanding of the liquid bridge formation process and the associated liquid
transfer rates. The DNS method takes into account the details of the granular
medium’s microstructure, and hence is able to calculate the liquid transport rate
and liquid distribution in highly saturated granular matter. Specifically, we
employ two approaches to study the transport of liquid in dense granular flows:
i) Volume of Fluid (VoF) method: The Volume of Fluid method is classify as a
Eulerian approach to modeling the evolving shape of interface. The first
publication introduced Volume of Fluid method for studying the dynamic of free
surface is presented by Hirt and Nichols [4]. Recent years, researchers employed
the VoF approach to handle two-phase flows of different situations [5–7]. The
implemented VoF method in OpenFOAM® has been documented by Maric et al.
[8]. With respect to this approach [8], the interface is captured by a color function
which is defined as the fraction of volume of each cell of the fluid. The interface
has been reconstructed using the volume function [4]. This VoF approach in our
work has been used to simulate both the motion of the liquid phase and the
surrounding gas phase for liquid bridge filling applications. By reconstructing the
interface between these two phases, the interface positions have been extracted to
identify the bridge shape and size. A direct integration method (DIM) is then used
to calculate the liquid bridge volume form the interface position. Subsequently, a
dynamic model for the bridge volume during the filling process has been built
based on this DNS data. Details of the method are documented in Chapter 5, and
our publication [9].

3.2 Discrete Element Methods (DEM)
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ii) Combination of Immersed Boundary method (IB) and VoF: in CFD, the
immersed boundary method is firstly developed to simulated fluid-particle
interaction problems of blood flow by Peskin [10]. Uhlmann [11] later introduced
the IB approach for the direct simulation of particle flows. Hager et al. [12]
initially implemented a resolved immersed fictitious domain method into the
CFDEM®project. This method has later been improved and re-implemented by
Blais et al. [13] to study the viscous mixing in rotating tank. Municchi and Radl
[14] enhanced this IB method by using a hybrid approach to study heat and mass
transfer over particle surface in bi-disperse particles suspension system. In this
thesis work, the combination approaches are based on IB approach [13,14] and
VoF approach [8]. Specifically, we employ the immersed boundary (IB) method
to model rigid fluid-particle interfaces, as well as the VoF approach to model a
deformable fluid-fluid interface. The new solver has been developed using the
OpenFOAM® software package in combination with the CFDEM® package [15],
and is able to perform efficient DNS in parallel. This combining approach can
directly simulate particle-gas-liquid systems involving moving particle.

3.2 Discrete Element Methods (DEM)
The motion of each individual particle of granular system by DEM approach
[16,17] is predicted. Specifically, each individual particle in the bulk solid is
tracked by solving Newton’s equation of motion. Naturally, a granular flow system
contains a large number of particles. DEM approach can handle particulate
systems in the order of O(106) particles, compared to DNS methods for which
O(102) are already challenging. Hence, the DEM approach has the great
advantage of applicability to a wider range of granular flow regimes ranging from
dilute granular matters to densely-packed systems. Therefore, the DEM model
performs the most natural way for modeling granular flows in which collective
phenomena (e.g., the formation of agglomerates) are essential.
The major advantage of DEM is that multiple particle-particle contact forces can
be tracked and calculated at the same time. However, this requires a time-
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resolved calculation of the deformation process at each contact point. (i.e., it
requires time steps in the order of 10-6 s to be used in the numerical simulation).
Generally, around 80% of computational time is spent on particle-particle
contacting detection and calculation [18]. Therefore, DEM is the one of the
expensive tool for simulating granular flows from a computational point of view.
However, with the progress of computing capacity of computer, studies on
granular flow using DEM has increased rapidly [19–23]. Recent advances enable
the efficient study of large granular beds (i.e., O(107) particles [24]), or nonspherical particles [19,25]. The latter has been frequently realized by using superquadric particles in systems with a size of O(105) particles [26]. Also, non-spherical
particles in fluidized beds have been studied recently [25,27]. The DEM, as a
cutting-edge simulation technique, has the highest potential to become the
dominating powder flow simulation tool in many engineering applications (i.e.
mixing and segregation in pharmaceutical engineering). This is especially true
when the system has densely-packed and dilute regions, as well as the number of
particles in the system is relatively small, and the particles have a wide size and
shape distribution.
The major challenge connected to DEM in applications to granular flow is the
account of particle-particle interaction forces. The following paragraphs introduce
a sophisticated particle-particle force approach which is called the soft sphere
approach. The soft-sphere DEM approach firstly introduced by Cundall and
Strack [28] has been used widely to study granular flows in the past decades
[25,29]. The soft sphere approach relies on the calculation of the particle-particle
forces during collisions by calculating a typical particle deformation distance at
the contact point: The biggest challenge is that the particle’s deformations cannot
be computed directly when one aims on tracking millions of individual particles.
Therefore, simplified models have to be used for particle-particle collisions that
rely on the knowledge of a typical particle deformation distance. The most
classical and general models are spring-dashpot models which were firstly
introduced by Cundall and Strack [28] for modelling rock mechanics. These
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models are based on a parallel combination of a spring which is characterized
stiffness k and a dashpot which is characterized by a damping coefficient  (see
Figure 3.1). Here the normal and tangential directions are denoted by the
subscripts n and t, respectively. This simplified model can be used for both
normal and tangential direction to simulate particle compressing and shearing
deformation, respectively. Due to particles sliding against each other during
contacting, a frictional slider has been used with the tangential deformation
model.(see Figure 3.1, characterized by  )
n
n
n
fcont
,ij  kn ij nij   d ,n v ij

t
fcont
,ij

t
n
  kt ijt t ij   d ,t v ijt
for fcont
,ij   pp f cont ,ij


 ijt t ij
n
t
n
for fcont
   pp fcont ,ij t
,ij   pp f cont ,ij
|  ij t ij |


(3.1)

(3.2)

The particles contact forces have been formulated by Equations 3.1 and 3.2.
Specifically, cohesive forces due to liquid bridge are exhibited in wet granular
matters. In these cases, particle-particle forces can be taken into account directly
to DEM, so DEM can be successfully used. Hence, direct consideration of microscale particle-particle forces on the macro-scale flow can be achieved with DEM.

Figure 3.1: Typical spring-dashpot model used in the soft sphere approach adapted from [28].
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3.2.1 Coupling of Microscale Model into Discrete Element Method
We then use the model presented by Mikami et al. [30] and Pitois et al. [31]
describing the relationship between local saturation and bridge forces. Basically,
these authors inactivate forces due to liquid bridges when the pores are saturated
with the liquid. Thus, they introduce a threshold for the maximal number of
“active” bridges, and hence are able model the (experimentally observed)
decrease in the mechanical strength of the wet particle bed. However, our newly
developed model includes the effects of liquid transportation between particles,
and makes bridge models fully predictive in the sense that the local liquid content
is a part of the solution. Specifically, a postulated bridge filling model is fitted
based on microscale simulation results. The resulting model is then be
implemented into the DEM code. Using these models it is possible - for the first
time - to simulate wet granular flows with high pore saturation based on physical
insight and experimentally verified microscale models. This significantly decreases
the total number of particles to be tracked.

3.3 Abbreviations
CFD

Computational Fluid Dynamics

DEM

Discrete Element Method

DIM

Direct Integration Method

IB

Immersed Boundary (method)

VoF

Volume of Fluid (method)
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4
A Model to Predict Liquid Bridge Formation
between Wet Particles Based on Direct Numerical
Simulations*
We study dynamic liquid bridge formation, which is relevant for wet granular
flows involving highly viscous liquids and short collisions. Specifically, the
drainage process of liquid adhering to two identical, non-porous wet particles
with difference initial film heights is simulated using Direct Numerical
Simulations (DNS). We extract the position of the interface, and define the liquid
bridge and its volume by detecting a characteristic neck position. This allows us
building a dynamic model for predicting bridge volume, and the liquid remaining
on the particle surface. Our model is based on two dimensionless mobility
parameters, as well as a dimensionless time scale to describe the filling process. In
the present work model parameters were calibrated with DNS data. We find that
the proposed model structure is sufficient to collapse all our simulation data,
indicating that our model is general enough to describe liquid bridge formation
between equally sized particles.

I.

*

This chapter is based on: M. Wu, J.G. Khinast, S. Radl. A Model to Predict Liquid Bridge
Formation between Wet Particles Based on Direct Numerical Simulations. AIChE J. 62
(2016), 1877 – 1897.
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4.1 Introduction
Flow of highly saturated wet granular matter is encountered in a wide range of
engineering applications, particularly in the energy sector, or the pharmaceutics
and food industry [1]. Due to viscous effects, evaporation or condensation,
capillary forces and inhomogeneous liquid distribution in wet granular flows, the
liquid transport is difficult to describe and complex flow behaviour is generally
observed.[2] Specifically, liquid bridges between particles may lead to particle
agglomeration[3] which is either wanted (in the case of wet granulation), or
unwanted (e.g., in wet fluidized beds used for coking). Clearly, a better
understanding of the formation of liquid bridges will aid in controlling these
processes. Previous studies on liquid bridges between particles mainly focused on
static bridges [4] bridge deformation during stretching and rupture [2,5–7] or the
energy dissipated upon rupture [2,8,9]. However, few theoretical and
experimental studies provided a detailed understanding of the initial bridge
formation process, and the accompanying liquid transfer rate from the particle
surface into the bridge. Experimental results, and the resulting empirical models,
have been summarized by Herminghaus[10], mainly focusing on the effect of
roughness, as well as evaporation and re-condensation. Unfortunately, these
models cannot be applied to engineering problems, since they (i) focus on the
long-term behaviour of the bridge and (ii) do not provide a closure for the model
parameters.
Studies of liquid bridges between two identical particles were initiated in
1920’s[11,12] and were later extended to cover pendular bridges between
unequal-sized particles, or a particle and a wall [4,13]. Studies of moving particles
and the associated liquid bridge formation were carried out, starting with the
work of Pitois et al.[14] which found that the particle relative velocity significantly
influences the liquid bridge force. Rossetti and Simons[9] introduced an
important improvement, i.e., a novel Micro Force Balance (MFB) device which is
capable of observing the liquid bridge between particles and measuring the force
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exerted by liquid bride. Darabi et al.[2] presented a new coalescence model for
binary collision between two identical wet particles, considering capillary and
viscous forces exerted by (instantaneously formed) pendular bridges. Despite a
variety of researchers[7,15–22] that has broadened our understanding of liquid
bridges, a study describing a detailed model on the time evolution of a single
(pendular) liquid bridge during its formation phase is still missing. This is due to
the lack of our understanding how quickly liquid is transported into a liquid
bridge, and how much of the liquid (initially present on the particles) is able to
flow into the bridge. One reason for this lack of understanding is that
experimental investigations to quantify the liquid present in the bridge are
tedious, and that simulations require an enormous spatial and temporal
resolution to picture the filling process.
Wet particle collisions, or collisions in a viscous fluid, have been studied by a
variety of researchers. For example, Davis et al.[23] experimentally studied
particle collisions with wet smooth surfaces, and they demonstrate that the
lubrication forces play an important role on the particle rebound. Donahue et
al.[24] further studied the collisions between liquid-coated spheres using a threebody Newton’s Cradle, and they revealed that fluid lubrication resistance upon
rebound plays a key role in the dynamics of the collision. Li et al.[25] calibrated a
model with experimental results of wet particle collisions. Gondret et al.[26]
focused on the bouncing motion of spherical particles in a viscous fluid, and they
quantified the wet restitution coefficient by varying the density and the elastic
properties of the solid sphere, as well as liquid film viscosity. Gollwitzer et al.[27]
revealed that the dimensionless film thickness is a crucial parameter that affects
the restitution coefficient. A rough estimate of the liquid bridge volume, i.e.,

Vb  d 3p 16 , was used in their work to determine the rupture energy. Sutkar et
al.[28] provided a new approach for the estimation of wet restitution coefficients
between a particle and a wet surface based on a dimensional and energy budget
analysis. However, their data is only in fair agreement with the proposed model,
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and they have not provided a model for the prediction of the liquid bridge
volume. In summary, a large number of researchers have focused on particle
collision dynamics without a detailed analysis of liquid bridge formation
[25,29,30].
In this paper we focus on applying simulations to elucidate the complex flow
processes associated with bridge formation. In general, three categories of
simulations methods that aim at modelling liquid bridges can be distinguished: (i)
solving the Young-Laplace equation (YLE), (ii) solving an approximated version
of the YLE based on geometrical simplifications and (iii) a full numerical solution
of the Navier-Stokes equation of the gas-liquid systems.
The first approach yields analytical solutions only for certain geometrical
configurations[4], and hence, one has to employ a numerical integration for a
general geometrical configuration [31–33]. For example, Lian et al.[32] provided
a simple numerical scheme for solving the YLE and revealed that the rupture
distance of equally-sized particles can be written as the cube root of the liquid
bridge volume for small contact angles. They also obtained a bridge force model
based on a simple approximation method, which was independent of the contact
angle. Similarly, Mikami et al.[34] and Willett et al.[35] proposed a simple
capillary force model by fitting the numerical solution of the YLE. However, as
shown in Pepin et al.[8] the drawbacks when solving the Young-Laplace equation
to study liquid bridges are that (i) a fixed contact angles is required and (ii) that
the effect of liquid flow into (or out of) the bridge cannot be predicted.
The second approach is to obtain a simple approximation of the liquid bridge
shape, typically by assuming a toroidal [13,36,37] or parabolic shape (see, e.g.,
Pepin et al.[8]). The benefits of using simplified approximation models are
obvious: there is no need to solve the full Young-Laplace equation and an
analytical solution can be obtained that can be readily implemented into particles
simulation codes. However, approximate solutions become increasingly inaccurate
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for increasing particle separation [38] and they suffer the same drawbacks as the
solution of the YLE.
The third approach is the numerical solution of the Navier-Stokes equations
describing (i) the flow of the liquid, or (ii) the liquid and the surrounding gas. In
the past two decades this approach has been used with increasing frequency.
Early research was based on a simplified version of the Navier-Stokes equation,
i.e., modified boundary conditions were used at the interface (see, e.g., Eggers et
al.[39] as well as Papageorgiou[40]). Later, Zhang et al.[41] investigated the
stretching of a liquid bridge between two circular disks by using a similar method.
A fair amount of work to simplify the Navier-Stokes equations for the situation of
liquid bridges between two circular disks (but not actual spherical particles) has
been performed. Hence, these previous work is only able to provide qualitative
information, and has little value for practical application. Only very recently,
direct numerical simulations of the Navier-Stokes equation have been attempted
to simulate liquid bridge formation in an axisymmetric setup [42–45]. These
methods provide a full description of the liquid bridge dynamics, and hence are a
promising approach for studying the bridge formation process.
4.1.1 Objectives
Only few theoretical and experimental studies in the literature were concerned
with the bridge formation process and the accompanying liquid transfer rate into
the bridge. While models for liquid transfer upon bridge rupture exist Lian et
al.[32] as well as Shi and McCarthy[46] these models still require additional
assumptions for the liquid volume present in the bridge. With this in mind, we
have started investigations to establish a detailed model that is able to predict
liquid transport and the distribution of liquid between two spheres in our recent
work [43]. In the present work, we systematically study the liquid bridge and
drainage process of liquid adhering to two identical wet particles. We use a Direct
Numerical Simulation (DNS) based on the Volume of Fluid method, i.e., we
simulate both the motion of the liquid and the surrounding gas. By
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reconstructing the interface between these two fluid phases, we extract the
interface position to identify the bridge shape and size. Specifically, the liquid
bridge is defined by detecting the neck positions of the liquid film on each particle
surface (for details see the Liquid Bridge Volume calculation section). We then
use a direct integration method (DIM) to calculate the liquid bridge volume based
on the interface position at each instant in time. Our ultimate goal is then
building a dynamic model for the liquid bridge volume during the filling process
based on these DNS data. Therefore, we fit our DNS data to a postulated liquid
bridge filling model, which is an extension of the ideas of Mohan et al.[47] but still
allows for an analytical solution to predict the bridge volume. Specifically, our
postulated model assumes that the filling rate is not affected by the particles’
relative motion, and that the filling rate is linear in the difference between the
liquid present on a particle and the bridge volume. Such a model requires the
specification of only three dimensionless parameters, as we will show in the
following. While our work is currently limited to smooth particles of identical size,
the model proposed by us can be easily re-calibrated to account for, e.g., particle
roughness, or particle size differences once data for the amount of liquid in the
bridge is available for these situations.
In the following, we first describe the methodology used to establish the liquid
bridge model, including (i) the initial bridge and boundary conditions that have
been used in our simulations, (ii) the interface feature extraction procedure, as
well as (iii) the postulated model itself. Subsequently, we introduce a geometrical
bridge volume, which is used to normalize the bridge volume measured from our
detailed simulations. Then we present results, starting with the calibration of the
sub-models for the initial bridge volume and the subsequent viscous filling stage,
and we are the first to provide a dynamic model for predicting liquid bridge
formation. Also, the effect of grid refinement, as well as that of the Reynolds
number, are carefully analysed as well. Finally, we discuss our findings and
provide conclusions that should guide the application and future extension of our
model.

4.2 Methodology
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4.2.1 Initial and Boundary Conditions
We consider two identical smooth spheres, which are fixed in space, i.e., the
spheres’ relative velocity is zero. In this work, we consider the general situation of
an asymmetric liquid bridge, i.e., the thickness of the films initially present on the
particle surfaces are different. In what follows, we define that particle 1 always has
less liquid compared to particle 2, as shown in Figure 4.1 (panel a). R is the
sphere radius for two particles, and

h1 and h2 are the initial film heights of

particle 1 and particle 2, respectively. S is defined as the half separation distance
between the particle surfaces.

(a)

(b)

Figure 4.1: Sketch of the simulation setup, as well as the initial bridge shape

The initial shape of the liquid bridge has been set according to the initial film
height and the particle separation. Because we do not simulate the approach of
the spheres, and hence cannot predict the deformation of the liquid films on the
particle prior to coalescence, we must assume the initial bridge shape right after
the films have coalesced. Specifically, we assume that the liquid in the overlapping
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region of the liquid films (i.e., red and green shaded regions in Figure 4.1b) is
instantaneously displaced laterally, and flows into a ring-shaped region. The latter
is illustrated by the red solid area in Figure 4.1b, i.e., the bridge has been
considered to be cylindrical at time zero. Geometrical considerations, discussed in
greater detail in Geometrical Bridge Volume section, can now be used to predict
the size of the ring-shaped region. These considerations, as well as the assumption
of zero initial velocity and uniform pressure distribution, have been used to
initialize all our simulations.
Most important, in our simulations there is no gravity, or other force acting on
the system. The physical reason why liquid in the films on the particle surfaces
flows into the liquid bridge is as follows: the pressure in the film (adhering to the
particle surface, and far away from the bridge) can be estimated as ps  2 R ,
while the pressure in the liquid bridge region can be approximated as
pVb    Rcurve . Here Rcurve is the radius of curvature of the liquid bridge surface.

Thus, the pressure in the liquid bridge region is always negative or zero, while
that in the film is always positive. Hence, a pressure difference between the
particle surface and the liquid bridge region exists, driving the liquid into the
bridge. This liquid flow will not stop until the pressure difference reaches zero, or
the liquid film on the particle surface ruptures (for details about film rupture see
Section ‘Film Rupture and Grid Refinement’).
4.2.2 Volume of Fluid Simulation Approach
A Volume of Fluid (VoF) method,[48] which is available as "interFoam" solver in
the open-source software package OpenFOAM®, has been employed in our
simulation. The interFoam solver has been verified extensively by Deshpande et
al.[48] and we have also made several tests, e.g., calculating the pressure
distribution in a liquid film coating a single sphere. For a typical grid resolution of

h = x / h1 = 0.10 (here x is the grid spacing, and h is the film height), these test
show that the pressure can be predicted within an acceptable error tolerance of
ca. -4.6%. In addition, we have tested the grid dependency of our results, and
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found that h = 0.12 gives acceptable results for most situations of interest (see
the Film Rupture and Grid Refinement section for more details).
Another critical point when it comes to two-phase flows is the prediction of the
dynamic contact angle, since this is not a constant, but is influenced by the speed
of the three-phase contact line. Unfortunately, the current implementation of
dynamic contact angles in the “interFoam” solver has not been verified, and
hence we are unable to accurately simulate the motion of three-phase contact
lines. However, we have spared out this detailed by simply assuming that the
spheres are completely coated, and hence there is (initially) no three-phase
contact line in our simulations. This allows us to apply the “interFoam” solver for
our studies of two coated particles without additional modifications. It must be
mentioned here that for long times we observe a rupture of the liquid film
present on the spheres. In such a situation a three-phase contact line forms, and
hence, our solver will deliver inaccurate (but still physical) predictions of the
liquid bridge shape after rupture. We accept this inaccuracy for the time being,
and simply have not considered data collected after film rupturing events in our
analysis.
The transport equation for a color function, representing the volume fraction of
the liquid phase, is solved together with the continuity and momentum equations:

  U 
T
    UU   p   U   U    fb


t

(4.1)

 U  0

(4.2)


    U   0
t

(4.3)

Where U is the velocity field shared by the two fluids (i.e., the liquid on the
spheres and the surrounding gas) throughout the flow domain, and  is the
phase fraction indicator.  is density, p is pressure, and f b are body forces, which
include (i) surface tension effects at the interface, and (ii) gravity. However, effects
due to gravity have been neglected in our simulation, because viscous and
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capillary effects are dominant in situations involving relevant particles (i.e., in
situations in which particles have a diameter that is smaller than the capillary
length). The phase function  can proceed within the range 0<  <1, with alpha
being zero (or unity) in regions occupied by the gas (or the liquid), respectively.
The physical properties are computed as averages based on the distribution of the
liquid volume fraction  . Specifically, we use:

  l   g 1   

(4.4)

  l   g 1   

(4.5)

where l (or l ) and  g (or  g ) are the density (or the dynamic viscosity) of the
liquid and gas, respectively.

Figure 4.2: Typical velocity field for fluids flow over two fully coated particles using DNS.
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Relevant dimensionless quantities describing the problem can be readily
identified: the dimensionless initial film heights, the dimensionless separation
distance, the bridge volume and the amount of liquid on particle surface
normalized by a reference volume (i.e., the particle radius cubed R3), the density
and viscosity ratio between the liquid and the ambient gas, the pressure scaled
with a typical capillary pressure (i.e., surface tension over the particle radius) and
the velocity scaled with a typical capillary speed (i.e., the ratio of surface tension
and viscosity of the liquid). The relevant time scale can be based on a
corresponding viscous time scale, which is chosen to be the ratio of the particle
radius and the capillary speed. Finally, we may want to consider the effect of the
fluid’s inertia on the filling process, and hence a Reynolds number can be defined
based on the capillary speed, the particle radius, and the fluid viscosity. Note, that
alternatively an Ohnesorge number can be defined, with is simply the inverse of
the square root of the Reynolds number as summarized below:


h1  h1 R , h2  h2 R , h0   h1  h2  2 , S   S R ;



Lp1  Lp1 R3 , Lp 2  Lp 2 R3 , Vb  Vb R3 ;



ratio  l  g , ratio  l  g ;



uref   l , pref   R , tref  Rl  ;



t   t / tref



Re =  Rl l2 , Oh  l / l R  1

Re , Ca  l | U |  .

A typical result of our DNS is shown in Figure 4.2, in which we illustrate the
dimensionless flow velocity for various dimensionless times. Most important, this
figure illustrates that the dimensionless velocity strongly decrease with time, and it
can be expected that the rate with which the bridge is filled decreases with
increasing time. All relevant simulation parameters and numerical scheme are
defined in Table 4.1.
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Parameter

Value

Comment

Dt+

5.10-3

Dimensionless time step

Dh

0.05 - 0.33

Dimensionless mesh
resolution

Time derivative scheme

backward

Second order, implicit

Laplacian scheme

Gauss linear
corrected

Unbounded, second
order, conservative

Convection scheme (for U)

Gauss linear

Unbounded, second
order

Convection scheme (for a)

Gauss
vanLeer

van Leer limiter

Table 4.1: Simulation parameters and numerical schemes used in the VoF simulations.

4.2.3 Liquid Bridge Volume Calculation
The gas-liquid interface can be easily determined from the DNS data by analysing
the distribution of the phase fraction. Hence, we have taken a simple, yet effective
sampling method to detect the gas-liquid of the film and the bridge formed
between the particles.
As can be seen in Figure 4.3, the sampling procedure takes place between O1 and
O2 with an interval of δx and a large enough sample distance in the y-direction. By
applying the sampling interval from O1 and O2, we obtain a list of data for the
phase value along each sampling line, and consequently the interface position can
be determined at  = 0.5.
Next, we need to define which portion of the fluid in the system is considered to
be in the liquid bridge. As can be seen from Figure 4.2 and Figure 4.3 (panel b),
there exists a minimal liquid film thickness on each of the two spheres. Thus, if
one would analyze the thickness profile on each particle, one can observe a certain
angular position where the film is thinnest. We have used this local minimum to
define the extent of the liquid bridge. Specifically, we denote these positions of
the minima as the “neck” positions, which separate the bridge from the film
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adhering to the particle surface. These neck positions are the basis for the
subsequent bridge volume calculation.

(a)

(b)

Figure 4.3: Sketch of (a) the gas-liquid interface between two particles, as well as (b) the
sampling procedure used to detect the neck position.

