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Kurzfassung

Storungen der axialen Symmetrie des Magnetfeldes in einem Tokamak fithren
zu neoklassischen radialen Plasmastromen, die wiederum Drehmomente er-
zeugen und damit die Plasmarotation beeinflussen kénnen. Da diese Drehmo-
mente oft in Form einer Viskositét beschrieben werden, wird dieses Phénomen
auch als neoklassische toroidale Viskositdt (NTV) bezeichnet. Zur Berech-
nung der NTV Drehmomente werden derzeit analytische, semi-analytische
und numerische Modelle verwendet, die Vereinfachungen beziiglich der Geo-
metrie, Stoloperatoren und Transportregime machen, welche eine Verringe-
rung der Dimensionalitidt des urspriinglichen 4D Problems ermdglichen. In
dieser Arbeit wurde eine numerische Methode entwickelt, die die Dimension
des Standardansatzes zur Losung des neoklassischen Transportproblems um
eins reduziert und dabei auf die oben genannten Vereinfachungen verzichtet.
Die einzige Annahme dieser Methode ist, dass die Storungen des Magnet-
feldes hinreichend klein sind und damit die Teilchenbewegung innerhalb der
gestorten Flussfliche kaum durch das Storfeld beeinflusst wird (quasilinearer
Ansatz). Dennoch decken quasilineare Transportregime einen groken Para-
meterbereich moderner Tokamak-Experimente ab. Basierend auf diesem qua-
silinearen Ansatz wurde eine Version des Codes NEO-2 entwickelt und mit
verschiedenen analytischen und semi-analytischen Modellen, sowie mit dem
nichtlinearen Code DKES verglichen. Fiir eine reale Tokamak-Geometrie wird
ein Verfahren zur Auswertung der NTV Drehmomente besprochen, das aus
der quasilinearen NEO-2 Version und dem Code NEMEC zur Berechnung der
Magnetfeldgleichgewichte besteht. Mit Hilfe dieser Prozedur wird das N'TV
Drehmoment fiir ein ASDEX Upgrade Gleichgewicht und ein Einteilchen-
Plasma berechnet. Die erhaltenen Resultate werden mit Ergebnissen von
SFINCS, einem nichtlinearen Code zur Losung der drift-kinetischen Glei-
chung, sowie mit semi-analytischen Modellen verglichen. Weiters wurde das
bisher in NEO-2 implementierte Stokmodell (der gesamte linearisierte Stof-
operator) von einem simplen Plasma (Elektronen und eine Ionensorte) auf
ein beliebiges Plasma mit mehreren lonensorten erweitert. Dies erlaubt in
Zukunft die Berechnung der NTV Drehmomente in Plasmen mit einem si-
gnifikanten Anteil von Verunreinigungen.
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Abstract

Plasma rotation in tokamaks can be significantly influenced by the torque
arising from neoclassical radial plasma currents due to 3D magnetic pertur-
bations, e.g., the toroidal field (TF) coil ripple, error fields, coils for edge
localized modes (ELM) mitigation purposes. Since this torque is often ex-
pressed through a viscous force, the phenomenon is termed as neoclassical
toroidal plasma viscosity (NTV). For the evaluation of the NTV torque sev-
eral analytical, semi-analytical and numerical approaches are presently used,
which make simplifying assumptions concerning geometry, collision operators
and transport regimes, which, in particular, help to reduce the dimension of
the original 4D problem. In this thesis a numerical approach has been de-
veloped, which reduces the dimension of the standard neoclassical transport
problem by one without such simplifications of the linearized drift kinetic
equation. The only assumption is that the perturbations are small enough
such that the particle motion within the perturbed flux surface is only weakly
affected by the perturbation field (quasilinear approach). Nevertheless, these
quasilinear regimes cover a significant range of the parameter domain of mod-
ern tokamak experiments. Based on this quasilinear approach, a version of
the code NEO-2 has been developed and benchmarked against various ana-
lytical and semi-analytical models, as well as the nonlinear code DKES. For
a real tokamak geometry a procedure for the evaluation of the NTV torque,
which consists of the upgraded version of NEO-2 and the code NEMEC for
the computation of the magnetic field equilibria, is discussed. Using this
procedure, the NTV torque is evaluated numerically for an ASDEX Upgrade
equilibrium and a single-species plasma. The obtained results are compared
to computations of the nonlinear drift kinetic equation solver SFINCS, as
well as to semi-analytical models. Furthermore, the collision model (full lin-
earized collision operator), which has been implemented so far in NEO-2 for
a simple plasma (electrons and one sort of ions), has been generalized here
for the general case of a multi-species plasma. This would allow computa-
tions of the torque for plasmas with significant impurity contents including
the computations of the additional impurity transport caused in tokamaks
by the violation of the toroidal magnetic field symmetry.
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Chapter 1
Introduction

The two most advanced concepts for magnetic confinement fusion devices
are the tokamak and the stellarator. Examples of a tokamak and a stel-
larator configuration are shown in Figure 1.1 and Figure 1.2, respectively.
In Figure 1.1 an insight into the cryostat vessel of the tokamak ITER is
given, which is currently being built in Cadarache (France). The advanced
stellarator experiment Wendelstein 7-X, see Figure 1.2, is located in Greif-
swald (Germany) and went into operation in December 2015. Both concepts
have in common that they generate strong magnetic fields to confine the
plasma particles which travel along the magnetic field lines belonging to
toroidal magnetic surfaces. Typically, the tokamak is assumed to be a per-
fectly axisymmetric device, whereas the stellarator has a much more complex
magnetic field geometry and, therefore, is considered as non-axisymmetric.
In a real tokamak experiment this axial symmetry is often violated due to,
e.g., the toroidal field (TF) coil ripple, error fields and resonant magnetic
perturbation (RMP) coils used for the mitigation of edge localized modes
(ELMs). Thus, a strict separation into axisymmetric and non-axisymmetric
fusion devices is not possible anymore. The perturbations of the axial sym-
metry in a tokamak are of importance since they cause non-ambipolar radial
particle fluxes. These non-ambipolar particle fluxes can modify the toroidal
plasma rotation which, in turn, affects the stability and transport in tokamak

plasmas.
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Figure 1.1: In-cryostat overview of the tokamak ITER. ©ITER Organization
Source:  https://www.iter.org/doc/all /content /com /gallery /media /7%20-
%20technical /in-cryostat%20overview%20130116.jpg

The purpose of this thesis has been to provide a contribution to the bet-
ter understanding of the plasma rotation in tokamaks, which influences the
plasma confinement and, thus, the performance of future power plants based
on nuclear fusion. As a result of this endeavor a tool for the numerical
evaluation of the neoclassical toroidal viscosity (NTV), which is produced by
non-resonant magnetic perturbations in a tokamak, has been developed. This
numerical tool, an upgraded version of the code NEO-2 |1, 2|, allows for an
efficient evaluation of non-ambipolar particle fluxes due to non-axisymmetric
electromagnetic field perturbations, which in turn produce a toroidal torque
affecting the plasma rotation. This is accomplished without making sim-
plifying assumptions for all quasilinear regimes. In this context quasilinear
regimes mean parameter domains where the particle motion within a mag-

netic flux surface is not influenced by the perturbation field itself. Since the



Figure 1.2:  Technical drawing of the advanced stellarator Wen-
delstein ~ 7-X.  (©Max-Planck-Institut  fiir ~ Plasmaphysik,  Source:
http://www.ipp.mpg.de /2498182 /zoom.jpg

relative magnitude of electromagnetic field perturbations with respect to the
total magnetic field is small, quasilinear regimes cover a large domain of pa-
rameters including the reactor scale plasmas. Before this upgraded version of
the code NEO-2 there existed various analytical and semi-analytical models
for the computation of NTV [3, 4, 5|, which have in common that they make
simplifications such as the restriction to certain transport regimes, simpli-
fied device geometry or Coulomb collision model. Well-established codes for
the evaluation of particle fluxes in stellarators as the DKES code |6] make
often also use of certain simplifications of the underlying drift kinetic equa-
tion. For example, DKES uses a Lorentz collision model and neglects the
contribution from magnetic drifts to the poloidal and toroidal rotation ve-
locity. With respect to Monte-Carlo methods [7, 8, 9|, which provide also a
universal approach for the evaluation of NTV, the numerical approach real-

ized within the upgraded version of the code NEO-2 is more efficient and,
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thus, would allow for the use of NEO-2 within a 1D transport code. The
upgraded version of NEO-2 has been validated and benchmarked against
various analytical and semi-analytical models, as well as the nonlinear codes
DKES [6] and NEO [10]. The derivations of the theoretical framework for
the upgraded code NEO-2 and the results of the extensive benchmarking
phase have been published in Ref. [2]. In Ref. [2|, aside from the developed
theoretical formalism, also a re-derivation of the exact toroidal momentum
conservation equation and its approximate form including all leading order
terms in Larmor radius and perturbation amplitude is presented. Further-
more, the flux-force relation has been generalized there for the case of fast

plasma rotation.

After the benchmarking phase, the quasilinear version of the code NEO-2
has been extended to the case of general tokamak geometry. The proce-
dure for the evaluation of non-ambipolar particle fluxes in a real tokamak
device consists of two steps, the calculation of the equilibrium including the
non-axisymmetric magnetic perturbations using the code NEMEC [11] and
a subsequent computation of the non-ambipolar particle fluxes with NEO-
2. Based on this procedure, a study of the NTV torque for a few ASDEX
Upgrade equilibria has been carried out. These equilibria include pertur-
bations from the TF ripple and from ELM mitigation coils with different
distribution of current values resulting in different perturbation field spectra
in the ASDEX Upgrade shot #30835. Since RMPs are strongly shielded by
plasma response currents in ASDEX Upgrade [12]|, magnetic fields computed
within ideal MHD theory, where RMPs are shielded perfectly, provide a good
approximation in a major part of the plasma volume except for narrow res-
onant layers around resonant rational flux surfaces. For this set of equilibria
the NEO-2 results for the ion NTV torque have been compared to results
obtained by the code SFINCS [13], which solves the nonlinear problem per-
tinent to neoclassical stellarator transport and, therefore, is not limited to
small values of the perturbation amplitude. Computationally, this is a much
more demanding task than solving the quasilinear problem. In contrast to
the DKES code, which solves the reduced monoenergetic problem, SFINCS

as NEO-2 uses the full linearized Coulomb collision operator.



The structure of this thesis is as follows. In Chapter 2 the quasilinear
approach used for the evaluation of the torque produced by non-resonant
non-axisymmetric magnetic perturbations is derived, as well as a discussion
of the toroidal momentum conservation in a plasma is given. The bench-
marking results for a simplified tokamak geometry with circular flux surfaces
are shown in Chapter 3, and in Chapter 4 an application of the quasilinear
version of the code NEO-2 to an ASDEX Upgrade discharge is presented. In
Chapter 5 the numerical approach implemented in NEO-2 is generalized for
the case of a multi-species plasma, and in Chapter 6 the results of this thesis
are summarized. In Appendices A, B and C analytical approaches for the
evaluation of non-ambipolar particle fluxes in the 1/v regime, a method for
the transformation from Boozer [14] to Hamada [15] coordinates, and details

regarding the derivation of the quasilinear approach are given, respectively.

Publications associated with this thesis

Peer-reviewed journal articles

e S. V. Kasilov, W. Kernbichler, A. F. Martitsch, H. Maassberg, and
M. F. Heyn. Evaluation of the toroidal torque driven by external non-
resonant non-axisymmetric magnetic field perturbations in a tokamak.
Phys. Plasmas, 21(9):092506, 2014.

e W. Kernbichler, S. V. Kasilov, G. Kapper, A. F. Martitsch, V.V. Nemov,
C. G. Albert, and M. F. Heyn. Solution of drift kinetic equation in stel-
larators and tokamaks with broken symmetry using the code NEO-2.
Plasma Phys. Contr. Fusion, submitted, 2016.

e A. F. Martitsch, S. V. Kasilov, W. Kernbichler, G. Kapper, C. G. Al-
bert, M. F. Heyn, H. M. Smith, E. Strumberger, S. Fietz, W. Suttrop,
M. Landreman, the ASDEX Upgrade Team and the EUROfusion MST1
Team. Effect of 3D magnetic perturbations on the plasma rotation in
ASDEX Upgrade. Plasma Phys. Contr. Fusion, 58(7):074007, 2016.
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Conference proceedings

e A. F. Martitsch, S. V. Kasilov, W. Kernbichler, and H. Maassberg.
Evaluation of non-ambipolar particle fluxes driven by external non-
resonant magnetic perturbations in a tokamak. In 41st EPS Conference
on Plasma Physics, volume 38F, page P1.049, Berlin, Deutschland,
2014. European Physical Society.

e A.F. Martitsch, S. V. Kasilov, W. Kernbichler, M. F. Heyn, E. Strum-
berger, S. Fietz, W. Suttrop, A. Kirk, the ASDEX Upgrade Team
and the EUROfusion MST1 Team. Evaluation of the neoclassical
toroidal viscous torque in ASDEX Upgrade. In /2nd EPS Conference
on Plasma Physics, volume 39E, page P1.146, Lisbon, Portugal, 2015.
European Physical Society.

Poster presentations

e S. V. Kasilov, W. Kernbichler, and A. F. Martitsch. Evaluation of
non-ambipolar particle fluxes driven by non-resonant magnetic per-
turbations in a tokamak. Joint 19th ISHW and 16th RFP workshop,
Padova, Ttaly, 2013.

e A. F. Martitsch, W. Kernbichler, S. V. Kasilov, M. F. Heyn, and
H. Maassberg. Evaluation of the toroidal torque driven by external
non-resonant non-axisymmetric magnetic field perturbations in a toka-
mak. 19th Joint EU-US Transport Task Force Meeting, Culham, UK,
2014.

e A, F. Martitsch, S. V. Kasilov, W. Kernbichler, G. Kapper, C. G. Al-
bert, M. F. Heyn, E. Strumberger, S. Fietz, W. Suttrop, the ASDEX
Upgrade Team and the EUROfusion MST1 Team. Effect of 3D mag-
netic perturbations on the plasma rotation in tokamaks. 20th Interna-

tional Stellarator-Heliotron Workshop, Greifswald, Germany, 2015.



Chapter 2

Methods

In this chapter a method for the evaluation of the torque produced by non-
resonant non-axisymmetric magnetic field perturbations is presented, which
has been developed in the course of this thesis together with Sergei V. Kasilov
and my supervisors. It has to be noted that the methods described in Sec-
tions 2.2 and 2.3 have been published in the following journal article [2| and

conference proceeding [16]:

e S. V. Kasilov, W. Kernbichler, A. F. Martitsch, H. Maassberg, and
M. F. Heyn. Evaluation of the toroidal torque driven by external non-
resonant non-axisymmetric magnetic field perturbations in a tokamak.
Phys. Plasmas, 21(9):092506, 2014.

e A. F. Martitsch, S. V. Kasilov, W. Kernbichler, and H. Maassberg.
Evaluation of non-ambipolar particle fluxes driven by external non-
resonant magnetic perturbations in a tokamak. In 41st EPS Conference
on Plasma Physics, volume 38F, page P1.049, Berlin, Deutschland,
2014. European Physical Society.

The developed numerical approach has been implemented in an upgraded
version of the code NEO-2 [1, 2], which is benchmarked against various an-
alytical [3, 17, 18] and semi-analytical models [19], as well as the DKES
code [6] and SFINCS [13]. The benchmarking results are summarized in
Chapter 3 and an application of the code NEO-2 to ASDEX Upgrade equi-

libria is shown in Chapter 4. The structure of this chapter is as follows.

7
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In Section 2.1 basic definitions are given, in particular, a relation between
plasma rotation and radial electric field is established and the drift kinetic
equation equation is introduced. The toroidal momentum conservation in a
plasma and the neoclassical toroidal viscous (NTV) torque are discussed in
Section 2.2. The derivation of the quasilinear approach implemented in the
upgraded version of the code NEO-2 is given in Section 2.3, and in Section 2.4

analytical models used for benchmarking are described.

2.1 Definitions

2.1.1 Coordinates and geometry

Modeling of plasma transport in toroidal confinement devices requires the
knowledge of the magnetic field B in a complex geometry. Thus a proper
choice of the coordinate system can tremendously simplify the algebra perti-
nent to the physical problem. There exists a large variety of so-called toroidal
flux coordinate systems, which have been extensively studied since the mid-
dle of the last century. In this section basic features of specific sets of toroidal
flux coordinate systems, where the magnetic field lines become straight, are
listed and fundamental quantities are defined. A more detailed discussion
of straight field line flux coordinate systems can be found in in the book of
W.D.D’haeseleer et al [20].

Let x = (2, 2% 23) = (r,9, ¢) denote straight field line flux coordinates,
i.e. B" = 0and BY = ¢B", where the toroidal angle ¢ is a symmetry variable
and g = q(r) denotes the safety factor. The magnetic field can be presented

either in a co-variant form,
B = B, Vr + ByVi + B, Vo, (2.1)
or in a contra-variant form,

B = B’y + B¥¢c, = B"\/g (Vi x Vr) + B?\/g (Vr x V1) (2.2)
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where the components of the magnetic field are given by [20, p. 77],

1 ov 1 00,

0 _ pol v _ 2.3
2m\/g Or ’ 2m\/g Or ’ (2.3a)
47~ 0P 2 0P 2 0P
B, =——f+—2  By=-IL,+— DB,==I% +—=2  (2.3b
c77+ or’ P * oY’ ? cp°1+ dp (2:3b)

In (2.3a) and (2.3b) W (r), Who\(7), ¢, Lior(r), 155(r), 7(r, ¥, @) and (7,0, )
are toroidal magnetic flux, poloidal-ribbon magnetic flux, speed of light,
toroidal current, poloidal-disk current, current stream function and scalar
magnetic potential, respectively (see [20, p. 77]), and /g denotes the metric

determinant,
=— X ——. 2.4
V9 or % 09 0Oy (24)

The current stream function and the scalar magnetic potential are periodic
functions in the angles, see [20, pp. 129-142]. For the axisymmetric, unper-
turbed tokamak magnetic field the derivative of the scalar magnetic potential
along ¢ is zero and, therefore, the co-variant toroidal B-field component is
constant on a flux surface, i.e. B, = B,(r). Here, the effective radius r [10]

is used to label flux surfaces, which is defined by the condition

(|Vr|) =1, (2.5)
where
(a) = % /dgr a(r) = 7d19 7dg0 N ) 7d19 7dgp Vga(x)
5V 0 0 0 0 26)

denotes the neoclassical flux surface average [20, 2]. The neoclassical flux
surface average of a quantity a means volume averaging of a over an in-
finitesimally small shell with volume 6V lying between two neighboring flux

surfaces [20, p. 85]. Using this definition, the flux surface area S can be
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expressed through the neoclassical surface average (2.6) as

21 27 27 21 27 21

or Or Vr
S(r):/dﬁ/d¢%x%~mz/dﬁ/dgo\/§|Vr]:/d19/dgp\/§.

0 0 0 0 0 0
(2.7)

The flux surface average of the contra-variant component of the particle flux

density corresponds to the flux density averaged over the flux surface area,

2

27
1 1
no VDY = (ng Vo - Vr) = g /d@?/dgp %XS—;Vana =3 j{dSVQna =T,
0

' (2.8)

where n,, is the density and V,, is the fluid velocity of species a.

The straight field line flux coordinate system introduced above is based on
a particular choice for the angles, which is well-suited for the mathematical
description of axisymmetric devices. This degree of freedom can be used to
design coordinate systems with certain features. One straight field line flux
coordinate system (r,0,¢¢) is related to another (r,0p,pr) by following set

of transformation equations,

0wy

19F = 19f+ 87“ GF(T,ﬁf,(,Df), (2.9&)
a\Ij or

Yr = ¢rt 8; Gr(r, Vs, 1), (2.9b)

where Gg(r, ¢, ¢r) is an arbitrary periodic function which fulfills the subse-

quent magnetic differential equation,

2B - VG — —— — L (2.10)

VIF I
For example, Hamada coordinates (r,0u,on) [15] are obtained by deforming
the angles in such a way that aside from magnetic field lines also current

density lines appear to be straight. This results in a Jacobian which is
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constant on a flux surface,

oV (or or Or\ 0V _ov.1. S(r)
VQ_H_E(WX%'%>_E(*@H_WR_4WQ' 21

In Boozer coordinates (r,9p,pp) 14| this free parameter is used to make the
periodic magnetic scalar potential vanish, which yields very simple expres-

sions for the co-variant poloidal and toroidal B-field components,

2 2

d
BﬂB = E]tora Bch = EI

pol*

(2.12)

The Jacobian for Boozer coordinates with r as a flux surface label is given
by

OV [ Or or  Or\ 0V Wy thior + [gol
Vs =5, (aqftm " 90s a¢B) = Vs T 5
_ 8‘;[Itor 'bBﬁB + Bch adjtor 'bBﬁB + BSDB aw;)] BﬁB + QB@B

or 2 B2 =~ or B2 T or B2 » (213)

where 77Z)t0r = \Ijtor/(27r) and w;ol = \I/;ol/<2ﬂ-)'

2.1.2 Plasma rotation and radial electric field

The equilibrium electric field E = —V® is linked with the plasma ion fluid
velocity V via the ideal MHD momentum conservation equation neglecting

inertia and viscosity |21, 2],
1
c

where p;, e; and n; are ion pressure, charge and density, respectively. In the
following relations between the radial electric field and the contra-variant
poloidal and toroidal components of the plasma rotation velocity are estab-
lished using standard neoclassical theory. At first the perpendicular compo-

nent of the fluid velocity V is obtained from the cross-product of (2.14)
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with B,

VL:V—hh-V:éhx(vPi—E), (2.15)

€iT;
where h = B/B is the unit vector along the magnetic field. The contra-

variant components of V| are then,

Vi=V, -Vr=0, (2.16)
cB [ ;B P e d
V=V, V= —2 = _E, — Y [y T 217
+ + \/§BQ (eﬂh‘ ) €i\/§BQ <pz' * T, )’ ( )
cBy [ p; cliBy (p;  ed
ch = V . = — ¢ —_— E’I” = — _Z 218
+ LoV \/532 (emi ) €i\/§B2 Di " T )’ ( )

where T, = pm;l

is the ion temperature and primed quantities denote par-
tial radial derivatives of the respective quantities, e.g., p; = 0p;/0r. Here,
pressure, density, temperature and radial electric field are assumed to be flux
surface functions (constant on a flux surface), i.e. poloidal and toroidal vari-
ations of these quantities are not considered. The parallel component of the
fluid velocity, V|| = V|h, is determined by the condition of divergence free

rotation,

0 i i
50 VI (VI V)

V~V_V-(VJ_+V)—%

1
0 g (VI +Vv/) =0, (2.19)

which is valid for subsonic incompressible flows. This condition immediately
follows from the continuity equation if the quantities considered in the trans-
port ordering have a weak time dependence |21, p. 156]. The term with the
derivative over ¢ in (2.19) vanishes in the unperturbed tokamak field be-
cause of axisymmetry. It should be noted that V| itself is not divergence

free, which results in the existence of a parallel fluid velocity that eventually
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balances the divergence. Upon inserting (2.17) into (2.19),

0 cliB, (p; €® BY
0_%“5( (_+ﬂ)+§v")

ei/9B* \ pi
0 cT;B P e d Vi
— JaB’—_ it N ) ! — 2.20
VIBT5; (ei\/gBﬁBQ (pi T ) TB) (2.20)

one can solve for V| which is determined up to an arbitrary flux surface
function K (r) times B,
cI;B P e d
Vij=——o= =+ ) +K(r)B. 2.21
| = " en/iB'B <p¢+ T )+ (r) (2:21)
In order to retain the generic form of Vj given by (5) in [2]|, K(r) is cast in
terms of Onsager symmetric transport coefficients D;; (D;; = Dj;), which

link the thermodynamic forces A; defined by

BB
Alzlana_eaET 3 0T, A—l% A_e_a< H>

- _ = — = 2.22
ne or T, 2T, or' ~° Ty,or ° Ta<B2>’( )

where F) is the inductive electric field, with the thermodynamic fluxes I;
defined as

L =T,, I, = % Iy =n,(V|B), (2.23)

[0}

where @), is the flux surface averaged heat flux density, via the relations
3
Ii = —Ng Z DZ]AJ (224)
j=1

After multiplying (2.21) with B and flux surface averaging, the subsequent

expression for the parallel flow is obtained,

(i) =~ (B o

bi K(r) (B
ei/9BY \ pi M >+ (1) {5%)
L 5\ T
_ (D31 (% + o ) + (D32 - 51)31) f-) . (2.25)
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The arbitrary integration constant K (r) is fixed by (2.25) as

. D31 5 % ,'Ti/ . Cchp aﬂ CﬂBgo

50 = 55 (3 be) T e P a2

where the coefficient k(r) = 2.5 — D35/ Ds; depending on plasma collisional-
ity changes for a tokamak with infinite aspect ratio between -2.1 and 1.17,
see [22, 23, 24, 25, 2]. In case of a tokamak with unit aspect ratio the plasma
cannot rotate poloidally and, therefore, £ has to vanish because all particles
are trapped in such a configuration, which in turn results in an infinite neo-
classical parallel viscosity (see, e.g., Ref. [21, p. 198]). This coefficient & is
computed by the original version of the code NEO-2 [1], which is used to
evaluate the distribution function and the transport coefficients for toroidal
confinement devices in regimes where the effect of electric field on the trans-
port coefficients is negligible. Using (2.26), the expression for the parallel

velocity becomes

cT;B, (p’z N eiCD’) ckBB, 0T,

Vi=—-—-o-—">— (= . 2.27
I ei\/gB?B \ p; T; + ei/gB? (B?) Or ( )

For the divergence free poloidal and toroidal components of the fluid velocity

(angular frequencies) one obtains

ckB, OT; T v, e ®
VY — —ei\/§<g2> o Ve =qV? — B (E + T ) : (2.28)

2.1.3 Guiding center motion of a charged particle in a

electromagnetic field

A description of transport processes within kinetic theory requires the knowl-
edge of the charged particle trajectories in an electromagnetic field. The
associated equations of guiding center motion are well-known and have been
extensively discussed in the review of Morozov and Solov’ev [26]. The deriva-
tion of the equations of motion, which is presented in this section, follows the
variational principle introduced by R. G. Littlejohn [27]. In this approach an

adiabatic ordering parameter €, which physically represents the smallness of
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Larmor radius p; to the macroscopic scale length L, is naturally included.
The ordering parameter will be kept in the final expressions to illustrate
the transport ordering used upon deriving the drift kinetic equation in Sec-
tion 2.1.4. A very detailed re-derivation of the guiding center Lagrangian
and the corresponding set of equations of motion is given in the thesis of
P. Leitner [28| for the case of static electromagnetic fields. In this section
also slow variations in time, 7 = €t, of the electromagnetic fields are taken

into account.

