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Introduction

In this work we analyze the behavior of random walks and branching random
walks in different settings. The first structure that we consider is a free product
of groups, where we investigate the evolution of transient random walks and
branching random walks. The other setting is a Cartesian product of groups,
where we answer different questions about branching random walks.

This work is split into three parts.

In the first one we investigate the long-term behavior of a random walk
on free products of groups, more precisely we study the possible asymptotic
behaviors of its return probabilities, in dependence of the properties of the
groups and of the measure governing the random walk itself.

In the second part we study branching random walks on free products of
groups. Here the main goal of our work is to understand how “big” (in the
sense of the Hausdorff dimension) the limit set of accumulation points of the
process can be, in relation to the boundary of the underlying structure.

The third part deals with critical branching random walks on Cartesian
products. Our investigation aims at answering the following questions posed
to Matthew Roberts and myself by Itai Benjamini: denoting by 75 the binary
tree, does the trace (i.e., the subgraph of sites visited by particles of the
branching random walk) of a critical process on T5 x Z have infinitely many
ends, or only finitely many? What happens if we consider a critical branching
random walk on T3 x T37

Part One: Random Walks on Free Products

The main results that we present in Part One appeared in [6].
Consider I'1 and I's finitely generated groups with identity elements e; and
ey respectively. The free product of these two groups is defined as

D:=T1 Ty :={mzs...2p : z; € 1\ {er})U@2\{e2}), j€{1,...,n},
and xjel“i:>xj+1§él“i}u{e}.

In other words, the group I' consists of all finite words whose letters (the
“blocks” ;) are elements of one of the two starting groups. The condition

T € T = Tjt1 ¢ T

means that all words are reduced, i.e., two consecutive blocks do not belong to

the same group.
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In order to define a random walk on I" we start with random walks defined
on each of the two starting groups. Let p; and ps be probability measures
defined on the generators of I'y and I's respectively. Then we can define a
probability measure g on I' as follows:

o= oaqpr + (1 —oaq)pe,

where o € (0,1).

The goal is to estimate the asymptotic behavior of the quantities (™ ()
(by this we denote the n-th convolution power of p): (™ (z) is the probability
that a random walk starting at x returns to x in n steps. In most situations,
it is of the form

pt () ~ Copn ™, ()
where p < 1 is the spectral radius of the random walk governed by p, § is its
period and A a positive parameter. C, is a positive constant dependent only
on z.

Gerl (see [22]) conjectured that if 4 is symmetric and the asymptotic be-
havior of u(™(z) is of the form (x), then the parameter X is a group invariant.

This conjecture was disproved by Cartwright (see [10]), who showed that
on the free product Z% x Z¢ (with d > 5) there are at least two random walks,
governed by symmetric probability measures, that yield different values for .
In one case A = 3/2 and in the other A = d/2, being d the dimension of the
lattices.

A natural question (see [13]) is whether there are other possible types of
asymptotic behaviors. In our work we give a positive answer to this question.
In particular, we prove that on a free product of the form Z% x- - - x Z9 (where
all d;’s are integers strictly larger than 4) we get up to (r+1) different possible
behaviors. Moreover, we study the case I' = I'y % I'y for finitely generated
groups and we give precise phase transitions in dependence of the parameter
.

Our investigation starts from the works by Cartwright (see [10]) and Woess
(see [64]), but work in this direction has been done also by Gerl and Woess
(see [23]), Sawyer (see [54]), Woess (see e.g. [63]), Cartwright and Soardi (see
e.g. [11]) and Lalley (see e.g. [35]).

For finite range random walks on free groups it is known (see [63] and [35])
that

p™ (x) ~ Cpp™n=3/2,

The same estimate holds for random walks on free products of finite groups:
results in this direction can be found in [22], [61] and [63].

In order to achieve more general results, Cartwright and Soardi (see [11]),
Woess (see [63]), Voiculescu (see [58]) and McLaughlin (in his PhD thesis, see
[43]), found a method to express the Green function defined on I in terms of
a functional equation of the Green functions defined on each factor.

We generalize their methods to a much wider set of free products, and then
apply the method of Darbouz (described in Appendix A) to extrapolate the
asymptotic behavior of (™ from the singular expansion of the Green function.
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Organization of Part One : After two introductory chapters (namely 1
and 2, contained in “Part 0”), where we recall the fundamental results and

definitions useful for our discussions, we split Part One into four chapters.

The aim of Part One is to find the asymptotic behavior of the n-step return
probabilities of a random walk defined on the free product of r > 2 groups
(denoted by T'). These behaviors depend on the structure of the free factors
and on the chosen measure defined on I'. In the particular case of r = 2 we
find explicit phase transitions.

In Chapter 3 we explain how to define a random walk on a free product
of groups, given probability measures on each free factor. We recall the most
important generating functions, in particular the Green function, because their
properties play a fundamental role all throughout the first part of the work.
Following the structure of [64, Section I1.9] we introduce a functional equation
concerning the Green function. Different properties of this functional equation
can lead to different behaviors for the random walk.

In Chapter 4 we consider the case of a product of two free factors. We make
a case distinction under some assumption on the Green functions associated
with the random walks defined on each factor. In each situation we find the
explicit singular expansion of the Green function associated with the random
walk on I', and by Darboux’s method (see Appendix A) we get the asymptotic

behavior of its return probabilities.

In Chapter 5 we investigate the general case r > 2, and present a few
concrete examples where the asymptotic behavior of the return probabilities
can be easily computed.

We conclude Part One with Chapter 6, where we find explicit phase tran-
sitions with respect to the measure that governs the random walk on I'.

Part Two: Branching Random Walks on Free Products

The main results that we present in Part Two appeared in [7].

A branching random walk (BRW for short) is a stochastic process charac-
terized by two different kinds of randomness. It starts with one particle at a
vertex, and can be defined inductively as follows. At each unit of time, the
alive particles split (independently of each other) into a random amount of
offspring, according to a probability measure v defined on the non-negative
integers. Afterwards, the newly-born particles make one step independently
of each other, according to an underlying random walk.

The study of branching processes started around 1874 to answer a prob-
lem about survival of surnames. In their work (see [60]) Galton and Watson
investigate the survival of the surname of a family that reproduces according
to a probability measure v defined on the non-negative integers.

Denote by v, the probability that an individual has exactly k descendants, and
let Ev := ), -, kvy be the expected value of v. Galton and Watson showed
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that

if Ev<1 = P(process dies out within finite time) = 1;
if Ev>1 = P(process dies out within finite time) < 1.

A BRW on a graph is called recurrent if every vertex of the graph is visited
infinitely often by the particles of the BRW. On the other side, it is said to be
transient if every finite set of vertices is eventually free of particles.

In 1994 Benjamini and Peres (see [4]) showed that:

1

if Ev<p ~ = BRW is transient;

1

if Ev>p " = BRW is recurrent,

being p, once again, the spectral radius of the underlying random walk.

Some years later Gantert and Miiller (see [20]) proved that at criticality,
i.e., if Ev = p~!, the BRW is still transient.

The main “source of inspiration” for our investigation is a work by Hueter
and Lalley (see [31]): they prove that the limit set of a supercritical branching
random walk on a homogeneous tree presents a phase transition in the dimen-
sion. More precisely: if the process is transient, its Hausdorff dimension can
reach at most 1/2 the Hausdorff dimension of the boundary of the tree; if it
is recurrent, then the two dimensions coincide.

Lalley and Sellke (see [36]) studied this type of phase transitions for branch-
ing Brownian motion on the hyperbolic disc.

Karpelevich, Pechersky, and Suhov (see [32]) generalized these results to higher
dimensional Lobachevsky spaces, while Grigor’yan and Kelbert (in [26]) stud-
ied recurrence and transience for branching diffusion processes on Riemannian
manifolds.

Cammarota and Orsingher (see [5]) investigated a “linear” growing system of
particles on the hyperbolic disc.

What we prove in the setting of free products of groups, is a more general
version of the main result in [31]. In addition, we show that there are two
possible types of accumulation points in the limit set of the process. One type
will be called “typical”, and the other one “atypical”. This is due to the fact
that the first one is always present, while for the second one we need some
extra condition (which we state precisely).

Our motivation to analyze the behavior of branching random walks on free
products came from the results of the first part: selecting different measures
or different groups to build the structure, we can get different asymptotic
behaviors for a random walk. Does a similar phenomenon happen in the case
of BRW’s as well?

Intuitively speaking, by considering a BRW, the phenomena we see in a
single random walk should be “amplified” in some sense: how does this fact
affect the limit set of the process?

Organization of Part Two : The aim of Part Two is to study BRW’s on
free products of groups: we consider a transient BRW conditioned on survival.



It turns out that the Hausdorfl dimension of the limit set of the process is
a function only of the expected value of the offspring distribution governing
the branching phenomenon. Moreover, this function is continuous up to the
critical value, that determines a phase transition for the process from tran-
sience to recurrence.

At this point, the Hausdorff dimension of the limit set can be at most 1/2 the
Hausdorff dimension of the whole boundary of I'. For every larger value of the
mean of the offspring distribution, the two Hausdorff dimensions coincide.

Another important result that we get in Part Two is the following: if at
least one of the free factors is infinite, we can get different types of accumu-
lation points for the process. We state precise conditions for this to happen,
and we see that the “atypical” accumulation points do not contribute to the
Hausdorff dimension of the limit set of the BRW.

More precisely, Part Two is organized as follows.

In Chapter 7 we explain how to define the BRW on I' and recall some useful
results, moreover we introduce the definition of the two types of accumulation
points of the process. With the help of an auxiliary Galton-Watson process,
we find when the “atypical” accumulation points can come in play: we show
that when this new Galton-Watson process is supercritical, the ends of the
infinite free factor turn out to be inside the limit set of the process.

In Chapter 8 we introduce the growth functions, which are the tools we
need in order to find the growth rate of the BRW.

We also show that the box-counting dimension and the Hausdorff dimension
of the limit set of the BRW coincide, and we determine these values explicitly.

Chapter 9 is essentially devoted to finding the Hausdorff dimension of the
boundary of I', while in Chapter 10 we present some simplified formulas that
we obtain in case all free factors are finite. We end Part Two with a short
description (see Section 10.2) of BRW’s on free products with amalgamation.

Part Three: Branching Random Walks on Cartesian Products

In this part of the work we present some preliminary results obtained by
Matthew Roberts and myself ([8]).

Given d > 2 finitely generated groups I'y,...,I'y, we can construct their
Cartesian product I'y X -+ X I'y in the following way:

' x---xTqg:={(a1,...,aq) |a; €T forall i € {1,...,d}}.

In 1921 Pélya (see [52]) showed that on a Cartesian product where all the
factors I'; = Z, a symmetric nearest neighbor random walk presents different
behaviors depending on the value d. More precisely, he showed that for all
d > 3 the walk is transient, otherwise it is recurrent.

Pélya’s proof relies on finding explicit asymptotics for the return probabil-
ities, i.e., denoting by 0 := (0,...,0) the origin of Z?, we can summarize his
result as follows:

12 (0) ~ n92,
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Here (™ (0) denotes the probability that the symmetric random walk comes
back to the origin after n steps, and the symbol ~ in this context means that
the estimate is accurate up to a constant.

Another result in this direction is due to Cartwright and Soardi (see [12]).
They consider a Cartesian product of the form I'y x --- x 'y, where every I;
is finitely generated and equipped with a probability measure u; defined on
its generators. Given positive values aq,...,aq such that Z?Zl a; = 1, the
measure on the Cartesian product is defined as follows:

pri=oarpr + ..o+ aglig.

Denote by (Xp,), the random walk governed by p. One of the main results
of [12] can be summarized as follows (see Theorem 12.2.2). Suppose that for
every element y; € I'; we have

P(X] = y;) ~ Cplt /n%, forall j € {1,...,d},

where (X,jl)n is the random walk on I'; governed by pu;; p; its the spectral
radius, and a; > 0 numbers independent of n. Then the random walk (X,),

on I' satisfies:
_Cloapi +... +agpa)”
noit-..taq )

for all y = (y1,...,yq). For more details and further explanations we refer the
interested reader to [64, Sections 1.4.B and III.18].
In this part of our work, we investigate critical branching random walks on

some Cartesian products. In particular we consider two settings:

1. the Cartesian product of a homogeneous tree with the d-dimensional grid
VAE

2. the Cartesian product of two homogeneous trees.

Our aim is to understand some properties of the trace of a critical BRW: does
it have finitely or infinitely many ends?

The two approaches presented in these two settings are quite different,
because the methods that we can use to solve the first case, drastically fail in
the second case.

The idea came up in a very nice environment: during the 41st Probabil-
ity Summer school in St. Flour, a meeting with Itai Benjamini brought my
collaborator Matthew and myself to work together on the following problems.
Given the Cartesian product of a homogeneous tree T and the set Z (this
product is non-amenable, has exponential growth and has only one end in the
graph topology), we can consider a critical BRW on it. The question looks
very simple: does the trace of this process have finitely many, or infinitely
many ends?

We could find that in the isotropic case (we can replace the simple random
walk defined on T' by any nearest neighbor random walk on T') it has infinitely
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many ends, but if the underlying random walk defined on Z has a bias towards
one direction, then the BRW on T x Z has only one end.

The next problem, looked very similar to the previous one: does the trace
of a critical BRW on T' x T have finitely many, or infinitely many ends? The
expectation to get an answer quickly exploiting similar techniques used to
solve the first problem was high, but as it happens quite often, these methods
could not be applied to this new structure.

We investigate the model under two different points of view: we consider
the process with respect to the Martin topology and with respect to the graph
topology. We show that there are two types of accumulation points for the
process in the Martin topology, but just one in the graph topology.

At the end we manage to show that the limit set of the trace of an isotropic
BRW on T3 x T3 has infinitely many ends almost surely, even in the critical

case.

Organization of Part Three : In Chapter 11 we start by introducing a
BRW on a Cartesian product of two groups. In Section 11.1 we show that
the isotropic, critical BRW on Ty x A (where Ty is a homogeneous tree of
degree d and A any finitely generated amenable group) has infinitely many
ends almost surely. On the contrary, in Section 11.2 we show that a critical
BRW on T; x Z%, whose underlying random walk has a bias in one direction,
has only one end.
In Section 11.3 we present a generalization of the results to the case T x Z¢,
where T is a Galton-Watson tree satisfying some additional conditions.
Chapter 12 is organized as follows: in Section 12.1 we give a small intro-
duction on the Martin compactification of the Cartesian product. We show
that despite the fact that every element of the Martin boundary is an accumu-
lation point of the process, we can distinguish two cases: there are elements
which are “attractive” for the BRW (we call them stable) and others that are
“repulsive” (we call them unstable).
In Section 12.2 we show that the trace of an isotropic BRW on T3 x T3 has
infinitely many ends almost surely.
We conclude Chapter 12 with Section 12.3, where we present an example of a
critical BRW whose underlying random walk has a bias but, in contrast with
what happens in the case of T3 X Z, its trace has infinitely many ends almost
surely.
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Chapter 1

Background: a flavor of
Algebra and Geometry

1.1 Groups and Cayley Graphs

In this section we recall the basic concepts and fix the notation that will be

used in the rest of the work.

1.1.1 Groups

A group is a set G endowed with a binary operation () : G x G — G that

satisfies the following properties:
e associativity: for every a,b,c € G it holds (a-b)-c=a- (b-c);

e cxistence of the identity: there is an element e € G such that for all
a€Githoldsa-e=¢€-a=a;

e existence of an inverse: for every a € G there is an element b € GG such

that a-b =b-a = e. This element is unique and usually denoted by a~'.

Given a group G and a set X, a left group-action of G on X is a map from
G x X — X such that:

e for all x € X it holds e - x = «;
e forall gh € Gand x € X it holds (g-h) -z =g (h-x).

Analogously, a right group-action of G on X is a map from G x X — X such
that:

e for all z € X we have z-e = x;
e forall g,h € Gand x € X we have x - (g-h) = (z-g) - h.

All throughout this work, the considered groups always act from the right.
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1.1.2 Graphs

By a graph T' we mean a set V(I') of vertices and a set E(I") of edges, each
edge being associated to an unordered pair of vertices.

Every vertex z € I' is associated to (or “contained in”) a certain number
of edges. Denote by d, > 0 this value: d, is called the degree of x. A graph is
locally finite if each vertex has finite degree. In this work we always consider
locally finite graphs, in which for every x € I' we have d, > 1.

A graph is said to be connected if every two vertices can be joined by a
sequence of edges, which are called paths. A cycle (or loop) is a non-trivial
path connecting a vertex with itself, without repetition of other vertices.

A tree is a connected graph with no loops. A d-regular tree is a tree where
every vertex has degree d. A symmetry of a graph I' is a bijection a: I' — T’
taking vertices to vertices and edges to edges, such that

a({v,w}) = {a(v), a(w)}

for every {v,w} € E(T'), v,w € V(I'). The set of all symmetries is a group,
called the symmetry group.

If for any two vertices v, w € V(I') there is a symmetry « such that a(v) =
w, we say that I' is vertex transitive.

Analogously, if for any two edges {v,w} and {v',w'} there is a symmetry «
such that a({v,w}) = {v/,w'}, we say that T is edge transitive.

Consider a group G with a subset S. We write that G = (S) meaning
that S generates GG if every element g € GG can be expressed as a product of
elements of S. The group is finitely generated if the cardinality of S is finite.

At this point we can state the theorem that allows us to work with graphs
rather than directly with groups:

Theorem 1.1.1 (Cayley’s Theorem). FEuvery finitely generated group can be
represented as a symmetry group of a connected, directed (every edge is an
ordered pair of vertices), locally finite graph.

For a proof of Cayley’s Theorem we refer to [44, Section 1.5.2].

The graph we can associate to a group using Cayley’s Theorem is called
the Cayley graph.

Roughly speaking, the Cayley graph of a group G generated by S, is a
graph I'(G, S) whose vertices are the elements of G and whose edges are labeled
by some s € S.

Throughout this work we assume that S is symmetric, i.e. if an element is
contained in S then also its inverse is in S.

For more details and examples we refer once more to [44].

1.2 Introduction to Free Products of Groups

In this section we would like to give an overview on how free products arise
in literature as purely algebraic objects, as well as fundamental groups of
geometric structures.



1.2 Introduction to Free Products of Groups

For details we refer e.g. to [44, Chapter 3] or [15, Chapter 2].

1.2.1 Free Groups

Consider a group G generated by a finite set S.

A word w € G is said to be freely reduced if it does not contain two
consecutive letters (elements of the generating set S) that are one the inverse
of the other. For example, for s,t € S, the word w = sts! is freely reduced
but ' = ss~'t is not.

The group G generated by S is a free group if all freely reduced words that
are equivalent to the identity are trivial.

The cardinality of the set .S is called rank, and the free group of rank 2n
is denoted by F,,.

The following fundamental criterion holds (see [44, Theorem 3.20)):

Theorem 1.2.1. A group is free if and only if it acts freely on a tree.

Remark 1.2.2. Here is a reason why free groups are fundamental objects in
algebra: if G is a group generated by n elements, then G is a quotient of F,,
(see [44, Corollary 3.17] and [15, Chapter 2, Corollary 6]).

1.2.2 Free Products

Let us consider 'y, s, ..., '}, finitely generated groups, and denote their iden-
tity elements by eq, eq, ..., e, respectively. Their free product (we will denote
it by I') is defined as the set of all finite words whose letters are elements of one
of the groups, and two consecutive letters do not belong to the same group.

In formulas we can write:

m
F:zfl*...*Fm:{xle...xn : xJ-EUI’i\{ei}, je{l,...,n}, )
i=1 :

and T; € I';= Tjt1 §é Fi} U {e}

The element e denotes the empty word. The group operation on I' can be
described as follows: if v = uy...Up,v = v1...v, € I' then uv stands for
their concatenation as words with possible contractions and cancellations in
the middle.

It is clear that I'; embeds naturally into I', while e; is identified with the
empty word e in T'.

We can look at these object also from a topological point of view: recall
that given two topological spaces X (with a base point z() and Y (with a base
point yp), their wedge sum is defined as the “point union”. This means it is
the quotient of their disjoint union modulo the identification of xy € X with
Yo € Y. Roughly speaking, we “attach” X to Y through one point.

In order to understand the connection between topology and free products
of groups, we need another tool known as the fundamental group. Without
going into technical details of its formal definition, we can think of it as a group
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associated to a topological space X and a base point x € X. It gives a precise
description of whether two paths in X can be continuously deformed into each
other. The fundamental group is the first and simplest of the homotopy groups.

Example 1.2.3. The wedge sum of two circles is shaped like the number ‘87,
and analogously the wedge sum of k circles is shaped like a flower with k petals.

This construction is related to free products, because the fundamental
group of a wedge sum of k circles is a free group of degree k. Indeed, every
petal is generated by only one element and there are no relations between the
petals.

Example 1.2.4. The fundamental group of the wedge sum of two circles is
the free group Fso.

More in general, it is true that the fundamental group of any connected
graph is free. (For more details and an idea of the proof, the interested reader
can refer to e.g. [29, Section 1.2].)

Example 1.2.5. For two positive, relatively prime integers m and n, we can
consider the so called torus knot K, ,, which is the image in R3 of the fol-
lowing map

f st — st x st
z —> (2™, 2"),

where S' denotes the unit circle in R? and therefore S* x S denotes the torus
in R3. It turns out (see e.g. [29, Example 1.24]) that the fundamental group
of R3\ K, is isomorphic to the free product Zy,, x Ly, being Z; the cyclic
group of order j.

For more detailed explanations and a better understanding of free products
of groups arising as a consequence of the Seifert — van Kampen Theorem, the
reader can refer e.g. to [42, Chapter 4]. For a more algebraic approach we
refer to [14].

For completeness, we give a more abstract definition of a free product of

groups in terms of a universal property (see e.g. [15, Chapter II}):

Universal Property : given m > 2 groups I'1,...,I',,, and a family of
homomorphisms (h; : I';j = I')j—1,.. m, where I' is itself a group, then there
exists a unigue homomorphism h : x;—1 _,I'; — I' that extends h; : I'; — I'.

1.2.3 Free Products with Amalgamation

Free products of groups are a particular case of the well-known amalgamated
products: consider two groups I'y and I's that have a common subgroup H.
There are two homomorphisms hy : H — I'y and he : H — I'y. The amalga-
mated product is then defined as the free product I'y *I'2, modulo the relation
hi(a) = ha(a), for all a € H, and this product is denoted by

Fl *H FQ. (12)
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The universal property that characterizes the free product with amalgamation
is as follows: for a group I' and two homomorphisms hy : H — I'y and
he : H — T9 such that hi(a) = ha(a), for all a € H, there is a unique
homomorphism A : I'y xg 'y — I' that extends hy and hs. More details can
be found in [15, Section II1.14].

1.3 Introduction to Amenability

Amenability is a widely used concept, defined in several (equivalent) ways: we
will give a brief description of a few different definitions.

1.3.1 Definition by von Neumann

The original definition was given by von Neumann. In his work [59], he was
referring to amenable structures calling them measurable, here we quote his
words:

“Sei 91 eine beliebige Menge, 20 eine Teilmenge von 9 und & eine
Gruppe eineindeutiger Abbildungen von 9t auf sich selbst.

Von einem allgemeinen nichtnegativen additiven und gegen alle Abbil-
dungen aus & invarianten Mafl in 997 das durch 20 normiert ist kurz:
einem [, 20, &]-Mafl verlangen wir:

Jeder Teilmenge 91 von M sei eine Zahl u(MM) > 0 zugeordnet, derart
dass

o’. Wenn 91 und B elementfremd sind, so ist
PN+ B) = p(N) + u(P).

B'. Wenn o zu & gehort, so ist

~'. Es ist

Die Frage ist nunmehr offenbar: wie miissen 901,20 und & beschaffen
sein, damit ein [91, 2, B]-Maf existiert?”

Roughly speaking, he defined a discrete group 9t to be amenable (here “mea-
surable”) if there is a finitely additive probability measure defined on all sub-
sets of M, which is invariant under left multiplication by elements of 9.

1.3.2 Growth Functions and Fglner Sequences

Consider a group I', generated by a finite symmetric set S. The growth func-
tion B(I',S,k) is the number of vertices in I' such that their distance from
the origin is at most k. In other words, denoting by B the set of all these
elements:

B(I', S; k) = Card(By,).
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The corresponding growth series is defined as

BT, S | z) = ZﬁFSk

k>0

Another fundamental tool is the so-called spherical growth function, defined
as follows:

o, S;k) :=pT,S;k) — BT, S;k—1),

where of course o(I", 5;0) = (I, S;0) = 1. Analogously, we can define the
spherical growth series

SI,8]2) =Y 7 => "o, S k)"

zel k>0

For more details, we refer the reader to [15, Chapter VI].
Define the S-boundary of a subset A C T as:

0sA:={y ¢ A and ys € A for some s € S}.

At this point we can define the Fglner sequence: it is a sequence of finite
subsets (Fj)g>1 s.t.

i Card(Fy, U 0sFy,)

= 1.
hooe  Card(Fy)

A group is said to be amenable if it has a Fglner sequence.

In [59], von Neumann showed that if a group contains a copy of Fa, then
it cannot be “measurable” (amenable). It follows that every free product of
groups (except for Zsg * Zs) is non-amenable.

1.3.3 Isoperimetric Inequalities

Another definition of amenability comes from the following concept: the isoperi-
metric number of a group G, denoted by ¢(G), is defined as

Card(0sA)

(&)= I ()

where A denotes a finite set, and dgA denotes its boundary.

If «(G) = 0, then the group is amenable, while if ((G) > 0 the group is
non-amenable.

In the setting described in [64, Section 1.4], the isoperimetric inequality is
presented on a network, i.e. a reversible (and irreducible) Markov chain. We
denote the network by N' = (X, E, r(-)), where X is a countable set, E the set
of its edges, and r(-) a real function defined on E. We remark that in a more
physical context r({z,y}) is called the resistance of the edge {z,y} € E.

Consider a function f : X — R, finitely supported. Its Sobolev norm is

1 1f(@) = f(y)]
D=3 2 S

defined as follows:
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If r(-) is a symmetric function (i.e. r({z,y}) = r({y,z})), we can define

1
@)= 2

r
yeX

moreover, if this function is positive and finite for every x € X, then

1
Pl Y) = e @)

defines a reversible Markov chain on X, i.e. m(z)p(x,y) = m(y)p(y, z) for all
xz,y € X.

