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CHAPTER 1

Introduction

The first few pages of this thesis provide a gentle and informal introduction
to its topic targeted at a general audience. No background in mathematics or any
related fields is assumed, and statements in Section 1.1 are deliberately kept vague
aiming at a more intuitive understanding.

This being said, experts in related scientific areas might want to skip Section 1.1
and proceed directly to Section 1.2. There we highlight the main results obtained
in this thesis, followed by a concise description of key techniques and discussions
of related open problems in Sections 1.3 and 1.4, respectively. We then conclude

Chapter 1 with an outline of the remainder of the thesis.

1.1. AN EVEN BRIEFER HISTORY OF RANDOM GRAPHS!

Dear reader,

please find a comfortable seat, help yourself to a drink of your
choice — alcoholic or not — and imagine yourself at a bar or party
asking the notorious question: ‘So tell me, what is the topic of
your Ph.D. studies?’ If you are addressing me and are willing to
spend a couple of minutes of your precious time, the answer might
somewhat resemble the explanation on the following few pages.
That is, of course, except for a lot of smiling, which unfortunately

cannot be adequately transferred to the medium in your hands.

So what is a graph? Well, let us modify the question slightly and ask: what
is a social network? A social network consists of a group of users, and pairs of
them who decided to become ‘friends’ so that they can share the happy (and sad)
moments of their lives with one another. Once we forget about everything else, and
represent each user by a vertex (or a point), and each pair of friends by an edge (or
a line) we obtain a graph.? Clearly this concept of graphs is very abstract, and thus
there are various other real-world networks which we also regard as graphs. For
example the network of all actors where any two of them are linked if they both
play a role in the same film; a financial market when mapping the participants and
their dependencies; or the brain when looking at neurons and synapses.
1Imspired by the book title ‘A Briefer History of Time’ by Stephen Hawking and Leonard
Mlodinow [69].

2So0 in particular the graphs in this thesis are not to be confused with the graph of a function,
which you may be familiar with from high-school.

1



1.1. AN EVEN BRIEFER HISTORY OF RANDOM GRAPHS 2

Classical graph theory would then ask questions such as: is the graph connected,
i.e. starting at a given vertex can we reach any other vertex by moving along edges?
Or, is it possible to colour each vertex either red or blue such that all edges contain
precisely one vertex of each colour? What is the maximal number of vertices such
that any two of them form an edge? Is it possible to draw the graph on a piece
of paper without having two edges intersect (apart from possibly their endpoints)?
Under which conditions can we match every vertex to one of its neighbours so that
every vertex gets matched precisely once?

Investigating any of these will provide us with a (slightly) better understanding
of the graph and its structure. However, giving actual answers might take a long
time if the graph in question has a huge number of vertices. To make matters even
worse, we typically would have to perform an immense amount of such calculations
in order to be able to tell our users “You might also know these people: [...]" followed
by a stunningly accurate list of people you actually know but might have lost touch
with. But a thorough understanding of the general structure of the network may
help simplify and speed up our answers. In other words, we would like to have a
model for the network which is comparatively easy to analyse (mathematically) yet
retains the general properties of the network.

Now finally, this is where random graphs join the fray. Arguably the simplest
model of a random graph is the following: we fix a set of (distinguishable) vertices,
and then for each two of them we toss a coin; if it comes up heads the edge is
present, if it comes up tails the edge is not present. After having tossed all coins
we obtain a graph that was chosen randomly.?

But what use is something random to make any predictions? If we roll a die
(in a fair way), we cannot forecast what number it will show, so is this not very
chaotic? As a matter of fact it is not: assuming that we throw a large enough
number of dice, we can confidently predict that the number of ones will be very
close to one sixth of all die rolls.

In fact this observation is somewhat a paradigm for random graphs in general:
graph parameters — both basic ones such as the number of edges or significantly
more involved ones like the minimal number of colours we need such that there
is no edge whose end points have the same colour — are often close to what we
should expect them to be. Hence the art of analysing random graphs lies in finding
the right intuition of what should be true, and then rigorously proving that the

paradigm actually holds in the particular case at hand.

Phase transitions. So what happens with properties that can either be satisfied
or unsatisfied, such as for example the property of the graph being connected? If we
use a fair coin (in the previously described model), then the answer is actually quite
simple: it is extremely likely to be connected, the reason being that the number of

edges it contains is very large.

3from the class of all graphs having this set of vertices
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However, once we replace our coin with one which is heavily biased towards
tails (say it comes up heads with some tiny probability p > 0), we observe a far
more intriguing behaviour! For this let us think about the largest component, i.e.
the biggest set of vertices so that for every pair of them we may walk from one to
the other along edges. It turns out that there is a critical value p with the following
properties: if p is smaller than p it is very likely that the largest component is
insignificantly small, but if p is larger than p typically there is a unique component
which contains a substantial fraction of all vertices. This is actually a fundamental
result from 1960 due to two famous Hungarian mathematicians, Paul Erd6és and
Alfréd Rényi. In fact, they published a series of papers on similar topics, which are
widely seen as the foundation of random graph theory.*

We call this type of phenomenon a phase transition, where the terminology
is inspired by different phases of matter known in physics: solid, liquid, gas, and
plasma. (Incidentally this is also where random graphs play an important role in

statistical physics as models for systems of interacting particles.)

Component structure of random graphs. With this we have now reached one
of the core topics of this thesis. The first half of the results describe key features
of the component structure of some more general random graph models. At first
we study a model where not every vertex looks the same in the sense that some of
them are more likely to have a larger number of neighbours, this is often modelled
by each vertex having its individual weight. We describe precisely how fast the
largest component grows once it is born, i.e. immediately after the phase transition.
Whereas this is certainly not the strongest result in this thesis, it is still of profound
importance as a preparation for following results.

Mastering the methods used in its proof allows us to prove the second result:
we determine the size of the largest component of random hypergraphs in the very
delicate regime where the giant component is born. A hypergraph in itself is similar
to a graph, it consist of a set of vertices and edges. However now edges may also
consist of more than two vertices. At first glance, this may not sound like a big deal,
but most importantly there is a large number of ‘natural’ yet genuinely different
notions of connectedness in hypergraphs. In many cases studying the component
structure becomes very challenging and profoundly novel concepts are necessary.

In our results the crucial observation was the following: components grow
‘smoothly’. This concept is arguably the most fundamental contribution of this
thesis, and will presumably pave the way for many results on random hypergraphs
in future. One example is our third result: we characterise precisely when the entire
hypergraph becomes connected by exploiting the smoothness of a substantial part
of the hypergraph. So far our results were largely of intrinsic mathematical interest,
in the second half of the thesis we return to problems more directly motivated by

real-world networks.

480 random graphs were already of deep mathematical interest long before computers became
available to the general public, let alone social networks, in the modern sense, existed.
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Percolation processes. Imagine for instance that we would like to model the
spread of some infection (or a rumour, or some neuronal activity) in a real-world
network. Mathematically we think of these as so-called percolation processes on
the components of a random graph: whenever the neighbourhood of a given vertex
satisfies some condition, for instance, it contains at least r > 2 infected vertices,
then the vertex also becomes infected.® We keep iterating until no more vertices
become infected. There may be two different reasons for this: either there is a global
outbreak meaning that every vertex became infected, or none of the still uninfected
vertices has sufficiently many infected neighbours to become infected as well.

It turns out that, more often than not, these processes have a threshold be-
haviour similar to the phase transition phenomena we studied earlier: by a tiny
increase in some parameter of the random graph model the probability of an out-
break rises from being almost negligible to being very close to one.

While for classical random graph models many variations of percolation pro-
cesses are well-studied, things become very difficult on random graphs with prop-
erties similar to typical real-world networks, even for the most basic percolation
processes as the one described previously. By now it is well-known that many of
these networks share some key features, one of them being clustering: people are
much more likely to know a friend of their friends than to know an average person
with a similar profile. Random graphs with an underlying geometry, i.e. every ver-
tex also has a position and the further two vertices are apart the less likely they
form an edge, tend to exhibit this feature. Alas, studying these kind of models is
very challenging and to date rather little is known about them.

We investigate the spread of an infection (modelled as bootstrap percolation) on
a recently introduced geometric random graph. In particular, we describe in detail
under which circumstances and how an infection starting within a small local region
will gradually spread along the geometry and in the end cause a global outbreak.
Interestingly, viewing things from a more applied side, this information could be
used to locally isolate the infection and thereby save most of the individuals of the
network.

This result should be seen as one of many steps which will be necessary to
bridge the gap between mathematically tractable graph and percolation models on
the one hand, and those which are actually close enough to real-world networks but
are notoriously difficult to analyse rigorously, on the other.

There are also interesting percolation processes having a slightly different fla-
vour, one example being the recent model of jigsaw percolation on a pair of graphs.
We think of a group of individuals, each having a certain (unique) piece of a jig-
saw puzzle. The first graph has a vertex for each individual and two individuals
meet if and only if they are adjacent, while the second graph encodes the inform-
ation whether the puzzle pieces of any two individuals fit together. Whenever two

individuals meet and have compatible puzzle pieces they share these. The main

5In the literature, this example is called bootstrap percolation.
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question is whether in the end the puzzle has been completed. The general idea is
that this process could help us understand how co-operative efforts of large groups
of individuals give rise to great and ingenious collective ideas.

However, also from a purely mathematical perspective this process is of pro-
found interest. It may be seen as a notion of several graphs being ‘simultaneously
connected’. With this perspective it is very natural to study the process on a pair
of random graphs, and it was shown that this percolation process also exhibits a
phase transition phenomenon. We demonstrate how this behaviour generalises in
two directions: first of all for various notions of connectedness in hypergraphs, and

secondly for larger numbers of (hyper-)graphs.

Summary. Random graphs are relevant to various scientific areas ranging from
social networks to biomedical /neurological applications and also statistical physics.
Studying properties of random graphs on an abstract level is a challenging task
which is full of profound mathematical insights. The thesis covers four main topics
centred on phase transition phenomena, which we investigate in great detail. The
focus lies on the component structure of random graphs and hypergraphs and the

behaviour of percolation processes in a random setting.

1.2. MAIN RESULTS

How do structural properties of random graphs and hypergraphs change under
small alterations of their parameters? In this thesis we investigate this question
and primarily focus on regimes where seemingly negligible alterations cause drastic
differences in the behaviour of the model. Loosely speaking, these regimes are char-
acterised by threshold functions: if the parameter is ‘smaller’ than the threshold,
then with high probability (whp for short)® the random (hyper-)graph does not yet
have a certain property; while if the parameter is ‘larger’ than the threshold, then
whp the random (hyper-)graph has this property. Depending on the meaning of
‘small” and ‘large’ we call the threshold either sharp or coarse.

This type of phenomenon is also known as a phase transition: one of the first
and arguably the most famous phase transition is that of the giant component.
In 1960 Erdds and Rényi [58] showed that the size of the largest component, i.e.
its number of vertices, in the binomial random graph G(n,p) exhibits a ‘double
jump’ from logarithmic, to polynomial (but still sub-linear), and then linear order.”
However, in contrast to initial beliefs, this was only a rather incomplete picture of
what later became known as the birth of the giant component, a term coined by
Janson, Luczak, Knuth, and Pittel [73], who extended results by Bollobds [31]
and Luczak [86]. When the parameter p passes the (sharp) threshold n=!, a unique
largest component forms, which then starts growing gradually and very soon reaches
linear size, turning into a giant component. It then continues to merge with further
€'Meaning with probability tending to one as n — oo, with n being the number of vertices in the
random (hyper-)graph. Unspecified asymptotics are with respect to n — oco.

"Their proof is given for the uniformly chosen random graph G(n,m). However due to the asymp-
totic equivalence of these two models (Section 1.4 in [74]), the stated result follows.
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components, until p reaches the (sharp) threshold for connectedness n=!logn. In
fact, the binomial random graph G(n,p) — seen as a random graph process® —
becomes connected precisely when the last isolated vertex disappears, as was proven
by Bollobéds and Thomason [38].

In the thesis we determine the thresholds for a number of properties related to
the component structure of various random (hyper-)graphs: from the birth of the gi-
ant component via connectedness to percolation processes describing a strengthened
or simultaneous notion of connectedness. In the process we develop new concepts
and techniques providing a detailed picture of these random hypergraphs from a
close-up perspective (Section 1.3). Naturally, these insights open up novel directions

for research and give rise to intriguing open problems (Section 1.4).

1.2.1. Giant component in multi-type random graphs. In recent years the
study of random graphs is largely motivated by their applications as models of
real-world networks. It is hardly surprising that the most basic models such as
G(n,p) and G(n,m) fall short in this task: they are entirely homogeneous and
contain very few vertices of large degrees, which would model ‘hubs’ of the real-
world network properly. Thus, we investigate a random graph model, denoted by
G(n, P), exhibiting a certain degree of inhomogeneity between its vertices.

In G(n, P) there are n labelled vertices, where each vertex has one of two types,
and any two vertices of types i and j form an edge independently with probability
pi,j (encoded as an entry of the (symmetric) parameter matrix P € (0,1]2%2).
The number of vertices of type 7 is denoted by n;, i.e. the i-th coordinate of the
parameter vector n, and we assume that n; > no — oo. Our main contribution
lies in taking a very close look at the delicate regime in which the giant component

gradually emerges.

Theorem 1.1 (Theorems 2.1 and 2.4). Let € = £(n) > 0 satisfy € = o(1). Then
the following holds whp:

(a) if e3ns min{l,e " py 1n1} — o0 and
pjint +pjane =1+e=+o(e), Vje{l,2}, (1.1)

then the largest component contains (2 + o(1))en; wvertices of type i, while all
other components contain only o(en;) such vertices for any i € {1,2};
(b) if e3ny — o0 and

pjam +pjeng =1 —e+to(e), Vje{l,2} (1.2)
then the largest component contains at most o(n?/?) vertices.

Note that even a very small number of vertices of type 2 can significantly
alter the behaviour of the model (when ¢ = o(1)): let ny = /eny, e¥ny — oo,
p2an1 = 1, and thus p11ny = 1 — /e + e £ o(e), so that (1.1) is satisfied. Then

8We associate each edge with a birth time chosen independently and uniformly from [0,1]. Then
the edges are added one by one to the initially empty graph in their (unique) order of birth times.
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G(n, P) has a unique largest component containing approximately 2en; = w(ni)/ 7)
vertices of type 1, but after removing all vertices of type 2 all components have
size at most o(n?/ 3)‘ Qualitatively, this setting allows us to discriminate between
hubs and ordinary vertices in a way which decisively influences the random graph.
Notably, a similar behaviour has not yet been observed within the closely related
framework of inhomogeneous random graphs introduced by Bollobés, Janson, and
Riordan [33]. For more details see Section 2.1.4.

Observe that the conditions in (1.1) and (1.2) are more restrictive than we
would wish for. While the condition in (1.1) implies that the Frobenius eigenvalue
A of the matrix M := P-diag(n), which encodes the expected degrees of the vertices,
satisfies A = 1 + ¢ & o(g), the converse is clearly not true. However, the branching
processes heuristic suggests that, even when ¢ = o(1), the sub- and supercritical
regimes should be characterised by A. We will pick up on this line of thought (and
a generalisation to an arbitrary number of types) in Section 1.4.1.

The proof is largely based on coupling a component exploration process with a
multi-type Galton-Watson branching process. We highlight some of these coupling

techniques in Section 1.3.1

1.2.2. High-order connected components in random hypergraphs. A large
part of this thesis concentrates on investigating the component structure of random
k-uniform hypergraphs. Despite this being one of the aspects in which hypergraphs
demonstrate their richness in structure and appealing beauty, as yet this topic has
only been studied for the most simple notions of connectedness.

In the following we investigate an entire class of these notions called high-order
connectedness: given an integer k > 2 and an integer j satisfying 1 < j < k —1,
we consider j-sets (j-tuples of distinct vertices), and say that two distinct j-sets J

and J' are j-connected if there is a sequence of edges ey, ..., e, such that

e JCerand J C ey,
e le;Nejpq| >jforalll <i<m-—1.

Any j-set is j-connected to itself. This defines an equivalence relation on the set of
all j-sets, and we refer to its equivalence classes j-components.

High-order connected components exhibit a significantly more diverse beha-
viour than their vertex-connected counterparts (j = 1). For instance, the collection
of j-components of a k-uniform hypergraph does not induce a partition of its vertex
set (nor on the set of f-sets for any 1 < ¢ < j—1). In particular this means that for
a pair of components C; and Cs the number of k-sets containing at least one j-set
in C and Cy, each, is highly non-trivial for j > 2. In fact, this turns out to be the
major challenge when analysing the size of the largest high-order connected com-
ponent in the binomial random k-uniform hypergraph #*(n, p) using a branching
process approach.

In the process we obtain a remarkable insight: the larger a component grows,
the more evenly it is distributed over all ¢-sets, for any 1 < ¢ < j — 1. In other
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words, with exponentially high probability, each ¢-set is contained in approximately
the same number of j-sets of any sufficiently large j-component in H*(n,p). This
result is called the smooth boundary lemma (Lemma 1.9 in Section 1.3.2) and it has
already proven to be a powerful tool. The underlying concept of smoothness will
be discuss in detail in Section 1.3.2.

With the help of the smooth boundary lemma we analyse the size of the largest

high-order connected component from a close-up perspective.
Theorem 1.2 (Theorem 3.2). For any 1 < j <k —1 we set

pg:ﬁg(n,k,j) = (?)1771@, (13)

and let € = (n) > 0 satisfy € — 0 and >n' =% — oo, for some constant § > 0.

(a) If p = (1+€)pg, then whp the size of the largest j-component of H¥ (n, p) satisfies

(I1+o0(1)) (,%5_1 (?) while all other j-components have size at most o(en?).

() If p = (1 — €)pg, then whp all j-components of H¥(n,p) have size at most
O(e2logn).

Previously it was already shown that p, defined in (1.3) is the threshold for the
appearance of the giant j-component in H*(n, p) by Cooley, Kang, and Person [51]
and independently by Lu and Peng [84]. While the first group already determined
the size of the largest j-component up to a multiplicative constant even when
e = o(1), the second group studied only the simpler regime when ¢ > 0 is a
constant, although they also provide the leading constant of the size of the largest
j-component.

While the proof for the supercritical regime of Theorem 1.2 is based on the
smooth boundary lemma (Lemma 1.9), the analysis of the subcritical regime is a
simple application of an idea by Krivelevich and Sudakov [82].

Even though we develop the concept of smoothness in the regime barely above
the threshold pg, it proves to be a powerful tool at later stages of the evolution
of H*(n, p) and also for the random k-uniform hypergraph process {H"(n, M)} ;.
We write 7. for the hitting time for j-connectedness of {H*(n, M)}, and denote
the moment when the last isolated j-set disappears by 7;. We prove that whp both
hitting times, 7. and 7;, coincide, thus extending the classical result by Bollobas
and Thomason [38].

Theorem 1.3 (Theorem 4.1). For any 1 < j <k — 1 whp we have 7. = T;.

Special cases of Theorem 1.3 were already proved by Poole [96] for j = 1, and
by Kahle and Pittel [77] for j =k — 1.

Furthermore, by coupling H*(n, p) and {H*(n, M)}as via birth times, we use
Theorem 1.3 to prove Theorem 4.3 stating that the property of H¥(n,p) being
j-connected has a sharp threshold given by

. R . i logn
Do = pe(n, k, j) == j( ng) : (1.4)
k—j
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As part of Section 1.3.2, which is dedicated to the notion of smoothness, we will
highlight the importance of this concept for the proofs of Theorems 1.2 and 1.3. As
mentioned earlier, many classical questions concerning the j-component structure
of random hypergraphs are still widely open. We briefly discuss some of these in
Section 1.4.2. We expect the notion of smoothness to prove to be a widely-applicable
and important tool for future advances in the theory of random hypergraphs, as in

the case of Theorem 1.3.

1.2.3. Jigsaw percolation: simultaneous connectedness. Recently, Brum-
mitt, Chatterjee, Dey, and Sivakoff [43] proposed a mathematical model, called
jigsaw percolation, which aims to explain how a collective creative process of the
individuals in a social network can achieve extraordinary results, such as a ma-
jor scientific breakthrough. The scenario is the following: each individual has a
(unique) piece of a jigsaw puzzle, and whenever two groups of individuals meet
and have compatible puzzle pieces they share these. The question is whether the
individuals can collaboratively reconstruct the complete puzzle.

We take a more purely mathematical view: consider two random graphs on
a common vertex set (one has red edges, the other blue), we would like to know
whether they are ‘simultaneously connected’. More formally, the process keeps
track of a partition of the vertices into clusters. At the beginning each vertex forms
its own cluster. Then clusters merge if they are connected by both a red edge and
a blue edge. (The merging is done in rounds: first we compute an auxiliary graph
of merge-able partition classes, and then the components of this graph correspond
to the new partition classes.)

We investigate an extension of jigsaw percolation for hypergraphs based on
high-order connectedness. If the process stops with all j-sets in a single cluster
we say that the pair of hypergraphs j-percolates. Our first result shows that the
property that a pair H = (H*(n, p1), H*(n, p2)) of k-uniform binomial hypergraphs
j-percolates has a threshold pj, = pjp(n, k, 7) in terms of the product pip2, and this

threshold satisfies .
Pip = © <n2k—2j—1 logn> : (1.5)

Theorem 1.4 (Theorem 5.2). For1 < j < k there exists a constant ¢ = c(k,j) > 0
such that

(a) if p1p2 > T TIogy ANd min{py,pa} > Cnl,?gf, then whp H j-percolates;
(b) if p1p2 < T g then whp H does not j-percolate.

In the graph case (k = 2 and j = 1) this result was proven by Bollobds,
Riordan, Slivken, and Smith [37]. Note that a necessary condition for j-percolation

is that both hypergraphs are j-connected. In the supercritical regime this holds whp

because the additional condition min{p;, ps} > Cnl,‘f]” (for large ¢ > 0) guarantees
that both p; and py exceed the threshold p. for j-connectedness given in (1.4). We

observe that none of the constants in this result have been optimised, and indeed
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the question whether the threshold is sharp or coarse is still open. We discuss this
and related issues in Section 1.4.3.

To derive an upper bound on the threshold we provide a very concise reduction
argument guaranteeing percolation. There are two steps: firstly, in a pair of k-
uniform hypergraphs on n vertices which is supercritical with respect to j-jigsaw
percolation, the pair of link-hypergraphs of any vertex (each being a (k — 1)-uniform
hypergraph on n — 1 vertices) is itself supercritical with respect to (j — 1)-jigsaw
percolation. From this fact we then deduce j-jigsaw percolation of the original pair
of hypergraphs. By iterating it remains to consider a pair of hypergraphs being
supercritical with respect to vertex-jigsaw percolation. In this case, we split the
vertex set in half and only consider edges with precisely two vertices in one of
the sides. The resulting pairs of auxiliary graphs are supercritical with respect to
(vertex)-jigsaw percolation, and a union bound completes the argument.

Interestingly, in contrast to the case of graphs, providing an asymptotically
matching lower bound is far from trivial. For this reason we dedicate Section 1.3.3
to the methods for achieving the lower bound.

We strengthen the above result by investigating joint connectedness of an ar-
bitrary (but fixed) number of k-uniform hypergraphs/colours. In other words,
for any integer s > 2 let Hy = (H*(n,p1),...,H¥(n,ps)), then the threshold

Dip,s = Dip,s(1, k, j) for j-percolation satisfies

R 1
Dip,s = © (ns(k—j—1)+1(10g n)s—l) : (1.6)

Theorem 1.5 (Theorem 5.12). For1 < j < k—1 and s > 2 there exists a constant
c=c(k,j,s) >0 such that

. . 1
(a) if Hf:l Di 2 Cns(kfj—l)il(logn)s—l and mln{pl; ce 7ps} > Cnlcc)%gny then whp Hs
j-percolates;

() if [I;i_,pi > ns(k*f*1>+cl(logn)5*17 then whp Hs does mot j-percolate.

Note that pj, 2 = pjp (cf. (1.5) and (1.6)). The special case k =2, j = 1 and
s > 2 of Theorem 1.5 was proved by Gutiérrez Sanchez [67] using an adaptation
of the approach in [37]. Our proof for the supercritical regime relies on the result
in [67] as the base case for an inductive argument.

In Section 1.3.3 we focus on the subcritical regime of Theorems 1.4 and 1.5.
The focus of Section 1.4.3 lies on analysing the threshold for jigsaw percolation in

more detail.

1.2.4. Bootstrap percolation: localised infections. The fourth and final topic
is largely motivated by applications in real-world networks: percolation processes,
such as bootstrap percolation (where in each round any vertex having at least
r > 2 infected neighbours also becomes infected, and remains so forever), are used
to model the spread of an infection (or some other form of activity within the
network). Therefore their study is specifically focused on random graph models

exhibiting typical properties such as power-law degree sequence, small diameter,
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and strong clustering. Very few rigorous results are known for this type of models,
since their analysis is very challenging.

One of the few exceptions is the model of geometric inhomogeneous random
graphs (GIRGs) which was recently introduced by Bringmann, Keusch, and Len-
gler [41]. There the desired clustering properties originate from an underlying
geometry. Compared to the binomial random graph model G(n,p) there are two
major differences.

First of all, the vertex set is determined by a Poisson point process with intens-
ity n on the underlying geometric space (a torus T¢ of dimension d > 1), meaning
that every vertex has a position chosen uniformly within this space. The probability
of a pair of vertices forming an edge decreases as their distance increases.

Secondly, every vertex has a weight chosen according to a power-law with ex-
ponent 2 < < 3, and the greater the weight of a vertex the more likely it is to
form an edge with any other vertex. The model has an additional parameter o > 1
determining how rapidly the edge probabilities decay once vertices are ‘far’ apart.”

More formally, each pair of vertices u and v of weights w,,, w,, and with positions
Zy, Ty, forms an edge independently with some probability p = p(we,, Wy, Ty, Ty)-

and the function p satisfies

P(Wiyy Wy, Ty, ) = O(1) - min { (wuwv) ,1} .

The underlying geometry provides the opportunity to investigate a localised
variant of bootstrap percolation. Suppose that an infection starts within a local
region By called the origin of the infection (to be thought of as very small but still
such that v = v(n) := nVol(By) — o), and every vertex in By becomes infected
according to some initial infection rate p = p(n) € [0,1] independently. We take a
close look at how this infection then spreads in both time and space. The first result
shows that the threshold with respect to p for a (linear-sized) outbreak (meaning

that Q(n) vertices become infected eventually) is
L a1
p=pv,B)=v 7. (L.7)

Theorem 1.6 (Theorem 6.1). Consider localised bootstrap percolation with initial
infection rate p = p(n) € [0,1].

(a) If p=w(p), then whp there is an outbreak.

(b) If p = o(p), then whp no additional vertices become infected.

(c) If p = ©(p), then the probability of an outbreak is (1), but the probability that

no additional vertices become infected is also 2(1).

Note that hyperbolic random graphs are an instance of GIRGs (this was shown
in [41]). Therefore our result is a strengthening of the recent result on bootstrap

percolation on random hyperbolic graphs by Candellero and Fountoulakis [44].

9The model and our results also extend to a = oo with minor modifications, see Chapter 6.
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Our proof is based on a detailed analysis of how a given vertex will typically
become infected depending on its position and weight. We present the key ideas
of this analysis in Section 1.3.4. As a consequence of this thorough analysis we
determine when the infection reaches linear size. We denote the hitting time for
this property by 7, (i.e. 7, is a random variables taking values in NU{co}) and set
loglog, n + loglogn

| log (3 — 2)|

Theorem 1.7 (Theorem 6.2). For any € > 0, we have

loo = ioo(n,l/, /B) =

L—o(1) ifp=w(p),
Q(1) if p=0(p);

and furthermore, if « < B —1 and v = n°Y) | then P(1, < (1 — €)is) = o(1).

P(1, < (14 ¢€)ico) =

In the supercritical regime, we can also accurately predict when each individual
vertex will become infected depending on its weight and position. Given a vertex
v we write L, for its infection time, i.e. L, € N U {oo} is the hitting time of v
becoming infected, and for any x € T\ By and w € Rs( we define

max{(), W} L ifw > ([la]tn)/ 6D,
Az, w) =

[

2loglogu‘(|1\Oa:g(/871)27)1|0glogvw7 if w < (”den)l/(ﬁ—l)

Theorem 1.8 (Theorem 6.4). Suppose that p = w(p), for p as in (1.7). Con-
sider a vertex v = (x,,w,) with v, € T?\ By, w, = w(l), and A(z,,w,) <
logy (v=2/(B=2)||z,||"n). Then whp we have

L, < (14 0(1)A(zy,wy) + O(1).
If additionally o > B — 1, then whp we also have

L, > (1—0(1))A(xy, wy) — O(1).

Summing up, we characterise under which conditions a localised initial infection
causes a global, linear-sized outbreak. Moreover, we determine how quickly the
infection spreads, and also provide the infection time of individual vertices. In
Section 1.3.4 we sketch the typical evolution of bootstrap percolation on GIRGs,
and how Theorems 1.6, 1.7 and 1.8 follow from these insights. More elaborate

infection models are discussed in Section 1.4.4

1.3. KEY TECHNIQUES

This section briefly summarises the concepts and methods on which the proofs
in this thesis are based. These techniques form the major original mathematical
contribution of our work, in addition to the results highlighted in the previous

section.
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1.3.1. Coupling methods and branching processes. In this section we de-
scribe variations of a branching process approach to the giant component problem
which was originally developed by Bollobas and Riordan [35]. The general idea is
to (partially) explore components using a breadth-first-search algorithm, and then
analyse these exploration processes using stochastic domination.

We use a multi-type variant of this approach to prove Theorem 1.1. For any
vertex, we tightly couple its exploration processes with a 2-type Galton-Watson
branching process. Roughly speaking, vertices in large components are represented
by branching processes which survive, and those lying in small components cor-
respond to branching processes which die out quickly. Hence, by a rather delicate
second moment argument the number of vertices in large components is approx-
imately linear in the survival probability vector of these branching processes. The
argument is then completed by a standard sprinkling argument: any two large com-
ponents would be very likely to have an edge between them, and thus the probability
of two of them coexisting is negligible.

1.3.2. Smoothness. Our analysis of the threshold of the giant high-order connec-
ted component in random hypergraphs (Theorem 1.2) is based on a more elaborate
adaptation of the branching process method described in Section 1.3.1. However,
there is one major obstacle when it comes to the second moment argument.

In order to upper bound the number of j-sets in large components we have to
control how two j-component exploration processes interact. Thus we explore one
component partially (just long enough so that we know if it is likely to be large),
denote the partial component by C7, and call its last generation the boundary 0C.

Then for exploring the second component we forbid to query any k-sets con-
taining a j-set of C7, and call the resulting partial component C5. Because we
use a breadth-first search algorithm for the exploration, the only way that both
Cy and Cy are actually contained in the same component (and therefore the two
exploration processes are positively correlated) is if there is successful query of a
k-set containing a j-set of both the boundary 0Cy and Cs.

Whereas in the graph case this is simple since both dC; and Cs are just sets of
vertices, for high-order connectedness (j > 2) things are far more complicated: the
number of k-sets containing at least one j-set from 0C7 and Cy depends sensitively
on how the individual j-sets in dC; and Cs intersect. We overcome this challenge
by proving that dC; is smooth, in the sense that for any 0 < ¢ < j — 1 every (-set
of vertices is contained in approximately the same number of j-sets of dCy. The
concept of smoothness is arguably one of the deepest concepts in this thesis.

Smooth boundary lemma. More formally, we write 9C (i) for the i-th genera-
tion of the breadth-first search process starting in a j-set J. Forany £ =1,...,5—1
let io(¢) be the first round i for which AC;(i) is significantly larger than n‘ and
for an ¢-set L let dr(0C (7)) be the number of j-sets of 0C;(i) that contain L.
Furthermore, let i; denote the generation at which the search process hits one of

three stopping conditions (which will be specified in Section 3.3).
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Lemma 1.9 (Smooth boundary lemma — Lemmas 3.3 (simplified) and 3.8). Let
1<j<k—1ande=¢e(n)>0 satisfy ¢ — 0 and e>n'~° — oo, for some constant
6 > 0. Then with probability at least 1 — exp (fn@(l)), for all J, 4, L,i such that

o J is a j-set of vertices;

e 0</i<j—1;

e L is an L-set of vertices;
io(0) + O(logn) < i <y,
the following holds:

0(005(0) = (o) PO ("),
( j) j—t

The proof is based on closely tracking the degrees dp(0C;(i)) of an f-set L
during the exploration process. The major challenge lies in both a) obtaining the
precise leading constant and b) investigating the degree within a single generation
and not the entire currently discovered component.

From the perspective of L there are two types of queries (of k-sets) which
contribute to its degree: queries from j-sets not containing L, called jumps; and
queries from j-sets containing L, called pivots. This perspective was previously
used by Cooley, Kang, and Person in [51] for bounding from above the degree of
L within the entire currently discovered component. We use a strengthened form,
Lemma 3.13, of their upper bound at various points of our proof. With its help
the analysis of both jumps and pivots boils down to studying sums of independent
indicator random variables (each of them representing a query). Thus the Chernoff
bounds are applicable and provide concentration with exponentially small error
probabilities provided that the previous generation is not too small.

As we consider a supercritical regime, generations have a tendency to grow in
size (Lemma 3.16). So as soon as they reach a reasonable size, the concentration
arguments remain valid for long enough to ensure that the disparity between the
degrees of different £-sets has evened out. Once generations are smooth they remain
so at least until one of the stopping conditions is reached. Even though the idea
itself is not overly complicated, the details of its proof are rather involved and form
a major part of Chapter 3.

Applications. In fact, in order to complete the proof of Theorem 1.2 by applying
Lemma 1.9 we need to guarantee some properties of the supercritical exploration
process: firstly, a typical component has a reasonably sized boundary before it
grows too large (Lemma 3.10), or in other words, the smoothing process starts
early. Secondly, this implies that whp smoothness is already reached by the time
the exploration process stops (Lemma 3.11).

Lemmas 1.9, 3.10 and 3.11 enable us to not only obtain smooth generations,
but also larger smooth sets, for instance by taking the union of smooth generations.
Actually, this fact is extremely useful for determining the hitting time for high-order

connectedness in random hypergraphs (Theorem 1.3).
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Lemma 1.10 (Smooth subset lemma — Lemma 4.7). Let 1 < j < k — 1, let
e = e(n) > 0 satisfy € — 0 and 3n'~° — oo, for some constant § > 0, and set
p* = W Then whp there is a j-component of H*(n,p*) with a subset S

j k—j
of at least £3n? many j-sets satisfying the following property:

Each (j —1)-set in H*(n,p*) is contained in (1 :I:o(l))%n many j-sets of S.

J

Applying the Chen-Stein method we show that the last isolated j-set in H*(n, p)

most likely disappears when p = (1 + o(l))?kigsl. Now using a two-round exposure

once again, Lemma 1.10 implies that there mku_b]t be a large component C' containing
a fairly large smooth subset. We use this information and demonstrate that thus
all other non-trivial components merge with C' very quickly. In this regime, we
typically see a giant j-component being the only non-trivial j-component, i.e. all
other j-components are isolated j-sets. This structure transfers to the hypergraph
process {H¥(n, M)}, due to the asymptotic equivalence of the two models. Hence
j-connectedness is reached precisely when the last isolated j-set disappears as stated

in Theorem 1.3.

1.3.3. Traversable triples. Next we take a closer look at jigsaw percolation: it
is surprisingly challenging to prove that complete percolation does not take place
in the subcritical regime of jigsaw percolation on hypergraphs (Theorem 1.4). Our
proof is based on investigating the number of traversable triples contained in a pair
of random hypergraphs (H*(n, p1), H¥(n, p2)).

We define this purely combinatorial concept in two steps: firstly, we say that
a collection J of j-sets is traversable (in a hypergraph H) if for every two distinct

j-sets J,J' € J, J' # J there is a sequence of edges e, ..., e, such that

e JCeyand J Cepy;

e V1 <i<m—1: some j-set J; € J is contained in e; Ne;41.
In other words, we may walk from J to J’ using edges such that the intersection of
two consecutive edges contains at least one j-set from 7.'°

Then given a vertex set V we call a triple T = (Jo, &1, E2) traversable if Jy is
traversable in both the red and blue hypergraphs, (V, &) and (V, &), respectively.
Furthermore, we write 7y 5, for the set of all (edge-minimal) traversable triples with
¢ many j-sets, and the number of red/blue edges being r and b respectively.

We provide an algorithm which associates any triple T' € Ty with a blueprint
m(T), which contains the structural information of T', but not how it is embedded
into the vertex set V. Moreover we denote by M, ,,, the set of £ x ((’;) +1) matrices
having non-negative integer entries and satisfying two linear relations depending on

the parameters a,m € N. Then the blueprint is a pair of such matrices.
Lemma 1.11 (Lemma 5.5). For integers £ > 1,0 > 0: 7w (Torp) C My X Mop.

10Note that this is not equivalent to 7 being contained in a single j-component in the hypergraph
spanned by all edges (from H) containing at least one j-set from J. The reason is that we insist
that each intersection (of consecutive edges) contains at least one j-set of J.
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In a second step, from any blueprint we algorithmically reconstruct all travers-
able triples (embedded into a pair of hypergraphs (V, E7) and (V, E2)) having this
blueprint. We denote the total number of distinct outputs of this reconstruction
algorithm (with input (M7, M2) € My, X Myyp) by Qprp.

Lemma 1.12 (Lemma 5.7). For integers £ > r,b > 0 we have Tgrp C Qo rp-

Furthermore, there is a constant C > 0 (independent of £,7,b) such that

Qe ral < IVECHE (V) (v F—3—1)"

Together, Lemmas 1.11 and 1.12 provide an upper bound on the number of tra-
versable triples containing ©(logn) many j-sets in a pair of complete hypergraphs
on a (joint) set of n labelled vertices. Thus, it follows by a first moment argument
that whp none of these triples exist in the pair (#*(n, p1), H¥(n, p2)) in the subcrit-
ical regime of Theorem 1.4, i.e. if p1ps < 1/(cn?=29=11ogn) for a sufficiently large
constant ¢ > 1. As a matter of fact, this already suffices to prove that percolation
does not take place due to the following observation.

Let us consider the jigsaw percolation process on a finer time scale, revealing
edges one by one (no matter their colour), and merging clusters immediately if
possible. Note that each edge can merge at most (];) clusters. Thus, in order for
percolation to take place, there must be a structure containing O (log n) many j-sets,
and sets of red and blue edges certifying that it would percolate on its own. (These
correspond to internally spanned sets in [37].) However, each of these must in turn
contain an (edge-minimal) traversable triple (Jy, €1, &2), with | Ty = ©(logn). Yet
we just proved that the existence of such a traversable triple is unlikely, completing

the argument.

1.3.4. Geometric spread of infection. In the following we investigate the evol-
ution of a localised infection process on GIRGs, modelled by bootstrap percolation
(with parameter r > 2). We aim to sketch the proofs of Theorems 1.6, 1.7, and 1.8.
The question of whether there is an outbreak or not is decided in the earliest stages
of the process: typically the process either dies out immediately not infecting any
additional vertex at all, or infects a linear number of vertices.

In the intermediate critical regime each of these events happens with constant
probability: if at least r vertices of ‘large’ weight in the origin By of the infection
become infected in the first round, then all of them do and hence the process
behaves as if it was supercritical. On the other hand, the probability of infecting
no additional vertex in the first round is still bounded away from 0.

The proof for dying out immediately is essentially a first moment argument.
Thus we focus on the evolution of the process in the supercritical regime for the
remainder of this section.

So now suppose we are in the case where all heavy vertices close to the origin By
of the infection are infected. Then we define two sequences of nested inner/outer

infection regions {B;}; and {B;}; and use them to provide a detailed description of
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the process evolving in both time and along the geometry. Certain classes of heavy
vertices — those lying in the inner infection region B; and having weight at least
w; o (the ‘typical maximal weight’ in B;) — play a key role.

The general idea is to proceed inductively as follows (where all statements hold
whp): we show that in round ¢ the heaviest vertices in the inner infection region B;,
i.e. those of weight at least w; o, are all infected (Theorem 6.17(b)), and similarly
we prove that there are no vertices outside of the outer infection region Ez which
have already become infected (Theorem 6.20(c)). The set of heavy vertices, once
infected, will then start a cascade of infection which reaches vertices of subsequently

lower weights in each round.

We write A(%) for the event that in each round ¢ < i the heavy vertices in the
inner infection region B; have become infected, and introduce a sequences of addi-
tional weight-bounds {w; ¢}, where for each i we have log, (w; ) — 0 exponentially
quickly as ¢ — oo. Then Theorem 6.17(c) provides lower bound on the probability
(conditional on A(%)) for any given vertex in the inner infection region B; of weight
at least w; ¢ to be infected at time ¢ + £.

We then use this bound to show that any given vertex of weight at least (some
large constant) Cy > 0 will eventually (in fact by round (1 +¢)is) become infected
with probability bounded away from 0. Hence in expectation a linear number of
vertices has already become infected at this point of time. The whp statement
follows with a little additional effort, proving that a linear size outbreak occurs by

round (1 + €)in at the latest and thus completing the proof of Theorem 1.6.

To prove Theorem 1.7 it remains to establish the corresponding lower bound
on the hitting time 7, for the infection reaching linear size. Actually the process is
far from as clear-cut as our idealised description in the previous paragraphs. How-
ever we can control the influence of additional vertices of lower degrees becoming
infected if edge probabilities decay sufficiently rapidly once the ‘maximal distance’
is reached, i.e. & >  — 1 (which is only a minor restriction since 8 < 3).

We prove that ‘not too many’ additional vertices are infected in round ¢ (The-
orem 6.20(e)), and denote this event by .A(i). Then we provide an upper bound on
the probability (conditional on A(i)) of a given vertex being infected in round i + 1
depending on how far it is from the outer infection regions Eo, e ,éi ‘relative’ to
its weight (Theorem 6.20(f)). From here the proof of Theorem 1.7 is completed by

a first moment argument.

Similarly, Theorems 6.17 and 6.20 provide all the information for determining
the infection times of individual vertices (Theorem 1.8). However, the actual proof

splits into several cases and requires quite a bit of calculation.

To conclude this section let us briefly return to our motivation of modelling
an infection process in a real-world network. From this perspective we would like
to not only understand when an outbreak occurs, but also how to save as many

individuals as possible. Our description of the process suggest such a quarantine
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strategy: because Theorem 6.20(e) shows that whp in round 4 the infection is still
completely contained within the outer infection region Ei, it suffices to remove all
edges which connect this region to the outside (T? \ B;) before round i. Based on

a proof in [41] we show that the expected number of these edges is very small.

1.4. DISCUSSION

Every scientific result leads to a variety of intriguing and challenging open
problems and directions for future research. In this section we will briefly outline a
selection of such ‘loose ends’ related to the topics covered in the thesis. Following
the previous pattern we also split this part into four subsections, one for each of

the core topics.

1.4.1. Young giant in inhomogeneous random graphs. Recall that we ana-
lysed the emergence of the giant component in G(n, P) using 2-type branching
processes (cf. Sections 1.2.1 and 1.3.1). We identified the threshold in terms of the
matrix M = P - diag(n) based on certain row-sum conditions (cf. (1.1) and (1.2)).
However, drawing our intuition from the branching process approximation, we
suspect the threshold to be most naturally characterised by the Perron-Frobenius
eigenvalue A (and the corresponding normalised left-eigenvector v) of M satisfying
A=14¢eor A=1-—¢, where ¢ = 0 not too quickly. Moreover, we know from the
Perron-Frobenius theory (cf. Section V.6 in [19]) that, after appropriate rescaling,
the vector describing the expected offspring in the i-th generation of the associated
branching process converges to v as ¢ — 0o, assuming that the process survives. In
other words we would expect that there is a function 5. = S.(n) = o(1) such that
the vector of survival probabilities satisfies p = (1 £ 0(1))8.v (component-wise).
A result of this form describing the growth of the young giant component would
then generalise readily to more sophisticated inhomogeneous random graphs with
an arbitrary number of types. In other words, this would close the gap between the
results for constant € > 0 by Bollobds, Janson, and Riordan [33] and those inside

the critical window due to Bhamidi, Broutin, Sen, and Wang [27].

1.4.2. Structure and distribution of high-order connected components.
The focus of Sections 1.2.2 and 1.3.2 was on two of the most characteristic re-
gimes in the evolution of high-order connected components in random hypergraphs:
firstly, we determined the size of the giant j-component right after its emergence,
and secondly, we proved that the random hypergraph process becomes j-connected
precisely when its minimal obstruction, i.e. the last isolated j-set, disappears. In
order to obtain these key results we have developed the concept of smoothness and
provided a powerful tool called the smooth boundary lemma.

A very interesting open problem is to pin down the limiting distribution of the
size of the giant j-component. The existing central and local limit theorems for the
case of graphs [85, 95] and more generally vertex-connectedness [25, 36, 79] indicate

that the most likely candidate is also a normal distribution. However, based on our
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experience with high-order connectedness there will be various obstacles, some of
which may be overcome by the smooth boundary lemma or a variation thereof,
while others will require substantial new ideas.

Closely related is the question of the structure of ‘small’ components. It is well-
known that for graphs whp these are all either trees or unicyclic components. But
what is the ‘right’ notion of a tree or a unicyclic component in hypergraphs? In this
context it seems natural to call a j-component with the minimal number of j-sets
a ‘tree’, i.e. a j-component with e edges and ((’;) —1)e + 1 many j-sets. Similarly,
a j-component with e edges and ((’;) — 1)e many j-sets would be ‘unicyclic’. Is it
then true that whp all j-components except for the giant j-component are either
trees or unicyclic?

An affirmative and (very) precise answer to this question might prove to be the
first step towards a local limit theorem for the size of the giant j-component, as was
the case for vertex-connectedness [79]. Also for the approach in [25] controlling the
interaction between small components and the giant component is key, even though
the way in which this is done is quite different from that in [79]. At this point
knowing that the giant j-component contains a large smooth subset (Lemma 1.10,
or more generally Lemma 1.9) might be just the right property to handle how likely

small j-components are to merge with the giant j-component.

1.4.3. Critical window for jigsaw percolation. While we proved the exist-
ence of a threshold for jigsaw percolation on random hypergraphs in Sections 1.2.3
and 1.3.3, there is still a gap of a large but constant multiplicative factor c¢? between
the super- and subcritical regimes. Even though this gap has not been optimised
(either by us or in the graph case [37]), this already suggests that this property has

a sharp threshold, and raises the question of determining its asymptotics exactly.

clogn

Moreover, recall that there is the additional condition min{pi,p2} > <7%;

for the supercritical regime, guaranteeing that the necessary condition of both the
red/blue hypergraphs being j-connected is met whp. However, we determined
the sharp threshold for j-connectedness to be p. = J(k:fk% in (1.4). Thus it
is natural to conjecture that the condition can be relaxed to min{pi,p2} > Cp.
for any constant C' > 1. But also if p; = p., then the probability of the red
hypergraph being j-connected is bounded away from both 0 and 1. We conjecture
that conditioned on it being j-connected whp percolation takes place (as whp the

blue hypergraph is also j-connected).