The guiding center Lagrangian L,. = Lu.(2z,%) expanded up to the first
order in e for phase space variables z = (rg, J|, ¢, w) is given by (see also
Eq. (29) in Ref. [27]),

Lye = —A(ry,7) -1y + maujh(rg, 7) - 1y —w — eJ 1 ¢, (2.29)

where m,, is species o mass, 1, is the position of the guiding center, ¢ is the

gyrophase,
2
MU
J ~ 2.30
+ 2We 0 ( )
is the perpendicular adiabatic invariant and w is the total energy
My V>
w = + eq®(ry, 7). (2.31)
Here, A, weo = €aB(mac)™t, v = oy/2m3 (w — e ®(ry, 7) — Jiwe,q) and

o = *1 are the magnetic vector potential, cyclotron frequency, parallel ve-
locity and velocity sign, respectively. Dotted quantities denote the total time
derivative of the respective quantity. The equations of motion are obtained

from the Euler-Lagrange equations,

d Ly OLy

it oz o (2:32)

For the velocity space variables J,, ¢ and w subsequent set of relations is
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found,

== J. =0, vy =h-1, (2.33)

From the cross-product of the Euler-Lagrange equation for r,,

o d0Le 0Ly
Cdt Org Org
) Ca . . €a0A oh h .
= maUh — Erg x B* + ~ 5 + €Ma V) 7 + U_H (fg - V) [ea® + JiWea] s

(2.34)

with h, the guiding center velocity v, = r, can be determined

B* € 0A B

Vg—I‘g—U”BlT B‘ThXE:U”B—‘T—Fng
B, (g, gt vp mxE (2.35)
=9 — _ —c .
'Bi " B\ wea 2o !

where B* = V x A*, B} = B*-h and A* is the modified vector potential [26],

meC

A=A +¢

U”h. (236)

«

The scalar product of (2.34) with r, gives the relation for the change of

energy with time,
W = eoty - BW, (2.37)

whereby only leading order terms in € are retained and E() denotes here the
inductive electric field,
10A
EW = - 2.38
c Ot ( )
The complete set of equations of motion for the phase space variables z =

(rg, J1, ¢, w) are given by,

Iy = Vg, Ji =0, ¢ =——2 W = enty - BW. (2.39)
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The Jacobian of these variables is

o(r,p) _ B
0 (ry, Ji, ¢, w) C‘UH‘

Jiny = (2.40)

2.1.4 Drift kinetic equation

The kinetic equation is the basis for all transport studies on a microscopic
level. Due to the very different time and length scales involved in plasma
transport the kinetic equation is a stiff integro-differential equation in a six-
dimensional phase space. A numerical solution of the kinetic equation with-
out model simplifications is therefore not possible. Here, the linearized drift
kinetic equation (LDKE) is derived using the standard neoclassical transport
ordering, which reduces the problem dimension by two. The four-dimensional
LDKE is the starting point for the evaluation of non-ambipolar fluxes due to

non-axisymmetric magnetic fields.

The kinetic equation expressed in terms of phase space variables z =
(rg, J1, ¢, w) is given by

of of  .of -

i 2L L L = L.f, 2.41

ot Ve r, TG, O / (2.41)

where L, is the Landau collision integral [29]. Note that the species index «

is omitted here and in the following expressions in order not to overload the

notation. The collision integral can also be presented in a standard Fokker-

L.f = 0 {ﬁ 21 Ef,] (2.42)

T ov OV m

Planck form

where D is the velocity space diffusion tensor and F the drag force [30]. The
gyro-motion of the charged particle, which is described by the last term on
the left-hand side of (2.41), represents the shortest time scale of all processes
investigated here and, especially, is much faster than transport processes.

Therefore, it is useful to average (2.41) over the gyrophase, which yields the
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gyrokinetic equation,

of  of .. of .
5?-%Vg-zﬂ;—+<uﬁ¢gz;—-<Laf>¢, (2.43)

where [ is considered to be independent of gyrophase from now on and (.. .),
denotes the gyro-average. Formally, the gyro-average of the collision integral
can be obtained when velocity space diffusion coefficients and drag force
components evaluated at the actual particle position are replaced with the

respective quantities evaluated at the guiding center position.

In the standard neoclassical transport ansatz the Larmor radius pp, is
assumed to be small in comparison to the macroscopic scale length L of

radial gradients (of density, temperature, magnetic field,...) [21],
e=p/L <1, (2.44)

where pr, = vr/w. and vy = /27T /m is the thermal velocity. The radial
transport considered here is purely diffusive which results in time derivatives
of the order of [21]

0o D
a ~J ﬁ ~Y €2V ~Y 62%’ (245)

where v is the collision frequency and D ~ ve?

is the diffusion coefficient.

Furthermore, plasmas shall be strongly magnetized,
A=viw. <1, (2.46)

and flow velocities are regarded to be subsonic, i.e. smaller than the thermal
speed,
V ~ evr. (2.47)

Using the neoclassical transport ordering (2.44)—(2.47), the drift kinetic equa-
tion in the lowest order with respect to € is obtained from the gyrokinetic
equation (2.43) as

vih-Vfy = Lefo. (2.48)

In order to show that the solution to the lowest order in €, fy, corresponds to
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a Maxwellian (see, e.g., Ref. [21] or Ref. [23]), equation (2.48) is multiplied

by In fy, integrated over velocity space and flux-surface averaged,

</d3v (lnfo)v||h-Vf0> — </d% (In fo) ch0>. (2.49)

The left-hand side of (2.49) becomes zero,

w—ed

0=%" 27T060</dw / dJLB-VfO(lnfO—1)>
0

o==+1 o

- </d3v (1nf0)vh-Vf0>, (2.50)

because the flux-surface average annihilates the operator B - Vg for any
periodic function g(r, ) (see Eq. (4.9.32) of Ref. [20]). Due to Boltzmann’s

H-theorem,

/d% (In f) Lef <0, (2.51)

where the equality holds if f is a Maxwellian fy, equation (2.49) can be
fulfilled only if fy = fum. This means that the distribution function to the

lowest, order in € must be a Maxwellian,

n
_ _ —(w—e®)/T
fo= fulr,w) = 7_(3/20%6 . (2.52)

Therefore, one can expand the solution f in powers of € with respect to a

local Maxwellian,

f=fa+ fi+0(#), (2.53)

whereby straight field line flux coordinates are introduced for the guiding
center position ry = (r,7J,¢). The first-order drift kinetic equation (4D
LDKE) is then given by,

90N df dfu 0 fu

Lfi = Vs gy T v;f% — Lafi = —Ugw - GEHUH—w = fw,  (2.54)

where F)| = h-E@ and L, is the linearized collision operator. The full time
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derivative of the Maxwellian can be expressed in terms of thermodynamic
forces (2.22),

3
. e
fM = _fM Z qkAk + %U”h : V(Sq), (255)
k=1
where
T mv2 T
q1 = _Ugv q2 = _ﬁvg7 q3 = U||B7 (256)

and 0P is the solution to the magnetic differential equation,
h-V(S(I):B@—E (2.57)
(B?) I '

which also satisfies (6®) = 0 |6]. Since (2.54) is a linear integro-differential
equation, in a simple plasma where the coupling between the perturbed dis-
tributions of different species (electrons and ions) can be ignored, the dis-
tribution function f; can be written as a superposition of solutions for the

individual thermodynamic forces,

3
edd
fi=fu ;fl,kAk - TfMa (2.58)
where f;; are solutions to

Lfufie = auhu. (2.59)

The more general case, where the coupling between different particle species
is treated accurately as required in the presence of a few sorts of ions, is

discussed in Chapter 5.
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2.2 Toroidal momentum conservation in a plasma

and neoclassical toroidal viscous torque

2.2.1 General form of the toroidal momentum conser-

vation equation in a plasma

The fluid momentum conservation equation for species « is obtained from

the first moment of the kinetic equation [21],

1
%manaVa V-, = eana (E oV X B) +R., (2.60)
C

where R, is the Coulomb friction force and ﬁa is the stress tensor, which
includes the inertial term, the scalar pressure p, and the viscous stress tensor
T

s

ﬁa =m, / dBovvfy = manaVaVa +pa<T> + 7. (2.61)

Summation of (2.60) over all species leads to the conservation law for the

total momentum,
2ZmanaVa—l—ZV-ﬁa :pE—l—lj x B, (2.62)
ot ~ ~ c

p and j are the total plasma charge and current density, respectively. Due
to third Newton’s law the friction forces cancel each other and, therefore, no
such term appears in (2.62). Using Maxwell’s equations for the closure of p
and j,
4 1 0E
V-E = dnp, VxB= "4 -2 (2.63)
c c Ot
the Lorentz force density on the right-hand side of (2.62) can also be evalu-
ated in terms of electromagnetic field quantities [31, 32, 33|,

10S

1
E+-jxB=V-%% - ==, 2.64
P +cJ>< c? ot (2.64)
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where ‘o and S are Maxwell stress tensor and Pointing flux, respectively,

1 E? B2« c
v =—|EE-—T1T+BB-—1 S— _E x B. 2.65
dr 3 - > ) e (2.65)

With (2.64) it is possible to express the conservation law for the total mo-

mentum (2.62) in a conservative form [34, 2],

%—E+V.ﬁ:0, (2.66)

where the total momentum P and total stress tensor ﬁ of plasma and elec-

tromagnetic field are given by,

P = ZmanaVa + L 95 ﬁ = Z ﬁa - (2.67)

2ot

The toroidal momentum conservation equation follows from multiplica-

tion of (2.66) with the toroidal co-variant basis vector e,

(W)j ( a1 ) o T gan VI =0 (2.68)

where the time derivative of P, at a fixed spatial point r is evaluated in the

moving frame x = x(r, t),

OF,\ (0P, o'\ 9P,
(W)r - (ﬂx ! ( ot )a— (2:69)

Due to the symmetry of the stress tensor, II¥ = II’!, and the rotational

symmetry of the metric tensor g;; no additional source term occurs in (2.68),

1 9 3 3
e, V- I = oV e e, —TlYe; - oo
1 0 : L or  O%r
SN/ (D | i
\/gﬁxl\/g v Ozl Opdx?

B R 19
— 2 g —1ir, = — -2
g VI — e = 2

€y

VORI (2.70)
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where I'; ,; denotes the Christoffel symbol of first kind,

Dipi= — o =
PR 029 Opdxt Dy

2 2
or r 0 (81" 8r) or 0*r (2.71)

0xi 0x') 9z Dpdxi T el

—0g;i/0p=0

The change of coordinates in time considered here takes place on a longer time
scale than the viscosity changes. This means also that temporal variations
of the magnetic field equilibria have only a negligible small effect on the
evaluation of viscosities. Averaging over the toroidal angle leads to the 2D

toroidal momentum conservation equation,
OP, oxi\ OP, 1 0 _
— -+ —— /g1, =0 2.72
( at )xp + ( at . 833; + \/g %2 Y ( )

V9 0z,
where bar denotes averaging over the toroidal angle ¢ and x; are the poloidal

coordinates, e.g., R and Z for cylindrical coordinates x = (R, ¢, Z) or r and

9 for flux coordinates x = (r, ¥, ). Using
(gt (Vz' - vx2xvx3))
- (57) -(5). 5 @),
= |(57), v
150+ (%) 5
B

one can re-write (2.72) in the form of a 4D divergence,

r

\/—m\/_@ ;g%\/g(<8;§;)rp¢+ﬁ;):o. (2.74)

After averaging over unperturbed flux surfaces the term with the time deriva-

tive of coordinates in (2.72) vanishes and the 1D toroidal momentum conser-
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vation equation is obtained,
1 0 ort\ .
— P,+1I'
<¢ﬁﬂr@ vfa”@((&> ot »>
7"2 2 2 ) Tg(t)
=or #f( )
27 2 8r ) ) ra(t)
+/dz9/dgo\/§— P,+ /glI]
ot r R/—L%; r1(t)
0 0 H&r%\/gl:[’;

S(I), (2.75)

10 10
=550l t5g,

where the Leibniz integral rule has been used in the second step and .S denotes

here the surface area (2.7).

2.2.2 Toroidal rotation equation for small amplitude ex-

ternal perturbations

In this section a re-derivation of the toroidal rotation equation [3, 35| ac-
cording to Ref. [2| is given in order to show the underlying approximations
and to introduce a common notation. The approximations made upon the
derivation use only the smallness of perturbation field amplitudes and of
the Larmor radius. The toroidal torque density due to non-resonant non-
axisymmetric magnetic perturbations, which enters the toroidal rotation
equation as a source term, is typically cast in terms of a neoclassical toroidal
viscosity [3, 4, 36] (NTV). This viscosity is evaluated via a flux-force rela-
tion [37] from the non-ambipolar particle fluxes. Such a simple relation holds
only for Hamada coordinates, see Ref. [38], whereas for other flux coordinates
the whole pressure tensor has to be considered. In Ref. [2] it has been found
that not only the pressure tensor but also the inertial term drives the NTV
torque, whereby the latter becomes important for fast plasma rotation. The

remaining part of this subsection corresponds to the coauthored Section I11B
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of the publication by Kasilov et al. [2]. Equation and reference numbers have

been modified accordingly.

The exact total momentum conservation equations (2.72) and (2.75) are
rather demonstrative but not very useful for practical evaluation of the ef-
fects of external non-resonant ideal magnetic perturbations. Instead, an ap-
proximate equation retaining the leading order terms in Larmor radius and
perturbation amplitude is used in practice. For a derivation of the approx-
imate rotation equation straight field line flux coordinates (generally time
dependent) associated with the perturbed magnetic field |3, 4] with vector

potential in the form
A =Ay(t,r)VI+ Ay(t,r) Ve (2.76)

are a convenient choice. Summing up the toroidal co-variant components of
Eq. (2.60) over species and averaging the result over perturbed flux surfaces

gives
10 or or
gas <% . ;manaVQ> + <% . ZVHQ> +

v (S - vas u ) - < s gmanava> +(pB,) + S22

(2.77)

So far this equation is exact. The purpose now is to retain in (2.77) only
the leading order terms in the perturbation amplitude €,; and in the Larmor
radius pr. Thus, first of all, one has to ignore the difference between the
perturbed and unperturbed flux coordinates in the first term because this
difference is a negligible next order correction in £;;. For the same reason one
has to ignore all right hand side terms, which result from the time dependence
of the coordinates, because it is assumed that the ramp up of the toroidal
current and of the perturbation field are singular events (the axisymmetric
inductive field coming from variation of the poloidal flux ¢ = — A, is already

separated to the left hand side while the toroidal flux Ay can contribute only



26 CHAPTER 2. METHODS

due to the time dependence of flux coordinates).

The flux-force relation is obtained starting from the stationary kinetic
equation where the dependence of the electromagnetic field on time is para-
metric due to different time scales involved, and the plasma is assumed to be
strictly neutral. Thus, one obtains an analog of (2.77) where only the stress

tensor and the term with radial current remain,

Jr A 1 9 A _ A
<@'ZV‘H<§V >:E\/§B Zearfj =T (2.78)

Here T2’ denotes the toroidal torque density from non-axisymmetric (NA)

I'N4 are approxi-

external magnetic perturbations. Particle flux densities
mated in this relation by the leading order in p; through the solution of
the linearized drift-kinetic equation obtained with the standard neoclassi-
cal ansatz. Thus, one neglects classical transport (since it is ambipolar it
does not affect the radial current), polarization drift, and radial transport
of momentum (being of higher order in p;). Note that at this point it is
assumed that the poloidal rotation is at its equilibrium value and, there-
fore, the non-ambipolar flux densities in (2.78) can be expressed through the
thermodynamic forces and transport coefficients DY using (2.24). (In case
of fast rotations, the poloidal flow is compressible in contrast to subsonic
flows discussed in Section 2.1.2, and the toroidal rotation shear should be in-
cluded in the set of thermodynamic forces, see, e.g., Ref. [21].) The product
\/§Bi9 = —0A,/0r = Ope/Or does not depend on the particular choice of
the straight field line coordinate system. Within the leading order in g,, it
should be computed for unperturbed coordinates.

Subtracting Eq. (2.78) from what remains of Eq. (2.77) and retaining
only the leading order terms in ), and p; one obtains an equation for the

axisymmetric radial current,

10 /or 10, 1dA, ,
sa’ <% | ¥m“”aVa> 50 Modax + g 0 =

= 1\@30 (" + T4 = %\/5319 (") ax- (2.79)
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Here, the right hand side corresponds to the axisymmetric radial current,
(M ax = (J") = >, eal'Y4, which is driven by the axisymmetric momentum
transport and by the time derivative of the toroidal momentum (polariza-
tion current). All terms on the left hand side correspond to unperturbed
flux coordinates and <H;> Ay 18 the axisymmetric stress (excluding the scalar
pressure) responsible for the radial momentum transport |22, 39|, which ap-
pears in the next order over pp (i.e., this transport is absent in standard
neoclassical theory). An essential point in obtaining Eq. (2.79) is to ignore
the contribution of the polarization drift to the non-axisymmetric part of the
stress tensor. This contribution would appear in Eq. (2.79) because Eq. (2.78)
does not include this drift and Eq. (2.77) does. It has been ignored because it
is a next order correction in £, to the non-axisymmetric stress tensor (which
is already small in the leading order over £),) because the polarization drift

driven by non-axisymmetric stress is respectively small over €); too.

Note that so far the radial electric field and its time derivative are not
determined by Eq. (2.79) rather they are external parameters, which deter-
mine the radial current. The closure of the problem is achieved by expressing
the total radial current in (2.79) via the time derivative of the radial electric
field with help of flux surface averaged contra-variant radial component of
Ampere’s law [40, 3, 41],

(") = —i <%? Vr> (2.80)

which leads to the momentum conservation equation in a usual form,

10 1 B VA
G55 (Po) + S<H> TNA, (2.81)

Here only the axisymmetric Pointing flux S, and the Maxwell stress tensor

component o,

1
- 4i\/§ETB§, o = —E'E,, (2.82)
T

Y Ar

appear in the total quantities P, and 11, respectively. To complete the set,
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the contributions from turbulent fluctuations are included a-posteriori, thus
re-defining the total axisymmetric toroidal momentum and its radial flux
density in Eq. (2.81) as

8[’ 1 rr N D
<P4P> = <%';manava> +EC\/§<Q >ErBﬁ+<AP<p>,
1 —_—
<H;> = <H; AX T E<9TT>E7«E¢ + <AHQ>, (2.83)

where ¢"" = \VT|2 is the contra-variant radial component of the metric tensor.
For computing <A—Rp> and <A—H;> one should take their values from the
Eq. (2.75) in presence of turbulent fluctuations but in absence of the external
perturbation magnetic field, subtract their axisymmetric values given by the
terms shown explicitly in (2.83) and ensemble average the result (compare to
Refs. [42, 43, 35]). Another, rather demonstrative form of the conservation
law for the canonical angular momentum of the plasma (see also Ref. [34])
is obtained expressing in (P,) the poloidal field as \/gB” = —9A,/0r and
using V - E = 47p and Eq. (2.80),

(7 = 3 (o (maVar 52420, )+ (BF),

«

(M) = (), + %(J””)ASO + (ATL). (2.84)

It can be seen from (2.78) that non-ambipolar fluxes are driven not only
by toroidal viscosity and the pressure gradients within the flux surface but
also by inertia. This part of stress can be ignored for subsonic rotations
where the role of inertia is negligible. Actually, this is the case in stellarators
where the violation of axial symmetry is strong. This is not necessarily
the case in tokamaks. The original flux-force relation [37] has been derived
for general type devices ignoring the case of fast toroidal rotation, which is
not important if the non-axisymmetric field is strong. The omission of the
inertial term, obviously, has no consequences for the evaluation of the toroidal
torque via non-ambipolar particle fluxes, if these fluxes are directly computed

from the solution of linearized drift-kinetic equation [3, 4, 5| (the standard
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way). Moreover, In Refs. [44, 12| the torque in the form of non-ambipolar
fluxes is computed also for the resonant small-amplitude perturbations in
the framework of quasilinear theory (evaluation of the fluxes in this case
is performed then in unperturbed flux coordinates). Note that the various
parts of the non-axisymmetric plasma stress tensor appearing in the flux-force
relation do not enter the toroidal rotation equation (2.81). They have only

been used for terming the phenomenon as “neoclassical toroidal viscosity”.

The presence of the inertial term in the torque does not contradict the
result of Ref. [38] where the guiding center expression for the non-ambipolar
flux has been directly related to the pressure tensor. Partly the inertial
term can be recovered there by setting the parallel guiding center velocity
to vy = V| + v| where V] is the (small) parallel flow velocity and v} is
the relative velocity contributing to the pressure tensor. Contributions of
the perpendicular flow velocity (essentially the E x B velocity because the
gradient drift velocity is always negligible in the guiding center ordering) is
recovered if instead of the guiding center velocity for the usual (weak) electric

field ordering used in Ref. [38] one uses the expression for the strong electric
field.

Note that equation (2.81) is almost the same as Eq. (6) of Ref. [40]. If one
ignores the anomalous terms or moves them to the external non-axisymmetric
torque and expresses their sum in the form of the “non-Coulombic friction
force”, and then represents the second term in the expression (2.83) for P,
as E- Vi (47?0)_1, the only difference would be the second term in the mo-
mentum flux density <HZD>, which has been ignored in Ref. [40] by assuming
strict plasma neutrality when computing radial fluxes driven by the inductive
field. The axisymmetric electromagnetic momentum retained in Ref. [40] is
usually ignored |3, 41] because it is small compared to the plasma momen-
tum as vic *BZ B~ where vy is the Alfven speed and B, is the poloidal
magnetic field (this estimate follows immediately if one assumes the toroidal
rotation (2.28) being purely due to the electric field). The axisymmetric elec-
tromagnetic momentum flux scales to the axisymmetric neoclassical momen-
tum flux by the same parameter times (m./m;)"/?5; ' B2 B~>A'? where f;
is the normalized pressure and A is aspect ratio. Therefore, it is also ignored.
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Ignoring also the electromagnetic momentum of the turbulent fluctuations,
the evolution of the toroidal velocity (essentially of the radial electric field)
is described by a simplified toroidal rotation equation in symmetry flux vari-
ables [20] (compare to Ref. [41]) neglecting contributions from NBI and other

external sources except for the non-resonant magnetic perturbations,

10

SatSZmQ (Gppona V) + ——S (IT) = T4, (2.85)

where g,, = R? is the co-variant toroidal component of the metric tensor.
Rather demonstrative is the “generic” form of the torque density [41],

TNA —vmin; (Gpp (V¥ — Vi7)

mn

), (2.86)

which is obtained expressing the non-ambipolar flux densities in (2.78) through
the thermodynamic forces and the transport coefficients Df}“‘ using (2.24)
and replacing in forces A; the radial electric field with the ion toroidal rota-
tion velocity V¥ via (2.28). The rotation relaxation rate v (toroidal viscosity
frequency) and the “intrinsic” (“offset”) rotation velocity Vi¥ take a particular
simple form if the electron particle flux is negligible. Then they are fully

determined by ion transport coefficients as follows,

2
L _G9(B)’DN' DN chya dT, (2.87)
’ CQmij-'i <g<p<p> ,0129 ’ m ei\/gBﬁ dr ’ '
where
DA 5 B2k
kna = (2.88)

DY 2 (B%) (gep)
and py is the poloidal ion gyroradius. The generic form of the torque, which

is valid for the bounce averaged drift kinetic equation, has been indicated in
Ref. [36].

It should be noted that the assumption of negligible electron transport
is generally not valid [36, 45] and is made here to allow for a simple expres-
sion for the offset rotation velocity. It is needed below for an illustration

of numerical results for single component transport coefficients. In a general
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case, this offset velocity contains additional contributions proportional to the

density gradient and electron temperature gradient.

