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This PhD thesis contains a collection of papers of the author. Three of
these are already published. All the details can be found in the Publication List
following this preface. The fourth paper Invariants of functional decomposition
of rational functions is in preparation and will soon be submitted for publication.

The structure of this thesis is as follows. After the introduction, there are
four chapters and each corresponds to one publication. At the beginning of each
of those chapters, more information about the publication can be found. The last
chapter contains a publication that is quite unrelated to the main topic of this
thesis. This publication is incorporated into the thesis, since it was published

during the doctoral studies of the author.
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Chapter 1

Introduction

In 1920’s, the creators of modern iteration theory Fatou, Julia and Ritt
made extensive studies of commuting polynomials, that is, f,g € Clz]| that
satisfy fog = go f. The Julia set arose from such studies, as a consequence
of a result of Julia that two commuting polynomials have the same Julia set.
Ritt [85] determined all commuting rational functions. Ritt [84] further studied
more general functional equation fi o foo---0 fi, = g1 0ga0---0 g, in non-
constant complex polynomials. This led him to study possible ways of writing a
complex polynomial as a functional composition of polynomials of lower degree.
A polynomial f € C[z] with deg f > 1 is called indecomposable if it cannot be
written as a composition f(z) = g(h(x)) with g,h € C[x] and degg,degh >
1. Tt follows by induction that any polynomial f(z) with degf > 1 can be
written as a composition of indecomposable polynomials — such an expression
of f(x) is said to be a complete decomposition of f(x). Ritt proved that one
can obtain any complete decomposition of f(z) from any other through finitely
many steps, where each step consists of replacing two adjacent indecomposable
polynomials by two others with the same composition. This result is known in
literature as Ritt’s first theorem. Ritt then solved the equation a o b = cod
in indecomposable a,b,c,d € C[z]. The trivial solutions are aob = (a0 ¥{) o
(¢4=1) o b) for any linear £ € C[z], where £~ () denotes the inverse of £(x) with
respect to functional composition. Ritt proved that, up to such insertions of
linear polynomials, the only nontrivial solutions are z™ o 2™ f(2™) = ™ f(x)™ o
2" and T, (x) o Ty, (z) = Tin(x) o T, (z), where f(z) € C[z], n,m are positive
integers and 7;,(X) is the n-th Chebychev polynomial of the first kind (defined
via identity T}, (cos(a)) = cos(na)). Ritt further generalized this result by finding
all solutions of the equation a o b = ¢ o d, which satisfy deg(a) = deg(d) and
ged(deg(a),deg(c)) = 1 (note that the solutions of aob = cod in indecomposables
satisfy these conditions). This result is known in literature as Ritt’s second
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theorem. Simplified and modernized versions of Ritt’s proofs together with a
complete exposition of related results can be found in [96].

In his proofs, Ritt used the language of Riemann surfaces. It was there-
fore somewhat surprising that his results could be extended to polynomials over
fields other than the complex numbers. In 1941 and 1942, Engstrom [36] and
Levi [65], using different (algebraic) methods, showed that the great portion
of Ritt’s results (these did not include Ritt’s second theorem in full generality)
hold over an arbitrary field of characteristic zero. In 1969, Fried and McRae [45]
proved that these results remain valid over fields of positive characteristic as
well, provided characteristic of the field does not divide the degree of the poly-
nomial under consideration. In 1974, Dorey and Whaples [25] noticed that Ritt’s
proofs do not make essential use of the topological structure of Riemann surfaces;
they followed Ritt’s ideas and gave group-theoretic proof of Ritt’s first theorem
and valuation-theoretic proof of Ritt’s second theorem (but under simplifying
assumption that a,b,c¢,d € C[z] in a o b = c o d are indecomposable). In the
same paper Dorey and Whaples further provided an example of a polynomial
f(x) with coefficients in a field K satisfying char(K) | deg f, which has two com-
plete decompositions consisting of a different number of indecomposables. In
1993, Zannier [94] proved an analogue of Ritt’s second theorem in fields of posi-
tive characteristic. Alternative proofs of the aforementioned results were further
given by Fried [43], Schinzel [88, 89], Tortratt [93], Bilu and Tichy [13] and
others. These results have many applications to various areas of mathematics
that include:

1. Bilu and Tichy’s [13] classification of all f,¢g € Qz] such that the
equation f(x) = g(y) has infinitely many integer solutions,

2 Pakovich’s classification [75] of f, g € C[z] and compact subsets A, B C
C such that f~1(A) = ¢g71(B),

3 Beal, Wetherell and Zieve’s [7] description of K[f] N K[g] and K(f)N
K(g) for f,g € K|x], where K is a field of characteristic zero,

4 Ghioca, Tucker and Zieve’s [48] classification of complex polynomials
that have orbits with infinite intersection,

5 Medvedev and Scanlon’s [68] description of the affine varieties that are

invariant under a coordinatewise polynomial action.

We come back to Bilu and Tichy’s classification later in this introduction.
Chapters 3 and 4 concern the applications of Bilu and Tichy’s classificiation.
In what follows, we study in more detail polynomial decomposition questions
with special focus on invariants of complete decomposition, as well as rational

function analogues of these results; this is the main topic of Chapter 2.
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1. Invariants of rational function decomposition

As we have seen, all the solutions of the equation a o b = c o d in inde-
composable a,b,c,d € C[z] satisfy either dega = degc and degb = degd, or
dega = degd and degb = degc. From Ritt’s first theorem it follows therefore
that any two complete decomposition of f € Clz| consist of the same num-
ber of indecomposable polynomials and that the sequences of degrees of inde-
composable polynomials in any two complete decompositions of f(z) are the
same, up to permutation. In 2000, Beardon and Ng [8] presented another in-
variant of polynomial decomposition. Writing I'( f) for the set of linear ¢ € C[z]
such that f o ¢ = f and ~(f) for the size of the set I'(f), Beardon and Ng
showed that if f = fj o fao---f, is a complete decomposition of f € C[z],
then the sequence (y(f1),v(f2),...,7(fn)) is uniquely determined by f(z), up
to permutation. Beardon and Ng further showed that if f = fi 0 foo--- f, for
fofiyooos fn € Clz], then v(f) | v(f1)v(f2) - - - v(fn). Gutierrez and Sevilla [55]
extended the latter result to the case when f, f1,..., f, € K[x], where K is a
field such that char(K) { deg f.

Very recently, Zieve and Miiller [96] presented a new invariant which gen-
eralizes both Ritt’s degree invariant and the invariant of Beardon and Ng. To

state it, we need to introduce the notion of monodromy group.

DEFINITION 1. Let K be a field. Given a f € K(z)\ K the monodromy group
Mon(f) is the Galois group of (the numerator) of f(x) — ¢ over K(t), where t is

transcendental over K, viewed as a group of permutations of the roots of f(x)—t.

The importance of the monodromy group when analyzing various questions
about polynomials was exhibited by Fried in [42, 41]. More details on the
importance of the monodromy group when analyzing decomposition questions,
will be given later in this introduction. Zieve and Miiller [96] showed that if
f=fiofyo--- fyis a complete decomposition of f(x) € C[z], then the sequence
of permutation groups (Mon(f1), Mon(f2),...,Mon(f,)) is uniquely determined
by f(z), up to permutation. Since Mon( f;) acts on the set of size deg f;, it follows
that the monodromy invariant generalizes Ritt’s degree invariant. In [96], it is
proved that for indecomposable f;, v(f;) = 1 unless Mon(f;) is cyclic, in which
case Y(f;) = [Mon(f;)| = deg f;; hence the monodromy invariant generalizes the
invariant of Beardon and Ng as well.

In Chapter 2 we give a common generalization of these results for rational
functions over an arbitrary field that satisfy certain conditions on the mon-
odromy group. In so doing, we recover most of the known results on invariants
of polynomial decomposition and present several new ones. In our proofs, we

follow the Galois-theoretic approach developed by Ritt [84], which we recall in
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the following section. The approach we take clarifies why these results are true

in some settings and not in others.

Methods and results. We use the following notation throughout this sec-
tion: K is an arbitrary field and f € K(x). We define a decomposition of f(z)
to be an expression f = fio---o f, with f; € K(z) and deg f; > 1. We say that
f € K(x) with deg f > 1 is indecomposable (over K) if it has no decomposition
of length n > 2. Complete decomposition of f(x) (over K) is an expression of
f(z) as the composition of indecomposable rational functions in K (x). Write
f(X) = fn(X)/fp(X), where fn, fp € K[X] are relatively prime and recall
that then deg f is defined as maximal between deg fx and deg fp.

The following result of Liiroth, provides a dictionary between decompositions
of f(x) and fields between K(f(x)) and K(z).

THEOREM 1 (Liiroth’s theorem). Let K and L be fields such that K C L C
K (x), where x is transcendental over K. Then L = K(h(z)) for some h(x) €

If f =goh, then K(h(x)) clearly lies between K(f(z)) and K(x). For a
non-constant f € K(z), Liiroth’s theorem implies that any field L such that
K(f(z)) € L C K(x) must be of the form L = K(h(x)) for some h(z) € K(x).
Since f(z) € K(h(x)) it follows that f = go h for some g(z) € K(z). We do not
have a bijection here since the generator of an intermediate field of K (x)/K(f(x))
is not uniquely determined. However, for non-constant hy, he € K(x), it is easy
to see that K (hi(x)) = K(he(z)) if and only if Ay = p o hy for some degree-one
wu(x) € K(x). This motivates the following definition.

DEFINITION 2. For f € K(x), we say that two decompositions f = fio---of,
and f =gy o0---0gy of f(x) are equivalent if n = m and there are degree-one

HOy -y B € K(ZL’), with Ho = Wpn = T, such that g; = Mij—1 © fl o p§_1> for
1 < i < n, where p{™1 denotes the inverse of p with respect to functional

composition.

Hence, the class of decompositions of f(x) that are equivalent to the decom-
position f = fjo---o f,, corresponds to the chain of fields K(z) D K(f.(x)) D
K(fn—10 fa(z)) D - D K(fio- o fu(x)) = K(f(z)). We are of course in-
terested in the possible ways rational functions decompose up to equivalence,
so we may say that a complete decomposition of f(z) corresponds to the chain
of fields between K(f(z)) and K(z). Note that if f/(z) # 0, the extension
K(z)/K(f(x)) is separable. If so and if L is the Galois closure of K (x)/K(f(z)),
then fields between K (f(x)) and K (z) correspond to groups between associated
Galois groups — Mon(f) = Gal(L/K(f(z))) and the point stabilizer in Mon(f),
that is Gal(L/K(z))). Note that a complete decomposition of f(x) corresponds
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to the decreasing maximal chain of groups between Mon(f) and the point sta-
bilizer in Mon(f). Further note that f(z) is indecomposable if and only if the
point stabilizer is a maximal subgroup of Mon(f). It is well known that the
point stabilizer is a maximal subgroup of the permutation group if and only if
this group is primitive (it does not preserve a non-trivial partition of the under-
lying set). Hence, f(x) is indecomposable if and only if Mon(f) is a primitive
permutation group. This was first observed in [45]. We remark that Miiller [71]
classified the monodromy groups of indecomposable complex polynomials using
the classification of finite simple groups.

There are no known analogues of Ritt’s results for rational functions. Ritt [85,
86| first studied this question and was aware of the fact that there exist com-
plex rational functions with two complete decompositions of different length; he
noticed that the fact that A4 has two maximal chains of subgroups of different
length, namely 1 < Cy < V4 < A4 and 1 < C5 < A4, implies the following

counterexample, that was recently reproduced in [54].

ExaMPLE 1. Let
f) 23(z + 6)3(2? — 62 + 36)3
x =

(x —3)3(x2 4+ 3z +9)3

€ Q(x).

Then

x(x —12) O:L‘(x—i—ﬁ)
z—3 x—3
23 (x + 24) ox(x2—63:+36)
r—3 z2+3x+9

To see that gi(x),g2(x), g3(z) and ho(z) are indeed indecomposable rational

f(@)=giogogs=2a"0

:hloh2:

functions, note that every rational function of prime degree is indecomposable
(since if rational functions f, g, h satisfy f = goh, then deg f = degg-degh). It
can be directly verified that hy(z) can not be written as a functional composition
of two rational functions of degree 2, which is the only possibility for h;(z) to

be indecomposable since deg h; = 4.

Further families of counterexamples to the rational function analogues of
Ritt’s results can be found in [67]. It is further noted there that all known
counterexamples fall into certain classes, which suggests that there might be a
precise description of all such counterexamples, but that current techniques seem
to be insufficient for proving such results. In general, very few results on rational
function decomposition exist. Among best ones is still already mentioned Ritt’s
result on commuting rational functions [85]. We further mention [95], where
analogues of Ritt’s results are shown for Laurent polynomials.

We now quickly explain why Ritt’s method for polynomials does not apply to
rational functions. Ritt [84] observed that for f € Clz| there exists a transitive
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cyclic subgroup of Mon(f), namely the inertia group at any infinite place of the
Galois closure of C(x)/C(f(z)), and that the questions about decompositions of
f(z) can be translated into questions about subgroups of this cyclic group. The
same holds if f € K|[z|, where K is a field such that char(K) { deg f; as already
mentioned, the analogues of Ritt’s results are known in this case, see [45]. A
transitive cyclic subgroup of Mon(f) does not need to exist when f € K[x] with
char(K) | deg f, nor when f € K(z) is arbitrary. As already mentioned, in both
cases there exist examples with two complete decompositions of different length,
see [25, 55, 86].

Several appealing results can be shown for f € K(x) such that Mon(f)
has a transitive quasi-Hamiltonian subgroup. A group A is said to be quasi-
Hamiltonian if the product of any two subgroups of A is a group; the structure
of such groups was described by Iwasawa [58] in 1941. As we have seen, the study
of decompositions of f(z) reduces to the study of groups between Mon( f) and the
point stabilizer Stab, in Mon(f). If A is a transitive subgroup of Mon(f), then
clearly Mon(f) = AStab,. Then the study of groups between Stab, and Mon( f)
reduces to the study of subgroups of A. If A is further quasi-Hamiltonian, then
we can prove the following generalization of Ritt’s first theorem. To state our

theorem precisely, we first introduce the following definition.

