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INTRODUCTION

This thesis deals with real numbers whose expansions to a base are random (in a sense
made precise below). The introduction is aimed at giving a short overview over the field
and an outline of our work in that area. We do not wish to give an exhausting review of
all existing literature but rather refer to the books [42,59,82] for further reference. We
devote two small sections to normal numbers in the theory of computing as well as to a
fractal-geometric perspective on normal numbers as an invitation for the reader to further
pursue these topics.

In Chapter 2, I briefly describe the results I have obtained. This is followed by the
original research papers [18,25,91,113-115].

1.1. Definition and first results. Normal numbers have been defined by Borel in 1909.
His original definition is as follows. A real number x € [0,1) is called simply normal to
base b, b > 2 an integer, if in its b-ary expansion

:E:Zanb_”, a, €{0,...,b—1}

n>=1

every digit d € {0,1,...b — 1} appears with the expected frequency % The number z is
called normal to base b if each of x, bx, b?z, .. .is simply normal to every base b, b, b3, .. ..
We will work the following equivalent definition (for these formulations see e.g. Bugeaud’s
book [42, Chapter 4]).
The number z is called normal to base b, b > 2 an integer, if in its b-ary expansion all
finite combinations of digits appear with the expected frequency, i.e. if for all £ > 1 and
alld € {0,...,b—1}*,

1

) 1
(1.1) lim —{1<n<N: (an,...,an%,l):d}]:b—k.

N—oo N

Another equivalent formulation is due to Pillai [107] who showed that x is normal to
base b if and only if it is simply normal to every base b, b2, b3, .. ..
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A real number is called absolutely normal, if it is normal to all integer bases b > 2. Borel
showed that almost all real numbers (with respect to Lebesgue measure) are simply normal
to all bases b > 2, thus absolutely normal.

The two main problems on normal numbers are the following.

(1) Find explicit examples of absolutely normal real numbers.
(2) Show that explicit numbers such as V2, 1n2,e,7, ... are normal.

Only little progress has been made on the second question. This thesis constitutes a
modest contribution to the first question.

Question (1) has been solved if asked for normality to only one base. The first explicit
example of a normal number is due to Champernowne in 1935 [47]. He showed that the real
number constructed by concatenating the expansions in base 10 of the positive integers,

1.e.
(1.2) 0,1234567891011...,

is normal to base 10. This construction has been extended in various directions (including,
but not limited to, Besicovitch [29], Erdés and Davenport [53], Copeland and Erdés [48]
Schiffer [116], Nakai and Shiokawa [98], Madritsch, Thuswaldner and Tichy [92]).

Most of these and other constructions of numbers normal to one base essentially depend
on the choice of the base and therefore no immediate information on the digital expansions
of the produced number to other bases is available. It is however unknown whether for
example Champernowne’s number (1.2) is normal to bases other than powers of 10 or not.

All known examples of absolutely normal numbers have been established in the form of
algorithms that output the digits of this number to some base one after the other. The
first such constructions are due to Sierpinski [123] (from 1917) and Lebesgue [83] (which
appeared in 1917 but dates back to 1909). Sierpinski’s construction was made computable
by Becher and Figueira [11] who gave a recursive formulation of his construction. Other
constructions of absolutely normal numbers in the form of algorithms are due to Turing
[128] (see also Becher, Figueira and Picchi [13]), Schmidt [117], Levin [84] (see also Alvarez
and Becher [2]), Becher, Heiber and Slaman [17], Figueira and Nies [64] and Lutz and
Mayordomo [88].

Exceptions to this scheme are numbers in the spirit of Chaitin’s constant arising as
halting probabilities in the theory of Turing machines. These numbers are almost by
definition absolutely normal, but non-computable. See Section 1.4.

1.2. Generalizatons of normality. The concept of normality can be generalized in many
ways as it is in principle the same as the concept of genericity of dynamics: A point is
generic if it satisfies a given almost-everywhere property in a dynamical system. However,
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being motivated by representations of numbers by a sequence of digits having dynamical
origins, the most natural generalizations of normality we deal with in this thesis are with
respect to expansions to non-integer bases, and to continued fractions.

1.2.1. Normality for expansions to non-integer bases. As initiated by Rényi [112] and Parry
[103], it is possible to represent real numbers z € [0,1) to a base § that is not necessarily
integer by expanding x as a power series

oS
>_and"
n=1

where the digits 0 < a,, <  are chosen in increasing order of n as large as possible.

We say z is B-normal or normal to base 3 if the orbit of x under the map 75 : v — Sz
(mod 1) is uniformly distributed with respect to the unique T-invariant entropy maximiz-
ing measure pg. In case 3 is an integer larger than or equal to 2, the S-expansion is just
the expansion of x to base b, and equidistribution is with respect to Lebesgue measure.

The most well-studied case in the theory of [-expansions is if 8 is a Pisot number.
These are real algebraic integers $ > 1 such that all its conjugates lie inside the open unit
disc. We call a real number absolutely Pisot normal if it is normal to all bases that are
Pisot numbers. Since there are only countably many Pisot numbers, the Birkhoff ergodic
theorem implies that almost all real numbers are in fact absolutely Pisot normal.

Normal numbers to non-integer bases have been constructed in [78] and [28].

A number absolutely normal with respect to a countable set of real numbers has been con-
structed by Levin using Weyl’s theorem for equidistribution. We contribute with our con-
structions in [115] and [91] to this topic and obtain some ancillary results on [-expansions
that might be of independent interest. See Section 2.2.

1.2.2. Normality for continued fraction expansions. A real number x € [0,1) is called
continued fraction normal if the orbit {T%(z)}ns0 of  under the Gauss map

1
T :10,1) - [0,1), x+— — (mod 1), >0, z~—0, =0,
T

is equidistributed with respect to the Gauss-Kuzmin measure pg on [0,1), given by
1 1
A) = d
Ha(A) /Alog21+xx

Equivalently, = is continued fraction normal, if and only if in its continued fraction

for any Borel set of [0, 1).

expansion

x = |ag; ay, as, . . .|
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all finite blocks of positive integers d; ... dy appear with asymptotic frequency

/Lg({l' € [0, 1) : al(a:) = dl, R ,Gk(l’) = dk})

Explicit examples of continued fraction normal numbers have been given by Postnikov
and Pyateckil [109], Adler, Keane and Smorodinsky [1], Madritsch and Mance [90] and
Vandehey [129] by concatenating suitable strings of partial quotients. For example, in [1]
it is shown that the number with continued fraction expansion

0;2,3,1,2,4,2,1,3,5,.. ]

is continued fraction normal. This number is obtained by concatenating the (finite) ex-
pansions of the positive rational numbers, when ordered according to denominator.

In [114] T give a solution to an open problem by Bugeaud and Queffélec [42, Ch. 10]
and [110] by giving a construction of an absolutely normal number that is also continued
fraction normal. My construction is based on ideas of Sierpinski [123] and Becher and
Figueira [11] and gives rational approximations to such a number by giving its digits to
base 2 one after the other. However, to obtain a more explicit example of such a number
is desirable and continues to be an open problem.

1.2.3. Generic points in dynamical systems. Let X be a topological space, B a Borel o-
algebra, u a probability measure on (X, B) and T': X — X a map, ergodic and measure-
preserving with respect to u. Then Birkhoff’s point-wise ergodic theorem can be applied
and we call x € X generic if the conclusion of Birkhoff’s theorem is satisfied, i.e. if for all
compactly supported continuous functions f on X,

(13 lim %;f(T”(x)) - [ f@uta).

If T is uniquely ergodic then 1.3 holds for all x, so there is no problem in finding generic
points. The maps xb, X3 and z — {%} are all examples of measure-preserving ergodic
transformations on the unit interval that are not uniquely ergodic. For all of them there
is a natural choice of measure with respect to which one defines normality. In these cases
points satisfying (1.3) can thus all be seen as natural generalizations of the terminology of
being normal.

1.3. Discrepancies of normal numbers. The discrepancy of a sequence (z,),>1 of real
numbers is defined as

1
Dy(z,) = sup Nﬂ{l <n<N:z,modlel}—\I),
I
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where the supremum is extended over subintervals I C [0,1) and where A denotes the
Lebesgue measure. A sequence is uniformly distributed modulo 1 if its discrepancy tends
to zero as N — oo.

Wall [130] showed that = is normal to base b if and only if the sequence (0"z),>; is
uniformly distributed modulo 1, i.e. if Dy(b"z) — 0 as N — oo.

In this thesis we are interested in quantitative estimates of Dy (b"x) for absolutely normal
numbers x.

Gaal and G4l [69] and Philipp [106] showed that for almost every z € [0, 1), for every
integer b > 2, Dy(b"z) = O(y/loglog N/N). Fukuyama [67] completed this study by
explicitly giving the implied constants, i.e. he showed that

Nﬁoop VioglogN

for almost every x for some explicit positive constant ¢ depending on b.

For the case of general sequences of real numbers, Schmidt [119] showed that there is
an absolute constant ¢ > 0 such that for any sequence (z,)n>1, Dn(x,) = clo}g\,N holds
for infinitely many N. Schiffer [116] showed that the discrepancies of constructions of

normal numbers in the spirit of Champernowne satisfy bounds of order Q(@) Levin [85]
constructed for any integer b > 2 a real number « such that Dy (b"a) = O(W). It is

an open question whether there exist an integer b > 2 and a real number z with optimal

discrepancy bound Dy (b"z) = O('&5).

For absolute normality there seems to be a trade-off between the complexity of the algo-
rithms and the speed of convergence of the corresponding discrepancies. The discrepancies
satisfy upper bounds of the order O(N~1/¢) (Sierpinski), O(N~/1%) (Turing), O(m)
(Schmidt) and O(N~2(log N)?) (Levin). All algorithms, except the one due to Schmidt,
need double exponential many mathematical operations to output the first N digits of the
produced absolutely normal number. Schmidt’s algorithm requires exponentially many

mathematical operations. Becher, Heiber and Slaman’s construction [17] is polynomial in

time and of discrepancy O(i—=x ).
g
No construction of an absolutely normal number x is known such that the discrepancy
Dy (b"x) for some b > 2 decays faster than what one would expect for almost all x.
However, together with Verénica Becher and Theodore Slaman we were able to construct
an absolutely normal number with discrepancy to each base as good as almost any number,

including Philipp’s constants. This slightly improves Levin’s work. See Section 2.1.2.

1.4. Normal numbers in the theory of computing. A real number in called random
when its expansion to each integer base b is unpredictable by any program running on a
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Turing machine. The original definition of randomness for real numbers is due to Martin-
Lof [94] and has several equivalent formulations.

The area of studying random numbers is now known as algorithmic randomness and the
two very reference books are [57,102].

The concepts of randomness and normality do not coincide. Randomness implies normal-
ity [7,45], but normality does not imply randomness: Random numbers are by definition
not computable, i.e. their fractional expansion is not obtainable by a computer program.
In contrast, there are evidently computable normal numbers (e.g. Champernowne’s num-
ber is in fact given by a computable construction). In particular, there exist computable
absolutely normal numbers as mentioned above.

Another way of seeing that randomness and normality do not coincide is with a result
from descriptive set theory. The set of random numbers as a subset of all real numbers is
I19-complete while the set of absolutely normal numbers is II9 and also I13-complete [16,19)
(see also [81] for base 2).

Random real numbers can be characterized as being precisely those numbers whose
sequences representing its expansions to integer bases can not be compressed by any algo-
rithm run on a Turing machine [46] (see also [57,102] and the references therein). A similar
characterization theorem in terms of incompressibility holds for normal numbers. Instead
of using Turing machines it uses finite-state automata which are the simplest possible com-
puting machines. This result follows from a seminal paper by Schnorr and Stimm [120]
from the early 1970’s. They show that a real number is normal to a given base if and only
if every martingale definable with a finite-state automata only takes bounded function val-
ues on the prefixes of the expansion of the number to this base. Martingales are functions
on finite sequences whose function values depend in a natural way on the prefixes of the
sequence and can be understood as ‘betting strategies’ on infinite sequences.

Schnorr and Stimm’s result was generalized in [51] where degrees of profits obtainable
by finite-state martingales were considered (this is known as the theory of finite-state di-
mension). The results of [51] together with the work of [35] connect unpredictability by
finite-state martingales with incompressibility by finite-state automata. A direct proof
of the characterization of normal numbers as being precisely those whose expansions are
incompressible by finite-state automata was given by Becher and Heiber in [15]. This char-
acterization is robust in the sense that it remains true even if we consider non-deterministic
finite-state automata or add a counter [9].

Since randomness implies normality, every random number is an example of an absolutely
normal number. One family of random numbers is given by Chaitin’s Omega numbers [46].
These are halting probabilities of universal Turing machines and are as such defined as the
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limit of an infinite sum involving non-computable values. Other relevant works in this
direction include [10,12,14,43].

As indicated above, progress has recently been made on the fast computation of abso-
lutely normal numbers. In particular, polynomial-time constructions have been given by
Becher, Heiber and Slaman [17] using elementary methods and Figueira and Nies [64] and
Lutz and Mayordomo [88] using martingale methods. It is as of yet unclear whether Lutz
and Mayordomo’s construction can be used for practical implementation.

With the analysis of the constructions of absolutely normal numbers by Schmidt, Turing
and Becher, Heiber and Slaman and with our algorithm with Becher and Slaman, we
contribute in this thesis to the open question whether good convergence to normality (for
every base) necessarily implies large complexity.

Some early analysis of the space and time complexity of computing normal numbers was
made by Strauss [126].

Martin Epszteyn [63] has carried out computer simulations and computed discrepancies
of classical normal numbers expressed in bases multiplicatively independent to the base in
which the number was constructed. His results clearly indicate that for example Champer-
nowne’s number when constructed to base 10 shows in fact the worst random behaviour to
base 10, but behaves very random when the same real number is expressed e.g. to base 2.
He also implemented Becher, Heiber and Slaman’s polynomial-time algorithm to output
an absolutely normal number.

Other digit-statistics experiments can be found in [6,101].

1.5. Normal numbers in fractals. In this section we give an overview of existence results
of normal numbers in fractals. We focus on normal numbers to base r with missing digits
in base s, where r and s are multiplicatively independent; normal numbers with missing
continued fraction digits; and continued fraction normal numbers with missing digits to
integer bases. There has been recent progress, notably by Hochman and Shmerkin [76] and
by Simmons and Weiss [124], such that we now know that in each of these cases almost all
numbers (with respect to the corresponding natural Cantor measure) are normal.

In this section the following notation is used.

Let A C N3y be set. Denote by Cy = {z € [0,1) : a;(x) € A,i > 1} the set of real
numbers in [0, 1) whose partial quotients only lie in A. Let BA = ACNs» finite Cy be the set
of badly approximable numbers and let WA = [0, 1) \. BA be the set of well approximable
numbers, i.e. the set of real numbers whose continued fraction expansion has unbounded
partial quotients.
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Let b > 2 be an integer. For a subset B C {0,1,...,b — 1}, let C’g)) ={zr €[0,1) :
the base-b expansion of x has digits only in B}. For example, C’&SQ) is the standard middle
third Cantor set.

1.5.1. Normal numbers to base r in Cés). Going back to works of Cassels [44], Schmidt [117,
118], Pearce and Keane [104], Brown, Moran and Pearce [39-41], Pollington [108], Host [77],
Becher and Slaman [19], Becher, Bugeaud and Slaman [8] and others, we know that nor-
mality (or simple normality) to base s and normality (or simple normality) to base r are
completely independent, in the sense that as long as there is no multiplicativity relation
between the bases, the set of numbers normal (or simply normal) to bases s in a set S and
not normal (or simply normal) to bases r in a set R has full Hausdorff dimension.
Methods involve constructing measures with quickly decaying Fourier-transformation
(see next section), methods from ergodic theory and Schmidt games. See [42; Ch. 4-7].

1.5.2. Normal numbers to base b in Cy, Fourier-techniques. Let p be a probability measure
on R. The Fourier transform of p is

Q) = [ o)

for ¢ € R.
If u is such that (¢) < |¢|~ for some a > 0, then p-almost any = € R is absolutely
normal.

Theorem 1.1 (Daveport, Erdds, LeVeque [54]). Let p be a probability measure on [0, 1)
and (sp)n>1 @ sequence of natural numbers. If

3 % S° k(s — 50)) < 0

n,m=1
for any k € Z~ {0}, then (s,x)n>1 equidistributes modulo 1 with respect to p for p-almost
every .
If i(¢) < |¢|~« for some o > 0 then p-almost every x is absolutely normal.

For example, there is such a measure with polynomial decay on the set of well-approximable
numbers. However, the existence of such a measure on a set implies that this set has di-
mension at least 2 > 0. Hence e.g. there can not be any such measure on the set of
Liouville numbers, as they have dimension 0.

Let By = Cp12.. N} be the set of real numbers in [0, 1) with partial quotients bounded
by N.

Theorem 1.2 (Kaufman [80] (N > 3), Queffélec and Ramaré [111] (N > 2)). There is a
probability measure p on By with polynomial decay of [1(C) as |¢| — oo.
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Furthermore, Queffélec and Ramaré showed the existence of a probability measure whose
Fourier-transformation decays polynomially on C for any |A| > 2 provided the dimension
of Cy is larger than % Hensley [74] calculated the corresponding Hausdorff dimensions,
but for example dim Cf56, < %

For a good review of these techniques, and a very interesting paper in general, see Jordan
and Sahlsten [79]. Note that it seems to be an intrinsic obstruction of these techniques
that they do not extend beyond dimension % This seems to be a summability condition

to achieve convergence. Jordan and Sahlsten [79] comment on this issue.

However, using different techniques, it has been shown by Hochman and Shmerkin [76]
that almost all numbers in Cy are absolutely normal, for any A C N.o, provided it has at
least two elements.

1.5.3. Normal numbers to base b in Cy, approach and solution by Hochman and Shmerkin.
Hochman and Shmerkin [76] use the so-called scaling flow as developed by Furstenberg.
The scaling flow can be thought of as a continuous sequence (i.e. a flow) of probability
measures supported on smaller and smaller neighbourhoods of a point x. Typical results
on the scaling flow establish ergodic properties along the continuous variable for almost all
points x. The scaling flow goes back to Furstenberg [68] and has for example been studied
in several works by Hochman.

Hochman and Shmerkin’s results apply to more general fractals and in fact include the
results by Cassels and Schmidt on normal numbers in integer-base Cantor sets, as well
as the Fourier-technique results by Kaufman and others on normal numbers in continued
fraction Cantor sets. However, Hochman and Shmerkin point out that their techniques
do not yield almost everywhere continued fraction normality in integer-base Cantor sets
due to the non-linearity of the Gauss-map. They proved among other things the following
result.

Theorem 1.3 (Hochman, Shmerkin [76]). Let A C N be a finite set with at least two
elements and let p be the natural Hausdorff measure on Cy. Then p-almost all numbers in
Ch are absolutely normal.

Sketch of proof. The proof uses a certain measure classification theorem, just as the ap-
proaches by Einsiedler, Fishman and Shapira, and Simmons and Weiss do (see next sec-
tions). Let n > 2 be an integer. Hochman and Shmerkin take a p-generic point, look at
its forward orbit under 7,, (the multiplication by n map on [0, 1)) and look at the sequence
of normalized counting measures supported at the first N points of this orbit. Since we
are working on the compact unit interval, there will be a weak* convergent subsequence of
the sequence of these measures and the limit measure v will automatically be T},-invariant.
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Hochman and Shmerkin show that this limit measure v has to have Hausdorff dimension 1
which implies that it is the Lebesgue measure since this is the unique 7,,-invariant measure
of maximal dimension.

The proof uses the concept of resonance of measures. Two Borel probability measures
on R are said to resonate, if dimpu * v < min(1,dim ¢ + dimv), and dissonate, if < is
replaced by >. Here, the convolution of measures can be thought of as the probability
distribution of the sum of two random variables whose probability distributions are p and
v, respectively.

Hochman and Shmerkin proceed by means of contradiction. They show by construction
that any 7,,-invariant measure other than the Lebesgue measure \ resonates with measures
of arbitrary large dimension (this step uses the piece-wise linearity of 7,, and according
to Hochman and Shmerkin seems to fail for the Gauss map 7). Then they show that
if a p-generic x distributes along a subsequence with respect to a measure v, then v in
fact dissonates with all measures of sufficiently large dimension. Furthermore, they show
that any such limit measure must have positive dimension (this step uses results on the
scaling flow). This implies that ¥ must have dimension 1, hence v has to be the Lebesgue
measure. U

1.5.4. Almost all points in the middle third Cantor set are well-approximable. Einsiedler,
Fishman and Shapira [61] show that almost all numbers in base-b fractals (for the natural
Hausdorff measure) are in WA and in fact have continued fraction expansions in which all
finite patterns appear.

Theorem 1.4 (Einsiedler, Fishman, Shapira). With respect to the natural Hausdorff mea-
sure, almost every number in the middle third Cantor set C’ég contains all finite patterns
in its continued fraction expansion.

Central to the considerations both by Einsiedler, Fishman and Shapira and Simmons
and Weiss is a classical correspondence between geodesics in the hyperbolic upper half-
plane (which are either vertical lines or half-circles orthogonal to the real line) and the
continued fraction expansion of the base-points at which the geodesics intersect the real
line. Since Sly(Z) acts by Mobius transformation on the upper half-plane, geodesics can
naturally be lifted to the standard fundamental domain for this action (the strip of complex
number with real part between —% and % from which the disc of radius 1 around 0 has
been removed). Any geodesic in the upper half-plane corresponds under this lift to a set of
geodesic pieces in the fundamental domain. Since there is a natural probability measure on
the (tangent space of the) fundamental domain when viewed as a (non-compact) manifold,
one can speak of equidistribution of a geodesic in the fundamental domain. Note that the

tangent space to this manifold can be identified with PGly(R)/ PGly(Z).
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These considerations lead to the following theorem as taken from Simmons and Weiss [124]
that goes back to Artin [3] (see also Series [121]) that constitutes the fundamental link be-
tween homogeneous dynamics and diophantine approximation.

Theorem 1.5. Let x € [0,1) and suppose that the geodesic corresponding to x is equidis-
tributed in PGly(R)/ PGly(Z) with respect to Haar measure. Then the orbit {TZ(x)}n>1 is
equidistributed with respect to the Gauss measure.

Note that it does not matter which geodesic ending in x one takes. Two different such
geodesics approach each other towards x and thus have the same asymptotic behaviour.
The converse of this theorem is not true. By changing the continued fraction expansion of
a normal continued fraction on a subsequence of digits of zero density, one can allow for
very large partial quotients without affecting the normality property. The corresponding
geodesic will reflect this behaviour by visiting oo too long and will consequently not be
equidistributed with respect to Haar measure on PGly(R)/ PGly(Z).

Sketch of proof of Theorem 1.4. Note that if a geodesic is dense in PGly(R)/PGly(Z) (as
opposed to equidistributed), then the continued fraction expansion of the endpoint contains
all finite patterns (as denseness implies that any finite geodesic piece can be approximated
arbitrarily closely which corresponds to finite patterns in the continued fraction expansion).

The main idea is to lift the natural measure on the middle-third Cantor set via the
above described correspondence to PGly(R)/ PGly(Z) and then even further to an adelic
extension of this group. In this situation it is possible to apply a deep measure classification
theorem by Lindenstrauss concerning measures invariant under the geodesic flow. By a
construction, this measure classification theorem can be used to give a contradiction to
the assumption that the set of points in the middle-third Cantor set with non-dense orbits
under the Gauss map had less than full measure. O

1.5.5. Continued fraction normality in Cantor sets. Using different methods, Simmons
and Weiss [124] recently completed this study by showing that well-approximability in
Einsiedler, Fishman and Shapira’s theorem can be replaced by normality.

Theorem 1.6 (Simmons, Weiss). Almost every real number in the middle-thirds Cantor
set is continued fraction normal.

Their proof uses results from the theory of random walks on groups by Benoist and
Quint [26]. Such a random walk can for example be thought of as fixing a set of, say,
two elements of a group G and assigning them both a probability (such as %) Then one
observes the trajectory of an element of the group if one repeatedly multiplies it from the
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left with one of those two elements as drawn according to the probabilities assigned to
them.

In this context, one studies stationary measures (see e.g. [61, p. 272]). Such measures
should be thought of as being invariant under the ‘random walk’ on the group. Any G-
invariant measure is stationary. Invariant measures need not always exist but stationary
measures do.

Sketch of proof of Theorem 1.6. As before, we work in PGly(R)/ PGly(Z). We let

V3 0 V3 2V3

oo () e (2
be two elements of this space and wish to multiply the unit element of PGly(R)/ PGly(Z)
repeatedly with one of each of gy or go, drawn with equal probability. The first part of
the main theorem of Simmons and Weiss asserts that in this situation for almost any
sequence of g;’s (according to the product measure on the space of all such sequences),
for any element x of the group, the trajectory of the random walk ¢,9,_1...¢1x will be
distributed according to a stationary measure. The second part of their theorem says that
there is only one such stationary measure - the natural Haar measure. Simmons and Weiss’

work goes back to work of Benoist and Quint, which by my understanding greatly extends
a classical theorem by Breiman [37].

We write gy = aug, go = aus where

_\/§0 d_lx
a = 01/\/§ anux—(]l.

Let i = (41,42, ...) be a random sequence of indices i,, € {0,2} and denote by e the unit in
PGl (R)/ PGly(Z). We have g;, e = au; e and

1 iy +19/3 .
0 1 '

2
9i,9i1 € = aU;, AU, € = A (

Note that i, +i5/3 with i1, € {0,2} already resembles the ternary expansion of a number
in the middle-third Cantor set. Inductively,

n
Gip, * o+ Gi1€ = A Ug|, €

where s|,, are the first n digits of the base 3 expansion of a real number s = iy + /3 +
i3/3% + .... We have

1 \/§2”sn—5 n
0 (v3) <1| >>=uma .

n n n -n . n
a" Uy, = a Uy, —sUs = a"Ug), _sa" "a"us = (
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This is because s|, —s = O(37"). By construction, s lies in Cf,, and the probability
measure on the sequence space {0, 1} corresponds exactly to the natural measure on
the middle third Cantor set. The statement in the theorem follows if we establish that
equidistribution of {upya™use}n=o implies equidistribution of the full diagonal action of
{diag(e’, e7") }1=0 on {upyuse} which is corresponds to the geodesic starting at s and thus
implies the theorem in view of Theorem 1.5. U






DESCRIPTION OF MY WORK

2.1. Absolutely normal numbers.

2.1.1. Quantitative simultaneous equidistribution. In [114], T solved a question by Bugeaud
and Queffélec [42, Chapt. 10] on absolutely normal well-approximable numbers. In fact, I
showed that there is a computable absolutely normal number that is also continued fraction
normal. The construction is based on ideas of Sierpinski [123] and Becher and Figueira [11].

A sequence of digits w of length n is called (e, k)-normal or (e, k, )-normal, if for all
sequences d of length k, the number of times d appears in w lies between n(u(d) — ) and
n(u(d) + €). If the measure p is ergodic with respect to underlying the shift map, the
Shannon-McMillan-Breimann theorem implies that the p-measure of the set of non-(e, k)-
normal numbers of length n decays exponentially in n. This consequence is not explicit, in
the sense that one has no information on the magnitude of the implied constants. However,
using a large deviation theorem for mixing random variables, I could give explicit estimates
of these constants. This is necessary to establish a completely deterministic construction.

