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Abstract

In recent decades the research of strongly correlated materials has been of great pop-
ularity within the physics research community. To properly describe these materials
we cannot discard electron-electron interactions and thus the physical models of these
materials are of great mathematical complexity. To study and numerically simulate
strongly correlated electrons, very precise methods are available for one-dimensional
systems, namely the Density-Matrix Renormalization Group (DMRG) for static quan-
tities and the more recent methods of Time-Evolving Block Decimation (TEBD) and
time-dependent DMRG (tDMRG) for time evolutions. Both algorithms work within the
framework of Matrix Product States (MPS) that is best suited for one-dimensional mod-
els. For years, TEBD and the related t DMRG have been the first choice to compute time
evolutions of a quantum system. Their main drawback is that they can only deal with
nearest neighbor models (or finite short range), i.e. electrons only interact with each
other if they are located on the same atom or located on neighboring atoms. This means
that if long-ranged electron interactions are important to describe strongly correlated
materials, we are unable to capture the physics of said materials with TEBD or tDMRG.
To overcome this problem, two new classes of algorithms were developed in recent years.
In 2011, Jutho Haegeman et. al. introduced the Time-Dependent Variational Principle
for quantum lattices (TDVP). This algorithm is able to calculate the time evolution of
quantum systems in the thermodynamic limit and was originally formulated for nearest
neighbor interactions. In the course of this thesis this algorithm was extended to work
with exponentially decaying long-ranged interactions. There is also a version of TDVP
for finite lattices. This version can inherently work with long-ranged interactions. Fur-
thermore, in 2014, Michael Zaletel et. al. introduced an algorithm to calculate time
evolutions of long-ranged interactions that is based on Matrix Product Operators. Both
algorithms have advantages and drawbacks. In the present thesis these two new algo-
rithms are quantitatively compared for the one-dimensional transverse field Ising model
(TFI) with exponentially decaying long-range interactions. The results show that if the
interactions decay fast with respect to distance, the algorithm based on Matrix Product
Operators is a viable alternative to TDVP. If the interactions decay slowly with respect
to distance, TDVP should be used and is orders of magnitudes better than the other
method.



Zusammenfassung

Seit Jahrzenten sto8t die Erforschung von stark korrelierten Materialien auf grofles In-
teresse in der physikalischen Forschungsgemeinde.

Die zugehorigen physikalischen Modelle sind in der Regel mathematisch sehr komplex, da
die Elektron-Elektron-Wechselwirkung nicht vernachlassigt werden kann um diese Mate-
rialien zu beschreiben. Fiir eindimensionale Modelle sind zur Erforschung und Simulation
von stark korrelierten Elektronen sehr genaue Verfahren verfiighar, ndmlich die Density-
Matrix Renormalization Group (DMRG) zur Errechnung von statischen Messgrofien
und Time-Evolving Block Decimation (TEBD) und time-dependent DMRG (tDMRG)
fir Zeitentwicklungen. Beide Algorithmen arbeiten dabei mit Matrixproduktzustdnden
(MPS), die wiederum am besten geeignet zur Untersuchung von eindimensionalen Mo-
dellen sind. Jahre lang waren TEBD und das verwandte tDMRG die erste Wahl, wenn es
darum ging Zeitentwicklung von Quantensystemen zu berechnen. Dabei haben diese Ver-
fahren den Nachteil, dass es damit nur moglich ist eine Nachste-Nachbar-Wechselwirkung
zu simulieren (oder endliche kurzreichweitige Wechselwirkungen). Das heifit, dass die
Elektronen nur wechselwirken, wenn sie sich auf dem selben Atom oder benachbarten
Atomen befinden. Damit sind wir nicht in der Lage diese Materialen mit TEBD oder
tDMRG zu untersuchen, falls langreichweitige Elektronenwechselwirkungen wichtig sind
um stark korrelierte Materialien zu beschreiben. Um dieses Problem zu lésen wurden
in den letzten Jahren zwei neue Klassen von Algorithmen entworfen. Im Jahre 2011
haben Jutho Haegeman et. al. das sogenannte Time-Dependent Variational Principle
(TDVP) vorgestellt. Mit diesem Algorithmus ist es moglich, Zeitentwicklungen von Quan-
tensystem im thermodynamischen Limes zu berechnen und wurde urspriinglich ebenfalls
nur fiir eine Nachste-Nachbar-Wechselwirkung entworfen. Im Zuge dieser Diplomarbeit
wurde diese Methode erweitert, um auch mit exponentiell-abfallenden langreichweitigen
Wechselwirkungen zu arbeiten. Auflerdem gibt es eine Version von TDVP, mit der es
moglich ist, Zeitentwicklungen auf endlichen Gittern zu berechnen. Diese Version kann
in ihrer urspriinglichen Formulierung bereits mit langreichweitigen Wechselwirkungen
rechnen. Weiters haben Michael Zaletel et. al. in Jahre 2014 einen Algorithmus zur
Zeitentwicklung von langreichweitigen System vorgestellt, der auf dem Matrixprodukt-
operatorformalismus basiert. Beide Methoden haben ihre Vor- und Nachteile. Im Zuge
dieser Diplomarbeit wurden beide Algorithmen quantitativ verglichen mit einer abge-
dnderten Variante des transverse field Ising Modells (TFI) mit exponentiell-abfallenden
langreichweitigen Wechselwirkungen. Die Ergebnisse zeigen, wenn diese Wechselwirkun-
gen schnell abfallen beziiglich des Abstands, dann ist die operatorbasierende Methode
eine brauchbare alternative zu TDVP. Fallen die Wechselwirkung jedoch langsam ab, so
sollte TDVP benutzt werden, da es in diesem Fall um GréBenordnungen besser als das
andere Verfahren. german
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Introduction and Physical Background

1 Introduction and Physical Background

In trecent decades, strongly correlated materials have been a topic of great interest within
the physics research community. To understand these materials, electron-electron inter-
actions cannot be neglected. The problem here is that the study of strongly correlated
electrons is of great analytic and numerical complexity, so up until this day many ef-
fects are not completely or not at all understood. With the discovery of yttrium barium
copper oxide (YBCO) high temperature superconductors in 1986 [1] and the giant mag-
netoresistance in 1988 [2], [3] understanding these materials has also become of great
technological and economical relevance.

The first approach to calculate the ground state or the time evolution of a system is exact
diagonalization. Here we try to diagonalize the Hamiltonian of the system, i.e. find the
full set of eigenvectors and eigenvalues. This method is severely limited by system size,
since the dimensions of the Hamiltonian grows like dV, where d is the local Hilbert space
dimension and N is the number of lattice sites. Exact diagonalization by hand usually
fails after a couple of lattice sites and numerical diagonalization still fails after ~ 15
lattice sites. Hence, investigation of larger systems and systems in the thermodynamic
limit is out of the question. In 1950, Cornelius Lanczos introduced an algorithm to find
the k eigenvectors corresponding to the k lowest eigenvalues of Hermitian matrices [4].
The advantage of this method is that we do not need to know the Hamiltonian H itself,
but only the action of the Hamiltonian on an arbitrary state H |t)). This allows the
use of sparse matrices and similar tools. The Lanczos method is still limited by lattice
size as we need to keep at least two vectors with dV entries in our computer memory.
Another class of algorithms consists of the so called quantum Monte Carlo algorithms
[5], [6]. The idea here is to calculate expectation values via importance sampling. One of
the major drawbacks of quantum Monte Carlo simulations is the so called sign problem
[6]. As an interesting side note: In [7] and [0] it has been shown that many physical
problems are in the complexity class NP-complete and a general solution to the sign
problem would imply P = NP. This means, if it will ever be proven that P £ NP, there
can not be a general solution to the fermionic sign problem!

Another idea is to represent the coeffecients of a quantum state as a product of matrices
(the used methods in this thesis are based upon this idea). This resulting construct is
called Matrix Product State, and with tools called DMRG and TEBD we can calculate
very precise ground states and time evolutions of quantum systems (see below) [8]. It can
also be shown that the Matrix Product State formalism has problems too, if P # NP [9]
(although we have in general no sign problem within the MPS and MPO formalism). In
contrast to all the methods above the MPS formalism allows investigation of one dimen-
sional system with a high number of lattice sites and even systems in the thermodynamic
limit. Furthermore we can calculate time evolution of systems in non-equilibrium [10].
The standard methods to calculate ground states and time evolutions are DMRG and
TEBD (see section 3 and section 4). The one limiting factor of TEBD is that we can
simulate only models with nearest neighbor interactions and that may not be enough to
capture the physics of the real world (see below).
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In the first chapter of this thesis, we will give a brief introduction to the physical models
used to test the algorithms described below. In section 2 we will go through the basics of
the Matrix Product State formalism and the concept of tangent states that are important
for TDVP. In section 4 and section 3 there is a very short introduction to the two standard
methods for time evolutions (Time-Evolving Block Decimation; TEBD) and ground state
searches (Density-Matrix Renormalization Group; DMRG). The basics of the finite and
infinite TDVP will be discussed in section 5. In section 6 the ideas of time evolutions
with Matrix Product Operators will be introduced. Furthermore, for fermionic systems
we need to change the Matrix Product Operator of our system to include the fermionic
anticommutator relations. This adaptation will be sketched in section 7. In sections 8
and 9 the results of the numerical comparison between TDVP and the Matrix Product
Operator will be shown.

1.1 Models

Note that in this thesis we will use atomic units: h = m. = (4mep) ! = e = 1. We start
with the many body Hamiltonian for electrons in a crystal:

- 1
Hpin = _§ Z V%
i

N 1 1
Ho=-3 -
©2 Z |wi — ;]
Z?]
i#]
Hpot = V($1,£L’2, .. )
ﬁ = ﬁkm + -He + Hpot

One possible way to solve this problem is to neglect the electron-electron interaction:

V6,0 (G )| < (0] (Hin + Hpor ) )]
= I‘j[ ~ ﬁk’m + ﬂ—pot

This is the nearly free electron model and many physical phenomena of solids can be
qualitatively explained with this Hamiltonian e.g. the band structure of metals [I1],
[12]. However there is a class of materials, called strongly correlated materials, where we
can not neglect electron-electron interactions to properly describe these materials. The
effects of these materials include high temperature superconductivity, the Kondo effect,
charge ordering, spin-charge-separation, and many more [12].

One important simplification of the original Hamiltonian yields the so called Hubbard
model. Here we transform the Hamiltonian into second quantization, assume a strong
electronic shielding of the potential of the nuclei and that the electronic wave functions
decay exponentially with respect to position. Furthermore we neglect all core electrons
and consider only one valence band (or more). This yields the Hubbard model. It was
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introduced by Rudolph Pariser et. al. in 1953 [13], [11] and is named after John Hubbard

[15]-

Definition 1.1: Hubbard model

Let V' be the set of all lattice sites and ¥ = {1,1}. The Hamiltonian of the Hubbard
model is given by:

f{ = Z tijCIUng + Uannw
i,jev %
gEX
where t;j = tj;. If the lattice is a simple one dimensional chain with open boundary
conditions and t;; = —e~ i~ the model will be called long range Hubbard model
in this thests.

The first term of the Hubbard Hamiltonian describes a hopping of electrons between
different lattice sites due to the kinetic energy term of the original Hamiltonian. The
second term is the repulsive force between electrons of different spin, due to the electron
potential. Note that the Pauli principle prohibits two electrons of the same spin occupy-
ing on the same site. This is mathematically ensured with the electronic anticommutator
relations.

Definition 1.2: Anticommutator relations for electronic creation and an-
nihilation operators

{cia’ Cjo"} =0 {CIO" C;U/} =0 {Cio" c;o’} = 5i7j5070,

The Hubbard model with only nearest neighbor hopping t;; = £(0; j+1+6;;—1) and U # 0
has been solved in one dimension [16]. Furthermore many interesting results about the
ground state of the Hubbard model have been obtained [17], [18]. The electronic wave
functions centered on one atomic site usually decay with the distance r like e~*" and the
tight-binding approximation states that interactions further than the nearest neighbor
can be neglected. This approximation may or may not produce qualitatively wrong
results. Thus there is a need to investigate systems with long-ranged interactions.

Another important use case for time evolution of systems with long ranged Hamiltonians
is the dynamic mean field theory. Here the Hubbard model gets mapped to the Anderson
impurity model [19].

Definition 1.3: Anderson impurity model

Let ¥ = {1,]}, and K be the set of all k-points in K-space. The Hamiltonian of
the Anderson impurity model is given by:
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Hipp = €0 »_ 0o + Unono,
oEX

Hyqp, = Z(Gk — p)ny

keK
ceEY

I:Ihyb = Z Z Vk (Cgackg + CLUC()U>

kEK oex
k20

ﬁ = I:Iimp + ﬁbath + ﬁhyb

The quantity that needs to be calculated here is the retarded impurity Green function:

Go(t) = —if(t) ({coo (1), by (0)})

To do that a time evolution of the system needs to be done. Besides total diagonalization,
there are several algorithms to calculate the Green function e.g. several quantum Monte
Carlo algorithms [5]. It has already been shown that this is also possible within the
Matrix Product State formalism [20], [21]. A question of future research will be how the
Matrix Product State formalism holds up against these quantum Monte Carlo methods
with more orbitals.

It is possible to use the Hubbard model at half filling and a strong repulsion U. Then the
electrons will be fully located on one lattice site and we can only consider the spin. One
of these models is the transverse field Ising model. This is very similar to the classical
Ising model, except that the magnetic field does not point in the same direction as the
spin-spin interaction.

Definition 1.4: Transverse field Ising model

Let V' be the set of all lattice sites. The Hamiltonian of the transverse field Ising
model is given by:

H= > J;Sr8y = hS;
i,jev eV

In this thesis the model will be called long range transverse field Ising model, if
the lattice is a simple one dimensional chain and

5y = {0 ifj<i

—e~U=)  otherwise

In the case of one dimension and only nearest neighbor interactions the model has been
solved and has a phase transition in the thermodynamic limit with respect to h [22]. The
model also shows some interesting connections to spinless tight-binding fermions [23].
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Another interesting model for us with respect to this thesis is the Haldane-Shastry model.
This model is similar to the quantum Heisenberg model. The key difference lies within
the interaction range of the spins. This interaction range is not limited for the Haldane-
Shastry model. This model is especially useful for us, because there is an analytic
solution for correlations of the ground state in the thermodynamic limit [24].

Definition 1.5: Haldane-Shastry model
Let V' be the set of all lattice sites and let the lattice be a one dimensional chain

with open boundary conditions. The Hamiltonian of the Haldane-Shastry model is
given by:

5 R N s
H:Z|]_z|2<2<i+j+ i ;'r)"'sz‘z Jz>
ijev
71>

Note that with the methods used in this thesis interactions that decay like r~2 are not
usable directly. We will approximate powers like this with sums of exponential functions
that proof to be a very good approximation [25].

?”_2 ~ Zﬁne—anr
n

Another important use case of long-ranged interactions is the investigation of quasi one
dimensional systems [26]. In this systems the second dimensions spans only a couple
of lattice sites and the first dimension is longer. In this case we can map the two
dimensional system onto a one dimensional system and some of the nearest neighbor
interactions of the two dimensional system will be long-ranged in the one dimensional
system (see fig. 1.1)

To investigate systems with the the Hamiltonians above there is a range of usable al-
gorithms, most important of which are TEBD (section 4) and DMRG (section 3). In
recent years two new algorithms have emerged: TDVP (section 5) and an approximation
of the time evolution operator with Matrix Product Operators (section 6). The prob-
lem of TEBD is that it relies on a Lie-Trotter decomposition of the system and thus
no long-ranged interactions can be examined [27]. DMRG is suitable for long-ranged
interactions but mathematically TDVP can find a better approximation of the ground
state within the matrix dimension of the matrices we use to describe the state [27]. In
the course of this thesis the TDVP for infinite lattices was expanded to calculate the
time evolution of systems with long ranged interactions. Furthermore the Finite lat-
tice TDVP and the time evolution with approximate Matrix Product Operators were
quantitatively compared.
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Figure 1.1: Mapping of a two dimensional system onto a one dimensional system. The
red lines mark interactions that are nearest neighbor in the two dimensional case but
are long-ranged in the one dimensional case.
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2 Matrix Product States and Operators

Matrix Product States (MPS) are a powerful and versatile tool to describe and calculate
quantum states [3]. When doing numerical calculations about quantum systems it is
impossible to store all information about a complicated state in memory, because of the
sheer size of the state space. One has to make compromises and only store the most
relevant parts of the state. The state is stored as a product of different matrices. The
advantage of this approach lies in the fact, that it is possible to reduce the matrix size
without loss of relevant information. As a general rule of thumb this is possible in one
dimensional systems, but fails in two or more dimensions. This fact is linked to the
so called area law of entanglement entropy [%]. The matrix size reduction is done with
tools like singular value decomposition (SVD) or QR decomposition. It is also possible
to write a quantum operator in a similar fashion. This is necessary if e.g. a certain
operator has to be applied to a state. The resulting construct is called Matrix Product
Operator (MPO). Several important algorithms have been developed for time evolution
(e.g. TEBD) and ground state calculations (e.g. DMRG) and many more applications

8], [28]-

2.1 Basics

In the most general case a quantum state of a system with IV lattice sites can be written
as

d

|17Z)> = Z Cs1,52,...,8N |3132 e SN>

51,82,...sN=1

Where d is the local Hilbert space dimension, and ¢ is a complex tensor with dV entries,
c € C¥. If the system size N is sufficiently large it is not possible to store all entries
of d in memory, because the number of elements of d grows exponentially with N. To
overcome this problem ¢ can be approximated by a product of matrices.