After the interface positions and neck position have been determined, we can
calculate the liquid bridge volume by using a direct integration method.
Specifically, we use slices with thickness δx (see Figure 4.3, panel b), as well as the
known neck positions, to determine the bridge volume by numerical integration
using the trapezoidal rule.
4.2.4 Proposed Model for Liquid Bridge Filling
Our DNS indicate that the mechanism of liquid bridge formation consists of the
following steps: after the coated particles get close to each other (caused by the
relative motion in a real-world granular flow), the films coalesce, a liquid bridge is
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then formed between the particles, and finally liquid drains into the bridge. Thus,
it is reasonable to assume that there is (i) a very fast initial formation processes
(immediately after coalescence; since we cannot resolve this process, we will simply
assume a certain initial bridge volume), and (ii) and a comparably slow filling
process. Consequently, we differentiate between two stages of the filling process of
liquid bridge: (I) a capillary-force driven initial stage (fast filling), and (II) a
viscous filling stage (slower filling). Although these two stages will overlap in
physical reality, we define stage I to end after a (viscous) reference time scale of
tref, i.e., a dimensionless time of t+=1. As shown next, we employ two different
sub-models to predict the liquid bridge volume in these two stages. By employing
an overall mass balance it is then straight forward to predict the liquid residing on
the contacting particles.
For the initial stage we simply aim on correlating the bridge volume after t+ = 1
with the most important process parameters. Specifically, we simply choose the
key geometrical parameters, which are (i) the initial film height h0, as well as (ii)
the half separation distance S.
The next section of the paper details on a postulated model to predict the time
evolution of liquid bridge volume in stage II. Specifically, we use a
phenomenological closure for the flow rate between the film and bridge
compartment. We assume the flow rate to be proportional to the difference of the
mobile fraction of the liquid on the particle and half of the bridge volume. In
order to compute the mobile fraction of the liquid present on the particle, we use
a single parameter which is called the mobility parameter m,i. This parameter is
simply the ratio of the mobile liquid (i.e., the portion of liquid which flows into
liquid bridge region) on a particle divided by the total liquid content on particle i.
We will see in the Results section that the mobility parameter itself is a function of
the initial film height and the particle separation, but is invariant in time. For
now, we simply use m,i as a parameter that is constant during the filling process.
Using a dimensionless filling rate parameter ai (which one can assume to be
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specific for each particle i) and the reference time scale tref, we finally arrive at the
following differential equations for predicting the liquid content Lp,i on each
particle i:

dLp ,i
dt



ai 
Vb 
 Lp ,im,i  
tref 
2

(4.6)

This closure is linear in the unknown variables. Hence, an analytical solution for
the liquid bridge volume and the liquid content remaining on the particles can be
obtained. A simple mass balance yields the governing equation for the volume Vb,j
of bridge j:

dVb, j
dt

 

dLp ,i

(4.7)

dt

il j

Here j is the list of particle indices that is in contact with bridge j. We now re-write
these equations in dimensionless variables, and apply them to a two-particle
system. Together with appropriate initial conditions, as well as the assumption
that ai is a constant for a pair of particles sharing the same bridge, we arrive at the
following analytical solution:
2r1
2r2
 2m1
 2m1

ai
ai
r1t 


Vb  Vb ,0  C1
e  1  C2
er2 t  1
r1
r2
Lp1  Lp1,0 

Lp 2















(4.8)
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e  1  2 er2 t  1
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(4.9)

2r1
2r2
 2m1  1
 2m1  1

ai
ai
r1t 

 Lp 2,0  C1
e  1  C2
e r2 t  1
r1
r2









(4.10)

where r1, r2, C1, and C2 are dimensionless coefficients that are detailed in
Appendix A. Using this solution it is now straight forward to calibrate the model
parameters (i.e., ai and m,i) with the results of our DNS (i.e., the time evolution of
Lp and Vb).

38

4.3 Geometrical Bridge Volume

4.3 Geometrical Bridge Volume
In order to close the proposed model (see the Results section), it is useful to
define a reference bridge volume based on geometrical arguments. For such a
geometrical bridge volume we have considered two types which are illustrated in
Figure 4.4. Our goal is to study liquid bridge formation between particles having
initially a different liquid content. Thus, it is useful to define a bridge volume
based on the average (i.e., arithmetic mean) film height h0 (see the definition in
previous section: Volume of Fluid Simulation Approach). The expressions for the
geometrical bridge volume detailed below need to be understood as the typical
volume of a liquid bridge when making certain assumptions about its shape.

(a)

(b)

Figure 4.4: Geometrical bridge volume: (a) type I (the dashed line indicates the symmetry plane
of two contacting particles), (b) type II.

4.3.1 Type I
Type I (Figure 4.4a) is a simple definition based on the assumption that the initial
bridge volume is that in the cap-shaped region of the particle. This definition is
similar to the idea of Shi and McCarthy[46], which assumed that a fixed fraction
of the liquid present on the particle forms the bridge. This previous definition of
Shi and McCarthy would predict a linear relationship between the bridge volume
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and the liquid film thickness (and, to a first approximation, also with the liquid
content on each particle’s surface). However, we argue that this previous
definition is unrealistic. The reason for this is that the lateral extent (i.e., the
length b) of the cap-shaped region defined by the gas-liquid interface and the
symmetry plane between contacting particles is clearly a function of the film
thickness (see Figure 4.4, left panel). Hence, for the present work we assume that
the geometrical bridge volume of “type I” is a non-linear function of the liquid
film thickness. Specifically, we assume that the bridge volume is equal to the redshaded cap-shaped region in Figure 4.4 (left panel). For this situation the liquid
bridge volume can be calculated analytically:

Vb, g , I  2h0b2 , with



b
 1  h0   cos1 1/ 1  h0  
R

(4.11)



(4.12)

4.3.2 Type II
Type II considers another shape of the liquid bridge, which is shown in Figure
4.4b. Here, we take the separation distance of the particle into account, implying
that the type II geometrical bridge volume is more realistic for large separations.
Specifically, we assume that the liquid in the overlapping regions (given by the
assumed spherical shape of the liquid films on the particle) must be laterally
displaced when the particles approach each other. This liquid is assumed to flow
into a ring-shaped region. One can then compute the liquid bridge volume from
the red shaded area (see Figure 4.4, right panel). Specifically, the volume of the
type II bridge geometry can be calculated as follows:
Vb, g , II  Vb,i,I  Vcap

(4.13)

The evaluation of the above equation involves lengthy expressions, and is detailed
in Appendix B. Unfortunately, this evaluation also requires an iterative
procedure, making it less attractive for direct evaluation during large-scale DEMbased simulation.
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Figure 4.5: Comparison of the type I and type II model for computing the geometrical bridge
volume in situation A: increasing liquid content on the particles at S+ = 0.

We next compare these two types of models for the geometrical bridge volume for
two situations: in situation A we increase the liquid content (i.e., the initial film
heights), but assume contacting particles (i.e., zero separation between particles).
Results for this situation are shown in Figure 4.5, which shows the dimensionless


bridge volume as a function of the L p 0 , where L p 0 is dimensionless form of

average amount of initial liquid content of the two particles and defined by
4
Lp 0  
3

 R  h   R  / R
3

0

3

3





3
4
  1  h0   1 . We observe that for both types of
3

definitions the bridge volume increase with the liquid content non-linearly. Note,
that in the definition of Shi and McCarthy[46] the bridge volume increases
linearly. Furthermore, we see that the two curves for type I and type II nearly
overlap, and that type II predictions are slightly larger than that of type I. Thus,
the two curves agree well with each other for thin initial films, while they do not
agree with each other for thicker films. Since the definition of the type II model at
zero separation is close to that of type I, this is expected and explained as follows:
the type II model takes into account that the laterally displaced liquid forms a
bridge with a certain height hcyl,1 and hcyl,2 (see Figure 4.4, right panel).
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Consequently, a certain amount of the liquid on the particle (in addition to that
accounted for in the type I model) is considered to be in the bridge. Thus, when
using the type II definition, the (geometrical) bridge volume is somewhat larger
compared to that predicted by type I. In summary, we see that the type I
approximation is appropriate for thin films and at zero separation, while type II
should be considered for all other situations.

Figure 4.6: Comparison of the type I and type II model for computing the geometrical bridge
volume in situation B: fixed initial film height h0+ = 0.08 and variation of the separation
distance.

Situation B is now investigated to demonstrate the effect of the particle-particle
separation distance on the predicted (geometrical) bridge volume. Specifically, a
certain (constant) initial film height was assumed for both types of models, and
the separation between particles was varied. Results are illustrated in Figure 4.6.
One can observe that the prediction of the type I model is not affected by the
separation distance. However, for the type II model, the geometrical bridge
volume remarkably decreases when the separation distance increases. Also, the
type II model predicts a somewhat larger bridge volume (compared to type I) at
zero separation as it should be. In summary, the type II model is more realistic,
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and we will demonstrate in following that our results (based on DNS) are very
close to the predictions of this model.

Figure 4.7: Effect of the separation distance on the bridge volume as a function of the initial
liquid content (type II model).

Figure 4.7 further illustrates how the separation distance affects the prediction of
the (geometrical) bridge volume when using the type II model. As can be seen
from Figure 4.7 the bridge volume increases monotonically, but non-linearly, with
increasing (initial) liquid content for every choice of separation distance. In the
situation of zero separation the largest bridge volume is predicted. Also, it can be
observed that the bridge volume decreases almost linearly with increasing
separation distance, finally approaching zero for S  / h0  1 as it should be. The
physical interpretation of this fact is that for the situation in which the separation
equals the initial film thickness, the overlapping region of thin films between two
particles vanishes. Thus, the geometrical bridge volume becomes zero. In
summary, the type II model shows the correct behaviour for a variety of limiting
cases. Hence we argue that it is physically more relevant compared to previous
work.
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4.4.1 Early Stage Model (Stage I)
The initial bridge forms very quickly, and the inertia of the fluid may play a
certain role. Inertia is difficult to model due its inherent non-linearity. We hence
define a fixed initial bridge volume for "early times". Specifically, we have chosen
the early stage to end after one reference viscous time scale, i.e., at t+ = 1.

Figure 4.8: Normalized initial bridge model KV1 vs. normalized separation distance.

We now attempt to model the initial bridge volume by defining the variable KV1,


which is the ratio of the simulated (total) initial bridge volume ( Vb,0 is the liquid
bridge volume at t+=1) and the average initial film height h0 to the power of
some exponent n:

KV 1 

Vb,0

h 

 n
0

(4.14)

This definition is based on the simple idea that the initial bridge volume is only a
function of the (initial) film height, similar to the idea we used to define the
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geometrical bridge volume of type I. We see from Figure 4.8 that when choosing
n = 1.5 we can collapse our DNS results for a variety of film thicknesses with the
expression:

 S 
KV 1  8.0     10.5
 h0 

(4.15)

Thus, we see that we can obtain a reasonable collapse of our data on a straight
line for this choice of n and for S+/ h0+ < 0.7. We also note that (i) the normalized
bridge volume linearly decreases with increasing separation distance, and (ii) that
the bridge volume is a super-linear function of the film height. The former fact is
in agreement with the type II geometrical bridge volume (refer to Geometrical
Bridge Volume section). The latter again stresses the fact that the assumption of
Shi and McCarthy[46] that liquid is “harvest” from a fixed (area) fraction of the
particle surface is not supported by our results. A model based on “harvesting”
from a fixed (area) fraction of the particle surface would result in a linear increase
of the bridge volume with film height, i.e., n = 1. Clearly, this is not supported by
our DNS data.

In summary, our model for KV1 could already be used to compute Vb ,0 for a

collision involving two wet particles using Eqn. 4.15. However, we next aim at
using the geometrical bridge volume of type II to normalize the calculated initial
bridge volume. We do this since this model accounts for the effect of the
separation distance on the bridge volume, and we expect that normalization with
this geometrical bridge volume yields a variable that is independent of S+.
Specifically, we define the variable KV2 as the ratio of the measured initial bridge,
the geometrical bridge volume calculated using the type II model (refer to Type
II section), and a function of h0+:

KV 2 

Vb,0

Vb, g , II  h0 

n

(4.16)
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Again, n is a parameter that is used as an exponent of the initial film height, and
helps to collapse all data into a single curve. We expect that n is close to zero, i.e.,
that the geometrical bridge volume based on the type II model is sufficient to
account for any effects due to the film height. The results of our analysis are
displayed in Figure 4.9, which illustrates that the variable KV2 is independent of
the average film height, when choosing n = 0.2. For the KV2 model, we also
suggest a linear relationship between the normalized liquid bridge volume and
the separation distance:

KV 2

 S 
 0.7     2.2
 h0 

(4.17)

In addition we note that assuming n = 0, i.e., using a normalization purely based
on the geometrical bridge volume, would be also a good approximation (data not
shown). Interestingly, we find that KV 2  h0   1.3 for zero separation, indicating
n

that the geometrical bridge volume of type II is indeed a good approximation of
the initial bridge volume. Also, we find that KV2 increases with increasing
separation, indicating that the geometrical bridge volume of type II overcompensates the decrease of the bridge volume. Thus, our DNS data suggest that
the bridge volume is systematically larger for S+ > 0 than that based on
geometrical arguments. The exact reason for this is could not be isolated.
However, it is clear that in the DNS the deformation of the gas-liquid interface is
also taken into account. We speculate that this deformation leads to an additional
lateral shift of the neck position (in addition to the shift caused by to the displaced
fluid), which is more pronounced for larger separations.
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Figure 4.9: Initial bridge model, KV2 vs. normalized separation distance.

In summary, the model for KV2 presented above, together with its definition, and
the geometrical bridge volume (type II) can be used to compute the bridge
volume at t+ = 1. We next focus on the calibration of the parameters in the
proposed bridge viscous filling model (see section: Proposed Model for Liquid
Bridge Filling), that can be used to predict the time evolution of the liquid bridge
after this point in time.
4.4.2 Viscous Filling Stage Model (Stage II)
We start with looking at the time evolution of bridge volume and liquid present
on the particle for the situation of zero separation start by taking one case for
example (see Figure 4.10). We obtain the following parameter set m1 = 0.49, m2
= 0.38, and find that mobility parameter of particle 1 is somewhat larger than
that of particle 2 (particle 1 initialized with less liquid content than particle 2).
Furthermore, we find that the dimensionless filing rate coefficient ai (i.e., the
inverse of a dimensionless filling time scale) is approximately 0.025. This value fits
all our data reasonably well, and hence we accept ai to be a universal constant
from now on.
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Figure 4.10: Fitted model (lines) vs. DNS data (symbols) over time for S+ = 0, h1+ = 0.07 and h2+
= 0.1. Red circles: liquid bridge volume (Vb+ ); Black diamonds: liquid content on particle 1
(LP1+); Blue triangles: liquid content on particle 2 (Lp2+).

Figure 4.11: Fitted model (lines) vs. DNS data (symbols) over time for S+ = 0, h+1 = 0.09 and h2+
= 0.1. Red circles: liquid bridge volume (Vb+); Black diamonds: liquid content on particle 1
(LP1+); Blue triangles: liquid content on particle 2 (Lp2+).

Results in Figure 4.11 are also obtained for the zero separation case, however, for
a different combination of film thicknesses. The mobility parameters for this case
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are m1 = 0.45 and m2 = 0.43, respectively. By comparing Figure 4.10 and Figure
4.11, we observe that the trend of liquid transport between two particles are
similar, and the model approximates the filling process reasonably well. As
expected, the case with the larger (average) initial film height yields a larger liquid
bridge volume.

Figure 4.12: Liquid bridge volume over time: fitted model (lines) vs. DNS data (symbols), S +=
0. Red circles: h0+ = 0.075; Black diamonds: h0+=0.085; Blue triangles: h0+ = 0.095.

Further testing of our model for other combinations of thickness reveals that our
model is indeed able to describe the filling process well. As we can see from Figure
4.12, larger film height always leads to larger bridge volume, which is obvious. We
also can see that the filling process levels off after about 50 dimensionless time
units. This is also suggested by the inverse of the constant ai, which has been fixed
before. However, the filling process has not completely stopped at t+ = 50.
Indeed, we find that when running the simulation for a longer duration the filling
process will end at some point due to the rupture of the film on one of the two
particle surfaces. We will discuss this peculiar behavior later (see the Film Rupture
and Grid Refinement section).
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Figure 4.13: Fitted model (lines) vs. DNS data (symbols) over time for S+ = 0.045, h1+= 0.09
and h2+ = 0.1. Red circles: liquid bridge volume (Vb+ ); Black diamonds: liquid content on
particle 1 (LP1+); Blue triangles: liquid content on particle 2 (Lp2+).

Figure 4.14: Combined effect of film height and separation distance: liquid bridge volume over
time: fitted model (line) vs. DNS data (symbols). Red circles: S+= 0.045 and h0+ = 0.065; Black
diamonds: S+= 0.025 and h0+= 0.08; Blue triangles: S+= 0.035 and h0+ = 0.095.

Considering now separations larger than zero, we again see that the model is able
to approximate the DNS data well (see Figure Figure 4.13, for S+ = 0.045, h1+=
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0.09 and h2+ = 0.1). However, we find that the parameters m1 and m2 change.
Specifically, the value of the mobility parameters is now m1 = 0.42 and m2 =
0.39, respectively. Thus, the mobility of the liquid on the particles becomes
smaller for S+ >0 compared to the case with S+ = 0. Our interpretation of this
fact is that less liquid is mobile to flow into the bridge when the particles have a
certain separation. Again, we can see from Figure 4.14 that larger initial film
height causes larger liquid bridge volume, as expected.

Figure 4.15:

m as a function of h0+ for a separation of S+ = 0.

We now aim on demonstrating that our model is able to represent data for a
variety of dimensionless initial film heights. Since the key parameter that is
influenced by the film height is the mobility (i.e., m,i), we have collected these
parameters for a large set of separation distances and dimensionless initial film
heights. We now make an attempt of modeling m,i by first computing an average
mobilitym (see equation 4.18), that is simply defined as the arithmetic mean of the
motilities of the particles in contact. We now look at the trends of this average
parameter as a function of the initial average film height. As we can see from
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Figure 4.15, m changes linearly with the average initial film height for zero
separation. Specifically, we obtain the following relationship for m:

m 

m1  m 2
2

m  5h0

(4.18)
(4.19)

For the difference in the mobilities, denoted as m  m1  m 2 and illustrated in
Figure 4.16, we find the following approximation:
m  2.9h0

(4.20)

Figure 4.16: m as a function of the dimensionless difference of the film heights.

Next, we aim at correlating m with the separation distance. Specifically, we
consider data sets for variations in the initial film height and separation distance
shown in Figure 4.17. Again, we can collapse all data for different initial film
heights when normalizing it with some function of the initial film height.
Specifically, we define the variable Km to be
Km 

m
5h0

(4.21)
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Based on the data shown in Figure 4.17, we find the following relationship for
Km:

 S 
Km  1  0.32   
 h0 

(4.22)

Figure 4.17: K as a function of the normalized separation distance for contacting and nonm
contacting particles.

The meaning of these relationships is that the average mobility of the liquid on
the particle surfaces systematically decreases with increasing separation distance.
The physical interpretation of this fact is that smaller bridges (implied by larger
separation

distances

and

constant

overall

liquid

content)

simply

allow

proportionally less liquid to flow from the particle surface into the bridge. In
contrast, at small separation distances, and hence larger bridges, a larger fraction
of the particle’s surface area is connected to the bridge, and hence the mobility
parameter is large.
4.4.3 Film Rupture and Grid Refinement
We also show some interesting findings which we observe for very long simulation
times and thin films: as can be seen in Figure 4.18 the film ruptures at the neck
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position for sufficiently long time. Specifically, we observe that for thin films the
film ruptures on the particle with initially less liquid (i.e., particle 1). This means
that the bridge filling process stops after a certain time, which is also the case for
the proposed model. Unfortunately, we cannot accurately predict the rupturing
process, simply because the film at the rupturing point must become thinner than
the (finite) grid resolution. It is therefore essential how the grid resolution affects
the film rupturing event. This is discussed next.

Figure 4.18: Pressure distribution before and after the film rupture moment t+ = 220, S+ = 0,
h1+= 0.06, h2+= 0.10 (the rupture time scale is small, i.e., below t+ < 1).

We start our investigation of the effect of grid refinement by defining a
dimensionless grid size h. Specifically, we choose h = x / h1, where x is the
mesh size and h1 is the initial film height of the particle with the lower amount of
liquid on its surface. As can be seen from Figure 4.19, the grid refinement affects
the filling process only negligibly, with the largest deviations observed for long
times, i.e., t+ > 100. As can be seen in the Figure for the case of a grid size of h =
0.17 (blue circles) film rupture is observed at t+ = 175. However, in case of a
larger grid resolution, i.e., h = 0.12 (black diamonds), we do not observe film
rupture and the filling process continues until the simulation was terminated.
Therefore, grid refinement plays an important role for predicting the final
rupturing process. Moreover, it can be observed that a finer mesh yields a rather
smooth curve, in contrast to the results for the coarser grid in which the bridge
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volume appears to fluctuate. This is again caused by the more challenging
detection of the neck position in the case of a (comparably) coarse grid.

Figure 4.19: Grid refinement effects on the liquid bridge filling, h1+= 0.04, h2+= 0.08, S+=
0.02.

We have observed in our simulations that the film rupturing phenomena occurs
on particles with less liquid. The obvious reason for film rupturing in the
simulation is inadequate resolution of the liquid film in the neck region. The
thinning of the film there is caused by the pressure difference over the neck
region, which drives the flow of liquid into the bridge: due to the complex shape
of the gas-liquid interface in this region, the pressure changes in a non-linear way
in the neck region. The pressure distribution is such that more liquid exits the
neck region than can flow from the film towards the neck. This leads to a thinning
of the film, and once the film thickness is in the order of the grid resolution, it will
rupture. We hence must limit the applicability of our model to situations well
before the rupture event occurs in the simulation, i.e., to t+ < 100.
4.4.4 Reynolds Number and Density Ratio Effects
In order to further investigate the model’s ability to reflect various real-world
situations, we checked the effect of the Reynolds number on the filling process.
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Therefore, we have chosen a situation with rather thin films (i.e., h1+ = 0.04, h2+
= 0.08, S+ = 0.02). We choose Re = 1, Re = 100 and Re = 10,000 for
investigating Reynolds number effects.

Figure 4.20: Liquid film distribution at the rupture moment, h1+ = 0.04, h2+ = 0.08, S+ = 0.02.

As we can see from Figure 4.20, the points at which film rupture occurs are almost
identical. Also, we observe that larger Reynolds number lead to an earlier film
rupturing event (see Figure 4.21). However, the filling process of the bridge is not
substantially affected by the Reynolds number. Hence, we draw the conclusion
that the Reynolds number plays a negligible role for the bridge filling process, at
least in the range of parameters we have investigated.
Finally, we have investigated the effect of the density ratio on the liquid bridge
filling process (see our results in Figure 4.22 for the density ratios of  = 10, and

 = 1000). The density ratio is a critical parameter for the numerical simulation,
since simulations with a smaller density ratio are typically easier to conduct. As
can be seen from Figure 4.22 the density ratio has little effect on the liquid bridge
filling process as long as  ≥ 10, and the rupturing event is delayed by about 5
dimensionless time units in the case of the low density ratio that has been
investigated. Therefore, we can safely neglect effects due to the ambient gas
density when considering bridge filling in gas-liquid-particle systems.
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Figure 4.21: Reynolds number effect on liquid bridge filling, h1+ = 0.04, h2+ = 0.08, S+ = 0.02.

Figure 4.22: Density ratio effect on bridge volume filling, h1+ = 0.04, h2+ = 0.08, S+ = 0.02.

4.4.5 Initial Bridge Shape Effects
In this section we summarize data on the effect of the initial shape of the liquid
bridge on the bridge filling process. As shown in Figure 4.24, four types of initial
bridge shapes have been investigated i.e., the standard cylinder (denoted as
“cylinder”), no bridge (“none”), a too large cylinder (“large cylinder”), i.e., the
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radius is 20% larger than standard cylinder, and a smooth curve in the form of a
circle (“circle”). The results are shown in Figure 4.23, and we observe that the
initial liquid bridge shape has generally a small effect on the filling process, except
for the situation “large cylinder”. For this situation significantly more liquid is in
the bridge, however, the qualitative behavior of the filling process is preserved.
Hence, we conclude that as long as the bridge is initialized with a realistic shape
(i.e., a cylinder containing the displaced fluid), the effect of the exact initial shape
is in the order of 3.3% between “none” and “cylinder”, and 3.9% between “circle”
and “cylinder”.

Figure 4.23: Effect of the initial bridge shape on the bridge filling process (h1+ = 0.06, h2+ =
0.10, S+ = 0.01).
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cylinder

none

large cylinder

circle

Figure 4.24: Different shapes of the initial liquid bridge (h1+ = 0.06, h2+ = 0.10, S+ = 0.01).

4.5 Discussion
In our study, we investigate the liquid bridge and drainage process of liquid
adhering to two wet particles based on key dimensionless parameters. We provide
a model for the prediction of dynamic liquid-bridge formation between two
particles by assuming that the filling rate of the liquid bridge is not affected by the
particles’ relative motion. Thus, we assume a quasi-static situation in which
particles do not move, but only liquid is mobile to flow into the bridge. We next
perform a time scale analysis to probe situations for which such a quasi-static
assumption is appropriate.
4.5.1 Particle Interaction Time Scales
A key question that could not be answered in the current paper is what happens
in case the particles move relative to each other, and hence the above mentioned
quasi-static assumption breaks down. In order to do so, we must identify the limits
of the models proposed in the current work. Specifically, there are two criteria
that need to be satisfied to accept the assumption of zero relative particle velocity:
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(i) the time scale for bridge formation must be smaller than a characteristic
time scale (denoted as tacc) for the particles to accelerate to a typical speed of
liquid flow (i.e., uref   / l ). Physically this means that the speed of the
particle relative motion is smaller than the speed of liquid flow.
(ii) the time scale for bridge formation must be smaller than the time (denoted
as tcross) it takes for the particles to cross the film.
The acceleration time scale tacc can be calculated from the force balance on a
particle. Assuming that the liquid bridge only exhibits a cohesive force due to
surface tension, the dimensional acceleration time scale (such that the particle
have accelerated to the typical liquid flow speed uref ) is tacc  R 2  p  l . The
corresponding dimensionless acceleration time scale (with tref  Rl 

being the

reference time scale) is:

tacc


R  p

l 2

(4.23)

The time for an approaching particle to cross the film, i.e., tcross, can be calculated
from a typical particle-particle relative velocity urel and the film thickness, i.e,

tcross  h0 urel . Using Stokes settling velocity as urel, one obtains for the
dimensionless crossing time scale:

tcross


9h0  g

2 R 2 l   p   g  g

(4.24)

Here h0  h0 R is the dimensionless film-thickness, g is the ambient gas viscosity,
and p is the particle density. Note, that the alternative assumption of


urel  uref   /  would lead to tcross
,uref  h0 . However, as explained above in the

discussion of tacc, it takes time to accelerate the particles to the capillary speed.
Hence, the latter velocity scale is certainly of lower importance for typical
applications that are characterized by a large particle Stokes number.
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Figure 4.25: tcross+ for water and pure glycerine in typical fluidized bed operations.