1.4.4. Localised SIRS-infections. Our results concerning bootstrap percolation
on GIRGs provide a very detailed picture of how this process evolves both geomet-
rically and in time (cf. Sections 1.2.4 and 1.3.4). We demonstrated not only how an
infection originating in a small local region can cause an outbreak infecting a linear
number of vertices, but also how fast the infection will spread in this scenario. We
also proved that this kind of information is invaluable for saving the majority of

the population from an imminent outbreak.
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We should emphasise that the importance of our contribution is not merely
limited to the mathematical statements about bootstrap percolation on GIRGs but
also, and maybe foremost, a proof of concept: we illustrate a way of rigorously
modelling an infection process in a geometric setting.

This being said, it is up to us to question whether this is a good model. While
GIRGs are certainly a state-of-the-art model for real-world networks, modelling the
spread of an infection, a belief, or some neuronal activity via bootstrap percolation
is certainly not optimal. Naturally, a large variety of models have been proposed
for these scenarios, amongst them for instance SIR-and SIRS-models (susceptible-
infected-recovering) for epidemiological applications, where infected individuals can
recover from an infection. Investigating the influence of an underlying geometry
on these processes promises to be a challenging task, and certainly one from which

there is much to learn.

1.5. OUTLINE

Chapters 2-6 each consist of a research paper, with modifications, from the
publication list preceding this introduction. Some results have also been published
in conference proceedings. More precisely we have the following correspondence:

Chapter 2 <« [6] (with M. Kang and A. Pachén)

Chapter 3 <+ [2] and [8] (with O. Cooley and M. Kang)

Chapter 4 < [3] and [8] (with O. Cooley and M. Kang)

Chapter 5 < [1] with B. Bollobés, O. Cooley, and M. Kang)
Chapter 6 <> [7] and [10] (with J. Lengler)

The research leading to [7] was conducted during a 3-month research stay at

~—~ ~~ —~

the ETH Ziirich, within the doctoral program ‘Discrete Mathematics’.



CHAPTER 2

Emergence of the giant component in a multi-type

random graph

2.1. INTRODUCTION AND MAIN RESULTS

The theory of random graphs was founded by Erdds and Rényi in the late 1950s.
One of their most striking results concerned the phase transition of the size of the
largest component — adding a few additional edges to a random graph can drastically
alter the size of its largest component. In [58] they considered the random graph
G(n,m) obtained by choosing a graph uniformly at random amongst all graphs on
n (labelled) vertices containing precisely m edges and proved the following result:
Let ¢ > 0 be any constant. If ¢ < 1, then with high probability (whp for short,
meaning with probability tending to one as n — c0) all components in G(n,cn/2)
have size O(logn), while if ¢ = 1, whp the largest component is of size ©(n?/?), and
if ¢ > 1, then whp there is a component of size ©(n), called the ‘giant component’,
and all other components are of size O(logn).

Bollobés [31] investigated this phenomenon further and described in detail the
behaviour of G(n,m) when m is close to n/2, i.e. m = (1 +¢&)n/2 for some ¢ =
g(n) > 0 satisfying ¢ — 0 as n — oo. His initial results were then improved by
Luczak [86]. In particular, if in addition >n — oo, whp the largest component in
G(n, (1—&)n/2) has size o(n?/?), whereas the largest component in G(n, (1+¢)n/2)
contains asymptotically 2en vertices and all other components are of size o(en). For
a comprehensive account of the results see [15, 30, 74].

In the meantime many of these results have been reproved and strengthened
using various modern techniques such as martingales [89], partial differential equa-
tions [103], and search algorithms [33, 82]. Furthermore, more complicated discrete
structures like random hypergraphs have been studied [26, 36, 79].

Over the last years, random graphs have proved to have wide-ranging applica-
tions in neurobiology, statistical physics, and the modelling of complex networks [90,
104]. Frequently some properties of real-world networks are already empirically
‘known’ and have motivated the definition of more sophisticated random graph
models [48, 49, 102]. In particular, applicable random graph models should al-
low for different types of vertices having different degree distributions, i.e. some
level of inhomogeneity. A general theory of inhomogeneous random graphs was
developed by Bollobds, Janson, and Riordan [33] providing a unified framework

for a large number of previously studied random graph models [34, 42, 91]. For

21



2.1. INTRODUCTION AND MAIN RESULTS 22

example they analysed the degree distribution, the number of paths and cycles,
and the phase transition for the giant component. The behaviour at the critical
point (corresponding to G(n,cn/2) for ¢ = 1) has been studied by van der Hofstad
in the so-called rank one case [70]. Recently Bhamidi, Broutin, Sen, and Wang
studied the general inhomogeneous random graph with a bounded number of types
inside the critical window (corresponding to G(n, (1£¢e)n/2) for some € = ¢(n) > 0
satisfying e3n — C, 0 < C < 00) and described the joint distribution of the largest
components using Brownian motion [27].

In this chapter, we study an inhomogeneous random graph model in which
there are n vertices, each vertex has one of two types, and an edge between a pair
of vertices of types i and j is present with probability p; ; independently of all other
pairs. The focus lies on the weakly supercritical regime, i.e. when the distance to
the critical point of phase transition approaches zero as n — oo. In this regime
the behaviour of the random graph depends very sensitively on the parameters and
could not be studied using the parametrisation in [33]. We determine the size of
the largest component in this regime (Theorem 2.1).

In order to derive the main results, we apply a simple breadth-first search
approach to construct a rooted spanning tree of a component and couple it with a
multi-type branching process with binomial offspring distributions, which is viewed
as a random rooted tree. In addition, the width and the dual of that random rooted
tree play important roles in the second moment analysis.

The results of this chapter are indeed not surprising and the techniques used
in the chapter may look familiar. The main contribution of this chapter is that it
shows how a simple branching process approach combined with the concepts of tree
width and dual processes can be applied nicely to a multi-type random graph all

the way through the supercritical regime.

2.1.1. Model and notation. In this section we will define multi-type binomial
random graphs and associate them with branching processes.

Multi-type binomial random graph. Let k € N be fixed. Every vertex is associ-
ated with a type i € {1,...,k} and we denote by V; the set of all vertices of type
i € {1,...,k}. Given an arbitrary vector n = (ny,...,n;) € N¥ and a symmetric
matrix of probabilities P = (p; ;)i j=1,...k € [0, 1]*** we consider the k-type bino-
mial random graph Gp(n, P) on n; vertices of type [, for [ € {1,....k}, with the
following edge set: for each pair {u,v}, where u is of type ¢ and v of type j, we
include the edge {u,v} independently of any other pair with probability p; ; and
exclude it with probability 1 — p; ;. We write M = (p; ;)i jef1,2y for the matrix of
the expected number of neighbours y; ; = p; ;jn; of type j € {1,...,k} for a vertex
of type i € {1,...,k}.

Associated branching process. Next we associate a binomial branching process
in which each individual has a type ¢ € {1, ..., k} with the random graph Gi(n, P).
Fix a time ¢t € Ny and let I; be a set of individuals (i.e. the population) at

time t, which we also call the ¢-th generation of individuals. Then, with each
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individual v € I of type j/ € {1,...,k}, we associate a random vector X" =
(XY,..., X}), where for each j € {1,...,k} the random variable X7 is independent
and binomially distributed with parameters n; and p;/ ; and thus with mean p;- ;.
Then the population I;; at time t+1 will be a set containing exactly Zvelt X7 new
individuals of type j, for each j € {1,...,k}. In other words, the random variable
X7 represents the number of children of type j that are born from the individual
v. A k-type binomial branching process starting with an initial population I
is a sequence of random vectors (Z;(1),..., Z:(k))ien, generated by iterating the
construction described above, where Z;(j) is the random variable describing the
number of individuals of type j in the ¢-th generation for each j € {1,...,k} and
t € Ng. Fori € {1,...,k} we denote by 7;f7p a k-type binomial branching process
starting with a single vertex of type i. We may also use Trf p to denote the rooted
(possibly infinite) tree created by an instance of the branching process. The context
will always clarify the notation. Furthermore, if a statement is independent of the
starting type we simply write 7y p, for instance, we refer to the matrix M as
offspring expectation matriz of the branching process Ty p .

Observe that for k = 1 we obtain the classical binomial random graph G(n, p)
where n = n; and p = p;; and the corresponding binomial branching process.

Setup. Throughout the chapter we focus on the case k = 2 and for simplicity we
write G(n, P) := Ga2(n, P). We denote by n = nj+ng the total number of vertices in
G(n, P) and without loss of generality we assume that nq > no. Furthermore, unless
specified explicitly, all asymptotic statements are to be understood in terms of ny
and ng being large enough yet fixed and we use the notation min{ny,ns} = ns — o0
for this. Note that in general 17 2 # 72,1 and it is possible that 72,1/m1,2 — 00, even
though p12 = p21.

Notation. Given a graph G with components Ci,...,C, ordered by size such
that |C1| > |Cs| > -+ > |C,| we denote by L;(G) = C; the i-th largest component
of G and its size by L;(G) = |£;(G)| = |Cy], for any i € {1,...,r}, and set £;(G) =0
and L;(G) = 0 if ¢ > r. Moreover, we will use the following standard notation to
describe asymptotic statements: For any real functions f = f(ni,n2) and g =
g(ny,na) we write: f = O(g) if 3¢ > 0,n¢ such that f(n1,n2) < c|g(ny,ng)| for all
ny > ng > ng; f = o(g) if Ye > 0 : Ing such that f(ng,n2) < cg(ni,na)| for all
ni > ng > no; f=Qg) if g = O(f); f=0(g) if f=0(g) and f = Q(g) and
fr~gif f—g=o(g).

2.1.2. Main results. We show that G(n, P) exhibits a phase transition in the size
of the largest component. In particular, we show that in the weakly supercritical

regime there is a unique largest component containing asymptotically 2en vertices.

In fact, we prove a stronger result.

Theorem 2.1. For ny € N and no € N with ny > na, let n = ny + ny and let
e = e(n1,ng2) > 0 with e = o(1). Furthermore, let

P = (pi,j)i’je{l,Q} € (0> 1]2X2
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be a symmetric matriz of probabilities satisfying the following conditions:
e3nymin{l,e  pg 1} — oo, (2.1)

M1 + M2 = 1+e+ 0(8)7 fO?“ any L € {15 Q}a (22>
where ;. j = p; jn; for every pair (i,5) € {1,2}2. Then, whp the following holds for
all integers r > 2 and i € {1,2}:

L1 (G(n, P))NVi[ = (2+0(1))en;  and  |L, (G(n, P)) N Vi| = ofen;);
therefore, in particular,
L1 (G(n,P))=(2+x0(1)en and L, (G(n,P))=o(en).

Remark 2.2. Observe that, up to the term min{1,e ' u2 ;}, the condition in (2.1)
mirrors the condition e3n — oo that is necessary and sufficient for the existence of a
unique largest component in G(n, (1+¢)/n). In G(n, (1+¢)/n) the average degree
is 14+¢ = O(1) and therefore it does not influence the asymptotic statement in (2.1).
In G(n, P) however, P can be such that we are close to criticality but the average
number pg 1 (respectively pq 2) of neighbours of the opposite type for a given vertex
is still o(1). Roughly speaking, it is reasonable that if o 1 is ‘very small’, then the
random graph G(n, P) may have two largest components, one of each type, that
coexist independently since the probability of adding any edge between them is
negligible. In particular, this would happen in case probability p; 2 was equal to
zero and therefore f11 9 = po1 = 0.

On the other hand, in the special case ng = o(n), the condition in (2.1) differs
by an additional factor of ng/n = o(1) from that in G(n, (1 +¢€)/n). This factor is,
for instance, necessary to show that the number of vertices of type 2 in the largest
components is concentrated around its mean. Therefore it is not avoidable with

this method, even though it might not be optimal.

Remark 2.3. The symmetry of P simply reflects the fact that G(n, P) is an

undirected random graph.

Note that the parameter ¢ > 0 describes the distance to the critical point for
the emergence of the giant component in a sense that we will explain now. Roughly
speaking, for some time, the breadth-first exploration process of a component in
G(n, P) looks like a 2-type binomial branching process T, p . This can be described
by a coupling of the two processes. If the branching process dies out its total
population should be rather ‘small’. Thus, by the coupling, the explored component
is also ‘small’. It is well-known that for a 2-type binomial branching process the
property of survival has a threshold and that the critical point is characterised by

the Perron-Frobenius eigenvalue

_ M1 + 22
2

of its offspring expectation matrix M = (; )i je{1,2}- If A > 1, the process has a

1
A + 5\/(/11,1 + p2,2)? +4 (H12p2, — p1,1H2,2) (2.3)

positive probability of survival, while if A < 1, it dies out with probability 1.
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Next, let us compute A for the 2-type binomial branching process 7, p with
parameters as in Theorem 2.1. The condition in (2.2) states that for every constant
d € (0,1) there is an ng = ng (9) such that we have |u; 1 + pi2 — (1 + )| < de, for
i € {1,2} and all ny > ng > ng. This implies

a2 — piapes < (1+e+ 55)2 — (11 + po2) (1 +¢c+de)

and similarly

Hi2p21 — p1apes > (1+e— 56)2 — (1,1 + p22) (1 +e—de).

Therefore we can bound the argument of the square root in (2.3) from above by

(1,1 + pi2,2)? + 4 (1221 — p1apz2) < (2(1+ € +82) — (11 + o))’

and from below by

(1,1 + p2,2)? + 4 (paapos — p1apee) > (2(1+e —08) — (p11 + pa,2))

Thus, by (2.3) and since § was arbitrary, we obtain the following asymptotic estim-

ate for the Perron-Frobenius eigenvalue
A=1+e¢e=+o0(e). (2.4)

In other words, € describes how close A is to 1.

Our next result concerns the weakly subcritical regime.

Theorem 2.4. For ny € N and ny € N with ny > ns, let n = ny + ny and let
e =¢e(n1,ng) > 0 with e = o(1). Furthermore, let
P = (pi,j)i7j€{1,2} € (0,1]*%
be a symmetric matriz of probabilities satisfying the following conditions:
£3ny — 00, (2.5)
o1+ po=1—exo(e), for any € {1,2}, (2.6)
where p; ; = p;jn; for every pair (i,j) € {1,2}>. Then we have whp
Ly (G(n, P)) = o(n*/?).
Note that analogously to Theorem 2.1 the parameter € > 0 describes the dis-
tance to the critical point from below. In other words, by (2.6), we know that the

Perron-Frobenius eigenvalue A of the offspring expectation matrix M of a 2-type

binomial branching process 7, p with parameters as in Theorem 2.4 satisfies
A=1—¢e=£o(e). (2.7

We will dedicate most of this chapter to the more delicate weakly supercritical
regime. A sketch of the proof of Theorem 2.1 is given in Subsection 2.1.3, properties
of supercritical branching processes will be analysed in Section 2.2, and the actual
proof of Theorem 2.1 is provided in Section 2.3. The weakly subcritical regime

follows in Section 2.4 with the proof of Theorem 2.4.
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In Section 2.5 we also consider the size of the largest component in the regimes
where the distance to the critical value is a constant (independent of n; and ny). In
the supercritical regime the largest component will already be a giant component,
i.e. it is unique and of linear size. Similarly, we get a stronger upper bound on the
size of all components in the subcritical regime. These results can also be proved

using the general framework in [33], however, we give alternative simple proofs.

2.1.3. Proof outline. We extend the method employed by Bollob4s and Riordan
in [35] to study the weakly supercritical regime of G(n,p).

To prove Theorem 2.1 we consider the set S of vertices in ‘large’ components.
The first goal is to show that the size of S is concentrated around 2en by apply-
ing Chebyshev’s inequality. We calculate asymptotically matching upper and lower
bounds for the expected size of S by coupling the breadth-first component explor-
ation process from below and above with 2-type branching processes. Once this
is done, using a more refined version of this idea, we show that the square of this
expectation is an upper bound for the second moment of the size of S, therefore the
variance of the size of S is indeed ‘small’ compared to the square of the expectation
and concentration follows by Chebyshev’s inequality.

So now we know that whp the appropriate number of vertices lie in ‘large’ com-
ponents, but there might be several distinct such components all of which may also
be much smaller than claimed in Theorem 2.1. However, we can construct a ran-
dom graph via a two-round exposure. In the first round we reduce the probability
of including some edges by a tiny bit and note that the above arguments will still
hold in this setting. In the second round we once again look at each pair not yet
connected by an edge and ‘sprinkle’ an edge with a tiny probability independently
for each such pair.

By choosing the magnitude of these probabilities appropriately we can ensure
that the resulting random graph has the same distribution as G(n, P) and thus we
can identify both random graphs by a coupling argument. Analysing the probability
that ‘large’ components are connected by at least one edge and we use a union bound

to show that whp almost all vertices from S lie in a single component of G(n, P).

2.1.4. Related work. The general inhomogeneous random graph model G(n, ck,,)
studied by Bollobds, Janson, and Riordan [33] is closely related to the model
G(n, P), and defined as follows. For any n € N consider a random sequence
Xn = (z1,...,2,) of points from a separable metric space S equipped with a Borel
probability measure v and let v, be the empirical distribution of x,,. Assume that
v, converges in probability to v, then the triple (S,v, (xn)n>1) is called a vertex
space. Furthermore let {k,} be a sequence of symmetric non-negative v-measurable
functions on § X S, which converges to a limit x, and let ¢ > 0 be a constant. Then
the random graph G(n, ck,,) is a graph with vertex set [n], where each pair of ver-
tices {k,l} is connected by an edge with probability py; := min{1, ¢k, (g, z1)/n}
independently of all other pairs.
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It is proved that with respect to the parameter ¢ there is a phase transition
concerning the size of the largest component. In particular, the existence and
uniqueness of the giant component in G(n,ck,) in the supercritical regime are
proved using an appropriate multi-type branching process and analysing an integral
operator T,,. The critical point of the phase transition is characterised by ¢¢ :=
||T%||~%: if ¢ < cp, then the random graph contains only small components, but if
¢ > ¢y, then there is a giant component which contains asymptotically p.n vertices,
where p, is independent of n and grows linearly in ¢ — ¢y > 0.

By contrast the focus of this chapter lies on the weakly supercritical regime
(Theorem 2.1), i.e. the distance ¢ = e(n) from the critical point of the phase
transition tends to zero as the number of vertices increases. The analysis in this
regime is quite sophisticated and in particular much more delicate than in the
supercritical regime for € > 0 being a constant independent of n.

In general it is not sufficient to only scale the edge probabilities multiplicatively
as in G(n, cky), since even if € — 0 the spectral gap of the operator (14 €)coTy is
always bounded away from 0. In contrast to this, the spectral gap of the offspring
expectation matrix in G(n, P) is given by u1 2 + pe1 and thus may tend to zero
arbitrarily quickly. Similarly, if one type has significantly fewer vertices than the
others, it will not influence the behaviour of G(n, cky,); however for G(n, P) in the
weakly supercritical regime these vertices may well be crucial for the component
structure and ignoring them may even result in a subcritical random graph.

For ¢ — 0, an example is given by ns = \/en1, e3ny — o0, po1 =p2ini = 1,
and thus p1 1 = p1,1m1 =1 —e+e=£o(e), so that (2.1) is satisfied. Then G(n, P)
has a unique largest component containing (24 o0(1))en; = w(ni’ﬁ) vertices of type

1, but after removing all vertices of type 2 all components have size at most o(n?/ 3).

2.2. MULTI-TYPE BINOMIAL BRANCHING PROCESS

Later we will study the component sizes of the random graph G(n, P) by invest-
igating 2-type binomial branching processes. In this section we investigate some of
their most important properties. We start with a key result concerning the survival

probability of a general multi-type Galton-Watson branching processes.

Lemma 2.5 (e.g. [68], simplified). Let Tn p be a 2-type binomial branching process
with parameters n1 € N and ny € N, with ny > ns, and P = (pivj)i,je{lz} €
(0,1]%2%2. Let A\ > 0 be the Perron-Frobenius eigenvalue of its offspring expectation

matric M = (p;5) where p;; = pijn;, and let (p1,p2) be the pair of

i,j€{1,2} >
survival probabilities. Then the following holds:

o if A <1, we have p1 = pa = 0;
e if A > 1, then (p1,p2) is the unique positive solution of

Fi(p1,p2) = Fa(p1,p2) =0, (2.8)

. ny . no
where Fi(p1,p2) :=1—p; — (1 - ,u“pl) (1 - /mpz) , forie{1,2}. (2.9)

ni N2
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We call a branching process that has a positive survival probability supercritical

and otherwise we call it subcritical.

Remark 2.6. There is a very simple way to see that the survival probabilities
must satisfy these equations: we consider the extinction probabilities before and

after the first step of the process and apply the Binomial Theorem.

2.2.1. Asymptotic survival probability. Because the conditions of Theorem 2.1
imply that the Perron-Frobenius eigenvalue of the offspring expectation matrix M
is strictly larger than 1, as seen in (2.4), the associated branching process will have
a positive survival probability that is given implicitly by (2.8).

It is sufficient for us to extract some information about the asymptotic beha-
viour of the unique positive solution from these equations. However, even trying
to solve these equations only asymptotically we have to be very careful with can-
cellation and take into account higher order terms: this is a major reason why the

weakly supercritical regime is significantly harder to analyse than the other regimes.

Lemma 2.7. Under the conditions as in Theorem 2.1 the survival probabilities of

the 2-type binomial branching process Tn,p satisfy
p1~ P2 ~ 2e.

Proof. The key idea is to find suitable bounding functions for the F;’s defined
n (2.9), for which the asymptotic values of the zeros can be computed easily, and
then to observe that these coincide for the upper and lower bound.

First observe the following fact: if p; > po, we have Fi(p1,p2) < Fi(p1,p1)
and Fy(p1, p2) > Fa(p2, p2); analogously, if p1 < pa, then Fy(py1, p2) < Fa(p2, p2)
and Fi(p1,p2) > Fi(p1,p1). Thus, without loss of generality due to the Sub-
subsequence Principle (e.g. [74]), we assume p; > po and consider the bounding
functions F;(p;, pi), for i € {1,2}:

piapi \" pizpi\"
Fi(pivpi)zl_/)i_(l_w) (1—H>

ni T2

2 2 2 2
=1-—p; —exp <_(,Ui,1 + pi2)pi — O (“z + m)) )

ni n2

by the Taylor-expansion of the natural logarithm around 1. Since p;; < 2 and
ti2 < 2, by the conditions of Theorem 2.1 and the fact that p; < 1 (since it is a
probability), we have

Fi(pi,pi) =1—p; —exp (= (piq + pi2 £ O (nz_l)) pi)
=1—p; —exp(—(1+¢ei)pi),

where €; = pi1 + pi2 —1£0 (n;l) ~ g, by (2.1), and (2.2).
We define f;(p;) :==1— p; —exp (—(1 + €;)p;) and note that solving f;(p}) =0
asymptotically is a well-known problem that turns up when calculating the asymp-

totic value of the survival probability for a single-type Poisson branching process.
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Using the Taylor-expansion of the natural logarithm we get

o - Zloa(l=pl) =i _ i (P)"™
P; = mt 1
Since the coefficients in this series are all positive and &; — 0, this shows that
pi — 0 and thus ¢; = % + O((p})?). Having established the asymptotic behaviour
of p7 and p} it remains to show that p3 < po and p; < p7, since this together with
p2 < p1 and €3 ~ €1 ~ ¢ implies py ~ p ~ 2.
For this last step, assume towards contradiction that p; > p} and observe that
f1 1s negative on the interval (p3, 1]. Since (p1, p2) is by definition a solution of (2.8)
we have
0= Fi(p1,p2) < fi(p1) <0,
a contradiction. Analogously, p2 < p3 leads to a contradiction since fo is positive

on (0, p3), completing the proof. O

2.2.2. Dual process. In the proof of Theorem 2.1 we consider the supercritical
branching process Tn p associated with G(n, P) and we will need a good upper
bound on the probability its total number of offspring of type j € {1,2} is at least
l;, for carefully chosen real functions [y and l3. Since this probability is 1 if the
process survives, this reduces to analysing the conditional probability given the
event D that the process dies out. We call the resulting 2-type binomial branching
process the dual process and we can describe its offspring distributions as follows.

We need to know, for a vertex v of type i € {1,2} born in generation I;, for
some integer ¢t > 0, and a potential child u of type j € {1,2}, whether the edge
e = {u, v} is present in the dual process, i.e. conditioned on D. Let A, be the event
that w is a child of v in 7, p and note that conditioning on A, will decrease the
probability of D. More precisely, let Y = (Y1, Y3) denote the vector of the number
of individuals of each type in generation I;;1. Since Y7 is a independent binomially

distributed random variables, calculating P (D|.A.) by conditioning on Y leads to

n;—1
P(D|A) =D P(Yj=rj+1]A)(1—p) it
7"j=0
n3—;
> P(Ya=rs | A)(1—ps ).
7‘37]':0

Next we observe that by definition we have P(Y; =17, + 1| A.) =P (Y, =r; | ~Ae),
forall7; =0,...,n; —1. Moreover, Y;_; is independent of A., and thus we obtain
a similar expression for P (D|-.A.). More precisely, we have % =1-p;.
Therefore we get

B P (D|A.) P(A.) _pij(L=py)
FANP) = B DA P(A) + POADPCA) — 1—pipey

uniformly for all edges e (with one end point of type 7 and the other of type 7). An

analogous calculation shows that the presence of e does not depend on any other
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edges, i.e. the dual process is also a 2-type binomial branching process. Hence, we
write I = (75 ;)i jeq1,2y, H = (hij)ijef1,2y, Where h;; := m; jn;, and denote the
dual process of Tn p by Ta .

Intuitively it is obvious that the dual process of any supercritical process is
subcritical. For completeness we give a short proof for the processes that we use.
First observe that for each pair (i,5) € {1,2}? we have p; ; = O(n;l) by (2.2), and
thus

i = pig(1—p;) (1+O0(n;%p;)) . (2.10)

Lemma 2.8. Let Ty p be a 2-type binomial branching process satisfying the condi-
tions of Theorem 2.1. Then the offspring ewpectation matriz H = (hi ;); jef1,2y of

the dual process Ty 1 satisfies
hoi+h,2=1—¢cxo(e), foree{l,2}, (2.11)
and thus we have A =1 — e £ o(e) for the Perron-Frobenius eigenvalue \ of H.
Proof. By (2.2), (2.10), and Lemma 2.7 we get
hoa+heo=(u1+m2)(1—2)=1—¢e=xo0(e), for c € {1,2}.
The second statement follows analogously to (2.7). O

The benefit of using the subcritical dual process Ty, 11 is that we can bound the

expected total number of offspring of each type.

Lemma 2.9. Fori € {1,2} let 7113 be a 2-type binomial branching process satisfy-

ing the conditions of Theorem 2.1. Then the associated dual process 7Z7H satisfies
E(|TinnV;|) <e', forje{1,2}. (2.12)
Moreover, for any real functions l1 and ls , this implies that
P(|Tap VAl 20V |Th p Vo] > lp) <26+ ' + 6715 +0(e),
and in particular
P(|TapnVi| =LV |ThpNVa| > 1) < (2+0(1))e, (2.13)
if €211 — oo and 21y — oo.
Proof. Consider the dual process 7, 1. We associate a vertex born in generation
I;, for integer t > 1, with its line of ancestry, i.e. the string o € ¥; := {1,2}¢*!
which is the finite sequence of types of all its ancestors (starting with the root of
Tn,m and including itself). Set ¥ := Ut21 ¥; and denote by =* the set of all finite
strings over the alphabet = := {(1,1),(1,2),(2,1),(2,2)}.
We consider the injective function f: ¥ — =* defined by
fly, St E 0 ((0(0),0(1)), (0(1),0(2)),..., (ot - 1),a(t))),

for t > 1. A string 7 € Z* is called admissible if 7 € f(X) and we denote the set
of admissible strings by 2% := f(X). Observe that, for every pair (4,5) € {1,2}2,
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the function f can be seen as a bijection that maps the subset 3; ; C 3 of lines
of ancestry starting with ¢ and ending in j to the subset Ef‘; C 2% of admissible
strings starting with (¢,1) or (¢,2) and ending with (1, 5) or (2, 7).
Now let g: = — R0, (4,) + h;; and note g canonically extends to a function
g: = > Rog, e [ a(r(r)).
r=0,...,t—1
This allows us to compute the expected number of offspring with a fixed line of

ancestry o € X, it is precisely g(f(o)). Hence, for i € {1,2}, we obtain

E ({Tén N Vz|) =1+ Z g(1) =14+ G (h11,h1,2,h21,h22),

TEE,‘;‘,‘%
E(|TanNVsei|) = Z 9(7) = Giz—i (h1,1,h1,2,h21,ha2),
TEELS

P
where, for all (j,7") € {1,2}, G, is the four-variate ordinary generating function
of E%‘/ (marking the occurrences of (1,1), (1,2), (2,1), and (2, 2) respectively).
Using the ‘symbolic method’ (e.g. [59]) we compute the closed forms of these
generating functions providing
1—hs_is—;
d
for i € {1,2}, if the denominator

md B (T Vi) = B

E(|Tan Vi) =

d=1—hi1—hoa+hi1hao—highan

is positive. We now establish stronger lower bounds, which allow us to prove state-
ment (2.12). By (2.11), for any constant 6 € (0, 1) there exists an integer n.. = n.(0)

such that for all nqy > ny > n, we have

d 2 1-— hl,l — hgyg =+ h1,1h2_’2 — (]. — E(]. — 5) — hlyl)(l — 6(1 — (5) — hz’g)

=e(1-06)(2—h11—hao—e(1—10))
>e(1-6)(2—(1—e(1—=96)) —hg—iz—i —e(l—19))
=e(1—=06)(1 —h3_i3-i)

>e(l—0)hiz—; >0,

and thus, letting 6 — 0, we obtain
E(|TannVi]) <e™t and E(|TignVa]) <e .

For the second statement we distinguish the two cases of whether D; (the event

that the primal process ’Tlf p dies out) holds or not. we obtain
P(|TapnVi| 21 V | T pNVa| > o)
<pi +P(|Tan OVi| > 1) + P(|Tin N Va| > 1o).
Applying Markov’s inequality to the right-hand side we deduce

P(|Tip VA >l VTR p NV 2 1) <2e4+e i +e iy o). O
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2.2.3. Width of a tree. The last tool that we need for the proof is the concept
of the width of a rooted tree. The width w(T) of a rooted tree 7T is defined as the
supremum of the sizes of all its generations. In this context we will interpret any

branching process as a potentially infinite random rooted tree.

Lemma 2.10. Let T, p be a 2-type branching process satisfying the conditions of
Theorem 2.1 and denote by D the event that this process dies out. Then for any

real function m = m(n) such that em — oo we have
P({w (Ta,p) > m} ND) = o(e).

Proof. Denote W,, = {w (Tn,p) > m} and let us construct T, p generation by
generation and stop as soon as we see the first generation of size at least m if
there is one. Then we have m, vertices of type 1 and mq vertices of type 2 where
m1 + ms > m. Since each of the vertices of this generation starts an independent
copy of T} p (respectively 72 p) we get for the probability of dying out given that
W, holds

P(DIWin) = (1= p1)™ (1 = po)™2 < &= (Prmit02m2) = O(exp(—2em)) = o(1),

where the asymptotic statements hold due to Lemma 2.7 and since em — oo. Hence,
we obtain

P(=D[Wn) =1 - o(1),
and by the law of conditional probability and Lemma 2.7 we have
P(DWn)
P(=D|W,,)
proving Lemma 2.10. O

P (Wm AD) =P (W, A=D) - < o(P(=D)) = o(e),

2.3. SUPERCRITICAL REGIME: PROOF OF THEOREM 2.1

The main idea of the proof is to couple the component exploration process in

G(n, P) with instances of the 2-type binomial branching process Tn. p -

2.3.1. Coupling. Given a vertex v of type 7 in G(n, P) we denote its component
by C,. Furthermore let 7, be the random spanning-tree rooted at v constructed
by exploring new neighbours in C, via a breadth-first search. Again we interpret

branching processes as potentially infinite random rooted trees.

2X2
)

Lemma 2.11. Given any vector n € N2, any symmetric matriz P € [0,1] and

any vertex v of type i € {1,2}, the following two statements hold.
(i) There is a coupling of the random rooted trees T, and T, p such that T, C
Ti p. In particular, |C, NV;| < |TE p V5|, for j € {1,2}.
(ii) For any vector m = (my,ms) € N? satisfying m < n, there is a coupling of

the random rooted trees T, and T, p such that T} ., p C T, or both trees

contain at least my vertices of type 1 or mo vertices of type 2. In particular,
either |C, NV;| > | Ti_ o, p N V;|, for j € {1,2}, or the total number of vertices
of type r in C, and ’7:f_m,P is at least m, for some r € {1,2}.
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Proof. For the first statement, we generate 7, and Trf p simultaneously, restoring
the set of potential neighbours in the breadth-first search by adding fictional vertices
of the same type to the vertex set of G(n, P) for each vertex already added as a
neighbour. Any offspring of a fictional vertex is automatically fictional. In this way,
for each type j € {1,2}, we always have n; potential new neighbours of this type
each chosen independently with probability p; ; according to the type j' € {1,2}
of the current vertex. After removal of all fictional vertices from 7} p we obtain 7.
Therefore, we have (T, NV;) C (T4 p N'V;) and since |C, NV;| = [T, N Vj] the first
statement holds.

For the second statement we proceed as before with the slight change that in
each step we choose for any type j € {1,2} exactly n; — m; neighbours from all
possible new neighbours of type j and only add those independently with probability
pjr.j, where j° € {1, 2} is the type of the current vertex, and ignore all other vertices.

Until we have encountered a total of at least m,. vertices of type r in 7:11'_m7 p for
some r € {1,2} there are always enough vertices of each type to choose from. As-
suming that this does not happen for any r € {1, 2}, we thus have (7Z7m’P N VJ) C
(To NV;) C (Cy NV;) and the claim follows. O

2.3.2. Total size of large components. Using Lemma 2.9 and Lemma 2.11 we
can now establish the expectation of the number of vertices in ‘large’ components.

For any type i € {1,2}, we denote by S; 1, = S; 1, (G(n, P)) the set of all vertices
of type i in components that contain at least [; vertices of type j, for some j € {1, 2}
and a properly chosen pair L = (I1,[3) of real functions. Moreover, we denote by

si1, = |Si 1| the cardinality of this set.

Lemma 2.12. Let l; be a real function satisfying €%l; — oo, for j € {1,2}. Then
E(s;L) < (2+0(1))en;, forie {1,2}.

Proof. For i € {1,2}, by Lemma 2.11(i) and linearity of expectation, we have

E(siL) = Y P(IC,NVi| > 1 VIC N Va| > 1)
veV;

<P (|Tap N VA| 2LV |Th p N V2| > 1g) ~ 2en;,
where the last step holds by equation (2.13) in Lemma 2.9. d
Lemma 2.13. Let l; be a real function satisfying l; = o(en;), for j€{1,2}. Then
E(s;L) > (2+0(1))en;, forie {1,2}.

Proof. We apply Lemma 2.11(ii) with m = L = (I1, 1), since I; = o(en;), for j €
{1,2}, and note that the parameters of the coupling branching process satisfy (2.1)
and (2.2). Hence, for i € {1, 2}, this yields by linearity of expectation

E(siL) > nP (|Timp NVA| > 1V T p N V2| > 1)
> n;P (ﬁ_m’P survives) ~ 2eny,

where the last step holds due to Lemma 2.7. O
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In the next lemma we will show that s, , (G(n, P)), i.e. the number of vertices

of type ¢ in large components, is concentrated around its expectation.

Lemma 2.14. Let l; be a real function satisfying €2l; — oo and l; = o(en;), for
j€{1,2}. Then whp

siL (G(n, P)) = (2+0(1))en,, forie {1,2}.

Proof. Lemmas 2.12 and 2.13 show that E(s; 1) ~ 2en;, hence it is sufficient to

derive the upper bound
E(s?y) < (4+0(1))e*n? ~E(s;L)” fori e {1,2}. (2.14)

The reason for this is the classical ‘second moment method’ (e.g. [15, 74]): equa-
tion (2.14) implies that for the random variable s; 1, the variance is of smaller order

than the square of the expectation, i.e.
2 2 2 .
V(s;L)=E (le) —E(sin)" <o (E (siL) ) , for i € {1,2},

which provides concentration by Chebyshev’s inequality.

Without loss of generality fix a type i € {1, 2} for the rest of the proof. Further-
more, fix a vertex v of type 7 in G(n, P). Once again we explore the component C,
of that vertex in a breadth-first search generating a tree 7, C C,. However, we will
stop the exploration immediately, even midway through revealing the neighbours

of one particular vertex, if one of the following two events occurs:

(i) we have already reached a total of I; vertices of type j for some j € {1,2};
(ii) there are ely vertices that have been reached (i.e. children of earlier vertices)

but not yet fully explored (flipped a coin for each possible neighbour).

Note that for stopping condition (ii) we do not distinguish the types of vertices.
Any vertex that has been reached but not fully explored is called boundary

vertex. Observe that this process will create at most €l + 1 < 2els boundary

vertices. Furthermore, denote by A the event that the process stops due to (i) or (ii),

rather than because it has revealed the whole component C,. Note that
{ICoNWVi| > L VIC, N Ve > 1} = A, (2.15)

a fact that we will use later on.

Now we estimate the probability that A holds: by the coupling in Lemma 2.11(i)
we may assume that 7, C 7, C T p and, since we proceed in a breadth-first
manner, at every point of time all the boundary vertices are contained in at most
two consecutive generations. Hence if A holds, either }’7'“1 pN Vj| > 1;, for some j €
{1,2}, or the total number of offspring of the process Ty, p is finite and w(T; p) >
ela/2. As calculated in Lemma 2.9 the probability that the first case occurs is
asymptotically at most 2e, while for the second case we calculated in Lemma 2.10

that the probability of having large width but still dying out is o(¢), hence

P(A) < (2+0(1))e. (2.16)
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We use this to relate the second moment to the expectation on the conditional
probability space, where we condition on .4 holding. We replace s; 1, by a sum of

indicator random variables and obtain

) (2.14)
E(sii) = D E(sin- Lic,mviznvic,valzy) < mP(A)E (sip] A).
veV;
Using (2.15) this implies
E(s7y) < (2% 0(1)enE (i | A). (2.17)

For the remainder of this proof we will compute an asymptotic upper bound
for the conditional expectation E (s; 1, | A). Now for any vertex u ¢ 7, of type ¢
we reveal its component as before in a breadth-first manner but ignore any vertices
that are in 7,. In other words, we explore in G' = G(n, P)\V(7]) until we have
revealed the whole component in this subgraph, and couple the generated tree 7.’
with T/ p such that 7 C T p. We denote by D; the event that this instance of
7:1 p dies out and note, in particular, that D; is independent of the event A, hence

P (-Di| A) = P(-D;) “27 (2 £ o(1))e. (2.18)

Let us further observe that |7,”| < |C,| and furthermore that equality holds
unless G(n, P) contains an edge connecting a boundary vertex to a vertex of 7.

Therefore, for any given r € N, we have
P(ICul # [T | Di NANITY| = r}) < 2elprmax{p; ;- | j.j" € {1,2}},

by the union bound, as there are at most 2¢ls boundary vertices. Note that by (2.2)
we have max {p; j | 7,5’ € {1,2}} < (1 +¢e)ny; ' < 2n;'. Hence, by the law of total
probability,

P(ICl # [T/] | Di A A) < delonz E (1T | Dy) = delony 'E ([T n).
In order to simplify notation we will write
Xur={lC.NVi| > 11 V|C, N V| > I3}
for the event that the component C, is large. Hence it follows that
PX,L| A <P(-D;)+P
<P(-D;) +

(D)P(Xyr | Di A A)
P(Xur A|Cul = T} | Di A A)
P(Xu 1 A{|Cul T} | Di A A)
< P(=D;) + (|T”ﬂV1\>l1\/\T”ﬂV2\>12|D)
+P(

Cul # T | Di A A)
Using Markov’s inequality we express the right-hand side in terms of expectations

(‘ wrt Vi) n E(|TinnVa|)

( UL|A)<P( ll l2

+ 45[211511}3 (’TerD ,
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and observe that these expectations are all of order O (¢7!) by the bound (2.12)
in Lemma 2.9. Additionally, by our assumptions on L, the coefficients I t Iy L and

4elany * are all of order o(¢) and therefore using (2.18) we get
P(Xur | A) < (2£0(1))e.
This bound applies for at least n; — [; vertices of type ¢ and thus we have
E(sin|A) <li+ (ni —L)P(X,L | A) <1+ (2+0(1))en; = (2 0o(1))en,.

Inserting this into inequality (2.17) and then applying Chebyshev’s inequality com-
pletes the proof of Lemma 2.14. O

2.3.3. Sprinkling. It remains to prove that almost all vertices in large components
lie indeed in a single component. Essentially we exploit the fact that in order for
two large components to coexist, a large number of edges cannot be present in the
random graph. This however is very unlikely. Due to vertices having two different

types the argument is slightly more involved than in the homogeneous setting.

Proof of Theorem 2.1. Let us first introduce some further notation. We write o :=

min{l,e 'us1} and set
¢ = ac’ny. (2.19)

Note that @ > 0 and £ — oo by the assumptions of Theorem 2.1. We set

en; .
;= logjf = o(en;), for j € {1,2}, (2.20)

and note that we could replace log £ by any function é such that é — o0 but growing
very slowly compared to £&. Moreover, observe that since @ < 1 we have

27 _ €3nj 5

7 logé T logé

Essentially, we know so far that the random graph G(n, P) satisfying the con-

— o0, for j € {1,2}. (2.21)

ditions of Theorem 2.1 contains the ‘right’ number of vertices in large components.
It only remains to show that all these components are connected, and thus form a
single component, if we ‘sprinkle’ some more edges.

Formally we define a symmetric probability matrix P® by setting

Pl = ~ _ — min = P12
L2 i log € nylogé logé [’

and plil = p’iz := 0. Then let P® be the symmetric probability matrix whose off-

diagonal entries satisfy p{ o +p% 5 — pf o1} 2 = p1,2 and set pf; := p; 3, for i € {1,2}.
Then we construct G(n, P*) and G(n, P’) independently and couple them in such
a way that we have
G(n, P*)UG(n, P’) = G(n, P).
Since pliz < p1,2/log & we have pf 5 > p12(1—1/log¢) implying that the entries
of P are all positive for large enough ny and ny . Furthermore, as p 5, = o(¢/n1),
we have p{ on; = p3—i; £ o(e), for i € {1,2} and therefore G(n, P?) also meets all
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requirements of Theorem 2.1. Moreover, we have calculated in (2.20) and (2.21)
that the further conditions of Lemma 2.14 are also satisfied for L = (I1,l2). Let
us denote by Sfy, = Sir (G (n, P?)) the set of vertices of type i € {1,2} in large
components of G(n, P%), i.e. components containing at least I; vertices of type j

for some j € {1,2}. Then, by Lemma 2.14, we have whp
|SZL| = 267711; + CZa

for some real function ¢ satisfying |(?| = o(en;). We assume that this event holds.

Let U denote the set of all large components in G(n, P%). Then for any com-
ponent C € U we say that the type j € {1,2} is a witness for C being large if
|ICNV;| > 3l;. Observe that having a witness is a necessary condition for any
component to be large, hence each large component C € U has at least one witness,
yet it is not a sufficient condition.

For j € {1,2} we define the set U7 C U of large components for that type j is
a witness and write U7 = Uf, e Uﬂj} , for some integer 7; > 0. Intuitively, it

should neither of these sets should be empty. We prove this by a counting argument.
Claim 2.15. U' and U? are not empty, i.e. r1 > 0 and ro > 0.

Proof. Without loss of generality assume towards contradiction that r; = 0, and
thus clearly ro > 0. Observe that this implies that

ENny 2 ENg
= d ([ UnWV >l=—=
2logé and - |UZNVa| > 1, log¢&’

for ¢ € {1,...,r2}. Counting vertices of both types separately, we therefore get

1
UZnw| < §l1

T2
o lea | 9 T9EN]
2eny + (¢ = |0 L] *;WL Vil < S oge
and
T2
o len 1 ) T9ENY
2eny + 5 = [S51| = ;WL NVe| 2 log &
This shows

4+ﬁ 1 < < Ci
ogé<roa < (2+ log &,
Eny ENg

a contradiction for large enough n; and ng, since [(¢le~'n;* = o(1), for i € {1,2}.

Hence Claim 2.15 holds. U

We continue the proof of Theorem 2.1. Observe that by the definition of wit-

nesses we have

. . 1 En;
Uil > Ui NV > 2l =
|L|—|L J|>2J 210g£’
for j € {1,2} and ¢ € {1,...,r;}. Hence, if we estimate the number of vertices of

type j by only summing over the components in U’ we get

TjEN;
2logé

and consequently r; < 5log¢, for j € {1,2}.

< Ui nv;| < 2+ 0(1))en;,
=1



2.4. SUBCRITICAL REGIME 38

Let U' € Y' and U? € U? be any two large components, i.e. they satisfy
|U1 N V1| > %ll = 251;’;5 and |U2 N VQ} > %12 = 2510%. Then the probability that in
G(n, PP) there is no edge between U' and U? is at most

1—pb |U10V1HU20V2|< e Eemp e
(1=p12) = &P nilogé 2logé 2logé

219) (_ 3 )
P 4log®¢ )’

Taking the union bound for (up to) r1 + ro — 1 of these events shows that

the probability that in G(n, P) all components that were large in G(n, P*) are

connected is at least
e) (~ige)
1—(ri+ro—1)e ——— ] >1—-10logée —— ) =1-0(1).
(ri+r2—1) Xp( dlog’e) = BEexD | ~ o7 L

Thus, whp there is a component C* in G(n, P*)UG(n, P°) = G(n, P) which contains
Siy,, for i € {1,2}.

On the other hand, writing S; . = S; 1, (G(n, P)) for the set of vertices of type
i € {1, 2} in large components of G(n, P) we get (C*NV;) C S; 1, due to the coupling.
Hence we have

fLc(CnV;) C S
Furthermore, applying Lemma 2.14, with the same choice of L, directly to G(n, P)
we obtain whp
|Si L] = 2en; + ¢

for some real function (; satisfying |(;| = o(en;). Thus the number of vertices of

type 7 in the component C* satisfies

‘ IC* NV;| — 2en;

<Gl + 1G] = olena). (2.22)

Moreover, any other large component C in G(n, P) may at most contain all the

vertices from Sy r, \ S{p, and Sz 1, \ S5y, and therefore satisfies

ICNVi| <8

—|S7L] < 1Gl + 67 = olens), for i € {1,2}.
In particular, summing over both types, we have
Icl < [cr],

for large enough n; and no. Consequently, C* is already the largest component
L1 (G(n, P)) and satisfies the required asymptotics by (2.22). O

2.4. SUBCRITICAL REGIME: PROOF OF THEOREM 2.4

Most of the work for this regime has already been done in Section 2.2.2; since
the associated branching process has essentially the same distribution as the dual

process in the weakly supercritical regime (cf. Section 2.2.2).