Remark 1.3.1. The matriz P := (p(x,y))myex is often called transition
matrix of the Markov chain.

Another norm can be considered for f, i.e. the norm in (X, m):

1/p
1fllp = (Z \f(x)\pm(x)> ;

zeX

whenever this sum converges.

At this point, fix a value 1 < d < co. We can define the d-dimensional
isoperimetric inequality (ISy): let P denote the transition matrix described in
Remark 1.3.1, then we say that (X, P) satisfies IS, if and only if there exists
a constant x > 0 such that

< .
e, < RS
It holds (see e.g. [64, Section I1.10]) that

IS, is satisfied <= X is non-amenable.

1.3.4 Spectral Radius and Amenability

Here we present a criterion for amenability due to Kesten (see [33]). This
result will be used all throughout this work. At this point we just explain the
main idea, for more details we refer to e.g. [64, Section II.12].

Let P denote the transition matrix of a (symmetric) reversible Markov
chain (as mentioned in Remark 1.3.1), and let P™ be its n-th power. Define

1

p:= lim <p(”) (z, y)) ",

n—o0

where (p(") (w,y))xyeX are the entries of P". The quantity p < 1 is called
spectral radius of the Markov chain associated to P.

In [33] Kesten showed that
p<1l <+ ISy is satisfied,

giving a criterion connecting a geometric property of a group with a symmetric

random walk (Markov chain).
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Chapter 2

Boundaries and
Compactifications

In this chapter we recall the definitions of the end compactification and the
Martin compactification.

2.1 End Compactification

Let I be a finitely generated group, then we recall the fundamental definitions,
for further details we refer the reader to [64, Section 21].

(i) A ray is a semi-infinite, non-backtracking path [zg, 21, z2,...], i.e., x; #
xj if ¢ # j. At this point, we would like to be able to distinguish rays
ending up into different “zones” at infinity, therefore we introduce an
equivalence relation. Two rays 77 and 79 are equivalent if and only if
there is a third ray which shares infinitely many vertices with n; and 7.

(ii) An equivalence class of rays is called end.

(iii) The set of equivalence classes of rays is called the end boundary of T,
denoted by OI'.

We would like to remark that from a wider (topological) point of view, the
end-compactification is a particular case of the so-called £-TOP, which was
introduced and studied mainly by A. Georgakopoulos (see e.g. [21] for an
introduction on the topic).

2.1.1 End Compactification of the Free Product

The graph X of I" (free product of groups or free product with amalgamation)
is a countable, connected, locally finite graph with a distinguished vertex e
which we will refer to as the root. I' is a finitely generated group: denote by
S its generating set.

A path in T is a finite sequence of vertices [xg,x1,...,Z,] such that there
is an edge from z;_1 to z; for each i € {1,...,n}.
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At this point we can naturally define two types of metrics on X: the so-
called Cayley graph distance and the block length.
W.r.t. the first, we denote by l(u) the length of u € T relatively to e. In
particular for every element u € I' we have
J
l(u) := min{n € N:u:slfls?...sfj, sieS(Vi=1,...,7) and Zk:j =n}.
i=1
We say that a geodesic of u is a shortest path from e to u. W.r.t. this metric,
the geodesic is not necessarily unique (this fact will play an important role in
Chapter 7).
Naively, we can think of /(u) as the minimum amount of edges that we
need to cross in order to connect e to u.

The second definition of distance comes naturally by looking at Equation
(1.1): the block length of a word u = uy ...u, € T, is given by

llul| = lut ... upl| :==n.

Since e represents the empty word, we define ||e|| = 0.
Later on we will investigate situations in which the graph length of an
element differs drastically from its block length.
There are different types of ends occurring in the Cayley graph X of I':
denote by
QZ(O) := set of ends arising from Aj,

and by €, the set of ends we will refer to as “infinite words”, more precisely

N
Qoo := { T1T2T3... € (U F@\{G@}> |$j € Fk\{ek} = Tj+1 ¢ L'y \ {ek}

i€
For w; € QEO), let n = [ei,y1,Y2,...] be an element of the equivalence class
w; and choose a geodesic = := [zg,Z1,...,zy,] from xg to x,. Then, the ray
xn = [xo, T1, ..., Tn,Y1,Y2,...] describes an end in I', denoted by zw;.

For simplicity of notation, we set €2; := {xwi |z el w; € QEO)}.
At this point, it is easy to see that €2, i.e. the set of ends of X, can be
decomposed in the following way:

Q=0 U UQU---LUQ,,,

where L denotes the disjoint union.
Observe that §2; is empty if and only if I'; is finite. Thus, if all factors I';
are finite, then Q = Q.

2.1.2 How to measure the Boundary

In order to estimate the size of 2 we need to define a metric on it. We say
that an end wy € Q is contained in a connected component of X if all its
representatives have all but finitely many vertices there.
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By removing any finite subset ' C X (including the edges connected to
vertices in F'), there is a unique connected component in the reduced graph
X \ F, containing a fixed end wy. We call this component the wi-component
and say that wq ends up in this component.

Denote by By, := {z € I' | I(z) < m} the ball centered at e with radius
(w.r.t. the Cayley graph distance) m > 0.

Let us consider two different (i.e. non-equivalent) ends wy,ws € €. Since
they are not equivalent, there is a maximal m € Ny such that w; and w9 end
up in the same connected component of X'\ B,,—1. We denote by c(w;,ws)
this maximal integer m. The metric on 2 that we will use is defined by

do(wy,ws) == aclwrw2) (2.1)

where « € (0, 1) is arbitrary, but fixed. Additionally, we set dg(wq,w;) := 0.
The ball B(w,e) centered at w € 2 with radius € > 0 is given by all
elements w € Q such that do(w,w) < e. In other words, if ¢ = o™ then
@ € B(w,¢) if and only if w and @ end up in the same component of X'\ By, —1.
A cover of a subset € C Q is a finite or countable set of balls of the form
B(w,¢) with w € " and £ > 0 such that the union of these balls contains €.
For every w € " and € > 0 let N.(©') be the minimal amount of balls of the
form B(w,¢) needed to cover . It is easy to see that N.(£2') is bounded from
above by the number of elements in I' at graph distance m = [log(e)/log(a)].
At this point it is natural to introduce the lower and upper box-counting
dimension (also known as Minkowski dimension) of Q', defined as

l N Q/ - l N Q/
BD(QY) = liminf BV d BD(@) = limsup 128N,

2.2
el0 —loge 10 —loge (22)

If the two limits are equal, the common value is called boz-counting dimension
of €', denoted by BD(£Y').

Another well-known tool to estimate the size of ' is given by the Hausdorff
dimension, defined as a function of the Hausdorff measure. For § > 0, the J-
dimensional Hausdorff measure of Q' is defined by

Hs(Y —181?01111{'{26

Then the Hausdorff dimension of ' is defined as

("5i)}i is the smallest cover of ' s.t. ¢; < 6}.

HD(Q) :==inf {0 >0 | Hs(Q) =0} =sup{6 >0 | Hs() =oc0}. (2.3)

Since X has bounded vertex degree, we have HD()') < oco. It is well-known
that, for all Q' C Q,
D(©Y) < BD(Q).

2.2 Martin Boundary

The aim of this section is to give a short introduction to the Martin Boundary:
the interested reader can find more details and references in [64, Section 24].
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The Martin boundary is an analytical object associated to a structure with
a random walk defined on it.

Throughout the work, we consider different structures: here we give a
general introduction, and we will recall these concepts later on, when needed.

Let us consider a finitely generated, non-amenable group I' equipped with
a random walk with n-step transition probabilities denoted by p(™ (z,y), for
all z,y € I'. In the next sections it will be explained and made rigorous what
we mean by this.

Since I' is non-amenable, the power series

G(z,ylz) =Y p™(x,y)2" (2.4)
n>0
has radius of convergence R > 1 (this is a consequence of Kesten’s result, see

Section 1.3.4), and this holds for every z,y € I'.
A function h : I" — R is said to be z-harmonic if
h(z) =2 p(z,y)h(y)
yel
for all x € I'. We work in the space of all positive z-harmonic functions, and
in order to do this we need to assume 0 < z < R (see e.g. [64, Section 24] and
references therein). This abstract space is completely described by the Martin

boundary, which we introduce in the following.
For 0 < z < R we set t := 1/z and we define the Martin kernel as:

G(z,9]2)
Gleyl2)’
where G(z,y|z) is defined in (2.4) and e denotes the identity element of the
group I'.

K(z,y|t) := (2.5)

The Martin Compactification I, of T (this depends not only on I', but also
on z and on p), is the unique smallest compactification to which all kernels
K(z,-|t) extend continuously.

The Martin Boundary is M, := I, \T.

Remark 2.2.1. As explained in [64, Section 24], the term “smallest” refers
to the partial order of compactifications, where idr extends to a continuous
surjection from the larger to the smaller compactification. Equality means in
this contest that the two compactifications are homeomorphic.

For more details the interested reader is referred to [62], [64, Section 24]
and references therein.

For various interesting results (that go beyond the aims of this work) about
the Martin boundary of nearest neighbor random walks on trees and non-
amenable graphs, we refer to [48] and [49].

For more detailed explanations and direct computations for Martin bound-
aries of Cartesian products, we refer to [51] and [50]. In particular, we would
like to mention that in [51, Corollary 4.3] the Martin boundary of T, x T}, (the
Cartesian product of two homogeneous trees of degrees a and b respectively)
is computed explicitely.



Part 1

Random Walks
on Free Products
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Chapter 3

Construction of a Random
Walk on a Free Product

In this chapter we describe how to define a random walk on a free product,
and this concept will be used as well in the context of branching random walks

(Chapter 7).

3.1 Main Definitions and Visualization of a Free
Product

Let us introduce some notation that will be used all throughout the first two
parts of our work; for more details we refer to [64]. Let I be a finitely generated
group with identity e (the group operation is written multiplicatively) and
generating set S, and fix a probability measure p such that supp(p) = S.

The random walk on I' governed by p is the Markov chain with state
space I' and transition probabilities given by p(x,y) = u(z~'y) for z,y € T.
Therefore the random walk starting at « € I can be written as

Xn:$771"'77na nZOa

where 7); is a sequence of iid random variables with common distribution .
The law of X, is the n-th convolution power u(™ of u, and if not mentioned
otherwise the random walk starts at the group identity e. For every two

elements xz and y of I', we denote by
P (a,y) = P[X, = y|Xo = 2] = p" (27 y)

the probability to go from x to y in n steps. Furthermore, we always assume
the random walk to be irreducible, i.e., for all z,y there exists a k € N such
that p®) (z,y) > 0.

We say that p is symmetric if p(x) = p(z~1) for all z € T

Given a finite set of integers Z := {1,2,...,r}, where r > 2, consider r
finitely generated groups I'1,...,I'.. Each of these groups has a presentation

of the form I'; = (S; | R;), where S; is a symmetric generating set, and R; is
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the set of relations. The free product (refer to Equation 1.1) can be written
as
T erl*...*rr = (Sl,...,Sr | Rl,...,Rr>.

We exclude the cases where I'; is the trivial group and the case r = 2 with
Card(I';) = Card(I'2) = 2.

From now on, in order to simplify the notation, we define I'; :=T'; \ {e;},
for every ¢ € Z. Hence, the free product I' defined in Equation (1.1) can be
written as

F:{xlxg...xn ’I’LGN,ijUFiX,,IjEF;Z>$j+1§éF; }U{e}.
€L

We associate to each group its Cayley graph with respect to the finite gener-
ating set S. In this context we will be more precise than in Section 1.1.2.

The Cayley graph X = X(I',5) has vertex set V(X) = I', and the edge
{x,y} is an element of E(X) if and only if 271y € S.

From now on, X will denote the Cayley graph of the free product. Its
construction is as follows: consider the Cayley graphs X7, ..., &, of the factors
I'y,..., I, respectively, w.r.t. the (finite) symmetric generating sets Si, ..., S,.
Take copies of X7,..., X, and glue them together at their identities to one
single common vertex, which becomes the representation of the empty word
e. Inductively, at each vertex v = vy ... v, with vy € I'; attach a copy of every
X;, j # 1, identifying v with the identity e; of the new copy of X.

Example 3.1.1. According to the previous construction, the Cayley graph of
the free product (Z/27) x (Z/3Z) looks like the one in Figure 3.1.

)\fL

A

Figure 3.1: Cayley graph of the free product (Z/2Z) x (Z/3Z).

3.2 Definition of a Random Walk on I

Assume that on every free factor I';, i € Z, we are given a symmetric proba-
bility measure p; defined on the (finite) set of generators S;. In other words,
we can consider a random walk defined on each factor I'; governed by u;.
The most natural way to construct a random walk on I, is to start from
the ones defined on its free factors, and to make a convex combination out of
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them. Each of these random walks is irreducible, and for sake of simplicity,
we assume p;(e;) = 0 for every i € 7.

In order to fix the notation, the single-step transition probability of the
RW defined on I'; is denoted by p;(z,y) := ui(z~'y), (for all z,y € I';), and
the n-step transition probability is denoted by pz(n) (x,y) = ,ufm (xy).

We lift p; to a probability measure pi; on I by defining:

~ wi(x) ifxely,
fi(x) == _
0 otherwise.

Now let us fix positive real numbers a1,...,a, such that ), ;a; = 1. We
construct a probability measure defined on S = S; U...U S, (which is the
generating set of I') by a convex combination of the fi;’s, i.e.

W= Zaiﬂi. (3.1)
1€T
The random walk on I' starting at e and governed by u, is hence defined as
follows: for x,y € I', the associated single and n-step transition probabilities
are given by p(z,y) := p(z~'y) and p™ (z,y) := pu(™ (2= 1y) respectively.

Remark 3.2.1. Intuitively, the coefficients c;’s can be thought as “weights”:
«; is the weight of the measure p; relatively to . If a oy is very large (very
close to 1), then it seems plausible that the random walk governed by p will
behave like the one defined on I'j. Later on (see Chapter 6) we will see that
this heuristic explanation lies at the basis of one of our main results.

3.3 Main Tool: Green Function

The aim of the first part of this work is to find the asymptotic behavior of the
non-exponential part of () (e). In order to achieve our results, we investigate
the so-called Green Functions, which are defined through series: the type of
their singularity contains fundamental information that we can exploit for our
purposes.
First of all, we should introduce some notation.

For a function f : D C C — C such that f(z9) =0, for zo € D, 0 < g € R and
k € Ny, we write:

f(z)

B A oeR (s — 2 i im =9

f(z) = o((20 — 2)7log" (20 — 2))  if S (20 — 2)41og" (20 — 2) "

F(2) = O((20 — 2)? log" (29 — z)) if 0< ZILIQO (20 — Z)qﬁ?k(zo —z) =
f(2) = O((Zo gt 1ng(Z0 _ z)) if  limsup f(2) < 00.

2oz (20 — 2)2logF (29 — 2)

Furthermore, we introduce the order relation =<, we write

(20 — 2)™ log" (20 — 2) = (20 — 2)% log" (2 — 2)
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if (20 — 2)®log" (29 — 2z) = O((20 — 2)@ log" (29 — 2)).
What the value zy represents, will be clear from the context.

For z € C, the Green functions associated to the random walks on I'; and
I' are defined as

Gi(z) == Zugn)(ei)z" and G(z):= Z,u(")(e)z",
n=0 n=0

respectively.

The corresponding radii of convergence are denoted by R; and R respectively.
According to Pringsheim’s Theorem, these values are the smallest singularities
of the above defined functions.

We would like to point out (recall Section 1.3.4) that R > 1, since I is
non-amenable (see e.g. [64, Corollary 12.5], recalling that R is the inverse of
the spectral radius of the random walk). In the following we assume that G;(2)
is exactly d;-times differentiable at z = R;, for some non-negative integer d;.

The next assumption will be fundamental:

Assumption 3.3.1. Whenever G;(R;) < oo, the expansions of the Green
functions Gi(z) in a neighborhood of z = R,; have the form

Gil2) = g (Ri—2)"+ Y g7 (R;—2)?logh(R; —2)+ O ((Ri—2)"+2),
k=0 (¢,k)eT;

where T; is a finite subset of {(¢,k) € R x Ny | d; < ¢ < d; +2}. In other

words, up to order (R; — 2)% %2, the only “admissible” singular terms are of

logarithmic and algebraic type.

Remark 3.3.2. Higher order terms are not necessary for the computation of
the non-exponential type of the n-step return probabilities of the random walk
on T,

Remark 3.3.3. Let us also emphasize that, in the case G;(R;) = oo, we do
not need any assumptions on the singularity type.

In the following we want to motivate this assumption on G;(z): this prop-
erty is satisfied in several well-known cases, e.g., the Green functions of nearest
neighbor random walks on the d-dimensional lattice Z¢ have such an expan-
sion, see Proposition 5.3.1.

With some effort, it can be proved that also Z? x (Z/nZ) satisfies As-
sumption (3.3.1) by the same methods used for Z¢. Moreover we will prove
our main result by induction on the number r of free factors of I': we will
show that Assumption (3.3.1) is stable under free products, except for some
degenerate cases (see Chapter 5).

3.4 More Generating Functions

In the following we look at free products of the form I'y xI'9, while free products
with more than two factors are discussed in Section 5.2.



3.4 More Generating Functions

21

Let us consider z € C, i € {1,2} and s; € supp(u;). For all s € supp(u) =
supp(p1)Usupp(ug) we can define the first visit generating functions as follows:

Risilz) = SOPIXED = eovm < X0 £ 0| X = ]2
n>0

F(s‘z) = ZP[Xn =e,Vm < n:Xn #G‘XO :s] 2",

n>0

(3.2)

where (X,(Li))neNO
tioning on the number of visits of e; the functions F; (si|z) are directly linked
with G;(z) via

denotes the random walk on I'; governed by u;. By condi-

1
1- Zlesupp(M) IU'Z(SZ) z E(SZ‘Z) .

In the following we summarize some important basic facts, we will refer to

Gi(z) = (3.3)

Woess [64] for further details. We will make a wide use of the following func-

tions:
a1z
C(2) := ;
) = s ) F (]
(3.4)
a9z
Ca(z) == 2

L= 012 32 coupp(u) M1 (81) F(s1]2)

Remark 3.4.1. (;(1) is the probability that the process (starting at e) makes
a step from e into I'; within a finite time.

Remark 3.4.2. For s; € supp(u;) we have F(s,|z) = Fz(s,‘g(z)) The
interested reader is referred to [64, Proposition 9.18¢c)] for more details.

By [64, Equation (9.20)] and (3.3), the functions F;(s;|¢i(2)), Gi(z) and
G(z) satisfy the following relations:

Gi(2) .
1= 37 compp(u) Hi(51) Gi(2) Fi(si]Gi(2))

Hence, in order to get a singular expansion for G(z) in a neighborhood of

@; 2G(2) = Gi(2)Gy (G(2)) =

(3.5)

z = R, we need to expand (;(2).
We recall that (see [64, Proposition 9.10]) there are functions ®;, i € {1,2},
and ¢ with the following properties:

Gi(z) = ;(2Gi(2)) and G(z) = ®(2G(z)) (3.6)

for all z € C in an open neighborhood of the intervals [0,R;) and [0,R)
respectively. In particular, denoting by

HZ- = RZGZ(RZ), and 0= RG(R),

the functions ®; and ® are analytic in an open neighborhood of the intervals
[0,0;) and [0,6), strictly increasing and strictly convex in [0,6;) and [0,0)
respectively.
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Construction of a Random Walk on a Free Product

In order to proceed with our discussion, we need to define a few further
functions, which will play a fundamental role in the next part of the work:

U,(t) := ®;(t) —tDi(t) and  W(t) := B(t) — td'(¢). (3.7)

7

It turns out that (a proof of this fact can be found in [64, Theorem 9.19]) the
following relations hold:

‘I)(t) = q)l(alt) + (I)Q(OZQt) —1 and \I’(t) = \Ifl(ozlt) + \I’Q(Oégt) — 1. (38)

For simplicity of notation, we write W;(6;) := lim;_,g,_ V;(¢). Moreover, define

A . {91 92}
f:=min< —, — 5,
o1

then we will write ¥(6) := lim, ,5_ V(¢) as well.
Despite the fact that we should be very careful not to create confusion
between the quantities # and @, we will see in the next chapter that, in the

situations we are interested in, they coincide (see e.g. [64, Theorem 9.22]).



Chapter 4

Case Distinction

In the next sections, we will make a case distinction according to the finiteness

of G;(R;) and G;(R;), as well as to the sign of ¥(6). We will prove our results
separately for each situation.

4.1 Case V(0) <0

Let 0 denote the period of the random walk. In this case it is known that (see
e.g. [64, Theorem 17.3]) the n-step return probabilities of the random walk
on I' behave asymptotically like

M(né)(e) ~C - R—n6 . 7”L_3/2.

Moreover the Green function of the random walk on I' has the form (see e.g.
[64, Proposition 17.4] or [19, Section VI.7]).

G(z) = A(z) + VR — 2 B(z), (4.1)

where A(z) and B(z) are analytic functions in a neighborhood of z = R, and
moreover B(R) # 0.

As usual, let us denote by S; a finite, symmetric set of generators for I';,
i € {1,2}. If each S; contains at least one element of order larger than 2,
then p71, po and o can always be chosen in a suitable way in order to obtain

U(#) < 0, provided that supp(p;) = Si. A proof of this fact can be found in
[10] and [64, Corollary 17.10].

Example 4.1.1. A particular case where the Green function is of the form
(4.1) is the free product T'y x T'g for finite groups I'y and T'y, see [63], but the
easiest example we can think of, is the homogeneous tree.

Motivated by Example (4.1.1), we assume from now on that at least one
out of I'y and I's is infinite, and we may restrict our investigation to the cases

¥ (f) > 0 and ¥(6) = 0.
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4.2 Case V(0) >0

We start by remarking some important facts about the case ¥(6) > 0.

We have that = § and G(R) < oo, see [64, Theorem 9.22]. Furthermore,
by [64, Lemma 17.1.a)] it holds that (;(R) < R; for ¢ € {1,2}, with equality
if and only if 6 = 0;/«;.

Throughout this chapter we assume that G (z) and Ga(z) are differentiable
d; > 1 times at their radii of convergence, and they satisfy Assumption (3.3.1).

In this setting we can apply the well-known method of Darbouz (the reader
who is not familiar with this method, can get a flavor of the idea by reading
Appendix A, Section A.1). This yields that the n-step return probabilities
of the random walk on I'; behave asymptotically like the coefficients of the
Taylor expansion of the leading singular term in (3.3.1) in a neighborhood of
z=R.

Denote by .%(z) = (R; — 2)% loghi(R; — z) the leading singular term
(i.e. the smallest term of the singular expansion w.r.t. =) ie., ¢ > ¢ or
(g =qi Nk < k) for all (¢,k) € T; \ {(¢,k:)}, then the coefficients of .7;(z)
in a neighborhood of z = R behave asymptotically like the n-step return
probabilities on I';. More precisely, their behavior is asymptotically of type
CA}RZ-_”(S%*AZ' log™(n), where

6 == ged{n e N | ,ul(-n)(ei) >0}
is the period of the random walk on I'; and

{k if g; ¢ N,

Ai=¢q;+1 and k; 1=
ki —1 ifg eN.

(4.2)
Analogously, § := ged{n € N | w™(e) > 0} = ged{d1,...,0mm} is the period
of the random walk on I". For more details on the asymptotic behavior of the
coefficients for the expansion of (R; — )% log" (R; — z) in a neighborhood of
z = R, see e.g. Flajolet and Sedgewick [19, Chapter VI.2].

The method of Darboux needs some differentiability assumptions at z =
R;; therefore, we need the expansions of G;(z) up to terms of order (R;—z)%*2.

We point out that another — modern — tool to handle singular expansions
as in (3.3.1) is Singularity Analysis, introduced by Flajolet and Odlyzko in
[18]. For a brief explanation on this method, we invite the reader to take a
look at Appendix A, Section A.2. However, in our context it turns out that the
verification of the specific requirements of this method is quite cumbersome
as one can also see in the work by Lalley [34].

The aim of this section is to prove the following;:

Theorem 4.2.1. Assume that G1(z) and Ga(z) are differentiable at z = Ry
and z = Ry respectively, and satisfy Assumption (3.8.1). If S1(z) 2 S(2)

and W(0) > 0 then:

090y o JOL R T og™ (n), - if on 2 5,
Co - Rfmg .nTA2 . lognz (n)7 lf a1 < 919T192’
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for some constants Cy,Co > 0.

Recall from Remark 3.4.2 that F'(s;|z) = Fi(s;]Ci(2)) for all s; € supp(f;).
Then we rewrite (3.4) as follows:

az = Cl(z)<1—agz Z MQ(SQ)FQ(SQ\CQ(Z))>, (4.3)

sp€Esupp(u2)

axz = Cg(z)<1—alz Z M1(S1)F1(81\C1(Z))>- (4.4)

syEsupp(p1)

In the following we assume w.l.o.g. that § = 6 = 0 /a;, therefore according to
what mentioned at the beginning of the section, (1(R) = Ry and (3(R) < Ry,
with equality if and only if 8 = 61 /a1 = 02/ .

Remark 4.2.2. ¥() > 0 implies G'(R) < co: since ®' () < ®(0)/0 = 1/R,
by differentiating (3.6) we get

. ' (2G(2)) G(z)  @'())GR)

=R 1— 29 (2G(z2))  1-Rd(H)

G'(R) =
To make the notation more clear, define

D dl, if9_<92/oz2,
. min{dl,dg}, if@z@l/al 292/042.

Denoting by . (z) the main leading singular term, we have

y(z) _ {Yl(z), ifé<(92/0¢2,

min{.7](z), #2(2)}, if 6 =62/cs.

The next lemma shows that if G(z) is differentiable at its radius of convergence,
then the functions ¢(;(z) and (3(z) are as well.

Lemma 4.2.3. 0 < ({(R) < o0 and 0 < (3(R) < o0.

