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Abstract

The thesis deals with first-order linear elliptic systenrafioeal-valued functions depend-
ing onn—+ 1 real variablesg, X1, ---, Xn. Instead of the Cauchy-Riemann operators

1 . A

in complex analysis and Clifford analysis, we consider gelneed Cauchy-Riemann op-
erators

Mu = d,u+ i Ei (X)0x u+ Q(x)ul.

The conditions? = —1 in the case of complex analysis agd, +-ejg = —24;j in the case
of Clifford analysis are replaced by the condition

EiEj —I—EjEi = —2aijlm,

wherelm is them x m identity matrix andfa;j]{';_, is a positive definite matrix. In the
thesis we consider the case of an arbitrary nunmbef real-valued functions, whereas in
the case of the Cauchy-Riemann equatioRfi! the number isn= 2". This is obtained
by a matrix notation of the system.

In the first part of the thesis, we prove that under the abowelition there exist funda-
mental solutions. In the cases of complex analysis ando@difhnalysis, the well- known
Cauchy kernels are fundamental solutions. In the case watsideration, the fundamen-
tal solution can be obtained by a Levi function and a solutiba weakly singular integral
equation. The Levi functions are defined by the coefficiefitgjo Then the * Unique
Continuation Property” leads to the solvability of the & equation using the Fredholm
alternative.

In the second part, the Dirichlet boundary value problenmfonogenic functions of Clif-
ford analysis is solved (solutions of the Cauchy-Riemarstesy of Clifford analysis). By
using the Cauchy kernel of the Clifford analysis, the prabtean be reduced step by step
to the construction of holomorphic functions in the compigaine. The result is: one
half of the components of the desired monogenic functionbeaprescribed on the whole
boundary, while the other components can be prescribedamlgwer-dimensional parts
of the boundary. The Dirichlet boundary value problem faneralized monogenic func-
tions is also investigated. This problem is reduced to a fpadt problem, then it can be
solved by the contraction mapping principle and the secamsion of the Schauder fixed
point theorem (under suitable conditions).



In the last part, initial value problems for first order eqoas are solved. These problems
generalize the classical Cauchy-Kovalevsky theoremialnitlue problems for first order
equations can be solved if the initial functions belong tassociated space. In the thesis,
new necessary and sufficient conditions for associated pegrproved by using fundamen-
tal solutions. The solution of the initial value problem i&a&d point of an operator whose
contractivity is proved by using interior estimates of swlns of elliptic equations.



Zusammenfassung

Die Thesis beschatftigt sich mit linearen elliptischen 8gserster Ordnung fimgesuchte
reellwertige Funktionen, die vam+ 1 reellen Variablexg, X1, - -, X, abhéngen. Anstelle
der Cauchy-Riemann Operatoren

1 . n

der komplexen Analysis bzw. der Clifford Analysis betrashtvir den verallgemeinerten
Cauchy-Riemann Operator

Mu = dy,u+ i Ei (X) 9y u+ Q(x)u.

Die Bedingungen? = —1 in Fall der komplexen Analysis bzweej 4 ejg = —24; im
Falle der Clifford Analysis werden ersetzt durch die Beding

EiEj —I—EjEi = —2aijlm,

wobeily, die Einheitsmatrix un({hij]{:jzl eine positiv definite Matrix ist. In der Dissertati-
on betrachten wir den Fall einer beliebigen Anzaldesuchter reellwertiger Funktionen,
wéahrend im Fall des Cauchy-Riemann-System&it! deren Anzahl gleictm = 2" ist.
Dies wird durch eine Matrix-Schreibweise der betracht8etem erreicht.

Erstens wird bewiesen, dass unter den genannten Bedingirugelamentalldsungen exi-
stieren. Im Falle der komplexen Analysis bzw. der Cliffordalysis sind die bekannten
Cauchy-Kerne die erforderlichen Fundamentalldsungendeim hier betrachteten Falle
werden die Fundamentalldsungen "im grossen™ aus einerfuavktion und einer Losung
einer schwach singularen Integralgleichung gewonnen.LBwe-Funktion erhalt aus den
Koeffizienten dek;, wahrend die Losbarkeit der Integralgleichung aus derlokmschen
Alternative und der “Eindeutigkeit der analytischen Fettsing” folgt.

Zweitens wird das Dirichletsche Randwertproblem fir maragFunktionen der Clifford-
Analysis gelost (Losung des Cauchy-Riemann-Systems d#éor@tAnalysis). Durch
Verwendung des Cauchy-Kerns der Clifford Analysis kann iadblem schrittweise auf
die Konstruktion von holomorphen Funktionen in der komtekbene reduziert werden.
Das Resultat ist: die Halfte der Komponenten der gesucht@mogene Funktion kann
auf dem gesamten Rand vorgeschrieben werden, wahrenddbBesanKomponenten nur
auf niedriger-dimensionalen Teilen des Randes vorgeswotni werden kdnnen. Ebenfalls
wird das Dirichletsche Randwertproblem fur verallgemegmenonogene Funktionen un-
tersucht. Dieses Problem wird auf ein Fixpunkt- Problenuzkgefihrt, das sowohl mit
Hilfe des Kontraktion Mapping Prinzip als auch mit der z\weaitVersion des Schauder-
schen Fixpunktsatzes (unter geeigneten Bedingungen gtge&iden kann.



Schliesslich werden im letzten Teil der Thesis Anfangsprettleme flr Gleichungen er-

ster Ordnung gel6st. Diese Probleme verallgemeinern dessislchen Satz von Cauchy-
Kovalevsky. Anfangswertprobleme fiir Gleichungen erstetrfong sind I6sbar , falls die

Anfangs-Funktion einem assoziierten Raum angehort. I desis werden neue notwen-
dige und hinreichende Bedingungen flr assoziierte Padntdilfé von Fundamentalldsun-

gen bewiesen. Dann ergibt sich die Lésung des Anfangsvedatgms als Fixpunkt eines

Operators, dessen Kontraktivitat mittels innerer Absoindgen von Lésungen elliptischer
Gleichungen bewiesen wird.
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Introduction

In the theory of generalized analytic functions in the plan@rst order linear elliptic sys-
tem of two real equations for two desired real-valued furgiu andv can be rewritten as
a complex equation fow = u+iv, which contains first derivativesw andd,w. However,
carrying out a transformation of the independent variallg a new variabl€, which sat-
isfies the Beltrami equatio®{ = q(z)d,{ where|q(z)| < qo < 1, we can reduce general
cases to the Vekua equation [38]

oW = A(z)w+ B(z)w.
In Clifford analysis, monogenic functions are solutiontief Cauchy-Riemann equation

n
Du= Zoejﬂ =0
i= 0Xj

whereey = 1, gej + eje = —24; (Kronecker symbol)j,j =1,---,n, uis a Clifford-
algebra valued function [5]. After I.N. Vekua many authoeveloped theories of gener-
alized monogenic functions in the space in order to coverengaeneral first-order linear
elliptic systems. Namely, the equatiBu+ (ih= 0 is investigated by E. Obolashvili [24]

, Du+L(x)u= F(x) by B. Goldschmidt [11].

Solving real partial differential equations within the frawork of Clifford analysis has
some advantages. First, it leads to the unification of statésn second, in some cases
one obtains simpler explicit representations. Howevangughe matrix notation instead
of rewriting in the language of Clifford analysis, sometsmaore general results can be
obtained. The Cauchy-Riemann type syste®ri? is

N du
Du= S E+— =0 (0.1)
i; 0%

whereu(x) = [ug, Up, - -+, U] " is a real-valued vector functioBp = Iy is them x midentity
matrix, E; arem x m constant matrices satisfying the relation
EEj+EjE = —25jlm Vi,j=1,2,---,n. (0.2)

Some authors considered generalizations of the CauchydRie type systen0.1). For
instance, G.N. Hile introduced the system

N du
i;P.a—xi—Qu:O (0.3)



2 Introduction

whereR, Q andu are matrix-valued functions. The conditigh?2) is replaced by a condi-
tion that there exist matricd® such that

RP; +RjR =2ajlm 1<i,j<n, (0.4)

whereA = [g;j] is a positive and symmetric matrix. In the c&are constant matrices [13],
the author gave representations of the solutions of (On3jeheral case a maximum prin-
ciple of the solutions was proved in [14]. B. Goldschmidiailsvestigated generalized
analytic vectors in matrix form [12].

An overview of development of generalized analytic funetisheory in higher dimension
can be found in [33].

The thesis investigates a generalization of the Cauchy&mm type system
Z;E' —+Q (X)v(x) =0, (0.5)

with X = (X07X17X27 R 7Xn) €QcC RTH»I’ V<X) = [Vl(x)7V2(X)7 toe 7Vm(X)]T S Cl(Q) Eo=
Im, Q(X), Ei(x),i =1,2---n aremx m real matrix functions. The conditiof0.2) is re-
placed by

Ei( )E( )+EJ( )Ei(x):_zaij(x)lﬁb(i?j :17"'7n)7 (06)

&+ Zlau (X)&& >C|E%, VE = (&, &1+, &) e R wxe Q (0.7)
i,

with some constar€ > 0.

The first chaper is devoted to construct fundamental solstaf the system (0.5). In
general, an elliptic system in the sense of Douglis and Neemwith Holder continuous
coefficients has a fundamental solution in local, the gl@xatence can be ensured un-
der a condition that the adjoint system has the unique coation property [30]. In our
case, this additional condition is satisfied [40]. Moreawer Levi functions of the oper-
ator M can be constructed explicitly. By using the method of Ljul@@] we can prove
the existence of fundamental solutions of the sysiéwn= 0 "in the large " which is more
explicitly constructed and has better properties.

The second chapter is devoted to solve a Dirichlet boundalyevproblem for mono-
genic functions in Clifford analysis. It begins from Dirieth boundary value problem for
holomorphic functions in smooth, simply connected, bouhdiemains [31]. The real part
and the imaginary part of a holomorphic function are harmmdmnctions, hence they are
determined uniquely by their boundary values. If one pibssrthe real part on the whole



boundary then the imaginary part is determined uniquelyougpdonstant, So one can pre-
scribe the imaginary part at one point inside the domainakethe boundary values of the
real part are only continuous, the imaginary part may be onticuous upto the boundary.
If the boundary values of the real part are Holder continubes the solution is Holder
continuous.

A similar situation arises for monogenic functions in Giffl analysis. Using the Cauchy
kernel of the Cauchy-Riemann operator the boundary valolel@m for monogenic func-
tionsis reduced to a problem of the same type in a lower dirneni the end it is reduced
to the classical problem for holomorphic functions. Theutes: one half of the compo-
nents of the desired solution can be prescribed on the wimledary (am-dimensional
manifold), one half of the rest components can be prescobeipart of the boundary (an
(n— 1)-dimensional manifold) and so on.... In the last step onepmmant is prescribed
on a curve on the boundary (1-dimensional manifold) and oneponent is prescribed at
one point inside the domain. If the boundary data are Holdaticuously differentiable
functions, then the unique solution is Hélder continuous. estimate of the solution by
its boundary data is proved.

Dirichlet boundary value problem for generalized monogdnnctions is also investi-
gated. Using the Cauchy kernel, the problem is reduced tced fiwint problem. Some
additional conditions are required for which the cont@ctinapping principle and the sec-
ond version of Schauder’s fixed point theorem are applicable

The last chapter discusses about initial value problems

Ju ou
5t =F (t,x, u,a—xj)
u(0,x) =¢(x).

The initial value problems are investigated in the caserhial functions are generalized
analytic functions in complex analysis, monogenic funasian Clifford analysis, or solu-
tions of the equation (0.9Y1lv = 0. The method of “associated space” is a new tool for
this problem [34]. The problem is solvable if the operafors associated to the operator
M and an interior estimate in the supremum norm for solutidrikeequatiorMv = 0 is
available.

Up to now, the problem of finding associated operators hadbeen solved completely.
This chapter shows how to use fundamental solutions of thateanMv = 0 to realize
the necessary and sufficient conditions for associatedatgrsr In some special cases, we
can construct explicitly a class of operators associateétiegdCauchy-Riemann operator
in quaternion analysis is constructed, and operators ededdo the generalized Cauchy-
Riemann operators in the complex analysis. An interiomesti@ in supremum norm for
solutions of the equatiollv = 0 is also proved by using the method in [8].
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1 FUNDAMENTAL SOLUTIONS OF A CLASS OF FIRST-ORDER
LINEAR ELLIPTIC SYSTEMS

1.1 A class of first-order linear elliptic systems

We introduce a generalization of the Cauchy-Riemann typtesy

Z;E' —+Q (¥)V(x) =0, (1.1)
X = (X0,X1,X2, - - -, %n) € Q C R y(x) = [vy(X),V2(X), - - ( )]T € CY(Q) is areal vec-
tor function.Eg = I, is the indentity matrixQ(x), .(x),l -nare realmx mmatrix

functions satisfying the conditions

&+ Zla., )&i&j > CIE[, V&= (80,81 ,&) ERM I vxeQ  (1.3)
i)

with some constar@ > O.

Remark 1. In the special case the coefficienisalfe constant matrices andQ0, aj = &
then the condition (1.2) becomes

EiEj —I—EjEi = —Zdjlm,

the system (1.1) becomes the Cauchy-Riemann systfiin

In this chapter, we prove the existence of fundamental mwisitof the equatioMv = 0
with a condition on the smoothness of the coefficients.

Theorem 1.1.Let Qg be a domain ifR"1. We consider the system (1.1) with the coeffi-
cients

n+3

Ei(x) € C"(Qo), h> max{ ;3}, Q(x) € CX(Qo), k> max{%l 2}

Let Q; be an open bounded set wifly C Qq, then the system (1.1) has a fundamental
solutionl” (x,y) in Q1, moreover (x,y) is a Levi function of the operator M.
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In the following, we give some systems of type (1.1) satigfythe conditions (1.2),
(1.3).

Example 1. First-order elliptic systems in the plane

Withn=1, m= 2, the system is:

wv= 24 g0 S+ Qv <o
whereE;(x) = { 9 ;( } with the conditiora(x)? 4 b(x)c(x) < O.

E1(x? = [éﬁ 0] oy | =17+ biene

Example 2. First-order elliptic systems iR+

Let Q ¢ R™1 be a bounded domain. Assume that there exist constant esfyiof order
mx msuch that

AA; +AA = —25jIm, (i,j=1,...,n).
Let A (x) = [Ai k(X)]_, be a nonsingular matrid; k(x) € C(Q). Define

We will show that the matrices defined as above satisfy theitons(1.2), (1.3).

Eﬁ+55=<EMM©&><§MM@N)+<%MM©&)<§mﬂww>
k=1 k=1 k=1 k=1

=-2 i )\i,k(X)AJ k(X) m
k=1

n
Denotea;; = Z Aik(X)Ajk(X). Let & = (&0,€1...,¢én) € RM1 & £ 0, now we check the

condition(1.3): &2+ Z aij(x)&&; > 0. We have
i,]=1

T:= (EoEo— iEiEi(X)> (foEoJr iEiEi(X)> = <55+ i a;(x)&f,—) Im
i= = i,]=1



1.1 A class of first-order linear elliptic systems

On the other hand we have

ii 409 = izil é ki)\i’kAk N él (i:i/\i’ka> A

Hence

T- Z (ZA kf.) Ak] E°E°+él (ém,@) Ak]

: g(wﬂ

From the two representations bfwe have

n n n 2
E(‘)z‘i‘. Z EIE] fo + Z <.Zl)\i’k€i> .

i,]=1

Because the matriX (x) = [Aj x(X)] is not singular everywhere, so the conditidn3) is
satisfied.

Example 3. Case n=3, m=4

Let Q c R* be a bounded domain.

ov(x) OV(X) ov(x) OV(X)

Mv = E E E =0.

\ dXO + l(X) 6X1 + Z(X) dXZ + 3<X) ax?) + Q(X)V<X) 0
Denote

0 -1 0 O 0O 0 -1 0 00 0 -1

1 0 0 O 0 O 0 1 00 -1 O
M=10 0 0-1|" =1 0 0 o] ™ |o1 0 o

0O 0 1 O 0 -1 0 O 1 0 O 0

These matrices satisfy the conditidiAj + AjA = —2G;jl4.
LetA(x) = [Aik(¥)]>_, Aik(X) € C(Q) with Det(A (x))  0'v¥x € Q. If we choose

3
= )\i. I = 1,2,3),
k; KOOA (i )

then these matrices satisfy the conditioh), (1.3).