In the context of S-expansions for § a Pisot number, together with Manfred Madritsch
and Robert Tichy [91], we also could make these constants completely explicit. This al-
lowed us to give an algorithmic construction, realizable only with elementary mathematical
operations, of a real number simultaneously normal to every Pisot number.

2.1.2. Speed of computation and convergence to normality. In [113] T showed that work
by Schmidt [117] on numbers normal to multiplicatively independent bases can be made
effective to yield an algorithmic construction of an absolutely normal number. I further-
more showed that this algorithm can be optimized with respect to speed of convergence
to normality to generate an absolutely normal number that in each base converges faster
to normality than all known constructions by concatenation of blocks of numbers normal
only to a single base.

To make Schmidt’s algorithm fully explicit, I gave explicit upper bounds for constants
appearing in an exponential sum estimate in his work. This is of independent interest for
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applications to problems involving digital representations to multiplicatively independent
bases.

In [113] and [91], we analyzed the computable versions of constructions of Sierpinski,
Turing, and the algorithm of Becher, Heiber, Slaman and my explicit version of the con-
struction of Schmidt. Our main conclusion is that the faster an algorithm computes the
digits of the absolutely normal number that it outputs, the slower convergence to nor-
mality seems to be. In particular, the polynomial time algorithm by Becher, Heiber and
Slaman [17] is as fast as other constructions by concatenation of blocks of digits. It is still
unclear whether this trade-off is a defect of the existing constructions so far or if this is a
natural behaviour to expect.

Together with Veronica Becher and Theodore Slaman we showed that it is possible to
adapt Sierpinski’s ideas to give a constructive proof of Philipp’s result. This allows to com-
pute an absolutely normal number, digit-by-digit, with discrepancy to each base as good
as almost any number, including Philipp’s constants. This improves Levin’s construction
in terms of rate of convergence to normality (and also in terms of computability - our
construction is elementary and does not use exponential sums). We are however not sure
whether or not it is possible to give this construction in linear time, or how to extend it
to include the optimal constants as given by Fukuyama.

2.2. p-expansions.

2.2.1. On expansions to Pisot bases. Much of the arithmetic properties of S-expansions are
encoded in the orbit of 1 under the map 7. This is a finite set when g is a Pisot number.
In [91] we obtained an upper bound for the number of points in this orbit. This is also
an upper bound for the number of zeros occurring in the modified S-expansion of 1 and
as such gives quantitative information about the specification property of the underlying
dynamical system (73, pp). The proof uses some basic algebraic number theory and a
result from the geometry of numbers.

Applying similar methods, in [115] T could give an estimate for the length of the /-
expansion of a positive real number.

2.2.2. B-normal numbers from polynomials along primes. It was known that the most basic
construction of numbers normal to an integer base, namely Champernowne’s number,
has analogues for S-numeration systems. However, it was not known whether or under
which assumptions on the base other constructions of normal numbers have an analogue
to real bases. I was especially interested in polynomial constructions: real numbers whose
expansion to base [ is obtained by concatenating the ([-expansions of values of a non-
constant positive integer-valued polynomial along the natural numbers or the primes, i.e.
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0, f(1)f(2)f(3)... or 0,f(2)f(3)f(5).... In [115] T proved that under natural finiteness
assumptions on the base these constructions in fact do yield normal numbers.

The proof is based on a combinatorial cutting and pasting trick together with results on
normal numbers to real bases by Bertrand-Mathis and Volkmann [27].

2.3. Diophantine equations.

2.3.1. On squares with three non-zero digits. A classical result of Besicovitch [29] that
the concatenation of squares is normal implies that in an average sense only few integer
squares have few non-zero digits. I was interested in ‘local’ results, i.e. in this case to
classify explicitly which squares have few digits. My work with Michael Bennett can be
seen as a study of local techniques for polynomial sequences. This continues work on
the digital representation of perfect powers as initiated by Bennett, Bugeaud, Mignotte,
Corvaja and Zannier and others. In particular, we determined all integers n such that n?
has at most three digits in base b for b € {2,3,4,5,8,16}. More generally, we showed that
all solutions to equations of the shape

Y2=t*4+M-¢"+ N -q",
where ¢ is an odd prime, n > m > 0 and t* |M],|N| < g, either arise from ‘obvious’

polynomial families or satisfy m < 3. Our arguments rely upon Padé approximants to the
binomial function, considered g-adically.






NORMALITY IN P1SOT NUMERATION SYSTEMS

ADRIAN-MARIA SCHEERER!

ABSTRACT. Copeland and Erdés [48] showed that the concatenation of primes when
written in base 10 yields a real number that is normal to base 10. We generalize this
result to Pisot number bases in which all integers have finite expansion.

1. INTRODUCTION

Let x be a real number and b > 2 a positive integer. Then z has a b-adic representation
of the form

r=|z|+ ieib_i
=1

where ¢; € {0,1,...b— 1} are the digits of z and |z | is the integer part of x, the biggest
integer less than or equal to x. We call x normal to base b, if any block d = dids. .. d
of k£ > 1 digits occurs with the expected frequency in the b-adic representation of x. This
means that

o1
Mim = Na(@n) =7,

where Ny(z,n) counts the occurrences of the block d within the first n digits of x. A real
number z is called absolutely normal if it is normal to every base b > 2.

The terminology of a normal number can be extended to the context when the underlying
base is no longer an integer. Rényi [112] introduced and Parry [103] studied numeration
systems with respect to real bases f > 1. Each real number x has a representation of the

—00
€r = Z 8iﬁz7
i=L

with digits ¢; € {0,1,...,[8] — 1}. One way to produce the digits is the so-called greedy
algorithm using the transformation T : © — Bz (mod 1) on the unit-interval. In a natural

form

way, 1 corresponds to the shift-operator on the set W of right-infinite sequences over
{0,1,...,[8] —1} and each x corresponds to its sequence of digits. A sequence w in W is
called p-normal for a given shift-invariant measure p on W if all possible finite patterns
of digits occur in w with asymptotic frequency given by p. Consequently, the real x is called

'This article appeared in [115]
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u-normal if its sequence of digits is y-normal. Details will be made clear in the next section.

From a modern approach, using Birkhoff’s point-wise ergodic theorem, it is immediate
that almost all numbers are normal to a fixed® base b. The map Tj, :  + bz (mod 1) on the
unit-interval is the underlying ergodic transformation which preserves Lebesgue-measure.
Knowing this, the existence of normal numbers to base b is in a certain sense not very
surprising. However, in this context, there are two observations that make the study of
normal numbers interesting.

First: The explicit construction of normal numbers. The study of normal numbers dates
back to Borel [34], who in 1909 showed that Lebesgue-almost all numbers are absolutely
normal. However, the first explicit example of a normal number is due to Champernowne
[47] in 1933. He showed that the concatenation of integers, when written in base 10,

0,12345678910111213...,
is normal to base 10. Copeland and Erdds [48] showed that
0,235711131719...,

i.e. the concatenation of primes in base 10 is normal to base 10. Besicovitch [29] showed
that the decimal formed by concatenation of the squares in base 10 is normal to base
10. This construction was extended to general integer-valued polynomials by Davenport
and Erdés [53] and by Schiffer [116] and Nakai and Shiokawa [98], [99] to more general
polynomial settings. Nakai and Shiokawa [100] also evaluated polynomials at primes, and
Madritsch [89] showed that numbers generated by pseudo-polynomial sequences along the
primes are normal. Further constructions of normal numbers in the spirit of Copeland and
Erdés and Erdds and Davenport include [93] and [92].

These constructions, most notably the one due to Champernowne, have subsequently
been generalized to other number systems. To mention are the works by Ito and Sh-
iokawa [78] who generalized the Champernowne-construction to real bases 5 > 1, and by
Madritsch and Mance [90] who modified the construction to produce normal sequences in
general symbolic dynamical systems. Bertrand-Mathis and Volkmann [27] give a general-
ized Copeland-Erdds construction to symbolic dynamical systems.

In this paper we prove a polynomial Copeland-Erdés-construction to bases which are
not integers. We use results from the work of Bertrand-Mathis and Volkmann [27] which

2Borel’s result also follows, but for the moment we want to restrict the discussion to one single base.
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in turn is extending the original work of Copeland and Erdds [48].

Second: Not all numbers are normal (almost all cannot be improved to all, hence T}, is
not uniquely ergodic), so the ergodic theorem is strict. This can be seen in context of the
following ‘test’ for ergodicity.

Theorem 1.1 (See Theorem 1.4 in [32]). Let Fy be a field® generating F. If T respects®
every A in Fy, then T is ergodic.

Hence normal numbers, or rather the existence of non-normal numbers, can be used to
test the underlying transformation for unique ergodicity. Although the Lebesgue-measure
is not the only Tj-invariant probability measure on the unit-interval, it is the only one
that maximizes entropy (see the following section). Accepting this for the moment as a
definition of uniqueness, it is possible to study normality in greater generality with respect
to a given transformation that can be different from 7y.

2. PRELIMINARIES

In the following we present a condensed introduction to [-expansions, Pisot numbers
and symbolic dynamical systems - the context in which we want to state our result.

Let 8 > 1 be a fixed real number. A f-expansion of a non-negative real number z is a
representation of x as a sum of integer powers of 3 of the form

(2.1) x = fszﬂi,
i=L

where the digits ¢; € {0,1,...[f] — 1} are obtained by the following greedy algorithm. Let
L € Z such that ¥ < z < gL and put e, = |z/B*| and r;, = {z/B%}. For L > i > —o0,
define recursively &; = |fBr;y1] and r; = {Br;11}. [-expansions have been introduced and
studied by Rényi [112] and Parry [103].

Let T be the S-transformation Tz : [0,1) — [0,1), z — {fz}. The digits in the g-
expansion 2.1 are given by g; = LﬁTé_l([E)J. Rényi [112] showed that there is a unique
normalized measure pg on [0, 1) that is invariant under 7 and equivalent to the Lebesgue
measure. This measure also maximizes the entropy of the corresponding symbolic dynam-
ical system and we use it to define normal numbers in base (3, see below.

3The underlying sigma-field F is in our case the Borel sigma-algebra which is generated by b-adic
intervals.
4 Almost every orbit under T visits A with the expected asymptotic frequency.
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A Pisot number B is a real algebraic integer 5 > 1 such that all its conjugates have
absolute value less than 1. For a Pisot number of degree d, we denote its conjugates by f;,
1 =2,...,d, and the corresponding conjugations by o;.

We work with Pisot numbers such that every positive integer has finite S-expansion. A
criterion for when this is the case can for example be found in [65].

In our notation concerning symbolic dynamical systems we follow Bertrand-Mathis and
Volkmann [27].

Let A be a finite alphabet. A* is the set of all finite (possibly empty) words over A and
AN is the set of all (right-)infinite words over A. We call a subset L of A* a language. L*
denotes the set of all finite concatenations of words from L. Let W(L*) be the set of all
non-empty factors of words in L*. For a finite word w we let ||w]|| be its length. A language
L is said to be connecting® of order j > 0 if for any two words a, b € W (L*) there is a word
u = u(a,b) € W(L*) of length j such that aub € W(L*). For each a,b € W (L*) we choose
one u = u(a,b) and introduce the notation a @ b := aub. In the applications we have in
mind, this intermediary word will simply consist of 0’s. We write W(L*) = |J,», Ln where
L,, is the subset of words in W (L*) of length n. Also denote by L! the subset of W (L*) of
words of length less or equal to n. For a language L we denote by W = W (L) the set of
all infinite words generated by L, i.e. the set of all w = ajay. .. such that a;a;11...ax € L
foralll1 <i< k < 0.

We introduce the discrete topology on the alphabet A and the corresponding product
topology on the set of sequences AY. With each language L we associate the symbolic
dynamical system

SL = (Wm787T7 [)7

where W = W (L); B is the o-algebra generated by all cylinder sets of AY, i.e. sets of
the form

c(w) = {aay... € AN | ayay...a, = w}

for some word w € A* of length n. T is the shift operator and I is the set of all T-invariant
probability measures p on B. We will write pu(w) instead of pu(c(w)) for a finite word w.

With each symbolic dynamical system Sz, we associate the entropy

h(W*™) = sup h(p),

pel

5A symbolic dynamical system having a connecting language is also said having the specification
property.
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where h(u) denotes the entropy of the measure p (cf. Chapter 2 of Billingsley [32]). In
the context of the symbolic dynamical system generated by a [S-expansion the measure pg
is precisely the (unique) measure with maximum entropy equal to log 8 (cf. [75] and the
work by Bertrand-Mathis and Volkmann [27]). In the following, we will work with this
maximal measure.

For an infinite word w = wywy ... € W and a block d = d1ds . ..d;, € L we denote with
Ny(w,n) the number of occurrences of d within the first n letters of w. If the word w is
finite, we denote by Ny(w) the occurrences of d in it. An infinite word w € W is called
p-normal or pi-normal sequence if for all d € W (L*)

lim lNd(w,n) = u(d).

n—oo N,

We note that a non-negative real number x is pg-normal if and only if the sequence of
digits in its S-expansion is a pg-normal sequence.

In this terminology, the main result of Bertrand-Mathis and Volkmann [27] is the fol-
lowing

Theorem 2.1. Let L be a connecting language and ay,as, ... a sequence of different ele-
ments of W(L*), ||la1|| < ||la1|| < ..., satisfying the generalised Copeland-Erdds condition:

Ve >0 Ing(e) Yn = no t{a, | ||a|| < n} > |L,|'C.
Then the infinite word a = ajas ... € W is normal.

The symbolic dynamical system generated by the (5-shift (or corresponding to the (-
expansion) arises naturally when viewing the [-expansions of real numbers z € [0,1)
as infinite words over the alphabet {0,1,...[f8]}. W is the set of these right-infinite
sequences, B the o-algebra generated by all cylinder sets, T' the shift operator (it corre-
sponds to the S-transformation 7j3), and I the set of all T-invariant probability measures
on B. We work with the unique entropy-maximizing measure p in I. It corresponds to pg
on [0,1) in the sense that for a finite word w the measure of the cylinder set p(w) is the
same as the measure pg(@) of the set @ of all real numbers in [0,1) whose [-expansion
starts with w. We allow us to speak of these two concepts interchangeably.

For a given Pisot number /3, denote by (n)s the word over {0,1,...[f] — 1} that cor-
responds to the -expansion of the positive integer n. We prove the following polynomial
generalization of [48].
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Theorem 2.2. Let B be a Pisot number such that all integers have finite (-expansion
and let the measure pg be as before. Let f be a polynomial of degree g that maps positive
integers to positive integers. Then

(F@2)s@ (FB3))s @ (fO)s @ (f(M)s® (1)) D ...

is a pig-normal sequence.

In the context of the dynamical system generated by the [-shift, the entropy is log 3.
Hence by Lemma 2 of [27], we have bounds on the number of words of length n in W (L*).
For n sufficiently large we have " < |L,| < (", where the implied constants do not
depend on n. Therefore

(2.2) L] =) L] < B
v=1

for all large n.

3. GENERAL CASE

First we need upper and lower bounds of the length of the S-expansion of integers. Under
the assumption of § being a Pisot number such that all integers have finite S-expansions
we can in fact show that the lengths of these expansions are asymptotically of logarithmic
order of magnitude.

Note that if n = Z;jé((?:z)) ;3" we call Zfz(g) ;3" its integer part and ZZ;RJ?) g8 its
fractional part. In the following we will think of n as fixed and omit writing the dependency
on it in the lengths L and R.

Lemma 3.1. Let 3 be a Pisot number of degree d such that all natural numbers have finite
p-expansion. For the length R(n) of the fractional part of n upper and lower bounds of the
following form hold, for sufficiently large n:

dlogn < R(n) < d0'logn

where 0 is a positive constant (specified in the proof) and the difference &' —§ > 0 can be
chosen to be arbitrarily small.

Proof. We have # € [0,1). Following an argument of Proposition 3.5 Frougny and
Steiner [66], for a certain number k the number Tg(#) is an element of the finite set

5]

Y =y 2N o) < 1+ 1

for 2<j<d}.
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To see this, let the S-expansion of n for the moment be €165 ... and put z := BLn“' Then
for all £ > 0,
k
Th(z) = BTS ' (2) —erp=...= 2= ep.
Hence for all £k > 0 and 2 < j < d,
0, (T )| = o8 Z% 81 < los(B)Floy2)| + Tt
1 - ’01(6”

Let k be equal to

log |0 (=1 1
e | — | J(5L+1)| — L +1+ max [ Ogn —‘
2<j<d log |o;(5)] 2<j<d | log |o;(B) |

which we write as
1
k=L+1+dlogn+O(1), where §:= max Tog o (31|
2<j<d log |o;(8) !
Note that the O(1) constant coming from the ceiling lies in [0,1). For this choice of k,
Ti(g) €Y.
Let W be the maximum length of the S-expansions of the elements in Y. We therefore
obtain asymptotic bounds of R,

dlogn <K R W +1+dlogn < ¢ logn,
where ¢’ > § can be chosen arbitrarily close. O

In the course of the proof of Theorem 2.2 we deal with a problem caused by a constant
coming from the length of the words we want to patch together. This issue can be cir-
cumvented by dividing the words into smaller subwords and glueing them back together
afterwards. The following lemma ensures normality of the resulting word when patched
back together.

Lemma 3.2. Let v = vivovs ... and w = wywows . .. be p-normal words such that ||v;|| =
lwill, ||vill = oo and assume that the quantities % and m tend to zero

as N tends to infinity. Then the word
U = V1W1V2W203Ws3 . . .
1S p-normal.

Proof. We work with a fixed finite string d = d; ...dj of length k. Since v is p-normal,
we have

n) = Z Na(vi) + O(N) + O([[ov41]) — u(d)n
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as n — 0o, where N is chosen such that [|vi|| + ...+ |loy]| < n < |1l + ... + |[ovsall-
The O(N) contribution comes from possible occurrences in-between two words v; and v; 1.
Hence by the assumptions

N

ZNd(UZ') — p(d)n

i=1
as n — 0o. Then, by arguing similarly,

Na(u,m) = 37 No(w) + 3 - Nafws) + OV) + O(fwnsa)) = pu(d) 5 + pu(d) 5 +o(n).

Here, N is chosen such that ||v1]| + |Jwi|| 4+ ... + [[on| + |wn]] <0 < |01l + [Jur]| + ... +
lonii]l + ||lwast|l. This shows the normality of w. O

To verify the conditions of Lemma 3.2 in our application, we need some basic number
theoretic input.

Lemma 3.3. Denote by py the N-th prime number. We have for N — oo

(1 log pn11 N

— 0, and (2) — 0.
logp; + ...+ logpn logp1 + ...+ logpy

Proof. This is a consequence of the prime number theorem. We have

PN
> logp; = 6(px) ~ py ~ Nlog N.

i=1

With these preliminaries we can prove our theorem.

Proof of Theorem 2.2. The polynomial f(n) = a,n?+ ...+ a;n+ ag behaves asymptot-
ically like ayn?. Hence for any € > 0 and any n large enough

f(n) < (1+¢)agn’ and f(n) > (1 —e)agn’.
Thus a consequence of Lemma 3.1, we have the upper bounds
R(f(n)) < R((1 +£)agn?)
< 0'(log(1l +¢) +loga, + glogn)
< C'logn

for some constant C’ > §'g arbitrarily close and n large enough. Similarly we obtain lower
bounds of the form

R(f(n)) = Clogn,
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where C' < dg is a positive constant and can be chosen arbitrarily close if n is assumed to
be large enough.

A direct consequence is an asymptotic upper bound for the total length of f(n) when
written in base [3:

I ()l = L(f(n)) + 1+ R(f(n))
< LI+ e)agn?) + 1+ R((1 + £)agn)

< glogn +logay, +O(1) + C'logn
log 5
logn
=~ Tlog

for some (other) constant C. Note that C' only depends of f and g.

However, applying Theorem 2.1 directly does not work as we do not have control of
the size of the constant C'. This can be avoided by choosing an integer m > 0 such that
C/2™ < 1 and dividing the words (f(n))s in 2™ words of (almost) equal length. Then we
can apply Theorem 2.1 to show normality of the concatenations of those shorter words.
They can subsequently be patched back together applying Lemma 3.2 multiple times. Note
that the lower bounds for R enable us to use Lemma 3.2.

For a prime number p we have ||(f(p))s]| < CI22 so ||(f(p))s]| < N is implied by

log 87
C % < N. This is equivalent to
p < BYC.
Thus, counting primes below /¢,
N/C
R(3Y°) ~ g > T O

>
N/Clogp ~ logf
for any € < 1 arbitrarily close and N large enough. Here we see why we require C' < 1,
namely so that the condition of Theorem 2.1,

W(ﬂN/O) > (ﬁN)l—a

for any & > 0, is implied by AV '~9) being eventually greater than (BN)15. Inserting
the intermediary word to obtain admissibility in base [ does not destroy the normality of
the sequence since we are inserting a word of constant length. O

4. FINAL REMARKS

Let ¢ = %5 be the golden ratio, i.e. the dominating root of the polynomial z? —
x — 1. All positive integers have finite p-expansion (see for example Theorem 2 of [65]).
Considering this special case is interesting insofar that we can provide an ezact formula
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on the length of the fractional part. Let n be a positive integer and denote by L + 1 and
R the lengths of its integer and fractional part when written in base ¢. From the greedy
algorithm we already know that

logn
log s@J '

In [70] it is proved that the fractional part R of n satisfies R = L or R = L+ 1, depending
on whether L is even or odd. However, even with such an exact formula it is not possible

el<n<e = L=

to establish the normality to base ¢ of the word

(2),0(3),0(5),0....
by directly applying the generalized Copeland-Erdos criterion Theorem 2.1. Moreover, the
method employed in [70] does not seem to yield an exact formula for the length of the
fractional part when the underlying base is a Pisot-number of degree greater than two. It
seems to be an interesting open problem to obtain such a formula.
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COMPUTABLE ABSOLUTELY NORMAL NUMBERS AND
DISCREPANCIES

ADRIAN-MARIA SCHEERER®

ABSTRACT. We analyze algorithms that output absolutely normal numbers digit-by-
digit with respect to quality of convergence to normality of the output, measured by
the discrepancy. We consider explicit variants of algorithms by Sierpinski, by Turing
and an adaption of constructive work on normal numbers by Schmidt. There seems to
be a trade-off between the complexity of the algorithm and the speed of convergence
to normality of the output.

1. INTRODUCTION

A real number is normal to an integer base b > 2 if in its expansion to that base all
possible finite blocks of digits appear with the same asymptotic frequency. A real number
is absolutely normal if it is normal to every integer base b > 2. While the construction
of numbers normal to one base has been very successful, no construction of an absolutely
normal number by concatenation of blocks of digits is known. However, there are a number
of algorithms that output an absolutely normal number digit-by-digit. In this work, we
analyze some of these algorithms with respect to the speed of convergence to normality.

The discrepancy of a sequence (x,),>1 of real numbers is the quantity

1<n<N|zx,modlel
Dy(z,) = sup A |N }
Iclo,1)

_’I| )

where the supremum is over all subintervals of the unit interval. A sequence is uniformly
distributed modulo one, or equidistributed, if its discrepancy tends to zero as N tends to
infinity.

The speed of convergence to normality of a real number x (to some integer base b > 2)
is the discrepancy of the sequence (b"x),>o. A real z is normal to base b if and only if
(b"x)n>0 is uniformly distributed modulo one [130]. Consequently, x is absolutely normal
if and only if the orbits of x under the multiplication by b map are uniformly distributed
modulo one for every integer b > 2. It is thus natural to study the discrepancy of these
sequences quantitatively as a measure for the speed of convergence to normality.

This article appeared in [113]
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A result by Schmidt [119] shows that the discrepancy Dy(x,,) of any sequence (z,)n>1
log N
N
absolute constant. The study of sequences whose discrepancy satisfies an upper bound of

of real numbers satisfies Dy (z,) > ¢ for infinitely many N, where ¢ is some positive

order O(lOZgVN ), so-called low-discrepancy sequences, is a field in its own right. It is an open

problem to give a construction of a normal number to some base that attains discrepancy

this low. The best result in this direction is due to Levin [85] who constructed a number

log? N
g

number (with respect to Lebesgue measure), for every integer base b, the sequence (b"x),>0

. /1og loe N . .
has discrepancy Dy(b"z) = O(*&%~). For more on normal numbers, discrepancies and

uniform distribution modulo one see the books [42], [59] and [42].

normal to one base with discrepancy O( ). It is known [69], that for almost every real

A construction for absolutely normal numbers was given by Levin [84] where he con-
structs a real number a normal to countably many specified real bases A\; > 1, ¢ > 1,

such that the discrepancy of (Al'a),>o satisfies Dy (Al'a) = O((logﬁ#). The implied

constant depends on \; and w is a function that can grow very slowly (it determines the
bases to be considered at each step of the construction). Recently, Alvarez and Becher [2]
analyzed Levin’s work with respect to computability and discrepancy. They show that

Levin’s construction can yield a computable absolutely normal number o with discrepancy
3
O( (log N)

N1/2
(expensive) mathematical operations. Alvarez and Becher also experimented with small

). To output the first N digits of «, Levin’s algorithm takes exponentially many

modifications of the algorithm.

In this work the following algorithms are investigated.

Sierpinski. Borel’s original proof [34] that almost all real numbers with respect to Lebesgue
measure are absolutely normal is not constructive. Sierpinski [123] gave a constructive
proof of this fact. Becher and Figueira [11] gave a recursive reformulation of Sierpinski’s
construction. The resulting algorithm outputs the digits to some specified base b of an

absolutely normal number v, depending on b, in double exponential time. The sequence
1

~176)- The calculation does not appear in [11]. We give it in

(b"v)n>0 has discrepancy O(
Section 4.1.

Turing. Alan Turing gave a computable construction to show that almost all real numbers
with respect to Lebesgue measure are absolutely normal. His construction remained un-
published and appeared first in his collected works [128]. Becher, Figueira and Picchi [13]
completed his manuscript and showed that Turing’s algorithm computes the digits of an

absolutely normal number « in double exponential time. The discrepancy of the sequence

1

(0" )nzo0, for integer bases b, is O(575). This calculation does not appear in [13], we give

it in Section 4.4.
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Schmidt. In [117], Schmidt gave an algorithmic proof that there exist uncountably many
real numbers normal to all bases in a given set R and not normal to all bases in a set S
where R and S are such that elements of R are multiplicatively independent of elements of
S and such that RUS = N,. In his construction he requires S to be non-empty. However,
in a final remark he points out that it should be possible to modify his construction for S
empty.

The main purpose of this paper is to carry out the details of Schmidt’s remark explicitly
to give an algorithmic construction of an absolutely normal number £&. We show that
to output the first N digits of £ to an integer base b it takes exponentially in N many
(expensive) mathematical operations. The discrepancy of (b"€),>0 is O(blg(i%gNN). A small
modification of the algorithm allows for discrepancy O( W) for any fixed real number
B > 0, but the output (i.e. ) depends on B. For B > 1 this convergence is simultaneously
faster than the speed of convergence to normality of most constructions of normal numbers
(to a single base) by concatenations of blocks (see for example [59] and [116]).