Proof. We prove the result only for ({(R), since the proof for ¢4(R) is com-
pletely analogous. We write

Hy(2) :== agz Z p2(s2) Fa (s2]¢2(2)).

sa€supp(p2)

Since (1(R) = Ry, we have H3(R) < 1; compare with the definition of (;(z).
Furthermore, the coefficient of 2™ in Hs(z) is just the probability that the
random walk on I' (starting at e) makes the first step w.r.t. us and returns
for the first time to e at time n. Thus, this probability is bounded from above
by 1™ (e), and consequently Hj(R) < G’'(R) < oo. Computing the derivative
of (1(z) in a neighborhood of z = R gives

o1 (1 — Ha(2)) + an zHj(2)
(1— Hy(2))”

Finiteness of ({(R) follows directly from the remarks above. O

Gi(z) =
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Under Assumption (3.3.1), the functions F;(s;|z), for i € {1,2} and s; €
supp(p;), are at least d;-times differentiable at z = R;, therefore we can com-
pare the n-th coefficients of F;(s;|z) and G;(z) as follows:

,ugn)(ei) > pi(sq) -P[X(i) =e¢;,Vm<n: X,(é) Ze; ‘ Xéi) = si].

n

Thus, we can rewrite these functions in the form

Fi(si2) anz — &)+ EO(s]2), (4.6)

where the coefficients f,(s;) are real numbers, and E®)(s;]z) = o((R; —z)%).
If we have (2(R) < Rg, then F5(s2|z) is analytic at z = (2(R) for all s9 €
supp(u2) and we can even write

Fy(sa|z) = an (s2)(G2(R) —2)".

n>0

Our first aim is to find out the right order of E()(s;|z). An intermediate result
that will be useful to get to this goal, is Lemma 4.2.4. It shows that between
order d; and d; + 2 in the expansion of 37, c o) 1i(s3)2EW (s4|2), we can
have only finitely many singular terms.

Lemma 4.2.4. For z € C in a neighborhood of R,

S ilsi) 2 EO(silz) = eﬁz‘;,ki)(Ri—z)% log" (R; — 2)+
s;€supp(p;)

+ Z (q k - Z)q logk(Ri — Z) + 0((Rz _ Z)dH'Q),
(¢.k)ET;
where e(q ks) # 0 and T s a finite subset of

{(¢,k) eRx Ny |di <q<di+2,g>q or(g=q=k<k)}.
Proof. Define the first return generating function
Ui(z) == Y palsi) 2 Filsilz). (4.7)
si€supp (k)

The expansions of U;(z) and G;(z) have the same leading singular term since
both functions are d;-times differentiable in a neighborhood of z = R,;. This
can be seen very clearly with the help of the well-known (see [64, Lemma 1.13])
relation

Gi(z) =1/(1 = Ui(z)).

Therefore, we have expansions

ng ¥+ Rg,(2) and Ui(z Zu * + Ry, (2),
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where Rg,(z) = Oc(Si(2)) and Ry,(z) = o((R; — 2z)%). Plugging these ex-
pansions into G;(z)(1 — U;(z)) = 1, and taking all polynomial terms to one

side, we get
(1= Ui(R0)) R, (2) = Gi(R) Ry = p(2) + o((Ri = 2) 1),

where p(z) is a polynomial. This equation implies that the right hand side is
of order O((R; — 2)411), ie. Ry,(z) = Oc(H(2)) and we can write

Ui(=) = Y uf) (R = 2)F +ul) | Si(2) + R (2),
k=0

where Ry, (z) = 0(S;(z)). Plugging this expansion into G;(z)(1 — U;(z)) = 1,
comparing the error terms and iterating the last steps, together with using
(4.6) in (4.7), yields the claim. O

Recall the definition of D from Equation 4.5. The next goal is to show that
both (i(z) and (2(z) are D times differentiable in a neighborhood of z = R.

Proposition 4.2.5. There are real numbers xg,x1,...,xp and Yo, Y1,---,YD
such that

D D
) =Y s R—2)F + X0 (2) and G(2) =y (R—2)F + X5 (2),
k=0 k=0

where Xl()l)(z) =o((R—2)P) and Xg)(z) =o((R—2)P).

Proof. Our strategy is to determine xzg,z1,...,zp and yo,y1,...,yp induc-
tively. By Lemma 4.2.3 we can rewrite (1(z) and (2(z) as follows:

G(2) =Ry — ((R) (R — 2) + X1V (2), where X{V(2) = o(R - 2),

(4.8)
G2(2) = G(R) — G(R) (R — 2) + X{7(2), where X{”(2) = o(R — 2).

Thus, we have determined zg, z1 and yg,y1. Now assume that for some t < D

we can write

t t

G(z) = Zxk (R—z)k—i—Xt(l)(z) and (o(z) = Zyk (R—z)k—i—Xt(Q)(z), (4.9)
k=0 k=0

where Xt(l)(z) =o((R—2)") and Xt(z)(z) =o((R-2)").
By (4.6) we have

Fi(sil2) = ¥ gan(s)(Ri—2)"+EW(s1]2) and

(4.10)
Fy(salz) = YN bn(s2) (@) = 2)" + E®(s9]2),
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where B0 (s]2) = o((Gi(R) — 2)P). We use the expansions (4.9) and (4.10)
and plug them into Equations (4.3) and (4.4), and obtain the following system:

arz = (Z i (R —2)" + Xt(l)(z)) [1 —mR-R-2) > pals)
k=0

s2€supp(p2)

: [i ba(s2) (~ iyk R-2)" - X (2)) " + B (32\@(@)” :
n=0 k=1 (4.11)

t

ass = (X (R — 2+ X2(2) [1 C®R-R-2) Y ms)

k=0 s1€supp(p1)

: [i an(sl)(— ixk (R—2)F — Xt(l)(z))n +E® (s1|G (z))” .
n=0 k=1

We bring all polynomial and higher order terms to one hand side: by compar-
ison, we see that a convex sum of Xt(l)(z) and Xt(Q)(z) is of the desired order
O((R—2)):

PG +o(R-2)7) = [1-aR 3 palsa)bo(s2)| X{V(2)

sa€supp(u2)

+[azR1R Z Mz(sz)bl(sz)}Xf)(Z)a

spEsupp(u2)

PP (2) +o((R—2)""") = [al@(R)R > M1(81)a1(51)]Xt(1)(z)

s1€supp(p1)

+[1—a1R Z u1(51)a0(81)}Xt(2)(2),

s1€supp(p1)
(4.12)

where Pt(l)(z) and Pt(2)(z) are polynomials in the variable z. By assumption
on Xt(l)(z) and Xt(Q)(z)7 the right hand sides of (4.12) are of order o((R —
z)!). Therefore, the left hand sides have to be of order O.((R — 2)"*!), and
consequently the right hand sides are also of order O.((R — z)"*1).

It still remains to show that both Xt(l)(z) and Xt(Q)(z) are O ((R—2)1).
For this purpose, we show that the coefficients of the convex sum are linearly
independent proving that the matrix of the coefficients has non-zero determi-
nant.

Define the matrix M = (m;j)1<i j<2 by

min = 1—mwR Z p2(s2)bo(s2),
sa€supp(p2)
mi2 = awRiR Z p2(s2)b1(s2),
s2€supp(p2)
mo1 = a1((R)R Z pa(s1)ai(s1),
s1€supp(p1)
Mmoo = 1-— OélR Z ul(sl)ao(sl).

s1Esupp(p1)
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Then the system (4.12) is equivalent to

v [ XY _ [ ele
X (2) Q) )
where le)(z) = O.((R—2)""") and QgQ)(z) = O.((R—2)"1). If the matrix
M is invertible, then obviously Xt(l)(z) = O.((R — 2)"*!) and Xt(z)(z) =
O.((R- z)tﬂ).
Therefore we prove that M is indeed invertible: the last part of the proof

is devoted to show that det(M) # 0.
We start by differentiating Equations (4.3) and (4.4) in the variable z:

m= (02 3 mle)B(nl6E) —w Y ) F(s]6:)6:) )

sa€supp(p2) sz €supp(pz)

FAE (10 Y ma(so)Pa(selGa(2)) ).

sz €supp(puz2)

=01 3 mleDREIGE) —me Y mE)F 6106(:)E(E)6:)

s1€supp(p1) s1€supp(p1)

+§§(z)(1—alz > M1(81)F1(51|C1(2)))-

s1€supp(p1)

We would like to point out that in the expansions given by relations (4.10) we
have:

ao(s1) = Fi(s1/Ra);  ai(s1) = —Fi(s1|R1)
bo(s2) = Fa(s22(R));  bi(s2) = —F5(s2/C2(R)).
Substituting these values in the above system and letting z — R yields

o] = <—042 Z MQ(SQ)bQ(SQ) + CYQR Z M2(52)b1 (SQ)Cé(R)) R1

s2€supp(p2) s2€supp(p2)

+ Gi(R)may,

a2=<—041 Z ui(s1)ao(s1) + 1R Z ul(sl)al(sl)q(R))CQ(R)

s1Esupp(p1) s1Esupp(p1)
+ G (R)maa.

Since (1(R),2(R) > 0 and a1(s1),b1(s2) < 0, the last equations imply that
both mq1, mes > 0. We proceed by rewriting the last system:

QQRlRZSQEsupp(Mg) /’[/2(82)61 (SQ)CQ(R) = A - C{ (R)m117

a1@R)R Y couppun) M1 (s1)a1(s1)(G(R) = B — G(R)mao,

where we set

(4.13)

A= a1+ Ry Z p2(52)bo(s2)

sa€supp(u2)

B :=as+ a1((R) Z pi(s1)ao(s1).
s1€supp(p1)
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Multiplying side by side equations in (4.13) yields
((R)G(R)mizmar = AB — (i(R)mn B — G(R)maz A + (1 (R)G(R)mirmes.
The condition det(M) = 0 would imply

CiR)m1 B + G(R)meA = AB,

or equivalently,

AB — ¢i(R)mn B
m22A '

G(R) =
Furthermore, (4.13) implies
G(R) = (A= CG(R))/mu,

where C' := avsR1R ZSQESupp o) t2(s2)b1(s2) < 0. Plugging the last relation
into (4.14) leads to

(4.14)

GR) = GR),
Observe now that A, B,mos > 0 and C' < 0. This yields a contradiction in
the last equation, since 4(R) > 0. Thus, det(M) # 0.
At this point we proved that both Xt(l)(z) and Xt(z)(z) are O, ((R—2z)"*1):
in this way we obtain inductively the values xg,x1,...,xp and yg,v1,...,YD.

O

The next aim is to show that at least one of the functions Xl()l)(z) and

Xg)(z) has order O.((R — 2)% log (R — z)). To this end, we look at the final
step of the induction in the proof of Proposition 4.2.5. For ¢t = D, the system
(4.11) becomes

[1-aR Y m(s2)bolse)] - X5 () + [RiR Y. pa(sa)ba(so)] - X5 (2)

sa€supp(pz) sz €supp(pz)

—@Ry Y pals2) 2 B (s:)Ga(2)) = PR (2) + o((R = 2)P*1),

sa€supp(pz)
{al@ R Z w1 (s1)ar(s1 } XS)(z)qL [1 —oR Z ul(sl)ao(sl)} ~X](32)(z)
s1€supp(p1) s1€supp(p1)
—aiGR) Y pls) 2 BD(s1]G(2) = PL(2) + o((R = 2)PH),
s1€supp(p1)

where Pz()l ) (z) and Pg)(z) are polynomials in the variable z. By (4.8), we may
conclude that (G;(R) — ¢i(z)) = O(R — 2). Since (/(R;) < oo by Lemma
4.2.3, we have for 1 <p e R

(GR) = G(2)" = ((R)(R — 2))"
= C{(Ry)? (R — ) (1+o< )’
=O.((R—2)")

and
log(Q(R) — Q(z)) = log(CZ((RZ-)(R —z)+o(R — z))
=1log(¢{(R;)) +log(R — z) + log(1 + o(1))
=log(¢;(Ry)) + log(R — 2) + o(1).
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We remark that (14-z)P and log(1+2) are analytic functions in a neighborhood
of z =0.

In the following we denote by ¢ € {1,2} the index such that . (z) = .7,(2).
Then the computations above, together with Lemma 4.2.4, imply that

Z M(SL) z E(L) (5L|<L(Z)) = Oc((R - Z)qL logkL(R - Z)) :
s.€supp(p.)

With an analogous reasoning to the one that allowed us to finish the proof of

Proposition 4.2.5, we can conclude that
XW(2) = 0. (R — 2)% logh (R — 2)),
Xg)(z) = O ((R—z)* logh (R — z)).

Thus, what we have obtained, can be summarized as follows: the leading
singular term of (,(z) has the same order as the leading singular term in
the expansion of G,(z) if .7 (z) = .%,(2). Using (3.5), we conclude that the
leading singular term in the expansion of G(z) at z = R has the same form
as the leading singular term in the expansion of G,(z) at z = R,, namely
(R — 2)% logh (R — 2).

Recall that we assumed throughout this section that G;(z) is d; times
differentiable at z = R;. For an application of Darbouz’s method we need in
a first step the expansion of G(z) in a neighborhood of z = R up to terms of
order (R — z)P*+2. Thus, by (3.5), we have to extend the expansions of (;(2)
and (»(z) up to terms of order (R — 2z)P+2,

We present a result that is analogous to Lemma 4.2.4: the next lemma ensures
that there are only finitely many singular terms in the expansions of (;(z) and
C2(2) up to order D + 2.

Lemma 4.2.6. Fori € {1,2}, (;(z) has an expansion of the form

D
Y oR=2F+ D agm®—2)"og"(R - 2) +o(R - 2)7F?),
k=0 (a,k)ET

where T, x(qr) € R, T is a finite subset of
T:={(¢,k) eRxNy|D<g<D+2}.
In particular, if (qi, ki) € T with x(q, ) # 0 and (q,k) € T, then we have

Proof. Recall the expansion of 3, couon () 1i(8i) 2 E®(s|2) from Lemma 4.2.4.
Assume that (;(z) has already an expansion of the form

D

damR-2F+ D aw@® - 2)"1og" (R —2) +o(maxT’),  (4.15)
k=0 (¢,k)eT’

where 77 is a finite subset of % and

max T = mjx{(R —2)%1ogF(R — 2) | (¢, k) € T'}.
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In particular, x4, ) € T, and T(g; k) 7 0. We proceed with expanding the
next terms of (;(z) analogously to the proof of Proposition 4.2.5. For this
purpose, observe that for p > 1

D
(G(R) - G(2))" = (=) (R = 2 (1 + 3R -2
k=2
( k) 1k max 7"\ \”
+ Z % —2)4 tlog (R—z)+o(R_z)> .
(q,k)eT’
(4.16)
Analogously we have that
D
log(Gi(R) — Gi(2)) = C +1og(R — 2) + 10g<1 + Z ZZ1 e
k=2
+ Z z)qllogk(R—z)-{—o(H;XT’)).
(@h)eT" o7
(4.17)

We plug relations (4.15), (4.16) and (4.17) into Equation (4.6) and then ev-
erything into Equations (4.3) and (4.4). Finally we compare again the error
terms (we will repeat this procedure in each of the following steps). There-
fore, if max 7’ = (R — z)7log”(R — 2) then the next possible terms up to order
(R — 2)7 in the expansion may only be

(R - 2)ilog" (R - 2), (R — 2)1og" 2(R — 2),..., (R — 2)".

Analogously to the proof of Proposition 4.2.5 we determine step by step the
corresponding coefficients of these terms. The next term in the expansion of
¢i(2) has now the form (R — z)?1log®(R — z), where ¢ > ¢ is a sum of elements
from the finite set

{1,¢,—-11(q,") € TUT:}

where 7; has the properties described in Assumption (3.3.1). The value of ¢
is minimal such that ¢ > §. By relations (4.16) and (4.17) there is a maximal
k € Ny such that (R — 2)?1og®(R — 2) may be a non-vanishing next term in
the expansion of (;(z). Thus, we may iterate the last few steps again. Since
there are only finitely many possible values for ¢ such that a term of the form
(R — 2)%log"(R — 2) may appear in the expansion up to order (D + 2), we
have shown the claim. O

With the help of the last lemma we are now able to prove Theorem 4.2.1:

Proof of Theorem 4.2.1. We start by expanding (;(z) and (2(z) as in Propo-
sition 4.2.5. We have three possibilities:

1. oy > 61/(01 + 62), implying @ = 01 /o < 02/as. Moreover (1(R) = Ry
and CQ(R) < Ros.
Consequently the leading singular term in the expansion of (;(z) (and
(a(2)) is of the same type as .71 (z) = (R — 2)@ log" (R — 2).
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2. 0= (92/042 < (91/041, implying CQ(R) =Ry and Cl(R) < R;.
Therefore the leading singular term is .%(z) = (R — 2)% log"? (R — 2).

3. ai = 01/(01 + 65) implies = 01 /a; = O/as, therefore (;(R) = Ry and
G2(R) = Ry.
In this case the leading singular term in the expansions of {;(z) and (2(2)
is .7(2) = (R — 2)% loghi (R — 2), where j = 1, if #(2) < #(z), and
j=2,if yQ(Z) =< 5”1(27).

Like we did in Proposition 4.2.5, for the rest of the proof we denote by ¢ € {1, 2}
the index such that . (z) = .#,(z). Therefore, the expansion of the common
leading singular term of (;(z) and (2(z), namely .#,(z), in a neighborhood of
z = R has coefficients of asymptotic order proportional to R~"n~* log™ n

We will use Darboux’s method, described in Appendix A, Section A.1.
Briefly, the key of the method is the Riemann-Lebesque-Lemma. It states
that if a function H(z) = ) ,,~hn2" has radius of convergence Ry and if
H is k times continuously differentiable on its circle of convergence, then
h,R%nk — 0 as n — co. Thus, one identifies all singularities into one (which
is z = R) and subtracts parts of the expansion in a neighborhood of z = R,
such that the remaining part is sufficiently often differentiable on the circle of
convergence. Therefore the asymptotics of the coefficients h,, arise from the
main leading singular term of the singular expansion. We refer e.g. to Olver
[46, Chapter 8, §9.2] for more details.

Lemma 4.2.6 assures that we have a singular expansion of (;(z) up to terms
of order [\, ] = [q,| + 1 = D + 2, which allows us to apply Darboux’s method:
we get the asymptotic behavior of ;" (e) by plugging ¢;(z) into Equation
(3.5). Thus, the expansions of G(z) and of (;(z) have leading singular term of
the same type, namely (R — 2)% logh (R — z).

We still need to show that the expansion of G(z) at every singular point
on the disc of convergence has the same form. The singularities are exactly
the points Rexp(i27j/d) with 0 < j < J; see e.g. [64, Theorem 9.4]. Writing
z = ARwj, where w; = exp(i27rj/5) and A € C with |\ <1,

G(z) = Z ") (€) ARw; )"
n>0
= > U (AR = GOR) = G(z/w;).
n>0

Thus, for every j € {0,1,...,0 — 1}, we can expand G(z) in a neighborhood
of z = Rw; as follows:

ng — z/wj)F+
+ Z Gk (R = /)" 0g" (R = 2/w;) + O (Ruw; — 2)772),
(@.k)ET,
where again (like in Lemma 4.2.6) the set 7, is a finite subset of

{(,k) eERxN|D<q<D+2,q>qV(g=q=k<k)}
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~ ~

9(q. k) € T. where g(g 1,y # 0 and (¢, k) € 7, implies (q,,k,) = (g,k). There-
fore, the difference

-1
G(2) =D Y gam@®—2z/w;)?logh (R — z/w))

7=0 (q,k)eT,

is (D + 2)-times differentiable on the circle of convergence. Observe now
that the coefficients of the expansion of (R — z/w;)% log" (R — z/w;) in a
neighborhood of 0 behave asymptotically like C' (Rw;)™" n~ log™(n). We
can drop higher order terms in the above difference because the corresponding
coefficients have higher asymptotic order. Since G(2) = 3, <, u™2", we can

conclude that 5
-1
p™(e) ~ Z Cn~ log™(n)R™™ w; "
§=0

Observe that Z?;é w; " =0 if § divides n, and this sum is zero otherwise.
We remark that the asymptotic behavior of the coefficients in the singular
expansion of s%log" (s) near s = 0 are well-known; for more details we refer

to e.g. Flajolet and Sedgewick [19]. O

4.3 The Case V(0) =0

In this section (and only in this section) we work under the following assump-
tion:

Assumption 4.3.1. fori = {1,2} the quantities G;((;(R)) and G;(¢;(R)) are
finite.

The cases that do not satisfy Assumption 4.3.1 will be treated separately
in Chapter 5.
Analogously to what we did in Section 4.2, we can assume 6 = = 6, /.

The aim of this section is to prove the following:

Theorem 4.3.2. Under Assumption 4.3.1, if ¥(0) = 0 we have
M(né)(e) ~C - R—n6 . 7”L_3/2.

In the following we will derive expansions of (;(z) and G(z) in a neigh-
borhood of z = R in order to prove Theorem 4.3.2. Recall from (3.7) that

¥(f) = 0 implies

o'(F) — ®@) @) ®(RGR) GR) 1
(0) = & 6  RGR) RGR) R’

Differentiating (3.6) yields

_ G(2)®'(2G(z))
1— 29/ (2G(2))

G'(2) (4.18)
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Therefore, in this setting we have
G'(R) = oo, (4.19)

and consequently we have to proceed differently from the previous section in
order to find the expansion of G(z).

A few important facts that we want to point out are the following. We can
rewrite the functions (1(z) and (3(z) as

G(2) =Ri+ X1(2), and  (o(2) = G(R) + Xa(2),  (4.20)
where X (R) = Xo(R) = 0. This, together with Equation 4.19 tells us that
X1(2), Xa(2) # O((R — 2)). (4.21)
Moreover, for i € {1,2},
Gi(G(2) = Gi(G(R)) = Gi(G(R)) (= Xi(2)) +o(Xi(2)). (4.22)
Substituting Equations (4.20) and (4.22) into (3.5) we get:

G(z) =

1
— (GR) + X,(2)) (Gi(G(R)) = Gi(G(R)) (=Xi(2)) +0(Xi(2)))
Remark 4.3.3. By Assumption 4.3.1 and the last equality, we get that in a
neighborhood of z = R the expansions of G(z) and (;(z) must be of the same

type.

In order to direct the reader on the right way, we can summarize the
reasoning that concludes this section in the following steps:

1. in Lemma 4.3.4 we show that ®”(6) > 0;

2. in Lemma 4.3.5 we show that ®”(6) < oo;

3. in Proposition 4.3.6 we use Step 1 and Step 2 to find the first singular
term of the expansion of G(z) in a neighborhood of z = R.

Lemma 4.3.4. Under Assumption 4.5.1, if ¥(8) = 0 then ®"(9) > 0.

Proof. Differentiating (3.8) twice yields
3" (0) = 207 (a10) + a3 d} (). (4.23)

Since ®1(t) and P4(t) are strictly convex for ¢ € [0,6,) and ¢ € [0, ;) respec-
tively, we get ®”(6) > 0 whenever 01 /a; # 02/ as.
If = 61/041 < (92/042 then 0429 < b9, i.e., ‘13/2/(042&) > 0.

Consider the case 61/a; = 02/, i.e., (2(R) = Ra, and assume (by con-
tradiction) that ®”() = 0.

By this assumption together with Equation (4.23) it follows that we must
have ®7(61) = limyp,— ®{(¢t) = 0 and ®J(02) = lim;_g,— P5(t) = 0. For
i € {1,2}, differentiating (3.6) yields

L Gi(2)®(2Gi(2))
G = e T (G (7))
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or equivalently

) Gi(2) _ Gi(R;)
i(6:) = lim Gl(2) +Gi2)  RGR) + Gi(Ry)

In particular, we have ®/(;) < 1/R,; since G;(R;) < oo by Assumption 4.3.1.
If ®7(0;) = 0, differentiating (3.6) twice yields

2
G'(R:) = lim @;’(zGi(z)) (Gi(z) + 2G( z)) + 28 (ZG (z ))G (2)
=R 1 — 29} (2Gi(2))
29/(0;)Gi(R;)
TI-Ra0)
At this point we consider again the first return generating function. It is
defined through a different formula than in Equation (4.7), but they are of

course equivalent:

)= ZP[XV(LZ') —e,Vme{l,...,n}: X £ e | Xéi) =] 2™
n>1
It satisfies the well-known equation G;(z) = 1/(1 — U;(z)) and is strictly
convex. Since GY(R;) < oo we get immediately that U/(R;) < co. We can
use this result to compute <I>;’ (0;):
U (= Gi(Ri)*U/' (R

2R, (G (2 )+zG’(z)) N (Gi(Ry) + RiG,(Ry))* -0

This is a contradiction with our assumption that ®7(6;) = 0. Consequently
Equation (4.23) lead us to ®”(6) > 0. O

Lemma 4.3.5. Under Assumption 4.5.1, if ¥(0) = 0 then ®"(f) < oo

Proof. We will prove by contradiction that the situation ®”(f) = oo cannot
be compatible with our hypotheses.

Consider the auxiliary functlon H(z) = (G(z) — G(R))2 and its first
derivative H'(z) = 2G'(z)(G( G(R)). Using Equation (4.18), we get

G(2)®'(:G(2))
1—29'(2G(2))

H'(z) =2 (G(2) — G(R)).

We want to compute the first derivative of H(z) at z = R. For this purpose,
we consider the following limit:

G) - GR)
1—29'(2G(2))

lim H'(z) = ;LH%{ 2G(2)®' (2G(2))

z—R
Since 2G(2)®’ (2G(z)) tends to A := 2G(R)/R < oo, we just look at:
LG -GR) | B(:G() - O
2R 1—20/(2G(z)) :~R 1—29/(2G(2))

_ ' (2G(2)) (G(2) + 2G'(2))
SR 0 (2G(2)) — <1>~(zG 2)) (G(2) + 2G'(2))

(4.24)
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In the last equality we applied De L’Hopital’s rule. In order to simplify the
notation we can write G(z) := G(2)+2G’(z), which tends to infinity for 2 — R.
Recall that § = § = RG(R) if ¥(#) = 0. Therefore, Equation (4.24) yields

o AD'(0)G(2)
H®R) = I —55) R (9)0(2)
= lim A2 (B)e - =

zo00 —0'(9) — R®"(0)xr  —R2d"(H)

If ®”(0) = oo we get H'(R) = 0, and consequently X1(z), X2(z) = o(vR — 2)
where X (z) and Xo(z) are defined in Equation (4.20).