2.3 Quasilinear approach for the evaluation of

non-ambipolar particle fluxes

Due to violations of the axial symmetry in a tokamak, the linearized drift
kinetic equation (2.54) becomes a four-dimensional integro-differential equa-
tion, which is a rather difficult task for a direct numerical evaluation. This
problem is well-known in stellarator theory because the magnetic fields are
there 3D by construction. Therefore, it seems to be natural to adapt methods
developed for stellarators to tokamaks with small amplitude magnetic field
perturbations. A possibility to reduce the problem dimension by one is to
use a mono-energetic approach |6, 46|, which provides a rather good approx-
imation for transport coefficients in most transport regimes of importance.
In the mono-energetic approach Eq. (2.54) is solved using a Lorentz collision
model. Based on this mono-energetic result, a solution to the full kinetic
equation can be approximated using a truncated momentum preserving col-
lision operator [47]. The standard version of NEO-2 [1] solves Eq. (2.54) with
the full linearized collision operator but only in regimes where the effect of
the cross-field rotation frequency on the transport is negligible small. In case
of sufficiently small magnetic perturbation field amplitudes this limitation
can be removed using a quasilinear approach. Based on this quasilinear ap-
proach, a modified version of the code NEO-2 [2] has been developed for the
treatment of quasilinear transport regimes where the effect of the perturba-
tion field on the particle motion within flux surfaces is small. The perturbed
distribution function is then linear in the perturbation field and, thus, the
problem dimension can be reduced by one using a Fourier analysis with re-
spect to the toroidal angle. The quasilinear approach requires small enough
perturbation amplitudes e, (relative amplitude of the non-axisymmetric per-
turbation of the magnetic field module) such that, in particular, the effect of

locally trapped (blocked by the perturbation field) particles can be ignored.
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This can be done if at least one of the two conditions (see Eq. (41) of Ref. [2])

2/3 R\ %3
e < il ~ i e < ( Y ) ~ (V—) (289)

(kjgR)" — @n* kjvr nvr

is satisfied, i.e., blocked particles are either completely absent or rapidly
detrapped by collisions. Here ¢, = 1/A is the toroidicity parameter (inverse
aspect ratio), v is the collision (deflection) frequency, vy = /2T, /m, is the
thermal velocity, k) is a characteristic parallel wave number estimated for the
toroidal field ripple as n/R where n is the toroidal harmonic index (number
of ripples) and R is the major radius. The retrapping-detrapping and the
superbanana regime, which are described by the bounce averaged drift kinetic
equation, are not covered by the quasilinear approximation. These bounce

averaged transport regimes can be ignored if (see Eq. (42) of Ref. [2])

1/2 22\ 2/3
g4V £t I/EtR)
em < | — , eu < , 2.90
" ( ) N <nq>”6(DB (20

where wg = nf);g is the electric drift frequency and Dp is the Bohm diffusion
coefficient. The first condition in (2.90) means that the relative change of
the trapping parameter by collisions during an electric drift period ~ wgl
is larger than the perturbation field amplitude so that trapping of transient
particles by the perturbations is impossible. The second condition means
that the collisional decorrelation time of the resonance between electric and
magnetic drifts is smaller than the period of the banana orbit oscillation
within the superbanana. In case n ~ g ~ 1 these conditions are the same

with the respective conditions of Ref. [3].

2.3.1 Neoclassical transport ansatz

The linearized drift kinetic equation, see Eq. (2.54), is given by

,019% + USO%

r Ofu
99 T, '

- Echl = —UgdW

(2.91)
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The term with the parallel electric field responsible for the Ware pinch
in (2.54) has been omitted here for simplicity. In typical experimental condi-
tions, the Ware pinch has a small effect as compared to the gradient driven
terms retained here. This term will be recovered in the final expressions
without derivation since the account of this term is similar to the account of
gradient drive. The derivative of a Maxwellian should be expressed through

the thermodynamic forces (2.22),

Ofu mu?
=A+—A ) 2.92
o ( 1+ 5T 42 Jum ( )
Although in the following a different set of variables will be used in the veloc-
ity space, expression (2.92) is assumed everywhere below for this derivative.
The particle flux is determined then solely by the first order distribution

function f,

o 2 -1 2 o
r = /dﬁ/dgp\/g\Vﬂ 27 /dﬁ/dgp X
0 0 o=+17 0
oo (w—e®)/we
X / dw / AT /G TV i (2.93)
e 0

because the contribution of the Maxwellian is zero. It should be noted that
polarization effects connected with the time derivative of the electrostatic
potential have been ignored here setting ® to be a constant of time. These
effects are of higher order in Larmor radius and definitely should be ignored
in the computation of f;. In contrast to the drifts retained here, the con-
tribution of polarization effects to the flux of the bulk Maxwellian particles
is non-zero and of the same order as the non-ambipolar flux computed be-
low. Polarization flux, however, is only weakly influenced by the small non-
axisymmetric field which can therefore be ignored in computations of this

flux.

For the subsequent computations flux coordinates are fixed to Boozer

coordinates. In Boozer coordinates co-variant angular components of the
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magnetic field are constant on the flux surface, By = By(r), B, = By(r).
Respectively, the dependence on angles of the contra-variant components is
determined by the square of the magnetic field module, i.e. quantities B’ B2
and BYB~2 are constant on a flux surface. This holds for any coordinate

system with straight field lines where the following relations are valid,

B2

B¥=¢B’, B'=_———r
I By + B,

(2.94)
The dependence of the metric determinant on angles is also fully determined
by the magnetic field module,

Vi=s (2.95)

where C, = C,(r) is constant on a flux surface. In a more explicit form,

components of the guiding center velocity in Boozer coordinates are given by

oo vt Bop B,oB
“ " 2/gBiw. \ B dp B W)’
o vl +2v] (B,0B B.0B
gd 2\/_B”cuC B or B Ggp
n || 8B 33 cB, 0o
\/_BH% \/_B*B or’

o UL + QUH (Br 0B By @B)
v = _—
9 2\/—3”% B oy B or
U|| 0By B 0B, cBy 0®
* VIBjwe ( or o0 \/_B*B or’ (2.96)

where the perpendicular and parallel velocity components have been intro-

duced according to

QJJ_WC
m

V) =

2
, v = 0\/E(w —ed — Jywe). (2.97)

Equation (2.91) still contains Larmor radius corrections which can be
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ignored for simplicity. In order to do this one can switch from coordinates

0, ¢ on the flux surface to coordinates 6, ¢, where
o =¢ —qv (2.98)

labels the field lines. Due to B¥ = ¢B?, this variable is not changed by
parallel motion,

8800 o®

0
W TR0 e 70 v~ quog- (2.99)

Y99 Ty

¥o
Ug

Parallel motion is contained solely in ¢ variable. Since this is the leading order
term one can ignore the cross field drift over ¥. In addition the Larmor radius
correction in guiding center velocity (2.35) and (2.96) and in the Jacobian
of the guiding center variables (2.40) are ignored by replacing B* with B. If
this is done simultaneously, the property that a Maxwellian gives zero flux
is retained. Thus, equation (2.91) takes the form

B? 0 of | L 0h

U a0 T 9,

r Ofu

- Lchl gd 87“

(2.100)

In the following it is convenient to change velocity space variables from
invariants of motion w and J, to perpendicular and parallel velocities de-
fined by (2.97). Equations of motion for these quantities are obtained by

differentiating them along the zero order orbits with constant w and J,,

o1 = o Bo00  Our vy (BOB vl 0B
L= Ug o 9 0¢y 2B \ B 09 v Opo
BY 81}” 00 81)“ vi BY OB UEOO 0B
(=4 9 ") (2101
Ug B OV +Ug dpo 2B <B 09 + | 0<,OQ> ( 0 )

Actually these equations of motion are correct only up to the leading order

v =

because second order terms (linear corrections over the Larmor radius) do not
include radial drift. These correction terms, which additionally are singular
due to such a truncation, are kept here only for estimates. Below it will be

shown that they provide a next order correction which is of the same order
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as the term v7,0f1/0r ignored during the linearization. Thus, the linearized

kinetic equation (2.100) is transformed to

an Bﬁ 8f1 ©0 afl VL Bﬁ 0B UE;O 0B
Ui =B 90 T g T 2B\ B 00 T vy 0
O af1) -
x G i 2.102
<U| avl 82)” Lfl ( )

and the particle flux (2.93) is transformed to

-1 27 21 [e'e] 00
Vr v
/dﬁ/d 0‘ ‘ 27r/d19/dgoo/dm/dv”gévgdfy (2.103)
0 0 0 —00

2.3.2 Perturbation theory

In the following a slightly perturbed axisymmetric magnetic field is consid-
ered. In Boozer coordinates the only quantities which contain an angular
dependence are the magnetic field module B and the co-variant radial com-
ponent of the magnetic field B,. Thus, only these quantities contain the non-
axisymmetric magnetic perturbation. At first it is checked that the transport
for the axisymmetric field is ambipolar. In this case nothing depends on g

and equation (2.102) is of the form

Bﬁ 8f1 'UJ_Bﬁ aB ( afl afl) A UJ_ + QU 8B an
- LcL 1= B

“I'B a9 T 2Bz a9 \Mau, ~ "y, 20y, P or
(2.104)
while (2.103) takes the form
v BB,
r m
= /dﬁ 2ngc/dﬁ/de/dva UL—l—ZUH)flaﬁBQ
0
(2.105)

One can multiply now (2.104) with v, vyB~® and integrate it over velocity
space components and poloidal angle. The right hand side gives zero for two

reasons: firstly because it is symmetric over v and, secondly, because it is a
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full derivative over /. From the left hand side one gets

2 o) o]
BY o1
= ﬁ /dﬁ/dvj_ / d'U”'UJ_ ('UJ_ + 2'(]”) fl 819 32
0 0 —00
2 00 00
V1Y »
—l—/dz?/dvl / dv||B—3”Lch1, (2.106)
0 0 —00

where derivatives of the distribution function have been removed using inte-
gration by parts. Substituting (2.105) in the first term of Eq. (2.106) yields

a force-flux relation for the axisymmetric tokamak,

1 B,
SI‘Bﬂ\/g—I— o < /d vmv||LCLf1> = 0. (2.107)

Namely, particle flux is produced by the flux surface averaged toroidal mo-
ment of the parallel friction force between ions and electrons. Due to third

Newton’s law fluxes of electrons and ions are ambipolar, e¢;I'; + e.I'. = 0.

For the perturbed system the solution is looked in the form of a series

expansion over the perturbation amplitude,
Ji=fo+ fu+ fiz + O(6B%). (2.108)

Coeflicients of the kinetic equation (2.102) are split into a (quasi-) axisym-
metric part and a non-axisymmetric perturbation by multiplying it with B3

and separating the averages of the coefficients over the toroidal angle ¢,

Lf 4+ 6Lf = — ((%) +5(B3)> ag;w (2.109)

whereby it is convenient to split the averaged operator into two parts as

follows,
L= Loa+ Lyo, (2.110)
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LQA
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BU (A0 jv(o AN (0 0N
B "I\ B2)av " s \avmz) "oy, Yo,
1Y v\ 0
()t (5 2 (24
v (v OBN (0 0
QUH <B4 agpo) (U|avl ULaU” . (2.112)

Similarly one can split the perturbation operator,

where

5L

5L,

6L =0Ly+ oL, (2.113)

BI9 1 8 (N 8 1
B {“5 (ﬁ)aﬁ*ﬂ(%ﬁ) x
0 0 1\ -
X (UL%—UE)} _5<§>L6L7 (2114)

v\ O vy [V OB 0 0
e A | (e i 2 0,2 en
5(B3>8g00 + 21}6(34 agoo> <U” ov| UL@U) ( %)

Here the notation is as follows,

2

(a) = % /d(pg a, 6(a) = a— (a). (2.116)

0

The operators are splitted in order to estimate the roles of principal, first

parts and correction, second parts which are assumed to be negligible small.

In the fluxes terms up to the second order in perturbation amplitude and in

Larmor radius are retained. All d-quantities are at least of the first order in

perturbation amplitude and can also contain second or higher order terms.

Using the smallness of the 5L operator and substituting f; in the series
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form (2.108) into (2.109) a chain of equations is obtained,

= v’ af

Pfo = —(B—)a— (2.117)
= v’ 8 ~

Eflg == —(Sf/fll. (2119)

Firstly the role of the operator ENQ is estimated. This operator is of
second order in perturbation amplitude. Therefore it can be immediately
ignored in (2.118) and (2.119) because it provides there corrections of third
and fourth order to fi; and fio, respectively. This operator is also of first
order in Larmor radius. Therefore it provides a second order in Larmor radius
correction to fip which respectively corrects the particle flux by a term of
third order in Larmor radius. Thus, the operator ENQ can be completely

ignored everywhere.

It should be noted that the operator 0L, is of first order in Larmor
radius. Since fig is of first order in Larmor radius too, this operator gives
a quadratic in Larmor radius contribution in the right hand side of (2.118).
This contribution is one order higher than the linear order term with the
Maxwellian. Similarly, it provides a quadratic correction in Larmor radius to
the right hand side of (2.119) which would result in a negligible, third order
correction to the flux. Thus, the operator 4L, can be ignored everywhere

too.

Moreover, one can see that fi5 is of second order in perturbation am-
plitude. The non-axisymmetric part of this function gives a third order in
perturbation amplitude correction to the flux because the zero order term
in the product of radial drift velocity and metric determinant (factor 1/B?)

in (2.103) is axisymmetric. With these approximations, the chain of equa-
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tions takes the final form

7 Vga \ Ofum

Loafio = —(é) o (2.120)
= via\ Ofur .

Loafu = =6 (é)w—&,,fﬂ), (2.121)
Loafiz = —6Ljfu. (2.122)

In fact, one can notice that the non-axisymmetric part of the covariant radial
component of the magnetic field, B,, is not needed in this approach because
B, enters only the toroidal rotation velocity vy® which is evaluated in the

lowest (zero) order over the perturbation amplitude.

It should be mentioned that the operator ZQA, which is termed below
quasi-axisymmetric operator, has a property similar to the kinetic operator
in a real axisymmetric magnetic field. Namely, the particle flux (2.103) com-
puted for the quasi-axisymmetric distribution function fio given by (2.120)
is ambipolar. This can be seen if one multiplies (2.120) with v, and inte-
grates it over velocity space and poloidal angle. However, it is more useful
to compute the flux driven by the axisymmetric function fi5. Substituting

this function in (2.103) one obtains

472
F12 = - o /dﬁ/dvl/dUULflg( )
2 2 V B
r m2mc
/dﬂ/dgpoyBQ‘ /dﬁ/dvl/dvx
0 0

x vy (v] + 20f) flgaaﬁ( ! ) (2.123)
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where following expression has been used

o N\ 2 2
U} _ VLE 2 B 0B
<32> = 20,5, \BoH B 500 = By

_ meB, o O (1
= &c, (UL+2U”)819 73 ) (2.124)

In a further step equation (2.122) is multiplied with v, v and integrated over

velocity components and over the poloidal angle,

2w

0 = /dﬂ/dm / dvjvLy) (EQAf12+5i|\f11>
BQ/dﬁ/de/dw'(@ﬁB?) (v] +20f) fr2 —
0 0

4
00 2 (%) 00
— /dﬁl(B?’) /dm/dv||vach12+/dﬁ/dvi/dvllvwllfmfﬂ'
0 0 0 —00

(2.125)

As for the axisymmetric case, the flux driven by fi, is obtained by compar-
ing (2.125) to (2.123)

1 B,
o= = e 5 [ ot ¢

mcB, 1 2/ N -
B d oL . 2.126
- e (2 [ i (2420

It is very easy now to evaluate flux from fi

1 /B,
Ty = waﬁ o <—/d vmv||LCLf10> (2.127)

where the source term does not contribute because it is symmetric over v).
One can see that this flux is completely ambipolar. The first term in (2.126)

is also of no interest here because it is ambipolar too. Substituting now
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into the second term the explicit form of the operator 6f/||, Eq. (2.114), and

removing the derivatives with help of integration by parts one gets

B , . 1 ‘ .
Iy =— (<§“’ / d*vmuy Lep fia + BpB*S <§) / d%vach11> +

m 0 1 3. (2 2 ¢ 1
T <Bv3ﬁ5 (%B—) [ (w2 f>) gB (Vi)'
(2.128)

There appears an additional ambipolar term in (2.128) whereas the non-
ambipolar contribution is described by the last term. Thus, the non-ambipolar
flux is a sum of the last term in (2.128) and of the contribution from fi; which
is evaluated by substituting this function into the expression for the particle
flux (2.103),

1 .
I'y = —<|V7“]) </d5vv§dfn>

mc 1 BY 0B 0B 3 /9 9
= 2e\/gB ([Vr) <ﬁ ((Bﬁ T4Be) 50 ™ B‘P%) / do (vl + 20)) f“>

. omc 1 1 0B B’B,0B 3 /9 9
2w§Bﬁ<\w|><(Ea_%‘ % %>/d“(“2“)f“>

__me 1 2 [ 4By (02 + 202 B'B,0 1 9 1
~ dey/gB? (V) <B /d”(”””')f” B2 00B2 0pyB2) /)"

(2.129)

The sum of both fluxes gives

1
T NA _ mc BQ/d3 2 4 9,2
11+ 12 46\/5879 <|vr|> U(UL+ UH)fll X

BB, [0 1 o 1

Next the contribution of the first term within the round brackets to the the

total non-ambipolar particle flux is checked. Multiplication of Eq. (2.121)

with v and subsequent integration over velocity space and over both angles
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yields

1 o 1 .
i <Bﬁ(a—@) JEOGERY fn> =
= <Bz/d3vv|| aéffé (%)> + <BQ/d3UU5f/||f10> —
<32 (313) /dgvvich11> + <BQ/C13UU||( )g‘£1> . (2.131)

The first term on the right hand side of (2.131) is zero because the inte-

grand is an odd function of v. The second term gives only an ambipolar

contribution to the particle flux. Third and fourth terms are zero because
of averaging over the toroidal angle ¢y. Thus, the first term in the paren-
theses in (2.130) provides no contribution to the non-ambipolar flux which

is obtained as follows

NA _ e 1 9 5 o 1
= de\/gB? (|Vr) <B /d (UL“‘%H)JCna BQ> (2.132)

The expression for the non-ambipolar particle flux can be further simplified

because it contains not only leading order terms but also terms of higher
order which should be ignored. It should be noted that fi; and the derivative
over g are of first order in perturbation amplitude. Therefore, it makes no
sense to take into account the non-axisymmetric magnetic field elsewhere.
Splitting the magnetic field module into an unperturbed, axisymmetric part

and a non-axisymmetric perturbation,
B = By + 6B, (2.133)

the expression for the flux (2.132) simplifies to

o -
Vr\
FNA:L / ‘ 0 / /dS U +2'U )f
2¢,/q0BY L G
€v/ 90D /

(2.134)

where 7, go and By are the respective axisymmetric quantities. For the same
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reason the operators EQA, Eq. (2.111), and 5f/||, Eq. (2.114), are replaced with
Lax ~ BiLoa,  0La~ B3L, (2.135)

so that

J
N R Y R |
By

90 " 2B, o0 \Mow, ~ oy,
N 0
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L+ vy 6g00 ( )
. BY 0B 0 v, [(00B 36BOB,
0Ly = 2 _
A BO[ “30819*230(819 Bo 819)
0 0 30B -
= ey S 2.137
(U 9o, "L (%”)} + g, L (2.137)
Then the simplified equation (2.120) takes a more explicit form,
< meB 0By 0f
L = % (y? 4 2p) 2 2.1
ax fio 2 /550 (v] + 20f) 59 or (2.138)
Respectively, Eq. (2.121) becomes
. meB, 00 B B2 90B
L — ¥ : 2 2 2
axIn = 5 e B (v + 20)) ( 00 BIB, 00y
40B 0By \ Ofu A
— — oL . 2.1
By 90 ) oy~ katu (2.139)

The operator (2.137) appearing in the last term on the right hand side of
Eq. (2.139) leads to a derivative of fio over ¢, which can be eliminated with
help of (2.136) and (2.138),

. mecB 20B 0By 0f ULBg
SLafo= =5 =pr (1420 B0 5~ om

0B 0By _ 9B 9f10 d fio 0B -
(BO oV oY ) ( aUJ_ VL 31}) Bo Lch1o (2.140)
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Substituting (2.140) into equation (2.139) yields

. meB 95B B OB 25BOBy\ 0fu
Laxfu= 26\@%3 (v +20f) ( a0 Bg%@ 90 B, OV ) ar
v, BY (6BOBy 06B dfio dfio dB -
2BZ <F0 Y ) (” ov, oy ) = By Lerhio-
(2.141)

Thus, the computation of non-axisymmetric particle fluxes is reduced to the
solution of two problems: an axisymmetric and a non-axisymmetric problem
described by Eq. (2.138) and Eq. (2.141), respectively. It is possible and
desirable to transform the obtained expressions back to invariants of motion
but now of the unperturbed motion. Since the potential is constant on a
flux surface it is convenient to use the velocity module v as one such invari-
ant (instead of the total energy (2.31)) and the normalized perpendicular

invariant )
o v7 Bref

77— U2B0 )

where B, is some reference magnetic field value. For the moment B, is set

(2.142)

to 1 and the actual value is restored in the numerical section. As a result of
this change of variables, the mirroring term disappears in (2.136) which is

then of the form B 5 5
_ oY ZA;C 0 )
N Byao T 0 B

The equation for the non-axisymmetric perturbation (2.141) changes to

Lax (2.143)

IA/AXfll =

meByv? (2 —nBy) (0B B B2 96B _ 20BIBy\ dfm
2e /5053 00 BB, dpo B, 00 ) or
By (5B 0By 8(53) dfio 0B

— | = — — —L . 2.144
+ Y| Bg BO o9 oY n 877 BO chlO < )

Note that in both equations the parallel velocity is given by

V| = 0vy 1-— UBO- (2.145)

It is convenient to split the toroidal rotation velocity appearing in (2.143)



46 CHAPTER 2. METHODS

into an electric and a magnetic rotation velocity,

go = g + B,

(2.146)
which are obtained by substituting (2.96) into (2.99)
c 09
— — 2.147

vi+2vf (B,0B, BydB, v OBy OB, 0B,
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Finally, the expression for the non-ambipolar flux (2.134) in terms of invari-
ants of motion is

2T —1 on 0
dv 2—nB
pva_ _Tme /TWW t/_/w“/ 2-nBy
2e\/90B; / B; ) B? / V1—=nB,
00B
X . 2.149
azzgl fH 3g00 ( )

An obvious advantage of the quasilinear limit is that the dimension of the
problem (2.144) can be reduced by one. Presenting the perturbation field 6 B

and the linear perturbation of the distribution function f;; in the form of a
Fourier series,

6B, ¢o) = ReZB I P () Rern e (2.150)

the kinetic equation (2.144) is reduced to an equation for the Fourier ampli-
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tudes,
BYOf, - . meB,v? (2 —nBy) (0B, inB2B,
U”—Oi — Lepfo+ mv;oé)fn = o 3?7 0) - 190 -
By 0V 2e./90B; oY By B,

By 09 00

_ 2B, 830) O fur By (Bn 0B, 8Bn) dfio  Bn

—0 — =7, 2.151
B, o ) ar B2 Moy T By erhor (2151)

where f, (as well as B,,) satisfies the periodicity condition
[0+ 2m) = fo,(9)e*™ . (2.152)

In addition, toroidal harmonics of the perturbation field contribute indepen-
dently to the flux (2.149),

27 -1 2T 0 1/BO

A = _ e /—|VT0| /—/dvv4 / dn———— x
; 4e\/qoBY J B2 J B J / V1 —=nDBy
x Y nImf,B;. (2.153)

o==+1

Account of the parallel electric field leads to additional terms in the right
hand side of (2.138) and (2.151), which are given by

+ovy/1 —nByByfiAs, —20v+/1 — nByB,, fiAs, (2.154)

respectively.

2.3.3 Simplified cases for the long mean free path limit

In this section cases are investigated where a numerical solution of the ax-
isymmetric problem can be avoided. In absence of a density gradient the
axisymmetric equation for ions is satisfied in all collisionality regimes by the

following distribution function [21]

fu + fio = faur(ry, w), (2.155)
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where fys is a local Maxwellian distribution function and r, is a function of
the generalized toroidal momentum P,, Eq (2.67). This function is implicitly
defined by

ZAw(rw) - P, (2.156)

where the co-variant toroidal component of the vector potential A, is the
same in all flux coordinate systems (and in cylindrical too) if the axisym-
metric field is independent of the toroidal angle in these variables. The
solution (2.155) includes also the gyro-motion (classical transport), but for
the following considerations it is sufficient to use the guiding center approx-

imation described in Ref. [21] where within the linear order one can write

e B e
EAS0<TS0) = m”llgﬁ + EA%O<T) ~ Py (2.157)

In linear order over the Larmor radius Eq. (2.157) can be solved,

mev B, (2.158)
ro=1"— ———!\ )
v €4/ 90369 By
so that the first correction to the distribution function is
mecvyB, 0O
fro = 1B O/ (2.159)

ey/90B{B,

One can see that the function (2.155) is a shifted Maxwellian up to linear
order in Larmor radius. Therefore, the linearized collision operator in the
right hand side of (2.141) gives zero for this function. Substituting the solu-
tion (2.159) in (2.141) one gets

1 96Bdfu

A mc
I — — 7 (P 2y = 77
Aan 26«/90369 (UJ_ + UH) BQ &po 87"

mcB, 2,008 2 o 0B OBy Ofm
" %50 B} (QU” g9~ (Wit 4 B oo ) o (2160

The solution (2.159) is valid for ions in absence of a temperature gradient
in all collisionality regimes. However, it is not valid for electrons and for

ions with radially varying temperature. Nevertheless, in the long mean free
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path regime deviations from the solution (2.159) are small in the trapped
particle domain, as the ratio of the poloidal connection length to the mean
free path (see, e.g. Ref. [21]). Since in most low collisionality regimes the
non-axisymmetric fluxes are produced by trapped particles, equation (2.160)
is sufficient for those regimes. Due to the small collisionality it can be further
simplified by bounce averaging. Using integrals of motion v and 7 the bounce

average is defined for trapped particles as

Pmax -1 Fma Ymax

(o) / dv B, /XdﬁBO 1 / dv a (2161)
a)y = — a4 = — —_— .
b UHBg UHBg ) BO\/l — 7730

min min min

where ¥, and 9., are the reflection points and

9 max

dv

—_— 2.162
BO\/l — UBQ ( )

Ty =

ﬁmin

is the normalized bounce time. By applying this procedure to Eq. (2.160)

and using (2.143), the bounce averaged equation is obtained

0 8f 7
<U;00 >b 8_<p101 - <LcL>bf11 =

2 _
meu <2 77308(53> ofu (2.163)

 2e,/90BY By O¢y/, Or

The last term on the right hand side of (2.160) does not contribute to bounce
average because the factor depending on ¥ in this term can be presented as

follows,

1 [/ ,06B ., o 6BOB
B <2Ua—19 (vi+4) Z-75g

where the derivative of v in the right hand side is taken keeping 1 and v

— 20 Byms —orm (2.164)
0

constant. Since in the long mean free path regime fi; is independent of the

parallel coordinate ¥ and on the parallel velocity sign ¢, one can simplify the
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expression for the flux (2.149) to

27 -1 fe’e) 1/B6nin
dd 2 _ 1By 90B
pya - T /—v /d4/d 22N
0 0 1/B(r)nax

(2.165)
where B and B are minimum and maximum values of the magnetic
field on the flux surface. The collisionless limit of the equation for the Fourier
amplitudes (2.151) and of the flux density (2.153) are obtained as

. mcv? 2 —nBy Ofur
in (v f, — Lc> = B,) ==, (2.166
in (vgo o/ < L bf m26\/%369< By >b r ( )
and
27 -1 % 1/36nin
00 do 2 — UB()
VA — _ mme /—|V7’0| /dvv4 / dn mpn Imfn< BZ> )
; 26\/%369 0 Boz 0 I/Bmax BO b
0
(2.167)
respectively.