Schmidt’s main tool is cancellation in a certain trigonometric sum related to multiplica-
tively independent bases (Hilfssatz 5 in [117] and Lemma 2.1 here). Schmidt’s lemma does
not make explicit the magnitude of the involved constants. In Lemma 3.1 we present the
detailed calculation and make these constants explicit. The elucidation of the constants in
Schmidt’s lemma can be of interest independent to the present work.

Becher, Heiber, Slaman [17] gave an algorithm that computes the digits of an absolutely
normal number X to some designated base b in polynomial time. The algorithm depends
on a parameter function f that controls the speed of convergence to normality. Becher,
Heiber and Slaman optimize in f to achieve a polynomial time algorithm. The resulting
discrepancy of (b"X),>o was not analyzed but has been recently presented in [91].

Notation. For a real number x, we denote by |z | the largest integer not exceeding x. The
fractional part of x is denoted as {z}, hence z = |x| + {z}. Two functions f and g are
f = O(g) or equivalently f < g if there is a 2y and a positive constant C' such that
f(z) < Cg(z) for all x > x5. We mean lim, , f(z)/g(x) = 1 when we say f ~ ¢ and
g # 0. We abbreviate e(z) = exp(2miz). Two integers r, s are multiplicatively dependent,
r ~ s, when they are rational powers of each other.

In our terminology, mathematical operations include addition, subtraction, multiplica-
tion, division, comparison, exponentiation and logarithm. FElementary operations take a
fixed amount of time to be computed. When we include the evaluation of a complex number
of the form exp(2miz) as a mathematical operation we refer to it as being expensive.
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2. SCHMIDT’S ALGORITHM

In this section we present an algorithm to compute an absolutely normal number. We
derived this algorithm from Schmidt’s work [117]. Schmidt’s construction employs Weyl’s
criterion for uniform distribution and as such uses exponential sums. The following esti-
mate for trigonometric series is his main tool.

Lemma 2.1 (Hilfssatz 5 in [117]). Let r and s be integers greater than 1 such that r o s.
Let K, be positive integers such that 1 > s*. Then

N—-1 oo
(2.1) Z H | cos(mr™l/s*)| < 2N
n=0 k=K+1

for some positive constant asg only dependent on r and s.

In Section 3 we give an explicit version of Lemma 2.1.

2.1. The Algorithm. We begin by stating Schmidt’s algorithm. In Schmidt’s notation
we are specializing to the case R = N5 and S = @. We considered Schmidt’s indications
on how to modify the construction to produce absolutely normal numbers.

Setup. Let R = (7;);>1 = N>y (in non-decreasing order) and let S = (s,);>1 be a sequence of
integers s greater than 2 such that s,, < ms; and such that for each » € R there is an index
mg(r) such that r o4 s, for all m > mg(r). Let 5;; = ag(r;, s;) from Lemma 2.1 and denote
by Bk = miny; j<x 3;;. We can assume that 3 < % Let v = max(r1, ..., Tk, S1,- - -, Sk)-

Schmidt assumes that the sequences R and S are such that 3, > (;/k'* and that
v < 71k holds. This can be achieved by repeating the values of the sequences R and S
sufficiently many times. Set ¢(1) = 1 and let ¢(k) be the largest integer ¢ such that the
conditions

A

o< pk—1)+1, @p?W

and v, <Mk

hold. Then modify the sequences R and S according to r; = 7,3, 5; = Se(;)- Note that
(up to suitable repetition) S can be chosen to be the set of positive integers bigger than 2
that are not perfect powers. In principle, using the explicit version of Hilfssatz 5, Lemma
3.1, one could write down R and S explicitly.

Following Schmidt, we introduce the following symbols where m is a positive integer.
Let (m) = [eV™ + 2s;m?|, denote (m;z) = | (m)/logz] for > 1 and let a,, = (m; sp,),
b, = (M =+ 1; 5,,).
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Algorithm. Step 0: Put & = 0.
Step m: Compute a,,, by, S We have from the previous step &, 1. Let 0,,(§n-1) be
the set of all numbers

Sm, —am—1 Sm —bm+2
nm(gm—1> + cam+18m " +...+ Cbm—QSm "

where the digits ¢ are 0 or 1, and where 7,,(&,,—1) is the smallest of the numbers n = gs; ™,
g an integer, that satisfy &,,_1 <.
Let &, be the smallest of the numbers in ,,(&,,_1) that minimize

2
(m+1;r;)

(2.2) A=Y Y > e(ritn)

t=—m  i<m j=(m;r;)+1
t#0 mo(r;)<m ‘

The following lemma establishes cancellation in the sums A/ in order for Weyl’s criterion
to apply.

Lemma 2.2. There exists a positive absolute constant 07 such that
(2:3) A (&) < Gym*((m + 1) — (m))*~ 7

Proof. Schmidt’s proof of Hilfssatz 7 in [117] can directly be adopted. The inner sum in
Al over j is essentially the same as in Schmidt’s function A,,. The outer sums over r; and
t are evaluated trivially and contribute a constant factor times m?. O

Remark 2.3. Following the constants in Schmidt’s argument shows that 67 = 36 is ad-
massible.

Schmidt shows that the sequence (&,,)m>1 has a limit £ that is normal to all bases in the
set R, i.e. absolutely normal. We have the approximations

(24) Em &<+ 50m

2.2. Complexity. We given an estimate for the number of (expensive) mathematical op-
erations Schmidt’s algorithm takes to compute the first NV digits of the absolutely normal
number £ to some given base r > 2.

Note that from inequality (2.4), the representation of £, in base s); agrees on the first
by — 2 digits with the base s); representation of &. These by, — 2 digits of £ to base sy
determine the first (by — 2)% digits of £ to base r. Thus we want to find M such that

log sy
log r

(2.5) (bys — 2) > N.
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VM
log spr

We find that by, — 2 >
satisfies

for M large enough. Thus, for N large enough, any M that
e\/ﬁ > N2

also satisfies inequality (2.5). Hence, to compute first N digits of £ to base r, N large
enough, it is enough to carry out 4(log N)? many steps of the algorithm.
Naively finding the minimum of A/ in each step m < M by calculating all values A/ (z)

ml/2

for x in the set 0,,(&,_1) costs O(e™ ") computations of a complex number of the form

. m1/2 . .
e(rltx) for each of the 2bm~®m=2 = O(2¢" ) elements z in 7,,(&,_1). Hence in each step

ml/2

m we need to perform e™’* . 2° = O(N2") mathematical operations. Carrying out

M = 4(log N)? many steps, these are in total
O(N2V4(log N)?) = O(e™)

many (expensive) mathematical operations.

2.3. Discrepancy. We fix a base » > 2 and t shall denote a non-zero integer. For a
large natural number N, using Schmidt’s Hilfssatz 7, the Erdds-Turan inequality, and via
approximating N by a suitable value (M r) we can find an upper bound for the discrepancy

Dy ({r"¢}).
Theorem 2.4. The discrepancy of Schmidt’s absolutely normal number £ is

loglog N

(2.6) Dal{reh) < =

where the implied constant and ‘N large enough’ depend on the base r.

Proof. For a given N large enough, let M such that (M;r) < N < (M + 1;r). Such an M
satisfies a lower bound of the form M > (log N)? if N is large enough.
We split the Weyl sum ZTJZVZI e(r"t€) according to

N (M;r) N

(2.7) Ze(r”ft) = Z e(r&t) + Z e(r"t).

n=1 n=1 TL:<M,T>+1
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An estimate for the first sum Zg\ip e(r"¢t) in equation (2.7) can be obtained from
equation (2.2) and yields

(M;r) M-1 (m+1;r)
Z e(r"t§) = Z Z e(r"t&) + O(1)
n=1 m=myo(r) n=(m;r)+1
M-1 5
< m((m+1) — (m))' 2
m=mo(r)
M-1 5
<MY ((m+1) = (m)'~ =
m=1
M-1 12y
<M2< <m+1>—(m>>
m=1

which is equal to M%M)lj%. Using the decay property Ba = 1M ~/2, the first sum in
equation (2.7) is thus

(2.8) < M2MVP=FMY,
For the error of approximation of N via (M;r) we calculate for fixed r, sy, and M large
enough,
L 2
(2.9) <M—i—1;r>—(]\/[;r><<em<e2\/ﬁ—l+€]\fﬂ)

where the implied constant depends on s; and r. We used vM +1—vVM =1/(vVM + 1+
VM) < 1/2v/M. For M large enough we have ¢'/2YM < 1 + \/LM’ hence the right-hand
side of estimate (2.9) is

1 M?
VM

<e — 4+ .
(\/M eVM)

Thus,

(2.10) (M +157) — (M:r) = /7. 0 (ﬁ) — (M:r)- O (ﬁ) |

By the choice of M, (M;r) < N and M > (log N)?. Thus equation (2.10) is

< log N’

hence the second term in equation (2.7) dominates the first.
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The Erdés-Turén inequality applied to the sequence {r"&},>o is

| N
~ 2 elret)
g

where H is a natural number. Splitting the exponential sum as before and upon putting
H =log N, we thus obtain

(2.11) Dy({r"¢}) < % +Z%

log log N
log N

where the implied constant depends on the base r. O

Dy({r"¢}) <

2.4. Modifying Schmidt’s Algorithm. We show that it is possible to modify Schmidt’s
algorithm for a given real number B > 0 to output an absolutely normal number &,
depending on B, with discrepancy Dy ({r"{}) = OT(E‘I)E;])\%ZE) to base r, where the implied
constant depends on 7, thus exponentially lowering the discrepancy associated to Schmidt’s

algorithm by exponent of B.

Proposition 2.5. Fiz 0 < ¢ < 1. Schmidt’s algorithm still holds when the function (m)
1s replaced by the function

Note that the functions (m;r), a,, and b,, and also the construction of the sets o,, have
to be modified accordingly. The algorithm works in exact the same way, but the output
depends on c.

Proof. We need to show that the estimate (2.3) for A/, is still valid with this choice of
(m). In course of the proof of this estimate, Schmidt evaluates the inner sum over j in A/,
trivially on a range of size O(m). This range constitutes only a minor part of the full sum
over j since m < §({m + 1) — (m))'~¢ for some § > 0 and some 0 < € < 1. This can be
seen from

emt _ gm® — om* (e(m“)c_mc —1)
> ™ ((m+1)° —m°)
> em®me!
since €™ > m for any a > 0. Choosing o = % — 1+ n for some n > 0 gives

m+ 1) — (m) > em@m ! = em!
( ) — (m)

which establishes our claim. O
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The discrepancy of & = £, can be estimated the same way as before. Note that any N
large enough can now be approximated by the function (M) with error

O((M +1) — (M) < eMCW

which with M of order (log N)'/¢ is

N
(log N) =
Hence the discrepancy of the sequence {r"¢}, o satisfies
loglog N
2.12 D " —_—
( ) N({T 5}) < (10gN>B

with 0 < B = 1=¢ < 0.
3. THE CONSTANTS ayy IN SCHMIDT’S HILFSSATZ 5
In this section we prove the following explicit variant of Schmidt’s Hilfssatz 5 in [117].

Lemma 3.1 (Explicit variant of Lemma 2.1). Let r and s be integers greater than 1 such
that v o s. Let K, be positive integers such that | > s and denote m = max(r,s). Then

for

(3.1) N > Ny(r,s) = exp(288 - (12m(logm)* + 8(logm)* + (logm)?))
we have

N—-1 oo
(3.2) S I lcos(mri/sh)| < 2N

n=0 k=K+1

for some positive constant ayy as specified in equation (3.25) that satisfies
172 1 1 1 1
(8:3) 920 =67 0007 stlog s (logs B g) '
Remark 3.2. The statement of Lemma 3.1 holds true for all N with
1 —log cos(s%))
Nolog Ny’ 2log N,
as specified in equation (3.27) where No = Ny(r, s) as in equation (3.1).

(3.4) (0 = min (

This enables us in principle to give an explicit description of the sequences (7;);>1 and
(sj);=1 after the repetition of the entries via the function ¢ as suggested by Schmidt.
Lemma 3.1 might also be of independent interest as its non-explicit variant has been used
by several authors, see e.g. [8] and [19]. We do not claim optimality of the bounds in
Lemma 3.1.
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Proof. The proof is basically a careful line-by-line checking of Schmidt’s proof of Lemma
2.1. The reader might find it helpful having a copy both of [118] and [117] at hand.

We follow Schmidt’s notation and his argument in [117].

Let h be the number of distinct prime divisors of rs and let

_ d1 d}
T=Dpy .. Dy
__ €l €h
8—p1'...'ph

be the prime factorizations of r and s with d; and e; not both equal to zero. We assume

the p; to be ordered such that
dy dp
—_ = ...z —
€1 (&
with the convention that %l = +o00. This implies that dpe; — dje, > 0 for all £ > 1.
Let b = max;(d;) - max;(e;). Schmidt denotes by I; numbers not divisible by p?.

For 1 <1 < h, let

)

w = (pit .. pf)E(pfe . pg) T

. . d; .
vi = (it py) (i) T,

where empty products (for ¢ = h) are 1. These numbers are integers, and t; = o is not
equal to 1 since r ¢ s. We have t; = ZTZ, hence, when writing ¢; in lowest terms, the prime
p; has been cancelled.

Let f; = p; — 1 if p; is odd, and f; = 2 otherwise. There are well-defined integers g; such

that
th=1+gp!" (mod pf")
with p; 1 ¢; (especially ¢; # 0). We have g; > 1 by the small Fermat theorem and for p; = 2

we even have g; > 2 since squares are congruent 1 modulo 4. To give an upper bound
logt;
log p;
and p; < max(r,s), a trivial

for g;, note that p¥ can be at most equal to /. Hence g; < | f; | 4+ 1. Since naively

logrlog s

logp; > log2, logt; = e;logr — d;logs < e;logr < o 2

upper bound on g;, valid for all ¢, is
g; < 12max(r, s) logrlog s.
Let a; = max(gy,...,gn). Then
(3.5) 2 < a; < 12max(r, s) logrlogs.

Assume k > ay, e; > 0. The constant as is such that at most ay(s/2)* of the numbers ;17
fall in the same residue class modulo s* if n runs through a set of representatives modulo
s® (Hilfssatz 1 in [117]). At most p?°p?" of the numbers 7, fall in the same residue class
modulo pf if n runs through a set of representatives modulo p¥. If p;|s, then there are
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at most (s/2)* elements in a set of representatives modulo s* that are congruent to each

2b-+g; :
r. Hence ay = max;,,~op; °'. Naive upper and lower bounds on a, are thu
other. Hence axies0P; 7. Naive er and lower bounds o are thus

(3.6) 8 < ap < max(r, 3)8log(max(r’s))“QmaX(ﬁS) logrlogs
The constant ay (named a3 in [118]) is chosen such that
(3.7) (32 _ 2)a4 < 21/4+2a4a24(1 . 2a4)1/2—a4.

The right-hand side of inequality (3.7) as a function of a4 (denote it by f(as)) can be
numerically analyzed. It is a strictly decreasing continuous function on the interval (0, 1/16]
with values f(0%) = v/2 ~ 1.19 > f(1/16) ~ 1.028 > 1. Hence any a4 in (0,1/16) that
satisfies

(3.8) (s = 2)™ < f(1/16)

also satisfies inequality (3.7). Note that ay < 1/16 is no proper restriction as as(2) ~
0.055 < 1/16 and since a4 is decreasing in s. Now, inequality (3.8) is easy to solve and
gives

c

“Z g

for ¢ =log(f(1/16)) ~ 0.028. This constitutes a non-trivial (i.e. positive) lower bound on
the values of a4 that are admissible. To simplify matters we continue with this value for
a4, i.e. we put

0.028

(39) ay = m

The constant a3 also comes from the earlier Schmidt paper [118] and was called a4 there.
Schmidt counts the number blocks of digits in base s with few ‘nice’ digit pairs. These are
successive digits not both equal to zero or s — 1. He derives the proof of Lemma 3 in [118§]
that the number of combinations of k base s digits with less than azk(= ask) nice digit
pairs, counting only non-overlapping pairs of digits, does not exceed

k
3.10 k 2 ) 82 ) La4kj2k/2fta4kj.
( ) (LaﬂfJ ( )

With the approximation

V2rn T 2e ™ < nl < en™ /2™
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we find that the quantity (3.10) is

< b (
2w (agk)oak+1/2

i 1 1 1

21 Jagy/T — 2442 (2a4)%F(1 — 2a4)(1/2-0a)k”

In [118], Schmidt denotes the constant factor by as,
e

Amy/as(1 — 2a4)

with ¢ = 0.028 we obtain the upper bound

k/241/2

(82 _ 2)a4k2k/2—a4k2—1

l\DI?r ~—

a4k) k/2—ask+1/2

LI

(3.11)

af =

Using a4 < 0.055 and a4 >

¢
= log(s2-2)

(3.12) as < 1.87y/log s = 24/log s.

Finally, ag is such that if £ > a3, and respecting the choice of a4, then
(82 _ 2)a4k2(1/2—a4)k
(2a4)a4k(1 _ 2a4)(1/2—a4)k

holds. The left-hand side is equal to
a k k
ask (s —2) 423/4 — ask f(1/16)23/4 < ask20 74k
f(as) f(as)

by the choice of a4 and since f(as) > f(0.055) > f(1/16). Using log(z) < z'/? for all
z >0,

< 23/4-k

O[5k

a5k20.74/€ < 23/4-/€
is satisfied for all k larger than
(3.13) az = 1204/log(s).

Let N > max(s™,s%%1) (hence certainly N > s? since a; > 2) and let k be such that
s < N < s**1. The constants a; and as in Hilfssatz 2 in [117] are such that

ag(s/2)k323k/4 < az N1,

< agleiT(milogN)

which is

(3.14) < aglefﬁ‘lf;s

due to N > s%. Hence a; = aps. We want quantity (3.14) to be < N'~ 161029 hence
(3.15) g5 — 082

16log s ~
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This happens, if

log(asys) - log 2
log N 16log s

which is satisfied when N > NI2 where
(3.16) log Nj®% = 288m(logm)* + 192(log m)® + 24(log m)*

where we denoted m = max(r, s). Note that in particular N is much larger than e®.

The constant ag is such that a4k > aglog N. With a4 > 10g0(822§2) > (1);)0;3 and k > % —1

and due to N > e®, we have

014 1 1
a4k>logN00 —— .
logs \logs s

This is a positive value for all s. Hence

0.014 1 1
(3.17) % (s 3) >0

:logs logs s

is an admissible choice for ag.

Recall that h was defined as the number of distinct prime divisors in rs so that r =
Pl s =l
both equal to zero. Recall that b = max;(d;) - max;(e;).

In Hilfssatz 3 in [117], Schmidt divides the set numbers i7" in at most hb subsets each

of which contains a certain number of consecutive {r". If the number of elements in such

are the prime factorizations of » and s with d; and e; not

a subset is < NV 2 he counts trivially. If the number of elements in such a subset is larger
than N'/2, he uses Hilfssatz 2 with this N. Hence the N in Hilfssatz 3 needs to be large
enough such that N'/? is large enough for Hilfssatz 2. Thus, for

(3.18) N = NI = (N2 = exp(2 - (288m(logm)* + 192(log m)® + 24(log m)?))

there are at most hbN1~% numbers of the {r™ having less than aglog v/ N nice digit pairs.
Hence

0.007 /1 1
(3.19) ag = 8 — )
2 logs \logs s

We have the trivial bound is h < log,(rs) < 211(()’52’” with m = max(r,s). Another trivial

bound is b = max;(d;) - max;(e;) < (logy(m))?. Thus with N > €% we have

hbN'% < T(logm)> N1~ < N1

with

log 7+ 3loglogm  log2 log 7+ 3loglogm

2 _ _
(3:20) s = 288m 161log 5 288m
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Recall from Schmidt’s paper that zx(x) denotes the number of nice digit pairs ¢; 1¢; of
x with ¢ > K where the c are the digits of x in base s.

In Hilfssatz 4, Schmidt begins with the restriction n > N?/3log s/log r which reduces a4
to a value less than 1/3. The remaining numbers Ir™ are divided in at most 2N?/3 many in-
tervals of length | N'/3 | which are analyzed separately. The restriction n > N%/3logs/logr
implies (7" > sKHINY?),

Denote by ng a number N?/3logs/logr < ng < N. Schmidt wants to apply Hilfssatz 3
to intervals N3 logs/logr < ng < n < ng+ [ N3] of length [ N'/3]. However, he makes
one further preliminary reduction in showing that one can assume that zx (1) is less than
2 log N.

Denote by n; the least n > N?/?logs/logr such that zx(Ir") < % log N. Replace Ir"
for n > ny by I*r"™™ where I* = Ir™. All Ir" with N*/3logs/logr < n < n; are by
the choice of ny such that zx(Ir") > 2 log N. As Schmidt’s version is not explicit, he
can assume N to be large enough, and apply Hilfssatz 3 to the interval ny < n < N (or
0 <n < N —ny for numbers I*r").

To make things explicit, we distinguish three cases for the size of ny. We write M =
| N3] for the number of 7" under consideration. We want to find explicit lower bounds
on M such that we can apply Hilfssatz 3.

Case 0: ny does not exist at all. Then the number of /7" with zx less than aglog M is
trivially less than M~ for any 0 < a < 1.

Case 1: nq is large such that the number of i7" with zx (Ir"™) < aglog M can be trivially
estimated by M —n; < M7, This is the case when n; > M — M=%,

Case 2: n; < M — M'=%_ We need the interval M — n; to be large enough to be
able to apply Hilfssatz 3 to obtain cancellation, i.e. M — ny > N§{53 which holds if
M > My = (N}S3)1=as % . Thus by Hilfssatz 3 the number of Ir", ng < n < ng + M, with
2k (Ir") < aglog N is at most (M — ny)l =% < M1,

Schmidt uses a reduction to count only zj instead of all nice digit pairs. This reduction
looses at one point 2 digit pairs, i.e. after an application of Hilfssatz 3 one finds numbers
with at most aglog M — 2 nice digit pairs. This is < % log M for

4
(3.21) log M > —.
ag

Also, Schmidt’s reduction works if

log r M? -1
22 M -1
(3:22) logs< {‘g—glogMJ

Note that inequalities (3.21) and (3.22) do not pose further restrictions on M.
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1
Finally, from M > (NJ®%)™es, M = | N'/3|, and since we may assume that ag < 3, the
requirement

(3.23) N > NSt = (NFS3)6 = exp(288 - (12m(logm)* + 8(logm)? + (logm)?))
for the original N follows. We established that in each subsequence of length | N'/3| there
are at most | N'/3]17% elements Ir" with zx (Ir") < % log| N'/3].

In total, since there are at most 2N?/3 many intervals for n of length [ N'/3|, we obtain

(for log N > %Sgg) that there are at most

Nz/giogs LN L | N3 |1as < 3NI-as/3 ¢ Nlas/6
OgT

clements i7", 0 < n < N, with zx (Ir") < 2 log| N J'/* < 2 log N. Thus

as ag
3.24 _ % _
( ) aiq 6’ ais 6
From Hilfssatz 5 follows that asy = min(aq4, agse) where ags = —aq5logas with ag; =
cos(m/s?). We have —log as; = —log cos(%) > gs%l Plugging in the values of a14 and a3
shows that min(ay4, ase) = ase. Hence
172 1 1 1 1
3.25 == 0007 —— [— - =
(3:25) 920 =679 stlog s (logs 3)

where the constant factor is approximately 0.0057.

To find agg such that Lemma 3.1 holds for all N, we need to replace a4 and a5 by
sufficiently small constants such that Hilfssatz 4 holds for all N. This can be achieved by
redefining
log(No — 1) 1

log Ny ), and aj5 = min(a5, —)

~ mi 1—
a4 = min(ayy, 2log Ny

_ HS4 old ~ 1 __ log(No—1) 2 .
where we denoted Ny = Ny™>*. We have afy ~ 0.007 545 and 1 g Ny S NologNo which

decays worse than exponentially in m. Furthermore, a$id ~ 0.001—~ and 57— is worse

log s 2log No
than linear with in m a large constant. Note also 1 — loglgN?V_l) Z N 11 - Hence Hilfssatz
g INO 0 log No
4 holds true for all N with constants
1 1
3.26 = — d =
( ) 1 No log NO an @15 2 IOg NQ

with Ny = NH5* as in equation (3.23).
The constant asy then modifies according to

1 —1 s
(327) Aoy = min(a14, a22) — min ( 0g COS<52>) ‘

Nolog Ny’ 2log N,
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1

. 71_2
For large m, asy equals ay4 but since asy > T ey for small m we have asy = ags.

we have

Explicitly, with a4 < —eml;ng

1
NO lOg NO

for m > 7 were we denoted m = max(r, s) and Ny = N15* as given in equation (3.23). O

(3.28) az0 =

4. ALGORITHMS BY SIERPINSKI AND TURING

4.1. Sierpinski’s Algorithm. In this section we estimate the runtime and discrepancy
of the effective version of Sierpinsk’s algorithm [123] by Becher and Figueira [11]. This
algorithm outputs the digits to some specified base b of an absolutely normal number v,
depending on b, in double exponential time such that the sequence (b"v), >0 has discrepancy
Olt).

Let 0 < & < 3 be a rational (or computable real) number that remains fixed throughout
the algorithm. We also choose in advance a base b > 2. The algorithm computes the digits
to base b of an absolutely normal number v. The output (i.e. v) depends on the choice of

¢ and b.

Notation. Let m, ¢, p be integers such that m > 1, ¢ > 2 and 0 < p < ¢ — 1 and put

Mg = 24m° J + 2.
Let Aq,m,n,p be the interval (O'bl“'b”qj}(b"_l), O'bl"'b"qul(b”Jr2)) where the string by ...b, is

such that the digit p appears too often, i.e. |Xeli=bn) _ %| > L where N,(b; ...b,) denotes

n

the number of occurrences of the digit p amongst the b;.

Let )
<IN 0 q—
A=UU U Udsmnr

q=2 m=1 n=nm ¢ p=0
and denote a truncated version of A by

k+1 kEnm,q g—1

se=JU U Ui

q=2 m=1n=nm, q p=0

The complement of A in [0,1) is
E=1[0,1)\A.

Sierpinski’s algorithm computes the digits to base b of a number v € E. This number is
absolutely normal as shown by Sierpinski and in Theorem 7 in [11].

The truncated sets A, approximate A in the sense that if a number is not in A, for
large enough k, then it is also not in A. Becher and Figueira’s algorithm computes the
digits of v such that the n-th digit ensures that v is not in some A, , where p,, — c0.
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The Algorithm. First digit: Split the unit interval in subintervals ¢} = [ , %) for 0 < d <
b. Put py = 5-(b—1). Compute the Lebesgue measure of A, N ¢} for all d. The first
digit by of v is chosen such that it is (the smallest among) the d such that the Lebesgue
measure of A, N ¢ is minimal among the A, N cj.

n-th digit: Split the interval [0.b; ...b,_1,0.b1...(b,_1 + 1)) in subintervals
Czll = [Obl ce bn—lda 0b1 e bn_l(d + ].))

for all 0 < d < b. Put p, =5-(b—1)-22""2 The n-th digit b, of v is the (smallest of the)
d that minimize the Lebesgue measure of the A, N c}.

4.2. Runtime. For fixed ¢, m, n and p, writing down all strings b;...b, of length n
of digits 0 < b; < b that satisfy the conditions of A,,, ,, takes exponential time in n.
Naively estimating gives the complexity of computing A as being exponential in k. So,
since p,, grows exponentially in n, the computation of A, takes doubly exponentially many
elementary operations.