Definition 2.1: Matrix Product States
A quantum state written or stored in the form

d
W)= > ARAG. AR [sis2. . sw)

51,52,...sy=1

is called a Matriz Product State. All A are complex tensors, Ap; € CAXXL.iXXR.j

where x1; and xr; must be chosen in a way that the matriz product AFﬁAFjﬁ]

well defined, i.e. XRj = XIL,j+1-

8

To represent the same state as in the usual notation the condition Afll]Af;] - AFJJVV] =

Cs1,s0,..,sy Must be true. For every lattice site, there are d different matrices. In practice
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the subscript index of the Matrix Product State tensors is omitted and implied by the
85

index of the superscript A% = A[ﬂ'

Example 2.1: A state with four lattice sites with a singlet on site 3 and
4
[9) = —= (1111 = [1141))
V2
1 0
T T _ T
A =75 Ap =1 Ay =01 0) Ay = <_1>
o Lo L (1
Ap; =0 Ay =0 A =(0 1) Al (0)

Example 2.2: A state with four lattice sites with a singlet on site 1 and
4

1

[9) = 75 (TH14) = 1)

The accuracy of Matrix Product States is limited by the matrix dimension. If the
matrix size is too small a Matrix Product State may only be an approximation to the
real state A%1 A% ... AN x ¢4 4, . sy However this may not be a problem, if the state
is approximated well enough. For a fixed matrix size the limiting factor is the fraction
of the state space that is used to describe a state. This fraction is usually very small
for one dimensional chains and thus Matrix Product States work so well for these kind
of systems. For two, or more dimensions this usually does not hold true. The only
exceptions are quasi one dimensional chains, where the second and third dimensions
span only over a limited number of sites. One important fact to note is that the MPS
representation of a state is not unique. It is possible to multiply an invertible matrix G
to A% from the right and G~! to A%+ from the left and the state is not changed.



Matrix Product States and Operators

d
) = Z ...flsifl‘”“...|3132...SN>

51,52,
d
= ...ASiGGflASi“...3132...3
E \ , | N)
51,82, =1

I
M&

.. ASiAsi+1 e |8182 e SN>

51,82,...sN=1

There are several conventions that take advantage of this gauge invariance, the most im-
portant of which are left-canonical, right-canonical, mixed-canonical, and canonical Ma-
trix Product States. This gauges are very important when doing numerical calculations
to save computation time. More on that is to be read in the chapter of normalization.

The idea of Matrix Product States can also be applied to operators. In the most general
form an operator is written as

d
3 /
0= § : Cs1,8),.51,87y 15152 - N) <3132 - SN

5115 N

Definition 2.2: Matrix Product Operators

An operator written or stored in the form

O_ W51751W52y52 WSN’S?V ! ! /
= o Wi |s182...8N) (8185 ... 8N

513517

is called a Matriz Product Operator. All W are complex tensors, Wi €
(CdXdXXLJXXRJ, where xr; and Xgr,; must be chosen in a way that the matriz

product W[J] jW[ZH’SHI is well defined, i.e. XR; = XL j+1-

Like with Matrix Product States, the subscrlpt of the tensors W is usually omitted and
implied by the index of the superscript, W?*% = W[j} . The needed matrix dimensions
of Wjj’ % is determined by the interaction range of the operator O. Note that this just

a rule of thumb, as there are Matrix Product Operators with infinite range that have a
relatively small size.
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Example 2.3: Anisotropic quantum Heisenberg model

Let us take a look at the Hamiltonian for the anisotropic quantum Heisenberg

model.
N-1 g N
H= 3 S (5780, + 8780 ) + 15287, — > i
i=1 i=1

In MPO notation this Hamiltonian can be written as

wet = (15 Begt Twse pige)
J,§% LGt JwGe o _p,Ge

1 2
0 0 0 0 S*
wssi= 1o o 0 0 S— |Vi<i<N
0 0 0 0 S+
0 0 0 0 1
—h;$*
/ Sz
WSENSN = S_
S+
1

Example 2.4: TFI model with long range interactions

The transverse field Ising model with infinite exponential decaying interaction
range.

Where « is a positive real number. In MPO notation this Hamiltonian can be
written as

W = (1 Jem§* §?)

1 Je§r G-
Wsisi=|10 e S, |Vi<i<N
0 0 1

Sz
Wensy = | 8
1

Note that the usual convention to write the matrix W#%i can be a bit confusing. The

10
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operators as matrix elements do not mean that W% is in block form, but that the
indices s;, s, get “carried” into the matrix elements. Single scalars are treated as scalar
times identity matrix. The representation depends also in the chosen basis. For example
the the bulk element from last Hamiltonian in z-basis:

L-1(1 ) JemS5(1,4) - S*(1 ) 0 Je®5 0
wht = 0 e 1Y) S =10 0§
0 0 1-1(1, ) 0 0 0

From the second to the third equal sign we used 1(1,]) = gz(T, 1) =0and S””(T, )= %
Note that these exact relations only hold true in z-basis. For the x- and y-basis different
representations emerge.

How can an MPO be applied to an MPS? For the first step we write O|t) in their
explicit matrix product forms and use the fact that (s’|s”) = 64 .

d
Oy = Z (H Wsi"g;) <H A5§l> |s182...8N) (s1sh ... shy|s)sh ... s7)

/ 1
81,871,871 -..=1

s (waz> <HAS;) o150, 5]

s1,8..=1 i

d
/ / / / ! /
- 81,81 y1752,59 SN>SN 451 S5 SN
= E E Wl,bl [/[/bl,bz . Wbel,lAl,alAalv‘D .. .AGN7171 ‘8152 N SN>

s1,81...=1a1,a2,...b1,ba...

In the third line we rewrote the matrix products in its explicit form. In the next step
we realign the different tensors in way so that they form again a Matrix Product State.

d
A - 51,87 48] 82,85 1 sh SN aSly
O ’1/}> o Z Z (Wl,bl Al,al Wb1,b2 Aa1,a2 e WbelalAaN—lyl |31 .. >
51,84 ..=1a1,a2,...b1,ba...
d
= E AslASQ...ASN ’8182...8N>

51,52...sN=1

/ !
ASi _\d 8i,8; S5 = (b . ; ;
where A&i_h&i => s=1 Wbi,l,biAai—ww and a; = (b;, a;) as a combined new tensor index.

The last line of the equation above is by definition a Matrix Product State. Note that
we inflated the bond dimension of the new MPS tensors by the bond dimension of the
MPO tensor. If a numerical calculation applies an MPO to an MPS several times, the
bond dimension of the MPS needs to be reduced after every step or the bond dimension
grows without limit. This can be done with a singular value decomposition. Note that

11
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this approach is in general computationally to expensive and other methods to apply an
MPO to an MPS must be used [29].

2.2 Graphical representation

There is a graphical representation for Matrix Product States and operators. This is used,
because in graphical notation it is sometimes easier to see what is calculated. Matrices
and Vectors are represented by circles, where horizontal lines stand for the matrix and
vector indices, while vertical lines represent the spin index.

@
Sn
Figure 2.1: Graphical representation of Aflfb.

Every matrix and vector which are connected with lines are multiplied with each other.
Connected lines mean that there is a summation over this index. This holds true for

matrix indices and spin indices.
b
a ~()—4)—-

Sn Sp41
Figure 2.2: Graphical representation of Y, A% A7 = Asn Asn+1,

If the line for the spin shows upwards, the matrix is complex conjugated.

Sn
a—@—b

Figure 2.3: Graphical representation of AZ’jb.

Figure 2.4: Graphical representation of (1|¢)) with three lattice sites. The usual conven-
tion is that lattice sites with a lower index are to the left.

12
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In fig. 2.4 the norm squared of a state with three lattice sites can be seen. In mathemat-
ical terms this tensor network reads as:

Wi =S5 3T Ay A, A A A A
a,b @b 51,52,53
=Y (A An A (A% A2 AY)
51,52,53
= Z (A1 A A%3) (A83TAS2TA81T>

51,552,583

With the same rules as with Matrix Product States we can represent Matrix Product
Operators. In fig. 2.5 an example of a tensor of a Matrix Product Operator can be seen.

ab

Sn

!
Sn,Sp,

Figure 2.5: Graphical representation of W, 7" of a Matrix Product Operator.

2.3 Normalization Conditions

Up to this point we never calculated the norm squared (1|1)) of a Matrix Product State.
Usually in numerical calculations the norm of a Matrix Product State is fixed to 1.
This is ensured with normalization conditions. There is various number of different
normalization conditions for Matrix Product States. Note that it is possible and often
necessary to move from one normalization to another one (e.g. calculate the mixed-
canonical representation from the left-canonical representation). The transformation
from one representation to another one is usually done by a series of repeated singular
value decompositions. All normalization conditions have in common that the norm
squared (1|1) is 1, if the tensors and matrices satisfy certain conditions. Since a Matrix
Product State consist of tensors it is a good starting point to fix the normalization there.
We start by defining left- and right-normalized tensors.

Definition 2.3: Left- and right-normalized tensors

If the a tensor A of a Matrix Product States satisfies the condition

ZASTAS =1

13
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it is called left-normalized. Similarly, if the a tensor A of a Matrixz Product States
satisfies the condition
d AT =1
S

it 1s called right-normalized. In this thesis left-normalized tensors are denoted by
L, right-normalized by R.

: ]

Figure 2.6: Graphical representation of the conditions for left-normalized tensors and
right-normalized tensors.

The left- and right-normalization are very important and handy properties, because they
save computation time. As can be seen in fig. 2.6 the tensor network collapses on its
own if the tensors are normalized. Now we want to take a look what happens to the
norm of a Matrix Product State if all its tensors are normalized.

Definition 2.4: Left- and right-canonical MPS

A left-canonical Matrix Product State consists only of left-normalized tensors. A
right-canonical Matriz Product State consists only of right-normalized tensors.

Theorem 2.1

The norm squared (Y |) of every left-canonical and right-canonical Matriz Product
State is 1.

14
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Proof. Let |¢) be a left-canonical Matrix Product State.

(wlv) =3 (Lo pit) (e 1Y) (s')s)
s,s’
= Z LNt et (ZLSlTle> L2 [5N
825--3SN S1
=1
e Z LSNT (ZLSQTL,SQ) LSN
835--3SN S92

=1

=> LNV =1

SN

It can be shown in the same way that the norm of a right-canonical state is 1. [

This is a very important theorem. If we ensure that all tensors are right- or left-
normalized during our numerical computation, we know that the our Matrix Product
State will be normed to 1, without explicitly calculating the norm. However it is not
possible to keep the state right-canonical or left-canonical all the time, if we e.g. apply
an operator or calculate the ground state. Another downside is that it is computa-
tionally very expensive to compute expectation values (¥|O|1)) of operators with this
normalization. Thus there is a need for other normalizations.

Definition 2.5: Schmidt decomposition

A quantum lattice is split up into two separate systems A and B. Let |a), and
la)z be orthonormal basis sets in each sublattice. The Schmidt decomposition of
state |¢) is given by

) = Z Aala) 4 la)g

where every A\ € R and A > 0. The A\, are called Schmidt coefficients.

Theorem 2.2

A state |y is normed to 1, if and only if the sum of all squared Schmidt coefficients

A2 in the Schmidt decomposition is equal to 1.

YA=1 & (@)=1

15
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Proof.
Wl) =Y Aarha (d']a) 4 (a|a) g

By definition |a) 4 and |a)z are orthonormal basis sets, thus (da’|a) 4 = (d'|a)g =
5a,a’

Wy => A2=1

We will use the Schmidt decomposition to calculate the norm of mixed-canonical Matrix
Product States that are defined below. In general the Schmidt decomposition can be
used to calculate the reduced density matrices of the subsystems A and B, and the von
Neumann entropy of the entanglement [3].

16

Definition 2.6: Mixed-Canonical MPS
A Matriz Product State written or stored in the form

d
Wy= Y LVL®.. . L*7'SR%...R°N|sisy...sn)

81,52,...sN=1

where every tensor L is left-normalized, every tensor R is right-normalized, and
S is a matrix, is called mized-canonical Matriz Product State. S will be denoted
as the center matriz.

Theorem 2.3

Let |v) be a mized-canonical Matriz Product State, and S, its center matriz, be
diagonal with only real non-negative elements. The diagonal entries S, q are then
the Schmidt coefficients A\, of the state |1).

Proof. Define |a) , =3, o, . (LUL*2.. L%-1)) [s182...8i-1)
and la)g =20 o, o (RERTHCRN) G [sisit ... sn). The mixed-canonical
state then transforms into the same form as the Schmidt decomposition.

W> = Z Sa,a |a>A |a>B

Now it is sufficient to show that |a) 4, and |a)gz form orthonormal basis sets. Then
the equation above is indeed the Schmidt decomposition and the diagonal elements
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Sa,q are the Schmidt coefficients.

(lay=3" (Lsé—ﬁ : ..LS’zTLS’N)

s'.s

= > (et (ZLSlTH) L2 LY,

§2,83,...,8i—1 S1

" (LL2. . L%7Y),  (8']s)

=1
= > (LrT (Z LS2TL52> L),
aa
835-+58i—1 S92
=1

= (Z Lsi—lTLSi—l)a/7a

Si—1
= (]l)a’,a = 6a’,a

In the same way it can be shown, that the |a)z form also a orthonormal basis. []

Theorem 2.4

Let |¢) be a mized-canonical Matriz Product State, and S, its center matriz, be
diagonal with only real non-negative elements. The state is normed to 1, if and
only if the sum over all squared diagonal entries of S is 1.

Y Si.=1 & (Pl)=1

Proof. We showed in thm. 2.3 that the diagonal elements of S are equal to the
Schmidt coefficients of |¢). According to thm. 2.2 the state is normed, if the sum
of the squared Schmidt coefficients is 1. O

Note that for an arbitrary mixed-canonical Matrix Product State one can shift the site
where the center matrix is located to the right or to the left by performing a singular
value decomposition (for the exact procedure see [3]). If the center matrix is pushed
to the boundary of the system, we will have a left-canonical or right-canonical Matrix
Product State. This is how we can jump between those three normalizations. Another
option to write a Matrix Product State is the AI'-notation introduced by Guifré Vidal
in 2003 [30].

17
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The AI'-notation is the most flexible of the representations defined above, because we can
calculate the other three normalization just with matrix multiplications. Furthermore
calculating expectation values of operators (1|O|y) is very fast in this representation, if

Definition 2.7: Canonical MPS
A Matriz Product State written or stored in the form

d
‘1/;> = Z AP T2 XT3 AN TN Ay |81$2...SN>

81,582,... N =1

is called Matriz Product State in A\I'-notation. Here every \; is a square diagonal
matriz with real entries. The two matrices at the boundaries are scalars and
fixed to the value 1, \g = Ay = 1. If for every i the tensor A% = \,_11'% is
left-normalized and A% = 1'% \; is right-normalized it is called a canonical Matriz
Product State.

Theorem 2.5
The norm squared (Y|Y) of every canonical Matriz Product State is 1.

Proof. Let |¢) be a canonical Matrix Product State with matrices A; and I'*:. By
definition we can construct an equivalent left-canonical Matrix Product State by
computing a left-normalized tensor for every lattice site: L% = \;_11'%. We have
shown above that every left-canonical Matrix Product State has a norm of 1. [

the operator acts only locally.