Example 4. Case n=3, m=4in more general form
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Let Q c R* be a bounded domain.

wv= 21100 2 B0 T+ B D+ Qv =0
Denote
[0 —b(X)t(x) 0 0 ]
a(x) 0 0 0
Al =1 g 0 0 —b(x)
| O 0 axt(x) 0 |
[ 0 0 —d(X)t(x) 0 ]
0 0 0 d(x)
A=1cn 0 0 0
| O —c(X)t(x) 0 0 |
[ 0 0 0 —b(x)d(x)
0 0 —a(x)d(x) 0
A= g b()c(x) 0 0
| a(x)c(x) 0 0 0
wherea(x), b(x), c(x),d(x),t(x) are positive functions ig(Q).
We have
A2 = —a(X)b(x)t(x)ls, A2 = —c(X)d(X)t(X)lg,
A3 = —a(x)b(x)c(x)d(x)ls,  AAj+AJA = Owith i#j.

3

Let A (%) = [Aik(X)]}j_q+ Aik(X) € C(Q) with Det(A (x)) # 0 Vx € Q. If we choose

3

E(X) = > Aik(0A(i=123),
=1

then these matrices satisfy the conditioh®), (1.3).

Example 5. Case n=2, m=4

v =2 1100 2+ B T Qv = 0
Denote
0 —h(x) 0 0 0 —2b(x) —a(x) 0
gx) O 0 0 0 0 0 a(x)
A= 9 0 0 —h(x) A= cx) 0 0 —2b(x)
0 0 gx) O 0 -cx) O 0



1.1 A class of first-order linear elliptic systems

with the conditiona(x)c(x)h(x) > b?(x)g(x) Vx.
We have

A= —g(0h(X)ls,  Ao(X)? = —a(X)c(X)la,
A1(X)A2(X) + A2(X)A1(X) = —2b(X)g(X)14.

Let A (x) = { ﬁl’l gl’z } be a nonsingular matrix. We can choose
21 A22

El(X) = A171(X)A1 + )\172(X)A2, Ez(X) = )\271(X)A1 + A272(X)A2.

Example 6. Case n= 2, m= 4 in more general form

v = 21002 1 B T2 Qv < 0
Denote

[0 —axXt(x) 0 0
b(x) 0 0 0

A=l en 0 0 -aX
| 0 —c(X)t(x) b(xt(x) O
[ 0 —m(x)t(x) n(x)t(x) 0

A, — 0 0 0 n(x)

2 7 pX 0 0 -mx)
0 —p(X)t(x) 0 0

wherea, b,c,d, m,n, p,t are positive functions satisfying the condition
4abnp> (bm+cn)? Vx.
We have

A(x)? = —a()bOt(la,  Ae(x)? = —n(X)pO(X)La,
As(X)Ao(X) + A(X)AL(X) = ~t(X)[BOIMX) +C(N(X)] L.

LetA(x) = { tl QZ } be a nonsingular matrix. We can choose
71 t

E1(X) = A1 1(X)Ar+ A1 2(X) Az, Ex(X) = A2,1(X)Ar+ A2 2(X)Ao.



10 1 Fundamental solutions of a class of first-order lineapdlisystems

1.2 Unique continuation property

Let Q ¢ R"! be a bounded domain with smooth boundary. SupposeEthatc C1(Q),
the adjoint operator dfl is defined by

Ru(x) = % 3 [E100TU0] + Q09 Tu(x (2.4)

whereu(x) = [ug(X),Uz(X),--- ,um(X)]T € C1(Q), Ei(X)T is the transpose d&;(x).
Suppose thai(x), v(x) eCl( ) the Green Integral Formula reads

[(Mv) RU dx= N:E udu(x) (2.5)
! vuvux/Z)v udp (X

whereN = (N, Ny, - - - ,Np) is the outer unit normal of the boundad(.

Definition 1. u(x) € L?(Q) is called a weak solution of Rx) = 0 if

/(Mv)Tudx: 0 WW(x) €C5(Q).
Q

The following theorem gives conditions for a weak soluti@cdming a classical solu-
tion.

n+1

n+3, Q(x) € CX(Q), k> 5 then every

Theorem 2.2( [9]). If Ei(x) € C"(Q), h >
L?(Q)- weak solution of the system R0 belongs taC1(Q) (classical solution).

If Ei(x) € C3(Q), Q(x) € C?(Q) then applying the result of N. Weck and W. Wendland
we have the systerRu= 0 has a unique continuation property which is quoted in the
following theorem.

Theorem 2.3( [40]). Consider the system

ou ou
P— Pim— = f
L (%,u)
in Q (a domain iNR"), where R are (mx m) —C1-matrices, fe C2(Q x C™), f(x,0) =0,
and u= (ug, --- ,uUn) is aC'-vector-function. Under the conditions that
(i) There existm x m) matrices Q, - - -, Qy, satisfying /i]ka|m = AL Ajk for

Ajk = QjR+ Q«Pj,

(i) Rey T 1 (& &AK(X)u, u) > €|&[?|uf* for all & € R", ue C™and some > 0.
Then u=0in Q if u = 01in some nonempty open subsefnf



1.3 Levi functions 11

Combining Theorem 2.3 and Theorem 2.2 we have

Corollary 1. LetQ c R™! be a connected domain, and suppose th&at)g c"(Q), h>

1
max{%3 3} Q(x) € CX(Q), k> max{%;z . Then if an  -weak solution of

Ru= 0 vanishes in some nonempty open subs&, afimplies that u=0in Q.

This result plays an important role in the proof of Theorefh 1

1.3 Levi functions

DenoteA = [a;] (x)]{jjzo, (apo=1, agi=ap0=0 Vi=12---,n). From the condition

(1.3), the determinant oA is positive inQ, denote the inverse matrix @ by A1 =
n

[Aijhjzo. Denotep(x,y) := /(x—y)TA-1(y)(x—y) and

1-n

Coey) = “G?&Tyﬁl DL o (3.6)

21, /DetAy)

where a1 is the surface measure of the unit spher®itt. The functionG(x,y) is
known as a Levi function of single second order elliptic éoures with the leading part

02
22]. Then define
2 310555, 122

0 9G(x

T Y
whereEp :=Ep, Ej(y):=—Ej(y)withj=1,....n
Lemma 3.1. H(x,y) has the following properties

IH(X,y)
0%

a)  HXxy)=0(x=y[™"), =O(jx—y| ™",

b) _;a(wa%iH(x,w o

Proof. The statement a) is trivial by the definitionldf We only need to prove the state-

ment b).
5 B0 g HO) = S B0 7 |3 PVED ]
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—0ZG(X y) | 9°G(x.y) 0ZG(x,y)

n n
Bi(y = + 3 aj(Y) g | Im:
|IZ=o Bl dxlax] OXg0%o ,12:1 : dxidxj m

IG(x,y) B rZOAir(Y) (X —Yr)
0% ahi1y/Det(A(y))p(x y)"t

A o XY (X — )
0ZG(X, y) —(n + 1) |7'EOAH (y)AH’ (y) p(X, y)z

oxox ah1+/Det(Ay))p(x,y)" L

So we see that

—Aij(Y)

A% —Y) (% —Yr) 1
n 2 2 2 -
aiy 92G(x,y) —(n+1)|’r:0 P(X y) B
2,4 50 +1v/Det(A(y))p(x,y)"1
Hence Lemma 3.1 is proved. 0J

Definition 2. Every mx m matrix function Ix,y) continuous in the variables x and y for
X,y € Q,x #y, together with its first-order derivatives with respectxipis called a Levi
function of the given operator M if there exists a constant 0 such that

d(L-H)

L—H = Ox—y/" ), S = Off—yh (3.7)

in each compact subset Of

We say f(x,y) = O(|x—y|P) in Q if there exists a consta > 0 such thaff(x,y)| <
Cix—ylP ¥x,y € Q, x#y. We say this bound holding in each compact subs& dffor
each compact subsktof Q there exists a consta@t> 0 such that the inequality is true
forall x,y e K, x#vy.

Remark 2. Suppose thatifx) € C?(Q), (0< a < 1) (Holder continuous space) and g
is bounded i then

MHcy) = 5 B0 25 Quok(xy

= _i[Ei(X) —Ei(y)] %}:’y) +Q(X)H(x,y) =0 (\X—y|0’*n*1) .

Soif L is a Levi function of M then M(x,y) = O (\x—y|"—”‘1> for someA > 0.
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Lemma 3.2(Stokes'’s formula) Let Q be a smooth, bounded domainRi*+1. Suppose
that E(x) € C1(Q), Q(x) € C?(Q)(0< a < 1). Let ux) € C1(Q) thenVyc Q

/H (%) 3 NET (XU dH (x +/ [HT (X y)RUX) — (MH (x,y))Tu(x)] dx
(3.8)

Proof.

For afixed poiny € Q, we choose& > 0 so small thaBg(y) := {x€ Q| p(x,y) <&} CQ.
DenoteQ; := Q\ B(y), apply the Green Integral Formula @ with v(x) = H(x,y) and
u(x) € CHQ)NC(Q), we get

[ () Tux ~ HTRux) dx= [ HT%N.ET uXdux)  (3.9)

Qg ng

_/HTZ)N.ET X)du(x) + / HTZ)NET

We calculate the limit

= tm [ HT G 3 NET09udu00
p(xy)= B
3 As(y) 06— YEY) 3 NET(u(du(x)

— i rs= i=

o I a1/ DAY P (y)" T

I3 Asy)(x—Y)E () NET(u(Xx)du(x)

i POY)=E 1810

£—0 whi1y/ Det(A(y))entl

Becaus XZ;¥S| < g

n

IS As)(s—Ys)E ) NIET (y)dp(xu(y)

— lim p(xy)=¢ r,s,1=0

s h+1 Det(A(y))gn+1

- / ET d(x)u
£—0 ah+1\/ﬁgn+1 (y)d(x)u(y)

xy<£’
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> Ac(yEY) EI WU

— _lim "= / 1d(x)
=0 hi1 Det(A(y))s”Jrl

p(xy)<e

gm0+ DUy

€0 Det(A(y))ent1 / 1x
Ghi1V/DEUAl)E™E

We havep(x,y) = v/(x—y)TA-L(y)(x—y), A~1(y) is symmetric, positive, so there exists
a matrixC such thatA=1(y) =C'C.

p(x.Y) =/ (x—y)TA-3(y) (x—y) = \/ (x—y)TCTC(x~y).
Changing variable = C(x—)

/ 1d(x /Dt dz=/Det(A /1dz "1, 1/Det(A(y),

p(xy)<e |z7<e |z7<e

1
sol = — (Nt 1)t auy) _ —u(y) (Tns1 is the volume of the unit ball ilR"+1).

Ghn+1
By Remark 2 we geWyH (x,y) = O(|x—y|9~"1).
From (3.9), lett — 0 we have

/HT %N.ET x)du(x +/ [HTRu(x) — (MxH) Tu(x)] dx

So the Stoke’s formula is proved. O
Remark 3. The Stoke’s formula is also true for any Levi function of therator M.

Definition 3. A distributionl (x,y) on Cy(Q)™ is called a fundamental solution of the
equation Mv=0if MI'(x,.) = d ( is the Diracd-distribution) [18].

Remark 4. By the Stoke’s formula (3.8), if(ky) is a Levi function iQ and satisfies the
equation ML(x,y) =0for all x,y € Q, x#y then

= /LT(x,y)Ru(x)dx VyeQ,

for every uc C1(Q) with compact support.
Let f(x) = (f1(x), f2(X),---, fm(X)) € L%(Q). Define

— [Lxy)fydy

then U is a solution of the equation LY f. Hence, L becomes a fundamental solution of
the equation Mv=0in Q.
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Remark 5. In the special case the Cauchy-Riemann type systé&fiih, the coefficients
E; are constant matrices and 0, & = §;j

EEj+EjE = —2jlm,
a fundamental solution is given by (the Cauchy kernel)

(X0 —Yo) |ilX| Yi) ]

1

E(xy) = Onalx—yl

1.4 Some auxiliary tools

Lemma 4.3. Let Q ¢ R™! be a bounded domain, B= {(x,x) € Q x Q| x<c Q}. Let
g,h e Cc%Q x Q\ D) with the property:
There exist numbefB, y € (0,n+ 1) and G > 0 such that

|g(X,y)| S C1|X_y|B7n717 |h(X,y)| S C1|X_y| y=n-1 \V/X,y € ﬁvx 7& Y.

Then the function (x,y) := [ g(x,2)h(z y)dz is inC°(Q x Q\ D) and with an appropriate
Q

number G > 0 we have

Cox—yPty-"1 if B4+y<n+1
fxy)l < (4.10)

Co(1+|Lnjx—y||) if B+y=n+1
Moreover, f can be extended to a functior?f{Q x Q) if B +y > n+1.

Lemma 4.4. Let Q ¢ R"! be a bounded domainy(x,y) € C°(Q x Q\ D) such that for
some constants, o € (0,1), C>0

w(.,y) € CHQ\{Y}), |w(xy)| <Clx—y|™,

'%Mx,y)’ <Clx—y* " ¥xye Qx#y.
Then the function

17}
f(x):= [ wxy)dyisinC(Q)and —f(x) = [ —w(x,y)dy.
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Lemma 4.5. With the hypothesis of Lemma 4.3 in addition: there existbams? € [0, 1]
and G > 0 such that:

19(x1,2) —9(%2,2)| < Calxs —xe|* (e =2 "+ ke —2 ")

for all x1,X2,z€ Q with |z—x1| > 2|x1 —X2| > 0. Let u := min{3, y}, then the function

f(xy) = /g<x, 2)h(zyy)dz xye Qx#y
Q

satisfies
1f(x1,2) — F(X0,2)| < Calxe —%o|T(|x1 — Z* "L+ 3o — ZH " 1)

for all x1,x € Q and ze Q\ {xg, X2} with suitable numberg € (0,0),n < pand G > 0.

(The proof of lemmas 4.3, 4.4, 4.5 can be found in [17])

Lemma 4.6. LetQ c R""1 be a bounded domain and

w:QxQ\D—R, wxy) =|y—x"l (X’ |§:§\)

with some function(k, &) € C1(Q x ") (S" denotes the unit sphere R"*?1), and ue
CP(Q) with B € (0,1) . Then the function

()= [ w(xy)u(y)dy
Q

isinC(Q),
S0 =lim [ 2 weyuy)dy-u) [ & (xdu(E) e

Q\B:(x) I€l=1

(The proof of this lemma can be found in [21], pp. 150-152,.162

Lemma 4.7. Suppose thatifx) € C%(Q)NCY(Q), (0< a < 1) then there exists a con-
stant C> O such thatvx,z€ Q, x# z

a) HH(X7Z)+H(Z7X)” < C‘X_Z‘aim

b) Ha[H(LX;):H(X?Z)] ’ S C‘Z—X‘C{_n_l.
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Proof. We use the Euclidean norm for matrices.

S As(y)(Xe—Ys)E(Y)

N IG(x,Y) . rs=0
0= 2 o Y T T aGpiy
wherep(x,y) = /(x—y)TA=1(y)(x—y) andd(y) := ah1/DetAly).
Pz = p(x,2" = O(lz—X")|p(z.X) —p(X,2)]
= O(lz—X")|p(zX)*— p(x,2)?)
= O(lz—x" )| (z=x) (A () - A1 (%) (z—)|)
_ O(|Z X|a+n+1)
1 1 B p(z X>n+l (X Z>n+1
p(x,z)™1 N p(z,x)"1 —  p(x,2)"1p(z,x)"H1
O(|Z_X|a+n+1)
" P 2TIpz A @1
= O(jz—x/2~"1).
2 (AX@—X)E(X) | A2 —2)E(2)
a) H(Z7X)+H(sz)—k;:0< d(X)p(z X)L + d(2)p(x,2)"1 )
e Ad(2)E (2) _ A (X)Er (X) _
& <d<z>p<x,z>”+1 d<x>p<z,x>“+1> bi=a)
To prove a) it is sufficent to show that
Akl(z)?(z) Akl( )T a—n—
d@px 2 dp(zaor | <CX T 4.12)
Indeed,
ARE(R)  AWXE(X) Ak|<z>?<z>[ 11 }
d(2p(x 2™t dX)px)™t  d(z  [p(x2™ p(zx)H
L1 [Am(z)?(z)_Am(x)Er(x)]
™ | d(2) dx |
The first term, by (4.11)
1 1 a—n—
p(x,z)”+1_p(z,x)”+1 =O(|x-7 1)'
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The second term is obviously estimated|®y- /9",

OXi K

o OHEX+HXZ) S <AM®E& md@gg))
1

The first terml was estimated in (.42) and the second term

J=—

[ 0 AXE () 1
o 4 ]p(z,xwl

%Maaa)a 1 A (XE (X) 0 1 l

T agpd™ T dx) ox pzx

—~
N

The first termJ; of J is O (|x—2z~""!) because that the derivative Bf(x) is bounded.
The second ternk, of J

1 1
dix)  9x [P(Xaz)”“ - P(Z,X)”“} '

It is easy to see the first term af is O (|x— 2% ~"2). The second term ab

5 e~ 5]
oxj Lp(x.2™1  p(zx)"tt

n Aji(2) Aj(x)  10AG(X) (%—z)
:.,Z:J”“)(“m[p(xj,z>n+3‘p<zfx>n+3‘i 7%, o)
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Aji (2) Aji (%) Al (2) — Al (¥) 1 1
p(xj,z)”+3_p(zjx)”+3 - Jp(x’z)m{s +Aj (%) p(x,2"3  p(zx)3|
ST,

1 1

_ _ __ yla—n=3
o2 pzxgre - OFT.