A useful limiting case is the 1/v-regime where for the Lorentz collision

model,

4Vd 0 0
= —/1—nBy=—n\/1—nBy— 2.1
cL BO \/ 77 087]/’7\/ 77 08777 ( 68)

~>

the particle flux density can be expressed in terms of an effective ripple [10],

2 2 % Jza—725/2
FNA _ \/g nNa VT PT, 3/2/ Ze—Z (Al + AQZ) . (2169)
0

— €
or3/2 R2 eff Vg

Here, v4 denotes the deflection frequency [48| (vp is the definition given in
the book of Helander and Sigmar [21]),

UD.a Z o o(yzs) —G(yzs) . 47mgeie% log A
Vd7a - 2 = I/Olﬁ 223/2 3 I/Oéﬁ = m2 ’U% y (2170)
B « a”’T,a

« and [ are species indices, log A is the Coulomb logarithm, ¢(x) is the error
function, G = (¢(x) — x¢/(x))/(22?) is the Chandrasekhar function [21], the
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integration variable

mv2

= — 2.171

2= (2.171)

is the normalized kinetic energy, thermodynamic forces A; and A, are given
by (222), PL = VW,

cyclotron frequency for the reference magnetic field B, introduced above,

o, and R and w,, denote the reference radius and the

respectively. The effective ripple is obtained in Appendix A.1 as

271_ I/Bmll’]
3/2 ™wq R2 ref d19 /d'ﬁ / n|2
2 = — | Vtbor . (2172
eff 16\/_ Bg Bg| 77Z)t | ; ( )
0 0 1/Bmax

where quantities [ and H,, are defined in Appendix A.1 by Eqs. (A.2) and (A.3),
and 1, is the toroidal magnetic flux normalized by 27, see Eq. (2.13). This
analytical limit is a useful check for the numerical procedure since fi; is

evaluated there from the numerically computed f,.

2.3.4 Numerical evaluation with the code NEO-2

The general problem described by equation (2.91) is four-dimensional and,
therefore, rather difficult for a numerical evaluation. Aside from Monte Carlo
methods (see, e.g., Ref. [8]) which are rather slow, a commonly used tool
for the evaluation of transport coefficients in general type toroidal devices
is the DKES code [6]. In this code, however, the problem dimensionality is
reduced by using a model collision operator which allows for the computation
of mono-energetic distribution functions. In turn, the code NEO-2 [1] uses
the exact linearized collision operator but in its standard version is limited to
the case of slow cross-field rotation. In this case it is also possible to reduce
the dimensionality of the problem to 3D (two variables in velocity space and
the coordinate along the field line). With help of the quasilinear approach
described in the previous section this restriction is removed for small enough
perturbation field amplitudes such that the effect on the particle motion
within the flux surface is negligible small. The quasilinear approach reduces
the general problem (2.91) to 3D and, thus, equation (2.138) is already in the
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form solved by NEO-2. If the source term in this equation is replaced by the
toroidal electric field (such a form is not considered here), it describes the
generalized Spitzer function which has been studied for finite collisionalities
in Ref. [49].

Here, a modification of the code NEO-2 is described which is based on the
original velocity space discretization scheme [1]. The discretization scheme
introduced in Ref. [1| uses an adaptive grid over the normalized perpendicular
adiabatic invariant 1 while the dependence of the distribution function on v
is discretized by an expansion over Sonine polynomials. Such a discretization
scheme is sufficient for regimes without “collisionless” particle resonances such
as the 1/v regime and the v — /v regime. For a proper treatment of regimes
with collisionless resonances such as the superbanana plateau regime or drift-
orbit resonances, localized basis functions, e.g., hat functions, are used in-
stead of Sonine polynomials for resolving the dependence of the distribution
function on v. Due to the generalization of the original expansion method
to arbitrary, non-orthogonal basis functions the analytically pre-computed
matrix elements [1, 50] of the collision operator have been replaced by a fully

numerical implementation in the present version of NEO-2.

Equations to be solved are the axisymmetric (2.138) and non-axisymmetric
problem (2.151). Since the different Fourier modes are computed indepen-
dently, the toroidal mode number is assumed to be a fixed parameter of the
problem. In order not to overload the notation, it will be omitted in the fol-
lowing when indexing newly appearing quantities. For the same reason also
the flux surface label r will be skipped as an argument of the distribution

function.

The flux surface label is now specified as the normalized (divided by 27)

toroidal flux divided by its value at the edge,

r=s= @, (2.173)
tor

where 1¢ is the normalized toroidal flux at the edge (separatrix). Using this
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definition of the flux surface label one gets

dw ol dqv/}tor
v pol _ a
V gOBO - dT =1t dT’ - Lwtow (2174)

where 1), is the normalized poloidal flux and ¢+ = 1/¢ is the rotational

transform angle divided by 27. Another useful formula is

Vo Bs = (tBg + By, (2.175)

Historically, the variable measuring the distance along the field line in NEO-
2 is not the poloidal angle ¥ but the toroidal angle which will be denoted
below ¢ in order to distinguish it from ¢ and ¢g. It is linked with ¥ via the
relation

s = qU (2.176)

and changes in the limits 0 < ¢, < 2mq. Thus, the derivative along the field
line in Egs. (2.138) and (2.151) is transformed to

Bg 0 0
Z0 7 _p¥ 2177
BO oY acps’ ( )
where B Br
qbq 0
hY = — = —. 2.178
B, ~ B, ( )

The left hand side operator (2.143) in Egs. (2.138) and (2.151) is transformed

to

) o .
Lix = ovy/1— 77Boh"°a — Lo + mv;’é’, (2.179)
Ps

where n = 0 for the axisymmetric solution.

With help of formulas (2.174) and (2.175) one can transform the electric
rotation frequency (2.147) as follows,
c do c do

Oy = —- — —. 2.180
tE L dtfior we ds ( )
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In a similar way the magnetic rotation frequency (2.148) is transformed to

2 — T]BO Bs (9BO LBﬁ + B 830
0O — Qref s _ P
P tB* (LBﬁ + B, (BO o0 By 0s )"
2 — 2B, (aﬂ9 L 19B, 8Bs>)

2.181
1By + B, \ 0s L 0s o (2.181)

where z is the normalized energy (2.171) and the reference magnetic rotation

frequency is
ref __ cr

ey,
The derivative of the Maxwellian in Eqgs. (2.138) and (2.151) is expressed
through thermodynamic forces (2.22) whereby the definition of these forces

(2.182)

in terms of the effective radius fixed by the condition (2.5) is kept. Thus
Eq. (2.138) takes the form

B 0By Biet

. pPLUT L
I = == (A A 1-—nB
AXflO <]VS‘>Z< 1+Z 2>f]\/[mLB19+B<p 879 ?/J?Or .
L OVI=nBy (4 (2.183)
o1 B, \3B, 3) '

where vy and py are the thermal velocity and Larmor radius, respectively,
and By is now a normalized magnetic field (divided by Bi). Introducing the

geodesic curvature kgo defined by

B, 0ByBu
\By + B, 00 yg.

tor

|Vslkgo = (2.184)

one can bring this equation to the standard form implemented in NEO-2,

-~ v 0 V1 —nBy -~
Lax fio= ﬁé—STDZ(AI + zA9) fu/1— UBOQ_U#VGO’ (2.185)

where Vo (and other similar functions, which differ just by the definition of
kq) is linked to koo by

N 1/ 4
=—(= - . 2.1
VG 3 (Bo 77) |V$|/€G ( 86)



2.3. QUASILINEAR APPROACH 35

Note that Gaussian units are used in NEO-2 which results in a conversion
factor, Biet/we, = 107 By /1’ where By and ¢’ are the (0,0)-harmonic of
Boozer field and the derivative of the toroidal flux over s, both in SI units,

respectively.

The equation for the Fourier amplitudes of the perturbation of distribu-

tion function (2.151) is expressed then as follows,

A pPLUT 0 V1 7730 A(f
L N = A A 1—nB,
ax [ (Vs |>Z( 1+ 2A9) fur n Oan
B ; aflO Bn i 7
- V1= 0Boh# (120 npen S0 _ Zngines £,
vrz'%o =0 (baﬁ By BO> N T B, ¢ Ferhio

(2.187)

where Fourier amplitudes B, correspond now to a series over the toroidal
angle ¢ of periodic Boozer coordinates, but not over ¢y as in the previous
section. Tt should be noted that all functions of ¢ are evaluated here at
¥ = 1p,. The quantity f/((;{l) is defined again by (2.186) when kg is replaced
there with kY,

B 0B, 2B, 0B Biet
vslk) = (inB, — L4 L +inB, — ‘ 0 Leines
Gn 09

1By + B, oY By Wi
_ ( . Bu B, ( 0 By . Bu B 8Bo)> BoBret ine.,
By tBy+ B, \ 0V By "B, T B2 ow 1y '
(2.188)

The quantity l{:gg has not the meaning of a geodesic curvature anymore be-
cause it includes also terms connected with the mirroring force. In the fol-
lowing also the quantity kg?l defined by
B, . B, ByB,
Vs|k&) = inB, =L eines — jp 20 202xel gines (2.189)
wtor BO M/)tor
which is a linear perturbation of the geodesic curvature by the non-axisymmetric
field, will be needed for the evaluation of particle fluxes. In (2.188) and (2.189)
the ratio B,,/By is introduced explicitly because the perturbation field B,

enters all equations through this combination only, which minimizes the in-
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put.

Solutions to Eqgs. (2.185) and (2.187) are looked for in the form of a series

expansion over test functions ¢,,(z),

M M
~ pL ro ~ pL ro
flON <|v5|>fM’r;)fm(gps7/r]>¢m(z)7 an <‘v5’>an;)fm(sta77)¢m(2)a

(2.190)
where z is the normalized kinetic energy (2.171) and o is the parallel velocity
sign. For the following considerations normalized associated Laguerre poly-
nomials of the order 3/2 (Sonine polynomials) are chosen as test functions,
but with minor corrections it is possible to extend the resulting formulas to
general basis functions. If nothing else is mentioned, this can be done by
replacing S,,(z) with ¢,,(z). Corrections necessary for the generalization of
the formulas are indicated below explicitly at the relevant places. Here, z is

the normalized kinetic energy (2.171) and o is the parallel velocity sign,

3 | 20(m+1) 3/2)(,
Sim(z) = 7% ,/—F<m+5/2)L§ﬂ/ )(2), (2.191)

and Lgm(z) and ['(z) denote the associated Laguerre polynomials and the
Gamma function, respectively. Functions f? satisfy the periodicity condition
resulting from (2.152),

w05 +2mq,m) = f7 (s e, (2.192)

where f7 is used as a common notation for f,, and fim, and n = 0 for the

axisymmetric solution f,,,. The set of coupled 2D equations solved by NEO-2,

M o 1M M
/Z:o Loy [0, = B WZ:O Le, 1o, + ZZO g [0 = Qm,  (2.193)

is obtained by substituting the unknowns in the form (2.190) into Eqgs. (2.138)
and (2.151) (note that the summation index is changed from m to m’ there)

and a subsequent integration of the resulting equations multiplied with the
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factor 2S5, (2)v3(|Vs|) (2napLh?/1— nBO)_l over z from 0 to infinity. In
case of Sonine polynomials the term with the derivative along the field line

is diagonal due to the orthogonality of basis functions S,,,

00
T / dz e *2328,,(2) S (2) = Apms = O (2.194)
0

where 0,,,, is the Kronecker symbol. For arbitrary basis functions the left
hand side of equation (2.194) does not reduce to the unit tensor. Neverthe-
less, one can present the set (2.193) in the same form by multiplying the
source term Q,, and the matrix elements of the collision operator L¢, , and
of the dimensionless frequency matrix wy,, with the inverse A;jn,. Up to
the definition of the source term the set (2.193) describes both, axisymmet-
ric and non-axisymmetric distribution functions. Note that the dimensionless
frequency matrix is zero for the axisymmetric problem. Details regarding the
computation of the matrix elements of the collision operator are presented
in |1, 50|. New are the rotation frequency and the more general source term.
Using (2.146) and (2.181) one obtains

w L thE x(l) i nQifo $(2) 2 — UBU
e ’UTth\/ 1— nBO mm/ UThSD\/ 1-— nBO mm LB@ + Bgo

(BsaBO LBﬁ+B¢8Bo)+2—277BO (88,9 18&0 8BS)>

go o9 1By Js 1By + B, \ 0s L ds OV
(2.195)

where

mm 273/2

:L‘(k = / ze 278, (2) S (2). (2.196)
0

For coding it is more convenient to re-write (2.195) in the form

nn‘QtE (1) n/{Qier ( (1)

oy = O _ s Bo)af)) 8
“ v e\ T 0) a5’ ) T
(2.197)
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where
1 B, 0B By + B, 0B
N Z:0%0 LB+ Bp 080 (2.198)
1By + B, \ By 0V 1By 0s
2 0B 10B 0B
) 1) 0 @ s
= - — ) 2.199
“5 aB+LBﬁ+B<p(8s s &9) (2.199)
The parameter k is the inverse mean free path times 2,
2 2
== 2.200
" lc VT T ’ ( )
where a0
myUp
L =——0L 2.201
T 16y/mnqet A, ( )

According to the definition of x (2.200) dimensionless rotation frequencies

are introduced as

_ 1 a 1
g = §era, el = 59;7;7&. (2.202)

Since the problem (2.193) is linear,
fo = AV + Ay f7, (2.203)

solutions driven by different thermodynamic forces are computed separately.
Thus, one can specify the sources (), for the axisymmetric problem,

m 8’/7 BQ h¥

M

. & vI—1DB, -
3" L [ = a® Y207 (2.204)
m’=0

and for the perturbed problem,

M )
. - 0 1 —nBg~ d B, B,\ | oF
E me’fslgk) - ass)—¢Vé£) — 0 (L—— +n > eln@sn f
vt on  Boh? Y By By on

B 1 U
_ N _ings Fe ro(k)
5w EIOme, 7o, (2.205)
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where

(k) _
" = 273/2

/dz e M8, (2), k=1,2. (2.206)
0

Finally, the particle flux (2.153) is expressed as

2 2 00
_ PL By 7o
= - (gfy) S B 5 S

o=+1n=0

(2.207)

where the quantity XA/C(,I;L) is defined by (2.186) and (2.189), and the constant

b%) is

—z.,3/2 \/6_7T
by 2\/—/dze 28 (2) = =~ 0mo. (2.208)

With help of definitions (2.23) and (2.24) the particle flux density can be

presented in terms of diffusion coefficients given in the form of Ref. [49],

2
Dy = i—Lm, k=12, (2.209)

ik = <W;‘>QZ SN o < Refo®) 877 v BO”BO( )) > (2.210)

Note that the flux surface average in (2.207) and (2.210) is performed over

unperturbed flux surfaces, i.e.

2mq -1 2mq

deps deps
(a) = /Bg /Bga. (2.211)
0

0

It can be seen that expressions for the coefficients 7y, are the same as in
Ref. [49] except for the re-definition of geodesic curvature and generalization

to complex numbers.
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2.4 Analytical models for the evaluation of non-

ambipolar particle fluxes

2.4.1 Ripple plateau formula

For non-axisymmetric magnetic perturbations with a high toroidal mode
number, such as the toroidal field ripple produced by the finite number of
toroidal field coils in a tokamak, the non-ambipolar particle fluxes can be
evaluated analytically [17]. In Ref. [17] the resulting formulas for the radial
particle flux density and the ripple plateau diffusion coefficient have been
evaluated for a model B-field with circular flux surfaces, see Eqs. (47) and
(46) of Ref. [17]. In order to benchmark the quasilinear version of NEO-2 for
a realistic tokamak geometry, the result of Boozer [17] is generalized to mag-
netic field spectra with a more complex poloidal mode number dependence

in this section.

It is assumed that the magnetic field module B consists of an axisymmet-
ric part By and a non-axisymmetric perturbation 0 B with a single toroidal

harmonic N,

B = BO —|— (SB,
mOb
By = Z (b5, cos (md) + b;,, sin (m?)) ,
m=0
mOb
0B = Z (b5, n cos (m + No) + by sin (md + Ny)) . (2.212)
m=—m0b

The total particle flux across a magnetic surface is given by,

dvd
[tot = /¢ds./d3u vrf_/wB_v%/dudA 22 fi, (2.213)

where in the notation of Boozer i) denotes the poloidal magnetic flux. The

generalized form of the radial drift velocity v¥ and of the solution of the
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ripple kinetic equation, Eq. (36) of Ref. [17], fr are given by,

o Macv® OB
v = -
2e,By Op
mecr? 2%
- 2:B Z (—banNsin (m19+ NQO) +0; NN cos (m19 + N‘P))
a0 m=—m0b
My CV? '
= 9.5, (An(0) cos (N) + By(0) sin (Ny)) (2.214)
B A/ 1 OB
fo= 50 0H waanG( ) 7). (2.215)
aqb- v A BoN O

where G(A/).) is given by Eq. (40) of Ref. [17]. Inserting (2.214) and (2.215)
into (2.213) yields the total particle flux,

ot _ (maC)QTFNdT dddep [ 1 @Br

a ) 2qd¥ )y (B-V9)? | BN dp

[e’s) 1
X / dvv‘rﬁaﬂ / d)\G(A/)\J
N 0 — ,

r 1 Ae
:na<%)3/2(A1+3A2) ;4;—
2 3/2 2
mec\ N dr [T, ddde 1 0B
~ v () T () {L B v 5o, } "
X [naAl + SnaAg] . (2216)

Next the expression in the curly brackets is evaluated as follows,

In order to obtain a particle flux density I', one has to divide the total particle
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flux (2.216) by the flux surface area S,

2 3/2
o N (T, B B
p:_\/gna(m) _<_) BotabBe
Ca /4 \Ta (3)

49 | fANN? /By \> 2 49\ "
< wm|(E) (B) | ([ &) wesa eas

where the surface area has been substituted as

(2.219)

2.4.2 Universal formula for quasilinear bounce-averaged

transport regimes

For small and moderate values of the cross-field rotation frequency the non-
ambipolar particle flux can be described by the bounce-averaged drift ki-
netic equation [3|, since in this case contributions from drift-orbit reso-
nances [51, 18] are small. The bounce-averaged approach [3| comprises the
1/v, v — /v and retrapping-detrapping regime for sufficiently small values
of the magnetic rotation frequency, and the superbanana-plateau and super-
banana regime for magnetic rotation frequencies comparable to or large than
the E x B rotation frequency. Expressions for the particle fluxes presented
in Ref. [3] have been derived for a model B-field with circular flux surfaces
and large aspect ratio. These restrictions can be removed in case of the
v —+/v [52] and of the superbanana-plateau regime [53]. In this section only
bounce-averaged transport regimes described by the quasilinear approach are
considered, which is the case if the conditions given by (2.90) are fulfilled, i.e.
the retrapping-detrapping regime and the superbanana regime are absent.
The different quasilinear bounce-averaged transport regimes can be con-
nected smoothly using the joining procedure given in Appendix B of Ref. [3].
Here, a modification of the formula for the non-resonant particle flux (Eq. (B5)
of Ref. [3]) is presented using the more general result of Ref. [54]. Neglecting

the possibility of a superbanana-plateau regime, i.e. x,,;,, = co, the universal
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formula is given by Eq. (B7) of Ref. [3],

2

gl/? M C Pl e ® T
Coon = —Ng 2 G DV AR a—) + A —0‘} . (2.220
4\/§7r3/2 eaz%ol T, { 1 (pa T 2Ta ( )

where magnetic field quantities are specified in Hamada coordinates, ', =
(naV - VV) (see Eq. (A.15)), the flux surface label V' is here the volume

enclosed by the flux surface divided by 472, € is the amplitude of cos com-

ponent of the axisymmetric magnetic field normalized by the magnetic field

strength on the magnetic axis, and \; for j = 1,2 is

x j—1
A= l/dxx5/2e_m <x — §)] Z - (2.221)
J 9 L 1 '

n kl/l/,n k\/;,’!L

N}
o

The kernel for the 1/v regime k., is given by Eq. (B1) of Ref. [3],

9
kl/u,n = %[l/l@n' (2222)

The kernel k ; is determined by comparing the expression for the v — /v
particle flux given by Eq. (29) of Ref. [54],

2
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to the v — /v limit of the universal formula, i.e. (k 5,)"" > (ki)

2 00
1/2 1
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Loon s = —Na = - —/dxx‘r’/zexg k n e X
VY 423/ (ea¢pol> e 2 " v

0
p; eaq)/ 1 i 5/2 —x 5 T(;
() e [ (- 5) Sk 2| 2220
0 n

which yields

1
kyom = D /d/iz (1-r)K(r)) (a2 + 82). (2.225)
Vy
( d¢pol> ’
——

—02
7QtE

Here, E(r) and K (r) denote the complete elliptic integrals of the second and
the first kinds, respectively, and the coefficients «,, and [, are specified by
Eqgs. (25) and (26) of Ref. [54]

In order to compare the results from the bounce-averaged approach to
the NEO-2 results, the particle flux (2.220) is cast in terms of diffusion co-
efficients (2.24) and thermodynamic forces (2.22), and the flux surface label

is changed from V' to 7,

d d
J

dr
gl/2 MeC dv 5
= — na4\/§7r3/2 (ea%> dr UTa |:/\1A1 + ()\2 + 5)\1) A2:| .
(2.226)

Then, the normalized diffusion coefficients are given by

D 4 A
Dn _ 42 q Mt (2.227)
D, 752 R 1.

D 4
- V2 1 (&+2.5ﬁ) -1

D, ~ ®RR3~ o (2:228)

Ta
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2 -1 -1 _ -1 —
where Dp - 7TquT,apL,o(<]-6B“) y PLa = UT,aWep s Wer = eaBref<maC) y Ra =

2/(vraTa) is the collisionality parameter and 7, is given by (2.201).
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Chapter 3
Benchmarking results

In this chapter results from benchmarking the quasilinear version of the code
NEO-2 |2| (see Section 2.3) against various analytical |3, 17, 18] and semi-
analytical models [19], as well as the DKES code [6] and NEO [10], are shown.
It should be noted that the numerical results described in Sections 3.2 and
3.3 have been published in the following journal articles [2, 55| and conference

proceeding [16]:

e S. V. Kasilov, W. Kernbichler, A. F. Martitsch, H. Maassberg, and
M. F. Heyn. Evaluation of the toroidal torque driven by external non-

resonant non-axisymmetric magnetic field perturbations in a tokamak.
Phys. Plasmas, 21(9):092506, 2014.

e W. Kernbichler, S. V. Kasilov, G. Kapper, A. F. Martitsch, V.V. Nemov,
C. G. Albert, and M. F. Heyn. Solution of drift kinetic equation in stel-
larators and tokamaks with broken symmetry using the code NEO-2.
Plasma Phys. Control. Fusion, submitted, 2016.

e A. F. Martitsch, S. V. Kasilov, W. Kernbichler, and H. Maassberg.
Evaluation of non-ambipolar particle fluxes driven by external non-
resonant magnetic perturbations in a tokamak. In 41st EPS Conference
on Plasma Physics, volume 38F, page P1.049, Berlin, Deutschland,
2014. European Physical Society.
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For the 1/v regime it is possible to compare analytically the formula obtained
by the quasilinear approach to the result of Nemov et al [10] and to the
result of Shaing [3], see Section 3.1. In Section 3.2 results of the code NEO-
2 are benchmarked against the DKES code [6] for a Lorentz collision model
and against the universal formula connecting all quasilinear bounce-averaged
transport regimes |3] in case of the full collision model. A summary of the
numerical results shown in Section 3.2 including a comparison to results from

the semi-analytical model [19] is given in Section 3.3.

3.1 Analytical comparison for the 1/v regime

In this section the expression for the non-ambipolar particle flux in the 1/v

regime obtained from the quasilinear approach (2.169), i.e.