2.4 Uniform Matrix Product States

Uniform Matrix Product States are a subset of conventional Matrix Product State
that describe states in the thermodynamic limit [27]. They are essential for the Time-
Dependent Variational Principle (TDVP) on infinite lattices and as we can see below

are by definition translational invariant.

18

Definition 2.8: uMPS

A Matriz Product State |¢) of a system in the thermodynamic limit (N — o0),
where every tensor is the same Ay = Ay Vi, j, is called uniform Matriz Product

State (uMPS).
[(A) = v (H ASn) v |s)

{s} nel

The two objects v; and v, are complex column vectors. The set of integers 7
indicate the infinite number of lattice sites.
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Note that there is the same gauge invariance as with finite Matrix Product States. If A®
is multiplied from both sides with an arbitrary invertible matrix G, A% — G~'A*G the
same state |1) arises.

LGTIARG GTIASIG G ARG GTIATG G ARG
= APTZASTLASOASL A%
We are going to use different normalization conditions for uniform Matrix Product States,
although it is possible to define the same normalization conditions as for finite Matrix

Product States. To ensure normalization for uniform Matrix Product States we will fix
the dominant eigenvalue of the transfer matrix.

Definition 2.9: Transfer matrix
The transfer matriz of a uniform Matrixz Product State is defined as
d
-y wor
s=1

For this thesis it is assumed that its dominant left and right eigenvectors denoted
as (l| and |r) are unique (i.e. the dominant eigenvalue is not degenerate).

With the dominant eigenvalues of the transfer matrix we define our set where the uniform
matrix product are from.

Figure 2.7: Graphical representation of the transfer matrix.

The usage of the transfer matrix may seem a little bit odd at first, but we will link the
norm of a uniform Matrix Product State to the dominant eigenvalue of T" down below.
This becomes more clear with a look an fig. 2.8.

The transfer matrix can be calculated explicitly as follows

d
T(a,b),(c,d) = Z Afhc ’ z,d
s=1

Where (a,b) means that the two indices a and b get grouped into a new index. The
transfer matrix in its explicit form is a x? - y? matrix. For that reason it is in general
not a good idea to construct the explicit form of the transfer matrix and do calculations
with it. The computational cost is too high (see below).

19
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Figure 2.8: Norm squared of a uniform Matrix Product State. Note the emergence of a
product of transfer matrices.

Because of the special structure of T' it is possible to find alternative methods to calculate
e.g. a vector matrix product. In general a vector that can be applied to the transfer
matrix from the left or from the right has y? entries. It is possible to transform these
vectors into x - x matrices with the transformation

<P|1,(a,b) = DPba |Q>(a,b),1 = qab

where (p| is an arbitrary row vector and p its matrix representation and similar for the
column vector |g). Note that the order of indices changed in the row vector to matrix
transformation. The process of applying the transfer matrix to a row vector transforms
then into

<<p| T>1 (exd) = Z <p|1,(a,b) Tap),(c.a)
T ab
= Zpb,a Tap),(c,d)
a,b

= Z Ai,d Pb,a Afz,c

s,a,b

(S,

In the same manner the process of applying 7" to a column vector T'|¢) can be transformed
into ) A%qAsT. Maybe the most important use case for this are the eigenvalue equations
for the transfer matrix.

d
UT =n (1] & Y ATIA° =nl
s=1
P (2.1)
T|r)y=mn|r) < ZASTAST =T
s=1

20
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If one wants to solve the eigenproblem for the transfer matrix it is best to use the two
equations on the right hand side, because they scale with a computational complexity
like O(x?) in comparison to O(x%) for the two equations on the left hand side.
Another important transformation is the one of the vector product of a row and column
vector.

(plg) = Z (ph,(a,b) \Q>(a,b),1
a,b
= Zpb,aQa,b
a,b

= tr(pq)

Theorem 2.6

Let T be the transfer matriz of a uniform Matriz Product State and let (I| and |r)
be the eigenvectors corresponding to its dominant eigenvalue 1. Let n = 1. The
matriz representations r and | of the two vectors can be chosen to be hermitian.

Proof. Let [ be a matrix that is not hermitian, but saves the eigenvalue equation
for T'. If we take the conjugate transpose of the eigenvalue equation for [

ZASTZAS:Z & ZASTZTAS:ZT

we see that [T also solves the eigenvalue equation. By assumption the dominant
eigenvalue of T' is not degenerate. Thus I and T can only be different by a phase

factor.
' = el
If we set | = ei%ﬁ, we found a matrix that clearly solves the eigenequation and is
hermitian.
1T = em129]t = ¢=39e1] = ¢i39] = |
In the same way it can be shown that » can be chosen to be hermitian. O

In numerical calculations when we find a matrix [ that solves the eigenequation but is
not hermitian, we do not need to calculate ¢ from the proof above. We can calculate
the hermitian matrix with [ = %l: where c is the diagonal element of [ with the greatest
absolute value. The same holds true for the right hand side eigenvector. Theoretically
we don’t need to take the maximum absolute value of the diagonal and divide [ by any of
its diagonal elements. The problem with that approach is that we might use a diagonal
element that is almost zero and thus amplify numerical noise. It is going to be important
for the Time-Dependent Variational Principle algorithm, that we will discuss later, that
the matrix representations of the eigenvectors will be hermitian.
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That the product (I|r) is real will be important later, because we will link the norm of
a uniform Matrix Product State to this product, which in fact needs to be real. If we
have a uniform Matrix Product State with a tensor A and the dominant eigenvalue is

Theorem 2.7

Let T be the transfer matriz of a uniform Matrixz Product State and let (I| and |r)
be the eigenvectors corresponding to its dominant eigenvalue . Let n = 1. Let
the matriz representations of the vectors | and r be hermitian. The vector product
(l|r) then must be real.

Proof. The vector product in matrix representation is
tr(lr) =c¢

If we look at the complex conjugate of this we see that

= ZZZ,bTZ,a = Z l;arl’b = tr(rT1") = tr(lr) = ¢
a,b a,b

After the fourth equation sign we used the cyclic invariance of the trace and that
the matrices are hermitian. ¢ must be real, because ¢ = c*. O

not equal to 1, i # 1, there is a simple renormalization procedure.

1

Anew = 7Aold (22)

Vi

This division only changes the norm of the state, as desired.
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Theorem 2.8

Let [1) be a uniform Matriz Product State and let T be its transfer matriz. The
norm /(YY) is finite, if and only if the dominant eigenvalue 7 is equal to 1.

Proof. The norm squared in a more explicit form is
(Wlv) = tim Y (oA A A%, ) (A A LA,
S

where a, b,... are just some arbitrary index names. If we rearrange the sum, we
can see that the transfer matrix emerges. This is easier to see in fig. 2.8.

(lp) = lim_ (v}@ﬁ}) (Z AS@ASG) (Z ASb@ASb) . (Z ASZ@ASZ) (vrmr)

Now we can see that in the middle of the equation above there is by definition a
product of transfer matrices.

(Wly) = lim (ﬁ ® @j)TN (vr ® m)
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For the next step we perform a total diagonalization of the transfer matrix 7.
(YY) = lim (v; ® ﬁ;)P/\NP_l (ur ® 17,,>
N—o0

Here )\ is the diagonal matrix of eigenvalues. Now we can see that the limit
limy 00 AV and with it the norm will not converge if the dominant eigenvalue is
greater than 1. Similarly the norm will be zero in the limit if all eigenvalues are
smaller than 1. O

Now we have shown that only the eigenvectors of the dominant eigenvalue will survive
when we calculate the norm of uniform Matrix Product States. This is why we can set
the norm squared of the state to be (¥|¢) = (I|r) = tr(Ir) = 1. Any other positive real
value would be equally valid, but would cancel out anyway if calculate the interesting

quantities of the form <7’<b1‘p?1|;§)>. In the proof above we can also see why the the two
boundary vectors v; and v, don’t contribute to the physics of the system like it was
claimed at the beginning of this section. When calculating the norm or expectation
values only the overlap with the dominant eigenvectors ”survives” the multiplication

with limy_eo TN

Algorithm 2.1: Normalizing a uniform Matrix Product State

In general when one starts with a random or arbitrary uniform Matrix Product
State (i.e. a random complex tensor A), the normalization procedure is as follows.

1. Calculate dominant eigenvalue n of the transfer matrix T'. This is to be done
with the matriz form of the eigenvalue equation AsT1AS = nl to save com-
putation time. For example in Python this can be done with the package scipy
using scipy.sparse.linalg. LinearOperator and scipy.sparse.linalg.eigs [71].

2. Divide A by \/n. This ensures that the dominant eigenvalue is equal to 1.

3. Compute the dominant eigenvectors (l| and |r) and ensure that their ma-
triz representations are hermitian. This again needs to be done with the
eigenvalue equation in matriz form, ASTIA® =1 and Do AsrASt =

4. Divide r and l by a certain factor so that (l|r) = tr(lr) = 1.

If one has stored a normed uMPS state an expectation value of an operator acting on k
neighboring sites can be calculated like this:
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|0 |y)

d
o = > (sisa..silOltaty. . ty) (I [(ATA™ . AM) @ (A A% A%)] |r)

{sn}{tn}=1

d
= Y (sise...silOlta...ty) tr(AS”...ASZTAS”ZA“A”...Atkr)
{Sn}a{tn}zl

2.5 Tangent Space

The tangent space is an important concept for the Time-Dependent Variational Principle.

In this section we use the short notation 9; = %, where ¢ is a grouped index 7 =
(Sny Gn—1,a,) and Ao, = AL

Definition 2.10: Variational manifold of a (uniform) Matrix Product
State

Let A be the set of tensors A € CPXXX for which the transfer matriz T has a non-
degenerate dominant eigenvalue, if |1)) is a uniform Matriz Product State. If 1)
is a finite Matriz Product State, let A be the set of all tuples Ay = (Apy, Ajg, - - -)
with a mazimum bond dimension of x. The variational manifold M 4 is the set
of all states |1)) that can be represented by a (uniform) Matriz Product State with
bond dimension x [72].

Ma={[P(4))[A € A}

If we assume that the bond dimension of a (uniform) Matrix Product State is fixed, the
matrix entries are functions of time. In the example below we are going to see that the
derivative with respect to time of such a state has a special form that can be formalized
with so called tangent states and spaces.

Example 2.5: Derivative with respect to time of a (uniform) Matrix
Product State

Let the Hilbert space of a system be fully parametrized with three parameters. The
derivative with respect to time of a state in this space will have the following form:

|1/}> = f((l, b, C)
d ~ Of(a,b,c)da  Of(a,b,c)db Of(a,b,c)dc
@M=" w T T At o @

Where a,b,c € C. If we consider now a Matrix Product State with a finite fized
bond dimension we cannot map onto the whole Hilbert space anymore. This is
indicated with the subscript A. The fact that we cannot map onto the whole Hilbert
Space anymore is indicated with the last argument of the function ¢ which is set

24



Matrix Product States and Operators

permanently to zero.

W))A = f(a7 b, 0)
d _ 9f(a,b,0)da  Of(a,b,0)db
W)= w " w a

= £ (90) # 2 19)

As a consequence the derivatives of a Matriz Product State with fized bond di-
mension and a general state are not equal anymore. It can be seen now that the
derivative with respect to time of a Matrix Product State will have the form:

~ &f(a, b7 0) T 8f((l, ba 0)
“ Oa +b ob

where a and b are arbitrary parameters.

In the example above it can be seen that the derivative with respect to time of a Matrix
Product State is always in the same form. This idea can be formalized with tangent
states and spaces.

Definition 2.11: Tangent states and tangent space

Let 1) be a Matriz Product State and Ay the tuple of all the tensors used to
represent the state, Ay = (A, Apg), - - .). Let the set of all lattice sites be denoted
as L. Let B be a tuple of arbitrary complex tensors, where every n-th element B*"
of B has the same dimensions as the n-th element of Ay. A tangent state |¢) of
|v) is defined as:

.40 =S5 (T ) o (T4 ) 1o

nel {s} \m<n m>n

For uniform Matriz Product States there is the same definition just that there are
only two tensors A and B.

(B, A) =" v (H ASm) B (H ASm) vy |8)
neZ {s} m<n m>n

The tangent plane or tangent space TaM of a Matrix Product State is defined as
the set of all possible tangent states.

TaM = {|¢(B, Ay)) |Vi : dim(By;) = dim(Ap;)) }
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S S .

Figure 2.9: Graphical representation of a tangent state.

And similar for uniform Matriz Product States:
TaM = {|¢(B, A)) |B € CP¥x}
An equivalent definition used in [27] is given by:

TaM = span{|0;¢) |i € {1,2,...}}

If we assume that the tensors A of a (uniform) Matrix Product State is time dependent

and reshape every tensor so that A° = Aithan with ¢ = (sp, an—1,ay) the derivative

with respect to time of the state is a tangent state with B*» = Asn,

D yy(ay = D A'Drp(A)) = [o(4, 4))

= LAY € TaM

Definition 2.12: Gram matrix and inverse Gram matrix

The Gram matriz G;j of a (uniform) Matriz Product State is the overlap of its
tangent basis states.

Gij = (919 (A)|053(A))

Where 0; = %.
The inverse Gram matriz G (note the superscripts instead of the subscripts) is

defined by the following property:

GY Gy = o}

Finally, we are going to need a projection operator that projects an arbitrary state to
the tangent space. The naive choice P =) |0;1) (0;1| does not work here because the
tangent basis states |0;9) do not form a orthonormal basis.
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Definition 2.13: Projection operator onto the tangent space

Let |¢(A)) be a uniform Matriz Product State. Its projection operator onto its
tangent space Py, pm s defined by:

Provi= Y [0:6(A)) G (9;(A)|

1]

27



Density-Matrix Renormalization Group

3 Density-Matrix Renormalization Group

This section follows [3] and the doctoral thesis of Martin Ganahl [33]. The Density-
Matrix Renormalization Group (DMRG) is a method to simulate strongly correlated
quantum systems [3]. It was introduced by Steven White in 1992 [34]. The main focus

of DMRG is to find the ground state of a system, where unimportant states are omitted.
For infinite systems the algorithm is mostly referred to as iDMRG. In general the DMRG
formalism is independent from the MPS formalism. It is based on calculating the density
matrix of the state of interest and eliminate states that have a negligible weight in the
eigenbasis of the density matrix. In the present thesis we will omit this approach and
refer to [3]. Instead, we will directly take a look at the DMRG algorithm written in the
MPS formalism.

3.1 Finite DMRG

Let us consider that we want to calculate the ground state of a Hamiltonian H and that
we know that MPO representation of H. The general idea behind DMRG is to start
with a random Matrix Product State and do a variational ground state search. To do

that we fix the tensors for every lattice except the first two neighboring tensors from the

left. Then we will find the minimum value of <7€Jﬁz}ff) with respect to the two tensors that

are not fixed. This process is repeated for every pair of lattice sites until we reach right
the boundary of the system and then repeated back to the start again. This is called
one sweep. After several sweeps the calculated state should be a good approximation of
the ground state. To minimize the expectation value with respect to the two free tensors
Ap,) and Ap, 1 1) we combine these two tensors A ®n+1 = A% A%+ and use a Lagrange
multiplier.

[’(A[n,n—l-lb A_[n,n—l-l]a )‘) = <¢‘ FI |¢> + )\(<¢|¢> - 1)

Now we need to solve VA[n w1 A TL+1]7>\£ = 0. In this chapter we will use the short

notation 9, = 8% The two equations aA[n 1]

equivalent and solving them will yield the same result for Ap, ,1q). Thus we will omit
the former equation. Note that we used another short notation here. The derivative
with respect to the tensor is to be read as

L = 0 and Qgh n+1]£ = 0 are form

8A[n’n+1]£ =0 = Ogsnsner L=0 Yap_1,an41,Sn, Sn+1

Gp—1:0n41

The equation O L = (¢|¢)) — 1 = 0 imposes normalization and this is assured with the
normalization condition for mixed-canonical Matrix Product States (see thm. 2.4). This
is possible, because we will always hold the Matrix Product State in mixed-canonical
form during the ground state search.

When calculating the value of (¢| H |1) we must contract the tensor network to the left
and right of the free tensors Ay, and A, 4q. This can be seen in fig. 3.1 and it is the
best way to do this with an recursive calculation.
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Figure 3.1: Graphical representation of (1| H |). The two free tensors are the two
denoted with A. The left- and right-normalized tensors denoted with L and R are fixed.