For i € {1,2} and s; € supp(u;), we will write F;(s;|z) = >, 5 f,gi)(si)z"
for some suitable coeflicients f,sl) (s;) € R. Our next aim is to find real numbers

Cfi) and C’Q(i) such that
CiX1(2) + O Xs(2) + o(R — 2) = LP;, (4.25)

where LP; is a linear polynomial. For this purpose, we rewrite Equations (4.3)
and (4.4) with the help of (4.20). In the following denote by j the element of
{1,2} which is different from i. We get:

(1-aiR=-R=-2)) > i) D £9065) (GR) + X))

5j Esupp(y;) nx1
X (C@(R) + XZ(Z)) = ,;Z.
(4.26)

Therefore the coefficients Cfi) and Céi) of X;(z) and Xa(z) respectively, are

OV i=1—aR Y pals2) Y £ (s2) QR

s2€supp(p2) nzl1

=1-mwR Z f12(s2) Fa (s2]C2(R)),

s2€supp(pu2)

O i= —aRiR Y0 pals2) D FP(s2)n G(R)"!

s2€supp(p2) n>1

= —RiR ) pa(s2)Fy(s2l(R)),

s2€supp(pu2)

O = —nG®R Y mls) Y AV (s)nRY

s1€supp(p1) n>1

= -—u(R)R Z pa(s1)Fi (s1/R1),
s1€supp(u1)

02(2) =1—oR Z w1(s1) Z fr(zl)(sl)R?

s1€supp(p1) n>1

= 1—041R Z /1,1(81)F1(81’R1).
s1€supp(u1)
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For i = 1, the linear polynomial term on the left hand side of (4.26) is
R1 (1 — 9z Z MQ(SQ)F2(52|C2(R))>,
sp€supp(2)

while on the right hand side it is a;z.
For i = 2, we have on the left hand side of (4.26)

C2(R)(1—0412 > ul(sl)F1(81!R1)),

s1€supp(p1)

and on the right hand side agz. Therefore, (4.25) holds with

LP; =12 — Ry (1 — 2 Z wa(s2) Fo (SQ\CQ(R))) and

sa€supp(2)
LP2 = 9z — CQ(R)(l — 12 Z ,ul(sl)Fl(sﬂRl)).
s1€supp(p1)
The coefficients Cfi), Céi) satisfy
cWel® — cPcV = o. (4.27)

Indeed, assume that CS)C’?) - CPC’S) # 0. Then the following linear system

cXi(z) + OV Xy(2) +o(R—2) = LPy,
CfQ)Xl(z) + CéQ)XQ(Z) +oR—-2) = LP,

would have a unique solution for X;(z) and X2(z), but this would mean that
both of them are of order O(R — z). This is in contradiction with (4.21).
Equation (4.27) yields

o)

cs?

LP, LP, = 0. (4.28)

Evaluating the last equation at z = 0 yields

oM
—Ri+ 2. - ((R) =0. (4.29)
cs)

Since Cél) < 0 and 02(2) > 0 (this follows by evaluating Equation (4.26)
at z = R with ¢ = 2), Equation (4.29) gives us a contradiction, therefore

®”(0) = oo cannot hold when ¥(6) = 0. O

Proposition 4.3.6. Under Assumption 4.3.1, if W(0) = 0 then we can expand
G(z) in a neighborhood of z = R as follows:

G(z) =go+ 1VR—z+0o(VR — 2),

where go, g1 € R with g1 # 0.
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Proof. By Lemma 4.3.5 it follows that ®”(f) < co. Therefore we get that the
limit (4.24) tends to a non-zero constant. In particular H'(R) < 0, thus we

have:
. GR)-G() . (G(z) - G(R))* /
;}fﬁﬁ_g%\/ R_, VvV H®RE0x)

This leads to the proposed expansion, namely

G(z) = GR) — /-H'R)VR — z+ o(vVR — 2),

where /—H'(R) # 0. O

Now we proceed analogously to the previous section: we substitute the
expansions found in Lemma 4.3.5 into Equations (4.3) and (4.4). Afterwards
we determine step by step the following terms of the expansions of (;(z) and
(2(z). By the argument explained in Remark 4.3.3, we get the expansion of
G(z).

The next lemma shows that we get only a finite number of singular terms

up to order (R — 2)?2:

Lemma 4.3.7. Leti € {1,2}. If ¥() = 0, we can expand (;(2) in a neigh-
borhood of z = R in the following way:

G(2) =G(r)+avVR =2+ Y cunR—2)7log"R - 2) + O((R - 2)?),

(¢,k)eT

where T is a finite subset 0f7A' = {(q,k) eRxNy|1/2<q< 2} and
€0, C(q,k) € R with ¢ 7& 0.

Proof. We start by plugging
G(2) = GR) + coVR — 2+ XV (2), where X\"(2) = o(VR - 2)

into Equations (4.3) and (4.4) and determine step by step the next terms
inductively analogously to the proof of Lemma 4.2.6. Assume now that (;(z)
has an expansion of the form

G(R)+ VR —z+ Z gy (R — 2)1 logF(R — 2) + o(max T7),
(g,k)eT’

with 77 C 7T finite. For p > 1, (G(R) — ¢i(2))" can be rewritten as

c T'\\P
(—co)? (R — 2)P/? <1 + Z (ng]k) (R—2)7"1/2 logh(R — 2) +0( max ))
(q,k)eT’

and log(Ci(R) — Cl(z)) as

1, Cak) (R ,)4-1/2 ok (R — max 77
C—|—210g(R z)+log <1+( %G:T/ % (R—=2) log"(R z)—i—o(m) .
q7

(4.31)
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Once again, if max 7’ = (R — 2)4 logl:“‘(R — z) then the next possible terms up
to order (R — 2) in the expansion may only be

(R — 2)ilogh (R — 2), (R — 2)1og" 2(R — 2),..., (R — 2)C.

We determine step by step the corresponding coefficients of these terms by
plugging the expansions of (;(z), given by (4.30) and (4.31) into Equations
(4.3) and (4.4), afterwards we compare the error terms.

The following term has the form (R — 2)4 loglfC (R —z), where ¢ < 2 is now
a sum of elements from the finite set {1/2,¢/2,q/2 —1/2 | (¢,) € T1 U T2}
such that ¢ > ¢ (recall the definitions of 7; from (3.3.1)). )

By (4.30) and (4.31) there is a maximal k € Ny such that (R—2)7log"(R —
z) may be a non-vanishing next term in the expansion of (;(z). Iterating the
last steps yields the claim of the lemma, since there are only finitely many
possible values for ¢ such that the term (R — 2)?log®(R — 2) can appear in
the expansion of (;(z). O

Substituting the obtained expansion of (;(z) into Equation (3.5) yields the
proposed claim of Theorem 4.3.2.

Remark 4.3.8. The result could also be obtained by singularity analysis (see
[19, Section VI.7]), but one still has to distinguish different cases according to
positivity and finiteness of ®”(6).



Chapter 5

Remaining Cases and
Examples

In this chapter we finish the classification of the free products of the form
I'y % T'g (see Section 5.1); afterwards (in Section 5.2) we extend our results to
the more general free products I'y % ... % I',, with m > 2. Finally, in Section

5.3 we show a few examples with the relative computations.

5.1 The remaining Cases

In this section we look at all remaining cases of free products of type I'y * I'o

not covered by Chapter 4.

5.1.1 Case G1(R,) < o0 and G| (R;) = o0

Theorem 5.1.1. Consider the free product of the form 'y x I's, such that
G1(R1) < 00, G} (R1) = 00 and G4(Ra) < oo. Then:

Cp-R™n=3/2, if0 =601/a; or ¥(H) <0,
1" (e) ~
Cy-R™™n=22 . 1og"™(n), if @ =60/ < 01/ay and ¥(6) > 0.

Proof. We will divide the proof into two parts, and we will show that under
the given hypotheses both behaviors are possible.

For the first part let us assume that 6 = 0;/a;. We use again the first
return generating function, defined by Equation (4.7):

Ui(z) = > pa(g) 2 Fi(g']2).

gel

As previously said (see the proof of Lemma 4.2.4), we have the well-known
equation G1(z) = 1/(1-Ui(2)). Therefore, G} (Ry) = oo implies U] (R1) = oo,
and by [64, Equation (9.14)] we get:

1

\1/1(0(19_) == \1/1(91) == ZL{III%I \I’l(ZG(Z)) == ZL{III%I ZU{ (Z) T 1— Ul(Z) =0. (51)
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Thus,

\I/(é) = \1/1(0[19_) + \1/2(0125) —1= \1/1(91) + \1/2(0[29_) —1= \I’Q(OZQH_) — 1.

Recall that W(¢) is strictly decreasing and Wy (0) = 1. Therefore ¥(#) < 0, and
consequently we obtain the asymptotic behavior ,u("‘s)(e) ~ C1R ™™ =3/2; gee
[64, Theorem 17.3].

For the case § = 63/as < 6;/a; and ¥(A) = 0, we perform the same
computations as explained in Section 4.3.

In the case § = 0s/as < 61 /a1 and ¥(6) > 0 the Green function G1(z) is
analytic at z = (1(R) < R; and thus we may apply the techniques described
in Section 4.2 to obtain the proposed asymptotic behavior. O

At this point, let us remark that the formula for ¥(¢) used in Equation
(5.1) always implies ¥;(6;) = 0 whenever G;(R;) = co. Moreover:

Corollary 5.1.2. If G} (R;) = G4(Ry) = 00, then u(™(e) ~ C-R™ .0 =3/2,
Proof. Since Uj(Rq) = Uj(R2) = oo, Equation (5.1) implies that at least one

of Wyi(a16) and Wa(anf) equals zero, yielding ¥ () < 0. O

5.1.2 Case G;(R;) =

As mentioned earlier (see Section 4.1), for finite groups I'y and I'y, Woess [63]
proved that the asymptotic behavior of the n-step return probabilities is of
the form

Iu(né)(e) ~C - R—n6 . n—3/2‘
Moreover, we get the following asymptotic behaviors:

Theorem 5.1.3. Consider the free product T'y x T'y with G1(Rq1) = co. Then:

1) () ~ Ci-R™.n732, if 9(9) <0,
Cy-R™™ .02 .log™2(n), if ¥(6) > 0.
Proof. We have three possibilities:
o If G4 (R2) = oo, we have ¥ () < 0; see proof of Corollary 5.1.2.

o If G2(Ry) < oo and G5H(Rz) = oo then § = fy/az, and Us(Rz) = oo.
This implies once again ¥(asf) = 0, and thus ¥(#) < 0.

o If G4(Ry) < oo then 6 = 03/as and (;(R) < R;. Therefore, we can
argue in the same way as in Sections 4.2 and 4.3 to prove the proposed
claim.
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5.2 Free Products with more than two Factors

Let » € N with » > 3. Suppose we are given finitely generated groups
I't,..., Iy, and consider the free product I' := I'y % ... x I'., on which the
random walk is governed by the measure p defined as p := 22:1 ajfly; see
Section 3.2. We get the following result:

Theorem 5.2.1. Consider the free product ' :=T1*...xT, (r > 3) equipped
with a random walk governed by . Assume that the Green functions Gi(z) on
the free factors T'; satisfy Assumption 3.3.1, whenever G;(R) < co. Then the
asymptotic behavior of the corresponding n-step transition probabilities must
obey one of the following laws: C R~ n~* log™(n), where \; and r; are
inherited from one of the p;’s, or C R~ n=3/2 with some constant C' = Cu
depending on p.

Proof. The proof is based on the induction on the number of free factors: we

consider the Green function associated to the random walk on I'* := I'y *
r—1 aj

... % [yy governed by p* =3 "7 oot
convergence). It has an expansion either of the form (5.2) or of the form (5.3):

fi; (denote by R* its radius of

D
G*(z) = ng(R* —2)k 4 Z I(g.k) (R* = 2)1 logh(R* — 2)
k=0 (gk)ET (5.2)

+ O((R* _ Z)D+2),
where T is a finite subset of {(g, k) € RxNy | D < ¢ < D+2} and g, g(q.x) € R,

and:
G*(2)=go+ pVR* =2+ Y g (R = 2)"log"(R* - 2)
(¢.k)ET (5.3)
+ O((R* — 2)2),

where 7 is a finite subset of {(¢,k) € R x Ng | 1/2 < ¢ < 2} and go, g1, 9(¢,k)
are real values. Thus, we may apply the results from Chapter 4 to the free
product I'* % I, equipped with u = (a1 + ... + ap—1)p* 4+ - fi, and obtain the

proposed claim. O

5.3 Examples

In this section we would like to present some examples to clarify the funda-
mental concepts and to show to the reader that in a few concrete cases these
behaviors can be explicitly computed.

5.3.1 Free Products of Lattices

Let us take di,...,d, € N. In this subsection we consider free products of
the form I' := Z% % ... % Z%  equipped with a nearest neighbor random walk,
that is, we always assume supp(u;) = {:I:eg»i) | 1 < j <d;}, where egi) is the
j-th unit vector in Z%. In the following subsection we show that the Green
functions of nearest neighbor random walks on Z? satisfy Assumption 3.3.1.
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Expansion of the Green Function on Z¢

Since the factors of the free product are d-dimensional lattices, we compute
explicitly the Green function on each factor, depending on d € N.

Given a probability measure 7 supported by {xei,...,+es}, the set of
natural generators of Z?. Then 7 defines a random walk on Z¢, and we denote
by () its n-fold convolution power. We write for 1 <7 <d

m(e;)

m(e) +m(—e;)

Denote by 0 the zero vector in Z%. Once again Gy(z) := > >0 (M (0)z"

Bi :=m(e;) +m(—e;) and p;:=

denotes the associated Green function, which has radius of convergence Ry.
The crucial point for our later discussion is the following:

Proposition 5.3.1. The Green function of the random walk on Z¢ has an

expansion of the form

f(2) + g(2)(Ry — 2)\4=2/2, if d is odd,
Galz) = d—2)/2 .
f(2)+9(2)(Rg — 2)122log(Ryg — 2), if d is even,

where the functions f(z),g(z) are analytic in a neighborhood of z = Ry and
moreover g(Rg) # 0.

Remark 5.3.2. For simple random walks on 72, i.e. n(+e;) = 1/(2d), a proof
of this proposition can be found in [64, Proposition 17.16]. Here we generalize
the statement to arbitrary nearest neighbor random walks on Z¢, but we will
only give a sketch of the proof and refer once again to [64].

Proof. First, note that the spectral radius of the random walk on Z? is given
by

d
1
pP= Zﬁi\/‘lpi(l —pi) = R,
i1

compare with [64, Theorem 8.23]. For every i € {1,...,d}, we define a random
walk on the i-th factor Z, governed by a probability measure m; such that
m;i(1) := p; and m;(—1) := 1 — p;. A standard tool that comes into play when

dealing with random walks on Cartesian products is the ezponential generating

z) =y 7™ (0)
n=0

defined on Z%. Analogously we can define it coordinate-wise as follows: on the

function: for z € C

i-th factor the exponential generating function is given by

A O / VPt
FE;(z): ——dt.
5= r%;] l “' V1t

In the last equation we applied the following relation:

/mt"\/—t

1—¢2
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Furthermore, we get E(z) = H‘ii:l Ei(Biz) = ffp el? (fl kL.Lok fd)(t)dt, where

N 1 t
i(t) =
7t) Biv/4pi(1 —pi)fo(ﬁz 4p; (1 —pi))
with
1 ; _
fot) = 4 ift e (—1,1),
0, otherwise.

This allows us to rewrite the Green function in the following way:

Gd(z):/” 1_12t(f1*...*fd)(t)dt. (5.4)
P

Our next aim is to prove that there is a function g4(¢), which is analytic in a
neighborhood of t = p and satisfies g4(p) # 0 such that

(freoox fa)(8) = (p = )22 gq(t). (5.5)
To prove this, we define fi(t) := f; (Bi/4pi(1 — p;) — t) and show inductively

that we can write
(fix...* fa)(t) = 17D 2g,(2),
where the function g4(¢) is analytic in a neighborhood of ¢ = 0 and g4(0) # 0.

Analogously to the proof of [64, Proposition 17.16], we may conclude together
with (5.4) and (5.5) that G4(z) has the proposed expansion. O

Remark 5.3.3. With the help of Darbouz’s method it follows that the asymp-
totic behavior of 7™ (0) is of the form CR(;Q" n~%2_ This asymptotic be-
havior can also be deduced by Cartwright and Soardi [11].

Complete Classification of the Asymptotic Behavior

Observe that a nearest neighbor random walk on Z? has period 2 since it
can return to the origin only in an even number of steps. Therefore, the
period of a nearest neighbor random walk on Z% % Z% is § = 2. Now we can
give a complete classification of the asymptotic behavior of the n-step return
probabilities of nearest neighbor random walks on Z% x Z%:

Theorem 5.3.4. Consider irreducible nearest neighbor random walks on the
lattices Z4 and 7% with dy < dy. Then the n-step return probabilities of the
associated random walk on Z% x 7% obey one the following laws:

Ci-R™2".n~4/2 ifW(0) >0 and 0 = 61 /o,
P () ~ Oy - R20 = %2/2 if T(0) > 0 and 0 = 05 /as < 0; ),

Cs-R2.n=3/2  otherwise.

Remark 5.3.5. For seek of completeness, even though the reader might have
already noticed it, we point out the following fact: if both di and ds are smaller
than 5, the function W () cannot be positive. Therefore the first two behaviors
described by Theorem 5.3.4 can show up only if at least one of the factors has

dimension at least 5.
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Consider now the multi-factor free product Z x ... % Z% . Let u; be the
simple random walk on Z% for each i € {1,...,r}, i.e., ui(iey)) = 1/(2d;),
where egi) is the j-th unit vector in Z%.

As described in Section 3.2, choose aq,...,a, > 0 s.t. 22:1 aj; = 1 and
denote by G;(z) the Green function of the simple random walk on Z%. In this
case R; = 1, since each factor is amenable.

Cartwright [9] computed numerically some of the values of W;(G;(1))
(where W;(t) is defined by Equation (3.7)) and showed that ¥;(G;(1)) — 1
when d; grows to infinity. Thus, for large d; we have ¥; (Gl(l)) >1—1/r.
Recall also that U;(t) is decreasing. By [64, Equation 9.21] we know that

\I/(é) =1+ Zr:(\llz(alé) — 1),

where § = ming<;<, 6;/c;. If all exponents d; > 5 are large enough, we get
U (0) > 0. Furthermore, if a; is chosen large enough, we get an asymptotic
behavior of the form C; R~2" n~di/2,

On the other hand, one can define (symmetric) measures p, ..., fi, sup-
ported on the natural generators to obtain a Cop R™2" n=3/2-law: it suffices to
choose p1 and pg such that Wq(6;1), Ua(hy) < 1/2, and ay and ay such that

0 =61/a1 = 03/as, yielding

W(0) =1+ (V1(61) — 1) + (Pa(f2) — 1) + i(l’k(akﬁ_) ~1) <0.
k=3

<-1/2 <-1/2

<0

That is, we can have r + 1 different asymptotic behaviors. This finally proves
the following

Theorem 5.3.6. Let r € N, r > 2 and dy,...,d, € N. Fori € {1,...,r},
consider a probability measure p; supported on the natural set of generators
of Z%. For any au,...,c, >0 with >\ c; = 1, let p:= Y _, cyp; govern
a (irreducible) random walk on the free product Z%4 x - - % 79 starting at its
identity e.

Then the return probabilities p*™ (e) have an asymptotic behavior either
of the form C - p** -n~%/2 for i e {1,...,7} or of the form C - p*" - n=3/2 for
some constant C' = C,, depending on (.

Moreover, if all exponents d; are different and min{dy,...,d,.} > 5 then
exactly v+ 1 different asymptotic behaviors may occur by choosing the random
walk adequately.

For instance, consider I' = Z5%Z5 % Z7 equipped with simple random walks
w1, po and ps on each free factor. For ¢ € {1,2,3}, we define ¥;(t) accord-
ing to Equation (3.7). In [9] Cartwright computed the values of ¥q(G1(1)),
Wy(G2(1)) and W3(G3(1)), which are 0.691, 0.824 and 0.876 respectively.
Thus, the random walk on Z° % Z5 governed by M2 1= ajfi1 + asfia, where
af = aq/(a1 + az) and of = ag/(a1 + ag), satisfies (M) > 0.515 with
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M = min{@l/a’{,ﬁg/ag}. That is, M = RLQGLQ(RLQ), where GLQ(Z) is the
Green function of the random walk on Z° xZ5 with radius of convergence Rip.
Since all ¥;-functions are strictly decreasing, we obtain for the random walk
onT =T «Ty withT; =Z° %76 and 'y = Z":

V() = ¥i((o1+ a2)f) + Vy(azf) — 1> 0.515 4+ 0.876 — 1 > 0.

For the simple random walk on I', we have then the asymptotic non-exponential
type n~ /2, if ay + ag < M/(M + G3(1)). Otherwise, if M = 61/a} we have

the asymptotic behavior n=%2 and if M = 6/l # 61/a} we have n=3.

5.3.2 (Z/mZ) x 7¢

Consider the groups I'y = Z/mZ and Ty = Z¢ for any m,d € N with m > 2.
Suppose we are given a probability measure 1 on I'; and a probability measure
o on Z%, which is supported on the natural generators. Then G1(1) = oo,

and thus we get the following classification:

. Cp-R™™ .n=42 if W(6) >0,
" (e) ~ {

Cy-R ™ .pn=3/2 otherwise.

Once again let us remark that if d < 4 we have ¥U(f) < 0: this follows from
the fact that G5(Rz) = oo (see Proposition 5.3.1) and Corollary 5.1.2.

5.3.3 I, x Z°

Consider the groups I'y = I, := *’_ (Z/2Z) and T'y = Z for any ¢,d € N with
q > 2. Observe that the Cayley graph of I'; is the homogeneous tree of degree
q. Suppose we are given probability measures p; on I'; and pe on Z¢, which
are both supported on the natural generators. If ¢ = 2 then G1(1) = oo, and
thus we get the same classification as in the case (Z/mZ) * Z%. If ¢ > 3, then
it is well-known (see e.g. Section 4.1, [64, Proposition 17.4] and [65, Equation
(4.5)]) that G1(z) can be written as

G1(z) = A(z) + VRy — 2 B(2),

where A(z), B(z) are analytic in a neighborhood of z = Ry and B(R;) # 0.
Therefore, we get the following classification for the associated random walk
on the free product I'y * I's:

Cy - R 2. nid/2, if @ = (92/042 < 61/041 and \I/(é) > 0,

Cy-R™2".n=3/2 otherwise.

M (e) ~ {

Analogously to the previous example, observe that d < 4 implies ¥(6) < 0.
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Chapter 6

Phase Transitions

6.1 Classification of Phase Transitions

At this point we would like to change the point of view of our investigation:
up to now we have been interested in whether it was possible to find different
measures that give us certain behaviors.

Now we fix the measures p; and po on the free factors I'y and I's, and see
what happens on the free product I' = I'y * I’y when we make the parameter

oy vary. More precisely we look at the variation of ¥(6) as a function of «;.

We start with the following result:

Lemma 6.1.1. Assume § < co. Then the function Y : (0,1) — R defined by

T(Oxl) = \1/1(0[19_) + \1/2((1 — 011)9_) -1

01

m] and strictly increas-

s continuous, strictly decreasing on the interval (O,
ing on the interval [eleTlegv 1).

Proof. Continuity of T is immediate, since V1 and ¥, are analytic in an open
neighborhood of the intervals [0,6;) and [0, f3) respectively.

Note that Y(a1) coincides with W(f), but seen as a function of ;.

We divide the proof of this lemma into three parts, according to finiteness

of 61 and 6.

Case 01,05 < co. If0 <y < 91(292 then 6 = 0/ ay, therefore

a1

Y(a1) = ‘1’1(1 02> +Uy(6s) — 1.

aq
1—aq

strictly decreasing, implying Y («q) strictly decreasing.

Since the function is strictly increasing, it follows that Wy ( 0‘31192) is

17
If a = eleTleg we obtain § = 01 /oy = /s, ie.,
T(Ozl) = \111(91) + \112(92) —1.

If 911192 < a1 < 1 we have

\I'(H_) = \1’1(91) + Py <1 ;m&l) — 1.
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1—aq
aq
above-mentioned interval.

Since is strictly decreasing, Y (ay) is a strictly increasing function in the

[
l—aq
that Y (aq) is strictly decreasing in the interval (0, 1).

Case 0 = co. In this case = The same reasoning as before shows

Case 0 = co. In this case § = z—ll. Analogously, T («q) is strictly increasing
in the interval (0,1). O

Let us remark that § = oo implies ¥(A) < 0 (see [64, Theorem 9.22]);
otherwise we would have a contradiction to transience of the process.

Now we can give a complete picture of the phase transition of the asymp-
totic behavior of the return probabilities in dependence of the parameter aq,
afterwards we present some examples.

In the following we discuss the different possible behaviors of the function
Y(a1) = ¥(0). In Figures 6.1-6.6, the dashed line represents approzimately
the qualitative behavior of Y («1); we denote its zeros (if they exist) by aow

and anigh (With aiow < ahigh). Moreover, we denote
Qe = 91/(91 —+ 92)

Our approach is the following: we decompose the interval (0,1) into subin-
tervals such that every choice of oy in a fixed subinterval leads to the same
non-exponential type. With the help of Figures 6.1-6.6 (at the end of this
chapter) we discuss case by case the different behaviors of Y (o), and for each
situation we give an example of a nearest neighbor random walk on Z% * 742,
Recall that ¥(0) = ¥;(0) = 1.

A:  See Figure 6.1. Example: ' = Z% % Z% with dy,dy > 5 and 1, o
such that ¥1(0;) < 1/2 and ¥9(f3) < 1/2 (by the argument at the end
of Section 4.1 and by [64, Lemma 17.9], such measures exist). Since
U;(0;) = 0 implies ®;(6;) = 1/R;;, by differentiating (3.6) yields a con-
tradiction to Proposition 5.3.1 (according to which G/(R;) must be finite
due to d; > 5), therefore we get W;(6;) > 0. Hence:

— If ay is small (close to zero), then § = 65/(1 — ) and therefore on

the limit for a; — 0 we have ¥, (()q lle> — 1. Then

~ o
() =, (m 2 ) + Wy(6) — 1, (6.1)
1-— aq
that is, U(#) > 0 if oy is sufficiently small. This yields a n~%/%-law

for small values of «;.

— With a similar reasoning to the one above, we can see that if a; is

—d1/2

close to 1 then 6 = 01 /ay, and we get a n -law.