DEFINITION 3. We call two complete decompositions f = fyo---0o f, and
f = g10---0g, Ritt neighbors if there exists 7, with 1 < ¢ < n, such that f; = g;
for all j ¢ {i,i+ 1} and f; o fit1 = gi© git1.

THEOREM 2. Let K be a field and f € K(x) such that f'(x) # 0. If the

monodromy group of f(x) has a transitive quasi-Hamiltonian subgroup, then any
complete decomposition of f(x) can be obtained from any other complete decom-
position of f(x) through finitely many steps, where in each step we replace a

complete decomposition of f(x) by a Ritt neighbor.

We further study the solutions of f = aob = cod, in indecomposable rational
functions a,b,¢,d € K(x) under the same assumption on f(z) as in Theorem 2.
We get that the degrees of @ and b are the same as those of ¢ and d, but possibly in
reversed order. We do not know whether, under the same condition on f(z), one
has that Mon(a) and Mon(c) are isomorphic as permutation groups to Mon(b)
and Mon(d) (again possibly in reversed order). Despite of a deep computer
search, we did not find any counterexamples. We prove this result under a
stronger condition on f(x). If f’(x) # 0 and the monodromy group of f(z) has
a transitive quasi-Hamiltonian subgroup A such that any nontrivial subgroup
of A contains a nontrivial normal subgroup of A, then the result follows. This
clearly holds if Mon(f) has a transitive Dedekind subgroup. Recall that a group
A is called Dedekind if every subgroup of A is normal. Under this stronger
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assumption on f, we also get that if f = fi o foo---f, for fi,..., fn € K(x),
then 7(f) | Y(f0)¥(f2) - A(fu), where 4(f) = [{n € K(x) : f(u(x)) = f(@)}]. n
this way we generalize and give new proofs of aforementioned results of Beardon—
Ng [8] and Gutierrez—Sevilla [55].

The following conjecture was posed by Gutierrez and Sevilla [55].

CONJECTURE 1. If f, f1,---, fn € C(x) satisfy f = fio foo---fn, then
Y A (f)v(f2) -y (fn)-

We show that this conjecture does not hold and construct several explicit
counterexamples to the conjecture. These can be found in Chapter 2. In light
of aforementioned results, that was expected since if f € C(z) is arbitrary, then
no transitive Dedekind subgroup of Mon( f) needs to exist.

We further explain the consequences of our general results for two well-
studied classes of polynomials, namely additive polynomials and subadditive
polynomials. Additive polynomials over a field K are those that satisfy the
identity f(z +y) = f(x) + f(y). It is well known and easy to see that if K is
a field of characteristic p > 0, then additive polynomial over K are exactly the
polynomials of the form f(z) = ana?" + an_lxp%l + -+ a12P + apx, and if
char(K) = 0, the only additive polynomials over K are f(z) = apz for some
ap € K; see [66, Ch. 3] for a proof and more details on additive polynomials.
Note that if char(K) > 0 and f is additive over K, then char(K) | deg f (this is
the case to which Ritt’s method does not apply). We show that the monodromy
group of a separable additive polynomial over a field K of positive characteristic
has a transitive abelian subgroup, so that our general results can be applied to
additive polynomials. Note that an additive polynomial f(z) is separable exactly
when f’(x) # 0. We prove the following theorem.

THEOREM 3. Let K be a field of characteristic p > 0 and let f(x) € K[z] be

a separable additive polynomial.

i) Any complete decomposition of f(x) can be obtained from any other
complete decomposition of f(x) through finitely many steps, where in
each step we replace a complete decomposition of f(x) by a Ritt neigh-
bor.

i) If fiofao---ofy = f = gi0 ge0...0g, are two complete decompositions of
f(x) in K[z], then m = n and there is a permutation ™ of {1,2,...,m}
such that Mon(f;) = Mon(gy(;)) for each i. It follows that deg f; =
deg gr(iy and v(fi) = V(gr(s))-

iii) If f1, fo,..., fm € K[z] satisfy f = fio fao---0 f,, then

Y 1 (f)v(f2) - v (fm)-
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Additive polynomials have been widely studied ever since Ore’s papers [73,
74] in 1933. In [74] Ore proved that any two complete decompositions of a
separable additive polynomial consist of the same number of indecomposables
and moreover that the sequences of degrees of indecomposables are the same up
to permutation. We note that Ore’s proof is completely different from ours. In
particular, while both proofs show that any complete decomposition of an ad-
ditive polynomial can be obtained from any other such decomposition through
finitely many steps, our steps involve replacing two adjacent indecomposables
by two others having ths same composition, whereas Ore’s steps replace a block
of m > 2 consecutive indecomposables by another block of m indecomposables
which have the same composition, where the degrees of the second batch of
indecomposables are a circular shift of the degrees of the first batch of inde-
composables. Moreover, since Ore does not use Galois closures or monodromy
groups, his methods do not give information about the other parts of Theorem 3.

We further prove that the analogous results hold for subadditive polynomi-
als. If K is a field of characteristic p > 0, a polynomial S € K][x] is said to be
subadditive if there exists a separable additive f € K[x] and n € N coprime to p
such that S(z"™) = f(x)". There is a series of papers on subadditive polynomials
[20, 21, 56, 57|, in which several interesting properties of these polynomials
are exposed, including partial results on decomposition properties of subaddi-
tive polynomials. These results rely on Ore’s arguments and long computations
involving factors of S(z") — S(y™). In proving our stronger results we recover
most of these results and we give new and much shorter proofs.

We remark that additive and subadditive polynomials are well-studied classes
of polynomials also in the following context. It is well known that if char(K) ¢
deg f and f(x) is indecomposable over K, then f(z) is also indecomposable over
any extension field of K, see for instance [89, Ch. 1, Thm. 6]. The extent of
failure of this statement in the case when char(K) | deg f is a well-investigated
topic. Dorey and Whaples [25] were first to point out that if char(K) | deg f,
there exist indecomposable f € K[x] which are decomposable over some exten-
sion field of K. A method for finding such counterexamples had already been
supplied by Ore [74] in 1933, who showed that an indecomposable additive poly-
nomial f € KJ[z], where char(K) = p > 0, can be represented as a functional
composition of additive polynomials over K of degree p. Until 1993, when [44]
appeared, the only known counterexamples involved additive and subadditive
polynomials. Further families of counterexamples as well as description of all

such polynomials can be found in [52, 53, 70, 64].
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2. Diophantine equations

Ritt’s polynomial decomposition results have been applied to a variety of
topics. As already mentioned, one such topic is the classification of polynomials
frg € Qx| such that the equation f(x) = ¢(y) has infinitely many integer
solutions. In 2000, Bilu and Tichy [13] presented a complete and definite answer
to this problem. In what follows we recall the result of Bilu and Tichy and
explain the historical background of the problem.

We say that the equation f(x) = g(y) has infinitely many rational solutions
with a bounded denominator if there exists A € N such that f(x) = g(y) has
infinitely many solutions x,y € Q that satisfy Az, \y € Z. If the equation f(x) =
g(y) has only finitely many rational solutions with a bounded denominator, then
it clearly has only finitely many integer solutions.

We further need to define five kinds of so-called standard pairs of polynomials.
In what follows a and b are nonzero rational numbers, m and n are positive
integers, 7 > 0 is an integer, p(x) € Q[z] is a nonzero polynomial (which may
be constant) and D,,(x,a) is the m-th Dickson polynomial with parameter a,

defined by the functional equation

m
Dy, (:E—I—g,a) :xm+<g) .
x x

Standard pairs of polynomials over QQ are listed in the following table.

kind standard pair (or switched) parameter restrictions
first

(@™, azx"p(z)™) r<m,(r,m)=1, r+degp >0
second | (22, (az? + b)p(z)?) -
third | (Dm, (x a"), Dy (x, am)) (m,n)
fourth | (a2 Dy (z,a), —b=2 Dy(z,b)) | (m,n)
fifth ((aw —1)3,32% — 4a ) -

THEOREM 4 (Bilu and Tichy, 2000). Let f(x) and g(x) be non-constant
polynomials in Q[x]. Then the following assertions are equivalent.
- The equation f(x) = g(y) has infinitely many rational solutions with a

bounded denominator;

- We have
f@)=¢(fi (Mz)), g(z)=v(g(u))),

where p(z) € Q[z], Az),pu(x) € Qlz] are linear polynomials, and
(f1(x),91(x)) is a standard pair over Q such that the equation fi(x) =
91(y) has infinitely many rational solutions with a bounded denomina-

tor.

The proof of Theorem 4 relies on Siegel’s classical theorem [90] on inte-

gral points on curves, and is consequently ineffective. Davenport, Lewis and
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Schinzel [22] were first to obtain a finiteness criterion for the equation f(z) =
g(y), but it was far from explicit and well-applicable. Fried [43] presented a quite
general finiteness criterion, but still very restrictive for applications. Siegel’s the-
orem implies that the finiteness problem for the equation f(x) = g(y) reduces to
the question of whether or not the corresponding plain curve has a component of
genus 0 and with at most 2 points at infinity. Fried [43] further showed that this
question reduces to two independent problems, one of which is when a polynomial
of the form f(z) — (y) has a quadratic factor and the other is a special version
of Ritt’s second theorem. First problem was resolved by Bilu [11]. Schinzel [88]
obtained a completely explicit finiteness criterion for the equation f(x) = g(y)
under the assumption (deg f,degg) = 1. Bilu and Tichy [13] followed the ap-
proach of Fried [43] and Schinzel [88], but also employed several new ideas to
avoid Schinzel’s assumption (deg f,degg) = 1, and so proved Theorem 4.

Theorem 4 proved to be suitable for applications; the applications include
Diophantine equations with power-sum polynomials [12, 62, 80], orthogonal
polynomials [92], polynomials arising from counting combinatorial objects [14,
77, 92], and several other families of polynomials [34, 61, 76].

Methods and results. Proving that the equation of the type f(z) =
g(z) has only finitely many integer solutions by using Bilu—-Tichy theorem, re-
duces to showing that polynomials f(x) and g(x) can not be written as f(z) =
o (fi(AM(z))) and g(z) = ¢ (g1 (u(x))), in notation of Theorem 4. The first and
the key step in applications is to determine possible decompositions of f(x) and
g(z). This step usually requires applying some general results on polynomial
decomposition, such as those of Ritt [84] and Schinzel [89, Ch. 1] that were
mentioned earlier in this introduction, but the success in completing this step
depends on particular properties of polynomials f(z) and g(x) and is by no
means guaranteed. Sufficient conditions for f to be indecomposable or to have
decompositions only of certain type, were systematically treated in [31, 32, 92].
If one succeeds in finding possible decompositions of f(z) and g(z) (or at least
enough information about them), further steps in applications of Theorem 4 to
the equation f(x) = g(y) are usually technical and lengthy, but possible to com-
plete; they consist of comparing possible decompositions of f(z) and g(x) with
those prescribed in Theorem 4.

In Chapter 3 we prove the finiteness theorems for two concrete Diophantine
equations using Theorem 4. We show that the equation —1F+42F—. . A (—=1)%zk =
g(y), with g € Q[z], has only finitely many integer solutions unless g(z) can be
decomposed in ways that we list explicitly. It is well known that the alternating
power sum —1%+2F —. .. (—1)%2* is closely related to the k-th Euler polynomial,
see Chapter 3 for more details. As a side result, we give a complete description
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of possible decompositions of Euler polynomials into polynomials with complex
coefficients. Since Euler polynomials appear in many classical results and play
an important role in various approximation and expansion formulas in discrete
mathematics and in number theory (see for instance [1], [15]), we believe that
this result might be of broader interest.

In Chapter 4, we study Diophantine equations involving power sums of arith-
metic progressions. For integers a and b with ged(a,b) = 1 and k,n € N, with
n > 2, we let Sib (n) = bF + (a+b)"+ -+ (a(n—1)+b)*. We prove that
the equation Sf’b(x) = 5’é 4(y) for 2 <k <1 has only finitely many solutions in
integers x and y. As a special case, that is when a = c=1,b = d = 0, we obtain
the main result of [12].

3. Diophantine m-tuples

In this section we give introduction to Chapter 5 that concerns the topic
known as Diophantine m-tuples. Greek mathematician Diophantus of Alexan-
dria first studied the problem of finding four numbers such that the product of
any two of them increased by 1 is a perfect square. Such set of size m is said
to be a Diophantine m-tuple. Diophantus found a set of four rationals with the
given property, namely the set {1/16,33/16,17/4,105/16}. Fermat found a first
Diophantine quadruple in integers - the set {1,3,8,120}. The folklore conjec-
ture is that there are no Diophantine quintuples in integers. In 1969, Baker and
Davenport [3] proved that the set {1,3,8} can not be extended to a Diophantine
quintuple, which was the first result supporting the conjecture. Moreover, they
showed a stronger result by proving that the triple {1, 3,8} can be extended to a
Diophantine quadruple in integers only by adding 120 to the set. An integer N
which can replace 120 while preserving the property must satisfy N +1 = 22, i.e.
must be of the form N = 22 — 1 and the other two conditions 3N + 1 = y? and

8N +1 = 22 correspond to solutions of the following system of Pellian equations
322 —2 =12 8z?—-7=:%

Thus the question is whether this system of equations has any solutions in pos-
itive integers, other than the solutions with x = 1 and x = 11, corresponding to
N =0 and N = 120, respectively. The solutions to each of these Pellian equa-
tions lie in finitely many binary recurrent sequences, so the problem reduces to
finding the intersections of these sequences. The proof of Baker and Davenport
relies on Baker’s theory on linear forms in logarithms of algebraic numbers and a
reduction method based on continued fractions. This paper provided a method

and consequently opened the door for investigating Diophantine m-tuples.
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In 1997, by employing several new ideas and results from Diophantine ap-
proximations, such as a result of Rickert [83] on simultaneous rational approx-
imations of algebraic numbers, Dujella [26] generalized the result of Baker and
Davenport by proving that no Diophantine triple of the form {k — 1,k + 1,4k},
with £ > 2, can be extended to a Diophantine quintuple in integers. In 1998,
Dujella and Pethé [33] showed that not even the pair {1,3} can be extended to a
Diophantine quintuple in integers. In 2008, Fujita [46] proved that no Diophan-
tine pair {k — 1,k + 1}, with £ > 2, can be extended to a Diophantine quintuple
in integers. In 2004, Dujella [29] showed that there are no Diophantine sextu-
ples in integers and that there are at most 10'93? Diophantine quintuples, which
was a giant step towards proving the conjecture. This bound was subsequently
significantly improved in [47] and [37], and very recently in [35]. It is proved
there that there exist at most 6.8 - 1032 Diophantine quintuples. In light of these
results, we may say that the problem of the existence of Diophantine quintuples
in integers is almost completely solved.