In case both dimensionless time scales are much larger than unity, the assumption
of non-moving particles in our simulations is acceptable. By assuming typical
properties of various water-glycerine mixtures,[49] and using parameters typical
for a fluidized bed, we have summarized key dimensionless parameters in Table
4.2. and Figure 4.25. It can be seen that for most fluidized bed systems the
assumption of zero relative particle velocity when modeling liquid transfer is
justified. Table 4.2 and Table 4.3 list relevant system parameters for particulate
systems involving pure water, as well as mixtures of glycerine and water (60% and
40%). In general, situations with highly viscous fluids (i.e., pure glycerine), appear
to conflict with our quasi-static assumption. For these situations the relative
velocity of the particles might influence the bridge filling process. However, for
most systems involving typical liquids with a water-like viscosity (see Table 4.2 and
Table 4.3, as well as the illustration in Figure 4.25), we find that the assumption of
zero relative particle velocity is adequate.
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R [m] p [kgm-3]

h0

tref [s]


tacc

Oh

5e-6

1000

0.01

6.86e-8

363.5

0.052

Glycerine/water-60/40 5e-6

1000

0.01

8.54e-7

2.54

0.58

Glycerine/water-79/21 5e-6

1000

0.01

3.86e-6

0.13

2.53

Glycerine/water-90/10 5e-6

1000

0.01

1.74e-5

6.55e3

11.1

Pure glycerine

5e-6

1000

0.01

8.87e-5

2.52e4

56.13

water

5e-6

1000

0.1

6.86e-8

363.5

0.052

Glycerine/water-60/40 5e-6

1000

0.1

8.54e-7

2.54

0.58

Glycerine/water-79/21 5e-6

1000

0.1

3.86e-6

0.13

2.53

Glycerine/water-90/10 5e-6

1000

0.1

1.74e-5

6.55e3

11.1

Pure glycerine

5e-6

1000

0.1

8.87e-5

2.52e4

56.13

water

5e-3

1000

0.1

6.86e-5

3.64e5

1.66e-3

Glycerine/water-60/40 5e-3

1000

0.1

8.54e-4

2.54e3

1.85e-2

Glycerine/water-79/21 5e-3

1000

0.1

3.86e-3

130

0.08

Glycerine/water-90/10 5e-3

1000

0.1

1.74e-2

6.55

0.35

Pure glycerine

5e-3

1000

1e-4

8.87e-2

0.25

1.77

water

5e-6

5000

0.1

6.86e-8

1717

0.052

Glycerine/water-60/40 5e-6

5000

0.1

8.54e-7

12.7

0.58

Glycerine/water-79/21 5e-6

5000

0.1

3.86e-6

0.65

2.53

Glycerine/water-90/10 5e-6

5000

0.1

1.74e-5

0.033

11.1

5000

0.1

8.87e-5

1.25e3

56.13

Pure glycerine

5e-6

Table 4.2: Summary of parameters relevant for liquid transfer in typical fluidized beds (for tcross+
refer to Figure 4.25).
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cases

R [m]

p [kgm-3]

h0

tref [s]


tacc


tcross

Oh

1

5e-6

1500

1e-2

8.54e-7

3.82

14.2

0.58

2

5e-6

1500

0.2

8.54e-7

3.82

284

0.58

3

1e-5

1500

0.1

1.71e-6

7.63

35.5

0.41

4

1e-5

2000

0.1

1.71e-6

10.18

26.6

0.41

5

1e-5

5000

0.1

1.71e-6

25.44

10.6

0.41

Table 4.3: Effect of selected particle parameters on dimensionless bridge filling parameters for
glycerine/water-60/40% mixtures.

4.5.2 Viscous Effects during Particle Approach
The acceleration time scale defined above is based on Newton’s law of motion
considering capillary forces only. Clearly, viscous forces will retard the particles’
relative motion, and hence we expect that the typical particle interaction time is

larger than tacc
. Next, we analyze such a situation by including lubrication effects

due to the liquid between two approaching wet particles. For such a situation we
have:
F vis  F cap  m

du
dt

(4.25)

Where F vis is the viscous force, F cap is the capillary force, and m is the mass of
one particle. For small particles (i.e., in case the particle size is smaller than the
capillary length), the gravitational forces can be neglected, and only capillary and
viscous forces affect particle motion. Pitois et al.[14] and Darabi et al.[2] applied
the lubrication approximation for liquid flow between the two particle surfaces,
and arrived at the following expression for the viscous force:

3
1 dS
F vis    R 2 X v2
,
2
S dt

(4.26)
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X v  1 1

1

2Vb
.
 RS 2

(4.27)

Where R is the particle radius, S is the half separation distance between the
particle surfaces, and Vb is the liquid bridge volume. Pitois et al.[14] and Darabi et
al.,[2] also provided a model for the capillary force that accounts for the bridge
volume effect. For fully wetted particles their capillary force model is:

F cap  2 R X v

(4.28)

Substituting the model for the viscous and capillary force into Eqn. 4.25, and
using typical initial conditions (i.e., an initial separation of 10% of the particle
radius, and particles initially at rest), we obain the following differential equation:

 3
d 2S
2
2 1 dS


R
X

2

R

X

m

l
v
v
S dt
dt 2
 2
 S (0)  0.1R ; S  (0)  0.


(4.29)

Integrating the above equation in time is straight forward (e.g., using Matlab ®),
and we have chosen two sets of parameters, i.e., that of water and pure glycerine
to illustrate the solution. Relevant properties for these liquids are listed in Table
4.4. The particle size is chosen to be 10 µm, the liquid bridge volume is chosen to
be 20% of the particle volume, the Reynold number is defined by the capillary
speed, the particle radius, and the fluid viscosity (i.e., Re =  Rl l2 ). One can
also define a capillary number Ca to quantify the ratio of viscous and capillary
effects. This number is based on the Stokes setting velocity (as a proxy for the
relevant particle-particle relative speed), the viscosity of the liquid, and the surface





tension, i.e., Ca  l urel   2 l R 2   p   g  g /  9 g  . In summary, we obtain
for


pure glycerine: Re = 6.34 . 10-4 , Ca = 0.975, and for



water: Re = 730, Ca=7.54 . 10-4

64

4.5 Discussion

Figure 4.26: Time evolution of the half separation distance S+ during the acceleration phase of
two approaching particles (  p = 2000 [kg/m3], dp = 10 [µm], Vb+=0.1).

Figure 4.26 illustrates the time evolution of the particle separation distance, as
well as the acceleration time scale derived above. Figure 4.27 summarizes the
corresponding relative velocity scaled with the reference velocity, i.e., a typical
speed of the adhering liquid when flowing into the bridge. We can observe from
Figure 4.26 (dashed and continuous bold line) that the time until contact is larger

than tacc
for the glycerine system. Thus, the particles accelerate, but only for the

situation where viscous forces are neglected the particle accelerate beyond uref (see
Figure 4.27). In contrast, in the system involving water the particles’ relative
speed never excees uref, and the impact speed is in the order of 0.01 .uref (see thin
dashed and continuous line in Figure 4.26 and Figure 4.27). As expected,
lubrication forces resist the particle’s relative motion and delay the time until
contact (see continuous lines in Figure 4.26 and Figure 4.27). This effect is more
pronounced for the viscous systems, while the effect in the system involving water
is rather small. Clearly, in case one does not take into account the viscous term for
the glycerine system, the particles accelerate to an unphysically large relative
velocity. In case we account for viscous forces, however, we expect typical particle
relative speeds smaller than 0.1.uref, even for highly viscous systems (see Figure
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Figure 4.27). These particle velocities are below the typical liquid speed for early
times (i.e., t+ = 1, see Figure 4.2). For longer times both the liquid and particle
speed decreases rapidly, the particles’ surfaces touch (at t+ between 5 and 50
depending on the viscosity of the liquid, see Figure 4.27). Hence, bridge filling is
also unaffected by particle motion for longer times, simply because the particles
are already in contact. Based on the above consideration of particles accelerating
from zero velocity, it appears that our assumption of a quasi-static liquid bridge
formation is valid for a wide range of wet particulate systems.

Figure 4.27: Time evolution of the relative particle velocity during the acceleration phase of two
approaching particles (parameters are the same as in figure 4.26).

Mixture

 [Pas]

 [kgm-3]

 [N/m]

Water

1.10-3

1000

0.073

Glycerine/water-60/40

0.0115

1153

0.0673

Glycerine/water-79/21

0.05

1204

0.0647

Glycerine/water-90/10

0.22

1238

0.0634

Pure glycerine

1.12

1262

0.0631

Table 4.4: Properties of different water-glycerine mixtures (adapted from Eddi, Winkels and
Snoeijer[49])
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4.5.3 Typical Impact Speeds in Sedimenting Suspensions

Figure 4.28: Distribution of particle collision velocities in the normal and tangential direction
(left panel), as well as illustration of the vertical particle velocity distribution (right panel, dp =
150 [µm], p = 1500 [kg/m³], p = 0.10, particles sediment in air at ambient conditions).

The typical relative particle velocity at impact is important for our analysis, since it
affects the scale for film crossing. We have therefore performed simulations of a
typical application we are interested in (i.e., wet granulation in a fluidized bed).
Specifically, we considered a freely sedimenting suspension, and have recorded
the speed and orientation of particle-particle collisions. The simulations followed
the approach used by Radl and Sundaresan[50], with identical fluid and particle
properties. Our results are summarized in Figure 4.28, highlighting that collisions
in typical applications we are interested in (i.e., fluidized beds) are mostly gentle:
the typical impact speed is in the order of 10% of the particles’ terminal settling
velocity. Also, we observe from Figure 4.28 that particle collisions are primarily
oblique, i.e., the particles’ relative speed in the tangential direction (at the contact
point) is smaller than that in the normal direction. In Appendix C we summarize
more data for sedimenting suspensions, which show a similar qualitative behavior
and a moderate increase of the impact speed when decreasing the particle
concentration. Clearly, our data supports our assumption of quasi-static bridge
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filling for a wide range of wet particulate systems with rather thick liquid films
and a rather low liquid viscosity.
Of course, the relative speed of particles in a wet collision event is set by the
process, and we have only considered a wet fluidized bed here. Clearly, it is
necessary to check the appropriateness of our model for a specific application via
a prior analysis of typical particle relative velocities.

4.6 Conclusions
A new model to predict dynamic liquid bridge formation between two wet
particles has been presented in this paper. This model is based on DNS data,
which were obtained by extracting the interface position from VoF-based
simulations of the bridge filling process. The liquid bridge volume was defined
based on a characteristic neck position, and a direct integration method was
employed to calculate the liquid bridge volume. This allowed us building a
dynamic model for predicting the bridge volume, and the liquid remaining on the
particle surfaces. Such a model might help to refine our picture of wet particle
collisions that previously focused exclusively on predictions of the coefficient of
restitution (Donahue et al.,[24], Sutkar et al.[28]).
Our model differentiates between (i) a fast initial bridge formation stage where
the dimensionless time is less than a reference time for capillary-driven viscous
flow, and (ii) a subsequent slower viscous filling stage where viscous effects are
dominant. The initial stage model is based on a geometrical reference volume,
and has been calibrated with DNS data at a dimensionless time of t+ = 1. Our
initial stage model can be used as a first estimate for the liquid bridge volume in
short particle collisions, and is an extension of the model prosed by Shi and
McCarthy[46]. The postulated model for the viscous filling stage model relies on a
universal parameter ai (i.e., a characteristic dimensionless filling time), as well as
dimensionless liquid mobility parameters m1 and m2 of the contacting particles. A
model equation for these mobility parameters has been proposed. Specifically, we
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consider that the mobilities are functions of the film height and the separation
distance. In summary, our model is valid for liquid bridge formation between two
identical particles coated with thin continuous films (i.e., an initial relative film
height of less than 10% of the particle radius).
We observed that our results obtained from the DNS are independent of the
Reynolds number, as well as the density ratio between the liquid coating the
particles and the ambient gas. This suggests that our model is applicable to a wide
range of gas-particle systems involving wet particulate systems.
However, our simulation study indicates that grid refinement plays an important
role in the final stages of film flow where the film ruptures. In order to get a
precise model for the filling process at long times, as well as to correctly predict
film rupture, it is essential to use a fine enough computational mesh in the
simulations (i.e., the dimensionless grid resolution h should be 0.12 or smaller).
This clearly limited the current study to axisymmetric configurations. Hence, our
study is only a step forward to better understand the equilibration of liquid on
particles and in liquid bridged in a particle bed. Still work needs to be done in the
future, specifically, it would be interesting to


experimentally support the observed film rupturing event for long times,



investigate the wetting of initially completely dry particle, and particles that
have a complex morphology,



quantify the effect of particle relative motion on the liquid bridge
formation process.
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Appendix A - Analytical Solution for a Two-Particle System
The mass balance equations detailed in the manuscript can be normalized and
written for the simplest case of a two-particle collision:
dLp1
dt 
dLp 2
dt 

 
Vb 
 ai  Lp1m1 

2 


( A.1 )


V 
 ai  Lp 2m 2  b 
2 


(A.2 )

 dLp1 dLp 2 
dVb
     
 dt
dt 
dt 


(A.3 )

Vb t 0  Vb,0 , Lp1 t 0  Lp1,0 , Lp 2 t 0  Lp 2,0

(A.4 )

The initial conditions are:

Exploiting the total mass balance, i.e., Eqn. A.3, assuming that ai is a constant for
the pair of particles, and taking the time derivatives of the above equations, we
arrive at:
dLp1


dt

dLp 2
dt

where L  

p1

dLp1
dt 

, L 

p2




1
1

 ai   m1   Lp1  Lp 2 
2
2



(A.5 )


1
1

 ai   m 2   Lp 2  Lp1 
2
2



(A.6 )

dLp 2
dt 

. By rearranging Eqn A.5, we now obtain an

expression of Lp 2 in terms of Lp1
 1 dL  
1  
p1
L   2 



L 
 ai dt   m1 2  p1 



p2

( A.7 )
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We then substitute equation A.7 into equation A.6, to arrive at the following
second-order constant coefficient homogeneous linear differential equation in for

Lp1 ,
2 
dLp1
2 d Lp1

2




1
 m1 m2    ai  2m1m2  m1  m2  Lp1  0
2
ai dt
dt

(A.8 )

Using the Ansatz

Lp1  ert



(A.9 )

We obtain the characteristic equation


2 2 rt 
r e  2 m1  m 2  1 rert  ai  2m1m 2  m1  m 2  ert  0
ai

(A.10 )

which has the real-numbered roots:
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Hence, the general solution for equation (A.8) is given by
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dt
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Using the initial conditions, i.e., Vb t 0  Vb,0 , Lp1 t 0  Lp1,0 , and Lp 2 t 0  Lp 2,0 , and
after rearrangement we arrive at:

C1 

ai2m 2 Lp 2,0   2ai r2m1  2ai2m21  a 2m1  Lp1,0

a 


2
i m1

C2 

2  r2  r1 

(A.16 )

 ai2  ai r2 Vb,0

2  r2  r1 

ai2m 2 Lp 2,0   2ai r1m1  ai2m1  2ai2m21  Lp1,0   ai r  ai2m1  ai2 Vb,0
2  r2  r1 

(A.17 )

By integration of Eqn. A.15, as well as using the initial condition for the bridge
volume, we obtain

2r1
2r2
 2m1
 2m1

ai
ai
r1t 
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er2 t  1
r1
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Similarly, we obtain the following equations for the dimensionless liquid content
on particle 1 and particle 2:
Lp1  Lp1,0 
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Appendix B – Details on the Geometrical Bridge Volume Type II
The key to calculate the volume of liquid bridges of type II is the calculation of
the radius Rcyl of the compensation cylinder region. The known parameters, as
shown in Figure 1 (panel a), are the particle radius R, the initial film heights h1
and h2, and the half separation between particles S. Once two particles have been
fixed in space, the liquid in the overlap regions of the liquid films (i.e., the red
and green shaded regions in Figure 4.1, panel b) is displaced and flows into a
ring-shaped region (i.e., red solid area in Figure 4.1, panel b). One can compute
the volume of the ring-shaped region as follows:
First, the overlap liquid volume that is contributed by particle 1 (i.e., the green
shaded area in Figure 4.1, panel b) and particle 2 (i.e., the red shaded area in
Figure 4.1, panel b) can be computed from:



1 1
 12h12 R 2  24h12 S 2  4 Rh13  16h13 S  3h14  48R 2 h1S
24 R  S
48Rh1S 2  96 R 2 S 2  128RS 3  32S 4  12 R 2 h22  24h22 S 2  4Rh23

VoverLap 

16h23 S  3h24  48R 2 h2 S  48Rh2 S 2 

(B.1)



Second, the intersection radius Ri can be calculated using equation (B.2) as
illustrated in Figure B1.

Figure B1: Sketch illustrating the unknown variables in the calculation of the geometrical
bridge volume type II.
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 R  h1 

2

 Ri2 

 R  h2 

2

 Ri2  2  R  S 

(B.2)

Third, the ring-shaped region is divided into two sub-regions, which have the
heights hcyl,1 and hcyl,2 as sketched in Figure B1. The ring-shaped sub-region 1 has
the volume Vcyl,1=Vabcd - Vaecd,, where Vaecd = Vdcf – Vcap,aef. The cap height is
haf  R  h1 

 R  h1 

2

 Ri2 , and thus the cap volume is Vcap,aef 

 haf
6

 3R

2
i

 haf2  .

The liquid volume in sub-region 2, i.e., Vcyl,2 can be computed in the same
fashion.
Finally, we sum up the two sub-regions, and use the known volume of the
displaced liquid, i.e., VoverLap, to arrive at the following expression involving the
unknowns Rcyl, h1, h2, S and R:
VoverLap  Vcyl  Vcyl,1  Vcyl,2  f  Rcyl , h1 , h2 , S , R 

(B.3)

This expression cannot be solve directly to obtain Rcyl, however, one can solve it
numerically using for example a Newton algorithm. Once Rcyl, is known, we can
calculate the geometrical bridge volume based on the contribution from each
particle i and as illustrated in shown in Figure 4.4 (panel b):
 Rcyl 

 R  hi 

cyl,i  arcsin 

(B.4)

hcyl,i   R  S    R  hi  cos cyl,i
Vcap,i 

 R3
3

(B.5)

(1  cos cyl,i )2 (2  cos cyl,i )



1
2
2
Vb,i ,I   Rcyl
hcyl,i   hi cos cyl,i sin 2 cyl,i R 2   R  hi   R  R  hi 
3
Vb,g,II,i  Vb,i ,I  Vcap,i

(B.6)



(B.7)
(B.8)
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We summarize statistics of the relative particle speed at impact in a fully periodic
domain using soft-sphere Euler-Lagrange simulations using the code CFDEM®
(Kloss et al. [51]). Particles were allow to sediment under the action of gravity,
while their weight (and that of the surrounding gas) was balanced by a pressure
gradient, similar to our previous work (Radl and Sundaresan [50]). Also
numerical parameters and drag models were identical to this previous work (a
dimensionless grid resolution of x/(2R) = 3, as a domain size of 53 x 53 x 213 dp
was used). The statistics reported below were collected by sampling impact
velocities over a sufficiently long time, i.e., 40 times the particle relaxation time
trelax = ut2 / g. Note that the particles were initialized homogeneously distributed in
the computational domain, and that a statistical steady state was reached after ca.
5.trelax.
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Figure C1: Distribution of the relative particle velocity at impact in a dilute (bottom panel; p =
0.05) and dense (top panel; p = 0.30) cloud of freely sedimenting particles (the inserts illustrate
individual-particle velocities in the vertical direction).
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4.8 Nomenclature
Latin Symbols

ai ..................... Dimensionless filling rate parameter [-]

Ca ................... Capillary number [-]
d p .................... Particle diameter [m]

Fvis .................... Viscous force acting on the particle [kg · m /s2]
Fcap ................... Capillary force acting on the particle [kg · m /s2]
g ..................... Gravity [m/s2]

h0 ..................... Average initial film height of the particle pair [m]
hi ...................... Initial film height of particle i [m]
hcyl ,i .................. The height of the red shade cylinder on particle i [m]
Lp ,0 ................... Reference volume of liquid on the particle [m³]
L p ,i .................... Volume of liquid present on the particle i [m³]

m ...................... Mass of the particle [kg]
n ij .................... Unit normal vector [-]

Oh ................... Ohnesorge number [-]

p ..................... Pressure [Pa]
pref .................. Reference pressure [Pa]

ps .................... Pressure at the particle surfaces [Pa]
pVb ................... Pressure at the liquid bridge [Pa]

R ..................... Particle radius [m]
Rcyl ................... Radius of the initial cylinder region [m]
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Rcurve ................ Radius of curvature of the liquid bridge surface [m]
Re .................... Reynolds number [-]

S ..................... Half separation distance between particles [m]

t ...................... Time [s]
tacc ................... Acceleration time scale [s]
tcross .................. Film crossing time scale [s]
trelax .................. Particle relation time [s]
tref ................... Reference time scale [s]

uref ................... Reference fluid velocity [m·s]
urel ................... Relative particle-particle velocity [m/s]

U .................... Fluid velocity [m/s]
Vb .................... Liquid bridge volume [m3]

Vb ,0 ................... Initial bridge volume [m3]

Vb,g,I ................. Geometry bridge volume: type I [m3]
Vb,g,II ................. Geometry bridge volume: type II [m3]

Vb,i , I ................. Integration volume of the red framed region in Figure 4 (b) [m3]
Vcap ,i ................. The cavity volume of particle [m3]
VoverLap .............. The displaced volume of liquid of the overlap region [m3]
DIM ................. Direct integration method
DNS ................. Direct Numerical Simulation
MFB ................. Micro force balance
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YLE .................. Young-Laplace equation

Greek Symbols
 ..................... Phase fraction indicator [-]

cyl,i .................. Initial filling angle on particle i that cause by geometry bride [rad]
t .................... Time step [s]

x .................... Grid spacing [m]
h .................... Dimensionless grid spacing by initial film height [-]
 p .................... Particle volume fraction [-]

mi .................... Fraction of liquid on particle i that is mobile to flow into the
bridge [-]

l ..................... Dynamic viscosity of liquid [kg · m-1 · s-1]
 g .................... Dynamic viscosity of ambient gas [kg · m-1 · s-1]

l .................... Density of the liquid [kg · m-3]
 g .................... Density of the ambient gas [kg · m-3]
 p .................... Density of the particles [kg · m-3]

 ..................... Surface tension [kg · s-2]

Superscripts
+ ...................... Dimensionless quantity
i ....................... Particle index
norm ................. Normal direction

tang ................... Tangential direction
t ...................... .Terminal
w ....................... Water
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gly ..................... Glycerine

p ..................... .Particle
ref ................... .Reference quantity
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“The whole secret of a successful life is to find out what is one's destiny to do, and then do it.”
(Henry Ford, 1863-1947)

5
Liquid Transport Rates during Binary
Collision of Unequally-sized Particles*
In this chapter, we study the liquid transport between particles of different sizes,
as well as build a dynamic liquid bridge model to predict liquid transport between
these two particles. Specifically, the drainage process of liquid adhering to two
unequally-sized, non-porous wet particles is simulated using Direct Numerical
Simulations (DNS). Same as in our previous work (Wu et al., AIChE Journal,
2016, 62:1877-1897), we first provide an analytical solution of a proposed
dynamic liquid bridge model. We find that such an analytical solution also
describes liquid transport during collisions of unequally-sized particles very well.
Finally, we show that our proposed model structure is sufficient to collapse all our
direct numerical simulation data. Our model is hence able to predict liquid
transport rates in size-polydisperse systems for a wide range of parameters.

I.

* This chapter is based on: M. Wu, J.G. Khinast, S. Radl. Liquid Transport Rates during
Binary Collisions of Unequally-sized Particles. Powder Technology 309 (2017), 95 – 109.
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5.1 Introduction
Granular particle beds are usually composed of particles with different properties
(i.e., shape, size, density, etc. [1]). It is well known that particle-size polydispersity
and shape significantly influence the transport of mass and liquid in a fluidized
bed [1,2] and spouted beds system [3]. Therefore, a better understanding of these
systems (i.e., that involving particles of different sizes) helps to improve the
control of many engineering applications, including fluidization, mixing,
agglomeration, or coating. In addition, bi-and polydisperse fluidized bed systems
often show a greater mixing performance [4–7]. Furthermore, other researches
showed that wide particle size distributions result in smoother fluidization of dry
systems [8–11].