— For a1 = ae, we get ¥(0) = Uy(01) + Wy(f2) — 1 < 0, therefore in
this case we have a n™3/2-law.
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B: See Figure 6.2. Example: I' = Z? « Z7. By Lemma 6.1.1 the function
Y (o) is strictly decreasing and 6 = f2/ay. As in Case A we can divide

the reasoning according to the following different situations:

— If o is small (close to zero) then the same reasoning as in (6.1)
leads to W(#) > 0, that is, we have a n~%/%]law for small «;.

— If ay is close to 1 then Wy (a;72-) — 0 (recall that by Equation

1—aq

(5.1) we have lim;_,~, V1 (t) = 0), and since Wy(f3) < 1, we get

~ 0
\I'(H) = \I’l (Oél 1 2

_al

) +Ws(fs) — 1 < 0.

Therefore we have a n~3/2-law for oy close to 1.

C: See Figure 6.3. Example: I' = Z7Z? we have the symmetric situation
as in Case B. This gives an example for this case by exchanging the roles
of Z? and 7Z7.

=

See Figure 6.4. Example: I' = Z° x Z% with p; and s simple ran-
dom walks. By a result of Cartwright [9], we have ¥;(f;) = 0.691 and
Uy(62) = 0.824. Since ¥y (t) and Vo (t) are strictly decreasing, we have

T(Ozl) > \111(61) + \112(92) —1>0.

Thus, we obtain a n=°/2aw for aq > ae, and a n3-law for oy < a.

I

See Figure 6.5. Example: I' = Z3 x Z*. By Equation (5.1) it follows
that Uq(a10) = 0 or ¥a(azf) = 0, that is, we have Y(ay) < 0 for all
a1 € (0,1). This yields a n=3/2-law for all a1 € (0, 1).

At this point we would like to give an example (see Figure 6.6) where the
n~3/2-interval described in Case A collapses to a singleton. For this purpose,
we need to prove the following:

Lemma 6.1.2. Consider I' = Z° « Z8. Then there are probability measures

w1 and po supported on the natural generators of Z° and Z8 respectively, such
that \1’1(91) = \1’2(92) = %

Proof. Let i € {1,2}. In this example we have d; = 5,ds = 6. Choose any
9 € (0,1) and define

y(“(;c) _ (1-6)/2, ifxz=(£1,0,...,0) € Z%,

P s if 2 = (0,...,0,41,0,...,0) € Z% \ {(£1,0,...,0)}.
(6.2)

The Green function associated with the random walk on Z% governed by the

symmetric measure l/(gi) has radius of convergence R; = 1; see [64, Cor. 8.15].

Moreover, if § = 1—1/d; then ¥;(0;) = 0.691 > 1/2 and ¥4(h2) = 0.824 > 1/2;

see Cartwright [9].

On the other hand, choosing ¢ small enough, then Wy(6;) < 1/2 and

Wy(62) < 1/2. A proof of this fact can be seen in [64, Lemma 17.9]. It remains
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to show that ¥;(6;) varies continuously in dependence of 0, which implies that
there is some value 5(()i) such that ¥;(6;) = 1/2.

Denote by U;(d|z) and ¥;(d|t) the generating functions U;(z) and ¥;(t)
relative to the measure defined in (6.2).

Recall that 1

O = TEm = e

Since U;(d]1) can be rewritten as a power series in the variable J, the function
0 +— W;(0]6;) is continuous in ¢. This finishes the proof. O

Therefore, an example for Figure 6.6 is I' = Z° x Z5 with measures p; and
p2 chosen in such a way that ¥i(6;) = Wa(f2) = 1/2. Obviously, we have
T(ae) = ¥1(01) + P2(02) — 1 = 0, implying the following possible asymptotic
behaviors:

Cq - R 2. 7175/2, if a1 > ag,
M(2n)(e) ~<{ 0y -R720. n_3/2, if a1 = ay,
Cy-R™2.n=3, if a1 < ag.

As a final remark let us explain that if T(ay) > 0, it is not possible that Y ()
is strictly increasing or decreasing for all a; € (0,1). In order to show this
assume (by contradiction) that Y («q) is strictly increasing. Then, by Lemma
6.1.1, we have that #3 = co must hold, that is, G2(R2) = oc.

The same reasoning as in Equation (5.1) leads to lim, ,r, ¥2(2G(z)) =
lim¢_, oo Wo(t) = 0. Therefore, for o; small enough we obtain

\I’(é) = \1’1(91) + Wy <(1 — al)ﬁ> —1<0.

a1

Analogously, under the assumption T («q) strictly decreasing, we find out that
U(t) must have a zero.

6.2 Higher Asymptotic Orders

The techniques we used for determining the asymptotic behavior give us not
only the leading term n~*log" n, but also the following higher order terms,
according to the singular terms in the expansion after the leading one. For
instance, consider a nearest neighbor random walk on Z7 % Z® with oy =
01/(01 + 02). Then the associated Green function has the following expansion:

4
ng(R )+ (R - 22+ 5 (R — 2)%log(R — 2)
k=0

+ 3R —2)"7% 4 g2(R— 2) og(R — 2) + o((R — 2)*),
where 1 # 0. That is,
M (e) ~ R (Cy n~? 4 Con "t +Cyn 2+ Cyun 0 + o(n™?%)),

where C # 0.
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Pictures of the different possible Behaviors
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Chapter 7

Branching Random Walks on
Free Products

A Branching Random Walk (BRW for short) is a stochastic process, discrete
in space and time, which we can visualize as a cloud of particles, growing and
moving. It is characterized by two kinds of randomness, that we can describe
as follows: at each unit of time every alive particle has a random amount
of offspring, afterwards the old particles die and in the meanwhile the new
particles move independently of each other, performing one step according to
a underlying random walk.

We investigate BRW’s defined on free products of groups, more precisely
we look at their trace in the so-called weak-survival case.

7.1 Definition of the BRW

Let us fix two probability measures v : NU {0} — [0,1] and p : I" — [0, 1].
The former is the offspring distribution, while the latter is the distribution of
the underlying random walk.

The law v is defined such that for all k € NU {0}

v = probability that a particle has exactly k offspring.

We have already described in Chapter 3 the features of the law pu: recall
Equation 3.1. From now on we assume that p is symmetric.

As it can easily be seen, v and p are completely independent of each other:
they are fixed at the beginning and do not change throughout the whole time
of the process.

A BRW is a process that can be defined inductively, and this description
can be better followed with the help of Figures 7.1-7.5:

Step 1: We start with one particle at the root (a distinguished vertex), we will
always assume that the root is the element e; see Figure 7.1.

Step 2: The particle splits into a random number of offspring, according to the
law v, afterwards it dies; see Figure 7.2.
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Step 3: The new particles perform (independently of each other) one step ac-
cording to the law u; see Figure 7.3.

Step 4: As soon as they reach the new vertex, they split again (independently)
into a random amount of particles, according to v, and so on; see Figures
7.4 and 7.5.

Among the most referred books about BRW’s there are the work of Athreya
and Ney (see [2]) and the pioneer book by Harris (see [28]), whose contribution
has been collected in [1]. To have quite a good understanding of this concept,
the reader is invited to consult these references.

Let Ev := ), -, kv denote the expected value of the offspring distribution.
We mention here some of the fundamental results about BRW’s.

Long ago, in 1873, Francis Galton asked the question regarding the prob-
ability of survival of surnames. The following year, Reverend Henri Watson
gave him a solution, and they published the well-known paper [60]. The main
result is the following:

Ev <1 = [P(the process dies out within a finite time) = 1,

Ev>1 = P(the process survives for infinite time) > 0.

A BRW on a Cayley graph is called recurrent if each vertex is visited infinitely
many times and transient if any finite subset is eventually free of particles. The
interested reader can find useful explanations about Galton—Watson processes
and Branching Markov Chains in [66, Chapter 5].

In the nineties, Benjamini and Peres showed another fundamental result
(see [4]): if the given structure is non-amenable, there is a value R > 1 such
that

Evr <R = the BRW is transient,
Ev >R — the BRW is recurrent.

Moreover they find that R coincides with the inverse of the spectral radius of
the corresponding underlying random walk. By analogy to the previous part
of the work, we replace the notation R by R.

Gantert and Miiller (see [20]) showed that at the critical value Ev = R the
process is transient.

Whenever we consider the situation 1 < Ev < R, we say that the process
is in the weak survival case, while if Ev > R we are speaking about the strong
survival case.

We also refer to [26] for the corresponding result in the continuous setting.

In view of Section 2.1.2, a natural question that can be asked is “how big
s the random set of accumulation points of the BRW, in relation to the whole
boundary of the free product?”

Denote by A the random set of accumulation points of the process, and by
Q the boundary of I.
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In the specific case of homogeneous trees, a precise answer comes from the
work of Hueter and Lalley [31], where they prove that in the weak survival
case (the only non-trivial case):

1
dim(A) < 3 dim(2),

where dim(+) can denote the Box-counting dimension or the Hausdorff dimen-
sion. We will prove (see Theorems 8.1.1 and 9.1.1) that in our setting they
coincide.

Recall from Section 2.1.2 that for every set Q' C Q we denote by HD())
its Hausdorff dimension, and by BD(£') its Box-counting dimension. In order
not to create confusion, we will be consistent with this notation.

An interesting phenomenon that we find on free products is the following:
we can divide the set A into two subsets: one consists of the typical ends,
and the other of the atypical ends. We speak of typical accumulation points
when we consider ends arising as limit of infinite words, while the atypical
accumulation points arise from parts of the process remaining infinitely often
in a copy of one of the factors. This is of course possible in case of transiency
of the process, but the necessary condition is that at least one factor is infinite.
We will give a characterization of this phenomenon (see Theorem 7.4.1) and
we prove that the amount of the atypical accumulation points does not affect
the Hausdorff (Box-counting) dimension of A, see Corollary 8.1.2.

Similar results are proved in the deterministic case where we show that the
atypical ends of the boundary of the free product do not give any contribution
to the Hausdorff (or Box-counting) dimension of © (see Corollary 9.1.2).

In case I' is a free product of finite groups, we present a simpler version
of our results (see Chapter 10). In the same chapter we show that everything
holds as well if we consider free products with amalgamation.

At this point we can define a very useful concept, i.e. the type of a word.
For every u = ujus - - - up, € I' define the type of u as follows:

T(u) =1 (7.1)
if its last “block” u,, € I';. Moreover we set 7(e) := 0.

Remark 7.1.1. Recall that in this second part of the work we always assume
that the random walk on T' is symmetric, unless otherwise explicitly stated.
This assumption can be dropped for free products of finite groups. In this case
the crucial property F(e,x|R) < 1 holds for all x € T'\ {e}. More precisely,
let us point out that in the symmetric case we have

G(e,e|z) > F(e,x|z)G(x, x|2)F(z,e|z),

implying F(e,z|R) < 1. But if the groups are finite we get, using [64, Lemma
17.1 and Proposition 9.8] for any x = 1 ...z, € '\ {e}

F(e,xl .. CEm|R) = HFT(Z‘j)(eT(Z‘j)’xj | CT(%)(R)) <1,
j=1

because (;(R) < 1, since Gi(e;,e; | 1) = 0o on a finite group T';.
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7.2 Pictures of the inductive Steps of a BRW

Figure 7.2: Step 2, offspring at e
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Figure 7.4: Step 4, the offspring have descendants
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Figure 7.5: Repetition, the descendants move

7.3 Tree-indexed BRW'’s

For sake of clarity, we would like to summarize the main argument described
in [4].

Let .7 be a rooted infinite tree. The root is denoted by o and let v be any
vertex of 7. Then we denote by [(v) the (graph) distance of v from o.

The random walk on I' indexed by 7 is the collection of I'-valued random
variables (S,)yes defined as follows: label the edges of .7 with i.i.d. random
variables 7, with distribution p, i.e. the random variable 7, is the label of the
edge (v™,v).

Define S, :=e¢- Hig 1y, Where (vg = o0, v1,...,v, = v) is the path, up to level
n, of the unique geodesic connecting the root o to v.

A tree-indexed random walk becomes a BRW if the underlying tree is a
Galton-Watson tree induced by the offspring distribution v (for a detailed
description about Galton—Watson trees the reader is referred to [38, Section 1
and Chapter 5]).

We will refer to .7 as the family tree. More precisely, a vertex v € 7 is a
particle of the BRW, and the vertices at level n of .7 represent the particles
alive at generation n.

7.3.1 Colored BRW

A variation of the BRW is the colored BRW, see [31]. This process behaves
like a standard BRW where in addition each particle is either blue or red. In
order to define this colored version we choose a subset M of I' that plays the
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role of a “paint bucket”. We start the BRW with one blue particle at e. Blue
particles located outside M produce blue offspring. A blue particle that hits
M is frozen (makes no further movement and has no offspring anymore) and is
replaced by a red particle. This new particle starts an ordinary (red-colored)
branching random walk. As a consequence, every red particle has exactly one
“frozen” ancestor in M.

We denote by Zo(M) € N U {oo} the random number of (blue) frozen
particles in M during the whole branching process. If M = {x} then we just
write Zoo(x).

Depending on the different purpose, we will be freely switching between
the different versions of the BRW; nevertheless it will always be clear from the

context which description we are using.

7.4 Typical vs. Atypical Accumulation Points

Analogously to [31], we have that the Hausdorff (or Box-counting) dimension
of the set A depends only on the expected value Ev. To simplify the notation,
we denote it by A := Ev. Recall that R is the inverse of the spectral radius of
the random walk governed by u, i.e. the critical value described by [4].
Recall the notation introduced in Section 2.1 and Equation 3.4.
The aim of this section is to prove the following result:

Theorem 7.4.1. Consider A € (1,R]. Then P[ANQ; # 0] is either 0 or 1,
and P[ANQ; # 0] =1 if and only if (;(\) > 1. More precisely:

1. If G(A) <1 then 0 C A C Q.

2. If G(A) > 1 then 0 € (oo NA) C A with ANQ; # 0 and we have that
Card(A N ;) = co.

The last possibility can only show up if I'; is infinite, for some index i € Z.

Remark 7.4.2. If one of the free factors is an infinite amenable group, its
ends do not appear in A. In other words, if R; = 1 is the radius of convergence
of Gi(ei, eilz) then (;(N) <1 for all A € (1,R]; see [64, Lemma 17.1a]. Con-
sequently, none of the ends belonging to ; contribute to A, that is, ANQ; =
almost surely.

Before proving the theorem, we illustrate the above described behavior by
two examples:

Example 7.4.3. Consider T' = Z% « 79 and let p1 and pa be two symmetric
probability measures on Z4 and 7% respectively. Due to Kesten’s amenability
criterion (see Section 1.3.4) we have Ry = Ry = 1. Consequently, A C Qo
almost surely for all A < R.

Example 7.4.4. Consider I' = I'y % I'y, where I'y and I'y are non-amenable

groups, and let p; define a symmetric random walk on T'; for i € {1,2}.
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Non-amenability implies R1,Ra > 1 and G;(R;) < oo.

Choosing
R; G1(Ry) 1

 RiGi(R1) +RoG2(R2) 61+ 0

we obtain by [64, Lemma 17.1] that (1(R),(2(R) > 1. Therefore, there are
values A1, 2 € (1,R) such that (1(\1) = (2(A2) = 1. This determines a
change of behavior at A1 and As.

aq

7.4.1 Proof of Theorem 7.4.1

Using the description of a tree-indexed random walk (see [4]) it is easy to see
that the distribution of the location of a particle at the n-th generation has
the same distribution as the location of a (non-branching) random walk on I’
after n steps.

In other words:

Fact 7.4.5. Let v € F with l(v) = n for some n > 1. Then
P[S, = y] = P[X, = y] = u”(y).

Consider the colored BRW: the next Lemma gives us a formula for the
expected number of elements frozen in a set M C I'. A proof of this fact can

be found for example in [45] or [31, Lemma 1].
Lemma 7.4.6. For any M C T, we have E[Zo(M)] = F(e, M|)).

For seek of clarity, we split the proof of Theorem 7.4.1 into the proof of
Propositions 7.4.7, 7.4.8 and 7.4.9.
Recall from Section 2.1 that QEO) CcQ; CO.

Proposition 7.4.7. Ends of QEO) belong to A with positive probability if and
only if Gi(A) > 1, ice., P[AN QEO) # 0] > 0 if and only if (;(X) > 1.

Proof. In this context it is convenient to work with the colored BRW. In fact,
the idea of the proof is to define an embedded Galton—Watson process with
mean value ¢;(\), that counts the number of particles that hit T';.

The BRW starts with one particle at e. Recall from Section 1.2.2 that by
construction we have that every identity element e; of I'; is identified with e.
The first generation of the embedded Galton—Watson process consists of all
particles of the BRW frozen at I';*.

Since g has finite support, every particle visiting I'; has to pass through
supp(ui). Hence, Zoo(T)) = Zoo(supp(pi)), which is almost surely finite,
because the BRW is transient. Therefore the amount of particles of the first
generation is almost surely finite.

Now let us fix a vertex z € I'*. For each particle frozen at x we start a new
BRW where particles freeze when reaching I'; \ {z}. The second generation
of the embedded Galton—Watson process consists of all these newly-frozen

particles.
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Further generations are constructed inductively in the same way. Let 1,
denote the amount of particles of this process at generation n, and let F'(e, z|z)
be as defined in Equation (3.2). Then (¢y)n>0 is a Galton-Watson process
with mean

m; = B[ Zoo (supp(u:))] = F(e,supp(:)[A) = G(N).

Hence, this Galton—Watson process survives with positive probability if and
only if (;(\) > 1; see e.g. [28, Theorem 6.1] or the original paper by Galton
and Watson [60]. Therefore, we have that

Gi(A\) >1 <= T is visited infinitely often by the process.
The previous statement can be written as
G >1 — PANQY 2] >0,
which concludes the proof. ]

Recall from (7.1) the definition of type 7(-) of a word u = ujug - - - Uy, i.e.
the value ¢ € 7 such that u,, = 1.

In the next proposition we show that
GA)>1 = Card(ANQ;) = oc.

Proposition 7.4.8. If (;(\) > 1 then there are almost surely infinitely many
cosets xI';, where the BRW accumulates. That is, the set

{x eT|7(z) # i,xQEO) NA# @}
s almost surely infinite.

Proof. We construct the family tree .7 of the BRW with branching distribution
v in the following way. We start with one geodesic voo = (0,v1,v2,...) and
attach to each of the vertices independent copies of Galton—Watson trees where
the distribution of the first generation is (k) = v(k + 1) for £ > 0 and v for
the other generations.

As already argued in Fact 7.4.5, the trajectory along v, has the same
distribution of a non-branching random walk. Hence, S,,, converges almost
surely to a random infinite word goo = g192... € Qo as n — oo (here we
mean convergence in the sense that the block length of the common prefix of
the location of S, and g tends to infinity).

Moreover, we define the random indices n; := min{m € N | g,, € I';}, and
recursively ny := min{m € N | m > ng_1,9,» € I';}. Note that these indices
are almost surely finite; see e.g. [24, Section 7.1].

Denote by 7y, the first vertex in v, such that oy = g1...gn,, and by A,
the set of accumulation points of the descendants of any element v € 7.
Moreover, let By be the set of offspring of 0 different from the one on the

geodesic connecting the root to vue.
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Let Aj denote the following event:
A ={A, N SUQEO) # () for some v € By, s.t. 7(v) = i}.
We point out that the events Ay are i.i.d. because by transitivity we have
PlA, NS, £ 0] =PANQY £0], for every v € 7.
Now, due to Proposition 7.4.7 and the fact that

P[By, # 0,3v € By, : 7(Sy) = 4] = (1 —v(1)) - Plv € By, : 7(Sy) =i | By # 0]
(1-v(1))-a;>0

v

we have P[A;] > ¢ for all £ and some ¢ > 0. The Borel-Cantelli Lemma
finishes the proof. O

In order to complete the proof of Theorem 7.4.1, we still need to look at
the critical and subcritical cases (;(A) < 1, and this is done in the next

Proposition 7.4.9. If (;(\) <1 then P[ANQ; # 0] = 0.

Proof. From Proposition 7.4.7 it follows that P AﬂxQEO) £ (0| = 0 for all
x € I': indeed, each x € I' is visited only a finite amount of times almost
surely. Each particle that hits x, starts its own BRW there and each of these
BRW’s hits mQZ(-O) only finitely many times with probability one.

Since we can write A N €; as a disjoint union, i.e.

Ani= || (Anzo),
zelr(x)#1

we have
PIANQi£0= > P[anzaf £0] =0,
zel T (x)#i

which concludes the proof. O



Chapter 8

Dimension of A

The aim of this chapter is to show how to measure the size of A. i.e. the
random set of accumulation points of the BRW.

The most important tool that we are going to exploit is a variation of the
growth function defined in Section 1.3:

F(Alz) =Y F(e,x|A) 217, (8.1)

zel

where we recall that [(u) is the graph distance of u from the root.
For i € 7 we define

FrAlz) =Y Fle,x[A) '™ = > Fy(es, x|¢i(N)) /), (8.2)

$EFZ.X $EF1-X
and
F2) =Y 3 Plea:® = ﬁ(x|z)<1 + 3 ]:j()\|z)>.
n>1lz=xi..cn€l: JET\{i}
xlerf
(8.3)
By definition it follows:
FAlz) =14 Fi(A2). (8.4)

i€T

We denote by R(F) and by R(F;") the radii of convergence of 8.1 and 8.2
respectively.
By relations (8.3) and (8.4) we get

Fi(Mz) = ]—"Z"'()\]z) (]-"()\\Z) — -7:1()"2))7

or equivalently

F. J z
Hence we have
F = F — J z
(Alz) =1+ E i(Az) =1+ F(\|z) E %’

€L 1€l
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which leads to 1

Fr\z)
L e T

This relation holds for every z € C with |z| < R(F).

F(Mz) = (8.6)

8.1 Box-counting Dimension & Hausdorff Dimen-

sion
The the main result that we prove is the following:

Theorem 8.1.1. Suppose that v has finite second moment. Then the box-
counting dimensions of A and ANQ, exist and equal the Hausdorff dimensions
of A and A N Qe respectively. Furthermore:

_ log 2”

BD(A) = BD(A N Qx) = HD(A) = HD(A N Qec) = 0

where z* is the smallest real positive number such that

FHOE
i AR (8.7)
; 1+ F(M\z")

A first consequence of Theorem 8.1.1 that we obtain, is that only the set
of infinite words contributes to the dimension of A:

Corollary 8.1.2. For i€ Z, HD(AN ;) < HD(AN Q).

The proof of Theorem 8.1.1 is split into two sections. In Section 8.1.1 we
find the upper bound for the Box-counting dimension, that is the same as the
lower bound computed in Section 8.1.2.

8.1.1 Upper Bounds

The aim of this section is to show that logz*/log« is an upper bound for
BD(A). For this purpose we estimate the growth rate of the set of visited
sites. Therefore denote by

Hy, = {z €T |l(z) =n, x is visited by the BRW} . (8.8)

Since the random walk governing the considered BRW is of nearest-neighbor
type, we are sure that there are no jumps along the paths. Recall that on
the boundary we are working w.r.t. the metric defined by Equation (2.1).
Therefore, for every m € N, the set of accumulation points of the process can
be covered by a finite amount of balls of radius ™.

Finiteness follows from the fact that the free product itself is locally finite,
and that the BRW has finite support.

From now on, By, denotes the ball of radius m (in the Cayley-graph dis-
tance) centered at the origin. In formulas we have

AC U {w € Q| z lies in the w-component of X'\ By,—1}.
TcEHm
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The growth rate of the set of occupied vertices is given by

lim (Card(Hm,))"™,

m—o0

which is what we are going to estimate.
Recall from Section 7.3.1 the definition of Z, (). We remark that x € H,,
if and only if Z, (x) > 1. Therefore, by Lemma 7.4.6,

1 <ECard(H;,) < Z EZ(x) = Z F(e,z|\) =: Hp,.
zell(z)=m zel:l(z)=m

Since each vertex can be reached more than once, we have that Hy,1, > H,,,H,
and hence Fekete’s lemma (see [16, Satz I1] and [56, Lemma 11.6]) implies that
lim,y, oo Hi{™ exists.

We can rewrite Equation (8.1) as F(Az) = >,,50 Hn2™. With this
notation, Equation (8.6) yields -

1< lim HY™ =1/R(F), (8.9)
m—00
therefore
R(F) <1 (8.10)

By Pringsheim’s Theorem R(F) corresponds to the smallest singularity on
the positive z-axis of F(A|z). This value is either one of the R(F;")’s, or the

smallest positive number z* such that

FrQAlz)

1€L
Before proving that in fact R(F) = z*, we still need to introduce a few defini-
tions: we will need the so-called last visit generating functions. We define:

Li(zi,yilz) = > PV =y, V1 <m <n: Y, # ;| VY =2;]2" and
n>0
L(z,y|z) == ZP[Xn =y Vi<m<n:Xn,#ax|Xo=x]z"

n>0

By conditioning the random walk on its first visit to y; (on I';) or to y (on I'),
and its last visit to x; (on I';) or to = (on I') we obtain:

Gi(xi, yi|z) = Fi(wi,vil2) - Gi(yir yil2) = Gi(ws, 23] 2) - Li(wi, yil2),

(8.11)
G(m,y|z) = F(Cﬂ,y|2) ’ G(y,y|2) = G($,$|Z) ’ L(w,y|z)
Thus, by transitivity we obtain
F(z,y|z) = L(z,y|z) for any z,y € T and |z| < R. (8.12)

Let x,y,w € ' be such that all paths of the random walk going from x to w
must pass through y. Then

F(z,w|z) = F(x,y|2) - F(y,w|z), L(z,w|z)= L(x,y|z) - L(y,w|z); (8.13)
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this can be checked by conditioning the paths from x to w on the first/last
visit to y.

Now we can show that R(F) = z*. We split this proof into two lem-
mas: first we show that R(F) must be positive and strictly smaller than 1.
Afterwards we show that R(F) < R(]:;r), giving the proposed result.

Lemma 8.1.3. R(F) € (0,1).

Proof. The Cayley graph of I'" grows at most at exponential rate, therefore
R(F) > 0.

To see that R(F) < 1 recall from Equation (8.11) that F(e,z|\) and
G(e,z|\) are comparable, i.e., G(e,z|\) = F(e,x|\)G(e, e|A).