A (X) (% — %)

oxj p(zx)"+3

=0(]z—x~"2).

Hence, the second term @fis estimated byd(|z—x|9~"~2). Therefore] is also estimated
by O(|z—x|9~"=2).
Thus Lemma 4.7 is proved. O

Lemma 4.8. Suppose that the coefficientg>8 and Qx) of the operator M is irC?(Q)
0< a <1), K(xy) :=—MxH(x,y). Then there exists € 0 such that

IK(xy)|| < Clx—y|* ™! vxyeQx#£y, and
IK(%,2) —K(¥,2)|| < Clx—=y|*(]x—2 " t4|y—2z"1

for all x,y,ze€ Q with |z—X| > 2|x—Y)|.

Proof. The first estimate is already proved in Remark 2.)tgty andz such thatz— x| >
2|x—yl, s> 0. Define a functiorf (t), t € [0,1] by

f(t):=py+t(x-y),2)"
By the mean value theorem, there exBts (0, 1) such thatf (1) — f(0) = '(9).

f’(@):—si}p(m,z)‘s‘l(xj—yj)s—f(a),z) with w=y+6(x—y).
J:

. . F 9 k=5 A A
pix2) = (2T @(-2)*, Fpixa) = 3 M@ 55

p(x2)°—p(y,2°= (1) - (0)
_ —sjgop(w, 2)~*H(x; —yj)Aj (2)

(w—2)TA (2 (x—y)
p(w,z)s2 -

w-z
p(w,z)

—C
=4
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1
We havelw—x| < [x—y| < §|Z_X| and

lw—2 > |z—X| - |[X—w| > |z—X| — }\x—z\ = }|x—z|.
2 2
Hence
p(x.2)"°—p(y.2) "% < Clx—y|jx—2 > (4.13)
By definition

K(%2) i= MyH (x,2) = _ia (x) dHa(;’ D L QH(x,2).

We will estimate the substraction

i=0

+(QMX)H(x,2) —Q(Y)H (Y, 2)).

First, we consider the second term in the expression (4.14)

K(x,2) —K(y,2) = § (Ei (x)g—:(x, 2) - E (y>3—2(y, 2)) (4.14)

D AL (A7) QY)Y 2)
QHxa - = 3 B (TR SRR Ew
We have
QAX)(Xs—2) QY)(¥s—2Z) _ 1 B 1
px2vl  pigmr - QX ZS>(p<x,z>n+1 p<y,z>n+1)
+W(Q(X)(Xs—zs)—Q(Y)(ys—zs))~

1 1
p(x, 21 p(y,z)"1
1Q(X)(Xs—25) = Q) (Ys—Z)[| < [[Q(X)Xs— Q(Y)Ys|| + [z4]-|Q(X) — QY-

Becaus&)(x) € C?(Q), itis easy to see
IQH(x,2) = QY)H (¥, 2)|| = O(Ix—y|%|z—x " ).
Then, the first term of (4.14) is

< Clx—y|[x—27""? (by 4.13),
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The first term of (4.15) is estimated by

< Clx—y|%x—27"%.

€ - B G x2)

For the second term of (4.15), it is sufficient to show that

Hg—:(X,Z)—g_Z:(y,Z) < C|X—y||x_z|fn72.
Rewriting
D 0G(X,2) =—— N dZG o
H(x,2) = % o 0@ % 3%.0% E,
0G(x,2) B "
™o \/Fp X, Z)"1 ZOA”(Z)(Xj zj),
=2 =2)
aZG(X,Z) - (n+1)|,rz:0AJI (Z)Aw(Z) p(x,z)z A”(Z)
ox0x; whi1v/Det(A(2))p(x,z)" 1

1
Becausez|x—z| <|y—12 <2|x—z and|x—y| < |[x— 2|, we need to prove that

’ 0°G 0°G

< Clx—y||x—2"2
dx;ﬁxj(x’z> %X - (%2 < Clx—y|[x—7

It is sufficient to prove that
1 1
’p(y, 2™ p(x 2"+
’(YI—ZI>(yr—Zr) (4 —2)(% —z)
P, 2" p(y,22  p(x2"1p(x2)2|
The first estimate comes from (4.13), the left-hand side @stcond estimate is
H 11 }(YI—ZI)(Yr—Zr)
py.2™t  p(xz)"t p(y.2)?
Lo 1 [(m—zl)(yr—zr)_(x|—z|>(xr—zr>”
p(x 2™ p(y,2)? p(x2)?

Becaus% ¥ _ng/(;/;; z) ‘ = 0(1), the first term is estimated. It is sufficient to prove that

'(YI —z)(yr—z) (X—2)(% —Zr>'
p(y,2) p(x,2)?

<Clx—y|x—27"1. (4.16)



22 1 Fundamental solutions of a class of first-order lineapdlisystems

M—2)r-2z) -2)*—-z) _ 1
I T i el e el
1 1
SR H) o2 b
Since

(Yi—2)(yr—2z)—(}—2)(% — %)
=M -2)[yr—2z)-X—-2z)+X—-2z)[N—2)—(X—2)]
=|i—z) ¥ —%|+0X—2z)y—x]| <2|x—y|x—2

and

< Clx—2Z?x—ylx—2 > = Clx—yl|x—2 ",

1 1
(i =2)( ~2) {p(y, 22 p(x, Z)Z}

the estimate (4.16) is proved. Therefore Lemma 4.8 is proved O

Lemma 4.9. Suppose thatix) € C%(Q)NCY(Q), Q(x) € CY(Q), 0< a < 1. Lety(x,y)
be an mx m matrix satisfying the following properties for some canssu, 3,0 € (0,1),
C>0

a) y(x,y) € C°(QuUQ\ D)
b) y(x,y) = O(]x—y|* ") in Q
¢) [V(z1,y) — V(z2,Y)|| <Cn° " Yz 2P V21,22 € Q\ {7 [z—y| < n}.

Define
P(xy) = [Hx2nzy)dz
Q

Then there exists a constahtc (0,1) such that

i) D(x,Y), (%cb(x,y) € C°(QuQ\D)
i) d(x,y) = O(jx—y* ") in Q
i) dixitb(x,y) = O(]x—y[* 1) in each compact subset of
V) MOy = [ MHx2y(zY)dzyxy).
Q

Proof. Here we use the same notatiGrior any constant.
By Lemma 4.3®(x,y) € C°(Q x Q\ D) and||®(x,y)|| < C|x—y|+™".
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Letx,y € Q, x# Y, without loss of generality we suppose tihat y| < 2. Choose] such
1 1
thatZ|x—y| <n< §|x—y| and denots,, (y) := {X| |x—y| <n}.

CD(x,y:/szy(zy)dz—i— / H(x,2)y(zy)dz

Bn (y Q\By(y)
/sz (zy)dz+ / H(z,x) +H(x,2)] y(z y)dz
Bn (y Q\Bn(y)
/ H(zxX)y(zy)dz=I11+12—13.
Q\By (y)
dly dly 0l
We will estlmatea—1 a_x2 d—;

The first integral has only one weak singularya,t
0
x; 1= / ax (x,2)y(zy)dz
Bn(y)

Since <Clx—z "1 and|y(zy)| <C|z—y/* "1 by Lemma 4.3 we can

oH
7 47

estimat%

< Clx—yH—"-1,

'a—xj“

For the second integrdl, using the Lemma 4.4 and Lemma 4.7, we can differentiaterunde
the integral sign

aiij: / 2 [H(zX) +Hx 2] yzy)dz

9 H(zx) +H(x2)]
Xj

Since

' < C|x—2%"1 (by Lemma 4.7) and y(z,y)|| < C|z—

: d
y|#="=1 we can estlmatHﬁlz < Clx—y|o+tH-n-1,

J

Consider the lastintegréd:= [ H(zx)y(zy)dz
Q\Bp(y)
HEX) = 3 i B [ TA 0]

n+1

1l AWE(X x| z-x\ 1 Z—X ?
=X 2" oy 1/ DR X2 [(\z—x\) A <X)(\z—x\)] |
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We apply Lemma 4.6 foks

0 0
0—le3 lim / 0—xJH(Z . X)Y(z,y)dz

e—0

(Q\Bn (y))\Be(x )

_ d 1 AI’S T 71 _%d
Zotna m| / G4 [ETAT00E] T du(E). vxy).

0
We now prove tha} < C|x—y[* "1 for some constar€ > 0, A € (0,1) and for

—1
an 3
all x,y € Q1, x#y (Q1 is a compact subset 6f) . The second term ©(|x—y[*~""1) by
the hypothesis b). The first term is estimated as follows

. 0 . J
lim / WH(z,x)y(z,y)dz: llino / WH(z,x)dz y(X,Y)

e—0

(Q\Bn (¥))\Be(x) J (Q\Bn (¥))\Be (%)
: 0
i [ GHENYEY) vz

£—0

(Q\Bn(y))\Be(x)
With ze Q\ By (y)
a i —N—
Hd—XjH<Z7X) [V(Z,y)—V(X,y)]H SCI’]U n 1|X—Z| n 1|X—Z|B

_ C.4n+170.‘x_y|07n71‘z_ X‘B*n*]-.

By Lemma 4.6, lim il 9 H(z x)dzis a continuous function of,y € Q; and
5500018, (5))\Be 0 9Xi

n, hence this function is bounded. Chodse= min(u, o), we have

lim / iH(z,x)y(z,y)dz <Clx—y* " tyxye Qi x#£y.
£—0 oXj
(Q\By (¥))\Be (%)
In the end %k&, <Clx—yP " 1lvxye Q1 x#y.
j

We have proved), ii), iii ), we now prove’v) First we have

ZOEJ d—xlle’_yino / Z)E, X)y(zy)dz—
(Q\Bn (y))\Be(x)
=1 As(XE

T - 2
_m,zs_o%ﬂ \/W /fssj [ETATY®)E]™ 7 du(é)y(xy).




1.5 The existence of fundamental solutions in the large 25

The second term can be written

= [ 3 EONEHOCE0du(E)yiy)
jgj=1""

WhereW = (Np,Ng,---,Np) is the outer unit normal of the unit sphere. Let- 0 be
sufficiently small so thaB, ¢ := {& € R™?Y| ETA"L(x)é < €2} is contained in the unit
ball B1(0). Applying the Green Integral Formula we can replace the spiitere by the
boundarydB,, ¢ in the integral, in the end we find thdt= y(x,y). From this, the property
iv) will be proved. O

Remark 6. Lemma4.9 is still true in the case/(x,y) = K(X,y).

1.5 The existence of fundamental solutions in the large

Suppose tha® ¢ R"! is a bounded domailE; (x) € C9(Q), Q(x) € CY(Q),0< a < 1.
By Remark 2 in section 1.3 K(x,y) = —MyH (x,y) = O(|x—y|9~"~1). We define an
integral operator

®:L2(Q) — L2(Q), (du)(x) ::/K(x,z)u(z)dz
Q

with u(x) = [uz(X), u2(X), - ,um(X)]" € L(Q). The scalar product and the normlif( Q)
are given by

(UV)iz@) = [T OOVNAX [lullizg) = /(0 Wz
Q

Denote the adjoint operator df by

(D*u)(x) ::/KT(z,x)u(z)dz
Q

With ng is sufficiently larggng.a > n+ 1) the operato®™ = dodo---od has the kernel
Kno(%,2) € CO(Q x Q) (by Lemma 4.3). We know thab and®* are compact operators
because they have weak singular kernels. Apply the Frediiodory, Ker(l — ®*) C
L2(Q) has a finite dimension. Letc Ker(l — ®*),

U:CD*U:CD*OCD*UZ-~-:CD*OCD*O...Oq)*(u):q)*noueco<§),

thenKer(l — ®*) c CO(Q).
For a given functionf € C%(Q), the equation(l — ®)u = f is solvable if and only if
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f L Ker(l —®*), and the solution is id%(Q). Applying the operatok+® +®? . .. 4 Mo
to the above equation, we have

(I+®+ D2 4P| —D)u= (I + P+ P> ...+ D) f =1 ge COQ)

= (I—0o =g = u=g+o"ucc?Q).

Using the results which we have obtained we can prove Thearém

Proof of Theorem 1.1

Proof. Choose a bounded domahsuch thalQ; c Q ¢ Q c Q.

DenoteNp := Ker(l — ®*) NCp(Q), (Co(Q) is the space of functions whose support are
compact sets i®). Decompos&er(l —®*) =No® Ny, let {¢1, p2..., ¢p} (W1, Y. .., Uk})
be an orthonormal basis d (N ).

DenoteP be the orthogonal projection onto the finite dimensionatey in the Hilbert
space_,(Q). Decompose

No = PM(C5 (Q)) & [PM(CG (Q))] .

Letu € [PM(Cg(Q))]+, andg € CF(Q)

/MX¢(X)Tu(x)dx: (U,M@) = (u,PM¢) = O.
Q

That means! is a weak solution oRu= 0 andu € Ng has compact support @. By the
unique continuation property &u= 0 (Corollary 1), theru = 0. This implies thalNy =
PM(C3(Q)). We can write the basifp; } of Ny in the form¢; = PMaj, for some a; €
CZ(Q). Choose adomaid suchthafd; cU cU C Q,andsuppp; CU, (je{1,2...,p}).

Write the vector function) (x) in the form

Wr(X) = [Yrr(X), Por(X), - Ll’m,r(x)]T-

Consider the set of row vectofgj 1(X), Y 2(X),..., Yjk(X)] € R¥, je{1,2..m}, xe
Q\U. We will prove that the rank of this setks Indeed, if the rank of this set less thian

. — .
then there exists a vect@ =[C1,Cy...,Ck] # 0 such thaB is orthogonal to all vectors
in that set. That means

C1LIIj71(X) +CZ'~,Uj,2(X) + ... +Ckwj,k(x) =0, Vj S {1, 2..,m} andvx e Q\U,

then the functiony(x) := C1(1(X) +Cota(X) + ... +Cri(X) = 0 Vx € Q\ U, the support
of Y is compact i, soy € NgN NOL, this impliesyy = 0 in Q. This is imposible because



1.5 The existence of fundamental solutions in the large 27

{yn, Yo, .., Yk} is a basis oNy .
DenoteW = (j,r(Xs)) be a matrix having linear independent rows,

Wja(x) Yi2(xa) o Wik(xa)
W wizl(xz) L»UJ'LZ(XZ) wiz,k(XZ)
Vi 1(%)  Wi2(%) - Pjk(X)

X1, X2, Xk € Q\U, j1,J2,..., k€ {1,2,---,m}
We consider a function

p k
=- Z a](x>¢T(y> - ZH(XaXs)Bs(Y)
=1 S=
with X,y € Q, X ¢ {y,X1,X2, ..,Xc}. Denote
p k
L(x,y) :=MxR(xy) = Z Mxaj (x). 9] (y) + ZK(x,xs)Bs(W,
: S=

Bs arem x m matrix functions (will be determined later) such that

+/|_T (Zy)u(z)dz=0 Yu e Ker(l — d*), vy € Q. (5.17)

First, we check the condition (5.17) for

p

b= 5 #i Q/ Mot (2712102 3 Bl Q/ K(z%)T gi(2)dz=0
p k
S0 =Y 6i) [ M @"-i(@dz+ Y Bs(y) 9ilx) =0
=1 s=1
? p
S0 - Y 6i0) [ M@ gi(2dz=0.

=

Becauseap; = PMaij, the last condition is satisfied.
Second, we check the condition (5.17) tyr

) [ M@ -gh dz+zBs Ty (%) =
Q

k p
S Y BOTU) =)+ Y 910 [ M@ i (Daz= g ()

]:1 Q
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We have to find<functionsBs(y) s=1,...,k, such that
ZLBS '1Ur XS (y) vr=1,2,--- 7k7 (518)

with g (y) = [gur(¥), G2r (¥), -, Ger (]
We findBs(y), B(y) in the form

0 o - 0 7 [ bJ'1171 bJ'1172 blll k ]
Bs(y) = bjss,l bjss,z bjss,k , By) = bjssl bjss72 bl$s7k
: ' “e . k k M k
o 0 - 0 | b1k1 B2 - Djk

The condition (5.18) becomeBT(y B(y) = G'(y), whereG = (gi j(y)). The last equation
has a solutioB(y) = (W~1)T(y).G" (y), andB(y) is continuous.