Figure 3.2: Graphical representation of (¢[1)). The two free tensors are the two denoted
with A. The left- and right-normalized tensors denoted with L and R are fixed.

b1 _ s1 s 51,51
Eh =S I W

ai,ay 1,a1 1,(11
51,8]

bn — E E E E Sn T ,n S'rws"l
Ean,(lgl - Ean 1,a Lan 17aTLL,In %an 1,bn

Sn,Sh, An— 1(177,7 bn_1

bn_1 _ 2 : SN sh,SN
FaNflyaNfl - R IR W

an—1,1""aly_ ;1,17 by 1,1
SN,Sy

_ o /
8,38
F — n+1 n 117 nion
an,al, : : : : : : : : Ap 41,0 n+1 an7an+1R% ' br,bnt1

n+l
sn,s An+1 a,nJrl bn+1

The calculation of (1[1) is very simple, because we will hold the Matrix Product State in
mixed-canonical form and thus the tensor network collapses to the two free tensors Ay,
and Ap, 1] (see fig. 3.2). Finally, we define a combined index a = (5541, Sns @nt1, @n-1)
an effective Hamiltonian h o, and a vector X, that is just the two site tensor A, ;41
reshaped into vector form.
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br— sh,,8 8h 1S+l b
haa= S ENTN Wt et phe
’ n—1,0,_1 n—1,0n n,On+1 An41,8 41
bn—lzb’ﬂ7bn+1

_ Sn Sn+4+1
XO‘ - : :Aan—lyanAanyan-Fl

an

Figure 3.3: Graphical representation of hq .

With that transformations in mind the Lagrange equations transform into

8XQ/£ = 8Xo/ Z Xo//ha”,aXa + )\ZXQ,/XQ,/

CY,OL” a//

= haraXa+AXo =0
«

The last line is an eigenequation h X = —AX, where —\ is the ground state energy with
respect to the free tensor Ay, 1 1). This eigenproblem can be solved numerically with e.g.
the Lanczos method. For the last step we reshape the calculated X back into Ag"”75
and split that tensor into the product L*»SR®**+!. Now we have a valid mixed-canonical
Matrix Product State, can reduce the bond dimension if it is necessary, and fix the
norm of the state according to the normalization condition for mixed-canonical Matrix
Product States. Depending on the sweep direction we multiply the center matrix S to

the left or right tensor for the next minimization step.

LsnSRsn+1 — ASnR3n+1 — LsnA5n+l
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Algorithm 3.1: Two-site DMRG in Matrix Product State notation

1. Generate a random Matriz Product State.

2. Gauge transform into a right-canonical Matriz Product State.
3. Compute F{f:,% for everyne {N —1,N —2,...,3,2}.

4. For everyn € {1,2,...,N —1}:

(a) Solve eigenproblem ) ho/ o Xa = —AXy.

(b) Split X into a left-normalized L, and AS+1. This is done with a
singular value decomposition. Reduce the bond dimension and fix the
norm of the state if necessary.

. b
(¢) Calculate the left contraction E;" , .

n

5. For everyne€ {N —1,N—2,...,2/1}:

(a) Solve eigenproblem ) hor o Xa = —AXo .

(b) Split X into a A%, and right-normalized R**+'. This is done with a
singular value decomposition. Reduce the bond dimension and fix the
norm of the state if necessary.

. . bn
(c) Calculate the right contraction Er -

6. If the energy (—)\) is not converged, go back to step 4.

3.2 Infinite DMRG

The general idea behind the infinite version of DMRG (iDMRG) is very similar to its
finite counter part. We want to find the ground state for a Hamiltonian H that describes
a system with an arbitrary number of lattice sites. We assume that we already know
the MPO representation of H. We start to find the matrix product ground state |¢) for
two lattice sites in its mixed-canonical representation.

) =3 LT SR |s)

For the next step we insert two new lattice sites between the two systems A and B, fix

all tensors in these systems, and minimize the value of %ﬁr@ with respect to the tensor

A.

) =Y LT AT R |s)
S
It is assumed that A takes the place of the center matrix S. This minimization is done
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with the same method as described in the section for finite DMRG. For four lattice sites

we arrive at the new state
W) =Y LV L% Sy RE R |s)
S

This process gets repeated for 6, 8, 10,... lattice sites. So, in general one iteration step
starts with a state of this form

) = 3. Lt AR R e s)

(| H|)

W) is minimized with respect to A to derive a new mixed-canonical state of the

and

form

W) = .. L2 L1 L% S RS R-1 R¥i=2 . |s)
S

Note that we need to reduce the bond dimension of the matrices if it gets to large. This
process is repeated until convergence, or the desired system size is reached. One option
is to stop at a certain lattice size and use the calculated state as initial state for finite
DMRG instead of a random state. The other option is to assume the state can be
described as an infinite length Matrix Product State with a two site unit cell (similar to
a uniform Matrix Product State).
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4 Time-Evolving Block Decimation

The Time-Evolving Block Decimation (TEBD) was first introduced by Guifré Vidal in
2003 [28]. In general it is used to compute the time evolution of a one dimensional chain.
When doing a time evolution the principal problem is to calculate the time evolution

operator e~ Tn this chapter we assume the Hamiltonian to be of the form:

-1
H = hjj+1
j

=

Il
o

where ﬁj7j+1 acts only on site j and j + 1 and NN is the number of lattice sites.

If we assume that all lAzj,jH commute with each other the computation of the time
evolution operator is easy.

P P P P : —itH —ith;
H=Y hjjn A (b by =0V = e =]e i
j j

However, in most cases the commutator at hand will not vanish. The basic idea behind
TEBD is to split the system up into two parts, even and odd, where every two-site-
Hamiltonian will commute with each other within said part.

15 15
H = Heyen + Hoqa = hoj2j41+ Y hoji12j42
=0 =0
As mentioned above Vm,n : [h2j,2j+17h2m,2m+1] = [h2j+1,2j+27h2m+1,2m+2] = 0, but

[I:Ieven, Hoyaq] # 0. Because every operator within even and odd commutes it is trivial to
calculate the time evolution within these systems.

o~ itHeven _ H o—ith

iLeHeven

efltHodd — H e*lth

BEI:IOdd

To calculate the time evolution of the whole system we define the time step At = % with
n € N and use the Baker-Hausdorff formula to calculate:
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—itH — e—it(Heven+ﬁodd)
= (e

midthevn =idtHoss(1 1 O(A12)))

(&

_iAt(ﬁeven +ﬁodd) ) n

_ ( o~ 1A Hoven p—iAtHoaq ,—iAt Heven =it Hoaq o —=iAtHeven e—mtﬁodd> (1+ O(AL)

Algorithm 4.1: First order time evolving block decimation

Let 1) be an arbitrary Matriz Product State and let 0even/odd = ¢ 1AHepen /o (see
above). |Y(At)) is approximated with:

1. W;> = Ueven W’>
2. [(A1)) = Uoaa [9)
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5 Time-Dependent Variational Principle

This section will follow [27] and [35]. The Time-Dependent Variational Principle for
uniform Matrix Product States was introduced by Haegeman et. al. [27] in 2011. It is
a versatile tool to do time evolutions and ground state calculations of Matrix Product
States on infinite one dimensional lattices. Later on, the algorithm was extended to
work with Matrix Product Operators on finite lattices [35]. In the original article [27]
only Hamiltonians of the form H= > ibm’.H were considered (i.e. only nearest neighbor
interactions). The present thesis modifies this approach to include exponentially decay-
ing long ranged interactions. This extension to TDVP was done in email collaboration
with Valentin Zauner (now Valentin Stauber; University of Vienna). For an in-depth
discussion about TDVP and the concept of tangent states and spaces see [32].

5.1 Basic Idea

The basic idea behind TDVP is not to solve the Schrédinger equation [¢)) = —iH |4) in
the whole state space but to find the best approximation within the variational manifold
spanned by matrices with a certain maximum size y. This is in contrast to algorithms
like the two-site DMRG or TEBD where for every two new lattice sites added the new
matrix dimension is at first a multiple of the local Hilbert space dimension and is reduced
only later [3]. For TDVP, to find the best approximation within the desired space, the
right hand side of the Schrodinger equation is projected onto the tangent space of the
current MPS manifold [35]. This means, we need to solve the following equation:

1Y) 4 = —iPr, mH |Y) 4

Here the subscript A explicitly denotes that |¢) , is a (uniform) Matrix Product State,
and PTA M is the projection operator onto the tangent space of [¢) (see def. 2.13). An
illustration of the process can be seen in fig. 5.1. If this differential equation is solved
and |¢) , updated accordingly, we are never going to leave the initial manifold of |1).

5.2 Finite Lattice TDVP

For the Finite lattice TDVP we need to find a representation of the projection operator
onto the tangent space PTA M in the MPS basis [35]. The projection will be derived for
an arbitrary state |{) (not necessarily an MPS) by minimizing the norm squared of the
difference between |¢) and an arbitrary tangent state (eq. (5.1)).

First we rewrite the definition of tangent states (def. 2.11).
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TaM

Hilbert space

Figure 5.1: Graphical representation of the projection of PTA mH |1) 4 onto the tangent
space.
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In the second line we transformed every tensor left of B*» into its left-normalized rep-
resentation and the every tensor of B®" into its right-normalized representation. The
two matrices Gy ,,) and G,.[,,41] are the factors that remain after the normalization and
are multiplied into B*", resulting in B = G, B*" Gy [ny1)- The problem is now that
there is no one-to-one correspondence between the derivation of a Matrix Product State
and the modified tangent state |q~5(l§, Ay)), but the derivative of the projection operator
is easier this way. For the rest of this chapter we are going to omit the two tildes and
the second argument of \QE(B,A¢)> — |¢(B)) for the sake of brevity. Furthermore, we
introduce |ay) and |b,) that are orthonormal basis states of the sublattices to the left
and to the right of site n.
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lan) = Z ( H LS’”)LQ |s182 ... Sn)

81,82,...,8n  m<n
sn+1
an+1) = § L, ’5n+1>
a’ »Sn+1

by = > (HRS’")M |SnSns - - SN)

Sn,Sn+1--SN  Mm>n

Keep the recursion relation for |a,) in mind. This is going to be important later. With
these definitions the tangent state |¢(5)) can be written as:

0B) =Y > By lan-1) [sa) [bns1)

n  a,b,sn
Note that a similar gauge invariance exists for the tangent states as for regular Matrix
Product States. To tangent states defined by the matrices B%» and B®" are the same,
when the two tensors are related by:

B = B* + Xjp R — L Xy = [6(8)) = |9(B))

Here the X{,) are arbitrary complex matrices that match the dimensions of the original
Matrix Product State. Thus we can fix a gauge for the different B*». There are several
equivalent choices for the gauge. Here we are going to impose the condition Vn #
N: > s Ls»tBs» = (. This comes in very handy when calculating the overlap of two
tangent states.

(3(B1)|p(B2)) ZZtr (B B3

This is the form of an Euclidean inner product and thus corresponds to an orthonormal
basis. The orthonormal basis guarantees that a solution to |¢(B)) = Pr,a |€) (with an
arbitrary state |£)) is also a solution to:

min|||$(B)) — [€) [|*= min (¢(B)|#(B)) — (6(B)[¢) — (|6(B)) + (£le)  (5.1)

We can omit the term (£[€) in the equation above, because it is just a constant with
respect to B. Next, we are going to look onto the second term of the minimization.

= Z Z BEZT <an—13nbn+1‘§>
n  a,b,sn

=> (B )
n

Where F;’,’) = (an—15nbn11/§)-
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Then, in matrix notation this boils down to:

: t (BSnTBSn _ FSnTBSn _ BSnTFSn>
Y

> LiBT =0 Vn#N

Sn

We can solve this with Lagrange multipliers:

N
L=3 D> BBy FuBy — Bl + Z SOS oan B L

n=1 s$n a,b n=1 a,b,c Sn

Where we used the hermitian conjugate of the constraint.

oL

Now we need to plug this solution into the side condition:

Sn sn _ ISn T Sn AN T Sn Sn
0= BinLin=3 | Falin— > Now L L,
¢ N——

Sn,b Sn,b 5
- c,c/

= (BaLi) - M

Sn,

= A= (Fuli)

Sn,b

So we get our final result for the B in matrix notation:

gon _ QT =LY, LinTF ifn < N
BRVas if n=N

! n n n
aBSH b a F;Z + Z )\ Li,nc = 0 :> Bbs,a = Flia - Z )\Z‘,CLZ,C
C

For the next step we define G =3, LT Fin and calculate it in braket notation.

Gaop = Z LtnT al 1| (tnbn1|€) = (anbpi1|€)

And finally we plug the minimum solution of B into our tangent state:
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‘ Z Z Bs ‘an 15nbn+1>

n a,b,sp
N
= Z Z an |an 15nb n+1 Z Z chl’aGa,b |a;z—13nbn+1>
n=1 sy,a,b n=1 s,,a,a’,b
N—
= Z Z |an—15nbny1) (@n—15nbny1] |€) — Z lanbny1) (@nbni1] [€)
n=1 sp,a,b n=1
(Z 191, ® PR ZI%L@Pf >|§>
n=1
!
= Promlé)

This is the representation of the projection operator in Matrix Product State basis.

Result 5.1: Tangent space projector PTA M in MPS notation

lan) = Z (H L5m>17a |s182 ... Sn)

81,82,...,n,  mM<n

by = > (TI R )ur lsususi- . sw)

Sn,ySn+1--SN  mMm>n

an = Z |an) (an|
= Z |bn> <bn

Prom = ZP 191, ® Py - ZPL

n=1

Finite One Site TDVP Algorithm

Now we want to use the projection operator and solve the modified Schrédinger equation
|P) 4 = —iPTAMﬁ [¢) 4. We will see that the emerging algorithm is almost identical to
the one site DMRG algorithm with a few steps modified. The idea is to time evolve
every lattice site separately. We assume that H is known in Matrix Product Operator
form H = doss L Wensn |s) (8’|, and [¢) is in mixed-canonical form. Similar as in
section 3 we define the tensors F' and E defined by:
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b1 _ 51151
Eal,al o Z Ly a1 1a1 1b1

51,81
— o ’
Ebn . Sn Lsn M 7SnSn
an,al, — a a —1,0n""a’ al " bp—1,b
nyUn n—1,4 n—L1%n n—1:9 n—1,9n
Sn,Sh, Gn— 1a bn 1

by-1 E : SN SN
FaN—lyaN—l - RaN 1,1RaN 1, WbN,1,1
SN,Shy

an = "*1 RS R3;1 Wshvsn
an,al, a fln,lln 1" "al, ,a! bp,b
n,Un n+1,a n+1 + n+1 n,0n+1

sn,s an+1 an+1 bn+1

Furthermore we define the combined index o = (sy,, an—1,a,) and the effective Hamilto-
nian:

[ S O | A o
o, T an_1,a’ bn—1,bn" an,al,

n—1
bnfl,bn

One term of the first sum of the modified Schrédinger equation now reads as:

oD AR sy =i Y (...Lsn—l)lan

s s,/

This yields:

het oA (Rs’nﬂ N ) 18

1

A[n] = —ih[n}A[n] = A[n} (t) = e_ith["]A[n](O)
where we explicitly wrote the lattice site. Note that in this notation Ay, is a vector:

Ao = Agr | 4, Similarly, on term of the second sum of the modified Schrodinger

equation reads as:

S L LmSRULs) =i Y <...LS%—1)1%7 Ko pSp (R Is)

/
s 5,5,5' o
where we defined a new combined index 8 = (ay, a,) the effective zero-site Hamiltonian:
§ L, L
— - - n
kspr = Wsmoiin,an—1).(sh ity ) Lanv.anlal | an
An—1,0, _q
sn,s’

This yields the differential equation:

S[n} = ik[n} S[n} = S[n] (t) = ki) S[n}(O)

All in all one integration step with a time step of At is:
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Algorithm 5.1: One site finite TDVP

1. Start with arbitrary state |¢) at t = 0.
2. Gauge transform into a right-canonical Matrixz Product State.
3. Compute Fg: w foreveryn € {N —1,N —2,...,3,2}.

4. For everyn € {1,2,...,N}:

At

(a) Compute A[n](%) = e*iTh[n]A[n] (0).

(b) Calculate left-normalized tensor L°" and center matriz Sp,: A =
LS”S[n].