4.3. Discrepancy. We give an estimate for the discrepancy of (¢"v),>1, valid for any
v € E and any base ¢ > 2, not taking into account that the algorithm might in fact
construct an element with better distributional properties.

The family of intervals Uz;é Apmnp contains all real numbers with expansion to base b
not simply normal regarding the first n digits. The union

oo q—1
U U2umns

N=nNm,q p=0

contains all real numbers whose base-¢q expansion is not simply normal regarding any large
enough number of digits. Hence any v not in A, satisfies

Hfn <N [{q"v} € I}
N

1

for all N > n,,, and I of the form I = [2,21) 'p=0,... ¢ 1.

7 q
Inverting the relation between N and m and using Sierpinski’s choice for n,, , = L24m <)+

2~ 24mq , we find that
24\ 173 1 1
/3
<(€> N1/6+O(N1/3><<5q N6

t{n <N [ {g"v} € [E,22)}
where the implied constant depends on € but not on gq.

sup — |1

p=0,...q—1

N
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Fix I C [0

7| < 25t + %. Then

1), 6 > 0 and k such that & < ¢. Choose [,m such that I C [Lk o%) and

Hn < N[ {gvhel} f{n < NI{qV}E[%%)}
N

< 1/3N1/6)

<[[+é6+0 ((q’“)”BNl/ﬁ)

=|I4+0+0Os <N1/6)

Since 0 and I were arbitrary, this shows that

" 1
Dn({d"v}) < w76

for any v € E and any base q.

4.4. Turing’s Algorithm. Since Turing’s algorithm has been very well studied in [13], we
restrict ourselves to presenting their result in our terminology. Becher, Figueira and Picchi
[13] show that Turing’s algorithm computes the digits of an absolutely normal number «
in double exponential time. With respect to the speed of convergence to normality Becher,
Figueira and Picchi note (Remark 23 in [13]) that for each initial segment of « of length
N = k221 expressed to each base up to e all words of length up to L = y/log N /4 occur
with the expected frequency plus or minus e L%, Here, k is a positive integer parameter,
and n is the step of the algorithm.

The discrepancy of {b"a} for some base b > 2 can then be calculated as follows. Fix
some arbitrary ¢ > 0 and an subinterval I C [0,1). Let n be large enough, such that
Z < e. Approximate I by a b -adic interval [%, %) such that [S2, 41) S T 5[5, 4).
Then

HOSm< N|{yra}el} _H0<m <N |{b"a} € [, #))
<
N N
d—c+2
bL

1
<\I]~|—6+O(N1/16)

Since I and € were arbitrary this means that {0"«} is uniformly distributed modulo one

< +0(e™))

with discrepancy bounded by O(5+7)-
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SQUARES WITH THREE NONZERO DIGITS

MICHAEL BENNETT, ADRIAN-MARIA SCHEERER'

ABSTRACT. We determine all integers n such that n? has at most three base-q digits
for g € {2,3,4,5,8,16}. More generally, we show that all solutions to equations of the
shape

Y2=t*+M-q"+ N -q",
where ¢ is an odd prime, n > m > 0 and ¢?,|M|, N < g, either arise from “obvious”
polynomial families or satisfy m < 3. Our arguments rely upon Padé approximants
to the binomial function, considered g¢-adically.

1. INTRODUCTION

Let us suppose that ¢ > 1 is an integer. A common way to measure the lacunarity of the
base-g expansion of a positive integer n is through the study of functions we will denote
by N,(n) and S,;(n), the number of and sum of the nonzero digits in the base-¢g expansion
of n, respectively. Our rough expectation is that, if we restrict n to lie in a subset S C N,
these quantities should behave in essentially the same way as for unrestricted integers, at
least provided the subset is not too “thin”. Actually quantifying such a statement can
be remarkably difficult; particularly striking successes along these lines, for S the sets of
primes and squares can be found in work of Mauduit and Rivat [95] and [96].

In this paper, we will restrict our attention to the case where S is the set of integer
squares. Since (see [55])

1 qg—1
> Sy(n) ~ 5 D Sy(n?) ~ S NVlogh,

(0]
n<N n<N g4

it follows that the ratios

507 N ?)
Sq(n) Ny(n)
are infrequently “small”. On the other hand, in the case ¢ = 2 (where S,(n) and N,(n)
coincide), Stolarsky [125] proved that, for infinitely many n,
Ny(n?) . 4 (loglogn)?
Ny(n) logn

"This article appeared in [25]
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a result that was subsequently substantially sharpened and generalized by Hare, Laishram
and Stoll [72]. Further developments are well described in [73] where, in particular, one
finds that

#{n <N : No(n) = No(n?)} > N/
and that the set

{neN,nodd : Ny(n)=Ny(n®) =k}
is finite for £ < 8 and infinite for k£ € {12,13} or k > 16.

In what follows, we will focus our attention on integers n with the property that N,(n?) =

k, for small fixed positive integer k. Classifying those integers n in the set

Bi(q)={neN:n#£0 modq and Ny(n) > Ny(n*) =k}

is, apparently, a rather hard problem, even for the case k = 3 (on some level, this is the
smallest “nontrivial” situation as those n with N,(n?) < 3 are readily understood). There
are infinitely many squares, coprime to ¢ with precisely three nonzero digits base-q, as
evidenced by the identity

(1.1) (1—|—qb>2:1—|—2-qb+q2b.

There are, however, other squares with three nonzero digits, arising more subtly. For
example, if n = 10837, then, base ¢ = 8, we have

10837 =2-8"+5-8+1-82+2-8+5

while
10837* =7-8+7-8+ 1.

On the other hand, a result of Corvaja and Zannier [49] implies that all but finitely many
squares with three base-g digits arise from polynomial identities like (1.1), and, further,
that Bs(q) is actually finite. The proof of this in [49], however, depends upon Schmidt’s
Subspace Theorem and is thus ineffective (in that it does not allow one to precisely de-
termine Bs(q) — it does, however, lead to an algorithmic determination of all relevant
polynomial identities, if any). Analogous questions for By(q) with k& > 4 are, as far as we
are aware, unsettled, except for the case of By(2) (see [50]).

In this paper, we will explicitly determine Bs(q) for certain fixed values of ¢q. We prove
the following theorem.

Theorem 1.1. The only positive integers n for which n? has at most three nonzero digits
base q for q € {2,3,4,5,8,16} and n Z0 mod ¢ are as follows :

¢q=2:nec{l,57,23} orn=2"+1,
¢q=3:nec{l,5813} orn=3"+1,
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q=4 :n=tor2t fortc{l,7,15,23,31, 111}, ort =4"+1 or2-4°*+ 1,
q=5:nc{l,4,8,9,1216,23,24,56, 177} orn="5"+1,2-5" 4+ 1 or 5 + 2,
¢=8 : n<63 nec{92,111,124,126,158, 188, 316, 444,479, 508, 10837}
orn=r-8+s forr,se{1,2,4}
and
q=16 : n=1t,2t or 4t fort <100, t € {111,125,126, 127}
ort=r-16" + s where either r,s € {1,2,4,8} or the set
{r,s} is one of {1,3},{2,3},{3,8},{2,12}, {4, 12} or {8,12}.

Here, b is a nonnegative integer.
This immediately implies
Corollary 1.2. We have
Bs(2) = {7,23}, B3(3) = {13}, Bs3(4) = {23,30,31,46,62, 111,222},
Bs(5) = {56,177}, B3(8) = {92,111, 124,126, 158, 188, 316,444, 479, 508, 10837}

and
Bs3(16) = {364, 444, 446, 500, 504, 508, 574, 628, 680, 760, 812, 888, 924, 958,
1012, 1016, 1020, 1022, 1784, 2296, 3832, 3966, 4088, 10837, 15864, 43348} .

We note that the case ¢ = 2 of Theorem 1.1 was originally proved by Szalay [127] in
2002, through appeal to a result of Beukers [30]. This latter work was based upon Padé
approximation to the binomial function (as are the results of the paper at hand, though
our argument is quite distinct). In 2012, the first author [20] treated the case ¢ = 3 in
Theorem 1.1. We should point out that there are computational errors in the last two
displayed equations on page 4 of [20] that require repair; we will do this in the current
paper.

Our main result which leads to Theorem 1.1 is actually rather more general — we state
it for a prime base, though our arguments extend to more general ¢ with the property that

3/4

q has a prime-power divisor p® with p* > ¢°/*. We prove

Theorem 1.3. If q is an odd prime, if we have a solution to the equation
(1.2) Y? =1+ Mqg™ + N¢",

i integers Y, t, M, N,m and n satisfying

(1.3) t,Y,N>1, |[M|,N,?<q—1 and 1<m<n,

then either n = 2m and Y = q™ - Yy £ t, for integers t and Yy with max{Yg,2tYy} < ¢, or
we have m < 3.
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In the special caset = 1, M = 1, N = 1, a sharper version of this result already appears
as the main theorem of Luca [87]; the proof of this result relies upon primitive divisors in
binary recurrence sequences and does not apparently generalize. It seems likely that the
last upper bound in Theorem 1.3 can be replaced by m < 2; indeed our argument can be
sharpened to prove this for “many” pairs (m,n), though not all. We know of a number of
families of solutions to (1.2), with, for instance, (m,n) = (2,6), ¢ = 7>+ 1 prime, r € Z :

1 ? 244
(1.4) (ir(rf’ + 5rt 4+ 7r? + 5)) =ri 4+ (r*=1)¢+ (T 1 ) ¢

and (m,n) = (1,5), for ¢ = 64r% + 1, corresponding to the identity
(r(32768r" + 1280r* + 15)) = 912 — (40 + 1)q + ¢’
Further families with (m,n) = (1,3),(2,3) and (1,4) are readily observed (as are many

more examples with (m,n) = (1,5)). Beyond these, we also know a few (possibly) sporadic
examples, with (m,n) = (1,6), (1,7) and (2,7) :

4306833652 = 92 — 51 - 311 + 205 - 3116,

6342918641% = 25> — 97 - 673 + 433 - 673°,
49393781643 = 347 — 875 - 1229 + 708 - 1229°,
559 =12 —4.5+4.5,
5745882 = 3% +13-31 + 12 - 317,
1815 = 2> + 72 +4- 7
and
20958% = 22 — 11-13* 4 7-13".
For a fixed odd prime ¢, Theorem 1.3 provides an effective way to completely solve
equation (1.2) under the conditions of (1.3). Indeed, given an upper bound upon m, say

My, solving (1.2) with (1.3) amounts to treating at most O(¢*/?m,) “Ramanujan-Nagell”
equations of the shape

(1.5) Y24+ D= Nqg" where D=—(t*+ Mq™).

These can be handled efficiently via algorithms from Diophantine approximation; see Petho
and de Weger [105] or de Weger [131] for details. Alternatively, if n = ny mod 3, where
no € {0, 1,2}, we may rewrite (1.2) as

(1.6) U? =V3+k,
where

(1.7) U=Ng®Y, V=¢"5"N and k=N (t*+ Mq").
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We can therefore solve the equation (1.2) if we are able to find the “integer points” on at
most O(q**mg) “Mordell curves” of the shape (1.6), where we may subsequently check to
see if any solutions encountered satisfy (1.7). The integer points on these curves are known
for [k| < 107 (see [24]) and are listed at http://www.math.ubc.ca/~bennett/BeGa-data.
html. For larger values of |k|, one can, in many cases, employ Magma or a similar compu-
tational package to solve equations of the shape (1.6). For our purposes, however, we are
led to consider a number of values of k for which approaches to solving (1.6) reliant upon
computation of a full Mordell-Weil basis (as Magma does) for the corresponding curve are
extremely time-consuming. We instead choose to solve a number of equations of the form
(1.5), via lower bounds for linear forms in p-adic logarithms and reduction techniques from
Diophantine approximation, as in [105]. An alternative approach, at least for the equations
we encounter, would be to appeal to strictly elementary properties of the corresponding
binary recurrences, as in a paper of Bright [38] on the Ramanujan-Nagell equation.

It is probably worth mentioning that similar problems to those discussed in this paper,
only for higher powers with few digits, are treated in a series of papers by the first author,
together with Yann Bugeaud [21] and with Bugeaud and Maurice Mignotte [22], [23]. The
results therein require rather different techniques than those employed here, focussing on
lower bounds for linear forms in logarithm, p-adic and complex.

2. THREE DIGITS, WITHOUT LOSS OF GENERALITY

Suppose that ¢ > 1 is an integer and that we have a square y? with (at most) three
nonzero base-q digits. If ¢ is either squarefree or a square, it follows that y is necessarily a
multiple by some power of ¢ (or /g if ¢ is a square) of an integer Y satisfying a Diophantine
equation of the shape

(2.1) Y?=C+M-q"+N-q",
where C, M, N, m and n are nonnegative integers with
(2.2) C,M,N<qg—1 and 1<m<n.

If ¢ is neither a square nor squarefree, we may similarly reduce to consideration of equation
(2.1), only with weaker bounds for M and N.

The machinery we will employ to prove Theorems 1.1 and 1.3 requires that, additionally,
the integer C' in equation (2.1) is square. Whilst this is certainly without loss of generality
if every quadratic residue modulo ¢ in the range 1 < C < ¢ is itself a square, it is easy
to show that such a condition is satisfied only for ¢ € {2,3,4,5,8,16}. If we have the
somewhat weaker constraint upon ¢ that every least positive quadratic residue C' modulo
q is either a square or has the property that it fails to be a quadratic residue modulo ¢* for
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some exponent k > 1, then we may reduce to consideration of (2.1) with either C' square,
or m bounded. This weaker condition is satisfied for the following ¢ :
q=2,3,4,5,6,8,10,12,14, 15,16, 18, 20, 21, 22, 24, 28, 30, 36, 40, 42, 44, 48, 54, 56,
60, 66, 70, 72,78, 84, 88,90, 102, 120, 126, 140, 150, 156, 168, 174, 180, 210, 240,
330, 390, 420, 462, 630, 660, 840, 2310.
Of these, the only ones with a prime power divisor p® with p® > ¢** (another requirement
for our techniques to enable the complete determination of squares with three base-q digits)
are
q=2,3,4,5,8,16, 18,22 and 54.

The principal reason we restrict our attention to equation (2.1) with C' square is to
guarantee that the exponent n is relatively large compared to m, enabling us to employ
machinery from Diophantine approximation (this is essentially the content of Section 3).
This might not occur if C' is nonsquare, as examples like

45454% = 13 4+ 22 - 23° + 13 - 236

and
9730060% = 46 + 96 - 131° + 18 - 131°

illustrate.

3. THREE DIGITS : GAPS BETWEEN EXPONENTS

For the next few sections, we will restrict attention to the case where the base ¢ is an
odd prime. Let us now suppose that we have a solution to (1.2) with (1.3). In this section,
we will show that necessarily the ratio n/m is not too small, except when Y = ¢™ - Yy £ ¢
for small Yj. Specifically, we will prove the following result.

Lemma 3.1. If there ezists a solution to equation (1.2) with (1.3) and m > 4, then either
n=2mandY = q™ - Yyt t, for integers t and Yy with max{YZ,2tYy} < q, or we have
n > 10m — 10.

Let us begin by considering the case where M = 0 (where we will relax the condition
that n > 2). Since ¢ is an odd prime, we may write

Y =q" Yo+ (-1)°t,
for some positive integer Y, and ¢ € {0, 1}, whence
N =q"-Y§+ (—1)°2t - Yp.
Since 1 < N, t2 < ¢ — 1, if n > 2, it follows that

qg—1>¢ —2y/q—1,
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a contradiction since ¢ > 3. We thus have n = 1, so that
N=q Y5+ (=1)°2t- Y,
whence N < ¢ implies that Yy = 0 = 1, corresponding to the identities

(q—t)* =2+ (¢ —2t)q.
It is worth observing that whilst there are no solutions to (2.1) with (2.2), ¢ an odd prime
and M = 0, provided C' is square, this is not true without this last restriction, as the
identity
32330691% = 182 4 157 - 367°
illustrates.
We may thus, without loss of generality, suppose that M # 0 in what follows and write

Y =¢" Yo+ (1),
for some positive integer Yy and § € {0, 1}, so that
(3.1) ¢"YE42(—1)°t - Yo = M + N¢g"™™.
We thus have
¢" =20 <" =" g,

If n < 2m — 2 (so that m > 3), it follows that ¢ — 2¢"/? < ¢™~ ' — ¢™ 2 + ¢, an immediate
contradiction. If n = 2m — 1, then

qm—l < q_}_2q1/27

and so m = 2, n = 3, whereby (3.1) becomes
CYG+2(-1)°- Yo =M+ Ng<(q—Dg+qg-1=¢"— 1.

We thus have Yy = 1 and 6 = 1. Since ¢ | M — 2(—1)°t = M + 2¢, it follows that either
M = —2t or M = q—2t. In the first case, we have that ¢ | N, a contradiction. The second
corresponds to the identity

(3:2) (¢ =) ="+ (¢ —20)¢" + (¢ — 1)¢".
Otherwise, we may suppose that n > 2m. From the series expansion
x? 3 St 75 2125 3327 42928

2 12 _ 4 r _ _ _ ..
(#+ ) + 2t 83 + 16¢5 128t7 + 25619  1024¢! + 2048t13  32768¢15 * ’

and (1.2), it follows that

M m
Y = (-1)° (t + 2—q) mod ¢*",
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so that
2tY = (—1)° (2> + Mq™) mod ¢*™.
If 2tY = (—1)° (2t + M¢™), then

n=2m, — =N and |Yy|=|—],

M? M
42 o2t

corresponding to the identity
(3.3) (4" Yo+ (—1)%)" = 4 ((-1)°#2Y;) - " + Y3 - ¢*",

where max{t? Y7, 2tYp} < q.
If we are not in situation (3.3), we may write

(3.4) 2Y = k™™ + (—1)°(Mg™ + 2t2),
for some positive integer k, so that
(3.5) 47 - N - ¢" " = 12" + 2k(—1)° (Mq™ + 2¢%) + M>.
We rewrite this as
(3.6) M2 N - = (kg™ + (—=1)° M) + k(=1)%4¢2.
If n = 2m, this becomes
4% N = (kg™ + (=1 M)* 4 k(=1)°4¢%,
the left-hand-side of which is at most 4(¢ — 1)2. Since the right-hand-side is at least
(kg™ = q+1)* = 4(g — 1),
it follows that m =1 and « € {1,2}. If kK = 1, we have
¢+ (=1)°’M =0 mod 2t,

say q = 2tqo — (—1)°M, for gy a positive integer with N = ¢2 + (—1)°, with corresponding
identity

(3.7) (q0g + (—1)°)" = 2 + (=1)°(2tq0 — q)q + (@& + (=1)°)*,

where t,qo < \/q. If Kk = 2, then M is necessarily even, say M = 2Mj, and
¢+ (=1)°’My=0 mod t,

say q = tgo — (—1)°M,. This corresponds to

(3.8) (q0q + (—=1)°)" = £+ (=1)°2(tq0 — q)q + (& +2(-1)°) ¢,

where we require that ¢/2 < tqo < 3¢/2, t < /g and gy < \/q — 2(—1)°.
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With these families excluded, we may thus assume that n > 2m + 1 and that (3.6) is

satisfied. For the remainder of this section, we will suppose that m > 4. Then, since the
right-hand-side of (3.5) is

2M 4¢? M?
(39) H2q2m (1 + (_1)(5 ( q—m + q—2m) + . q—2m> ’
K K K

and we assume that |[M| < ¢ and ¢ < /g, we have

1 — 2q17m o 4q172m )
1 q
Since N < q, m > 4 and ¢ > 3 this implies that

m—1

(3.10) N.-g" 2™ >

n—2m+1 > 2021 2m—1

8748
and hence n > 4m — 3 > 3m + 1. We thus have
m 2 2m
Y =(-1)° <t+ ]\4; - M&g ) mod ¢*™,
whence
83Y = (—1)° (8t4 + 42 M g™ — M2q2m) mod ¢>™.
If
8t°Y = (—1)° (8t* + 4> Mq™ — M>¢*™)
then

64t° - N - ¢" %™ = M'q™ — 8t* - M?,
an immediate contradiction, since n > 3m + 1 and ¢ is coprime to tM.
We may thus assume that

8 = k1™ + (—1)° (= M*¢*™ + 4> Mq™ + 8t*)
for a positive integer k1, whereby

64t6Nqn—3m — H%QSm + M4qm _ 8t2M3

3.11

(3:.11) +(=1)° (=2k1 M2@*™ + 812k M @™ + 16tK1)
and so

(3.12) 64t°Ng" " > ¢*™ — 2M?¢*™ — 8t*|M|q™.

This implies that
(313) 64qn—3m+4 > q3m (1 . 2q2—m . 8q2—2m) .

For ¢ > 7, we therefore have

1 3m
&q 3

qn—3m+4 >
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so that n > 6m — 4 if ¢ > 67. If ¢ = 3, we obtain the inequality n > 6m — 4 directly from
(3.12). For each 5 < ¢ < 61, (3.13) implies that n > 6m — 6. In every case, we may thus
assume that n > 6m — 6 > 4m, so that

qu M2q2m M3q3m
_ é 4m
Y =(-1) (t + TR + 1665 mod ¢

and hence
16t°Y = kog™™ + (—1)° (16t° + 8" Mg™ — 2°M*¢*™ + M>¢*™)
for a nonegative integer ko, whence

(3.14) 25610 Ng 4 = k2¢*™ 4 (—1)° (32Kt + 16kt M g™
' —Akot? M2 @*™ + 2k MB3GP™) + 20t M — 442 MPq™ + MSq*™.

If Rg = 0,

256t Ng" 1" = 206" M* — 42 MPq™ + M°*™,

contradicting the fact that ¢ ftM. We therefore have that

(3.15) 256t 0N g™ > gt — 2| M BgP™ — 4t M2 P™
and so
1
316 n—4am+6 > 4m
(3.16) q 5637

whence n > 8m — 8 unless, possibly, ¢ € {3,5}. If ¢ = 3, since t = 1 and |[M|,N < 2,
inequality (3.15) implies a stronger inequality. If ¢ = 5, t < 2, |M|, N < 4 and inequality
(3.15) again yield n > 8m — 8 and hence we may conclude, in all cases that, provided
m > 4, we have n > 8m — 8 > 6m.

From (3.14), we have

(3.17) (=1)°8kat> + 5M* =0 mod ¢™.
If this is equality, we must have § = 1 and so (3.14) becomes
256t10ON GV = K2 — 16kot M + dkot>? M2q™ — 2Ky M3¢*™ — 4t2 M5 + MSq™.
It follows that
(3.18) Arot> + M* =0 mod ¢™.
Combining (3.17) and (3.18), we thus have
TM*=0 mod ¢™,

contradicting the fact that m > 4, while 0 < |M| < q.
We thus have

(3.19) (—1)°8kot? + 5M* = vg™
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. . . . m
for some nonzero integer v. If v is negative, necessarily xp > &z. If v > 6, we have that,

again, ko > gTW;. Let us therefore assume that 1 < v < 5. Now (3.14) is
256110 Ng" ™5™ = k3¢%™ + 4ttv + (—1)° (16K9t* M
—4kat? M2q™ + 2k MB3g?™) — 42 MP + MCq™
and so, since n > 6m,
20 + (—=1)°4rot> M — M® =0 mod ¢™.
From (3.17), we therefore have
(3.20) 50 + (—1)°28k,M =0 mod ¢™.
Since 1 < v < b, the left hand side here is nonzero and so
28ko| M| = q™ — 25.
For ¢™ > 375, it follows immediately that
P

21 —_—
(3 ) Ko > 30 9

whilst the inequality if trivial if ¢ = 3 and m = 4. If ¢ = 3 and m = 5, we check that for
|M| € {1,2} and 1 < v < 5, the smallest positive solution to the congruence (3.20) has
Ko > 17, whereby (3.21) is again satisfied.

Combining this with (3.14), we have that

1 1 2 8
(322) 256t10Nqn74m > _q6m72 ‘M’3q4m71 . _t2M2q3m71 o 1_5t4|M‘q2m71’

900 15 15
whence
n—4am+6 6m—2 4—2m 4—3m 4—4m
q > 5! (1 —60qg — 120q — 480¢* ™) .
It follows that
(3.23) n > 10m — 10

if ¢ > 23.
We note that, combining (3.19) and (3.20), we have

(3.24) 20t = 7TM® mod ¢™ %,

where 05 = 1 if ¢ = 5 and 0 otherwise. For ¢ = 3, we have t = 1, M = +1,£2, and find
that v = £37 mod 81 if [M| =1 and v = £31 mod 81 if |[M| = 2. In all cases, from
(3.19), we have

15

>1(31 3™ — 80) > —3™
K,Q/S 1 .
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Together with (3.14), we find, after a little work, that, again, n > 10m — 10. If ¢ = 5,

congruence (3.24) implies that |v| > 13, so that (3.19) yields, crudely,

1

32 (

which again, with (3.14), implies (3.23). Arguing similarly for the remaining values of ¢

with 7 < ¢ < 19, enables us to conclude that inequality (3.23) holds for all ¢ > 3 and
> 4. This concludes the proof of Lemma 3.1.

1
Ko 135" — 1280) > 5",

4. PADE APPROXIMANTS TO THE BINOMIAL FUNCTION

We now consider Padé approximants to (1 + )'/2, defined, for n; and n, nonnegative
integers, via

" P (2)= i <n2 :;1/2) (m +:22 —~ k) ok

k=0
and

na

n1—1/2 7L1+n2—]{5 k

4.2 = .
(4.2 Q) =32 (") (M)
As in [4], we find that
(4.3) Poyno () — (1 + $)1/2 Qnina () = gmtnett Eyyna (),

where (see e.g. Beukers [30])

(=D™T(n2 +3/2)
I'(—n1 +1/2)I'(ng +ne + 1)
for F' the hypergeometric function given by

(4.4)  Enn,(z) = F(ni+1/2,n 4+ 1,n1 +ng + 2, —x),

1 1
F(a,b,c,—x)=1— x+a (a+1)-b-(b+ )x2
1-c 1-2-¢c-(c+1)

Appealing twice to (4.3) and (4.4) and eliminating (1 + z)'/2, the quantity

Pm-&-lmz (:L‘)Qm,m—i—l(x) - Pm,m-l-l(x)Qm-i-Lm (JZ)

is a polynomial of degree ny 4+ ny + 2 with a zero at = 0 of order n; + ns + 2 (and hence
is a monomial). It follows that we may write

(45) Pm-&-l,nz (l‘)thnQ—i—l(m) - Pmmz-l-l(x)Qm-i-Lm (JZ) - C:Enl+n2+2'

Here, we have

c=(—1)mtt

£ 0.
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ez
(")

so that, in particular, if ny > ng, 4™ P, »,(x) and 4" Q,, n, (z) are polynomials with integer

We further observe that

coeflicients.

4.1. Choosing n; and ns. For our purposes, optimal choices for n; and ny are as follows
(we denote by [z] the greatest integer not exceeding a real number = and set © = [z]+{z}).

Definition 1. Define

(n1,ng) = ([f—m §— Ay [%} —5+A2)

0,1/4] U [1/3,1/2] U [2/3,3/4]
(1/4,1/3) U (1/2,2/3) U (3/4, 1),

where § € {0, 1},

I'g

|
——
—
<
—~———
=55
—~—
m Mm

and

0 if {&}=0.