The condition (5.17) is equivalent to

/[K(z,y) +L(zy)|" u(z)dz=0 Vu € Ker(l — %), ¥y € Q.
Q
We will find a solutiony(x,y) of the equation

vixy) — [Kixvzydz=Kxy) +L(xy) (5.19)

BecauseE;(x),Q(x) € Cl(ﬁ),_witn no € N, np > n+ 1, then the kerneKq,(x,y) of the
operator®™ is continuous i x Q. We consider the integral equation

o(xy) —/K(x,z)a(z,y)dz: f(x,y) (5.20)
Q

where f(X,y) := [Kn,(%,2) [K(z,y) +L(z)y)]dze C(Q x Q). Letu € Ker(l — ®*) and
Q

yeQ,

Q/f dx!
!

T
/Kno K(z,y)+L(z y)]dz) u(x)dx
o)

K(zy)+L(zy)] /Kno x,2)Tu(x)dxdz

= [ [K(zy) +L(zy)]" u(z)dz=0.
Q
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Lety € Q, there is a unique solutiam(.,y) € C(Q) of the equation (5.20) which is orthog-
onal toKer(I — ®). We will prove thato (x,y) € C(Q x Q).
We show that there exists a numi@er- 0 such that

max||a(x,y) — a(x.2)|| < C.max||f(xy) — f(x,2)||, W,zeQ.
xeQ

xeQ
Assuming that it is not true, we can choose two sequegés(z;) in Q such that

Mj :==max|f(xyj) — f(x,z)l| >0, Nj:=max|o(xyj)—0o(xz)|l >0,
xeQ xeQ

N;i .
andM—J — oo whenj — co. It follows that
j

fj(x) := Nij [f(xyj) — f(x,2)] — 0asj —

uniformly inx € Q. Denote
1

uj(x) 1= N, [o(xyj) —0o(xz)], Vj(x) = /K(x,z)uj(z)dz, vx e Q.
Q

Since(u;) is bounded, the sequenpg) is bounded and equi-continuous, by Arzela-Ascoli
theorem there exists a subsequengef (v;) which converges uniformly i@. Therefore
uj, = vj, + fj, also converges uniformly to a functianin Q, the limit functionu is in
Ker(l —®). Becauses(.,Y;j) is orthogonal tder(l — @), we get(u,uj) = 0.

Let j — oo, ||u] |Ez = jlm(u, uj) = 0. This is a contradiction since max; ||uj|| = 1,Vj € N.

Let a fixed point(xo, Yo) € Q x Q,
la(xy) —a(x0,Yo) || < [[a(xy) = (X, Yo) || + [0 (X, Yo) — T (X0, Yo) ]

< C.max(|f(xy) = F(x2)[|+ [ yo) = 700, Yo) |

This implies thaio (x,y) € C(Q x Q). Define
np—1
y(xy) =0 (xy)+K(xy)+L(xy) + _Zl / Kj(x,2)[K(zy) +L(zy)]dz
o

It is obvious to sedy(x,y)|| < C|x—y|? "1 and easy to check thgtx, y) is a solution of
the equation (5.19). In the end, we define

F(x,y):= H(x,y)+/H(x,z)y(z,y)dz— R(X,Y).
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By Lemma 4.5 and Lemma 4.8 we can apply Lemma 4.9 and its refoaykx,y), [ (X,y)
is a Levi function of the operatdvl. Using the conclusioiiv) of Lemma 4.9 to prove
I (x,y) is a fundamental solution we check now thMgf (x,y) =0 ¥x,y € Q1, X #Y:

MAT (6y) = MeH My [ Hx 2vzy)dz+ [ M (x2)yzy)dz— MR
ol} Q\Q;

— M+ [ MHX2YzYdzHy+ [ MH X2z YAz MR
(o]} Q\Qy

=K —/K<X, 2)y(zy)dz+y(x,y) —L=0.
Q

Thus Theorem 1.1 is proved. O

Remark 7 (Local fundamental solutions of the equationMv = 0).

A local fundamental solution of the equation M\0 is constructed as following (see [15],
[22], [25]):

Let Q' € Q, the measure d®’ is small enough, and start with an integral equation:

vixy) - [Kx2yzy)dz=K(xy), K(xy)i=-MH(xy), xye@x#y 621)
Q/

Suppose that the coefficient$X, Q(x) € C?(Q), (0 < a < 1). We know that
IK(x, 2l = [[MH (x.2)|| < Cl[x—2/|* "%

Determine a sequencg ,y) by induction

Ka(y) =Ky, Kiaa(xy) == [K(xDKj(zy)dz jeN
Q/
Let o € Nwithnoa <n+1, (np+1)a > n+1, we have:
a)Kj eClQxQ), j>ng+1

b) The series % ||Kj(x,y)|| converges uniformly angx,y) :=
j=no+1 ]

of equation (5.21)

Kj(x,y) is a solution

M8
[y

c) The function (x,y) := H(Xx,y) + [H(X,2)y(zy)dz xyec Q’, x+#y is a fundamental
o

solution of the equation M& 0in Q'.

The results in this chapter were published in [7].



2 DIRICHLET BOUNDARY VALUE PROBLEM FOR
MONOGENIC FUNCTIONS

In this chapter we consider a Dirichlet boundary value peobfor monogenic functions
in Clifford analysis. We begin with the Dirichlet boundargiue problem for holomorphic
functions in a smooth, simply connected, bounded domaih |8@ne prescribes the real
part on the whole boundary then the imaginary part is detethuniquely up to a con-
stant, hence we can prescribe the imaginary part at one pwidie the domain. If the
boundary values of the real part are Holder continuous thessolution is Hblder contin-
uous.

Analogously, we set up a Dirichlet boundary value problemnfimnogenic functions in
Clifford analysis. In [41] the problem was solved in the haling the harmonic conjugate
of the Poisson kernel. In this chapter, we develop the problemore general domain.
Using the Cauchy kernel of the Cauchy-Riemann operatordhedary value problem for
monogenic functions is reduced to a problem of the same typéawer dimension. In the
end it is reduced to the classical problem for holomorphicfions. The resultis: one half
of the components of the desired solution can be prescribedeowhole boundary (am
dimensional manifold), one half of the rest components @priscribed on a part of the
boundary (ann— 1)-dimensional manifold) and so on.... In the last step onepmrant
is prescribed on a curve on the boundary (1-dimensionalfeldhiand one component is
prescribed at one point inside the domain. If the boundats dee Holder continuously
differentiable functions, then the unique solution is HgFldontinuous. An estimate of the
solution by its boundary data is proved. This chapter alesgmts a method of solving
Dirichlet boundary value problems for generalized monag&mctions by reducing them
to fixed-point problems. Some additional conditions areunegl such that the contrac-
tion mapping principle and the second version of the Sch&utieed-point theorem are
applicable.

2.1 Some notations in Clifford analysis

Clifford algebraA, is generated bgy = 1, e;,e, - - - , &, with the relations:
eej+ee =-2gj, i,j€{1,..,n}.

A basis of A, is
{17617627"' 7en7e127e137"' ,eln,“‘ 7e].2..n}7

31
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whereg,j,..., = 6,8, --6,, (1 <ip <iz--- <ix <n). An elementu € Ay is written in
the formu = S uaea. Let Q C R"! be an open set. A functioh € C1(Q, An), with
A

X = (Xo,X1,- -+ ,%n) € Q, f(X) € Ay is written in the form

f(x) = ; fa(x)ea, (fa(x) € CHQ,R)).

The Cauchy-Riemann operatdrand its adjoinD are given by

0 n 9 — 0 n 9

Definition 4. An Ap-valued function f is called a left monogenic function if B0 and
right monogenic function if fB=0. We also call a left monogenic function shortly a
monogenic function.

SinceDD = DD = A, all components of a left (right) monogenic function arerhanic
functions. The Cauchy kernel is given by

E(xy) = W [(Xo—YO) —_i(xi —yi)a] ,

where wn, 1 is the surface measure of the unit spher®iH®. A theory on monogenic
functions in Clifford analysis could be found in the book.[5]

2.2 Regqularity of solutions of Poisson equation in Holder spces

Let Q ¢ R™1 be an open, bounded set. Denote

0Bl
OXQIXE - X

B = (Bo,B1,- -, Bn) 6Nn+1, 1B| Z:_%Bi, DB —

CX(Q,R) is the space of real-valued functions@whosek — th order partial derivatives
are continuous iM. C%%(Q,R) (0 < a < 1) is the space of real-valued functions@n
whosek —th order partial derivatives are uniformly Holder continuawth exponent in
Q. Supplying the norms

Wlggr © = SupsupDPu(X)|
IB|<kxcQ ; ;
[DPu(x) — DPu(y)|
Ulleka@ry = lUllexqry+ SUP  Sup
o (2 x,ye Q [Bl=k x=y/

XF#Y
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bothCX(Q) andC*?(Q) are Banach spaces.
A function f(x) = 5 fa(X)ea € CK9(Q, Ay) if each its componenta € C%9(Q,R), the
A

norm of f is given by
1ok, = ; [ falleka (@ r)-

Lemma 2.10( [10]). LetQ be a bounded domain iR"1 with Ck?-boundary, k> 1, Q’
be an open set containir@. Suppose thap € C<%(dQ,R), then there exists a function
® € Cka(Q',R)NCo(Q',R) such thatd = ¢ on Q.

We can define a norm i@ (dQ,R) by

[@]lckaoor) = q)'inf ’ ||®|cka(ar) (2.1)

0Q=

whered is anyCk9(Q’,R) extension ofp to Q'. The spac&€k?(dQ,R) becomes a Ba-
nach space.

A fundamental solution of the Laplace equatiorRifi?

1
— — x—y¥" if n>1
Mxy):={ F=Moh
—In|x—y| if n=1,

211

wherew,, 1 is the surface measure of the unit spher®ir?,
The Newtonian potential of a functiohin a domainQ is given by

Na(H)(9 = [Ty f(y)dy.
Q

Lemma 2.11( [10]). Let B; = Br(xY), B, = Bor(x°) be concentric balls iiR"+1. Suppose
that f € C?(By,R), (0 < a < 1), and let w be the Newtonian potential of f in.BThen
w e C%9(By,R) and

[DPw(x) - DPw(y)|

W|| 25 gy + R? sup
H HCZ(Bl,R) xye By ‘X—y|a
X#Y, Bl =2
f(x)—f
SC(||f||C(E2.R)+Ra sup M)
' X’ye B2 |X_y‘

x#Yy

where C=C(n,a).
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Remark 8. If Q;,Q, are domains such tha®; C By, B, € Qp and f € CY(Qy) then
Lemma2.11still holds if By, By are replaced by, Qo respectively.

Remark 9. From the estimate in Lemnfallwe have

[T L. C Ll TR
C%9(B1,R) = min{1, R} (B2,R)

Lemma 2.12(Schauder estimate [2]Let Q be a bounded domain wit-?-boundary,
¢ € C19(9Q,R). Then the boundary value problem

{Au = 0 inQ
u = ¢ onoQ

has a unique solution id>%(Q,R) and we have the estimate

|ullera(or) < Cll®llcraaq r)-

2.3 An extension of Holder continuous functions

Let Q ¢ R™?! be a bounded domain with smooth bounda@@ (e C2). Then the outer unit
normal of the boundary (x), x € dQ, is a Lipschitz function, that means there exists a
constanK > 0 such that

() — T (y)| <K[x—y] Vxy€oQ.
For eachd > 0 denote
Q% :={xeR" d(x,Q) < 3},
whered(x,Q) = ingf2 Ix—y|. Choosed > 0 so small that for eacke Q0 with d(x,0Q) < &
ye

there exists a unique projectiarof x on the boundarg Q. For a later application we also
assume that

Kd < % and 6 <1 (3.2)

Two pointsx € Q andx € Q%\ Qwithd(x,dQ) < &, d(X,dQ) < & are said to be symmet-
ric through the boundargQ if d(x,0Q) = d(x,dQ) and they have the same projection
on the boundary Q.

Lemma 3.13.Let x y € Q9 \ Q and X, ¥ be their reflections through the boundary re-
spectively then we have an inequality

X =y <7Ix—yl. (3.3)
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distance= 29

Figure 2.1: Domain extension

Proof. Denotex; ¥ be the projections of, X' andy, y on the boundargQ respectively
and

t=d(x,0Q) = d(X,0Q), t' =d(y,0Q) =d(y,dQ).

We can writex = X+t (X), X =X—tT(X), y=J+t'T(y), Y =y—t' T ().

X — 3/\ | (%) —§+tT (9)

R~y —t[7 (%) ()]+(t’—t>ﬁ(37>|

X y|+t|W() ()] + It —t]
yI+K5IX ¥+t~

(1+K3) K= +t'—t].

<
<
<

1
Becaus&d < G by (3.2), we have

X Y| < R+t < L (%914 1)), (3.4)
el i
= [R=y+({t—t) WX +t' [ (X) - T (¥
> R4 (t= )T 5~ t|T(®) - () (59
> ft—t|-Ka[z—y]
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On the other hand

x=yl = R+t (R) —y—t'T ()
[R=J+t [T (X) = W ()] + ()T ()]
[£=F] =t T (%) — T(§)] [t~ (3.6)

VIV IV
>
|
<
|
A
S
>
|
<t
|
|

Two times of both sides df3.5) plus(3.6) we get

3x—y| > (1—3K3)|K—¥| + |t' —t|.

: 1 1. .
SinceKd < 5 Ve have & —vy| > é\x—y| +|t’—t|. Hence

1. 1 1. .
X—Y1 2 ZR—F1+ 51 —t] = 2 (K= 9]+t ~t]). 3.7)

From(3.4) and(3.7) we havelX —y'| < 7|x—y|. Lemma 3.13 is proved. O
Lemma 3.14.Let f € C?(Q,R) (0 < a < 1). Define an extension of f @° by

- [ f(x ifxeQ
)= { f(¥) ifxeQd\Q,

where %is the reflection of x through the bounda?. Thenf e C?(Q%,R) and we have
an estimate

1Flleaias gy < 71 Fllca ) (3.8)
Proof. Denote the Holder constant ofin Q by

Ho— sup LT
X,YEQ XY |X - y|

Letx,y € Q. Ihere are three cases:
Case 1x,y € Q, then

00 = f(y)[ =100 — F(y)| < Hex—y]“. (3.9)

Case 2x,ye Qs\ Q.
Denotex',y be the reflections of, y through the boundargQ respectively.

() = fI = 1f(X) = F(Y) < He X =7
By Lemma 313, we havex —y'| < 7|x—y|, hence

1F(x) — Fy)| < 7%H¢|x—y|°. (3.10)
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Case 3 In the last case, we assume that Q% \ Q andy € Q. Denotex’ be the reflection
of x through the boundargQ.

[T(x) = T(y)| = [F(X) = f(y)| < Hs X' —y|”.
Since|X —y| < |X' — x|+ [x—y| < 3|x—Yy]|, we obtain
1(x) — f(y)| < 37H¢[x—y]“. (3.11)
From(3.9), (3.10) and(3.11) we havef € c?(Q?%) and

1F) = fyl

Xy < 79H; Wx,y e Q% x#y.

By definition of f we have|| ch(§) = ||fll¢(q)- Hence, we conclude that

[0 — f(y)l

1 Fllca(qe) = |l 'FHC(@) + sup x—y|@

< il + 7He < 7).
X,yeQd x=£y

Lemma 3.14 is proved. O
In the following, we define an operator which is similar to thell-knownTg in the com-

plex analysis [38].

2.4 T operator on Holder spaces

Definition 5. Let f € C9(Q,.4,) and consider its extensioh e C%(Q%, A,) in Lemma
3.14. Define

Taf(:= [ E(xy)fy)dywxe
Qé

Lemma 4.15. Let f € C?(Q, Ay), thenTo f € C19(Q, Ap), DTof(x) = f(x) and

ITa fllcre(oan <Ml fllcaia i,

3(n+1)14°C(n,a)
o2a

where M= and dn,a) is the constant as in Lemma 2.11.

Proof. Rewrite
Taf(0 = [ Dar (y) f(y)dy= DN ()
Qé
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whereNqgs ( f f) is the Newtonian potential dfin Q9. From f € C?(Q39, A,) itimplies that
Ngs(f) € C29(Q, An) and hence

Taf = DNgs(F) € CH9(Q, Ap).