Proof of Theorem 2.4. Let the conditions be as in Theorem 2.4. Then, analog-

ously to the proof of Lemma 2.9, we calculate the expected total size of the 2-type
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binomial branching process 7;f p, for i € {1,2}, and get

. 14 fhia ;i — [a_ia s B
E(|Tap|) = Pis i = Pais ~e Tt
1—(p11+ p2,2 — p1,1M2,2 + p1,202.1)
Now let L = dn?/3, for any fixed constant § > 0 and write Sz, for the set of
vertices in components of size at least L and s; = |Sr|. Then with the coupling
as in Lemma 2.11(i) we get, by applying Markov’s inequality twice and linearity of

expectation,

P(sp > L) < L7 'E(s)

<L (Z Bl > D)+ Y B(lc] > L))

veV; veVy

<L (P (|Tap| 2 L) + naP (|Tip| > L))

<e'L7?n= (52677,1/3)*1 — 0,
since £3n — oo by (2.5). Hence, since § > 0 was arbitrary, whp all components are
of size o(n?/?). O
Remark 2.16. This result can be slightly strengthened: let £ := ¢3n — oo and
replace L by L= on2/3¢=1/6%¢ for any 0 < ¢ < 1/6.

2.5. CONSTANT DISTANCE FROM THRESHOLD

We complement our close-up analysis of the threshold for the giant component
by investigating the behaviour of G(n, P) when the distance € from the threshold

is bounded away from 0.

2.5.1. Above the threshold. In the supercritical regime, when the distance from
the critical point is a constant, G(n, P) whp has a giant component. The proof is
essentially the same as in Section 2.3 except for some of the arguments used for

calculating the survival probabilities.

Theorem 2.17. For ni € N and ny € N with n1 > ns, let n = ny + ng and let

€ > 0 be a fized constant. Furthermore, let
P = (piyj)i,je{l,Q} € (0, 1]2X2
be a symmetric matriz of probabilities satisfying the following conditions:
Nap2,1 — 00, (2.23)

o1+ p2 =14+ex0(1), for any ¢ € {1,2}, (2.24)
where ; ; = pijn; for every pair (i,j) € {1,2}2. Let p. be the unique positive

solution of the equation
1—p:—exp(—(1+¢)pe) =0.
Then, whp the following holds for every integer r > 2 and i € {1,2}:

L1 (G, P))NV;| = (p: £ 0o(1))n; and |L,.(G(n,P))NV;|=o(n;).
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Therefore, in particular,

L1 (G(n,P)) =(pe £o(1))n and L, (G(n,P))=o(n).

Proof. Let the conditions be as in Theorem 2.17. We will only show the computa-
tion for the survival probabilities, which is very similar to the proof of Lemma 2.7.
For the F;’s defined in (2.9) we use the same bounding functions as before.

As in the proof of Lemma 2.7 we assume without loss of generality that p; > po
and thus we have Fy(p1, p2) < Fa(p2, p2) and Fy(p1, p2) > Fi(p1, p1). Fixi € {1,2}.
We consider the bounding functions F;(p;, p;):

Mi 1P " Hi 2P "
Fi(pispi) =1 —pi — (1 - ) (1 - >

ny N9
2 2 2 2
Hi1P; Hi20;
=1—pi—exp (‘(Ni,l + piz2)pi — O (711 + ng>> )

by the Taylor-expansion of the natural logarithm around 1. Since p; 1 < 1+42¢ and
ti2 <14 2e, by the conditions of Theorem 2.17 and the fact that p; <1 (since it

is a probability), we have

Fi(pi,pi) =1~ pi —exp (= (pig + iz £ 0 (n3")) pi)
=1—p;—exp(—(1+ei)p:),
where £; = 1,144 2—1+0 (ny ') ~ g, by (2.23) and (2.24). Weset D = R50x(0,1)

and a real function f on D by setting

f(xap) =1- p— exp(fzp),

for (z,p) € D. Note that we have F;(p;, p;) = f (&, pi)-

It is well-known that f(z,p) = 0 has exactly one solution for any fixed = > 0.
Furthermore note that the partial derivative with respect to the variable x of f does
not vanish on D, therefore we can apply the classical implicit function theorem in
R%. We consider z = ¢ and denote by (g, p.) the corresponding solution of f = 0.

Hence, there is an open set U with € € U and an open set V with p. € V such that
{(u,9(u)) [ue U}t ={(u,v) €U x V| f(u,v) =0},

where g is a continuous function on U with p. = g(e¢). Let i € {1,2}. Because
le; — | = o(1), we know that ¢; € U for large enough n; and ng, and this implies

that f(e;, g(e;)) = 0. Since g is continuous we have

g(e1) ~ gle2) ~ pe,

and it is sufficient to show that p; < g(e1) and pa > g(e2).

For this last step, assume towards contradiction that p; > g(e1) and observe
that f(e1,p) < 0 for all p € (g(e1),1]. Since (p1,p2) is by definition a solution
of (2.8) we have 0 = Fi(p1,p2) < Fi(p1,p1) = f(e1,p1) < 0, a contradiction.
Analogously, ps < g(e2) contradicts f(eq,p) > 0 for all p € (0, g(g2)).
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Thus we have
p1 ™~ P2~ P, (2.25)
and the remainder of the proof follows the lines of the proof of Theorem 2.1 in

Sections 2.2 and 2.3, by replacing p; ~ pa ~ 2¢ with statement (2.25). O

2.5.2. Below the threshold. In the subcritical regime, where the distance to the
critical point is a constant, one can obtain a strong upper bound on the size of all

components by a standard application of large deviation inequalities.

Theorem 2.18. For ny € N and ny € N with ny > ng, let n = ny + no and let
1>¢e>0 be a fixred constant. Furthermore, let

P = (pi,j)i’je{lg} € (07 1]2X2

be a symmetric matriz of probabilities satisfying the following conditions:
o1+ 2 =1—ex0(1), for any ¢ € {1,2}, (2.26)
where p; ; = pi jn; for every pair (i,j) € {1,2}2. Then we have whp
L; (G(n, P)) = O(logn).

Proof. Let the conditions be as in Theorem 2.18. We fix a vertex v and explore
its component C, in G(n, P). Denote the resulting spanning tree by 7, and couple
this process with a 2-type branching process 7n p as in Lemma 2.11(i) such that
Ty C Tn,p. Let St be the event that G(n, P) contains a component of size at least L
for some appropriately chosen real function L. We want to show that P (S1.) = o(1).

Let us denote the (possibly infinite) sequence of vertices born in T, p, with
respect to the breadth-first exploration, by o = (v1,ve,vs,...), where v; = v.

For any vertex u € V3 U V5 let X,, be the random variable that counts the
number of children of v and has a distribution Bin(ni,p; 1) + Bin(ng, pj2), where

j € {1,2} is the type of u. Then consider the random variables

min{L,|o|} L
Xop= Y. X <Y X, =X;,,
r=1 r=1
where {v|g|+1, ce, U L} is an arbitrary sequence of distinct additional vertices. No-

tice that X ; is a sum of independent Bernoulli random variables satisfying
B(X;,) - L(1-¢)| <7, (2.27)

for some v = v(n) = o(L), by (2.26). Using a Chernoff bound (e.g. [74]) yields

P (X5, >L-1) (25) P(X;,>E(X;s,)+el—1—7)

(2.27) (eL— 1 — )2
= o (Q(L(1—€)+v+(8L—1—7)/3))
" (—2€4§L(1 + 0(1))> , (2.28)

uniformly for all vertices v € V3 U V5.
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In order to complete the proof we observe that the event |7y p| > L implies

the event X, ;, > L — 1 and therefore we get by application of the union bound

P(SL)< > P(C/=L)< Y P(Tarl>1L)

veViUVa veEVIUV,
< ) PXyp=L-1)< > P(X;,>L-1)
veViUVa veViUVy
(2.28) g2
S exp <logn — m[/(l + O(l))) = 0(1)7
for any L > 3¢~ 2logn, completing the proof. O

Remark 2.19. In fact this proof also works in the weakly subcritical regime and
shows that whp L; (G(n, P)) < 3= 2logn. Note that if e3n(logn)~2 — oo, then
this bound is stronger than the one in Theorem 2.4 (even with the strengthening
from Remark 2.16).

2.6. CONCLUDING REMARKS

In the previous sections we showed that the emergence of the giant component
in the 2-type random graph G(n, P) is very similar to the behaviour of the binomial
random graph G(n,p), at least when each row of the expectation matrix is scaled
similarly.

In theory one therefore could study Gi(n, P), the k-type version of G(n, P),
assuming that each row of the expectation matrix sums up to approximately 1+ €.
It is to be expected that in this case we would have p; ~ -+ ~ pp ~ 2¢ and thus
also a unique largest component of size Ly (Gi(n, P)) ~ 2en. Proving this for all
k > 3 would be cumbersome at best, since for instance in our proof the bound
on the total expected number of offspring of the dual process relies on explicitly
calculating a set of generating functions.

Therefore let us take another perspective: imposing the row-sum conditions
ensures that the Perron-Frobenius eigenvalue of the offspring expectation matrix
M is roughly 1 4 €, however it also implies that the corresponding normalised left-
eigenvector is not necessarily equal but close to k~1(1,...,1). In this spirit we could
consider Gy (n, P) for offspring expectation matrices M whose Perron-Frobenius
eigenvalue is 1+ ¢ with the corresponding normalised positive left-eigenvalue v and
study how the survival probabilities behave asymptotically.

The Perron-Frobenius theory (Chapter V.6 in [19]) provides a heuristic for this
since the properly rescaled offspring vector of generation ¢ of the corresponding
branching process converges almost surely to v as ¢ — oo, under the assumption
that it survives. Thus it would be interesting to know whether in this case it is true

that (p1, ..., pr) ~ Bev for some real function 8. = o(1).



CHAPTER 3

Emergence of the giant component in random

hypergraphs

3.1. INTRODUCTION AND MAIN RESULTS

Random graph theory was founded by Erdés and Rényi in a seminal series of
papers from 1959-1968. One of the earliest, and perhaps the most important, result
concerned the phase transition in the size of the largest component - a very small
change in the number of edges present in the random graph dramatically alters the
size of the largest component giving birth to the giant component [58]. Over the
years, this result has been refined and improved, and the properties of the largest
component at or near the critical threshold are now very well understood. With
modern terminology, and incorporating the strengthenings due to Bollobés [31] and
Luczak [86] we may state the result as follows.

Let G(n,p) denote the random graph on n vertices in which each pair of ver-
tices forms an edge with probability p independently. We consider the asymptotic
properties of G(n,p) as n tends to infinity. By the phrase with high probability (or
whp) we mean with probability tending to 1 as n tends to infinity.

Theorem 3.1 ([31, 58, 73, 86]). Let € = £(n) > 0 satisfy ¢ — 0 and e3n — .

(a) If p = 1—?, then whp the largest component of G(n,p) has size (1 £ o(1))2en,
while all other components have size O(s~2log(e3n)).

(b) If p= =5, then whp all components of G(n,p) have size O(e~*log(e3n)).

The focus of this chapter lies in a generalisation of this result to hypergraphs.
While Theorem 3.1 (and much more) has been known for several decades, for hy-
pergraphs relatively little was known until recently.

Given an integer k > 2 a k-uniform hypergraph consists of a set V' of vertices
and a set £ C (Z) of (hyper-)edges, each of which consists of k vertices. (The
case k = 2 corresponds to a graph.) For hypergraphs there are several meaningful
and natural definitions for connectedness. In the following we concentrate on the
notion of ‘high-order connectedness’. Given an integer 1 < j < k — 1, two distinct
j-sets of vertices (i.e. j-element subsets of the vertex set V') Jy # Jo are said to be

j-connected if there is a sequence eq, ..., e, € E of edges such that

e Jy Cepand Jy C ey
e le;Nejpq| >jforalll <i<m-—1.

43
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In other words, we may walk from J; to Jy using edges which consecutively intersect
in at least j vertices. Any j-set is always j-connected to itself. This forms an
equivalence relation on the set (‘j/) of j-sets. A j-component is an equivalence class
of this relation, i.e. a maximal set of pairwise j-connected j-sets. The case j =1
is also known as wvertex-connectedness, and for j > 2 we use the term high-order
connectedness.

The case of vertex-connectedness is by far the most studied, not necessarily
because it is a more natural definition, but because it is usually substantially easier

to understand and analyse.

3.1.1. Main results. We consider the natural analogue of the G(n,p) model: let
H¥(n,p) be a random k-uniform hypergraph with vertex set V' = [n] in which each
k-tuple of vertices is an edge with probability p independently.

Recently, Cooley, Kang, and Person [51], and independently Lu and Peng [84],
proved that for all 1 < j < k — 1, the phase transition for the largest j-component
in #¥(n, p) occurs at the critical probability threshold of

R R N 1
Py = Pg(n, k,j) == [OEXEBE

While the first group already determined the size of the largest j-component up to
a multiplicative constant even when & = o(1), the second group studied only the
simpler regime when € > 0 is a constant, although they also provide the leading
constant of the size of the largest j-component.

We extend these results and determine the size of the largest j-component up
to lower order terms immediately after the phase transition, and also show that it
is unique in the sense that the size of the second largest j-component is of smaller

order. Once we know that it is unique, we refer to it as the giant component.

Theorem 3.2. Let 1 < j < k—1 and let ¢ = ¢(n) > 0 satisfy € — 0 and

e3n1=2% — oo, for some constant § > 0.

(a) If p = (1 + €)pg, then whp the size of the largest j-component of H*(n,p) is

(1+0(1)) (’%‘3671 (?) while all other j-components have size at most o(en?).
J

(b) If p = (1 — €)pg, then whp all j-components of H*(n,p) have size at most
O(e72logn).

The case k = 2 (then automatically j = 1) is simply Theorem 3.1. The case
j =1 for general k was already proved by Schmidt-Pruzan and Shamir [99]. Indeed
much more is known for that case and will be illustrated in Section 3.5.

Our proof works for all k > 2 and 1 < j <k —1 (i.e. all permissible pairs j, k).

For j > 2 the condition £3n!=2%

arises from our proof method and is probably
not optimal. By contrast, for j = 1 we do not need any of the machinery which
we develop in this chapter, so our proof works under the slightly weaker, optimal
assumption e3n — oco. Thus Sections 3.2 and 3.4 provide a new, short proof of

L This notion is not to be confused with the (vertez-)conmectivity of a (hyper-)graph H measuring
the size of the smallest vertez-separator in H.
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the result in [99]. Most likely, for general j > 2, the optimal condition would be
e3n) — oo for which the bounds from the super-critical case (©(en’)) and the sub-
critical case (O(e~%logn)) match up to the logn term, suggesting that we have a

smooth transition. We discuss the critical window in more detail in Section 3.5.

3.1.2. Key lemma. For general j, in the supercritical regime (i.e. p = (1 + €)py),
we need an additional, fundamentally new tool called the smooth boundary lemma
(Lemma 3.8 in Section 3.3), which is the main original contribution of this chapter.
In this introduction we will be deliberately vague about definitions and state a
simplified version of the smooth boundary lemma (Lemma 3.3 below).

The rest of the argument is in essence very similar to a recent proof of the graph
case by Bollobas and Riordan [35]. We will prove Theorem 3.2 using a breadth-first
search algorithm to explore the component containing an initial j-set. We refer
to the collection of j-sets at fixed distance from the initial j-set as a generation.
Roughly speaking, the smooth boundary lemma says that during the (supercritical)
search process, most generations are ‘smooth’ in the sense that any set L of size at
most j — 1 lies in approximately the ‘right’ number of j-sets of the generation.

For any given j-set J we explore its component C'; via a breadth-first search al-
gorithm. Let 0C (i) denote the i-th generation of this process, which we sometimes
refer to as the boundary of the component after round 7. For any / =1,...,7 —1
let ig(¢) be the first generation i for which dCj(i) is significantly larger than n’
and for an ¢-set L let dr,(0C (7)) be the number of j-sets of 9C;(4) that contain L.

Let i1 denote the generation at which the search process hits one of three stop-
ping conditions (S1), (S2), and (S3), which will be stated explicitly in Section 3.3.1.

Lemma 3.3 (Smooth boundary lemma — simplified form). Let ¢,p be as in The-
orem 3.2(a). With probability at least 1 — exp(—n®WM), for all J, ¢, L,i such that

o J is a j-set of vertices;

e 0<I<j—1;

o L is an L-set of vertices;

e ig() + Ologn) <i <y,
the following holds:

dr(0C, (i) = (1 £ 0(1))|8(E;])(i)| (j ﬁﬁ)

Lemma 3.3 (or its more explicit form, Lemma 3.8) is an interesting result in
itself, giving valuable information about the structure of (large) components.

In Chapter 4 we will demonstrate how this lemma also plays a key role in estab-
lishing the threshold for j-connectedness in H*(n, p). Indeed we derive a stronger
result: the hitting time for j-connectedness in the random k-uniform hypergraph
process coincides with the moment when the last isolated j-set disappears. Most
notably the proof of this result — except for Lemma 3.8 itself — is largely elementary.
Thus, we believe that the smooth boundary lemma will prove useful for many other
applications in the field of random hypergraphs.
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3.1.3. Intuition and proof outline. In this section, we relate the study of ‘large’
components to branching processes, and provide a sketch of the proof of The-
orem 3.2(a) using the smooth boundary lemma. We will be informal about quan-
tifications and use terms like ‘large’ and ‘many’ without properly defining them.
The rigorous definitions can be found in the actual proofs. From now on, whenever
we refer to a ‘component’ we mean a j-component.

Intuition: branching processes. As is the case for graphs, there is a very simple
heuristic argument which suggests at what threshold we expect the phase transition
to occur and how large we expect the largest component to be. We explore a
component of H*(n, p) via a breadth-first search process: we begin with one ‘active’
j-set, then find all edges containing that j-set, thus ‘discovering’ any further j-sets
that they contain, then from each of these new ‘active’ j-sets in turn we look for
any more edges containing them and so on.

The first active j-set is contained in (Z:j) many k-sets, all of which could
potentially be edges. Later on when considering an active j-set we may already
have queried some of the k-sets containing it. However, early in the process, (kfj)
is a good approximation (and certainly an upper bound) for the number of queries
which we make from any j-set. Each of these queries results in an edge with
probability p, and for each edge we generally discover (];) — 1 new j-sets (it could
be fewer if some of these j-sets were already discovered, but intuitively this should
not happen often).

We may therefore approximate the search process by a branching process 7 *:
here we represent j-sets by individuals and for each individual its number of children
is given by a random variable with distribution Bin((kfj), p) multiplied by (I;) —1.

The expected number of children of each individual is ((’;) — 1) (kﬁj) p. If this
number is smaller than 1, then the process always has a tendency to shrink and
will therefore die out with probability 1. This roughly corresponds to the initial
j-set being in a small component. On the other hand, if the expected number of
children is larger than 1, the process has a tendency to grow and therefore has
a certain positive probability of surviving indefinitely, corresponding to the initial
j-set being in a large component.

The expected number of children is exactly 1 when p = p, = ((’;) —1)7t (kfj) -
which is why we expect the threshold to be located there. Furthermore, for p =

(1 + €)pg the survival probability ¢ is asymptotically (,%E - This tells us that
we should expect about g(?) of the j-sets of H¥(n,p) to be contained in large

components. Moreover, large components should intuitively merge quickly and
thus form a unique giant component.

Proof outline: motivating smoothness. As is often the case in such theorems,
one half of Theorem 3.2 is easy to prove. Specifically, part (b) can easily be proved
using the ideas implemented by Krivelevich and Sudakov [82] for the graph case.

We now give an outline of the proof of Theorem 3.2(a). Much of this is similar to



3.1. INTRODUCTION AND MAIN RESULTS 47

the argument for graphs given by Bollobés and Riordan [35] — we will highlight the
points at which new ideas are required.

The main difficulty is to calculate the number X of j-sets in large components.
We first compute its expectation E(X). Now if we can prove that X is well-
concentrated around E(X), then we can show that almost all of these j-sets lie in
one large component using a standard sprinkling argument.

The first issue that we encounter is, if we find an edge, how many new j-sets do
we discover? It could be as many as (’;) — 1, but on the other hand some of these
j-sets may already have been discovered, so perhaps only one of these is genuinely
new. (Any k-set which would give no new j-set should not be queried at all.) This
is important for two reasons: firstly, it is important for the survival probability
of the branching process approximation; and secondly, it may have a significant
impact on the size of the component we discover.

Early on in the exploration process (since a very small proportion of j-sets have
already been discovered) we should discover (’;) —1 new j-sets for almost every edge.
For an upper coupling, we will simply assume that we discover (’;) — 1 new j-sets
for each edge, and couple this process with the branching process 7*. In order to
construct a lower coupling we have to be a bit more careful; we only query a k-set if
it contains (I;) — 1 previously undiscovered j-sets, thus ensuring that we can define
a lower coupling with a branching process 7, (defined in Section 3.1.4) which has a
structure similar to 7*. It follows from the bounded degree lemma in [51] (we use a
strengthening of this result: Lemma 3.13) that these two couplings have essentially
the same behaviour. For this overview we therefore consider only 7.

The probability that a j-set lies in a large component, and therefore contributes
to X, is approximately the survival probability of the branching process 7*, which
is approximately % Thus we have E(X) ~ (,;3%1(;‘) For the second moment
we need to consider the probability that two (not necessarily distinct) j-sets J; and
Ja are both in large components. We grow a (partial) component C;, from the

j-set Ji until one of the following three stopping conditions is reached.

(i) the component is fully explored;
(ii) ‘many’ j-sets have been discovered,;

(iii) ‘fairly many’ j-sets are currently active (i.e. are in the ‘boundary’ 9C}, ).

Since we are interested in the probability that both j-sets lie in large compon-
ents we may assume that we do not stop due to condition (i). Next, note that if
stopping condition (iii) is applied, then with high probability J; lies in a large com-
ponent. This is not hard to prove using the branching process approximation — if
we have fairly many active individuals, then it is highly probable that the branching

process survives. Hence stopping conditions (ii) or (iii) are essentially only applied

if the component of J; is large. This happens with probability roughly (,%5 T
O

We then delete all of the j-sets contained in Cj, from H¥(n,p) and begin

growing a component C'z, from the second j-set Jy (assuming J5 itself has not been
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deleted), where any k-set containing a deleted j-set can now no longer be queried.
Deleting these j-sets ensures that the new search process is independent of the
old process, albeit in a restricted random hypergraph. Furthermore, it still follows
from the bounded degree lemma (Lemma 3.13) that 7. will be a lower coupling,
and trivially 7™ is still an upper coupling. Once again, we stop the process if Cj,
is fully explored or it becomes large, and the probability that it becomes large is
approximately ,f—s_l

However, sirfce we deleted some j-sets, it might happen that the search process
for J, stays small even though the component of Jy in #¥(n,p) is large. This can
only happen if there is an edge in H*(n,p) containing both a j-set of the boundary
0Cy, C Cy, (i.e. it was active when we deleted it), and a j-set of Cy,. We would
like to show that the expected number of such edges is o(1), or equivalently, that
the number of k-sets containing two j-sets as above is o(1/p), and thus with high
probability no such edge exists.

This is the point at which the proof requires new ideas not needed in the graph
case. For it is not enough simply to count the number of pairs of j-sets, one from
0C;, and one from Cj,, for the following reason: given two j-sets, how many k-
sets contain both of them? The answer is heavily dependent on the size of their
intersection. Increasing the size of the intersection by just one may lead to an
additional factor of n in the number of such k-sets.

We therefore need to know that 0C;, and C'j, behave approximately as expec-
ted with respect to the size of intersections of j-sets chosen one from each. For
this we prove the smooth stop lemma (Lemma 3.28). It states that, with (expo-
nentially) high probability, every set L of size 1 < £ < j lies in approximately the
‘right’ number of j-sets of 0C,.

Yet we do not prove Lemma 3.28 directly, but instead we establish a much
more powerful tool — the smooth boundary lemma (Lemma 3.3, or rather its more
precise form Lemma 3.8) — which provides a much better understanding of the way
in which components grow. Thus it is certainly also very interesting in its own right
and has already proven to be applicable in a much broader context (see Chapter 4).

This allows us to complete the proof of Theorem 3.2(a): we apply Lemma 3.28
to each j-set J of Cj, and thereby determine the number of j-sets of 0C;, which
intersect J in some subset L up to some small error. As a consequence we obtain a
close approximation of the total number of k-sets which we have not queried because
of deletions. This shows that with high probability we have not missed any edges
from C,, and thus the probability that J; and Jy both lie in large components is
approximately (%)2, which multiplied by the number of pairs (Jy, J2) shows
that the second mcj)ment is small enough to apply Chebyshev’s inequality and deduce
that X is concentrated around its expectation.

Note that Lemma 3.3 (respectively Lemmas 3.8 and 3.28) is trivial in the case
j = 1. In this case the proof of Theorem 3.2 therefore becomes substantially shorter.

This suggests a concrete mathematical reason why the case of vertex-connectedness
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is genuinely easier than the more general case and not simply easier to visualise.
Essentially it comes down to the following: if we restrict our attention to a set of
vertices of a given size, then every such set behaves identically. However for sets of
j-sets this is far from true.
Structure of the chapter. The chapter is organised as follows.
e In Section 3.2 we quickly prove Theorem 3.2(b).
e In Section 3.3 we investigate the breadth-first search process (with stop-
ping conditions) in detail and prove the smooth boundary lemma (Lem-
mas 3.3 and 3.8).
e In Section 3.4 we prove Theorem 3.2(a) using the smooth stop lemma
(Lemma 3.28), which is based on Lemma 3.8.

e In Section 3.5 we conclude the chapter with a discussion of open questions.

3.1.4. Notation and setup. Throughout the chapter we fix integers k > 2 and
1 < j <k-—1. We omit floors and ceilings when they do not significantly affect the
argument. We use log to denote the natural logarithm (i.e. base e).

All asymptotics in the chapter will be as n — oco. In particular, we use the
phrase with high probability, or whp, to mean with probability tending to 1 as
n — oo. For functions f = f(n), g = g(n) > 0, and h = h(n) > 0 we write
f=(1=%h)g tomean (1 — h(n))g(n) < f(n) < (1+ h(n))g(n) for all sufficiently
large n € N, and similarly with slight abuse of notation we write f # (1 & h)g
to mean that for all sufficiently large n € N either f(n) < (1 — h(n))g(n) or
f(n) > (1 + h(n))g(n). Furthermore, we also use the notation f ~ ¢ to mean
f=(1=%0(1))g (or in other words |f — g| = 0(g)). By the notation f < g we mean
that f = o(g).

By the notation ¢ - X, for a constant ¢ € N and an integer-valued random
variable X, we mean a random variable Y with distribution given by Pr(Y = ¢i) =
Pr(X =1), for any i € N. (Alternatively ¢- X may be considered as consisting of ¢
identical copies of X — note that it does not consist of ¢ independent copies of X.)

Given two (real-valued) random variables X, Y, we say that X is stochastically
dominated by Y if Pr(X > z) <Pr(Y > z2) for all z € R.

3.1.4.1. Parameters. We will fix a certain set of parameters (in addition to
j and k) from now on for the remainder of the chapter. Their relation to one
another (and asymptotic behaviour) will be used without explicit reference, since
these would have a negative impact on the overall readability.

First of all, for convenience, we define ¢y := (?:ﬁ) —1forevery 0 </ <j—1.
We fix a constant 0 < § < 1/6, and think of it as an arbitrarily small constant (in
general our results become stronger for smaller ). We will have various further

parameters throughout the chapter satisfying the following hierarchies:
nTABEB < ek

and

—5/24

Earnl <1 < yo(logn)~" < (logn)~".
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We further define 7, := 8%y for any 1 < £ < j — 1.

Note in particular that for any e satisfying the conditions of Theorem 3.2 we
can choose the remaining parameters such that this hierarchy is satisfied.

3.1.4.2. Set-degrees. Given a hypergraph H and a set L of vertices of H, the
degree of L in H, denoted by dr(#), is the number of edges of H which contain
L. For a natural number ¢, the mazimum (-degree of H, denoted by Ay(H), is the
maximum of dy,(H) over all sets L of £ vertices of H. When ¢ = 0, this is simply
the number of edges of H.

With slight abuse of notation we will regard a collection J C ([?]) of j-sets
(for instance a j-component) as a j-uniform hypergraph H s with vertex set [n]
and edge set J. In particular we use dr(J) and Ay(J) instead of dp(H7) and
Ay(H ), respectively.

3.1.4.3. Exploration process. We will explore components in H*(n,p) via a
breadth-first search algorithm: loosely speaking we begin with a j-set J and query
all k-sets which contain J to determine whether they form edges. For any that do,
the further j-sets they contain are neighbours of J, and for each of these in turn
we query k-sets containing them to discover whether they form an edge, and so on.

During this process we denote a j-set as:

e neutral if it has not yet been visited by the search process;
e active if it has been visited, but not yet fully queried;

e explored if it has been fully queried.

We refer to discovered j-sets to mean j-sets that are either active or explored, but
not neutral.

More formally, we fix a pair o = (0;,01) of total orders, where o; is an order
on ([?]) and oy on ([Z]). Given a j-set J we will consider a standard breadth-first
search algorithm BFS(J) which, in round 7, keeps track of a list Q; of discovered
j-sets. Initially, the list Qg consists of the active j-set J, and all other Q; are empty.

In round 7 > 0, for each j-set J' € Q; in turn, we query all k-sets containing J’
and at least one (still) neutral j-set (one by one, according to o). If a queried k-set
K is indeed an edge, then all (still) neutral j-sets J” C K are added at the end of
Q;+1 (in order according to o). Then J’ is marked as explored, and we proceed
with the next j-set in Q;. Once all j-sets in Q; are explored, round i ends. Now
if Q;41 is non-empty, then we proceed with round 7 + 1. Otherwise, the process
stops.

For ¢ > 0 we write C;(i) for the (partial) component discovered up to the
beginning of round i, i.e. it contains all j-sets from Qp, ..., Q; (without order).
Similarly, we denote by dC(i) the i-th generation of the process, which is the set
of j-sets which are active at the beginning of round 4, i.e. the set of all j-sets in Q;
(without order).

However, for some arguments we need to consider the process on a finer time
scale. When speaking of the process BFS(J) at time ¢t we mean after the ¢-th query
has taken place, and write B;(t) for the set of j-sets discovered at that point.
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Additionally, we denote the time at which the last query of round 7 — 1 takes place
by ¥;, so in particular we have B;(¢;) = C;(i) for any ¢ > 0.

For purely technical reasons (see Lemmas 3.13 and 3.15) we want Bj(t) to be
defined for all 0 < ¢ < (Z) Therefore, once the process has terminated, we query all
k-sets which have not been queried yet in an arbitrary order (however no j-sets are
considered active any more). Similarly, if the context clarifies the initially active
j-set J we usually write BFS instead of BFS(J) for convenience.

3.1.4.4. Branching processes. We will want to approximate this search process

by branching processes (where individuals represent j-sets):

e 7% is a branching process in which for each individual the number of
children is given by cg - Bin((kfj)7 p) independently;
e 7, is a branching process in which for each individual the number of
children is given by cq - Bin((l — 5*)(1@7—2‘)’ p) independently.
It is clear that 7 forms an upper coupling for BFS. It is less obvious that 7

is a lower coupling (whp), but this fact will be proved later (see Lemma 3.17).

Remark 3.4. It is for this reason that we need €, < € — then in the lower coupling
T. the expected number of children is still approximately 1+, i.e. the lower coupling

and upper coupling are still very similar.

3.1.4.5. Concentration inequality. We will use the following form of a Chernoff

bound for sums of independent Bernoulli random variables.

Theorem 3.5 (e.g. [74]). Let X be the sum of finitely many i.i.d. Bernoulli random
variables. Then for any ¢ > 0,

P(X > E(X)+¢) <exp <_2(]E(XC)+C/3)>
P(X <E(X)—¢) <exp <_2E§(X)> '

We also borrow a lemma from [51], which states that we may pick out a sub-

sequence of queries and treat it like an interval of the search process. To this end

we denote by X;, foreach t =1,..., (Z), the indicator random variable associated
to the t-th query of the search process.

We will be considering a random subsequence t1,ta,...,ts from [(Z)] We say
t; is determined by the values of Xi,...,X:,—1 to mean the following: for any

a € [(})], the indicator function of the event {t; = a} is a deterministic function of
(the values of) Xi,...,X,—1. In particular this means that ¢; is chosen before X,

is revealed.

Lemma 3.6 ([51]). Let S = (t1,to,...,ts) be a (random, ordered) index set chosen

according to some criterion such that

o t; is determined by the values of X1,..., X, —1;
o with probability 1 we have 1 <t] <ty < ... <ty < (Z)
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Then (X, ..., X¢,) is distributed as (Y1,...,Ys), where Yq,...,Ys are independent
Bernoulli random variables with mean p. In particular, we may apply the Chernoff
bound (Theorem 3.5) to ). q X;.

This lemma applies in particular to subsequences given by the set of queries to
k-sets containing a particular ¢-set while exploring any component, and we therefore

have the following corollary.

Corollary 3.7. With probability at least 1 —exp(—0(n’/?)) for every1 < £ < j—1,
for every £-set L and for every component C, if the number x of queries from j-sets
in C to a k-set containing L satisfies x > nF~IT0 then the number of edges in C

containing L is (1 £ o(1))px.

Proof. First fix £, L and C. By Lemma 3.6 we may apply the Chernoff bound
(Theorem 3.5) to the set of queries to k-sets containing L within C. Then the
probability that the number of edges in C containing L is not in (1 +()pzx, for some
constant ¢ > 0, is at most
2
2 exp (—(]’?C)) = 2exp (—pm(2/3) < 2exp (—n5§2/3) .
DX
We may now apply a union bound over all choices of ¢ and L (of which there
are at most n’) and all choices of C (of which there are at most n’) and deduce

that the probability that any one of these choices goes wrong is at most

2n27 exp (—C2n5/3) < exp (—n5/2) O

3.2. SUBCRITICAL REGIME: PROOF OF THEOREM 3.2(B)

The proof idea is the same as that of the subcritical graph case as proved by
Krivelevich and Sudakov [82].

Proof of Theorem 3.2(b). We observe that a component of size m must have at
least m/co edges, which were found within an interval of length at most m(kfj)
of the search process. Let us consider the probability that an interval of this
length contains so many edges. By Lemma 3.6 we may apply the Chernoff bound

(Theorem 3.5) and obtain
(i (" ;)0 2) 2 s ) < e (5 >$/+m/3>)

e?m
S exp —% .

If m > 3cpke ?logn, then this probability is at most n

—3k/2 = o(n~F), and

therefore we may take a union bound over all possible starting points for the interval,
of which there are at most (Z) < n*, and still have a probability of o(1). In
other words, whp no such interval exists, and therefore no component of size m >
3coke~2logn exists. Note that we were not concerned about optimising the bound

on m. 0
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3.3. SMOOTH EXPLORATION

In Section 3.1.3 we illustrated why a thorough understanding of the explora-
tion process BFS (with additional stopping conditions) is crucial to the proof of
Theorem 3.2(a) in Section 3.4. We use BFS to grow the component of some j-set
J until at the beginning of some round ¢ € N one of the following three stopping

conditions is reached:

(S1) the component of J is fully explored (i.e. Cy(i) = C;(i — 1));
(S2) the (partial) component C;(i) has reached size at least An7;
(S3) the i-th generation C (i) has reached size at least A2n/.

Moreover, we denote the (first) round in which any these stopping conditions is

invoked? by
i1 =141(J,\) := n&i}g{(Sl) V (S2) V (S3) holds in round }. (3.1)

Note that this stopping time is crucially influenced by the choice of A (see Sec-
tion 3.1.4.1). Our choice for the asymptotic properties of A will be motivated in
the proof of Theorem 3.2 (a) in Section 3.4. Recall that we denoted the time of the
last query performed before the start of round i1 by 9;,.

A technical point on both the second and the third stopping conditions is that
we check them only at the beginning of each round, i.e. we do not stop in the
middle of a generation. This is in contrast to the stopping procedure in the graph
case in [35] — in the hypergraph case, stopping immediately would lead to significant
technical difficulties due to the set of active j-sets being spread over two generations.
We will show later that the process does not expand too quickly (Lemma 3.16), and
thus neither the set of active j-sets nor the whole (partial) component ends up being
significantly bigger than the threshold for the stopping condition. Therefore our
convention is much more convenient than the one in [35].

We will focus primarily on ‘large’ components, and thus we define the event &

of stopping due to stopping condition (S2) or (S3) by
E=E&(J,\) :={(52) v (S3) holds in round 41 }. (3.2)

3.3.1. Smooth boundaries. Our goal is to show that the generations of BF'S will
eventually become ‘smooth’.

The argument is based on various concentration results, and in order for these
to be valid we need the average degree of ¢-sets to be reasonably large. Therefore
we will define ‘starting rounds’ ig(¢), prior to which we have no information about
the degrees of ¢-sets, so they may be very ‘non-smooth’ (in the sense that there is a
large disparity between maximum and minimum degree). Over time, though, any
disparity will tend to even itself out. We will set i*(¢) to be the number of rounds
necessary for this process to be complete, and then from round i, (¢) onwards, the

degrees of ¢-sets should be smooth.

2This is well-defined since BFS always terminates in finite time.
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Formally we define these integers as follows: for any £ =1,...,5 — 1 let

io(£) = min {|0C, (i)] = n"**},

k—ey_ .
and set ry ;= & = (’tgizll. Moreover we set, i*({) := [%1, and

il (f) = 20(6) + Z*@)

We observe that 0 < i*(¢) = ©(logn) since ry < 1 is bounded away from 1. Lastly,
we set 11(0) := i*(0) :=ip(0) := 0.

Lemma 3.8 (Smooth boundary lemma). Let e,p be as in Theorem 3.2(a). With
probability at least 1 —exp(—O(nd/*)), using BFS(J) with stopping conditions (S1),
(S2), and (S3), for every J, ¢, L,i such that

e J is a j-set of vertices;

e 0<(<j—1;

o L is an L-set of vertices;

e i1(0) <i<iy

the following holds:

L 0C;(@)| [ n
asf00,0) = (202" )

Furthermore, we have ig(0) <1i1(0) <ip(1) <i1(1) <--- <ipg(j — 1) <i1(j —1).

Recall that the parameters ~;, for 0 < ¢ < j — 1, which we use as error-terms
in Lemma 3.8, were defined in Section 3.1.4.1. Note that we may choose v, < ¢,
for 0 < ¢ < j, leading to very sharp bounds on the set degrees. However, this
assumption is not necessary for our proof.

Lemma 3.8 is a very deep result and one of our major contributions. In order
to prove Lemma 3.8 we develop various tools in Sections 3.3.2 to 3.3.6, followed by

its proof in Section 3.3.7.

Remark 3.9. Throughout the chapter we will have various claims and lemmas
stating that a certain good event holds with very high probability, generally 1 —
exp(—0O(n%/?)) (though sometimes also 1 — exp(—©(n%/4))). Without explicitly
stating so, we will subsequently assume that the good event always holds.

More formally, we introduce a new stopping condition for each lemma, and ter-
minate the process if the corresponding good event does not hold. By a union bound
over all bad events, as long as there are not too many of them, with very high prob-
ability no such stopping condition is ever invoked (note that P(n)-exp(—0(n?/2?)) =
exp(—O(n?/?)) for any polynomial P).

A priori it is not obvious that the statement of Lemma 3.8 is not empty, because
we do not yet know that i; > 41(¢), and in fact this knowledge is also used in its
proof. To this end we show that initially the component grows fast enough that
the portion of the component discovered before the start of the smoothing process

(for (j — 1)-sets) is negligible.
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Lemma 3.10. With probability at least 1 — exp(—©O(n%/?)), for every s = 1,...,j

and every £ =0,...,s—1, if ig(s — 1) exists, then we have
Ap (Cy(io(s — 1)) = o(An*~").

This result is surprisingly tricky to obtain, but we prove Lemma 3.10 in Sec-
tion 3.3.5. Subsequently we then apply Lemma 3.10 to show that i; > 41 (¢) for
all 0 < ¢ < j conditional on the event £, i.e. in particular when exploring a ‘large’

component.

Lemma 3.11. Conditioned on £, with probability at least 1 — exp(—0(n®/?)), we
have i1 —ig(j — 1) > ga_l logn

The proof of Lemma 3.11 concludes Section 3.3.5 and is based on Lemma 3.16

providing an upper bound on the expansion of the search process BFS.

3.3.2. Bounded degrees. Recall that B;(t) denotes the set of j-sets which have
been discovered by BFS(J) up to time ¢, i.e. having made precisely ¢ queries so far.
We observe that the number of edges e; ; which we have found after ¢ queries is
well-concentrated. In particular, this allows us to switch between the time scales

of queries and rounds with negligible errors.

Lemma 3.12. With probability at least 1 — exp(—0©(n%/2)), for every j-set J and
everyt = 0,..., (Z), the number of edges e, ; found in the process BFS(J) up to

time t satisfies
ey = (LEn)pt  if pt > n,

er.g < (1+n)n®  otherwise.

Proof. Note that e;; has distribution Bin(t, p). Let us first consider the case ¢ >
n%/p. Then by the Chernoff Bound (Theorem 3.5) we have

P (e # (1£n)pt) <2exp (—n2n5/3) < 2exp(—n®/?),
since n > v/3n~9%/4. Similarly if ¢ < n‘s/p we have
P(es > (14 n)né) < P (Bin (p*1n5,p) > (14 77)n5) < exp(=n®/?).

Finally we apply a union bound over all j-sets J and times ¢ to bound from above
the probability that does not hold by

2(:) exp(—n®/?) < exp(—n®/2/2) = exp(—O(n%/?))

as required. O

Observe that e; ; can also be seen as a set-degree for ¢ = 0, in fact we have
er,; = dg(By(t)) = Ao(Bys(t)). The following lemma provides a crude upper bound
on the set degrees in By(t) for general 0 < ¢ < j. It is a more widely applicable
strengthening of Lemma 12 from [51].
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Lemma 3.13. With probability at least 1 —exp(—0(n®/?)), for every j-set J, every
£=0,...,7—1and everyt =0,1,..., (Z) the process BES(J) with stopping condi-
tions (S1), (S2), and (S3) has the following property:

Ay(By(t)) = O(tpn=" +n?).

In particular, if for some i =0,...,i; and £ =0,...,5 — 1 we have |C;(i)| >
nt*o then
A(Cy(i) = O(ICy (i) /n).

The proof of Lemma 3.13 is based on analysing the degree dy, (B (t)) by splitting
it into two parts.

e A jump to L occurs when we query a k-set containing L from a j-set which
did not contain L and the k-set forms an edge of H*(n, p). Such an edge
contributes at most (’;:5) to dp(By(t)).

e A pivot at L occurs when we query any k-set from a j-set containing L
and it forms an edge. Such an edge contributes at most (?:5) —1 to
dr(B,(1)).

The concepts of jumps and pivots have already been used in [51]. A significantly
more precise investigation of jumps and pivots will prove crucial in the proof of

Lemma 3.8 in Section 3.3.7.

Proof of Lemma 3.13. Clearly the contribution of J to the degree of any /-set is at
most one and thus negligible, so we ignore it. We prove the statement by induction
on . For ¢ = 0 the statement follows from Lemma 3.12, so consider any ¢ > 0 and
assume that the statement holds for all 0,...,¢ — 1.

Fix 0 < ¢ < j and an ¢-set L, and consider its degree dr,(B(t)), i.e. the number
of j-sets from Bj(t) which contain L. Let dgp)(BJ(t)) denote the contribution to
dr(Bj(t)) made by jumps to L and dgpv)(BJ(t)) denote the contribution made by
pivots at L.

We start with the contribution dgp )(B_](t)) made by jumps, and first consider
the case when t > p~'nft9. In other words, we look at an arbitrary j-set J’ and
distinguish the size 0 < w < £ — 1 of its intersection W := J’ N L with L. By the
induction hypothesis, with probability at least 1—exp(—6(n?/?)), for any particular

W the number of j-sets J’ with this intersection is at most
Ay (Bs(t)) = O(tpn™"),

and each set J' U L can be extended to at most (k—jﬁé—o—w)

number of queries which could potentially lead to a jump to L is at most

> (o™, "y ,) =0t

w=0

many k-sets. Thus the

Since we are only interested in an upper bound on dgp)(B J(t)) we may as-
sume that this bound is asymptotically tight. By Lemma 3.6 the corresponding
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subsequence of successful queries has distribution Bin(©(tpn*=7=%), p), where in
particular the mean is of order ©(tpn=!) = Q(n%), as t > p~n*?. Therefore the
Chernoff Bound (Theorem 3.5) implies that with probability at least 1—exp(Q(n?))
the contribution to dr (B (t)) made by jumps is at most

O(tpn™"). (3.3)
On the other hand, if t < p~'n*®, we simply observe that
dr(Bs(t)) < di(Bs(p~'n'*?)) = O(n),

where the equality holds with probability 1 — exp(Q(n®)) by the arguments above.
Thus we have shown that d(ij)(BJ(t)) = O (tpn™" + n’) and now aim to show
that dP") (B, (t)) = O(d") (B, (t))) with probability at least 1 — exp(Q(n?)).
From every j-set containing L, we make at most (kT_Lj) queries, and each time
we discover an edge in this way, it contributes at most ¢, = (’;:ﬁ) —1todp(By(t)).
From each of these newly discovered j-sets containing L we make at most (kﬁj)
queries, which could also lead to pivots at L, and this scheme iterates. Thus for an
upper bound on d(va) (By(t)) we may count the total number of vertices contained in
d(Ljp) (Bj(t)) abstract branching processes each starting at a single vertex and where
each vertex has a number of children distributed as ¢, - Bin((,")dr(Bs(t)),p).
For an upper bound, we also assume dgp) (B;(t)) > n®. The following argument
appeared in [51] based on ideas in [82], but we repeat it here for completeness.
We think of the branching processes as being subtrees of the infinite ¢, N-ary

fj) and in which the children of a vertex are partitioned into

tree, where N = (k
clusters of size ¢, and the edges to such a cluster are all present with probability
p, or all absent with probability 1 — p, independently for each cluster. Then we
are interested in the size of the subtrees containing the roots, and consider explor-
ing these via a breadth-first search process, always querying a cluster-child of the
infinite tree to check whether it is present.

If a tree containing a root has at least s vertices, then we must have found
s—1

at least cluster-children after having made at most sN queries. Thus if the
total size of the dgp) (Bj(t)) branching processes is at least Cdgp)(BJ (t)), for some
constant C, then we must have found at least (C' — 1)c[1dgp) (B(t)) edges after
having made at most CNdY” (B, (t)) queries.

On the other hand, the number of edges we find in the first Cd(gp)(BJ(t))N

queries is distributed as Bin(Cngp)(BJ(t)),p), which has expectation
CNpd (B, (t)) = Cco*di™ (B, (1)).