One way to generalize the problem was to study sets {ai,aq,...,an} of
nonzero elements of an arbitrary ring R satisfying a;a; + a is a square in R for
all 1 <¢ < j < m and for some a € R. Such sets are said to have property D(a)
and they have been studied at least since 1985, see [17, 51, 69]. One may further
generalize the problem by studying sets {a1, ag,...,an} of nonzero elements in
a ring R that satisfy a;a; + a is an n-th power in R for all 1 <i < j < m
and for some fixed a € R and n > 2. These were first studied by Bugeuad and
Dujella [18]. In 1997, Dujella [26] studied sets of Gaussian integers with the
property D(a) with a € Z[i]. Dujela examined the question of the existence of
such sets with four or more elements. This was the first paper concerning the
size of Diophantine m-tuples in Z [\/ﬂ with d € Z. In [38] it was shown that no
Diophantine triple of the form {k — 1,k + 1,4k}, with k € Z[i] and k ¢ {0, %1},
can be extended to a Diophantine quintuple in Gaussian integers. We can extend
the triple {1, 3,8} to a Diophantine quintuple in Z[\/ﬁ] for some values of d; for
instance {1,3,8,120,1678} is a Diophantine quintuple in Z [v/201361]. It is
natural to start investigating the upper bound for the size of Diophantine m-
tuples in Z[v/d] by focusing on a problem of extensibility of Diophantine triples
{k — 1,k + 1,4k} and Diophantine pair {1,3} to a Diophantine quintuple in
Z[\/ﬁ], since the problem in integers was approached similarly, see [27, 33, 46].
Franusi¢ [39] proved that the pair {1,3} can not be extended to a Diophantine
quintuple in Z[\/&] if d is a negative integer and d # —2.

We resolve the case d = —2. If d = —2 and {1, 3, ¢} is a Diophantine triple
in Z[v/=2], then ¢ € {ck,d;}, where the sequences (cj) and (d;) are defined as
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follows

co =0, g =38, Cht2 = ldegi1 — ¢ + 6;
do = —1, dy = —3, diyo = 14d;1 — dy + 8.

The set {1,3, ¢k, d;} is not a Diophantine quadruple for £ > 1 and [ > 0 since
1+ cid; is a negative odd number and hence it can not be a square in Z [\/TQ]
Therefore, if there is an extension of the Diophantine pair {1, 3} to a Diophantine
quadruple in Z [\/——2], then it is of the form {1,3,ck, ¢}, with I > k& > 1 or
{1,3,dg,d;}, with I > k > 0. We eliminate the possibility of the extension of
the set {1,3,cx, ¢} to a Diophantine quintuple in Z [\/TQ] by using the result
of Dujella and Pethd [33]. The remaining case is much more difficult to handle.

We prove the following theorem.

THEOREM 5. Let k be a nonnegative integer and d an integer. If the set
{1,3,dg,d} is a Diophantine quadruple in 7 [\/—2], then d = dj_1 ord = dp1.

We remark that if d is a negative integer and d # —2, and if {1,3,c} is a
Diophantine triple in Z[v/d], then the case ¢ = dj, can not occur, see [39].

In the proof of Theorem 5, we follow a method of Dujella and Pethé [33]. In-
stead of applying linear forms in logarithms, we further use a result of Bennett [9]
on simultaneous rational approximations of algebraic numbers, that proved suit-
able for applications in some previous papers on Diophantine m-tuples, such as
[29]. Theorem 5 implies that the pair {1,3} can not be extended to a Dio-
phantine quadruple in Z [\/——2} Hence, the pair {1,3} can not be extended to
a Diophantine quintuple in Z[\/&], where d is a negative integer. As already
suggested, this can be considered as a step forward to finding an upper bound
for the size of Diophantine m-tuples in Z[\/g] with d € Z.






Chapter 2

Invariants of functional
decomposition of rational

functions

This chapter contains a preliminary version of the paper [60] with the title
Invariants of functional decomposition of rational functions, which is a joint
paper with Michael Zieve. This paper is in preparation and is soon going to be

submitted for publication.

Abstract. For any rational function f(X) with coefficients in a field K, we
examine the structure of an expression of f(X) as the composition fjo fao---ofp,
where each f; is an element of K (X) of degree at least two which cannot be
written as the composition of lower-degree functions in K (X). Under certain hy-
potheses, we exhibit several invariants of any such decomposition. This provides
a common generalization of results of Ore and Ritt, among others. As special
cases, we obtain new proofs of results of Beardon—-Ng and Gutierrez—Sevilla; our
method also yields several counterexamples to a conjecture of Gutierrez—Sevilla.
Finally, we explain the consequences of our general results for two much-studied
classes of polynomials, namely additive and subadditive polynomials; in so doing,
we recover most of the known results about decompositions of these polynomials,

as well as several new results.

1. Introduction

In 1920’s, Ritt [84] studied functional equations of the type fio fao---of,, =
g1 © g 0 ---0 g, in non-constant complex polynomials. This led him to study
possible ways of writing a complex polynomial as a functional composition of
polynomials of lower degree. A polynomial f € C[X] with deg f > 1 is called
indecomposable if it cannot be written as the composition f(X) = g(h(X)) with

15
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g,h € C[X] and degg,degh > 1. By induction it follows that any polynomial
f(X) with deg f > 1 can be written as a composition of indecomposable poly-
nomials — such an expression of f(X) is said to be a complete decomposition of
f(X). Ritt proved that one can obtain any complete decomposition of f(X) from
any other through finitely many steps, where each step consists of replacing two
adjacent indecomposable polynomials by two others with the same composition.
This result is known in literature as Ritt’s first theorem.

Ritt then solved the equation aob = cod in indecomposable a, b, ¢, d € C[X].
In so doing, Ritt noticed that in every solution of the equation, the degrees
of a(X) and b(X) are the same as those of ¢(X) and d(X), though possibly
in a different order. From Ritt’s first theorem it follows that the number of
indecomposable polynomials in any two complete decomposition of f(X) is the
same, as well as the sequences of degrees of indecomposable polynomials (up
to permutation). In 2000, Beardon and Ng [8] presented another invariant of
polynomial decomposition. Writing I'(f) for the set of linear ¢ € C[X] such
that f ol = f, and y(f) for the size of I'(f), Beardon and Ng showed that
if f=fiofao---0f,is a complete decomposition of f € C[X], then the
sequence (v(f1),v(f2),...,7(fn)) is uniquely determined (up to permutation)
by f(X). They further showed that if f, fi,..., f, € C[X] satisfy f = f1 o
fao - fn, then v(f) | v(f1)y(f2) - v(fn). Very recently, Zieve and Miiller [96]
presented a new invariant which generalizes both Ritt’s degree invariant and the
invariant of Beardon and Ng. They showed that if f = fio foo---0 f, is a
complete decomposition of f € C[X], then the sequence of monodromy groups
(Mon(f1),Mon(f3), ..., Mon(f,)) is uniquely determined (up to permutation) by
f(X), where the monodromy group Mon(f;) denotes, as usual, the Galois group
of the Galois closure of C(x)/C(f;(x)), viewed as a permutation group on the
conjugates of x over C(f;(x)).

These results hold over fields other than the complex numbers. Engstrom [36]
and Levi [65] proved the analogues of Ritt’s results in the case of fields of char-
acteristic zero, Fried and McRae [45] proved them in the case of fields of positive
characteristic when the degree of the polynomial under consideration is not divis-
ible by the characteristic of the underlying field. It is explained in [96] that the
monodromy invariant holds also for polynomials that satisfy the latter condition.
Gutierrez and Sevilla [55] showed that in this case also v(f) | v(f1)v(f2) - - v(fn)
when f = fio foo- - fy.

In this paper, we examine the analogues of the aforementioned results for
rational functions with coefficients in an arbitrary field, and prove that these
invariants remain valid under certain hypothesis on the monodromy group. We

follow a Galois-theoretic method for addressing decomposition questions, that
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was developed by Ritt [84] and simplified and modernized in [96]. The ap-
proach we take clarifies the reason why these results are true in some settings
and not in others. The importance of the monodromy group when studying
various questions about polynomials, in particular decomposition questions, was
exhibited by Fried in [41, 42, 45].

Ritt [84] noticed that if f € C[X], then the inertia group I/ at any infi-
nite place of (the Galois closure of) C(x)/C(f(x)) is a transitive cyclic sub-
group of Mon(f). The same holds if f € K[X], where K is a field such that
char(K) 1 deg f. In that case, one can translate questions about decompositions
of f(X) into questions about subgroups of I, which are possible to resolve since
I is cyclic, see [96] for details. A transitive cyclic subgroup of Mon(f) does not
need to exist when f € K[X] with char(K) | deg f, nor when f € K(X) is arbi-
trary. Dorey and Whaples [25] were first to provide an example of a polynomial
f(X) with coefficients in a field K with char(K) | deg f, that has two complete
decompositions consisting of a different number of indecomposables. Ritt him-
self [85, 86] studied decomposition questions for complex rational functions and
had noticed that a certain rational function of degree 12 can be represented as
a composition of two and as a composition of three indecomposable complex
rational functions. This and further families of counterexamples to the ratio-
nal functions analogues of Ritt’s results can be found in [67]. It is further noted
there that all known counterexamples to the rational function analogues of Ritt’s
results fall into certain classes, which suggests that there might be a precise de-
scription of all such counterexamples, but that present techniques seem to be
insufficient for proving such results. Very few results on rational function de-
composition exist. Among best ones is still Ritt’s result on commuting rational
functions [85]. See also [95] where the analogues of Ritt’s results are shown for
Laurent polynomials.

In this paper, we examine decompositions properties of rational functions
whose monodromy group has a transitive quasi-Hamiltonian subgroup, and then
of those whose monodromy group has a transitive Dedekind subgroup. A group
A is said to be quasi-Hamiltonian if the product of any two subgroups of A is
a group. Note that the product of two subgroups I,J of A is a group if and
only if IJ = JI. A group is said to be Dedekind it it has no nonnormal sub-
groups. Note that all abelian groups are Dedekind groups and all Dedekind
groups are quasi-Hamiltonian. A non-abelian Dedekind group is called a Hamil-
tonian group. Dedekind [23] showed that finite Hamiltonian groups consist of
the direct products of the order-8 quaternion group with an abelian group con-
taining no elements of order 4. Iwasawa [58] showed a similar structural result

for quasi-Hamiltonian groups.
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In Section 3 we prove that if f(X) has coefficients in an arbitrary field,
/(X)) # 0, and the monodromy group of f(X) has a transitive quasi-Hamiltonian
subgroup, then an analogue of Ritt’s first theorem holds for f(X), i.e. any com-
plete decomposition of f can be obtained by any other by repeatedly replacing
two adjacent indecomposable rational functions by two others with the same
composition. In Section 4, we prove that if f/(X) # 0 and if the monodromy
group of f(X) has a transitive Dedekind subgroup, then the pairs of indecom-
posables (a,b) and (¢,d) such that f = aob = c¢od have the same pair of
monodromy groups, possibly in reversed order. Under the same hypothesis on
f(X), in Section 5 we prove that if rational functions f, f1,..., f, with coeffi-
cients in a field K satisfy f = f10 f20 -0 fu, then 4(f) | ¥(f1(f2) -+ ¥(fu),
where y(f) = {p € K(X) : f(u(X)) = f(X)}|- In this way we generalize and
give new proofs of the aforementioned results of Beardon—Ng [8]. In [55] Gutier-
rez and Sevilla conjectured that if f, f1,-- -, fn, € C(X) satisfy f = fiofoo--- fp,
then v(f) | v(f1)v(f2) -+ v(fn). In Section 5 we show that this conjecture does
not hold. In light of aforementioned results, that was expected since if f € C(X)
is arbitrary, then no transitive Dedekind subgroup of Mon(f) needs to exist.
Several explicit counterexamples to the conjecture can be found in Section 5.

In the last two sections, we discuss consequences of our general results for two
widely-studied classes of polynomials, namely additive and sub-additive polyno-
mials. The Definitions of additive and subadditive polynomials will be given
in Section 6 and Section 7, respectively. We prove the analogues of the afore-
mentioned results by Ritt, Beardon—Ng, Gutierrez-Sevilla, Zieve-Miiller for both
additive and subadditive polynomials. In proving these results, we recover most
of the known results on decompositions of additive and subadditive polynomials,
such as those in [19, 21, 25, 57, 73, 74].

2. Notation and preliminary results

In this section we present some preliminary results which will be used in the
paper.

Let K be a field and f € K(X). We define a decomposition of f(X) to be an
expression f = fio---o f, with f; € K(X) and deg f; > 1. We say that f(X)
with deg f > 1 is indecomposable if it has no decomposition of length n > 1. A
complete decomposition of f(X) is an expression of f(X) as the composition of
indecomposable rational functions. In what follows, we reduce reduce the study
of decompositions of f(X) to the study of subgroups of the monodromy group
of f(X), which is defined as follows.

DEFINITION 2.1. Let K be a field. Given a f € K(X) \ K the monodromy
group Mon(f) is the Galois group of (the numerator) of f(X) —t over K(t),
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where t is transcendental over K, viewed as a group of permutations of the roots
of f(X)—t.