Naturally, the question arises how polydispersity affects wet

fluidized beds, i.e., three-phase systems in which a thin liquid layer (or droplets) is
present on the particles’ surface. In these systems two additional complications
arise: (i) the prediction of the amount of liquid in each liquid bridge, and (ii) the
magnitude of cohesive forces due to these bridges.
The rate of liquid bridge formation (i.e., the amount of liquid in the bridge as a
function of time) plays an important role with respect to the bridge’s rupture
energy. Donahue et al. [12] revealed that controlling the liquid bridge volume
connecting two target particles is the key in obtaining the wet-collision results of
their experiment. Thus, the amount of liquid present in the bridge is decisive
whether particles separate or agglomerate [13]. In summary, it is important to
quantify these interactions to predict the overall flow behaviour and the size of
agglomerates in a fluidized bed. Although liquid transport processes between
particles are always encountered in nature and in industrial applications [14–17],
it is still difficult to quantify the associated transport rates of liquid. This is because
the liquid transport between particles and the rate of exchange of liquid onto the
particle surfaces is rather complex.
Next, we briefly review the latest development of liquid bridge formation in
mono- and polydisperse particle beds. This is to motivate our present study that
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attempts to close the gap in understanding related to the rate of liquid bridge
formation in systems involving unequally-sized particles.
Many researchers have studied the liquid-bridge and capillary-forces effects for
monodisperse particle systems. For example, Hotta et al. [18], introduced a gorge
method to calculate the capillary forces between particles by estimating the
capillary force at the neck of the liquid bridge. Xu, et al. [19] employed a CFDDEM approach to simulate a wet spouted bed of particles by using a static
capillary force model. Mikami et al. [20] developed a bridge force model between
particles as a function of the dimensionless liquid bridge volume and separation
distance based on numerical simulation of the Young-Laplace equation (YLE).
Due to the complexity of using the YLE to describe the geometry of liquid
surfaces, researchers introduced a toroidal approximation. This approximation
treats the interface between liquid and air as a circular arc [21–24]. Another
question is associated with the maximum separation distance for a stable liquid
bridge. Therefore, Lian et al. [22] introduced a simple cube root relation between
this rupture distance and the liquid bridge between equally-sized particles for
small contact angles. However, all of this previous work assumes that the volume
of liquid in the bridge is known – the effect of the initial liquid distribution (e.g.,
the liquid film present on the particles’ surface) on the bridge volume is not
modelled. Furthermore, all simple approximation methods assumed the meniscus
of the bridge profile to be circular, and the liquid flow into the bridge was not
predicted. Although some of these models assumed a zero contact angle when
extracting the liquid bridge shape [25,26], the limitation of all these models is that
the approximations are no longer correct for the liquid bride formation close to
saturation. In these systems the liquid content is so high that the curvature of the
gas-liquid interface and the Laplace pressure approaches zero [27]. In order to
get the exact profile of the liquid bridge in these situations, one has to use
numerical simulations to solve the YLE, or numerically solve the Navier-Stokes
equations for a gas-fluid multiphase system. The latter approach also allows
extracting the dynamic evolution of the gas-liquid interphase position, which
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provides data for building a dynamic bridge model. Only recently, our group [28]
has employed such a simulation method based on the volume of fluid (VOF)
approach to simulate liquid bridge formation. It allows a reconstruction of the
interface deformation as a function of time, and ultimately to build a dynamic
liquid bridge model. Such a model then provides a detailed and more rigorous
understanding of how to predict liquid bridge forces in wet particulate systems.
So far, little attention has been devoted to wet polydisperse particle beds,
especially with respect to the flow rate of liquid present on the particles’ surface
into the bridge. Orr et al. [29], were one of the first that studied liquid bridges
with great rigor, and who derived a simple expression for the bridge shape and
force (i.e., the adhesion force in contact with the sphere and the flat wall). Later,
Willett et al. [24], provided a numerical solution for liquid bridge forces between
spheres of equal and unequal radii, but still assuming the liquid bridge volume
being known. In addition, Soulié et al. [30] proposed a similar capillary model for
wet polydisperse granular materials based on the interparticle distance and the
liquid bridge volume between two particles of different sizes. A similar approach
has been used later by Richefeu et al. [31]. Moreover, Sprakel et al. [27], provided
a theoretical thermodynamic analysis of the capillary bridges between a sphere
and a plate, as well as between spheres with equal or unequal particle size. This
work considered both extremes, i.e., when the capillary bridge reaches the limit of
saturation, and when the capillary bridge becomes very small. However, their
work still considered a static situation, and the transient formation of the bridge
was not considered. Recently, Chen et al. [32] presented a mechanical model for
liquid bridges and the associated forces for two unequally-sized spherical particles,
or a sphere and a flat plate. This study neglected gravitational effects, used the
simple toroidal approximation to estimate the liquid bridge shape, and did not
predict the dynamic filling of the bridge. The obvious drawbacks of all these
approaches is that the liquid transport between particles and the flow of liquid
into the liquid bridge has been neglected during the phase when particles
approach each other.

5.2 Methodology

89

To get an impression of different methods that have been employed for liquid
bridge modelling, we next briefly summarize the methods that were used for
studying liquid bridges. Essentially, there are two approaches: the first method is
using simple approximation (i.e., toroidal approximation) based on the
simplification of geometry [33–35]; the second approach solves the YoungLaplace equation (YLE) numerically [24], or analytically by solving a simplified
YLE [22]. Only very recently, researchers started the simulation of liquid
transport between two particles using a full solution of the Navier-Stokes equation
[28,36,37]. Only the latter method provides a detailed description of the dynamic
formation of the liquid bridge as shown in our previous work that used Direct
Numerical Simulation (DNS) [28]. In this paper, we are going to extend our
previous model to be valid as well for polydisperse particle systems.
5.1.1 Goals and Structure
In the current contribution we study the liquid bridge and liquid transport
between two wet unequally-sized particles, i.e., we focus on particle-size effects on
liquid bridge formation. We use a VoF-based Direct Numerical Simulation (DNS)
approach to simulate both the motion of the liquid and the surrounding gas. We
extend the method used in Wu et al. [28], to be available for bi-and polydisperse
particle system. Our final goal is building a dynamic model to predict the liquid
bridge volume during the filling process between these two unequally-sized
particles. Thus, we fit our DNS data to a postulated liquid bridge filling model.

5.2 Methodology
5.2.1

Setup and Initial Conditions

Two smooth particles of unequal sizes are fixed in space, i.e., their relative particle
velocity is assumed to be zero. We define particle 1 to have a smaller radius than
that of particle 2, and we fix the radius of particle 2 while varying the radius of
particle 1 in what follows. We consider particles fully wetted, i.e., the two particles
are initially fully covered by uniformly thick films. As shown in Figure 5.1, O1 and
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O2 are the two particle centres, R1 and R2 are the particles’ radii, and h1 and h2 are
the initial film thicknesses for particle 1 and particle 2, respectively. In the present
work we consider systems in which h1 and h2, i.e., the dimensional film
thicknesses, are equal for both particles. S is defined as the half separation
distance between two particle surfaces. Moreover, we consider an axisymmetric
liquid bridge, such that that we can perform corresponding two-dimensional
simulations with adequate numerical resolution in a feasible time.

Figure 5.1: Particle configuration, and illustration of the calculation of the initial bridge shape.

In addition, and as shown in Figure 5.1, the initial shape of the liquid bridge
region (i.e., the green-shaded ring) has been set according to the initial film
height, the separation distance and the particle radii. This is done considering the
following line of thoughts: as we assume particles to be static, we cannot predict
the deformation of liquid films on the particle surfaces before the films overlap.
Therefore, we assume that liquid in the overlapping region (i.e., the black-shaded
region in Figure 5.1) of the liquid films is instantaneously displaced. This liquid
flows into a ring-shaped region (i.e., the green-shaded ring in Figure 5.1). Thus,
we consider an initial bridge that has a cylindrical shape, and which dimensions
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are calculated purely based on geometric arguments. The calculation of this
“geometrical bridge volume” for unequally-size particle is detailed below in
section “Geometrical Bridge Volume”.
Also, in our simulations there is no gravity, and no other forces act on the system.
Consequently, there is only one physical reason why liquid residing in the films
on the particle surfaces flows into the liquid bridge: the pressure in the film
(adhering to the particle surface, and far away from the bridge) can be estimated
as ps ,1  2 R1 for particle one, and similarly for particle 2. The pressure in the
liquid bridge region, however, can be approximated as pVb    Rcurve . Here Rcurve
is the radius of curvature of the liquid bridge surface. Thus, the relative pressure
in the liquid bridge region is always negative or zero, while that in the film is
always positive. Hence, a pressure difference between the particle surface and the
liquid bridge region exists, driving the liquid into the bridge. This liquid flow will
not stop until the pressure difference reaches zero, or the liquid film on the
particle surface ruptures.
In order to render the system dimensionless, we choose the following key
dimensional reference quantities:

Reff  2 R1 R2
U ref   l ;

 R1  R2  ;

tref  Reff l 

Pref   Reff ;

( 5.1 )

Where Reff is the effective particle radius, tref is a relevant reference time scale
chosen to be the ratio of the effective particle radius and the capillary speed, Uref is
the velocity scale (i.e., the capillary speed), and Pref is the pressure scale chosen
(i.,e., a typical capillary pressure given by surface tension over the effective
particle radius).
The key dimensionless parameters are then:
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h1  h1 R2 ; h2  h2 R2 ; h0   h1  h2  2; h0  h0 R2 ; S   S R2 , Rr  R1 / R2
3
3
3
t   t tref ; Lp1  Lp1 Reff
; Lp 2  Lp 2 Reff
; Lp ,0   Lp1  Lp 2  2; Vb  Vb Reff

 ratio   l  g ; ratio  l  g ; Re =  Reff l l2 ; Oh  l

l Reff  1

( 5.2 )

Re

Where, h1 , h2 are dimensionless initial film heights for particle 1 and particle 2
respectively, and h0 is the average film height, which quantifies the amount of
liquid in the particle system. S+ is the dimensionless separation distance, and Rr is


the ratio of the small and large particle diameter; t+ is the dimensionless time, Lp1 ,

Lp2 and Vb are the amount of liquid on the particles’ surfaces and the bridge
volume normalized with the reference volume (i.e., the effective particle radius
cubed); ratio and ratio are density and viscosity ratio between liquid and ambient
gas, respectively. The Reynolds number Re is defined based on the capillary
speed, fluid viscosity and the effective particle radius. Oh is an Ohnesorge number
which is simply the inverse of the square root of the Reynolds number.
5.2.2 Simulation Approach and Liquid Bridge Volume Calculation Strategy
The simulations were performed using a Volume of Fluid (VoF) approach,
specifically the implementation “interFoam” [38] in the open-source software
package OpenFOAM®. The two-fluid flow is modelled with the Navier-Stokes
equation
  U 
T
    UU   p    U   U    Fb


t

( 5.3 )

 U  0

( 5.4 )

where U is the local velocity shared by the two fluids,  is the local density, p is
the local pressure, and Fb are body forces, which include only surface tension
effects at the interface in the present work. We stress that effects due to gravity
have been neglected in our simulation, simply because viscous and capillary
effects are dominant in situations involving relevant particle systems where
particles have a diameter smaller than the capillary length.
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We consider two immiscible fluids, i.e. gas and liquid, density and viscosity are
constant in each phase, but can be discontinuous at the interface. We use a phase
volume fraction indicator  in the transport equation of velocity field to
represent the interface phase:


   U   0
t

( 5.5 )

The phase function  can proceed within the range 0<  <1, with alpha being
zero (or unity) in regions occupied by the gas (or the liquid), respectively. The
local average density and viscosity are computed from the volume fraction as:

  l  g 1 

( 5.6 )

  
l  g 1  

( 5.7 )

Where l (or l ) and g (or g ) are the density (or the dynamic viscosity) of the
liquid and gas, respectively.
We assumed that two particles with different sizes are completely wet, i.e., there is
no three-phase contact line initially. Our preliminary results shown in Figure 5.5
suggest that the liquid transport process can be divided into three stages: a fast
filling stage (i.e., t+ <1) in which the typical shape of the bridge is established; a
viscous filling stage (i.e., 1< t+ <154) and a post rupture stage (i.e., 154 < t+).
This is in line with our previous work on mono-disperse systems [28], in which we
also observed film rupture on the particle with the thinner film. Note, we
currently use the “interfoam” solver only for the first two stages: after the film gets
ruptured, a three-phase dynamic contact line appears (see Figure 5.5, panel for
t+=154.7), and our solver will deliver inaccurate (but still physical) predictions of
the liquid bridge shape post rupture [28]. To circumvent this problem, we did not
consider data collected after film rupture events in our analysis. Again, this is in
line with our previous work [28]. All relevant simulation parameters and
numerical schemes are listed in Table 5.1.
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Parameter

Value

Comment

Dt+

5.10-3

Dh

0.05 - 0.33

Dimensionless mesh
resolution

Time derivative scheme

backward

Second order, implicit

Laplacian scheme

Gauss linear
corrected

Unbounded, second
order, conservative

Convection scheme (for U)

Gauss linear

Unbounded, second
order

Convection scheme (for a)

Gauss
vanLeer

van Leer limiter

Dimensionless time step

Table 5.1: Simulation parameters and numerical schemes used in the VoF simulations.

The liquid-gas interphase can be easily determined from the DNS data by
analysing the distribution of the phase fraction. Consequently, the interface
position can be determined at   0.5 . Hence, we have taken a simple, yet
effective sampling method to detect the gas-liquid of the film and the bridge
formed between the particles.

Figure 5.2: Sketch of the sampling approach used to detected neck positions on the large and
small particle.
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As can be seen in Figure 5.5 (zoomed region for t+ = 1.33 indicating the liquid
velocity), liquid from the small particle surface is transferred faster into the bridge
than from the bigger one. Thus, the liquid film on the upper (smaller) sphere is
no longer spherical-shell shaped, but quickly deforms into a complex shape.
Therefore, and in order to get accurate data, we will not just sample along the
distance between O1 and O2 as shown in Figure 5.2 as we did in previous work
[28]. Instead, we use a sampling procedure which takes place from the top pole of
particle 1 to the bottom of particle 2 with an interval of x and a large enough
maximum sample distance  (see Figure 5.2). By doing so, we obtain a list of data
for the phase value along each sampling line, and subsequently the interface
position. We then need to define which portion of the fluid in the system is
considered to be in the liquid bridge. This is done by using the same approach as
used in our previous work [28], and which considers the following line of
thoughts: in case one would analyze the thickness profile on each particle, one can
observe a certain angular position where the film is thinnest. We have used this
local minimum to mark the extent of the liquid bridge. Specifically, we denote
these positions of the minima as the “neck” positions, which separate the bridge
from the film adhering to the particle surface. Clearly, in case the film ruptures,
this will happen at these neck positions. After the interface positions and neck
position have been determined, we can calculate the liquid bridge volume by
using a direct integration method (DIM) presented in our previous work [28].
5.2.3 Proposed Model for Liquid Bridge Filling
The DNS of liquid flow on unequally-size particles during their collision indicates
that the mechanism of liquid bridge formation consists of the following steps: first
the liquid-covered particles approach each other. Then, the films coalesce, a
liquid bridge is formed between the particles, and finally liquid drains into the
bridge. Ultimately, film rupture may occur, which is not considered here in
greater detail. Thus, similar to our previous work [28] it is reasonable to
differentiate between two stages of the filling process of liquid bridge: (I) a
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capillary-force driven initial stage (fast filling), and (II) a viscous filling stage (slow
filling). We define stage I to end after a (viscous) reference time scale of tref, i.e., a
dimensionless time of t+=1, was reached. This reference time in Equation 5.1 is
different from that in the monodisperse system by definition, as the effective
particle radius affects the reference time scale.
As shown next, we employ two different sub-models to predict the liquid bridge
volume in each of these two stages. By employing an overall mass balance it is
then straightforward to predict the liquid residing on the contacting particles.
Specifically, for the initial stage, we aim to correlate the bridge volume at t+=1
with the most important process parameters. Therefore, we choose the key
geometrical parameters, which are (i) the average initial film height h0, (ii) the half
separation distance S and (iii) the particle seize ratio Rr.
Our model to predict the time evolution of liquid bridge volume in stage II ( t   1
) is the same as reported in our previous work [28], extended to account for
unequally-sized particles. Specifically, we use a phenomenological closure for the
flow rate between the film and the bridge compartment. We assume the flow rate
to be proportional to the difference of the mobile fraction of the liquid on the
particle, and half of the bridge volume. Moreover, we define a mobility parameter

m,i to predict the mobile fraction of liquid presented on particle surface. This
parameter is the ratio of the liquid mobile to flow on the particle i’s surface,
divided by the total liquid content on particle i. In Chapter 5.4 we show that the
mobility parameter is a function of the initial film height and the particle
separation, as well as the particle size. For what follows we accept m,i as a timeindependent parameter that is fixed during the filling process. Next, we
introduce a dimensionless filling-rate parameter ai (which one can assume to be
specific for each particle i), as well as a reference time scale tref. We then postulate
a simple differential equations for predicting the liquid content Lp ,i on each
particle i which reads:
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dLp1

ai  
Vb 

 Lp1m1  
dt 
tref 
2 

dLp 2
dt 

ai  
Vb 

Lp 2m 2  
tref 
2 

 dLp1 dLp 2 
dVb


    
dt 
dt 
 dt

( 5.8 )

( 5.9 )

Appropriate initial conditions, as well as the assumption that ai is a constant for a
pair of particles sharing the same bridge, lead to the analytical solution
documented in appendix A of our previous work [28].

5.3 Geometrical Bridge Volume
The goal of this paper is to study liquid bridge formation between two unequallysized particles, and hence it is useful to define a reference bridge volume based on
some geometrical arguments. Therefore, we choose the precise geometrical
bridge volume (this corresponds to “model II” in our previous work [28]) as the
reference bridge volume. This volume is used to normalize the early stage model
for the liquid bridge volume (see our “Results” section). This geometrical bridge
volume is calculated by assuming the liquid in the overlap region (see black-shade
region in Figure 5.1) to be displaced when particles approach each other. Liquid
in the overlap region is assumed to flow into a ring-shaped area (see Figure 5.1;
more details on the calculation are available in our previous work [28], and are
not repeated here for brevity). This evaluation of bridge volume requires an
iterative procedure, which makes it more expensive and less attractive for largerscale DEM-based simulations. However, the bridge volume defined in such a way
is more accurate, as it is closer to our results of the DNS as we will demonstrate in
or “Results” section below.
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Figure 5.3: Effects of the separation distance and particle size on the bridge volume as function
of initial liquid content,
is the average initial liquid content on particles,
is the total
geometrical bridge volume.

We next highlight some trends of the geometrical bridge volume of an unequalsize particle pair, and how this volume is affected by the particle size ratio, the
separation distance, and the initial film height. The subsequent figures and text,
Vb , g is the type II geometrical bridge volume as introduced in previous work [28].

Figure 5.3 shows that the normalized particle size (i.e., Rr) and the separation
distance have a significant effect on the bridge volume, as indicated by Figure 5.3
(black triangles and blue cycles). Also, the bridge volume increases monotonically,
but non-linearly, with increasing (initial) liquid content for every choice of
separation distance. Also, it can be observed that the bridge volume decreases
with increasing separation distance, finally approaching zero for S   h0 as it
should be. The physical interpretation of this fact is that for the situation in which
the separation equals the initial film thickness, the overlapping region of a thin
film between two particles vanishes. We also can see from the figure that particles
with identical size and larger separation distance (i.e., Rr = 1, light-green
diamonds) have smaller bridge volumes compared to smaller particles at zero
separation (red triangles shown in Figure 5.3). Again, this highlights the strong
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effect of the separation distance on the liquid bridge volume. Interestingly, at
identical (dimensionless) separation, mono-disperse particles (i.e., Rr = 1, lightgreen diamonds) imply a larger dimensionless liquid bridge volume than particles
of different size (i.e., Rr = 0.5, black squares).

(b)

(c)
Figure 5.4: Geometrical bridge volume versus particle size ratio Rr. Panel (a) illustrates the
limiting case when a small particle becomes immersed in the liquid layer of the larger particle.
Panel (b): geometrical bridge volume versus particle size ratio Rr with different initial film
heights and zero separations. Panel (c): geometrical bridge volume versus particle size ratio Rr
with different initial film heights and larger separations. h0 is the average initial film height,
and we have chosen h0 = h1 = h2.

Figure 5.4 (panel b and c) shows the general behavior of the dimensionless
geometrical bridge volume as a function of the particle size ratio. Thus, the key
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message of this figure is that the (normalized) bridge volume decreases when the
particles become more identical in size, i.e., Rr approaches unity.
Another key observation is that for extremely small particle size ratios and thick
films our definition of a geometrical bridge volume breaks down. Panel (a)
illustrates these limiting conditions for the geometrical bridge calculation: the first
obvious limit is that the radius of the smaller particle (i.e., particle 1) plus the
distance between two particle surfaces must be larger than the initial film height
of the larger particle (particle 2). Thus, we require R1  2 S  h2 , and hence we
must ensure Rr  h2  2 S  in order to compute a meaningful geometrical bridge
volume. Since the smaller particle would be completely immersed in the liquid
layer of the larger particle otherwise, we call this limit the “immersion limit”. The
second limit is imposed by the radius Rcyl of the ring-shaped region of the liquid
bridge (i.e., the region shaded in green in Figure 5.1). In case Rcyl is larger than
R1 + h1, it is also not possible to define a geometrical bridge volume. This is
simply because the assumption of ring-shaped (cylindrical) liquid bridge is no
longer consistent with the geometrical arrangement of the particles and the films.
Hence, we denote this critical situation as the “ring radius limit”.
Panel (b) in Figure 5.4 shows the change of the bridge volume for particles ratios
from 0.1 to 1 with different initial film heights and zero separation distance. For
all these figures the limiting size ratio for the “immersion limit” discussed above
has not been reached. Still, the normalized liquid bridge volume can reach values
close to unity, and varies significantly with Rr. This indicates that the relative size
ratio is a key influence parameter when estimating the liquid bridge volume.
In contrast, panel (c) shows the bridge volume for particle size ratios ranging
from 0.02 to 0.05 with larger separations. In this case neither the “immersion
limit”, nor the “ring radius limit” has been reached. A large value of the
dimensionless (geometrical) liquid bridge volume indicates that for these
situations the collision approaches the limit of a collision in which both particles
are fully immersed in a liquid. While it was impossible to simulate such extreme
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diameter ratios as shown in Figure 5.4c in the present contribution, we speculate
that the exact details of the bridge shape are irrelevant for these situations. This is
simply because of the above mentioned argument connected to the large
dimensionless bridge volume, which effectively has the physical meaning of a
collision occurring fully immersed in the liquid phase.
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5.4.1 Early Stage Model
t+= 0.27

t+= 1.33

t+= 8

t+= 16

t+= 133.3

t+= 154.7

Figure 5.5: Typical velocity field for liquid transport from the particles’ surface to the bridge
region between two unequally-sized particles (R1 = 0.6, R2=1, S+= 0.027, h0 = h1 = h2 = 0.06 R2).
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(b)

(a)

(c)
Figure 5.6: Initial bridge model (
) coefficient based on different particle radius ratio ( )
and initial film height ( ) vs. normalized separation distance. Panel (a): initial bridge volume
.
normalized with
for different initial film highs, red markers: initial film high
=
0.04 , blue markers:
= 0.06 , black markers:
= 0.1 . Panel (b): initial bridge volume
normalized to . for different particle-radius ratios, from top to bottom,
= 0.45,
= 0.75
.
and
= 0.95. Panel (c) initial bridge volume normalized with both
and . . The thin
dashed lines indicate an error of +/- 8%. Red circles: Rr = 0.45 and
= 0.04; Red diamonds:
Rr = 0.75 and
= 0.04; Red triangles: Rr = 0.95 and =0.04. Blue diamonds: Rr = 0.45 and
= 0.06; Blue left triangles: Rr = 0.75 and
= 0.06; Blue circles: Rr = 0.95 and
= 0.06.
Black squares: Rr = 0.45 and
= 0.1; Black hexagrams: Rr = 0.75 and
= 0.1; Black circles:
Rr = 0.95 and
= 0.1.

As illustrated in Figure 5.5, the initial bridge forms very quickly and the inertia of
the fluids (i.e., that of the liquid and the surrounding gas) plays an important
role. Due the difficulty to model the inertial effects in our analytical model, we
hence define a fixed initial bridge volume for “early times”. Specifically, we choose
one reference time at t+=1 as the “early time”. We then attempt to model the
initial bridge volume by defining the variable Kv1, which is the value of the total


simulated bridge volume at t+=1, demarcated as ( Vb,0 ), over the particle ratio Rr
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to the power of some exponent m and the average initial film height h0+ to the
power of some exponent n:

K v1 

Vb,0
Rrm  h0 

n

( 5.10 )

This definition is based on the idea that the initial bridge volume is some function
of the (initial) film height and the ratio of the particles’ radii. Thus, there is no
need to compute the geometrical bridge volume defined above. Instead, we hope


that appropriate exponents in Eqn. 5.10 lead to a collapse of our data for Vb,0 .
Indeed, we can see from our data shown in Figure 5.6 that this ansatz reasonably
collapses our DNS results with a linear model once we choose m and n correctly:
firstly, by choosing m = -1.25 and normalizing the initial bridge only with the
term originating from the particle size ratio Rr, we observe three groups of data
based on the initial film height (see Figure 5.6, panel a); secondly, by choosing n
= 2.15 and only normalization the bridge volume using the term origination from
the initial film height h0, we can see the collapsed DNS data forms three groups
based on different values for Rr (see panel b in Figure 5.6); finally, by combining
panel a and b, i.e., normalization with both terms in the denominator in Eqn.
5.10, we arrive at the final model illustrated in panel c. The error of this fitted
model shown in equation 5.11 is around 8%, which is also illustrated in panel c of
Figure 5.6.

Kv1  8.2

S
 50.8
h0

( 5.11 )


From equations 5.10 and 5.11 we can now formulate the final expression for Vb,0 :

Vb,0  Rr1.25  h0 

2.15



S

8.2
 50.8 


h0



( 5.12 )
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This model is comparable to our model for the monodisperse particles system
([28]; for a monodisperse particle system the particle size ratio Rr is 1). Then,
equation 5.12 can be simplified to
 2.15
0

V  h

b,0





S
 8.2   50.8 
h0



( 5.13 )

We have confirmed that we obtain a comparable initial bridge model by
comparing this new result to our previous results for monodisperse systems [28].
Thus, Eqn. 5.13 is simply a more rigorous form of our previous work only valid
for Rr = 1.
In summary, our model for Kv1 given by Eqn. 5.12 could already be used to


compute Vb,0 for short collisions (or collisions involving very viscous liquids)
between two unequally-sized wet particles. In these situations the amount of liquid
draining into the bridge would be negligible compared to that formed simply due
to the squeezing of the liquid by the approaching particles. Most important, the
model presented in Eqn. 5.12 does not require an iterative numerical evaluation
of the geometrical bridge volume, but simply the rather computationally efficient
evaluation of two power law functions, as well as some additions and product
evaluations.
Despite this, we next still aim on using the detailed geometrical bridge volume to
normalize the simulated initial bridge volume. We do this since this model already
accounts for the effect of the separation distance and film height on the bridge
volume. Thus, we expect that normalization with the geometrical bridge volume
yields an even simpler model for the bridge volume. By doing so, we define the
variable Kv2 as the ratio of the simulated initial bridge volume, the geometrical
bridge volume, the particle ratio, and h0 :

Kv 2 

Vb,0
Vb,g Rrm  h0 

n

( 5.14 )
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Again, m and n are parameters that are used as exponents of the particle ratio and
initial film heights, respectively, helping to collapse all data into a single curve. Vbg
is the “type II” geometrical bridge volume introduced in our previous work [28].
The result of our analysis is displayed in Figure 5.7, indicating that we can fit the
collapsed data to a parabolic function. This model is a bit different from the
monodisperse system (the monodisperse system has been fitted as linear function):
However, the exponent of the initial film heights has been chosen again as n = 0.2
(in line with our model for the monodisperse system reported in [28]), which
collapses all initial film heights. By choosing m = 0.4 for the exponent of the
particle size ratio, we suggest a parabolic relationship between the normalized
liquid bridge volume and the separation distance:
2

 S 
K v 2  1.4     2.4
 h0 

( 5.15 )

The error for this model is around 8%, which can also be seen from Figure 5.7.