Note that for these choices of n; and ny, we may check that

(n1+n2+1)m:n+(Az—A1+1—{ﬂ}—{3—”})m>n.

4dm 4dm

AQZ{l if {2} >0

Further, we have
3n  3n

nl(m+ 1) = Z + R + Hl(m,n,(S)
and 5 5
n n n
ng(m—l—l)—l—nl—ng—i—g = Z—FR—FFLQ(TR,H,(;),
where
kn(m,n, ) = (m+ 1) ([3{ﬂ}] I N —3{i})
R 4m ! 4m
and
n n
=— — — Ay — — A
S S RTES | FYNE RN
A short calculation ensures that, in every situation, we have
3 3 5
(4.6) max{ni(m +1),na(m +1) +ny —ny +n/2} < Zn + ﬁ +m—

where the right-hand-side is within O(1/m) of the “truth” for § =0, A; = Ay = 1.
Note that the fact that n > 10m — 10 implies that we have ny > 2, unless

(m,n) € {(4,30), (4,31), (4,32), (5,40)},
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where we might possibly have n, = 1. In all cases, we also have
(47) ]nl — 3n2| < 3.
4.2. Bounds for |P,, ,,,(z)| and |Qy, »,(x)|. We will have need of the following result.

Lemma 4.1. If ny and ny are as given in Definition 1, where m > 4 and n > 10m — 10
are integers, then we have

_ [\
|P”17”2(x)| <2 |x|n1 and |Qn1,n2<x)| < gt 1 (1 + |2_|) s

for all real numbers x with |x| > 16.

Proof. Arguing as in the proof of Lemma 1 of Beukers [31], we have that

|Qnymy ()| < ZQ (7]11) (Th +7?12 — k) |z = 22 ('7{2) (nl +:22 — /f) || ".

k=0 k=0

Since n; > ny and ("17”22_’“) < 2mtne—k=1 it follows that

n2
Qualall <20 (1451

Next, note that, since ny > na, | Py, n,(z)| is bounded above by

ng+1 ni
ne+ 1\ /ng +nye—k % (no+ DIk —ng — 1)l (ng +ny — k "
Z ( k )< Noy >|x| + Z k! - ||,

k=0 k=no+2

The first sum here is, arguing as previously, at most

no+1
gritna=l (] Izl .
(15

For the second, we split the summation into the ranges no+2 < k < [WT”?} and [%} +
1 < k < ny. In the second of these, we have n; +n, — k < k and so

()
no U]

(n2+1)'(k—n2—1)‘ n1+n2—]€ k - n2+1 k
k=["15"2 ] 41 k=["15"2 ] 41

whence

Appealing to Definition 1, we may show that 2n, < [”“LTM} + 2 and hence % < 1, so
that

ni ni | ’

E —_— < E < — |z|™
k_n2 ’$| ~N |£E’ |x|_1 |$| )

h=[m1Em2] 41 b=[m1Em2] 41



DOCTORAL THESIS 63

provided |z| > 1. Since

g g
DIk —ny — 1! —k —k
Z (ng + 1)!( No ) (ny +ngy mk < Z ny + No |a:|k
k! o Mo
k=no+2 k=no+2
and
[n1+n2 [n1+n2] [n1+n2]
2 ny +ng — k 2 2
I N I S W
k=no+2 2 k=no+2 k=no+2
we may conclude that |P,, ()| is bounded above by
na+1
2.13| nitng
2n1+n271 1 m |.Q7| ni | 2 e
(+2 =1 P =1

Since |z| > 16 and, via (4.7), ny > 3ny — 3, checking values with ny < 10 separately, we
may conclude that
| By ng ()] < 2[[™.

This concludes our proof. Il

5. PROOF OF THEOREM 1.3

To prove Theorem 1.3, we will, through the explicit Padé approximants of the preceding
section, construct an integer that is nonzero and, in archimedean absolute value “not too
big”, while, under the assumptions of the theorem, being divisible by a very large power
of our prime g. With care, this will lead to the desired contradiction.

Setting n = /t2 + Mq™, since (1 + z)'/2, P,, »,(x) and Q,, .,(z) have g-adic integral
coeflicients, the same is also true of E,, ,,(x) and so, via equation (4.3),

Mqg™ Mqg™
’tPnl,nz (t—z) - nin,nz (t—g)

On the other hand, from the fact that n? = Y2 mod ¢", we have

<q .
q

n=(—1"Y mod ¢",

for some 0; € {0, 1}, and hence
qu 5, qu
‘tpm,nz ( 12 ) - (_1) YQm,nQ ( 12 )

Equation (4.5) implies that for at least one of our two pairs (nq,n2), we must have

Mqg™ Mq™
th,ﬂz (t—Q) 7é (_1)51}/@”1,”2 (t—2>

<qg
q
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and hence, for the corresponding pair (n;,ns), we have that
M Mq™
" P (T ) = (GO 2 G (M)
is a nonzero integer, divisible by ¢", and so, in particular,

M Mg™
(Qt)in Pnhn2 < q ) ( 1)61Y 22n1 t2m_l in,nQ ( q )‘ > qn'

(5.1) 5 :

From Lemma 4.1 and the fact that Y < ¢"*t1/2 we thus have

m\ M2
(52) qn < 22n1+1|M|n1qmn1 + 23n1+n2—1q(n+1)/2t2n1—1 <1 + ’]\;-{’;3 ) ]
From the inequalities
Mlqg™ 81
|M|,#* < ¢ and | ng 25,
it follows from (5.2) that
(53) qn < 22n1+1 . q(m+1)n1 + 23n1—1qn/2+(m+1)n2+n1—n2 (83/81)n2,

and hence, since n > 10m — 10 and m > 4, we may argue rather crudely to conclude that

(5.4) ¢ < 9 . grax{m (L) no(met 1) tna—ngtn/2)

Inequality (4.6) thus implies

whence
(5.5) g T < o

Since m > 4, if n is suitably large, this provides an upper bound upon ¢. In particular, if

Am? — bm
5.6 S Am~ = om
(5.6) " m—3
then
(5.7) g < 3mnen—imTiem

Since m > 4 and n > 10m — 10, (5.6) is satisfied unless we have m = 4 and 30 < n < 44.
Excluding these values for the moment, we thus have

68m —60
q < 3 6m2—35m+30

Since ¢ > 3, it follows, therefore, that, in all cases, m < 16. If ¢ > 5, we have the sharper
inequality m < 12.
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5.1. Small values of m. To treat the remaining values of m, we argue somewhat more
carefully. For fixed ¢ and m, equation (1.2) under the conditions in (1.3) can, in many
cases, be shown to have no solutions via simple local arguments. In certain cases, however,
when the tuple (¢, M, N, m) matches up with an actual solution, we will not be able to find
such local obstructions. For example, the identities

imply that we cannot hope, through simple congruential arguments, to eliminate the cases
(here n = ny mod 3)

(5.8) (t, M, N,ng) = (t, £2tYy, Y, 2m mod 3),

where max{t? YZ, 2tYy} < q. For even values of m, we are also unable to summarily
dismiss tuples like

(5.9) (t, M, N,ng) = (t, Y7, 2tYy,m/2 mod 3).
Additionally, the “trivial” identity
=t —M-¢q"+M-q"
leaves us with the necessity of treating tuples
(5.10) (t, M,N,ng) = (t, —N, N,mm mod 3)

via other arguments. By way of example, if ¢ = m = 5, sieving by primes p with the
property that the smallest positive ¢ with 5° = 1 mod p divides 300, we find that all
tuples (¢, M, N,ng) are eliminated except for

(1,-2,1,1),(1,—1,1,2),(1,2,1,1), (1,—2,2,2), (1,1,2,1), (1, 3,3, 2),
(1,—4,4,1), (1,-4,4,2), (1,4,4,1), (2, —4,1,1), (2, —1,1,2), (2,4, 1,1),
(2,-2,2,2),(2,-3,3,2) and (2,—4,4,2).

These all correspond to (5.8) or (5.10), except for (¢, M, N,ng) = (1,1,2,1) which arises
from the identity 562 = 12 +2 -5 + 5°.

For the cases where we fail to obtain a local obstruction, we can instead consider equa-
tions (1.6), with the conditions (1.7). Our expectation is that, instead of needing to treat
roughly 6(q — 1)*/2 such equations (for a fixed pair (¢, m)), after local sieving we will be
left with on the order of O(g) Mordell curves to handle.

By way of example, let us begin with the case where ¢ = 3. Here, from (5.2),

377, < 23n1+13mn1 + 23n1+n2—1(82/81>n23mn2+(n+1)/2'
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Since max{mny, mns + (n +1)/2} < 2+ m + 1, and ny > 2 (provided n > 40), we thus
have

3" < 282 (82 /81)23 H T,
so that
3n/4—m—1/4 < 23n1+n2 (82/81)”2

We check that ny < 7=+ 1 and 3n; +ng < 2—” —|— < whence either n < 40, or we have
353 222 (82/81)am

In this latter case, if m > 12, the fact that n > 10m —10 leads to a contradiction, whilst, for
8 <m < 11, we have that n < 157. A short calculation ensures that there are no solutions
to equation (1.2) with (1.3), if ¢ =3, 8 < m < 11 and 10m — 10 < n < 157. For ¢ = 3 and
4 <m < 7, we are led to equation of the shape (1.6), where now |k| 324(1+2-3™) <
1417500. As noted previously, the integer points on the corresponding Mordell curves are
known (see [24]) and listed at http://www.math.ubc.ca/~bennett/BeGa-data.html. We
check that no solutions exist with U and V as in (1.7).

We may thus suppose that ¢ > 5 and hence it remains to treat the values of m with
4 <m < 12. If m = 12, appealing to (5.7), we have, from the fact that n > 110, necessarily
110 é n < 118 and ¢ = 5. A short calculation ensures that there are no corresponding
solutions to equation (1.2) with (1.3). Similarly, if m = 11, we have that either ¢ = 5 and
100<n<125,0rq:7, 100<n<103. If m=10,g=5and 90 < n < 139, 0or ¢q =7
and 90 < n < 109, or ¢ = 11 and n = 90. For m = 9 we have, in all cases, n < 172 and

< 19. For m =8, n < 287 and g < 47. A modest computation confirms that we have no
new solutions to the equation of interest and hence we may suppose that 4 < m < 7 (and
that ¢ > 5).

For small values of ¢, each choice of m leads to at most 2¢°/? Ramanujan-Nagell equations
(1.5) which we can solve as in [105]. In practice, the great majority of these are eliminated
by local sieving. By way of example, if ¢ = 5, after local sieving, we are left to treat
precisely 32 pairs (D, N) in equation (1.5), corresponding to

D € {—312498, —15624, —15623, —12498, —2498, —1249,
—624,1251, 2502, 6251, 12502, 31251, 312502} , if N =1,

D € {—156248, —31248, 3126, 15626}, if N =2,
D € {—234374, —234373, —46874, —46873, —1873, 31252}, if N =3

and

D € {—312499, —62498, —2499, —2498, 627, 2501, 12501, 15627, 62501} if N = 4.
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For these values of (D, N), we find that equation (1.5) has precisely solutions as follows

D N n D N n
—312499 4 7 | 2501 4 2
—312499 4 14| 2501 4 8
—234374 3 7| 3126 2 1
—46874 3 6 | 6251 1 10
—15624 1 6 |12501 4 10
—2499 4 4 15626 2 3
—2499 4 8 [31251 1 12
—1249 1 8 162501 4 3

—624 1 4162501 4 12
1251 1 8

In all cases, these solutions correspond to values of m that have either m > n or n = 2m.
More generally, implementing a “Ramanujan-Nagell” solver as in [105], in conjunction
with local sieving, we completely solve equation (1.2) with (1.3), for m € {4,5,6,7} and
5 < ¢ < 31. No new solutions accrue. If we appeal again to inequality (5.7), using that
q > 37, we find that 60 < n < 81 (if m =7), 50 < n < 109 (if m = 6) and 40 < n < 499
(if m = 5). After a short computation, we are left to consider the cases with m = 4 and
q = 37.

For the value m = 4, proceeding in this manner would entail an extremely large com-
putation, without additional ingredients. By way of example, in case m = 4 and n = 45,
inequality (5.7) implies an upper bound upon ¢ that exceeds 10'** (and no upper bound
whatsoever for 30 < n < 44). To sharpen this and related inequalities, we will argue as
follows. Notice that if we have

Mqg™ Mqg™
(5.11) tPry ny <t—2) = (=1)°Y Qn, m, (t—g) ,
then
Mqg™ Mqg™
£2P2 ( tg ) —(*+Mq™ + N"Q2, ., ( t;] > = 0.

From our construction, it follows that

Mq™ Mq™
2 p2 2 my )2
t Pn1,n2 ( 12 > - (t +Mq ) ni,ng ( 12 )

and hence, if (ny +ny + 1)m > n and (5.11), then

—m(n1+n2+1)

NS .
q

2
(512) q(n1+n2+1)m—n leldes Q2 (0) _ (nl + n2> '

ni,n2 Mo
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In particular, if m = 4 and 30 < n < 32, then we have (ny,ny) € {(5,2),(6,1)} and
hence, since ¢ > 37, (5.12) fails to hold. We thus obtain inequality (5.1) for both pairs
(n1,n9), rather than just for one of them, provided n € {30,31} (if n = 32, we have
(n1 + n2 + 1)m = n). Choosing (nq,n2) = (5,2), it follows from (5.4) that, if n = 30, we
have ¢> < 3'°, so that ¢ < 241, while n = 31 implies ¢°/? < 319, i.e. ¢ < 79. If n = 32, the

worse case corresponds to (ni,ny) = (6,1), where we find, again from (5.4), that ¢*> < 312

n1+n2)
n2

and so ¢ < 727. Continuing in this fashion, observing that the greatest prime factor (
is bounded above by roughly n/4, and that 4(ny + ny + 1) = n precisely when 4 | n, we
have, via (5.4), an upper bound upon ¢ of the shape ¢ < minge{oyl}{?ﬁm/("—“)}, it 4 [ n,
and ¢ < maxse(o,13{3*"/™ W}, if 4 | n, where

p = max{ni(m+1),ne(m+ 1) +ny —na +n/2}.

Here, we exclude the cases where u > n, corresponding to (ny,n2) = (5,3) if n = 33 or
34 and (ny1,n2) = (9,2) if n = 45; in each of these, the other choice of (ny,ns) leads to a
bound upon ¢. For n < 1000, we find that ¢ < 3'°, in case n = 36, ¢ < 3%%/3 (if ¢ = 41),
q < 3% (if n = 52 or n = 57) and otherwise ¢ < 3155. A painful but straightforward
computation finds that we have no additional solutions to equation (1.2) with (1 3) for
n < 1000. Applying once again inequality (5.7), we may thus assume that ¢ < 1021.
After local sieving and solving corresponding equations of the shape (1.5), we verify that
equation (1.2) has no unexpected solutions with (1.3), for m = 4 and 37 < ¢ < 1021. This
completes the proof of Theorem 1.3.
Full details of our computations are available from the authors upon request.

6. PROOF OF THEOREM 1.1

For q € {3,5}, we may apply Theorem 1.3 to conclude that either n = 3° + 1 (in case
q=3)orthat n € {5*+1,2-5°+1,5° + 2} (if ¢ = 5), for some positive integer b, or that
we have either

61) n?=14+M-3"+N-3", n*>=1+M-5"+N-5" or n>=4+M-5"+ N -5,

with m € {1,2,3}, n > m and 1 < M, N < q¢ — 1. Checking the corresponding solutions
o (1.6) (all available at http://www.math.ubc.ca/~bennett/BeGa-data.html), we find
that the only solutions to (6.1) are with

n € {4,5,8,9,12,13, 16,23, 24,56, 177},

as claimed. Adding in the “trivial” solutions with n € {1,2}, completes the proof of
Theorem 1.1 in case ¢ € {3,5}.

Our argument for ¢ € {2, 4,8, 16} follows along very similar lines to the proof of Theorem
1.3, only with slight additional complications, arising from the fact that none of (1 +z)'/?,
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Pryny () oF Qnymy(7) have 2-adic integral coefficients. On the other hand, (1 + 4z)/2,
Py ny(4x) and Qpy ny(4x) do have 2-adic integral coefficients and so we can proceed as
in Section 5, taking * = Mq™/t?, where now ¢ = 2 for a € {1,2,3,4}. Under mild
assumptions upon m (m > 5 is satisfactory), the arguments of Sections 3 and 5 go through
with essentially no changes. We are left to treat a number of equations of the shape (1.5),
to complete the proof of Theorem 1.1. We suppress the details.

7. CONCLUDING REMARKS

In this paper, we have focussed our attention on equation (2.1) in case C' is square and
q is prime. Even in this very restricted situation, we have been able to use our results to
completely determine Bs(q) only for ¢ € {2,3,5}. We conclude with some speculations
upon the structure of the sets Bs(q). Let us write

Bi(q) = U By (q),
j=k
where

By i(q) = {n €N :n#0 modgq, Nj(n)=j and N,(n®) = k} :

If ¢ = 72 + 1 is prime for r an integer, since we have

1
5r(rﬁ+5r4+7r?+5)=T+T-qz+g~q?’,

identity (1.4) implies that Bs3(g) is nonempty for such ¢. Further, for odd prime ¢, we
can find examples to verify that Bs4(g) is nonempty for (at least)

q=7,11,17,23,31,47,101, 131, 151,
amongst the primes up to 200. We observe that
35864 € Bs5(11).

We know of no other value in Bs ;(g) for j > 5 and ¢ prime. Perhaps there are none.
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COMPUTABLE ABSOLUTELY PI1SOT NORMAL NUMBERS

MANFRED G. MADRITSCH, ADRIAN-MARIA SCHEERER, ROBERT F. Ticay®

ABSTRACT. We analyze the convergence order of an algorithm producing the digits
of an absolutely normal number. Furthermore, we introduce a stronger concept of
absolute normality by allowing Pisot numbers of arbitrary degree as bases.

1. INTRODUCTION

In this paper we are interested in simultaneous normality to several bases. In particular,
we analyze the order of convergence to normality of an absolutely normal number generated
by an algorithm of Becher, Heiber and Slaman (Section 2) and are concerned with normality
to non-integer bases. We give an algorithmic construction of a real number that is normal
to each base from a given sequence of Pisot numbers (Section 3 and Section 4).

1.1. Normality to a single base. A real number z € [0,1) is called simply normal to
base b, b > 2 an integer, if in its b-ary expansion

T = Zanb_”, a, € {0,...,0—1}
n>1
every digit d € {0,1,...b — 1} appears with the expected frequency % The number x is
called normal to base b if each of x, bx, b?x, .. .is simply normal to every base b, b?, b3, . ...
This is equivalent (see e.g. [42, Chapter 4]) to the property that all digital blocks of arbitrary
length k appear with the expected frequency, i.e. if for all k > 1 and all d € {0,...,b—1}*,
.1 1
(1.1) lim N\{lgngN: (an,...,anJrk_l):d}]:b—k.

N—oo

Furthermore, Pillai [107] has shown that z is normal to base b if and only if it is simply
normal to every base b, b, b?, . ...

Normal numbers were introduced by Borel [34] in 1909. He showed that almost all
real numbers (with respect to Lebesgue measure) are simply normal to all bases b > 2,
thus absolutely normal (see Section 1.3). It is a long standing open problem to show
that important real numbers such as v/2, In2, e, 7, ... are normal, for instance in decimal
expansion. There has only been little progress in this direction in the last decades, see

e.g. [5].

8This article appeared in [91]
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However, specifically constructed examples of normal numbers are known. Champer-
nowne in 1935 [47] has shown that the real number constructed by concatenating the
expansions in base 10 of the positive integers, i.e.

0,1234567891011...,

is normal to base 10. This construction has been extended in various directions (cf. Erdds
and Davenport [53], Schiffer [116], Nakai and Shiokawa [98], Madritsch, Thuswaldner and
Tichy [92], Scheerer [115]).

1.2. Discrepancy of normal numbers. The discrepancy of a sequence (z,),>1 of real
numbers is defined as

1
Dn(x,) = sup NHl <n<N:z,modleJ}—AJ),
J

where the supremum is extended over subintervals J C [0,1) and where A denotes the
Lebesgue measure. A sequence is uniformly distributed modulo 1 if its discrepancy tends
to zero as N — oo.

It is known [130] that z is normal to base b if and only if the sequence (b"x),>1 is
uniformly distributed modulo 1. Hence z is normal to base b if and only if Dy (b"z) — 0
as N — oo. It is thus a natural quantitative measure for the normality of x to base b to
consider the discrepancy of the sequence (b"x),>1.

Answering a question of Erdés, in 1975 Philipp [106] has shown a law of the iterated log-
arithm for discrepancies of lacunary sequences which implies Dy (b"x) = O(y/loglog N/N)

almost everywhere. Recently, Fukuyama [67] was able to determine

. DN(bnl')\/ N
limsup —————
Nooo Vl0oglog N

for some explicit positive constant ¢(b). Schmidt [119] showed that there is an absolute

=c(b) ae.,

constant ¢ > 0 such that for any sequence (z,,),>1 of real numbers Dy (z,,) > clova holds for

infinitely many N. Schiffer [116] showed that the discrepancies of constructions of normal

numbers in the spirit of Champernowne satisfy upper bounds of order O(@). Levin [85]
constructed for any integer b > 2 a real number « such that Dy (b"a) = O(W). It is
an open question whether there exist an integer b > 2 and a real number z with optimal

hrg_N).

discrepancy bound Dy (b"x) = O(=%

1.3. Absolute normality and order of convergence. A number z is called absolutely
normal if it is normal to any integer base b > 2. Since normality to base b is equivalent to
simple normality to all bases b, n > 1, absolute normality is equivalent to simple normality
to all bases b > 2.
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Since most constructions of numbers normal to a single base b are concatenations of the
b-ary expansions of f(n), n > 1, where f is a positive-integer-valued increasing function,
they essentially depend on the choice of the base b. Therefore they cannot be used for
producing absolutely normal numbers.

All known examples of absolutely normal numbers have been established in the form of
algorithms® that output the digits of this number to some base one after the other. The
first such construction is due to Sierpinski [123] from 1917. This construction was made
computable by Becher and Figueira [11] who gave a recursive formulation of Sierpinski’s
construction. Other algorithms for constructing absolutely normal numbers are due to Tur-
ing [128] (see also Becher, Figueira and Picchi [13]), Schmidt [117] (see also Scheerer [113])
and Levin [84] (see also Alvarez and Becher [2]).

There seems to be a trade-off between the complexity of the algorithms and the speed
of convergence of the corresponding discrepancies. The discrepancies satisfy upper bounds
of the order O(N~Y6) (Sierpinski), O(N~%) (Turing), O((log N)~!) (Schmidt) and
O(N~'%(log N)?) (Levin). All algorithms, except the one due to Schmidt, need double
exponential many mathematical operations to output the first N digits of the produced
absolutely normal number. Schmidt’s algorithm requires exponentially many mathematical
operations.

No construction of an absolutely normal number x is known such that the discrepancy
Dy (b"x) for some b > 2 decays faster than what one would expect for almost all .

In Section 2 we are interested in another construction of an absolutely normal number which
is due to Becher, Heiber and Slaman [17]. They established an algorithm which computes

the digits of an absolutely normal number in polynomial time. We show (Theorem 2.8)
1
log N

of computational speed the discrepancy can in fact be O(log ~)-

that the corresponding discrepancy is slightly worse than O( ), and that at a small loss

1.4. Normality to non-integer bases. Section 3 of the present article treats normality
in a context where the underlying base is not necessarily integer. Let § > 1 be a real
number. Expansions of real numbers to base 3, so-called [-expansions, were introduced
and studied by Rényi [112] and Parry [103] and later by many authors from an arithmetic
and ergodic-theoretic point of view.

In the theory of S-expansions it is natural to consider Pisot numbers [3, i.e. real algebraic
integers [ > 1, such that all its conjugates lie inside the (open) unit disc. A real number z
is called normal to base 3, or B-normal, if the sequence (8"x), ., is uniformly distributed

9With the exception of Chaitin’s constant, which is absolutely normal but not computable [46].



74 A.-M. SCHEERER

modulo 1 with respect to the unique entropy maximizing measure for the underlying trans-
formation  — Sz mod 1 (see Section 3.1). A real number is called absolutely Pisot normal
if it is normal to all bases that are Pisot numbers. Since there are only countably many
Pisot numbers, the Birkhoff ergodic theorem implies that almost all real numbers are in
fact absolutely Pisot normal.

The main result of Section 3 is an algorithm that computes an absolutely Pisot normal
number. More generally, for a sequence (;);>1 of Pisot numbers, we construct a real
number z that is normal to each of the bases §;, 7 > 1 (Section 3.3 and Theorem 3.6).
Bearing in mind that the set of computable real numbers is countable, we thus show that
there is in fact a computable real number that is ;-normal for each j > 1.

Our algorithm constructs in each step a sequence of finitely many nested intervals,
corresponding to the first finitely many bases considered. This is also the essential idea of
the construction of an absolutely normal number by Becher, Heiber and Slaman [17]. We
need to establish lower and upper bounds for the length of g-adic subintervals in a given
interval to control the number of specified digits when changing the base. However, the
equivalence (absolute normality) < (simple normality to all bases) does not hold for non-
integer expansions. Instead, we argue with the concept of (g, k)-normality as introduced
by Besicovitch [29] and studied in the case of Pisot numbers by Bertrand-Mathis and
Volkmann [27].

Our algorithm should be compared to the one due to Levin [84]. While his construction
is not restricted to Pisot numbers, it uses exponential sums and is as such not realizable
only with elementary operations. The algorithm we present in Section 3 is completely
elementary.

In Section 4 we give explicit estimates of all constants that appear in our algorithm. We use
a theorem on large deviations for a sum of dependent random variables to give an estimate
for the measure of the set of non-(e, k)-normal numbers of length n (Proposition 4.3).
Our approach gives all implied constants explicitly, and as such makes a consequence of
the ineffective Shannon-McMillan-Breimann theorem effective. The results of this section
might be of independent interest.

1.5. Notation. For a real number x, we denote by |z| the largest integer not exceeding
x. The fractional part of x is denoted as {z}, hence z = |z| + {z}. We put [z]| = —|—=z].
Two functions f and g are f = O(g) or equivalently f < g if there is a zy and a positive
constant C' such that f(z) < Cg(z) for all x > xy. We mean lim,_,, f(z)/g(z) = 1 when
we say f ~ g and g # 0.
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When we speak of words, we mean finite or infinite sequences of symbols (called letters)
of a certain (specified) set, the alphabet. Blocks are finite words. The concatenation of
two blocks w = wuy ...u, and vy ...v; is the block u; ... ugvy ... v and is denoted by uv or
uxv. If u; for i < m are blocks, *;-,,u; is their concatenation in increasing order of 7. The
length of the block u = u; ... uy is denoted by ||u|| and is in this case equal to k.

We denote by A the Lebesgue measure.

For a finite set, | - | means its number of elements.

Mathematical operations include addition, subtraction, multiplication, division, compar-
ison, exponentiation and logarithm. FElementary operations take a fixed amount of time.
The cost of mathematical operations depends on the digits of the input or on the desired
precision of the output. Addition or subtraction of two n-digit numbers takes O(n) elemen-
tary operations, multiplication or division of two n-digit numbers takes O(n?) elementary
operations, and to compute the first n digits of exp and log takes O(n°/?) elementary
operations. These estimates are crude but sufficient for our purposes.