Write f(X) = a(X)/b(X) where a(X) and b(X) are coprime polynomials
in K[X]. Let t be transcendental over K and let L be the splitting field of
d(X) :=a(X) —t-b(X) over K(t). Let x be a root of f(X) — ¢ in L, so that
t = f(x). Then Mon(f) = Gal(L/K(f(z)). Note that ¢(X) is an irreducible
polynomial in K (¢)[X] (it follows from Gauss’s Lemma). If f/(X) # 0, then
¢'(X) # 0 as well and ¢(X) is hence separable; then L is the Galois closure
of K(z)/K(f(x)). Since ¢(X) is irreducible, the monodromy group of f(X),
viewed as a group of permutation of the roots of ¢(X), is a transitive group. If
Stab,. denotes the stabilizer of  in Mon(f), then W ~ K (x)" is a bijection from
the set of groups between Stab, and Mon(f) to the set of fields between K (z)
and K(f(x)). Liiroth’s theorem provides a dictionary between decompositions
of f(z) and the increasing chain of fields between K (f(z)) and K(x). Indeed,
if f=goh, with g,h € K(X), then K(h(z)) clearly lies between K(f(z)) and
K(x). For a non-constant f(X) € K(X), Liiroth’s theorem implies that any
field L such that K(f(x)) C L C K(x), must be of the form L = K(h(z)) for
some h(X) € K(X). Since f(x) € K(h(z)) it follows that f = g o h for some
g(X) € K(X). A generator of an intermediate field of K(z)/K(f(z)) is not
uniquely determined, but it is easy to see that for non-constant hy(X), hao(X) €
K(X), we have that K(hi(z)) = K(he(x)) if and only if hy = p o hy for some
degree-one u(X) € K(X), which motivates the following definition.

DEFINITION 2.2. For f € K(X), we say two decompositions f = fio---o f,
and f = g1 o---0 gy of f(X) are equivalent if n = m and there are degree-

)

one fig, ..., pn € K(X), with pg = p, = X, such that g; = pg;—1 0 f; o u§_1 for
1 <4 < n, where =1 (X) denotes the inverse of 1(X) with respect to functional

composition.

Therefore, the class of decompositions of f(z) that are equivalent to the
decomposition f = f; o---o f, corresponds to the maximal decreasing chain of
fields K(2) > K(fa(@)) D K(fa10fu(@)) 5+ > K(fio---0 fulx)) = K(f(2)),
which in turn corresponds to the maximal decreasing chain of groups between
Mon( f) and the point stabilizer in Mon(f).

Hence, the study of decompositions of f(X) reduces to the study of groups
between Mon(f) and the point stabilizer Stab, in Mon(f). If we assume that
there exists a transitive quasi-Hamiltonian subgroup A of Mon(f), then clearly
Mon( f) = AStab,; then the study of groups between Stab, and Mon( f) reduces
to the study of subgroups of A via the following simple lemma.

LEMMA 2.3. Let G be a finite group and A and H subgroups of G such that
G = HA and that A is quasi-Hamiltonian. If W is any group lying between
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H and G, then W = HJ where J =W NAand HNJ = HNA. If Wi and
Wy are groups between H and G and if we denote J; := W; N A, i = 1,2, then
WinNnWy = H(J1 N JQ) and <W1,W2> =HJiJs.

PROOF. We prove only that (Wi, W) = HJ;J5. The proofs of other claims
are similar and simple. Since A is quasi-Hamiltonian, it follows that JiJs is a
subgroup of A. Since HJy = J1H and HJy, = JoH, we have that HJ1J, =
J1HJo = JyJoH, wherefrom it follows that HJ;Js is a group. Clearly W =
HJl < HJ1J2 and W2 == HJ2 < HJ1J2 and hence W := <W1,W2> < HJ1J2.
Since W = HJ, where J = W N A, and since W7, Wy < W, it follows that J; =
W,NA<WnNA=Jfori=1,2. Then J1Jy < J, wherefrom HJ1Jo < HJ =W,
so W = HJ1Js. O

3. Ritt’s first theorem

In this section we show that if the monodromy group of a rational function
f(X) has a transitive quasi-Hamiltonian subgroup, then an analogue of Ritt’s
first theorem holds for f(X), i.e any two complete decompositions of f(X) can be
obtained one from another by repeatedly replacing two adjacent indecomposable
rational functions by two others with the same composition.

DEFINITION 3.1. Let K be a field and f € K(X). We say that two complete
decompositions f = fio---o f, and f =gj0---0g, of f(X) are Ritt neighbors
if there exists ¢ with 1 < ¢ < n, such that f; = g; for all j ¢ {i,i + 1} and
fio fix1 = gio gir1-

THEOREM 3.2. Let K be a field and f € K(X) such that f'(X) # 0. If the
monodromy group of f(X) has a transitive quasi-Hamiltonian subgroup, then
any complete decomposition of f(X) can be obtained from any other complete
decomposition of f(X) through finitely many steps, where in each step we replace

a complete decomposition of f(X) by a Ritt neighbor.

We prove Theorem 3.2 by translating it into the following group-theoretic
statement.

LEMMA 3.3. Let G be a finite group and A and H subgroups of G such that
G = HA and A is quasi-Hamiltonian. Let H = Vo < Vi < ... <V, = G and
H=Wy, < W <...< W, =G be two maximal chains of groups. Then one
can pass from the first chain to the second chain in finitely many steps, where
in each step we replace a chain H = Cy < C} < -+ < Cp = G by a chain
H=Dy< D) << Dy =G, where D; = C; for all i except for one value j

between 0 and k.
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PROOF. Suppose that the result does not hold for G, A, H that satisfy the
assumptions of the theorem and are such that |A| is minimal among all coun-
terexamples. By Lemma 2.3 it follows that V; = HJ;, where J; = V; N A,
and analogously W; = HK; where K; = W; N A, and furthermore that A N J; =
HNK; =HnNA. It V,_1 = W,,_1, then we would have a smaller counterexample,
since V,,_1 = HJ,_1 and J,,_1 is also quasi-Hamiltonian, since it is a subgroup
of A. Hence V,,_1 # Wp,—1 and consequently (V,,_1,W,,—1) = G, since the
chains are maximal. Then again by Lemma 2.3 it follows that (V,,_1, W,,_1) =
HJ, 1K1, wherefrom J, 1K,,_1 = A. Let U be a group between V,,_1 N
Wn—1 and V,,_1. Then Lemma 2.3 implies that V,,_1NW,,—1 = H(Jp—1NKppm—1),
and U = HJ, where J = U N A, and hence J, 1 N K,;,_1 < J < J,_1, where-
from it follows that J N K1 = Jy_1 N Kp_1. Let U = (U, Wp,—1). Then by
Lemma 2.3 it follows that U = HJK,, 1. Then

N R
s Wina] = TN K| [Jn1 N K
=[U: (Vo N Wiho1)].

Analogously

|HJn,1Km71| N |Jn71‘ _ .
HiKp )

Therefrom it follows that if U is properly between V,_1 N W,,_1 and V,,_1, then

G:U] =

U is properly between W, 1 and G, which can not be, since W,,,_1 is maximal
in GG. Hence there are no groups properly between V,,_1 " W,,_1 and V,,_1. Let
H=FEy<Ei<...<Ep=V,.1NW,_1 be a maximal chain of groups. Then
the chain H = Ey < By < ... < By, < V-1 <V, = G is also maximal. By the
hypothesis we can pass from the chain H =V < Vi <...<V,_1 < V,=G to
the chain H = Ey < By < ... < B < Vi1 <V, = G by required steps. In one
more step, we can pass from the chain H = Fy < Fh1 < ... < Epy < V1<V, =
G to the chain H = By < By < ... < Ep < W1 < Wy, = G. Finally, by the
hypothesis, we can pass from the chain H = Fy < Fy < ... < Ep < Wp,_1 <
Wi = G to the chain H = Wy < Wy < ... < Wp,—1 < Wy, = G by required
steps O

PROOF OF THEOREM 3.2. Let G be the monodromy group of f(X) and H
the point stabilizer in Mon(f). Then by assumption G = HA for some quasi-
Hamiltonian subgroup A of G. Since (the equivalence class of) any complete
decomposition of f(X) corresponds to the maximal chain of groups between H
and G, Lemma 3.3 completes the proof. O

REMARK 3.4. In [63] it is proved that under the same hypothesis on f(X)

as in Theorem 3.2, any two complete decompositions of f(X) consist of the same
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number of indecomposable polynomials. The proofs there are simple, but note
that this result is weaker than the Theorem 3.2. To the proof of Theorem 3.2,
Lemma 3.3 was of crucial importance. This lemma is a generalization of the [96,
Lem. 2.10].

4. The monodromy invariant

Let K be an arbitrary field. Next we study the equation f = aob=cod
in indecomposable a,b,c,d € K(X), under the assumption that f € K(X) has
a nonzero derivative and Mon(f) has a transitive Dedekind subgroup. We prove
that the pairs (a, b) and (¢, d) have the same pair of monodromy groups, possibly
in reversed order. This generalizes [96, Thm. 2.13].

THEOREM 4.1. Let K be a field and f € K(X) such that f'(X) # 0. If the
monodromy group of f(X) has a transitive Dedekind subgroup and if f = aob =
cod, where a,b,c,d € K(X) are indecomposable, then

i) either there is a degree-one rational function p € K(X) such that a =
copandb=p"" od,
i1) or Mon(a) and Mon(d) are isomorphic permutation groups, and so are

Mon(b) and Mon(c); in which case dega = degd and degb = degc.
We first recall the definition of isomorphic permutation groups.

DEFINITION 4.2. Let G and G be permutation groups acting on sets S and
S, respectively. We say that G and G are isomorphic as permutation groups if
there is a group isomorphism ¢ : G — G and a bijection ¢ : S — S such that
Y(wT) = 1h(w)?7) for each w € S and 7 € G.

We prove Theorem 4.1 by translating it into a group-theoretic statement. In
what follows, the core of a subgroup W of GG denotes, as usual, the intersection
of all conjugates of W in G, that is the largest normal subgroup of G contained
in W. Consider the action of G on the set G/W of left cosets of W in G by
left multiplication; then coreq (W) is the kernel of this action, so the quotient
G/ coreq(W) embeds into the symmetric group Sym(G/W).

The following lemma is crucial to the proof of Theorem 4.1.

LEMMA 4.3. Let G be a finite group and A and H subgroups of G such that
coreq(H) =1, G = HA and A is Dedekind. Let HS W1 S G and HS Wy S G
be two maximal chains of groups such that Wi N We = H and G = (Wy, Wa).
Let N be the core of Wi in G, and let C' be the core of H in Wy. Then G/N
and Wy /C' are isomorphic permutation groups, seen as subgroups of Sym(G/Wh)
and Sym(Wy/H).
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PROOF. Since N is normal in G, it follows that NW5 is a subgroup of G,
N N Wy is a normal subgroup of Ws, and NWy/N = Wy /(N N W3). Note that

C= () H'= [ WMmnW)=| (] W|nW
geEW? geWs geEW?

= (W | nWa=NnWa.
geG

Since W5 is maximal in G and NWs contains W, it follows that either NWy =
G or NWy = Wy, If G = NWj, then it follows that G/N and Wy/C are
isomorphic groups. One verifies directly that these are moreover isomorphic
permutation groups with respect to their actions on the coset spaces Wy/H and
G /W1, respectively. If on the other hand NWy = Wh, then N < Wy, Since
N < Wi by definition, it follows that N < W7 N Wy = H. Since N is a
normal subgroup of G and coreg(H) = 1, it follows that N = 1, wherefrom
C = NN Wy =1. Note that

N=wi=w{=Wmnay¢=)J1,

geG geA geA geA
Since N = 1, it follows that the core of Jy in A is trivial. But A is Dedekind, so
cores(J1) = Jp, wherefrom J; = 1 and Wi = HJ; = H, contradiction. O

PROOF OF THEOREM 4.1. Let G denote the monodromy group of f(X) and
H the point stabilizer in G. Let x be transcendental over K. Let W7 and Wy
be subgroups of G fixing b(z) and d(x) respectively, so H < Wi, Wy < G. Let
W := (W1, Ws). Then the chain of groups H < Wi NnWy < W) < W < G
corresponds to the chain of fields K(x) > K(h(z)) > K(b(z)) > K(a(b(z)) >
K(f(z)), where h,a € K(z). Then clearly b = bo h for some b € K(z) and
aob= f = goaob, wherefrom a = g o a for some g € K(z). Analogously,
the chain of groups H < Wi NWse < Wy < W < G corresponds to the chain
of fields K(z) > K(h(z)) > K(d(z)) > K(a(b(z)) > K(f(z)), sod = doh
and @ob = ¢od with ¢,d € K(z), whence ¢ = go ¢ and aob = éod. Since
a,b,c,d € K(z) are indecomposable, if either degg > 1 or degh > 1, then there
exists a degree-one rational function u € K (z) such that a = cop and b = p~tod.
Indeed, if degg > 1, then dega = degé =1 and = ¢ " oa. If degh > 1, then
degb =degd =1 and p = dod V.

It remains to consider the case when degg = 1 and degh = 1. If degg =1,
then f(z) = a(b(x)) and hence K(f(z)) = K(a(b(x)), wherefrom W = G. If
degh =1, then K(h(z)) = K(x) and hence Wy "Wy = H. Let N be the core of
Wi in G. The quotient G/N embeds into the symmetric group Sym(G/W7) and
is isomorphic to Mon(a). Let C be the core of H in Wy. Then W5/C embeds
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into the symmetric group Sym(Ws/H) and is isomorphic to Mon(d). Note that
H<S W, S Gand HS Wy S G are maximal chains of groups, since a,b, ¢, d
are indecomposable over K. By definition H does not contain a non-trivial
normal subgroup of G. By assumption, G = HA for some quasi-Hamiltonian
group A. Then from Lemma 4.3 it follows that G/N and W5 /C are isomorphic
permutation groups, i.e. Mon(a) and Mon(d) are isomorphic permutation groups.
By symmetry we have that Mon(a) and Mon(d) are isomorphic permutation
groups as well. O

REMARK 4.4. We do not know whether Theorem 4.1 would remain true if
the hypothesis of a transitive Dedekind subgroup were replaced by the weaker
hypothesis of a transitive quasi-Hamiltonian subgroup. Any counterexample to
this generalization of Theorem 4.1 would have N = C' = 1 in the notation of
Lemma 4.3, but we do not know whether this can happen. The following obser-
vations can be easily extracted from the proofs of Theorem 4.1 and Lemma 4.3.
If A is quasi-Hamiltonian and such that any nontrivial subgroup of A contains
a nontrivial normal subgroup of A, then the case N = C' = 1 can not occur. If
N =1, then Mon(a) and Mon(f) are isomorphic groups, but not as permuta-
tion groups. What would remain true if the hypothesis of a transitive Dedekind
subgroup were replaced by the weaker one of a transitive quasi-Hamiltonian sub-
group is that in f = aob = cod, either there exists a degree-one rational function
p € K(z) such that @ = copand b =y~ ! od or dega = degd and degb = degc.
The latter result is proved also in [63].