Hence, the expression for the initial bridge volume Vb,0 is:


b ,0


b, g

V

0.4
r

V

R

 0.2
0

h 

  S  2

 1.4     2.4 
  h0 




( 5.16 )

We again can obtain the model for the monodisperse particle system in case we
set Rr equal to 1, which yields

b ,0

V


b,g

V

 0.2
0

 h



  S  2

 1.4     2.4 
  h0 




( 5.17 )

Although the model here is a parabolic function which is different from our
previous work on monodisperse particle systems [28], the exponent n for the
initial film height still equals 0.2. This exponent is identical to the one we
previously used for monodisperse particle systems.
In summary, the model for Kv1 and Kv2 presented above can be used to calculate
the bridge volume at t+=1. We next focus on the calibration of parameters in the
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proposed viscous bridge-filling stage. This stage can be used to predict the time
evolution of the liquid bridge at longer times, for which viscous effects play a
significant role.

Figure 5.7: Initial bridge model (
) coefficient based on different radius ratio ( ) and initial
film high ( ) vs. normalized separation distance. The thin dashed lines indicate an error of +/8%. (Red circles: Rr = 0.45 and
= 0.04; Red diamonds: Rr = 0.75 and
= 0.04; Red
triangles: Rr = 0.95 and =0.04. Blue up triangles: Rr = 0.45 and
= 0.06; Blue left triangles:
Rr = 0.75 and
= 0.06; Blue circles: Rr = 0.95 and
= 0.06. Black squares: Rr = 0.45 and
= 0.1; Black hexagrams: Rr = 0.75 and
= 0.1; Black circles: Rr = 0.95 and
= 0.1)

5.4.2 Viscous Filling Model
We now consider the time evolution of the bridge volume and the liquid present
on particles’ surface, and how this is affected by different parameters (see Figure
5.8). Based on this data, we obtain the mobility parameters (defined in Section 2.3)
by running the simulations to a dimensionless time of t+ = 100. We have used a
mesh size of h  x / h0  0.1 . We find that cases initialized with h0 = 0.04.R2
exhibit film rupture at dimensionless evolution times equal to approximately 100
with this mesh size. Film rupture still does not happen at this time for cases with
larger initial film heights (i.e., h0 = 0.06.R2 and h0 = 0.1.R2), and even after t+ =
1000 we do not observe film rupture for these cases. However, data between zero
and t+ = 100 already provides us with enough data to fit our dynamic model.
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(b)
Figure 5.8: Fitted model (lines) vs. DNS data (symbols) over time; Red circles: liquid bridge
volume (Vb+); Blue triangles: liquid content on particle 1 ( ); Black diamonds: liquid content
on particle 2 ( ); panel (a): Rr = 0.65, S+ = 0.018, and h0 = 0.06 R2 ; panel (b): Rr = 0.85, S+ =
0.012, and h0 = 0.04 R2

Specifically, we obtain the parameters m1  0.66 , m 2  0.22 for Figure 5.8a, and

m1  0.2 , m 2  0.14 for Figure 5.8b. Thus, we find that the mobility parameter of
particle 1 is larger than that of particle 2 (note, particle 1 has a smaller particle
size than particle 2). Physically, this means that more liquid drains from the
smaller particle, consistent with the simple arguments based on the higher
capillary pressure on particle one discussed in Chapter 5.2.1. Furthermore, we
find that the dimensionless filling rate coefficient ai for long times (i.e., t+ = 100) is
approximately 0.01. This value fits all our data reasonably well for the chosen
evolutional time of t += 100. Hence, we accept ai to be a universal constant from
now on.
Figure 5.9 shows a test of our model for other combinations of particle size ratios,
initial film heights and separation distances. These results reveal that our model is
indeed able to describe the filling process well. Also, we can observe from Figure
5.9a that larger initial film heights always lead to a larger bridge volume. From
Figure 5.9b we see that smaller particle size ratios always lead to larger
dimensionless bridge volumes. This is due to the fact that the reference volume is
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smaller (i.e., the effective particle diameter is smaller), and consistent with our
simple model for the geometrical bridge volume presented in Chapter 5.3.

(a)

(b)

Figure 5.9: Liquid bridge volume over time: fitted model (lines) vs. DNS data (symbols).
Panel (a): Red circles: Rr = 0.5, S+ = 0,
= 0.04; Black diamonds: Rr = 0.6, S+ = 0,
= 0.06;
+
Blue triangles: Rr = 0.55, S = 0.005,
= 0.1. Panel (b): Red circles: Rr = 0.45, S+ = 0.018,
= 0.06; Black diamonds: Rr = 0.7, S+ = 0.018,
= 0.06; Blue triangles: Rr = 0.95, S+ =
0.018,
= 0.06

Additionally, we can see that the filling process levels off after about 100
dimensionless time units. This time unit is also suggested by the inverse of the
constant ai which has been fixed before. A time of 100 is long enough for most
cases, as the filling process is almost completed and in most cases, thin films have
already ruptured at this point in time. Therefore, using the current coefficient ai
= 0.01 seems more appropriate, compared to the value of 0.025 that we
previously reported for the monodisperse cases [28]. One reason for this
difference is that in the current contribution we have run the simulations for
longer times. Also, it appears that the particle size ratio has a subtle effect on the
liquid drainage rate: our model (with ai = 0.01) tends to undepredict the DNS
data for increasing Rr (see the data reported in panel b of Figure 5.9), and hence
one might want to use the somewhat larger value for ai for monodisperse systems
as suggested in Wu et al. [28].
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Figure 5.10:
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Km1 as function of separation S for different particle ratios. The thin dashed lines

indicate an error of +/- 13%. (Red circles: Rr = 0.5 and
= 0.04; Red diamonds: Rr = 0.7 and
= 0.04; Red squares: Rr = 0.9 and =0.04. Blue circles: Rr = 0.5 and
= 0.06; Blue
diamonds: Rr = 0.7 and
= 0.06; Blue squares: Rr = 0.9 and
= 0.06. Black circles: Rr = 0.5
and
= 0.1; Black diamonds: Rr = 0.7 and
= 0.1; Black squares: Rr = 0.9 and
= 0.1)

We now aim to demonstrating that our model is able to represent data for a
variety of dimensionless initial film heights, particle size ratios and separation
distances. Therefore, we have collected the mobility parameters by fitting the data
from a large array of DNS. Also, we now make an attempt to model m1 and m 2
separately. Equation 5.18 defines the variable Km1 as the ratio of the mobility
coefficient of particle 1 (i.e., m1 ), the particle size ratio Rr, and the initial (average)
film height h0.

Km1 

m1
Rrm  h0 

n

( 5.18 )

Here, m and n are some exponents of the particle size ratio and the average initial
film height, which help to collapse the data into one curve. When picking m = -2
and n = 2, we obtain a model for Km1 which is supported by our data shown in
Figure 5.10, and which reads:
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Km1


S 
 100  1  0.48  
h0 


( 5.19 )

The error for the model K1 is about 13%, which can also be seen from Figure
5.10. In summary, and by combining equations 5.18 and 5.19, one can now
calculate the mobility coefficient m1 from the particle size ratio Rr, the average
film height h0 and the separation distance S  as:
2



m1  100 Rr2  h0  1  0.48


S 

h0 

( 5.20 )

Specifically, in case the particle size ratio Rr equals unity (i.e., we consider a
monodisperse particle system), we can simplify equation 5.20 as function of
average initial film height and separation distance.

Figure 5.11: K  as function of separation S for different particle ratios. The thin dashed lines
m2
indicate an error of +/- 13%. (Red circles: Rr = 0.5 and
= 0.04; Red diamonds: Rr = 0.7 and
= 0.04; Red squares: Rr = 0.9 and =0.04. Blue circles: Rr = 0.5 and
= 0.06; Blue
diamonds: Rr = 0.7 and
= 0.06; Blue squares: Rr = 0.9 and
= 0.06. Black circles: Rr = 0.5
and
= 0.1; Black diamonds: Rr = 0.7 and
= 0.1; Black squares: Rr = 0.9 and
= 0.1)

Similarly, we can define a variable Km 2 to collapse our data for the mobility
coefficient of particle 2:
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Km 2 

m 2
m
r

R

( 5.21 )

 n
0

h 

Here, m and n are again parameters that are used as exponents of the particle
ratio and average initial film height to collapse all our data for the mobility
coefficient into a single curve. In order to be consistent with the mobility
coefficient computed for particle 1 in the limit Rr = 1, we must choose n = 2.
Then, by choosing m = 0.62, we collapse all our data for K2 as shown in Figure
5.11, and propose the following closure relationship for it:

Km 2


S 
 100 1  0.48  
h0 


( 5.22 )

The error for the model K2 is about 13%, which can also be seen from Figure
5.11. Again, we have ensured consistency for the limit Rr = 1 by using the same
factors in Eqn. 5.19 and 5.22. In summary, we can calculate the mobility
coefficient of particle 2 for a known particle size ratio Rr, an average film height
h0, and a certain separation distance via:
2



m2  100 Rr0.62  h0  1  0.48


S 

h0 

( 5.23 )

Again, for particle ratio Rr = 1, we can simplify the above model and arrive at a
closure relationship that is consistent with that of a monodisperse particle system.
This indicates that the mobility coefficient of both particles is only function of the
average initial film height and the separation distance, same as in our previous
work [28]. Note, that we have not added the difficulty to consider different film
heights on the particles in the present work. However, such an extension is rather
straight forward.
In summary, we presented a model for the liquid mobility that describes liquid
transfer from the particle surfaces to the liquid bridge. The model describes all
our results for various particle size ratios, average initial film heights and
separation distances by appropriate scaling using some exponents to these
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parameters. For specific cases, i.e., when Rr equals unity (i.e., a monodisperse
system is considered), we find that the present model is slightly different from our
previous model reported for monodisperse systems [28]. The reason for the
differences is that we currently collect data for longer times (i.e., t+=100), which
we could not do in our previous study [28].
5.4.3 Film rupture and Driving Pressure
It is interesting to consider the pressure distribution in the film near the film
rupturing event. From Figure 5.12 it can be seen that thin film always ruptures at
the neck position with the current mesh (  h  0.1 ) for a sufficiently long times.
Additionally, we can see in Figure 5.12 that thin films always rupture on the
surface of the smaller particle (i.e., particle 1) for all cases. The reason is that the
pressure difference between particle 1 and the bridge region is always larger than
the one between particle 2 and the bridge region. Clearly, this is due the smaller
radius of particle 1 that causes a higher curvature and pressure in the
corresponding film: by using Young-Laplace equation, the pressure on particle 1
can be approximated as P1  2 / R1 , while P2  2 / R2 , and R2 > R1, resulting in
P1 > P2. We can also confirm these findings in the pressure plots shown in Figure
5.12. Unfortunately, we could not precisely predict the processes after film
rupture, since we did not employ a sound model for the contact line motion (i.e.,
we currently only consider a fixed contact angle). Although we speculate that
these processes are still predicted qualitatively correct, this fact does not allow us
to establish a model after the film rupturing event. Since our model currently is
only based on data before the film ruptures, and data post film rupture is
discarded, this appears to be unproblematic.

5.5 Discussion
In this study, we focus on liquid transport between two unequally-sized spherical
particles based on key parameters (i.e., particle radius, initial film height and
separation distance). We also provide a model for the prediction of dynamic
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liquid-bridge formation between particles of different sizes, by assuming a quasistatic flow situation which is based on the assumption that particle relative motion
does not affect the liquid bridge formation. As demonstrated in our previous work
[28], one can perform a time scale analysis to obtain a quantitative understanding
of situations in which such a quasi-static assumption is appropriate. In the
following we consider a sedimenting bi-disperse particle population, and
summarize the most important findings of such a time scale analysis.

Figure 5.12: Pressure distribution of film rupture for different particle ratios, separation and
film heights. Panel (a): Rr = 0.4, S+ = 0, h0+ = 0.04; panel (b): Rr = 0.5, S+ = 0.021, h0+ = 0.06;
panel (c): Rr = 0.55, S+= 0.003, h0+ = 0.06; panel (d): Rr = 0.75, S+ = 0.006, h0+ = 0.06.

Compared with the larger particle (i.e., particle 2), the smaller particle (i.e.,
particle 1) will accelerate more rapidly because of its lower particle volume. Thus,
we use the effective scales associated with particle 1 to characterize the system.
When considering the acceleration of particle 1 due to surface tension forces, it is
obvious that the characteristic time scale (denoted as tacc) for the particles to
accelerate to a typical speed of liquid flow (i.e., uref   / l ) must be larger than
the time scale for liquid bridge formation to justify the quasi-static assumption for
bridge filling. Also, the time for the particle to cross the film (denoted as tcross) must
be larger than the time scale for liquid bridge formation. tacc can be calculated
from a force balance on a particle by assuming that the liquid bridge only exhibits
a cohesive force due to surface tension, and that the particle accelerates to uref .
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The corresponding dimensionless acceleration time scale (with tref  Reff l  being

 R12  p
the reference time scale) is tacc

R

eff

l 2   R1 p  Rr  1  2l 2  , where

Reff  2 R1 /  Rr  1 and Rr  R1 / R2 . The time for a particle to cross the film can be

calculated from a typical particle-particle relative velocity urel and the film
thickness, i.e., tcross  h0 urel . The corresponding dimensionless crossing time scale
(with

the

Stokes

setting

velocity

as

relative

velocity)

is


tcross
 9h0  g  2 R12 Reff l   p   g  g   9h0  g  Rr  1 4 R12 Rr l   p   g  g  , where

h0 is the average dimensionless film-thickness (with R2 being the reference length),

g is the ambient gas viscosity, and p is the particle density.
Mixture

 [Pas]

 [kgm-3]

 [N/m]

Water

1 . 10-3

1000

0.073

Glycerine/water-60/40

0.0115

1153

0.0673

Glycerine/water-79/21

0.05

1204

0.0647

Glycerine/water-90/10

0.22

1238

0.0634

Pure glycerine

1.12

1262

0.0631

Table 5.2: Properties of different water-glycerine mixtures.

In summary, the assumption of no-moving particles in our simulations requires
that both dimensionless time scales are much larger than unity. Following our
previous work [28], and using typical properties of various water-glycerine
mixtures summarized in Table 5.2 [39], we have summarized these key
dimensionless parameters in Table 5.3. While situations with highly viscous fluids
(i.e., pure glycerine) appear to conflict with our quasi-static assumption, Table 5.3
highlights that for most systems involving liquids with a water-like viscosity our
quasi-static assumption is valid. This is in line with previous findings in monodisperse systems [28].
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Glycerine/water
water

R1 [m] Rr

p[kgm-3]

h0+

tref [s]

tacc+

tcross+

Oh

5e-6

0.5

1000

0.01 9.15e-8

273

363 0.045

Glycerine/water-60/40 5e-6

0.5

1000

0.01 1.14e-6

1.91

29.2 0.51

Glycerine/water-79/21 5e-6

0.5

1000

0.01 5.15e-6

0.097

6.45 2.38

Glycerine/water-90/10 5e-6

0.5

1000

0.01 2.31e-5

4.91e-3

1.44 9.62

Pure glycerine

5e-6

0.5

1000

0.01 1.18e-5

1.89e-4

0.28 48.6

Water

1e-5

0.7

2000

0.04 1.61e-7

1240

147 0.034

Glycerine/water-60/40 1e-5

0.7

2000

0.04 2.01e-6

8.65

11.8 0.38

Glycerine/water-79/21 1e-5

0.7

2000

0.04 9.09e-6

0.44

2.61 1.79

Glycerine/water-90/10 1e-5

0.7

2000

0.04 4.08e-5

0.022

0.58 7.24

Pure glycerine

1e-5

0.7

2000

0.04 2.09e-4

8.55e-4

0.11 36.7

Water

1e-5

0.9

5000

0.1 1.44e-7

3450

128 0.036

Glycerine/water-60/40 1e-5

0.9

5000

0.1 1.80e-6

24.2

10.3

Glycerine/water-79/21 1e-5

0.9

5000

0.1 8.13e-6

1.23

2.27 1.75

Glycerine/water-90/10 1e-5

0.9

5000

0.1 3.65e-5

0.062

0.51 7.65

0.9

5000

0.1 1.87e-4

2.39e-3

Pure glycerine

1e-5

0.1

0.4

38.7

Table 5.3: Summary of parameters relevant for liquid transfer in typical polydisperse particle
beds

The typical relative velocity at impact plays an important role in our analysis of
the time scale for film crossing. Similar to what we have done in our previous
work [28], we now consider systems of different particle sizes. The bi-disperse
suspension is allowed to freely sediment (under the action of gravity), and the
speed and orientation of particle-particle collisions is recorded. The simulations
were based on the approach used by Radl and Sundaresan [40] (a dimensionless
grid resolution of x / d p  3 was used, where dp is the diameter of the larger
particles), with identical fluid, but different particle properties. The soft-particle
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Euler-Lagrange model available in the code CFDEM® [41] has been used, and
statistics were collected over a sufficiently long time, i.e., 40 times of the particle
relaxation time ( trelax  ut / g ). A list of simulation parameters and conditions is
provided in Table 5.4, and results are summarized in Figure 5.13. We find that
the typical impact speed is in the order of 10% of the particles’ terminal settling
velocity, and that particle collisions are primarily oblique (i.e., the particles’
relative speed in the tangential direction is greater than that in the normal
direction). Again, this data supports our assumption of quasi-static bridge filling
for a wide range of wet bi-and polydisperse particulate system with rather thick
liquid films and a rather low liquid viscosity.
Parameter

Value

Domain size – x (m)

53 . dp

Domain size – y (m)

53 . dp

Domain size – z (m)

213 . dp

Boundary conditions
Gravitational acceleration: g (m/s2)
The larger particle diameter of the system: dp (m)
Particle density:  p (kg/m3)
Gas density:  g (kg/m3)
Gas viscosity: µg (Pa.s)

Fully
periodic
9.81
1.50 . 10-4
1,500
1.3
1.8 . 10-5

Table 5.4: System parameters and boundary conditions used in the simulations of a freely
sedimenting bi-disperse particle suspension.

One could argue that the relative speed of particles in a wet collision event is
depending on the process. We have only considered a fluidized bed without
cohesive particle-particle interactions in our present contribution. It is clear that
the appropriateness of our model for a specific application (which might involve
cohesive force, or much different collision dynamics) should be tested prior to its
usage. We have decided to postpone such a study to future work, since a large

118

5.6 Conclusions

array of simulation would have to be performed for bi- and polydisperse
suspensions in order to draw general conclusions.

Figure 5.13: Distribution of polydisperse particle collision velocities in the normal and
tangential direction, as well as illustration of the vertical velocity distribution (bottom panel: Rr
= 0.5, p = 0.3) and dense (top panel; Rr = 0.5, p = 0.05) cloud of freely sedimenting particles
(the inserts illustrate individual-particle velocities in the vertical direction).

5.6 Conclusions
A liquid transport model between wet particles of different size has been
presented in this paper. This model is an extension of our previous work [28].
The model is based on DNS data which were obtained by extracting the interface
position, defining the characteristic neck position, and integrating the interface
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position to quantify the liquid bridge filling process. This model allows us to
predict the dynamically evolving liquid bridge volume, and the liquid remaining
on the particle surfaces in polydisperse particle systems. Our more precise
prediction of the bridge volume is essential for improved predictions of the liquid
bridge rupture energy: a comparison of these differences when using the liquid
bridge volume model of Shi and McCarthy [42] and our newly developed model
reveals large differences for the rupture energy (see Appendix D). Thus, we
expect that our dynamic model for the liquid bridge volume is especially
important for dilute systems where energy dissipation during collisions is of
critical importance.
Our model differentiates between (i) a fast initial bridge formation stage where
the dimensionless time is less than a reference time for capillary-driven viscous
flow, and (ii) a subsequent slower viscous filling stage where viscous effects are
dominant. The initial stage model is based on DNS data at a dimensionless time of
t+ = 1. Our initial stage model can be used as a first estimate for the liquid bridge
volume in short particle collisions, and is an extension of the model prosed by Shi
and McCarthy [42]. The postulated model for the viscous filling stage model is an
extension of our previous work [28], however now is also fit for systems involving
unequally-sized particles. Our present model relies on a universal parameter ai
(i.e., a characteristic dimensionless filling time), as well as dimensionless liquid
mobility parameters m1 and m2 of the contacting particles. A model equation for
these mobility parameters has been proposed. Specifically, we consider that the
mobilities are functions of the particle size ratio, the film height and the
separation distance. In summary, our model is valid for liquid bridge formation
between two unequally-sized particles coated with thin continuous films (i.e., an
initial relative film height of less than 10% of the particle radius).
Our previous study indicated that grid refinement plays an important role in the
final stages of film flow where the film ruptures. In order to get a precise model
for the filling process at long times, as well as to correctly predict film rupture, it is

120

5.6 Conclusions

essential to use a fine enough computational mesh in future simulations. This
clearly limited the current study to axisymmetric configurations. Consequently,
considering non-continuous films, e.g., discrete droplets present on the particles’
surface, remains a task for future studies. However, we hope that our study is a
significant step forward to better understand the equilibration of liquid residing
on the surface of particles with that present in a liquid bridge.
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Appendix D – The Effect of the Liquid Bridge Volume Model on Capillary
Forces
The liquid bridge volume is an input parameter in almost the totality of models
for calculating the capillary and viscous force between two wet particles. Thus,
different models for liquid bridge volume will lead to different characteristics of
the resulting cohesive force. Therefore, in this appendix, we attempt to quantify
this difference by using our newly developed model. Specifically, we compute and
compare the capillary force by using three different liquid bridge models: (1) the
constant bridge model of Shi and McCarthy [42]; (2) the early bridge volume
model presented in this paper; (3) and the bridge volume from our dynamic
filling model considering the limit of infinitely long times.
In order to make a comparison, we pick the parameters of the particle system as
follows:


Initial film heights of h0  0.01 (i.e., a thin film), and h0  0.1 (i.e., thick
film) are considered



Particle ratio of Rr  0.5



Surface tension equal to 0.07 N· m-1

The constant liquid bridge volume is provided by the model of Shi and McCarthy
[42]
L p1 
R22

Vb 
1 1
2
2 
 R1  R2 


 Lp 2 
R12

1  1 
2
 2 
 R1  R2 








( D.1 )

Where Lp1 and Lp 2 are the initial liquid contents on particle 1 and particle 2,
respectively. The total liquid bridge is composed of liquid from both contacting
particles.
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The early stage of liquid bridge is modelled by equation 5.12. To make the
comparison easier, we use a case of zero separation to compute the initial bridge
volume. We then simply calculate the initial bridge to be:

Vb,0  50.8Rr1.25  h0 

2.15

.

( D.2 )

The maximum liquid bridge volume can be obtained by setting the filling time to
t  

, consequently the expressions of liquid bridge model in the Appendix A of

our previous work [28] can be rewritten as:

Vb  Vb,0

2 r1
2 r2
 2m1
 2m1
ai
ai
 C1
 C2
r1
r2



 ai m1  m 2  1 
r1 

r2 

1



(D.4 )



m1  m 2 

2

1



(D.5 )

2

 ai2m 2 Lp 2,0   2ai r2m1  2ai2m21  a 2m1  Lp1,0
2  r2  r1 

a 


2
i m1

C2 

2

2
 ai m1  m 2  1 

C1 

 m1   m 2 

(D.3 )

(D.6 )

 ai2  ai r2  Vb,0
2  r2  r1 

ai2m 2 Lp 2,0   2ai r1m1  ai2m1  2ai2m21  Lp1,0   ai r  ai2m1  ai2  Vb,0
2  r2  r1 




(D.7 )



Where Vb,0 is the initial bridge volume, Lp1,0 and Lp2,0 is the initial liquid content on
the particle surfaces, and m1 and m 2 can be calculated by using equations 5.20 and
5.23.
We employ the force model provided by Mikami et at. [20] to calculate the
capillary force due to liquid bridge.
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Fcap   R2 e AS
A  1.1Vb 





B

C



0.53

  0.96
C  0.0042ln V   0.078
B  0.34ln V


b

2

 0.019 V


b

( D.8 )

  0.48


b

Here S  is the surface to surface distance normalized by R2 ( R2 is the size of the
bigger particle, and  is the contact angle which is assumed to be zero for our
fully wet particle system). When a liquid bridge between particles reached a
critical distance, the bridge ruptures and liquid is redistributed. This rupture
distance is given by Lian et al. [22], and reads:
1/3

hrup  1  0.5  Vb 

( D.9 )

The liquid bridge force is present as long as the bridge exists, and it vanishes
when the liquid bridge ruptures at the critical rupture distance. The bridge forces
are normalized by the capillary force scale 2 R2 , and the rupture distance is
scaled by R2 . The resulting capillary bridge force plots are shown in Figure D1.