The complexity of a computable function f is the time it takes to compute the first N
values f(7), 1 < i < N. The algorithm we analyze outputs the digits of a real number X
to some base. By the complexity of the algorithm we mean the time it takes to output the
first N digits of X to some base.

2. DISCREPANCY

In this section, we analyze the speed of convergence to normality of the absolutely normal
number produced by the algorithm by Becher, Heiber and Slaman in [17]. We follow the
notation and terminology therein.

2.1. The Algorithm.

Notation. A t-sequence is a nested sequence of intervals I = (I,...,I;), such that I is
dyadic and for each base 2 < b <t — 1, [,41 is a (b + 1)-adic subinterval of I, such that
AIpr1) = A(p)/2(b+ 1).

Let x,(I) be the block in base b such that 0.x,(I) is the representation of the left endpoint
of I in base b. In each step 4, the algorithm computes a sequence I; = (;2,...,1;;,) of
nested intervals I, D ... D L;y,. If b <t;, let 2(1;) = x; be the base b representation of
the left endpoint of I;;, and let w41 = up(Lir1) be such that ;11 = xip * Uip1p-

If u is a block of digits to base b, the simple discrepancy of u in base b is defined as
D(u,b) = maxocgep |[Na(u)/||u|| — 1/b] where Ny(u) is the number of times the digit d
appears in the block wu.

Let k(e,6,t) be the function

k(e,6,t) = max([6/¢], [—log(6/(2t))6/c*]) + 1.
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From Lemma 4.1 and 4.2 of [17] we further have a function h that counts the number of
mathematical operations needed to carry out one step of the algorithm. See also Lemma
2.5.

Input. A computable non-decreasing unbounded function f : N — R such that f(1) is
known and satisfies f(1) > h(2,1).

First Step. Set tl = 2, g1 = %, kl =1 and Il = (ILQ) with ILQ = [0, 1)

Step i + 1 for i > 1. Given are from step i of the algorithm values t; = v, ¢; = % and a
t;-sequence I;.

We want to assign values to t;,1,&;41. If i + 1 is a power of 2, then we carry out the
following procedure.

e We spend ¢ computational steps on computing the first m values of f, 1 < m <.

e We put § = (8¢, 2t (v + 1)L

e We try to compute k(zi7,0,v + 1) and h(v + 1, 15) in i steps each. If we succeed
in computing these values, and if additionally

(2.1) hv + 1, ﬁ) < f(m)
and for each b < ¢;
[logy(v + 1)]k(1/(v+1),0,v 4+ 1) + [—logy(d)] _ 1
|zl v+ 1

then we define t;11 = v+ 1 and ;4 = Otherwise, we let t;,1 = t; = v,
Cit1 = & = ;1,

1

vl

If 2 + 1 is no power of 2, then define t;,1 =t;, = v, g;11 = ¢; = %
Furthermore, we compute ;1 = (8¢;2tt+1¢,1¢;, ., 1)~1 and

kv = max([6/ei11], [—log(i1/(26:))6/7,11) + 1.
Then we find a ¢;,1-sequence I, ; by means of the following steps.

e We let L be a dyadic subinterval of I;;, such that \(L) > A(I;4,)/4.

e For each dyadic subinterval J, of L of measure 2-M&2tilkiti \(L) we find J =
(Ja, 3, .., Jisy ), @ tipr-sequence starting with Js.

e Finally we choose I,;; to be the leftmost of the ¢;,1 sequences J considered above
such that for each b < t;, D(up(J),b) < €541.

Output. Let X be the unique real number in the intersection of the intervals of the se-
quences I;. In base b we have X = lim;_,o 0.5 = 0. *;>1 u;5. It is the content of Theorem
3.9 in [17] that X is absolutely normal.
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2.2. Speed of convergence to normality. In this section we estimate the discrepancy
Dy (b"X) for integer b > 2. Two factors play a role: How many digits in each step are
computed, and how rapidly ¢; decays to zero. By virtue of the algorithm, at least one digit
is added in each step, and &; can decay at most as fast as O(ﬁgi). As can be expected
from the algorithm, the discrepancy depends both on growth and complexity of f.

It was shown in [17] that to output the first N digits of X, the algorithm requires time
O(N*f(N)).

We begin our analysis by first showing that in each step of the algorithm not too many
digits are attached.

Lemma 2.1 (Lemma 3.3 in [17]). For an interval I and a base b, there is a b-adic subin-
terval I, such that \(1,) = A(I)/(2b).

Lemma 2.2. Ifi is large enough, then 1 < |Ju;p|| < (logi)* for A > 3. Thusi < |lz;]| <
i(logi)A.

Proof. We assume the base b to be fixed and 7 large enough such that ¢;;1 > b. In step
1+ 1 we have the following sequence of nested subintervals:

(2.3) LiyD>...D Ly, DLDLiv12D ... D Lig1y.

By Lemma 2.1, and the choice of /11 2, we know the following lower bounds on the measures
of the intervals in (2.3). We have A\(1;1,) = XM(L;p)/ (25701 /b1), A(L) = MLit,) /4, MIi12) =
2~ Mogatalkir \(L) and A(I;415) = M(Li12)/(2%!). Combining inequalities yields A(I; 1) >
A1)/ (22Fti2Mesa tilkisag 1) Hence in stage i + 1 we are adding at most O(t; + (log t;) ki1 +
logt;!) many digits in base b. The way the algorithm is designed only allows for ¢; =
O(logi). The growth of k;y; can be analyzed and is O(#} logt;). Hence in stage i + 1 at
most O(t; + (logt;)kiy1 + logt;!) = O((logi)?) digits are added to the b-ary expansion of
X, where A > 3 to accommodate all double-log factors.

The lower bound on the number of digits added comes from the fact that by the choice
of Ijy1,2, Iit1,p is strictly smaller than [;;, so at least one digit is added in each stage. [

Next, we investigate the conditions involving k£ and h that are responsible for how fast
t; — oo and ¢; — 0 with step ¢ of the algorithm. We start by showing that condition (2.2)
on k always holds, provided i is large enough. This involves estimating the growth as well
as the complexity of .

Recall that k(e,d,t) = max([6/¢], [—log(d/(2t))6/e%]) + 1.
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Lemma 2.3. Let v > 2 be an integer and § = (8v22"l(v + 1))~1. Then the growth of
k(=5,0,v+1) is O(v*logw). Furthermore, k(—=5,0,v+1) can be computed in O(v*(log v)?)
elementary operations.

Proof. We have for the growth
1
k(o700 + 1) = max([6(v + 1)1, [log(2(v + 1)8u2 ol + D16(v + 1)*]) + 1

< 6(v+1)* (log(16v(v + 1)) + (2v + 1) log 2 + log v! + log(v + 1)!) + 2
= O(v*(logv + v + vlogv))
= O(v?logv).

Since in the expression for £ we are rounding, the most relevant part is the computation
of the significant digits of log(16v(v + 1)22**v!(v 4 1)!). The argument of this expression
is computable with O(v?(logv)?) elementary operations and has O(vlogv) many digits.
We only need to compute O(logv) many digits of the logarithm, which takes another
O((log v)*/?) elementary operations. In total this are O(v?(log v)?) many elementary oper-
ations. U

Corollary 2.4. Fori to be large enough, condition (2.2) on k is always satisfied, i.e. for
each b < t;
[log(v + 1)]k(1/(v+1),0,v+ 1) + [—log(d)] _ 1
|| b v+1

where v is such that t; = v =1/¢;.

Proof. This is a consequence of k(1/(v+1),8,v+ 1) = O(v*logv), log(1/d) = O(vlogv),
|zipll > i and v =t; = O(log i) by the way the algorithm is designed. O

Now we investigate condition (2.1) on h involving f. The function h counts the number of
mathematical operations needed to carry out one step of the algorithm. We want to know
an upper bound for the growth of hA.

Lemma 2.5. With t; = Ei = O(logi) we have
h(t;,e;) = O(i%" 7).

This upper bound for h can be computed with © elementary operations, provided i is large
enough.

Proof. The function h decomposes as h = h,(h1g+ ha + hs + hy)hg as can be seen from the
proof of Lemma 4.2 in [17]. Here:
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e ¢ (from Lemma 4.1 in [17]), is the minimum number of digits sufficient to represent
all the endpoints of the intervals that we are working with in one step (squared).
We know from Lemma 2.2 that g = O(i?(log4)?4) for A > 3.

e It takes h;g many mathematical operations to find a ¢;;-sequence for each J,. We
have hy = t;11.

e hy is the number of mathematical operations needed to compute the base b repre-
sentation uy(J) for each 2 < b < t;. We have hy < [logy t;]kiy1.

e h3 counts the number of mathematical operations needed to compute thresholds of
the form (1/b+ €;41)[|up(JT)||. We have hs = t;.

e hy comes from counting occurrences of digits in wu,(J) and comparing with the
previously computed thresholds. We have hy < t;([log, t;]1ki11)>.

e h, is the maximum number of iterations it takes to find a suitable ¢;;1-sequence.
There are 2/1g2tilki+1 many different subintervals J, of L, hence h, = oflogs tilkit1
With k;; = O(log*4) we obtain h, = O(i'8" ).

e Finally, the function hq is the number of elementary operations needed to carry out
each mathematical operation in one step of the algorithm. Since all values that
appear in the calculations of one step of the algorithm are at most exponential in
t; which is at most of order log i, and because the number of elementary operations
involved depends only on the number of digits of the numbers involved, hq is at
most of order poly(logi).

These bounds can be seen from Lemma 4.1 and Lemma 4.2 in [17]. Combining them
gives h = O(i'°8" 1),

Remark that, when ¢; is bounded by a slower growing function in ¢ such as loglog, then
the significant term in h comes from ¢ and is a power of i. Otherwise h, is the significant
term.

For the complexity of the upper bound for A, note that g1 can be computed in a power
of logi many elementary operations, so certainly with ¢ elementary operations when ¢ is
large enough. O

Lemma 2.5 has the following two immediate corollaries for the speed of convergence to
normality of Becher, Heiber and Slaman’s algorithm.

Proposition 2.6. Becher, Heiber, Slaman’s algorithm achieves discrepancy of Dy (b"X) =

O(log1 ~) for f computable in real-time with growth f > g In this case, the complexity

is O(Z'2+log4 z) ]

Proposition 2.7. If f is a polynomial in i of degree d, then the complexity of X is O(N9+2)
but the discrepancy of (0" X )nso 18 Dy(b"X) = Od(ﬁ).

log N
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Proof. These corollaries follow by observing that the complexity of f is such that f is for
large enough i computed up to the actual value f(i) (i.e. m = ¢) and that either the
condition on h, (2.1), is satisfied, hence the discrepancy is optimal, or that condition (2.1)
is only satisfied for 080" of the values that it is checked for. O

In a similar manner, using Lemma 2.5, one can show quantitatively how growth and com-
plexity of f influence the discrepancy (and the complexity) of Becher, Heiber, Slaman’s
algorithm. This can be done for example by measuring complexity and growth of f in the
following (crude) way. We denote by log ) and exp ) the k times iterated logarithm or
exponential where exp,y = log(_y, and exp(g = logy, = id. Let ¢ be the integer such that
in ¢ elementary operations f can be computed up to a value f(m) with m ~ log(i. Let g
be the integer such that f grows as f ~ exp, i. We allow g € Z but c is non-negative.

Theorem 2.8. Assume f is such that the integers ¢ and g above can be defined. Then
Becher, Heiber, Slaman’s algorithm computes an absolutely normal number X such that
for any base b > 2,

(2.4) Dyn(b"X) =0 ( ! )

(log(l—g+c) N) 1/5

ifl—g+c>0, and

(2.5) Dy(b"X) = O (IO; N)

otherwise.

Proof. We have h < max(poly(i),e”) and t; < logi by the way the algorithm is defined.
t; only increases if ¢ is a power of two and if h < f(m). The latter condition is satisfied
for all 7 large enough if ¢ — ¢ > 1, and for all i (that are powers of two) that satisfy
i < exp((exp,_._1(7))"/"). With 1/t; = ¢, this gives in this case an upper bound for the
discrepancy of order 1/(log(,_, o N)"®. O

3. ABSOLUTELY PI1sOT NORMAL NUMBERS

In this section, we give an algorithmic construction of a real number that is normal to each
base from a given sequence of Pisot numbers. For more information about [g-expansions
and S-normal numbers see for example the book [42]. We have partly followed the notation
in [27].
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3.1. f-expansions of real numbers. Let § > 1 be a real number. Then each real
number z € [0, 1) has a representation of the form

=1

with integer digits 0 < g; < 5. One way to obtain such a representation is the following.
Let T be the B-transformation Ty : [0,1) — [0,1), x +— Sz (mod 1). Theng; = LﬁTé’l(:&)J
for ¢ > 1.

Rényi [112] showed that there is a unique probability measure pg on [0, 1) that is equiv-
alent to the Lebesgue measure and such that pg is invariant and ergodic with respect to
T and has maximum entropy. The measure ;5 satisfies (1 — %)/\ < pg < %/\.

Let ¢(d) be the cylinder set corresponding to the block d, i.e. the set of all real numbers
in the unit interval whose first ||d|| digits coincide with d. A S-adic interval is a cylinder
set ¢(d) for some d.

Let W be the set of right-infinite words w = wyws ... with digits 0 < w; < B that
appear as the f-expansions of real numbers in the unit interval. Let £, be the set of all
finite subwords of length n of words w € W and let W = J,,., £,,. We call the words in
W admissible.

We have " < |£,] < % [£™ for the number of elements of L,,.

For an infinite word w = wyjws ... € W and a block d = dyd> . . . d}, of digits 0 < d; < 3
we denote by Ny(w,n) the number of (possibly overlapping) occurrences of d within the
first n letters of w. If the word w is finite, we write Ny(w) for Ny(w, ||w]]).

An infinite word w € W is called pg-normal if for all d € Ly,

lim - Ny(w, n) = ps(e(d).

n—oo 1

A real number z € [0, 1) is called normal to base B or B-normal, if the infinite word e1e5 . ..
defined by its S-expansion (3.1) is pg-normal.
For fixed € > 0 and positive integers k, n, a word w € L,, is called (e, k)-normal if for

all d € Ly,

ps(c(d))(1 = &)[|wl| < Na(w) < pg(c(d))(1 + &) ||wl]-
The set of all (¢, k)-normal numbers in £,, will be denoted by F, (e, k) and its complement
by E¢(e, k).

A Pisot number [ is a real algebraic integer 5 > 1 such that all its conjugates have
absolute value less than 1, and as usual we include all positive integers b > 2 in this
definition. All Pisot numbers smaller than the golden mean were found by Dufresnoy and
Pisot [60]. In particular, they showed that the smallest one is the positive root of 3 —x —1
(called the plastic number) which is approximately 1.32471 > /2.
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3.2. Preliminaries.

Lemma 3.1 ( [27, Lemma 3]). Let 8 > 1 be Pisot. For every ¢ > 0 and positive integer
k there exist n = n(e, k), 0 <n <1, C = C(e, k) > 0 and ng = no(e, k) such that for the
number of non-(g, k)-normal words of length n

|Eie k) < O L[
holds for all n > ny.

In Section 4.2 we give explicit estimates for ng, C' and 7.

The following Lemma contains the underlying idea of our construction.

Lemma 3.2 ( [27, Lemma 4]). Let ay,as, ... be a sequence of finite words a, € W such
that a = ayay... € W™ and ||a,|| — oo as n — oco. Suppose that for any ¢ > 0 and
any positive integer k there exists an integer ng(e, k) such that all a,, with n = no(e, k) are
(e, k)-normal. If

(3.2) n=o(|laiaz...a,|]) and |ans1] = o(||larasz...anl),

then the infinite word a = ajay . .. is pg-normal.

Proof. Let ¢ > 0 and d € L. It suffices to show that, as N — oo,
ae(d))(1 = )N < Nu(a, N) < pa(e(d))(1 + £)N.

We have Ny(a, N) = Ny(aias...a,, N), where n is such that ||ajas...a,1]] < N <
|lay ...ay,||. Then, for N large enough,

Ng(ai...an, N) < Ng(ar ... anger)) +n(k = 1) + Ng(ang41) + - .. + Na(as,)
< comst(e, k) +n(k — 1)+ > pa(c(d))(1 +€)|ai].
i=ng+1

Dividing by N gives the desired result, assuming conditions (3.2). The calculation for the
lower bound for Ny(a, N) is similar. O

Lemma 3.3. Let 8 > 1 be Pisot. There exists M > 0 such that for all m > 1 and all
d € L, the Lebesque measure of the cylinder set c¢(d) satisfies

(3.3) BB K M e(d) < 7

Proof. This is Proposition 2.6 of [86]. O
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Following the argument in [86], one can take M to be the size of the largest block of con-
secutive zeros in the modified S-expansion of 1 (see Section 4.1). We give an explicit upper
bound on M in Proposition 4.1.

We wish to control the lengths when changing the base. The following is an analogue to
Lemma 3.3 in [17]; see also Lemma 2.1.

Lemma 3.4. Let B be Pisot and M as above. For any interval I there is a f-adic subin-
terval I of I such that A(Ig) > X(I)/28M*4.

Proof. We can assume A(/) > 0. Let m be the smallest integer such that g~ < A(I).
Thus A\(I)/5 < 7™ < A(I). If there exists an interval of order m in I, then let I3 be this
p-adic interval and we have A(Iz) > A\(I)/p.

Otherwise there must be a word a € L, such that w(a) € I but neither 7(a™) nor 7(a™)
is in I, where a~ and a™' are the lexicographically previous or next elements of a of the
same length and where 7(a) is the real number in the unit interval whose [-expansion
starts with a. Then by Lemma 3.3 we have that A(/) < 267™. Since =™ < A(/) and the
smallest Pisot number is bigger than 2/3, we get that 267™~3 < \(I). Thus there must
be a [B-adic interval I3 of order m + 3 in I and we have

1 12 ()

A(lg) = BM+T+m+3 - 93M+4 ﬁ_m 9BM+4"

3.3. The Algorithm.

Notation. Let (8;);>1 be a sequence of Pisot numbers. Let ¢ be a positive integer. A
t-sequence is a sequence of intervals I = ([y, ..., I;) such that for 1 < j < ¢, [; is f;-adic,
such that for 1 < j <t —1, I;;1 C I;, and such that A\([;11) > /\(]j)/26ﬁ6f“+4. If we
have two f-adic intervals J C I then ug(J) means the block of digits that is added to the
base [ expansion of the numbers in [/ to obtain the [-expansion of numbers in J. The
notation u;(J) for a t-sequence J shall mean ug,(J;). We denoted the dependence on f3; of

all appearing constants M, ng, C and of £,, explicitly with an ;.

Input. Given are values 1 = 1, ky = 1, t; = 1 and a sequence (;);>1 of Pisot numbers ;.
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First step. Let I; be a t;-sequence such that I} = (I14,), with I;;, = [0,1). Repeat the
bases 3; according to conditions

(3.4) max f; < B,

(3.5) max Mpg, < (Mg, +1)(1 + logi),

(3.6) > (Mg, +4)log B; < (Mg, +4) log fi(1 + logi).
1<5<t

Step i+1 fori > 1. From step 4, we have a t;-sequence I; of nested intervals I, ; D ... D I;4,
where each I, ; is f;-adic.

Let )
tiyn = [log(i +1)], &1 = ki = iy,
Liv1
5 1 1 1 1 1
i+l — 5 Mg, +4 1. _ Mg +4 Mg +4°
2 28, ! t; ot Hjéti 53. 7o Qlita Hj<t¢+1 53 J

Choose n; 1 to be the least integer such that

(3.7) Nj41 2 max (nﬂj (€it1, ki+1>) ;
J<tita

and such that for all 1 < j <t
(38) )\(Efl(éi_;,_l, ki—l—l)) < 51'_;,_1.

Furthermore, let

Then we perform the following steps.

e Take L to be a 8i-adic interval of I, of length A(L) > A(I;4,)27 5,
e For each f;-adic sub-interval J; of L with uy(J1) = viniq ﬁnd a

Mﬁl +4

tiy1-sequence J = (Ji,..., Jy,, ).
e Choose the “leftmost” of the ¢;;;-sequences J such that w;(J) is (€;11, ki41)-normal
for 1 <j <t

Output. The unique real number X in the intersection of all I; ;.

We need to show that the algorithm is well-defined and that the produced number is in
fact B;-normal for all 7 > 1.

Proposition 3.5. This algorithm is well-defined.
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Proof. We have to show that in each step 7 + 1 there exists at least one ¢;;1-sequence J.

Let S be the union of the intervals J;,,, over the [£]}

definition of the interval L we have that (L) > ( )27
44

each sequence we have that A(J;, ) > 27"+ H 4B Mo, )/\(Jl) Since the sub-intervals

(Mg, +4
J1 C L form a partition of L we have that A\(S) > 2 fit1 th“ 6 W0\
these inequalities yields

t; tit1
et —(Mpg,+4) —(Mpg,+4)
A(S) =270t IH@- £ Hﬁj UML),
o =1

| many ¢;,i-sequences J. By

(Ms 1+4). Furthermore for

A(L). Combining

Now we calculate the measure of the set N of non-suitable intervals and show that it is
less than A(S). For the length of the added word we have ||u;(J)|| = v;n;41 and for each
2 < j < tiy1 we have ||u;(J)]| = niy1. By the choice of n;4, the subsets of I; j, where u;(J)
is not (€;41, ki+1)-normal, have Lebesgue measure less that ,11A(/; ;), and hence less than
di+1A(Zi1). Since we consider ¢; many bases, we obtain A(N) < ¢;0;41\(1;1).

Combining the estimates of N" and S we obtain A(N) < A(S). Since N’ C S there must
be a t;41-sequence J such that u;(J) is (€;41, kiy1)-normal for each 1 < j < ¢;. O

Theorem 3.6. Let (f;);>1 be a sequence of Pisot numbers. Then the real number X
generated by this algorithm is f;-normal for each j > 1.

Proof. We need to verify the growth and normality assumptions of Lemma 3.2 on the words
that correspond to the digits added in each considered base in each step of the algorithm.

To find bounds for the number of added digits in step i +1 in base (3;, for j < ¢;, consider
the chain of intervals

L;>...0L;, DLD>JiD>...DJ

which is considered in step 7 +1. We find a lower bound on the Lebesgue measure of J; in

the form of
1 1 1 1
> = N
>‘<J) 2152 ﬁMl-H /sznz+1 l]\/[ﬁl+4 )‘(I%J>

Thus, Lemma 3.3 implies for the number \|uj7’+1)( )|| of digits added in base f3;, j < t;, in
step ¢ + 1 of the algorithm, that

log ( M;
Fiq 3. Bj+1 . log 1
<D<
og B; og f;

—t, p—(My1+1) p—vini ti  p~Ms
where Fj,; = 2 tzﬂl( 1 )ﬁlvnHHl:lﬁl !

-4
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Hence ||u§~i+1)(J )|| ~ log1/F;;; with implied constants only depending on ;. We thus
need to show that

t;
IOg 1/E+1 = tz 10g2 + (vmiﬂ + M1 + 1) 10g51 + Z(Ml + 4) logﬂl
=1

satisfies assumptions (3.2) of Lemma 3.2.
We now look at the growth of n;1. In light of Proposition 4.3, condition (3.7) requires

(39) i1 = Mﬁj + ki+1

for all 1 < tiv1. We have ;47 = 1/t;11 — 0 and kg = t;41 — 00 as t;11 — 00. Thus
also m;1q tends to infinity at least logarithmically in .

Since A < %,ug, BF <Lk %6’“, and because of Proposition 4.3, condition (3.8) on
n;y1 is satisfied, if for all 57 < t;,

2
! (5»51 1) JI?B;ZHM(EHLICM) < Oit1-
J

With 7 from equation (4.3), this translates into the requirement that for every j < t;,

(Mg, + 1) log 8; + log 5 0\ 2 1
(3.10) Nit1 = i d 51 (og 4< i ) BJ”I + log 5
i+1

ey —1
€i+1m1n(6+lﬂj ;%) &

where

log =2log2 +logt; + (t; + tiy1) log 2 + (Mg, + 4) log 1

i1
+2 ) (Mg, +4)log B+ > (Mg, +4)log B
1<y<t; ti<j<tit+1
(where the last sum is empty if t; = t;,1).
Properties (3.4) and (3.6) on the sequence (f3;);>1 imply
(3.11)

max <(ng + 1) log 8; + log

1<t

B;
Bi—1 \/_—

Conditions (3.4) - (3.6) can be achieved by suitably repeating the bases ;. All conditions

) ((Mﬁl +4)log 51 + log + 1) (1+logi).

are satisfied in step 1, and the process of repeating the bases is possible computably.
Properties (3.4) - (3.6) and (3.11), together with ;1 = k;y1 = 1/g;41 ~ logi, imply that
for 4 large enough

.
Ny = O ( %% (logi + (logi)? + loglogi + logi + logi)) =0 ((logi)*)

1/logi
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where the implied constant only depends on ;. Hence n;, 1 grows at least as O(log i) and

at most as O((log7)*), where the implied constants depend only on ;. Thus log1/F;,;

(i+1)
j .

again the implied constants only depend on /3. Thus Hung)(J )|| satisfies conditions (3.2)

of Proposition 3.2. Hence the number X produced by this algorithm is 3;-normal for every

J =1 O

and hence also [Ju;" 7 (J)|| growths at least as O(logi) and at most as O((logi)*), where

Remark. The choices of how t;, €; and k; change with the step i of the algorithm and
the conditions on the sequence of bases (f;);>1 are rather arbitrary. There is a lot of
freedom to optimize for other quantities, such as done in Becher, Heiber, Slaman [17]
where computational speed is optimized. This is not taken into account here.

Remark. Following these lines, an extension of Becher, Heiber, Slaman’s algorithm to a
countable set of real bases that are S-numbers is possible, provided these bases are bounded
away from 1 and such there is a uniform bound on the length of the periodic part in their
orbit of 1.

A [-number is a real number 3 such that the orbit of 1 under 7} is finite. Pisot numbers
are S-numbers. It is not known under which conditions Salem numbers are or are not (-
numbers (a Salem number is a real algebraic integer 5 > 1 such that all its conjugates have
absolute values at most equal to one, with equality in at least one case). Salem numbers
of degree 4 are S-numbers, but there is computational and heuristic evidence that higher
degree Salem numbers exist that are no S-numbers, see for example [36].

Note that S-numbers satisfy the specification property - one can always use a block
of zeros to make the concatenation of two admissible blocks admissible. This is because
admissible words can be characterized as precisely the subwords of the lexicographic largest
word in the S-shift. Since the orbit of 1 is finite, this word will be eventually periodic and
hence the lengths of subwords consisting of only zeros is bounded. Thus Lemma 3 in [27]
on the number of (e, k)-normal admissible words is valid and can be used as an existence
criterion for a t; sequence J in each step of the algorithm.

Note also that S-numbers also satisfy Proposition 2.6 of [86] needed to control the decay
of the length of subintervals. However, we are looking for a lower bound for the measure
of cylinder intervals of the form (3.3) that is uniform for all bases 5 under consideration.
This can achieved by requiring that there is a uniform bound on the length of the period
of the orbit of 1 under T} for each 8 under consideration.