5. The Beardon—Ng invariant

Let K be a field and f(X) € K(X). Further let I'(f) denote the set of
rational functions p € K(X) such that fopu = f and let v(f) denote the size of
the set T'(f). In what follows, we show that if indecomposable a,b,c,d € K(X)
satisfy f = aob = cod, where f € K(X) is such that f'(X) # 0 and Mon(f) has
a transitive Dedekind subgroup, then (y(a), (b)) = (v(c),v(d)) or (y(a),v(b)) =
(v(d),~v(c)). We further prove that, under the same condition on f(X), if f =
fiofao-- fn for some fi,..., fn € K(X), then y(f) [ v(fi)v(f2) -+ v(fn)-

Note that if f € K[X], then every element of I'(f) is necessarily a polynomial.
Beardon and Ng [8] showed that both of the aforementioned results hold when
f € C[X]. In [55] the latter result is extended to the case when f, f1,..., fn €
K[X], where K is a field such that char(K) t deg f. In this section we give a
common generalization of these results. As special cases, we obtain new proofs
of these results.

Note that if f(X) # 0 and if p is a degree-one rational function such that
fou = f, then if x is transcendental over K, the maps from K (x) to K (x) which
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fix K and map = to p(z) are automorphisms of K (z) which fix K(f(x)), and
vice versa. Hence, I'(f) = Aut(K(x)/K(f)) = Ng(H)/H, where G = Mon(f)
and H is the point stabilizer in G.

LEMMA 5.1. Let K be a field and f(X) € K(X) such that f'(X) # 0. If
f(X) is indecomposable, then
i) either y(f) =1;
it) or f(X) is of prime degree, Mon(f) is cyclic and v(f) = |Mon(f)| =
deg f.
PROOF. Let G be the monodromy group of f(X), H the point stabilizer in
G and x transcedental over K. Then I'(f) = Ng(H)/H. If f(X) is indecompos-
able, there are no proper groups between H and G, so either Ng(H) = H, in
which case y(f) =1, or Ng(H) = G. In the latter case H is a normal subgroup
of G, wherefrom by definition of H and G it follows that K (z) is a normal exten-
sion of K(f(z)), and hence that H = 1. Hence v(f) = |G| = [K(z) : K(f(x)] =
deg f. Since there are no proper groups between H and G and H = 1, it follows
that G is cyclic of prime order. O

COROLLARY 5.2. Let K be a field and f(X) € K(X) such that f'(X) # 0.

If the monodromy group of f(X) has a transitive Dedekind subgroup, and f =
aob=cod in indecomposable a,b,c,d € K(X), then

i) either there is a degree-one rational function p € K(X) such that a =
cop and b= ,u<71> od; in which case y(a) = ~y(c) and v(b) = v(d),
i) or~(a) =~(d) and y(b) = (c).
ProoOF. This is a direct consequence of Theorem 4.1 and Lemma 5.1 O

We further prove the following theorem.

THEOREM 5.3. Let K be a field and f(X) € K(X) such that f'(X) # 0.
If the monodromy group of f(X) has a transitive Dedekind subgroup and if

fis fos oo fm € K(X) satisfy f = fro fo---o f, then
Y Ty(For(fa) -y (fn)-
To the proof of Theorem 5.3, we need the following lemma.

LEMMA 5.4. Let G be a finite group and A and H subgroups of G such that
G = HA and A is Dedekind. If W is any group lying between H and G, then

[Na(H) : H] | [Na(W) : W][Nw (H) : H].

PRrROOF. From Lemma 2.3 it follows that Ng(H) = H.J where J = Ng(H)NA
and W = HJ; where J; = WNAand that HNJ = HNJ; = HN A. Then
[Ne(H) : Hl=[HJ : H = |J|/|HNJ|=|J|/|H N A|. Furthermore, Ny (H) =
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W N Ng(H) = H(Ji N J), again by Lemma 2.3. Hence [Ny (H) : H| = |J1 N
J|/|H N Al. Since [Ng(W) : W] = |Ng(W)||H N A|/|H||J1], it remains to prove
that [Ng(W)| is a multiple of |H||J1||J|/(|]J1 N J||H N A]). From Lemma 2.3 it
follows that (Nq(H),W) = (HJ,HJ,) = HJJ1, so
[HI| 1] ]|

|Ji N J||HNA|
So, it remains to prove that |Ng(W)| is a mutiple of |(Ng(H ), W)|. To do so it
suffices to prove that Ng(H) is a subgroup of Ng(W). Since J = Ng(H)N A, it
follows that J normalizes H. Since A is Dedekind, J normalizes J;. Then J <
Ng(W). Since H < W < Ng(W), it follows that No(H) = HJ < Ng(W). O

= |HJJi| = [(Na(H), W)].

PROOF OF THEOREM 5.3. Let G be the monodromy group of f(X) and
H the point stabilizer in G, so that T'(f) = Ng(H)/H. Let further x be
transcedental over K. We first prove that the result holds when n = 2. If
f = fio fa and W is a subgroup of G fixing K (fa(x)), then I'(f1) = Ng(W)/W
and I'(f2) & Nw(H)/H. By assumption there exists a Dedekind subgroup A
of G such that G = HA. From Lemma 5.4 it follows that v(f) | v(f1)v(f2).
Since H < W < G, from Lemma 2.3 we get that W = HJ, where J = W N A.
Since A is Dedekind, J is Dedekind as well. Therefore, we may apply Lemma 5.4
to any decomposition of fs into two polynomials. Inductively, it follows that if

f="Fiofy--ofnforany n €N, then y(f) | v(f)v(f2) ... 7(fn)- O

The following conjecture was posed by Gutierrez and Sevilla in [55].

CONJECTURE 5.5. If f, f1,-++, fn € C(X) satisfy f = fio fao--- fn, then
Y Ty (fov(f2) - (fn)-

In what follows, we show that the Conjecture 5.5 does not hold. In light of
Theorem 5.3 that was expected since if f € C(X) is arbitrary, then no transi-
tive Dedekind subgroup of the monodromy group of f(X) needs to exist. We
first explain a method for finding counterexamples and then construct explicit
counterexamples to the Conjecture 5.5.

Let x be transcendental. Since I'(f) = Aut(C(xz)/C(f(x))), it follows that
v(f) < [C(z) : C(f(z))] = deg f. Note that v(f) = deg f if and only if the
extension C(z)/C(f(z)) is Galois. In what follows, we explain how to find
fyg,h € C(X) such that f = goh, v(f) = deg f, 7(h) = degh and v(g) < degg.
Then clearly v(f) > ~v(g)y(h), which contradicts the conjecture 5.5.

Let G be a finite subgroup of automorphisms of C(z) that fix C. Then
Liiroth’s theorem implies that the subfield of C(z) fixed by G is generated over
C with one rational function; let f € C(X) be such that C(z)¢ = C(f(x)).
Then C(x)/C(f(x)) is Galois and v(f) = deg f. Choose H < G, so that it is not
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normal in G. Let h € C(z) be such that C(z)? = C(h(x)); then y(h) = deg h and

f(x) = g(h(zx)) for some g(z) € C(z), since C(f(z)) € C(h(z)). Furthermore,
I(g) = Aut(C(x)/Clg(x)) = Aut(C(h(x))/C(f(2)). Assume 7(g) = dogg.
Then

|Aut(C(h(x))/C(f(z)))| = degg = deg f/deg h = [C(h(z)) : C(f(z))],
which implies that C(h(x)) is a Galois extension of C(f(z)) and H is hence

normal in G, a contradiction. Hence, 7(g) < degg.

If G is a finite subgroup of automorphisms of C(z) which fix C, then Klein
showed that G is either cyclic, dihedral, A4, S4 or As. Therefore, in each case,
except when G is cyclic, there exists a subgroup H of G which is not normal
in G, and in each such case, we can construct counterexamples. We do that as
follows. Starting with any group presentation of the groups D,,, A4, S4 or A5 we
find an isomorphic group G of automorphisms of C(z) that fix C, via generators.
We then choose any subgroup H of GG, which is not normal in G. Next we need
to compute the generator of C(z)® and C(z)". The main assertion in the proof
of Liiroth’s theorem is that the generator of the fixed field of G can be found by
computing elementary symmetric polynomials in the values g(z) with g € G until
we find one whose value isn’t in C; that value f(x) will satisfy C(2)% = C(f(x)),
see [54] for more details. We analogously compute the generator h(z) of C(x)".
Then there exists a unique g € C(z) such that f = g o h and we can easily
compute it.

ExaMPLE 5.6. Recall that one group presentation for the symmetric group
Syis (a,b:a* =1,03=1,(ab)? = 1). Let
rz+1 T —1

v1(x) = po| and gpg(x):—x+i.

Since cp§4) (x) =z and 4,053) (x) =z and p3(x) := p1(p2(z)) is such that cp:(f)(x) =

x, it follows that the group G of automorphisms of C(z) which fix C, generated
with the automorphisms x — ¢1(z) and & — @a(z), is isomorphic to Sy. Take
H to be a subgroup of G generated with the automorphisms = — ¢1(x) and
x @2(@53)@32(1'))); then H = D, and is hence not normal in G. Then C(z)¢ =
C(f(x)) and C(x)* = C(h(x)) where

2% + 759216 4 2576212 + 75928 + 1 z® + 1

f(z) = PR and h(z)=

24
Then f = g o h with
x> + 7562 + 2576
g(x) = (x — 2)2
Then by construction v(f) = deg f = 24 and ~(h) = degh = 8. We can easily
verify that y(g) =1 < degg = 3.
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EXAMPLE 5.7. Recall that one group presentation for the alternating group
Ayis (a,b:a? =b® = (ab)® = 1). Let

i(r—1)
z+1

o) =~ and ga(e) =

Then @52) () =z, cpg?’) (z) = z and @3(x) := @1 (p2(x))) is such that p3(z)®) (z) =

x. Then the group G of automorphisms of C(z) which fix C, generated with the
automorphisms = — ¢1(z) and x — @a(x), is isomorphic to A4. Take H to be a
subgroup of G generated with x — ¢1(x), so H = Cy and H is hence not normal
in G. Then C(x)¢ = C(f(x)) and C(x)"¥ = C(h(z)) where

a'? — 3328 — 33z + 1 z? +1
/(@) 22(x —1)%2(z 4+ 1)%(x2 4+ 1)2 o (z) x

Then f = go h with

(22 — 8)(2? — 2)(x2 + 4)
g(z) = S
z?(x —2)(x +2)
Then by construction (f) = deg f = 12 and (h) = degh = 2. We can easily
verify that v(g) = 2 < degg = 6.

ExXAMPLE 5.8. Recall that one group presentation for the alternating group
As is <a, b:a?=1,0°=1,(ab)? = 1>. Let ¢ be a primitive 5*® root of unity and
w =+ 1/¢. Let further

7wm+1

and  o(z) = (%
xr —w

p1(z)

Since gpgz)(x) = = and gpés)(:c) = z and ¢3(z) := (p1(p2(z))) is such that

goz(f’) () = xz, it follows that the group G of automorphisms of C(x) which fix
C generated with the automorphisms = — ¢i(x) and x — @2(x), is isomor-
phic to As. Take H to be a subgroup of G generated with the automorphisms
x gog)(wl(wg(gpl(x))))) and x — ¢1(p2(x)); then H = Ay and is hence not

normal in G. Then C(z)¢ = C(f(z)) and C(z)? = C(h(x)) where

(220 — 22821% 4 494210 + 22825 +1)3
(210 4+ 1125 — 1) ’

fz) =

z'? — 6¢2210 — 20¢032° + 15¢1 2% — 2427 + 24¢%2° 4+ 15¢3 2 + 20¢* 2 — 622 + 2
z(x10 4 1125 — 1) '

h(z) =
Then f = g o h with
9(x) = (z +O)°(a? = 3¢t + 36¢%).

Then by construction v(f) = deg f = 60 and y(h) = degh = 12. We can easily
verify that y(g) =1 < degg = 5.
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EXAMPLE 5.9. One group presentation for the dihedral group D, is (a,b :
a’? =1,b" = 1,(ab)? = 1). Let ¢ be a primitive n-th root of unity and let

p(r)=> and eofa)=Ca

Since <p§2) () =z, gogn) (z) = x and @1 (pa(2))? () = x, it follows that the group

G, of automorphisms of C(x) which fix C generated with the automorphisms
x + p1(x) and = — pa(z) is isomorphic to D,,. Take H,, to be a subgroup of
G, generated with x — ¢ (z); then H,, = Cy and H,, is hence not normal in G
for n > 3. Then C(z)%" = C(f,(z)) and C(z)"» = C(h(x)) where
1 1
n(x)=a"+ — d h(z)= —.
fn(x) x—i—xn an (x) :c—i—x
Then g, (z) € C(z) such that f,,(x) = gn(h(x)) is a polynomial of degree n. Then
by construction ¥(f,) = deg f = 2n, y(h) = degh = 2 and ~(g,,) < deg g, = n.
In particular, if n = 3, then
1 1
_ .3 _ _.3
fole) =+ g, ha) =+, gsla) =2~ 3w,

and y(f3) = deg f =6, y(h) = degh = 2 and y(g3) = 1.

6. Additive polynomials

In this section we explain the consequences of our general results for additive
polynomials. Additive polynomials are defined as follows.

DEFINITION 6.1. If K is a field of characteristic p > 0, then f € K[X] is
called additive if it satisfies the identity f(X +Y) = f(X) + f(Y).

It is well known that if char(K) = p > 0, the additive polynomials over K

are exactly polynomials of the type
FX) = an X" + ap 1 X7 4+ a1 XP + ap X,

with a; € K for 0 < i < n, and if char(K) = 0, the only additive polynomials
over K are f(X) = apX for some ag € K. See [50, Chap. 1] for a proof and more
details on additive polynomials. Note that an additive polynomial f(X) € K[X]
is separable exactly when f'(X) # 0.