(a)

(b)

Figure D 1. The capillary bridge force versus the separation distance and critical rupture
distance hrup. hrup1 is the rupture distance based on the constant bridge model of Shi and
McCarthy, hrup2 is the rupture distance based on our early stage bridge model, and hrup3 is the
rupture distance based on the dynamic bridge model when the filing time t+ is infinitely large .
Panel (a) shows data with an initial film height of h0+ = 0.01; for panel (b) h0+ = 0.1
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Figure D1 shows that the bridge forces are indeed affected by the liquid bridge
volume model. Panel (a) indicates that there is not much difference between the
bridge forces of our early stage bridge model and the dynamic filing model when
particles are initialized with very small film heights. However, the model of Shi
and McCarthy overpredicts the capillary bridge force when compared to our
models. Panel (b) shows that the filling of the liquid bridge volume indeed affects
the bridge force. The rupture distance in case the particles are initialized with a
larger film height (i.e., h0+ = 0.1) differs for the different liquid bridge volume
models: the dynamic bridge model predicts the biggest bridge force, as well as
larger rupture distance.
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Latin Symbols
ai ..................... Dimensionless filling rate parameter [-]

d p .................... Particle diameter of the larger particle [m]
2
g ..................... Gravity [m/s ]

h0 ..................... Average initial film height of the particle pair [m]
hi ..................... Initial film height of particle i [m]

L p ,0 ................... Reference volume of liquid on the particle [m³]
L p ,i ................... Volume of liquid present on the particle i [m³]

m ...................... Mass of the particle [kg]
nij .................... Unit normal vector [-]

Oh ................... Ohnesorge number [-]
p ..................... Pressure [Pa]

pref .................. Reference pressure [Pa]
ps .................... Pressure at the particle surfaces [Pa]

pVb ................... Pressure at the liquid bridge [Pa]
R1 .................... Particle radius of the smaller particle (particle 1)[m]
R2 .................... Particle radius of the larger particle (particle 2)[m]

Rcyl .................. Radius of the initial cylinder region [m]
Rcurve ............... Radius of curvature of the liquid bridge surface [m]

Re .................... Reynolds number [-]
S ..................... Half separation distance between particles [m]
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t ....................... Time [s]
tacc .................... Acceleration time scale [s]
tcross .................. Film crossing time scale [s]
trelax .................. Particle relation time [s]

tref .................... Reference time scale [s]
uref ................... Reference fluid velocity [m·s]
urel ................... Relative particle-particle velocity [m/s]

U ..................... Fluid velocity [m/s]
Vb ..................... Liquid bridge volume [m3]

Vb,0 ................... Initial bridge volume [m3]
Vb, g ................... Geometrical bridge volume [m3]

DIM .................. Direct integration method
DNS .................. Direct Numerical Simulation
DEM ................. Discrete element method
YLE .................. Young-Laplace equation

Greek Symbols
 ..................... Phase fraction indicator [-]
cyl,i .................. Initial filling angle on particle i that cause by geometry bride [rad]
t ..................... Time step [s]

x ..................... Grid spacing [m]

h .................... Dimensionless grid spacing by initial film height [-]

 p .................... Particle volume fraction [-]
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mi .................... Fraction of liquid on particle i that is mobile to flow into the
bridge [-]

l .................... Dynamic viscosity of liquid [kg · m-1 · s-1]

g .................... Dynamic viscosity of ambient gas [kg · m-1 · s-1]
l .................... Density of the liquid [kg · m-3]

g .................... Density of the ambient gas [kg · m-3]
 p .................... Density of the particles [kg · m-3]

 ..................... Surface tension [kg · s-2]

Superscripts
+ ..................... Dimensionless quantity
i ...................... Particle index
norm ................ Normal direction

tang................... Tangential direction
t

..................... .Terminal

w ....................... Water
gly ..................... Glycerine
p ..................... .Particle

ref ..................... .Reference quantity
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“It does not matter how slowly you go, so long as you do not stop”
(Confucius, 551 BC - 479 BC)

6
The Effects of Liquid Bridge Model Details on
the Dynamics of Wet Fluidized Beds *
We simulate wet fluidized beds of particles in small periodic domains using the
CFD-DEM approach. A liquid bridge is formed upon particle-particle collisions,
which then ruptures when the particle separation exceeds a critical distance. The
simulations take into account both surface tension and viscous forces due to the
liquid bridge. We perform a series of simulations based on different liquid bridge
formation models: (i) the static bridge model of Shi and McCarthy [1], (ii) a simple
static version of the mode of Wu et al. [2], as well as (iii) the full dynamic bridge
model of Wu et al. [2]. We systematically compare the differences caused by
different liquid bridge formation models, as well as their sensitivity to system
parameters. Finally, we provide recommendations for which systems a dynamic
liquid bridge model must be used, and for which application this appears to be
less important.

I.

*

This chapter is based on: M. Wu, J.G. Khinast, S. Radl. The effects of Liquid Bridge
Model on the Dynamics of Wet Fluidized beds. AIChE Journal 2017, revised manuscript
in preparation.
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6.1 Introduction
Wet fluidized beds of particles, and wet granular flow in general, are of great
importance in wide range of industrial processes, e.g., in food industries, the
energy sector and pharmaceutical industries [3]. Unfortunately, the flow of wet
particles is difficult to predict, making it challenging to design or optimize these
processes. For example, capillary and viscous forces acting between two particles
are affected by a range of parameters (e.g., the liquid viscosity, or the particles’
surface roughness), making it challenging to fully describe a wet fluidized bed
particle system with a mathematical model. Most important, these cohesive forces
not only affect particle flows[4], but also play an important role in the formation
of agglomerates, hence they directly affect product properties [5]. Therefore, the
proper control of these cohesive forces in particulate system is key to successfully
perform many fluidized bed process such as coking, agglomeration, coating or
wet powder handing[6–9]. Also, a sound understanding of the transport
mechanisms in these wet gas-particle system will aid on improving design and
scale-up of these systems. For example, often a certain fluidization velocity is
adjusted to avoid segregation or agglomeration [8] necessitating a quantitative
understanding of how much liquid content is acceptable for successful operation.
It is exactly this question that motivates our present study.
Specifically, in what follows we focus on applications in the pharma and food
sector, e.g., pharmaceutical fluidized bed dryers [8,10], wet spouted beds,[11] as
well as fluid cokers [12] in which liquid injection plays a crucial role. For these
systems a particle-based modeling must be adopted in case one aims on a fully
predictive flow model. This is since continuum- or parcel-based models [13–18]
lack an appropriate rheological model at present. We next briefly review recent
progress in the field of particle-based modeling approaches to provide the
necessary background.
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6.1.1 Particle-based Models for Wet Fluidized Beds
Simulations of fluidized beds can be performed on multiple scales, allowing to
gain insight on phenomena that are difficult to study via experiments[19].
Particle-based simulations can be performed on the most fundamental level by
considering all flow details. Such particle-resolved Direct Numerical Simulations
(PR-DNS) of flow in fixed fluidized beds allow a few hundred to approximately
ten thousand particles to be simulated at extremely height computational cost.[20]
This is already true for dry systems that do not contain a liquid film – in case the
liquid film needs to be resolved, typically only small systems containing a few (i.e.,
between two and ten) particles are simulated. Thus, PR-DNS are beyond our
current computational resources since we aim on a large array of system
parameters that need to be varied, and systems that contain typically 10,000 or
more wet particles. A review of the clustering granular and gas-solid flows has
been presented in Fullmer and Hrenya et al.[21]
Fortunately, wet particle collisions and the associated liquid redistribution have
recently been studied via both experiments [22,23] and simulations.[1,24] In case
wet particles collide, liquid bridges form, which induce liquid bridge forces
between particles. An extensive summary of liquid bridge effects on granular
flows has been provided by Herminghaus [25]. Closures to predict forces due to
pendular liquid bridges have been presented by a number of researchers
[5,26,27]. However, all of them assumed a static bridge when calculating the
bridge forces. One typical example is the model provided by Mikami et al.[5] who
developed a liquid bridge cohesive force closure which is a function of the
dimensionless liquid bridge volume and the separation distance based on a
numerical simulation of the Laplace-Young equation. Furthermore, Shi and
McCarthy[1] presented a liquid transfer model by assuming that the liquid bridge
volume remains constant before bridge rupture. Also, these researchers tested
their bridge model in a rotary drum spray-coating system. While the liquid bridge
is composed of liquid from both contacting particles, the Shi and McCarthy[1]
model does not consider the (i) nonlinearity inherent to a finite liquid film
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thickness, as well as the (ii) dynamics of bridge filling. Most relevant to our
present contribution is the work of Girardi et al.[28] who employed a CFD-DEM
approach to study wet fluidized of particles in small periodic domains. While
Girardi et al. considered cohesive forces between particles due to liquid bridges,
they still used a static bridge model inspired by Shi and McCarthy[1] when
calculating the bridge force. Similarly, the study of Askarishahi et al.[10] are
lacked a detailed liquid bridge transfer and force model. Given the strong interest
to perform such particle-based simulations of wet fluidized beds raises the central
question of which model details will have the strongest impact on the predicted (i)
fluidization speed, and (ii) agglomerate size for a given set of system parameters.
6.1.2 Goals and Structure
In this study, we simulate wet fluidized beds considering different liquid bridge
models (i.e., the model of Shi and McCarthy[1], the dynamic model of Wu et al.[2]
and a simplified version of the model of Wu et al.[2]). Specifically, we aim on
answering the following questions


for which systems the dynamic liquid bridge model of Wu et al.[2]

is

essential, i.e., for which situations the drainage rate of liquid into the
bridge is relevant?


Which model is the most suitable one in terms of picturing effects
originating from changes in the liquid surface tension and viscosity?



What are the most critical parameters for each model that need to be
determined, e.g., during a calibration procedure?

Therefore, in Chapter 6.2 we describe the methodology used to simulate wet
fluidized beds in our present study, including (i) an outline of the Navier-Stokes
equations and the gas-particle coupling approach, (ii) relevant details of the liquid
bridge filling models employed, as well as (iii) the capillary and viscous forces
models used. In Chapter 6.3, we present a theoretical analysis of the motion
associated with two-particle collisions, and detail on aspects related to the rupture
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energy of a liquid bridge. Specifically, we employ three different bridge models,
and compare differences – based on analytical results for particle motion – caused
by different liquid bridge filling models. In Chapter 6.4 we present the main
results, starting with the static bridge model and Bond number effects on the
behaviour of the fluidized bed. We then compare results obtained between
different bridges models and identify key parameters that affect our simulation
results. Finally, we build a regime map that helps in deciding which bridge model
appears most suitable for a given set of system parameters. We conclude with
recommendations summarized in Chapter 6.5 that should guide the future
application and extension of models for wet fluidized systems.

6.2 Methodology
6.2.1 Simulation Methodology
We perform the present simulations using an Euler-Lagrange approach for
particles suspended in a gas in fully periodic domains. We represent particles as
soft spheres, which contact interactions between spheres treated using a springdashpot model. While frictional effects are taken into account, rolling friction is
not considered. The coupling of fluid and particle motion is performed using the
closures implemented in CFDEM®.[29] The integrity of the used computer code
is ensured by a number of verification and test cases (e.g., fluidization of a bed of
particles, sedimentation of a single particle), which can be accessed online
(www.github.com/CFDEMproject).
Particle translational and angular motion is found by solving the following
equations:
mi

dv p ,i
dt

n
t
   f cont
,ij  f cont ,ij  f b ,ij   f g  p ,i  mi g

( 6.1 )

j

Ii

dω i
 Ti
dt

( 6.2 )
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Continuum equations for fluid phase (gas)
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momentum equations for fluid phase (gas)
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d is the force exerted by the particles on the fluid per unit volume of the gasparticle mixture
d  

1
Vj



cell
i

wij f g  p ,i

f g  p ,i is the total interaction force on particle i exerted by gas, wij is a weighting

factor associated with the proximity of particle i and computational cell j, and
Vj is the volume of a computational cell.
f g  p ,i  V p ,i  p g  V p ,i    g  f d ,i
fd ,i is the drag force which follows the model of Beetstra et al.[30]
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Table 6.1: Governing equations for gas-solid flow

Where mi is mass of particle i and v p ,i is the translational velocity of the particle,
contact force exerted on particle i by particle j which includes a normal
n
t
component ( fcont
,ij ) and a tangential component ( fcont ,ij ). Specifically, Particles are

modeled as frictional and inelastic spheres, adopting a linear spring-dashpot
model with frictional slider.[31] In addition, fb,ij is the bridge force exerted on
particle i by bridge j. Details of the liquid bridge force models will be introduced
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in Section 6.2.4, fg p,i is the interaction force on particle i caused by the
fluidization of the particulate system with a gas. Relevant details are summarized
in Table 6.1 below. I is the moment of inertia, ω is the angular velocity of the
particles and Ti is the total torque acting on particle i.
Spring-dashpot model and frictional slider model[31] have been used for particleparticle interaction.
n
n
n
fcont
,ij  kn ij nij   d ,n vij

t
fcont
,ij

t
n
  kt ijt t ij   d ,t v ijt
for fcont
,ij   pp fcont ,ij


 ijt t ij
n
t
n


f
for fcont
 pp cont ,ij t
,ij   pp f cont ,ij
|  ij t ij |


( 6.3 )

( 6.4 )

Where k n is the normal spring constant  d ,n is the normal damping coefficient,  ij
is the overlap between particles i and j,  pp is the friction coefficient. Parameters of
the spring-dashpot model are given in Table 6.2.
The locally-average fluid velocity and pressure fields are governed by
conservation of mass and momentum, which are outlined in Table 1. In this table,

g is the density of the gas,  p is the fraction of cell volume, u g is the gas velocity,
pg is the gas phase pressure,  g is the gas phase deviatoric stress tensor, V p ,i is
particle volume and i is the particle index. d is the total gas-particle interaction
force per unit volume exerted on the particles. In our present study  g is not
taken into account for computing the total gas-particle force because it is not
significant in gas-fluidized beds of particles. Thus, d is composed of only a
buoyancy force and the drag force, which play the most important role when
computing f g  p ,i in gas-particle flows. The drag model in this study has been
presented by Beetstra et al.[30] Boundary conditions for the computational
domain are fully periodic, which means that particles leaving through a boundary
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are injected at the opposing side with identical translational and rotational speed.
Detailed parameters of the simulations are given in Table 6.2.
Parameter

Value

Domain size – x: Dx (m)

0.008

Domain size – y: Dy (m)

0.032

Domain size – z: Dz (m)

0.008

Number of fluid grid – x: Nx

18

Number of fluid grid – y: Ny

72

Number of fluid grid – z: Nz

18

Gravitational acceleration: g (m/s2)
Particle diameter: dp (m)

9.81
1.45×10-4

Particle density: rp (kg/m3)

1600

Normal spring constant: kn (kg/s2)

2.05

Normal spring damping: gd,n (kg/s)

3.43×10-6

Friction coefficient: mpp

0.5

Restitution coefficient of the dry particles: epp

0.9

Gas density: rg (kg/m3)

2.28

Gas viscosity: µg (Pa s)

2.5×10-5

Particle terminal setting velocity: vt (m/s)

0.5

Froude number: Fr=vt2/(dpg)

176

Reynolds number : Rep = rg dp vt / µg

6.61

Particle time step: Dtp (s)

10-6

Fluid time step: Dtg (s)

10-5

Bond number: Bo
Bond and Capillary number product: BoCa
Dimensionless initial film high of particle: h0+

0.1 - 100
0.1 - 10000
0.0037, 0.0154,
0.036,0.1

Dimensionless particle surface asperities: h

0.05

Table 6.2: typical dimensional simulation parameters

The above set of equations relies on the following key dimensionless parameters
that govern the system.
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Particle Reynolds number Re p   g d p vt  g



Particle volume fraction  p



Froude number Fr  vt2 / d p g



Bond number: Bo 



Capillary number: Ca 



Alternatively, a Capillary times Bond number that quantifies the





6
2
p

d pg

l vt


importance of viscous forces over gravity and which is defined as

BoCa 

6l vt
d p2 p g

6.2.2 Liquid Bridge Filling Model
As mentioned earlier, we employ three different liquid bridge filling models.
Specifically, we differentiate between three types of bridge models which are
defined as follows:


Model A: the static bridge model of Shi and McCarthy[1] which is simple
and efficient, but known to incorrectly predict the film thickness effect on
the bridge volume.[2]



Model B: a static bridge model considering the expression for the initial
bridge volume detailed in our previous work.[2] This model considers the
initial film height and separation distance to predict the bridge volume,
and is still simple and efficient.



Model C: the dynamic filling model detailed in our previous work[2],
where the transient liquid transport from the particle surface into the
bridge is accounted for.

i)

Model A

Model A is provided by Shi and McCarthy[1] which reads as follows:
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Vb 

L p ,i 
R 2j
1 1
2
2 
Ri  R j 



 L
  p, j

2



Ri2
1  1 
2

Ri  R j 








( 6.5 )

Where L p ,i and L p , j are the initial liquid contents (i.e., that when the particles’
surfaces touch) on particle i and particle j, respectively. Thus, the total liquid
bridge volume is composed of liquid from both contacting particles. Once we
know the liquid content on the particle surface, we can calculate the liquid bridge
volume based on equation 6.6. The liquid content Lp ,i on particle surface is
related to the dimensionless film height as follows:
L p ,i 

3
4
 R 3 1  h0   1
3





( 6.6 )

Here R is the particle radius, and h0+is the dimensionless initial film height.
Therefore, once knowing the liquid content on the particle surface, both the
liquid content on the particle surface and the liquid bridge volume that forms
upon a collision between particles is defined. Furthermore, the dimensionless
initial film height as a function of the dimensionless liquid content on a particle is:
1/3

 3 Lp ,i

h 
 1
 4


0

1

( 6.7 )

This result will be consequently used for the following liquid bridge calculation to
ensure a fair comparison between the three different liquid bridge models, as well
as to calculate the liquid loading level of a particle system as done by Girardi et
al.[28] Note, in this previous work the liquid loading level was defined as the ratio
between the liquid bridge volume and particle volume, which is given as:


Vb
Vp

( 6.8 )

However, in our present work we define the liquid loading level by using a more
meaningful metric, which uses half the bride volume over particle volume:
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Vb
2V p

( 6.9 )

Therefore, combining equations 6.7-6.9, one can easily calculate the liquid
loading  and the corresponding dimensionless film height h0+ according to the
model of Shi and McCarthy. We know that the initial film height h0+ is the key
parameter to identify the liquid loading level in our previous work.[2] Therefore,
these definitions will help us in our discussion below to quantify the liquid amount
and make a fair comparison of simulations results for different filling models.
ii) Model B
Model B is defined as the “early stage” liquid bridge model given in our previous
work.[2] Specifically, the liquid bridge volume is calculated based on the initial
film height and the separation distance between the particle surfaces.
Vb,0
 1.5
0

h 

  S
  8  
  h0



  10.5 



(6.10)

Here Vb,0 is the dimensionless bridge volume at t+=1, h0 is the dimensionless
average initial film height, and S+ is the half separation distance between particle
surfaces. However, as we found that the separation effect does not strongly affect
liquid bridge filling during a particle collision, we neglect separation effects for
1.5

the time being. Thus, we simply use the expression Vb,0  10.5  h0 

to compute

the bridge volume.
iii) Model C
Liquid transfer from particle surfaces to the liquid bridge region follows the liquid
bridge model proposed in our previous work [2], as well as the ideas that defined
“model C1” in Mohan et al.[32] In this dynamic liquid bridge model, the amount
of liquid that flows into the liquid bridge region is tracked over time by solving
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dLp ,i
dt 
dLp , j
dt 
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Vb 
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(6.11)

 dLp ,i dLp , j 
dVb


  

dt 
dt  
 dt


Here Lp,i , Lp,i are the liquid contents on particle i and j, ai is the filling rate

coefficient, m are the mobility coefficients of the liquid on the particle (i.e., the
relative amount of liquid that is able to flow into the liquid bridge region). All
these parameters are made dimensionless using the following relations:
tref 

d p l
2

; t 

t
tref

; Lp ,i 

L p ,i
R

3

; Lp , j 

Lp , j
R3

(6.12)

Verification of the implementation of the used model C (i.e., a comparison
between numerical simulation and an analytical solution), as well as a validation
based on data from Direct Numerical Simulations is documented in Appendix A.
6.2.3 Bridge Rupturing Model
When the liquid bridge between two particles stretches beyond a critical distance,
the bridge ruptures and the liquid in the bridge is redistributed (in our case
equally to the two involved particles). This rupture distance is given by Lian et
al.[33] which reads:

hrup  1  0.5 Vb1 3

(6.13)

hrup is the critical rupture distance,  is the contact angle. In our present
contribution we assume a fully wetted case, i.e.,  is zero. The bridge force is
present as long as the bridge exists, and it disappears when the bridge ruptures at
the above defined critical distance.
In the next section we introduce the bridge force models which have been
employed in our simulations.
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6.2.4 Bridge Force Models
i)

Capillary Force Model

Cohesive forces due to liquid bridge are incorporated by considering both
capillary and viscous contributions. We use the force model provided by Mikami
et al.[5] to calculate the capillary force caused by liquid bridge.



Fcap   R e AD
A  1.1 Vb 



B

C



0.53





B  0.34 ln Vb   0.96  2  0.019 Vb   0.48

(6.14)

C  0.0042 ln Vb   0.078
Where D+ is the surface to surface distance between particles, R is reference
particle radius,  is surface tension. In case our used soft particles contact or
overlap, we consider these situations as if the separation D+ is zero. In such a way,
only coefficient B and C act in the above equation for contacting or overlapping
particles. Examples of this situation can be seen in Figure 6.3 (contact distance
between particles is zero).
ii) Viscous Force Model
We follow the model provided by Pitois et at.[27] to calculate viscous force
between particles. This models accounts for the liquid bridge volume and reads

3
1
Fvis   l R 2  v n X v2
2
D

(6.15)

Where R is reference particle radius, D+ is the surface distance between two
particles, and v n is particle approaching velocity in normal direction. The
correction coefficient Xv for the force model is given by
1

Xv  1
1

2Vb

 R D

 2



(6.16)
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The above force diverges for zero separation, and hence must consider a minimal
particle distance. Therefore, we us a relative roughness, which is defined as the
particle roughness divided by the particle diameter, that is set to h  0.05 . Thus,
the particle surface roughness is h  7.25  106 m for all particles.

6.3 Theoretical Analysis
The liquid bridge volume is an input parameter in almost the totality of models
for calculating the capillary and viscous force between two wet particles. Thus, it
can be expected that different models for liquid bridge volume will lead to
different characteristics of the resulting cohesive force. Therefore, in this section,
we attempt to quantify this difference by using model A, model B, model C in a
simple binary collision.
In order to make a comparison, we pick the parameters of the particle system as
listed in Table 2. To make the comparison easier, we use a case of zero separation
to compute the initial bridge volume, which can be simply calculated via
1.5

Vb,0  10.5  h0  . The maximum liquid bridge volume (for model C) can be
obtained by setting the filling time to t    , consequently the expressions of
liquid bridge model provided in Appendix A of Wu et al.[2] can be simplified to:

 r  a
r  a 
Vb  Vb,0  2  C1 1 m1 i  C2 2 m1 i 
ai r1
ai r2 

C1 
C2 

( 6.17 )

ai2m 2 Lp 2,0   2ai r2m1  2ai2m21  a 2m1  Lp1,0   ai2m1  ai2  ai r2 Vb,0
2  r2  r1 
ai2m 2 Lp 2,0   2ai r1m1  ai2m1  2ai2m21  Lp1,0   ai r  ai2m1  ai2 Vb,0

( 6.18 )
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( 6.19 )
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(a)

(b)

(c)

(d)

Figure 6.1: Temporal evolution of the relative particle-particle velocity (panels a and c) and
distance (panels b and d) predicted by three different bridge models. The top panels were
obtained by using h0 += 0.1, Bo = 200, BoCa = 90, and the bottom panels by using h0 += 0.01,
Bo = 200, BoCa = 90; Particles were initialized with the particle terminal setting velocity at the
rupture distance of the bridge.

The liquid bridge force is present as long as the bridge exists, and it vanishes
when the liquid bridge ruptures at the critical rupture distance. The bridge forces
(detailed in Section 6.2.4) are normalized by the capillary force scale 2 R , and
the rupture distance is scaled with the particle radius R .
Next, we analyze the motion of two approaching wet particles that are affected by
capillary and viscous forces. For such a situation we have:



d 2D
Fvis  Fcap  m 2
dt

( 6.20 )
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Where Fvis is the viscous force, Fcap is the capillary force, and m is the mass of one
particle. For small particles (i.e., in case the particle size is smaller than the
capillary length), the gravitational forces can be neglected, and only capillary and
viscous forces affect particle motion. Substituting the capillary and viscous
equations in Eqn. 6.21, and using appropriate initial conditions (i.e., the rupture
distance hrup and Stokes settling velocity ut), we arrive at the following differential
equation:

 A DR   B
 3
d 2D
2
2

R

e

C


R
X

m



l
v
dt 2


 2

 D (0)  hrup ; D (0)  ut

(6.21)

Where A, B and C are given by Eq. 6.13, Xv is presented by Eqn.6.16, and the
particle terminal setting velocity is used as the initial velocity.
By integrating equation 6.21 together with liquid bridge models, we arrive at the
theoretical analysis results of the interaction velocity and separation distance
between two wet particles.

Figure 6.1 shows the approaching velocities and

separation distances between two wet particles and quantifies the effects due to
three different bridge filling models, as well as the effect of the liquid loading
level. The top panels (a) and (b) are obtained by using an initial film height of
h0+= 0.1, while the bottom panels by using an initial film height of h0+= 0.01.
Both cases consider Bo = 200, Ca = 0.45 and BoCa = 90. As seen in Figure 6.1,
the left column, velocities for all cases start from the initial Stokes setting velocity
to a maximum velocity (around 1.2 time larger than that of terminal velocity for
the thick film case, while for thin film this speed is nearly the same as ut) before
the two particles contact. Correspondingly, the distance between the particle
surfaces (panels b and d) decreases from the rupture distance to zero separation
at the contact position. In addition, we can observe from Figure 6.1 that there is
not much difference between our early stage model (model B) and the dynamic
filling model (model C) when particles are initialized with a very small film height.
However, the model of Shi and McCarthy (model A) predicts larger particle
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relative velocities and separation distance. In contrast, in panel (a) and (b), model
C indeed affects particle motion due to the bridge forces: since in this case the
particles are initialized with larger film heights, the non-linear relationship
between film height and liquid bridge volume leads to strongly different results.
Specifically, model C predicts the biggest velocity (panel a) and separation (panel
b) for the case of comparably thick films.