Note that ¢; < ¢¢ and therefore for sufficiently large C, by the Chernoff bound
(Theorem 3.5) the probability we actually find at least (C' — 1)C[1d(Ljp)(BJ(t))
cluster children is at most exp(—@(dgp)(BJ(t)))) < exp(—0O(n?)) as required. This

proves the first statement.
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The second statement is a direct consequence of the first statement: recall that
9; denotes the last query performed in round ¢ — 1, and so we have B;(¥;) = C;(i).
Then by Lemma 3.12 we have with probability at least 1 — exp(—0(n%/2)) that
9; > p~tCy(i)|/2. We apply the first statement with ¢ = 1J;, and the second claim
follows, since |C(i)| > n**% implies J;pn~¢ = Q(n?). O

To provide a lower bound on the ¢-degrees in large components, a less sophist-

icated argument works just fine.

Lemma 3.14. With probability at least 1 — exp(—©(n%/2)), for each 0 < £ < j—1
and every component C of size at least A we have the following property: each £-set
L is contained in Q(|C|n~") j-sets of C.

Proof. We assume that the high probability event from Corollary 3.7 holds. Con-
sider a component C with at least A many j-sets. We prove by induction on ¢ that
any f-set is contained in at least (2 (?)2) B |C|n—¢ many j-sets of C. The case £ =0
simply reasserts the fact that C has size |C|, so assume £ > 1.

Now let L' C L be a set of £ — 1 vertices, which by the inductive hypothesis

1—¢
lies in (2 (’;)2) |C|n =" many j-sets of C. Then for each such j-set J there are

at least (::jj) many k-sets containing J U L (more if L C J), and each of these

k-sets will be counted in this way at most (’;) times. Thus the number of queries

from j-sets in C to a k-set containing L is at least
n—j—1 |C‘n76+1 C k—j—¢
i n
(:5550) Lot 4

-1 2> ( ) 20—1 :
B @ 2-1(5) " (k— j 1)1

J J

Since |C|nF=77f > Ank=2+1 = \nk—i+1 > nk=i+% we may apply Corollary 3.7 and
thus the number of edges we discover is at least
(1 —o()plCln*——* _ (k—j)tn/* [Cln*—I Cln”"*
ge—1 (B2 1|Z ") -1 oML 11225162@'
G5 k=i J (7)7 (k=—i=1t 2°(5)

J
Since each edge contains at least one still neutral j-set, which then becomes active,

and furthermore L and C were arbitrary, this proves the inductive step. [l

We will use Lemma 3.14 in the sprinkling argument in the proof of The-
orem 3.2(a) in Section 3.4.3. Note that a substantially stronger form of Lemma 3.14
follows (with a little care) from Lemmas 3.8, 3.10, and 3.11. We gave this proof
here because it is much more elementary and does not rely on the heavy machinery

of the smooth boundary lemma.

3.3.3. Coupling. As indicated previously, we aim to use 7, and 7* as lower and
upper couplings on BFS. Let us describe more precisely what we mean by this.

In our search process we will certainly always make at most ( k’_Lj) queries from
any j-set. If the actual number is x < (kfj)7 then we identify these with the first
x queries from an individual of 7* (which we view as a subgraph of the infinite

( kﬁj)—ary tree in which each edge is present with probability p, and we consider the
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subtree containing the root). The remaining (kﬁj) — x queries in T are in effect
‘dummy queries’ which do not exist in the search process, but making extra queries
is permissible for an upper bound. Thus if we are at time ¢ in the search process,
then 7* may have made more than ¢ queries. However, since we will generally
be considering generations of the search process rather than the exact time, this
difference does not affect anything.

Similarly we can couple the search process with 7, by ignoring some queries
which the search process makes, and considering only those queries which would
give ¢g = (’;) — 1 new j-sets, and of these consider only the first (1 — 5*)(1@2)‘ Of
course, this requires that there are at least this many such queries in the search
process, which we will prove using Lemma 3.13. We will denote this coupling of

processes (when it holds) by 7. < BFS < T*.

Lemma 3.15. With probability at least 1 — exp(—0(n%/2)), for every j-set J and
every time t satisfying t < e.n® the process BFS(J) satisfies

T. <BFS(J) < T™.

Proof. The upper coupling is immediate from the definitions. The lower coupling
follows from Lemma 3.13. More precisely, from any j-set J and time ¢ we can
bound from above the number of discovered j-sets which intersect J in £ vertices
by (5)A¢(By(t)). For each such discovered j-set, the number of k-sets containing

its union with J is at most ( Thus by Lemma 3.13 the number of queries

2i+e)
k—2j+6)°
from J which would give fewer than cy new j-sets is at most

Z @) AelBs (1) (k - gj + f) - ;::0 O ((ptn™" 4+ n®nF=2771) = o(e.n*79),

£=0
since ptn=7,n"17° « ¢,. Thus the number of k-sets which may still be queried
from J and which would give ¢y new j-sets is at least (1 — 5*)(1@2)7 establishing

the lower coupling. O

Note that the lower coupling in Lemma 3.15 only holds early in the process.
However, it follows from stopping conditions (S1), (S2), and (S3) that, with ex-
ponentially high probability, we stop after having performed at most O(An*) =

o(e,n*) queries (see Lemma 3.17).

3.3.4. Bounded expansion. Next we prove that the expansion of the search pro-
cess is approximately as fast as we expect (once the generations become large).
Note that for small generations there is only an upper bound, which is also much

weaker than for larger generations.

Lemma 3.16. For a j-set J and a round i such that T, < BFS(J) < T*, condi-
tioned on |0C;(i)| = x € N, with probability at least 1 — exp(—0(n°/2)) we have

= (1+£2&,)(1 if @ > nl=o
0C (i +1)| ( e )(l+e)xr ifz>n

< 2max(z,n’) otherwise.
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Proof. Note that since 7* is an upper coupling, conditioned on |0C;(i)| = z, the
size of the next generation |0C; (i + 1)| is stochastically dominated by a random
variable Y;;1 with distribution ¢ - Bin(:c (kfj), p). We have

E(Yit1) = cox( " ‘>p =(14¢)z.
k=g
Furthermore, by the Chernoff bound (Theorem 3.5) we have
POC; (i + 1) > (1 + 2e.)(1 +&)x) < P(Yig1 > (14 2e,)(1 +)z)
Y; Y;
=P (% > (14 22)E (Y2
— 2 .
. ( (2¢,) E<m1>>

360
= exp(—O(e.%z))
< exp(—O(n~¥n!"?)

< exp(—O(n®/?))

where for the penultimate inequality we used the fact that e, > n~'/2t9. This
concludes the proof of the upper bound for the first half of the statement.

For the lower bound, we note that since we are in the range where 7T, will give
us a lower bound, |0C;(i + 1)| stochastically dominates a random variable Z;;q
with the distribution of ¢q - Bin(z(l — 5*)(kT_Lj),p). Thus we have, again by the
Chernoff bound (Theorem 3.5),

P0C;(i+ 1) <(1—2e)(1+¢e)x) <P(Zip1 <(1—2e)(1+¢e)x)
P (2 < (1-c,)E (Z22))
< exp (-(5*)2E(Zi+1))

200
=exp (-0 (c.%z))
< exp(—O(n®/?))
provided that = > n'~9.

For the second half, the calculation is very similar. |0C;(i 4+ 1)| is dominated

by a random variable Y;;; with distribution ¢ - Bin(n5 (kfj),p), and so
P (|10C (i +1)| > 2n°) <P (Yig1 > 2n°)
(1 — £)2 .
< o (L= B

3co
= exp (=0 (n%))
< exp(—0(n’/?)). O

Observe that in round iy(¢) we have |0C(ig(£))| > n**% > nl=9 for £ > 1.
This means that, by Lemma 3.16 the size of the generations will never decrease
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from that moment onwards for as long as 7, remains a valid lower coupling. This
will be important for various concentration results.
Recall that 9¥;, denotes the time of the last query before round i, started, and

in this round one of the stopping conditions is hit.

Lemma 3.17. With probability at least 1 — exp(—@(n6/2)), for any j-set J using
BFS(J) with stopping conditions (S1), (S2), and (S3) we have

i, = O(\n").
Thus, in particular, we have
o foralli=0,...,7;:
T. < BFS(J) < T%;
o foralll=1,...,5—1 andi="1p(¢),..., 41
10C; ()] > n**?;

o |Cy(i1)] < 2Xn? and |0C;(i1)| < 2X\%nd.

Proof. We observe that the upper bound in Lemma 3.16 only relies on the upper
coupling BFS < 7* which is always satisfied. Thus |C;(i1)| < 2An? (as well as
|0C 7 (i1)| < 2A%n7), and consequently by Lemma 3.12 we have ¢;, = O(AnF).
Now this immediately implies that the lower coupling also holds for all 0 < i <
i1 by Lemma 3.15, proving the second assertion. The remaining statements follow
from Lemma 3.16. O

3.3.5. Initial component growth. We first aim to prove Lemma 3.10, which
states that if round ig(s — 1) exists, for some 2 < s < j, then the maximal (-
degrees in the partial component Cj(ip(s — 1)) are still small, and in particular,
BFS(J) has not yet found a significant number of j-sets. The critical tool for
proving Lemma 3.10 is Lemma 3.18, which gives a lower bound on the probability
that the process will become large within a certain number of rounds.

Recall that 7, is a branching process starting with one individual in the 0-th

generation and whose offspring is given by the random variable

¢o - Bin <(1€*)<kij),p).

We have also seen in Lemma 3.17 that this provides a lower coupling 7. < BFS as
long as we have not reached any stopping condition (which happens in round ;).

Let ¢ > 0 be some constant and let
T:=(s—1+8+c)e logn. (3.4)

For any i € N we denote by |0, ()| the size of the i-th generation of 7.

Lemma 3.18. With probability at least en™¢ we have |0, (T)| > n*~119.



3.3. SMOOTH EXPLORATION 62

We aim to imitate a proof of Markov’s inequality. However, since we have no
upper limit on the size of each generation, we will need to limit the contribution
that the upper tail makes to the expected of |0, (4)].

In order to do this we need to bound the upper tail probabilities, preferably
exponentially. For this we imitate a proof of a Chernoff bound, applying Markov’s
inequality to the random variable %+(")| for some well chosen 7.

We therefore need to calculate E (e"'a*(i”) . We define

€
= 3.5
" (1 + &)™ne/2 (3.5)
set C; ;=146 + ie for 0 < ¢ < 7, and observe that
Ci<146+7e X 0@ogn). (3.6)

Claim 3.19. For all integers 0 <1 < 7 we have
E (e’”‘f’*(i)‘) <1+Ci(14¢)n,
for sufficiently large n.

Proof. Since T, is a Galton-Watson branching process, each subtree rooted at the

first generation has the same distribution and thus we obtain the following recursion

E (ema*(m) — gpf(a*(lﬂ =t)E (enla*(i)\ | 10.(1)] = t)

_ iPr (10.(1)] = ) E (eﬂla*“—l)l)t (3.7)
t=0

We prove the claim by induction on ¢. For the case ¢ = 0 the statement becomes
e < 1+ Cyn which is certainly true for sufficiently large n since n = o(1) and
Co > 1 is bounded away from 1. We therefore assume that the result holds for
i — 1.

To simplify notation we define x; := (14 ¢)’n. Observe that z; < z, = g/n¢/?
and consequently, by (3.6), for all 0 < ¢ < 7, we have

Ciz; = o(en™%%). (3.8)
Also, let
pi= 1+ Ci1zi1)p
and note that for 0 < ¢ < 7 we have p < p; < p; = (1 4+ o(1))p by (3.8). This
guarantees in particular that
pi < en "t < 1. (3.9)

We now have
(3.7)

E (en\a*(m) < 2 ((k:j))ps(l _ p)(kfj)*s E (677|<3’*(’i—1)|)coS

< Z <(kzj)>ps(1 _ p)(kij)’s (1+Ciqzi-1)%,

S
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and furthermore obtain

E (en\a*(i)\> < Z ((k;ij))pf(l _p)(kﬁj)fs
< < 1—p > (x25) Z ((k;lj>>pf(1 (7).

L—pi "

The terms in the sum are simply binomial probability expressions, now with a

slightly different probability, and therefore their sum is 1. Thus we obtain

E (evla*(m) < (11—;;) (")

=1+ —-p(1 +pi+p?+...))(w)
S o A IR ()]

% —1=1coCi1zi1 + O(Ci—1’wi—1?)

Now

so we have
E (en‘a*(i)‘) <1+(1+¢) (Ci—lxi—l + O(Cvz—12Iz‘—12)) (1 +O(pi + C¢—125177:—12))
<14 (Cic1 + O(Ci—1’zi—1) + O(Ci—1p;))

(3.6),(2.8),(3-9) 14z, (Ci,l + o(an_0/4 log n))

<1+ Ciz;

for any sufficiently large n € N. O

Having obtained a suitable upper bound on E (e”'a* (i)‘) we return to the proof
of Lemma 3.18.

Proof of Lemma 3.18. We imitate a proof of Markov’s inequality. For any real
a >0, let
qa :=P(|0:(7)| = a)
We set z :=n*"'9 and y; := (1 +¢)™n'®/(2¢) for every i = 1,2, ... and note that
Yy = Efln(sfl+6+c)a_1log(lJra)nc

Z 671n371+5+30/2

> z.

Our main aim is to find a lower bound on ¢,. We observe that

E(10.(1)]) < (1= q2)z + g0 + D ¢y, Yit1- (3.10)
=1

Observe that we have

Crt(14¢)n (3-5) O ren—c/? (3.4),(3.6) o)
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and thus together with Markov’s inequality we obtain

_pic/3

E (en19 () €319 14 Cpr (1+¢)"n

envi = iS¢

qyi S

for n sufficiently large. Hence

oo o

1+¢e)7 _ic/3 (s
;‘inyi-&-l < % Zl e~ n(erl)c’
1= 1=

and since a~1log(1 + a) < 1 for any real number a we further obtain

i (3-4) 1 145 /4
E QY1 < e 't — (e
=1

We have thus shown that in (3.10) the contribution to E(|0«(7)|) from the upper
tail is negligible. Now (3.10) tells us that

c/5

@Y1 — ¢z > E(|0.(1)]) =2z —o(e™"

)

and therefore
(Lte)” —n 0 —o(e ™) e(lte)(l£o(l)) _
E= 0o /(2e) —n1+0 . = ape(lte)r(l+o(l) —
where we used the fact that n*~'*% = o((1 + £)7). This completes the proof of
Lemma 3.18. g

‘We now show how to deduce Lemma 3.10 from Lemma 3.18.

Proof of Lemma 3.10. Note that if s = 1, then ig(s —1) = 0 and thus there is
nothing to show. So assume 2 < s < j, assume ig(s — 1) exists, and we first
consider the case ¢ = 0. In this case we aim to prove that with exponentially high
probability we have |Cy (ig(s — 1)) | = o(An®).

We first observe that if the statement does not hold, then we certainly have
|Cy (io(s — 1)) | > An® /&, for any & — oo, but each generation up to time ig(s — 1)

s=1+0  We consider two cases for possibilities of how the

only has size at most n
desired conclusion might fail, and show that each of these is very unlikely.

Case 1: There is a generation, say i, of size at least n'/279/2+¢_In this case,
using 7, as a lower coupling for the search process, we begin y = n'/279/2+¢ inde-
pendent new processes at round i. By Lemma 3.18, each of these has a probability

s—1+48

of at least £/n°¢ of reaching size at least n within 7 rounds. The probability

that ig(s — 1) > i + 7 is therefore at most

< exp(—n71/3n1/275/2+c/nc)

= exp(—n®/?).

We may therefore assume that Case 1 does not occur for i <ig(s —1) — 7.
Case 2: ig(s — 1) > (7 + 1)n'/279/2%¢_ To show that this is unlikely we once

again aim to consider y independent processes, but in order to do this we take one
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individual from each of the generations (7 + 1), where 0 < ¢ < nl/2=0/2+c _q
and consider the lower coupling 7, for the search process. Technically these are
not independent processes, since one may be a subprocess of the other, but for
this reason we consider T,(7), the process which is cut off after 7 rounds. These
processes are now independent, and the same calculation as above shows that the
probability that none of them become large enough after 7 rounds is very small.
We may therefore assume that Case 2 does not occur.

However, if neither case occurs, then we have
‘Cj(io(s . 1))| < (7_ + 1)n1/275/2+cn1/276/2+c + TTL571+5

S 2T(n1—5+20 + ns—1+6)

s>
SZQ ns—1+25/€

= o(An®).

This shows that Lemma 3.10 holds for £ = 0. However, now we know that up to
round io(s — 1) we have found few edges, which intuitively should mean that we are
early in the process, and that all maximum degrees will be small. More precisely,
since |Cy (ip(s — 1)) | > n**9 by definition of i¢(s — 1), Lemma 3.13 implies

Ay(Cy (io(s — 1)) = O(|ICy(io(s — 1))[n~") = o(An*~")
for every £ =1,...,s—1 as required. This completes the proof of Lemma 3.10. [

Moreover, with the help of Lemmas 3.10 and 3.16 we now prove Lemma 3.11
which states that (conditional £) the generations reach size n/ ~'*+® — which happens

in round ig(j — 1) — long before round i; when the process is stopped.

Proof of Lemma 3.11. The key property is the following: the expansion from one
generation to the next is at most a multiplicative factor of (1+2¢,)(14¢) < 1+2¢
by Lemma 3.16. Let  := i3 —ig(j — 1), we aim to show that conditional on &£ with
probability at least 1 — exp(—©(n®/2)) we have z > S~ logn.

Suppose first that we hit the stopping condition (S3), i.e. we have |0C(i1)| >
A2nd. Since |0C;(ig(j —1))| < 2n/~1° trivially if j = 1 and otherwise by
Lemma 3.16, we then have (1 4 2¢)® > A\2n'=9/2. This yields

log(A\2n!=%/2) S log(n?) 6

— 2 liogn.
log(1+2e) = 2 20 8"

On the other hand suppose we hit the stopping condition (S2), i.e. we have
|C(i1)] > An?. Then Lemma 3.10 (for ¢ = 0) implies that up to time io(j — 1)
we have only seen o(An’) j-sets in total. Furthermore, Lemma 3.16 implies that
|0C 1 (ig(j — 1)) < 2n7~'+9 and in each subsequent round i € [ig(j — 1) +1,41] the
size of the i-th generation increases at most by a factor of (1+ 2¢) compared to the

previous generation. Thus we have

x

D (1+2e)207 718 > (O (in) \ Cylio(j — 1) = 1)] = (1 = o(1))An?,
=0
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which implies

1—(1+2e)"" 1-5
— > (1-0o(1))A 2
and furthermore, we obtain (1 + 2¢)® > (1 — o(1))eAn'~%. Because the right-hand

side is at least n°, this we conclude xlog(1 + 2¢) > dlogn and so
1
T > 5571 logn

as required. Note that in all the Lemmas and Corollaries that we used here, the
‘good’ event holds with probability 1 — exp(—©(n®/?)), and a union bound over all
failure probabilities still leaves a probability of at least 1 — exp(—©(n®/?)). O

Furthermore, Lemmas 3.10 and 3.16 imply that the partial component can

never be too big compared to the current generation.

Claim 3.20. With probability at least 1 — exp(—0(n?/?)), for any j-set J using
BFS(J) with stopping conditions (S1), (S2), and (S3), the following holds: if for
any i =0,...,i1 we have |0C;(i)| > en?, then

1C(3)] < 3e71AC, (1))

Proof. We have |C;(i)] = |Cy(io(1))] + Z:/zio(l)ﬂ |0C;(i")] and Lemma 3.16 is
applicable for all ' =ig(1) + 1,...,4. Hence we obtain

i—ig(1)—1

(@) < |Cslio(W)+10Cs 0] Y (1 =2e)(1+e)) "

s=0
< 2e7HAC (1) + |Cy(in(1))],

and the claim follows since by Lemma 3.10 (for £ = 0 and s = 2) we have
|C(io(1))] = o(An?). O

3.3.6. Bipeds. In order to control the contribution of jumps very precisely it turns
out we need to investigate a certain type of structure called ‘biped’: given two
integers 1 < my < j—2and m; < my < j—1, an my-set My, and a (distinct)
ma-set My,? it will be necessary to control how many pairs of j-sets they can be
extended to which intersect in j — mso vertices (not including M7 N Ms), and might
be ‘seen’ while exploring a given generation.

More formally, given any (distinct) My and Ms and any round ¢ = 0,1,..., we
define an (M7, M, )-biped to be a pair (X,Y’) where X is a set of mg —m; distinct

vertices and Y is a set of j — my distinct vertices such that

X N (M U M) = 0;
YN(MiUMUX) =0;

L :=MUXUY €09C;(i);
I := MUY € Cy(1).

3Distinct meaning that if m; = mo we have Ma # M;, and no restriction if m; < ma.
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We call the j-sets [y = M1 UX UY and I, = My UY the first leg and the second leg
of (X,Y), respectively. Observe that the notion of bipeds is not symmetric in the
parameters M and My. We write = := ( (] ) X ( [] ) Then the biped degree

mo—mai Jj—mo2
of My and M5 in round 7 is defined as
dan (1) = {(X,Y) € E| (X,Y) is an (M, Mo, i)-biped}|

and we aim to show that whp these biped degrees are small.

Lemma 3.21. With probability at least 1 — exp(—0(n’/*)), for any integers 1 <
my < j—2and my < mg < j—1, for any my-set My and (distinct) mo-set Mo,

and any i =1,2,...,11, the following assertion holds: suppose that
|0C (i — 1) > nlMhUM:l+o (3.11)
and, if i1(j — 1) < i < i1, additionally assume
Ay(0CH(i—1)) = 0(|0Cs(i —1)|n~%) VI<L<j—1, (3.12)

then we have
d]wl’]\/[2 (Z) = O(A\@Cj(z)m_ml) (313)

Note that the additional assumption (3.12) is in particular satisfied if the state-
ment of Lemma 3.8 holds at time ¢ — 1. So when proving Lemma 3.8 this condition
will always be satisfied at the times when we apply Lemma 3.21 because we will be

proving Lemma 3.8 inductively.

Proof of Lemma 8.21. Fix a pair (M7, Ms) and a round i > 2, since 9C;(0) = {J}
and thus (3.11) is not satisfied. Moreover note that we may assume that |M;UMs| <
j — 1, otherwise (3.11) is violated since the total number of j-sets is only (?) We
want to provide an upper bound on the number of (M, Ms, i)-bipeds.

First we take care of bipeds created in a single query. For this to happen the
k-set to be queried needs to contain a j-set J' € 9C (i — 1) as well as My U M.
We condition on the size w of their intersection W := J' N (M7 U Ms). Clearly

|Cy(i — 1) > [0C; (i — 1)| > pIMUMzl+9 > o

and so Lemma 3.13 is applicable with ¢ = w and thus the number of k-sets con-
taining a j-set J' € 9C;(i — 1) C C;(i — 1) and My U M3 is at most
| My UMs,|
> nf I IMIMERCO(A, (Cy (i) = O(n* I 7ML O ().
w=k—j—|M{UMa|
Moreover, each query succeeds with probability p independently and if it does, then
this creates at most (?) new (Mi, My, i)-bipeds. Because pnk—7=IMUM:l|C(5)] >
n% by (3.11), the Chernoff Bound (Theorem 3.5) thus implies that with probability

at least 1 — exp(—0(n%/2)) their contribution is at most

-1
O™ MMCy (3)]) 2% O™ IMUM90, (i) = O (Ewc](z')m-ml)
n
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since |M7; U M| > my + 1. In other words, it is negligible compared to the claimed
upper bound. So now let us call k-sets not containing M; U Ms good, and observe
that it remains to estimate the number of (Mj, My, ¢)-bipeds created when querying
good k-sets.

Now we imagine that throughout the entire process BFS before querying any
good k-set K we pause briefly and colour K red if it satisfies all of the following

conditions:

e M is contained in K;

o there exists a set X C K\ M; of size | X| = ma —my and a still neutral
j-set I} with My UX C I C K;

o the j-set o = (I1 \ (M7 U X)) U M, is not neutral any more.

Similarly we colour K blue if all of the following conditions hold:

e M5 is contained in K;

e there is a still neutral j-set I with My C I, C K;

e there exists a set X C [n]\ (I2U M) of size | X| = mg — my such that the
j-set Iy = (I \ M) U M; U X is not neutral any more.

Then no matter if K was coloured red, blue, or not at all, we perform its query.
We do this to guarantee that a) the sequence of queries corresponding to marked
k-sets satisfies the conditions of Lemma 3.6 and b) for any query that might result
in an (M7, M, i)-biped which we have not seen before, the corresponding k-set is
marked.

Note that we need the blue case only to cover the possibility that I5 is also in
0C';(i) and happens to be discovered after I;. We will significantly overcount such
cases by allowing I1 € C;(i) rather than the more restrictive Iy € dC (i), but this
is permissible for an upper bound.

First we bound the number of k-sets marked red. In this case there must be
a j-set which includes M, and is not neutral any more, and therefore is certainly
contained in Cy(i+1). By Lemma 3.13 with probability at least 1 —exp(—0(n®/?))
this number is at most O(|C(i)|n~"2).

Given such a j-set Iy, this does not yet uniquely define the second leg: we
choose a set X consisting of mg — my vertices (disjoint from M;, at most n2~™
choices), and obtain the j-set I := (I;\ M2)UM;UX as the second leg. Combining

these two steps the number of choices for the legs I; and I5 is at most
O(ICy (@) [n="). (3.14)

Now, if I; is responsible for marking a k-set K red, this means that [y is still
neutral, and therefore K also has to contain a j-set I3 # I; which is currently
being explored. In particular we have I3 € 9C;(i — 1), since we only consider
queries taking place in round i. By distinguishing the size ¢ of the intersection
I3N I, and noting that £ < j — 1 since I3 # I, the number of red k-sets containing
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some active I3 (and the already fixed I7) is at most

Jj—1
D 0(A(9C, (i — 1)) nk2H, (3.15)
=0

We distinguish two cases: first assume that ¢ <41(j — 1). Then we have
[0C ()] < 10C(ix(j = )] < 10C; (io(f = 1)I(1 +26)" 07D < pf =120
by Lemma 3.16 and furthermore, Claim 3.20 implies
|C5 (@) = O(=HaC; (i)]).
Consequently we obtain
AACs(i — 1)) < Ay(C(i) “EP 0105 (1) In~") = O(e~tnd 171429,

and in particular all summands in (3.15) are of the same order. Moreover, the term
in (3.14) is at most
O(e~ 100 (i)|n~™),

and thus the total number of red k-sets is upper bounded by
O(e72(0C 1 (i) |n* =77 =1H20) = O(NAC (i) [n*~7=™), (3.16)

where the last step holds since Ae?n'=2° — oo.
On the other hand, if 41(j —1) < @ < 41, then by the additional assump-
tion (3.12) we have Ay (0C;(i — 1)) = ©(|0C;(i — 1)|n~*) for all 0 < £ < j — 1 and

thus once again all summands in (3.15) are of the same order
O(|0C(i = 1)[n*~2) “21* 0(10C; (i)|n*2).

For the term in (3.14) we use that |C;(i)| < |Cs(i1)| < 2An? by Lemma 3.17.
Multiplying shows that the total number of red k-sets is upper bounded by

O(NOC (i) |nk=i=m). (3.17)

Since we are only interested in an upper bound we assume that the upper
bounds in (3.16) and (3.17) are asymptotically tight. Moreover note that by (3.11)
we have

O(pAOC, (i) |n*=I=m1) = Q(n’/?).
Thus the Chernoff Bound (Theorem 3.5) implies that with probability at least

1 — exp(—©(n%/2)) the number of successful queries of red k-sets is at most
O (MoC,(i)[n~™). (3.18)

The argument providing an upper bound on the number of successful queries
of blue k-sets is very similar: we establish counterparts for (3.14) and (3.15), and
from there on the calculations are identical. This time there has to be a j-set Iy
which includes M; and is not neutral any more, so by Lemma 3.13 their number is

upper bounded by the term in (3.14).
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Once this first leg is fixed, there is only a constant number of choices for X C
I \ My, and then the second leg I := (17 \ (M7 U X)) U My is also fixed. Again I
must still be neutral in order to be responsible for marking a k-set K blue, hence
K must contain a j-set I3 # Iy which is currently being queried, so in particular
I5 € 9C;(i — 1). Distinguishing the size £ of the intersection IsN I, where £ < j—1
holds since I3 # I», we can upper bound the number of blue k-sets by (3.15).

Therefore with probability at least 1 —exp(—0(n%/4)), the total number of suc-
cessful queries of k-sets which were marked (either red or blue) is upper bounded by
the term in (3.18). Furthermore, because a single query can create at most a con-
stant number of bipeds, this is also an upper bound on the number of (M, Ms,)-
bipeds. Now the claim follows by a union bound over all choices for M; and M,
and all rounds, since

> I (1= exp(—0(n’/*))) = 1 — exp(~O(n/*)). 0
mi,ma<j

3.3.7. Jumps and pivots. In a way, the smooth boundary lemma (Lemma 3.8) is
a much more detailed and precise statement of our (strengthened) bounded degree
lemma (Lemma 3.13). The basic idea of the proof is similar: we investigate how the
degree dr,(0C;(i + 1)) of a set L increases relative to dr,(0C;(i)) by distinguishing
the contributions made by jumps and pivots separately. Recall that these were
defined in Section 3.3.2.

e A jump to L occurs when we query a k-set containing L from a j-set which
did not contain L and the k-set forms an edge of H*(n, p). Such an edge
contributes at most (l;:f) to dr,(0C(i +1)).

e A pivot at L occurs when we query any k-set from a j-set containing L
and it forms an edge. Such an edge contributes at most (’;:ﬁ) —1 to
dr(0C; (i + 1)).

The statement of Lemma 3.8 says that with probability 1 — exp(—©(n®/4)), a
certain property must hold for every initial j-set J. We note that it is enough to
show this for a single initial j-set — then the full generality is implied by a union
bound, since (?) exp(—0O(n/*)) = exp(—O(n®/*)). Therefore from now on we fix
an initial j-set Jj.

For simplicity we denote 9C, () by 9(i) for each i, and similarly, for any ¢'-set
L’ we write dy (i) instead of dr.(9(7)), for each i.

Definition 3.22. For all0 < ¢ < j—1 and 0 < i < iy we write S(L,i) for the
property that for all £-sets L we have

n) =500 (") (3.19)

In other words, S(£,1) states that all £-degrees within the i-th generation are essen-

tially the same.
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We aim to prove the following four claims. Firstly, the contribution dgp) (t4+1)

to dr.(i + 1) made by jumps to L is approximately the same for each L.

Claim 3.23 (Smooth jumps). With probability at least 1 — exp(—0(n®/*)), for all
0</¢<yj,l-sets L, and ig(£) < i < iy the following holds. Suppose that

e S(¢' i) holds for all0 < ¢ < (-1,

e and, if i > i1(j — 1), additionally S(¢',i) holds for all ¢ < ¢ < j—1,

then we have

k—2¢ kY _ (7 . .
P 1) = (1% 290 )(149) 6= () - ) 261 <dL(z)).
co (¥)

Note that the additional condition for the case ¢ > 41(j — 1) is necessary since
the proof of Claim 3.23 uses Lemma 3.21.
Secondly, the contribution d'™ (i + 1) to dL( +1) ade by pivots at L tends
_ (o)

(G)-1
Claim 3.24 (Pivots contract). With probability at least 1 — exp(—0(n’/*)), for all
0<¢<j—1, L-sets L, and ig({) < i <4y the following holds. Suppose that

e S(¢'i) holds for all0 < ¢ < (-1,

to be smaller than dr, (7). We recall that r, = ! and re < 1forall £ > 1.

<.

then we have

= (LA +e)redr(i) if do(i) > n/?;

dP” (i +1)
(1+n)(1+e)rem®3  otherwise.

IN

Claims 3.23 and 3.24 are essentially concentration of probability arguments,
which can only hold whp once generations are large. This is the reason why we
introduced starting times ig(¢).

Thirdly, using Claims 3.23 and 3.24 we prove that ¢-degrees will become smooth

after ¢* () rounds.

Claim 3.25 (Smooth degrees). With probability at least 1 —exp(—©(n®/*)), for all
0<?¢<j5—1 the following holds. Suppose that

o S(U,i") holds for all0 < €' < £ —1 andig(f) <4’ <i1(f),
then S(€,i1(£)) holds.

Lastly, we prove that once ¢-degrees are smooth, they remain smooth (at least)

until the round ¢; when one of the stopping conditions (S1), (S2), or (S3) is hit.

Claim 3.26 (Smoothness inheritance). With probability at least 1—exp(—0(n®/4)),
forall0 <€ <j—1 andio(f) <i < iy the following holds. Suppose that

e S(¢' i) holds for all 0 < ' < ¥,

e and, if i > i1(j — 1), additionally S(¢',i) holds for all £ +1< ¢ <j—1,
then so does S(¢,i + 1).
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Once again from round 41 (j — 1) onwards we need to assume some additional
conditions, since we need to apply Claim 3.23 also in this regime.

Before we provide the proofs for these four claims, we use them to prove
Lemma 3.8. In the remainder of this section we will always assume that all ‘good’
events (with exponentially small error probabilities) happen without explicitly men-

tioning this.
Proof of Lemma 8.8. Clearly i1(0) < ig(1) since i1(0) = 0. We will now show that
11(0) <ip(£+1) (3.20)

for each £ = 1,...,j — 2, i.e. we finish the smoothing process for the /-sets before
we start the smoothing process for the (¢ 4 1)-sets. (This is important because of
the inductive nature of the remainder of the proof.)

Recall that by the lower bound of Lemma 3.16, from round ip(1) onwards,
subsequent generations remain at least as large as the previous generation. Thus
by Lemma 3.16 (applying the tight upper bound iteratively for all i(¢) < i < iy1(¥)

and the cruder upper bound for i = iy(¢)) we have

i1 ()] < 180 (£)] (1 +2)(1 4 22,))"
< 2n"* exp (2¢i*(0))
< 2n™*° exp(O/(elogn))

< n€+25 < n€+1’

and therefore we have not yet reached generation ig(¢ + 1). This proves the second
assertion of Lemma 3.8.

To prove the first assertion of Lemma 3.8 we use induction on ¢: we first prove
that S(¢,4) holds for all 0 < ¢ < j and 41 (¢) < <iy(j —1).

Note that S(0,¢) is trivially true for all i, since the empty set is contained
in all edges of the i-th generation. So now assume that £ > 1 and S(¢,4) holds
forall 0 < ¢ < £ and i1(¢') < i < 4(j —1). Thus Claim 3.25 is applicable and
therefore S(¢,i1(¢)) holds. The induction step is completed by iteratively applying
Claim 3.26 for i =iy (£),...,i1(j — 1).

Now the proof of Lemma 3.8 is completed by iteratively applying Claim 3.26
for rounds ¢ = i1(j — 1),...,41 (and all 0 < ¢ < j), and it remains only to prove
our auxiliary results (Claims 3.23, 3.24, 3.25, and 3.26). O

Smooth jumps. Before we prove Claim 3.23, we provide a brief heuristic argu-
ment for why the main term should intuitively be the correct contribution from
jumps to the degree of L. To see this, we consider the number of jumps we expect
to all ¢-sets in generation ¢ + 1. We have |0(¢)| many j-sets in generation 4, from
each of which we may query approximately (kfj) many k-sets, and each forms an

edge with probability p. Thus we expect to find about

o(," )t =+ jeti)
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edges. Furthermore, an edge results in a jump to (Iz) — (%) many {-sets (any which
are contained in the edge but not in the j-set from which we made the query).
Since there are (?) many f-sets in total, the average number of jumps to an (-set
‘should’ be about . .

tre o ()0
0()| =~
Y ()
Finally, for most jumps to L, the number of j-sets containing L which become

active is (];.:f), and thus we obtain the main term in Claim 3.23.

Proof of Claim 3.23. The statement for ¢ = 0 is trivially true, so we fix some
1 <?¢<j,an ¢-set L and a round ip(¢) < i < iy. (In the end we will take a union
bound over all L and i.) Moreover we note that by Lemma 3.16 we have |9(i)| > n?.

We consider from how many j-sets J € 9(i) we we might jump to L. We make
a case distinction on the number 0 < m < ¢ — 1 of vertices in the intersection of
J N L. Clearly there cannot be a k-set containing J U L if £ < j + ¢ — m, so we
assume

k>j+¢—m.

Now let M C L be an m-set, then there are dps () —dy, (i) many j-sets containing
M in 9(4) from which we might jump to L. However, this may include some j-sets
which actually have a larger intersection with L than M. The number of j-sets in
d(4) which have intersection exactly M with L is also at least

du(i)— > dg(d).
MCMcL
Note that by S(m, 1), the degree d(4) is of order |0(7)|n~"", and similarly for each
M C M C L. Furthermore d, (i) < dg7(i) by definition. Therefore the number of
j-sets in O(¢) which intersect L in exactly M is
dpy (1) — dp(7) ifm=~0-1

Baacl8) = (1=0(1/n))dp (i) otherwise. (321

Moreover, note that we may assume

ar,z (i) = Qdar (i) (3.22)
For 0 < m < ¢ — 2 this is immediate from S(m, ). On the other hand, for m =
¢ —1, if the assumption (3.22) is not true, then dj, (i) = o(das(7)) which implies
dr (i) = ©(|0(i)|n~**1) by S(¢ — 1,4), and therefore the O(d(i)/n) error term in
the statement of Claim 3.23 is as large as the main term. The lower bound is
therefore automatic and we only need to prove an upper bound, which will only
become harder if we increase d}, 1 (i) artificially.
Next observe that the total number of k-sets which would lead to a jump to L
from a j-set intersecting L in M is is given by

n—j—L4+m\ ., .
(k iy _€+m)dM’L(z). (3.23)
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However some of them might not contain ¢y = (];) — 1 still neutral j-sets. We
call any k-set containing L, a j-set J € 0(¢) with M = J N L, and another j-set
J" € Cy, (i) tainted and show that the total number of tainted k-sets is at most

O (AnF=7=ttmay, | (i)). (3.24)

We distinguish cases based on the size w of the intersection W := J N (JUL).
We need only consider the cases max{0,2j +¢—m —k} < w < j (the lower bound
comes from the fact that if it is violated, there is no k-set containing J' U J U L).
Furthermore assume for now that w < j—1. Then the number of non-neutral j-sets
J’ with this intersection is at most A, (Cy,(i + 1)) = O(M?~%) by Lemma 3.13.
Moreover, the number of k-sets containing L, J and J is of order nf—i—t+m—(i-w)
(and this quantity is (1) in our range of w). Thus the number of non-permissible
k-sets is at most

O(AnP=i=tmay | (i)).
Note that this is independent of w. Furthermore, the number of possible choices
for W is at most ZZU_:lmax{O,Qj—&-Z—m—k} (j+f;m) = O(1). This shows that the total
number of tainted k-sets of this type can be bounded as in (3.24).

It remains to consider the case w = j, or in other words J' C J U L. Then
writing M’ := J' N L and m' := |M’| we observe that (J\ (J'UL),(JNJ)\L)
is an (M, M’,i)-biped, where 1 <m </ —-1<j—2andm <m' <{£<j—1.
Furthermore, we have |9(i)] > nft0 > p!MUM'I+8 and if i > iy(j — 1), then (3.12)
is satisfied since S(0,14),...,S(j — 1,7) hold by the assumption of Claim 3.23. Thus
Lemma 3.21 is applicable for all ¢ and implies that the number of k-sets containing

such a configuration of L, J, and J’ is at most
dM,M’ (’L')leijie+m = O(/\nkﬂ*e|8(z)|)

By S(m, i) we have dp;(i) = ©(|0(¢)|n~"™), and hence also in the case when w = j,
the term in (3.24) is an upper bound on the number of tainted queries, by the
assumption in (3.22), as required.
Now let NV denote the total number of queries we make from j-sets intersecting L
in precisely M to k-sets containing L and exactly ¢y neutral j-sets. Together (3.23)
and (3.24) imply that
N= (1—O(A))(k_jf£+m>dm(i). (3.25)
Furthermore, all of these queries are independent and succeed with probability p,
thus the number of edges resulting in jumps from M to L (and which cause its
degree to increase by (?:5)) has distribution Bin(NV,p). Now recall that by our
k_ijm) = (1). Note that the main term in (3.25)

is also an upper bound on the total number (permissible and non-permissible) of

assumptions on m we have (

queries which would result in jumps from M to L. Since we will only need the main
term anyway, we therefore slightly abuse notation by using N for both the lower

and upper bound.
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Moreover, note that by (3.22) and S(m, i), we have
N = QP I75™mdy (i) = Q(n*I7403)|) = Q(n*~779).

Thus, we may apply the Chernoff bound (Theorem 3.5) to show that the probability
that the number of such edges is not in (1 £ 7)pN is at most

2exp(—n°Np/3) < exp(—O(n*n’)) < exp(—O(n*/?)).

If this unlikely event does not occur, then the contribution to dr, (i) made by
jumps from M to L is

k—¢

(k,_é)(l:tn)N l1+e (329 (14 20)(1 + &) (j—é) (k—7)! dy 1, (9)

i-t co(x”;) co (k—j—L+m)! nf—m "’

using A < 1. We now sum over all such sets M C L and use the fact that

& 1 (i) Dol o
= O(l/n))n%(m) _0 (LU)

n

in all cases. Moreover, by S(m, i) we have
. ot n
duli) =) TN ("),
(j) J—m
and consequently the contribution to dr, (i + 1) made by jumps to L is

= G (k=) i)
Z( >1:|:2 J1+e) co (k—j—L+m)! nt-m

=0
= (1 +3n)( 1+e Zi(,i) _f_glm)'ijzf(g_o(Clil@)

() (k= 3)l4! ElG)
—Jj—t+m)l(j—m)! n'

:(li%W—ﬂ(l—l—s) CO) Z G

|
Q
R
QU
s =
~

= (14 2y1)(1+2)-2

where

2= (G = m)l(k =5 — 4 m)!
()
(s (- (o)
=GN}

It remains to observe that the right-hand side simplifies to

é!(kk! o g!(jj! 0o (lz) - (‘é) O
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Note that the effect that d,(7) has on the number of jumps to L in generation
i+ 1is very small (the O(d(7)/n) term).

Pivots contract. Claim 3.24 shows that the effect that dp(¢) has on the number
of pivots at L in generation ¢ + 1, while significantly larger, is still likely to be

smaller than dp, (7).

Proof of Claim 3.24. The statement for ¢ = 0 is trivially true, so we fix some
1 << j,an f-set L and a round ip(¢) < i < iy. (In the end we will take a union
bound over all L and i.) Moreover we note that since i > io(¢) we have |9(i)| > n°
by Lemma 3.16.

Recall that d") (i 4+ 1) denote the contribution to dy (i + 1) made by pivots at
L. We first prove the upper bound. From every j-set containing L, we make at
most (kfj) queries, and each time we discover an edge in this way, it contributes at
most ¢, = (];:5) —1tody(i+1). Thus d'P(i+1) is stochastically dominated by a
random variable Z* with distribution ¢ - Bin((kfj) dr, (i), p), which has expectation

Bz = e, " )duin = 1+ ) %auli)

—J Co
= (14 ¢&)redp(i).

Thus when dy,(i) > n%/3, by the Chernoff bound (Theorem 3.5) applied to Z* we

have
P(dP+1) > (L4 m)(1+2)redr (i) < B(Z" > (1+n)(1+2)redp (3)
<exp (—n* (1 +&)redp(i)/3)
< exp(~0(1d. (1))
< exp(—6(n°/"))

—0/24 " This proves the upper bound in the case that dy (i) > n%/3. In

since n > n
the second case, we simply take ¢ - Bin((kﬁj) nd/3, p) as a dominating variable and
a similar calculation holds. This proves the upper bound in both cases.

For the lower bound, we observe that since 7, < BFS, by Lemma 3.17, the
number of queries that would result in exactly ¢, pivots that we make from each
j-set is at least (1 — 5*)(k71]) Thus d(va) (¢ + 1) dominates a random variable Z

with distribution ¢, - Bin((1 —&.)(,,";)dr (i), p). A similar calculation shows that

P (a0 +1) < (1= 0)(1+e)redp (i) < B(Z < (1= n)(1 +e)reds (i)

Thm 3.5

< exp(—(m—e)?*(Q+e)(1 —en)redr(i)/2)

< exp(—O(11°dL (1))

< exp(—O(n®/*)). O
Smooth degrees. Next we prove Claim 3.25 by showing that in each further

round the degree of any ¢-set L is more and more concentrated around its mean
based on Claims 3.23 and 3.24.
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Proof of Claim 3.25. The statement for ¢ = 0 is trivially true, so we fix some
1 < ¢ < j and an ¢-set L. Note that Claims 3.23 and 3.24 are applicable for all
i0(¢) <1 <'i1(f) by the assumptions of Claim 3.25.

For s € [0,7*(¢)], we set ds := dp,(io(£) + s) and set d, := max{ds,n%/3}. Then
by Claims 3.23 and 3.24 we have

D (G =) 6o+ 5 — 1)
co (%)

=1+ +e)red,_y + (1+27-1)g10(io(€) + 5 —1)|

t=0 (- 0) o

Co

ds < (L4+n)(1+¢e)reds_; + (14 2v-1)(1+¢)

where

g=yg(k,j,t,n,e) :=(1+¢)

Note that ¢ is not dependent on s.
If d._; = ds—1, we apply the same inequality with an index shift, and keep

3 or else we reach s* = 0. In each iter-

iterating until we have some dg- < n®/
ation, say s/ = 1,...,5 — s*, we obtain one additional summand depending on
|0(i9(¢) + s — s')|, and there is exactly one summand depending only on d’,__,. For
s’ = s — s*, this latter term can be bounded by ((1 + 7)(1 + ¢)r¢)*dy + n/?, since

(I14+n)(1+e)re < 1. Hence we obtain

dy < (L4 n)(A +&)ry)3dy +nd/3

+(1+2v-1)g Y (L+n) (L +e)re)* [0 (0) + 5 — &)

s'=1

<(+n)° ((1 + ) o+ (14 2ve-1)g S (1+2) e |0(io () + 5 — s'>|)+ n'ls,

s'=1
To calculate the corresponding lower bound we cannot use (1 —n)(1+¢)reds_1
from Claim 3.24, since it may be that d,_; < nd/ 3. in which case that result does
not give us any lower bound. Instead we use the lower bound (in all cases) of
(1 —n)(1 + &)reds—1 — n?/3, which may be negative but which will turn out to be

good enough. Thus we have

ds > (1= +¢e)reds—q — nd/3

+(1=2v-1)(1+¢)

E—ey [ (k j
G0 (G =) 6o + s — 1) o (d51>
o (%)
> (1= 20)(1 + )reds—1 + (1 = 370-1)g |00 (€) + 5 — 1)]
Note that we absorbed the —n®/3 term by modifying the ~,_; term. This is permiss-
ible since for any i € [ig(¢),i1] we have [0(i)] > n**?, and so v,—1|0(i)|/n’ > n®/3.
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This time there is no need to stop prior to s’ = s, so iterating gives

ds > (1 =2n)(1 4 ¢€)re)°dy

+ (1= 3v-1)9 D (1= 20) (1 +€)re)* |0(io(£) + 5 — )]

s'=1

> (1-29)° ((1 o)+ (1— 3y 1)g S (1+2) 1 |00 (€) + 5 — s'>|) .

s'=1
Observe that only the first term of both the upper and lower bound on d;

depend on L (via dp). In particular for s = i*(¢), we have
0. (L= 2m)(1+2)re)” Oy < (1 + )1+ )r)” Oy
< ((A+2n+2e)r) Uit <1

since we chose i*({) = [%—‘. In other words, dg, the degree of L at
time i (¢) only has an influence of at most one by time i1 (¢) = io(¢) + *(£), which
will not affect calculations significantly, so we ignore it.