If K is a field and z is transcendental over K, Soundararajan [91] gave
necessary and sufficient conditions on f € K[X] so that K (z)/K(f(z)) is Galois.
Such polynomials f(X) are closely related to additive polynomials. We now recall

the result of Soundararajan.

LEMMA 6.2. Let K be a field of characteristic p > 0 and K(z) a simple
transcendental extension of K. Let f(x) € Klz| be of degree n = p™ - nq,
ged(p™,n1) = 1. Then K(x) is a Galois extension over K(f(z)) if and only if
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(6.2.1) f(x) = A(g(x))™ + B, where
m s Sp—1
g(x) = 2" +araP' + - 4 ap_1aP + a,rx + apyq

with ny dividing each p* — 1 and a, #0, and A, B € K.
(6.2.2) K contains all the roots of X™ = 1 and all the roots of g(z) = (g(0)
for each root ¢ of X™ =1.

For the sake of completeness (since we use Lemma 6.2 in this and in the
following section), we explain the main lines of the argument of Soundarara-
jan. One direction is easy. Assume that both (6.2.2) and (6.2.1) hold. Note
that then for any ¢ € K such that (" = 1 and any v € K such that g(v) =
€g(0), the automorphisms of K(x) which fix K and map =z — (x + v, leave
K(f(x)) fixed. There are clearly n; - deg g = deg f such automorphisms. Then
deg f < |Gal(K(z)/K(f(x)))| < [K(z) : K(f(x))] = deg f, wherefrom it fol-
lows that K(x)/K(f(x)) is Galois. Proving that the converse also holds is
somewhat more difficult. If K(z)/K(f(z)) is Galois, then there are exactly
|Gal(K (z)/K(f(x))| = deg f automorphisms of K (z) that leave K(f(z)) fixed.
Since f(z) is a polynomial, each of these automorphisms maps = — ax + b with
a,b € K, that satisfy f(ax +b) = f(z). By closer inspection of the equation
flax+b) = f(z) (that involves multiple comparison of coefficients), Soundarara-
jan proves that there exists a subgroup H of G = Gal(K(z)/K(f(x))) of size
p™, consisting of the automorphisms of G that map z — x + b for some b € K.
Then he shows that g(z) =[]y 7(z) is an additive polynomial which is up to
constant coefficient the polynomial ¢ from (6.2.1).

Using Lemma 6.2, we can give the following characterization of separable

additive polynomials.

LEMMA 6.3. Let K be a field of characteristic p > 0 and f(X) € K[X]. Let
x be transcendental over K. Then the following are equivalent:
(6.3.1) K(x)/K(f(x)) is Galois and deg f is a power of p.
(6.3.2) F(X) := f(X)— f(0) is a separable additive polynomial.
When these conditions hold, the Galois group of K(x)/K(f(z)) is an elementary

abelian p-group.

PrOOF. From Lemma 6.2 we get that (6.3.1) and (6.3.2) are equivalent. If
both (6.3.1) and (6.3.2) hold, note that A := Gal(K (x)/K(f(z))) consists of the
automorphisms of K (x) which fix K and map = + = + « where F(a) = 0; A is

hence an elementary abelian p-group of order deg f. O

We use the above characterization of separable additive polynomials to give
a short proof of the fact that additive polynomials decompose into additive poly-
nomials. This was first proved by Dorey and Whaples [25].
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LEMMA 6.4. Let K be a field of characteristicp > 0 and f € K[X] a separable
additive polynomial. If f = goh, then g(X)—g(0) and h(X)—h(0) are separable

additive polynomials as well.

PRrROOF. Let z be transcendental over K. Then by Lemma 6.3 it follows that
K(x)/K(f(z)) is Galois with G := Gal(K (z)/K(f(x)) an elementary abelian
p-group. Since K(f(x)) C K(h(z) C K(z), it follows that K(x)/K(h(x)) is
Galois as well. Since deg f is a power of p, it follows that deg h is a power of p
as well, so from Lemma 6.3 we get that h(X) — h(0) is separable additive. If we
denote y = h(x), then g(y) = f(x) and K(x)/K(g(y)) is hence Galois. Since G
is abelian, the subgroup N of G fixing K (y) is normal in G, so K (y)/K(g(y)) is
Galois. Since deg g is a power of p, from Lemma 6.3 it follows that g(X) — ¢(0)
is separable additive as well. O

It is further proved in [25] that any nonzero additive polynomial (so, not
necessarily separable) decomposes into additive polynomials. The argument is

very simple and we now quickly recall it.

COROLLARY 6.5. Let K be a field of characteristic p > 0 and f € K[X] a
nonzero additive polynomial. If f = goh, then g(X)— g(0) and h(X) — h(0) are

additive polynomials as well.

PROOF. Suppose that there exists a nonzero additive polynomial f(X) such
that f = g o h, but g(X) — ¢g(0) and h(X) — h(0) are not both additive and
assume that f(X) is of minimal degree among all such counterexamples. Then
//(X) =0 by Lemma 6.4, so either ¢'(X) =0 or h/(X) = 0. If #'(X) = 0, then
f(X) = fi(X)o XP and h(X) = h1(X) o XP for some fi,g; € K[X], wherefrom
f1 = gohi, so we have a counterexample of lower degree, a contradiction. Now
assume ¢'(X) = 0. Then f(X) = f1(X) o X? and g(X) = ¢1(X) o XP, so
f1(XP) = g1(h(X)P). Since h(X)P = ho(XP) for some hg € K[X], it follows that
f1(XP) = g1(ho(XP)), wherefrom f; = g1 o ho, which is again a counterexample
of lower degree, a contradiction. O

Next we show that the monodromy group of a separable additive polynomial
has a transitive abelian subgroup, so that our general results apply to additive

polynomials.

LEMMA 6.6. Let K be a field of characteristic p > 0 and let f € K[X] be
separable additive. Then the monodromy group of f(X) has a transitive abelian

subgroup.

PROOF. Let L be the splitting field of f(X) over K. Let ¢ be transcendental
over K and let © denote the splitting field of ¢¢(X) = f(X) —t over K(t). By
Gauss’s Lemma it follows that ¢¢(X) is irreducible over K(t). Since f'(X) # 0,
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it follows that ¢7(X) is separable. Let « be a root of ¢¢(x) in , so t = f(x).
For any a € L such that f(a) =0, we get that x + « is a root of ¢¢(x), since

¢z +a) = flz+a) = flz) = f(z)+ f(e) = f(z) = f(a) = 0.

These are all the roots of ¢(X) since f(X) is separable and deg ¢y = deg f. So,
2 = L(z) and L(z) is hence the Galois closure of K(z)/K(f(x)). Let G be the
monodromy group of f(X), that is G = Gal(L(z)/K(f(x)), and let H be the sta-
bilizer of z in G, so H = Gal(L(z)/K(z)). Let further A = Gal(L(x)/L(f(z))).
Note that A consist of the automorphisms of L(x) that fix L and map z — z+a,
where f(a) = 0 and is hence an elementary abelian p-group of order deg f. Fur-
ther note that AN H =1, so |[HA| = |H||A| = [L(z) : K(z)] - deg f = [L(x) :
K(x)|[K(z) : K(f(z))] = [L(z) : K(f(z)] = |G|, whence G = HA. Since H is
the point stabilizer in G, it follows that A is a transitive subgroup of G. O

We are now ready to apply our general results from the previous sections to

additive polynomials.

PROPOSITION 6.7. Let K be a field of characteristic p > 0 and let f(X) €
K[X] be separable additive.

(6.7.1) Any complete decomposition of f(X) can be obtained from any other
complete decomposition of f(X) through finitely many steps, where in
each step we replace a complete decomposition of f(X) by a Ritt neigh-
bor.

(6.7.2) If fiofoo---ofy, = f = g10 goo...0g, are two complete decompositions of
f(X) in K[X], then m = n and there is a permutation  of {1,2,...,m}
such that Mon(f;) = Mon(gy(;)) for each i. It follows that deg f; =
deg gr(iy and ¥(fi) = V(gr(s))-

(6.7.3) If fi, fo,..., fm € K[X] satisfy f = fio fao---0 f,, then

V) [v(Fov(f) -y (fm)-

PROOF. From Lemma 6.6 it follows that the monodromy group of f(z) has
a transitive abelian subgroup. Now (6.7.1) follows from Theorem 3.2. Proposi-
tion 6.4 implies that whenever we replace a complete decomposition with a Ritt
neighbor we are replacing two indecomposable polynomials whose composition
is an additive polynomial (plus a constant coefficient) by two other indecompos-
able polynomials with the same composition. Then Theorem 4.1 implies that
these pairs of indecomposable polynomials have the same pair of monodromy
groups, possibly in reversed order, which proves (6.7.2). Lastly, (6.7.3) follows
from Theorem 5.3. ]



7. SUBADDITIVE POLYNOMIALS 33

REMARK 6.8. Ore [73, 74] studied additive polynomial decomposition. He
proved that the number and the sequence of degrees of indecomposable polynomi-
als in any complete decomposition of a separable additive f(X) is uniquely deter-
mined by f(X), up to permutation. Ore’s methods are quite different from ours
and yield weaker result. At the end of the next section, more words about Ore’s
methods can be found. We further remark that the proof of Lemma 6.6 is con-
tained in the proof of [25, Thm. 4]; this theorem corresponds to our Lemma 6.4.
Since Dorey and Whaples followed Ritt’s ideas in [25], their proof is of similar

flavor as ours.

7. Subadditive polynomials

In this section we discuss decompositions of subadditive polynomials, which
are defined as follows:

DEFINITION 7.1. For any field K of characteristic p > 0, a polynomial S €
K[X] is called subadditive if S(X™) = f(X)"™ for some separable additive f(X) €
K[X] and some positive integer n for which p { n.

We will show that the monodromy group of a subadditive polynomial S(X)
over K contains a transitive abelian subgroup, so that the results of the previous
sections apply to subadditive polynomials. We do this by showing that the mon-
odromy group of S(X) over a suitable extension of K contains such a subgroup.

In fact we prove the following stronger result.

LEMMA 7.2. Let K be a field of characteristic p > 0, and let n be a positive
integer coprime to p. Let y be transcendental over K, and put x := y". For any
g € K[X]\ K[XP], the following are equivalent:

(7.2.1) g(X™) = a(f(X)+ )" + b for some a,b,c € K and some separable
additive f(X) € K[X].
(7.2.2) K(y)/K(g(x)) is Galois and deg g is a power of p.
When these conditions hold, the Galois group of K(y)/K(g(x)) is the semidirect
product of the normal elementary abelian subgroup Gal(K (y)/K(f(y))) and the
cyclic subgroup Gal(K (y)/K(x)).

PRrROOF. First assume (7.2.2). By Theorem 6.2, we have g(X") = a(f(X) +
)" +b for some a, b, c € K with a # 0 and some separable additive f(X) € K[X].
In order to obtain (7.2.1), we must show that we can choose a, b, ¢ to be in K
and f(X) to be in K[X]. First, we may assume that f(X) is monic, upon
replacing (a, ¢, f(X)) by (ad™, ¢/d, f(X)/d) where d is the leading coefficient of
f(X). Then the leading coefficient of g(X™) equals a, so a € K*. If n =1 then
we may replace (b, c) by (b+ ac,0), so that g(X) = af(X) + b; then comparing
terms of like degrees shows that f(X) € K[X] and b € K, so that (7.2.1) holds.
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i

Now suppose n > 1, and write p* := deg f. If f(X)+c ¢ K[X], then let dXP?"~
be the highest-degree term of f(X)+ ¢ which is not in K [X]; then the coefficient
of X"P*™" in g(X™) is not in K, since a,c € K, a contradiction. Therefore
f(X)+ce K[X],so f(X) € K[X] and ¢ € K, and thus also b € K. It follows
that (7.2.1) holds in every case.

Now assume (7.2.1). Theorem 6.2 implies that K(y)/K(g(z)) is Galois.
Moreover, deg g = deg f is a power of p, so (7.2.2) holds.

Henceforth assume that both (7.2.1) and (7.2.2) hold. Then in particu-
lar, K(y)/K(g(x)) is Galois, so G := Gal(K(y)/K(g(x))) has order [K(y) :
K(g(2))] = [K(y) : K(z)] - [K(z) : K(g9(x))] = n-degg. Note that A :=
Gal(K (y)/K(f(y))) consists of the automorphisms of K (y) which fix K and map
Y+ y+ a where f(a) =0, and H := Gal(K(y)/K(x)) consists of the automor-
phisms of K (y) which fix K and map y ~ (x where (" = 1. Hence A is elemen-
tary abelian of order deg f (which equals deg g), and H is cyclic of order n. Since
ged(n,degg) =1 we have AN H =1, so that |AH| = |A|-|H| =n-degg = |G|,
whence G = AH. Pickany o € Aand 7 € H, so that o(y) = y+a and 7(y) = Cy
where f(a) =0 and (" = 1. Then 7 'o7(y) = y + (. But since G = AH, and
the only elements of AH which map y +— y + 8 (with 8 € K) are the elements
of A, it follows that 7 'o7r € A. Therefore H normalizes A, so A is a normal
subgroup of G, whence G = A x H. O

We now show that the element ¢ in (7.2.1) must be 0 if n > 1, so that
the polynomials g(X) in (7.2.1) are obtained from subadditive polynomials by
composing with degree-one polynomials.

LEMMA 7.3. For any field K of characteristic p > 0, any separable additive
f(X) € K[X], any a,b,c € K with a # 0, and any integer n > 1 with p{n, the
following are equivalent:

(7.3.1) there exists g(X) € K[X] for which g(X™) = a(f(X) 4+ ¢)" +b;

(7.3.2) ¢ =0 and there exists h(X) € K[X] for which f(X)= Xh(X").

When these conditions hold, g(X) and h(X) are uniquely determined, and g(X) =
aXh(X)"+b.