Hence, for some C' > 0 we have that for all m € N

Z F(e,z|\) > C Z G(e,z|)N).

z:l(x)<m z:l(z)<m

The sum on the right hand side is the expected number of times (i.e. the
total expected occupation time) that the BRW visits the ball B,,. Since
the underlying random walk is of nearest-neighbor type, all particles up to
generation m must be contained in the ball B,,. Moreover we know that the
expected population size at time m is \™ (recall that A > 1). Therefore we

Z F(e,z|\) = ZHk>C Z G(e,z|\) > ™.

z:l(x)<m k<m z:l(x)<m

have

Taking the limit on m — co we obtain:
1/m
. > T my1l/m
lim > Hy > lim (A™) V™ > 1,

k<m

Therefore H,, grows exponentially. By relation (8.9) we have the statement.

O
In the next lemma we show that R(F) must be the solution of (8.6).
Lemma 8.1.4. For alli € I, R(F) = z* < R(F;").

Proof. From an intuitive point of view, this must be true: the value R(F)!
represents the growth rate of the process on I', while R(J’-"f)*1 is the growth
rate of its projection on the i-th factor. The proof is based on the following
considerations: if the growth of the process on I'; is less than exponential, then
in view of Lemma 8.1.3 this property is trivially true. While, if the process
grows exponentially on each I';, since the amount of I';’s at each level increases
at exponential rate as well, it is becomes natural to guess that

R(F)™ < R(F)™!

We split the proof into two parts: first we investigate the situation (;(A) <1,
and then the case (;(\) > 1.



8.1 Box-counting Dimension & Hausdorff Dimension 71

Case (;(A) < 1: In view of Proposition 7.4.7 we know that in this situation

the expected value of the process projected on I'; is at most 1. This implies
that on each copy of I'; it will eventually die out almost surely, which means
its growth is less than exponential. Therefore from Lemma 8.1.3 the statement

follows.

Case (;(A) > 1: In this case the growth of the projected process is at least

exponential. Therefore we consider the following:

n k
Hy= Y Fle,zlN)=> >  J[Fzn.

zel k=1x=x1...x €l j=1
l(xz)=n I(z)=n
Another fact that we have to keep in mind is: ZxEFi/:l(m)zl F(e,z|\) > (ir(N).
We can minorate H,, by conditioning the BRW on performing |n/2]| con-
secutive steps on I';, and then alternating between I'; and another factor I';:.
This leads to

1 In/2] /2] k
Hy > <R(TZ+)> Z Z HF(e,xj])\)

k=1 z=x1...2,€l: j=1

I(x)=[n/2]

The binomial coefficients come from the fact that we are counting all different

possibilities that satisfy our assumption. This is the same as counting in how

many ways we can place (n — |n/2| — k) indistinguishable balls into &k urns.
Applying the binomial theorem (a more general version that can also be

used here is explained in [11]) we get

im /n ! L i’
lim(H,,)"" > \/R(ﬁ)\/R(ﬁ) +Gr(A)

= ﬁ\/l + R(F)Cor(N) >

(8.14)

1
R(FS)

)

O

The next lemma gives an almost sure upper bound for [H,,|"/™ as m — co.
Its proof is based on Markov’s Inequality and the Borel-Cantelli Lemma.

Lemma 8.1.5. Recall from (8.8) the definition of H,. We have

1
lim sup(Card(H,,))"/™ < — almost surely.

m—o0 z

Proof. Choose a value € > 0 and define the event

Ap = [Card(’Hm)l/m > i]

= p=
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Since .
limsup(E (Card(?—[m)))l/m < lim sup H}r{m S

PR
m—00 m—»00 z

there is a value mg € N such that E (Card(H,,)) < (& +5)™ for all m > my.

= z*
Therefore, for large m, using Markov’s inequality

(14 2%¢/2)™
(1+e)m

<

PlA,] = ]P’[Card(%m) > +€)’”] _ (Z)"E (Card(Hn))

(%) (1+e)m

By Lemma 8.1.3 we know that z* < 1, therefore the Borel-Cantelli Lemma
yields that A,, occurs only finitely many times almost surely. In other words,

lim sup Card(#,,) /™ < (1 +¢)/2*

m—o0

almost surely. Since this inequality holds for every € > 0, we get the proposed
claim. 0

Finally, the desired upper box-counting dimension is obtained:

Proposition 8.1.6.

BD(A) < log =
log

Proof. Denote by N(a™) the number of balls of radius at most o/ needed to

cover the random set A. Then, for every € > 0, we have that
1 m
N(a™) < Card(Hy,) < <—* +e>
z

almost surely for sufficiently large m. Therefore,

B log N(a™ log(L +¢)"  log(L +¢
BD(A):hmsupL(a)glimsup og(z+e)" log(zx+ )
m—oo —loga™ m—00 —log a™ —log «
Letting € — 0 proves the claim. O

8.1.2 Lower Bounds

In this section we show that log z*/log v is also the lower bound for the Haus-
dorff dimension of A. From this fact we can conclude that the box-counting
dimension exists, indeed HD(A) < BD(A) < BD(A).

The “skeleton” of the proof recalls the main ideas used to prove a similar
result in [31, Section 6.3]: in order to help the reader follow, we use the same
notation as [31].

The main idea is to construct a sequence of Galton—Watson trees 7, to
embed in the BRW, in such a way that the limit sets of the 7,.’s are subsets of
the limit set A.

Remark 8.1.7. In this context, r denotes the parameter of the Galton—Watson
trees, like in [31]: the offspring of a vertex x in T, are the vertices y at dis-
tance r from x, such that a particle of the BRW located at x has at least one
descendant entering the level containing y, for the first time at y.
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Let us denote by A, the limit set of 7,.
As r goes to infinity we have HD(A,,) — HD(\). This approximation
relies mainly on the following facts:

e the particles travel essentially along the geodesics;
e the limit sets of multy-type Galton—Watson trees are well understood.

These two facts are still true in the case of free products of finite groups,
therefore the proof of the lower bound is similar to the one for homogeneous
trees (see [31]).

The case with at least one infinite factor, needs some extra care. In this
situation particles do not necessarily travel along geodesics, and infinite-type
Galton—Watson processes are not so easy to handle. To overcome these diffi-
culties we approzimate the infinite factors by an increasing sequence of finite
subgraphs. These, denoted by Xl-(d), are the ones induced by balls

Bi(d):={yel;|l(y) <d}, d>1

Letting d — oo we get the optimal bound log z*/log a.
Fix a value d > 1. At this point we add an auxiliary vertex f; to Xl-(d),
which we call “the tomb”. All edges in &; exiting B;(d) now lead to {;.
(i,d)
The random walk (Yn )n eNo
I';, with the exception that each particle that leaves B;(d) is sent to {; (i.e. it
dies).

The next step is the construction of the free product X% whose free factors

on Xi(d) behaves like the random walk on

are the Xi(d) ’s: analogously to Equation (1.1) we obtain

X .= {xlxn el : neN,x; e UXi(d) \ {ei 1: )
1€l
and z; € Xi(d) = Zjt1 ¢ Xi(d)} Ufe, T},

where t symbolizes the tomb on X9 Roughly speaking, we identify all tombs
t, into a single vertex t € X(@),

We identify every z € X4 with the corresponding element in I'. Analo-
gously to Section 3.2, we lift the random walks defined on Xi(d) to a random
walk (X57), .
associated BRW.

In order to avoid confusions, we write G(@ (x, y|2) for the Green function of

defined on X(@. This new measure is the one governing the

the random walk on X(9. In the same way, we denote the generating functions
on X like the ones on T', but with an index “(d)” to distinguish the different
settings.

Remark 8.1.8. The comparison between the BRW defined on I' and the one
defined on XD is in some sense very easy. There are particles of the first
process which can come back to the origin e after exiting the ball B;(d), while
in the second case, by definition of Xi(d) they would be killed. Therefore the
return probability in the first situation is (from the exponential point of view) at
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least as large as the second one. It follows easily that the radius of convergence
of G (z,y|2) is at least R.

From now on, unless otherwise stated, we refer to geodesics in the sense of
the Cayley-graph distance.

For every x,y € I', we define T 7y to be the set of vertices w € I' such that
there is a geodesic from x to y which passes through w. For u € I', we denote
by d(u,7T:y) the minimal distance (w.r.t. the Cayley-graph metric) of u to
any element of 7+ y.

Now let us reason in terms of the colored BRW on X4, Let Z (y]ac)
denote the total amount of blue particles arriving and freezing at y € X4,
under the assumption that the BRW starts with only one blue particle at .
For » € N, we denote by Zég?r(y]m) the total amount of particles counted in
Zég) (y|z) whose trails remain within distance r from a geodesic connecting z
to y.

In other words, at all sites u such that d(u,Z=7y) > r every blue particle
turns into a red one.

In the following we set zg := xl_l for any & = z1 ... 2m € X@. The proofs
of the next two Lemmas follow step by step to the ones of [31, Lemma 4] and
[31, Proposition 7]. Nevertheless we present the main ideas for completeness.

Lemma 8.1.9.
li inf <H‘77Tb:1 Ezég?r(ﬂmx]\xlx]_1)>1/1(ﬂﬂ) )
111 m — 1
T—=00 p=g1...2m X (d) EZ&E) ($|e)

Sketch of the Proof. First of all we see that for every z € X(@ \ {e}

[[EZD, (1. xjlar ... 2j1) SEZD, (ale) <EZD (x]e).

This implies that the seeked limit is at most 1.

In order to prove the other direction, consider an arbitrary element in
XD say x = x1...xy, and apply Lemma 7.4.6 in this setting: we have
EZ (z]e) = F@ (e, z|)\). Now observe that using Equations (8.11) and (8.13)
we get

EZ®( _ L 1 @
[ee) $|€)—F (6,$|)\) G(d H T$J) m] ’ j‘( x]
For every r > 1, we can denote by G(%7) (z,y|z) the Green function associated
to the random walk on X% which remains within distance r from the geodesics
T :y. In the same way we can define the first-visit and last-visit generating
functions F(&7) (z,y|z), and L&) (z, y|2).

We would like to remark that for all z € C such that |z| <R

lim G (z,2]2) = G (z,z|z), lim L( )(ei,xi|z) = Lgd)(ei,xﬂz).

T—00 T—00
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If we fix any value € > 0, there is some r such that
L (eg i | P N) = (1= )LD (e3,2: | /P (V)

forall i € T and x; € X \{el,]L}
At this point we can conclude the proof using the tree-like structure of
the free product, analogously to [31, Lemma 4], and since € can be chosen

arbitrarily small, we obtain the claim. O

The proof of [31, Lemma 5] can be easily adapted to our setting, giving a

more general result:
Corollary 8.1.10. For allz,y € XY and r > 1 we have Vach(g?r(y]x) < 00.

For 2 € X? | we define the event E(9) () that among all particles counted
in Z\9 (xz]e) there is at least one particle whose trail has not entered I'] yet,
and enters the set

{ye XD 1i(y) =1(x)}

first at . Obviously, A% (ze) > 1 on the event E(4(z) and hence
P[ED (2)] < B2 (z]e).

Lemma 8.1.11.

i min M>l/k:1.

k—00 —zq..amex(d). (@)
e, BZeo (zle)

Proof. The proof of this Lemma is completely analogous to the one of [31,
Proposition 7]. We would like to point out that in this case we must con-
sider the distance from elements Ty (which are sets of paths) instead of
single geodesics. For the rest, we apply the same reasoning explained in [31,
Proposition 7. O

Analogously to (8.2) and (8.3), we define for i € Z and d € N

Z LW (e, z|\) 2 Z L ei,xki(d)()\)) 2@,

zel} zel}

= Z Z L@ (e, z|\) 2@

n2lg=g. 2,eX(d
T(z1)=1

Therefore we obtain

£O02) = £ (14 X £0002). (8.15)
JeT\{i}

Like in the case of Equation (8.6) we have £(@()|z) = 1+ ZZGI ()\\ ) and

therefore: )

£ (A2)
€L 1+£Ed)+(>\‘z)

LDNz) =
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Since every E( (A|]z) is convergent and strictly increasing for all 0 < z <

R(ﬁ(d) ) there is some unique 2 » > 0 such that

)

LNz,

> =1.

d
1+ L )+()“Zd,£)

Hence the radius of convergence of £®(\|z) is given by Za
We define for k£ € N

o) = {xl...xs cx@ ‘5 eNl(z) =k,x1 ¢ T'1, 25 Gfl}.

Since we excluded the case Card(Z) = Card(T';) = Card(T'2) we have that
o3 # 0 and o3 # (). Therefore, o}, 75@ orall2<keN.

Lemma 8.1.12.

Jim Sup<z PR (g;)]> v L

z
k—00 v€a} d.L

Proof. By Lemma 8.1.11, for all k£ large enough we have
PIEY (2)] > (1 - &)"EZ{ (x]e),

uniformly for all x such that [(x) = k.
Recall also that P[E(@ (z)] < EZ (z|e). Thus, it is sufficient to prove

ko
hmsup<z EZD (zle )> = —

. .
k—o0 vt d.c

Using again Equations (8.11) and (8.13) we obtain

G D (e, elN)
(d) GG A 2 ()
E EZ9 (x E F@(e,z|)) = E * (d)(m,x\)\)L (e, x|A).

*
x€aoj, :ank TEo;

Moreover 1 < G (z,2|\) < G(x,z|\) = G(e,e|\) < oo, therefore

1/k 1/k
hmsup(Z L@ (e x\A)) = hmsup(Z EZD (zle )) / . (8.16)

k—o0 vt k—o0 v€ot

To determine the left-hand side of (8.16) we need some more tools. Since we
are considering elements starting with all possible words which are not in I'y,
we define the following generating function:

Eidl 1(A]2) Z Z L@ (e, z|)\) 2@

n>2p— =x1.. :vnEX(d):
11¢Fi< ,mneFf

k

whose z*-coefficient is just 3 __. LD (e, z|)\). Equation (8.15) tells us

$EO’

L0 = £ N2 (1+ Y £000),
i€T\{1}
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and hence the function 1+ > ;7 1y E ()\| ) must have the same radius of
convergence of £® (\|z), which is Zy - Since

0< L9 0N <1+ Y £P02),
i€T\{1}

for all z such that the right hand side converges, the function ££d1)71 has also
radius of convergence 2 ». This yields the claim. O

Our next aim is to show that 2 . tends to z* as d — oo.

Since 2} , is strictly decreasing in d, and since

lim LY (e, z|\) = L(e, z|\) = F(e,z|\) (8.17)

d—o0

we have zo, = limg_, 2] , > 2*. Now we prove that in fact equality holds:

assume z* < z,,. In this case we obtain

£ (N2 )
1= lim @7 ’
d=oo T 1"‘5‘ ()‘isz)

)‘|ZOO) ]:z‘Jr()‘|ZOO)
>hmsupz (d :ZW>1’
d—o0 1 ‘i‘ﬁ >\| Oo) el + 7 ( iZOO)

which is obviously a contradiction. Thus,

lim zj , = 2" (8.18)

d—o00

Choose a number 2 < k € N arbitrarily. Similarly to [31], we embed a Galton—
Watson process in the BRW defined on the free product X'(@.

For n € Ny, we define the Galton—-Watson process as follows: its genera-
tions are denoted by gen(n) and the level of generation n is denoted by o7, .
We denote by &, a distinguished particle associated to a vertex = € gen(n).
The process is defined inductively as follows:

1. gen(0) := {e} consists of only one particle & located at e.

2.y € O'>(kn+1)k belongs to gen(n+1) if and only if there exists a distinguished

particle &, in gen(n) such that some of its offspring counted in Z (y|x)
has a trail which

(a) remains within the set
I'(z) ;= {y € ' | y has the form zw; ... ws with wy ¢ T'1,s > 1} U {z},
(b) hits the set {w € x(d) | l(w) = (n+ 1)k} first at y.

3. The first particle hitting y € o7
&y-

(n+1)k becomes the distinguished particle



78

Dimension of A

Let ¢, denote the number of particles alive at generation n. Since we have
the same offspring distribution at every x € o7, , the sequence (¢, ),>0 defines
a Galton-Watson process. We denote its mean value by Mgyj. At this point

we can state the following result:

Proposition 8.1.13.

. 1k
lim sup Md,k =0
k—o0 2,

Proof. The claim follows directly from Lemma 8.1.12 because per definition

we have Mgy = >, . P[E@ (z)). O

$60'k

A crucial tool in the following is Hawkes” Theorem: in his work (see [30]) he
finds a way to measure the boundary of a Galton—-Watson tree 7. This result
is extremely interesting and useful because in a Galton-Watson tree (which
Hawkes calls a simple branching process) each generation has a random amount
of elements. Denote by 0.7 the limit set of the tree (i.e. its boundary).

Denote by pj the probability that a vertex has exactly k descendants (to
avoid trivialities assume pg, p1 < 1), and by m := >, - kpi the expected value
of this offspring distribution. -

His main result states as follows:

Theorem 8.1.14 (Hawkes’ Theorem). If the offspring distribution has mean
m > 1 and finite second moment, then, in the event of non-extinction, the
limit set of the Galton—Watson tree  has Hausdorff dimension

logm

HD(0.7) =

—loga

Remark 8.1.15. This result was proved with other techniques by Russell
Lyons (see [39]), using the so-called branching number (which corresponds
tom).

A sharper version of [30] can be found in [37].

Applying Hawkes’ Theorem as in [31, Corollary 7], together with Equation
(8.18) we get the following statement:

Proposition 8.1.16. With probability one,

log z*

HD(ANQy) > .
( )_loga

8.1.3 Proofs of the Main Theorems

At this point we have all the tools we need in order to prove Theorem 8.1.1:

Proof of Theorem 8.1.1. The following chains of inequalities summarize the
previous results and finish the proof of the theorem. For the first part, Propo-
sitions 8.1.6 and 8.1.13 give us
log z* —
8% < HD(A) < BD(A) < BD(A) <

loga — -
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For the second part we use Proposition 8.1.6 again, together with Proposition
8.1.16, obtaining
log z* — log z*

o < < < BD < < .
byy_HDMQOy_EMAQOy_mXAQOLJMMU_l%a

O

Proposition 8.1.16 states that
HD(ANQ;) <HDANQs),

but in the following we prove that in fact strict inequality holds.
Now we prove Corollary 8.1.2, i.e., we show that the amount of non-typical
ends does not give any contribution to the Hausdorff dimension of A.

Proof of Corollary 8.1.2. A well-known property of the Hausdorff dimension
is the following: the dimension of a countable union |J; B; of sets B; C  is
given by the supremum of the dimensions of the single sets B;. Thus,

HD(ANQ;))= sup HD(AN xQEO)) < sup BD(AN xQEO)).
zel:T(x)#i zel:T(x)#i

For any fixed x € I" with 7(x) # 4, denote by ’H%) the vertices y in the coset
xI'; such that I(y) = I(z) +m and y has been visited by the BRW. Therefore,
by the property of tree-like structure endowed by the free product, we get

EMOI< Y Fleayld) =Flealy) Y Fleylh).

yel;:l(y)=m yel;:l(y)=m

Now we can observe that the function

F(e,z|\) Z Z F(e,y|A) 2™

m2>1yel;:l(y)=m

has radius of convergence equal to R(F;).
Therefore, Lemma 8.1.4 yields
lim sup(B|HE) )™ < 1/R(F") < 1/2*. (8.19)
m—r00

Applying a similar reasoning to Lemma 8.1.5 and Proposition 8.1.6, we show

that
log(R(F;"))

log
which by (8.19) leads to the statement. O
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Chapter 9

Dimension of ()

In this chapter we find the Hausdorff dimension of the boundary of the free
product: we will use the definitions and the tools described in Section 2.1.
In this case the proofs of the theorems are slightly easier than in the case of
A. This is due to the fact that € is a deterministic set, while A is a random
subset of ).

The main methods used to evaluate the dimension of ) are roughly the
ones described in Chapter 8. For completeness, we present them as well.

We show an analogue of Theorem 8.1.1: we prove the existence of the
box-counting dimension of ) and express it as the solution of a functional
equation.

In order to do it, we need to introduce some new tools. Recall the definition
of the growth functions from Section 1.3. To simplify the notation we set:

S(z) =%(T,5| 2); Si(z) == X(Iy,S; | 2);
o(k):=a,S; k); oi(k) == oI, Si; k).

We denote by R(S) and by R(S;) the radii of convergence of S(z) and S;(z)
respectively. With our notation, we can also write

o(k) = #{ €T | Uz) =k}, oilk) = #{z € T, | i(x) = k}.

Exactly in the same way as in Chapter 8, we obtain the deterministic corre-
spondent of Equations (8.1)—(8.6): the function corresponding to (8.1) is

Si(z) == Z Z Z o(m)z" = S;r(z)(l + Z Sj(z)>.

n>1m>1 x=x..xn€l: JET\{:}
l(z)=m,z1€l
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By definition it follows:
S(z) =1+ Si(2).
1€L
Therefore we get

Si(2) = 8 (2)(S(2) — Si(2)),

hence we have

SE) =1+ Si(z)=1+8(2))_ H%(fzz)
i€l i€l ?
which leads to 1
S(z) = : (9.1)

S (2)
1= ez 14857 (2)
To cover €2 with balls of radius o™ we need at least o(m—1) balls, and at most

o(m). Therefore we are interested in the asymptotic behavior of o(m)/™ on
the limit m — oo.

9.1 Main Results

The main result we would like to present is the following:
Theorem 9.1.1. The box-counting dimensions of ) and Q. exist and satisfy

_ log 2
~ loga’

BD(Q2) = BD(Q») = HD(2) = HD(Q)
where z5 is the smallest real positive number such that

ZM — 1. (9.2)

+

Analogously to Corollary 8.1.2 we obtain that the Hausdorff dimension of
Q) arises only from the ends in Q...

Corollary 9.1.2. For alli € Z, HD(€;) < HD(Q2s).

9.1.1 Proofs of the Statements

The following lemma shows that the value 1/z% corresponds to the growth
factor of the free product.

Lemma 9.1.3.

lim o(m)'/™=— <1.
m— oo 25

Proof. Obviously, R(S) < R(F) < 1 since F(e,z|\) < 1 for all z € T"\ {e}.

With the same reasoning done for Lemma 8.1.4, we get R(S) = z5. Therefore,

1/m

if the sequence o(m) converges, then we have

1 1
limsupo(m)/™m = — = —— > 1.
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1/m converges for m — oo.

Now we still have to prove that the sequence o(m)
By transitivity of I', we have o(m)o(n) > o(m + n) for all m,n € N,
i.e. (0(m))men is a submultiplicative sequence. Fekete’s Lemma implies the

statement. O

Remark 9.1.4. One can show analogously to Lemma 8.1.4 that 25 < R(S;"),
being R(S;") the radius of convergence of S; (2).

The next proposition shows that the box-counting dimension of 2 equals
the dimension of Q.

Proposition 9.1.5.

log 2%
BD(Q2) = BD(Q) = —5.
(©) = BD() = 155
Proof. If we try to give a rough estimate of the number of balls of radius o™
that we need to cover )y, we find:
1 -1
BD(Q) > BD(Quo) > liminf <—M>

m—00 log o™

_ 1\1/(m-1) _ *
— liminf <_loga(m 1) m 1) _ log 2§

log a m ~ loga’

Analogously,

BD(Q) < BD(Q) < limsup <_M>

m—00 log a™

<_ log a(m)l/m> _ log 23

= lim sup = .
m—00 log (0% 10g o
These inequalities lead to the statement. O

Finally, we can prove the formula for the Hausdorff dimensions of €2 and
Qoo

there-

Proof of Theorem 9.1.1. Tt is sufficient to show that HD(Q) > lfogng,
fore we adapt the tools described in Chapter 8 to our new setting.

We approximate the free product I' by a sequence of “truncated” free
products X(@ | and we do the same with the growth functions as well.

Since we are in the deterministic case, Lemma 8.1.11 is trivially true, since
here we do not count particles, but just possible trails. Reasoning in the same
way as done for the first part of the proof of Lemma 8.1.12, we get that the
amount of words of (Cayley graph) length k such that x; ¢ I'y and x € Ty

(denote it by 0&%)71(k)) is such that

d Uk gy 1 4500 1
<U£1),1(k)) = P = P
d,S S
We can proceed following the proof of Lemma 8.1.12 and embed a “determin-

istic” Galton—Watson tree into the free product analogously to what done in
Subsection 8.1.2. In this case each generation has exactly 0&%)71(k) descendants.
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By Hawkes’ Theorem, the Hausdorff dimension of the boundary of the
embedded tree is bounded from below by log 2 ¢/ log a, and therefore, con-

sidering the limit on d going to infinity we get:

HD(Q) > log z5/ log a.

At this point we prove the last result of this section:

Proof of Corollary 9.1.2. Analogously to the proof of Corollary 8.1.2 and by
Remark 9.1.4, we can use the property HD(U;B;) = sup; HD(B;) for all count-
able unions of sets B; C §2. In this way we can show that

HD(Q) = sup HD@Q”) < BDO) < BD(Qs0) = HD(s ).
xelT(x)#1

9.2 Continuity of the Hausdorff Dimension

The aim of this section is to investigate regularity properties of the function
“Hausdorff dimension” in dependence of the parameter A. For a free product
I', let us consider the function

d:[l,00) > R
A — HD(A),
which assigns to every A\ the Hausdorff dimension of the limit set of a BRW
with growth parameter A\. The limit case A = 1 corresponds to the degenerate
case of a non-branching random walk. In this case the Hausdorff dimension is

ZEro.
We can summarize the main properties of ® in the following statement:

Theorem 9.2.1. The function ®(\) has the following properties:

(i) ®(N) is strictly increasing on [1,R], ®(1) = 0 and ®(\) = HD(Q) for all
A>R.

(ii) ®(N) is continuous on [1,00)\{R} and continuous from the left at A = R.
Moreover 1
O(R) < SHD(Q).

Proof. Statement (i): This part follows from the next observations:
e the solution of Equation (8.7) must be strictly decreasing in A;
e the BRW at A =1 dies out almost surely (see [60]);

e if A > R the BRW is recurrent (see [4]) and therefore every point in
I' U is accumulation point for the process, implying HD(A) = HD(£2).
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Statement (ii): This part can be split into two steps: in the first one we show
that ® is continuous in [1,00) \ {R} and continuous from the left at A\ = R.
Afterwards we show that for all A < R we have HD(A) < 1HD(().

Step 1.: In order to prove continuity of &, it is sufficient to prove continuity
of the map A\ — z* = z*(\).