The remaining upper and lower bounds do not depend on L. Furthermore,
observing that g = ©(n~*) and |9(i)| > ©(n'*?), we have n%/? = O(n=2%/34|0(i)|),

and so the remaining upper and lower bounds differ by a multiplicative factor of
L+ 0 7)) +m)*(1 + 2y0-1)
(1=2n)5(1 = 37e-1)

By definition we have

< (1457)*(1+67e-1) < (1 + Tye-1).

T4+ 7v-1 <1+ 7.
Taking a union bound over all sets L of size £, we may say that with probability

at least 1 — exp(—©(n®/%)), all f-sets have asymptotically the same degree in 9(3).

More precisely this is stated as follows. We have
N (] ,
S anti) = (1) ot
L
which implies that

G2
ZdL (;) |0(3)]-

We further have, for any partlcular l-set Ly, that by the arguments above
dr(i) <d (1 dr(
T Z L( Lo(1) < (14 7) 7 Z L(
and since 1/(1 + ) > 1 — ~,, the conclusion of Claim 3.25 follows. O

Smoothness inheritance. It remains to prove Claim 3.26 which, roughly speak-

ing, states that once generations are smooth, they remain smooth.

Proof of Claim 3.26. The statement for ¢ = 0 is trivially true, so we fix some
1 <0< j,igf) <i < iy, and an f-set L. Note that Claims 3.23 and 3.24 are
applicable for 7 by the assumptions of Claim 3.26.
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From S(¢,i) we deduce that the error-term O(dz(i)n~!) = O(|0(i)|n=*"1)
in Claim 3.23 is negligible compared to the main order term, which has order
O(|0(i)|n~*). Similarly, property S(¢,) implies that dr, (i) = ©(|0(i)|n~t) = Q(n?)
by Lemma 3.16 since ¢ > ig({), and thus Claim 3.24 provides both an upper
and a lower bound on the contribution of pivots at L to dp(i+1). Therefore,
by Claims 3.23 and 3.24 we have

D (- O) o))
co (%)

dr(i+1) = (1+3y-1)(1 +¢)

+ (1 £20)(1 4 e)red(i).
Using S(¢, 1), this becomes

n
j—1

. kety ((ky _ (i
dL(i-l—l):(l—&-E)'a(z)l( 6= (C) <Z))+(1j:2n)w

n i\ ([ (k
;) 0 (¢) -1)
Moreover, we have |0(i + 1)| = (1£2¢,)(1+¢)|0(¢)| by Lemma 3.16, and recall
that e, < n <K v and vy = 8y¢—1 > 9. Lastly observe that

(5=0) (Ej; - () _ (1;) - (1;_§>

14

(©-)-C9
dL(i+1)—(1i7e)|a(@+1)|<'n >,

as claimed. O

) (@

and

Thus we obtain

3.4. SUPERCRITICAL REGIME

We now use Lemma 3.8 to prove Theorem 3.2(a), which is substantially harder
than the proof of Theorem 3.2(b) even having proved Lemma 3.8 already.

As mentioned earlier we will consider the random variable X counting the
number of j-sets in ‘large’ components. In a first step we compute its mean, and
then in the second step we establish concentration around its mean by a second
moment argument. Once the intermediate goal of X being concentrated around its
mean is achieved, we complete the proof using a sprinkling argument to show that
almost all vertices in ‘large’ components in fact lie in a single giant component.

But first we briefly highlight two important properties of the supercritical

branching processes, which we use to couple exploration processes using BFS.

3.4.1. Properties of branching processes. We will also need some results on
branching processes. The arguments here are similar to standard and well-known
arguments, but the actual processes may have an unfamiliar distribution, so for
completeness we give the full arguments in Appendix 3.A.

Survival probability. Consider the branching process 7*, in which the number

of children has distribution cq - Bin((kﬁj), p). For the supercritical case we have
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p = (1 +¢)pg. By setting up a suitable recursion (see Appendix 3.A), we may
deduce that the survival probability o of this process is the unique positive solution

to the equation

(1—-p)%° = A_O' P <Bin (co (k i j) ,p> - z) (1 — )%

which is asymptotically
0~ 2¢e/co. (3.26)
Likewise the lower coupling process 7, in which the number of children has distri-

bution ¢q - Bin((l — fs*)(kfj),p)7 has survival probability o, with
0« ~ 2¢/cyp. (3.27)

Dual process. When we explore a component and the lower coupling 7, survives
indefinitely we can conclude that the component must be large, since the search
process certainly survives until 7, is no longer a lower coupling. However if the
upper coupling 7* dies out we need some information on the total size of all its
generations in order to decide whether this implies that the component must be
small.

Recall that 7* has the offspring distribution

()

where p = (14 ¢)p,. We denote the event that 7* dies out by D and condition on
it. This defines a conditional branching process 7Tp, called the dual process, with

(7))

pp = (1 — €+ 0(€))Pg,

offspring distribution

where

(see Appendix 3.A for a proof). Thus the expected number of children of any

individual in 7p is given by

Co<kﬁj>PD1€i0(5)<1

and hence in particular the dual process is a subcritical branching process.
Therefore we can give an asymptotic estimate on the expected total size of Tp

by standard techniques (see [68]):

E (7o) = _OOO <co <k7_lj>pp)i = W ~e Tl (3.28)

1=
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Consequently we can bound the probability of the process T* being larger than
some A = A(n) by conditioning on D and applying Markov’s inequality

P(|T*|>A)=P(=D)-1+P(D) -P(|T*| > A| D)
<P(=D)+1-P(|Tp| = A)

(3.28) o
< o+ (1to(l))e A
(3:26) 2¢ (3.29)

Co ’ '

as long as 2A — oco.

3.4.2. Total size of large components. Let X denote the number of j-sets in
components of size at least

A= nf
and observe that e2A — oo is satisfied (see Section 3.1.4.1). While calculating the
expectation E(X) is easy, proving that X is concentrated around E(X) is the main

challenge of the proof of Theorem 3.2(a). We will show the following claim

Claim 3.27. Whp we have

2
X = (14 0(1)— <”) (3.30)
(5)—1\J
First moment. We first determine E(X) by (partially) growing the component
from an arbitrary j-set J using BFS and verifying whether it has size at least A.
By Lemma 3.12 we only need O(An*) queries to do so. Therefore the coupling
T. < BFS < T* holds by Lemma 3.15 (until time ¢t = O(An*)) and we obtain
.29) 2
E(X) < (?)1}» (177 > ) P20 = (“)

Co \J

s (o= -e(() 7 2(0).

E(X) = (14 o(1))2 ("> . (3.31)

Co \J
Second moment. Let £ denote the union of all large components, i.e. compon-

and similarly

Hence we have

ents of size at least A. In order to apply Chebyshev’s inequality to prove that X
is concentrated around its expectation, we need to show that E(X?) ~ E(X)?. We
may interpret X? as the number of ordered pairs of j-sets in large components
(formally we may pick the same j-set twice in such a pair) and thus we can write

its expectation as
E(X*)= )  P(hel)+ > P(Ji, o€ L). (3.32)
NE(7), J2€C ne(Y), e(\Co,

Fix an arbitrary j-set J;. We start growing its component using BFS, and

recall that Cy, (¢) denotes its partial component at the beginning of round ¢ and
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0Cy, () the i-th generation. We denote the upper coupling branching process for
the exploration by 77t (i.e. T/t is a particular instance of 7*). We continue to
grow the component until at the beginning of some round i € N one of the following

three stopping conditions is reached®:

(S1) the component of J; is fully explored (i.e. no j-sets are still active);
(S2) the (partial) component C, (i) has reached size at least A = An/;
(S3) the i-th generation C, (i) has reached size at least AA = \2n/.

Moreover, the (first) round in which any these stopping conditions is invoked was
denoted by
i1 = Héiél{(Sl) V (S2) V (S3) holds in round i}.

With slight abuse of notation we write C;, for Cy, (¢1). Similarly, we write 9C},
instead of dCy, (i1) and call 9C, the boundary of Cyj,.

Note that the choice of A (see Section 3.1.4.1) was tailored for this application:
on the one hand, we want to stop as early as possible so that the coupling still
holds; on the other, we want to be sure, that we can use the information which
stopping condition was invoked to reliably distinguish between large components
and those which are not large. While we already proved that the coupling is valid
for the entire stopped exploration process (Lemma 3.17), we will now demonstrate

that this setup also allows us to detect large components accurately.

We start by comparing the reasons why the search processes stop with the
events that the corresponding components are large. First, observe that if the ex-
ploration C'j, stopped because the component was fully explored, (S1), then it never
reached size A and therefore J; does not lie in a large component. Consequently it
will not contribute to X?2. Hence we are interested in the case when the exploration
of the component of J; stops due to stopping condition (S2) or (S3) and we recall
that this event was denoted by

€ ={(S2) v (S3) holds in round 1} .
From the previous observation it is immediate that {J; € L} = & and thus

In order to give a suitable upper bound for P (£) we have to analyse the upper
coupling 77t if we stop due to the second or third stopping condition, (S2) or (S3)
respectively. For technical reasons we distinguish two cases in a way that might
seem a little awkward: if stopping condition (S2) was implemented, then clearly
Ji does lie in a large component and therefore 77t will contain at least A many
j-sets since we already reached that size when we stopped the exploration. This

motivates a case distinction according to the following implication

E = {|T"| = A} v (EN{|T| <A}). (3.34)

4Recall that we already saw these stopping conditions defined for general exploration processes
(using BFS) in Section 3.3



3.4. SUPERCRITICAL REGIME 83

Let W be the event that the generation of 77! at which we stopped the exploration
process is larger than AA. Observe that

EN{|IT| <A} = WA{|T| <A}, (3.35)

since the event &£ can only hold (subject to {’7"]1| < A}) if the boundary 9C,,
of the explored component was at least of size AA and hence the corresponding
generation of the upper coupling must also have been large, i.e. VW needs to hold.
Because

{IT"] <A} = {|T"]| < oo}, (3.36)
we want to consider the event that 7/t dies out after having had a large generation.
Intuitively we would imagine that the chances of this happening are very small so
let us make this intuition more precise.

Assume that W holds. Then there is a generation of 77/t with at least AA j-sets
in the boundary, and from each of these we start an independent copy of 7*, all of
which need to die out in order for 77/t to die out. Since the survival probability of
T*is (1+0(1)) (,55_1 > ¢/2% we thus have

eAA

AA
P(T"| < oo | W) <P(T | <o < (1-57) " <exp (—2k> . (337)

and the right-hand side is o(1). This implies
PWA{|T| <oo}) =POW)P(|T"| <00 | W)

P <0 | W)
P (77| =00 | W)

=PWA{[T"]=oc})
2B (7 = <) o)
G29 (). (3.38)
Putting things together, from (3.34), (3.35), and (3.36) we obtain
PE)SP(|T|>A)+P({|T"]| <o} AW) < i—i +ol(e), (3.39)

where the second inequality holds by (3.29) and (3.38).
Now let us first consider the contribution to E(X?) that comes from j-sets
Jo which lie inside C,. By Lemma 3.17, there are at most 2A such j-sets, and

therefore the contribution is at most
(329 /p . .
Z Pr(J1,Jo € £) < < ) 2A - 0O(e) = O(eAn®) = o(e?n?).
ne(V) 1els, J
Since E(X?) > E(X)? = O(e2n%), this contribution is negligible, and therefore the

expression in (3.32) simplifies and we obtain

E(X?) = (1+0(1)) > Pr(Jy,J2 € L).
J1€(5), J2€(5)\Cy
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Consequently, by (3.33) and (3.39), we have

E(X2) < (1—1—0(1))(7;)1?’(5) Y P(heL]d).

T2e(Y)\C,
2e (n
<(1 +o(1))60<j) be(v.z):\@ P(Joell€). (3.40)

Therefore assume that Jy lies outside C';, and fix it for the remainder of the
proof. We delete all the j-sets of C, from H¥(n,p) — any k-sets containing them
may now no longer be queried.

We start a new BFS process from Jy growing a component in this restricted
hypergraph which we denote by H’. The partial component obtained at the be-
ginning of round ¢ is denoted by C}, (7). Similarly as before, we denote the upper
coupling branching process for this exploration by 72 (which is also an independ-
ent instance of 7*). We continue to grow the component until one of the following

two stopping conditions is reached:

(T1) the component of J (in H') is fully explored;
(T2) the (partial) component C, (i) has reached size A = AnJ.

Again, we only stop at the beginning of a round, and denote the corresponding

stopping time by
ig = miﬁr{l{(Tl) V (T2) holds in round #}.
1€

Moreover, with slight abuse of notation write C, instead of C, (i2).

If Cj, has size at least A, then certainly the component containing J in
H*(n,p) has size at least A. On the other hand, if C}, stops because of (T1),
then it may be that in fact the whole component is large, but we missed some of
it because of the j-sets of C;, which we deleted. We will show that the number of
k-sets we were forbidden to query is small enough that whp none of them would
have resulted in an edge of the hypergraph.

We first observe that such queries can only occur between C;, and the boundary
9Cy, of Cy, (any j-sets of Cj, not in C;, were already fully explored). The
intuition is that C}j, remains small, while the boundary of Cj is very small, so
the number of pairs of j-sets, one from each side, should still be small. We might
therefore expect that there are very few k-sets containing such pairs.

The problem with this naive argument is that the number of k-sets containing
a pair of j-sets is heavily dependent on the size of their intersection. While on the
whole most pairs of j-sets do not intersect, those which do carry disproportionately
large weight because there are many more k-sets containing both of them.

However, we already proved the smooth boundary lemma (Lemma 3.8) allows
us to overcome this obstacle: it implies that 0C}, is ‘smooth’ in the sense that
for any 0 < ¢ < j — 1 and for any ¢-set L, the number of j-sets in dC;, which

contain L is about the ‘right’ number, and in particular almost the same regardless
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of the choice of L (though dependent on |L| = ¢). This statement is formalised in
Lemma 3.28. Recall (from Section 3.1.4.2) that dr(0C},) denotes the number of
j-sets of the boundary dC';, containing the set L.

Lemma 3.28. Conditioned on &, with probability at least 1 — exp(—©(n®/*)), for
every 0 < ¢ < j—1 and £-set L the following holds (at the beginning of round iy ):

41(0C5,) = (14 o(1)) 252! ( " )
(5) \i—¢
Proof. Recall (from Section 3.3.1) that io(j — 1) was defined to be the round when
the generations reach size n/~'7? for the first time, and after round i, (j — 1) =
i0(j — 1) + ©(logn) generations are smooth by Lemma 3.8. Hence it only remains
to prove that i;(j — 1) < iy. This follows directly from Lemma 3.11 stating that
conditional on & we have iy —ig(j — 1) > e tlogn > logn. O

We note that Lemma 3.28 is already much weaker than Lemma 3.8 itself, but
sill considerably stronger than we would need for the proof of Theorem 3.2(a), for
which concentration within a constant multiplicative factor would be sufficient.

Next we demonstrate how to employ Lemma 3.28 to provide an upper bound
on the probability of the (partial) component C;, being large conditioned on &.
We denote the upper coupling process of Cj, by 772 (being an instance of 7).
Conditioned on £ and {”T" 2| < oo} , we need to analyse the event F of J, being a
(potential) false negative, i.e. C'y, contains fewer than A j-sets but the component
of Jy in H¥(n,p) is larger than C,. (In fact, a genuine false negative would require
the component to be larger than A, but bounding the probability of this weaker
event will be sufficient.)

We know, by Lemma 3.17, that the boundary 0C;, has size at most 2AA and
each (-set is contained in O(AA/n?) sets of dC,, by Lemma 3.28. Thus for a j-set
of C'y,, the number of k-sets which we did not query because they contained j-sets
of Cy, is

j—1 . .
J n—17 k—2j
O(MA/n* = O(MAn*~%),
> 00w () (4 "5 ) = oant=)
Therefore, if we assume C, contains precisely r € N j-sets, the expected number
of edges within these disallowed k-sets is at most O ()\Ank_gj rp) =0 ()\27"), and

thus the probability that we have overlooked at least one edge is O ()\27”). Hence,
by the law of total probability we obtain

P(F|lEAN{|T?|<x})=0 (AQirIPﬂOJZ =r|EA{|T"]| <oo})>

r=0
=0 (NE (|Cp] | EA{|T”| < o0}))
=0 (E®E(|T[| €A {|T"| < o0})).
Now since the process 772 is independent of £ and is distributed as 7* we obtain

P(F|&n{|T"| < o0}) = 0 (EE (7o) “2¥ ofe). (3.41)
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In other words, false negatives are very unlikely. This solves the main difficulty in
the proof of Claim 3.27.
Since we only need an upper bound for the probability that the component of

Jo in H¥(n,p) is large, we do not need to care about false positives. Therefore we
consider Js to be large in the following three cases:

o T2 survives;

e 772 dies out and J, is a false negative;

e 772 dies out, J, is not a false negative and its component in H*(n, p) is

large.

Observe that every j-set Jo € L will satisfy exactly one of these conditions.
Still assuming that £ holds, we calculate the probabilities of these events. For
the first case we obtain

(3.26) %

P(|T%|=c0| &) =P(]T”"] = o0) (3.42)

Co ’
since the branching process 772 is independent of £. Moreover, estimate (3.41)
immediately shows

3.41)
="o0

P{|T?| <ol AF|E) <P(F|EA{|T?| <)) P2 o).  (343)

For the last case let us first note that
{(~FA{eL}} = {|Cp|=A} = {|T"| =4}
and 772 is independent of the event £. Thus we have
P({|T”| <oo} AmFA{LeL}|E) <P(AL|T”| <)
<P(T% 2 4|7 < )
=P(|Tp| = A)

(3.28)
< (I+0(1))e /A =0(c), (3.44)

by Markov’s inequality and since e2A — oo. Consequently, by estimates (3.42),
(3.43) and (3.44), we obtain

P L]E) <2 +o). (3.45)
Co

This yields a good enough upper bound on the second moment:

E(X2)<3§0>(1+0(1))<@>26 > P(heL|€)

C
7D ne(Men

“E (1o (2(’;))
G2 1 4 o()E (X)?,

and therefore we have for the variance

V(X) =E(X?) - E(X)? = o(E(X)?).
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Hence Chebyshev’s inequality tells us that for any constant ¢ > 0,
2V(X) 2
PX #(1+EX)) < ——-% =o(1 =o(1
(X # (1 £ OB(X)) < Gy = o(1/6) = o(1),
and so whp X = (1 £ o(1))E(X). We have thus shown that the number of j-sets

in large components is approximately as expected, and consequently Claim 3.27
follows from (3.31). O

3.4.3. Sprinkling. In order to complete the proof of Theorem 3.2(a) based on
Claim 3.27 we also need to know that all (or at least almost all) j-sets of £ lie in

the same component. To prove this, we use a standard sprinkling argument.

Proof of Theorem 3.2(a). Let p2 := 5= and p; be such that
p1+p2 —pip2 = (1 +¢)pg = p.

Recall that A®nf — oo, thus ps = o(epy), and consequently p; = (1 + & + o(¢))pg-
We expose the edges of H¥(n, p) in two rounds and couple the random hypergraphs
so that we have H*(n,p1) UH*(n,p2) = H*(n,p).

Now observe that after the first round of exposure the number of j-sets in
large components already satisfies the asymptotics in Claim 3.27. In other words,
HE(n,p1) has (1 + o(l))ﬁ(?) j-sets in large components. Let us denote the
large components in Hk(n:pl) by Ci,...,Cs, where s < (1 :to(l))a(?) JA=0(eg/)N).

Furthermore assume that s > 2, i.e. there are at least two large components,
since otherwise there is nothing to prove. We will merge all of them with C; by using
a union bound, let us therefore concentrate on merging C; with C5. By Lemma 3.14
each (j — 1)-set lies in Q(A\n) many j-sets of any large component of H*(n, p;).

Pick a (j — 1)-set J" and consider the (k — j + 1)-uniform link hypergraph of J’,
i.e. the hypergraph on [n] \ J’ whose edges are all (k — j + 1)-sets which, together
with J’, form an edge of #¥(n,p). This has two distinct vertex-components C§J,)
and Cé‘]/) containing 2(An) vertices each, corresponding to C; and Cs respectively.
There are therefore Q(A2n*~771) possible (k — j + 1)-sets which intersect both C§J/)
and Cg‘],). (These correspond to k-sets containing J', which also contain a j-sets
from both C; and Cs.)

Moreover, we may do the same for any (j — 1)-set J’ (of which there are (jﬁl)

in total). In doing so we may count k-sets multiple times, but certainly at most
(’;) = O(1) times. Hence there are at least (jfl) (’;)719()\2711“—1-*-1) = Q(A%nF)
k-sets which, if they form an edge in ¥ (n,ps), will merge the components C; and
Cy. Thus the probability that these two components do not merge is at most

€
A3nk

Consequently the probability that at least one of C,, . ..,Cs does not merge with C;

(1— pg)QO\an) < exp (— Q(/\an)) < exp (—Qe/N)).

is at most

O(e/A) exp (—=$2(e/A)) = o(1).
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Hence, in H*(n,p), whp there is a single component of size (1 & o(1)) (k§i1 (;‘),
while this is also the number of j-sets in large components by Claim 3.27. Thus,
even though sprinkling the edges with probability ps may have created more large

components, they can only have total size o(en’), completing the proof. O

3.5. CONCLUDING REMARKS

Since random graphs have been so extensively studied, various further ques-
tions immediately suggest themselves, regarding whether we can also prove similar
results for hypergraphs. Before we discuss these topics we briefly comment on a
very interesting alteration of the breadth-first search exploration process for hyper-

graphs.

Hypertrees. In this chapter, we used the fact that Lemma 3.13 can be applied to
the search process BFS to show that 7, < BFS < T*. However, this also applies to
the following variant of the search process: we define BFS2 to be the corresponding
breadth-first search process in which a k-set may only be queried if it contains c¢g
neutral j-sets (as opposed to at least one for BFS).

BFS2 is a search algorithm specifically looking for a tree, where we define a tree
to be a component with e edges and cpe + 1 many j-sets. Note that this algorithm
will not necessarily reveal all of a component; however all the arguments involving
BFS which we use in this chapter also hold for BFS2. Thus we deduce that the
number of j-sets contained in large trees is approximately f—j(’;), and indeed these

(rooted) trees are smooth in the sense of the smooth boundary lemma.

Critical window. The natural candidate for the optimal lower bound on ¢ in
Theorem 3.2 would be £3n/ — oo, for which the bounds from the super-critical
case (©(en’)) and the sub-critical case (O(¢~2logn)) match up to the logn term,
suggesting that we have a smooth transition. In particular, this condition is also
sufficient for the sprinkling argument in Section 3.4.3 to work.

However, for j > 2, our proof method requires additional conditions. Thus for
these cases, our range of ¢ is probably not best possible. On the other hand, for
7 = 1 most of our machinery is not needed, and the proofs simplify and actually
work under the optimal assumption £3n — oo.

The additional condition arises in the proof because we need the smooth bound-
ary lemma. The boundary has size up to A’n? = o(c?n’), and the typical degree
within the boundary of an f-set is o(e?n/—*). If we are to show that these degrees
are concentrated, we need this typical degree to be large, which in the case of
¢ = j — 1 means e2n must be large, thus leading to our condition on e. However,
currently there is another bottleneck in the proof of Lemma 3.21, which provides an
upper bound on the biped degrees. In a nutshell we lose an factor of A by estimating
Ay(0C; (7)) < Ag(Cy(i)), while i is still too small to expect smoothness of f-sets for
all 1 < ¢ < j—1. We use this estimate for instance to derive (3.16). Unfortunately
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this error compounds similarly as in the previous obstruction meaning that e3n! =29

must be large.
If we were to attempt to do away with this condition, we would need to have
some control over degrees which may be very small. Presumably we would need to

determine more precisely what the probability distribution of such degrees is.

Limiting distribution for giant component. The size of the giant compon-
ent shortly after the phase transition is a random variable whose mean we have
(asymptotically) determined in this chapter, and we have further shown that it
is concentrated around its mean. However, we have not proved what the actual
distribution of this random variable is.

The most likely candidate would be a normal distribution as is the case for
graphs (as proved by Pittel and Wormald [95] and by Luczak and Luczak [85]).
More generally for the 1-component in k-uniform hypergraphs, analogous results
were proved for various ranges of ¢ by Karoriski and Luczak [79] and by Behrisch,
Coja-Oghlan and Kang [25], and for the whole of the supercritical regime (g >
n~1/3) by Bollobés and Riordan [36]. For these cases, central and local limit the-
orems are known. It would be interesting to prove similar results for the size of the

largest j-component.

Structure of components. For graphs, it is well known that shortly after phase
transition, all components are whp trees or at most unicyclic. It would be interesting
to know if something similar holds in hypergraphs. (A natural generalisation of
unicyclic would be the most tree-like connected non-tree structure, i.e. a component
with e edges and cge many j-sets. In this case, when discovering the component,
exactly one j-set would be seen twice.) This would be particularly interesting when
aiming for a local limit theorem for the size of the largest j-component, because
in both [25, 79] (j = 1) it proved crucial to closely investigate the interactions of

small components with the giant component.

Cores. The study of cores in random graphs was initiated by Bollobds [32]. The ¢-
core is the (unique) maximal subgraph of minimum degree at least £. The threshold
for the existence of a giant ¢-core for ¢ > 3 was determined by Pittel, Spencer, and
Wormald [94].

For hypergraphs, the degree has many possible generalisations just as connec-
tedness does. For each of these, we may then define the ¢-core and consider its
properties. For vertex-degree, Molloy [87] determined the critical threshold for the
existence of a non-empty ¢-core and its asymptotic size, but in general this is still

an open question.

3.A. APPENDIX: BRANCHING PROCESSES

Recall that we aim to calculate the asymptotic value of the survival probability
o of the branching process 7*, in which the number of children has distribution

co - Bin((k’_lj),p), where p = (1 + ¢)p,. For technical reasons, it is slightly easier
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first to calculate the probability gg that at least one of ¢y independent branching
processes (each an instance of 7*) survives. In this case the number of children in
the first generation has distribution Bin(co (kT_Lj), p).

By standard results for branching processes (see [68]) we know that o > 0. We
note that the processes all die out if and only if all subprocesses starting at children
in the first generation die out. Making a case distinction on the number of such

children, we obtain

s B (o)) e

Co(kij) Co( n ) ' . . _
= > ( i )pl(l — )l (1 - g,
i=0 L
and thus
_ co(™;) _ co(i;) _ - Pyt
1—00=(p(1=00)+1=p)°*) =(1—=poo)" " = (1= (1+¢)hgo)™
Solving this equation for ¢ yields

1—(1—gp)s
e=1=0-0)® | _ fleo)
QoPg Q0Pg

(3.46)
for

f(00) =1—00pg — (1 — 00)"
_ Ps(1=Pg) o Ps(1 —Pg)(2—Pg) 5

Since this expression has only non-negative coefficients, (3.46) implies that
Ps(1—Pg) 2
— 3 O Q0 A
> —2—==2—0(pge0)
QoPg 2 &

and hence gy = o(1) since € = o(1) and py = o(1). Consequently we derive the

asymptotic estimate

@ o Y
from (3.46). Since 1 — go = (1 — p)°, we have
1 3.47) 2¢
9:1—(1—90)00=@+O(gg)(~)—. (3.48)
Co Co

Remark 3.29. Note that an almost identical calculation shows that the survival

probability o, of the lower coupling process 7T, also satisfies

Ox ~ W , (3.49)

because each individual has (1 —e,)(1 +¢) =1+ ¢ £ o(e) children in expectation.

Recall that Tp is the dual process, i.e. the process 7* conditioned on D, the
event that 7* dies. We consider the children of an individual as being grouped into

litters, each containing cq children, where the number of litters has distribution
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Bin((k’jj)7 p) in 7*. We want to show that Tp is a branching process in which each
individual has a number of litters of children which has binomial distribution.

To analyse the dual process we consider the change of the probability of D
subject to the presence A, of a litter of children of an individual J, in other words
P(A.) = p and A, is independent from the rest of the process. We denote by
0(J) the set of individuals in the same generation (of 7*) as J and calculate the
probabilities P (D | A.) and Pr (D | ~.A.) by conditioning on the number of litters
(of children) s(9(J)) of individuals in J(J). Denoting M := |8(J)|(,J_Lj) we obtain

M-1
P(D|A) = P(s(8(J)) =i+ 1] A.) (1 —p)litheo
i=0
M-1
- P(Bin(M —1,p) = z)(l _ Q)('H-l)co
=0
and similarly
M-1 |
P(D|-A) =Y P(s(d(J]) =1i|-A)(1— o)
i=0
M-1
= ]P(BIH(M — 1’p) — Z)(l _ Q)ico.
1=0
Consequently we have
PDIA) _ e
PO Ay LT9T (3.50)
and thus obtain
P(D | A)P(A,)
]P D p—
(A | D) P(D|A)P(A)+P (D] -A)P(-A.)

P(D | A.
_ Fio Ty P (A)

Pﬁg)\‘ﬁﬁe)) ‘P (Ae) + P (= Ae)
s50) _ (1-0)%p
l-p(1-(1-9")"

In particular, note that this probability is independent of the choice of e and J,

hence we denote it by pp. Moreover we obtain the estimate

_(d=9%p _ co 2
_m_p(l—g) +O(p~o)

Furthermore a very similar calculation shows that conditioned on D the presence of

(3.48

pp N

e is still independent of all other edges. Hence the dual process 7p is a branching

process whose offspring distribution is given by

o ((,2))



CHAPTER 4

Hitting time for connectedness in random

hypergraphs

4.1. INTRODUCTION AND MAIN RESULTS

In the study of random graphs, one of the most well-known results concerns the
hitting time for connectedness. More precisely, if we add randomly chosen edges
one by one to an initially empty graph on n vertices, then at the moment the last
isolated vertex gains its first edge, the whole graph will also become connected (this
classical result was first proved by Bollobds and Thomason in [38]). This interplay
between local and global properties is an example of the common phenomenon
relating graph properties with their smallest obstruction; the graph can certainly
not be connected while an isolated vertex still exists, but this smallest obstruction
is also the critical one which is last to disappear.

In this chapter we generalise the result of Bollobas and Thomason to random
k-uniform hypergraphs. For an integer £ > 2, a k-uniform hypergraph consists
of a set V of vertices together with a set E of (hyper-)edges, each consisting of k
vertices. We need to define the notion of connectedness, for which there is a whole
family of possible definitions. For any 1 < j < k—1, we say that two distinct j-sets
of vertices (i.e. j-element subsets of the vertex set V') Jy # Jo are j-connected if

there is a sequence e, ..., e, € F of edges such that

e Ji Cepand Jy C epy;

e |e;Neipq|>jforalll <i<m-—1.
In other words, we may walk from J; to Jy using edges which consecutively intersect
in at least j vertices. Any j-set is always j-connected to itself. This forms an
equivalence relation on the set (‘;) of j-sets. A j-component is an equivalence class
of this relation, i.e. a maximal set of pairwise j-connected j-sets. The case j =1
is also known as wvertex-connectedness, and for j > 2 we use the term high-order
connectedness.

Note that in the case k = 2,5 = 1 this is simply the usual definition of con-
nectedness for graphs. More generally, for arbitrary £ > 2 the case j = 1 is by far
the most well-studied. The definition for general j is also entirely natural, albeit
harder to visualise and often requires more complex analysis. In this chapter we
will be interested in arbitrary 1 < j <k —1and k > 3.

L This notion is not to be confused with the (vertez-)conmectivity of a (hyper-)graph H measuring
the size of the smallest vertez-separator in H.

92
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4.1.1. Main results. We first define the uniform model, the counterpart of the uni-
form model of Erdds and Rényi for graphs: given any natural numbers k, M, n such
that M < (Z), the random hypergraph H*(n, M) is a hypergraph chosen uniformly
at random from all k-uniform hypergraphs on vertex set {1,...,n} which have M
edges. This is closely related to the random hypergraph process {H*(n, M)} which
is defined as follows:
e 7{¥(n,0) is the hypergraph on vertex set {1,...,n} with no edges;
e For 1 <M < (}), H*(n, M) is obtained from #*(n, M — 1) by adding an
edge chosen uniformly at random from among those k-sets which do not

already form an edge.

Note that the random hypergraph obtained in the M-th step of the process has the
same distribution as in the uniformly chosen random hypergraph H*(n, M), so the
notation is consistent.

We consider asymptotic properties of random hypergraphs and throughout this
chapter any asymptotics are as n — oo. In particular we say with high probability
(or whp) to mean with probability tending to 1 as n — oo.

We say that a j-set is isolated if it is not contained in any edges. It is trivial
to see that if a hypergraph contains isolated j-sets, then it is not j-connected
(assuming it has more than j vertices). Our main result is that this trivial smallest
obstruction is also the critical one in a random hypergraph.

Let 7. denote the time step in the hypergraph process {#*(n, M)}, at which
the hypergraph becomes j-connected. Similarly, let 7; denote the time at which the
last isolated j-set disappears. Note that the properties of being j-connected and of
having no isolated j-set are monotone increasing properties, so these two variables

are well-defined. Furthermore, as noted above, 7; < 7, holds deterministically.

Theorem 4.1. For any 1 < j <k —1 and k > 3, whp in the random hypergraph

process {H*(n, M)} we have 1, = 7;.

Special cases of Theorem 4.1 were already proved by Poole [96] for j = 1, and
by Kahle and Pittel [77] for j =k — 1.

The uniform model and the associated hypergraph process allow us to formulate
exact hitting time results such as Theorem 4.1, which we prove in Section 4.4.
However, the drawback is that the analysis of the model can become tricky due to
the fact that the presence of different edges is not independent (the total number
is fixed). For this reason, it is often easier to analyse the binomial model: H*(n,p)
is a random k-uniform hypergraph on vertex set {1,...,n} in which each k-set is
an edge with probability p independently of all other k-sets. In Section 4.2 we will
show that if p = M/ (Z), then the two models are very similar and we can transfer
results from one model to the other.

For the proof of Theorem 4.1 we will also make use of the following result
(Theorem 4.2), which is interesting in itself and is therefore stated in a significantly

more general form than we need for Theorem 4.1. For integer valued random
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variables Z and Z’ we denote their total variation distance by drv(Z,Z'), i.e.
1 . .
dr(2,2) = 3 S IP(Z =i) P (2 =i)].

€L
For integer-valued random variables X,, and Y, we say X,, converges in distribution
to Y, denoted by X, BN Y, if for every integer ¢ we have P(X,, = i) —» P(Y =1).
Theorem 4.2. For any k>3 and 1 < j <k —1 and for any integer s > 0, let

_ jlogn + sloglogn + ¢,

Ps :ps(n7k7j) = ( Py ) s
k—j

where |¢,| = o(logn), and let Dy be the number of j-sets of degree precisely s in

HE(n,ps) (i.e. which lie in s edges). Then we have

drv (Ds,Po (E (D)) = O(n~7 (logn)*t). (4.1)
In particular, Dy satisfies the following:
(1) Ds=0 whp if ¢, = 00;
(i1) Dy 45 Po (j;,es_,c> if cp — ¢ for any c € R;
(i) Ds — oo whp if ¢ — —o0.

We prove Theorem 4.2 in Section 4.3. These two theorems together give the

following corollary, proved in Section 4.3.

Theorem 4.3. Let k>3 and 1 < j<k—1, and let py = Jlognten

()
(a) If c,, — oo, then whp H*(n,p) is j-connected (and therefore contains no
isolated j-sets).
(b) If ¢, — —00, then whp H*(n,p) contains isolated j-sets (and is therefore
not j-connected).
In other words, the properties of being j-connected and having no isolated j-sets

both undergo a (sharp) phase transition at threshold p., given by
. . . jlogn
DPe :pc(n>k7]> = n .
(")

4.1.2. Methods. The main contribution of this chapter is to deduce Theorem 4.1
from Theorem 4.2. Attempting to prove this directly using standard techniques
generalised from the graph case does not work because j-components in a hyper-
graph may be strangely and non-intuitively distributed. To overcome this problem
we quote a powerful result from Chapter 3, which guarantees one component with
a large subset which is in some sense smoothly distributed. We then show that whp

all non-trivial components are connected to this smooth subset.

4.1.3. Notation and definitions. We introduce a few more definitions before we
proceed with the proofs. We fix £k > 3 and 1 < j < k — 1 for the remainder of the
chapter. The order |H| of a hypergraph H is the number of vertices it contains,
while its size e(H) is the number of edges. Since a j-component consists of j-sets

of vertices, we may view it as a j-uniform hypergraph in which the edges are the



4.2. ASYMPTOTIC EQUIVALENCE 95

j-sets in the component. In particular, the size of a j-component is the number of
j-sets it contains. From now on we will use component to mean j-component.

We will sometimes need to relate the j-sets of a component to the edges of the
hypergraph which connect them. To allow us to do this, for a k-uniform hypergraph
H we define the j-size of H to be the number of j-sets contained in edges of H. We

ignore floors and ceilings whenever they do not significantly affect the argument.

4.2. ASYMPTOTIC EQUIVALENCE OF H¥(n, M) AND H¥*(n,p)

We need to know that H*(n,p) and H¥(n, M) are roughly equivalent, which is
a generalisation of a standard fact about the corresponding graph models (see [30,
74]). In fact, [74] considers a more general setting than we require here, but what
we state is an immediate corollary of the results there (see [74], Corollary 1.16).

Let N = (Z) and to ease notation, for some property ) we will denote by
P (Q) the probability that #*(n, M) has property Q. P,(Q) is defined similarly.

Lemma 4.4. Let (Q be some monotone increasing property of k-uniform hyper-
graphs and let M = Np — oo. Then

(a) Pp(Q) — 1 implies Par(Q) — 1;
(b) P,(Q) — 0 implies Pp(Q) — 0.

This lemma allows us to transfer properties from H*(n, p) to H*(n, M) (trans-
ferring in the other direction is also possible, with some small modifications, but
we will not need to do this here). However, this only works for monotonically in-
creasing properties. This is fine for the properties of being j-connected or of having
no isolated j-sets, but in the proof of Theorem 4.1 we will need to consider the
probability of having a component of size r, for various fixed r. This property is
not even convex (and nor is its complement) and so for this case we will need some
more careful arguments.

The following standard argument allows us to transfer properties from the

binomial to the uniform model provided that the failure probability is small enough.
Lemma 4.5. Let Q be an arbitrary property, and suppose that M — oo and p =
M/N — 0. Then

Pp(Q)
(e(#*(n,p)) = M)

Proof. The inequality follows from the fact that

— O(M"2)B,(Q).

Py (Q) < P

N
Py(Q) = Y Pr(Q)P(e(H"(n,p)) = m) > Pa(Q)P(e(H* (n, p)) = M).
m=0

For the equality we note that using Stirling’s approximation we have

N
(30 )= 9" =00 |y a0 P

and thus obtain P (e(H"(n,p)) = M) = o(M~1/?), 0
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4.3. DEGREE DISTRIBUTION

Next we use the Chen-Stein method to approximate the distribution of the

number of j-sets with a given degree.

Theorem 4.6 (Theorem 1.B in [23]). Given a finite index set T and a random
variable W = 3, ., Z;, where Z; is a Bernoulli random variable with parameter

€ [0,1], denote by A = 3, 7 pi the expectation of W. Assume that for each
i € T there is a pair of coupled random wvariables (U;,V;) such that U; has the
distribution of W and V; + 1 has the distribution of W conditioned on {Z; = 1}.
Then we have

dry (W,Po(\)) < min{1, A"} " piE (Ui — Vi)
=
Now we use Theorem 4.6 to prove Theorem 4.2 stating that the number of

j-sets of a given degree in H*(n,p) is asymptotically Poisson distributed when p is
close to L1legntsloglogn.
k—j

Proof of Theorem 4.2. Let C = ( ) — 1. Fix an integer s > 0 and suppose p =
p = Llosnts I?Lgiog "t where |c,| = o(logn). Then the expected number of j-sets
k—j

of degree s in H¥(n, p) satisfies

z0 = (1) () - 6

J S
. (nkij 8
n’ (,H»)!) n
= (1 o(1)o 2 s -
(o) 2 A e (<0, "))
(].:l:O(].)) 1 s(k j)log n—slog((k—j)!)+slog p—sloglogn—cy,
st
7 e
= (1 o(1)) e, (4.2)

since
) , . loglogn + |c,| 1
logp = —(k — j)logn + loglogn + log(j(k —j)) + O | ———— + — | .
logn n
For any j-set J we denote its degree in H¥(n,p) by deg(J) and analyse how
D, changes by conditioning on the event {deg(Jy) = s} for an arbitrary j-set Jy.
First we construct H*(n,p) and denote by FEy the set of edges containing Jo,

then we distinguish three cases:

(a) If deg(Jo) < s, add s—deg(Jy) distinct k-sets chosen uniformly at random from
( ) ’ Jo C K} \ Ep to the hypergraph;
(b) If deg(Jo) = s, do nothing;
(c) If deg(Jp) > s, delete a set of deg(Jp) — s edges chosen uniformly at random
from FEj.

We denote the resulting hypergraph by H* = H*(Jy). For any j-set J we write
deg*(J) for its degree in H* and D*(Jy) for the number of j-sets J # .Jy such
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that deg”(J) = s. Furthermore observe that this construction provides a coupling
of H*(n,p) and H* such that removing all edges containing Jy in either one of
them yields the same random hypergraph H~ = H ™ (Jp). For any j-set J we write
deg™ (J) for its degree in H .

Aiming to apply Theorem 4.6, we let Z be the set of all j-sets and for all J
let Z; = 1idgeg(s)=5}, ps = P(deg(J) = s), Uy = W = D, and V; = D}(Jo). We
observe that H* has the same distribution as H conditioned on the event {deg(Jy) =
s}, so V; has the same distribution as W conditioned on {Z;, = 1}.

Now applying Theorem 4.6 and using min {1, ﬁ < ﬁ, we obtain
< 2y P(deg(J) = ) E(|Ds — DI (Jo)|)

- E (Ds)
—E(D, - D(J)]). (4.3)

dpv (Ds, Po(E(Ds)))

Hence it suffices to estimate the random variable | Dy — D*(.Jy)|. We observe that

|Ds — D7 (Jo)| = L{deg(o)=s} + Z |1 {deg(S)=s} — Lideg®(J)=s}]

J#£Jo
Slgeg=sy T2 D, Laei=s—t)
t=1 J#Jo
deg™ (J)>deg(J)
()
+ Y Ndeg(a)=s+t}-
t=1 J#Jo
deg™ (J)<deg(J)
deg™ (J)<s

To justify the inequality, first note that if deg(Jy) = s, then H = H* and only the
first term contributes. Furthermore, if deg(Jy) < s, say deg(Jy) = s — t for some
€ [1, 8], then the only contribution to |Ds — D*(Jy)| comes from j-sets J # Jy
whose degree increased, i.e. deg*(J) > deg(J). Similarly, if deg(Jy) = s+t for some
te [1, (Z:j) - s], observe that for a j-set J to contribute it is necessary to have
either deg(.J) = s or deg”(J) = s. Note that these cannot hold unless deg™ (J) < s,
and we will simply bound the probability of this (more likely) event.
Moreover, each inner sum has at most Ct terms, since we certainly only sum
over j-sets J whose degree has changed, and adding or deleting an edge influences
the degree of at most C' j-sets (other than Jp).

Note also that deg™ (J) has distribution

Bin n—j\ (n—|JoU/J|
k— k—|JuJdl)t)
independently of deg(Jy), and the probability that deg™ (J) < s is maximised when
|JoUJ| is minimised. Hence for an upper bound we will assume that |JoUJ| = j+1.

With this motivation we write N := (Z:j) - (Z:;j) =(1+ 0(1))(kfj) and define

qz[E”(Bin (N,p) gs).
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Combining these two arguments we obtain the upper bound
|Ds = DI (Jo)| < L{deg(ao)=s} + Y Lidegtso)=s—1} Ct

t=1
(i2)-s
* Z 1{deg(Jo)=s+13BIn(Ct, q).
t=1

+:

Therefore, using the notation z max{z,0} for any x € R, we have

E (1D, — D} (Jo)]) < P (deg(Jo) = 5) + CE (s — deg(Jo))*)

+ CqE ((deg(o) =)"),  (44)
We can estimate both probabilities in (4.4) using
P (deg(Jo) =) < q= Z N p(1—pN
0 = i

i=0
< O(1)- (Np)° exp (— Np)
= O((logn)*n™),
where the second and third lines follow because s is bounded. Moreover, we have
E (s — deg(Jo))" < sP(deg(Jo) < ) < s¢ = O((logn)*n™)
and furthermore
E (deg(Jo) — s)* < E(deg(Jo)) + s = O(logn).
Therefore (4.3) and (4.4) provide (4.1), i.e.
drv (Ds,Po (E(Dy))) = O(n™ (logn)**1). (4.5)

Now assume lim, o ¢, = ¢. By (4.2) we know that E(Ds) — 7;—; and by the
continuity in A of the function P(Po(\) = i) for each 4

d jsefC
Po (E (D)) — Po ( sl > ,

hence by the triangle inequality and (4.1), case (i7) in the second claim follows.

Cases (i) and (i47) can be easily deduced from case (i7). O

4.4. HITTING TIME FOR CONNECTEDNESS

The proof which we present is largely elementary except for the use of The-
orem 4.2 and the concept of smoothness which we introduced and investigated in
detail in Chapter 3. Note that in Chapter 3 we focused on H*(n, p) for much smal-
ler probabilities, and thus we are now not in the optimal range for the application
of these methods. But nevertheless, our results will turn out to be strong enough
for proving Theorem 4.1.

We provide the appropriate tool (Lemma 4.7) in Section 4.4.1. After deriving

a second preliminary result in Section 4.4.2, we prove Theorem 4.1 in Section 4.4.3.
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4.4.1. Smooth subset. We use the smooth boundary lemma (Lemma 3.8) to
prove the existence of a component containing a ‘reasonably large’ subset which
is ‘smooth’ in the sense that all (j — 1)-sets are in about the ‘right’ number of j-sets
of S (see Lemma 4.7 below). More precisely, we say that a set S of j-sets is smooth
if every (j — 1)-set is contained in (1 + 0(1))%n j-sets of S.

Lemma 4.7. Let 1 <j<k—1, let e = e(n) > 0 satisfy ¢ — 0 and £3n'~° — oo,
for some constant 6 > 0, and set p* = W Then whp there is a component

i) N k=
of H¥(n,p*) with a subset S of at least e>n/ many j-sets which is smooth:

Each (j —1)-set in H¥(n,p*) is contained in (14 0(1)) ésﬂn many j-sets of S.
j
We note that Lemma 4.7 is not stated explicitly in this form in Chapter 3, but
is implicit in the proofs in Section 3.3. We therefore give a brief outline of how it

can be deduced from our previous results.