DTq f (X) = DDxNgs () (X) = ANGs () (%) = f(x) (see [10])

In order to estimatéTo f leta(q,4,), first we considerf € C*(Q,R).
Let x be an arbitrary point if2. Applying Remark 8 and Remark 9 of Lemma 2.11 for
Bs,2(X) andQ® we obtain

~ 2°C(n,a
Vs (Do @y 00 < —om 2 o )
By (3.8) it implies that
~ 2979C(n, o
Voo (Dlleza ey ) < a2 e @12
Letx,y € Q,x+#y. We consider two cases:
Case 1|x—y| > 0.
ForB ¢ N™1 |B| =2
DA NGs (F) (%) ~DPNGs (W) _ 20+179C(n, )
e < 210 N (o < T ™ oy

Case 2]x—y| < d.

Consider the balB;,, centered at the middle point afandy and radiusg, by (4.12) we

have azac )
~ 2°7°C(n,a
[WVas(Fliczates ) < =5 Ilfllce(e)-

Hence, B N
IDP Ngs (1) (X) — DPN s (1) (y)) . 297°%C(n,a) Il
|X_y‘a — 50{ CG(Q)

From these two cases we have

DBA ~s(F)(X) — DBN ~s(f 29+179C(n, a
| Q5( >(|X>_y|a Qé( )(y)| < 57 ( >Hf”Ca VX,yE Q,X#y.

This implies thatVs(f) € €29(Q) and

~ 3C(n,a)14*
s (Dliczoi) < e ) g,
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By definitionTo f = DNgs(f), we havelg f € C19(Q, Ap).

_ - ONGs(f) 0 ONGs(f
ONas ()= gt - 5 a2l

- N ONGs(f) -
1T fllera, 40 iz ’ 0% lotao) = (n+1) [Nas ()2 @)

<3(n+1)14“C(n,a) ¢
< 520 [ fllca(r)-

In general casé(x) = 5 fa(x)ea € C(Q, An), Tof = 3 Ta fa(X)ea
A A

3(n+l 40’C n,a)

ITafllereo.a,) < ;Hfﬁ fallera .4, <

;H fallca(or)
3(n+ 1)14"C(n,or)
= 520 [ fllca(a,an)-

Lemma 4.15 is proved. O

Remark 10. Becaus&€'%(Q, An) C C%(Q,.Ap), we can find another constant M0 such
that

ITafllcia < MlIfllcagay (i=0, 1)

(see Lemma 6.23).

2.5 Dirichlet boundary value problem for monogenic functians

2.5.1 Statement of the problem

Let Q c R™?! be a bounded domain witi?- boundary. Suppose thél is a cylinder
constructed as follows:

Q, c R?is a simply connected domain,
Qs = {(x0,X1,%2) ER® | (X0,%1) € Q2, Ba(X0,X1) < X2 < P2(X0,X1)},

Q= Qni1={(Xo0,-- 1 %n) e R | X' € Qn, Bn(X) <X < ¢n(X)},
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whereX = (Xo, X1, ,Xn-1), X:= (X, Xn), Qx,k=2,--- ,n+ 1, are bounded domains in
RK with C2- boundary.
Let @i € C19(Qk, R) such thapBy(x) < Yk(X) < dx(X) Vx € Qk. Define

W Qy — Q1
(X07X17"' 7kal) — <X07Xl7"' 7kal7l1uk(X07X17"' 7Xk71))'
Denote

Zn — dQ,
Zn_]_ — LPn(dQn) C Zn
Zno2: = WhoWn 1(0Qn_1) C Zn_1,

ki = WnoWn 10Wn o0 oW 1(0Qk11) C Zkia,

10 = WhoWp 10Wn p0---0Wy(dQy) C 2y,

20: = WhoW,_10Wy 20---0Wy(Mp) € Q, whereMy is a a fixed point irt,.
Xn

X = (X0,X1,..,%1-1) € Qn

Figure 2.2: Domain and boundary data
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Letg: Zx — R, we writeg € C19(Z,R) (1< k < n) if
goWnoWn_10Wy 20 0 Wy, € CH(0Qk, 1, R).
Define the norm of in C1% (3, R) by
19llcras, ) = [[goWnoWh_10Wn 20+ 0Wii1|lera(aq,,  R): (5.13)
where the norm i€ (Qy,1,R) is defined as in (2.1).

Lemma5.16.Let f € C19(Q,R) then the restriction of f 0By (1< k< n)isinCH%(Z,R)
and there exists a constaht> 0 not depending on f such that

[ flzlleraz ry < Allflleraqr):-

Proof. Denote® :=WhoW, 10Wy 20---0W 1in Qyyq, (P = (Do, Dy, -+, Dp)).
Becauseyy € C1%(Qy,R) (1 < k< n), we havef o ® € C19(Qy.1,R). By definition
(5.13)

I f \ZkHclﬂ(zk,R) =|fo q’Hclﬂ(koﬂ,m
By (2.1) it follows
[ flzlleraz r) < 1o ®@lleraiq,, Ry
n .
JEUS Samtad
0% & 0% 0%

Since®; € C1%(Qy. 1, R), there exists a constat> 0 not depending offi such that

[fo®@lleraqy.,r) S Allfllcraar)-

The lemma 5.16 is proved. O
Denote

No:  ={0},

Ao ={D},

N ={(2):(1,2)},

An—1: =A{(ig,iz, i) [ 1<ii<iz < <ig=n—-1},

NAn': ={(i1,iz, - ,ix) | 1<i1<izg < -+ <ig=n}.

Ay are subalgebras of,, which are generated lgp,e1,--- ,efor1 <k <n.
A functionw(x) with values inA4, is written in the form

n

W(X) = ;WAGA = Z) Z WAEA.
k=0AeA
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Statement of the problem:
Let functions g € C1% (5, R) with A€ Ay, (k> 1), go(X) := do(X) = c. Find solutions w
of the boundary value problem

Dw(x) = O VX e Qni1=Q
Wa(X) = ga(X) VAe Acandxe Z,,0<k<n (5.14)
w = Swa(x)ea €CHQ,An)NCYQ,An).
A

This problem is called Dirichlet boundary value problemrmrnogenic functions.

2.5.2 Reduction of the Dirichlet boundary value problem

A functionw(x) with values inA4; is written in the form [4]

W(X) = ;WA(X)GA: Z Wa(X)ea+ Z Wa(X)ea

AZR, AER,

= ) Wa(X)ea+en Z\ (=M wa(x)ea\ (n)
AZNn Acp

= U(X) +env(x),

whereu(x) := 3 Wa(X)ea € Ap1, V(X) i= ¥ (—1)A~Twa(X)ea n) € An-1.
AZAn AeNn
Suppose thaw is a solution of the problem (5.14) then the functiois the solution of the

Dirichlet boundary value problem of the Laplace equation

Av(x) =0 vxe Q
(5.15)

V(X> = 2 (_1>|A‘719A(X)GA\{n} VX € 2, =0Q.
Ac\np

Using the Schauder estimate in Lemma 2.12, the problefib)5as a unique solution
vecli(Q, An 1), and

IVicie@.4, 1) <C1 Y 19allcragar) (i=0,1). (5.16)
AER,

Denote the Cauchy-Riemann operator and its adjoint operaf, by
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The Cauchy-Riemann equati@yw = 0 is rewritten in the form

0
(DX’ +Qqa—x) (U—FQqV) =0
n

ov ou
<:>DX/U———|—31 <——|—DX/V) =0

0Xn 0Xn

Dyu— ﬂ =0
a{ 5, O (5.17)

_U +5 NV =0

N '

The second equation in (5.17) implies that
Xn

u(x) = — / DeV(X, )dt+ (X, Yn(X)) VX € Q. (5.18)

Wn(X')

Then the first equation in (5.17) becomes

D, | — / DX, Ddt+uX, un(¥)) | = 2 _g
Yn(X)

The above equation is equivalent to

Xn
DX, 4] = T4 [ A )t D () DV, ().

O0%n
Yn(X)
ATV
SinceAv=0in Q, we haveA,v(X', X,) + %X’nxn) =0, hence it leads to
oV(X) 7o
DeluX, yn())] = S22 = [ (K. )t = DX DX, ().
OXn 0%%n

Yn(X)
Simplifying the right hand side of the above equation we get

Dy (Lo Wn)(X) = ;_):; o Wn(X) — Dy Yn(X)Dgvo Wa(X) = f(X), X €Qn  (5.19)

Sincev € 4% (Q, An_1) andyn, € C19(Qp, R), the functionf (X') € C% (Qn, An_1).
Define

W =uoWy—Tg, f. (5.20)
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Using Lemma 4.15, we have
DyW = Dy (uoWp) — Dy (To,f) = Dy(UoWy) — f =0 in Qp.
Represen1|~'Qn f(X) by its components
T, f(X) = ;(fgn f)a(X)ea.

Define _

Gh(X) = gao Wn(x) — (Ta, a(X) VAE A (5.21)
with X € 3} ;= W-1(5,), 0<k<n-1.
Lemma 4.15 shows thél, f)a € C1%(Qn,R) and hencey, € C19 (2}, R) YA € Ay. The

functionw becomes a solution of a boundary value problem of type (5.ib4a)lower
dimensional domain

Wi (X)  =gh(X) VAEN, X e€Z,0<k<n-1 (5.22)
V\/ - %V\/A(X>eA € Cl(Qn,An_1> mca(Qn,An_l).

Definition 6. The boundary value problem (5.22) is called the reduced Iprabof the
boundary value problem (5.14).

Lemma 5.17(Reduction of the existence and the uniqueness)
Assume that the reduced boundary value problem (5.22) hagja@ solution Wfor arbi-
trary boundary data

Oa € CH (T, R) VAE A (0<k<n-—1).
Then the boundary value problem (5.14) has a unique solution
Proof. We find the solutionwv of (5.14) in the formw(x) = u(X) + eyv(x) with u(x),v(x) €

An_1. The functionv becomes the unique solution of the Dirichlet boundary vphoblem
(5.15). Combining (5.18) and (5.20) we get the representaifu

Xn

U(X) = — / BX/V<X/,t)dt—|—an ;—):/n oW, — DX’ L‘Unﬁx/VO W, (Xl) —|—V\/<X/) (523)
Un(X)

vx e Q. O

Lemma 5.18(Reduction of the estimates)
Assume that the solutiorn/ wf the reduced boundary value problem (5.22) admits an esti-
mate

n—1
W llea(an,4n_1) < Kn k;A;\k |9all 15y ) (5.24)
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for some constant K> 0. Then there exists a constant K > 0 such that for the solution
w of (5.14)

n

Mooty <Kot 3 S oalcre s,
k=0AeN

Proof. We write the solutionv of (5.14) in the formw(x) = u(x) + eyv(x) with u(x), v(x) €
An_1. Thenvis the unique solution of the Dirichlet boundary value pesbl(5.15). The
functionu admits the representation (5.23). We shall estimate tlee tbummands on the
right hand side of (5.23) by
n
kZO

Becauseln € C1%(Qn,R) andDyv € C%(Q, Ap), there exists a consta@; > 0 depending
on Q andy, such that the first summand is estimated by

19allcragn r
Ag\k (00R)

Xn

/ Dy v(X, t)dt <ClVllcre@u, ) <CC2 Y l9allcra@ar)-  (5-25)

n(X) ca Q) AENR

By Lemma 4.15 there exists a constdht> O such that

o

)Ci'a(QmAnl) <M ” f ”Ca(QmAnfl) <| = 0, 1)

Combining this with the definition of in (5.19), yn € C4%(Qp), there exists a constant
C3 > 0 such that

H:l:an

)ci'a(anAnl) <G HVHCLD’(Q,_Anil) <| = 0, 1)

Using the Schauder estimate (5.16), the second summaniihsmtsd as follows

Hfgnf

’Ci"a(QmAnl) < ClCSAeZ\n 19allcre (a0 k) - (5.26)

The boundary data (5.21) of the reduced boundary value gmohle estimated
IGalleras; =) < lga0 Wnlleras; gy + [[(Tan Fallcras r)-

Sincey, € Clv"(Qn,R), there exists a consta@j > 0 such that

1980 Whllera(z, r) < CallGallera g m)-

Combining this with Lemma 5.16, we get

Igalleracs, my < Callgallctas, z) +A1(Ta, fallcrag, r)-
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From the assumption (5.24) we estimate the third summand

n—1

IWlleo @y o 1) < Ka Y 5 (Callgalleras, ) +All(Ta, Dallers @) )
k=0Ae
n-1 _
< KnCs Z) Z\ 19allcra (s, r) +AKnl|To, fllere (g, r)
k=0AeN
n—1
< KnCy Z) > llgallcrarsry +AKCiCs S [19allcraanr)
k=0AcAy AcNn
n
< Knmax{Cs;ACiC3} y Z\ 9allc1a 5, ) - (5.27)
k=0AcA

Combining the estimates (5.25), (5.26) and (5.27), and titegno
Kn+1 :=C1(Co+C3) + Knmax{Cys; AC1C3},

then .
IWllca(Qn, 1,40 < Knit Z Z 19allcra s, r) -
k=0AeN

Lemma 5.18 is proved. O

With the helps of Lemma 5.17 and Lemma 5.18, the Dirichletriglauy value problem
for monogenic functions (5.14) is reduced step by step tdDtnehlet boundary value
problem for holomorphic functions. This problem is comelgtsolvable by using results
in complex analysis [31].

Lemma 5.19( [31]). Let Q, be a simply connected and bounded domaif iwith C?-
boundary. Then the Dirichlet boundary value problem fordmebrphic functions

ow .

57 =0 in Qp

ReWw) = geCh(9Qy,R) ondQ

Im(w)(Mp) = ¢ at a fixed point M € Q;

has a unique solution i%(Q2, C) and there exist a constantks 0 such that

[Wieatag, c) < Ka (16 + lollctaoa,m))

Remark 11. The solution w in Lemma 5.19 indeed belong€t8 (Q) (see [31]).

To summarize this section we give the following theorem.
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Theorem 5.4. The Dirichlet boundary value problem for monogenic funtsi¢5.14) has
a unique solution w and we have an estimate

n
IWllca(o.a, <H Y ; 19allcra s, k) »
k=0AcAi
where H is a positive constant not depending @an g

Example

We give an example of the Dirichlet boundary value problermfionogenic functions in
As.

Let Q := B;(0) be the unit ball irR3,

Yo :=0B1(0), Z1:={(x0,%1,0) € R3 x5 +§ =1}, o := {(0,0,0)}.

In this case the Dirichlet boundary value problem (5.143isea

Figure 2.3: Example

Letgo,g12 € C19(dB1(0),R), g1 € C19(Z31), go = ¢ (a real constant), find solutions
W(X) = Wo(X) + Wi (X)€1 +Wa(X)& +Wia(X)e12 € CH(Q,A2) NC%(Q, Ap)

of the problem

Dw(x) = 0 vx € By(0)
Wiz(X) = G12(X), W2(X) = g2(X) VXx€ 22
w(x) = g VX € ) (5.28)

Wo(Zo) = Jo.
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Corollary 2. There exists a unique solution&C'(Q,.4,) NCY(Q, A,) of the problem
(5.28) and we have an estimate

[Wllca B, (0),4,) <H <|90\ +[191llera(s, )+ 192l cra (s, ) + |1912Hc1,a(zz,R)>

for some constant K- 0.

2.5.3 Dirichlet boundary value problem for two-sided monognic functions and
Riesz system

In this part we consider the two-sided monogenic functiakeg values ind,, As.

Definition 7. LetQ c R be a domain, v C1(Q, Ay) is called two-sided monogenic if

Dw(x) =0, wD(x) =0 V¥x € Q.

Two-sided monogenic functions with values ind;

In the casan = 2, Q c R3 is a connected domain, consider

W(X) = Wo(X) + Wi (X)er + Wa(X)e2 +Wia(X)er2, X = (Xo,X1,X2) € Q.

w is two-sided monogenic if

( 0W0_0W1_0W2 —0
0Xo (9X1 (9X2 ( 0W12 =0
5W0 dW]_ i 0)(0
| ax =0 ow
owo oW o o
dxz | 0% Mz _
owy_ ow —0 e
\ 0)(2 (9X1

We see thatvi, is a constant imQ. Define? = (Wp, —Wyp, —Wp), then? becomes a
potential vector field irQ
{ div? =

(5.29)

olo

HE —
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The Dirichlet boundary value problem for potential vectetdi? in Q reads:
Let go € CY9 (2,5, R), g1 € C19(Z1), go = ¢ (real constants). To find potential vector

fields F e C1(Q,R3)NCY(Q,R3) such that

{ Wo(X) = go(X) VX€ o
wi(X) = 01(X) ¥xeZ; (5.30)

Wo(Zo0) = Qo
(The notationgg,21,2> and the assumptions &f as in Theorem 5.4.)