PRrROOF. Suppose that g(X") = a(f(X) + ¢)” +b. If ¢ is a primitive n-th
root of unity then g(X™) is unchanged upon replacing X by (X. Therefore
(f(CX)+ o)™ = (f(X) + )™, so that f(¢CX)+c = (' (f(X)+ ¢) for some n-th
root of unity ¢’. It follows that if f(X) + c has a term of degree i then ¢* = ('.
Since f(X) has a term of degree 1, every such i satisfies (¢ = ¢/ = ¢, so that
i =1 (mod n). Since n > 1, it follows that f(X) + ¢ has no term of degree 0,
so that f(X)+ ¢ = Xh(X™) for some h(X) € K[X]. Finally, since f(0) =0, we
conclude that ¢ = 0.
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Conversely, if f(X) = Xh(X"™) then plainly ¢g(X) := aXh(X)™ + b satisfies
g(X™) = af(X)" + b. Moreover, both h(X) and g(X) are uniquely determined
by the equations f(X) = Xh(X"™) and g(X") = af(X)" + b. O

We now use the above results to show that subadditive polynomials can only
decompose as the composition of subadditive polynomials. This result was first
proved by Henderson and Matthews as the main result of [57].

PROPOSITION 7.4. Let K be a field of characteristic p > 0, let n be a positive
integer coprime to p, and let S, f € K[X]|\ K[XP] satisfy S(X™) = f(X)™ where
f(X) is additive. For Sy,Se € K[X], we have S = S10S5 if and only if there is a
degree-one u € K[X] for which Sjou(X"™) = f1(X)™ and p= 10 Se(X™) = fo(X)"
where f1, fo € K[X] are separable additive polynomials such that f = fi o fs.

PrROOF. We may assume that n > 1, since if n = 1 then the result follows
from Theorem 6.4. The “if” direction is easy: if such p, f1, fo exist, then

S1082(X™")=8S10po fo(X)" = f1(X)" o fo(X) = f(X)" = S(X"),

so S1 0.5 = S. It remains to prove the “only if ” direction. Thus, for the
rest of this proof we assume that S = S; o S5. Let y be transcendental over
K, and put z := y*. Lemma 7.2 implies that K(y)/K(S(z)) is Galois. Since
K(S(x)) € K(S2(z)) C K(z) C K(y), it follows that K (y)/K(Sa2(x)) is Galois.
Now Lemma 7.2 and Lemma 7.3 imply that So(X™) = po fo(X)™ for some
degree-one p € K[X] and some separable additive fo(X) € K[X].

By Lemma 7.2, the Galois group G of K(y)/K(S(z)) equals AH where
A = Gal(K(y)/K(f(y))) and H := Gal(K(y)/K(z)), and likewise Gy :=
Gal(K (y)/K(S2(x)) contains Ay := Gal(K (y)/K(f2(y))). Since Ay C Gy C
G = AH, and an element o € AH satisfies o(y) —y € K if and only o € A, it
follows that As C A. Therefore f(y) = fi(f2(y)) for some f; € K(X). Since
both f(x) and fs are in K[X], also fi must be in K[X], so Theorem 6.4 shows
that f is additive. Now, writing S7(X) := S1(u(X)) and So(X) := u~1(S2(X)),
we have

FX)" = S(X") = 810 8(X") = Sy 0 fo(X)".

Since both the leftmost and the rightmost expressions are functions of fo(X),
we can equate the corresponding functions to get f1(X)" = S1(X)", which
completes the proof. O

REMARK 7.5. Our proof of Proposition 7.4 is completely different from the

proof in [57], which relied on several pages of computations involving factors of
S(X™) —S(Y™).

We now apply our general results from the previous sections to the case of

subadditive polynomials.
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PROPOSITION 7.6. Let K be a field of characteristic p > 0, and let S(X) €
K[X]\ K[XP] be subadditive.

i) Any complete decomposition of S can be obtained from any other com-
plete decomposition of S through finitely many steps, where in each step
we replace a complete decomposition of S by a Ritt neighbor.

ii) If fiofso---of, =S = g0 goo...0gs are two complete decompositions of
S(X) in K[X], then r = s and there is a permutation ™ of {1,2,...,7}
such that Mon(f;) = Mon(gy(;)) for each i. It follows that deg f; =
deg gr(iy and v(fi) = V(gr(s))-

iii) If f1, fo,..., fm € K[X] satisfy S = fio fao---0 fu,, then

Y(S) [v(f)v(f2) - (fm)-

ProOOF. All assertions are vacuously true if deg.S = 1, so we assume hence-
forth that degS > 1. We first show that the monodromy group Mon(S) of
S(X) over K contains a transitive abelian subgroup. Write S(X") = f(X)"
where f(X) € K[X]\ K[XP] is additive and n is a positive integer coprime to
p. Let y be transcendental over K, and put x := y". Proposition 7.2 shows that
K(y)/K(S(z)) is Galois, and its Galois group G equals AH where A and H are
the Galois groups of K (y)/K(f(y)) and K(y)/K (), both of which are abelian.
Note that H contains no nontrivial normal subgroup of G: for, any 7 € H \ {1}
and o € A\ {1} satisfy 7(y) = (y and o(y) = y + o where a # 0 and ¢ # 1,
so that o~ '7¢ maps y — Cy + (1l — () ¢ Ky, whence 0 'r0 ¢ H. It follows
that K (y) is the Galois closure of the extension of fixed fields K (y) /K (y)¢, or
equivalently of K(x)/K(S(x)). Since H is the subgroup of G which fixes z, the
factorization G = H A shows that the abelian subgroup A of G acts transitively
on the conjugates of z over K (S(z)), or equivalently, on the roots of S(X)—S(x).
Now let © be the Galois closure of K (z)/K(S(z)). Then Q2 C K(y), and restrict-
ing elements of G to 2 induces an isomorphism of G onto Gal(2/L(S(x))), where
L := QNK. In particular, G is isomorphic as a permutation group to a subgroup
of Mon(S), so since G has a transitive abelian subgroup, it follows that Mon(S)
does as well.

Now (7.6.1) follows from Theorem 3.2. Proposition 7.4 implies that if S =
hiohgo---oh, where each h; € K[X], then h; o hjy; = o S; ov where S; €
K[X] is subadditive and p,v € K[X] have degree one. Therefore whenever we
replace a complete decomposition of S by a Ritt neighbor, we are replacing two
indecomposable polynomials whose composition is subadditive (composed with
linears) by two other indecomposable polynomials having the same composition.
It follows from Theorem 4.1 that these two pairs of indecomposable polynomials
have the same pair of monodromy groups, possibly in reversed order. This
implies (7.6.2). Finally, (7.6.3) follows from Theorem 5.3. O
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REMARK 7.7. The only part of this result which has been stated previously
is the assertion that any two complete decompositions of a subadditive polyno-
mial have the same length and the same sequence of degrees of indecomposables,
up to permutation. This assertion occurs on [21, p. 325], together with a two-
sentence sketch of the proof strategy. Essentially they argue that, in light of
Proposition 7.4 and Lemma 7.3, this assertion reduces to showing the analogous
properties for expressions of members of a certain subclass A of additive polyno-
mials as compositions of members of A. Specifically, A consists of those additive
polynomials in which all terms have degree congruent to 1 mod p*, where Fxis
the extension of F,, obtained by adjoining all n-th roots of unity. The relevant
properties of members of A were proved by Ore [74, Thm. 1 of Chap. II, p. 494].
We note that Ore’s proof is completely different from ours. In particular, while
both proofs show that any complete decomposition of an additive polynomial
can be obtained from any other such decomposition through finitely many steps,
our steps involve replacing two adjacent indecomposables by two others having
ths same composition, whereas Ore’s steps replace a block of » > 2 consecutive
indecomposables by another block of r indecomposables which have the same
composition, where the degrees of the second batch of indecomposables are a
circular shift of the degrees of the first batch of indecomposables. Moreover, Ore
does not use Galois closures or monodromy groups, so his methods do not give

information about the other parts of Proposition 7.6.






Chapter 3

Diophantine equations with

Euler polynomials

This chapter contains the paper [59] with the title Diophantine equations
with Euler polynomials. It is a joint paper with Csaba Rakaczki. The article
was published in Acta Arithmetica in 2013. The presentation of the paper here
is slightly modified from the published version of the paper.

Abstract. In this paper we determine possible decompositions of Euler poly-
nomials Eji(x), i.e. possible ways of writing Euler polynomials as a functional
composition of polynomials of lower degree. Using this result together with the

well-known criterion of Bilu and Tichy, we prove that the Diophantine equation
—1F 42k — o (1) = g(y),

with degg > 2 and k > 7, has only finitely many integers solutions x,y unless

polynomial g can be decomposed in ways that we list explicitly.

1. Introduction

If K is a field and g(z), h(z) € K|[z], then f = g o h is a functional compo-
sition of g and h and (g, h) is a (functional) decomposition of f (over K). The
decomposition is nontrivial if g and h are of degree at least 2. A polynomial is
said to be indecomposable if it is of degree at least 2 and does not have a nontriv-
ial decomposition. Given f(z) € K[z] with deg f > 1, a complete decomposition
of f is a decomposition f = fio0 fy-- -0 f,,, where polynomials f; € K[x] are inde-
composable for all i = 1,2, ..., m. Two decompositions f = g1 o hy = g2 0 hy are
said to be equivalent over K if there exists a linear polynomial ¢ € K[z] such that
go = g1 0f and hy = £ o he. Complete decomposition of a polynomial of degree
greater than 1 clearly always exists, but it does not need to be unique. In 1922,
J. F. Ritt [84] proved that any two complete decomposition of f € C[x] consist

39
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of the same number of indecomposable polynomials and moreover that the se-
quence of degrees of polynomials in a complete decomposition of f is uniquely
determined by f, up to permutation. This result is known in literature as Ritt’s
first theorem. For more on the topic of polynomial decomposition we refer to
89].

Ritt’s polynomial decomposition results have been applied to a variety of
topics. One such topic is the classification of polynomials f and g with rational
coefficients such that the equation f(z) = g(y) has infinitely many integer so-
lutions. In 2000, Bilu and Tichy [13] presented a complete and definite answer
to this question. In the past decade the theorem of Bilu and Tichy has been
applied to various Diophantine equations. For example, in [12] it is shown that
the equation 1™ +2M 4. . .42 = 1" +2"+. . . +y" has only finitely many integer
solutions x,y, provided m,n > 2 and m # n. In [80] Rakaczki investigated the
question of the finiteness of the number of integer solutions z,y of the equation
1™ 4 2™ 4+ ... + 2™ = g(y) with an arbitrary g(xz) € Q[z]. We mention that
the study of Diophantine equations involving power sums of consecutive integers
has a long history, dating back to the work of Schiiffer in 1956, see [87]. In the
present paper we study a related problem.

The purpose of this paper is to characterize those g € Q[z] for which the
Diophantine equation

(1.1) —1F 2k — o (—1)%2F = g(y)

has infinitely many integer solutions. It is well known, see for instance [1], that
the following relation holds:

E —-1)"E 1
—1F 4ok —3k 4~k = k(0) +( 2) k(n + ),

where Ej(z) denotes the k-th Euler polynomial, which is defined by the following

generating function:

= th 2exp(tx
> Bula)y = 2000
— I exp(t) +1

In the present paper we give a complete description of decompositions of Euler
polynomials into polynomials with complex coefficients.

THEOREM 1.2. Euler polynomials Ey(x) are indecomposable for all odd k.
If k = 2m is even, then every nontrivial decomposition of Ey(x) over complex

numbers is equivalent to

(1.3)  Bulx) = En ((x - ;>2> , where E,,(z) = Zm: (227;) %xm*j

and Ej is the j-th Euler number defined by E; = 2/E;(1/2). In particular, the

polynomial Em(x) is indecomposable for any m € N.
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Since Euler polynomials appear in many classical results and play an impor-
tant role in various approximation and expansion formulas in discrete mathemat-
ics and in number theory (see for instance [1, 15]), we find that Theorem 1.2
might be of broader interest. Theorem 1.2 together with the aforementioned

criterion of Bilu and Tichy allows us to prove the following theorem.

THEOREM 1.4. Let k > 7 be an integer and g(z) € Q[z] with degg > 2. Then
the Diophantine equation (1.1) has only finitely many integer solutions unless we
are in one of the following cases
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where a, b,y € Q\{0}, t > 3 odd, Ey(x) is the k-th Euler polynomial, p(x) € Q[x],
d(z) € Qlz] is a linear polynomial,

f( ) :l: + Ek(O) and ES(ZE) = Z <§j> %xs—j‘

J=0

The proof of Theorem of Bilu and Tichy relies on Siegel’s classical theorem
on integral points on curves, which is ineffective. Consequently, the Theorem 1.4
is ineffective.

In the proof of Theorem 1.4 in each of the exceptional cases, we find an
infinite family of integer solutions of the equation (1.1).

In relation to our problem we mention a paper by Dilcher [24], where the

effective finiteness theorem is established for the Diophantine equation
(1.5) —1F 4 38— (dz = 3)F o+ (4z — 1)F =y,

which was viewed as a "character-twisted” analogue of Schéffer’s equation [87],
and a recent paper by Bennett [10], where the same equation was completely
solved for 3 < k£ < 6 using methods from Diophantine approximations, as well
as techniques based upon the modularity of Galois representations. Using our
techniques, one can obtain ineffective finiteness theorems of a similar flavor as

Theorem 1.4 for the Diophantine equation
(1.6) 1P 38— — (4o = 3)F + (42— 1)" = g(y),

with k£ € N and an arbitrary g(z) € Q[x].
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2. Decomposition of Euler polynomials

In this section we recall and establish some results on polynomial decompo-
sition and then use them to determine decomposition properties of Euler poly-
nomials.

The following lemma describes the structure of the set of all decompositions
of a fixed monic polynomial into two decomposition factors in the case when
the corresponding field is either of characteristic 0 or of positive characteristic,
but the degree of the polynomial is not divisible by the characteristic of the
field. This case is known in literature as the tame case. In the tame case, there
are known analogues of Ritt’s theorems. The case in which the degree of the
polynomial is divisible by the characteristic of the field is called wild and in this
case analogues of Ritt’s results do not hold, see [25]. Similarly, the following

lemma also fails in wild case.

LEMMA 2.1. Let f(x) € Klz| be a monic polynomial such that char(K) {
deg f. Let L be an arbitrary extension field of K. Then for any nontrivial
decomposition f = f1 o fo with fi(x), fo(x) € Llx|, there exists a unique decom-
position f = fl o fg, such that the following conditions are satisfied:

i) fi(z) and fo(x) are monic polynomials with coefficients in K,
ii) fl o fg and fi o fo are equivalent over L,
i11) if we denote t := deg f1, then the coefficient of z=% in fi (X) is 0.