Proof of Lemma 4.7. Starting from some j-set J, we explore the component con-
taining J using a breadth-first search process BFS(J). This partitions the j-sets
of the component into generations, which can be numbered according to the order
they were discovered in.

We fix a starting j-set J which lies in the largest component of H*(n,p), let
0C, denote the g-th generation of this search process BFS(J), and Cy = Ugy<,0C .
Then there are generations go and g; such that the following statements hold whp.

(1) Either [0C,,| > &3n7 or |Cy, | > &%/?n;
(2) |Cy4ol = 0(|Cg,]) (and in particular go < g1);
(3) Every generation 0C, with gy < g < g7 is smooth.

We set g9 = i1(j —1) and ¢ = 41, where i1(j — 1) and ¢; are defined in
Section 3.3. Recall that ¢; is the round at which one of three stopping conditions
(S1), (S2) or (S3) is invoked, and these stopping conditions contain a parameter A,
which we choose to be A = £3/2.

Property (1) follows from these stopping conditions. We use here the fact that
J is in the largest component of H¥(n,p), which is a giant component whp by
Theorem 3.2(a), therefore whp either (S2) or (S3) is invoked at time 4; (as (S2)
would be invoked before (S1)).

Property (2) follows from Lemmas 3.10, 3.11 and 3.16. More precisely, whp
go = i1(j — 1) = io(j — 1) + O(logn), while gy = i1 > ig(j — 1) + (=~ logn) by
Lemma 3.11. Furthermore, whp |C;(io(j — 1))| = 0(¢3/?n7) by Lemma 3.10 applied
with s = j and ¢ = 0. Finally, by Lemma 3.16, whp the generations between gg and
g1 are at least as large as those between ig(j — 1) and go, and there are significantly
more of them (2(¢~!logn) compared to O(logn)).

Finally, property (3) is given by Lemma 3.8 (with £ = j — 1 and using the fact
that i1 > d1(j — 1).

We now use these three properties to prove the existence of the set S. We

make a case distinction based on (1). If |0Cy,| > en?, then we simply set S =
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dCy,, and S is smooth by (3). On the other hand, if |C,,| > £3/2n7, then we let
S = Cy, \ Cgo—1. Then since every generation from gy to g; is smooth, and since
a union of smooth sets is also smooth, we have that S is smooth. Furthermore,

S| = (1-0(1))|Cy, | = 0. U
Lemma 4.7 has the following corollary which we will apply later.

Corollary 4.8. Let 1 < j < k-1, lete = g(n) > 0 satisfy ¢ — 0 and £3n'~° — oo,
for some constant 6 > 0, and suppose p > W Then whp there is a
i) k=5

component of H*(n,p) with a subset S of at least €3n’ many j-sets which is smooth:

Each (j —1)-set in H¥(n,p*) is contained in (1 io(l))%n many j-sets of S.

j
Proof. We set p* = m and p’ = % and let Hy; = H(n,p*) and He =
H(n,p') independently. Observe that we may couple in such a way that H*(n,p) =
H1 U Ho. Furthermore, by Lemma 4.7, whp #H; has a component containing a
smooth set S of the appropriate size. In #¥(n,p) this component may be bigger
than in H;, but certainly still contains S. (]

4.4.2. Well-constructed hypergraphs. We will also use the following proposi-
tion. We say that a hypergraph is well-constructed if it can be generated from an
initial j-set via a search process, i.e. by successively adding edges such that each
edge contains at least one previously discovered j-set, and such that each edge also

contains at least one previously undiscovered j-set.

Proposition 4.9. Up to isomorphism, the number of well-constructed k-uniform

hypergraphs of j-size s is at most oks®

Proof. We explore the hypergraph by adding the edges one by one in the order in
which it is well-constructed. The resulting hypergraph is uniquely determined, up to
isomorphism, by the intersection of each edge with the previous vertices (though we
will multiple count the isomorphism classes, this is permissible for an upper bound).
When adding the i-th edge, we certainly have at most (i — 1)k vertices so far, and so
the number of possible intersections is at most 20—D*  Multiplying over all edges,
of which there are certainly at most s (each edge gives at least one new j-set), we
have that the number of such hypergraphs is at most 22i=1(—1k < oks® O

4.4.3. Critical obstruction for connectedness. We now prove Theorem 4.1

using Corollary 4.8 and Proposition 4.9.

Proof of Theorem 4.1. Let us consider any p, M satisfying
Jlogn —¢ Jlogn+¢
(") (")
where £ = loglogn. We apply Theorem 4.2 (with s = 0 and ¢, = ££) and
Lemma 4.4 to observe that in both H*(n, p) and H*(n, M), whp there are isolated

j-sets at the lower end of this range but not at the upper end. We will now prove

<p=M/N < (4.6)
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that other than these isolated j-sets, there is just one very large component whp.
We certainly know by Corollary 4.8 that there is a component containing a large
smooth set S. For the rest of the proof we fix this component and the set S.

We consider the possibility that there is a second non-trivial component con-
taining r j-sets, and make a case distinction on the size of r. Note that for any
component of size r in a k-uniform hypergraph, there is a well-constructed subhy-
pergraph of every (up to a constant (];) error) j-size up to r. (More precisely, for any
integer v’ < r there exists an integer 7/ with |[r” — /| < (];) and a well-constructed
subhypergraph of j-size r”'.)

Let us set 1y = loglogn and distinguish two cases.

Case 1: 2 < r < ryg. We first observe that in a component of size r > 2 we
must have at least one edge, and therefore at least (’;) > k > 3 j-sets, i.e. we
automatically have r > 3.

We show that the expected number of components of size r is very small and
apply Markov’s inequality. Any component of size r can be associated with a well-
constructed hypergraph H of j-size r which is isolated from the remaining j-sets of
H*(n,p). Then e(H) < r and furthermore |H| < j + (k — j)e(H), since each new
edge of H gives at most k — j new vertices. For each j-set of H, we have at least
(Zij) — r(;”:;j) non-edges (any k-set containing this j-set but no other j-sets of
H). Thus the expected number of isolated copies of H in H*(n,p) satisfies

E(X ) < nd+0=etpetn) (1 _ pyr((2)—r(i550) (4.7)
and so

log(E(Xw)) < (j+ (k= j)e(H))logn + O(rloglog n)
—(k—j)e(H)logn — (1 = O(r/n) — O(&/logn))rjlogn
=(1—7r=+o(l))jlogn < (—3rj/5)logn.

Note that this bound does not depend on the specific structure of H, only on
the number of j-sets r. Let X, be the number of components of size r. Then by

Proposition 4.9 we have
E(X,) < 2kr2n—3rj/5 < n—4ri/T

where for the last inequality we use the fact that r < ro = o(logn). By taking
a union bound over all 3 < r < rg, we conclude that with probability at least

1 — 2n~129/7 there are no components of this size.

Case 2: r > rg. In this case, rather than looking at the full component we look
at a well-constructed subgraph H of j-size rg. Such a subgraph certainly exists
up to an additive (I;) error term in the j-size, which will not affect calculations
significantly. Most of the calculations which lead to (4.7) are still valid, replacing
r by ro. However, since we are no longer considering a full component, we must be

more careful about the number of non-edges.
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At this point we make use of the set S of j-sets guaranteed by Corollary 4.8,
which lie in a different component to H. For each of the rqg many j-sets of H, pick
an arbitrary (j — 1)-set within it and by Corollary 4.8, this (j — 1)-set is contained
in (14 0(1))e3n many j-sets of S. For each such pair of j-sets intersecting in j — 1
A
non-edges, since the j-sets lie in different components.

vertices, there are ( ) k-sets containing both of them, all of which must be

It may be that we multiple count the non-edges in this way. However, each k-
set may only be counted from a pair of j-sets it contains, and therefore the number
of times it is counted is certainly at most (I;) (k — 7). Thus in total the number of

non-edges is at least

roein n o I
%@w—ﬁ(k<r4>_@(ﬁ3 )

J

Similarly a in (4.7) we bound the expected number of such structures H by
E(Xp) < nd+E=de(H)pe(H) (] _ ;yO(ros*n®"7)

Then, writing Y for the number of such well-constructed hypergraphs of j-size rg

which are not in the same component as .S, we obtain
log(E(Y)) < kro?log2 + jlogn + O (rgloglogn) — © (r053 logn) .

Now observe that in Corollary 4.8 we may choose any ¢ = o(1) such that

3

e3n'=% — oo. Choosing €3 = we have rpe® — oo and the last term

1
log loglogn?’
in the above inequality dominates, and we have log(E(Y)) < —C'logn for any
constant C. In particular, choosing C = 12j/7, we have E(Y) < n~'%/7, By

~12§/7 we have

Markov’s inequality, this implies that with probability at least 1 —n
Y = 0 and therefore no further components of size r.

Combining the two cases, this tells us that with probability at least 1—3n~127/7,
H¥(n,p) only has one non-trivial component. Finally note that M = pN =
©(n’logn). Thus by Lemma 4.5 we conclude that with probability at least 1 —
3n"12/7/M =1 — o(n=8/7), #*(n, M) also has only one non-trivial component.

We now take a union bound over all possible M satisfying (4.6), of which there
are at most (fn—&) (}) = O(&n?), and deduce that the probability that there is ever

a second non-trivial within this time period is at most
O(n?)n™8/" = O(En=3/T) = o(1)
as required. O

4.5. THRESHOLD FOR CONNECTEDNESS

Theorem 4.3 follows almost immediately from Theorems 4.1 and 4.6. In or-
der to apply Theorem 4.1 in the binomial model, we apply the standard trick of
birth times: to each k-tuple we assign a number (the birth time) between 0 and
1 uniformly at random and independently of all other k-tuples. Then the hyper-
graph process {H*(n, M)}as can be obtained by adding edges in increasing order
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of birth time (with probability 1 no two edges have the same birth time), while the
hypergraph obtained by taking all edges with birth time at most p is distributed
as HE(n,p).

Proof of Theorem 4.3. Theorem 4.6 (with s = 0) tells us that if ¢, — oo, then
whp there are no isolated j-sets, and therefore Theorem 4.1 tells us that whp the
hypergraph is j-connected. This proves part (a). Part (b) is simply an application
of Theorem 4.6 with s = 0. O

4.6. CONCLUDING REMARKS

In [96], it is determined for the case j = 1 that the hitting time for d-strong
vertex-connectedness, i.e. the time at which the hypergraph first has the property
that deleting any set of less than d vertices still leaves a vertex-connected hyper-
graph, is the same as the hitting time for having no vertices of degree less than d
whp. It would be interesting to generalise this result to d-strong j-connectedness
(removing fewer than d many j-sets still leaves a j-connected hypergraph), which
is presumably attained whp when every j-set has degree at least d. However, this
would present significant additional difficulties, not least that Lemma 4.7 would no

longer give the substructure which we require.



CHAPTER 5

Jigsaw percolation on random hypergraphs

5.1. INTRODUCTION AND MAIN RESULTS

Jigsaw percolation on graphs was introduced by Brummitt, Chatterjee, Dey,
and Sivakoff [43] as a model for interactions within a social network. It was inspired
by the idea of collectively solving a puzzle. The premise is that each of n people has
a piece of a puzzle which must be combined in a certain way to solve the puzzle.

In the model there are two possibly overlapping sets of edges coloured red
and blue defined on a common set of vertices. (In particular, any pair of vertices
may form both a red and a blue edge at the same time.) Jigsaw percolation is a
deterministic process on clusters of vertices that evolves in discrete time. Initially,
each vertex forms its own cluster and in each subsequent time-step two clusters
merge if they are joined by at least one edge of each colour. The process stops once
no two clusters can be merged. Our jigsaw process percolates if we end in a single
cluster. In particular, the process cannot percolate if either of the graphs given by
blue or red edges is not connected.

More generally, given integers 1 < r < s, define (r, s)-jigsaw percolation as
follows. Let G1,...,G4 be graphs on the same vertex set V. At each discrete time
t=0,1,..., we have a partition of V into clusters. At time ¢ = 0 this is the finest
partition: every vertex forms its own cluster. At time ¢, let G, be the graph whose
vertices are the clusters, with two vertices joined by an edge if the corresponding
clusters are joined by an edge in at least r of the graphs G;. The clusters of our
jigsaw process at time ¢ + 1 are the unions of the clusters that belong to the same
component of ét. The process percolates if eventually we arrive at a single cluster.
Note that a (1, s)-process percolates if and only if the union of the graphs G; is
connected. On the other hand, if we have (s, s)-percolation then each G; must be
connected. However, the connectedness of each G; is far from sufficient for (s, s)-
percolation. So far, only (2, 2)-jigsaw percolation has been considered: in most of
this chapter, we shall do the same (and drop (2, 2) from the notation), but we shall
consider larger s in Section 5.4.

Returning to the motivation, the blue graph may represent a puzzle graph of
how the pieces of the puzzle may be combined to reach a solution, while the red
graph may represent the people graph, modelling friendships between the people
who hold the puzzle pieces.
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Brummitt, Chatterjee, Dey, and Sivakoff [43] studied the model when the
red graph is the binomial random graph and with various deterministic possib-
ilities for the blue graph, including a Hamilton cycle, or other connected graphs of
bounded maximum degree, and provided upper and lower bounds for the percola-
tion threshold probabilities.

Gravner and Sivakoff [65] improved on these results for many different puzzle
graphs of bounded degree, and also introduced a generalised process with redund-
ancy parameters in the number of neighbours required for clusters to merge.

The setting in which both graphs are binomial random graphs was studied
by Bollobés, Riordan, Slivken, and Smith [37], who determined the asymptotic
order of the threshold for percolation in terms of the product of the two associated
probabilities.

Before we state their result, we set the scene. Let G(n, p1) and G(n,p2) denote
the pair of random graphs on the (common) vertex set [n] (for a € N, we define
[a] :={1,...,a}), where each edge is present independently with probability p; or
p2 respectively. Throughout the chapter any unspecified asymptotic is with respect
to n — oo and in particular we use the phrase with high probability, abbreviated
to whp, to mean with probability tending to 1 as n — oo. With this notation the

main result in [37] is the following.

Theorem 5.1 ([37]). Let 0 < p1,p2 <1 and let G; = G(n,p1) and G3 = G(n,p2).
Then there exists a constant ¢ > 0 such that

c

(a) if p1p2 > TTogn and min{py, pa} > Clo%, then whp (G1,G2) percolates;

(b) if p1p2 < m, then whp (G1,G2) does not percolate.

Our main aim in this chapter is to extend the percolation process above and

this result to a hypergraph setting.

5.1.1. Setup. We denote by (V) the set of i-element subsets of a set V and call its
elements i-sets.

Hypergraphs and high-order connectedness. Given an integer k > 2, a k-uniform
hypergraph (or k-graph) H consists of a set V' = V(H) of vertices and a set E =
E(H) of edges, where E C (}). (Thus for k = 2 this defines a graph.) There are
several natural possibilities for the concept of connectedness of a hypergraph: here
we define some of them. Given an integer 1 < j < k, we say that two distinct j-sets
of vertices (i.e. j-element subsets of the vertex set V') Jy # Jo are j-connected if
there is a sequence e, ..., e, € F of edges such that

o Jy Cerand Jy C emp;

o le;Neipq| >jforall<i<m-—1.
In other words, we may walk from J; to J using edges which consecutively intersect
in at least j vertices. Any j-set is always j-connected to itself. This forms an
equivalence relation on the set (‘J/) of j-sets. A j-component is an equivalence class

of this relation, i.e. a maximal set of pairwise j-connected j-sets. The case j =1
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is also known as wvertex-connectedness, and for j > 2 we use the term high-order
connectedness.

High-order jigsaw percolation. A double k-graph (V, Ey, Es) consists of a set
E, C (‘g) of red edges and a set Fy C (‘Ig) of blue edges on a common set V of
vertices. We call the k-graphs (V, E;) and (V, Es) the red k-graph and the blue
k-graph respectively.

Let (V, Ey, E2) be a double k-graph, J C (‘J/), and let Cy be a partition of J
into ko := |Cp| partition classes. (Unless stated otherwise, Cy will be the partition
in which every j-set forms its own partition class and so kg = |J|.) Then j-jigsaw
percolation is a deterministic, discrete time process which is characterised by a
sequence of partitions {C;}i=01,.. of J. We write x; := |C;| for the number of
partition classes at time ¢ and denote the partition classes by Ct1,...,Ct,. The

partition Cy41 is obtained from C; as follows:

(I) We define an auxiliary graph G on the vertex set [r;], where the edge {i, i’}
is present if and only if there are j-sets J;1,Ji2 € Ci; and Jir 1, Jir 2 € Cpiv
and edges e; € Fy and ey € Ey such that J; 1 UJy 1 Cep and J; 2UJy 2 C ea.

(1) 1If G, is an empty graph, then STOP.

(III) Otherwise we set x¢+1 to be the number of components of C~v't and denote
these components by Ci,...,Cyx, ,. The partition C;41 is then given by
Ciy1: = UweCi Ctaw, for 1 <14 < Kypq.

(IV) If K41 = 1, then STOP.

(V) Otherwise we proceed to time ¢ + 1.

If the process stopped in step (IV), then J percolates on (V, E1, E3); otherwise, i.e.
the process stopped in step (II), we say that J does not percolate on (V, Eq, Es).
We refer to the partition classes C;; as clusters.

The main results in this chapter deal with the setting when J = (‘]/) In this
case we simply say (V, Ey, Es) j-percolates or (V, E1, Es) does not j-percolate. The
generalised version is required in the proofs of our results.

Throughout the chapter we will ignore floors and ceilings whenever this does

not significantly affect the argument.

5.1.2. Main results. In this chapter we consider the random binomial double k-
graph H*(n,p1,p2) on the vertex set [n] where every k-set is present as a red edge
with probability p; and present as a blue edge with probability ps independently
of each other and of all other k-sets.

As we have already noted, a necessary condition for j-jigsaw percolation on a
double k-graph is that both the red and the blue k-graphs are j-connected. In this
setting the red/blue k-graph is a copy of the binomial random k-graph H*(n,p;) or
HF*(n,py) respectively, i.e. the vertex set is [n] and each k-set is present independ-

ently with probability p; or ps respectively. It was shown in [3] that the (sharp)

L This notion is not to be confused with the (vertez-)conmectivity of a (hyper-)graph H measuring
the size of the smallest vertez-separator in H.
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threshold for j-connectedness in ’Hk(n, p) is

. R . jlogn
Dc :pC(n7kaJ) = n (51)

(”5)
As in [37], we impose a slightly stronger condition on min{p;,p2} to ensure the
j-connectedness of both random hypergraphs in the supercritical regime. We prove

the following extension of Theorem 5.1.

Theorem 5.2. Forintegers 1 < j <k let 0 < pi,po <1 andlet’H = Hk(n,pl,pg).
Then there exists a constant ¢ = ¢(k,j) > 0 such that

clogn

(a) if p1p2 > m and min{py,pa} > &3, then whp H j-percolates;

A

(b) if p1p2 < m, then whp H does not j-percolate.

In other words, the threshold pj, = pjp(n,k,j) for j-jigsaw percolation on

H*(n,p1,p2) in terms of the product p = pips is of order

) 1
Pip = © <n2k—2j—110gn>

Somewhat surprisingly, the result in the subcritical regime (Theorem 5.2(b))
does not seem to be easy to prove. The corresponding subcritical case for graphs
(i.e. k =2 and j = 1) was almost trivial, but the general case requires significantly
more involved analysis.

On the other hand, the supercritical case (Theorem 5.2(a)) becomes much easier
since we prove a neat reduction to the graph case.

The methods that we apply in this chapter can also be used, with minimal
additional work, to prove some generalisations of and related results to Theorem 5.2.

We give these results, and outlines of the proofs, in Section 5.4.

5.2. SUBCRITICAL REGIME

Let 1 < j < k be integers. As a first step we develop some necessary conditions
for any double k-graph H with vertex set V to j-percolate. Then, in the second
step, we show that if H is distributed as H*(n,p1,p2) then whp it fails to satisfy

the weakest of these necessary conditions.

5.2.1. Necessary conditions for complete percolation. The initial idea is to
modify the algorithm (given by (I)-(V) in Section 5.1.1) slightly so that for each
cluster it additionally keeps track of two sets of edges, one red and one blue, which
allow us to obtain this cluster by a sequence of merges.

In this spirit we consider triples of the form (Jy, &1, &) where Jy C (‘J/), & C
(V). and & C (}), i.e. embedded into the complete double k-graph (V, (), (Z))
We call the edges in & red and those in & blue; note that edges may be red and
blue at the same time. The size of a triple is given by |Jo|. Furthermore, we call
(Jo, &1, E2) internally spanned if Jy percolates on the double k-graph (V, &1, &s).
Note that these triples play a crucial role for j-jigsaw percolation on double k-graphs

(comparable to internally spanned sets in [37]).
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Claim 5.3. For every positive integer N < (l‘j/‘)/(];), if a k-graph H j-percolates,

then it must contain an internally spanned triple of size £ for some N < { < (];)N

Proof. We shall think of the edges of H arriving one at a time: whenever an edge
arrives, we check whether it can be used to merge some clusters. Note that each
edge e that arrives can be used to merge a cluster C' with some others if e contains
some j-set of C, so with the arrival of an edge at most (’; ) clusters will be merged.
Therefore, when the first cluster of size at least N forms, it was created by merging
at most (l;) clusters each of size at most NV — 1, and therefore has size at most

(5. 0

J
Constructing all internally spanned triples of a given size does not seem easy,

so instead of doing this, we consider a relaxation of internally spanned triples. To
do so we first define a strengthened notion of j-connectedness on k-graphs. Let
(V, E) be a k-graph and let J C (‘;) be a collection of j-sets. We say that a subset
J* C J is J-traversable (on (V, E)) if for every two distinct j-sets J,J' € J*,
J' # J, there is a sequence of edges e1, ..., e, € E such that

e JCerand J Cepy;

e forall 1 <i<m —1some j-set J; € J is contained in e; Ne;y1.
In other words, we may walk from J to .J’ using edges such that the intersection of
two consecutive edges contains at least one j-set from 7. Furthermore any singleton
{J} C J is J-traversable. To shorten notation, a collection J is called traversable
if it is J-traversable. Note that (‘j/)—traversable collections of j-sets are precisely
j-connected collections. Now we say that a triple (Jy, £1, &) is traversable if Jy is
traversable in both the red and blue k-graphs, (V,&;) and (V, &) respectively.

Fact 5.4. Every internally spanned triple (of size { < (l‘;l)) is traversable and

contains an edge-minimal traversable triple (with at most £—1 edges of each colour).

Let us denote the set of all edge-minimal traversable triples (within the com-
plete double k-graph) of size ¢ by 7;. To give a bound on this set, we partition it
according to the number of red and blue edges: for all integers 0 < 7,0 </ —1 we
define

Torp i ={(J0,&1,&) € Te | |&1]| =1 N |E] =b}.
Next, in order to extract further structural information from these triples, we fix
an arbitrary pair o = (0, 0%) of total orders. Here o; is an order on (‘J/) and oy,
on (‘2) Clearly, o induces a total order on each of the sets Jp, &1 and &;.

Given a triple T' = (Jo, &1, &2) € T rp we explore Jp in a breadth-first search
using only red edges and colouring j-sets white once they have been discovered.
More precisely, we study the following exploration process starting from the minimal
element J1) of Jy with respect to o. Initially we colour J(;y white and make it
active. Then in each step there is an active j-set, say J, and we consider all edges
of & containing J which have not been considered previously. For each of these

edges in turn (according to o), we consider all the j-sets of Jp that it contains and
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colour them white, if they are not yet coloured white, in the order given by o. We
have then finished exploring J and move on to the next j-set which was coloured
white in this process. Since Jp is traversable in (V,&;), this induces a new total
order on Jy that we call the BFS-order of T (with respect to o) and denote by
To = To(T) := (Jay, - .-, Jqz)))- (Note that 7, will in general be different from the
order induced by o on Jp.)

Additionally, we introduce marks on the j-sets of Jy. As we shall see, marking
a j-set in the blue process is similar to colouring it white in the red process. Initially
J(1) is marked and all other j-sets are unmarked. We then go through Jy according
to 75. In the i-th step, i.e. when J(;) is active, we reveal all blue edges that contain
J(iy and none of {J(;41), ..., J(7,)} one by one according to 0. Whenever we reveal
a blue edge in this way we mark all the still unmarked j-sets in J; that it contains.

The reason for colouring and marking the j-sets in 7y is that it allows us to
additionally keep track of two sets of parameters, r; , and b; ., for 1 < i < |Jp|
and 0 < z < (];) We say that a red (respectively blue) edge performs z-duty
if we colour (respectively mark) precisely z j-sets when it is revealed. Then 7; ,
denotes the number of red z-duty edges that were revealed while J(;) was active.
Similarly b; . denotes the number of blue z-duty edges that were revealed when
Jiy was coloured white. We store this information in matrices R := (r;.);. and
B := (b; ;)i and call the pair 7,(T) := (R, B) the blueprint of T with respect to
the pair of orders o.

For our upcoming arguments we introduce some notation for such matrices.
Given a positive integer a and an a x ((’;) + 1) matrix M = (m; .);, with non-

negative integer entries, we define
a (5)
Z Z zm;, and g(M Z my -

1=1 z=0 1=1 z=0

Furthermore, for a non-negative integer m, we define

k +1)

M m = {MeZiE((j) f(M):a—l/\g(M):m}.

(We shall only ever use these definitions with a = ¢ and m either b or r.)

The intuition behind these definitions is the following: f allows us to recon-
struct the total number of white (respectively marked) j-sets (apart from Jiy))
from the blueprint of a triple while g provides the number of red (respectively blue)

edges. More formally this is stated in the following lemma.

Lemma 5.5. Let £ > r;b > 0 be integers and o be a pair of total orders on (‘]/)
and (‘Ig) For any T = (Jo,&1,&2) € Terp, the blueprint m,(T) = (R, B) satisfies
o f(R)=f(B)=|hl-1=(-1;
* g(R) = |&] =r;
e g(B) = &[] =b.
In other words 7y (Terp) C Mey X Moy,
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Proof. Let T = (Jo, &1, E2) and recall that Jy contains precisely £ — 1 j-sets exclud-
ing J(1) (which is already initially both white and marked) and is traversable in both
the red and blue k-graphs (V, &) and (V, &) respectively. Therefore, each j-set in
Jo \ {J)} coloured white by at least one red edge and likewise receives a mark
from at least one blue edge. On the other hand, no j-set is coloured/marked more
than once. Since f(R) counts the number of j-sets coloured white by red edges and
f(B) counts the number of marks given by blue edges, the first statement follows.

On the other hand, recall that T' contains r red edges and b blue edges. Since
T is edge-minimal, any edge, either red or blue, was revealed in the process and
thus was counted in precisely one of the r; . and one of the b; .. Thus the second
and third statements follow. O

Next we give a (crude) upper bound on the number of such matrices.

Claim 5.6. Let a >m > 0 be integers. If Mgy m # 0, then

m> (’;)1@— 1).

Furthermore, there is a constant C' > 0 (independent of a,m) such that
[Mam| < (C)*7H

Note that for minimal traversable triples, certainly the number of j-sets is larger
than the number of edges, since we start from one j-set and each edge should give

rise to at least one new j-set, and so the condition a > m is fulfilled in these cases.

Proof. For the first statement let M be any matrix in M, ,,. Then

1500 -3 S = () 555w (o

i=1 z=0 i=1 z=0 J
For the second statement, first note that all entries of a matrix in M, o must be
zero, hence |M, ol < 1. Therefore let us assume m > 0. Choosing an arbitrary
a X ((lj) + 1) matrix M with non-negative integer entries satisfying h(M) = m
can be seen as having a set of m elements and partitioning it into a ((l;) + 1) <

2
2m(’;) potentially empty partition classes. Thus, (using the fact that there are

(1) =

guishable classes) we certainly obtain the upper bound

2 B 3 k,2 m o\ a—1
(M| < (2(9') mﬂjm 1) < e(anm < (9(?) ) . 0

Recall that, given ¢, r and b, we wanted to provide an upper bound on |7 |-

) ways of partitioning s indistinguishable elements into ¢ distin-

We do this by constructing a superset of 7y,p. To this end we first choose a
blueprint (R, B) € Mg, x My and then construct all possible triples (Jp, &1, E2)
(within the complete double k-graph) such that its collection of white j-sets Jo
is traversable in the red k-graph (V,&;). We use the following procedure that
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terminates after ¢ steps, or if at any point we do not have a valid choice; in the
latter case, the current instance of the procedure is discarded. The input is a
blueprint (R, B); for 0 < ¢ < ¢, we keep track of an integer v;, a sequentially
ordered collection Jo(4) := (Jq1y, .. -, J(,)) of white j-sets (embedded into V') and
two collections, & (7) and &£3(i), of red and blue edges respectively (embedded into
V). Furthermore, we keep track of marks on the white j-sets in every step. For any
instance that does not get discarded, the output is the triple (Jy(¢), £1(£), E2(¥)).
Initially we colour an arbitrary j-set J(;) white and mark it. No edges are

coloured yet. At time 1 < i < ¢, we consider the i-th white j-set J(4) (if it does
not exist, the instance is discarded immediately). For each 1 < z < (’;) we colour
ri . distinct edges containing J(;) red one by one and for each of them we perform
z-duty, i.e. colour precisely z of the non-white j-sets it contains white, one by one.
Whenever a j-set J(l-) is coloured white, for every 0 < z < (];) we colour b; , distinct
edges blue one by one such that each edge satisfies the following three conditions:

e it contains J(;) and some white j-set J(;«) with ¢* <

e it does not contain any (already) white j-set .J(;y with i’ > i;2

e it is a z-duty edge, i.e. it contains precisely z (still) unmarked j-sets from

(J(0),--+»Jy) (this may include Ji;y or not); these are now marked.

Now let Oy, denote the set of all outputs of instances of this procedure that

did not get discarded, i.e. every one of our choices in the procedure was valid.

Lemma 5.7. For all integers £ > r,b > 0 we have Tyrp C Qorp; furthermore,
there is a constant C' > 0 independent of £,r,b such that
[Qeral S IVPC (V1) (v F71)".

Proof. The first assertion is simple. Fix a pair o of total orders on (‘]/) and (Z)
Now consider a triple 7" € Ty, and note that by Lemma 5.5 its blueprint satisfies
7o(T) = (R, B) for some (R,B) € My, x Myp. Knowing T, o, and therefore
also 7,(7T), it is straightforward to provide an instance of the above procedure with
input (R, B) and output T that does not get discarded.

For the upper bound on the total number of outputs let us first fix any particular
blueprint (R, B) € My, x My For the red edges, as far as an upper bound is
concerned, in each step and for each z we may choose 7; , elements from a set of
at most |V|¥~J with replacement and then there are at most (I;)z ways to choose
the white j-sets within any red edge. (Of course these bounds are quite crude in
general, but sufficient for our result.) Since we have at most |V|/ choices for the

initial white j-set we have at most
: B\ e\ RN R RN
weIL((5) i) = () vy = we () v
iz J J J
2Note that we could insist that an edge contains no j-sets with J;/y at all with i’ > i, as is indeed

the case for traversable triples. However, substituting this weaker condition is valid since we seek
an upper bound on the number of structures, and will be sufficient for our purposes.
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instances which can be distinguished by their combined white and red structure.
Now consider the number of ways of choosing a blue z-duty edge together with
the z j-sets to be marked. A blue edge contains at least j + 1 already embedded
vertices, for instance those in J(;) U J(;=), and there are at most ¢ choices for J;-).
Thus we have at most £|V|*~7~! choices for this edge. Once it is fixed, there are
at most (’;)z choices for which j-sets should be marked. Therefore the number of

choices for the blue edges and marks is at most

(%) "y - (’;)ﬂB)<E|V|k—f—1>g<B> - (j)“?amk—f—l)b,

1,2
Finally, we have already counted the number of matrices R € M,, and B €
M,y in Claim 5.6: there is a constant C’ > 0 such that we have |[M,,.| < (C")¢1
and |[Myp| < (C")*~1. Combining this with the previous calculations provides the

2
desired upper bound with C' = (C’ (];)) O

5.2.2. No percolation. We now prove Theorem 5.2(b) stating that in the sub-
critical regime the binomial random double k-graph H*(n,p;,p2) whp does not
j-percolate, because it does not contain an edge-minimal traversable triple of size

roughly logn.

Proof of Theorem 5.2(b). Let ¢ > 0 be a sufficiently large constant and suppose
1

p=npip2 = m.
As mentioned earlier, it is a necessary condition for j-percolation of H*(n,py,p2)
that both its red and blue k-graphs are j-connected. Therefore, by (5.1), we may
without loss of generality assume
j(k —j)'logn 2
— < < -
2nk—i =PLp2= j(k — j)lenk—i—1(logn)?’

where the upper bound follows directly from the lower bound and the assumption

on the product p. We will prove that H distributed as H*(n,p1,p2) does not
j-percolate by showing that there is a bottleneck in the process.

By Claim 5.3 and Fact 5.4 we have the upper bound

P (H j-percolates) < Z Z P(T C H),
£,rb TE€ETorp
where (a priori) the first sum ranges over all integers ¢, r and b satisfying logn <
l < (I;) logn and 0 < r;b < £ — 1. Furthermore, Lemma 5.5 and Claim 5.6 imply
that (l;)_l(ﬁ —1) < r,b whenever Ty, # 0.
It will be convenient to split the summation into two parts, depending on
whether the edge-minimal traversable triple T' = (Jy, €1, E2) contains more red or

blue edges. So let us first consider the term

q= Y Y PTcCH).

r<b<l TETyrp
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Since any triple 7" € 7T; 5 contains precisely r red edges and b blue edges,
the probability that it is contained in H is pjp$ and in particular this probability
depends only on the parameters r and b. Furthermore note that by Lemma 5.7 we

have

| Terol < 03 CE1 (nF9)" (enk=31)"

for some positive constant C' > 0 and thus
S BT CH)<wC () (kI )
TETo,rb

< niot—1 <£n2k—2j—1p)r’ (5.2)

since r < b and m*771p, = o(1). Now recall that (n?~2-1p < (]j)/c <1
for ¢ sufficiently large, and thus the term is maximal when 7 is minimal, i.e. r =

(l;)_l(ﬁ —1). This provides the upper bound

oy oz n—1)/(%)

ne (DY 6§<(§>10gn>3nj GV .

r<b<t ¢ ¢
for any sufficiently large constant ¢ dependent on &k and j.
To complete the proof consider
quzz Z P(T CH).
b<r<f T€Te,rp

Swapping the roles of red and blue we can use precisely the same argument to show

that g2 = o(1) (using p} :=po, ph :=p1, ¢ := £, v :=band V' :=r). Thus
P (H j-percolates) < g1 + g2 = o(1),

in other words the binomial random double k-graph H*(n,p1,p2) whp does not
j-percolate. O

5.3. SUPERCRITICAL REGIME

As we shall see, the supercritical regime is easier to prove, since we simply
reduce to the graph case k = 2 and j = 1. In the first step we provide the reduction
for any k > 3 but j = 1. We then show how to obtain the result for arbitrary pairs
(k,j) from the setting with (k — 1,7 — 1) as long as j > 2.

Proof of Theorem 5.2(a). Given integers 1 < j < k, we define a statement S(k, j)
as follows.
S(k, j): There exists a constant ¢ = ¢(k, j) > 0 such that for any

functions p1 = p;(n) and ps = pa(n) satisfying SRE2 < py,py <

1 and pips > for sufficiently large n, the double

2 m
k-graph H*(n,p1,p2) j-percolates whp.

Let us observe that showing that S(k, j) holds for all pairs of integers 1 < j < k

proves Theorem 5.2 (ii). We proceed inductively, with the base case being the result

on graphs, proved in Theorem 5.1 (i).
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Remark 5.8. S(2,1) holds.
We split the induction step into two parts.
Claim 5.9. Let k > 3, then S(2,1) implies S(k,1).

Proof. Let k > 3 be an integer. Assume S(2,1) holds and let ¢ = ¢(2,1). Set
c = c(k,1) := 3(2k)*¢/. By monotonicity, in order to show S(k,1) it suffices to
prove that H distributed as H*(n, p1, p2) 1-percolates for probabilities p; = p;(n)
and py = pa(n) satisfying
c
p:PWQ:ﬁﬁgigg

and

clogn < < 1
nk_l > P1,P2 > nk_2(logn)2’

where the upper bound is an immediate consequence of the lower bound and the
first condition.

We use the following construction to reduce to the graph case. Split the vertex
set [n] into two disjoint sets, say @ := [n/2] and Q* := [n] \ [n/2]. Let H’' be the
double graph on Q whose edges are any pair in () contained in an edge of H whose
remaining k — 2 vertices are all in Q*. Note that if H' 1-percolates then all vertices
of @ must lie in a single cluster C of the final partition C, of the 1-jigsaw percolation
process in H. Notice that H' is distributed as H2(n’,p},ph) with n’ := n/2 and
the edge probabilities p; = p1(n') and ps = pa(n’) satisfy

n/ mk—2
pii=1—(1-p)5) > 1 — exp (—pi(n/(2k — 4)*?) > pg‘k)k (5.3)
for i € {1,2} and sufficiently large n, since p; = o(n~(*=2)). In particular we have
2k—4 /
VS p1pan > c
Paby = (2k)2k  — n’logn/
and also
, _ pinf=2 _ clogn _ clogn’
pi Z - - 9
(2k)F (2k)kn n'’

for ¢ € {1,2}. Thus, by the choice of ¢/, H' does indeed 1-percolate whp.
Similarly, reversing the roles of @ and @Q*, i.e. considering only edges with
precisely 2 vertices from Q*, we deduce that whp there is a cluster C* € Cy such
that @* C C*. Even though these two events may not be independent (at least for
k = 4) applying a union bound guarantees that they happen simultaneously whp.
Furthermore, there are at least two edges, one red and one blue, present in H'.
The edges of H which gave rise to these (which may not be uniquely determined)
each contain at least one vertex from @ and Q* (since k > 3). Thus the clusters C
and C* must coincide and contain all vertices, i.e. C = C* = [n]. In other words, H

1-percolates whp. O

Claim 5.10. Let k > j > 2, then S(k — 1,5 — 1) implies S(k, 7).
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Proof. Fixintegers k > j > 2. Assume S(k—1,j—1) holds and let ¢/ = ¢(k—1,5—1).
Set ¢ := max{5¢/, (2k)*}. Again, by monotonicity, in order to show S(k, 7) it suffices
to prove that H distributed as H*(n, p1, p2) j-percolates for probabilities p; = p;(n)
and ps = pa(n) satisfying

B B c q < clogn
P*MPQ*m al b1,p2 Z k=7
We expose the edges of H in two rounds, i.e. for i = 1,2 we set p} := 1 —

V1 —p; > pi/2. Note that p; = 2p; — (p;)2 and thus we obtain H as the union of
two independent copies H, and Hg of H¥(n,p},ps). (In particular we obtain the
final partition of j-jigsaw percolation on H by running j-jigsaw percolation on H,,
and using its final partition, denoted by Co[Hy], as the initial partition for j-jigsaw
percolation on Hg.)

In the following we will consider certain link double (k — 1)-graphs associated
to H,. They are constructed as follows. Given a vertex v € [n] we first delete from
H, all edges (k-sets) that do not contain the vertex v. Then we delete v from the
vertex set and replace every remaining edge e with the (k — 1)-set e\ v. We denote
by H, , the resulting random double (k — 1)-graph on the vertex set [n] \ {v}, and
call it the link double (k — 1)-graph of v.

Now note that there is a natural bijection mapping the set of (j — 1)-sets
(respectively (k—1)-sets) in H,, , to the set of j-sets (respectively k-sets) containing
v in H,. Therefore any cluster in the final partition of (j — 1)-jigsaw percolation on
H, . corresponds to a collection of j-sets (once we have added v to each) which must
be contained in a cluster of Co[H,]. Therefore, whenever H, , (j — 1)-percolates,
there is a unique cluster in Co[H,] which contains all j-sets which include v, and
thus we call it the corresponding cluster to v. We call a vertex v good if H, ,
(j — 1)-percolates; vertices that are not good are called ezceptional. This notion is
motivated by the following observation. The corresponding clusters of any two good
vertices u and u’ overlap in all j-sets containing both u and v/, thus indeed they
must coincide (since j > 2). In other words, the final partition Co[H,] contains a
cluster C which includes every j-set with at least one good vertex.

Hence it remains to study j-sets containing only exceptional vertices. For this
we observe that H, , is distributed as H*~*(n’, p}, pb), where n’ :== n — 1 and the
probabilities pj = p/(n') and p,, = ph(n') satisty

/

;o & C
PPy 2 4n2F—2—11ogn z (n)2E-10—-2G-D~T1og(n/)’

, _ clogn ' log(n')
PiZ 9pk=i = ()=D-G-1)

for i € {1, 2} and sufficiently large n. Consequently, by the choice of ¢/, Hy ., (j—1)-

percolates whp and therefore the expected number of exceptional vertices is o(n),
say n/&, for some function & — co. Thus whp there are at most n/+/€ exceptional

vertices, by Markov’s inequality.
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Now we run j-jigsaw percolation on Hg with initial partition Co[Hg] := Coo[Ha]
and show that whp C1[Hg| = Coo[Hg| = [n], i.e. there is percolation in a single step.
For this it is sufficient to show that whp for every j-set J = {u(1),...,u(;)} contain-
ing only exceptional vertices there are edges e; (red) and ey (blue) in Hg each con-
taining J and a good vertex v; and v respectively, since J' := {u1),...,ug_1),v;}
satisfies J' € Coo[Hy] and J' C e;. For any ¢ € {1,2} and any such j-set J, the

probability that no edge e; exists is at most
(1= p)) VG < exp (i (2h)* )
< exp (—(2k)’Felogn) < =R’ = o (n77),

for sufficiently large n and by the choice of c. Hence we may take the union bound
over i € {1,2} and all (such) j-sets. Therefore H¥(n,p;,p2) j-percolates whp,
completing the proof. O

Proposition 5.8 and Claims 5.9 and 5.10 imply that S(k, j) holds for all pairs
of integers 1 < j < k and this proves Theorem 5.2(a). O

5.4. RELATED MODELS

With some small alterations these methods can also be applied for other models,

for instance line graphs or in a setting with any fixed number of colours.

5.4.1. Line graphs. We consider the following random double graph L(n,p1,p2)
that has a vertex for every pair of elements from the set [n], i.e. V = ([g}), and
any two vertices that intersect form a red/blue edge with probabilities p; and po,
respectively, independently of each other and of all pairs of vertices; disjoint vertices
cannot form an edge. Note that (graph-)jigsaw percolation on this model is closely
related to 2-jigsaw percolation on H3(n,p1, p2). Following the lines of our proof for

j =2 and k = 3 we obtain the following result.

Theorem 5.11. Let 0 < p1,p2 < 1 and let L = L(n,p1,p2). Then there is a

constant ¢ > 0 such that

(a) if p1p2 < ==, then whp L does not j-percolate;

cnlogn’?

(b) if pip2 > <%~ and min{py,pa} > 010%, then whp L j-percolates.

nlogn

In other words, the threshold pip o = Pjp,c(n) for jigsaw percolation on the

random double graph L(n,p1,p2) in terms of the product p = pips is of the order

1
pin = O .
Pip.£ <n10gn>

In fact, the proof for the subcritical regime will be simplified since there cannot

be any edges doing multiple duty (neither in red nor in blue). For the supercritical
regime one reduction step is enough, since the link graph of a vertex in the line
graph is a binomial random double graph and thus the result from [37] applies.
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5.4.2. Multiple colours. Returning to the original motivation of jigsaw percola-
tion, one might ask whether the social network is able to collectively solve multiple
puzzles simultaneously. In this spirit we define a binomial random s-fold k-graph
H*(n,p1,...,ps) in which the vertex set is [n] and any k-set forms an i-edge with
probability p; independently for all 1 <4 < s and all other k-sets.

Now in the process of j-jigsaw percolation clusters merge if for each colour
there is at least one edge connecting them. Hence, based on the same intuition,
we analyse internally spanned (s + 1)-tuples (the s-coloured analogue of internally
spanned triples) and observe that the sequence of white j-sets is already determined
by the set of edges of the first colour, say red. Now any further colour essentially
behaves like blue and in particular independently of the other colours, given the
sequence of white j-sets. With this intuition we obtain the following generalisation
of Theorem 5.2.

Theorem 5.12. For integers 1 < j < k and s > 2 let 0 < p1,...,ps <1 and let
Hs = H(n,p1,...,ps). Then there is a constant ¢ = c(s, k,j) > 0 such that

(a) if TTi_, pi < cns(’“_j_l)"l'l(logn)s_l , then whp H, does not j-percolate;

(b) Zf Hf:lpi > ns(k—j—l)+c1(logn)s—l and min{leu»ps} > Cnlgégl; then U)hp Hs

j-percolates.

In other words, the threshold pjp s = Pip,s(n, k, j) for j-jigsaw percolation on

the s-fold k-graph H*(n,p1,...,ps) in terms of p = [[;_, p; is of order

s 0 1
Pives = O ==+ (logmy1 )

Proof outline. It turns out that there is a minor technical obstacle when de-
termining the upper bound on the probabilities p; for all i € [s] from some necessary
conditions for j-percolation of an s-fold k-graph. As before the k-graph of (any)

colour i € [s] has to be j-connected, i.e. by (5.1) we may assume

logn
pi =S (nkj) )

However, this alone will not yield useful upper bounds. Instead we observe that

additionally, for any proper subset I C {1,...,s} of size at least two, it is necessary
that the |I|-fold k-graph H¥(n, (p:)icr) j-percolates. Therefore, Theorem 5.12 is
proved by induction over s with Theorem 5.2 providing the base case. Hence
assume [];c(q.;2; P = QPjp,s—1) for all i € [s]. Additionally, by monotonicity, we
may also assume [] el P = ©(Pjp,s) and thus obtain the following upper bounds
on the probabilities p;:

pi= P _ g ( Dip.s ) ~0 (1 ) . (5.4)

I ers2iPi Dip,s—1 nk=i=llogn

Even though this upper bound is slightly weaker than in the two-colour case (where
we had another factor of 1/logn at our disposal) it turns out to be sufficient for

adapting our proof.
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More precisely, the bound in (5.4) is used in the following two arguments:

e In the subcritical regime, in order to derive (5.2), and there we only need
that (n*=7=1p, < 1forall ¢ < (I;) logn and all colours ¢ € [s]. This holds if
the constant ¢(s, k, j) is chosen sufficiently large compared to ¢(s—1, &, 7).

e In the supercritical regime, for the last estimate in (5.2), but the argument
doesn’t change at all since having a single (1/log)-factor is already enough

here.

Apart from these occurrences the upper bound is only used to reprove the statement
(in the supercritical regime) for graphs [37] in the setting of multiple colours. There
the upper bound allowed us to use several asymptotic approximations, which may
not be useful any more if we only have the weaker bound. However, these technical

issues can be dealt with and the details can be found in [67].