Corollary 3. The problem (5.29)-(5.30) has a unique solutiére C?(Q,R3NCHQ,R3)
and we have an estimate

IF llea(@.re) < H (190l + Galleras, ) + 192l cro e, )
for some constant B 0.

Two-sided monogenic functions with values ind3

In the casen = 3, Q c R*is a domain, consider

W(X) = Wo(X) + Wi (X)e1 + Wo(X)e2 + W3(X)e3 + W12(X) €12 + W13€13 + W23€23 + W123€123,

with X = (X, X1,X2,X3) € Q.
w is two-sided monogenic if and only if

Dw) =0
where
W' o= wWo(X) + wi(x)er 4+ we(X)ex + ws(X)es

W= Wwipa(X) — Wpg(X)er + Wwig(X)e2 — Wip(X)es.
The Dirichlet boundary value problem for two-sided monagéunctions taking values in
Az reads: Let
O3, 012 € CH9(Z3,R)
G, J13€ CH9(Z2,R)
01, 923 € CH9(Z1,R)
Jo = Co, 9123 = C123.
(The notationgk, k= 0,1,2,3, and the assumptions &f as in Theorem 5.4.)
To find functionsw € C1(Q,.A3) NC%(Q, A3) such that

Dw(x) = 0, wD(x) = 0 vxeQ

wW3(X) = 03(X), wia(X) = 0g2(X) VxeX3

Wo(X) = @2(X), wis(X) = gi3(x) Yxe (5.31)
wi(x) = g1(X), Ws(X) = gu3(x) YxeZX;

Wo(Zo) = o, Wi23(Z0) = 0123
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Corollary 4. The problem (5.31) has a unique solutiorei?*(Q, A3) NC%(Q,.43) and
we have an estimate

[W]|¢a(@,45) <H <|90| + (9123 + (|93l cra (s, r) + [|012] 010 (55 v) + |92l 010 (5, R)

lgwsllcra s,z + 19 leracs, r) + 923llcraz, z))

for some constant B 0.

Dirichlet boundary value problem for Riesz system inR"1

Let Q ¢ R™1! with the assumptions as in Section 2.5.1. Consider the Rigstem [26]

iZ0 0Xi
| OF; (5.32)

whereF = (Fo(X), F1(X),--- ,Fa(X)) € CL(Q,R™1).
Define

F(X) 1= Fo(X) — Fr(X)er — Fa(X)ex — - - — Fn(X)en € CH(Q, Ap).

We see thaﬁ is a solution of the system (5.32) if and onlyHfis a two-sided monogenic
function taking values i,

The Dirichlet boundary value problem for Riesz system reads

Let functionsg; € C+9(5,R),i=0,---,n,go=c. To findF e CH(Q,R™HNco(Q, R
such that

{ F satisfies the syste(5.32) (5.33)

Fi(X) =gi(x) Vi=0,---,nandx € Z;.

Corollary 5. The problem (5.33) has a unique solutiene CH(Q,R™)nco(Q,RM1)
and we have an estimate

n
wﬂmgwwsagmmmmM

for some constant K- 0.
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2.6 Dirichlet boundary value problem for generalized monognic
functions

Let functionsga € CH9(Zy,R) with A € A, (k> 1), go(X) = go(X) = c. We consider the
Dirichlet boundary value problem

Dw(x) = FXw) ¥XeQn1=Q
wa(X) = ga(X) VAe Ngandx e Z,,0<k<n (6.34)
w = Swa(x)ea €CHQ,An)NCYQ,An).
A

whereF (x,w) is an.Ap-valued function of variablesc Q andw € Ap.

2.6.1 Reduction to a fixed- point problem

In this section, we use the method of reduction of boundalyevaroblems to fixed-point
problems using fundamental solutions [35].
Denote

Br(0) :={we C(Q, An)| IWllea (0,4, < R}-

We assume thdt (x,w(x)) € C9(Q, Ap) for all w € Br(0) and

n
IF W) llca (40 < K, 19al| o1 <C.
(9, An) k;Ag\k Ca(3 R)

Let w* be the unique solution of the Dirichlet boundary value peailfor monogenic
functions

Dw*(x) = 0 vxeQ
wWa(X) = ga(x) VA€ A¢andxe 2,0<k<n (6.35)
W' = ywia(X)ea €CHQ,An)NCY(Q, An).
A

By Theorem 5.4 we have an estimate
IW{|ca(q.4,) < CH, (6.36)

whereH is a constant not depending ga.
Letw € Br(0), define

g(x) = EQA(X)GA = —Ta [F(,W()] (0. (6.37)
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SinceF [(.,w(.))] € C?(Q, Ap), by Lemma 4.15 we havk, [F(.,w(.))] € C19(Q, A,) and
there exists a constaht > 0 such that

HfQ [F("W(')>]Hciv“(Q7An) < MHF('?W('))HC“(Q,An) <MK (I =0, l) (6.38)

We haveg), € C19 (2, An) VA € A and by Lemma 5.16

n
kZOAeZ\k Hg'IA‘HCL"(Zk,An) < AMK.

Denotew be the unique solution of the Dirichlet boundary value peafblfor monogenic
functions

DW(x) = O vxe Q
a(X) = da(x) VA€ Agandx e 5,0<k<n
W = SWa(X)ea €CHQ,An)NCYQ,An).
A

Applying the estimate of Theorem 5.4 we have

n
[Wlca (4, <H kZOAGZ\k HglAHcl.a(szR) < AHMK. (6.39)

Define an operator
U : Br(0) — C%(Q, An)

UMW) =W +W+ T [F(.,w(.))].

L (W)llea (@, a0) < W [lea(@,a0) + Wl ca (@) + 1 Ta [F (W) [lca @y
From (6.36), (6.38) and (6.39) we have

UMW) [lca(q,4,) < HC+MK+AHMK.
This inequality leads to the following lemma.
Lemma 6.20. The operatoi/ maps the balBr(0) into itself if
HC+MK +AHMK <R. (6.40)

Lemma 6.21.w € Br(0) is a solution of the boundary value problem (6.34) if and ahly
w is a fixed-point of the operatér.

Proof.
a) Assume thatv € Br(0) is a solution of the problem (6.34). Define

D(X) :=w—ToF (,,w(.))(X) Vx € Q.
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It follows that® € C1(Q,.4n) NC%(Q, An) and
D®(x) = Dw(x) — D (fQF(.,w(.))) (X) = DW(X) — F (X, W(x)) = O.

Definew as in (6.36) N
W= (P —W)+W+ToF(.,w(.)).

Becausenv' and® — W are monogenic functions with the same boundary datand by
Theorem 5.4 it implies that
d—-Ww=w"

We have N
w=w"+W+ToF (.,w(.)) =U(w).

Hencew becomes a fixed-point of the operaior
b) Assume thatv € Br(0) is a fixed-point of the operataf. It follows that

W=W +W+ToF (., W(.)) =U(W).
Applying the Cauchy-Riemann operamwe have
Dw = DW* +DW+ DTgF (., w(.)) = F(.,w(.)).
Compute the boundary datawf

Wals, = W'z, + [\rv+ fQF(.,w(.)ﬂ ]zk — W'z, = ga with A€ Ay

Hencew turns out to be a solution of the problem (6.34). O

2.6.2 Application of the contraction mapping principle

In this part, we assume thktis a Lipschitz operator with respect tg that means there
exists a constarit > 0 such thatw,w' € Br(0)

IFC W) =F W) lleao,aq) < LIW=W(lcaio a,)-

We will find conditions under which the operatdris contractive.
By Lemma 4.15 we have

ITaF (-, w(.)) = TaF (W () llgia(@,4,) < MIF (- W(.)) = F (W ())llca(q.aq1 = 0, 1.
It implies that

ITaF (-, W(.)) = TaF (W ()llcia(@.ay < MLIW=W [[ca(q 4,)- (6.41)



54 2 Dirichlet boundary value problem for monogenic functions

We denotew” be the image ofv in the definition of the operatdi. The subtraction
W — W is a monogenic function and it is the unique solution of thedbiet boundary
value problem with boundary data

(W—W)alz, = — [TaF (. w(.)) ~ TaF (,W(.)]

VA € N.
2y

Theorem 5.4 and Lemma 5.16 imply that
W= Wlca 0,4, < AH[TaF (.W()) = TaF (.W () llcraa a-
Combining this with (6.41) we have
W —Wl|ca(q 4, < AHMLIW =W |lca(q 4,)- (6.42)

We have _ N
UW) ~UW) = (=) + [TaF (. w(.) ~ TaF (,W()] .

From the estimates (6.41) and (6.42) we get
24 (w) —=UW)l[ca(@.a,) < MLA+AH) [W=W[ca(q 4,)-
Hence we obtain the following lemma.
Lemma 6.22. The operatoi/ is contractive if
ML(1+AH) <1 (6.43)
From lemmas 6.20, 6.21, 6.22 and the contraction mappimgipte, we have the follow-
ing theorem.

Theorem 6.5. Assume that F is a Lipschitz operator with respect to w ancttmalitions
(6.40), (6.43) are satisfied then the Dirichlet boundaryueaproblem (6.34) has a unique
solution inBg(0).

2.6.3 Application of the Schauder’s fixed-point theorem

Theorem 6.6(Second version of the Schauder’s fixed-point theorem)

Let M be a closed and convex set of a Banach space, let f be emgous mapping of M
into itself, and suppose that¥) is relatively compact. Then f has at least one fixed point
in M.

Lemma 6.23.LetQ c R™?! be a bounded domain witt? boundary. Then the embedding
i:CY9(Q,R) = CY(Q,R)

is a compact operator for al < a < 1.
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Proof. We introduce the Sobolev spadgg-P(Q), (p> 1) be the space of real-valued func-
tions together with their first-order weak derivatives Ingimg toLP(Q). The norm of
f € WLP(Q) is given by

£ wtoa) = { Q/ <||f||p+ii(j—xfi)p) dx]

We have a continuous embedding

1/p

ip:CYY(Q,R) —WLP(Q)

with
[ Fllwp@) < (n+2)YP(me)Y/P| f leraory VF €CHI(QR).

If we choosep > % then by Sobolev embedding (see [1]), we have a compact embed-
ding
i2:WLP(Q) — C%(Q,R).

Hencei =i,0i1 is a compact embedding. O

By Lemma 6.20 the operatdf maps the balBg(0) into itself if the inequality (6.40) is
satisfied. To apply Theorem 6.6 we need to provetheta compact operator.

Lemma 6.24. With the hypothesis of Section 2.6.1, we assume furthefdhabmef <
(a,1) the operator Fx,w(x)) € CP(Q, Ay) for all w € Br(0) and there exists a constant
K’ such that

IF O W(x))lle (., < K- (6.44)

Let a sequencéwn}n>1 C Br(0). Then there exists a subsequeteg, }~1 such that the
sequencelf (Wn,) tk>1 converges i€ (Q, Ap).

Proof. Consider the sequend@qoF (., wn(.))}n>1 C C19(Q, An) (by Lemma 4.15). We
have
<MJIF(wn(-)llca(a.a,) < MK,

HfQF(.,wn(.))

CLa(Q, An)

Hence{TqF (.,Wn(.)) }n>1 is a bounded sequence@?(Q, A). Applying Lemma 6.23
we have a subsequent®&F (.,wn,(.)) }k=1 Which converges i€%(Q, Ay).

Consider the functiom, in the definition of the operatdf corresponding tav, . By the
estimate in Theorem 5.4 we have

< AHMK'.
Cl-B(Q,An)

¥l ep 0.4 < AH |[TaF (..o ()
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Because the embeddingC? (Q, An) — C9(Q, .An) is compact, there exists a subsequence
{v”vnkp}pzl of the sequencéwy,, }k>1 which is convergent i€?(Q, An). In the end the
sequence _

U(Wnkp) =W +Wﬂkp +TQF<'7Wnkp(~))

converges it?(Q, A,) whenp — +o. Lemma 6.24 is proved. O

By Lemma 6.24, the operatdf is compact and then applying Lemma 6.20, Lemma 6.21
and Theorem 6.6 we have the following theorem.

Theorem 6.7.1f the condition (6.40) and the additional condition (6.44¢ satisfied, then
the Dirichlet boundary value problem for generalized magrg functions (6.34) has at
least one solution iBR(0).



3 INITIAL VALUE PROBLEMS

This chapter is aimed to solve initial value problems of type

Ju Ju
N =F <t,x, u,a—xj) (0.1)
u(0,x) = ¢(x)

by using the concept of associated operators (see [34])inTtad function ¢ is defined in

a domainQ c R"! and¢ is a solution of the equatiod ¢ = 0. Assume that the operator
F is associated to the operafdrin Q, that meany = F¢ satisfies the equatiddv = 0

if ¢ is a solution of the equatiad ¢ = 0. The initial value problem (0.1) is solvable if the
solutions of the equatioM ¢ = 0 satisfy an interior estimate.

Solutions of the initial value problem (0.1) are fixed poiotshe operator

t
U, X) = ¢ (x) —1—/]-" <T,X, u(r,x),g—):(r,x)) dr (0.2)
0

and vice versa. In order to apply a fixed-point theorem (f@negle contraction mapping
principle), the operator (0.2) is estimated in a suitablecfion space whose elements

depend ort andx. The problem is that the integrand in (0.2) dependsggn, we have to
X

restrict the operator to a space of functions for Whgelél can be estimated by This type

of estimate is called interior estimate (section 3.2). Inegal solutions of elliptic systems
possess interior estimates (see [8]).

3.1 Differential operators associated to a class of first-ater elliptic
operators

This section gives a method of constructing operators &ssacto a class of first-order

elliptic operators by using fundamental solutions. Thesmew application of fundamental

solutions. We will give necessary and sufficient condititovgdhe associated operators. In
the special cases we obtain the criterion for associatechtipe of the Cauchy-Riemann

operators in Quaternion analysis. Some classes of theseia®sl operators are also con-
structed explicitly. In complex analysis, we give a constien of associated pajt,D),

57
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whereD is a generalized Cauchy-Riemann operator. The Lewy exafhpleshows that
there is a smooth linear partial differential equation withsolution, it can happen that
there are some differential operators not associated teliptic operator.

We consider a class of first-order elliptic operator withiahle coefficients

Z)EI —+Q X)V(X) (1.3)

XeQCR™L x= (X,X1,%2, ..., %), V(X) = [V1(X),Va(X), - - ,vm(X)]T € C1(Q) is a real
vector function.Eg = I, is the indentity matrixQ(x), Ej(x ,( =1,2...n) aremx mreal
matrix functions with properties (1.2) and (1.3).

Definition 8.

A first-order differential opeartor L is said to be assocrite the operator M if and only
if for any solution v of the equation Mv 0 in any subdomaif)’ c Q, the function w= Lv
is a solution of the equation Mw 0in Q’.

We consider first-order differential operatdrn the form
Lv= Z)B. — +C (X)v

with Bj(x),C(x) aremx mmatrix functions iC1(Q). We will find necessary and sufficient
conditions such thdt is associated til.

We need the following theorem to make sure that e#elsolution of the equatioMv =0
becomes it€?- solution.

Theorem 1.8([9]). If Ei(x) e CNQ), h> 125, Q(x) eCKQ), k> %3, then every
C*- solution of the system My 0 belongs taC?.
Recall i
Ar Xs— VYs)E
Hixy) - n dG(x,y)E ol r,szzo s(Y)(Xs—Ys)Er () L
G ox 11/DetAly)p(x,y)"1’
whereEg :=Ep, E(y):=—E:(y)forr > 1, wn.1 is the surface measure of the unit sphere
in R™1, functionG is defined as in (3.6), Chapter I.

Assume thaE;(x) € C"(Q) (h > iz‘%) , Q(x) € CK(Q) (k > izs)
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Let y° € Q be a fixed pointR > 0 such that the closed bdll = Br(y°) C Q. Then the
equationMv = 0 has a fundamental solutidr{x,y) in B and we have estimates

F(x,yo) - H(X7y0) < C|X_y0|1_n (15)
2T —HXY) < Cx-y 01 (L6)
0)5;)(] (M) —HXY)) < Clx—y ", i,j=01,--,n (L7

for some constar@ > 0 and for allx € B\ {y°}. The fundamental solutidf(x, y°) and the
Levi functionH(x,y°) (and their derivatives) have the same behavioffathese results
can be found in [3], [15] or [25].

3.1.1 Necessary and sufficient conditions

Lemma 1.25. Let the function

[ XEM i n>1 Nt
G(X)_{ Injx if n=1 e R0}

3 3
then the derivative{ﬂ (1<i<j<n); 0°G(x)

——— 2, (1<i<k<j<
OX00%0X;j’ ’0xidxjdxk’( =1= _J_n)} are

linear independent.