When adapting the proof of Lemma 3.4 to S-numbers, we moreover need to require that
the set of S-numbers under consideration is bounded away from 1, as above with the plastic
number.
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4. EXPLICIT ESTIMATES FOR [-EXPANSIONS

In this section we make explicit the constants in Lemma 3.1 using large deviation estimates
for certain dependent random variables. This requires us to provide an upper bound for
the length of the largest block of zeros appearing in the modified S-expansion of 1 for a
Pisot number 5.

4.1. Number of zeros in the expansion of 1. Let [ be a Pisot number and denote
by dg(1) = 0.e162 ... the B-expansion of 1, i.e. ¢ = [f] and ¢; = LﬁTéfl(l)J for i > 1.
Let d3(1) be the modified S-expansion of 1, i.e. dj(1) = ds(1) if the sequence eie;. ..
does not end with infinitely many zeros, and dj(1) = 0.(g162 . .. £5-1(€n — 1)) when dg(1)
ends in infinitely many zeros and ¢, is the last non-zero digit. It is known that dj(1) is
purely periodic or eventually periodic if 5 is Pisot. We reprove this fact here and give an
explicit upper bound for the preperiod length v and period length p and take v + p as a
trivial upper bound for the size of the largest block of zeros in dj(1). Note that dj(1) is
(eventually) periodic if the orbit of 1 under T} is finite, and that the number of distinct
elements in this orbit is precisely v + p.

Proposition 4.1. Let 3 be a Pisot number of degree d with r real conjugates 8 = By, B2, .. ., Br
and 2s complex conjugates Byy1, ..., Bq. Then the orbit of 1 under the map T, i.e. the set

{T;(1) | k> 0},

1s finite and its number of elements is bounded by

(4.1) M = d!det(B)'2r s ps0rt2Tl 4 g
where
1 B ... pit
1 ... pit
(4.2) B=| /B ? 2
1 B4 -1
and where
o142
I—mn

with 7 = MaXogj<d |ﬁ]’ < 1.

Proof. For k > 0, T§(1) is an element of Z[f], hence there is a unique representation
Tg(l) = pék) —l—pgk)ﬁ + ... —l—pgi)lﬂdf1 with pl(-k) € Z. Denote by 0;, 1 < j < d, the j-th
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conjugation, ordered such that the first r are real, and o,,; = 7,4144; for 1 <1 <'s. We
have

k
1) # (1= )
1=1
hence for 2 < 7 <d

o) <1+ 2L

L=n
where 7 = maxacj<q | 55| < 1.
Note that
ny Th(1)
s A7 [T
) aq(T5 (1))

where B is as in (4.2) and has determinant detB = [[,,_;4(8; — 8i) # 0. Now, since the
vector of T’ 5(1) and its conjugates can be canonically embedded in a compact convex set in
R"*+2 of volume 2"+~ 175C"*25=1 we can count the Z9-lattice points in a compact convex
set in R? of volume det(B)~!2r+s-1xsC 2571 By loosing a factor of 2, we can make this
set additionally centrally symmetric if we allow Tj(1) (formally) to take on values in the
interval [—1,1]. Then we can use a result by Blichfeldt [33] and bound the number of
Z4-lattice points in B~'Y by

|B7'Y N Z% < dldet(B)12r s 02 4 g

with C' =1+ % and hence obtain an upper bound for the number of distinct points in
the orbit of 1 under 73 which is also a trivial upper bound for the maximum number of
consecutive zeros in the modified S-expansion of 1 as explained above. O

4.2. Number of not (¢, k)-normal numbers. Let § be a Pisot number and let £,, be
the set of all admissible words of length n. Fix ¢ > 0 and a positive integer k. We wish
to find explicit estimates for the number of non-(g, k)-normal words of length n for fixed
e > 0 and k such as given in Lemma 3.1 (Lemma 3 in [27]). The method in [27] uses
methods of ergodic theory and the authors are not aware of a method to make the implied
constants explicit. Therefore we use a probabilistic approach by viewing the digits to base
B as random variables and using a variant of Hoeffding’s inequality for dependent random
variables to bound the tail distribution of their sum. This approach automatically gives
all involved constants explicitly. We use the following Lemma due to Siegel (Theorem 5
in [122]).
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Lemma 4.2. Let X = X; + Xo + ... + X; be the sum of | possibly dependent random
variables. Suppose that X;, for i = 1,2,...,1, is the sum of n; mutually independent
random variables having values in the interval [0,1]. Let E[X;] = n;p;. Then fora >0

a2 3a
PX —BlX]> o) <o ( Zz pi(1 _pi)ni)Q) e <_42:z(1—_171)2> ‘

Proposition 4.3. Let 5 be a Pisot number. The pg-measure of the set of not (e, k)-normal

words of length n satisfies
po(E5 (e, k) < 4Lkl Lal ™"
forn > M + k with n > 0 as in equation (4.3) and M as in equation (4.1).

Proof. Let d € Ly and for n > M + k, let Xy,..., X1 @ £, — R be random variables
where X;(w) denotes the number of occurrences of the word d in w = w; ... w, at positions

Wit j(MA1)Witj(M+1)+1 - - - Witj(M+1)+k—1

for0 < j < LM+1J The X; are dependent, but each is a sum of n; = LM+1J +1 independent

identically distributed random variables Yj( g

that take value one if and only if the word d
appears in w starting at digit w;;r41) and zero otherwise. We have E[X]| = npug(c(d))
and E[X;] = n;us(c(d)). Denote by E, (e, k) the set of words of length n for which there
is a subword d of length k that appears more often than n(us(c(d)) + ¢) times and let
E,(g,d) be the set of words of length n for which the subword d appears more often than
n(ps(c(d)) + ¢) times. We apply Lemma 4.2 with [ = M + 1, n; as above, p; = ug(c(d))

and a = ne and obtain

pa(X > n(ps(e(d)) +€)) = pa(En(e, d))

oxp | — (ne)?
< exp < 8us(c(d))(1 — pg(e(d))) (M + 1)? (LMHJ + 1)>

+ exp (_ 3ne )
AM +1)(1 = pp(c(d)))* )
Using ¢37* ( Fand n > M + 1, this is

<ex + ex sen < 2exp | ——n min( c §)
P 16M+15k P\Tar 1) PAT i1 ™M™ 6504 )

Finally, since pus(E, (e, k)) < > der ug(E (e,d)) and using that " < [£,] < %5” we
obtain

- en e 3
< _ i 2

< 20Lk[[Lnl "
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with
- smin(—wg_k, %) 0
log(%) + (M +1)log B

Using the same argument with ¥ = n — X gives a symmetrical upper bound for the

(4.3)

number of words w of length n in which the word d appears less than nug(c(d)) —en times.
Thus we obtain an upper bound for the number of not (g, k)-normal words of length n of
the form

4| Ly || L] ™"
for n > M + k with n as in (4.3). O

Corollary 4.4. The number of not (g, k)-normal words of length n satisfies
B (e, k)| < CJL, |

form > M + k with n > 0 as in equation (4.3), M as in equation (4.1), and where
C = L.

Proof. Since the Parry measure jz satisfies

1 p
(15 <m

with respect to the Lebesgue measure A\, and due to the bounds on the Lebesgue measure
of -adic cylinder intervals from Lemma 3.3, the bound from Proposition 4.3 on the pg
measure of the set of non-(e, k)-normal words of length n implies for the number of such

words

(4.4) |5 (e, k) < ClLa,

where C' = C(B, k) = 4|£k|6M[% and n = n(p,e, k) as given in equation (4.3) and where
we used that 87 < |£,] < %/3@ O
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ON THE CONTINUED FRACTION EXPANSION OF ABSOLUTELY
NORMAL NUMBERS

ADRIAN-MARIA SCHEERER'

ABSTRACT. We construct an absolutely normal number whose continued fraction
expansion is normal in the sense that it contains all finite patterns of partial quo-
tients with the expected asymptotic frequency. The construction is based on ideas of
Sierpinski and a large deviation theorem for sums of mixing random variables.

1. INTRODUCTION

Consider a real number z in the unit interval [0,1). Let b > 2 be a positive integer and
consider the maps 7} : [0,1) — [0,1), 2 — bx mod 1 and the Gauss map T : [0,1) — [0,1)
defined by Tiz(2) = 2 mod 1 if 2 > 0 and T¢(0) = 0. Then x is called normal to base b, if
for all real numbers 0 < a<b<1

n—1
1 .
(1.1) =3 (i) > b—a
1=0

holds, as n tends to infinity. Here, x4 is the characteristic function of the set A. x is called
continued fraction normal, if for all 0 <a <b< 1

n—1

(1.2) LS N (Tile)) = il ),

n <
=0

where pg is the Gauss-Kuzmin measure on [0, 1), given by

1 1
A) = d
Ha(4) 10g2[41+xx

for any Borel set A.

The maps T} are invariant and ergodic with respect to the Lebesgue measure and the
Gauss map Ty is invariant and ergodic with respect to pg. An application of the point-wise
ergodic theorem thus shows that with respect to Lebesgue measure almost all real numbers
in the unit-interval are simultaneously normal to all integer bases b > 2 (such numbers are
called absolutely normal) and continued fraction normal. The aim of this note is to exhibit
an example of such a number by means of describing its binary expansion one digit after
the other using a recursive construction.

10This article appeared in [114]
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Our construction is based on ideas of Sierpinski and Becher and Figueira and can be
described as follows. We consider a suitable large subset €2 of [0,1) as our ambient set.
This set contains all real numbers whose partial quotients grow at a controlled rate (see
Section 3). We wish to exclude from this set from the set of all non-normal numbers
and do so by collecting these numbers in a set E. This set will in fact have positive
but arbitrarily small measure. Part of the proof is showing that this set is ‘small’. The
corresponding calculations are carried out in Sections 2 and 4. The main new ingredient
is the use of a large deviations theorem for sums of mixing random variables to control
deviations in (1.2). In Section 6 we compute the binary expansion of a number v in Q \ E.
This is done starting with the interval [0,1) and then considering recursively both halves
of the preceding interval and deciding which half is ‘best’, i.e. contains more of 2 \ F.
To make this construction computable, we actually work with finitary versions of €2 and
E, at the cost of a small but controllable error. Finally, in Theorem 6.1 we show that v
is computable and indeed simultaneously normal to every integer base b > 2, as well as
continued fraction normal.

It is in fact enough to consider in definitions (1.1) and (1.2) so-called cylinder sets. These
are intervals, all of whose elements share the same beginning in their base b expansion or
continued fraction expansion. This way we recover the more familiar definition of normality
via the expected behaviour of the asymptotic frequencies of all finite digit patterns.

Normal numbers originated in work of Borel from 1909, and much has since been writ-
ten about them. The reader is best advised to have a look at Bugeaud. The problem of
constructing an absolutely normal number that is also continued fraction normal is also
mentioned there. Although there exist many constructions of normal numbers (to a single
base), no easy construction of a number normal to two multiplicatively independent bases
is known. However, recently constructions of absolutely normal numbers via recursively
formulated algorithms have received much interest. If ‘easy’ is interpreted from a compu-
tational viewpoint, the problem has been solved by Becher, Heiber, Slaman, who gave a
polynomial time algorithm for computing the digits (to some base) of an absolutely normal
number.

existence/almost all properties of normality in cantor sets both for integer bases and
cf-defined cantor sets. recently simmons, weiss. However these constructions do not seem
to be constructive.

2. LARGE DEVIATION ESTIMATES

2.1. Non-normal numbers for integer bases. Let b > 2 be an integer. A word w =
wy...wy, of ndigits 0 < w; < b—1,1< i< n, is called (¢,1)-normal of length n, if for
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each digit 0 < d <b—1,
1 1
ng(l —¢) < N(d,w) < ng(l +¢€),

where N(w,d) is the number of 7, 1 < ¢ < n, such that w; = d. Let Ey(¢,n) be the set of
all real numbers z € [0, 1) such that the first n digits of the b-ary expansion of x form an
(¢, 1)-normal word of length n. Denote the complement of Ey(e,n) in [0, 1) by Ef(e,n).
Fix a digit d, 0 < d < b—1 and consider the random variables X; : [0,1) — R, for 1 < i <
n, defined by X;(z) = 1if the i-th digit in the b-ary expansion of z equals d, and X;(z) =0
otherwise. The X; are independent and have expectation % Let S, = X;1+...+X,. Then
Hoeffding’s inequality for the sum of n i.i.d. random variables bounded by 0 and 1 yields

P < S _ E <&> ‘ > t) < 2exp(—2nt?).
n n

In our case, the probability measure is the Lebesgue measure A\ on the unit interval. With
t=¢
b?

A\ ({xe 0,1) : ‘%m <i<n:Xi(z) :d}—%' > %}) < 2exp (—Zbi;n)

Hence, for the number of non-(g, 1)-normal numbers of length n,

2e?
A(Ej(e,n)) < 2bexp — -

If we define (g, 1)-normality as n(3 —¢) < N(d,w) < n(3 +¢), then

M E;(g,n)) < 2bexp(—2e°n).

2.2. Non-normal numbers for continued fractions. Let A be a Borel subset of [0, 1)
and denote the Gauss measure of A by ug(A4) = @ Jumizdx. Let € > 0 and let k, D,n be
positive integers. A word w = w; ...w, of length n of digits w; € {1,... D} will be called

(e,k,D,n)-CF-normal, if for all words d = d; ...d}, of length k of digits d; € {1,..., D},
(2.1) (n—k+Duc(Ag)(1 —¢) < N(d,w) < (n—k + Duc(Ag)(1 +¢)

holds, where N(d,w) is the number of i, 1 <i < n—k+1, such that w; ... wip1 =d;...dg
and where Ay is the set of all real numbers in [0,1) whose continued fraction expansion
coincides on the first k digits with d.

The set of real numbers x € [0,1) whose first n partial quotients form a word that is
(e,k, D,n)-CF-normal will be denoted by FEcr(e, k, D,n). We denote its complement in
[0,1) by Eép(e, k, D,n).
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We also require a notation for the set of x € [0,1), where the number of occurrences
of only one specific d of length k of digits in {1,..., D} satisfies (2.1). This set will be
denoted by Ecr(e,d, D,n).

Similarly, we introduce the sets Ecp(e, k,n) and Ecr(e, d,n).

Fix a word d of length k composed from positive integers. For ¢ > 1 we have the random
variables a; : [0,1) — R and derived random variables X, : [0,1) — R. The a; are defined
by a;(x) = a; when the continued fraction expansion of z is x = [0;ay, as, ..., a;,...]. The
X, are defined to be 1 — p; if the string d appears in the continued fraction expansion of
x starting at a;, and —p; if not. The numbers y; are chosen such that E[X;] = 0.

A sequence (X;);>1 of random variables X; : [0,1) — R is called strongly mizing, if
(2.2) a(n) :==supa(M;,Gi1,) — 0

=1
as n — oo. Here M; = o(X;,i <) and G4, = 0(X;,7 > | + n) are the o-algebras
generated by X, for i <[, and by X;, for i > [ +n. The a-mizing coefficients a(M;, Giyp)
are defined by
a(M;, Giiy) = sup |IP(AN B) — P(A)P(B)|.

AGM;,BEGH»»,I

We know the following mixing property of (a;);>1 with respect to the Gauss map pg on
[0,1).

Theorem 2.1 (Philipp (1988)). The a; are exponentially strongly mizing. In fact we have
for some 0 < p < 0.8

(2.3) lnG(AN B) — pg(A)pe(B)| < p"pa(A)uc(B)
for all A € o(a;,i <1) and B € o(a;,i =2 n+1).

The constant p has been subject to later improvements. We worked here with p = 0.8.

From Theorem 2.1 we can derive exponential strong mixing for the random variables
X; with respect to the Gauss measure pg. We look at |ug(A N B) — ug(A)uc(B)|
where A € o(Xy,...,X;) and B € 0(Xyn, Xigns1,...). Since o(X;) = X;'B(R) is
generated by {@,[0,1),T5(d) = a;'(di) N a 5(d2) N ... Magh_(di),[0,1) N T5'(d)}
where T is the Gauss map on [0, 1), we have that O'(Xl) C o(ai,...,a;1k—1) and hence
o(Xy,..., X)) C o(ay,...,ak—1). Consequently o(X;, Xiy1,...) C o(a;,ai41,...). Thus
any mixing coefficient a(n — k + 1) for the a; is a valid mixing coefficient a(n) for the
X;, for n > k. For smaller values of n, note that in general a(n) < 1 Hence the X; are
strongly mixing with a-mixing coefficient a(n) < exp(—2nc) for all n > 1 with

log 0.8

(2.4) c=-—0
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We have thus shown that there is an explicit ¢ > 0 such that (X;);>1 is a sequence of
strongly mixing centred real-valued bounded random variables with a-mixing coefficient
a(n) satisfying a(n) < exp(—2cn). As such the X; satisfy the assumptions of the following
large deviation theorem.

Theorem 2.2 (Corollary 12 of Bernstein inequality..). Let (X;);>1 be a sequence of centered
real-valued random variables bounded by a uniform constant M and with a(n) satisfying
a(n) < exp(—2nc) for some ¢ > 0. Then for alln > 2 - max(c,2) and x > 0

22
2. P Zr) < — ; ;
(2.5) (15n] 2 @) < exp ( n(logn)4CM? + 4Mz(min(c, 1))_1)
whereC’zG.ZK—i—(%—l—c%)-i- g2’ thhK_1+821>1a()

Here S,, denotes again the sum X; + Xy + ... + X,.

The following theorem is thus a corollary of Theorem 2.2.

Theorem 2.3. Fiz a string d of positive integers of length k. We have for N > 2(k + 1)

(ena(Ag))? N )
C+ (eug(Ag))/c)logN )~

Proof. Weset x = eug(Ag)n, P = pg,n = N—k+1and M = 1. Hence |S,,| > « is the same
as | N X — (N—k4+ 1) ua(Ad)| > epa(Ag)(N—k+1) which is equivalent to the defining
condition of non-(g, d, N)-CF-normality from (2.1). We have 0.09 < —log0.8 < 0.1, so for
any k, max(c,1) = 1 and Theorem 2.2 can be applied provided N — k + 1 > 4 holds. To
estimate the exponent we used N —k+1 > %N , valid for N > 2(k — 1). The requirement
N > 2(k + 2) meets both conditions on N. d

(2.6 e Bolz,d, N)) < exp( =

We put
(epnc(Aa))?
16(C' + (ena(Aq))/c)
and wish to simplify this expression by bounding it from below. This can be achieved by
straight-forward calculations, noting that ¢ < 1/20 < 1 for any k, and that Nug(Aq)(1 +
g) < N, so that pge <1 —pg < 1.
We obtain

ner(e, d, k) =

(27) UCF(E,d, /{3) > UCF<€,d, ]{3) = < 900K

From here on, we will work with ncp defined by this equation as the constant from Theo-
rem 2.3.
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Remark. The bound obtained in Theorem 2.3 bounds a set of certain real numbers with a
priori no restrictions on their partial quotients. Since E¢p(e,d, D, N) C E&p(e,d, N) the
bound (2.6) is also valid for this smaller set. Note that E&g(e,d, D, N) is a union of finitely
many intervals with rational endpoints and thus can be computed, as well as its Lebesgue
measure.

The bound from (2.6) is valid for the Lebesgue measure of E&p (e, d, N) with an additional
factor of

log 2°

3. RESTRICTING PARTIAL QUOTIENTS

Fix f: N — N and denote
Qy ={z€[0,1) | a;(x) < f(i),1 <i < N}
Q=) ={ze01)]al) < fi)i>1}

N>1

By appropriately choosing f, €2 has measure arbitrarily close to 1.

Proposition 3.1. Let f(i) = A2" — 2 with a positive integer A. Then

1 1
AON+1”

AQ) >1-— and  AQx Q) <

2
A )
Proof. Since log(2)ue < A < 2log(2)pe and the invariance of g under the Gauss map we
have

AQ) = M € [0,1) | ai(e) < f(0),i > 1} = 1- A (U{xem f()+1})

i>1

>1—2log(2 Zug{az/ )+ 1} =1—2log(2 Z,ug{al i)+ 1}

1—22/\{(11/ )+ 1} =1-— 2Zf

Choosing f(i) = A2" — 2 with a positive real numbers A gives

2
>1—-—.
NOEIEE:

For the second assertion,

OvsQ= ({0 a@) <fO}n () {z€0.1): alx) > fi)+ 1}

1<iKN i>N+1
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Thus

MOy N Q) < A{zx€]0,1) :ani(z) > f(N+1)+1})
1
AQN+1’
since the measure of the intersection of a number of sets can be trivially bounded above
by the measure of one of the intersecting sets. O

Let w =2 and wy = %557 so that A(Q) > 1 —w and A(Qy \ Q) <wy
Note that Qx in [0, 1) is a union of cylinder intervals with rational endpoints and is thus
computable, as well as its Lebesgue measure A\(Qy).

4. A SET CONTAINING ALL NON-NORMAL NUMBERS

Let 8 > 0 be a parameter such that 1 —w— £ > 0. g will be used to control the measure
of a set E which contains all non-normal numbers.

Let
=Y U E@mNulU U ESp(1/m,d,N)

b>2m>1 N>Ny(m) d m>1 N>Ngp(m,dk)+1

Here, the tilde shall indicate that we take each interval of which the E, and Ecp consist
to be three times the length.
We further introduce a finite version of E. For a positive integer k, let

kN, k kNcp
U U U Eq/m~nul) U U E&r(/m.d, f(N),N)
b=2m=1 N=N,(m) m=1d,|d|<k,d;<k N=Ncp(m,d,k)+1

Trivial upper bounds for the Lebesgue measure of F and Ej, are

<> Y Z AES(1/m,N)+> ) > AN ES,(1/m,d, f(N),N))

b>2 m>1 N>N,(m d m>1 N>Ngp(m,dk)+1
and
E ok kN, ENcp
MED <Y Y DY MEA/m,N)+ Y Z > MEEGp(1/m,d, f(N),N))
b=2 m=1 N=Ny(m) d|d|<k, m=1 N=Ncp(m,dk)+1

di<k,1<i<k

The starting lengths N, and N are chosen such that A(F) < . In the integer case,
they are allowed to depend on the base and € = 1/m and in the continued fraction case on
¢ = 1/m and on the word d. The function f ensures computability of the set Fj and its

measure.
Let T = )\(E AN Ek>
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Proposition 4.1. We have A\(E) < 3 and 7 < 1

Proof. We show that for Ny(m) = %C1b4m3 with €y = 3/%8

(4.1) Y > )\Eb 1/m, N)) < g

b>2 m=1 N>N,(m

and that for Nep(m, d, k) = 029008MG(Ad)_8k8m6d - d} with Cy = %

(4.2) YD > AEep(1/md f(N),N)) <

d m>1 N>Ngp(m,d,k)+1

SIS

We treat sum (4.1) first. We have

SN S mee =230 e

b>2 m=1 N>N,(m) b>2 m>1

Note that (1 — e 2/("*%))"1 < 222 for all m > 1, b > 2 and that [;° 2% dz = 2 for
¢ > 0. Hence this is

2 8 1 8
<4y v —Gtm g T = — — < —=5.
SN <Y = S <

b>2 m>=1

This is < for C3 > 48
For continued fractions we use

NE&p(1/m, d, [(N), N)) S ME&p(1/m, d, N)) < e merEHIN

e (e.dk) g x which is more difficult to work with. We also use

nor (e, d, k) = (w;o—(oAkd))

instead of the better term e

from equation (2 7).

We have 2= > N'/2 for all N > 1 and that e~ " is strictly decaying for N > 0. Also
note that
00 1/2
/ efmjl/zdx _ 2 nxg, /1—|2— 1
xo 7]2 677730/
We have

—n(m 1/2 _loim
(42) < Z Z 77( d k N Z m d k) — ¢ 277( 7d7k) NCF(mvdvk)7
d

m>1 N>Nep+1 d m>1'!
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where we used that nN'/2 +1 < 2pN'/? for N > .7 Put New(m, d, k) = Nep(d, k)m® and
set n(m, d, k) = n(d, k)m=2 with n(d, k) = (uc(Aq)/(900k))? independent of m. Use again
J° a?e~*dx = %. Then

4m n(d,k)r/Ncr(d,k)m 64
Vet Z (d, B Now (d. k)P

<613 - Z dk4NCde)

k>1 dyp>1 d1>1

d m>1

where we split up the sum over all d into 3,1 > ymk = Dogs1 Dogus1 Doays1- Lut

Ncr(d) = Cy #5028)8 k8dz - .. .- d? for some positive constant Cy only dependent on 3. Then

the previous term is

(4.3) Z DRE Z

k>l dp>1 d121

Since ), ., n~? < 1, this is just
64
02
which is < % for Cy > @

We continue showing that r, < % Since ry = A(E \ Ej), rx can be bounded above by
the sum an upper bound (4.4) of the integer part and an upper bound for the continued
fraction part (4.5),

re < (4.4) + (4.5).
We tread the integer-base part first.
k ko koo o o oo
RN 35 oK 55 5 3 95 95 ol EE
b=2 m=1 N=kN, b=2 m=k+1N=N, b=k+1m=1 N=N,

Recall N,(m) = $Cb*m? with C} = ¢ %8. We have for the first sum in (4.4),

k

k k 00 L, k k ., 3 )
S50 3 e <Y p S mte < S

—2 m=1 N=kNy+1

For the second sum in (4.4),

k 00 0o L, k 2 .
DD D IETELE WD DR R o] GO TR PR

b=2 m=k+1 N=N, b=2 m=k+1

< 20k Z e~ L 40ke W
b=2
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where we used that f;o r?e~dx = (x2/c+ 2x0/* + 2/3)e 0.
For the third sum in (4.4),

ZZZ%& P <4Zb32mem§b2 b<4Zb303b6 C’3k:2

b=k+1m=1 N=N, b=k+1 m=1 b=k+1
Thus

(44) < g + 40ke™ +O§k2.

The continued fraction part of r, can be bounded above by

k o0 [e%S) o0 [e'S) o0

2. > PSR DD DD
|<k, m=1N=KkNgp+1 d,ld|<k, m=k+1 N=Ncp+1 d,|d|<k,31<i<kd;>k+1, m=1 N=Ncp+1
di<k,1<i<k d;<k,1<i<k or d,|d|=k+1

e—én(d,m), /Ncr (d,k,m)

The first sum in (4.5) decays linearly in k& with constant Cy replaced by kCs.
The second sum of (4.5) requires some care. As before, we have

3 Z Z eQndm>¢W<Zz 4m o~ in(@/Nox@m

|d|<k,d;<k m=k+1 N=Ncp+1 all d m>k:+1

Note that e~ is strictly decaying for z > 2. Thus D omskil S Zm>max(k+1,2/c)v where
C = 577(d) NCF(d)

We have [ a?e “dz < [, ey = %e_%d“ for ¢ > 2. In our case ¢ = 1n(d)\/Ncr(d)

= 1116(Ag)7190002d; - . . .- di+/Cs. Here L is the length of d, and Cj is larger than 1. Thus
c is at least 800, so large. We thus have 22 < e~ 2 for all z > 1.