5.5. CONCLUDING REMARKS

Theorem 5.2 holds for a large enough constant ¢, which we made no attempt to
optimise (nor was any such attempt made for graphs in [37]). It would be interesting
to know the exact threshold, and in particular whether it is sharp, i.e. the upper
and lower thresholds are asymptotically the same.

Note also that in the supercritical regime there was an extra condition on
min{p;,p2} which contained a factor of ¢. However, there is no intrinsic reason
why this ¢ should be the same as the ¢ in the product. Indeed, the reason for this
condition is to ensure that each hypergraph is j-connected whp, but as mentioned
in the introduction, the asymptotic threshold for this was determined in [3] to be

j(k—5)!logn

—F=—— It is therefore natural to conjecture that this condition can be replaced

c'logn

by min{p, p2} > <27 for any constant ¢’ such that j(k—j)! < ¢’. In fact, even if,
_ j(k—j)!logn
say p1 = T 57

the red k-graph is j-connected. It is then natural to conjecture that, conditioned

, there is a certain probability, bounded away from 0 and 1, that

on it being j-connected (note that whp the blue k-graph will also be j-connected),
whp the double k-graph H*(n, p1,p2) j-percolates.



CHAPTER 6

Bootstrap percolation on geometric

inhomogeneous random graphs

6.1. INTRODUCTION AND MAIN RESULTS

One of the most challenging and intriguing questions about large real-world net-
works is how activity spreads through the network. ‘Activity’ in this context can
mean many things, including infections in a population network, opinions and ru-
mours in social networks, viruses in computer networks, action potentials in neural
networks, and many more. While all these networks seem very different, in the
last two decades there was growing evidence that most of them share fundamental
properties [14, 54]. The most famous property is that the networks are scale-free,
i.e. the degrees follow a power-law distribution P(deg(v) > d) ~ d'~#, typically for
some 2 < 8 < 3. Other properties include a large connected component which is
a small world (poly-logarithmic diameter) and an ultra-small world (constant or
poly-loglog average distance), that the networks have small separators and a large
clustering coefficient. We refer the reader to [41] for more detailed discussions.

Classical models for random graphs fail to have these common properties. For
example, Erdés-Rényi graphs or Watts-Strogatz graphs do not have power-law de-
grees, while Chung-Lu graphs and preferential attachment (PA) graphs fail to have
large clustering coefficients or small separators. The latter properties typically
arise in real-world networks from an underlying geometry, either spatial or more
abstract, e.g., two nodes in a social networks might be considered ‘close’ if they
share similar professions or hobbies. It is well-known that in real-world networks
the spread of activity (of the flu, of viral marketing, ...) is crucially governed by
the underlying spatial or abstract geometry [83]. For this reason, the explanatory
power of classical models is limited in this context.

In recent years models were developed in order to overcome the previously men-
tioned limitations, most notably hyperbolic random graphs (HypRGs) [22, 28, 29,
93] and in more general! geometric inhomogeneous random graphs (GIRGs) [41],2
and spatial preferential attachment (SPA) models [12, 52, 72]. Apart from the
power-law exponent 3, these models come with a parameter o > 1, which models
how strongly the edges are predicted by their distance. There are very few theor-

etical results on impact of the geometry on the spread of activity in such networks.

1t is non-obvious that GIRGs are a generalisation of HypRGs, see Theorem 6.3 in [41].
20ther than in [41] we do not condition on the number of vertices to be exactly n, which leads to
slightly less technical proofs.

119
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In this chapter we make a first step by analysing a specific process, bootstrap
percolation [47], on the recent and very general GIRG model. In this process, an
initial set of infected (or active) vertices (the bootstrap) iteratively recruits all ver-
tices which have at least k infected neighbours, where k > 2 is a parameter. It
was originally developed to model various physical phenomena (see [11] for a short
review), but has by now also become an established model for the spreading of
activity in networks, for example for the spreading of beliefs [55, 64, 97, 101], beha-
viour [62, 63], or viral marketing [78] in social networks (see also [46]), of contagion
in economic networks [17], of failures in physical networks of infrastructure [108] or
computer architecture [60, 80], of action potentials in neuronal networks (e.g. [16,
50, 56, 57, 92, 100, 105, 106], see also [81] for a review), and of infections in popu-
lations [55].

6.1.1. Our contribution. We investigate bootstrap percolation on GIRGs with
an expected number of n vertices. We fix a ball B in the underlying geometric
space, and we form the bootstrap by infecting each vertex in B independently with
probability p. In this way, we model that an infection (a rumour, an opinion, ...)
often starts in some local region, and from there spreads to larger parts of the
network.

In Theorem 6.1 we determine a threshold p such that in the supercritical case
p = w(p) with high probability® (whp for short) a linear fraction of the graph is
infected eventually, and in the subcritical case p = o(p) infection ceases immediately.
In the critical case p = O(p) both options occur with non-vanishing probability:
if there are enough (at least k) ‘local hubs’ in the starting region, i.e. vertices
of relatively large expected degree, then they become infected and facilitate the
process. Without such local hubs the initial infection is not dense enough, and
comes to a halt.

For the supercritical case, we show that it only takes O(loglogn) rounds until a
constant fraction of all vertices is infected, and we determine the number of rounds
until this happens up to a factor 1 & o(1) in Theorem 6.2. For the matching lower
bound in this result, we need the technical condition o > § — 1, i.e. edge-formation
may not depend too weakly on the geometry. Notably, if the starting region B is
sufficiently small then the number of rounds agrees (up to minor terms) with the
average distance in the network. In particular, it does not depend on the infection
rate p, as long as p is supercritical.

Finally we demonstrate that the way the infection spreads is strongly governed
by the geometry of the process, again under the assumption o > § — 1. Starting
from B, the infection is carried most quickly by local hubs. Once the local hubs in
a region are infected, they pass on their infection (a) to other hubs that are even
further away, and (b) locally to nodes of increasingly lower degree, until a constant

fraction of all vertices the region is infected.

3Meaning with probability tending to 1 as n — oo.
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Indeed, given a vertex v (i.e. given its expected degree and its distance from
B), and assuming that v is not too close to B, we can predict whp in which round
it will become infected (Theorem 6.4), again up to a factor 1 + o(1).

In real applications such knowledge is invaluable: for example, assume that a
policy-maker only knows initial time and place of the infection, i.e. she knows the
region B and the current round i. In particular, she does not know p, she does
not know the graph, and she has no detailed knowledge about who is infected.
Then we show that she is able to identify a region B’ in which the infection can be
quarantined. In other words, by removing (from round ¢ onwards) all edges crossing
the boundary of B’ whp the infection remains contained in B’.

The number of edges to be deleted is relatively small (Theorem 6.7): it can be
much smaller than n (in fact, any function f(n) = w(1) can be an upper bound, if
i and Vol(B) are sufficiently small), and it is even much smaller than the number

of edges inside of B’ as was already noted in [41].

6.1.2. Related work. The GIRG model was introduced in [41], and we rely on
many results from this paper. The average distance of a GIRG (which, as we show,
agrees with the time until the bootstrap percolation process has infected a constant
portion of all vertices) was determined in [40] in a much more general setup.

Bootstrap percolation has been intensively studied theoretically and experi-
mentally on a multitude of networks, including trees [21, 47], lattices [13, 20],
Erdé&s-Rényi graphs [75], various geometric graphs [39, 61, 88, 105], and scale-free
networks [18, 24, 53, 78]. On geometric scale-free networks there are some experi-
mental results [45], but little is known theoretically.

Recently, Candellero and Fountoulakis [44] determined the threshold for boot-
strap percolation on HypRGs (in the threshold case a = oo, cf. below). However,
they assumed that the initial infection takes place globally, i.e. whether any vertex
is infected initially is independent of its position, and not locally as in our set-
ting, where no vertex outside of a certain geometric region is infected initially. We
emphasise that this idea does not apply for non-geometric random graph models.
Using a localised initial infection has two major consequences.

Firstly, in the global setting, the (expected) number of initially infected vertices
needs to be polynomial in n in order for the infection to start spreading significantly;
while in our setting every ball containing an expected number of w(1) vertices can
initiate a large infection whp.

Secondly, using our knowledge about how the process evolves in time with
respect to the geometry, we show that the infection time of any vertex is mainly
governed by its geometric position and its weight. By contrast, using a global initial
infection the infection times only depend on the expected degrees. Note that we do
not encode these expected degrees as geometric information (in contrast to [44]),
but rather in the weights.

While there is plenty of experimental literature and also some mean-field heur-

istics on other activity spreading processes on geometric scale-free networks (e.g. [66,
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71, 98, 107, 109, 110]), rigorous mathematical treatments are non-existent with the
notable exception of [76], where rumour spreading is analysed in an SPA model

with a push and a push&pull protocol.

6.1.3. Model and notation. In this section we first define the random graph
model that we will discuss in this chapter. Afterwards we formally introduce boot-
strap percolation. In the last part of this section we then collect all notation used
in the chapter for global reference.

6.1.3.1. Geometric inhomogeneous random graphs. A GIRG is a graph G =
(V, E) where both the vertex set V' and the edge set FE are random. Each vertex v
is represented by a pair (z,,w,) consisting of a position x, (in some ground space)
and a weight w, € Ryg.

Ground space and positions. We fix a (constant) dimension d > 1 and consider
the d-dimensional torus T¢ = R?/Z¢ as the ground space. We usually think of it as
the d-dimensional cube [0, 1]¢ where opposite boundaries are identified and measure
distances by the co-norm on T?, i.e. for z,y € [0,1]¢ we define

lz -yl = fgiagxdminﬂmi —yil, 1 — |z — yil}.

The set of vertices and their positions are given by a homogeneous Poisson point
process on T? with intensity n € N. More formally, for any (Lebesgue-)measurable
set B C T?, let VN B denote (with slight abuse of notation) the set of vertices with
positions in B. Then |V'N B| is Poisson distributed with mean nVol(B), i.e. for any

integer m > 0 we have

Vol(B))™ —nVol(B
P (VA B| = m) = B(Po(nVol(B)) = m) = (VolB)) :j)( nVol(B))
and if B and B’ are disjoint measurable subsets of T¢ then |V B| and |V N B’| are

independent. Note in particular that the total number of vertices |V is Poisson

distributed with mean n, i.e. it is also random. An important property of this
process is the following: given a random vertex* v = (z,,w,), if we condition on
T, € B, where B is some measurable subset of [0,1]¢, then the position z, is
uniformly distributed in B.

Weights. For each vertex, we draw independently a weight from some distribu-
tion D on R~ (. We say that the weights follow a weak power-law for some exponent
B € (2,3) if a D-distributed random variable D satisfies the following two condi-
tions: there is a constant wy,in € R such that P (D > wyi,) = 1, and for every

constant v > 0 there are constants 0 < ¢; < c¢g such that
aw' P <P(D > w) < cqu' P (6.1)

for all w > wy;,. If this condition is also satisfied for v = 0, then we say that the

weights follow a strong power-law.

4By abuse of notation, =, and w, may either denote random variables or values.
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Edges. Next we fix an o € R~ U{oo}. Then two distinct vertices u = (x,, wy,)
and v = (x,,w,) form an edge independently of all other pairs with probability
P(Toy, Ty, Wy, Wy ), where the function p satisfies

«
. W, Wy
, =0(1 _ 1 6.2
et w) =00 min{ (22 )l (6:2)
if & < 00. In the threshold model o = co we instead require that p satisfies
. 1/d
Q) if ||y — xy|| < O (Bute
p(xuaxv7wu7'll)v> = . “ ! (wnw )l/d (63)
0 if [z — 20| > Co (%)
for some constants 0 < C; < Cy . Note that for Cy # C5 the edge probability may
be arbitrary in the interval (01 (%)Ud ,Co (M)l/d).

n

6.1.3.2. Bootstrap percolation. Let k > 2 be a constant, let By C T¢ be meas-
urable, and let 0 < p = p(n) < 1. Then bootstrap percolation with threshold k,
starting region By, and initial infection rate p is the following process. For every
integer i > 0 there is a set V<! C V of vertices which are infected (or active) at
time 4. The process starts with a random set V=9 C V which contains each vertex
in VN By independently with probability p, and which contains no other vertices.

Then we define iteratively
ysitl . ysiy {v eV | v has at least k neighbours in VSi}

for all i > 0. Moreover, we set V<> := Uien V=i,
We denote by v = v(n) := nVol(By) the expected number of vertices in By.
Throughout the chapter we will assume that By is a ball centred at 0, without loss

of generality due to symmetry of T¢. Moreover, we will assume that v = w(1).

6.1.3.3. Further notation. We often consider subsets of the vertex sets which
satisfy some restrictions on their weights, positions, or whether they are infected at
a given point of time. We use the following (slightly abusive) notation throughout
the chapter: for a weight w € R+, a measurable set B C T¢, and a time i > 0 we
set

VZSUZ;HB = {u = (zy,wy) EV ‘ Wy > W, Ty € B,u € VSi}.
All three types of restrictions are optional.

Moreover, we use the superscript “(= 4)” to describe vertices which become
infected (precisely) in round i, i.e. V= := VSi\ VSl and V=0 1= V=0 etc.
Furthermore, the index “> w” may be replaced by “< w” or “€ [w,w’)”, with the
obvious meaning.

Additionally, we denote the neighbourhood of a vertex v € V by N(v) :=
{u € V| {u,v} € E} and this notation may be modified by the same three types of
restrictions, i.e.

NZ,(v)NB = N(v) N (VS,NB).

For any two sets of vertices U; and Us, we denote the set of edges between

them by E (U, Us) :={e = {u1,uz} | u1 € Uy, us € Us}.
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For a vertex v € V, we define its infection time as L, := inf {z >0 ‘ v E Vfi}
and L, := oo if the infimum does not exist.

For any A > 0 and any closed ball B C T¢ of radius r > 0 centred at 0 we
denote by AB the closed ball of radius Ar around 0.

Since it occurs frequently in our proofs, we abbreviate ¢ := 1/(8 —2) > 1. For
all 0 <e < (and all 7+ > 0, we set

vy =V and v; = v(e) == V(()<75)i7
To = Dp(e) v= P 1/(B=2)te and v = vile) = ¢+

We define B; = B;(¢) and B; = B;() to be the closed ball centred around 0 of
volume min{v;(g) /n, 1} and min{7;(¢) /n, 1}, respectively. Note that B;(c) C B;(¢')
for all # > 0 and all 0 < €, < ¢. The balls B; and El will play a crucial role in
describing how fast the infection spreads, cf. Theorem 6.20 and Theorem 6.17.

Given any constant n > 0, we define the functions u?@, ﬁ)(ﬁ) :R>9 = R by

i () = 0 () = g O and () = 0 () = O,

As we will see in Lemma 6.15, in a region with an expected number of p = w(1)
vertices, whp the largest weight that occurs in this region is in [W_(u), Wy (@)]-

In general we will be interested in results for large values of n, and in particular
we use the phrase with high probability (whp) to mean with probability tending to
1 as n — oo. Moreover, all unspecified limits and asymptotics will be with respect
to n — oo, and all constants hidden by Landau-notation are positive. For example,
for a function f = f(n) the notation f = O(1) means that there is ng > 0 and an
absolute constant C' > 0 that depends only the constant parameters «, 8, d, Wyin, D,
and k of the model, such that f(n) < C for all n > ng. Similarly, f = w(1) means
lim,, o f(n) = co etc.

Similarly, when our proofs involve parameters €, > 0 then by the notation
O(e),0(n) etc. we implicitly mean that the (positive) hidden constants only depend
on the parameters d, &, 8, Wmin, D, and k of the model, but not on € or . To enhance
readability, in all proofs we stick to the convention that if ¢ and 5 occur together,
then n = n(e) > 0 is chosen so small that Cn < ce for all concrete constants C
and ¢ in our proofs that depend only on the model parameters. In particular, the
expression Q(¢) — O(n) will be positive for all hidden constants that appear in our
proofs.

In the proofs, for the sake of readability, we will not state each time when we
use inequalities that only hold for sufficiently large n. For example, we will use
inequalities like v > 2 without further comment although they are only true for
sufficiently large n.

Throughout the chapter we will ignore all events of probability 0. For example,
we will always assume that V is a finite set, and that all vertices in V' have different
positions. Furthermore, whenever it does not affect the argument, we omit floors

and ceilings.
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6.1.4. Main results. First of all we show that bootstrap percolation on a GIRG
has at threshold with respect to the initial infection rate p. Since hyperbolic random
graphs are a special instance of GIRGs, this contains in particular the result of [44]

on (threshold) hyperbolic random graphs, where the case v = n was studied.

Theorem 6.1. Consider a bootstrap percolation process on a GIRG G = (V, E)
with initial infection rate p = p(n) € [0,1]. We set

1

p=pv,B) = v 7.
If the weights follow a strong power-law, then the following holds.

(i) If p = w(p), then [V=2°| = O(n) whp.
(ii) If p = ©(p), then |V=2°| = O(n) with probability Q(1), but also V= = V=0
with probability Q(1).
(iii) If p = o(p), then V=2 = V=0 ywhp.

If the weights follow a weak power-law, then the following holds.

(iv) If there is a constant § > 0 such that p > p'=%, then |[V<°| = O(n) whp.
(v) If there is a constant 6 > 0 such that p < p*+0, then V= = V=0 whp.

Whenever we refer to the supercritical regime we mean case (i) and (iv). Simil-
arly, (iii) and (v) form the subcritical regime and (ii) is the critical regime. Note in
particular that there is a supercritical regime regardless of how small the expected
number v of vertices in the starting region is, provided that v = w(1). This is in
sharp contrast to non-geometric graphs like Chung-Lu graphs, where the expec-
ted size of the bootstrap must be polynomial in n (if the bootstrap is chosen at
random).

In fact, the proof of Theorem 6.1 will grant a deeper insight into the evolution
of the process, in particular in the supercritical and critical regimes.

We consider the hitting time 7, for the increasing property of a constant fraction
of all vertices are infected, i.e. 7, is a random variables taking values in N U {oo},
and show a doubly logarithmic upper bound on 7, in the supercritical and critical
regimes. Furthermore, we prove that this bound is tight up to minor order terms if

the influence of the underlying geometry on the random graphs is sufficiently strong

(a>p—1).

Theorem 6.2. In the situation of Theorem 6.1, set

loglog, n + loglogn
[log(B—2)]

oo = oo(My v, ) 1=
then for any € > 0 we have

1—o0(1) if (z) or (i) holds,
Q(1) if (it) holds;

P(r, < (14¢€)ic) =

and furthermore, if a < 8 —1 and v = n°D) | then P(1, < (1 — €)is) = o(1).
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Remarkably, the bounds do not depend on the initial infection rate p, as long
as p is supercritical/critical. Moreover, if the expected number v of vertices in
the starting region is sufficiently small (if loglogv = o(loglogn)), then the bound
coincides with the average distance in the graph, again up to minor order terms.

In fact, we can still refine the statement of Theorem 6.2 tremendously, at least
in the case « > g — 1. In the following, we determine for every fixed vertex v its
infection time L,, up to minor order terms (with the restriction that v may not
be too close to the starting region). We will show that it is given by the following

expression (see also Remark 6.6 below).

Definition 6.3. For any x € T?\ By and w € R+ we define

loglog,, (||lz||4n/w . _
maX{OaC%°i§5_m)}, if w> ()",

Az, w) = (6.4)

2log1 4n)—loglog . -
csloselnoslont i < (o).

In the first case we use the convention that the second term is —oo if ||x||%n/w < 1,

and thus does not contribute to the maximum.

Note that in the second case, the sign of log log, w may be either positive or neg-
ative. However, then we have the lower bound A(z,w) > loglog, (||z|%n)/|log(8 —
2)| + O(1) due to the upper bound of w and thus, in particular A(z,w) > 0, since
x € T4\ By.

Theorem 6.4. Assume we are in the situation of Theorem 6.1 and (i) or (iv)
holds. Let v = (z,,w,) be any fized vertex such that x, € T\ By, w, = w(1) and
Ay, wy) < logy([|x]|*n/T0). Then whp

L, <1+ 0(1)A(xy, wy) + O(1).
If additionally o > B — 1 then we also have whp
Ly, > (1 —o(1)A(zy,wy) — O(1).

As in Theorem 6.2, the bounds do not depend on the initial infection rate p,

as long as it is supercritical.

Remark 6.5. The technical restrictions in Theorem 6.4 are necessary: if a vertex
has weight w, = O(1) then the number of neighbours is Poisson distributed with
mean O(w,) (see Lemma 6.12), so v is even isolated with probability Q(1). In
particular, we cannot expected that whp v is ever infected.

The restriction A(z,,w,) < logy(||7,]|%n /Do) ensures that v is not too close to
the starting region. If v is too close, then it may have neighbours inside of By,
and in this case it does depend on p when they are infected. (And of course, this
process iterates.)

The term log,(||z,||%n/T0) is not tight and could be improved at the cost of

more technical proofs. However, there are already rather few vertices that violate
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the condition A(z,,w,) < logy(||z.|%n/T). For example, recall that it only takes
O(loglogn) steps until a constant fraction of all vertices are infected. At this time,

O 5o the expected

we only exclude vertices which satisfy ||z, || < g - (logn)
number of affected vertices is also at most 7 - (logn)°(). Even this is a gross
overestimate, since the vertices close to the origin have much smaller infection

times L,,, and thus only very few of them are affected by the condition.

Remark 6.6. The first case in Definition 6.3 is not needed if we restrict ourselves
to vertices as they typically appear in GIRGs. More precisely, as we will see in
Lemma 6.15, Section 6.2.2, whp all vertices in v = (z,,w,) € VN (T¢\ By) satisfy
wy < (||2y]|?n)Y B=1= where n > 0 is an arbitrary constant. In the border case
(J|2o]|4n) Y B=1) < w, < (||lzy||4n)Y/B=1=1) both expressions in (6.4) agree up to
additive constants, i.e.

_ 2loglog,, (||z.]|%n) — loglog,, w,
- |log(5 — 2)]

Therefore, we could also use (6.5) as definition for A if we would exclude vertices

A(zy, w,y) +0(1). (6.5)

which are unlikely to exist in Theorem 6.4 .

Finally, we provide a strategy how to contain the infection within a certain
region when only the starting set and the current round a known, but not the set
of infected vertices. Note that the number of edges that need to be removed is
substantially smaller than the expected number of vertices v; in the containment

area B;.

Theorem 6.7. Assume that we are in the situation of Theorem 6.1, and that
a > B —1. If the starting region By is known, then by remowving all edges crossing
the boundary of B; before round i + 1, whp the infection is contained in B;. The
expected number of edges crossing the boundary of B; is ﬁ;nax{g*ﬁ’lfl/d}io(l).
Before we proceed with an outline of the proofs, we briefly describe the or-
ganisation of this chapter. In Section 6.2.1 we collect some tools and derive basic
properties of GIRGs. Afterwards, in Section 6.3, we investigate the evolution of
bootstrap percolation on GIRGs in great detail, followed by the proof of The-
orem 6.7. Using this description we then derive Theorem 6.4 in Section 6.4, and
prove Theorems 6.1 and 6.2 simultaneously in Section 6.5. We conclude this chapter

with a brief discussion of open problems in Section 6.6.

6.1.5. Intuition and proof outline. In this section we give an intuitive descrip-
tion of how the process evolves, and at the same time a very rough outline of the
proofs. We warn the reader that some statements in this section are not literally

true, but they are only true if appropriate error margins are taken into account.®

5This applies in particular to the definition of the balls B; the quantities v;, and the weights that
will appear in the course of the argument. The exact statements are rather technical and are
given in Sections 6.3.2 and 6.3.1.
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Initial phase. For the subcritical regime, we distinguish between high-weight
vertices (w, = w(wy), where wy = v/B~1) and low-weight vertices (w, = O(wy)).
By an easy computation, the expected number of low-weight vertices in By that are
infected in round 1 is o(1), so by Markov’s inequality no low-weight vertex becomes
infected whp. On the other hand, whp no high-weight vertex exists in By, and the
expected number of infected vertices outside of By is also o(1) because they are too
far away from infected vertices. In order words, whp no vertex is infected in the
first round, and thus the percolation process stops immediately.

In the critical regime, the calculation is comparable, but if there exist vertices
of weight ©(wy) then these vertices are infected with probability €(1). The number
of vertices of weight ©(wy) is Poisson distributed with mean (1), so it may happen
(each with probability €2(1)) that either no such vertex exists (so percolation process
stops) or that there are at least k such vertices, and that all of them are infected.

Similarly, in the supercritical regime, whp k vertices of weight (slightly less
than) wq are infected. Then these k vertices whp infect all other vertices of similar
weight in at most two more rounds.

Cascade of infection. If all vertices of weight ©(wy) are infected (in either the
critical or supercritical regime), they start a cascade of infection which evolves in
two ‘main directions’: it spreads along the geometry, i.e. to larger regions; and to
vertices of subsequently smaller weights, which is necessary in order to become a
linear-sized outbreak. For this recall that we defined ¢ = 1/(8—2) > 1, and consider
the sequence B; of nested balls of volume v;/n centred at 0, where v; ~ e

Geometric spread. We inductively show the following: if in the i-th round all

vertices of weight w; ~ yil/(ﬂfl)

in B; are infected, then in the next round, whp
the vertices of weight w; in B; infect all vertices of weight w;y1 in B;y1, thus
spreading the infection to new regions. Note that in order to prove this, for vertices
in B;y it suffices to count the number of neighbours of a certain weight in B;,
which is a Poisson distributed random variable. This gives a lower bound on how
fast the infection spreads geometrically. It can not spread faster since whp there
are no edges from B; to T?\ B;, ;. This latter fact already allows us to execute a
quarantine strategy (Theorem 6.7).

Linear-sized outbreak. The crucial observation is the following: if in round j
every vertex of weight w in some region has a large probability to be infected, then
in round j + 1 every vertex of weight at least w’ ~ w'/¢ in this region has a large
(though slightly smaller) probability to be infected.

To prove this formally, we consider a vertex of weight w’. Such a vertex (but not
vertices of smaller weight) has at least w’ neighbours of weight w, with probability
at least 1 — exp(—w?®). So we pick k such neighbours, and bound the probability
that at least one of them is not infected by a union bound. In this way, we lose a
factor of k in each round, but going through the proof details it turns out that this
factor is still negligible compared to the error term exp(—w?®) (see Theorem 6.17).
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This describes an ‘infection pathway’ providing a lower bound on the speed of
the outbreak reaching linear size. It is the most challenging and technical part of
the proof to complement this infection pathway by a matching upper bound.

Since in round ¢ —1 there is no infected vertex in B;\ B;_1 it is not hard to argue
that in round i only vertices of large weight in T \ B;_; are infected. However, in
subsequent rounds it does happen that vertices of very small weight in T\ B;_;
become infected. Fortunately, this only happens with rather small probability,
which we explicitly bound (Theorem 6.20(f)) as a function of the weight.

Once we have such a bound in some round, we use that whp no vertex in
T4\ B;_1 (not too close to the boundary) has strictly more than one neighbour in
B;_1. Therefore, in order for a vertex v in T4\ B;_; to be infected, at least one
of its neighbours in T¢\ B;_; must have been infected in the previous round, and
we can bound the probability of this event by the expected number of previously
infected neighbours in T \ B;_;. It turns out that this simple bound is sufficient

to provide the desired matching upper bound.

We remark that it is in this last step where we use the assumption o > g — 1
in Theorems 6.2 and 6.4, since otherwise there do exist vertices in T¢ \ B;_1 that
have several neighbours in B;_;, and these vertices exist in a substantial part of
B;. Even worse, for « <  — 1, in some (large) subregion of B; the number of
infections in round 7+ 1 that come from neighbours in B;_; dominates the number
of infections that come from neighbours in B;. For investigating the case a < f—1
(which is not done in this thesis), it will no longer be possible to use a bound on
the infection probability that is uniform within T¢\ B;_;, or within B; \ B;_;.

Together Theorems 6.17 and 6.20 allow us to simultaneously prove Theor-
ems 6.1 and 6.2 without further preparation, and provide almost complete control
over the process. As a consequence, for a each vertex v with fixed weight and pos-
ition (outside of the starting region By), and for each round j we obtain lower and
upper bounds for the probability that v is infected before round j. We can thus
compute rounds ji, jo for which the probability is at most o(1) and at least 1—o(1),
respectively, and we demonstrate that these rounds coincide up to lower order terms
(Theorem 6.4). While it is still rather complicated to perform the calculations of
j1 and jo (for technical reasons), no further knowledge about the infection process

is required.

6.2. PRELIMINARIES

In Section 6.2.1 we collect basic tools and observations that we use through-
out the chapter. Afterwards, we provide some basic properties of GIRGs in Sec-
tion 6.2.2.

6.2.1. Tools. We start with a fact which often allows us to treat the case o = oo

along with the case of finite o without case distinction.
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Observation 6.8. For every function p satisfying (6.3) and every o € R, there
is a function p satisfying (6.2) such that p(x1, x2, w1, we) > p(x1, T2, w1, ws) for all

z1, 22 € T and all w1, ws > Win.

In other words, GIRGs in the threshold case a = oo are dominated by GIRGs
with finite o. In particular, whenever we prove an upper bound on the number of
active vertices that holds for all GIRGs with finite a, the same upper bound also
holds for threshold GIRGs.

In [41], GIRGs were defined with a fixed number of vertices, while we assume
the set of vertices to be given by a homogeneous Poisson point process. Our choice
allows for slightly less technical proofs. In particular, one of the benefits of the

Poisson point process is the following elementary fact.

Fact 6.9. Let A € Rxq and let X be a Poisson distributed random variable with
mean \. Furthermore, given some 0 < q < 1, let Y be a random variable which
conditioned on {X = x}, for any x € Ny, is the sum of x independent Bernoulli

random variables with mean q. Then Y is Poisson distributed with mean g\.

This means that for instance |Ns, (v)N B| is Poisson distributed with mean
nq, where g denotes the probability tilat a vertex u with random position x,, and
random weight w,, satisfies w, > w and z,, € B, and is a neighbours of v. We will
apply this observation throughout the chapter without giving explicit reference.

Many relevant quantities can be expressed by summing (some function) over
all vertices whose weights lie in a given interval, the following lemma provides an

easy way of evaluating these.

Lemma 6.10 (Lemma 4.1 in [40]). Let 0 < wo < w1, and let f: R>g — Rx>p be a
piecewise continuously differentiable function. Then in any finite set V' of weighted

vertices, we have

S ) = fw)Voul — f@)Vou| + [

veV,wo<w, <wi wo

wy

d
\V2w|%f(w)dw.

Note in particular that if f(0) = 0, then, by using wg = 0 and w; > max{w, |
v € V'}, we have

w1y d oo d
S ) = [ Weulge oyt = [ Vel flu)du.

vEV

The lemma is actually formulated slightly more general than Lemma 4.1 in [40].
First, in [40] the lemma was only formulated if V' is the vertex set of a GIRG, but
their proof does not use this restriction. Second, f was assumed to be everywhere
continuously differentiable. However, our version follows immediately by applying
Lemma 4.1 in [40] to every continuously differentiable piece, and by noting that all
the intermediate terms cancel out.’
6Formally speaking, the term %f(w) is a distribution and not a function if f is not differentiable

everywhere, and the integral is then to be understood as evaluation of the distribution. However,
in our simple applications we may just ignore the values where f is not differentiable.
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The next lemma spells out an almost trivial calculation, but since it is ubiquit-
ous in our proofs, we state it as a lemma nevertheless. In our applications, g(w)
is typically the number of vertices of weight at least w (possibly with additional
restrictions), and f is the probability that such a vertex has a certain property
(e.g., that it forms an edge with some fixed v). After application of Lemma 6.10,

this almost always leads to an integral as given in (6.6) below.

Lemma 6.11. Let g : R>¢o — R>¢ be a non-zero monomial, and let f : R>¢ — Rx>g
be continuous and piecewise a non-zero monomial with non-negative exponent, for
a finite number of pieces. Moreover, assume that there is W such that the exponent
of w in f(w)g(w) is strictly larger than 0 for w < w, and strictly smaller than 0
for w > w. Then for every wy < w < wi,

/ " )L fw)dw = O(f(@)g()). (6.6)

wo o dw
Moreover, assume that the exponent of f is non-zero in an interval
(a) [(1 —Q(1))w,w] C [wy,w], or
(b) [w, (1 +Q(1))@] C [, wr],
then the O(+) in (6.6) may be replaced by O(-).

Proof. Let g(w) = Cw". Let us first assume that, by continuity, f satisfies f(w) =
Cow® for w < @ and f(w) = Cyw® for w > w, i.e. that f consists of only two
pieces. Then by assumption r 4+ sqg > 0 > r 4+ s1. We first consider the lower part
of the integral. If so = 0 then (df /dw)(w) = 0 for w < @, and the integral from
wo to  vanishes. So assume that so > 0. Then (df /dw)(w) = Cpsow*°~1, and the
antiderivative of g(df /dw) is CCyso/(r + so)w" 0. Since r + so > 0, this function
is increasing in w, and
| st s = SE0%0 (e — i) = O(p(@)gti) ~ ool
(6.7)

Note that if wy < (1—Q(1))w, then f(w)g(w)— f(wo)g(wo) = Q(f(w)g(w)) since fg
is a polynomial with positive exponent r+ s in [wg, @], which proves the additional
statement (a).

For the upper part of the integral, we may assume s; > 0, since otherwise this
part of the integral vanishes. Then (df /dw)(w) = Cysjw** !, and the antiderivative
of g(df /dw) is CCys1/(r + s1)w"T51. Note crucially that the sign of this function

is negative since r 4 s; < 0. Hence,

[ atw) = 2 (e — ) = O (0)g() — Flung(wn).

(6.8)
Similarly to the first part, if w; > (1 + (1))@, then f(w)g(w) — f(w1)g(w1) =
Q(f(w)g(w)), which proves the additional statement (b). On the other hand, (6.6)
follows immediately from (6.7) and (6.8) by leaving out the negative terms. This

w

proves the lemma in the case that f consists of only two pieces.
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For the case of several pieces, the additional statement follows by restricting

the integral to the two pieces bounded by w. For the upper piece, assume that

( (N

wy = wol) < ... < wy’ = w are the endpoints of the different pieces below .

Then in the same way as (6.7), we get

g d i i . o
/ g(w) 7 f(w)dw = O(Y_ f(wg))g(wy”)) < O (@)g(w)) = O(f (@)g(w)),
wo i=1
since fg is an increasing function in [wg, w]. Analogously we prove (b). O

6.2.2. Basic properties of GIRGs. In this section we list briefly some basic
properties of GIRGs. The first lemma, taken from [40], tells us that the expected
degree of a vertex equals its weight, up to constant factors. Moreover, it gives the
marginal probability that two vertices u,v of fixed weights but random positions
in T¢ are adjacent. This probability remains the same if the position of one (but
not both) of the vertices is fixed. An expert reader may recognise that it is the
same marginal probability as in Chung-Lu random graphs, cf. [40] for a discussion
in depth.

Lemma 6.12 (Lemma 4.4 and Theorem 7.3 in [40]). Let v = (z,,w,) be a vertex
with fized weight and position. Then

E(deg(v)) = O(w,). (6.9)

Moreover, if u = (xy,w,) s a verter with fized weight, but with random position
Zy € T, Then

P({u,v} € E | wy, wy,z,y) = 6O (min{wunwv,l}) . (6.10)

Note in particular that the right hand side of (6.10) is independent of x.,,, so the

same formula still applies if also the position x, of v is randomised.

The next lemma gives a bound on the expected number of neighbours of a fixed

vertex of large weight.

Lemma 6.13. Let n > 0 be a constant and consider a vertex v = (Ty,w,) with
fizxed weight and position. Then for every w > Wy, we have
(@) E(IN>,,(v)]) = O(min{w,w?= 71, nw! =041},

In particular, for a random vertex u we have, independently of x, and w,,
P(w, > w | {u,v} € E) = O(w? #*");
(b) E(|N2w(v)|) = Q(min{w,w?=#=", nw! A1},

Proof. (a) By Lemma 6.12, the probability that a vertex u with fixed weight w,, and
random position z, € T¢ is adjacent to v is ©(1) min{w,w, /n,1}. The expected
number of vertices of weight at least w is at most O(nw!~#*7) by the power-law
condition (6.1). We distinguish two cases. If ww, > n then the probability to
connect to any vertex of weight w is ©(1), so E(|N5,,(v)]) = ©(E(|V5,,])), and the
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claim follows. So assume ww, < n. Then by Lemma 6.10 we can compute the

expectation as the following integral, which we then evaluate using Lemma 6.11.

E(|Ns,,(v)]) < O (nw1—5+n wwy / nw;—mndi min{w”nwu , 1} dwu>

n Wy,

<O (wvwzfﬁﬂ’) .

Combining both cases we obtain E(|N,,(v)]) < O(min{w,w? 71, nw!=F+1}),
The second statement follows because the expected total number of neighbours
of v is ©(w,). Therefore, the probability that a random neighbour of v has weight
at least w is P({u,v} € EAw, > w)/P({u,v} € E) = O(w?~#~"), as required.
(b) This follows completely analogously to (a), except that we use that the
expected number of vertices of weight at least w is at least Q(nw'=?~7) by the

lower bound in the power-law condition (6.1). O

We often need to bound the expected number of neighbours of a given vertex

in some geometric region, which we may do by the following lemma.

Lemma 6.14. Let n > 0 and C > 1 be constants, define m := min{«o, 8 — 1 — n}
and consider a closed ball B C T? of radius v > 0 centred at 0. Let v = (z,,w,) be

a vertex with fized weight and position. Then

min { oo 1}, ifflell < O

EINENB) =00V L TV Y s ¢
min § (i ) s U N Tll = ©T

Proof. In the first case ||z, || < Cr, the expected number of vertices in B is nVol(B),
so u < nVol(B). On the other hand, the expected number of neighbours of v is
O(wy), so p = 0O(1) - min{w,, nVol(B)}.

For the second case, as before p < nVol(B). This proves the claim in the case
wy > ||z, ||%n, so assume otherwise. Observe that every vertex in B has distance
O(||zy||) from v, and that the expected number of vertices in B of weight at least
w is O(nVol(B)w!=A+m).

Consider first the case « < f —1 —1n. Then by Lemma 6.10,

E(IN(v)NB|) <O <nvO1(B) min { <“’>a , 1}

(B
o d . ww, \©
+ /wmm nVol(B)w* ﬂ+”% min { (|~’Cv||dn> ) 1} dw) .

Note that the exponent of w in the integrand is always negative, no matter which
value the minimum attains. Moreover, recall that we assumed w, < |z,]/%n
and hence for w = Wy, the minimum is O((w, /(||z,]|%n))®). Thus by applying
Lemma 6.11 (with @ = wyin = ©(1)), the integral also evaluates to O(nVol(B) -
min{ (w, /(|| |%n))*, 1}), as required.

On the other hand, if a+1—8+mn > 0, then by Observation 6.8 we may restrict

ourselves to o < 0o. Moreover, using Lemma 6.10 (with lower bound 0), we obtain
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the following estimate

E(IN(w)NB|) =0 (/OOO nVol(B)wl_ﬂ"“"% min { (W)a : 1} dw) .

This integral evaluates to O(nVol(B) - (w, /(||z,]|%n))?~1~"), by Lemma 6.11 (with
W = ||z, ||%n/w,). Since we have already shown that E (|N (v)N B|) < nVol(B), this

proves the claim. O

In the last lemma of this section we show that whp there are no vertices whose

weight is much larger than their distance from the origin.

Lemma 6.15. Let 1 > 0 be a constant and consider a closed ball B C T of radius
r >0 centred at 0, satisfying nVol(B) = O(r%n) = w(1). Then with probability 1 —

(rin) =M there is no vertex v = (w,,w,) with x, € T4\ B and w, > b (||z,[|%n).

Proof. Let 7 be the number of such vertices. Let 7/ > r, then the probability density
to find a vertex v = (x,,w,) with ||a,| = 7’ is equal to the volume of an r’-sphere
around 0 that is intersected with T¢. By ignoring the intersection, we can only
make the volume larger, so it is at most O((r')?~'n). Moreover, the probability
that a vertex has weight at least w is at most O(wl’B“’/Q) by the power-law

condition (6.1) (using v = 1/2). Hence, by Lemma 6.10 and Lemma 6.11 we obtain
B () = 001) - [ () () A gy ()0,
and the statement follows by Markov’s inequality. O

6.3. EVOLUTION OF THE PROCESS

In this section we will prove two theorems which describe the geometrical evol-
ution of the process in detail. First we show that in the supercritical regime the
process will reach certain regions whp in a given time, yielding a lower bound on
its speed. This lower bound also applies in the critical regime if in the first step
sufficiently many heavy vertices were activated, an event which holds with at least
constant probability. Afterwards, we show that certain regions cannot be reached
too early in the process, providing an upper bound on its speed. From this we then
derive Theorem 6.7 in Section 6.3.3.

6.3.1. Lower bound on the speed. In this section we show lower bounds for
the probability that a vertex in a specific region and with a specific weight will be
active in some round, provided that we start in the supercritical case. Recall that
the supercritical case is defined by p = w(p) if the weight follow a strong power-law,
and p > p'=9 for some constant § > 0 otherwise. The same bounds also hold in
the critical case if at least k ‘heavy’ vertices are activated in the first round, which
happens with probability (1).

The key idea is that the infection spreads in two ways: firstly, from ‘heavy’
vertices in one region to ‘heavy’ vertices in the next (surrounding) region, where

the volume of the region increases by an exponent of ( —¢ in each step, and secondly,
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from vertices of weight w to nearby vertices of weight w'/(¢=%). We formalise the

occurring weights with the following definitions.

Definition 6.16. Let ¢ > 0 be a constant and let n = n(e) > 0 be a constant which
is sufficiently small compared to €, cf. Section 6.1.3.3. For any integers i > 0 and
>0, we define

wi g = 1_ (1) = Vz-(cfs)il/(ﬂflm = (=) T/ (B=14m)
We abbreviate the set of all vertices in B; of weight at least at least w; o by U, :=

| &

. . ) . ) <j <j
As usual, superscripts in the notation denote active vertices, so UZ-—] = [/>—UJ)V oM B;.
>wi,

wiol B;, and we call such vertices heavy if the value of i is clear from the context.
Furthermore we denote by H(i) the event that in round i + 3 all vertices in U, are

active.

The following theorem gives lower bounds on the probability that a vertex is
active in some round. It agrees with the above intuition in the following sense: if j
is the first round in which a vertex has, say, probability 1/2 to be active according
to the bound in Theorem 6.17(c), then j agrees with the round that is predicted
by the above intuition, up to additive constants. We will see in Section 6.4 that
Theorem 6.20 provides matching lower bounds on j, up to minor order terms. So

in this sense, Theorem 6.17 is tight.

Theorem 6.17. Let e and n be as in Definition 6.16. Assume furthermore that we

are in the supercritical case, or instead that \Uigl\ > k. Then the following is true:

(a) Whp |U,| = Z/Z-Q(") and |U;| = O(v;) uniformly for all i > 0.

(b) Whyp all the events H(i) occur.

(c) There exist constants Cy,C1,Co > 0 such that the following holds: Let v =
(T, w,) be any vertex with fized position and weight and let i,0 > 0 be such
that z, € B; and w, > max{w; ¢, Co}. Then for sufficiently large n € N,

P (v e VS 240, H(i)) > 1 —exp (—clyfz“*f)‘é) .
Before we prove Theorem 6.17, we remark the following.

Remark 6.18. Our proof will in fact show that (c) still holds if we replace B;
by an arbitrary ball of the same volume, and that it suffices if only a constant
fraction of all heavy vertices is active. More precisely, let B be any ball, and let
H(i', B) be the event that in round i’ at least half of the vertices in B of weight
at least w_(nVol(B)) are active. Then there are constants Cp, Cy,C2 > 0 such

that for any vertex v = (z,,w,) with fixed position x, € B, and with fixed weight
Wy, > max {(nVol(B))(C_E)fz/(ﬂ_H‘"), Co} we have

P(ve Vst ‘ U, B)) 21— exp (~Ci(nVol(B) 9.

For the sake of readability, we omit the details and prove Theorem 6.17 only in the
case B = B;.
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Proof of Theorem 6.17. (a) By definition of U,

E(|U,|) > uiwigﬂ_”m O

7

The random variable |U;| is Poisson distributed, and thus P (|U,| < E(|U;])/2) <
exp(—Q(E(|U;]))). By a union bound over all 4, we see that whp |U,| > Viﬂ(n) for
all 4 > 0. Similarly, the upper bound follows since 0 < E(|U;|) < E(|B;|) = O(v;).

(b) We first show that in the supercritical case for weak power-law weights,
whp \Uoél\ > k. Let v = (z,,w,) be a vertex in U,. Then we claim that in round
1, such a vertex will be active with at least constant probability. We may restrict
ourselves to the case w, < v, since larger weights make it only easier to become
active.

Consider a ball around v with the property that every vertex of weight at least
Wmin (S0 all vertices) in this ball have probability ©(1) to connect to v. Observe
that by condition (6.2) and (6.3) on the edge probabilities we may choose the
ball to have volume Q(w,/n). (For a < oo we may choose the volume to be
exactly w,/n, for & = oo we may have to choose it smaller by at most a constant
factor.) Since w, < v, at least a constant fraction of this ball lies in By. Hence,
E(N=(v)]) = Q(pw,) = w(1). Since |[N=°(v)| is a Poisson distributed random
variable, v becomes active whp. In particular, if we fix any k vertices in U, then
whp all k of them will be active in round 1. This implies that whp |US'| > k, as
claimed.

Next we show that |Us='| > k implies that whp at least an €(1) fraction of
all vertices in U, is active in round 2. For o < oo, any two vertices in U, have
probability at least Q(min{w3/v,1}) = Q(1) to be adjacent, independently of each
other. For a@ = oo, the probability is also (1) since w3 /v = w(1). Hence, by the
Chernoff bound, whp |US?| = Q(|U,)).

We show that the same holds in the supercritical case for strong power-law
weights, i.e. whp at least an (1) fraction of U, is active in round 2. Recall that
p = w(v~P=1) since we are supercritical. Let p’ be a function with the properties
o =o(p), p = o(1/wy) = o(r=YB=14m)) and p/ = wr~YF=D), and let v :=
1/p'. Note that E(|V,, N Bo|) = Q((w')'~Fr) = w(1).