27 -1 00
- 2c2 dd Farv® mu?
RS U S— /—w /de (A+—A)><
;366290(389)2 / Bg‘ 0| / vy 1 oT 2
- b =
1/Bgin S
n’|H,|
dn——=>+ 3.1
< [ an (3)
1/ Bmax
—~d

is compared to the result of Shaing given by Eq. (7) of Ref. [3]. Equation (3.1)
is identically the same as the result of Ref. [10] (see this reference for the no-
tation) if one retains in the result of [10] only the contribution of toroidally
trapped particles, the only class of trapped particles remaining in a toka-
mak with perturbations which are small enough to avoid particle blocking
by the perturbation field, see first condition in (2.89). A re-derivation of
Shaing’s formula is presented in Appendix A.2. In order to facilitate the

comparison, the expression (3.1) is split into four factors which are inspected



3.1. ANALYTICAL COMPARISON FOR THE 1/v REGIME 69

independently. Factor a can be transferred to Shaing’s notation as follows,

N2
C(dea (VN S
“—( dr) - (ax =) 32)
where the prime denotes d/dV, the flux surface label V = V/4z? is the

normalized volume enclosed by the flux surface, ¥, = x is the poloidal flux

normalized by 27 and S = dV/dr is the flux surface area (see, e.g., Eq. (28)
of Ref. [10]). Using the definition of the effective radius, i.e. (|Vro|) = 1, the
large aspect ratio limit of factor b is given by
27 -1 ~
dg dd B2
| G = % (33
0 0

27 -1

where By = Bo(l — gy cos?) and &, is the inverse aspect ratio. The quantity

¢ is transformed to

N % T _ v, S p o ed 5\ 177

— T d z,5/27t &~ P il e

¢ 2m3/2 y, / s vgdn? [\ p * T T2 2) T

0
2N v% S P ed’ T

_ ‘r P 2oy 27 - 3.4
7_(_3/2 v, 47T2 |:771 (p + T + 772 T ) ( )

where n; = (1/2) [° dze™2252(z — 5/2)77 (v /vp) .

For the transformation of factor d to the form used by Shaing, the adiabatic

invariant 7 is replaced by the pitch-angle parameter s (see, e.g., Eq. (7.25)
of Ref. [21]),

1—n(1—¢) - ;
e = nB 3.5

which can be used to rewrite the absolute value of the parallel velocity as

U
vl =vy/1—nBy = vy/2ijey/K? — sin® ok (3.6)

Using the integral substitution ksinz = sin(¥/2) and the relation Ky, =

sin(Vmax/2), the quantities I and H,, are evaluated in the large aspect ratio
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limit as,
e 19 4y/22
€
I= | pVi-nB = — [E(R) - (1-r)KK] (7
0 0
ﬁmin
and
z9maxd19 V2 O 9
- 3vV2 5
H, — = /1 — nBy (4 — nBy) Bn(¥) = 335 / k2 — sin? §Bn(19)7
B 0
19rnin 'ﬁmin

(3.8)
respectively, where B, (9) = —By(A,(9)—iB,(1)). The square of its absolute
value |H,|* = H,H} is given by

'lgma 19Inax
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(3.9)

where the complex part cancels after the integration over ¢, ¥'. The quantity

d is eventually given by

2 -1
d =2 /cm2 [B(r) — (1 - &)K(x)] ™ x

V2E}
Ymax 2 Ymax 2
0 U
X dv A, (9)4/k? — sin B + d9B,,(V)y/ k% — sin 5
ﬂmin 7-9min

(3.10)
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The large aspect ratio limit of the particle flux in the 1/v regime is then

1
3/2 2 A2 vh 2 0o
NA_ € (mc) T vy dk anx
4v2m32 \ex') S v ) [E(k) = (1 - #)K (k)] <
" -
[ ﬁlnax 2 ﬁlI]aX 2
.o U .o U
X ddA,(9)4/ K% — sin 5 + d¥B,,(¥)/ k? — sin 5 X
| ﬁmin ﬁmin
B p/ GCD/ T/
— 4+ — —. 11
X_nl(p+T>+n2T (3.11)

If one considers that the definition of I'N* differs from I'Sh2ne by

FShaing — <nV . Vv> — <nV . Vfr>d—v — FNAi

T 12 (3.12)

one finds that Eq. (3.11) agrees with Eq. (7) of Ref. [3].

3.2 Numerical benchmarking results

For benchmarking, a tokamak configuration with circular cross-section and
aspect ratio A = 3.8 is used. The results for the full linearized collision
model correspond here to the ion component if not otherwise stated. The

perturbation field is taken in the form of a single harmonic,
0B = ey Bo(r,9) cos(md + ne). (3.13)

Since transport coefficients have a simple, quadratic dependence on £, this
quantity has been set to 1 in all plots below. In cases where non-linear
models are involved such as NEO [10] and DKES [6], results are obtained for

ey = 1072 and are then rescaled.

In Fig. 3.1 the dependence of the effective field ripple 52&2 on the normal-
ized toroidal flux s = /1% is shown, where ¥ is the toroidal flux at

the outermost flux surface. The effective field ripple determines the particle
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Figure 3.1: Effective ripple dependence on the normalized toroidal flux s
for mode numbers (m,n) = (0,3) (left) and (m,n) = (0,18) (right) from
the analytical par-axial approximation ({), NEO [10] (x) and NEO-2 with
Lorentz model (o) and full collision model (+).

flux density in the 1/v regime for the Lorentz collision model as follows [10],

va V8 mgvdpl g [ dze 2252
= C9g3/2  R2 et . -, (A1 + Ayz), (3.14)

where v = vp/2 and vp is the deflection frequency defined in (3.45) of
Ref. [21]. The comparison of the quasilinear model (NEO-2) to the non-
linear model (NEO [10]), which serves here as a benchmark, shows that even
for large values of s, i.e., small aspect ratios (A=3.8 at the outer surface), the
Lorentz model provides a good approximation for the transport. As one can
expect, due to the assumption of small aspect ratio, the analytical results of

Ref. [36] agree well with numerical results only in the par-axial region.

Results of benchmarking with the DKES code [6] are presented in Fig. 3.2.
There scans over the collisionality parameter v* = 2vqRv;" of the diffusion
coefficient Dy; normalized to the mono-energetic plateau diffusion coefficient,

TqUrpY,

D = - .1
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are shown for various perturbation modes and for various radial electric fields
given in terms of toroidal Mach numbers (normalized toroidal rotation ve-
locity values) M; = QpRvy'. For large scale perturbations (n = 1) and
relatively slow toroidal rotation, the sequence of transport regimes realized
with decreasing plasma collisionality v* consists of the Pfirsch-Schliiter, the
plateau, the 1/v and the v — /v regimes. The last two (long mean free path)
regimes are well described by the bounce-averaged kinetic equation. This se-
quence is nearly the same as in stellarators [46] except for the absence of the
retrapping-detrapping regime (v-regime) which replaces the v — /v regime
at very low collisionality where the first one of conditions (2.90) is violated.
Since the quasilinear approach assumes an infinitesimal perturbation ampli-
tude e)y, this transition is never realized here. In addition, those regimes,
which are not described by the bounce-averaged theory (ripple-plateau and
resonant diffusion), are clearly reproduced by both codes. The ripple-plateau
regime is seen at intermediate collisionalities for the short scale perturba-
tion field (n = 18) and the resonant diffusion limits the value of the trans-
port coefficient from below at low collisionalities for fast enough rotation
(M; = 2.8 - 1072) for all perturbations considered here. Finally, a significant
increase in the non-ambipolar transport can be seen for the (m,n) = (=3, 3)
perturbation mode, which is nearly resonant for the actual safety factor value
q = 1.124. The phase of such a perturbation stays almost unchanged along
trapped particle orbits in contrast to non-resonant perturbations, which oscil-
late along these orbits and contribute to the bounce-averaged radial velocity
of the trapped particles mainly near their banana tips. It should be noted
that the discrepancies seen at high collisionality originate from the different
treatment of the ambipolar transport in the two codes. Since DKES solves a
general nonlinear problem, the contribution of the non-axisymmetric pertur-
bation magnetic field to the transport coefficient Dy; has been computed as
a difference between these coefficients for the perturbed and for the unper-
turbed fields. This difference includes also the modification of the ambipolar
transport, which would vanish if the collision model would conserve the mo-
mentum. In turn, such a modification is excluded from the NEO-2 result.

Some minor discrepancies can also be seen for the lowest collisionality values
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computed by DKES where the convergence of the code is at its limit (such

low collisionalities are usually of no practical interest).

Results of the computation with the full linearized collision operator and
the comparison to the universal formula of Shaing et al [3| are shown in
Fig. 3.3. The collision frequency is from now on set to v = 32/7Tne! A(3m?v3) =
For this purpose a variant of the universal formula of Ref. [3] excluding the
possibility of a collisionless retrapping-detrapping regime or a superbanana
regime, as defined in Appendix B of Ref. [3], has been modified by using a
more accurate expression for the kernel in the v — /v regime. This kernel has
been extracted analogously from the expression for the particle flux given by
Eq. (29) of Ref. [54], which includes the complete pitch-angle dependence.
Furthermore, the expression for the estimate of the collisional boundary layer
width, Eq. (14) of Ref. [3], has been replaced everywhere by

1/2
(AR?) = Viaf (LT Vaa) . (3.16)

new In(16/+/Via/(1 + Viq))

This guarantees that the universal formula of Ref. [3] is well defined over the

whole collisionality range and has a smooth transition from the 1/v to the
v — /v regime. As shown in Fig. 3.3, the universal formula approximates the
results from the full collision model unless the electric field or the collisionality
exceeds a certain value. At relatively high collisionality NEO-2 results agree

with the value of the ripple plateau coefficient [17],

_ V@ Aurpiel,

Dy 4R

(3.17)

At low collisionality and high electric fields, the resonant diffusion regime |56|
is seen. For m = 18 and the highest electric field few multiple bounce res-
onances contribute to the resonant diffusion simultaneously, and the result
formally agrees with the stochastic diffusion coefficient [57] (it coincides with
the ripple plateau coefficient). It can be seen that the “off-set” velocity co-
efficient kx4 tends to zero in the collisional case and has a rather peculiar

behavior in the resonant diffusion regime. It should be noted that in the res-
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onant diffusion regime not only trapped, but also passing particles contribute
to the non-ambipolar transport (via “transit and drift” resonance [18]). The
evaluation of this contribution requires the knowledge of the axisymmetric
distribution function fio (non-trivial in the passing region and the trapped-

passing boundary layer) which enters Eq. (2.151) via the mirroring force.

Furthermore, the normalized ion and electron diffusion coefficients are
shown for F, = 0 in Fig. 3.4. The principal difference here is the absence
of an approximate momentum conservation within a given species for elec-
trons. The extension of the ripple plateau regime into the Pfirsch-Schliiter
regime for ions (see also Ref. [18]) agrees with the MHD expression for the
non-ambipolar diffusion coefficient due to TF ripples. For comparison, the
flux surface averaged particle flux in the Pfirsch-Schliiter regime has been
evaluated from the expression for the neoclassical toroidal plasma viscosity,
Eq. (50) of Ref. [18], using the flux-force relation [37]. For this, the poloidal
and toroidal components of the fluid velocity V and the heat flux q are
rewritten in terms of thermodynamic forces. The fluid velocity and heat flux

perpendicular to the magnetic flux surface are given by (2.15) and

~opic
N 261B

a. h x VT;, (3.18)
respectively. Furthermore, it is utilized that the first order (in Larmor radius
expansion) fluid velocity and heat flux are divergence free, i.e., V-V =0
and V -q = 0 (see, e.g., Ref. [21]). The resulting relation can be further
simplified in case of ions in a pure plasma, where the flux surface averaged
parallel heat flux (g, B) is vanishingly small [21], and the diffusion coefficient

corresponding to A; for the model magnetic field is obtained as follows,

2.2 42,2 2 2
3pi1 n”q  ATvp1 Ty nUTTi fy
~Y

NA __
Drs =3 R? R

(3.19)

where p;;1 = 1.365 (see Ref. [37]) and 7;; = 3mZvd(16y/mn;e? )" is the
ion collision time. This result is identically the same as the result, which

follows from the expression for the rotation slowing down rate in the generic
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equation (85) of Ref. [58]. This expression becomes valid if the mean free

I what means

path length, vr7; is smaller than the toroidal ripple length Rn~
higher collisionalities than needed for the onset of the axisymmetric Pfirsch-
Schliiter transport regime. Note that in this plot, the normalizing mono-
energetic plateau coefficient (3.15) for electrons is by square root of mass
ratio smaller than for ions.

Finally, the comparison of NEO-2 results with the full collision opera-
tor in the superbanana plateau regime to the respective asymptotic formula
of Shaing et al [59, 3] is shown in Fig. 3.5. At low collisionalities NEO-2
approaches the asymptotical value of the diffusion coefficient for the super-
banana plateau for both signs of the radial electric field. The actual magni-
tude of the superbanana plateau coefficient is different for different signs of
the radial electric field because the shape of the velocity space resonant curve
(which is responsible for the formation of the superbanana plateau) depends

on this sign [59].

3.3 Summary

The NEO-2 results shown in Section 3.2 are summarized in Figure 3.6 where
the numerically evaluated non-axisymmetric ion transport coefficient DA
is compared to asymptotical models for a tokamak with small amplitude
magnetic perturbations. Non-ambipolar radial particle fluxes determined
by DYA and DY? are responsible in tokamaks for the neoclassical toroidal
viscous torque which is directly related to these fluxes via the flux-force re-
lation [37, 3, 2]. This example corresponds again to a tokamak with circular
concentric flux surfaces and perturbation in the form of a single toroidal
harmonic, B(9,¢) = Bo(9)(1 + e cos(np)) where ey = 1073, The dif-
fusion coefficient is shown in the normalized form, 131‘1 = Dll\IlAD; 1 where
D, = wqurp: /(16R) is the plateau diffusion coefficient and p;, = vr/w, is
the Larmor radius for the reference magnetic field, as function of the plasma
collisionality parameter v; = 2Ryl for a few distinct values of the radial
electric field specified via the toroidal Mach number M, = Rz /vy where
Qg is the toroidal E x B rotation frequency determined by the first term
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in Eq. (2.147). Here, l. = vr7, denotes the mean free path and 7, is given
by (2.201). Results correspond to a flux surface with aspect ratio A = 10 and
toroidal harmonic number n = 3. The toroidal rotation due to the magnetic
drift has been set to zero in (2.147) for all Mach numbers except M; = 10~°
while for M; = 107° this drift has been included for the ion temperature
T; = 6.5¢; Y0 |QuE| /¢, where 1y, is the toroidal flux. Asymptotical models
used for the comparison are indicated in the caption. It can be seen that
NEO-2 accurately reproduces all asymptotical regimes in their validity do-
mains. In particular, collisionless plateau diffusion, which corresponds at low
collisionalities to the resonant diffusion regime at M; > 2.8 -1072 and to the
superbanana-plateau regime at M, = 107°, is well resolved. The perturbed
distribution in these regimes is highly localized around resonant curves in
velocity space what presents a significant numerical difficulty in case of non-

adaptive velocity space discretization.
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Figure 3.2: Normalized coefficient Du D, ! from NEO-2 (Lorentz collision
model) and DKES [6] as a function of collisionality v* for various perturbation
modes and toroidal Mach numbers M; = 0 (0), 2.8-1077 (A), 2.8-107% (O),
2.8-107° (o), 2.8 -107* (x), 2.8 - 1073 (+) and 2.8 - 1072 (x). The toroidal
rotation frequency due to magnetic drift is set to zero for the four cases shown
above. Aspect ratio and mode numbers are indicated in the titles.



Dy, / D,

3.3. SUMMARY 79

A=10,m=0,n=3

10!

T T I 8 |
108 [ NEO-2 || 10
ﬁ%&& —— Shaing
10° 1 10"
& 4 |- |
104 | S 10 [
102 - QH 102 1
100 B 100 |
102 L N 102 b .
10-7 10—° 10—3 101 10! 10-7 10—® 10-3 101
v* v*
A=10,m=0,n=3 A=10,m=0,n=18
35 T T T 35 T T T
3 O 00 Qi - 5805 NEO-2 OO AS A OHA NEO-2
[ A =N 3+ - 1 I
. ) X, . 3
251 < ‘ : N 6 A
K 2.5 | < -
2 - .
‘ (6] X K \\ - 2 \ B
1.5 & - Z \
O X 8 L5 - 2, 1
1 + \ - O X iy X,
* A * * * oy
0.5 x e ] Lho . Y .
’ . X\:h 4 ot A\,\@
0 }— * 0.5 \&*_ B
—0.5 | | | | 0 | | | | *
10~7 10 103 10! 10! 10~7 105 103 10! 10!
v* v*

Figure 3.3: Normalized coefficient DnDp_1 from NEO-2 (full collision model)
and bounce-averaged model of Shaing [3] (upper panel) and “offset” rotation
coefficient ky 4 (2.88) from NEO-2 (lower panel) as functions of collisionality
v* for various perturbation modes and toroidal Mach numbers M; = 0 (0),
2.8-1077 (A), 2.8 107 (), 2.8 - 10~ (o), 2.8 - 10~* (x), 2.8 - 1073 (+)
and 2.8 - 1072 (). The toroidal rotation frequency due to magnetic drift is
set to zero for the four cases shown above. Curves for the bounce-averaged
model are shown up to the boundary with a usual plateau regime, v}, =
v*A3/2 = 1. Aspect ratio and mode numbers are indicated in the titles. The
ripple-plateau diffusion coefficient (3.17) is shown with a dashed line at the
upper panel.
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Figure 3.4: Normalized diffusion coefficients, D11 D", for electrons (¢) and
ions (J). Dashed line shows the ripple plateau coefficient, dash-dotted line
shows the asymptotical coefficient for the Pfirsch-Schliiter regime|58, 18] and
solid line shows the axisymmetric plateau boundary.
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Figure 3.5: Normalized coefficient D11D;1 from NEO-2 (full collision model)
and asymptotical formula of Shaing [3]| as a function of collisionality v* for
various toroidal Mach numbers. The reference toroidal rotation frequency
due to magnetic drift, Q1% = ¢T,, (eq?,)”", is set for all curves to QU =
|Q:g|. Curves for the asymptotical formula are shown up to the boundary
specified by the condition given in the paragraph before Eq. (28) of Ref. |3].
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Figure 3.6: Normalized diffusion coefficient lA)ﬁA from NEO-2 (solid line)
and bounce-averaged model of Shaing [3] (loosely dotted line) as functions
of collisionality v* for various toroidal Mach numbers M; = 2.8 - 1077 (o),
1075 (0), 2.8-107% (A), 2.8-1072 (e) and 6- 1072 (). The collisionless limits
for the 1/v regime (loosely dashed line) and the resonant diffusion regime
(densely dotted line) are computed by NEO [10]| and a semi-analytical model
based on a Hamiltonian approach [19], respectively. The diffusion coefficients
for the ripple-plateau regime [17] and the Pfirsch-Schliiter regime [58, 18] are
shown with a densely dashed line and a dash-dotted line, respectively.



Chapter 4

Effect of 3D magnetic

perturbations on the plasma
rotation in ASDEX Upgrade

In this chapter the neoclassical toroidal viscous torque is evaluated numer-
ically for an ASDEX Upgrade discharge using the codes NEO-2 [2] and
SFINCS [13], as well as a discussion of the torque balance in this discharge
is given. The results presented in this chapter have been published in the

following journal article [60] and conference proceeding [61]:

e A. F. Martitsch, S. V. Kasilov, W. Kernbichler, G. Kapper, C. G. Al-
bert, M. F. Heyn, H. M. Smith, E. Strumberger, S. Fietz, W. Suttrop,
M. Landreman, the ASDEX Upgrade Team and the EUROfusion MST1
Team. Effect of 3D magnetic perturbations on the plasma rotation in
ASDEX Upgrade. Plasma Phys. Control. Fusion, 58(7):074007, 2016.

e A. F. Martitsch, S. V. Kasilov, W. Kernbichler, M. F. Heyn, E. Strum-
berger, S. Fietz, W. Suttrop, A. Kirk, the ASDEX Upgrade Team
and the EUROfusion MST1 Team. Evaluation of the neoclassical
toroidal viscous torque in ASDEX Upgrade. In 42nd EPS Conference
on Plasma Physics, volume 39E, page P1.146, Lisbon, Portugal, 2015.
European Physical Society.
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4.1 Introduction

Stability and transport of tokamak plasmas are strongly influenced by toroidal
plasma rotation. The knowledge of various mechanisms and corresponding
torques driving the toroidal plasma rotation is therefore crucial for opera-
tion control of these fusion experiments. Dedicated experimental studies at
NSTX [62], DIII-D [|63] and JET |64, 65| have shown a strong dependence
of the plasma rotation on non-axisymmetric magnetic perturbations (e.g.,
from coils for mitigation of edge localized modes (ELMs), from toroidal field
(TF) coil ripple and from error fields). The observed changes in plasma rota-
tion were in agreement with theoretical predictions for the torque produced
by non-resonant non-axisymmetric magnetic perturbations, which are based
on analytical and semi-analytical approaches [3, 4, 5|. The non-resonant
torque produced by such perturbations is often expressed through a vis-
cous force, terming the phenomenon also as neoclassical toroidal plasma vis-
cosity (NTV). In this thesis the NTV torque is evaluated numerically for
ASDEX Upgrade equilibria using the drift kinetic equation (DKE) solver
NEO-2 [2, 1] and the results are compared to analytical models [3, 17] and
a semi-analytical approach based on Hamiltonian theory [19], as well as to
results from the DKE solver SFINCS [13].

Analytical and semi-analytical approaches presently used for the evalu-
ation of the NTV torque [3, 4, 5] make simplifying assumptions concerning
geometry and collision operators. A numerical approach without such sim-
plifications is provided by the quasilinear version of the code NEO-2 [2]|. In
this code, the only assumption simplifying the general neoclassical ansatz for
non-axisymmetric tori is that perturbations of the magnetic field are small
enough such that the particle motion within perturbed flux surfaces is only
weakly affected by the perturbation field. This reduces the “nonlinear” 4D
problem, where all relevant toroidal Fourier modes of the perturbation field
simultaneously affect the particle motion, to a set of uncoupled 3D problems.
Those are solved for each toroidal Fourier mode separately and finally result
in independent contributions to the torque. Such a quasilinear approach is

well justified in many circumstances but might be only marginally justified for
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high toroidal mode numbers of the perturbation. In a previous study [2], the
quasilinear version of the code NEO-2 has been benchmarked for a simplified
tokamak geometry against various analytical models [3, 36, 54, 59, 18, 17|,
as well as the nonlinear codes DKES [6] and NEO [10]. Here, also the DKE
solver SFINCS [13] is used for benchmarking of the ion contribution to the
torque. The code SFINCS is not limited to small values of the perturbation
amplitude because it solves the nonlinear problem pertinent to neoclassical
stellarator transport. Computationally, this is a much more demanding task
than solving the quasilinear problem. In contrast to the DKES code, which
solves the reduced monoenergetic problem, SFINCS as NEO-2 uses the full
linearized Coulomb collision operator.

A set of perturbed ASDEX Upgrade equilibria studied here has been
computed by the ideal MHD equilibrium solver NEMEC [11, 66]. These
equilibria include both, perturbations from the TF ripple and from ELM
mitigation coils with different distribution of current values resulting in dif-
ferent perturbation field spectra in the ASDEX Upgrade shot #30835. Due
to the strong shielding of resonant magnetic perturbations (RMPs) by plasma
response currents in AUG [12], magnetic fields computed within ideal MHD
theory, where RMPs are shielded perfectly, provide a good approximation in
a major part of the plasma volume except for narrow resonant layers around
resonant rational flux surfaces.

Here, in order to identify various NTV regimes of importance for AS-
DEX Upgrade, comparisons of numerical results from NEO-2 and SFINCS
with several analytical models and additional parameter scans have been un-
dertaken. In addition, results for the integral torque are compared to the
torque resulting from neutral beam injection (NBI) computed by the code
NUBEAM [67] and the overall torque balance is discussed.

The structure of this chapter is as follows. In Section 4.2 the toroidal mo-
ment conservation equation and its simplified forms are introduced and basic
definitions are given, e.g., expressions for the rotation velocity components
and toroidal torque density in terms of plasma parameters and neoclassi-
cal transport coefficients. In Section 4.3 the NTV torque profiles computed
by NEO-2 and SFINCS are shown for ASDEX Upgrade equilibria, as well
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as a comparison to analytical and semi-analytical models is presented. In
Section 4.4 additional momentum sources, which are not taken into account
here, are discussed in order to stimulate further experiments and simulations,

and finally in Section 4.5 the results are summarized.

4.2 Toroidal momentum conservation and neo-

classical toroidal viscosity

In a tokamak plasma, charged particles and neutrals together with the elec-
tromagnetic field are represented by a coupled system, which can be char-
acterized by the exact conservation law of the total toroidal momentum of
particles and of the electromagnetic field. In a covariant notation this con-

servation law is given as (see, e.g., [2| for its toroidally averaged form),
0 oz 0 1 0 :
Zp — ) —=P,+——/gII' =0 4.1
Ji ”(at)raxz ot o VI =0 (4.1)

where /g is the metric determinant and 2" are some (generally time de-
pendent) coordinates with rotational symmetry over the toroidal angle ¢,
such as cylindrical coordinates (R, ¢, Z) or flux coordinates (r, v, ) asso-
ciated with the unperturbed axisymmetric field, and P, = P - 0r/d¢ and
I, = (0r/0p) - IL - V&', are the toroidal co-variant components of the mo-
mentum density vector and the total stress tensor of particles and electro-

magnetic field respectively given by
1
P= ZP(Q) + ES, II = ZH(O‘) — 0. (4.2)
Here,

P(a) = manavo&? H(Oz) - manavava +paI + Ty (43)

are the momentum density vector and the total stress tensor of particle
species «, respectively, with pertinent mass m,, density n,, scalar pressure

Do, and viscous stress tensor m,. Pointing flux S and Maxwell stress tensor
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o are respectively defined as

1 E? B?
s= g B, EE—-—I+BB-——I 4.4

i e ( Sl 2 ) (4.4)
In the main plasma volume neoclassical “flux surface” averaging of (4.1) over

unperturbed flux surfaces results in a one dimensional conservation law,

S5 S(HT> = (4.5)

S or
where (...) denotes the average, r is a flux surface label (effective radius)
fixed by the condition (|Vr|) = 1, and S is the (generally time dependent)

flux surface area.