(¢) Calculate the left contraction EZZ ol -

(d) Compute Sp,)(0) = i3 King S[n](%)'

(e) Multiply S into the next tensor: A+t = S Ron+L,
5. For everyn € {N,N —1,...,2,1}:

At

(a) Compute Ap,j(At) = e"'Th[n]A[n](%).

(b) Calculate right-normalized tensor R*™ and center matriz Sp,_y): A" =
S[n_I]Rs".

(c) Calculate the right contraction J

An—1,0,_1
(d) Compute S[n,l](%) = ¢tk Sin-1)(At).
(e) Multiply S into the next tensor: An=1 = L*n=1S5, .

Finite Two site TDVP Algorithm

It is also possible to do the same calculation as above with a two site tangent space.
Note that now always two sites are combined into one tensor Ay, ;,41]-
We have now the same effective Hamiltonian as in the two site DMRG algorithm:

j : b sh s Sp1Sn+1 b

h2/ — E n—1 W nion W n+1°N n+1
an_1,a;_1 bn717b7l bn7bn+1 an+1,ail_‘_1

bnflabrubn«kl

Algorithm 5.2: Two site finite TDVP

1. Start with arbitrary state 1)) at t = 0.
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2. Gauge transform into a right-canonical Matrix Product State.
3. Compute F:: o foreveryne {N -1,N —-2,...,3,2}.
4. For everyn € {1,2,...,N —1}:

- At
(a) Compute A[n’n_i_l}(%) = eil?hfnvnﬂ]A[n,nH} (0).
(b) Split Apy, yq1) into: ASmSntl = [0 Adntt,
(¢) Calculate the left contraction Esz?a, .

n

- At
(d) Compute Ap,111(0) = QZTh["]A[n-i-u(%)-

5. For everyn € {N,N —1,...,2}:

At

(a) Compute Ap,_y ) (At) =e "2 h%n]A[n—l,n](%)-
(b) Split Apy, ;41 into: ASn=15n = ASn—1 Rsn,

(c) Calculate the right contraction Fin
a

’
n—1,0,_1

(d) Compute A[n_l](%) = ei%h[”JA[n_” (At).

5.3 Infinite Lattice TDVP

For the first step the state is assumed to be in uMPS form [¢) — [¢(A)). Not that A
is dependent on time. We will temporarily rewrite the matrix A%, as AJ with the tuple
Jj = (s,a,b). The Schrodinger equation now reads as:

B |0jip) = —iH [¢) (5.2)

where 0; = % and B = A. The challenge is to find the matrix B which solves the

equation at a given time t. In general there is no solution to this equation within
the matrix dimension y. Within a fixed matrix dimension x there can only be an
approximate solution by minimizing the expression

18710 + i [v) |
This minimization is done by projecting eq. (5.2) onto the tangent plane of |(A)).
B (0p010y) B! = —iB* (9| H [4) (53)

What the TDVP algorithm does is to find a solution of eq. (5.3) with respect to B. Now
that we have laid out the general idea, we can transform A7 and B’ back to A3, and
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B?,. The derivative of [1)) can now be written as:

d
) = Z Z vlT...AS””BS"AS"“...vT |s)

neZ {s}=1

Definition 5.1

We will consider Hamiltonians of the following form:

H=3 b+ Wi+ 3 MIN]Bpem ™0
? A

m,n,j>1

1 and j will denote the different lattice sites, i,j € Z. The operator h! acts non
trivially only on one site and will be called on-site potential. Similarly h? is an
operator that acts non trivially only on two neighboring sites and will be called
nearest neighbor interaction. The last term of the Hamiltonian will be called long
range interaction. Fvery M™ and N™ is a single site operator, where we sum
over different pairs of operators with m € N. [, and oy are real scalars. By
definition we assume that o, > 0 Vn.

We will split eq. (5.3) up into its several terms.

B (0p01050) BT = —iBF | (00] > bt [0) + (0] Y ki [0)
' ' (5.4)
+ (Ol Y MNP B0 [y)

m,n,j>1

To calculate all the several terms we will define several tensors, that occur through the
process.
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> & OO O O

Figure 5.2: Graphical representation of T, hg, h%g, MS, and Ng.

Definition 5.2

d
T5 => C*® D"
s=1

>
=Q
Bl
Il
M-
o
=
>
S
s
CH
Q
e
)
N
®
sl
»
ol

Note that Tf is the transfer matrix 7.

Left Hand Side

The left hand side of the equation is a sum of tensor networks, where B and B take
every possible position. This can be seen in fig. 5.3. The left and right eigenvectors of
the transfer matrix ”collapse” to the first appearance of either B or B. There are three
different cases to examine:

1. B and B are on the same position.
2. B is to the left of B.

3. B is to the right of B.
For point 2 and 3, one has to sum over all possible distances between B and B. Every

lattice site between them is represented by the transfer matrix. With that in mind the
left hand side transforms to:
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Figure 5.3: Graphical representation of ‘71‘3]5 (051|0;4) BI. Note that this sum of tensor

networks gets repeated for every lattice site (hence the factor ﬁ)

©

BN (0gl0y0) B = |z (T |r) + TRy |r) + (U TETTg |r) + (| TETT |r) + ...

+ UITETA ) + (I TETTA ) + U TET*TA 1) + . |

= |2Z]

WTE 1)+ T (ST ) + U TA (S )78 )]
n=0 n=0

(5.5)
The sums over all powers of T are geometric series. The usual formula to calculate this,
fails for T'.

> 1

Yat= —— Val<1
1—=z

n=0

The series will not converge for V|z|> 1. As can be seen in section 2 the transfer matrix
T of a uniform Matrix Product State with a norm of 1 has a dominant eigenvalue of
1. Thus, for a normed state it is not possible to calculate the geometric series for the
transfer matrix. There is however a projection operator () that solves the problem.

Q=1—1[r

With this projector it is possible to calculate the geometric series of the transfer matrix.

YT =Q1-QTQ) T Q+> In
n=0 n=0
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(B) B A A B

() ) + (¢ INV ™ + ( INV G

(B) A B B A

+2021-1)- O | @ - O | @
(B) o

INV] = [Q(1-QTQ)'Q

Figure 5.4: Graphical representation of @HBE (051|0;v) BY after the geometric series has

been calculated. Note that this sum of tensor networks gets repeated for every lattice
site (hence the factor ﬁ)

The whole calculation can be found in appendix A.1. Note that @ (1 — QTQ)_1 Q is the
pseudo inverse of (1 —T'). Now eq. (5.5) can be transformed into this expression.

B* (9p10;9) B = |Z| [(lng r) + (I TEQ(1 - QTQ) ' QT |r)
+{ITEQ( ~ QTQ) QTS |r)
- 2(|Z)—1) (U TA ) 1 T |r)
The first three terms are all computable. The only problem arises if one wants to
calculate the last term, because of the extra factor of Z. This can be solved with a
special parametrization of B. The extra factor of |Z| which is multiplied with all terms
is there because of the infinite number of lattice sites. It will not prove to be a problem,
because the same factor arises for all terms of eq. (5.3).

On-site Potential

The right hand side of eq. (5.3) will be split up into the three parts of the Hamiltonian
and can be dealt with the same approach. Again, there a three cases to consider:

1. B sits on the same place as ht.
2. B is to the left of hl.

3. B is to the right of ht.
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Figure 5.5: Graphical representation of |Zi|]§7C (Op¥| >, hl|y). Note that this sum of

tensor networks gets repeated for every lattice site (hence the factor @1')
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Like before, in point 2 and 3 a summation over all different distances between B and ht
has to be done.

B (0l SO0k o) = (2] [k Iy + AT (3 T ) wk ) + @ pd (D 1) T 1)
% n=0 n=0

= [Z) [l hIr) + U TAQ - QTQ) ' QnAIr)
+ (I PAQ(L - QTQ) ' QT# Ir)
+2(1Z|-1) 1l B4 |r) @I T4 )]

Nearest Neighbor Interaction

In the case of the two site interaction, there are four cases:

1. B is on the left side, of the two sides, where h2 operates.
2. B is on the right side, of the two sides, where h2 operates.
3. B is to the left of h2.

4. B is to the right of hZ.

This time there is a sum over all different distances between B and A2 in point 3 and 4.
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‘%‘ BF (91| 32, hl ) after the geometric series
has been calculated. Note that this sum of tensor networks gets repeated for every lattice

site (hence the factor m)

Figure 5.6: Graphical representation of

(O 3 B ) = 121 (REA ) + @ hAS ) + U Ta (3 T ) kd I
n=0

4 (1| hA (ZT”)TBy }

R A BRI
+ (I TAQ(L - QTQ) ' Qh44|r)
+ (I PAAQ(L - QTQ) ' QTH |r)
2(1Z1-2) Ul hd Ir) Ul T4 )|

Long Range Interaction

For the long ranged interaction, there are five cases to examine:

1. B is to the left of both M and N.
2. B is on the same place as M.
3. B is between M and N.

4. Bis on the same place as N.
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0 D + ) + ( INV|| &2 | @
B 00 B A4
A(A A
+ h? INV G
A)(A B
(W) (4)

+2(z]-2) - @ ®» - O ()

0,0 (8)

INV] = |Q1 -QTQ)'Q

Figure 5.7: Graphical representation of ‘%‘BE 0z >, fzfz +1/9) after the geometric se-
ries has been calculated. Note that this sum of tensor networks gets repeated for every
lattice site (hence the factor ﬁ)
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5. B is to the right of both M and N.

In case 1 and 5 there is a sum over all distances between B and either M or N. In every
case an extra summation over all distances between M and N has to be done.

N BF (O] > NN Be U [y) =

*:|Z|;Bne_a" [<1\T§(§T1)MA(§ (e 1) )Nt Ir)
+ (1] M (i(ea"T)l)Nﬁ‘ r)
o ZMA(Zi_O; ) )1 (g (e T) )N )
+<Z\Mﬁ(l§;< e~ T) ) NE Ir)

U (Yo A (ST T )
l =0

The geometric series of e~*T converges without the use of QT'Q), because by assumption
a > 0= e <1 T has exactly one eigenvalue of 1 and all other eigenvalues have
a smaller absolute value, thus e™*7T" has only eigenvalues with absolute values smaller
than 1. This allows the geometric series to converge. There is an extra factor of e=*" in
the fourth line of the equation. This is because we omitted this because we pulled this
factor away from Tg in front of the term.

2 BHOWI 3 NN e ) = +

n,j>1

=213 Bae [UTAQ - QTQ) QM (1 — e~ T) !N |r)

+ ([ ME( = e T)"' N4 |r)
Fer o (| MA(1— e T) ' TH(1 — e T) I N4 |r)
+ ([ MA(1 = e T)"'Ng |r)
+ ([ MA(L =~ e T)7INAQ(L — QTQ) ' QT |7)
+2(1Z-2) (T4 Ir) (I MA(L — e T) "' Ny !T)]
In summary, if we can find a B = A that solves eq. (5.4) we can numerically integrate

the Schrodinger equation and compute (). The single terms of this equation were
expanded in this chapter.

20



Time-Dependent Variational Principle
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+ @ || |EINV]|IN| @
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+ @) |m| |EINV]|N| | PINV G
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(A) A A
+2(z| —2) - @) ) - @ || |EINV]|IN™]| @ )
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PINV] = |Q(1 - QTQ)'Q EINV]| = |1 —e @ T) !

Figure 5.8: Graphical representation of @HBI_"

(O] 20> M;N}[ge—a(j_i) |v) after the

geometric series has been calculated. Note that this sum of tensor networks gets repeated
for every lattice site (hence the factor @1')
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Time-Dependent Variational Principle

Computation

As mentioned above, the task at hand now is to find a B so that eq. (5.4) is satisfied. At
first a suitable gauge for B has to be found, so that the diverging factors of this equation
can be eliminated. One possible way to fix the gauge of B is:

T =0

Z ATIB® =0

s

This gauge has several advantages. The norm of the state is preserved and the left
eigenvector does not change in first order. Furthermore all terms with (| 7§ or ({| Tjé‘
in it will vanish. This is especially important for terms, that have an extra factor of Z.
With this gauge eq. (5.4) transforms into:

(U TE |r) = —i ( ([ h |r) + (1| h4Q(1 — QTQ) ' QTE |r)
+ ([ hga Ir) + (U hAB |7)
+ (1| hAAQ(1 — QTQ) QTS |r)
+ (U ME( = e T) NG )

m,n
+e M (| M1 —e ) ITE4(1 — e T)"IN% |r)
+ (| M4 —e " T)"INE |r)

+ (I MA(1 = ™ T)TINAQ(L - QTQ) QT m))

Now we want to find a parametrization for B = B(x) so that <l]Tf(x) = 0. The
parametrization for B used in [27] is defined as:

Definition 5.3: Parametrization of B
B (z) =1"2Voazr 2 (5.6)

where
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a

dveive =1

Leony = (A7112)

Vi) = Vieayp = Null (L)

c,a

If we plug eq. (5.6) into the the gauge condition, we can see that the condition is in fact
fulfilled.

0= ZASU B*

S

= Z ASTL 73V sgr—e

= Z ATV gps
—_——
5 =0,by def.

In general z € C@—1XXX (see appendix A.2).
To simplify the equations for x we will define column and row vectors that include the
inverse and pseudoinverse of (1 —7T) and (1 — e~ *"T).

Definition 5.4: K

(Kos| = (I|M4Q(1 — QTQ)™'Q
(Knn| = (1| h34Q(1 — QTQ)~'Q
(K['| = e (| M4(1—e o T)"
K}y =€ (1—e ®T)"'Ni|r)

(KLrl =) Bn (K" NAQ(1 - QTQ)'Q

These vectors also have a matrix representation exactly like (I| and |r). Ant the same
rules for products like (I|T (see section 2) apply for e.g. (Kopg|T. In general it is
not a good idea to calculate these vectors directly, because the computational cost of
calculating the inverse of T goes like O(x%). An iterative process of calculating these
vectors can be found (see appendix A.3).

Furthermore we will combine every other tensor than z in a single matrix F. We will
define this in advance:
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Definition 5.5: F

Fos =Y Vs ((s| RL[E) 1 AL+ Ko At)r%

s,t
Co =" (s, t| h? [u,v) A" A
Py =Y Vs ot r athr=s 4 3 vms (3o A 10t 4 Ky A7)
s,t s t

Frr = Z (Z (s| M 1t VsTl%At<Z 5an)r*%
m s,t -
T Z ﬁnvsTlféKl”AtK;le%
3 sl N Ve (3 gy Al
s,t -

+ ZVSTZ%KLRASr%>

F=Fps+ Fyn + FLRr

With these definitions eq. (5.4) will take the form of a simple matrix equation. We will
deal with its left hand side, the on-site potential, the nearest neighbor term, and the long
range interaction separately. In every calculation below we will use the cyclic invariance
of the trace and pull z! to the left.