Thus the last term is
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<16-1600) CFPY oo el mh <16-1600 Y 2'2le

>1 a;=>1 a1>1 >1

< 25600 Z 2k

>1

< 25600(e*F + et 4y ")

>3
< 25600(e*F 4 7 4 2¢73)
< 2560000e*

In the last sum of (4.5), the sum over the restricted range of words d splits up according

to

2.2

IZk+1 |d|=l
Y DD VLD DD DD DN D DD D
1<ILk dizk+1d;>1,1<i<l—1 1<di<k dj_1>2k+1 d; >21,1<i<1—-2 1<d; <k, >i>2 d1 >2k+1

The term that is summed over is 64/C5 - (13d; - ... - d;) =2 by choice of Ncr (see (4.3)). Any
sum over an unrestricted range of d; > 1 gives a convergent term less than 1. The sums

over the restricted range d; > k+ 1 are bounded above by % Finally, the restricted ranges

1 < d; < k contribute at most (%2 — 1 — +%) which is less than 0.7. Thus the last sum

kT
in (4.5) can be bounded above by
64 (1 1 1 [
<G (E*E 2 & (Z‘”Z))
2 1<i<k i=0

This expression converges and is

5. SET-THEORETIC LEMMAS

In the following, let ¢ be an interval and M < N, k < [ positive integers and €2, Qy, E,
Ey, r, wy and w as before.
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Proposition 5.1. We have

(5.1) ME N Ey) <71

(5.2) MNE~ Ey) < 4

(5.3) AMEOQNE)Ne) 2 AN Ep)Ne) —rg
(5.4) MOy NE)Ne) 2 AM(Qx N Eg)Nc) =1y
(5.5) AMOQNE)Ne) ZM(QNEy)Ne) —rg
(5.6) MOQOv N E)Ne) 2 AM(Qy N Ey)Ne) —rg

Proof. A(E \ Ex) < 11 is immediate from the definition of Ej and 7.
A E; N Ey) < 1 is also immediate since E; \ Ey C E \ E.
We have
(QONE)Ne=(QNEy)Nc) N ((ENEg)Nc).
Hence
MEONE)NCe) Z AN Ey)Ne) = AENEgNc)
>AMQNEp)Ne)— ANE N Ey)
> AN(2N Ep) Ne) — 1.

The same argument works with €2 replaced by 2y and E replaced by Ej which gives the
remaining inequalities. U
Lemma 5.2. We have

MEOQNE)Ne) =2 AM(Qy N Ex)Ne) —wn
)\((QN AN Ek) N C) 2 )\((QM AN Ek) N C) — WMpm

Proof.

(Qv~NEp)Ne=((QU Oy N Q) N Ex)Ne
=(QNVEUQNNQ) N Ey)Ne
=(QNE)Ncl(QyNQ) N ExNec.

Consequently,

)\((Q AN Ek) N C) = )\((QN AN Ek) N C) - )\((QN AN Q) AN Ek N C)
2 )\((QN AN Ek) N C) — )\(QN AN Q)
2 )\((QN AN Ek) N C) — WN.
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The second inequality follows using the same argument applied to Q2 = Qn U Qy N Qn.

g

6. ALGORITHM

6.1. First (binary) digit. We choose N; and k; to be such that

(1—w—-p8)>0

| =

1
5(1—w—ﬁ)—2le—rkl >

This can be achieved for example with Ny and 7 such that wy, < %(1 —w— ) and let r
be such that ry, < §(1 —w — (). Such values for Ny and ry are computable.
We have

/\((QJ\H ~ Ekl) N [O’ 1/2)) + )‘((Q]\h ~ Ekl) N [1/27 1)) = /\<QN1 ~ Ekl)
> )‘<QN1) - )\(Ekl)
>l-w-p

which is > 0 if we assume that w + § < 1. The last lower bound is independent of N; and
k1, because A(Qy) = A(Q) > 1 —w for any N and A\(Ey) < A(E) < § for any k.
Hence there is an interval ¢; € {[0,1/2),[1/2,1)} such that

—_

)\((QNI AN Ekl) ﬁCl) = (1 —w — B) > 0.

2
Since the Lebesgue measure of (Q2y, \ Ej,) N ¢ can be computed, the interval ¢; can be

computably obtained.
We have

(AN Ey,)Ney) — gy

AMOQNE)Ne) = A

2 )\<<QN1 AN Ekl) N Cl) — le — Tkl
1
2

(I-—w—=0) —wn =Tk

Hence A((2 \ E)Ne¢p) > 0, so there are numbers in © N ¢; outside E, i.e. whose first
binary digit is given by c;.

6.2. Second digit. Let N, and k; be such that ey, < 55(1—w—p3) and ry, < 55(1—w—7p).
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We have
A, N Ery) Ne) + M, \ Ery) N63) = M(Q, \ Exy) Ney)
> M(Qn, N Eg) Ney) — g,
> M(Qn, N Eg)Ner) —wn, —Txy
> (1-w-p)
>0

by the choice of Ny and k; from step 1. Hence one half ¢y of ¢; satisfies
1
AM(Qv, N Eiy) Neg) > g(l —w—0)>0.

Which half of ¢; to choose can be computed.
Finally, we have

AMQNE)Ne) 2 AM(Q2N Egy) Nea) — iy

> /\((QN2 AN EkQ) N CQ) — WNy = Tk,
1

>§(1—w—6)—wzv2—7’k2
1

z —(l-w-
TR

>0

Hence there are numbers in 2N ¢y outside E, i.e. whose binary expansion starts with digits
given by ¢y, 3.
This algorithm produces the binary digits of a real number v.

Theorem 6.1. The number v is computable. It is furthermore absolutely normal and
continued fraction normal.

Proof. All values N;, k;, wy,, mr, and all appearing measures can be computed, hence v is
computable.

Suppose v was not absolutely normal and continued fraction normal. Then v is an
element of F, i.e. v is contained in an interval I € E of positive measure. Since v by
construction lies in all ¢;, for some ¢ it holds that ¢; C I, hence ¢; C E. This implies that
(QN E)Nc¢; = @, a contradiction since we choose ¢; to be such that A(Q\E)N¢;) > 0. O
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ON ABSOLUTELY NORMAL NUMBERS AND THEIR
DISCREPANCY ESTIMATE

VERONICA BECHER, ADRIAN-MARIA SCHEERER, THEODORE SLAMAN!!

ABSTRACT. We construct the base 2 expansion of an absolutely normal real number x
so that for every integer b greater than or equal to 2 the discrepancy modulo 1 of the
sequence (b0, blz, bz, ...) is essentially the same as that realized by almost all real
numbers.

For a real number z, we write {r} = x — |x] to denote the fractional part of z. For
a sequence (z;);>1 of real numbers in the unit interval, the discrepancy of the N first
elements is

1l <j< Nandu<z;,<w
Dn((xj)j>1) = sup #U / 0,

— v —Uu
O<u<v<l N ( )

In this note we prove the following.

Theorem 0.1. There is an algorithm that computes a real number x such that for each
integer b greater than or equal to 2,

. DN({ijL‘}j>0)\/N
| = < 3C;
o Vloglog N ;

where
Cy = 166 + 664/(vVb — 1) is Philipp’s constant.

The algorithm computes the first n digits of the expansion of x in base 2 after performing
triple-exponential in n mathematical operations.

It is well known that for almost all real numbers x and for all integers b greater than
or equal to 2, the sequence {¥/z},5o is uniformly distributed in the unit interval, which
means that its discrepancy tends to 0 as N goes to infinity. In [69], Gal and G4l proved
that there is a constant C' such that for almost all real numbers z,

i Dy ({272} 20)VN
im sup
N—oo Vloglog N

Philipp [106] bounded the existential constant C' and extended this result for lacunary

< C.

sequences. He proved that given a sequence of positive integers (n;),>1 such that nj;/n; >

UThis article appeared in [18]
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6 for some real number § > 1, then for almost all real numbers z the sequence {n;z};>
satisfies

I Dy({n;x};=1)VN
im sup
N—00 vl1oglog N

Finally, Fukuyama [67] explicitly determined, for any real § > 1, the constant Cj (see

< 166 + 664/(vV0 — 1).

[67, Corollary]) such that for almost all real numbers z,

5 Dy ({072} j20) VN
im sup
N—oo Vloglog N

For instance, in case 6 is an integer greater than or equal to 2,
V/84/9, if =2

o= V20+1)/(0-1)/2, if 0 is odd
V200 +1)0(0 —2)/(0 —1)3/2, if 6 >4 is even.

—cy,

The proof of Theorem 0.1 is based on the explicit construction of a set of full Lebesgue
measure given by Philipp in [106], which, in turn, follows from that in [69]. Unfortunately
we do not know an explicit construction of a set with full Lebesgue measure achieving the
constants proved by Fukuyama [67]. If one could give such an explicit construction one
could obtain a version of Theorem 0.1 with the constant 3C}, replaced by Cj.

The algorithm stated in Theorem 0.1 achieves a lower discrepancy bound than that in
Levin’s work [84]. Given a countable set L of positive real numbers greater than 1, Levin
constructs a real number x such that for every 6 in L there is a constant Cj such that

3
Dx((#'2) 20) < G52
The recent analysis in [113] reports no constructions with smaller discrepancy.

For L ={2,3,...}, Levin’s construction produces a computable sequence of real numbers
that converge to an absolutely normal number [2]. To compute the n-th term it requires
double-exponential in n many operations including trigonometric operations. In contrast,
the algorithm presented in Theorem 0.1 is based just on discrete mathematics and yields the
expansion of the computed number by outputting one digit after the other. Unfortunately,
to compute the first n digits it performs triple-exponential in n many operations. Thus,
the question raised in [17] remains open :

Is there an absolutely normal number computable in polynomial time having
a nearly optimal discrepancy of normality ?

Finally we comment that it is possible to prove a version of Theorem 0.1 replacing the set
of integer bases by any countable set of computable real numbers greater than 1. The proof
would remain essentially the same except that one needs a suitable version of Lemma 1.2.
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1. PRIMARY DEFINITIONS AND RESULTS

We use some tools from [69] and [106]. For non-negative integers M and N, for a
sequence of real numbers (z;);>; and for real numbers ay, s such that 0 < a3 < ap < 1,
we define

F(M,N,ay,as, (x)51) = |#{j T M<Lj<M+N:og <z <ay}— (g — ozl)N‘.
We write p to denote Lebesgue measure.

Lemma 1.1 ( [13, Lemma 8], adapted from Hardy and Wright [71, Theorem 148]). Let b
be an integer greater than or equal to 2. Let m and N be positive integers and let € be a

real such that 6/| N/m| < e < 1/b™. Then, for any non-negative integer M and for any
integer a such that 0 < a < 0™,

p{z € (0,1) : |F(M,N,ab™™, (a + 1)b™™ {t'z};50)| > eN}

is less than 2b2™—2m =< Nv™/(6m),

The next lemma is similar to Lemma 1.1 but it considers dyadic intervals instead of
b-adic intervals.

Lemma 1.2. Let b be an integer greater than or equal to 2, let k and N be positive integers
and let € be a real such that \/6k/N < e < 1/2%. Then, for any pair of integers M and a
such that M >0 and 0 < a < 2F,

p{z € (0,1): F(M,N,a27" (a+1)27" {V/a};50) > N}
is less than 9 - 220:+2) (| 4 2)e==*NUH2/(6(k+2)

Proof. For b = 2 let m = kand apply Lemma 1.1.
For b > 3, let I = (a/2%,(a + 1)/2%) and consider the partition of [ in J, K and L as
follows. Let

m = [k/logyb] + 1,d = [ab? #/10820] ' = (g 4 1)p?~ 1/ T2t} _ [qp?~{k/los2 b1
and define
K = (a/2%,d/b™),J = (d/b™, (d+p)/b™), L = [(d +p)/b™, (a +1)/2).
Notice that
wiK + pd +pl = pl =27F,
with
(b—1)/b" < pud <B*/™,0 < uK <1/b™, and 0 < uL < 1/0™.
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Thus,

F(M,N,a27" (a4 1)27% {Va}js0) =|#{j : M+ 1< < N: {¥a} € I} — Nul|
I# M+1<j<N:{Vz} e J}—NuJ|
+#{ M +1<j<N:{Vz} € K} — NuK|
+#{j  M+1<j<N:{Vz} € L} — Nul|.

Let z1, 2o, ... be the expansion of uK in base b, that is Zj>1 2ib™7 = pK. Let y1,ys,... be
the expansion of L in base b, that is Zj>1 y;b677 = pL. Then, by Lemma 1.1,

p{z € (0,1) : F(M,N,a27% (a +1)27% {t/z},;20) > eN}
<ppf{e e (0,1): F(M,N,db™™, (d+ 1)b~™ {Vx};50) > eN}
+ > p{w € (0,1) : F(M,N,ypb™", (yn + Db " {V/2};20) > eN}

h>m+1

+ Y pfr € (0,1): F(M,N,z,b™", (2, + )b~ "{Vx};20) > N}

h>m+1
<ppf{r € (0,1): F(M,N,db™™, (d+ 1)b~",{b/x};50) >N}

+2 Y max p{z € (0,1): F(M,N,cb™", (c+ 1)b™" {Vx};50) > N}
h>m-+1 0Se<b®

<pb2m—2m€—52me/(6m) + 9 Z 2b2h—2h6—52th/(6h)
h>m+1
< B2y o~ NO™/(6m) 4b2(m+1)—2(m+ 1)6752me+1/(6(m+1))26*h

h>0
b2mm6—52me/(6(k:+2))+ 8b2mm€—€2me/(6m)

NN

9. 22(k+2)(k + 2)6752Nb’“+2/(6(k+2)).
U

Remark 1.3. In [106], Philipp proves a proposition more general than Lemma 1.2. His

result yields the same order of magnitude but does not make explicit the underlying constant
while Lemma 1.2 does.

Clearly, for arbitrary reals oy, as such that 0 < oy < ap < 1, for any sequence ()51
and for any non-negative integers M, N and k,

|F(07 N7a17a27<x1)j>1>’ N/2k 1_'_2 max |F N7a27m7(a+1)27m7(x]')j>1)|'

0<a<2™
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Lemma 1.4 ( [106, Lemma 4], adapted from [69, Lemma 3.10]). Let b be an integer greater
than or equal to 2, let N be a positive integer and let n be such that 2" < N < 21, Then,
there are integers my,...,m, with 0 < my < 2" * =1 for £ = 1,...,n, such that for any
positive integer h and any a, with 0 < a < 2",
F(0,N,a27" (a+1)27" {Va};s0) < N34+ F(0,2", 027", (a + 1)27", {V2};50)
+ 3 F@ +me2, 2 627" (a + 1270 {Va} ).
{=n/2

Let  and ¢ be positive reals. For each integer b greater than or equal to 2 and for each
positive integer N let

v =1/2+2/(Vb- 1),
©(N) = 2(1 4 26)Cy(N loglog N)'/2,
T(N) = [log N/log4] + 1.

For integers b, n, a, h, ¢ and m such that
b>2,n>1,0<a<2', 1<h<T(2Y), n/2<{<n, and 1 <m <22,
define the following sets

G(b,n,a,h) ={x € (0,1) : F(0,2", a1, g, {V2};50) = 27"80(2™)},
where a; = a2 ay = (a +1)27"if 1 < h < T(2M);
and a; = a2 7 ay = (a+1)277@) if b = T(2").
H(b,n,a,h, 0,m) ={x € (0,1) : F(2" +m2°, 271 B, By, {Va}js0) = 27M/82=n=3/65(2m)],

where 8, = a2~ B, = (a +1)27"Y if 1 < h < T(27Y);

21’1

and By = a2 T By = (a+1)27T ) it h =T 2.
T 2h—1
:U U G(b,n,a,h),
h=1 a=0
T 2h—1 n

UU U Uanath)

h=1 a=0 ¢=n/2 m=1

6/(51og 2)

Lemma 1.5. Let n and § be positive real numbers. For each n > e and for every

b> 2,
/’L(Gb,n) - n_1_467 :U’(Hb,n) = Qn_1_367
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and there is ng = ny(n,0) such that

% ( U (Gb,n U Hb,n)) <n

nz=no

and such that for every real x outside Un>n0(Gb,n UHyp,),

lim sup DN({b”:c}@O)\/N
N—o0 Vvloglog N

where Cy is Philipp’s constant, Cy = 166 + 664/(v/b — 1).

< (1 + 45)0{,,

Proof. To bound pGh,, we apply twice Lemma 1.2, first with N = 2", k = (h + 1) and
e = 2778p(2")2™, and then with N = 2" k = T and ¢ = 277/8p(2")27™. We write
exp(x) to denote e*. Assuming n > 10,

2T 1 T-1 —
pGon < p | |J GOm0, T) | +> | | Glb,n,a,h)
a=0 h a=

T-1
b2
2h9 22 h+1 h 3 2 h/4 2 2n 2*7Lbh+1
; + 3) exp @ (2") 6(h +3)

b2
2T9 . 22(T+2) T 2 _27T/4 2 2n 2fan

1 3
< 9-2TH(T + 2) exp <—2_T/4 loglog(2")4(1 + 25)2bT+2—)C§)

6(7 + 2
< p~(+49),
To bound pH,, we apply twice Lemma 1.2 first letting N = 21 k = (h + 1) and
g =2""8p(27)27" and then letting N = 271 k = T and ¢ = 277/8 (2")2 . Assuming

loglog(2™) > 8/42,

/J“HbJL: H U U U UH(b’naa>h>€7m)

4 ~
2 on— —L E 9 23h+6 h 3 _2—h/4bh+322(n—£)/31 1 2" (1 + 6 2 02
=, + eXp 0og Og( )( + ) 6(h + 3) b

4
2nf€9 23T+4 T 49 _27T/4bT+222(n75)/31 1 2" (1 + 6 2 02
+ e;;Z ( + ) eXp Og Og( )( + ) 6(T 2)
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n b4 T-1
277,7( _271/422(717[)/3 1 1 2\ (1 45 e 27h
by e ( oxlog(2)(1 +49); ) 3

+ ) 2779 23T (T + 2) exp (—2—T/4bT+222<”—f>/3 loglog(2")(1 + 6)?
l=n/2

)

b4
< exp ( 27 1/410g log(2")(1 + 35)ﬂ) Z on/2—t~1
l=n/2

n

1
+ exp (—2—T/4bT+2 log log(2")(1 + 35)m) Z on/2—t-1
l=n/2

< ) n7(1+35).

Thus, there is ng such that for every integer b greater than or equal to 2

1 ( U (Gpn U Hbm)) < Z (71_1_4‘S + 2n_1_35) <.

n>ng nzno
It follows from Philipp’s proof of [106, Theorem 1] that for every real x outside J,,,,(Gb.n U Hpn),
Dy({bz}; N
lim sup ({20 VN < (14 46)C,
Nesoo Vvloglog N
where Cj = 166 + 664/(vb — 1). O

2. PROOF OF THEOREM 0.1

We give an algorithm to compute a real outside the set (o U2, (Gon U Hpp). The
technique is similar to that used in the computable reformulation of Sierpinski’s construc-
tion given in [11].

The next definition introduces finite approximations to this set. Recall that by Lemma 1.5,
for every integer b > 2, provided § > 1/2 and ng = ng(n, §) > ¢%/(0*10s2)

u(U (Gmean) Zn (1+49) 4 9 —(1439) Zn <.

n=ngo nz=ngo nzno

Definition 2.1. Fiz § = 1/2 and fix n < 1/8. Let

A= U U GmeHbm

b=2m= Zp

0o 00 1
S:;Zﬁ,

k=zy
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where, for each base b, z, is the least integer greater than e5/(01082) = ¢12/1082 gych that

=1
Zﬁ<%‘

k=zp

Observe that by the first condition on zy, u(A) < s < n. Furthermore define for each n,

b, =max(2, [logyn]),

bn n
An = U U (Gbm U Hbm)a
b=2 m=zp
n n 1
w=D_ D
b=2 k=z,
bn 0o 1 0o 0o 1
=S —sn=) ), @ > Zp
b=2 k=max(n+1,2p) b=bn+1 k=2
Dn :22n+2.

The following propositions follow immediately from these definitions.
Proposition 2.2. For every n, u(A —A,) < rp,.
Proposition 2.3. For every n and q such that n < q, (A, — Ay,) <71y — 1.
Proposition 2.4. For any interval I and any n, p(ANIT) < p (A, NI) + 7.

The proof of Theorem 0.1 follows from the next lemma.

Lemma 2.5. There is a computable sequence of nested dyadic intervals Iy, I1, I, . ..

that for each n, pl, = 27" and p(AN1,) <27
Proof. Proposition 2.4 establishes, for any interval I and any m,

p(ANT) < p(Ap NI+ 1y

such

Then, to prove the lemma it suffices to give a computable sequence of nested dyadic
intervals Iy, I1, I, ... such that for each n, pul, = 27" and p(A,, N1,) + 1, < 27" We

establish

P = 22n+2 )

This value of p,, is large enough so that the error r,, is sufficiently small to guarantee that
even if all the intervals in A — A, fall in the half of I, that will be chosen as I,,41, 111

will not be completely covered by A. We define the Iy, I1, ... inductively.
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Base case, n = 0. Let Iy = [0,1). We need to check that u (A, N Iy) + 7, < 2°. Since
po=2*""2 =4 b, =2and z, =22/n > 2°,

bpo Po

ANy = (GnUH,) =2

b=2n=z,

Since Iy = (0,1) and A, = &, A,, N1y = &. Then,

0o 00 1
TPOZSZZZE.

b=2 k=z,

We conclude p (Ay, N1p) +7p, =0+s<n<L

Inductive case, n > 0. Assume that for each m =0,1,...,n — 1,
1 G
/"L(Ap'm m ]m) + /rp'm < 2_m<n + ZQJ ! : ij>7
j=1

where p,, = 22™*2. Note that for m = 0, Z;n:l is the empty sum. We split the interval
1,1 in two halves of measure 27", given with binary representations of their endpoints as

I°=0dy...dy 1, 0dy...dy 1] and I} =[0.d;...d, 11, 0.dy...d, 111111..].
Since I U I! is equal to interval I,,_;, we have
Dy, NI) + 0 (B, N 1) = (A, N Inmn).
Since p,, > p,_1, we obtain
1 (D, NI 4+ p (Ap, VL) < (Dp s N Lpst) + 7y — T
Adding r,,, + rp, to both sides of this inequality we obtain
(1 (Dp, N 1) +75,) + (1 (Dp, N 1) +7,) < (Bpy VEet) + 79,0 7,

Then, by the inductive condition for m =n — 1,
0 1 1 - j—1
(/"L (Apn m '[TL) + ,rpn) + (ILL (Apn m In) + Tp’n) < anl (/r’ + Z 2 . /rpj> *
j=1

Hence, it is impossible that the terms
1Y (Apn N [2) +7p, and p (Apn N Irlt) + Tp

be both greater than or equal to

1 ——
2—n<77+22j 1 -ij>.
j=1
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Let d € {0, 1} be smallest such that

1 (A, NI + 1y, < Qin (77 + Z 91 rp].)
j=1

and define
I, =1%

To verify that I, satisfies the inductive condition it suffices to verify that

n+y 270, <1
j=1

Developing the definition of r,, we obtain

n bpj 0o 0o
j—1 -1 1 1

E 27y, = E 2 E E ﬁ E g o)

Jj=1 j=1 b=2 k=max(zp,p;+1) b=bp,;+1 k= z,,

=Z2“Z > 5 22“2

Z_

b=2 k=max(zp,p;+1) b=bp; +1 k=2
oo
1 , n
J—1 _ E j—1 E L
< 22 bp? k2 + 2 b
k=p;+1 j=1 b=by, +1

A\

n - 77
+ 211 L
( ") (52 F)
2j + 2 SRR
9j—1 j—1_ "
< ( 22j+2 + 1) + <Z2 22j+2>

< =+

Z

ooI\I»-lklc,o

<

Then, using that 7 < 1/8 we obtain the desired result,

1 SN 1 7 1
p(Ay, N1y)+ry,, < 2—n<n+;2J .rpj> < 2—n<n+§> < Sn
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2.1. Algorithm. Computation of the binary expansion djds ... of a number x such that
for every integer base b, limsupy_,.. Dn({#/2};50)(N/loglog N)Y/2 < 3 Cy, where C) =
166 + 664/(v/b — 1).

F(M,N, o, as, (x;)j>1) ‘#{j j<M—|—N:a1ng<a2}—(oz2—a1)]\7|,
() = (2+8/(Vb—1)) y/Nloglog N,
T(N) = |log N/log4| + 1,
G(b,n,a,h)={x € (0,1) : F(0,2", ay, g, {Va};50) = 27"5p(2")},
where a; = a2~ "Dy = (a 4+ 1)27" Y if 1 < h < T(2Y);
and oy = a2 7% ay = (a+ 1)27TCY if B =T(2").
H(b,n,a,h, 6,;m)={x € (0,1) : F(2" +m2°, 271 By, Ba, {Px}50) = 27M/B2m=3/6p(2m) )
where ) = a2" "V By = (a+1)27"TV if 1 <h < T(27Y);
and B = a2 7)) By = (a+ 12T it h=T(27Y).

T(2™) 2h—1

U UGbnah

h=1 a=0
T2 oh1 p

U U U U (b,n,a,h,l,;m).

h=1 (LOEn/le

For each base b fix 2, > 12/log2 such that > 7 1/k* <1/(8- 20)

IO - [07 1)
n=1
repeat
12 is the left half of [, ; and I}L is the right half of [, ;
_ 02n+2
Pn=2
by, = 2n + 2
an Pn
Ay, = U (Gor U Hyp)
b=2 k=z
bpn oo o0
S NED SN STID DID S
b=2 k=max(zp,pn+1) b=bp,, +1 k=2
(Apn ﬂ[0)+7“p < 27" then
d,,
I, ]2

else
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d,=1
1, ]ﬁb
n=n+1

forever

Let’s see that the number z = 0.dydyd3 obtained by the next Algorithm 2.1 is external

to o w
A= | (G UH,)
b=2n=n.,

Suppose not. Then, there must be an open interval J in A such that x € J. Consider
the intervals 151,132,153, ... By our construction, z belongs each of them. Let j be the
smallest index such that ]]C-lj C J, which exists because the measure of I% goes to 0 as
n increases. Then [ ;.lj is fully covered by A. This contradicts that in our construction at
each step n we choose an interval I’ not fully covered by A, because as ensured by the
proof of Lemma 2.5,

p(ANIéy <27,
We conclude that = belongs to no interval of A. Recall that we fixed § = 1/2; thus, by
Lemma 1.5, for for each integer b greater than or equal to 2,

: Dy({b"z}nz0) VN
lim sup
N—so00 Vloglog N

where C} is Philipp’s constant.

< 3Cy,

Finally, we count the number of mathematical operations that the algorithm performs
at step n to compute the digit d,, in the binary expansion of z. To determine d,, the
algorithm tests for d,, € {0,1} whether

1(Ap, N L) + Tp, <2

The naive way to obtain this is by constructing the set A, = ZZLQ ZZ% Gy U Hy,, for
b=2,3,...,b,,. The more demanding is Gy, ,, which requires the examination of all the

strings of digits in {0,...,b,, — 1} of length 2P". Since b,, = 2n + 2 and p, = 2?"*2, the
number of strings to be examined is

an
> <2 = (204 2)

b=2

22(2n+2)

Thus, with this naive way, the algorithm at step n performs in the order of

22n+2

(2n +2)?

many mathematical operations.



DOCTORAL THESIS 119

An incremental construction of the sets Gy, and H,,, can lower the number of needed
mathematical operations, but would not help to lower the triple-exponential order of com-
putational complexity.
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