The exact equations (4.1) and (4.5) contain no volume source density.
This means that the integral total momentum within the vacuum vessel can
only be driven by sources located at the walls or outside the vessel. Since the
Pointing flux is usually negligibly small, the toroidal momentum is approx-
imately the same as the kinematic toroidal momentum of plasma particles
and neutrals. However, the contribution of the electromagnetic field, o, to
the total momentum flux density <H;> is as important as the contributions
by charged particles and neutrals, IT(,). In order to make equation (4.5) of
practical use within a local 1D balance description, the nonlocal fluxes, which
are not fully determined by local plasma parameters and a limited number
of their derivatives, should be excluded from the total momentum flux <H;>
and turned into momentum sources (torque densities), which are described
outside the closed set of balance equations. E.g., excluding the contribution
of neutral particles, & = n, produced by NBI from the 1.h.s. of (4.5), the

pertinent torque density is obtained as

TNBI:—EQSP 1 a

P S at n)p — S aTS <H > (4'6)

Formally the contributions from all external non-axisymmetric electromag-
netic perturbations, including besides the static or slowly varying magnetic

perturbations also the contribution from RF heating and current drive, can
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be separated into the source term TEA. Generally, this separation is not so
straightforward as (4.6), see, e.g., |2] for the case of non-resonant magnetic
perturbations, and may even not always be meaningful in a general case (see

discussion in Section 4.4). Thus, equation (4.5) turns into

1o
S ot

SZ M (Gpona VE) + %%S <HEH]¢> = TgBI + TgA, (4.7)
a
where o denotes only plasma particles. The radial component of the to-
tal stress <H7[;n]¢> (flux surface averaged radial flux density of the toroidal
momentum) is the sum of the total stress from intrinsic turbulent modes
(anomalous momentum flux density) and total axisymmetric stress including
the contribution from the polarization current and a small contribution of
axisymmetric neoclassical shear viscosity. In case of non-resonant external
magnetic perturbations, T, EA is directly linked through the flux-force relation
to the non-ambipolar neoclassical particle flux densities IN* driven by these

perturbations in a stationary radial electric field (see, e.g. [3, 2|),
1
T = —E\@Bﬂ > el (4.8)

Here, c is the speed of light, e, is the charge of species a, and B? is the
contra-variant magnetic field component linked to the poloidal flux ¢, by
\/§B79 = OYpo1/Or. Torque produced by these thermal particle fluxes is
called NTV torque. In presence of supra-thermal particle losses, the torque
density (4.8) should include also the flux of these fast particles (see, e.g., |68,
69]). However, this type of flux cannot be described by the local neoclassical

ansatz.

The non-ambipolar neoclassical particle flux densities are expressed through

transport coefficients D%\}A and thermodynamic forces A;,

A = —n, (DlNlAAl + D A,) | (4.9)
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where the thermodynamic forces are specified by

1 On, e B, 3 JT,

A= n, or T, 2T, or '
1 0T,
Ay, = ——° 4.10
2 T, or’ (4.10)

with T, and E, being « species temperature and radial electric field, respec-
tively. Thus, equations (4.8) and (4.9) reduce the problem to the evalua-
tion of diffusion coefficients D%\;A, which are computed here numerically by
NEO-2, SFINCS, and the Hamiltonian approach [19] using the perturbed
equilibrium magnetic fields from the NEMEC code represented in Boozer co-
ordinates (1,4, ). For the perturbed equilibria, these variables correspond
to the perturbed magnetic field and are different from flux variables used
in equations (4.1)-(4.7). In particular, ¢ is not an exact symmetry variable
anymore. This difference, however, is small for weakly perturbed equilib-
ria and can be ignored in (4.7) (see [2|). For evaluation of the analytical
expressions of Shaing [3] magnetic fields have been converted from Boozer
coordinates to Hamada coordinates. The radial electric field profile required
for the forces (4.10) is calculated here from the toroidal rotation frequency

of ions via the relation

c 1 o(nTh) "
Ve = E, — —a ;
V9BY ( en; Or ) +av
yo - _¢kB, IT (4.11)

ein/g(B%) Or’

where ¢ is the safety factor. The coefficient k = 5/2 — D3y/Ds3; is deter-
mined by the parallel ion flow obtained from the NEO-2 solution for the

unperturbed, axisymmetric problem,

ckB, OT;
ein/gB? or
= — (D31A1 + D32A2) . (412)

(ViiB) = B, (V¥ —qV") +
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4.3 NTYV torque in ASDEX-Upgrade

Evaluation of the NTV torque is performed here for a set of ASDEX Up-
grade equilibria based on the shot #30835 (B, = —1.794 T, I, = 0.8 MA,
Pocar = 9.753 MW, v* = 0.03, k = 1.753, 6, = 0.151, §, = 0.511, H-mode).
ASDEX Upgrade is equipped with 16 ELM mitigation coils, which form an
upper and a lower ring each consisting of eight coils [70]. This setup allows
for some control of the poloidal mode spectrum by varying the toroidal phase
shift between the upper and lower coils A¢,;, which is also termed as varying
the coil polarity. The NTV torque is computed here for the experimentally
realized ELM mitigation coil polarity A¢, = 90° where good ELM mitiga-
tion has been achieved, as well as for a few simulated equilibria with other
coil polarities. A simple (pure deuterium) plasma is assumed in this anal-
ysis. This assumption only weakly overestimates the ion density in case of
high Z impurities and Z.g ~ 1.7. In Figure 4.1 the experimentally measured
profiles of density n., temperatures T; and T, toroidal ion rotation frequency
V%, collisionality parameter v* = QI/qR()UEl, and the resulting toroidal Mach
number of the E x B rotation M, = cROET(vT\/EBﬁ)_l as well as the safety
factor for the corresponding shot are shown as functions of the normalized
poloidal radius ppo1 = (¢pol/ ¢§01)1/ 2. The definition of the collisionality pa-
rameter differs from the standard definition vigx = 2vqRpe, 3/2
tor 271¢; /2. Here, v = 16/Tnqet A(3m2v3)~1, A is the Coulomb logarithm,

vr = (2T, /ma)"?, € is the inverse aspect ratio, Ry is the mean major radius

vy! by a fac-

value at a given flux surface, ¢, = 0 on the magnetic axis and ¢y, is the
poloidal flux value at the separatrix. The radial electric fields obtained from
NEO-2 agree perfectly with those from SFINCS computations (not shown in
this figure). Within this modeling effort of the NTV torque, magnetic per-
turbations due to both TF ripple (toroidal mode number n = 16) and ELM
mitigation coils with various coil polarities in this shot (n = 2 with a minor

contribution from n = 6), are studied (see Figure 4.2).

In Figure 4.3 radial profiles and scans over the normalized perpendic-
ular adiabatic invariant n = v? (v2B)™! of the ion E x B drift frequency

Qe = MurRy', bounce-averaged magnetic drift frequency (Q;5)1 (see def-
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Figure 4.1: Radial profiles of density, temperatures, toroidal rotation fre-
quency, collisionalities (left), toroidal Mach number and safety factor (right)
for ASDEX Upgrade shot #30835 (with ELM mitigation coils switched on).

inition in (4.16)) and bounce frequency wy, are shown for various n-values
and radial positions, respectively. Resonances between the different frequen-
cies lead to the formation of resonant transport regimes, which are described
by asymptotical formulas in the collisionless limit [17, 3, 18, 4]. The reso-
nance condition for the superbanana-plateau (sb-p) regime [53, 19] is given
by Qe + (up)p = 0, whereas for drift-orbit resonances [17, 18, 4, 19] the
condition mywy, +n(e + (Qp),) = 0 must be fulfilled for trapped particles.
Here, the bounce frequency mode number my can take any positive or nega-
tive integer value. It can be seen that the sb-p resonance condition is fulfilled
in the inner part of the plasma and in the vicinity of zero of the electric field
where the contribution from the sb-p regime to the non-ambipolar particle
fluxes is expected to be largest. Drift-orbit resonances can contribute to the
non-ambipolar particle fluxes nearly over whole the radial domain, except for
a certain region in the vicinity of the zero of the electric field. For sufficiently
large values of my drift-orbit resonances occur not only in the deeply trapped
region but also in the vicinity of the trapped-passing boundary. This em-

phasizes the importance of a proper numerical discretization of the velocity
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space in order to resolve the different resonant transport regimes.

.10*2 10—5
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Figure 4.2: Left - radial profiles of the maximum value of the normalized
perturbation field for the TF ripple and for RMP with 90° coil phase (see
definition in Eq. (4.14)); right - Variation of the absolute value and real part
of the normalized perturbation field along the field line for p,q = 0.5.

For the TF ripple a comparison of NEO-2 results with analytical estimates
of the torque density and of the integral torque,

(Y™, = / d*r T4, (4.13)
V(ppol)

where V(ppo1) is the volume limited by the flux surface with a given p,, is
shown in Figure 4.4. In order to quantify the impact of nonlinear effects and
to validate the quasilinear approach, the NTV torque density is also com-
puted with the code SFINCS. Tt can be seen that the NTV torque acts in the
direction opposite to the experimentally measured plasma rotation velocity
and the integral torque computed by NEO-2 is about -0.6 Nm, whereas the
SFINCS calculation predicts a value of -0.4 Nm. The NTV torque produced
by TF ripples is mainly applied to ions and, in case of the quasilinear model,
corresponds to the ripple-plateau regime [17] in a major part of the plasma
volume. The difference between the NEO-2 result and the SFINCS result

is about 30% for p,o < 0.9 and a rather large discrepancy is observed at
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Figure 4.3: Left - radial profiles of the ion E x B drift frequency )z, bounce-
averaged magnetic drift frequency (Q;5), and bounce frequency wy, in the
deeply trapped (), trapped-passing boundary (+) and an intermediate (o)
region. Right - drift and bounce frequencies as functions of the normalized
perpendicular adiabatic invariant 7 at ppe = 0.57 (A) and pye = 0.95 (o)
for the trapped particle domain. The trapped-passing and deeply trapped
boundaries are indicated by dashed and solid vertical lines, respectively.

outermost points with ppe > 0.9. This correlates with the deviation from
the quasilinear scaling of the NTV torque density, see Figure 4.5, and can be
attributed to the onset of nonlinear transport due to locally trapped parti-
cles, which are blocked by the perturbation field. The respective quasilinear
theory validity conditions (41) of Ref. [2] are clearly violated at outermost
points and are marginally violated in the rest of the plasma volume. For
the SFINCS calculation shown here, only the E x B drift of particles within
flux surfaces has been taken into account. Therefore a strong increase of the
torque is seen near the zero of radial electric field at ppo1 ~ 0.9, where a
contribution of 1/v transport appears. This increase is absent in the NEO-2
result where also the magnetic drift is taken into account (see a more detailed
discussion of the RMP case below). Due to these differences, the value of
the integral torque computed by NEO-2 is about 33% larger than the value
predicted from SFINCS computations. The analytical estimate, used here for
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Figure 4.4: Radial profiles of the NTV torque density (left) and the integral
torque (right) produced by the TF ripple.

comparison, is obtained from a general expression for the particle flux in the
ripple-plateau regime (Eq. (45) of Ref. [17]) by replacing in this derivation

the simplified magnetic field with the more general form,
B(r, 9, ) = By(r,?) + Re {B,,(r,9) exp(inp)}, (4.14)

where By is the unperturbed magnetic field and B,, is a complex perturbation
field amplitude. The non-ambipolar diffusion coefficients valid for a general

tokamak geometry are then

2w -1 2w
YA _ VT 5 /dq? /dﬁ B, |’
Y 4 eg(BY)PBY ) B B§ | By|
DY = 3D, (4.15)

where the notation is the same as in Ref. [2]. The difference in the integral

torque between the NEO-2 result and the analytical estimate is less than 5%.

In Figure 4.6, the NEO-2 result for the ion NTV torque density produced
by the ELM mitigation coils with A¢, = 90° is compared to the bounce-
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Figure 4.5: Ratio of the NTV torque density computed by SFINCS TévA
to the quasilinear result (Tév A) qu 3 2 function of the perturbation field
scaled by a factor F' for the TF ripple at different radial positions. F =1
corresponds to the actual value of the perturbation field in the experiment.

averaged model of Shaing [3, 2| and, with the toroidal rotation due to the
magnetic drift set to zero, also to a semi-analytical model based on a Hamil-
tonian approach [19] and to the code SFINCS. If only the E x B drift is
considered, the agreement with SFINCS is nearly perfect (blocked particles
are absent for medium scale perturbations), and there is a qualitatively good
agreement between NEO-2 and the bounce-averaged model [3] in the vicinity
of the zero of the electric field around p,o = 0.9. Apart from this radial do-
main NEO-2 results exceed the results of the bounce-averaged model [3] sig-
nificantly. The discrepancies can be fixed by adding the NTV torque density
from resonant (not bounce-averaged) transport regimes, which is computed
by the semi-analytical model [19] in the collisionless limit, to the bounce-
averaged model [3]. In radial domains with sufficiently large E,., where the
contribution from drift-orbit resonances to the NTV torque is dominating,
a very good agreement between the NEO-2 result and the semi-analytical
model is found. For the NEO-2 result including both, E x B drift and mag-
netic drift, a modification of the NT'V torque density is observed in the core

of the plasma and in the vicinity of the zero of the electric field. This em-
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phasizes the necessity to include the magnetic drift into the computations. It
should be noted that the contribution of the magnetic drift to the canonical
toroidal banana precession frequency obtained within the Hamiltonian ap-
proach of Ref. [19] differs from the result of bounce averaging of the rotation
frequency 5 given by Eq. (67) of Ref. [2] by the presence of an additional
term proportional to ¢/, i.e. to the magnetic shear. This is the result of
using the standard neoclassical ansatz as a starting point for the derivation
of quasilinear equations in Ref. [2]. In the standard neoclassical ansatz orbits
used for the computation of a linear perturbation of the distribution function
are local, bounded to a particular flux surface (see also Refs. [13, 6]). The
semi-analytical model [19] taking into account drift-orbit and sb-p resonances
agrees very well with the local NEO-2 result over the whole radial domain,
if the magnetic shear is neglected in that model. For p,o > 0.7 the sb-p
resonance makes a dominant contribution to the NTV torque. A good agree-
ment, between the semi-analytical model considering only sb-p resonance and
the bounce-averaged model [3] is found for p,, < 0.2. The discrepancies in
the vicinity of the zero of the electric field are due to finite aspect ratio and

deviations from the circular flux surface approximation.

The numerical approach implemented in the quasilinear version of the
code NEO-2, which is based on a standard local neoclassical ansatz, can be
extended to a non-local quasilinear NTV model. Here, the term 'non-local’
is used to stress the difference to a standard approach where unperturbed
orbits are truncated in order to stay within flux surfaces. This does not
necessarily mean that the orbit width is comparable to the gradient length.
However, even for large gradient lengths the effect of orbit displacement from
the flux surface introduces a significant modification in the magnetic rota-
tion frequency. Being rather different in derivation, the nonlocal quasilinear
equation set and expressions for the non-ambipolar particle flux density are
formally the same with results of Ref. [2]. Only the toroidal rotation fre-

quency due to the magnetic drift ;5 is modified which, instead of local



4.3. NTV TORQUE IN ASDEX-UPGRADE 97

Eq. (67) of Ref. [2], is now given by the following nonlocal expression,

0 . U2(2—T]BO> &830_&%
B 2\/%BOWCO BO oY Bg or

U2 (1 — UBQ) 0 837"
— = (B B,)— — 4.1
* \/QOBOWCO (07" ( va 90) v ) ’ ( 6)

where the only difference from the local expression is the presence of the
safety factor under radial derivative sign. The extended formalism pertinent
to the non-local NEO-2 version will be presented in a separate publication.
The additional magnetic shear term leads to a significant modification of
the torque density profile, see Figure 4.7. Again a very good agreement
between the non-local version of NEO-2 and the semi-analytical model [19]
can be observed, which indicates the importance of contributions from various
resonant transport regimes to the ion NTV torque density. In comparison
to the results obtained by the local approach the sb-p regime covers only a
narrow radial domain located at the zero of the electric field. Furthermore,
a distinctive peak of the torque density is observed at p,o = 0.4. It should
be noted that the expression for the NTV torque density in the sb-p regime
derived from the Hamiltonian approach agrees analytically with Shaing’s

generalized formula [53] published recently.

As can be seen from Figure 4.8, not only ions but also electrons make a
significant contribution to the NTV torque, which is in the direction of (pos-
itive) plasma rotation and which partly balances the negative ion torque.
In the case where only the E x B drift is taken into account, the electron
torque agrees up to a factor 3 with the result of the asymptotical model [3].
The observed discrepancies can be explained by uncertainties in the joining
procedure of the different asymptotical regimes and by the rather small as-
pect ratio where the analytical model of Shaing [3] can significantly deviate
from accurate computations with NEO-2 [2]. Tt can be observed that the
agreement becomes better for larger aspect ratios closer to the center of the
plasma and for small values of the radial electric field where the contribution

from pure 1/v transport is dominant.

Including the magnetic drift term in the NEO-2 computation modifies
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significantly the electron NT'V torque density profile in the core of the plasma.
In the inner part of the plasma only the trend seen from NEO-2 results is
captured by the universal formula [3] connecting the 1/v, v — /v and sb-p
transport regimes. The observed differences in the inner part of the plasma
are due to the circular flux surface approximation used for the evaluation of
the sb-p resonance condition, which can deviate significantly from accurate
computations for a real tokamak geometry. It should also be noted that
the torque density profile exhibits distinctive substructures in the vicinity of
resonant surfaces, which are indicated by vertical lines. A rather peculiar
point in this profile is the resonant surface (m,n) = (6,2) which almost
coincides with the zero of the electric field. The increased electron torque
density around this point is due to the fact that for small values of the
electric field 1/v transport is dominant. The electron NTV torque density
evaluated by the non-local version of NEO-2 differs considerably from local
computations for pye > 0.3. The additional magnetic shear term yields not
only a modification of the sb-p transport at intermediate radii, but affects
also the 1/v and v — /v transport at the edge.

The NTV torque densities shown in Figure 4.7 and Figure 4.8 can be
also expressed in terms of slowing down frequencies v and offset rotation

frequencies Vi , via the generic form (see, e.g., (5) of Ref. [2]),

T = —nam; Y v (g (VF = VL)) = —nma (g (VF = VE 1)),

(4.17)
which provides a rather demonstrative representation. Here, g,, = Rj de-
notes the toroidal covariant metric tensor component. In Figure 4.9 the
respective radial profiles of the species offset rotation frequencies evaluated
by the non-local version of NEO-2 are shown. It can be seen that ions tend to
rotate in the negative toroidal direction, whereas the offset rotation frequency
of electrons is positive. The different sign of the offset rotation frequency of
ions and electrons correlates with the sign of the torque density. The total
offset rotation frequency exhibits a rather remarkable behavior at intermedi-
ate radial positions where it oscillates around the measured toroidal rotation

frequency. At the edge the computed total offset rotation frequency deviates
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significantly from the measured value.
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Figure 4.6: Ion contribution to the NTV torque density produced by the ELM
mitigation coils with a phase of 90 degrees as a function of the normalized
poloidal radius. Neglecting the effect of magnetic drift (left), the NEO-2
result (solid line) is compared to SFINCS (dashed line), to a semi-analytical
Hamiltonian model [19] (dash-dotted line) and to the bounce-averaged model
by Shaing [3, 2] (dotted line). The NEO-2 result including both, E x B
drift and magnetic drift, is compared to the semi-analytical Hamiltonian
model taking into account drift-orbit (do) and superbanana-plateau (sbp)
resonances, as well as to the universal formula [3] connecting 1/v, v — /v
and superbanana-plateau transport regimes (right). Vertical lines indicate
the positions of resonant surfaces with ¢(ppo1) = m/n, where m and n are
the poloidal and toroidal mode numbers, respectively.

In order to determine relevant transport regimes, a scan of the diffusion
coefficient DY normalized by the plateau diffusion coefficient D,, over colli-
sionality parameter and otherwise the same parameters as in the experimen-
tal profile has been performed at different radial positions, see Figure 4.10.
Here, D, = mqurpi(16Ry)™", pr = vr/we, weo is the mean cyclotron fre-
quency value at a given flux surface, and only the dominant n = 2 perturba-
tion toroidal mode has been taken into account. For electrons all quasilinear
transport regimes described by the bounce-averaged drift kinetic equation

can be seen. At p,o = 0.30 electrons are clearly in a transition regime be-
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Figure 4.7: Ton contribution to the NTV torque density produced by the ELM
mitigation coils with a phase of 90 degrees as a function of the normalized
poloidal radius. The non-local NEO-2 result including both, E x B drift and
magnetic drift, is compared to the NEO-2 result using a local approximation
and to the semi-analytical Hamiltonian model taking into account drift-orbit
(do) and superbanana-plateau (sbp) resonances. Vertical lines indicate the
positions of resonant surfaces with ¢(pyo1) = m/n, where m and n are the
poloidal and toroidal mode numbers, respectively.

tween the 1/v and the superbanana-plateau regime. At p,, = 0.50 the onset
of the v — /v regime is observed, whereas at ppo = 0.91 electrons are still in
the 1/v regime and only at lower collisionalities the transition to the super-
banana plateau is observed. When the magnetic shear is taken into account
in the non-local computations, the sb-p regime seen at p,, = 0.91 is replaced
by a v — /v regime. For other radii the computations with and without mag-
netic shear differ only slightly. It should be noted that the difference in the
torque density seen in Figure 4.8 at p,, = 0.50 is due to the contribution
from the n = 6 perturbation, which is not considered here. The plateau like
behavior of the ion diffusion coefficient indicates resonant “collisionless” dif-
fusion regimes because the ion collisionality for n = 2 perturbations stays
outside the lower boundary of the ripple plateau regime [17], which requires

v > (nq)_2A_3/2 with A being the aspect ratio. The non-local results qual-
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Figure 4.8: Electron contribution to the NTV torque density produced by
the ELM mitigation coils with a phase of 90 degrees as a function of the
normalized poloidal radius. Left - the NEO-2 results (solid lines) including
magnetic drift (without markers) and neglecting magnetic drift (with mark-
ers) are compared to the bounce-averaged model by Shaing |3] (dashed lines)
for the same cases. Right - the non-local NEO-2 result including both, E x B
drift and magnetic drift, is compared to the NEO-2 result using a local ap-
proximation. Vertical lines indicate the positions of resonant surfaces with
q(ppol) = m/n, where m and n are the poloidal and toroidal mode numbers,
respectively.

itatively show the same dependence on collisionality, although the absolute
value of the resonant regime can deviate significantly. These regimes are of
different nature for different radii. For p,q = 0.3 and ppo = 0.5 where Mach
numbers are rather large, the resonant regime corresponds to the regime of
bounce resonances |56, 18]. It can be seen from Figure 4.6 that toroidal rota-
tion due to the magnetic drift starts to be important for bounce resonances
at smaller p,1, in particular at ppe = 0.3, since the frequency of this rotation
scales inversely with p,.. In contrast to the two inner points in Figure 4.10,
the ion diffusion coefficient at p,q = 0.91, which is close to £, = 0 point, cor-
responds to the superbanana plateau regime. Its value there is much higher
than the ripple plateau value, which is roughly the maximum value achiev-

able in the regime of bounce resonances (see [19]). This can also be seen
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Figure 4.9: Non-local NEO-2 result for the offset rotation frequencies (4.17)
produced by the ELM mitigation coils with a phase of 90 degrees as a function
of the normalized poloidal radius for ions (dashed), electrons (dash-dotted)
and sum over species (dotted). For comparison the radial profile of the
measured toroidal rotation frequency (solid line) is shown.

from Figure 4.6, where at E, = 0 a spike of the torque appears in case of a
pure E x B rotation because of a strong 1/v contribution. This is changed
to a saturated value when the complete rotation model is used.

As seen in Figure 4.11 the integral NTV torque (TgA)int, Eq. (4.13), is
dominated by the ion contribution and is produced mainly at the plasma
edge. The maximum value of the total integral NTV torque as computed
by NEO-2 is -1 Nm, which is less than the NBI torque value of +4.1 Nm.
As can be seen from the gradients of the integral torque, the NTV torque
density is larger than the one from NBI at p,q > 0.9 where NTV dominates
above NBI in the formation of the toroidal rotation profile.

In the torque from RMP coils electrons play an equally important role
as ions and may even dominate in the plasma core for some coil polarities
making the torque in the core positive (see Figure 4.12). In turn, for pye >
0.8 ions are always dominant, and finally the ions determine the sign of the
total torque from RMP coils in all cases. The magnitude of NTV torque
produced by the RMP coils depends strongly on the poloidal field spectrum.
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The largest values of the integral NTV torque can be seen for A¢, = +90°
and A¢p,y = —150°. In case of A¢py = +30° and Ap,y = +52° the smallest
electron contribution to the NTV torque is observed, whereas for negative
values of the phase shift the electron NTV torque is considerably increased.
The effect of magnetic shear, which is taken into account by the non-local
computations, is largest for negative coil polarities and for A¢g, = +90°,
whereas A¢y = +30° and Agy = +52° are unaffected to a large extent.
Here, ions dominate the integral NTV torque for p,, > 0.4, which is due to
the additional peak in the ion torque density seen in Figure 4.7. A positive
value of the torque in the core is only observed for negative coil polarities.