First, we prove continuity from the left at every A\g € (1, 00).
For this purpose, let (A, ),en be a sequence of strictly increasing real numbers
such that \,, < A\g and lim,,_, A, = A\g. By domination arguments, z*(\,,) can
not be smaller than z*(\g), therefore assume zp := lim, o0 2*(An) > 2*(Ao).
We have that z*(),,) is strictly decreasing.

Since f(x)/(1 4 f(z)) is strictly increasing in [1,00) if f(z) is a strictly
increasing function on [1,00), we get the following contradiction:

FiF (M) 2* (O Fi (o=
B :Z1+IS+FA‘OTZO)

1= lim
N0 eT 1+ FF ()‘n‘z*()‘n))

Fi (Mo]z* (M)
~ Z L+ F (Xo|z* (M)

€L

= 1.
1€T

Thus, lim,, 00 2*(\n) = 2*(No).

Since HD(A) = HD(Q2) for all A > R, it remains to prove continuity from
the right for A\g € [1,R). First of all we consider the case A\g € (1,R) and
afterwards we prove continuity at Ag = 1.

Consider a sequence (A, )nen of strictly decreasing real numbers such that
Ao < Ay < R, and limy, o0 Ay = Ag.

We want to show that under the assumption zg := lim, o0 2* () < 2%(Ao)
(by domination arguments, z*()\,) can not be larger than z*(\g)), we get a
contradiction. Observe that z*()\,) is strictly increasing.

Therefore,

Fi (An]2* (M Fi (Xo|z
SR :Zl—i—f;(o)‘\o(‘),)zo)

1= lim

n—reo icT 1+ ’7:z+ ()‘n‘z*()‘N)) ieT

Fi (Mo]2* (M)
LT E Gl 0a)

1€T

which is a contradiction. Consequently, lim, o 2*(Ay) = 2*(Ao).

It remains to prove continuity from the right at Ag = 1. In this case we
have that (;(1) < 1 (for a proof of this result, see e.g. [62, Section 6]). It
follows that for every 6 > 0 such that (;(A\g + d) < 1, we have

> wer, Gilei, z | Gi(Xo +0))

Gi(Gi( Ao +9)) -

Fro+61) = > Fiei,z | G(ho+0)) =
xEF;
1

T GGt NI —Gerd)) =

(9.3)
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Here we used the fact that a random walk on I' is transient, therefore it has
to pass through all intermediate levels at least once:

Gi(ei,z | (Mo +90)) = ey gl — L

Let (A, )nen be a strictly decreasing sequence of real numbers with limit A\g = 1.
We write zg = lim,,—,c0 2*(A,) < 1. Then, for n large enough,

| FF (]2 (M) Fi(1]20)
1= lim < . 9.4
nw;Hﬁ(Mz*(An)) —;Hﬂ*(l\%) oy

In order to finish the proof we verify that z*(1) = 1, from which zp = 2*(1) =1
follows.
By Equation (9.3) we get

+
> a5 - G -aa).
= ¢

1€L

From [24, Lemma 5.1] it follows that the quantity

— Gi(G(1)) (1= Gi(1))
is nothing else but the probability that a non-branching random walk on I'
tends to an infinite word of the form zjzs--- € Qo with 1 € T, In other
words, the above sum equals 1. By Equation (9.4) the statement follows.
The next result completes the proof of statement (ii):
Step 2.: For all A € [1,R], HD(A) < $HD(Q).
Following a similar procedure as in [31], define the function

)= Z F(e,z|)\)? 2@

zel

whose radius of convergence is denoted by z3. The Cauchy-Schwarz Inequality

gives then
i* = lim sup < Z F(e,x|)\)) v
& mree zell(z)=m
< h,znj;lop < Z F(e’x|)\)2>1/m ) h,glj;lop ( Z 12)1/m
zel:l(z)=m zel:l(z)=m
/1 1
= g . %

At this point it suffices (by the formulas given in Theorems 8.1.1 and 9.1.1)
to show that z5 > 1. First,

(A1) = ZF6$|)\ Gle. 6|)\ZZG63:|)\)

zel’ zel

- ee|)\zz<zp exA")

zell n>0
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We can rewrite the squared sum as

(Zp(")(e,x))\"> <Z p(m)(e,x))\m) = Z Z p™ (e, 2)pt™ (e, ) A",

n>0 m>0 n>0m>0

By symmetry we can expand the previous as

k
S5 P e, a)p™ (2, ) AF

k>0 m=0

Therefore, for every fixed = € T, the coefficient of A* in the inner squared sum

can (by symmetry) be rewritten as

k

ﬁ 2 e ™ (). (9.5)
’ m=0

Thus, every path [zg = e,z1,...,2r = €] of length k (consisting of k£ + 1
vertices) from e to e is counted k+ 1 times, because every x; can play the role
of = in Equation (9.5). That is,

 AG'(e,elN) N 1
 Gle,elN)? T Gleel))

FONLD) = =3 p®(e,e) - (b+1) - X

From this follows 25 > 1 whenever A < R or G'(e,e|R) < oo, and therefore
we get HD(A) < 1HD(Q2) for A < R.

By Step 1 (continuity from the left), we have the result for A = R as
well. O

For some examples the reader is referred to [7, Section 3.1].
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Chapter 10

Finite Case

10.1 Free Products of Finite Groups

In this section we give a more explicit formula for the box-counting dimension
with respect to a slightly changed metric on the boundary in the case of free
products of finite groups. In this case we have 2 = Q.

Throughout the whole chapter we do not need the assumption that the
W;’s are symmetric.

For any w1 = z129...,wo = y1ys -+ € Qoo with w1 # wo, we define the
confluent wy Aws of wy and ws to be the word 7 ...z of maximal length (see
below) such that z; = y; for all 1 <1i < k. If z; # y;, then w1 Aws :=e.

Recall from Section 2.1 that by ||v|| we denote the block length of the word
v. The metric on the boundary ). is defined by

dgn(wl,wg) .= gllwrrwall
for any arbitrary but fixed a € (0, 1).

With respect to this metric on Q we can define analogously to (2.2)
and (2.3) the box-counting dimension BD™(€’) and the Hausdorff dimension
HD(QY) for any Q' C Q.

Now we set

FF(N) = F (D),

and define the matrix M = (m(i,j))i jer by

- Fir), if i # 7,
mii.3) = 0 if i = j

Since M is irreducible and has non-negative entries, the Perron—Frobenius

eigenvalue exists (see e.g. [55]). We denote it by 6.

Now let us define the matrix D = (d(i’j))z‘,jel by
D -1, L
dti.g) = -

0, otherwise,

and denote by p its Perron—Frobenius eigenvalue. With this notation we get:
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Corollary 10.1.1.

log 6 log o

BD(A) = HD*(A) = -
(A) (A) log o

and BDI(Q) = HD(Q) =

B log
In order to prove the corollary, we show the following intermediate result:

Lemma 10.1.2.

—— log 0 1
BDU(A) < — 27 gnd  BDR(Q) = ——22,
log log v
Proof. First of all, we define the matrices My = (mo(i,j))mEz and Dy =
(dO(i’j))iJez by
Fr(N), ifi=j Ty —1, ifi=j,
mo(i,7) =< ° do(i,j) =
(i, 5) {0, otherwise, (@, 5) 0, otherwise.

For m € N, denote by HA" the random number of words of (block) length m
visited by the BRW, and by 1 the vector of length r» = Card(Z) with all entries
equal to 1. Then

ECard(Hi) < Y F(e,z[A) =1TMpM™ 1,

z€el:||z||=m
6(m)=Card({z €T ||z =m}) = 1" DyD™ 1.

Let u € R” be an eigenvector w.r.t. the eigenvalue 6 such that u > 1
(component-wise). Then:

AN\ FO) N\

E Card(Hin) < : M™ lu < : 0" lu.
Fr(A) Fr(A)

1/m

Thus, lim sup,,,_,~ (EHE?) < 6. Similarly, one can show that

. N 1/m
Jim, ()

=0

obtaining the two inequalities by taking eigenvectors vq > 1 and vo < 1.
Analogously to the proofs of Lemma 8.1.5 and Propositions 8.1.6, 9.1.5 we
obtain the claim. O

Now we can prove the stated corollary:

Proof of Corollary 10.1.1. First, we remark that we dropped the assumption
on symmetry of the u;’s, because we are working with finite groups. In the
present setting we have already that F'(e,z|\) < 1 (see Remark 7.1.1).

Let us recall Equation 3.5:

a;zG(2) = Gi(2)Gi(Gi(2)).



10.2 Free Products with Amalgamation

91

Since G(R) < oo and G;(1) = oo, we must have (;(R) < 1. Consequently,

F(e,xy...xk|\) = FT(mj)(GT(mj),ﬂijT(xj)()‘))

—

<
Il
-

AN
Ew

Fr(e;) (€r@a) 251) < 1.

<.
Il
-

In order to show that (—log#/loga) is a lower bound for HD"(A), we can

follow the same reasoning explained in [31, Section 6] and in Section 8.1.2.
Analogously to the proof of Theorem 9.1.1 we obtain that HD}(Q) =

BD"(Q). O

As a particular case we can see that when I' = 'y #I'y with |[T'y| = |T's| < oo,
we get the following explicit formulas for the dimensions:

BD(A) = HD™(A) = log /7 TVFF (N

log

log V(11 = 1) (10| - 1)

log

BD () = HD™(Q) =

10.2 Free Products with Amalgamation

An important generalization of free products are amalgamated products (recall
Section 1.2.3 for the definitions).

Take I'y,..., I, H to be finite groups such that each group I'; contains a
subgroup H; isomorphic to H and denote by ¢; : H; — H this isomorphism,
for each ¢ € 7.

Moreover, we denote by S; the generating set of I'; and by R; its relations.

In general, we can define the free product with amalgamation with respect
to the subgroup H by

FH ::Fl*HF2*H“'*HFr
= (Sl,. .. ,Sr | Rl,. .. ,Rn, (QSZ((Z)) = (QS]'(CL)), Va € H; V’L,j € I>

For i € Z, the quotient I';/H; consists of all left co-sets of the form
v, H; = {m,h ‘ h € Hi}7

where z; € T';.

Now we fix a set of representatives R; := {gi1 = €i,9i2,.-.,9in,;} for the
elements of I';/H;, i.e., for each y; € T'; there is a unique g; , € R; such that
yi € gixH;. We write 7(z) =i if 2 € R; \ {e;}.

The amalgam I'y consists of all finite words of the form

129 ... Tl (10.1)
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with n € No, z; € U;ezRj \ {e;} and h € H. Here we need that 7(z;) #
#(xiy1). W.lo.g. we may identify h with ¢;'(h).

Let € be the set of all ends of 'y, which consists of all infinite words of
the form wywy ... € (UiEI Ri\{ei})N such that 7(w;) # 7(w;41) for all i € N.

For any two different ends w1 = z122...,ws = y1y2 ... € , we can define
the confluent wy A wy of wi and wo to be the word z7 ...z, of maximal length
with z; = y; for all 1 < i < k. Analogously to the previous section, if z1 # y1,
then wy Awsy :=e.

This definition allows us to define a metric on the boundary :

dg{) (w1, ws) = allw1rell (10.2)

for any fixed parameter o € (0,1).

With respect to this metric, we can define analogously to (2.2) and (2.3)
the box-counting dimension BD)(Q’) and Hausdorff dimension HDU) (Q')
for any Q' C Q.

Suppose every group I'; is equipped with a symmetric probability measure
pi, and a value o > 0 such that ), 7 a; = 1.

The random walk on I'y is then governed by

aiﬂi(x), ifze FZ\HZ,
() = S er qipi (67 (d1(2))), if z € Hy,
0, otherwise.

For g; € R;, denote by Ty, 7 the stopping time of the first visit to the set g; H;.
We introduce the following generating functions:

Fy(gh|z) := ZP[TgH =n,X, =gh| Xo=e¢] 2",
n>0

where g € J;ez Ri\{ei}, z € C and h belongs to one of the H;’s. By symmetry
of the p;’s, we have Fy(gh|z) < F(e,gh|z) < 1.
Conditioning on the first step of the random walk, we get

Fu(ghlz) = u(gh)z+ > plgo)2Fulgy ' ghlz)
90€l () \gH(g)
(10.3)

+ Y > ulgo)z > Fulgy tholz)Fu(hg ' ghlz).

i€Z\{7(9)} go€l'; ho€H;

Since there are only finitely many functions F(+|2), one can compute Fy(-|2)
by solving the finite system of quadratic equations (10.3). We define also

FON =Y Fulghl

g€R\{ei},
heH;

and the matrix N = (n(i, j)), jer With entries

o FEDW, i 4],
nlhg) = 0 ifi=j



10.2 Free Products with Amalgamation 93

We denote by 0 the Perron—Frobenius eigenvalue of N and by oy the one of
the matrix Dy = (d (4, 7)), jer> defined by

Ii:H;|—1, ifi#£j
dHu,j);:{gﬂ R

Finally, we can state the following formulas for the dimensions:

Corollary 10.2.1. With probability one,

BDUD(A) = DU (A) = — 0801
log
and |
BDH)(Q) = HD)(Q) = — 221
log

To prove this statement, we start by showing the following intermediate
result:

Lemma 10.2.2.

BDUD (A) < 10801

_log o
loga

(H) () =
g o and BDY(Q)

Proof. We proceed similarly to the proof of Lemma 10.1.2. We define the
matrices Ny = (no(i,j))i’jez and Do g = (dOvH(i’j))i,jeI by

no(i, ) = FW), ifi=j, do (i) = [T Hj] -1, ifi=j,
| 0, otherwise, o 0, otherwise.

For m € N, let 7-[57? ) denote the set of words of the form g1 ---gmh € T in the
sense of (10.1). Since every path from e to g1 ...gnh € T has to go through
the vertices g1 ...g;h; € I', where h; € H and h,, = h, we have

> Fulgr-..gmhlz) = > > I Fulgihilz)

g1...gmhel g1...gmh€l hy,....hym_1€H 1=1
=1T"NyN™ 17,
Choose now an eigenvector v of N w.r.t. the eigenvalue 6y such that component-
wise v = (v1,...,v,)7 > 1. Then
E Card(H() < 1TNgN™ 11 < 1T NogN™ 1y = g1 (Z vi}'i(H)()\)>.
i€l

Therefore, lim sup,,,_, ., ECard(Hg{))l/m < 0y.

Furthermore, we remark that

6H(m) = Card({xl Ty | x; € U R]’ \ {ej},xi € R]’ = Tit+1 ¢ RJ})

JET

can be written as
& (m) =1"Dy y D11,
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Taking eigenvectors vi > 1 and vo < 1 w.r.t. og leads to

1i_r>n Card(6(m)Y™ = og.

Like for Lemma 10.1.2, one concludes the proof applying the same reasoning
used in the proofs of Lemma 8.1.5 and Propositions 8.1.6, 9.1.5. O

Finally we can prove the advertised corollary:

Proof of Corollary 10.2.1. Tt is sufficient to show that —log 6 /loga is also
a lower bound for HDW)(A). First, we remark that for m € N

> Fle,g1 - gmh|))
gi...gmh€l:g1¢R1

> > Fu(gr - gmholX) F(e, hg'hN).

g1.-.gmh€l:g1¢R1 ho€H

Since Card(H) < oo, there are real constants d, D > 0 such that for all h € H
it holds d < F(e,h|]\) < D. Now we write 19 := (0,1,...,1)T € R" and
therefore we get:

1/ 1/
(5 ) < (o) e,
g1..-gmh€l:g1¢R1

1/ 1/
> ezt )z () 2
g1---gmh€l:g1¢R1

This can be verified by substituting 1 in the first case by an eigenvector (w.r.t.
Or) vi > 1, and in the second case by an eigenvector (w.r.t. 0g) vo < 1.

With the help of this convergence, we can prove that the upper bounds in
Lemma 10.2.2 equal the Hausdorff and the Box-Counting dimensions. This
can be done once again following the procedure described in Section 8.1.2 (as
well as in [31, Section 6]).

Analogously to the proof of Theorem 9.1.1 we can finally conclude that
HDH)(Q) = BDH) (). O

Example 10.2.3. Consider the amalgam (Z/6Z) %727 (Z/6Z) and write T'y =
(a|a®=e1), To=(b|b% =e3), and H = (c | ¢? = ey), being ey the identity
of H.

The isomorphisms are defined by ¢1(a’) = ¢ = ¢o(b®). Therefore,

(Z[6Z) %797 (Z/6Z) = (a,b | a® = b° =e,a® = b?).

We set p1(a) = py(a®) = puz(b) = pa(b) = 1/2, a; = ag = 1/2 and consider
the distance defined by (10.2) with base o = 1/2. The system (10.3) becomes
then

z z z
Fr(alz) = 7 + ZFH(Gz\Z) + §(FH(G\Z)2 + Fp(a®|2)?),

Fr(a?|?) = ZFH(a|z) n %(FH(W)FH(@%) + Fy(a?|2)Fr(al2)).
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Observe that Fyg(a|z) = Fg(a®|z) and Fg(a?|z) = Fy(at|2).

dimension of the limit set of the BRW is then given by

_ log (2Fy (a|A) + 2Fy (a*|\))
N log 2

HD) (A)

)

while HDU(Q) = 1.

The Hausdorff
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Part 111

Branching Random Walks
on Cartesian Products
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Chapter 11

Critical BRW’s on 15 X Z

In this third part of our work, we investigate critical BRW’s on some Cartesian
products of groups. In particular we consider two settings: T x Z% and T, g x Ty,
being T; a homogeneous tree of degree g.

Our aim is to understand the limit set of a critical BRW on these structures:
does it have finitely or infinitely many ends?

All computations presented in this chapter are done for the Cartesian prod-
uct of the binary tree (denoted by T3) with the set of integers Z, but they can
easily be generalized to a product of a homogeneous tree (with bounded de-
gree) with Z2 (for every d > 1). The reason will become clear by looking at
the computations.

Analogously to [12] we define the probability measure on T5 x Z as

W= Qi+ aofig, (11.1)

where oy, as > 0 with a3 + ag = 1, while 1 and ps are the measures defined
on the generators of the first and second factor, respectively.

By analogy to the previous parts of the work, we denote by p the spectral
radius of the Markov chain governed by u and by R its inverse. By [4, Section
4], the value R is the critical mean value for the offspring distribution of the
BRW, and by [20] we know that at this point the BRW is still transient,
afterwards it becomes recurrent.

By [12] we have:

1/n
lim <M(n)(0)> = a1p1 + a2p2, (11.2)

n— oo

where p; denotes, as usual, the spectral radius of the random walk governed

by f1;.

11.1 Isotropic Case

Let us start with the isotropic situation, i.e., 1 and po govern simple random
walks.

Under the condition of survival, we have the following result:
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Proposition 11.1.1. The limit set of the critical isotropic BRW on T3 X Z
has infinitely many ends almost surely.

Proof. The crucial fact is the following: the critical BRW defined on T35 x Z
can be projected on each of the two factors, and such projections are again
BRW’s.

Let us consider the projection of the process on the tree, in which case
every edge {x,y} € Z reduces to a single vertex in T5. What we see is a BRW
governed by a probability measure (denote it by p©*), such that every particle
moves with transition probabilities

arp(ely) if the edge {z,y} € T,
(27 y) =< ag if the edge {z,y} € Z,
0 otherwise.

By standard computations, we can evaluate the spectral radius p* of the
Markov chain governed by p*: this new Markov chain is nothing else but
a lazy random walk on T5. We find that

pF = aip1 + as. (11.3)

Using relation (11.2), we can evaluate the spectral radius of p:

. ) ) /7 2v2
p= lim (,u( )(O)) = a1p1 + agper = a1 —— + ag,

n—so0 3

where in the last equality we used [64, Lemma 1.24] to find p; = 21/2/3, and
the fact that po = 1, being Z amenable and ps symmetric (we refer again to
Section 1.3.4).

Therefore, since p = p*, we can immediately deduce that the projection of
the entire BRW on the tree is transient (transience is assured by [20]), which
means that every copy of Z is visited by only finitely many particles almost
surely.

Consequently, the accumulation set of the considered BRW coincides a.s.
(on the event of survival) with a proper, non-trivial random subset of the
union of the boundaries of the trees. This union has infinitely many ends. [

Remark 11.1.2. The previous computations can be repeated 1 to 1 if we
replace T3 by any homogeneous tree of degree q > 3 and Z by any finitely
generated amenable group.

11.2 Anisotropic Case

In this second situation, we consider a BRW on 75 x Z such that its underlying
walk has a drift on the second factor. More precisely, denote by e; and e_; the
two natural generators of Z and fix a parameter 0 < £ < 1 arbitrarily small.
Now we choose pq to be a simple random walk on T3, and ps such that

1ie ift:el
pa(t) =< 2 11.4
() {% ift:e_l. ( )
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Our aim is to show that in this situation, the limit set of the BRW on T3 x Z
is one-ended.

For this purpose, we start by investigating what happens on the second
factor, and then how this information can be used to understand the behavior
of the BRW on the Cartesian product.

Choosing p2 as in (11.4), using (11.2) we get that for every ¢ > 0:

1/n
p:=lim <,u(")(0)) / < p*. (11.5)

By [4] this means that the critical value of the offspring distribution in this
case is larger than the critical value of the projected process on the tree (for
every arbitrary choice of oy and ag := 1 — ay).

From this result it follows immediately that every copy of Z is visited
infinitely often by the particles of the process: hence there are infinitely many
connections between different copies of Z.

On each copy of Z the drift in the direction e; “pushes” the random walk,
making it transient at its critical value, which can be computed explicitly using
[66, Proposition 9.3]. Obviously, it is a function of €, in fact it turns out to be
prt= (1=t

Now we need to prove that all the particles of the critical BRW defined on
Z accumulate in the same direction: we prove this in the next lemma.

Lemma 11.2.1. For every € > 0 the critical BRW on Z, whose underlying
random walk is governed by (11.4), is almost surely one-ended.

Proof. By [66, Proposition 9.3, we can easily compute the first arrival gener-
ating functions relatively to the second factor

1+£/1-(1—e2)22

et (1-¢)z
FQ(O, €_1 ‘ z) — 1+ (11;(2); 52)22

Exploiting the natural tree-structure of Z we know that every element of Z is
either of the form x = (e1)", or of the form y = (e_1)", for some n € N.
In the first case we have:

F(0,z | 2) = (F2(0,e1 | 2))",
and for every y = (e_1)"
F2(0’y | Z) = (F2(05671 | Z))n

Since the ratio v1 —e2/(1 — ¢) is larger than one, while V1 —&2/(1 + ¢) is
strictly smaller, for every word x = (e1)" and y = (e—_1)" we get:

\/1—52>n
Y27 ) =

1—¢

7”1_52>n —0.

lim F5(0,2 | py b) = lim (F>(0, € | pgl))n = lim <

liTILan(O,y | psh) = lirILn(FQ(O, e_1 | pgl))" = lirILn ( 5z
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Applying Lemma 7.4.6 (or, equivalently [31, Lemma 1]) and then Markov
inequality, we get the claim: the end determined by the direction lim,,(e_1)"
is not an accumulation point for the process. The critical BRW on Z is almost
surely one-ended. O

At this point we know that the BRW on Z will accumulate at the end
identified by direction e;.

Proposition 11.2.2. Choose p1 to be a simple random walk on T3, and ps
as in (11.4). Then the limit set of the critical BRW on T3 x Z is one-ended.

Proof. By relation (11.5) and Lemma 11.2.1, it follows that there are infinitely
many connections between the infinitely many one-ended sets of accumulation
points, i.e. the one ended-sets are all equivalent. Hence the BRW defined on
the Cartesian product accumulates on a one-ended limit set. ]

We would like to add that by the previous computations can be repeated
1 to 1 if we replace T3 by any homogeneous tree of degree ¢ > 2 and Z by any
Cartesian product of the form Z?. In this case an analogue of Lemma 11.2.1
still holds in the following form:

Lemma 11.2.3. Denote by e+1,...,e+q the natural generators of Z¢ and for
every € > 0 fix the measure on Z% defined by

ERe if t = e
,ug(t) = 51@ ift=e_
% ift =eyy, forie{2,...,d},

where B1,...,84 >0 and Z;l:1 B =1.
Then the limit set of the critical BRW on Z% is almost surely one-ended.

Proof. By projecting the process defined on Z% onto the first factor Z, we see
a BRW governed by the following probability measure:

ﬂl%ﬁ lf t = e
MT(t) = 51@ ift=e_y
Z‘f:g Bi otherwise.

This is the probability measure governing a biased lazy random walk on Z: it
stays in place with probability Z?:z B; and it moves on the considered factor
otherwise.

Using again [12] and [66, Proposition 9.3], we get that the spectral radius
of uj is given by

d
ﬂT:51V1—€2+Zﬁi-
i=2

In this case pj = p2 (where as usual ps denotes the spectral radius of p2),
giving us a transient BRW on Z. By reasoning on the first factor Z, we can
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repeat the same steps done in the proof of Lemma 11.2.1, obtaining the claim.
In fact we know that the projection of the BRW on any factor other than the
first one would give us a recurrent lazy random walk (since the random walk
on the other factors is symmetric).

It follows that there are infinitely many connections between the infinitely
many one-ended sets, i.e., the limit set of the BRW on Z¢ is one-ended. U

Now we can state the main result of this chapter:

Theorem 11.2.4. Denote by A any finitely generated amenable group. For
every probability measure p1 and po, and every value of oy and s :=1 —
we have the following characterization (phase transition):

(i) if p2 is a symmetric measure, then the limit set of the critical BRW on
T, x A has infinitely many ends almost surely;

(ii) if po is non-symmetric (i.e. the random walk on Z% is biased towards one
direction), then the limit set of the critical BRW on T, x Z% is one-ended
almost surely.

Proof. Statement (i): if po is symmetric (i.e. it governs a simple random walk
on Z%), then a straightforward generalization of Proposition 11.1.1 holds when
w1 is not symmetric. This implies that the limit set of the critical BRW on
T, x A has infinitely many ends almost surely. This happens independently of
the measure pq and of the values of aq, as.