Proof. Assume that there exist real numbersandf;jk such that

23G(x 93G(x
D G5 o o 08, > Bk F; =
1<iSj<n  OROXOX| i =k XiOXjOXk
for all 0 # |x| < €. This implies that
P(x) = Z QijXoXiXj + BijkXiXjX +lower order polynomia= 0,
1<i<j<n 1<i<j<k<n

for all x € R™1 with x2+x2 +--- +x2 = 1. The polynomiaP(x) must be divided by the
polynomialxg +x2 4 -- - +xa — 1. But the polynomiaP(x) has a degree of 1 with respect
to the variable, henceP(x) = 0, this implies thatrjj = 0, Bijx = 0. O

Now we give necessary and sufficient conditions such thappieeatorl is associated to
the operatoM.
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n+3

Theorem 1.9. Assume that #x) € C"(Q), h > , Q(x) € CXQ), k> —, - Letan

operator L in the form

n+5
2

Lv= i;)Bi (x)g—)\:i +C(x)v (1.8)

with B;(x), C(x) are mx m matrices irC1(Q). Denote

Ph: = C—BoQ,
P] = B]_BOE]7 j::|-727"'7n7
Mij @ = Ein PiE, 1,j=1,2,---,n,
| PO |

Mo: = Z)E.apo ip—mpo RQ.

The operator L is associated to the operator Mrnif and only if

Mjj(x)+Mji(x) =0 Vi,j=12,.,n
M;j (x) =0 Vj=01.,n VxeQ.

Proof.

Necessary conditions

Suppose that the operatoin the form (18) is associated to the operaddiin Q. Lety® be
an arbitrary point iQ. Choose > 0 small enough such that the closed l&lly°) C Q.
Denote a fundamental solution of the equatién= 0 in B, (y°) by (x,y). Each column
of the matrixI" (x,yP) is a solution of the equatioMyv = 0 in the seB; (y°) \ {y°}. By the
definition of associated operators,

My (LxT (%Y%) = 0'¥x € B (Y0) \ {y°}. (1.9)
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(B;( 9~ B0, <x>) "rffx’jy()) +(c9 - Ba900 ) rixy)

n ) 02r n yO)
:mz:lM.J ax.axj Zl 7} +Mo(X)T (X, Y°).

Multiply (1.9) by [x—y°|"*2 and let|x —y°| — 0

lim  [x—y°|"2My (LT (x,y°)) = 0. (1.10)
x=y°|—0
Becausd™ (x,y°) = O(|x — y°|™") and dl‘(ﬁ);iyo) = O(|x — y°|~"1), the equality (110)
becomes . 52 (x.y0)
(x
l 2§ M 72 =0, 1.11
|x—i/g|1%0|x y0| 721 L ) dXiaxj' ( )
From (1.7)
52

_ — _y|—n-1
g, (FO0Y) —HX ) = Ox—y| "),
(1.11) is equivalent to

H(x.y")

|' n+2 Z - \mT T 0
Ixfgfgl]%o 4 Z: ax| 0Xj
) d H (x yO)
lim LAY ’
@ YT ,Zl 1 axax
| n 92H (x,)°)
lim  |x—yP "2 M (X) — Mi; IEAVANS .} 1.12
+ \x—;l°|%0|x y0| i,Jz_l( ij (X) ij (yO)) (9Xi(9Xj ( )

BecauséMl;j are Lipschitz functions i, (y°), the second limit is zero, §d.12) is equiv-
alent to

. dZH(x yO)
lim W2 S M 7 Q. 1.13
|xfy°|%0 ‘ i le i 5Xi0Xj ( )
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Since the functior& has the property

Gy+t(x—y),y) =t'""G(x,y) vt € (0,1],

we have
Hy+t(x—y),y) =t "H(xy)
9%H o 0%H
3%9% (Y+t(x—y),y) =t 3%0%, (x,y) Vt € (0,1].

Hence the equality (13) is equivalent to

n 52
3 o) ZE) 0 wem ) o) (1.14)
By the same argument we obtain
5 M) M) 0 e ) (y0) (115)
j=1 j
Mo(y°) = O. (1.16)

SubstitutingH (x,y) from (1.4) into (114) we get

n 3
»: OmﬂyO)a@%%ﬁi):
Lj=Lr= I
n 63 n 03
@iJZ:lM‘i(y%% —iyjzleij(yo)Er(yo)%;j’ayz —0.  (117)

Changing variablez= C(x—y?), whereC is the(n+ 1) x (n-+ 1) symmetric matrix such
thatA=1(y%) = C2. The functionG(x,y°) reads

2™ if n>1
G(2) = (1- mﬁwﬂv DetAy?) )
z
S e B if n=
211/ DEtAYY) o=t
The equation (I117) in new variables is
n noo 1\ 9°G(2)
pqu:1 (i,z— MIJ (yO)CpIqu) dzodzpdzq 3 (1 18)
n n.oo ~ 0°G(2) '
_ p}q}zhﬂ (hig—l Mi; (Y°)E; (yO)Cp.CqJChr) 200207 O,VO# |z <e&.
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By Lemma 125 the system

{ A

<g<n); °G(2)

' 02502407y

IN

ﬂépéqshém}

are linear independent. From.{B) we have
Mi; (Y%) +M;i(y°) =0 Vi, j=1,2,---,n. (1.19)
By the same argument the conditionsl@), (116) lead to
M;(y°) =0 V¥j=0,1,---,n, (1.20)

These conditions are satistied for arbitrgfye Q.

Sufficient conditions

Assume that the conditiond.19), (1.20) are satisfied. Let be aC*- solution of the
equatiorMv = 0. By Theorem 18 v is aC? - solution. We have

n 9% o%v n o gv
M(Lv) =Y Mji— + Mij +Mji ) ==—=—+ ) Mjo—+Mov=0.
( ) i; ' Ox? 1§i;§n( ! JI) 0% 0X; ,Zl J 2
Theorem 1.9 is proved. 0

3.1.2 Operators associated to the Cauchy-Riemann operatan Quaternion
analysis

In the case the coefficients of the operdibare constants and satisfiag = §j, Q =0,
the operatoM becomes the Cauchy- Riemann operator

n_ Jgv
Dv = E—.
i;) 0%

We have a corrolary of Theoremal

Corollary 6. An operator L in the forn{1.8) is associated to the Cauchy-Riemann oper-
ator D in Q if and only if

ER —PE; =0 i=12---,n
EiPj-PE+ER-RE; = O 1<i<j<n
DP; +E;C—CE; =0 j=21,2,---,n
DC =0

where R := Bj — BoE;.
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In the following we construct some classes of associatechtqs in Quaternion analysis.
Denote

1000 0 -10 0 0 0 -1 0
0100 1 0 0 O 0 0 0 1
Fo=loo0100'B=|0 0 0 -1]"B2=|1 0 0 o
0001 0 01 O 0 -1 0 O

Then the Cauchy-Riemann operator is given by

Jdu ou Jdu

whereu(x) = [uy(X), uz(X), uz(X),us(X)]T € CX(Q), Q is a domain inR3. Consider first-
order differential operators in the special form

ov ov ov
LV — BO(X>% + Bl(x)d—)(l + BZ(X)d—XZ +C(X)V, (122)

with Bj(x),C(x) are 4x 4 matrices irC?(Q).

Corollary 7. An operator L of type (1.22) is associated to the Cauchy-Rmemnoperator
D if and only if

E1By —E1BoE1 —B1E1 —Bp=0 (1.23)
EoBo — E2BogE>; — BoEo — B =0 (1.24)
E1By; — E1BoE> — BoE1 + EoB1 — ExsBoE; — B1Eo =0 (1.25)
D(B1—BgpE;1) +EiIC—-CE; =0 (1.26)
D(Bz; —BoE2) + EXC—CE; =0 (1.27)
D(C)=0. (1.28)

Remark 12. The necessary and sufficient conditions for associatedadpesrof the Cauchy-
Riemann in Quaternion analysis in other forms were giverB8if][ (in [23] for Cauchy-
Fueter operator and in [6] for potential vector field), butetstatement in Corollary 7 is
simpler. The sufficient conditions were also given in [18]/] (for the Dirac operator).

In the following, we construct a class of solutions of theteys(1.23-1.28).
Corollary 8. Let L be an operator of type (1.22) with the matricegBin the form

Bi(X) = BL(X)Eo+Bj(X)E1+BY(X)Ex+Bi5(X)E1Ep, (i =0,1,2),
C(x) = Co(X)Eg+Ci(X)E1+Co(X)Ex+Cr2(X)E1E2,
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where E}(x),C,- (x) are real-valued functions. The operator L is associatech&oCauchy-
Riemann operator D if and only if

C(x) = (2nx9 — 2mxg — 2pX + Po) Eo + (Mxo + nxq + p1)Ex
+ (pXo +NXe + P2)E2 + (—pxe + M + p3)E1E,

BY, BY, BY, B, be arbitrary functions inC?(Q),
Bi=a-BY, Bl=b+8B), B5=8Y,, Bl,=—B),
B = c—BY, Bf =BY,, B5=b+Bj, B, = —BY,

where

a=Mx§ — MX§ +MX3 + 2nXoX1 — 2PXg X + 2P1X0 + PaXa + 2PaXa + Ps,
b= —nx§+ N + N + 2MxpXq + 2PXoX2 — PaXo + 2P1X1 + 2PaXe + Pe,

C= PG+ PX — PXG + 2NXoX2 — 2M¥1Xo + 2PaXo — 2PaXe + PaXe + P7,
(m,n,p,p;i are real constants

Proof.
From (1.23), (1.24) we have

Bo = E1B1 — E1BoE1 — B1E1, Bg = EoBy — ExBoE> — BoEp.
Substituting these expressions irifo25) we get
E1BoE1 + E1B1E> + EoB1E1 — E2BoEs; = 0. (1.29)
Equality (1.23) is equivalent to
B;—B), =0, Bj,+B)=0, (1.30)
so we haveB; — BoE; = (B} + B?) + (Bl — BS)E1. Analogously equality (1.24) is equiva-

lent to
B2—-BJ,=0, B2,+BJ=0, (1.31)

and hence we ha&, — BoE, = (B3+ BY) + (B3 — BY)E2. From (1.29) we have the relation
Bl -B3=0. (1.32)
Denotinga = B} +BY, b= B} —BY, c = B3+ B, the system (26— 1.27) becomes

Da+ Db.E; = 2C0E; — 2CE 1 E)
Dc+ Db.E; = —2C10E; 4+ 2C1E1E>.
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This system is equivalent to

([ dpa—01b = 0
dia+dob = 0
(92& = 2Ci2
ob = 2C
doc—db = 0O (1.33)
0,C+dob = 0
010 = —-2Co»
\ ob = 2C.
Denotingd = —dgb, the system (B3) is equivalent to three following systems
00& = 2C1 00b = —d 000 = 2C2
01& = d 01b = 2C1 010 = —2C12 (1.34)
dza = 2C1o dzb = 2G dzC = d.

Suppose tha® ¢ R? is a simply connected domain, then the compatibility cdodi for
(1.34) are

0.C1 = 0d0Ci2 0.C1 = 01C 01C; = —00Ci2
dod = 20.C; od = —20C; { ad = —20.C1»  (1.35)
dd = 20:Cyqo, od = —20,Cy, dod = 20,C,.

C is a solution of the equationC = 0, that is,

00Cop—01C1—0,C, =0
01Co+00C1+02C12 =0

02Co+00Co —01C12 =0 (1.36)
00C12+01Co—,C; =0.
Combining (1.35) and (1.36) we obtain the system
0-C1 = 0
01C = 0
0oC12 = 0
Ood = 201C; =20.C
od = —200C1 = —20,Cq2 (1.37)
dzd = —200(:2 = 201C12
00Co—20,C1 = 0
01Co+20,C1 = 0
0,Co+200C, = 0.
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Solving this system we get

C1 = mxg+nxg+ p1,
Co = pxo+nxe+ P2,
Ci2 = —pX+mMx + ps3,
Co = 2nxo—2mx. — 2pX + Po,
d = 2nxy—2mx, — 2pX + Pa,
(m,n, p, Po, P1, P2, P3 € R).

Now the solutions of the system.BY) are

a= Mg — Mg + M5 + 2nNXoX1 — 2PX1X2 + 2P1X0 + PaXs + 2P3X2 + Ps,

b = —n§ + NG + MG + 2MXoX + 2PXoXz — PaXo + 2P1X1 + 2P2X2 + Pe,

C= PG+ PX§ — PX6 + 2NXoXp — 2MXyXp + 2PaXo — 2PaXs + PaXe + P7,
with pa, ps, ps, p7 are arbitrary real constants. We can find the matiigds/ choosing the
coefficients o83, BY, BY, B, arbitrarily in C2(Q), then the coefficients of matric&;, B,
are given as follows

Bé =a— Bog, Bi = b;r BY, B% = B9, . Bizz —B%
]

Remark 13. Corollary 8 gives a class of operators associated to the GgtRRiemann
operator. Though they are not the most general associatedadqrs but with this method
we can obtain a larger class of associated operators than ihd23], [37], [6], [16]
and [27].

Remark 14. The class of operators associated to the Cauchy-Riemamatogpén Corol-
lary 8 contains operator = — satisfying Lu£ O if Du = 0in general. This is an answer

0Xo
to a similar question as the open question in [29].

3.1.3 Operators associated to the generalized Cauchy-Riamn operators in
complex analysis

Denote
10 0 -1
EO:{O 1]’E1:{1 0}

A generalized Cauchy-Riemann operator is given by

ou ou
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whereQ(x) € C?(Q) is a 2x 2 matrix,u = [u1(x),u>(x)]" € CX(Q), Q ¢ R?. Associated
operators to the operatBrare found in the form

Lu= Bog—xli)JrBl;—)z Lcu, (1.39)

whereBog(x), B1(x),C(x) € C1(Q) are 2x 2 matrices.

Corollary 9. Operator L is associated to the operator D if and only if

E1B1 — B1E1 — Bg— E1BgE1 =0
0
D(C—BoQ) — (B1— BoEl)d—)?l —CQ+BoQ? =0

D(B1 —BoE1) + E1C —CE; +BoQE; — E1BoQ+ BoE1Q—B1Q =0.

Denotez:= Xo+ X1, W(2Z) = U1 (Xo, X1) +iuz(Xo, X1), the first-order differential operators in
matrix form can be transformed into complex form which camga;w, dw, dw, d,w, w, w,
and vice versa. We consider the generalized Cauchy-Riewm@enator in complex analy-
sis

Dw = dsw+Aw+BW, A(z),B(2) € C3(Q).

A general linear first-order differential operatohas the form
Lw = MW+ SEw -+ Ndw+ Paw + Qw-+ Rw, (1.40)

whereM(z),S(z),N(2),P(2),Q(2),R(2) € CX(Q).
If Dw = 0 thend;w = —Aw— Bw. Substituting this expression into 1.40 we have

Lw = MW+ SIW+ (—NA—PB+Q)w+ (~NB— PA+R) W.
Therefore it is sufficient to find associated operatons the form
Lw = Ma,w+ Sa,w+ Nw+ Pw. (1.41)

Corollary 10. An operator L in the form (1.41) is associated to the geneealiCauchy-
Riemann operator D if and only if S 0 and

oM =0 (1.42)
P+BM =0 (1.43)
MJA—dN = 0 (1.44)

Md,B—MBA—d,P+NB—AP—-BN = 0. (1.45)
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Proof.
Suppose that the operatioin the form (1.41) is associated to the operddorLet w be a
solution of the equatiobw = 0, then

Z—VXV = —i(;—\;v — 2Aw— 2BW. (1.46)
Using the expression (1.46) we obtain
D(Lw) = azvavarBZ_Vvar vZ—\;V+xw+ Yw,
wherea, B3, V, X, { are coefficients.
By Corollary 9, the conditions are
a=0 =0 y=0 x=0, ¢g=0. (1.47)

On the other hand, instead of using (1.46) we rewrite the itondDw = 0 as
oW = —Aw— Bw.
ThenD(Lw) can be written in other form
D(LW) = ®a W+ WaW + YW+ YW+ PW.

The conditions (1.47) are equivalent®=0, W =0, Y=0, x =0, ¢ =0. This is
nothing but a system of conditions (1.42-1.45) & 0.
Corollary 10 is proved. O

Remark 15. The conditions for associated operators of generalizedoBgtRiemann op-
erators in [34], [42] are only sufficient conditions. Corally 9 gives the conditions for
such associated operators which are not only sufficient lsat mecessary conditions.

Remark 16. In the case the Cauchy-Riemann operadgrthe conclusion in Corollary 9
coincides with the result in [28].