As seen in Figure 4.13, the magnitude of the RMP torque for various coil
polarities correlates with the maximum value of the normalized perturbation
field and with the maximum corrugation of flux surfaces (see Figure 4 in
Ref. [66]) for the respective phases (roughly |B,,/Bol, ... ~ [0x|,. Bo')- This

means that the main reason for the non-axisymmetric perturbation of the

max

magnetic field magnitude B on perturbed flux surfaces is the meandering
of these surfaces caused by the perturbation field component normal to the
unperturbed flux surfaces, but not the direct change of B by the component
which is parallel to the unperturbed field [3, 5, 4.
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Figure 4.10: Normalized electron (left panel) and ion (right panel) diffusion
coefficients DYA computed with (lower panel) and without (upper panel)
magnetic shear for various radil ppe (see the legend) as functions of the
collisionality parameter v*. Actual collisionalities in the experiment for the
given poloidal radius are indicated by filled circles. Note that the normalizing
plateau diffusion coefficient is by a a square-root of mass ratio smaller for
electrons than for ions.
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Figure 4.11: Profiles of various contributions to the integral NTV torque
(TSOI\IA)iHt for 90° ELM mitigation coil polarity and of the integral NBI torque
(see legend).
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Figure 4.12: Profiles of total (i+e) integral NTV torque from ELM mitigation
coils with various polarities (see legend) for local (left) and non-local (right)
computations.
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Figure 4.13: Profiles of the maximum value of the normalized perturbation
field (left) and of the maximum corrugation of the 3D flux surface [66] (right)
for ELM mitigation coils with various polarities (see legend).
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4.4 Integral momentum balance and other mo-

mentum sources

It should be mentioned that plasma parameter profiles used in this modeling,
in particular the toroidal rotation frequency, correspond to a (quasi-)steady
state observed in shot #30835 at 3.2 s. In contrast to Ref. [62] where a
modification of a steady state rotation profile by turning on perturbation coils
has been shown to be in agreement with NTV induced by these coils, this
can be hardly expected in the pertinent AUG shot. In this shot a significant
density reduction and modification of temperature profiles has been observed
after turning on the RMP coils, what leads also to a modification of turbulent
transport. Therefore, a single steady state has been chosen for a study of the
static torque balance. Since the integral rotational moment is a conserved
quantity, the missing balance between the NTV torque and the NBI torque,
which exceeds the NTV torque roughly by a factor four, clearly suggests
the importance of other momentum sources. The complete integral torque
balance follows from the integration of the steady state equation (4.7) over

the main plasma volume,

(T3 + (T3 0 + (T57),, =0, (418)

where (T;Ot)w is the momentum flux through the main plasma boundary

(separatrix) via <H6n] o

and axisymmetric neoclassical transport provide a contribution. Note that

>, the only momentum source where the anomalous

at least formally, all three torques in this balance can be determined inde-
pendently outside the main plasma volume [71]. Since each of the last two
torques in (4.18) consists of a few contributions, they are discussed below in
more detail.

The contributions entering (TSI;IA)H1t besides the NTV torque are listed
here roughly in the order of their importance. The first of these sources
is related to losses of NBI generated fast particles 72, 73|. This torque
would be negative (as the NTV torque of ions) and its value can be high

enough to balance the NBI torque, as shown in Ref. [73] for JET. Estimations
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of fast particle losses induced by violations of AUG axial symmetry using
3D Monte Carlo modeling in Boozer coordinates with help of the NEO-
MC code [74] version for fast particles [75] have shown that the toroidal
torque due to such losses cannot match the discrepancy because it is smaller
than the NTV torque (about 5% of the NBI torque). Another important
unaccounted momentum source is the resonant torque produced by RMPs in
resonant layers around rational flux surfaces where the ideal MHD theory is
not valid. Normally, RMPs are shielded by plasma response currents in the
core, which results in a small torque. However, the situation might change
at the plasma edge, where the RMP amplitudes can be large enough to
modify the electron temperature profile in the resonant layer around some of
the dominating resonances. This might significantly reduce the shielding by
electrons [12]. An accurate quantitative description of this interaction is still
missing. Besides the magnetic perturbations from the TF ripple and ELM
mitigation coils there are two more possible magnetic perturbations, which
can produce NTV and resonant torque and which are not taken into account
here. These are the error fields and the fields from eddy currents induced in

the wall and other external conductors by intrinsic MHD modes.

It should be noted that a description of the resonant torque in terms of a
local torque density TgA is limited to cases where the non-axisymmetric part
of gradients of plasma parameters is small everywhere including the islands
produced by RMPs. This is the case where the quasilinear theory is valid
(see, e.g., [12]). Otherwise, this description is only formally valid, but not
useful, because plasma parameters become essentially 3D within and in some

vicinity of islands, and only the integral torque is meaningful.

The last contributor to (TgA)int, the torque due to ECRH/ECCD, con-
sists of two parts. First, the direct toroidal momentum input by microwave
radiation is related to the coupled ECRH power as PgcrulRo/c, and for
Prcru ~ 0.5 MW is around 0.01 Nm. Second, losses of supra-thermal elec-
trons, which are possible in presence of non-axisymmetric magnetic field
perturbations, can produce only positive torque in the direction of the NBI
torque. Therefore, the last contributor to (TgA)int, the torque due to ECRH/ECCD,

can be safely removed from the list.
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Various contributions to the torque (T soNA)im can be measured exter-
nally in a direct way because the integral torque due to electromagnetic
perturbations is equal to the momentum flux carried by these perturba-
tions through the plasma boundary in the form of Maxwell stress, essentially
via its magnetic part. (Finally, this Maxwell stress is balanced by Lorentz
forces onto the external currents that create the perturbations.) Therefore,
it would be sufficient to determine the magnetic Maxwell stress by measuring
the non-axisymmetric magnetic field outside the plasma [76, 71]. Alterna-
tively, (TgA)int can be determined from the torque balance (4.18) using the
measured (T@NBI).

int
axisymmetric torque outside the main plasma boundary, the momentum flux

and (T;Ot)w. In absence of significant NBI and non-

(T;"t)w carried through the separatrix is finally recovered at the wall, as
follows from the integration of equation (4.1) over the vacuum chamber vol-
ume. Flux (T;Ot)w consists of three contributions, which require different
measurements. Presenting it as a sum of particle and electromagnetic field
contributions, (T:j’t)w = (Tgm)w + (TEM)W and averaging this expression
over the time scale of turbulent fluctuations, the toroidal reactive torque onto

the main plasma due to charged and neutral particle fluxes to the wall is
(T2™) :2ﬂ2ma7{d1R/dgvfav~nv~@, (4.19)
® w ~ 8@

where f, is the averaged distribution function, which is then axisymmetric.
The poloidal integration contour here is along the wall surface, and the unit
vector normal to the wall n points to the inside of the vessel. In contrast to
the momentum flux of neutral particles (a« = n), which appears due to charge
exchange with the surrounding neutral gas, and which is spread over the wall,
the momentum flux of charged particles (ions) is localized at the divertor
target plates. Before the sheath this latter flux is determined mainly by
parallel transport, v-n v-9r/d¢ — (v/B)*B-n B-9dr/d¢. This means that
the toroidal reactive torque on the plasma from the vicinity of a particular
strike point scales with B - n. Since B - n has opposite signs for inner and
outer strike points, the integral torque onto the main plasma manifests itself

as an imbalance between the toroidal momentum fluxes carried by particles
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to the inner and outer divertor targets (see, e.g., Section 6.3 of Ref. [77] and
Ref. [71]).

A simple expression for the intrinsic electromagnetic torque (T;DEM)W,
which has been omitted in Ref. [71], is obtained when the currents and charges
induced by edge instabilities in the wall are negligible. In this case, only the
axisymmetric part of the electromagnetic field resulting from averaging of
this field over the fluctuation time scale contributes to the electromagnetic
momentum flux, because only the axisymmetric field leads to a Lorentz force
onto the axisymmetric currents in the wall. In a (quasi) steady state, the
pertinent part of the Maxwell stress tensor o is essentially determined by

the magnetic field,

1 0
V9 0!

The integral intrinsic electromagnetic torque is then

’ 1 1 )
\/EO'ZO = EV . BgoB = EV : ¢pol J (420)

2m a .
(), = 2 A R (g~ v n
ls+Al
2m 9 .
~ =Y R2n-B), [ di(l-1)jn, (4.21)
c
s ls—Al

where the final expression corresponds to the current localized around diver-
tor strike points numbered here with subscript s. The term with 7 ) in the
first expression in (4.21) provides a zero contribution to the integral due to
V-j = 0. It should be noted that due to (4.20) and V-j = 0, currents flowing
along 1,0 contours (in particular, parallel currents) produce no steady state
toroidal torque since they produce no toroidal j x B force. Only currents
which are closed across 1, contours produce toroidal torque. This relates
to both the currents in the plasma and to the poloidal currents in the wall,
which close the plasma currents to the wall. The former produces the torque
onto the plasma and the latter the torque onto the wall, thus balancing the
force onto the plasma by third Newton’s law. In the equilibria studied here,

Ypol increases from the private flux region towards the scrape-off layer. Thus,
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currents in the wall (target plates), which balance the positive NBI torque,

flow in direction of increasing 1.

4.5 Summary

Computations of the NTV torque produced in ASDEX Upgrade by the TF
ripple and magnetic perturbations from ELM mitigation coils show an agree-
ment between different numerical (NEO-2, SFINCS) and semi-analytical
models within their validity domains. Specific differences are also observed
and discussed. It is clearly seen that ions as well as electrons contribute to
the overall torque. It is remarkable that practically all quasilinear transport
regimes except for the highly collisional Pfirsch-Schliiter regime are realized
within the single discharge 730835, which is studied here. Various bounce av-
eraged transport regimes as well as resonant regimes are important in specific
radial positions. Those regimes have been identified by scans over collision-
ality and comparison with analytical and semi analytical computations. The
quasilinear approach used in NEO-2 is well justified for computations of the
torque driven by RMPs but slightly overestimates the torque from the TF
ripple. The amplitude of the perturbations corresponding to the TF ripple
is already marginally outside the validity range for the quasilinear approach,
mainly because of the high toroidal mode number.

The NTV torque is produced mainly at the plasma edge where its density
is comparable with the NBI torque density. However, the integral NTV
torque balances only a quarter of the integral NBI torque. This emphasizes
the importance of other momentum sources unaccounted here. Some of these
sources (e.g. the torque due to fast particle losses) can be computed with
present day models. An accurate description of the other sources connected
with resonant interaction of magnetic perturbations at rational flux surfaces
is still an open problem. Thus, measurements of discharges where the role of
resonant interactions is minimized are of future interest.

The integral torque balance [71], which can be used to verify the mod-
eling by measurements outside the plasma, is discussed here in some more

detail. For this balance, in addition to measurements of the asymmetry of
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the momentum flux carried by divertor fluxes [71], measurements of charge-
exchange neutral spectra and of the currents between the plasma and the
wall (divertor target plates) are shown to be of importance.

Besides the integral torque balance, an accurate description of the torque
density profile resulting from non-axisymmetric magnetic field perturbations
would be an important part of turbulent momentum transport studies, where
]<p> in equation (4.7)

on the rotation velocity profile is required in its pure form, i.e. the second

the effect of turbulent momentum flux dominating in <H’["in

term in Lh.s. of (4.7). The state of art of existing models discussed here does

already allow for such a description for the NTV torque.



Chapter 5

Multi-species version of the code
NEO-2

For the multi-species problem the collision integral St(f,, f3), where f, and
fs are test and field particle distribution functions, respectively, is linearized

as follows,
St(fas f5) 2 Lo 5 fo + LA 5 f5, (5.1)

where 0 f, = fo — fao is the perturbation of the a-species Maxwellian — f,q,
and ﬁg(a’ﬁ ) and ﬁé(a’ﬁ ) are linear differential and integral operators, respec-

tively, defined as follows

LEP 5 0 = St(0far fao), LA™ 615 = St(fa0, 015). (5.2)

The linearized drift kinetic equation for the multi-species problem is then
presented in the discretized form (2.193) solved by NEO-2 [2],

afe 1 & = D(a,B) = I(a,B) = (@)
g 6507 a ﬁ Z Z (me; m/« + me” m’ﬁ) T Z Zwmm’fm’,a = vao"
$ m'=0 S m'=0

(5.3)

T D(awB) Al(azﬁ) 1
where the operators L, and L, ', denote the matrix elements of the
differential and integral operator defined above, and otherwise the same no-
tation as in Section 2.3.4 is used. It can be seen that the interaction with

other species in (5.3) is solely contained in the integral part of the collision
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integral L I(e, ;B ) o g~ The integral part of the collision integral is taken into

account by means of direct or pre-conditioned iterations in NEO-2,

1

Zme mﬁ_ZZP “B(l)/d/\’P(A) o s(N), (54)

=0 B el

where \ is the pitch angle parameter and P,()\) are Legendre polynomials.
The direct or pre-conditioned iterations are based on the solution of the
differential part of the integro-differential equation (5.3), which contains no
interaction with the perturbed distribution function of other species. For
the numerical solution of the differential part of (5.3) a conservative finite
difference (finite volume) scheme on an adaptive grid over the field line pa-
rameter g and the normalized perpendicular adiabatic invariant n is used.
The resulting linear system of equations is solved with help of a sparse solver

based on direct L-U decomposition.

In NEO-2 the multi-species problem is thus cast in a form which is well-
suited for parallelization with help of MPI [78]. A very efficient MPI in-
terface [79] is already used for the computation of the generalized Spitzer
function in stellarators [55] and has been adapted for the multi-species ver-
sion of NEO-2. For each species the differential part of the drift kinetic
equation can be computed on a separate processor since the different species
interact only via the field particle part of the collision operator. Only within
the iterations of the integral part of the collision operator, the processes cor-
responding to different species have to be synchronized. The communication
between the processes is minimized because only the scalar product of the
perturbed distribution function with Legendre polynomials is shared between
the processors and not the perturbed distribution function itself. It should
be also noted that the factorization of the differential part of (5.3) on differ-
ent processors allows for a distribution of the memory to different computer

nodes and, therefore, relieves the memory constraints.

Since (5.3) is linear, the solution can be looked in form of a superposition
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of thermodynamic forces Af,
o o,(1 o,(2 a,(3
ra =2 (£ + FrAs 17 0A5) 5.5
B

Analogously, the right hand side of (5.3) is presented as a superposition of

thermodynamic forces,
Qma = QunAT + QL AS+QU),AS. (5.6)

Upon inserting (5.5) and (5.6) into the drift kinetic equation (5.3), it becomes
. . B o . . . .
clear that the contribution of A} to f7, , is only non-vanishing (for o # 3) if
the integral part of the collision operator is considered. The expression for
the particle flux in terms of diffusion coefficients Df‘jﬁ and thermodynamic

forces is generalized according to (5.5),

To=-—nay. (D?fAf + D?§A§+D?§A§> . (5.7)
B

Since this further upgrade of the quasilinear version of NEO-2 [2] affects
only the field particle part of the collision operator responsible for momentum
conservation, reliable benchmarks of the computed transport coefficients can
be performed for axisymmetric tokamak equilibria, see Figure 5.1. In Fig-
ure 5.1 a scan of the normalized diffusion coefficient Dlaf'(Dga’)_l over the
collisionality parameter is shown for a two-species plasma consisting of deu-
terium d and carbon C' with charge number Zo = 3. Due to momentum
conservation, the radial currents must balance in an axisymmetric tokamak
equilibrium, i.e., >~ e,I's = 0. Considering a two species plasma where only
one of the thermodynamic forces is non-zero, this leads to a simple relation
for the normalized transport coefficients,

D¢ DY D’ DY Ty,

Dye Dge — Dy Dge — Tong

(5.8)
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where
TqUT oPL,aPL,o!

16R ’

R, vp, and pp , are the plateau diffusion coefficient, major radius, o species

Dge' = (5.9)

thermal velocity and Larmor radius, respectively. Relations (5.8) and (5.9)
for the case shown in Figure 5.1 are fulfilled with an accuracy of less than
1% what is in a good agreement with the exact result. Since the only part
of the kinetic equation modified for the treatment of multiple species is the
collision operator, which is the same for both, the axisymmetric (2.138) and
the non-axisymmetric case (2.144), the test presented in Figure 5.1 is also

sufficient for the non-axisymmetric multi-species problem.

Y
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Figure 5.1: Normalized diffusion coefficient for a two-species plasma (deu-
terium d and carbon C' with charge number Zo = 3) as a function of the
collisionality parameter v* with respect to species deuterium (see definitions
in Ref. [2]) at aspect ratio A = 10.



Chapter 6
Synopsis

Plasma rotation velocity in tokamaks is known to be an important quantity,
which has an effect on plasma confinement and direct influence on measure-
ments of plasma and turbulence parameters. Although anomalous effects
play a role in radial transport of momentum, they do not provide a volume
momentum source (toroidal torque density). Therefore, the computation
of plasma rotation is done using the volume sources computed within the
framework of neoclassical theory. In its standard form, neoclassical theory
uses lowest order expansion in Larmor radius. Typically, plasma rotation in
a tokamak is separated into two parts, namely poloidal and toroidal rota-
tion. In contrast to the poloidal velocity, which is strictly determined by the
gradient of the ion temperature (see, e.g., Ref [21]), the toroidal velocity is
a quantity, which in standard neoclassical theory is linked through a linear
relation to the radial electric field and to the ion pressure gradient. Thus,
either the radial electric field or the toroidal velocity can be considered as
a free parameter, while the other one is determined by a linear relation.
Whenever the poloidal velocity differs from its equilibrium value, which is
determined by the standard neoclassical theory, it is quickly returned to
this value by relaxation processes within the flux surface. In the collisional
Pfirsch-Schliiter regime this relaxation process is poloidal (parallel) viscosity.
In the long mean free path regime relaxation of poloidal rotation is caused

by collisional exchange between trapped and passing particles resulting in
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a relaxation time of the order of the ion collision time. Relaxation of the
toroidal velocity, however, is due to radial momentum transport, which has a
time scale of the order of the profile relaxation time scale. Therefore, toroidal
velocity relaxes on a much longer time scale than poloidal velocity. Thus,
even a weak source of toroidal momentum can produce a significant change
of toroidal velocity, whereas poloidal velocity can hardly be deviated from

its equilibrium value.

The general equation governing the toroidal rotation in tokamaks has
been analyzed in various papers (e.g., Refs. [35, 41, 3, 80, 71|). This equa-
tion includes momentum sources and transport terms, which are responsible
for redistribution of toroidal angular momentum over the plasma radius. Al-
though the momentum transport is believed to be dominated by anomalous
effects [41], the most important momentum sources can be calculated us-
ing existing knowledge. Besides neutral beam injection (NBI), the violation
of axial symmetry of the tokamak magnetic field by external magnetic field
perturbations is causing an important source term. In particular, such per-
turbations result from the toroidal field ripple (TF ripple), which is caused
by the discreteness of the toroidal field coils. Perturbations can also be
produced either unintentionally by errors in the main magnetic field (error
field) or deliberately by special coils for mitigation of edge localized modes
(ELMs) [81, 82|. External magnetic perturbations can be non-resonant or
resonant. Resonant are those perturbations, where the Fourier series expan-
sion of the perturbation vector potential over poloidal ¥ and toroidal  angles
contains those harmonics, which satisfy the resonance condition m +ng = 0.
Here, m and n are poloidal and toroidal wave numbers, respectively, and ¢
is the safety factor. Resonant harmonics modify the magnetic field topol-
ogy through creation of islands at resonant surfaces and produce a strongly
localized toroidal torque around these surfaces. Non-resonant harmonics do
not modify the magnetic field topology and produce a torque, which usually
has a much lower radial density but is distributed over the whole plasma
volume. In both cases, the generation of toroidal rotation by perturbation
fields is due to creation of non-ambipolar particle fluxes, which lead to plasma

polarization and, therefore, to changes in the radial electric field.
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The torque resulting from non-resonant magnetic perturbations is usually
described in terms of neoclassical toroidal viscosity (NTV) [36, 83, 54, 84,
59, 85, 3, 86, 4, 5|. This follows the terminology, which has been introduced
for general non-axisymmetric magnetic field configurations in Ref. [37]. In
this approach, the electromagnetic field of the perturbation is assumed to
satisfy the condition of ideal MHD theory that the total electrostatic poten-
tial stays constant on perturbed magnetic flux surfaces. For such perturbed
flux surfaces, an associated flux coordinate system with straight field lines is
chosen and usually these are Hamada coordinates. With this, the problem
of calculation of NTV in a tokamak is reduced to a particular application
of neoclassical transport theory for general non-axisymmetric toroidal de-
vices. This general theory has been developed earlier for transport studies

in stellarators.

It should be noted that in contrast to stellarators, non-axisymmetric mag-
netic field perturbations in tokamaks are rather small. Therefore, there exists
a variety of regimes where these perturbations can be treated within pertur-
bation theory with respect to their amplitude. The resulting expressions for
the NTV torque are then obtained as sums over contributions from sepa-
rate harmonics of the toroidal perturbation field. Those contributions are
quadratic in amplitudes of the harmonics [36, 83, 54, 59, 3, 4, 5]. Such
regimes will be called below quasilinear regimes. These quasilinear regimes
occur if the mechanism of particle decorrelation from the perturbation field
is independent from the perturbation field itself. Namely, this is the case
when the phase of the perturbation field is fully determined by parallel and
perpendicular (E x B drift and magnetic drift) particle motion within the
flux surface and when the perturbation field itself has only a negligible effect
on this motion.

Note that for sufficiently small perturbation field amplitudes, besides the
non-resonant torque, also the resonant torque can be described within quasi-
linear theory. In this case, however, the assumption that the perturbed
equipotential surfaces coincide with the perturbed magnetic flux surfaces
does not hold because ideal MHD theory is not valid in the resonant layer

where the plasma response current to the perturbation field and, respec-
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tively, the main contribution to the toroidal torque is localized (see, e.g.
Refs [87, 88, 44, 89]).

It should be mentioned that the results discussed above basically cover
the non-resonant NTV in the whole parameter range of interest. However,
all these results have been obtained analytically. This has required certain
simplifying assumptions pertinent to particular transport regimes, simplified
device geometry, and Coulomb collision models. The overall purpose of the
present thesis is to treat quasilinear regimes numerically within a general ap-
proach without using any simplifying assumptions on collisionality, geometry,

and collision models.

As a result of this work a tool for the numerical evaluation of the NTV
torque due to non-resonant magnetic perturbations in a real tokamak device
has been developed. This numerical tool, an upgraded version of the code
NEO-2 [1, 2], allows for an efficient evaluation of non-ambipolar particle
fluxes due to non-axisymmetric electromagnetic field perturbations, which in
turn produce a toroidal torque affecting the plasma rotation. This is accom-
plished without making simplifying assumptions for all quasilinear regimes.
Well-established codes for the evaluation of particle fluxes in stellarators as
the code DKES [6] make often also use of certain simplifications of the un-
derlying drift kinetic equation. For example, DKES uses a Lorentz collision
model and neglects the contribution from magnetic drifts to the poloidal and
toroidal rotation velocity. With respect to Monte-Carlo methods |7, 8, 9],
which provide also a universal approach for the evaluation of NTV, the nu-
merical approach realized within the upgraded version of NEO-2 is more effi-
cient and thus would allow for the use of NEO-2 within a 1D transport code.
The upgraded version of NEO-2 has also been validated and benchmarked
against various analytical and semi-analytical models, as well as against the
nonlinear codes DKES and SFINCS (see below). The derivations of the
theoretical framework for the upgraded code NEO-2 and the results of the
extensive benchmarking phase are discussed in Chapter 2 and Chapter 3,
respectively. In Chapter 2 aside from the developed theoretical formalism
also a re-derivation of the exact toroidal momentum conservation equation

and its approximate form including all leading order terms in Larmor radius
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and perturbation amplitude is presented.

Furthermore, a procedure for the evaluation of the NTV torque for AS-
DEX Upgrade discharges has been developed. For the evaluation of the
non-ambipolar particle fluxes and of the associated torque density the non-
axisymmetric magnetic perturbations have to be known. At the present stage
the magnetic field spectrum including the non-axisymmetric magnetic per-
turbations is computed by the code NEMEC [11] and then transformed to
Boozer coordinates using the code COTRANS [66]. Within NEO-2 the mag-
netic field spectrum of the non-axisymmetric perturbations is transformed
to the requested representation, which is given by (2.150). Since the contri-
butions from different toroidal mode numbers to the non-ambipolar particle
fluxes are independent of each other within quasilinear theory, the NEO-2
computations can be easily parallelized. For the final evaluation of the non-
ambipolar particle fluxes only the individual contributions of the toroidal

mode numbers have to be summed up.

Computations of the NTV torque produced in ASDEX Upgrade by the
TF ripple and magnetic perturbations from ELM mitigation coils show an
agreement between different numerical (NEO-2, SFINCS [13]) and semi-
analytical models within their validity domains, see Chapter 4. Specific
differences are also observed and discussed here. It is clearly seen that
ions as well as electrons contribute to the overall torque. It is remark-
able that practically all quasilinear transport regimes except for the highly
collisional Pfirsch-Schliiter regime are realized within the single discharge
#30835, which is studied here. Various bounce averaged transport regimes
as well as resonant regimes are important in specific radial positions. Those
regimes have been identified by scans over collisionality and comparison with
analytical and semi-analytical computations. The quasilinear approach used
in NEO-2 is well justified for computations of the torque driven by RMPs but
slightly overestimates the torque from the TF ripple. The amplitude of the
perturbations corresponding to the TF ripple is already marginally outside
the validity range for the quasilinear approach, mainly because of the high
toroidal mode number. The NTV torque is produced mainly at the plasma

edge where its density is comparable with the NBI torque density. However,



122 CHAPTER 6. SYNOPSIS

the integral NTV torque balances only a quarter of the integral NBI torque.
This emphasizes the importance of other momentum sources unaccounted
here. Some of these sources (e.g. the torque due to fast particle losses)
can be computed with present day models. An accurate description of the
other sources connected with resonant interaction of magnetic perturbations
at rational flux surfaces is still an open problem. Thus, measurements of
discharges where the role of resonant interactions is minimized are of future
interest. The integral torque balance [71], which can be used to verify the
modeling by measurements outside the plasma, is discussed here in some
more detail. For this balance, in addition to measurements of the asymme-
try of the momentum flux carried by divertor fluxes [71], measurements of
charge-exchange neutral spectra and of the currents between the plasma and
the wall (divertor target plates) are shown to be of importance. Besides the
integral torque balance, an accurate description of the torque density profile
resulting from non-axisymmetric magnetic field perturbations would be an
important part of turbulent momentum transport studies, where the effect
of turbulent momentum flux dominating in <H6n]cp> in equation (4.7) on the
rotation velocity profile is required in its pure form, i.e. the second term in
Lh.s. of (4.7). The state of art of existing models discussed here does already
allow for such a description for the NTV torque.