As for weak power-laws, for a vertex v of weight at least w’, we consider a ball
B around v of volume w’/n. In the case a < 00, every vertex in B has probability
Q(min{wmipw’ /w’,1}) = Q(1) to connect to v. In the case o = oo, we may achieve
the same by shrinking the ball B by at most a constant factor. In either case, the
expected number of vertices in V<NB is pnVol(B) = Q(p/p’) = w(1). Hence, every
vertex in V5, N By is in V<! with probability 1 — o(1). By Markov’s inequality,
whp the number of vertices in V5,1 By that are not in V=" is o(E(|V5,, N Bol)).
In particular, whp V=) N Bo| = w(1).

w

Finally, for any two vertices u € Uy and v € V< ,N By, the probability that u
and v are adjacent is Q(1), since wow’/v > w3 /v = w(1) with room to spare. The

claim now follows as for the other cases.
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So we have shown that in all cases whp an (1) fraction of all vertices in U
is active in round 2, so let us assume this. To show that #(0) holds whp, recall
that any two vertices in U, have probability (1) to be connected. Therefore,
the probability that a vertex in U, does not become active in round 3 is at most
P (Bin(|U,|, (1)) < k) = exp(—Q(|U,|)) = o(1/|Uy]) by a Chernoff bound. Hence,
by the union bound whp all vertices in U, are active in round 3. This proves that
#(0) holds whp.

It remains to prove that the statement holds uniformly for all i > 1. By (a) we
may assume that for all ¢ > 0 the set |U,| satisfies |U;| = sz(n) and |U;| = O(v;).

We claim that any two vertices v;—; € U,_; and v; € U, with fixed position
and weight form an edge with probability (1). Indeed, this follows immediately

1/d

since their distance is at most (v;/n)'/*, and hence

Wy _y W, Wi1,0Wi0 _ V_“;i)%fffl _ 20-00) _ ),
||'T7Ji = Lo,y Hdn - v ‘ ¢

Therefore, the number of edges from a vertex v; € U, into U;_; is lower bounded
by a binomially distributed random variable Bin(|U,_,|,€2(1)). By the Chernoff
bound, the probability that v; has less than k& neighbours in U,_; is at most
exp(—Q(|U;])) = exp (—yﬁ(f)). A union bound over all vertices in U;_; shows

that still with probability at least 1 — exp (—Vfi(?)) every vertex in U, has at least

k neighbours in U,_;. A union bound over all i > 1 shows that whp the same is
still true for all 4 > 1 simultaneously. Hence, by a simple induction, all the events

H(4) occur, as required.

(c) We only give the proof in the case @ < oo, and explain in the end the
changes that are necessary for & = oo. For o < 0o, we prove the statement for
Co = (8k:)2d/<52(5*2)), Cy =479 and Cy := (¢(8—2)/2)(¢C—¢)/(B—1+n), where
we assume that € > 0 is sufficiently small. We use induction on £. If w, > w;o
then H (i) implies that v € A(i + 3), so for £ = 0 there is nothing to show.

So let £ > 1. Before we start with the inductive step, note that we may assume

Vi(g—a)*“l > Cg—1+n > (8k)2d(ﬁfl+n)/(s"‘(ﬁf2))7 (6.11)

since otherwise both the statements for £ and £ — 1 concern only vertices of weight
at least Cy, and thus the case ¢ follows trivially from the statement for ¢ — 1.

Let v be a vertex with position z, € B; and with weight w, > w;,. We claim
1/d

\—l+1
1/2‘(C ©) /n with weight at least

that every vertex in distance at most ry := (
w; ¢—1 has probability (1) to connect to v. Indeed, this follows from

Wie—1Wie _ (2=B—n+(C—e)")(¢—e) " H/(B—1+m)

d
ryn

_ (6.11)
> Vi(s(ﬁ_z)/Q)(C_E) 2+1/(B_1+7]) Z (8]€)d/8 2 1 (612)

Since £ > 1, we have r; < (v;/n)"/?, which is the radius corresponding to the

ball B;. Hence, if we consider a ball around v with radius r,, then at least a 2~¢
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proportion of this ball falls into B;. Therefore, the expected size of Ny_1(v) satisfies

E(Ne-1(0)) = (1) -2~ ] 2 DD E T @

> cpdy(EB-D T+ C=) ™ /(F-1+)

for some constant ¢ > 0 and any sufficiently large n. Furthermore, if the constant

€ > 0 is sufficiently small we obtain
E(|N;_1(v)]) > 27d/sV(6(5—2)/2)(C—8)7£+1/(B—1+’ﬂ) (6;1) (4k)d/s > 8k.
Recall that | Ny_1(v)] is a Poisson distributed random variable and thus we have

P(INe—1(v)] < k) < exp(=E(|Ne-1(v)[)/4) - exp(=E(|Ne-1(v)])/4)

< exp(—2k) exp (_47d/syi(8(ﬂ—2)/2)(C—E)%“/(ﬁ—lﬁ'ﬁ)) _

So assume that |Np_1(v)| > k, and pick any k vertices vi,...,vr € Ny—1(v). By

induction hypothesis,

Por & A(i+ 0+ 1) < exp (—4~ /o220 /6L

(6.11)

< exp (_2 . 4_d/EV(E(572)/2)(C*E)_Hl/(BflJrn))

%

(6.11)

< exp(—k?) exp (4 TR )

where the second inequality holds since { —e > 14-¢ for any sufficiently small € > 0.

The same bound applies to the other v;. By a simple union bound,
(EB=2)/2(¢-e)~H1
P(vy,..., v € A(i + £+ 1)) > 1 — kexp(—k?) exp 74701/5% S '

Hence,

Pvg A(i +£42)) <P(INe_1(v)] < k) +P({va,... 0} & A+ £+ 1))

< (exp(—QkJ) —l—k‘eXp(—k‘d)) exp _4—d/sVZ_ B—1+n

J (e(B=2)/2)(¢—e)~ !
S exp —4~ /Eyi B—1+n

= exp (—sz'crz(cis)ie)

as required.

For a@ = o0, equation (6.12) does not imply that the corresponding vertices
connect with probability (1), but it suffices to decrease r; by at most a constant
factor to ensure this property. This can be compensated by changing (for example)
C1. We omit the details. O

6.3.2. Upper bound on the speed. In this section we show upper bounds for the
probability that a vertex in a specific region and with a specific weight will be active
in some round (Theorem 6.20(f)). To bound the probability, we need to condition
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on the event that the process does not infect too many vertices in certain regions
and rounds, which we show to hold whp in Theorem 6.20(e). More precisely, we

consider the following families of events.

Definition 6.19. Let ¢ > 0 be a constant and let n = n(e) > 0 be a constant which
is sufficiently small compared to €, cf. Section 6.1.3.3. Moreover, let h = h(n) be a
function satisfying h(n) = w(1), h(n) = o(logn), and h(n) = v°M). Then we define
the following families of events:

e Foralli>0
(i) = {V="n(T?\ B;) = 0},

in other words, no verter outside of Ei is activated by time i;
e Forall >0 and w > Wyyn

Flw) := Feqnll,w) = {’Vifﬂ Zféo‘ < hfw2—ﬁ+n;éf(c+a)‘“(,871)—1},

and

F(l) = Feqn(@) == [ Fl,u'),

W > Winin
i.e. the number of vertices in 2‘7§0 being activated by time £ is not ‘too
large’;
e Forallj>0
J
G(j) = Gemn(d) = [ (EG) N F(G),

j'=0

in other words, it is all ‘good’ events up to time j hold.

Theorem 6.20. Let €,7n,h be given as in Definition 6.19 and assume o > 3 — 1.
Then, for sufficiently large n,

(a) E(0) is always satisfied;
(b) P(F(0)) =1 - O(h™);
(c) For alli > 1 we have
P(£(i) | G(i —1)) > 1~ h=;
(d) For all £ > 1 we have
P (F(¢) | G(£—1)) > 1 —h™ O,

(e) Whp, the events G(j) hold for all j > 0;
(f) For all i > 1 and ¢ > 0, and for every fized vertex v = (x,,w,) such that
z, € T?\ 2B, 1 and wy > Wy we have

P ('U c it | Gli+ 0 — 1)) < wv2ld'1‘/'i—(€h+5)7272/(5—1).

Proof. First note that all statements only become easier if the edge probabilities
are decreased. Hence, by Observation 6.8 we may restrict ourselves to the case

«a < 00, since this case dominates the case a = oo.
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To prove (c), (d), and (f), we will use induction on i+ ¢, where we set £ = 0 and
i = 01in (c) and (d), respectively. In particular, in order to prove (c) and (d) for
1, ¢, we will assume statement (f) for ¢/, ¢ as long as i’ + ¢/ < i+ ¢ — 1. Throughout
the proof, we will mutually assume that n is sufficiently large; for example, we will

use that h and 7y are larger than any fixed constant without further comment.
(a) This statement is trivial as only vertices in By C By are active at time 0.

(b) Fix a weight w > wpyi, and note that

VEon Eo‘ < [V By

since initially activation only occurs within By. Furthermore, the right-hand side
is a Poisson distributed random variable and we have

£=2-0() £=2-(9)

E(|V>.,N Bol) < O(vw!' =711 = O(wZ*ﬁ%3 w1 < O(u;?fﬁﬁo

)
(6.13)

where in the last step we used that w='™" = O(1). Let w be the weight that
satisfies u’;g_ﬁﬁéﬁﬁ)/(ﬁfl) = h. Then by Markov’s inequality, ’Vfgﬁ Eo‘ = 0 with
probability 1 70('170_9(8)}1) =1-0(h7!) since h = Dg(l). Note that this implies (b)
for all w > w.

For smaller w, observe in (6.13) that 7, ) Jominates every O(1)-term for suf-
ficiently large n. Let F.(0,w) be the event that |V N Bo| < (2w)2*5§éﬁ_2)/([3_1)
and note that -

P(F,(0,w)) > 1 — exp (—Q(l) - (2w) P2/ @*1)) (6.14)

by (6.13) and a Chernoff bound. The exponent (8 —2)/(8 —1) in (6.14) equals the
exponent 1—(3—1)"1 of 7y in F(0, w). Hence, if F.(0,w’) holds for some w’ > wpin,
then F(0, w) holds for all w € [w’, 2w’]. Therefore, it remains to prove F, (0, 2° Wy )
for all s € {0,...,logy(W/Wmin) — 1}. A union bound over all such s using (6.14)
shows that all these events hold with probability 1 — exp{—Q(h)} =1 - O(h™1).
This concludes the proof of (b).

(c) We will show that with sufficiently large probability, no vertex in T%\ B;
has a neighbour in B;_1. This will imply the statement, since we assumed G(i — 1),
which means in particular that all active vertices in round ¢ — 1 are in Ei_l.

By Lemma 6.15, with probability 1 — ;;Q(n) > 1 — h=20) there is no vertex
v = (zy,w,) such that z, € T4\ B; and w, > by (||z,]|%n). So let v = (zy,w,)
be a vertex satisfying z, € T%\ B; and w, < 4 (||z,]|%n), and note in particular
that ||z,| > (@;/n)"¢ > 2(¥;_1/n)"/?. Hence, due to Markov’s inequality, the

probability of v having a neighbour in Ei,l is at most

E(N (v)N Bi_1) = O(1) - T, (wv>51n

[

by Lemma 6.14.



6.3. EVOLUTION OF THE PROCESS 141

We call any such vertex v = (z,,w,) bad, i.e. v is bad if it satisfies z,, € T \ El
and w, < W (||z,]|%n), and if v has at least one neighbour in B;_;. Integrating
over 1, := ||zy| and using Lemma 6.10, we can thus bound the expected number

E(npaa) of bad vertices by

o Wi (rin) d

0(1)/ 7‘571”/ w) i1 (rdn) =P8 1w, dr,.

(@i /m)1/ Winin dw,

Hence, since (w4 (r9n))" = (rdn)?/B=1=m < (rdp)" we have

E(npad) = 0(1)/ r;l(rdn)szJanfl;i_ldm =0(1) .51.2—5+2n§i_1 — ;Z?n—ﬂ(a)_
(i /n)t/d

Thus by Markov’s inequality, with probability at least 1 — =) > 1— hp 00

7

there is no such vertex. Statement (c) follows.

—£
(d) We distinguish two cases. For w > ﬁé“e) (AF3m/(B=1) " we consider the

upper bound Vzgufﬂ QEEO‘ < ‘VZwﬂ Q‘ZEO‘. Since we have

E (‘V>wﬁ 2f§0‘> — O(l) . 2£da’0wl*ﬂ+"7 — O(l) . w27ﬁ2£d9’01_(<+5)72(1+77)/(5_1)7
and since this number is Poisson distributed, we obtain
P ([V2,n2°Bo| < 2(2w) P2ty (/070 (6.15)
> 1—exp <_Q(1) : w2—52m;éf(4+8)‘£/(ﬁ71)>

by a Chernoff bound.

Similarly as in the proof of (b), it suffices to establish the bound in (6.15) only
for weights of the form 2%wmy,y, for s € {0, ..., log, (W /wWmin)—1}, where wy is defined
by w?—BQEdgéf(Hs)‘e/(ﬁfl
holds for all w > ﬁé“s)ie(HBn)/(ﬂ*l) with probability 1—exp(—Q(h?)) = 1-h=%®),

For the second case assume that w < 1784+€)_K(1+3n)/(’871). We claim that it

suffices to restrict ourselves to vertices of weight at most @ := @% (rp) = ﬁé/ B-1),

) — h. A union bound over all such s proves that F(¢, w)

More precisely, we will show that with probability at least 1 — h=%® for every

w < ;(()C+E)’Z(1+3n)/(ﬂ—1) we have

|U(w)| < héw%ﬁw@é—(Cﬁ-f)fe/(ﬁ—l)7 (6.16)

where U(w) := Veg[f; la 2! By.
This suffices because by the first case there are sufficiently few other vertices

active: we have proved that with probability at least 1 — h~® we have

~ R N TSR
‘Vz%ﬁ?eBo‘ < hZUA}Q—ﬂ-‘r??Vé (C+e)~t/(B-1) < 5hewz B+nyé (C+e)~*/(B 1),

— -1
for every w < ﬁé<+€) (5-1) (1+3"), since then w = o(w) as £ > 1.

Thus we want to bound E(|U]|) by calculating the expected number of edges

having one endpoint in V<=1 and the other in Ve[w a1 2By, i.e. we set

M(w) =B (V""" Vepy2Bo )
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Furthermore we observe that each edge in M (w) is also contained in at least one

of the following two edge-sets: let
M. (w) = B (V=712 By, Ve, )

and

M*(w) = E (Vn (T4\ 2 By), Ve .y 2@0) ,
then we have M (w) C M, (w)UM™*(w). It will turn out that the bound on |U(w)| <
| M, (w)| 4+ |M*(w)| obtained this way strong enough to prove (6.16).

We start by estimating the summand |M,(w)|. As a preparation, we first bound
Vfﬁflﬁ 2é+1§0‘, i.e. the number of vertices in a slightly larger region that were
alr?sady active in the previous round. Since we assumed that F(¢ — 1) holds, for
those vertices which are also contained in the slightly smaller region 2-1B, we
already know that

[VEL 0201 By < 2Dtz =T (ga)

Now if £ = 1, then no other vertices were active in round £ —1 = 0 by (a). For
£ > 2, we need to examine the remaining region 2é+1§0 \25*1§0. Note that this
area is contained in 2¢B;. Hence, we may apply (f) with ¢/ =1 and ¢ = ¢— 2, and
thus

~ ~ N
E (‘Vzgulilflm (2€+1BO \ 2@—1BO)D _ 0(1) X 2(€+1)d;0(w/)l—ﬁ+nw/2(€—2)d;1 B—1
ey
= O(1) - h(w')2> Py, o (6.18)

Combining equations (6.17) and (6.18) we obtain
E (|val'n2 1 Bo|)
(e

:0(1).min{hf(w')2ﬁ+’7;§ i1 ,2<f+1>d50(w')1ﬁ+"}, (6.19)

where the second term arises from dropping the condition on being active in round
i—1. Now we denote by w = @(l)ﬁéCJrs)%H(ﬁ*l)il2(€+1)dh_5 the weight for which
the two expressions in (6.19) coincide.

Recall that for any vertex u = (z,,, w,,) of fixed weight (and independently of its
position) we have E(|N (u)|) = ©(w,) by Lemma 6.12. Moreover, by Lemma 6.13,
the probability ¢(w) for a random neighbour of u to have weight at least w satisfies

q(w) = O(w?=B+1/2) independently of u. Therefore we have

E(|M. (w)]) = O(g(w)) > E(IN (),

weVE T N2+ 1By

and by Lemma 6.10 the sum evaluates to

o0 £+
o) - /min{hewiﬁJrT];éwﬂ)l’2(E+1)dl70wiﬁ+n} ( d
0

dw,,

wu> dw,,.
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Hence, by Lemma 6.11 with w we obtain
E(| M, (w)]) = O(1) - w2~ F+1/290+1dg, 2=5+n
=0(1)- w2fﬁ+77/22(€+1)d(375+77)h2(67277})§é—(g+5)%+1(6_2+n)/(ﬁ_1)
< w276+n/2he(67272n);&—(<+e)*f(1+9(€)_o(,7))/(,3_1)

< w22 L= ()T () (6.20)

Next we turn to the edges in M*(w). If £ = 1, then V=10 (T \ 2671 By) is
empty by (a), hence also M*(w). So assume ¢ > 2. Fix a vertex v = (z,w,) such
that z, € 2By and w, < @ and denote by M*(w,v) := {e € M*(w) | v € ¢}
the subset of M*(w) consisting of all edges incident with v. Now note that every

1/d

edge in M*(w,v) must bridge a distance of at least 7 := 2%(%%/n)!/? and hence

Lemma 6.10 and Lemma 6.11 imply

E(|M*(w,v)]) =0(1) - /00 rdiln/oo wifﬁJr”di min{(w*wv)a,l} dw,dr

d
. 0 Wi rin

fe%s) d 1—-B+4n
o) [Trtta (TE) = o) (o

Te Wy

de~ N\ 2—B+n
=0(1) - (2 VO) Wy

Wy
where the last step follows from (8 — 2)(8 — 2 — n)(¢ +€)? > 1 since we assumed
w, < = 55/(ﬁ71) and ¢ > 2. Hence,

_ et
—1

=0(1)-7, "' wy,

S [T sz 4 (e (-1
E(|M*(w)]) =0(1) - uo/ wl=Arn/2_—_ (VO wv) dw,
w

dw,

<0(1) .w2—5+n/2gé*(é“+€)’£/(ﬂ*1)'
Together with (6.20), this shows that the expected number of vertices in U(w)
is also bounded by

E(|U(w)]) < 2w27ﬁ+n/2h€(572*2n)gé—(<+6)’[/(B—1),

and therefore, by Markov’s inequality, we have
P <|U(w)l > ;(211;)2B+nh€gé—(<+8)é/(ﬂ—1)) )

As in the proof of (b), by a union bound over all weights of the form 2%wy,;, for
s € {0,...,10gy (10 /wmin) — 1}, we find that with probability 1 — A=) for all

W > Wpin We have
U (w)| < %wsznhe»l;é—marf/(ﬁ—l)’ (6.21)
concluding the proof of (d).
(e) This follows from (a)—(d) by a simple union bound.

(f) Fix a vertex v = (z,,w,) such that z, € T%\ 2071 B;_;. The statement (f)

—i—2 _
is trivial if w, > D'Z-(GE) /(8 1), so assume the contrary. We first estimate the
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number of neighbours in 2/B;_1. Observe that every such vertex has distance at

least 71 ¢ == 2€(§i,1/n)1/d of v. Therefore, using

< FEHTITB-D ke (1),

Wy
we obtain
~ ~ SR d . ww, \°
E (’N(v)ﬂ 2€Bi,1‘) =0(1)-2%y;_, /o w! ’BJr”% min { (2&1171‘—1> ,1} dw
e oldy;. 2—B+n
O o), (222

=0(1)- wu2éd (ﬁ(c+5)_1*(§+€)_2/(571)>2—5+n .
Since (2 8-+ 1) ((C+) — (C+) /(B 1) = ~(C+) 23— 1) (1+2())

we deduce
]E (‘N(/U)m 2l§i71‘) = O(l) . wv2éd’ﬁ;(<+5)72/(5—1)—51(5)
1 —_ -t J—
< inQed;i (C+e)~472/(8 1) (6.22)

In the case £ = 0, this already proves the assertion since in round ¢ — 1 no vertex
outside of B;_ is active by £(i — 1), and thus P(v € V=") < E(N(v) N 2°B;_1).
So assume £ > 1. Set U, := ‘Ngi“_l(v)ﬂ (T4 \ ZZEi_l)‘. In this case, we can

use the induction hypothesis of statement (f) for ¢’ =i and ¢/ = £ — 1 to estimate

E(U.]) =
oo o0 (S o
O(l)/0 rdiln/o w17ﬁ+’7% (min{whlﬁi ot ,l}min{<%) ,1}) dwdr.

To compute this integral, note that whenever the second minimum is attained by 1,
the inner integral runs either over a polynomial in w with exponent 1 —g+n < —1,
or over the zero function. On the other hand, whenever the second minimum is
is attained by the expression (ww,/(r%n))®, then the inner integral runs over a a
polynomial in w with exponent larger than —1 (either with exponent a—S+n > —1,
or even with exponent o — 3+ n -+ 1). Therefore, by Lemma 6.11 for @ = 7% /w,,
we obtain in all cases

0o d 1-B+n d Cea
E(|U.]) = O(l)/ rd=1n (r n) min{(r n) hl () ‘ /(B=1), 1} dr.
0

w?) w1)

Similarly, let 7, be defined by r%n /w, = h’€’171(€+€)71371/(5_1), then the exponent
of r in the antiderivative of the integrand is positive for all < r, and negative for
all r > r,. Hence,

E(|U.]) = O(1) - w (hf;f““)‘“/(ﬂ*l))[H*" < Lo otap=(cra 2 /5-2)
* v i =9 v i )
since (( +¢)(B—2—mn) > 1 and h = w(1). Combined with equation (6.22) this

proves the claim. O
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6.3.3. Isolation strategies. In this section we prove Theorem 6.7. As outlined
in Section 6.1.5, the corollary is a rather straightforward consequence of The-
orem 6.20(e).

Proof of Theorem 6.7. By Theorem 6.20, whp there is no vertex outside of B; which
is active in round 4. Therefore, it suffices to (permanently) remove by the end of
round 4 all edges that cross the boundary of B;, i.e. all edges in E(El7 T\ El)
This is very similar to [41, Lemma 7.1 and Theorem 7.2], where the number of
edges cutting a grid is considered. It does not follow directly from this lemma since
the error terms in [41] are too large for our purposes. However, what does follow
directly from their proof is that among those edges that are completely contained

in 2§i, the number of edges that cross a fixed axis-parallel hyperplane is at most
;ma,x{3—ﬁ,1—1/d}io(1)
i

faces, this proves the bound for those edges which have both endpoints in 2§i.
So it remains to consider the set M; := E(B;, T%\ 2B;). Let n > 0 be any
constant, and let v = (z,,w,) be a vertex such that z, € T¢\ 2§i. Then by

Lemma 6.14 (in the case a > 8 — 1) the expected number of neighbours of v inside

of B; is
Ew@mégzmzmm{(7” ylng}.

[

. Since the boundary of El consists of a constant number of

Note that v has distance at least r; := (¥;/n)*/? from the origin. Thus we may use
Lemma 6.10 and Lemma 6.11 to estimate
> e d _ o \B—1-7
E(|M;]) = O(l)/ rd_ln/ wl =P+ v; min {( 15 ) ,1} dw,dr
n 0 dw,, rdn

:mm/ r ()2 Pt = O ).

[

Since 7; = w(1), we can deduce that E(|M;|) < 727" for sufficiently large n.

Since this holds for all n > 0, the claim follows. O

6.4. INFECTION TIMES

In this section we prove Theorem 6.4, which gives a precise formula for the
infection time of an individual vertex. As outlined in Section 6.1.5, Theorem 6.4 is
a straightforward consequence of the upper and lower bounds for the probability to
be infected that are given in Theorem 6.20 and 6.17. However, due to the rather
technical nature of these theorems, the proof is still a rather tedious calculation.
We distinguish several cases as in the definition of A(z,,w, ), see Definition 6.3, the

most relevant one being Case (III), cf. Remark 6.6.

Proof of Theorem 6.4. Let v = (x,,w,) be an fixed vertex that satisfies the condi-
tions in Theorem 6.4. Let € > 0 be a constant and let n = n(e) > 0 be a constant

which is sufficiently small compared to ¢, cf. Section 6.1.3.3.
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First we remark that it suffices to show that for every sufficiently small £ >
0, whp L, = (1 £ O(g))A(xy,wy) £ O(1), where the hidden constants are both
independent of €. Then by a standard diagonalizing argument, we also have whp
L, = (1 +0(1))A(xy,wy,) £ O(1). We split the proof in three parts (I), (II) and
(III), ‘typical’ vertices are treated in (III):

(1): Assume that w, > (||z,]|%n) P=Y and the mazimum in (6.4) is 0, i.e. we
also have w, > |z,||%n/v. In this case, the lower bound on L, is trivial, so we
show the upper bound. Since then the second term in the maximum must be non-
positive, we have ||z,||%n < w,v. Let i > 1 be so large that ({ —¢)!/(3—1+n) > 1,
but observe that we may still choose i = O(1).

Assume first ||z,[|%n < v;, so z, € B;. By the technical condition in The-

orem 6.4 we have ||z, |%n > 7y, and hence w, > 53/@71) =20 = yiQ(l)

(¢=e)~*/(B—1+4m)

directly from part (c) of Theorem 6.17 that whp v is active after i + ¢+ 3 = O(1)

. Hence,
we may choose ¢ = O(1) such that w, > w;p = v , and it follows
rounds, as required.

On the other hand, if ||x,[|%n > v; then every vertex in B; has distance at
most 3||z,||%n from v. Let w; = Vil/(ﬁ71+n). By Theorem 6.17, after ¢ + 3 rounds
all vertices in V5, N B; are active whp, and there are 1/52 m = w(1) many such
vertices. Note that any such vertex has probability Q(1) to form an edge with v,
since wyw; /(3% z,||%n) > w;/(3%) = Q(1). Therefore, whp v is active in round

i+4 = 0(1), again as required.

(I1): Assume that still w, > (||z,||*n)Y B~ but that the mazimum in (6.4) is
attained by the second term, i.e. ||x,|*n/w, > v. We need to show an upper and a

lower bound on L,. For the upper bound, choose 7 > 0 minimal such that
2o || /w, < w;, (6.23)
where w; = Vil/(571+n) = (€=9)"/(B=14m) 35 hefore. Observe that this i satisfies
i = loglog, ([lzy[|“n/w,)/log(¢ —€) + O(1) < (1 + O(e))Alwy, wy) + O(1).

By Theorem 6.17, whp all vertices in V5, N B; are active in round ¢ + 3, and there
are w(1) of them. As in (I), we discriminate two sub-cases.

Either ||z, ||% > v;. In this case, the distance from v to any point in B; is
at most 3||z,||, and v has probability (1) to form an edge with each vertex in
Vs, N Bi by (6.23). By Theorem 6.17, whp all these vertices are active in round
1+ 3, and there are w(1) of them, so whp v will be active in round i + 4.

Or ||z, |/*n < v;, hence z,, € B;. Furthermore we have w, > (||z,| %)Y #=1 >
(w;_1w,)*P=1) by minimality of i in (6.23), implying w, > wilf(lﬂﬂ) > w;. Thus
by Theorem 6.17 whp v is active in round ¢ + 3. In either case, whp v is active in
round i+ O(1), i.e. L, <i+ O(1) < (1+ O(e))A(zy, w,) + O(1), as required.

For the lower bound, if ||z, % /w, < ¥y = vP=1/B=2+e then A(x,,w,) =

O(1), so there is nothing to show. Otherwise, ||x,||%n/w, > vy > 175/(571777)7 so we
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may choose ¢ > 0 to be maximal such that
ool fw, > i, (6.24)
where w; = 'ﬁil/(Bflfn) = 'ﬁé<+s)i/(ﬁ717") as before. Note that this ¢ satisfies
i = loglog, (|2, “n/w,)/log(¢ +€) = O(1) = (1 = O(e)) Az, wo) — O(1).

Let £ = O(1) be sufficiently large such that ¢¢ > (8 —1—1n). If i < ¢, then
i = O(1), and there is nothing to show. Otherwise, (6.24) implies in particular

lzo]|%n > Q(1) - 5/ B0 Z (1) §EHDV O S o,

K3

Hence, by Lemma 6.14 (with C' = 2'/¢ > 1) we obtain

E(N(v) N Bi—¢) = O(1)T;_¢ (IIxUHdn/wv)l_BM,

Using (6.24), we may continue

E(N ()N Bi_¢) = O(1)_e /7 = . D,

K2

where the last step holds for any £ > 1. By Markov’s inequality, whp v has no
neighbours in éi_g. On the other hand, by Theorem 6.20 whp there is no active
vertex outside of B;_; in round i — /. Therefore, whp v is not active in round
i—f{+1ie L,>i—£+1>(1-0(e))A(xy, w,) — O(1), as required.

(ITI): Assume w, < (||z,]%)Y/ =Y. We bound L, from above and below.
For the upper bound, let ¢« > 0 be minimal with the property that x, € B;, i.e.

ot < v = w6 (6.25)

Observe that i > 1 because ||z, ||%n > 79 > v due to the technical assumption in
Theorem 6.4 and since the function A is non-negative. Thus, we have ||z, [%n >

M)

Vi1 by minimality of i.

Let £ > 0 be minimal with the property that
wy > (||xv||dn)(c—s)*‘f/(5—1+n) (6.26)

Since we are in the case w, < (||2,]/%)"#~1 | we have ¢ > 1, and thus (6.26) is
false if we replace ¢ by ¢ — 1. By minimality of ¢, the right hand side of (6.26)
is at least l/i(

Hence, Theorem 6.17 applies for ¢ + 1, and, if we condition on events that hold

——
¢=aT (B4 414 recall that we only consider weights w, = w(1).

whp, tells us that v is active in round i + ¢ + 4 with probability
-
1—exp (—Clz/icz(cfa) 1) =1-o0(1),

where the last inequality holds due to the following estimate

_e—1 (6.25) o4 (6.26),6—1
(SO et 5

Vi > (| m) = W I = (1),

It remains to note that by choice of 7 and ¢ we have

i = loglog, (|lz,]|n)/log(¢ — ) + O(1)
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and £ =i + loglog, w,/log(¢ — &) + O(1). Hence, whp
L, <i+l+4<(1+0()A(zy,w,) + O(1),

as required.
For the lower bound, we distinguish yet two more sub-cases. Let ¢ > 0 be the

smallest non-negative integer that satisfies
w? > 2—(€+1)d(||xv||dn)(<+e)’e’3/(/3—1)_ (6.27)

(Illa) Assume first that ||z,||"n > 2717, In this case, let i > 1 be maximal
with the property
o]t > 26415, = 2015869 (6.28)
It is easy to check (e.g., by using the very generous estimate 2 < ﬁégﬁ)i) that 4
satisfies
i > loglog, (||| ")/ log(¢ + €) — O(log(£ + 1)). (6.29)
If £ = O(1) then w, = (||2,]|%)®™) and therefore

Az, wy) = loglog, (||z.[|"n)/|log(8 — 2)| + O(1).

Since by Theorem 6.20(c) whp no vertex outside of B,_1 is active in round i — 1
and z, ¢ éi_l, it follows then whp L, > i —1 > (1 — O(e))A(zy,w,) — O(1), as
required. This settles the case £ = O(1).

Next observe that by minimality of ¢ there exists 0 < j < O(log(¢ + 1)) such
that ||z,]/%n < T;4;. In particular, if £ > C for some sufficiently large constant
C > 0 then j < £. Since we have already treated the case £ = O(1), we may
henceforth assume that ¢ > C. Then ¢ — j > 0, and by (6.28) the requirements of
Theorem 6.20(f) are met for ¢ and £ — j. Since in particular £ > 1, by the choice of

£, we have
w? < 2—ed(Hxv||dn)(<+e)"*2/(6—1) < Q—éd;i(i;_re)“"”/(ﬁfl)
= g—HdpeHe) T/ (6.30)
and therefore Theorem 6.20(f) yields that v is not active in round ¢ 4+ ¢ — j with

probability at least

1_ wv2(£7j)d§i—(<+e)fuﬂ-)fz/(ﬂ_l) (6;0) | — w1279 = 1 — o(1).

In order to relate i + ¢ — j with A(x,,w,), we derive ||z,[%n > Dém's)iil
from (6.28), and plug it into (6.27) to obtain

w? > 2—(é+1)d;é(+6)i_e_4/(5*1) — o—(t+1)d ,©(1)(¢+e) ™"
Hence, taking logarithms on both sides,
0(1)(¢ + ) Flogv < 2logw, + (£ + 1)dlog2 < 4d max{logw,, {}. (6.31)

If the maximum is attained by logw,, then (6.31) gives ¢ > i — loglog, w, /log(¢ +
€) — O(1), and together with (6.29) and j = O(log(1 4 ¢)), we conclude i + ¢ — j >



6.4. INFECTION TIMES 149

(1 = O(e))A(zy,wy) — O(1), as required. On the other hand, if the maximum
in (6.31) is attained by ¢, then (6.31) yields

log ¢ > i loglog v _o()>i— loglog,, w,

log(¢ +¢) log(¢ +¢) log(¢ +¢)

where the second inequality comes from w, = w(1). Thus we obtain again i+£—j >

(1-0(e))A(xy, w,)—O(1), as required. This concludes the proof of the lower bound

in the case ||z, ||%n > 2+17.

- 0(1),

(IIIb) Assume ||z, ||%n < 2¢+17. It remains to show the lower bound on L, in
this case. We want to apply Theorem 6.20(f) for ¢ = 0, but we need to change the
definition of ¢ slightly. Let ¢ > 0 be the smallest non-negative integer satisfying

w? > 9~ (€ =DdpcHa /(B (6.32)

Similar as in (IITa), this definition implies
¢ +log(t' +1)/log(¢ + ) > —loglog, w,/log(¢ +¢) — O(1). (6.33)

If ¢/ <1 then w, = Zgl(l). In this case, since ||z, [|%n < 217, a sufficient condition
for ¢ to satisfy (6.27) is

PO > 9= (1 (b1 y(C+) ™2/ (B-1)

Since this is already satisfied for some large enough constant, by the definition of
¢, this implies £ = O(1) and thus ||z, ||%n = 500(1), and the lower bound is trivial,
because A(zy,w,) = O(1).

So assume instead that ¢ > 1. Let £* := min{¢’ — 1, A(xy, w,)}. Then by the
assumption in Theorem 6.4, we have £* < log,(||z.|%n/%), and hence ||z,|/%n >
20" Ty, Since £* < ¢', the reverse of (6.32) holds for £*. These two properties allow
us to apply Theorem 6.20(f) with ¢ = 0 and ¢* — 1, which tells us that v is not

active in round ¢* — 1 with probability at least
. _ -1
1— wv2(f 71)d’1;0 (¢+e) 1/(B 1) Z 1— 'I,U,le =1— 0(1)

It remains to show the minimum in the definition of ¢* is attained by the
second term, more precisely £* = A(x,,w,) + O(1). Next observe that by (6.33)
it is sufficient to deduce loglog,, (||, ||%n) = o(¢') + O(1) in order for this claim to
hold. Since ||z,||9n < 217y, we have log,, (|2, ||n) < o(¢) + O(1). However, by

the choice of ¢, we have

w2 < 270 (||, || Fn) (€T T/ (B < (9L ) ()T TR/ (B

and similar as for (6.28) it can be easily deduced that £ = O(1 + |loglog, w,|) =
O(#'). This concludes the proof for the case ||z,||%n < 2°7. O
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6.5. THRESHOLD AND SPEED OF THE PROCESS

We prove Theorem 6.1 and Theorem 6.2 together. Let ¢ > 0 be a constant
and let n = n(e) > 0 be a constant which is sufficiently small compared to e,
cf. Section 6.1.3.3.

We first show the second statement of Theorem 6.2.
Claim 6.21. Assume that a > 3 —1 and v = n°Y) | then V=079~ | = o(n) whp.

Proof. Let ig be (somewhat arbitrary) the largest integer such that 7;,_1 < n/ log®n
and note that then ig > (1 — O(g))(loglog, n)/|log(5 — 2)|. Moreover, for i; :=
(1—¢)(loglogn)/|log(B—2)| we have 2117, _1 = o(n), so whp there are o(n) vertices
in 211 By, ;.

Next consider the vertices outside of 2i1§,;0_1. By Theorem 6.20 each such
vertex of weight at most loglogn has probability o(1) to be in V =%+ Therefore,
the expected number of vertices of weight at most loglogn in V=+i is o(n). On
the other hand, the total expected number of vertices of weight larger than loglogn
is also o(n). Altogether, this shows E(|[V=%%i1]) = o(n), and the statement follows

from Markov’s inequality. (]

6.5.1. Subcritical regime: (iii), (v). We will indeed show that whp the process

does not infect any vertices in the first step.
Claim 6.22. V=1 = V=0 yhp.

Proof. For any vertex v = (x,,w,) with fixed weight and position we denote by
ty = E(|N(v)N Byl) its expected number of neighbours in By. We have shown in
Lemma 6.14 that for any constant C' > 1,
o = O() - min {w, /v, 1}, if ||z, || < C(v/n)t/4)2, (6.34)
min { (wy /(|2 [|"n))™ 1} if o]l > Clv/n)4/2,
where m = min{a, 8 — 1 —n} > 1. Since initially only vertices in By are activ-
ated, recall that the number N<°(v) of initially active neighbours of v is Poisson
distributed with mean pu,. In particular, P(|N<°(v)| > k) = P(Po(pu,) > k) =
O(1) - min{(pp,)*,1}. Clearly, we can bound the number |V =!| of vertices that
turn active in round 1 by the number of vertices that have at least k neighbours in
V<0_ (It is only an upper bound since the latter also counts vertices which were
already in V'=0.)
So let us first consider the contribution ny, := |[V='N2By| of vertices v =
(4, wy) inside of 2By. By (6.34) these satisfy u, = O(w,), and thus by Lem-

mas 6.10 and 6.11 we obtain
E(nim) = O(l)/ z/wlfﬁJW% min{ (pw)*, 1}dw = O(vp?~177) = o(1), (6.35)
0

where v = 0 for strong power-laws, and otherwise v > 0 is an arbitrary constant.
On the other hand, to estimate the contribution neu := |[V='N(T?\ 2By)|

of vertices v = (z,,w,) outside of 2By, we may use u, = O(V)(w,/(||z,]/%n))™
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by (6.34). Furthermore, since each such vertex has distance at least (v/n)*/? from

the origin, Lemma 6.10 and Lemma 6.11 imply

o0

o0 d w \m\k
_ d—1 1-B+n .
E(nout) = O(1) /(y/n)l/d T n/o w 2o in { (py (—Tdn) ) , 1} dwdr

00 i1 rdn 1-B+n
=0(1 / rn () dr
( ) (v/n)1/d (py)l/m

= 0(1) - V2P0 (pr)B=14m/m

Now we use that p = O(r~'/(8=1). Observe that this bound holds both in case
(iii) and (v), and that it even holds for the critical case (ii). We derive pr =
O(w#=2/(B=1)) and hence E[nyy] = v~ F=20=1/m)+00)  Thus, since m > 1, if

n > 0 is small enough we have
E(nout) = o(1). (6.36)

We will later use the fact that this also holds in the critical regime (ii).
Together (6.35) and (6.36) show that E(]V=!|) = o(1), and thus by Markov’s

inequality whp no vertices turned active in round 1, as claimed. O

6.5.2. Critical regime: (ii). We first show that with constant probability no

further vertices are ever activated.
Claim 6.23. V=! = V=0 with probability Q(1).

Proof. First observe that (6.36) also holds in this regime, i.e. by Markov’s inequality
whp no vertex outside of 2By is active in round 1. Furthermore, let ¢ > 0 be a
(small) constant, to be determined later, and let wg := v1/(B=1) " Moreover, note
that V5, N2Bo| is Poisson distributed with mean O(v(cwp)*=?) = O(1), since
¢ = Q(1). Therefore the event A := {V, N2By = 0} occurs with probability at
least exp(—0O(1)) = Q(1). Consequently it suffices to show that V;clwoﬂ 2By = V=0

with probability ©(1) if we condition on the event A.

Since every vertex v = (x,, w,) satisfies E(|N (v)N By|) < E(|N (v)]) = O(wy),
by (6.9), the number of neighbours in V=Y is a Poisson distributed random variable
with mean at most O(pw,). Observe that this upper bound remains valid if we
condition on the event A, since this can only decrease the expected degree of v.

Therefore we obtain
P(IN<0(0)| > k | A) = O(1) - min{(pw,)", 1} = O(pw,)").
and by Lemma 6.10 it follows that
cwo d
E ([VZh,,N2Bo| | A) =0 (y(cwo)l_ﬁ(pcwo)k +/ le_ﬁd(pw)kdw>
< o w
= 0(1) - v(cwo)' #(pewo)* = O(HH17F),

where all the hidden constants are independent of c.
Now note that we may choose the constant ¢ > 0 small enough such that
E (|VZ,N2Bo| | A) < 1/2, and then by Markov’s inequality [VZ}, N2Bo| = 0
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with conditional probability at least 1/2. Thus V= = V=0 with probability Q(1),

and the claim follows. O

Next we show that with constant probability at least k heavy vertices will be
activated in the first round. Afterwards, the remaining steps will be identical with

the supercritical regime, so we prove them together, cf. below.
Claim 6.24. \szuljoﬂ By| > k with probability 2(1).

Proof. We first consider the case o < co. Note that the number of vertices in By of
weight at least wy = v'/(#~1) is Poisson distributed with mean @(uwg_l) =0(1).
In particular, with probability (1) there are at least k such vertices. So assume
this event holds, and let vy, ..., v, be k distinct such vertices.

For each 1 < i < k, denote by K; be the intersection of By with the ball of
volume v'/(#=1 /p around v;. Note that nVol(K;) = Q(v/(*~1). The number of
vertices in V=N K is Poisson distributed with mean pnVol(Kj;), so in particular
P(|[VSN K;| > k) = Q(1). Note that the events K (i) := {|V<N K;| > k} are posit-

ively associated for different 4, i.e, conditioning on the events K(i1),...,K(is) does
not decrease the probability of K(i) for any subset of (distinct) indices 41, . .., %, .
Hence,

k
P(Vie{l,...k}: K@) > HP(IC(z')) = Q(1)

by the law of conditional probability.

On the other hand, for each vertex v with fixed weight and fixed position in
K; we have P({v,v;} € E) = Q(wo/v*/#~1) = Q(1), and this lower bound is
independent for any two such vertices. So conditioned on the events /(i), we have
P(v; € VS| K(1),...,K(k)) = Q(1), and this lower bound is independent for all
i. Altogether, we have shown that with probability (1) we have {vy,...,v;} C
V;})Oﬂ By, proving the claim in the case of a@ > oo.

The case @ = oo is completely analogous, except that it may be necessary
to shrink the balls around wvyq,...,v; be at most a constant factor, so that still
every vertex in the i-th ball has probability (1) to connect to v;. Since this only
decreases the expected number of (active) vertices in each ball by constant factors,

the remaining proof stays the same. We omit the details. O

6.5.3. Supercritical regime: (i), (iv). In this proof we also include the critical
regime (ii), provided that at least k heavy vertices got activated in the first round,

ie. |VZU%UQ By| > k, where as before wg = v*/(#=1)_ Let ¢ > 0 be constant.
Claim 6.25. E(|[V=0+e)ix|) = Q(n).

Proof. Let i > 0 be the smallest index such that v; > n (and thus B; = ?I‘d)7 and
note that ¢ < (1 + ¢)(loglog, n)/|log(8 — 2)| if n is sufficiently large. Then there
exists £ < (1 + ¢)(loglogn)/|log(8 — 2)| such that w; , = O(1). Theorem 6.17 tells
us immediately that every vertex of weight at least C has probability (1) to be in
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A(i+4 34 £), for some sufficiently large constant C' > 0. Since the expected number
of vertices of weight at least C' is Q(n), this already shows the claim. g

It remains to proof the corresponding whp statement.
Claim 6.26. |V=U+e)i<| = Q(n) whp.

Proof. Let h = h(n) = w(1) be a function with loglog h = o(loglogn). Then by the
same argument as before, every vertex of weight at least wy, := w_(h) = R/ (B=1+4m)
has probability 1 — A~ to be in V=(1+¢/2i~  Now decompose the torus T¢ into
balls Q1,...,Q, of volume ©(h/n).” Fix any such ball Q, and call Q good if in
round j := (1 + £/2)io at least half of the vertices in V5, NQ are active, and
bad otherwise. Recall that in expectation only a o(1) fraction of the vertices in
Vs, NQ are inactive in round j, so by Markov’s inequality the probability that @
is bad is o(1). So in expectation only a o(1) fraction of the sets Q1, ..., Qs are bad,
and again by Markov’s inequality, whp at least half of them are good.

Now let C' > 0 be a sufficiently large constant, and assume @ is good. Then we
may apply Remark 6.18 (for some suitably chosen 0 < ¢ = O(loglogh)) to deduce
that an expected 2/3-fraction of the vertices in V5N Q are active in round j + ¢, if
C > 0 is sufficiently large. In formula, E(\Vféﬁﬂ Q) > 2E(|V5NQ))/3, and thus
by Markov’s inequality, B R

P (‘Vgg”m Q‘ > E ([VaenQ)|) /2) —Q(1),

and this bound holds independently of the activity in any other ball. Therefore, by a
Chernoff bound, whp an Q(1) fraction of the balls @1, ..., Qs satisfy \Vfgﬂﬂ Q| >
E (|[Vaen@Q]) /2 = Q(h), and thus whp [VSIH| = Q(s - h) = Q(n). Since j + ¢ <
(1+ 5_)2'00 for sufficiently large n, the claim follows. O

Proof of Theorem 6.1 and Theorem 6.2. Theorem 6.1 follows immediately by com-
bining Claims 6.22, 6.23, 6.24 and 6.26, while Theorem 6.2 is proven by Claims 6.21
and 6.26. (]

6.6. CONCLUDING REMARKS

We have shown that in the GIRG model for scale-free networks with underlying
geometry, even a small region can cause an infection that spreads through a linear
part of the population. We have analysed the process in great detail, and we have
determined its metastability threshold, its speed, and the time at which individual
vertices becomes infected. Moreover, we have shown how a policy-maker can utilise
this knowledge to enforce a successful quarantine strategy.

We want to emphasise that the latter result is only a proof of concept, intended
to illustrate the possibilities that come from a thorough understanding of the role
of the underlying geometry in infection processes. In particular, we want to remind
the reader that bootstrap percolation is not a perfect model for viral infections

"This is possible since we use the co-norm. It would also suffice to consider any disjoint balls with
total volume Q(1).
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(though it has been used to this end), but is more adequate for processes in which
the probability of transmission grows more than proportional if more than one
neighbours is active, like believes spreading through a social network (‘What I tell
you three times is true.’), or action potential spreading through a neuronal network.

Therefore, this chapter is only a first step. There are many other models for the
spread of an infection, most notably SIR and SIRS models for epidemiological ap-
plications, and we have much yet to learn from analysing these models in geometric
power-law networks like GIRGs. From a technical point of view, it is unsatisfactory
that our analysis does not include the case a < 8 — 1. We believe that also in this
case, the bootstrap percolation process is essentially governed by the geometry of
the underlying space, only in a more complex way. Understanding this case would

probably also add to our toolbox for analysing less ‘clear-cut’ processes.
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