(a)

(b)

Figure 6.2: Dynamic forces exerted by a liquid bridge predicted by three different liquid bridge
models (vertical lines the rupture distance). Panel (a): h0 += 0.1, Bo = 200, Ca = 0.45, BoCa =
90; Panel (b): h0 += 0.01, Bo = 200, Ca = 0.45, BoCa = 90.

Figure 6.2 shows the dynamic bridge forces (viscous force and capillary force) and
rupture distances exerted by liquid bridge model A, B and C initialized with a
thick film (panel (a)) and thin film (panel (b)). We can observe from Figure 6.2 that
bridge forces are always composed of repulsive force and attractive force. In case
the particle distance is small, the repulsive force is dominant, while for larger
distance, the attractive force is dominant. Bridge forces only act on the particles
when a liquid bridge is present between the particles. However, these bridge
forces vanish as soon as the bridge between particles ruptures (see the vertical
dashed line in Figure 6.2). That is why we can see for both panel (a) and (b) in
Figure 6.2 that bridge forces of three bridge models predict strongly different
rupture energies for the case of thick films. This is because of the difference of the
rupture distance of three models due to different liquid contents present in the
bridge region. In addition, the difference between panel (a) and panel (b) is the
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initial liquid film height, which strongly affects the rupture distance, as well as the
total force values to a lesser extent. Generally, the larger initial film height is
initialized, the bigger the rupture distance and the larger bridge forces that act on
the particles. Again, we can see that there is not much different between three
models when particles are initialized with very small film height, and model A
leads to the largest predicted bridge force. However, there is much difference
between these three models when particles are initialized with a thick film: model
C predicts the strongest force behaviour and largest rupture distance, and model
A predicts substantially lower force and rupture distance values.

Figure 6.3: Capillary forces at contact based on the three bridge models and when using Mikami
et al.’s capillary force model[5] for different initial film heights, Bo = 200, BoCa = 90

Figure 6.3 shows the capillary forces for threes bridge models when particles are
contacting or overlapping (note that our spring-dashpot model allows small
particle-particle overlaps to compute the contact force in the normal direction). It
indicates that model C is affected most by the initial liquid film height over the full
range of h0+ studied. However, the static bridge (model A) are more sensitive to
initial liquid contents in the range of very thin films (i.e., for approximately h0+<
0.01). In summary Figure 6.3 shows that the capillary force is essentially
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independent of the bridge models when particles contact or overlap. The
capillary force is only to some degree dependent on the liquid initial film height
h0+, and varies by maximum 15% for 0 < h0+< 0.10.
Figure 6.4 illustrates the work done by the bridge force until bridge rupture as a
function of the initial liquid film height as predicted by the three bridge models.
The work done compose of capillary and viscous work due to the bridge force.
The total work is calculated by spatial integration of the bridge force over the full
rupture distance, which has been presented in Pitois et al [34]
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0.5

, the value of particle surface

asperity h is given in Table 6.2. The velocity profile used for computing the
viscous force is chosen as the particle terminal setting velocity. As seen from
Figure 6.4, the energy required for getting bridge rupture increases when
increasing the initial film height of the particle system for all bridge models.
However, the rupture energy for model C rises remarkably with increasing initial
film height compared to the other two bridge models. Moreover, we can see from
Figure 6.4 that there exists an initial film height (around h0+= 0.025) after which
a clear disparity of the rupture work predicted by the three bridge models can be
observed. Thus, this initial film height demarcates a transition between situations
in which there is not much difference between the three models, and for which a
clear disparity of rupture energy exists. The physical origin of this observation is
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that model B and C show a non-linear dependency of the bridge volume on the
initial film height. In addition, model C considers the amount of liquid that is able
to drain from the particle surface into the bridge, again causing an almost threefold increase of the bridge’s rupture energy for the thickest films.

(a) Bo = 20, BoCa = 10

(c) Bo = 20, BoCa = 100

(b) Bo = 200, BoCa = 10

(d) Bo = 200, BoCa = 100

Figure 6.4: Dimensionless total work due to bridge forces predicted by three different bridge
models versus the dimensionless initial film height. The work is normalized by with the
particle’s kinetic energy assuming it is moving with particle terminal setting velocity.

We also can see from Figure 6.4 shows the Bond number effect on the rupture
energy exerted by bridge forces of three different bridge models. Four different
Bo and BoCa numbers have been considered when preparing Figure 6.4. From
left to tight in Figure 6.4, we fix BoCa number but increase Bo number from 20 to
200, and we found that the Bond number (i.e., a dimensionless surface tension
force) critically affects the rupture energy as expected from the capillary force.
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Specifically, more energy is required to cause bridge rupture when increasing the
Bond number (surface tension) for all three bridge models. This is certainly
physical and reasonable because surface tension definitely influences cohesive
force between particles. Also, if we see the columns of the Figure 6.4, we found
that increasing of the modified capillary number (BoCa) can also increase the
rupture energy. This indicates that particle coated with liquid of higher viscosity
requires more energy to get rupture when particles collide with one another.
However, we can identify two more important facts: (i) model C requires
substantially more work for thick films while the opposite is true thin film. Thus,
model A predicts somewhat larger rupture energies for thin films and much lower
energy for thick films, and that there exists a critical film height for the transition
from thin to thick films close to h0+= 0.025. (ii) Rupture energy increases nonlinearly with the Bond number in case we fix the value of BoCa, i.e., the relative
importance of viscous and gravity forces. This is due to the fact that larger Bo
values also increase viscous dissipation due to the overall higher particle relative
speed during the approach phase.
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6.4 Results and Discussion
6.4.1 Influence of Bond and Capillary number

(a) dry case

(b) Bo = 25

(c) Bo = 75

(d) Bo = 150

(e) Bo = 200

(f) Bo = 220

Figure 6.5: Snapshots of cluster morphology for various Bond numbers (particles are colored
according their speed; the domain-average particle volume fraction is 0.05, the initial film
height is h0+= 0.0154, Ca = 0, corresponding to a liquid loading coefficient of   0.003 ).

We first consider the static bridge model (model A) to get an impression of how
the Bound number effects the state of fluidization, and to compare our current
simulation to the results of Girardi et al. [28]. Thirdly, we aim on studying the
effect of the capillary number on predictions made on the basis of the bridge
filling model A. Figure 6.5 shows some snapshots for a dry system and some wet
systems covering a range of Bond numbers. The inhomogeneity inferred by a
visual observation of clusters can also be observed in dry system (panel (a) in
Figure 6.5). However, this clustering phenomenon in a dry system is typically
ascribed to the instability of

the homogeneously fluidized state caused by (i)

inelastic collisions and (ii) the drastic change of the drag coefficient with the
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particle concentration.[35] However, in the wet system, aggregation caused by the
cohesive forces due to liquid bridges (see panels (b-f) in Figure 6.5) results in a
very different pattern compared to that observed in the dry system. One can
clearly see from Figure 6.5 that particles of the system become more cohesive
when increasing the Bond number, and the agglomeration tendency of particles
in the system becomes larger and larger. This type of fluidization of particle in
turn requires larger slip velocity. However, a sufficiently large value of the Bond
number (i.e., beyond Bo = 200) will cause the simulation domain generating only
one agglomerate spanning in the domain (see panel (f)). When this phenomenon
takes place, the fluidity of the fluidized beds will be blocked in our numerical
setup, and no meaningful statistics physical properties can be obtained in the
domain. As has been already argued in Girardi et al. [28], the domain size clearly
affects this generation of a single agglomerate. Unfortunately, we must use a finite
domain size for keeping the computational time needed to solve the governing
equations in a feasible range. Consequently, all our studies bellow will not
consider unphysical states as shown in panel (f) of Figure 6.5.

Figure 6.6: Domain average slip velocity at various Bo numbers for an initial film height of h0+=
0.0154, corresponding to a liquid loading coefficient of   0.003 and using model A (Ca = 0).
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We present in Figure 6.6 the domain average slip velocities extracted from data
documenting statistical steady states in our CFD-DEM simulations. These
simulations were performed considering a fixed liquid loading level of   0.003
and various Bo number. We also compare our current simulation results with the
corresponding values obtained by Giradi et al.[28] (note they used a simple static
liquid bridge filling model similar to our model A). One can see that liquid
bridges make the system of particles more cohesive, in line with observations in
recent publications.[9,28,36] The current simulation results show a well
agreement with the results provided by Giradi et at.[28] However, the results of
Giradi et at.[28] indicated a smaller Bond number (i.e., approximately Bo = 150)
which results in a situation like that shown in Figure 6.5(f) compared our present
simulations (i.e., Bo = 220). Based on our current simulations and observations, at
Bo = 200, our system can still be fluidized and particle clusters in the domain can
be observed (see panel (e) in Figure 6.5). This fluidization behavior will stop after
the Bond number becomes larger than approximately 220 (see the gray points in
Figure 6.6). We can also see from Figure 6.6 that the inhomogeneity of particle
clusters in the domain increases, causing an increase of <vslip>.

One should

notice that the pressure drop across the simulation domain maintained fixed
throughout the simulation, and was chosen such that the total momentum of the
system remained zero. Agglomerates of particles could be viewed as effectively
larger “super particles”. Therefore, the effective gas-particle drag coefficient
decreases when agglomeration occurs, which consequently necessitates a greater
slip velocity to achieve the same pressure drop.
Figure 6.7 shows the Bond number effect, and also illustrates the effect of viscous
forces quantified by BoCa values of a: BoCa = 0.1, b: BoCa = 1.0, and c: BoCa =
10. These results are obtained by using model A and an initial film height of h0+=
0.0154. Figure 6.7 further illustrates that a greater slip velocity is required when
increasing the Bond number of the fluidized system, also indicating that bed
fluidity decreases with increasing BoCa. However, a greater increase of the slip
velocity is observed with increasing Bo than with increasing BoCa value. We
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speculate that the physical reason why BoCa has a smaller effect is that viscous
forces appear only in case of significant particle relative speeds. The latter appears
to be not the case in the comparably wet, dense agglomerates predicted by our
simulations that form, deform and breakup relatively slowly. In summary, the
decrease of bed fluidity due to increasing liquid bridge forces can be ascribed to
particles agglomeration due to liquid bridge formation. These bridges make it
more difficult for particles to move past each other and mix freely. This trend has
also been observed in a previous experimental study.[37]

Figure 6.7: Domain average slip velocity versus Bond number for varying values of BoCa. Initial
film height h0+= 0.0154, liquid loading coefficient   0.0015 .

6.4.2 Comparison of Static Bridge Models
Model A (dark squares) and model B (blue circles) have been compared in Figure
6.8 when predicting the domain-average slip velocity <vslip> for various scenarios
characterized by the Bo and BoCa numbers. The results are obtained by
considering an initial film height of h0+= 0.0037. As seen in Figure 6.8, model A
requires greater slip velocity than model B which predicts a lower bed fluidity for
thin films (i.e. h0+= 0.0037). As been theoretically studied in paragraph 6.3,
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model A predicts larger liquid bridge rupture energies due to larger bridge
volume prediction for thin films. In addition, we can also identify more significant
differences between panel (a) and panel (b): as seen from Figure 6.8 increasing
both the Bo and BoCa number will result in the increase of slip velocity, but the
effects from increasing the Bo number is stronger than that of an increase of the
BoCa number. The prominent increase of the slip velocity <vslip> with Bo number
starts at Bo ~ O (10) when BoCa  1 (panel (a) and panel (c)). This finding reveals
that this Bo value is of great importance to characterize wet fluidization.
6.4.3 Comparison of Static and Dynamic Bridge Models

(a)

(b)

(c)
Figure 6.8: Domain average slip velocity for static bridge models A, B and C, compared with
Bond number. Panel (a): BoCa = 1; Panel (b): BoCa = 10; Panel (c): Ca = 0. The initial film
height is h0+= 0.0037.
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(a) model A,
BoCa = 0

(b) model A,
BoCa = 1
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(c) model B,
BoCa = 1

(d) model C,
BoCa = 0

(e) model C,
BoCa = 1

Figure 6.9: Snapshots of system morphology for three bridge models and various BoCa numbers
at Bo = 20, initial film height h0+=0.0037.

All data in Figure 6.8 compares the difference among model A, model B and
modelC when predicting the domain average slip velocity with varying Bo
number and three BoCa numbers (panel (a): BoCa = 1, panel (b): BoCa = 10,
panel (c): as well as no viscous effects, i.e., BoCa = 0). The results of Figure 6.9 are
obtained considering an initial film height of h0+= 0.0037. As seen from Figure
6.9, all three models show a similar fluidization behavior. Again, Bo ~ O (1)
demarcates the transitional point for the marked increase of the slip velocity with
increasing Bo number. In addition, we found that model C always requires a
greater slip velocity to balance the pressure drop which is used to determine the
minimum fluidization velocity. Also, we find that model C is most sensitive to
variations of the BoCa number. We can see that model C and model A present
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more or less the same fluidization velocity when compared to model B if viscous
effects are not present (see panel (c)). However, if we increase the BoCa number to
a value of 0.1, we find that a disparity of the predicted slip velocity between model
A and C appears, i.e., model C requires a greater slip velocity to balance the
weight of the particles due to the formation of larger aggregates. Furthermore,
model C predicts always larger cohesive forces than model B (as indicated by
higher slip velocities, i.e., larger agglomerates) because model C always present
more liquid bridge volume compared to model B.
Figure 6.9 show snapshots of system’s particle velocity distribution for various
Bond number and BoCa numbers. Snapshots are obtained based on an initial film
height h0+=0.0037 and BoCa = 20. Figure 6.9 illustrates that the fluidization
behaviors of the particle system is more or less the same for three bridge models
using the same simulation parameters. Model A and model C show slightly larger
inhomogeneities compared to that predicted by model B in case viscous forces are
considered. However, the disparity between the bridge models after turning off
viscous effects (i.e., setting BoCa = 0, see panel (a), panel (d)) is less pronounced.
In summary, one can observe in these snapshots that viscosity helps accelerating
agglomeration of particles. This trend has also been observed in experimental
studies[37] before.
Figure 6.10 illustrates the average number of bridges per particle for the three
bridge models with varying Bo number and using two different BoCa numbers
(panel (a): BoCa = 1, panel (b): BoCa = 10). The results are based on an initial
film height h0+= 0.0037. As seen from Figure 6.10, the number of liquid bridges
increases with increasing Bo number. This is easy to understand physically
because the increasing level of cohesion in the fluidized bed will result in more
particles heterogeneities, i.e., larger agglomerates. If we compare panel (a) and
panel (b), we found that case setups characterized by larger BoCa values have a
larger number of contacts between particles. This indicates that the increase of
BoCa number also enhances the extent of particle agglomeration as expected.
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Moreover, when we compare the number of contacts between the three bridge
models, we find that simulations with model C always predicts a greater amount
of particle contacts, especially if the Bo number is larger than 10. This finding
agrees with the previous one in Figure 6.8 that (i) the Bo number is a key
parameter to characterize wet fluidized bed, and that (ii) depending on the Bo
and BoCa number the choice of an advanced liquid bridge filling model is
justified.

(a)

(b)

Figure 6.10: Average number of bridges per particle for three different bridge models versus
the Bond number, initial fil height h0+=0.0037

Figure 6.11 illustrates the average number of bridges of each particle in the
computational domain predicted by each of the three bridge filling models. The
results are obtained based on Bo = 20, BoCa = 1, an initial film height of h0+=
0.0037 and particle volume fraction of p  0.05 . Despite the fact that we consider
only a single snapshot, we can infer from Figure 6.11 that the inhomogeneity of
particle clusters predicted by model C (panel (c)) is tentatively larger compared to
that predicted by the other two models. This highlights that the number of
contacts per particle of model C is also larger. Moreover, as seen in the enlarged
domain of panel (c), we observe that the number of contacts in agglomerated
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regions (indicated by bright colors) is higher than in disperse regions (dark color),
indicating that wet fluidized agglomerates are indeed densely packed.

(a) model A

(b) model B

(c) model C

Figure 6.11: Snapshots average number of bridges for each particle for the three bridge models
(Bo = 20, BoCa = 1 and  p = 0.05, h0+= 0.0037).

6.4.4 Effect of the Global Liquid Content
Figure 6.12 shows the initial film height effect on the slip velocity for various Bo
numbers at BoCa = 1 and for all three different bridge models. As seen from
Figure 6.12, the initial film height indeed affects the fluidization behavior as
predicted by all three bridge models. Clearly, cases initialized with more liquid
generate larger agglomerates in the fluidized bed, necessitating a bigger slip
velocity <vslip> to balance the weight of the particles in the simulation domain. In
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addition, as observed from Figure 6.12, the obvious increase in slip velocity with
increasing Bo number starts at Bo ~ O( 1 ). This indicates that the Bond number
is of great importance in characterizing wet fluidized beds.

(a)

(b)

(c)
Figure 6.12: Effect of the initial film height h0+ on the domain-average slip velocity for various
of Bond numbers Bo, and BoCa = 1. Panel (a): model A; Panel (b): model B; Panel (c): model C.

Furthermore, Figure 6.13 gives a comparison of how the three different bridge
models effect the prediction of the slip velocity. While some quantitative
differences can be identified, especially when comparing model B and model C,
the predictions for all bridge models are similar, though. Most important, we find
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that the liquid bridge loading level has a much stronger effect on the behavior of
the fluidized beds compared to the effect due to the choice of the bridge model
(compare Figure 6.12 and Figure 6.13).

(b)

(a)

(c)

Figure 6.13: Comparison of the domain averaged slip velocity predicted by models A, B and C
for various Bond numbers Bo and BoCa = 1 using different initial film heights: panel (a):
h0+=0.0037; panel (b): h0+=0.036; panel (c): h0+=0.10.
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6.4.5 Partitioning of Liquid between Surface and Bridge

(a) Lp+

+

(b) Vb

Figure 6.14: Snapshots illustrating the liquid distribution predicted by model C and Bo = 20,
BoCa = 1 and a film height h0+= 0.0037, panel (a): liquid amount present on the particle
surface; panel (b): liquid in bridges between particles.

Figure 6.14 shows snapshots of the per-particle liquid content and amount
present in liquid bridges (model C) for a system characterized by Bo = 20, BoCa =
1 and initial film height h0+= 0.0037. Panel (a) shows the amount of liquid Lp+
present on the particle surfaces in the simulation domain. As seen in the enlarge
domain of panel (a), more liquid is present on the particle surfaces in comparably
dilute regions, whereas less liquid is present on the particle surface in dense
regions formed by agglomerates. Panel (b) shows the liquid bridge volume
present between particles in the simulation domain. As seen in the enlarge
domain of panel (b), the relative amount of liquid bridge volume present in the
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agglomerates is higher than in comparably dilute regions. Figure 6.14 indicates
that liquid is transferred from the particle surface to the bridge region when
particles contact each other. As more particles are in contact, more liquid is
transferred to the bridge regions and the larger the cohesive forces that prevent
the agglomerate to break up. Interestingly, it appears that the total amount (i.e.,
the sum of liquid on the surface and in the bridge) is approximately constant
throughout the computational domain. Since we have assumed that liquid was
initially uniformly dispersed in the computational domain, this indicates that
there is no strong tendency for a net transport of liquid towards agglomerates. In
summary, we can support the hypothesis of a fixed total amount of liquid per
particle in case liquid is initially well dispersed.

(a) BoCa = 0.25

(b) BoCa =9

(c) BoCa = 90

(d) BoCa =360

(e) BoCa = 1000

Figure 6.15: Snapshots of system morphology for various BoCa numbers and a fixed Bond
number of Bo = 10. The particle volume fraction in this domain is 0.05, and the initial film
height is h0+= 0.0037 (model C).
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6.4.6 Influence of Viscosity
Figure 6.15 shows snapshots for wet systems for various BoCa numbers with a
fixed Bond number of Bo = 10 and an initial film height of h0+= 0.0037. Figure
6.15 correspond to model C, i.e., data for the slip velocity is represented by red
triangles in Figure 6.16. Figure 6.15 and 6.16 illustrate that a comparably large
change in the BoCa number is needed to result in a change of the inhomogeneous
particle structures: panel (a) is obtained for conditions corresponding to very
small BoCa values (i.e., the low BoCa-plateau shown in Figure 6.16); panel (b)
represents typical conditions for the “lower rising region” shown in Figure 6.16,
panel (c) illustrates a situation at the transition point at which model C gives
different predictions than model B and C, and panels (d) and (e) represent
conditions at very high BoCa numbers for which the slip velocity appears to level
off again.

Figure 6.16: Comparison of domain-averaged slip velocity predicted by the three bridge models
versus BoCa number and a fixed Bond number of Bo=10. The particle volume fraction in the
domain is 0.05, and the initial film height is h0+= 0.0037.
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Figure 6.16 shows the results of slip velocity for various Bond numbers (but fixed
Bo number), using the same conditions as used to prepare Figure 6.15. However,
Figure 6.16 is also used to compared predictions made by thee three different
bridge models. We can see from Figure 6.16 that the slip velocity <vslip> increases
with increasing BoCa number, and that this increase in slip velocity is caused by an
increasing amount of inhomogeneity in the particle distribution. Furthermore, we
can observe from Figure 6.16 that model C predicts stronger agglomerate
formation than other two models for BoCa < 100, while the opposite is true for
larger BoCa values. This demonstrates that BoCa = 100 is of a certain importance
when choosing a liquid bridge filling model for simulation wet fluidized beds: for
systems with low to moderately high viscosities (characterized by BoCa between ca.
1 and 100) the liquid drainage rate appears to affect the partitioning between
“surface liquid” and “bridge liquid”. Clearly, for these systems the predictions of
model C gradually approach that of model B, indicating that the liquid drainage
rate affects the extent of agglomeration. If we further increase the BoCa number
of the system, the effect of a finite drainage rate is reduced since the agglomerates
span almost the totality of the computational domain. In summary, for systems
characterized by BoCa > 100 it appears to be of lower importance to correctly
predict the drainage rate (in systems in which liquid is initially well dispersed)
since cohesive forces are dominating.
6.4.7 Regime Map for Effect of Model Details
As discussed in the previous section, both capillarity- and viscosity-based forces
affect the particles’ agglomerate behaviour, and in some regions of the parameter
space the liquid bridge filling model is of importance. Therefore, when building a
regime map that should help deciding which bridge model is appropriate, one
must consider both the Bo and BoCa number. Also, the initial film height plays a
certain role, however, we here avoid this complication since film heights are often
anyhow not known accurately.
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We have constructed the map shown in Figure 6.17 by considering that situations
in which the prediction of model C differs more than 10% from that of the other
models, model C is recommended due to its ability to model transient filling
effects. Also, we consider regions characterized by very high Bo and BoCa as “false
fluidization”, since they result in the formation of a single, unphysically-large
agglomerate in our simulation domain see (Figure 6.5, panel f). Finally, we have
indicated a region denoted as “agglomerate retention region” in Figure 6.17,
which is based on the findings of Boyce et al.[38–40] Specifically, in this region a
dynamic bridge filling model (i.e., model C) is necessary to picture the spreading
of liquid initially not homogeneously distribution in the particle bed.

Figure 6.17: Regime map for wet fluidization indicating regions in which the use of model C
critically affects the prediction of the sedimentation speed.

Figure 6.17 indicates that certain criteria are required to justify usage of a
dynamic liquid bridge filling model. First, agglomeration must occur, i.e., the Bo
number must be O(1) or larger. Second, for intermediate values of BoCa
agglomerate formation is not affected by the filling rate of the bridge, since the
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liquid amount available at the instance when the collision occurs is sufficient to led
the particles stick. Third, we find that there is no lower bound of the BoCa region,
i.e., viscous effects are irrelevant when deciding whether model C should be used
or not. Physically, this means that even in case of an infinite filling rate (i.e., zero
viscosity) one must consider the amount of liquid that can be “harvested” from the
surface of the particle surface.

6.5 Conclusions
We employ a CFD-DEM approach to study the fluidization behavior of wet
particles in small periodic domain based on newly developed bridge filling models
(model B and model C) and the well-known model of Shi and McCarthy[1]
(model A). For the particle system considered, we find that the dynamic filling
model (model C) has a small but significant effect on particle agglomeration, and
consequently of the slip velocity, for some combinations of system parameters. It is
now instructive to recall that the rupture energy of a liquid bridge strongly
depends on the liquid bridge volume, but not the liquid bridge force at contact.
Thus, we conclude that the behaviour of wet fluidized particle system is mainly
governed by agglomerate deformation and not agglomerate formation: we
speculate that the average sedimentation speed (and hence the average size) of
agglomerates depends critically on how easy it is to rearrange the particles inside
such an agglomerate. Indeed, an inspection of the transient behaviour of the
particles in our simulations indicates that the initial formation of aggregates is
very fast, i.e., in the order of a few reference time scales tref = ut / g. Note, our
simulations must be run typically in the order of 100 tref, i.e., much longer, to
collect meaningful statistics. Hence, the formation of the aggregate certainly
cannot be rate limiting, and using arguments simply based on the outcome of a
single collision (i.e., a “wet” restitution coefficient) are less useful. In summary, the
ability of agglomerates to break is controlled by the bridge forces at particles
contact, explaining the often marginal effect of the liquid bridge filling model
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We would like to view our results also in the light of the recent findings of Boyce
et al.[38,39], who studied partially-wetted fluidized beds of particles over a range
of Bond and capillary numbers (i.e., up to 100 and 1,000, respectively). This
previous research also concluded that an “agglomerate breakup” regime exists, in
line with our findings. The key difference between the work of Boyce et al.[39,40]
is that they were able to also identify an “agglomerate retention region”, which is
absent in our simulations since we assume that liquid is homogeneously spread
initially. Anyhow, it is clear that an initial non-uniform liquid distribution will
support arguments for using model C, since the liquid spreading rate (which is
strongly affected by the bridge filling rate) affects system behaviour in addition.
To sum up, the key findings of the present study can summarized as follows:


liquid bridge forces lead to a clustering behavior that is qualitatively
different from that of non-cohesive powders, and increases the gas speed
that is required to support the weight of the particles. While this finding
was previously put forward by Girardi et al., we established a quantitative
understanding how the capillary number affects the required fluidization
speed.