From Corollary 10 §= 0) we only need to find associated operatois the form

Lw = Md,w -+ Nw-+ Pw.

Solutions of the systen(1.42— 1.45)

We assume that the domaih C C is bounded. Assume, further, thatB,M,N,P are
solutions of the systerfiL.42— 1.45) with additional conditions

Aect¥(Q), M ec®¥(Q) andP(z) = @,
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The condition(1.42) implies thatM is a holomorphic function if.
Denoteg (x,y) := A(x,y). From the condition (#4) : 3;N = Md,¢ € C%%(Q), it implies
that

N(z) =Tq (Md.9) (2) +H(2), (1.48)

whereH z) is any holomorphic function i@ and the operatofq [38] is given by

o= 14

P .
SubstitutingB = B from (1.43) into (145) we get

Wi v 2ilm(Mg — N). (1.49)
PP
SubstitutingN from (1.48) andP = € into (1.49), we obtain
M1dX +Mad,X = 2ilm M@ — To (Mdst) — H, (1.50)

whereM(z) = M1(X,y) +iMa(X,y).
Since solutions of equation .80) exist locally, associated paifts, D) can be constructed
in local. To sum up we have the following corollary.

Corollary 11. Let M € ¢%9(Q) be any holomorphic function i, (M # 0). Let¢
C19(Q), H be a holomorphic function if2. Denote X be a local solution of the equation
(1.50). Then coefficients of associated p&irsD) are given by

N(z) = Ta (Md,9) (2) + H(2), P(z)zexg,
A2)=9(2), B(z) = ——=.

Example 7. The case M= 1.

Equation(1.50) readsdyX = 2ilm[¢ — T (d,¢) — H] . The solutions are

+2||m/[¢ 0 (0:0) (t,y) — H(t,y)]dt,

where® < C2. We can find coefficients as follows:

N(2) = Ta (02¢) (2) +H(2), (¢ €CH(Q), oH =0)

P(2) = exp (Cb(y) +2ilm/ [¢(t,y> ~Ta(92¢) (t,y) — H(t,y)] dt)
0

A=¢, B=-P
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Example 8. The case M=z in a bounded domaifd C {z= x+iy| x > 0}.

Equation(1.50) reads
XOxX +yoyX = 2ilm Mg — To (Mdy¢) —H].

The solutions are given by

X=o( +2|Im/ { ) -Ta(09) (1 ;’) H(t,t—y)}dt,

X

where® € C2(Q).

Example 9. The case M= 7% in a bounded domaif C {z= x+iy|y > x > 0}.

Equation (1.50) reads

(X2 — y?)OxX + 2xydy X = 2ilm [M@ — T (M3,9) —H] =: g(x,y).

2 2 2
g(t X +y2 (x +y2) —4t2)
X 2y "2 y
dt

[P
§ ‘D( y )+2/ (x2+y2)2_x2+y2 (in;y2)2_4t2

Loz
y

The solutions are given by

Y

where® € C2(Q).

3.2 Interior estimates for a class of first-order linear ellptic systems

General interior estimates for solutions of elliptic systein general case were given by
A. Douglis and L. Nirenberg in [8]. The estimates are in wégghHOlder norms. In this
section we give an interior estimate for solutions of a claisfrst-order linear elliptic
systems in supremum norm by using the technique in [8] withestnodifications.

We consider a system in the form

Mulx) = 5 00 32 -+Qu() 0 @5)
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wherex = (Xg,X1,%2,- -+ ,X,) in @ bounded domaif2 ¢ R,

u(x) = [ug(x),uz(x), - ,um(x)]" € CH(Q), Q(X), Ei(x),i = 1,2,--- ,nare realn x mmatrix
functions with properties (1.2) and (1.3).

Let Q ¢ R™1 be a bounded domain. Denote the distance from a poiQ to the
boundaryoQ by dy. We introduce a weighted functighwith some properties:

B: (O,%diam(Q)] — (0, +), (dian‘(Q) = )[Eeag))(\x—w) :
)

B is continuous, increasing, bounded, is also bounded.

t/2)
Definition 9.
Let a function ue C1(Q) we define
du
lullg.0=supB(d) ju(x)|, ulga=_sup dB(dy) |5 (X)),
xeQ xeQ, 0<i<n Xi
[ullgr=llullgo+lulg1, |lullo=suplu(x)|.

xeQ

Let u be a Holder continuous function with exponer (0,1) in each compact subset of
Q, define

Lemma 2.26.Let Br(x%) ¢ R"! be a closed ball centered af with radius R, a function

w(cy) =y =x"1(E), (€= =)

where (&) € C1(S"), S'is the unit sphere iR™1. Let ue C%(Br(X°)), (0< a < 1). Then
the function

(0= [ wixyuydy

Br(x?)
is in C1(Br(x)) and we have
IP(x) . dw(X,y) :
o =lim [ SR uydy— [ EIEdu(E)ue). (2.52)
Br(C)\B: () HE
and
od
dx.( 0)| < Ka([|ullo+R* Hyo g0y (W) (2.53)
with
1 ol
Ky —maX{amlHlHo, —Whni1 (nHI oy )}
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Proof.
The statemen®® € C1(Br(x%)) and the equality2.52) were proved by Michlin in [21].
Now we prove the estimai@.53).

0 0
Since— w(X, ——w(X,y), we have
X (%y) = oy (%Y,

74 : 0
S0 =—tm [ S ey [ EEWEUE). (@54
Br(x?)\Be (x°) €1=1

The first integral in the right-hand side @.54) can be estimated

|=| [ &1@du(Eu6E)]| < anealillolulo (2.55)
1&]=1

In order to estimate the second integral in the right-hadd ef (2.54) we need rewrite

/ g;)( ,y)u(y)dy= / Z;’< x,y) [u(y) —u(x®)] dy
Br(X)\B: (x°) Br(®)\B: (x°)

ow
o g0y ue)
|
Br(x%)\Be (X%)

— / a—w(xo,)[(y) )] dy+ / X%, y)Nidp(y). u(x°)

9y
Br(X0)\Be (x?) IBr(X?
dw
= [ weCyNdut) w0 = [ R0y [uy) -uix) dy
B¢ (x0) Br(x?)\B¢ (x)

sim [ SR0eyudy= [ 5200y [uy) - u6d) dy

BrOC)\Be(O) BR(E)
The second integral in the right-hand sidg 264) can be estimated

. 00) 0 (9 G

Il = |lim / 3y, (x°,y)u(y)dy| < / o . x°,y) ’Iy |7 dy-Hyo ) (U)
Br(X%)\Be (X0) Br(X?)

We have

000 VN 0n2|<y—xo) _ Oni|<y_xo)
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wherex? = (x3,%2, -+, x9).

Jw
]a—yi<x°,y>]sn\y 0111+ 2ly — x| " 1;”

— [ nll 0|1,
( | v, o) ly—X7|
||§/

X0

n— ol
|y—XO| n 1+Crdy_ < 0—” ) HXO,BR(XO)(U)
Br(x?) L

= 1w n||1|
= g Vn+1

) Ra HXO,BR(XO) (U) (256)
From the estimate®.55) and(2.56) if we denote

1
Ki:i= max{ aW”H <n||l ) }

then the inequality2.53) is proved. O

illo

Hence

ol
aYyi

ol
aYi

Lemma 2.27. Let By(x) ¢ R be a ball centered at%with radius R,
u = [ug(x),u2(X),--- ,um(x)]T € C1(Br(x9)) be a solution of the equation

0 _du
Mu=Y\ E— =T,
i;) '0x
where E are constant matrices with properties (1.2), (1.3)c £9(Br(X°)), a € (0,1).

Then there exists a constarg Buch that

ou
d—xj(x)

<K [R_1||U||0+ || f ||0+ RaHXOBR(XO)(f)] \V/] = 07 17' =N (257)

Proof.

In the following, the Euclidean norm will be used for vectarsd matrices. The adjoint
operatorR of the operatoM is given by (2.4). The function&(x,y), p(x,y) are defined
in (3.6). The fundamental solution of the systBwi= 0 is given by (Chapter I)

n =T
Xs—Ys)E

N AG(x. Y)gT r7SZ:0Ars( s—Ys)Er

& 0%  anav/DetAp(xy)mt

r<X7y) =
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whereEg := Eg, E; ;= —E; forr > 1, an,1 is the surface measure of the unit sphere in
R, Applying the Stoke’s formula to the functianwe have

= [ rT<x,y>_iNiEiu<x>du<x>+ [ T toode

x—x0|=R = BR(X®)
ou(y) / 0FT art(xy) 9 / T
= NiEju M (xy)f(x)dx 2.58
- 5 NEOdu0+ 5 [ TToyfode  @5e)
[x—x? Br(X)
0 = 1 0 = Ta-1 =
> Ars(Ys—Xs)Erp(X,y) ™" S Ars(Ys—Xs)Er ((X—Y) A (X_y)) z
(X Y) r,s=0 _ 1s=0
’ why1v/DetA wn1v/DetA

—n—1

N 1 % |/ x—y\" _1<x—y) 2 _
=|x—y|™" A < ) A E.
x=yl w\ﬁoewéo S|y x|[ x=y x=y f

1

(&)= (Wh1V/ DetArZo

AsEs[ETAIET T, (6= XX,

then

oy =t 1 (5 [Tt < ( !

From (2.58) we have

du ort
00 < vm %) 3 [Elolulod
Yj x—x0|=R | OY]
: (2.59)
== [ TT(x.)fx)dx](x0)].
i \ex0)
It is easy to see that
ort 0l
[ |55 0 du09 < anea ( nll 1Rt @60
oy illo
|x—x%|=R
Applying Lemma 2.26 we have
7}
gy | [ TTT0ax] 00)) SKa(I o+ RoHagge (1) (26D

Br(XY)
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From (2.60), (2.59) and (2.61) we have

SO0 <wn+1fZ)HEu|lo<n||l > |2 )R—lnuno
+K1[||f||0+RaHx0,BR(x0)(f)]-
Denote
Ko := maX{aml\/ﬁiHEiHo(nHI 0! >;K1},
= i o
then the estimatg.57) is proved. O

Using the above results we can proved the following theorem.

Theorem 2.10.Suppose that the coefficient$, Q(x) € C?(Q)(0< a < 1). There exists
a constant K such that

lullg.2 < Kllullg,0
for everyC'— solution u of the systeli2.51) with finite [ullg.o-

Proof.

The proof of Theorem 2.10 bases on the method in [8] with somdifications.

We can assume thatig ; is finite. By considering subdomair, := {x € Q| dx >
€}, (¢ > 0), we work with domain<, then lete go to zero. It is sufficient to prove
that there exists a constatsuch thatu|g < K||ul|g o.

By definition, there exist a poinf and a numbersuch that

Ju

g1 < 200.8(de) | 5200)| 262)

We consider a baBg(x°) centered at® and radiuR = A d,o with someA < (0, %]. Rewrite
the equatior{2.51) in the form

n ou 2 Jdu
i;E( )dx. i;[E.( %) - E‘(X)]a_,_Q() (X) =1 9(x).
Applying Lemma 2.27 to the above system in the Bal(x°) we get

du,
0—xi(x)

< Kz [R7Yullo + [lgllo+ R Hyo gy (9)|

A~ Yu ”Bo
doB (%

<Kz

+119llo+ A" doHy0 g0y () | - (2.63)
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Ju 1

AN(1-A)*dglEillealulp

NV O = vd o _Oa
[E|(X ) E'(X>j| ax| S dXB(dX) ||E|||c |U|B71|X X | S dXOB(d_EO>

1Qllol[ullg,0 _ dyol[Qllollullg.0

QX)u(x)| < < .

1QOOU| < = T

Hence,
1
lgllo < ——g— [A9(1—=A) " d%||Eillca|ul g1+ deol| Qllol|ullg.0] - (2.64)
doB(%) ¢

Now we will estimateH,o g, ,0)(9)

0 2||Eil|ca
HXO,BR(xo) { [Ei (xo) — Ei(-)] %} < %,
XOP\ 72

dyol|Qllea|ullg.0+2m(N+1)[|QlleaA T d % ¥ |ulg 1
H,0 Br0) (QU) < X :

d
doB ()
So we have
2||Eilca|ulg 1+ dho | Qlleallullg 0 + 2m(n +1)[[QllcaA > d Juls 1
H,o Bri0) (9) < do '
doB (%)
(2.65)
From (2.63), (2.64) and (2.65), there exists a con¥arduch that
Ju K3 _
0—xi(xo> < ——— [A+2A"H)ullpo+Aulga].-
dwB (%
From(2.62) we have
d _
g2 < 2650 (14422 Jullg 0 44 ulg).
2
Since A1) is bounded, denoti€y := sup A1) . We can findA so small that
B(t/2) o<t<diam@)/2 B(t/2)

1
2KgKz3A 9 < é’ then
lulg 1 < 4K3Ko(1+A ") |lullg o.
In the end, the constakt in theorem is chosen by = 14 4K3Kg(14A 1), O



78 3 Initial value problems

3.3 Solutions of initial value problems

In this section, we use the standard method in [39], [36] &2d o solve the initial value
prolem.
We consider the initial value problem (0.1), the oper&tdn the form

du N du
Fltxu— | =) Bi(t,x)— +C(t,x)u,
(txud) 3 B G +ClL

whereB;(t,x), C(t,Xx) aremx mmatrices. The solutions are fixed points of the operator
/ 9
U(t,x) = ¢(x)+/]—“(T,x,u(r,x),a—;(r,x)) dr. (3.66)
j
0

Let Q c R™! be a bounded domain. Denate= yiende x—y| andd(t,x) = dx— 1.
Introduce the conical domain

Mp = {(t,x): x€ Q, 0 <t < ndy},
wheren will be fixed later. Define

Julls = suplu(t,x)|dP(t, x),
Mn

wherep > 1 is fixedly chosen. Denot8(M;) be the Banach space of functions=
u(t,x), (t,x) € My with the following properties

() u(.,x), ‘9“6()'(’_’() € C(0,ndy) Vx € Q,

(i) u(t,.) e CY(Q), Mu(t,.) =0, whereQ; = {xc Q| dy > %},
(iii) JJull < 4o,
where the operatd¥l is given by (1.3). Now we assume that
(@) Bi(.,x), C(.,x) € C(0,ndy), Big, ), C(t,.) € CH(Q),
IBi(t,x)| < cand|C(t,x)| < TOR%R V(t,x) € M, for some constart > 0
(b) Fis associated tt 7
() ¢ €B(My).

Lemma 3.28.Assume that the conditions for the coefficients of the opehdtin Theorem
1.9 and Theorem 2.10 are satisfied. If the condition (3.68atssfied then the operatof
mapsB(Mp) into itself.

(3.67)
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Proof.
Letue B(My). Consider a point, x) € My,. Letx' with [xX' —x| <r <d(t,x) thend(t,X) =

dx/—% >dy—r— 1 =d(t,x) —r > 0, and thugt,x’) € M. We have

(e )| < gl

=[x )P

1
Choosing = ——d(t,x), we have

p
lu(t,x)| < <1+%) %

Applying Theorem 2.10 in the baB, (x) := {X| |X — x| < r} with the weighted function
B =1, we have

du K A\P  ull.
o B <+ su ut,X)| < (p+1 (l—l——) K———.
ax (0¥ o X&I (t,x)] < (p+1) o) Kot
Jdu n ou
F(txu )] < 3Bl 5]+ e il
<c|(n+1)(p+1) 1+3) k41 _lull-
- P dPHi(t,x)
1\ P
DenoteK’ :=c¢ {(n+ 1(p+1) <1+ B) K+1} Since
1
dp+1 (1,X) pdp(t X)’
it follows
t
ou n vl
< ! : .
0/ (Txurx,dj(rx))dr \/_Kpdp(tx) (3.68)
Combining this withg € B(My,), we have/(t,x) € B(Mp). ]

Lemma 3.29. With the hypothesis of Lemma 3.28, the operétaes contractive if

\/ﬁK’% <1
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Proof.
Letd, 0 € B(Mp), denote their images ky, U. We have

t ~ N
U—-U= 0/.7:<T,X,(G—O)(T,X),0(;;j u)(r,x)) dr.

By the estimate (3.68), we have

SN s e
%) ~ Gt 0)] < VK ey

It follows o n
U —U]|. < \/ﬁK’BIIU—GII*-

Hence, i1‘\/ﬁK’Qp < 1 then the operata¥ is contractive. O

Applying the contraction mapping principle for the operaty we have the following
theorem.

Theorem 3.11.With the hypothesis of Lemma 3.29, if the initial functfosatisfies

sup|¢ (x)|dy < oo

xeQ

then the initial value problem (0.1) has a unique soluti¢hx) € B(M,).
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