Statement (ii): If pg is a non-symmetric measure (i.e. the random walk
on Z% is biased towards one direction), then a straightforward generalization
of Proposition 11.2.2 holds. Using Lemma 11.2.3 we obtain that the limit set
of the critical BRW on T}, x 7% has only one end almost surely. This is true

independently of the measure p1 and of the values of ay, as. O

At this point it is natural to conjecture the following (more general) state-
ment:

Conjecture 11.2.5. Choose any one-ended, finitely generated amenable group
A with a probability measure ps on A such that the random walk governed by
o 1s biased towards one direction. If uy governs a simple random walk on T3,
then the limit set of the critical BRW on T3 x A (whose underlying walk is
governed by p defined in (11.1)) is one-ended.

11.3 Generalization

The results found so far with the help of [4], [20] and [12], can be pushed
further to investigate more general situations.

We can, for example, consider the Cartesian product T x Z¢, where T is a
Galton-Watson tree (conditioned on survival).

In order to approach this topic, we need to recall the most important results

about BRW’s on Galton-Watson trees: the main work we refer to, is the one
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by Pemantle and Stacey [47]. In their paper, they find precise conditions
for a BRW defined on a Galton-Watson tree to survive and have two phase
transitions.

Denote by T a Galton-Watson tree whose evolution is determined by a
probability measure 7, i.e.,

N := P(a vertex has k descendants).

We are interested in the case when T is infinite, then we need to assume
m =, knp > 1.

Remark 11.3.1. The topic “random walks on Galton- Watson trees” has been
studied by many authors, and the reader can find a summary of the known
results in [38, Chapter 16].

Grimmett and Kesten (see [27]) proved that the simple random walk on
infinite Galton-Watson trees is a.s. transient. This result was deepened by
Lyons, Pemantle and Peres: they investigated the rate of escape of the simple

random walk (in [40]) and of the biased random walk (in [41]).

Denote by deg(x) the degree of a vertex = € T, then the simple random
walk on T is governed by the measure

(2 ly) = {1/ deg(x) if x ~y, (11.6)

0 otherwise.

Using the same techniques described in [12], we get that the simple random
walk on 7' x A (being A any finitely generated amenable group) has spectral
radius

1
p= 5(,01 +1),

where p; is the spectral radius of the simple random walk on T

In [47], Pemantle and Stacey consider the development of BRW’s and con-
tact processes on Galton-Watson (as well as non-homogeneous) trees. They
define the BRW in a slightly different way, which we recall here for seek of
simplicity.

Denote by n(x,t) the amount of particles alive at vertex x € T at time
t. According to their definition, at every unit of time, each vertex v gives

particles away at rate n(v,t), while it receives particles from its neighbors at

B> n(u,t),

uU~Y

rate:

being 8 > 0 a fixed parameter determining the evolution of the model. They
prove that under some conditions (see below) on the underlying Galton-Watson
tree, the BRW has two distinct critical values for 8: one (denoted by 3,,) above
which the process survives weakly, and the other (denoted by fs) above which
every vertex is visited infinitely often by the BRW.

In particular, they show that (see [47, Propositions 2.5 and 2.6])

Bs = 1/(2\/3)’
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where (d + 1) < oo is the maximum degree of the underlying Galton-Watson
tree T'. They find a bound for 3, as well:

Buw < 1/(m +1),

where m > 1 is the mean value of 7, the offspring distribution of 7. In
addition, this inequality becomes strict if ) is not concentrated on a single
value.

It follows (see [47, Theorem 2.1]) that if we have (m + 1) > 2v/d, then
Bw < Bs almost surely, on the event of nonextinction.

Therefore, from now on we assume the following condition:

Assumption 11.3.2. (m +1) > 2V/d.

In our setting, we can choose the tree T appropriately, i.e., in such a way
that Assumption 11.3.2 is satisfied and 7" has no leaves (i.e., 7o = 0). At this
point we define a BRW on T with transition probabilities governed by the
measure g1 on 7' such that

P(a particle of the BRW moves from u to v in one step) = 1 (u™1v),

where p is defined by (11.6), i.e., it governs a simple random walk on 7.
Denote by v the probability distribution governing the offspring distribu-
tion of the BRW, and once again denote by

A= Z kv,
k

where v, := P(a particle of the BRW defined on T has k offspring).
For each couple of neighbors u, v € T" denote by &, , the amount of particles
of the BRW that start at u and reach v. Then, for every 8, < 8 < Bs we have

E |8 n(ut)| =EE.) =Y Nut (o) = Giluv | A),  (11.7)

t>1 t>1

where G1(u,v | A) is the Green function associated to the simple random walk
on T evaluated at z = A. In the last equality we used a more general version
of [31, Lemma 1], considering all the particles going from u to v, and not only
the ones stopped on arriving at v for the first time. The proof of this equality
is based on the same techniques as the one of [31, Lemma 1], with some extra
care because the random walk is defined on a random structure.

Relation (11.7) shows us the connection between the paramenter § and
the mean value A. It is clear that, in order to preserve equality in (11.7), if we
change the value of 8 then we need to modify A accordingly. In particular it
is easy to see that A not only varies continuously in 5, but it can be seen as a
monotone increasing function of 3.

In other words, there are two values A, (determining a phase transition
between death and weak survival) and As (determining a transition between
weak and strong survival) such that under Assumption 11.3.2 we have

Aw < As.
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The necessary condition for survival of the BRW is A > 1, then we get
1< .

Since T" has bounded maximum degree (d + 1), it is a quasi-transitive graph.
We can therefore apply the methods used in [20] to find that at A = A\ the
BRW is transient.

Given all these facts, we can perform the same steps as in Sections 11.1
and 11.2 in order to prove the next two statements:

Proposition 11.3.3. Consider a finitely generated, amenable group A and a
Galton-Watson tree T (without leaves) such that Assumption 11.8.2 is satis-
fied. Then the limit set of the critical isotropic BRW on T x A has infinitely
many ends almost surely.

Proposition 11.3.4. Consider a Galton-Watson tree T' (without leaves) such
that Assumption 11.8.2 is satisfied. Let the measure po have a bias in one
direction, then the limit set of the critical BRW on T x Z% is almost surely
one-ended.



Chapter 12

BRW’s on T35 x 15

In this chapter, all computations are made for the case I' := T3 x T3, but they
can easily be generalized to the Cartesian product of two homogeneous trees
of finite degrees a > 3 and b > 3 respectively.

Our aim is to investigate the critical BRW on T3 x T3 whose underlying
random walk is a simple random walk. This means that the underlying random
walk is governed by

=Ll (12.1)
Hoi= 2:“’1 2:“’2’ .

with @1 and po governing simple random walks on 73. Denote once again by
p the spectral radius of the simple random walk governed by .

In order to distinguish the two factors of the Cartesian product we will
denote by Té’ the horizontal factor T3, and by T3 the vertical factor Ts.

We can consider two compactifications of the Cartesian product: namely
the end compactification (recall Section 2.1) and the Martin compactification
(recall Section 2.2). As the reader can easily check, the former consists of only
one element. In order to deal with the latter we will need to be more careful.

Denote by (9T§f and 073 the end compactifications of T?f‘ and T3 respec-
tively.

Here we are dealing with critical BRW’s, therefore all generating functions
are evaluated at z = R, which means that the Martin Kernel (recall Equation
(2.5)) is evaluated at t = R~ = p.

We would like to anticipate that the Martin boundary is the tool that gives
us a more formal idea of what we mean by “infinitely ended (random) set”,
since I itself is one-ended.

By [51] we know that the Martin boundary M of T x 7% (when z = R)
is given by

M = (I x TY) U (0T x dTY) U (Th x 9TY). (12.2)

Roughly speaking, M is the set of all possible directions that the process can
take. Since the BRW is transient, all particles will eventually move away from
any finite set: this means that they will follow a path going to some element

of M.



108

BRW’s on T3 X T3

12.1 Martin Topology

Denote by 01 and 03 the roots of T4 and T3 respectively, and by 0102 the origin

of the Cartesian product. By (an))nzo and (Zén))nzo we denote any sequence

of (non necessarily distinct) vertices in T4 and T¢ respectively. In this way
(n)

each sequence on the Cartesian product I' can be written as (an) Z5 " )n>0,
for some suitable sequences. For simplicity, we set ZfO)ZQ(O) ‘= 0109

Recall that I(u) is the Cayley graph distance of an element from the origin
(see Section 2.1). If at least one, out of (an))nzo and (Zén))nzo (denote it by

(an))nzo), is such that
(ZMHD)Yy =14 1(Zz™) Vn >0,

then we say that (an)Zén))nZO is an increasing sequence. We point out that it
is possible to describe any element w € M as limit of an increasing sequence
of vertices (an)Zén))nzo eTh x TY.

Define T4 (a,b) (resp. T¥(a,b)) to be the horizontal (resp. vertical) binary
tree rooted at b not including a.

At this point we can state how the neighborhoods of each element of M
look like. By Relation (12.2), we have three possible cases.
For suitable increasing sequences (Z%n))nzo and (Zén))nzo, every element w
belonging to (9T} x T¥) or (T4 x OTY¥) has neighborhoods of type

U™ = (T4 (01, 2") x y), (12.3)

or
U™ = (2 x T (02, Z\™)), (12.4)

respectively. Here = € Tgf and y € T3
In case w € (9T x OTY), its neighborhoods are:

U™ = (T (o1, 2™) x T (02, ZS™)). (12.5)

Now we can define what an accumulation point of the BRW is: it is an element
w of M such that any arbitrarily small neighborhood U™ of w contains trails
of the BRW.

The goals of this section are the following:
(i) to understand which elements of M are accumulation points;
(ii) to distinguish different types of accumulation points.
Now we can show our first result.
Lemma 12.1.1. FEvery element of M is an accumulation point.

Proof. Given Relation (12.2) we should consider the three cases given by
Equations (12.3)—(12.5) separately but, exploiting the symmetry of (12.3) and
(12.4), we can reduce our investigation to only two situations.
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To show that in neighborhoods U™ described by Equations (12.3) and
(12.4) there are trails for every n, it suffices to show that U™ is touched
infinitely many times by the BRW.

This is a simple consequence of the following fact. Denote by p the spectral
radius of the simple random walk on T4 x T%¥. By [4], the critical mean value
of the BRW is p~!, which (by [64, Lemma 1.24]) equals 3/(2v/2).

If we project the BRW on Té‘ (or, equivalently, on T3), we see a BRW
governed by the lazy random walk, whose spectral radius is

1({2v2
Plazy = 5 <— +1> .

2 3

Since p < plazy, we have that the BRW on each projection is recurrent (see
[4, Proposition 4.5]). Therefore elements w whose neighborhoods are of type
(12.3) and (12.4) are accumulation points (in the Martin topology).

In the situation where w has neighborhoods of type (12.5) we can analyze
things in a similar way: now we know that every copy of Tgf and of T3 is
touched infinitely often (i.0. for short) by the process, i.e.

P(T2 touched i.0. by BRW) = P(T¥ touched i.0. by BRW) = 1.

By symmetry we can argue that if we split Té’ (or T¥) into three equal subtrees
(denote them by TW, T() and T®)), the following holds:

P(T™ touched i.o. by BRW)+
+ P(T™® touched i.0. by BRW) 4+ P(T® touched i.0. by BRW) > 1.

This implies
P(T™ touched i.o. by BRW) > 1/3,
P(T® touched i.o. by BRW) > 1/3,
P(T® touched i.o. by BRW) > 1/3.

Since for j € {1,2,3} the event {TU) touched i.o. by BRW?} is a tail event,
its probability must be 1. By (12.5) we see that the probability that U™ is
touched infinitely often by the BRW is at least the product of the probabilities
of TH (o1, an)) and T3 (o2, ZQ(n)) being touched infinitely often.

It is clear that T (o1, an)) and 7% (o2, ZQ(n)) are isomorphic to one of the
TW)’s. By this observation we get that U™ is touched infinitely often by the
BRW as well:

P(U™ touched i.o. by BRW)
> P(T™ touched i.0. by BRW)P(T) touched i.o. by BRW) = 1,
for some appropriate i,j € {1,2,3}.
We would like to emphasize that the calculations do not depend on the
starting point of the process. More precisely, every neighborhood U™ of every

element w € M is reached infinitely often by the BRW, independently of the
initial location of the particles. O
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Remark 12.1.2. In particular, we can start the process as far away from the
chosen U™ as we wish, and Lemma 12.1.1 assures that (with probability one)
there are particles of the BRW that eventually reach U™,

Now we can distinguish two different types of accumulation points, that
we will call stable and unstable.

We say that w € M is stable if it is “attractive” for the process, i.e., for
every neighborhood U™ of w we have that

P(3 particles of BRW that enter U™ and eventually stay in U (")) =1.
Likewise, we say that w € M is unstable if
P(3 particles of BRW that enter U™ and eventually stay in U (")) =0.

Our next result is:

Proposition 12.1.3. Every w € (T8 x TY) U (T} x OTY) is an unstable
accumulation point.

Proof. Markov inequality tells us that for every random variable A

P(lA > a) < AL (12.6)

Let us consider the following event:
A, = {3 particles that stay in T;L between time n and n + k}.
We get:
E(|Api]) = p~ " PP(X s € TR, Vi=1,... k)

oo enh (1) < () ()"

This last quantity goes to zero as k — oo. Therefore

P(3 particles that stay in Té’ eventually)
= P(U_,3 particles that stay in T2 after time n)
< Z PP(3 particles that stay in T2 after time n)

n>0
2 lim B Ans 2 1) < D fim E(lAnil) =0
n>0 n20

The last inequality is just (12.6), evaluated at a = 1.
This proves that there are no infinite trails of particles connecting a vertex
of T} (resp. T¥) to an element of 9TY (resp. OTY). O

The meaning of Proposition 12.1.3 is the following: there are infinitely
many particles going through all neighborhoods U™ of type (12.3) or (12.4),
but with probability one they are spending a very short time there. They are
leaving to reach some other accumulation point, i.e. a stable one.

On the other hand we have:
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Proposition 12.1.4. Every w € (0T x OTY) is a stable accumulation point.

Proof. Let us split T3 into three equal subtrees, and let us analyze what a
single random walk (X, )nen governed by p (defined by (12.1)) does.

We know that for every fixed n, U™ (of type (12.5)) is touched infinitely
often by the BRW with probability one. We claim that the following holds:

P(3j > 1st. X e UM, VE>j5) > %. (12.7)
This comes from the fact that the random walk must move in the right subtree
of TI and of T¥ containing the projections of U™, In other words, once the
random walk X; reaches U™ it has to choose between three possible direc-
tions on T?? and three possible directions on T5. Therefore, X; has probability
2/3 of (eventually) ending up in T4 (o1, an)), as well as of (eventually) ending
up in 7% (02, Zén)) on Ty . Thus:

P(3j > 1s.t. X € UM Yk > j)
>P(X; € TH (o1, an)) eventually)P(X; € T3 (o2, Zén)) eventually)

=(5) (5):

which is relation (12.7).
Define the following event:

Ay, := {all descendants of a particle that hits U™
for the k-th time, eventually exit U(")}.

Thus we get

P(Ay) = P(A N {U™ is visited infinitely often})

m—o0

< lim P <U;€”:1Ak N{U™ is visited infinitely often})

This means that the complement event has probability one, i.e. the elements
in (0T} x OTY) are stable. O

Remark 12.1.5. We would like to point out that by these results we know that
the directions w € (OT x T¥) U (T4 x OTY) are not limit points (in the graph
topology) of the trace of the BRW, since there are no infinite trails connecting
the starting point to any of these directions.

Therefore the limit set of the BRW on Tgf‘ x T3 is contained in the set of stable
accumulation points.

12.2 The isotropic BRW has infinitely many Ends

So far we have considered BRW'’s with their Martin topology. In this section
we state another result, that tells us what happens in the graph topology.
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Consider an isotropic BRW (with mean value m smaller or equal to p~—!)
on T?? x T3. In the event of non-extinction we have the following result:

Proposition 12.2.1. If the BRW is isotropic, then its limit set has infinitely
many ends (in the graph topology) almost surely.

Proof. At 0109 start two identical but independent BRW’s (with mean value
m < p~!) and say that one is the blue BRW (denote it by B), and the other
one is the red BRW (denote it by R).

By B we mean the blue BRW that ran for k steps, analogously we write
R, for the red one. Moreover, we write & for any particle of By alive at time
k, and &, for any particle of R,, alive at time n.

By z, we denote the position of the particle u.

Let us say that a vertex is purple if it is visited by a red and a blue particle.
Then:

E [#{purple vertices}| < E Z Z #{ueBr,veER, : Ty =1y}
k>0n>0

=Y Y ER#{ueBLvER, : =} =) > mMTPlg =¢).

k>0 n>0 k>0n>0

Since the process is isotropic, we know the following facts:
(i) & and &, are two particles that performed simple random walks;

(i) P[& = &) is the probability that two simple random walks meet. Then:

Pl = &,] = Pl€kn = 0102],
by invariance and reversibility of the process.

Here we recall the fundamental result by Cartwright and Soardi:

Theorem 12.2.2 ([12]). Consider a Cartesian product G of d discrete groups
G1,...,Gq, such that every G; is equipped with a probability measure j1; gov-
erning a random walk (X%)nzl. Suppose that for every element y € G of the
formy = (y1,...,yq) € G we have

P(X) = y;) ~ Cipj /n%, forall je{l,...,d},

where pj is the spectral radius of the random walk (Xﬂl)n and a; > 0 are
numbers independent of n. Then the random walk (X,), on G governed by

d
poi=oqpr + ...+ ogpg,  (for a >0, Zajzl)
j=1

satisfies

_Cloapi + ...+ agpa)”
noit-..taq :
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Remark 12.2.3. In this case the random walk has period 2, then we should
consider only even values of n.

On every homogeneous tree it is known (see e.g. [23], [63] and [11] compare
also with Section 4.1) that

P(XI = y;) ~ Cjplt /02,

therefore, applying Theorem 12.2.2 we get that

Cp™
Since
P(X, =0102) ~P(X,, =y) foranyye€ Té‘ x Ty,
we have

C n
Blgk = &) = Pléirn = 0100] ~ .

From this reasoning it follows that

E [#{purple vertices}] < Z Z m TP, = 0109]

k>0n>0
C/ n+k

<ZZ n+k:

k>0n>0

The last sums are finite for all m < p~!. This means that the expected

amount of blue particles that touch the red ones is finite, i.e., by definition of
the expected value it follows that

P[Card(BNR) < 00| =1,

which implies that there are only finitely many connections between trails of
blue and red particles. Eventually the trails of particles will separate, which
means the limit set of the BRW has infinitely many ends almost surely. U

12.3 A small Note on a BRW with a special Bias

The measure p defined by (12.1) is an instance of a more general one:

poi=apr + (1 —ai)ps,

where a; € (0,1), while p; and po are the two measures governing random
walks on Tgf‘ and T3 respectively. By [11] we have that the spectral radius p
of the random walk governed by p is given by

p=oaip1+ (1 —ai)pa,

being p; and po the spectral radii of the random walks governed by p and pa
respectively.
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We consider o defined as

P(O, al) = 1/4;
po = P(o,a2) = 1/4; (12.8)
P(O, ag) = 1/2;

being a1, az,as3 the generators of 7T3. In this case it is easy to verify that
P2 = 1.

Proposition 12.3.1. For every measure p1 and every value oy, choose po as
in Equation (12.8). Then the limit set of the critical BRW on T x TY has
infinitely many ends (in the graph topology) almost surely.

Proof. By projecting the considered BRW on T¥ we see a BRW whose under-
lying random walk is a lazy random walk, it stays in place with probability
(1 — a1) and moves on the tree with probability a;. The spectral radius of
this random walk is given by

Plazy = a1p1 + (1 — aq),

which obviously coincides with p in this case.

The lazy random walk on the tree is transient at its critical value then,
with probability one, every copy of T3 is visited only finitely many times by
the BRW.

The proof ends in the same way as the one of Proposition 11.1.1: the
particles of the BRW accumulate on a (proper, non-trivial) random subset of
the union of the boundaries of all copies of Té’, giving the statement. O

Given these results, it is natural to conjecture the following statement:

Conjecture 12.3.2. For every biased underlying measure p, the limit set of
a critical BRW on Tgf x T3 has infinitely many ends, almost surely.



Appendix A

Darboux’s Method vs.
Singularity Analysis

As mentioned in Chapter 3 there are mainly two methods to deal with singular
expansions: one is Darboux’s Method, and the other is known by the name of
Singularity Analysis.

The authors who work in this setting are sympathizers either of one, or of
the other method. In our work we used mostly the first, this is why we are
going to describe it more in details.

There are a few references which can be looked at, e.g. [63], [65], [9] and
[10], where the Method of Darboux has been described and applied. Let us
explain how this method works.

A.1 Darboux’s Method

First of all we find the singular expansion of the function G(z), which means
that we have to understand how fast the quantity G(R) — G(2) tends to zero
in a neighborhood of z = R. Therefore, in the considered cases, we were able

to find an explicit function a(-) such that
G(z) =GR)+a(R - z) +o(a(R — 2)),

with a(R — z) going to zero as z tends to R. This function is the “leading
singular term” of the expansion. Under our assumption —see Equation (3.3.1)—
a(s) has a well known Taylor expansion in a neighborhood of s = 0, which
means that the asymptotic behavior of its coefficients a,, is known. In our case
it is of type

an ~ R7"f(n),

where “~” stands for “asymptotically equivalent up to a constant”, and the
function f(-) : N — R is of the form f(n) = n~*log™n for some real non-
negative (non both zero) A and k. This can be deduced from the book of
Flajolet and Sedgewick [19, Chapter VI.2].

It is clear that if R > 1 the sequence a,, converges to zero.
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The main point of this method is to compare a,, with u(™(e), and to find
out that

,U'(n)(e) ~ A,

whoch means to show that their difference tends to zero faster than a,,:
™M) —an| =0 as n— oo

In order to achieve this asymptotic estimate, the resource that we need to use
is the so-called Riemann-Lebesque Lemma. Its statement can be found in many
works (see e.g. [57, Section 2.2]), but will be stated here for completeness:

Lemma A.1.1 (Riemann-Lebesgue Lemma). If a function H(z) = hyz" is
analytic for |z| < 1, continuous for |z| < 1 and d times continuously differen-
tiable over |z| = 1, then

hp = o(n™9).

Remark A.1.2. By an easy normalization, we can see that the Riemann-
Lebesque Lemma can be generalized to the case when the radius of convergence
of H(z) is v > 1, obtaining that

In order to be able to apply Lemma A.1.1 we need a function that is enough
times continuously differentiable on |z| = R. The first idea is to consider

H(z) :=GR)—-G(z) —a(R —2) =o(a(R — 2)),

in order to obtain that the difference of the coefficients (™ (e) — ay,| tends to
zero faster than a,,.

At this point (we can consider this as the first step) this is normally not
the case yet, which means that we need to expand the function further, to find
the next leading singular term. Let us denote it by b(R — z). Therefore we
find

GR)—-G(z) —a(R—2) =b(R —2) + o(b(R — 2))
We can consider (this is the second step)
GR)—-G(z) —a(R—2z) = bR —2) = o(b(R — 2)),

and hope that we have achieved already the right value of d that we need, in
order to exploit Lemma A.1.1 to obtain the desired approximation

1™ (e) — an| = 0(an) as n — occ.

If this is not the case yet, we must keep on expanding the considered function,
until we have enough differentiability on its circle of convergence.
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A.2 Singularity Analysis

This method has been introduced by Flajolet and Odlyzko (see [18]) and
further developed by Flajolet and Sedgewick (see [19]).

Like the method of Darboux, it is used to extract the asymptotic behavior
of the coefficients of a power series.

Apparently it is easier to use and faster to verify than the method of
Darboux, but in our case we found out that there was no advantage. The
problems that we had to face using Darboux’s method, arose as well when we
tried to verify the hypotheses of sufficient regularity of the function, required
to apply this second method.

The different situations described in Chapters 4 and 5, arising according to
different expansions of the Green functions, must be treated differently with
both methods.

A few references that can give an idea about the difference between these
two different approaches are the following: [17], [3].

We would like to describe shortly the basic facts that characterize this
method. For deep explanations and details we refer to [19, Part BJ.

The theory of singularity analysis essentially relies on two objects: Gamma
functions and Cauchy integrals. In order to make a proper use of these pow-
erful tools, there is a “price” to pay: we need some reqularity assumptions on
the considered function.

This method relies on the contour integration by means of Hankel-type
paths, therefore the fundamental assumption that we need, is:

Assumption A.2.1. The considered function has an analytic continuation
to a small neighborhood outside its circle of convergence, except close to its
singularity.

Essentially, this means that the function must be analytic in a “pacman-
shaped” region containing the full disc of convergence, see Figure A.1.

Figure A.1: Pacman-shaped region (in yellow the disc of convergence).
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Consider a function f(z) that can be written as a formal power series
f(2) =>_,50 [nz". We denote by [2"]f(z) the coefficient f,.
Using the same notation as [19, Chapter VI], we define the following set:

Si={(1-2°A(=)? |0, B €C}, Az):= élog 1 -

Here we would like to recall the following fundamental result: for its proof we
refer to [19, Theorem VI.4].

Theorem A.2.2. Let f(z) be an analytic function at 0 and such that satisfies
Assumption A.2.1; let us denote by R its singularity. Assume that there are
two functions o and T, where o is a finite combination of elements of S and
T €S such that

f(z) =0(2/R)+O(7(z/R)), as z— R.
Then one has
[2"]f(z) = R "on + O(R™"7),
where
oy = [2"o(2) = n* logn)? (T'(a))™ + O ((logn)™)),
and 17 = o(oy,).

We conclude this appendix by recalling the Tauberian theorem (see e.g. [53]
for a detailed exposition of the Tauberian theory), which is another powerful
tool to get the asymptotic behavior of the coefficients of the power series f(z),
provided to know very little about f(z). For more details and more references
we refer to [19, Section VI.11].

For this method we only need to know the growth of f(z) on the positive
real line. It is very convenient to use this theorem when, for example, f(z)
has a very irregular behavior on its circle of convergence (a very interesting
example is described in [25]).

In the following, a function A(z) is said to be slowly varying at infinity if,
for any ¢ > 0 we have

Alex)/A(z) =1 as z — oc.
Finally, we have all tools to state the Tauberian Theorem:

Theorem A.2.3 (Tauberian Theorem). Let f(z) be a power series with radius
of convergence equal to 1, satisfying (for z — 1)

10~ e (1)

for some value o > 0 and A(z) slowly varying function. If the coefficients

fn =1[2"]f(2) are all non-negative, then

kzzofk ~ m/\(n)-
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