The dimensionless film height appears to be the critical parameter that
governs system behavior. It is therefore clear that future research should
aim on refining the simple picture of a uniform film height on a single
particle.



Both the Bo and the BoCa number affect the bed’s fluidization behavior.
Increases of both the Bo number and the BoCa number increase the
inhomogeneity of the wet fluidized system. Consequently, this requires
higher gas-particle slip velocity to balance the weight of the agglomerates.
However, the effects due to an increase of BoCa are of lower significance
than that caused by an increase of the Bond number.



There exists a maximum Bo number that allows one to fluidize the particles
in a domain of limited spatial extent. Systems that are characterized by Bo
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numbers exceeding this maximum value should be avoided, since the wet
bed of particles cannot be fluidized.


Liquid transfer rates from the particle surface to the bridge in the regime
of relatively low to moderately high viscosity levels (i.e., BoCa < 100 and
intermediate Bond numbers) become the rate limiting step, i.e., they affect
agglomerate size and sedimentation speed. Thus, in this regime we
recommend to choose a dynamic bridge model (model C) for simulation of
wet fluidization.



The dynamic filling model (model C) predicts a different fluidization
behavior when the system is characterized by a small BoCa number.
Therefore we suggest model C for this BoCa region (BoCa < 100). Static
bridge models (i.e., model A and B) could be used in situations for which
BoCa > 100 and the liquid is ensured to be uniformly distribution. For an
initially

non-uniform

liquid

distribution,

however,

model

C

is

recommended even for large values of BoCa, since liquid spreading
becomes rate limiting. Recalling that the capillary number can be
interpreted as the ratio of bridge filling time and a characteristic time
between collisions (Boyce et al.[39,40]), it appears that a simple criterion
for judging the effect of liquid spreading is the capillary number.

Again, we would like to stress that a critical limitation of our current work was the
assumption that liquid is uniformly distributed on the particle surface. Clearly, in
case of high Ca numbers liquid spreading rates can be limited (to some extend) by
bridge filling. In such a case, one would also clearly prefer a dynamic liquid
bridge model to realistically picture the transport of liquid throughout the system.
Finally, future work could probe the effect of particles stiffness, as well as work
towards suitable experimental validation. Unfortunately, the latter is difficult due
to difficulties to accurately measure the liquid distribution in moving granular
materials.

6.6 Appendices
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Appendix E: Verification and Validation of Model C to Analytical Solution and
Direct Numerical Simulation (DNS) Data
The model for liquid transport between two particles (see equation 6.11) has been
implemented in the LIGGGHTS® software. This model describes the finite rate
of liquid transport from the particle surface to the bridge region. Specifically, it
describes liquid bridge formation using a filling rate coefficient ai and mobility
coefficients m .
An analytical solution of equation 6.11 has been presented in the Appendix A of
our previous work (Wu et al.[2]) in case the initial conditions were known (i.e.,

initial liquid contents Lp , and initial bridge volume Vb ):

2r1
2r2
 2m1
 2m1

ai
ai
r1t 


Vb  Vb ,0  C1
e  1  C2
e r2 t  1
r1
r2









(E.1 )


Where Vb,0 is the initial bridge volume, which is a function of the initial film

height and the separation distance between two particles surfaces. The
expressions for C1, C2, r1 and r2 can be found in the Appendix A of Wu et al[2].
The DNS of liquid bridge formation between two particles has been performed by
using the Volume of Fluid (VoF) approach, specifically the solver “interFoam” in
OpenFOAM® software. Moreover, the bridge volume has been captured by
defining the two neck positions based on the position of the thinnest liquid film
on particle surfaces. Consequently, the bridge volume can be calculated by a
direct integration method (DIM). Details about DNS simulation and calculation
of bridge formation has been introduced in Wu et al.[2]
In order to verify the implementation of the dynamic bridge model (model C) in
LIGGGHTS®, we compared the results to (i) an analytical solution (see equation
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E1), as well as to (ii) DNS data of the corresponding two particles system.
Specifically, we used the following parameters for our verification study:


initial film heights of h0  0.08 , and h0  0.065



the particles separation is S+ = 0.

We can see from both Figure E1 and Figure E2 that the DEM simulation results
show exactly the same behavior as the analytical solution. Although the DNS data
does not perfectly agree with the proposed model, the DNS data predicts the
trend of liquid transfer from particle surfaces to bridge region where liquid
bridge forms between two particles reasonably well. Therefore, we conclude that
our model has been implemented correctly, as well as that the liquid bridge
formation process has been predicted correctly when compared to DNS data.

Figure E1: Liquid bridge volume over time for an initial film height of h0+=0.08 and a
separation distance of S+ =0: DEM simulated values (solid line) vs. analytical solution (blue
squares) and DNS data (red circles)
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Figure E2: Liquid bridge volume over time for an initial film height of h0+=0.065 and a
separation distance of S+ =0: DEM simulated values (solid line) vs. analytical solution (blue
squares) and DNS data (red circles)
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6.7 Nomenclature
Latin Symbols

ai ..................... Dimensionless filling rate parameter [-]
Bo...................... Bond number [-]
BoCa ................. Modified Capillary number [-]
Ca ..................... Capillary number [-]

d p .................... Particle diameter of the larger particle [m]
D ....................... Distance between particle surfaces [m]
DNS .................. Direct Numerical Simulation
DEM ................. Discrete element method

fg p, j ................ Interaction force on particle [kg· m· s-2]
fd ,i .................... Drag force [kg· m· s-2]
Fr ...................... Froude number [-]

Fcap .................. Capillary force [kg· m· s-2]
Fvis ................... Viscous force [kg· m· s-2]
Ftot ................... Total capillary and viscous forces [kg· m· s-2]
2
g ..................... Gravity [m/s ]

h0 ..................... Average initial film height of the particle pair [m]

hi ...................... Initial film height of particle i [m]

h .................... Particle surface roughness [m]

hrup .................. The rupture distance between two particlles [m]

6.7 Nomenclature
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I i ..................... Particle moment of inertia [kg · m2]
k n .................... Normal spring constant [kg/s2]
kt ..................... Tangential spring constant [kg/s2]
L p ,0 ................... Reference volume of liquid on the particle [m³]
L p ,i ................... Volume of liquid present on the particle i [m³]

mi .................... Mass of the particle i [kg]
nij .................... Unit normal vector [-]
Nb ..................... Number of Liquid bridges [-]
Np ..................... Number of particles [-]

pg .................... Gas phase pressure [Pa]
R .................... Particle radius [m]

Re p .................. Particle Reynolds number [-]
S ....................... Half separation distance between particles [m]
t ...................... Time [s]

tref .................... Reference time scale [s]

t ij .................... Unit tangential vector [-]
Ti .................... Torque on particle i [kg · m2 · s-2]

ug ..................... Ambient gas velocity [m · s-1]
< vslip > ............ Domain-average slip velocity of wet fluidized beds [m · s-1]
< vslip,dry > ......... Domain-average slip velocity of dry beds[m · s-1]

Vb ..................... Liquid bridge volume [m3]
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Vd .................... Volume of the computational domain [m3]

Vp .................... Particle volume [m3]
Vb,0 ................... Initial bridge volume [m3]

Vb, g .................. Geometrical bridge volume [m3]
v p ,i .................. Particle velocity [m · s-1]
vijn .................... Relative normal velocity of particle i and j [m · s-1]
vijt .................... Relative tangential velocity of particle i and j [m · s-1]
vt ..................... Particle terminal setting velocity [m · s-1]

Wcap .................. Rupture energy due to capillary force [kg· m2· s-2]
Wvis ................... Rupture energy due to viscous force [kg· m2· s-2]
Wtot ................... Total rupture energy [kg· m2· s-2]
YLE .................. Young-Laplace equation

Greek Symbols
 p ,i ..................Drag coefficient of particle i [kg · m-1]
ijn ....................Overlap in normal direction between particle i and j [m]
ijt ....................Overlap in tangential direction between particle i and j [m]
t .................... Time step [s]

i .................... Domain length in i direction [m]

tp .................... Particle time step [s]
tg ................... Fluid time step [s]
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 .................... Surface tension [N · s-1]
 d ,n ................. Normal spring damping coefficient [kg · s-1]
 d ,t .................. Tangential spring damping coefficient [kg · s-1]
 ................... Dimensionless full bridge volume [-]

 ..................... Dimensionless half bridge volume [-]
l .................... Dynamic viscosity of liquid [kg · m-1 · s-1]
g .................... Dynamic viscosity of ambient gas [kg · m-1 · s-1]

 pp .................. Friction coefficient [-]
i .................... Angular velocity of particle [s-1]
 p .................... Particle volume fraction [-]

mi .................... Fraction of liquid on particle i that is mobile to flow into the
bridge [-]

d .................... Force exerted by particles on fluid per unit volume [kg · m-2 · s-2]

l .................... Density of the liquid [kg · m-3]
g .................... Density of the ambient gas [kg · m-3]
 p .................... Density of the particles [kg · m-2]
 ..................... Liquid-gas-particle contact angle [rad]

 g .................... Gas phase stress tensor [kg · m-1· s-2]

Superscripts
+ ..................... Dimensionless quantity
ref .................... Reference quantity
<> .................. Average quantity
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i ....................... Particle index
norm ................. Normal direction
tang ................... Tangential direction
t ...................... .Terminal
p ........................ .Particle
g ........................ .Gas
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“Live as if you were to die tomorrow. Learn as if you were to live forever.”
(Mahatma Gandhi, 1869-1948)

7
The Virtual Sandbox *
A substantial part of current research is the virtualization of production processes,
products, or phenomena in nature via computational models. For example, our
research group aims on modeling production processes for drugs in order to
achieve maximum product safety at minimum production costs. The results of
our research are simulation programs, which are often accessible only by experts,
and hence are difficult to communicate to a broader audience. Virtualization of
processes and products is, however, of outstanding importance, and, for example,
will be one of the cornerstones of the next industrial revolution. The overall goal
of the Virtual Sand Box project is to increase the general public perception of
research in the area of wet granular materials. This is realized by means of a
physical sandbox, which is integrated with the particle simulation environment
LIGGGHTS®. Specifically, the surface of the sand is recorded using a 3D
Camera, and the geometry is then fed into LIGGGHTS®. Finally, a virtual model
of the real-world sand surface can be reconstructed, and the benefits of such a
virtual sand model can be explored by the user.

*

This chapter is based on:
I.
M. Wu, E. Reichel, J.G. Khinast, S. Radl. The Virtual Sandbox. Austria Particle Forum. 3
(2016).
II.
Reichel, E., Redlinger-Pohn, J. D., Wu, M., Ecker, K., Wachtler, L., Bahar, B., Khinast, J.,
Eck, J. & Radl, S, The Virtual Sandbox: Forschendes Lernen am Beispiel der
Partikelphysik,. 2016 In: Plus lucis.3/2016, p. 43-47.
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7.1 Introduction
Wet granular materials, or cohesive powder (i.e., "sticky sand") – are essential for
many products and processes, such as in the pharmaceutical and food industries,
geophysics or mining technology. Cohesive effects in collections of particles are
also essential in astrophysics: these effects contribute to the formation of planets
[1,2], they are important to explain the cohesion of comets and asteroids [3]. The
key to this understanding lies in the description of tiny liquid bridges [4–6]
connecting particles. However, the particle and liquid bridge scale generally can
be rather small, so that experimental techniques to look inside into these particle
systems are often not available. Therefore, using computers to model and
virtualize granular material is of great importance for a variety of engineering
applications. That is the reason we use computer simulation and virtualization for
this science communication project. A substantial part of this project is the
virtualization of production processes, products, or phenomena in nature via
computational models. For example, our research group aims on modeling
production processes for drugs in order to achieve maximum product safety at
minimum production costs. The results of our research are simulation programs,
which are often accessible only by experts, and hence are difficult to communicate
to a broader audience. Virtualization of processes and products is, however, of
outstanding importance, and, for example, will be one of the cornerstones of the
next industrial revolution.
7.1.1 Goals and Structure
The main goal of this work is to attract the curiosity of young people for scientific
or technical issues, as well as to strengthen intuitive learning abilities of young
people, and to let students understand why simulations are important in scientific
research. In a more general context, this project will finally give the target groups
(i.e., students from elementary school, secondary school and the general public) a
more concrete understanding in the thematic areas of (i) physics and fluid
mechanics, (ii) particle and process engineering, (iii) geology and hydrology, (iv)
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and

electronic

data

processing,

(v)

3D

surface

measurement technologies, and (vi) new communication media.
Specifically, the project is aimed on people of three target groups: (1) publics in
primary schools, (2) pupils in secondary schools, as well as (3) students and
interested individuals. Target group (1) will be conducted with the following
questions to deliver the message of the project: “What is the recipe for a sand
castle?”, “Why do sand castles fall when the sun shines on them?” Target group
(2) will be conducted to perform real-life, and virtual experiments to experience
the advantages of computer simulations. We will help them answering to the
questions, such as “Why do we need computer simulations?”, “How do computer
simulations work?” Furthermore, a number of exercises are designed to answer
the following questions: “What are significant properties of particles, and how to
measures these properties?”, or “How dense can we pack particles, and why can
we build castle on wet particles while not on dry particles?” The strategy to
transport the content will be developed to conform with Austria’s national
education strategy focusing on competence-based teaching. Finally, the usage of
the virtual sandbox, and details regarding the underlying technology will be
offered to target group (3) through a variety of events. For example, we plan to
present the virtual sandbox during the “Long night of Research”, or TU Graz’
open house event. The primary goal is to make this target group aware of the cost
and benefits of simulation tools, or why the development of simulation programs
takes such a long time. In the end, we will make the broader audience to be aware
of simulation-based technologies by showing them with a number of simulation
cases from industrial projects.

7.2 Methodology
7.2.1 The Virtual Sandbox
The part is the heart of this project, and it consists of a portable version of the AR
Sandbox by Oliver Kreylos [7]. And the installation and operation of AR Sandbox
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has been performed several times before [7]. The installation requires a powerful
simulation computer, a high performance graphics cards, a 3D camera, as well as
the mechanical design of the sandbox. A sketch of the components of the sandbox
has been given in Figure 7.1. The technology of an AR Sandbox is based on the
projection of computer calculation data (e.g., the sand surface positions and flow
of a liquid on the sand) into the real sandbox. In the framework of this project,
the AR Sandbox will be enlarged to simulate particle motion, or the penetration
of liquid into the pore structure of sand mixture (see sketch Figure 7.1).

Figure 7.1: Sketch illustrating the concept of the virtual sandbox.

7.2.2 Surface Reconstruction and Simulations
A significant effort has been extended for the virtual sandbox software, to embed
the particle simulation engine "LIGGGHTS ®"[8]. Specifically the surface of the
sand which can be different shapes (i.e. the STL file of TU Graz Logo) has been
reconstructed from the measured 3D data. This is realized by using existing
software

"Cloudcompare"[9],

which

contains

a

surface

reconstruction

algorithm[10]. Furthermore, "Cloudcompare" already enables grid in the
appropriate format (i.e., STL, VTK) to export the geometry grid which can be
directly used in the particle simulator (i.e., LIGGGHTS ®) (see sketch Figure 7.2).
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Figure 7.2: Planned virtual sandbox (point of view from the top, on the left half of the sandbox
is to see the projection surface to the visualization of simulation results is shown on the right
half of the already established version with extended reality).

(a)

(b)

(c)
Figure 7.3: Sand surface based on different altitude without liquid (panel a), liquid injection in
the region of lower altitude (panel b), the full virtual sandbox from the Langen Nacht der
Forschung 2016 (panel c).
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7.3 Results
The sandbox results are presented in two stages, in the first stage, we use the AR
sandbox software to virtualize the sand surface based on different altitude of the
surfaces, and inject liquid in the lower altitude region (i.e. a lake), that is what we
call the virtual sandbox. The virtual liquid can also flow from high altitude region
(i.e. mountain areas) to lower altitude region (i.e. lake regions) (see Figure 7.3).

(a)

(b)

(c)
Figure 7.4: The procedure of conversion of figure a person by 3D camera to be fed into the
particle simulator LIGGGHT® (a: 3D camera measure surface topology, b: generate triangle
mesh, c: run simulation on the mesh).

The second stage, we use a Kinect sensor to capture the sand surface, and then
convert this spatial information (i.e., data points on the sand surface) to STLformatted files that can be read into LIGGGHTS®. We first test this procedure by
using the 3D Kinect camera to measure the surface topology of a person (see
Figure 7.4 panel a), then we generate the triangle mesh (see Figure 7.4 panel b),
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finally we use the triangle mesh (STL file) in LIGGGHTS® to run simulation (i.e.,
filing particles into topology, see Figure 7.4 panel c). Another concrete example
for testing the procedure is to record the surface of a TU Graz Logo by the 3D
camera. The TU Graz Logo is constructed by wet sand in the real sandbox. Then,
we convert the wall surface to a STL file, and load into LIGGGHTS® for
simulation (an example is show in Figure 7.5).

(a)

(c)

(b)

(d)

Figure 7.5: Conversion of the output of the Kinect camera to be fed into the particle simulator
LIGGGHT® (i.e., a: camera output, c: conversion of the geometry to vtk and stl format, c: filling
of the geometry with particles, d inject liquid on the particle bed to study liquid saturation).

As seen in Figure 7.5, panel (a) is camera output of a TUG logo surface composed
of real wet sand, we then convert and reconstruct the geometry into a STL file
(see panel (b)), this STL geometry can then be loaded in particle based software
(LIGGGHTS®) for simulations. Panel (c) shows the filling of particles into the
TUG logo STL geometry. Furthermore, we can do some experiment further, i.e.
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liquid spreading on a static particle bed, as seen in panel (d), liquid saturate and
spread on “TUG” logo particle beds.

7.4 Conclusions
The central product of the Virtual Sandbox project is, needless to say, a virtual
sandbox: with a Kinect camera, a projector, a simulation computer and
smart software available in the web, we can measure the 3D surface profile of the
sand. With this information, one can compute height contours, or perform some
simple simulations, e.g., the flow of water on the sand surface. All this can be
projected back onto the sand surface, allowing users of the sandbox to interact
with the calculations.
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“Don't cry because it's over, smile because it happened”
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8.1 Conclusions
A new model to predict dynamic liquid bridge formation between two wet
particles has been presented in this thesis. This model is based on DNS data,
which were obtained by extracting the interface position from VoF-based
simulations of the bridge filling process. The liquid bridge volume was defined
based on a characteristic neck position, and a direct integration method was
employed to calculate the liquid bridge volume. This allowed us building a
dynamic model for predicting the bridge volume, and the liquid remaining on the
particle surfaces. Such a model might help to refine our picture of wet particle
collisions that previously focused exclusively on predictions of the coefficient of
restitution (Donahue et al.,[1], Sutkar et al.[2]). Our model differentiates between
(i) a fast initial bridge formation stage where the dimensionless time is less than a
reference time for capillary-driven viscous flow, and (ii) a subsequent slower
viscous filling stage where viscous effects are dominant. The initial stage model is
based on a geometrical reference volume, and has been calibrated with DNS data
at a dimensionless time of t+ = 1. Our initial stage model can be used as a first
estimate for the liquid bridge volume in short particle collisions, and is an
extension of the model prosed by Shi and McCarthy[3]. The postulated model for
the viscous filling stage model relies on a universal parameter ai (i.e., a
characteristic dimensionless filling time), as well as dimensionless liquid mobility
parameters m1 and m2 of the contacting particles. A model equation for these
mobility parameters has been proposed. Specifically, we consider that the
mobilities are functions of the film height and the separation distance. In
summary, our model is valid for liquid bridge formation between two identical
particles coated with thin continuous films (i.e., an initial relative film height of
less than 10% of the particle radius). We observed that our results obtained from
the DNS are independent of the Reynolds number, as well as the density ratio
between the liquid coating the particles and the ambient gas. This suggests that
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our model is applicable to a wide range of gas-particle systems involving wet
particulate systems.
Liquid transport rate between two unequally-sized particles has been presented in
Chapter 4. A liquid transport model to predict liquid bridge formation has been
extended to bi-and polydisperse particle system. The model is based on DNS data
which were obtained by extracting the interface position, defining the
characteristic neck position, and integrating the interface position to quantify the
liquid bridge filling process. This model allows us to predict the dynamically
evolving liquid bridge volume, and the liquid remaining on the particle surfaces
in polydisperse particle systems. Our more precise prediction of the bridge
volume is essential for improved predictions of the liquid bridge rupture energy:
a comparison of these differences when using the liquid bridge volume model of
Shi and McCarthy [3] and our newly developed model reveals large differences
for the rupture energy (see Appendix A in chapter 5). Thus, we expect that our
dynamic model for the liquid bridge volume is especially important for dilute
systems where energy dissipation during collisions is of critical importance. Our
previous study indicated that grid refinement plays an important role in the final
stages of film flow where the film ruptures. In order to get a precise model for the
filling process at long times, as well as to correctly predict film rupture, it is
essential to use a fine enough computational mesh in future simulations. This
clearly limited the current study to axisymmetric configurations. Consequently,
considering non-continuous films, e.g., discrete droplets present on the particles’
surface, remains a task for future studies. However, we hope that our study is a
significant step forward to better understand the equilibration of liquid residing
on the surface of particles with that present in a liquid bridge.
In chapter 6, we employ a CFD-DEM approach to study the fluidization behavior
of wet particles in small periodic domain based on newly developed bridge filling
models (model B and model C) and the well-known model of Shi and
McCarthy[3] (model A). For the particle system considered, we find that the
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dynamic filling model (model C) has a small but significant effect on particle
agglomeration, and consequently for the slip velocity, for some combinations of
system parameters. It is instructive to recall that the rupture energy of a liquid
bridge strongly depends on the liquid bridge volume, but not the liquid bridge
force at contact. Thus, we conclude that the behaviour of wet fluidized particle
system is mainly governed by agglomerate deformation and not agglomerate
formation: we speculate that the average sedimentation speed (and hence the
average size) of agglomerates depends critically on how easy it is to rearrange the
particles inside such an agglomerate. Indeed, an inspection of the transient
behaviour of the particles in our simulations indicates that the initial formation of
aggregates is very fast, i.e., in the order of a few reference time scales tref = ut / g.
Note, our simulations must be run typically in the order of 100 tref, i.e., much
longer, to collect meaningful statistics. Hence, the formation of the aggregate
certainly cannot be rate limiting, and using arguments simply based on the
outcome of a single collision (i.e., a “wet” restitution coefficient) are less useful. In
summary, the ability of agglomerates to break is controlled by the bridge forces at
particles contact, explaining the often marginal effect of the liquid bridge filling
model. We would like to view our results also in the light of the recent findings of
Boyce et al.[4,5], who studied partially-wetted fluidized beds of particles over a
range of Bond and capillary numbers (i.e., up to 100 and 1,000, respectively).
This previous research also concluded that an “agglomerate breakup” regime
exists, in line with our findings. The key difference between the work of Boyce et
al.[4,5] is that they were able to also identify an “agglomerate retention region”,
which is absent in our simulations since we assume that liquid is homogeneously
spread initially. Anyhow, it is clear that an initial non-uniform liquid distribution
will support arguments for using model C, since the liquid spreading rate (which
is strongly affected by the bridge filling rate) affects system behaviour in addition.
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Our DNS simulation study indicates that grid refinement plays an important role
in the final stages of film flow where the film ruptures. In order to get a precise
model for the filling process at long times, as well as to correctly predict film
rupture, it is essential to use a fine enough computational mesh in the simulations
(i.e., the dimensionless grid resolution h should be 0.12 or smaller). This clearly
limited the current study to axisymmetric configurations. Hence, our study is only
a step forward to better understand the equilibration of liquid on particles and in
liquid bridged in a particle bed. Still work needs to be done in the future,
specifically, it would be interesting to: (1) experimentally support the observed
film rupturing event for long times; (2) investigate the wetting of initially
completely dry particle, and particles that have a complex morphology; (3)
quantify the effect of particle relative motion on the liquid bridge formation
process. Consequently, considering non-continuous films, e.g., discrete droplets
present on the particles’ surface, remains a task for future studies. However, we
hope that our study is a significant step forward to better understand the
equilibration of liquid residing on the surface of particles with that present in a
liquid bridge.
Also, regarding the CFD-DEM studies that aim on the dynamics of wet fluidized
beds, we would like to stress that a critical limitation of our current work was the
assumption that liquid is uniformly distributed on the particle surface. Clearly, in
case of high Ca numbers liquid spreading rates can be limited (to some extend) by
bridge filling. In such a case, one would also clearly prefer a dynamic liquid
bridge model to realistically picture the transport of liquid throughout the system.
Finally, future work could probe the effect of particles stiffness, as well as work
towards suitable experimental validation. Unfortunately, the latter is difficult due
to difficulties to accurately measure the liquid distribution in moving granular
materials.
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The knowledge gained during this thesis could be useful to dynamically predict
liquid transport from particle surfaces into bridge region based on DNS data.
This model can then be implemented into DEM code to handle more particles
(e.g., half millions of particles in a periodic domain). Future work could focus on
experimentally studying the process of liquid bridge formation between two
particles. This will require robust image acquisition and illumination hardware
(i.e., a high speed camera and LED panels), as well as smart software to calculate
and interpret the image data (e.g., the neck positions of film height during bridge
formation process). Also, it would be interesting to measure the slip velocity of wet
fluidized beds of particles as well as the liquid saturation of particles. Measuring
the rate of liquid transport among particle clusters in process engineering is
expected to be useful for, e.g., coating and dry in pharmaceutical engineering,
where the homogeneity of the liquid film on a single particle or particle attrition is
of interest.
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