Left Hand Side

B* (0gl00) B = 2] (I Tg) Ir)
= 1z) (Y B(@) 1 B () r)

S

= |Z| tr(Z r= 3t VT3 [ TRV SR r)

= |Z| tr(:ni Z vstys :U)

=Z| tr (xTx)
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On-site Potential
BF Ol Y b 1) = 121 [ Ay Ir) + (TRAQ(L - QTQ) ™ QT I

= (2] [Uh ) + (Kos| T In)|

= 12) [ (sl B8 B (@) L AT v+ B (@) Kog A" 1]
T st

= |Z| tr (Z 2t yst—s (<sy RLt T AL + Kos At)r%>

s,t

= ‘Z‘ tr (xTFos)

Nearest Neighbor Interaction
B @p01 3 W ) = 21 {3y 1) + (Ul Py 1)
+ {1 hA4Q(1 - QTQ) ' QT Ir)

= |Z| tr<<lhAA ) + (U Wit ) 1) + (K| T \7“>>

= |z| tr< Z (s,t| h? |u,v) A BT () I A*AY r

s,t,u,v

+ Y (t,s|h? [u,v) B (2) AT 1AM Ay

s,t,u,v

—|—§:Bs]L KNNAS )

8kw\2h”+1 =|z| tr(zvasvz st Alfr—2

st

4 ZxTVSTz—%A” 1 Cbs 2

st
+ ZxTVsTl’% Kyy A? 7’%>

= ’Z’ tI’(l‘TFNN)
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Long Range Interaction

ZB’“ (O] D M N e 070 ) =
7>

« =z Zﬁn o [ Mg (1 = e T) NG |r)

+ e (| MA(1— e ™ T) ' Ty (1 — e *T) "Ny Ir)
+ ([ MA(1— e T) " Ny Ir)

+ (IMA(1 = e T)TINAQ( - QTQ) QT ) In)]

STBF (0 Y MmN e U [y) = 4

m,n 7>t
x=1Z] Y [<Z|M§(x) (Z ﬁanﬁ)
+ Y Bu (K| Thyy KT

+ (X2 Bu(KF1) Ny In)

+ (Krr| Th |7">]

STBF (0] S NN e U ) =

m,n 7>
x = |Z| Ztr(Z | M™ [ty BST( )lAt(ZﬂnKZ?)
+ ZZ /BnBST KnAtKn

+ Z (s| N™ [t) BT (x (Zﬁnm)

s,t
=+ ZBST KLRAS )
= |Z| tr(:cTFLR)

Projected Schrodinger Equation

Finally, if we plug those expressions into eq. (5.4), the projected Schrodinger equation,
we arrive at:
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fr (x*x) — itr ((xT(FOS + Fyn + FLR)) — i tr(zTF)

This is an equation that can be solved with ease:

tr (a:Tx + z'a:TF> =0

tr(;vT(az + zF)) 0

And we arrive at the final solution:
Result 5.2

x=—iF (5.7)

With this 2 we can calculate A = B(x). Now there is a map where A(t) can be calculated
for an arbitrary A(t). The whole process boils down to use a numerical integrator to do
the time evolution. The simplest numerical integrator is the so called Euler integrator:

At + At) = A(t) + AtA(t)

According to [27] this is sufficient for imaginary time evolutions (ground state search),
but for real time evolutions a better integrator must be used.

Algorithm 5.3: Ground state search with TDVP and imaginary time
evolution

1. Start with a random uMPS A.

2. Calculate the dominant eigenvalue. (eq. (2.1), right hand side)
3. Renormalize A. (eq. (2.2))

4. Compute left and right eigenvector. (eq. (2.1), right hand side)
5. Compute V. (def. 5.3)

6. Compute Kos, Knn, KJ', K, and Kpg. (def. 5.4)

7. Compute Fogs, Fnn, and Frr. (def. 5.5)

8. Compute z. (eq. (5.7))

9. Compute B. (def. 5.3)

10. Compute A(t + At) = A —iAtB.

11. If not converged go back to 2.
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Time Evolution with Matrix Product Operators

6 Time Evolution with Matrix Product Operators

In 2014 Zaletel et al. introduced a new way to calculate the time evolution of a Matrix
Product State [36]. The main idea behind this approach is to find an approximate
representation of the time evolution operator e in Matrix Product Operator form.
After the introduction of the Time-Dependent Variational Principle, this is the second
algorithm that is capable of time evolving systems with long ranged interactions and
still maintain a constant error per site. This new idea integrates well with the existing
framework of Matrix Product States and operators, because one only needs to apply an

operator to conduct a time evolution.

6.1 Basics

It is possible to rewrite the Hamiltonian of a one dimensional chain with long ranged
interactions into this form:

N;
f{ = HLi Q@ 1g, + 11, ® ﬁRi + Z hLi,ai ® hRi,ai

aZ':l

Here we have split the chain into two separate chains at sites ¢ and ¢ + 1. The term H Li
are the parts of the Hamiltonian that act only on sites to the left of site ¢ and H R, are the
parts that are to the right of site ¢ + 1. The summands of H that act on both subchains
are denoted by the sum Zi\?:l h Lia; @ h R;a;, Where N; is the number of interactions.

H;, acts only here Hpg, acts only here

Figure 6.1: Graphical representation of the split into two chains. The red lines mark
interactions between sites on both subchains. Thus, in this case N; = 2.

If we want to move the location of the split to the left we can do so by calculating the
following matrix product:

1 N; 1
}?'Ri—l 1 1 C D ‘Z?Ri 6.1)
th‘—l = Ni—l O A B ® hRZ '
IR, 1 0 0 1 y:3
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Time Evolution with Matrix Product Operators

Where the first matrix on the right side of the equation (in this paragraph called Wm)
is in block form. The small indices outside of the matrix denote the size of the block.
SoAisa N,;_1 X N; matrix of operators, Cis 1x N, row vector, Bisa NZ 1 X 1 column
vector, and Disa single operator. Note that all operators contained in A C and D
only act on site i. Because we can iterate through the whole chain that Way, it follows
that the first matrix on the right hand side of the equation above is the Matrix Product
Operator form of the Hamiltonian H.

H= ZH Wi 1s') (s

The idea presented in [30] is to find an approximation of the time evolution operator
U(t) = e~ that can be written in Matrix Product Operator form and calculated from
the matrices fl, B, C’, and D.

In general the time evolution operator can be written as Taylor expansion with respect
to t:

U(r)=e = 1+TZH - T2ZH Hy+.
?y
Here 7 = —it and H = 3 H,, where the H, are some arbitrary operators (not neces-

sarily acting just on one site). If we want to express U(7) in terms of a Matrix Product
Operator the first problems arise in the second order of 7. There are two important sim-
plifications to the Taylor series, where a MPO can be calculated. The Matrix Product
Operators that emerge from those simplifications are called W/ and WZ.

6.2 W/
The first way to simplify the Taylor series of U(T) = ™ is to discard all terms in
second order where there is no partition into two subchains where H, acts only on the

left subchain and ﬁy acts only on the right side.

U(r) = Ul (r )_1+TZH +7m2y HHy+7* > H.HH, +.

<y r<y<z

Here ), <y ﬁxﬁy is defined as sum over all summands of H , where f[z acts only sites

that are strictly to the left of all sites that are affected by ﬁy.

For this simplification of the time evolution operator an exact MPO representation can
be found and is named WZ. If we take a look at the original structure of the Hamiltonian,
we see that all of its terms are of one of the following forms:

1. Identity operator on every site except ¢, where the on site term D is.

ﬂ[l] R ﬂ[z_l]Dm]Al[H_l} R ﬂ[N]
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. e, . ° . o—e—e .
° ° o9 ° ° °

Figure 6.2: Hypothetical interactions terms of H, (red) and H, (blue). The second and
the third combinations are discarded because the red interactions are not strictly to the
left of the blue interactions.

2. Chain of the form CA ... AB, where the number of matrices A is greater or equal
to zero.

~ ~

Ly - 1oy Clg Ay By Livs) - - Loy

With this we can see that the summands of U! as defined above look like this:

Flz ﬁy FIZ
Ly Dy Lggp - - L1y Cip Ay Bivay L) - - 11y Ot By Lz - - Ly
Here the condition < y < z holds. Note that there can not be products of the form
b[i] O[i] (same site) or similar terms, because that would violate the assumption that H,

and H, do not overlap. If we describe operator strings of the product above with a finite
state machine, we can see that there are two different states at an arbitrary site i:

1. The number of occurrences left of site i are equal for B and C.
2. C appeared once more than B left of i.
For the five different matrices, there are the following transitions between the states:

« 1: Can only occur at state 1 and does not change the number of appearances of
B and C. Thus, the state does not change, 1 — 1.

e D: Can only occur at state 1 and does not change the number of appearances of
B and C. Thus, the state does not change, 1 — 1.

e C: Can only occur at state 1 and increases the number of appearances of C. Thus,
there is a state transition, 1 — 2.

o A: Can only occur at state 2 and does not change the number of appearances of
B and C. Thus, the state does not change, 2 — 2.
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e B: Can only occur at state 2 and increases the number of appearances of B. Thus,
there is a state transition, 2 — 1.

With these transitions the Matrix Product Operator can be derived.

Definition 6.1: W/

W[Il] (r)=(1+7D /7C)

Theorem 6.1
W1 is the Matriz Product Operator of Ul

Proof. We are going to look at the same example as above. For example, one

summand of 73 Zx<y<z ﬁmﬁylflz will look like this:

Hy Hy IA{z
=~ —_——N— ——— R

70y Digy Ly - Vi) CaApiry Brivay Ly - - 1y Cpan By Ly - 1wy

Now we split the power of 7 and move it into the matrix product and remove the
site indices for the sake of brevity.

i(rD)i... (V7O A(VTB)L... i(v7O)(VTB)1 ... 1

This means that we need to add the factors 7 and /7 to the transitions above
(that correspond to the MPO). The first two cases mark transitions between the
same state and can be combined into one single transition. Thus Wll ,=1+7D.
With the same principle the other elements of W* can be derived. The transitions
with the prefactors can be seen in fig. 6.3. O

The authors of the paper [36] claim that the error of U!(7) with respect to U(7) goes
with order O(72N), where N is the number of lattice sites. However, careful inspection
of the sum where the first errors occur ), <y I:I$I:Iy shows that this holds only true,
where the interaction range is small compared to the system size and if there are only
interactions between two lattice sites. Thus, for the most interesting physical cases their
claim should be a good approximation.
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Figure 6.3: Representation of W/ as graph. See [37] on how to read such a graph.

6.3 Wil

There is a better approximation to U called U that eliminates some of the problems
U has.

Ur)mUM(r)=1+47Y Hy+7° > HH,+7 Y HHH. +... (62)
x

<z,y> <z,y,z>

Here > _,, - HyH,...is defined as the sum over all terms, where no interaction term
[-ARN
crosses a nearest neighbor bond.

o e—e ° ° ° °
S0 7

° ° o’\o\oo/o

° Q00 ° ° ° ° °

Figure 6.4: Hypothetical interactions terms of U (7). Only the last term is discarded for
Ul (7), because there are two interaction terms that cross the fourth bond. Note that
there can be an arbitrary number of on-site interactions on one lattice site. This can be
seen in the third line.

To calculate the Matrix Product Operator of U we will use the multi-dimensional
version of the Gaussian integral:
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LN /693¢_>¢_>¢>+¢y dé dp = eV
m

where z,1,¢ € CN and zy is the inner product. With the Gaussian integral we can
find an exact representation of U(7) if every term of H commutes with all other terms.
Because generally this is not the case we will have to do an error estimation. The strategy
is to perform a split between sites ¢ and ¢ + 1 into two subchains like mentioned above.

_ eTﬁLi e(\ﬁﬁLi)(\ﬁﬁRi)eTﬁRi + 0(7_2)

_ eTHLi </D[¢i,¢i]€ﬁ5Li¢;i€d_)id)ie\/;iLRi) eTHRi + 0(72)

where D[¢;, ¢:] =[] o dgia, ddiq,m 1. We used this relationship to merge and split the
exponential functions:

enx-i-sz — 67'151267'21/ + O (7_17—2 ['ZU? y])

erH _ /D[¢i7¢i]eTﬁLi+ﬁﬁLi¢i e*dgidh‘ eﬁiLRi+THRi +0 (7-2) (6.3)

Note that there is also an error term O (T%qﬁi) in the equation above that vanishes due

to the integral.
With the recursion relation laid out above (eq. (6.1)) we can move the the border of the
subsystems to the right.

I:IR,i = I:IR,Z'—H + O[iJrl]iLR,i—f—l + D[i+1]
iLR,i = A[i—&-l]iLR,i—i—l =+ B[Hu
VToihg + THR; = /7o, (A[i+1]7lR,i+1 + B[z’+1]> +7 (ﬁR,Hl + Clivyhri + D[i+1]>

With this recursion we can replace the last factor of the integral in eq. (6.3) by:

e\ﬁd)iiLR,i"‘Tf{R,i — e\ﬁ¢i(A[iJrl]ﬁR,i—o—l"‘B[iJrl])+T(HR,7;+1+O[~L+1]ﬁR,H—l"‘ﬁ[iJrl])
— D)+ VThi Bl (90 AL VT )VThR i1 AT HR i

— eTﬁ[iﬂ]-f—ﬁ(mB[iH] €(¢¢A[i+1]+\ﬁé[i+1])\ﬁim,i+1 eTﬁR,Hl +0 (7—2)

= /D[¢i+17 (Z)Hl]ﬁ@@iﬂe*¢_>i+1¢>¢+1e\ﬁ¢¢+1sz,i+1+TﬁR,i+l e (7_2)
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where [%, Fisr = eTb[i“]+ﬁ¢ié["+11+¢iA[i+1l‘Ei+1+ﬁéli+l]d_”'“. We used the multidimen-
sional Gaussian integral in the last line of the equation above. Note that there should
be an error of O (T%@-), but this gets integrated out again. We can repeat this process

on every lattice site and get our next intermediate result:

/D ?, ¢ ¢l¢l 17<5i+16_¢i+1¢i+1U¢i+17¢7i+26_¢i+2¢i+2 - } +0 (7_2) (6.4)

For the next step we rewrite every U bi,Bip, OS2 Taylor series.

) ; o Birt
(3

U¢i7<£i+l = Z Uni,ﬁi+1 ﬁ

{ni}.{ni+1} [n! [t
where |n;!| =[], (niq,!). Note that the integral in eq. (6.4) now transforms into a sum:

TG 1T _
/’D[qs“ C?%]Me—@d% = 5m,ﬁi (6.5)
[na! [|73! |

Now we get our final result for the time evolution operator:
sy [ c OnrsorUnsovinsesUnsoamies - } +0 () (6.6)
{n}

To get the matrix operator representation of U/(7) (eq. (6.2)), we need to eliminate
some of the terms in eq. (6.6).

Definition 6.2: W/

Wiy (r) = (Wh W),

11 II
(4]

WII
Wi (r) = ( %)
N\ wi o

[Z], WHM, WC L and ng are defined in terms of a Taylor expansion

U‘bi—lv‘f_’i = Wg,[i] + ¢F1Wé{[i} + W({‘I[z]q_sl + ¢i*1W£{[i]§5i + (9(@2—1,1 e ¢_5121 )
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Theorem 6.2
W1 is a possible Matriz Product Operator form of U within O(73).

Proof. Several interactions crossing the same bond appear in eq. (6.4) as higher
orders of ¢; and ¢;. Thus eliminating higher orders of U¢ .4, gets rid of those

interactions. Furthermore we need to proof that the Taylor expansion of U bi 1.

yields the same product of operators as W!!. To do that we inspect one part of
the integral eq. (6.4).

; /’D{sz, éi]U(i’i-h@z‘e_@d)iU@,Qgiﬂ e

h / Dlgi, 4 (Wll?{[il + G AWl + W pgéi + i Wil Jh‘) e
(WD i+1) T ¢iWéI[z‘+1] + WCI‘I[i—H]d;i‘*‘l + ¢’iWA{I[i+1 ¢3i+1> o

- W HWD [i+1] + WD 4] WC Ji+1] ¢7«+1 + ¢7, 1 HWD [i+1]

+ i A WE g Wiy @ier + WELWE oy + W WA di
+ i W WE g + 6 WA WA i

Q

Which has in fact all the terms of the matrix product W[If W[f il} From the first

to the second line we used the Taylor expansion of U¢i717$i and from the second
to the last line we used eq. (6.5). For the fact that this is only exact up to O(73),
we refer to [30]. O

Note that W' is only the correct representation of U/ up to O(73). This does not
matter, because the error of U with respect to the real time evolution operator is only
correct up to O(72). To explicitly calculate W/ and eliminate the higher orders of ¢ and
¢ there is a convenient mathematical trick. We can redefine the ®i.a; to be operators
instead of scalars with the property @2,% = 0. Likewise for élal This automatically
eliminates higher orders. We can use the well known boson creation and annihilation
operator for this with a maximum occupation number of 1.

Definition 6.3: Auxiliary boson creation and annihilation operators

Where the c} are represented in matrix notation as:

65



Time Evolution with Matrix Product Operators

t (0 0 4+ (0
CJ'_<1|<1 0) 97«
J

The vacuum state of this auziliary bosons will be denoted as |0) for ¢’ and |0) for
Gt
c

and ¢; = (CT»)T.

Note that the c} span their own auxiliary space that is independent of the physical
Hilbert space. We can use the properties of the creation and annihilation operator to
numerically calculate the matrix elements of W1/,

Algorithm 6.1: Computation of W/

A D QB tRA e o Yol
UCT7ET7[7;] — eTD[,L] + /Tc ®B[z] + c ®AM®C + \/;C[Z](X)C

Note that 0617617[2‘] € He ® He @ Hphys, where H,. and Hz are the auxiliary spaces of the
bosons, and Hpnys is the physical operator space. ng{[i}’j’ i is entry j, k of WAI on site 1.

6.4 Second Order

In the previous subsections we showed the error of U(7) and U'!(7) goes with O(72).
There is an easy way to lower the error by one order with two time evolutions with
different time steps 7 and 7o.