The code NEO-2 has also been upgraded for the computation of the NTV
torque in a multi-species plasma, i.e. a plasma with significant impurity con-
tent, see Chapter 5. For this further upgrade of the quasilinear version of
NEO-2 [2], reliable benchmarks of the computed transport coefficients can be
performed for axisymmetric tokamak equilibria because only the field parti-
cle part of the collision operator responsible for momentum conservation is
affected. Relations (5.8) and (5.9), which result from the balance of radial
currents in an axisymmetric tokamak equilibrium, are fulfilled with an accu-
racy of less than 1% what is in a good agreement with the exact result. Since
the only part of the kinetic equation modified for the treatment of multiple
species is the collision operator, which is the same for both, the axisymmet-
ric (2.138) and the non-axisymmetric case (2.144), the test presented here is

also sufficient for the non-axisymmetric multi-species problem.
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The quasilinear version of the code NEO-2 is an evolving tool which has
a large capacity for upgrades. An important upgrade would be to allow
for the treatment of nonlinear effects (such as observed for the TF ripple
in ASDEX Upgrade in comparison with the nonlinear code SFINCS). Since
these effects are either small or of the order one, they can be taken into
account iteratively using the pre-conditioned iteration procedure, which is
already used in NEO-2 for the account of the integral part of the collision
operator (this procedure does not generally require the perturbing part of the
equation to be small). Another upgrade would be to generalize the approach
for the case of Mach numbers of the order one (near-sonic rotations), which
might be the case in some experiments. With these upgrades, a universal

solution for the NTV problem in tokamaks will be achieved.
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Appendix A

Non-ambipolar fluxes in the

1/v-regime

A.1 Quasilinear approach

In the 1/v-regime the rotation frequency can be ignored in the kinetic equa-
tion (2.166). After inserting the Lorentz collision operator (2.168) into (2.166)
and a subsequent multiplication of the result with the normalized bounce

time (2.162), following equation is obtained

2
H
_41/d—77]afn = in— 0 ﬁa nan, (A1)
on' On 3e\/goBy On  Or
where the notation is as follows
'ﬂmax
do
I = / VT B, (A.2)
Fomin 0
I
Hn = / ﬁ V - 77B0 (4 - UBO) Bn- (AS)
0
19min

A boundary condition of (A.1) is that the collisional flux at the deeply
trapped boundary n = 1/B§*®* becomes zero (finite derivative of f,, there).
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Using this boundary condition, Eq. (A.1) can be integrated once,

Ofn _ mev? H, 0fu
—— = —in 5 . (A.4)
on 12e,/goB§ vanl Or

After integration over n by parts the flux (2.167) can be expressed through

the derivative of the distribution function,

o 1/Bmm
- dv

VA _ Z Lcﬂ /—2|V7’0| /dvv / dnn Im—H*. (A.5)
n=1 36\/%80 0 BO 1/B1rnx

Substituting (A.4) and the derivative of the Maxwellian (2.92) into (A.5),

the flux density becomes

-1

27 fe’e)
= 2c? dv Farv® mu?
pNA N e /—Vr /de (A +—A)><
; 366290 (Bg>2 B(2)| 0| U 1 oT 2

0 0

I/B(r)nin

n?|H,|?
dn ——. A.
X / U (A.6)

I/B(I)nax

The flux density (A.6) is transformed to the form (2.169) by changing the
integration variable from v to the normalized kinetic energy (2.171), whereby

the effective ripple is defined as

2 1/Bgin
2 p2 n2| H. |12
3/2 T R Bref / d’l9 / ‘H |
€ff = — | V1o A7
= 16v/2 go(BY)? / B2 ;I/Bm (A7)

Note that in the version of Boozer coordinates used here the flux surface
label 7y is an arbitrary flux function. The definition of the effective ripple of
Ref. [10] specifies it as an effective radius fixed by the condition (2.5), which



A.1. QUASILINEAR APPROACH 129

in Boozer coordinates is

2 2
dy dvy
0 0

Original Boozer coordinates use the normalized toroidal flux ¢ as a flux

surface label where

b(r) = % / dr’ 7d19\/§B“” - / dr'\/gB?. (A.9)

0

From this expression above it follows that

d
T (A.10)

Using this relation and condition (A.8) in (A.7), one obtains the effective
ripple in the form (2.172).

Next it is checked that the quasilinear limit (2.172) agrees with the general
expression for the effective ripple, Eq. (43) of Ref. [10]. It should be noted
that a change of the field line integration variable, from the toroidal angle
¢ to the poloidal angle 0, reduces to the simultaneous replacement of the
differential d¢ with df in Eqs. (43), (44) and (45) of Ref. [10] because the
safety factor cancels out. The integration limits, of course, should also be
changed. Due to the first condition in Eq. (2.89), which is required for the
applicability of the quasilinear limit, blocked particles are absent while the
amount of particles trapped in more than one toroidal well scales with the
amplitude of the perturbation field, i.e. it is negligibly small compared to the
amount of single trapped particles. Thus, various classes mean just single
trapped particles in different toroidal field periods on the field line and the
summation index j in Eq. (44) of Ref. [10]| just enumerates these periods.

Since one has to label now the field line with ¢y = ( — ¢f, last parentheses
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in Eq. (44) of Ref. [10] are rewritten as

z%—? - J%—? (] + 1)3-2 _ Jaa’? (A1)
and the last term here does not contribute to the integral because it is a
derivative along the field line. Since the axisymmetric field does not con-
tribute to the first term, one can see that this term provides the leading
order contribution. The perturbation field should be ignored elsewhere be-
cause it gives just a next order correction. Thus, Eq. (44) of Ref. [10] is

simplified to

Hy; => Hj b —

ref

(1= ) 50800+ 2n0)

(A.12)
where the periodicity has been used to transform the 6 values to the first
toroidal period on the field line. Note that By in Ref. [10] is used for the
reference magnetic field value, whereas the notation in (A.12) follows the no-
tation of Ref. [2]. Since only leading order contributions of the perturbation
field are considered, explicit field line integrals in Eq. (44) of Ref. [10] can be
replaced by integrals over one poloidal period times the number of periods on
the field line, jmax. Quantity I¢;, Eq. (45) of Ref. [10], is then the same for all
periods and, after the replacement of differentials, is the same with quantity
I, Eq. (A.2), if one considers B,b' = 1/n. Thus, Eq. (44) of Ref. [10] is
transformed to

-2

2w 2w Jmax
3/2 — 7T_R2 @ ﬂ /1 . ]- 2
@ =5 m\ ) mEvY O i o ; By (A19)
0 0 -

where |Vi| = /¢g''. In order to obtain equation (2.172), the integration
variable is changed from o' to n = 1/(Bysb’), as well as the Fourier series

representation of 0B (2.150) and the following identity valid for a periodic
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function F'(p) and irrational g,

jmax
> F(po +2mqj) = F, (A.14)

J=1

lim
jmax —00 ]max

are used.

A.2 Shaing’s approach

In this section the result for the non-ambipolar particle flux given by Eq. (16)
of Ref. [36] is re-derived. The flux surface averaged particle flux across the
flux surface is defined in Ref. [36] as

[Shaing — (n V- VV) with naV = /d3v vf, (A.15)

where f denotes the first order perturbed distribution function and the flux
surface label V' is here the volume enclosed by the flux surface divided by
472, Introducing the drift velocity v4 and Hamada coordinates (V,Jy, on),

one can express the particle flux through

['Shaing _ < / d®v f(vy-VV) > = % / / d¥dey / d*v f (vq-VV).

(A.16)
In order to evaluate the expression for the particle flux, the contra-variant
radial component of the drift velocity v, - VV is expressed in terms of

(8f10/0n)*. Using the linearized drift kinetic equation

Ofum

vh- Vf+vy VV — Fa

=C(f) with  h = —, (A.17)

Sojes

the following relation for the drift velocity is obtained

ofu

av) [C(f) —vyh-Vf]. (A.18)

vd-VV:(
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Equation (A.18) can be simplified, if one makes use of the Clebsch form of
the B-field by introducing a new set of Hamada coordinates (V, 9, vnyo),

B = 77Z)/ VV x V19H — X, VV x VQOH = VX X VSDH,O; (Alg)

where oo = ¢u — ¢u and ¢ = ¢'/x’ has been used. From this B-field
representation one can immediately see that B - VV = B - Vg = 0 and
the only non-vanishing component is B - Vg = x’/(\/g)u. Now, the second
term in the square brackets of Eq. (A.18) is inspected,

v X Of
yh-Vf=— — = 0. A.20

BN B v (420
Since the lowest order distribution function from bounce averaged theory is
of main interest here, i.e. f = fio, the last identity in Eq. (A.20) follows
from Eq. (11) of Ref. [36]. Finally, one obtains for the drift velocity

Ofum

vd-VV: (W

)_ C(fu), (A.21)

whereby the Lorentz collision operator C(f) is given by

c(f) = ovy1—nBy 2 2 muv?n [ 2 8_f
- By mv? On ey Y 0 on
2VD 0 8f
= — \/1—nBy — n\/1—nBy =—. A.22
B, N0 an U 5o an ( )

The derivative of fio over n appearing in Eq. (A.22) can be obtained by
bounce-averaging the equation for the next order correction fi1, see Eq. (12)
of Ref. [36], and a subsequent integration over the normalized perpendicular

adiabatic invariant,

Ofio  cmv® Ofu $ ddu VT —1By 8250
on  2ex'vp OV ¢ dduv/1—-nBy

(A.23)
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In terms of the new angular coordinates (V,pm0),

(dSOHp) - (q —1> . <d§0H> and V9o = —(V9)u, (A.24)

the flux surface average becomes

2 27 qiy—2m
qVn

Using these intermediate steps and the expression for the velocity space ja-
cobian, see Eq. (7.21) of Ref. [21], the particle flux becomes

] 27 qiy—27 oo 1/Bo (Y1) QB
Shaing __ U™ Dg
r & = —m/dﬁ}l / ngHU/dU / d77 Z —1_7730 f10 X
0 qiy
0 1oy
x(%) FD\/l—nBo—m/l—nBoﬂ
qiu—27 o _y Y/Bo(n)
= —ZQW/dﬁH / dngO/dvaD(mA//I) / dn x
qVH 0
3f1o
Xfloa—nvl—UBo -
qOu—27 9 1/30(19H)
= _Z /dﬂH / dngo/dvvl/D(aJiy) / dn x
7:|:1 oo .

X {6_77 fiony/1—nBy aéfm /1 — 1By = 8f1° 8{170}. (A.26)

The first term in the curly brackets of Eq. (A.26) vanishes upon integration
over n at the upper and lower boundary. By substituting the result for the

first order distribution function from bounce averaged theory (A.23) into
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Eq. (A.26), following expression for the particle flux is obtained

qdu—2m ) 1/Bo (V)

2T
. 1 0
FShalng — Z %/dﬁH / dSOH,O/dUU2VD ( aJ;]/M) / d7777 X
U:j:l O q19H 0 O
~ 2
) (f ddyy/1 —anﬁﬂ%ﬁ“)

(ﬂg ddyy/1 — 7730(151{))2

2ex'vp

(A.27)

In order to obtain the result in the desired form, one has to interchange the

integration over n with ¥y and to evaluate the integral over ¢y .

Since there is zero collisional flux at the deeply trapped boundary, n =

1/By®*, only the integral over the trapped particle domain remains,

- 1/Bo (Y1) o 1/Bo(du)

/dﬁH / dn:/dﬁH / . (A.28)

0 1/B6nax

The permutation of the integrals over ¥y and 7 involves a non-injective func-
tion and, therefore, one has to split the integral into two parts. Furthermore,
the axisymmetric magnetic field is assumed to be circular, By = Bo(l —
e cos V), and the border of the integral given by n,(Jy) = 1/(30(1 —ecosty)

is expressed in terms of ¥y,

Yy = arccos (1 (1 — 1A )) (A.29)
€ nBy
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Now one can permute the order of the integrals in Eq. (A.28),

i arccos nBg—1
2 1/Bo(Ynu) 1/Bg™ 0 nBge
/ Ay / dy = / ) / Ay + / A0y
0 0 1/ By _ arccos 28p=1 0
nBge
1/Bmin arccos %{']61
- / d; / vy . (A.30)
1/Bg= — arccos nBg-1
nBge

It is convenient to write the boundaries of the integral over ¥y in terms of
turning points of the banana motion, ¥%* = —y®i". The turning points
are related to the trapping parameter x by the relation j, = sin 9j7** and, in
turn, the trapping parameter is related to n via k2 = (1—Bo(1—¢))/(2enBy).

Using these relations, one obtains for the upper boundary,

By —1
U = arccos (U_) (A.31)
1nBoe

Finally, the subsequent expression is obtained for the interchanged integrals,

o 1/B0 (ﬁH l/Bmm ,lgmflx 1/Bm1n
/ ddy / dn = / dn / Ay = / dn 7{ A0y . (A.32)
0 0 1/Bm1x ﬂmm 1/Bm1x

Next the integral over ¢y o is evaluated. Since the nominator of Eq. (A.27)

is the only term that depends on ¢y, the integral over ¢y o reduces to

e OB i
[<,0H,0 = / d(PHO <% dlgH 1— 77BO 19H aH’ SOHO > y (A33)
g ¥H,0
q9u

where the derivative of the module of the magnetic field over ¢y o is expressed
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in terms of a Fourier series,

aB(ﬂH, ©H,0) ~ B, Z { ( ) sin (nen,) — By, <7§H> cos (mDH’O)} ’

8@H0
(A.34)
Then integrals over @H and @ are interchanged,
qig—2m
Loy, = j{dﬁH\/ 1 — nBy(Jn) %dﬁH 1 —nBy(Jn) / dpno X
X { ( ) ( > sin (nem,) sin (n'uo) + By (1§H> By (1§H>
cos (npmp) cos (n'oup) — A, (151{) B, <1§H> sin (npm) cos (n'¢uo) —
-B, <1§H> A, <1§H> cos (npm o) sin (n’goH,o)} ) (A.35)

Only the first two terms provide non-vanishing contributions to the integral

Iy, in case of n. =n’, e.g., the first term in Eq. (A.35) evaluates to
qiyg—27
denesin (nemp) sin (n'ouo) = =m0 (A.36)
q9u

Thus, the integral over ¢y is reduced to

Loy = (-753) f‘ﬁ { ( 7! ddi\/ 1 —1Bo(Jn) Ay (1%))2
+ (?{ ddy\/1 — B0 () By (@H))Q} . (A.37)

In order to get the particle flux given by Eq. (A.27) in its desired form, one
has to express the derivative of the Maxwellian in terms of thermodynamic

forces,

8fM P ed mv: 5\ T’ _ Ne 2,0
= — _— = _ th = — v /UT

= Ju Kp 7 )t \ar T2) 7] vt v = Eage ’

(A.38)
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and to exchange the integration variable v by z = v?/v2. Then, the integral

over the velocity module v becomes

o0

d 68 4 N / P’ 2 5\ T’
/ vt Of _ vpta [y (P €@\ e 5 T
vp OV v, m3/2 P T 2T  2) T
0
ith A\, = 17dzezz5/2 z—§ j_li (A.39)
AT 2) ‘
0

Inserting Eq. (A.32), Eq. (A.37) and Eq. (A.39) into Eq. (A.27), one obtains

for the particle flux the expression,

1/Bmin

2 ’ / 1
Shaing Ng cm p ed T o

1/Bpax

-1 oo

(fainT=im) 3o {(7{ T B A (30)) +
+ ( 74 Ay /T~ 7By By (ﬁH))Q}, (A.40)

which agrees with the results given by Eq. (16) of Ref. [36] and Eq. (7) of
Ref. [3], respectively.
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Appendix B

Relation between Boozer and

Hamada coordinates

B.1 Coordinate Transformation

Let (s,9p,pp) denote the Boozer coordinates of a given point in space, where
S = Py /WL, is the normalized toroidal flux, and let (f/,ﬁH,ng) denote the
Hamada coordinates of the respective point in space, where V = V/(47?)
is the normalized volume. Then, the Jacobians of Boozer coordinates and

Hamada coordinates are

LBy, + B
V9B = Vior % and /g = 1, (B.1)

respectively. The equations of transformations between the angles are given

by the following relations

dW¥,01 dW¥,01

Q9H = 19B + ds GH(S> Q9Ba QOB) with ds = 27TL¢‘(5101P
AW, ) AWy, a
oy = e+ d; Gu(s, U, ) with d; = 2mp .. (B.2)
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Using this set of transformation equations, the Jacobian of Hamada coordi-

nates can be expressed through Boozer coordinates,

Wi = i o [ (g + o) il
- % (VaB) " +27 (B V) G . (B.3)

Equation (B.3) is of the form of a magnetic differential equation,

2

(B-V)Gi = — (i—v> - (Vo) '| = 5, (B.4)

which has to fulfill certain solubility conditions. A magnetic differential equa-
tion can be solved by expanding the transformation function Gy and the

source term S in a Fourier series,
VosS = R {Z afen (5) e"mﬁww}

Gu = %{Zagﬁnn@) eﬂmﬂBWB)}, (B.5)

m,n

whereby the Fourier coefficients a'B) are given by the relation

21 27
1 |
o5) = — [ [ dpn (Vgas)e oo
(2m)
0 0
w8 (Bo +Bo) [ .. T (mip+nes) \ 5§
gor LDyy + ©B e MBI m,00n,0
- s [ dopee— | — .
o (AV/ds) / B / BT e o

(B.6)
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Inserting Eq. (B.5) into Eq. (B.4) gives the relation for the unknown Fourier

coefficients of the transformation function ngnn,

(B)

a® oy Gmm B.7
fmn wgor (Lm + n) ( )

Using the transformation function, the Fourier spectrum of the magnetic field

in Hamada coordinates can be evaluated in terms of Boozer coordinates,

2 2

1 )
T
0 0
27 27
= 1 5 /dﬁg/dng M B e*i(mﬂH(191375013)+71947H(191375013))7
et ) ]9 (50 0n)

(B.8)

where the Jacobian ‘% is expressed through ,/gg and /gy,

‘a(ﬁH,SOH) _ 9(V,9u, ¢n) ’E _ | ds| Vg8 (B.9)
9 (U, ¢B) d(s, U, ¢8) | |dV AV | ou '

For the numerical evaluation the expression for magnetic field spectrum in
Hamada coordinates is rewritten so that only angle-dependent quantities

appear inside the integral,

27 2w

¢ (tBy, + B ) e~ (mdu(Vs.08)+neu(ds,¢B))
B(H) — ¢tor (L IB B /dﬂ /d ) B.10
" dV/ds B ¥B B ( )

0 0

B.2 Solubility conditions

Using the equation of a field line

v B - d
S== o = (B.11)
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the integral along the field line parameter [ can be expressed through an

integration along the angle 1,

s 1
j{dzg - fow\/g—Bs ~ 0. (B.12)

On a rational flux surface, : = N/M, the field line is closed after 2w M
poloidal turns (AY = 2w M),

v = w0 +qU = App = @+ gAY = ¢y + 21 M,

Since ,/ggS is expanded in double periodic Fourier series, the solubility con-
dition given by Eq. (B.12) restricts the values of the coefficients ag’%(s),

2w M

]{ a2 = LR d S e / dy eimtna)?
B ¢tor

m,n 0

= wg i {Z a®) (spn)e™02mM Z (O, —krOn kN + 5m,kM5n,kN)}
tor k

m,n

2 M A
= :;a R {Z <a£B13M,kN(SNIN) e"Neo 4 C~C->} = 0, (B.14)
tor k

where k£ means that the resonances can occur at every integer multiple of M
and N (k=1,2,3,...). Since Eq. (B.14) must hold for any ¢, the coefficients

B . .
a,(m)L have to vanish at rational flux surfaces,

a(—%c)M,kN(SMN) =0. (B.15)

The second solubility condition states that the volume integral over the

source term has to vanish,
/drS =0, (B.16)

where d7 = ,/gg ds dUgdpp specifies an infinitesimal volume element. This
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solubility condition implies another restriction on the Fourier coefficients,

1 27 271 1 27 27
Jars = [as [an [denvmms = [asYalie) [ava [ aop oo
0 0 0 0 m,n 0 0

= (27r)2/ds a(()]g)(s) =0 (B.17)
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Appendix C

Derivation of the quasilinear

approach

In this appendix details and intermediate steps related to the derivation of

the quasilinear approach presented in Section 2.3.2 are discussed.

Equation (2.107)

The flux-force relation for the axisymmetric tokamak is obtained by multi-
plying Eq. (2.104) with v, vyB~* and a subsequent integration over velocity

space components and poloidal angle,

’UJ_UH Bﬁ 8f1 ULB19 0B 8f1 afl
0—/d19/d1&/d7j|| ik UHB 819+—2328_19 %_ L@U” -
_11 h :"[2

_ f_vi+2vﬁ 9B dfur
L2 2Cw, P o or
13 . ~ 7
=14

(C.1)

In order to facilitate the further discussion, the expression is split into four

terms which are inspected separately. With help of partial integration over
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¥ the first term in Eq. (C.1) is transformed to

21 00 o)
B’ ,, 0B
I, = 15 dﬁ/de/dvﬁlev”le, (C.2)
0 0 —00

where B’B~2 = f(r) is constant on a flux surface. The derivatives of the
distribution function with respect to v; and v in I can be removed using

partial integration,

BY OB [ 0O
/dﬁ/dvi/dUQBs 59 [ (Uivﬁfl) —QULUﬁfl _

— 8_0” (U”ULfl) + fUJ_fl:| ) (CS)

where the first and third term are zero since the distribution function decays
sufficiently fast at the integral boundaries v; = oo and v = £o0, respec-
tively. Analogue to (C.2), the derivative of the magnetic field module over
in (C.3) is expressed via dB~2/90,

7 B’ OB~
I, = /dﬂ/dUL/dvle? 50 [QULUﬁfl — o3 fi]. (CA4)
0 0 2

The fourth term I, vanishes because it can be written in terms of a full

derivative over 9. Equation (C.1) is thus transformed to

B19 aB 2 'UJ_'U” A
0= /dﬁ/dm/dv” {ULLLBQ —55 N [0} + 20f] +FLch1}. (C.5)
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Substituting the expression for the particle flux (2.105) in the first term
within the curly brackets in (C.5), gives equation (2.107),

C.w.B’ Vr Vv
0=T 5B, / o /dﬁ/d”/d” o Ll
©

favp-

60[\/_319 0 1 A
d*vv) L
27rmacB + 3 fdwv - <27TB/ vy ch1>

a/gB? 1 B

Similar operations are performed to extract the non-ambipolar contribution
to the particle flux I'y5 (2.128).

Equation (2.131)

In order to determine the contribution from the first term within the round
brackets in (2.130) to the non-ambipolar particle flux, equation (2.121) is

multiplied with v) and integrated over velocity space and both angles,

2w 2w 2w
<B2 / dSvvyLoa f11> / B~ | = / d / dy / dSvvyLoafi =
N — 0 0 0
oo (o))
or
2

:< 5(33) 88ff 5L||f10> /dﬁBQ : (C.7)

0
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Using the definition of the operator EQA (2.111), the flux surface average on
the left hand side of (C.7) evaluates to

_ 2 5 B’ L\Ofu v (0 1 dfu Ofu
= <B /d““@ ”(§>W+I(%§)< S0 ”am)]>_
_ <B2/d3vv” (é)f@f11> + <32/d3vv|< )gj;n> (C.8)

Analogue to the previous section, the derivatives of the distribution function

can be removed using partial integration with respect to ¢ and velocity space

components,

a= — 1 <B (8819 ;2> /dSUfll (Ui + 21)2)> <BQ(;3> /dgvv||ich11> +
(o [ ()22 ©9)
Substituting (C.9) into(C.7) gives equation (2.131),
{o () ot smiyn) -
- <32/d31)’l}|| 851\4 (B3)> + <BQ/d3vv”5f,||f10> _
<BQ<B13) /d3vvfchf11> + <B2/d37)’(}”< )g‘:;l;> . (010)

Equation (2.137)

The perturbation operator 5ﬁ|| (2.114),
sty = B[y 1 0 (91
= B Y 89 4 \ 99 B?

X( a0~ avl) ( >cL, (C.11)
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can be linearized with respect to the perturbation field 6 B using

§(B?)=B7*—(B2)~By*— 33 (B— By) — By? = _25_337
BO BO
(C.12a)
30B
-3\ ~ ittt
5 (B7?%) ~ Bl (C.12b)

s(_ 208\ _25(3_3)%_3553NﬁaBaBo_iaéB
Biov )~ 90 B399 ~ B 99 B3 09
(C.12¢)

Substituting (C.12a), (C.12b) and (C.12¢) into (C.11) and multiplying the
result with BJ, yields the simplified operator 5L 4 (2.137),

By

0B 0 N (853 35B(9B0>

Ly==2 | —2p—— —
oLa=F, [ YIBy a0 T 2B, \ 99 By 09
9 9 368 -

X <'U||M — ’UJ_aT>:| -+ ?OLCL. (013)
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