UM (r)=1+7H+ 7Y H.H,+O(r)
<y

O ()0 (o) = 1+ (r1 + ) H 4+ mim B2 + (7 +73) Y o, + O(2)
<y

N 1 N
Z14+7H+ 572H2 +O(73)
From this we get equations for 7; and 7»:
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TI+T=T
7'17'2:17'2

2

4+ =0

These equations have solutions for 71 = $(1 —4)7 and 7o = (1 +4)7.

Proof.
1 . .
T1+T2:§T(1—Z+1+1)2T
= P (-1 +) = 37
7'1T2—4T 7 (4 —27'
1 . ‘ 1 . .
Tl2+722:172((1—1)2+(1+2)2):172((1—21—1)—1—(1—1—21—1)):0

O

Note that we apply U/ (7)) and U'/!! (1) one after another and there is a possible
error due to the finite bond dimension of our Matrix Product State |¢). According to
[36] this does not proof to be a problem.

Algorithm 6.2: Second order time evolution with Matrix Product Op-

erators

We want to calculate the time evolution of |1 (1)) with UL or U with a time step

of T.

1.

T = %(1 —)T Ty = %(1 — )T
2. R

(1 +70)) = U (71) [ (70))
3.

(1 +70)) = U (1) [y (71 + 70))
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7 Matrix Product Operators of Fermionic Systems

If we want to want to calculate the ground state or time evolution of a fermionic system
we must take the fermionic anticommutator relations (def. 1.2) into account. One must
choose a convention for the order how the creation operators get applied to the vacuum
state to represent the Fock space. Every choice is equally valid as long as we stay
consistent while doing our computation. For the entire thesis the following convention

is assumed:
Definition 7.1: Order convention of the fermionic Fock Space

We consider a fermionic system with N lattice sites. Let 1)) be an arbitrary state
of the Fock space and let n; s be the occupation number of site i and spin s. The
order convention in this thesis is:

ny 4 ni,| NNt nN,|
W’>:<CI,T) (Ch) (Cj\m) (C;u) 10)

The problem regarding Matrix Product Operators is in a very strict sense operators like
ci,s are not local to one lattice site, because we may get a different sign stemming from
the anticommutator relations.

n1 nil it NNt nN, |
cit|v) =¢igp (ch) (ch) . (CI’T> . (c}r\m> <ij,¢> |0)
ni 4 ny,| 0 nN,t nn,l
= Onyp 1 (=1)" (CLT) (CLO . (C;‘I,T) e (C;\/,T) (c}f\u) |0)

where k = ) _.(nmt + Ny ). The idea is to find an operator that calculates the
product (—1)™1774(—1)"21%"24  for us. The resulting operator for one lattice site

is called parity operator and reads as:

Definition 7.2: Parity operator

(0| 1 0 0 0

{0y 0 -1 0 0

Pi= (Ole, 0o 0 -1 0
<0|ClCT 0 O 0 1 i

Note that PZ-2 = 1;. With this definition we can transform the creation and annihilation
operators into:

CZ(TS) — P1P2 e Pi—lcz(:rs)

B

This transforms products of creation and annihilation operators into:
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Matrix Product Operators of Fermionic Systems

Vi<j: CI,Sijsl — cZSPZ-PiH . Pi_icj e
Vi > g c;f’scjﬁ/ - —Cj ¢ PjPjy1... Pl-_lc;r.’S
These kind of transformations are known as Wigner-Seitz transformation. With that

knowledge we can find a Matrix Product Operator representation of e.g. the Hubbard
model:

Example 7.1: Long range Hubbard model in MPO notation

H=- Z e~ Y (Cszst - CisC;‘s) tU Z Tty
(2

i<j
S
W51’5/1:<1 e ¢ TP —e‘o‘cIP e Y P e ¢ P U”T”i)
1 —e_o‘cp3 —e_aciP e %P e % P Unyny
0 e P 0 0 0 cr
weesi [0 O enp 0 0 b o vi<i<n
“ 1o 0 0 e~P 0 ci !
0 0 0 0 e P ¢
0 0 0 0 0 1
Unqny
ct
WSN?S/N: Z\—#
!
€
1

Infinite TDVP is not based on the Matrix Product Operator formalism, but we still need
to do the same adjustments with the parity operator. If we want to use it to calculate
time evolutions all of the derivations used above are still valid. A fermionic Hamiltonian
(def. 5.1) of TDVP reads after a Wigner-Seitz transformation as:

H= Zh1+2h3z+1+ > MPi...Pj_Nj"Bue U

m,n,j>1
Where hl ;41 is the Wigner-Seitz transformation of hl i+1- The only other step that is

modified in regard to the original algorithm is the calculation of the geometric series
that stems from the summation over the infinite pairs ¢ and j.

(1-e )t & (1—e D)
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Matrix Product Operators of Fermionic Systems

where T = Yo P%° (AS ® fls). Furthermore, we need to multiply every Mlm with P
from the right: Mlm = M{”P
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Results: Ground State Search in the Thermodynamic Limit

8 Results: Ground State Search in the Thermodynamic
Limit

As mentioned above, the original formulation of the Time-Dependent Variational Prin-
ciple on uniform infinite lattices [27] was formulated to work only with nearest neighbor
interactions and in the course of this thesis this was extended to compute the time evo-
lution of Hamiltonians with exponentially decaying long range interactions. To test this
new version of the algorithm an imaginary time evolution of the Haldane-Shastry model
(def. 1.5) and the long range Hubbard model (def. 1.1) was performed.

Haldane-Shastry model

A=Yl il (; (8757 +8787) + Ss)
j>t
Note that the interaction of the Haldane-Shastry model follows a power law and it is not
possible to use the matrix product formalism in that case. To circumvent this problem
the power law was approximated with a sum of ten exponentials [25].

T_2 ~ Zﬁie—ocir
7

In fig. 8.1 the difference between the power law and the sum of exponentials can be seen.

‘7,42 o ZL ﬁiegair
=
o
I

10° 10" 102 103

Figure 8.1: Absolute difference between =2 and Y, Bie ™",

The Haldane-Shastry model is really useful here, because in 1993 F. D. M. Haldane
and M. R. Zirnbauer [21] found a closed form solution for correlations of the form
(GS|§g(t)5'fL+An(t’)]GS>, where a,b € {z,y,z} and |GS) is the ground state of the
system in the thermodynamic limit.

. . 1 1 1 A ,
<GS|Sg(t)Sz+An(t/)‘GS> _ 5a,b16(_1)An/ d)\l/ d>\2ez7r)\1)\2An—i7r2(t—t Y(A1—A2)?
-1 -1
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Results: Ground State Search in the Thermodynamic Limit

The integral of the solution was performed with the trapezoid rule with 30000 nodes and
t =t' = 0. The results are:

(GS|S25%,,|GS) = —0.14737 ...
(GS|S257,,|GS) = 0.05642. ..
(GS|S252,4|GS) = —0.04442 . ..

The imaginary time evolution was done with a random initial state with a bond dimen-
sion of xy = 32 and was carried out twice with two different time steps A7. The results
of the time evolution can be seen in fig. 8.2, where

e = [(W(N)ISES5 anl¥(7)) — (GSISES7 Al GS)]

It shows that the error goes to zero as the imaginary time 7 goes to infinity, except
some constant error term that is expected due to the finite bond dimension x and the
approximation of the power law with exponential functions. This holds true for both
time step sizes and shows that it is possible to use TDVP in the thermodynamic limit
with long range interactions.

Haldane-Shastry model

(W1S5.55 alv)
(15757 42l®)
(Y[S555 151¥)
Ar =101
- = Ar=10"2

1071 10° 10!

Figure 8.2: Error as a function of imaginary time.
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Results: Ground State Search in the Thermodynamic Limit

Long Range Hubbard model

H=- Z e~ Y (Cszst - Cisc}s> tU Z TitTi|
(2

1<j
s

For the long range Hubbard model no analytic solution is known and iDMRG did not
converge. In fig. 8.3 the calculated expectation values as a function of imaginary time
7 can be seen. Some non-rigorous tests on finite lattice showed that the calculated
expectation values in the thermodynamic limit are close to the expectation values on
small finite lattices. In fig. 8.3 can also be seen that the expectation values of 7, fi, and
n) clearly converge.

Long range Hubbard model, « = 1.0, U = 1.0

(7)[7]3(7))

0.5

0.4 —

- 0.3

< 0.2 —

0.1 — L

—
T LB RS | T LB RS | T LR LR | T L LR |

1072 1071 10° 10! 102
T

Figure 8.3: Expectation values as a function of imaginary time.
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Results: Long Range Transverse Field Ising Model

9 Results: Long Range Transverse Field Ising Model

In this section the Time-Dependent Variational Principle (TDVP) is compared to Matrix
Product Operator based time evolution (W’ and WZI). In this section the one site
version of TDVP will be called TDVP1, while the two site version will be called TDVP2.
The two operator based methods will be dubbed W1 and W2. Both algorithms have a
computational cost of O(X%Xo% where xg is the bond dimension of the Matrix Product
State and xo is the bond dimension of the Matrix Product Operator (appendix A.4).
W1 and W2 were used in second order. All computations in this section were done
with julia 0.4.2. [38] and were performed on a Toshiba Satellite U500 [39] (2 cores with
2Ghz clock rate). At first, a system with nine lattice sites was investigated. This was
done to compare the resulting states of the different algorithms to a state calculated via
total diagonalization. Next, a system with 41 lattice sites was simulated to see how the
algorithms perform for bigger system sizes. As reference model the long range transverse
field Ising model (def. 1.4) was used:

H=-) el ilgrss —ny 57

i<j i

In this section the magnetic field will always be equal to h = 0.45, and the parameter
a will be set to either & = 0.1 (long range) or a = 1.0 (short range). The parameter «
indicates how fast the interactions between the different lattice sites decay with respect
to distance and a higher value of a corresponds to a faster decaying interaction. In
fig. 9.1 a comparison between those two interactions can be seen.

—_
o
o

Lol
T T T 11T

—ar
e
[a—
e}
I
_
Lol

LR |

H
S
(V)

1 10 20 30 40
7 [lattice sites]

(€]
o

Figure 9.1: Comparison between the interactions of the lattice sites for « = 1.0, and
a=0.1.

Furthermore, we need a way to measure the error of a state that was numerically cal-
culated with respect to the analytic solution or a good approximation of the analytic
solution (called reference state). To do this, the overlap of the state and the reference
state, and the difference in expectation values were used:
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Results: Long Range Transverse Field Ising Model

Definition 9.1: Error measures

Let |1) be the state that was calculated with a numerical method of our choice and
let |¢) be a reference state. As reference state we will either use the analytical
solution or a numerical solution that has a negligible deviance to the analytically
solution in comparison to |1). The two error measures used in this section are

defined as:

e1=1—[{g[¢)]
€2 = Z\<¢|§é’”|¢> — (YI571W))|

For every a and system size the following initial state was used:

[W(E=0)) =[T... 1T... 1),

Based on this initial state an approximation for [i)(t = 1)) was calculated with the dif-
ferent algorithms. These simulations were repeated for different time steps At to get
€12 as a function of At.

Y(t =0) Y(t=1)

\ /
™~

Calculate €;/5 here

t

Figure 9.2: Illustration of the performed simulations. The orange and green lines stand
for time evolutions done with one of the two algorithms.

After every computation of [i)(t = 1)) the elapsed real time was saved. In the following
figures this quantity will be denoted with the name wall clock. This size is very important
in practical terms. One algorithm may perform better than the other at the same time
step At, but may need much more time to compute the result. Because of this, one
wants to take a look at the error as a function of computation time. It can be seen
down below that this is indeed the case with TDVP1/2 and W1/2. As a rule of thumb
TDVP1/2 performs better at the same time step At as W1/2, but the simulation takes
more time to complete. The question is, if At is lowered for W1/W2 so that it produces
the same error as TDVP1/2, will the former be faster than the latter?
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Results: Long Range Transverse Field Ising Model

N = 9 Lattice Sites

N=9,a=10x=16
—— TDVP1 —— TDVP2 == W1 == W2
|

| | | |
—5 -
1075 1 - B
s,* ~, ~
41' Y .
1079_ ‘—:‘ E—— ’,'~' -
\:« . ” S
Py L4 §'-'
L d
—13 o E—— LN —
10 ":' RARIRS
Py - .'.
s —_— E— T
= ' » ~
. - - - = :':
10—5_ -!lat” — - . —
- - -, -
PR SIICIEN

[\ 9 : - .'-.
o 10~ — E—— -
10_13_ \_ 7] /——_

| | | | |

1073 1072 107! 10° 1071 10° 10
At wall clock [s]

Figure 9.3: Error of [¢/(t = 1)) for a system with nine lattice sites and o = 1.0 (short
range). The reference state was calculated via total diagonalization.

In figs. 9.3 and 9.4 the results for a system with nine lattice sites can be seen. The bond
dimension y = 16 was chosen, because for nine lattice sites the Matrix Product State
can map to the whole Hilbert space of 29 basis states. It can be seen that TDVP1 and
TDVP2 are basically down to machine precision at every time step At. An oddity is
that ez increases with a lower time step At for TDVP1/2. This seems to be somehow
linked to the Matrix Product State formalism. It can be seen that the overlap error €;
is in many cases down to machine precision, while the expectation value error €5 is still
orders of magnitudes higher. If we had an analytic solution of the state and two states
had an overlap of one, every operator must have the same expectation value. Thus, it
must be a numerical problem.

Vi, 0,0 (YY) = (8l8) = (W]g) =1 = (@[OY) = (¢|0]¢)

In fig. 9.4 it can also be seen that the error of W1/2 is almost constant for o = 0.1 and
large time steps. This effect can be seen better on larger systems and seems to increase
with system size.
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€1

€2

10713

N=9 a=0.1 xy=16

— TDVP1 — TDVP2 == W1 - W2
l L ] l l
“‘4 ,.-"
. ® -,
. 8 = -,
Dol
\“ e,
‘!‘ — ‘-
t B
e o ——— = =
T T | | T |
l l , l l
3! T '.F"*..
.-"“. ] 5"""&.
- - T

1073

1072
At

107!

10°

107! 10°

wall clock [s]

Figure 9.4: Error of [¢(t = 1)) for a system with nine lattice sites and a = 0.1 (long
range). The reference state was calculated via total diagonalization.
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Results: Long Range Transverse Field Ising Model

N = 41 Lattice Sites, time reversal

For a system with 41 lattice sites it is not possible to calculate the time evolution of the
system via total diagonalization due to the sheer size of the state space (24! ~ 2-1012).
Thus, the first simulations on this large system were done under time reversal.

w(t = 0) Y(t=1)

\ At At At /
Vi . YR .
—At —At —At

Calculate €, /5 here

Figure 9.5: Illustration of the performed simulations under time reversal. With all of
the algorithms [¢(t = 1)) was computed and then back evolved to ¢t = 0.

The initial state was time evolved to ¢ = 1 and then back evolved to t = 0. An illustration
of this process can be seen in fig. 9.5. As reference state the original initial state was
used to calculate € /5.

N =41, a = 1.0, xy = 16, time reversal
— TDVPll — TDVP2 == W1 == W2

10~*
1077
10—10
10—13
10—16

€1

1074 - T T
1077 . 2t
10710_ ‘-:::"

10718 H ==
10—16 I

1072 107"
At wall clock [s]

€2

Figure 9.6: Error of the algorithms for a system with 41 lattice sites and o = 1.0 (short
range) under time reversal.

The results of this computation can be seen in figs. 9.6 and 9.7. What we can see again in
the case of a = 0.1 that there is a growing range of time steps, where the error of W1/2
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N =41, a =0.1, x = 16, time reversal

— TDVP1 — TDVP2 == W1 == W2
| | | 1 |

100_ ‘-|—'-'-|l|._ _IE\“"-'-'.,. |-
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_1070 A, . i
w 1079 d.° ] |
10—12 - ] |
1071 - n
1071_ "‘I-'-'-'.l._ N TEER .I’ |
107 o - - ‘e, n
~ 1077 -, d ] ., . L
W Y ,
10—10 - L |
10713 - n
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1073 1072 1071 10° 10° 10t 102
At wall clock [s]

Figure 9.7: Error of the algorithms for a system with 41 lattice sites and a = 0.1 (long
range) under time reversal.

is almost constant. Furthermore, we see that in the case of time reversal and o = 1.0
W1/2 is much faster than TDVP1/2 with the same error. This is because some of the
errors seem to cancel themselves, when we do a time evolution back in time. Nevertheless
we see that €,/ as a function of the time step At is the smallest for TDVP2. For that
reason TDVP2 was chosen to calculate the reference state for the next subsection.
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N = 41 Lattice Sites, Small Bond Dimension

In figs. 9.8 and 9.9 the results for a system with 41 lattice sites can be seen. The bond
dimension was capped at xy = 4 to see how the algorithms perform, when the error is
dominated by a low bond dimension. It can be seen best in fig. 9.9 (o = 0.1) that
TDVP1/2 reaches the lowest possible € at far smaller time steps At and at the same
computation time TDVP1/2 has an error orders of magnitudes lower than the error of
W1/2. In the case of & = 1.0, where the interactions decay much faster with respect to
distance, it seems that the algorithms are not well separated anymore with respect to
computation time. Especially, it is notable that the lines of TDVP2 and W2 for €; as a
function of computation time lie almost on top of each other.

N =41, a=10, xy =4
— TDVP1 — TDVP2 == W1 == W2
1

. | | | |
1073 7] . N :_ _.~' ~ B
_ 1077 —
w
10711 —
P
I I I I I
1071 o IPEE e ST B
& 107° __‘:‘,:‘-:" -
10-° - _/_ -
| | | | |
1073 1072 107! 10° 107! 10° 10"

At wall clock [s]

Figure 9.8: Error of |1(t = 1)) for a system with 41 lattice sites and a = 1.0 (short range).
The reference state was calculated with TDVP2. Note the small bond dimension.
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N=41,a=0.1, x =4
— TDVP1 — TDVP2 == W1 == W2
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Figure 9.9: Error of |¢(t = 1)) for a system with 41 lattice sites and o = 0.1 (long range).
The reference state was calculated with TDVP2. Note the small bond dimension.
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N = 41 Lattice Sites

In figs. 9.10 and 9.11 the results for a system with 41 lattice sites and a fixed bond
dimension of x = 16 can be seen. It can clearly be seen that €, 5 as a function of At has
a steeper slope for TDVP1/2 than W1/2. The measured slope can be seen below. We
have almost the same results as in the case of x = 4. For shorter ranges (o = 1.0) TDVP2
and W2 lie almost on top of each other for €; as a function of the elapsed real time. For
longer effective ranges (o = 0.1) TDVP1/2 produces an error orders of magnitudes lower
than the error of W1/2 with the same computation time. It can also be seen that W1
and W2 produce a vastly increased error with a longer effective interaction range (o
decreases). This behavior is not really surprising, because those two algorithms discard
multiple interactions crossing the same bond within the higher powers H in the Taylor
expansion of e As o gets decreased those interactions get more important relative
to the on-site potential. It can not be seen very well, but the same happens to TDVP1
and TDVP2. This probably stems from the finite bond dimension x. The reference
states were computed with a maximum bond dimension of y = 64. While for « = 1.0 a
bond dimension of y = 18 was enough, for & = 0.1 the maximum y = 64 was not big
enough and in that case the discarded weight was not equal to zero. For the simulations
in figs. 9.10 and 9.11 a fixed bond dimension of y = 16 was used. This explains the
increasing error of TDVP1 and TDVP2 with decreasing «.

N =41, a=1.0, x =16
— TIDVP1 I— TDVP2 == W1 == W2

.
|

10—4 —
1078 —
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e
s

10° 10! 102
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Figure 9.10: Error of |¢(t = 1)) for a system with 41 lattice sites and o = 1.0 (short
range). The reference state was calculated with TDVP2.
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Figure 9.11: Error of [¢(t = 1)) for a system with 41 lattice sites and o = 0.1 (long
range). The reference state was calculated with TDVP2.
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Fits

For the case of N = 41 and x = 16 a fit for the graphs was performed for €; and es.
The fits were done in the ranges, where €; /5 as a function of the time step or the elapsed
real time (wall clock) is approximately linear in the log-log plot. This implies a power
function:

a+log zb a elog xP b

logy:d+b-logx:d+loga:b = y=e =e =a-x

The data points that apparently deviated from the linear behavior were simply discarded.
These fits may provide unreliable information - especially for TDVP1/2 - because the
graphs are not linear enough (for a prime example see €3 as a function of At for TDVP2
in fig. 9.10). The data can be seen in tables 9.1 and 9.2 and the responding plots can be
seen in appendix A.5. In all cases TDVP1 and TDVP2 have a better behavior than W1
and W2 for small At. From the tables we can gather the same information, we already
saw in the figures above. All algorithms perform worse with decreasing «. Note that
the procedure that performs the exponential of the large matrix was custom build and
an average time of 90% was spent in this routine douring the simulations. Thus, TDVP

may be sped up significantly and the results may be skewed.

Table 9.1: Fits for the system with 41 lattice sites and x = 16, where €; /5 was fitted as
a function of the time step At. The graphs on the log-log plot are not always straight
lines and the fits may be unreliable, so no uncertainty is provided here.

. 61=a~tb 62:a~tb

Algorithm | « a b u b
TDVP1 1.0 1.8e—4 5.9 1.4e—3 3.2
TDVP2 1.0 1.5e—8 4.4 1.1le—5 3.9
W1 1.0 1.5e—3 4.0 1.4e—1 2.0
W2 1.0 1.5e—4 3.9 2.3e—2 2.0
TDVP1 | 0.1 1.5e—4 5.7 2.9¢e—-3 3.1
TDVP2 0.1 6.5e—7 4.5 1.1e—5 3.2
W1 0.1 1.5e+5 4.0 2.6e—3 2.0
W2 0.1 9.7e+4 4.0 3.8e—4 2.0
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Table 9.2: Fits for the system with 41 lattice sites and x = 16, where € /» was fitted as
a function of the elapsed real time t,,. The graphs on the log-log plot are not always

straight lines and the fits may be unreliable, so no uncertainty is provided here.

. 61:a'tlzu 62:a'tz)

Algorithm | « a b a b
TDVP1 1.0 6.4e—4 7.5 2.9e—-3 —4.1
TDVP2 1.0 1.6e—6  —5.8 6.0e—4 —5.1
W1 1.0 5.0e—7 —4.1 2.6e—3 —-2.0
W2 1.0 52e—8 —4.1 3.8e—4 2.1
TDVP1 0.1 5.5 -10.1 2.2e—1 —-54
TDVP2 0.1 1.3e—1 —7.7 7.1le—2 —4.9
W1 0.1 3.8e+2 —4.2 8.4 -2.1
W2 0.1 2.1e+2 —4.2 6.3 —2.1
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N = 41 Lattice Sites, longer time

In this subsection are the results for a time evolution to t = 15 computed with TDVP2
and a time step of At = 0.1 and a fixed bond dimension of y = 32. One can clearly
see in fig. 9.12 that for the shorter effective interaction range (o = 1.0) the spin flip
term due to the magnetic field in z-direction dominates and the lattice gets flipped
almost simultaneously on all lattice sites, while for longer effective interaction range (o =
0.1, fig. 9.13) the spin-spin interaction dominates. Note that the behavior seems to be
qualitatively vastly different in these two cases, because in the case of & = 0.1 the system
never performs a global spin flip in the simulated time frame and the expectation value
(Sz) seems to stay near the initial values. This may stem from a too short simulation
time or some kind of ”phase transition”. Either way, further research in this area should

proof to be interesting.

0.0
2.0
4.0
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8.0
10.0
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14.0

Figure 9.12: <,§f) as a function of time for the initial state |11 ... 1} ... 1), and o = 1.0

(short range).
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Conclusions

10 Conclusions

In the course of this thesis, the two algorithms introduced by Zaletel et al. [36] (MPO
based) and Haegeman et. al. [35] (TDVP) on a modified version of the transverse field
Ising model with exponentially decaying long range interactions were compared. The
main result of the simulation is contained in figs. 9.10 and 9.11. They show that the
MPO based method is a viable alternative to TDVP, if the interactions of the lattice
sites decay fast with respect to distance. On the other hand, if the interactions decay
slowly, TDVP should be used and produces an error orders of magnitudes lower. In
tables 9.1 and 9.2 it can be seen that TDVP has in general a much better asymptotic
behavior with respect to the used time step.

The computational bottleneck of Finite lattice TDVP is to calculate an exponential of
a matrix with a very high number of elements. Further research in this area could addi-
tionally speed up TDVP significantly.

Furthermore, the Infinite lattice TDVP [27] was extended in the present thesis, such
that it can also work with exponentially decaying long range interactions. In section 8
it can be seen that this method can be used to calculate the ground state of long-ranged
models with imaginary time evolution.
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A Appendix

A.1 Calculation of the geometric series of the transfer matrix

In this subsection we will calculate the geometric series of the transfer matrix T. We
assume that the transfer matrix has exactly one dominant eigenvalue with value 1, where
|r) is the corresponding right hand side eigenvector and (I| is the left hand side eigen-
vector. Furthermore it was assumed that (I|r) = 1. The projector @) was defined as:

Q=1—1[r

This operator has some helpful properties. As a projection operator it is idempotent:

Q* = ((1 =) (1) (= |r) (1)
=1 =) (] = |r) (Ul + ) {r) {1
g
=1—1r){
=Q

Furthermore, () commutes with the transfer matrix:

(@ T]= (L= [r) INT =T ((1 = |r){I])
=T—r){|T—T+T|r) (|
=T =T+ |r) (| = |r)
=0

The powers T'= QT'Q + |r) (I| have a plain and simple form:

7% = (QTQ + |r) (1) (QTQ + Ir) (I])
= (QTQ)* +|r) (Ulr) (Il + QT Qr) (Ul +I7) (11 QTQ

~——
=0 =0

= (QTQ)* +Ir) {I|

" =(QTQ)" +Ir) (|

Because QT'@ has only eigenvalues with an absolute value < 1, it is possbile to calculate
the geometric series for it. Now we have everything we need to calculate the geometric
series of the transfer matrix.
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ZT"—Z QTQ + |r) (I))"
n=0

((QTQ)" + |r) (i)

n=0
Q(Z QTQ) >Q+Z
Q(1-QTQ)” Q+Z|r

This proofs the claim from the main text. In the third line of the equation above we
used Q% = Q and [T, Q] = 0.

A.2 Linearly independent parameters of B(x)

This section follows [27].

How many linearly independent parameters does B have? In general a tangent state
|¢p(A, B)) will have a non trivial null space. This stems from the gauge invariance of
|t(A)) with respect to A. If we look at an auxiliary state defined as

A5 = eeXAse—eX

where € € R and X € CX*X, Because eXe~X =1, A and A describe the same state (see
section 2). Note that X € CX*X. Thus, the state is independent of € and its derivative
with respect to € must vanish.

i#:X#—#X

de
d _
) -
dAi )
T |0j1(A)) =0

The last line of the equation above is of the same form of the derivative of |¢)(A4)) with
respect to time! With that obervation we know that every By, = X A° — A%X produces
a zero norm state. So, every B’ = B + By will result in the same tangent state as B.
This eliminates x? degrees of freedom from the general dy? parameters of B. Thus, a
appropriate parametrization of B will have (d — 1)x? linearly indepentent parameters.

A.3 Calculation of Kpg, Kyn, K[', K', and Kpp

This section follows [27].
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In general calculating the these vectors directly is too expensive computational wise.
However, by plugging in the definitions it is possible to find matrix equations that can
be solved.

(Kos

(Kos|(1-QTQ

(Kos| (1 =T +|r) (Il

(Kos| — (Kos| T + (Kos|r) (I

)
From the first to the second line we used [T, Q] = 0. Now we can rewrite this with our
usual rules into a matrix equation:

1hQ(L - QTQ)'Q
1| h4Q

IR (1 = |r) (1))

I s — (LR )

o~ o~ o~ ——

|
)
)
|

KOS—ZATKOSA +tr(Kosr) 1=y (s| A" |f) [ASUAt tr(AA ] (A
s,t

The last line can be solved like a matrix equaitn Az = b. Most modern computer algebra
systems are able to this with a complexity like O(x?). Likewise for the next neighbor
term Ky we need to solve the equation:

Knn =Y ATKNNA® +te(Kynr) L= > (st 7? |u,v)
s s,t,u,v (AQ)
[AtTASUA“A” — tr( Al ASTI A% AV

And similar for the long range case, we need to solve:

Kp—eon Y AR A® = e ) (s| M™ |t) A*TIA! (A.3)
s s,t

K} —eon Y AKPAT = e7on y " (s| N |t) ATLAT (A.4)
s,t

Krr — ZASTKLRA —I—tr(KLRT Z_ZB"Z ’Nm |t>
n s,t (A5)
[ASTK[‘At — tr(AS KD Atr)l

A.4 Computational Cost of Operator Application and TDVP

In this section we are going to briefly discuss the computational cost of applying a Matrix
Product Operator to a Matrix Product State and the cost of one TDVP sweep on a finite
lattice. Currently the most effective algorithm to perform an MPO-MPS application is
the zip-up algorithm [29]. Here, the most expensive step is performing a singular value
decomposition of the combined tensor depicted in fig. A.1.
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7
9 (xs X xo)

Figure A.1: Graphical representation of the tensor to perform an SVD on. A is a tensor
of the Matrix Product State, W a tensor of the Matrix Product Operator, and X is a

XS X XS X Xo tensor.

(d x xs)

So, we must compute the SVD of a (d - xs) X (xs : Xo) matrix, where yg x xs. We
assume that the bond dimension of the state is much greater than the local Hilbert
space dimension and the bond dimension of the operator. So the computational cost of
this SVD and thus the MPO-MPS application is O(x%d%x0) [10]. For TDVP the most
expensive step is the computatation of the matrix exponential e ***Hess (fig. 3.3). For
TDVP we only need to compute the product of the exponential with a vector. This can
be eﬁ'ectlvely calculated with a Lanczos scheme, where we only need to know the action
of H, ¢f on an arbitrary vector v [41]. The trick here is to never explicitly build H, Ff
but to calculate the product w = H, £fv recursively.

~1 Sn’s/n
an—1,a n 17bn75n75 an 1,Q bn lybn
bn 1
~2 § ~1
w = w Vg o
(lf,l,17bn,5n,5fn+1yan+l An—1,a), _1,bn,5n,8) “Sn Sy 41:0n—1,an+1
anﬂn—l
~3 ~2 Sn4+1,8p41
W,/ s a b = W, b ! bp,b
n—151,n+1,5n+1,0n+1 Ay 1501550, 1 1,0n+1 n50n+1
’
b”7sn+1
~3 bn 1
Ws,,,s = § : W b L
nySn+1,0, 1,0 n+1 Ap—1>57:0n+1,5n+1,0n+1" An+1,0,, 41
bn+17an+1

where E and F are MPS-MPO-MPS contractions (section 3). The most expensive
computations here are line 2 and 4 which cost O(x3d®>x0) for the two site TDVP and
O(x3d*xo) for the one site version of TDVP. This operation needs to be done a number

of times that depends on how exact we want to evaluate eIt Hepy
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A.5 Plots of the Fits

N =41, a=1.0, x =16

TDVP1 TDVP2
L///‘ |
W1 W2
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w / b o ©
W1 W2
At At

Figure A.2: Fits of the error as a function of the time step for & = 1.0. The actual data
points are the blue dots. The fits are represented by green lines. Note that the plots are
not in scale with each other. (original plot: fig. 9.10; fitdata: table 9.1)
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N =41, a=0.1, x =16
TDVP1 TDVP2
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Figure A.3: Fits of the error as a function of the time step for a = 0.1. The actual data
points are the blue dots. The fits are represented by green lines. Note that the plots are
not in scale with each other. (original plot: fig. 9.11; fitdata: table 9.1)
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N =41, a=1.0, x =16
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Figure A.4: Fits of the error as a function of the computation time for o = 1.0. The
actual data points are the blue dots. The fits are represented by green lines. Note that
the plots are not in scale with each other. (original plot: fig. 9.10; fitdata: table 9.2)
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N =41, a=0.1, x =16
TDVP1 TDVP2

€1

TDVP1 TDVP2
L (J ..
W1 W2
peo o pe o
wall clock [s] wall clock [s]

Figure A.5: Fits of the error as a function of the computation time for a = 0.1. The
actual data points are the blue dots. The fits are represented by green lines. Note that
the plots are not in scale with each other. (original plot: fig. 9.11; fitdata: table 9.2)
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