PRrROOF. Let f(x) = fi(f2(z)) be a nontrivial decomposition of f(x) € K|[z]
with fi(z), fa(x) € L[z]. Let t = deg f1, k = deg f> and let by, € L be the leading
coefficient of fo(x). Then

fi(@) == fibrz),  fo(e) = b fa(x)
are clearly monic polynomials. Let a;_1 be the coefficient of z/~1 in fj(z). Let
i) = filz =t a_1),  folz) = folz) +t ‘a1

It is easy to verify that the coefficient of z'~! in f; (z) is 0 and since fi and
fg are monic, so are fl and fg. Let fl(ac) =2t + a2t 4+ - + ap and
fg(ﬂ:) = 2P 4+by_12* 14 - 4-bg, where a;, bjeL,fort=0,1,...,t,7=0,1,...,k,
and a;—1 = 0. Further let f(z) = cpa™ + -+ + c12 + ¢p. Now we can easily see

that fl and fg are uniquely determined and have coefficients in K. From

(2.2) f(@) = filfa(2)) = fo()' + ar—afo(z) "2 + - + a1 fa(z) + ao,
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by expanding fg(l’)t we get the following system of equations which completely
determine coefficients of fo(z):

.
Cn—1 = thg_1

Cn—2 = thy—o + (é)bi—l

i i ig—1
Cp—k = tho + > divsig,sin 1 Up b2 o 0,
i1+2ig+-+(k—1)ig_1=k

11,090l 1 — | -+ - . .
115225+« 5 U—1

Since ¢; € K, it follows that b; € K for all = 0,1,...,k — 1 and hence fg(az) €
K[z]. Furthermore, from (2.2) it follows that the coefficients of f; are uniquely
determined by F' and fg. Recursively, a; € K for all i =t —2,...,1,0. Hence,
fi(z) € K[z] as well. O

where

The proof of Lemma 2.1 fails when the degree of the polynomial is divisible
by the characteristic of the field, since in this case there does not exist the
multiplicative inverse of the degree of the polynomial in the field.

Lemma 2.1 implies that if f € K[x] is indecomposable over K, then it is
indecomposable over any extension field of K, provided char(K) { deg f. This
result is well known. In fact, we built up a proof of Lemma 2.1 based on [?,
Theorem 6, Chapter 1.3].

We will further need the following lemma.

LEMMA 2.4. Let f € K[x] such that char(K) t degf. If f = g1 092 =
hiohy and deg g1 = deg h1, and hence deg g2 = deg ha, then there exists a linear
polynomial ¢ € K[z| such that gi1(x) = h1(€(z)) and he(z) = £(g2(x)).

PROOF. The case K = C is contained already in [84]. Lemma was later
proved in generality by Levi [65]. O

The following observation will be of great help to the proof.

LEMMA 2.5. Let n be an even positive integer. If
(z+1)" —a" = g(z)h(z)
with g(x), h(z) € R[z|, then the coefficients of g(x) and h(x) are either all positive
or all negative.

27

PrOOF. We have (z + 1)" — 2" = [[I;(z + 1 — wiz), where w; = e™n ,
t=1,2,...,n. Let n = 2k. Hence, wo, = 1, wp = —1, and wyi_; = w; for all
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j=1,2,...,k — 1. Therefore we have

T
L

(+1)"—2"=Q2z+1) || (z+1—-wjz)(z+1—wjz)

ERS
|
T

=@2z+1) ] (2- (wj+@))2* + (2 - (wj +@5))z +1).

<.
Il
—

Clearly 2 — (w; +wj;) > 0 for all j € {1,2,...,k —1}. Now the assertion follows

from the fact that the ring R[z] is a unique factorization domain. O
We will make an extensive use of the following theorem of Rakaczki [81].

THEOREM 2.6. Let m > 7 be an integer. Then the polynomial E,,(x)+b has

at least three simple zeros for arbitrary complexr number b.

Finally, to the proof of Theorem 1.2 we need the following proposition, in
which we collect some well known properties of Euler polynomials, which will be

used in the sequel, sometimes without particular reference, see [15] for proofs.

PROPOSITION 2.7.
i) Ep(z) = (—1)"E,(1 —x);
i) En(x+1) + E,(z) = 22";
iii) El(x) =nE,_1(x);
iv) Es(x) is the only Euler polynomial with a multiple root.
v) If By, denotes the k-th Euler number, which is defined by Ey, = 28 Ej(1/2),

then By
" n Ek 1\
w0 =3 (1) (=2)
k=0
i.e. Ey(w) =3 1_,cra® with

n—=k . n—k—1q
B n\ Ej (n—73\ (-1 J
=2 ()F0)E)

fork=0,1,...,n. In particular,

1 1/n
cn=1, cp1= —577,, n—2=0, chp3= Z , etc.

Proor or THEOREM 1.2. Let n € N and
(2.8) En(z) = g(h(z))

be a nontrivial decomposition of the n-th Euler polynomial. By Lemma 2.1 we
may assume that polynomials g(z) and h(x) are monic with rational coefficients;
let g(x) = 2t +a_12' 1+ +ap € Qx] and h(x) = 2 + b_j2F 1+ + by €
Q[x]. By the same lemma we may assume a;—1; = 0. Note ¢,k > 2 by assumption.
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Using (2.3) we can express the coefficients of h(z) in terms of coefficients of the

E,(x), which are given in Proposition 2.7, so

(2.9) bp-1=—5, bp-2= —(t_81)k2,
1/(k (t—1)k?(k —2)
bp—3 = 1 <3> + 16 .
From E,(1 —z) = (—=1)"E,(z), it follows that
(2.10) g(h(1 = z)) = (=1)"g(h(x)).

We first consider the case when n is even. Then g(h(1 — x)) = g(h(z)). From
Lemma 2.4, by using a;—1 = 0, we get that either h(1 —z) = h(z) or h(1 —x) =
—h(x) and g(x) = g(—=). In the former case k is even. From Proposition 2.7 we
get

2((z+1)" — 2") = By(—z — 1) - Bu() = g(h(—z — 1)) - g(h(x)),

so (z + 1) — 2™ is divisible by h(—x — 1) — h(x) in Q[z]. Note that the leading
coefficient of h(—x — 1) — h(x) is k — 2b,_; = 2k. If k > 4, from Lemma 2.5 it
follows that the coefficient of z*~% in h(—z — 1) — h(z) is positive, so

(2.11) <Z> — (k ; 1>bk_1 + (k ; 2) b—o — <k I 3) b3 > 0.

Using (2.9) we obtain

<k> . (t—1)k*(k —2)(k - 3)
4 16 ’
wherefrom ¢ < 1, contradicting the assumption. Since k is even, we conclude
k = 2 and hence n = 2¢. Lemma 2.4 implies that this decomposition is equivalent
to the decomposition (1.3).

In the case when h(1 — z) = —h(z) and g(x) = g(—z) one can deduce that
kis odd, t is even, g(x) = 2! + a;_22' "2 + - - + agx?® + a¢ and

) =

Ey(z) = g(h(z)) = g1(hi (@),
where
g1(x) = 2 fapozt/> P fagz +ag, hi(x) = h(z)?
But then hj(x) = hi(1—z) and we can use the argument above to get a contradic-
tion provided ¢t > 4. If t = 2, then g(z) = 22+ ap and hence E,(z) = h(x)?+ay.
From Theorem 2.6 it follows that this is possible only when n < 6. Since n > 4

and k is odd, it follows that the only possibility is n = 6, but a direct calculation
shows that Eg(x) is not of this form.
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If n is odd, then k and t are also odd. Proposition 2.7 implies
22" = Ep(x) — En(—2z) = g(h(z)) — g(h(—x)),

wherefrom we deduce that h(z) — h(—z) divides 22" in Q[x]. Hence, h(x) —
h(—z) = gz! with ¢ € Q and | < n. By expanding h(z) — h(—x) we obtain
Il =k, g =2 and by_o = 0, which together with (2.9) implies t = 1 or k = 0,
contradicting the assumption k,t > 2. Hence, Euler polynomials with odd index

are indecomposable. O

3. Application of the theorem of Bilu and Tichy

To the proof of Theorem 1.4 we need some auxiliary results. First we recall
the finiteness criterion of Bilu and Tichy [13].

We say that the equation f(x) = g(y) has infinitely many rational solutions
with a bounded denominator if there exists a positive integer A such that f(z) =
g(y) has infinitely many rational solutions x,y satisfying Az, \y € Z. If the
equation f(z) = g(y) has only finitely many rational solutions with a bounded
denominator, then it clearly has only finitely many integer solutions.

We further need to define five kinds of so-called standard pairs of polynomials.

In what follows a and b are nonzero rational numbers, m and n are positive
integers, r > 0 is an integer and p(x) € Q[z] is a nonzero polynomial (which may
be constant).

A standard pair over Q of the first kind is (2™, az"p(x)™), or switched, i.e
(az"p(z)™,x™), where 0 < r < m, ged(r,m) =1 and r + degp > 0.

A standard pair over Q of the second kind is (xz, (ax2 + b) p(fn)z), or switched.

Denote by D, (z,a) the m-th Dickson polynomial with parameter a, defined

by the functional equation

or by the explicit formula

(3.1) Dm(:c,a)zmz/2J m (m,_i>(_a)i$m—2i‘

< m—1 1
=0

A standard pair over Q of the third kind is (Dy, (z,a™), Dy, (z,a™)), where
ged(m,n) = 1.
A standard pair over Q of the fourth kind is

<a_m/2Dm(:t:, a), —b_"/QDn(:U, b)) ,

where ged(m,n) = 2.
A standard pair over Q of the fifth kind is ((am2 — 1)3 3zt — 4953), or switched.
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THEOREM 3.2. Let f(x) and g(x) be non-constant polynomials in Q[z]. Then

the following assertions are equivalent.

- The equation f(x) = g(y) has infinitely many rational solutions with a

bounded denominator;

- We have

f(@) = e (i (M), g(x) = ¢ (g1 (1)),

where \(x) and p(x) are linear polynomials in Q[z], ¢(x) € Qlz],
and (fi(z),g1(x)) is a standard pair over Q such that the equation
fi(x) = g1(y) has infinitely many rational solutions with a bounded

denominator.
The following theorem for hyperelliptic equations is due to Baker [2].

THEOREM 3.3. Let f(x) € Qx| be a polynomial with at least three sim-
ple roots. Then all the integer solutions of the equation f(x) = y* satisfy
max {|z|, |y|} < C, where C is an effectively computable constant that depends

only on the coefficients of f.

For P(z) € C[z], a complex number c is said to be an extremum if P(z) — ¢
has multiple roots. If P(z) — ¢ has s multiple roots, the type of ¢ is the tuple
(a1, g, ..., a) of multiplicities of its roots in an increasing order. Clearly s <
deg P, (a1, 9, ...,a5) # (1,1,...,1) and ag + ag + - - - + a5 = deg P.

In what follows Dy(x,a) denotes the Dickson polynomial of degree k € N
with parameter a € Q \ {0}. The following result on Dickson polynomials can
be found in [11, Proposition 3.3].

THEOREM 3.4. If k > 3, then Dy(z,a) has eractly two extrema and those
are +2a% . If k is odd, then both are of type (1,2,2,...,2). If k is even, then 2%
is of type (1,1,2,...,2) and —2a3 is of type (2,2,...,2).

What follows is a technical lemma which will be needed in the proof of
Theorem 1.4.

LEMMA 3.5. The polynomial E,(cx + d) is neither of the form ux? + v with
q > 3, nor of the form uDy(x,a) + v with k > 4, where c,u € Q \ {0}, d,v € Q.

PROOF. Suppose E,(cz +d) = uz? + v with ¢ > 3, so ¢ = n. It follows that
the polynomial (E,(cx + d) —v)' = ncE,_1(cx + d) has a zero with multiplicity
n — 1. This is not possible, see Proposition 2.7. Now assume that F,(cz + d) =
uDy(z,a) +v and n > 7. So, k = n and

n 1 n
D, (xz,a) £2a2 = — <En(c:c+ d)—v i2ua§> .
u
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Then from Theorem 2.6 it follows that D, (x,a) + 2a? has at least three simple
zeros, which contradicts Theorem 3.4. In the case when n = 5 and n = 6, a
direct calculation shows that E,(cx 4 d) is not of the form uD,(z,a) +v. We

remark that ) 5 )
_ 4
E4 <Cl‘+2) =C _D4 <$,802) +§

PrROOF OF THEOREM 1.4. We recall

b gy (k= B0 C BG4 )

Therefore, the study of integer solutions of the equation (1.1) reduces to the

study of solutions of the equations
Ex(0) + Ex(2z + 1)

(3.6) 5 =9(y)
Er(0) — Ex(2z
(3.7) (0) 5 H20) _ o).
in integers x,y with x positive. We can study these two equations at once by
writing
(3.8) f(Er(h(x))) = 9(y),
where the equation (3.6) corresponds to polynomials
Ei(0
(3.9) fla) = POEE iy w1,
and the equation (3.7) to polynomials
Fr(0) —
(3.10) flz) = ’“(2)9” hz) = 2z.
We further denote
(3.11) Fi(z) = f(Er(h(x))).

If deg g = 2, then the equation (3.8) can be re-written as
df (Bx(h(x))) = ay® + by + ¢

with a,b,¢,d € Z, a,d # 0, which can be transformed into

(3.12) uBEy(h(z)) +v = (2ay + b)?,

where u,v € Q and u # 0. From Theorem 3.3 and Theorem 2.6, we get that
the equation (3.12) has only finitely many integer solutions x,y, which can be
effectively determined, since k > 7 by assumption.

Let degg > 2. Suppose that the equation (3.8) has infinitely many inte-

ger solutions. By Theorem 3.2 there exists ¢(z) € Q[z], linear polynomials
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Az), u(x) € Q[z] and a standard pair (fi(x),g1(x)) over Q such that

(3.13) Fi(z) = o(f1(A(@))), g(z) = @(g1(n(z))).
Then from Theorem 1.2 and (3.11) we get that either degp = k or degyp =1 or
degp = k/2.

Consider the case deg ¢ = k. Then from (3.13) we get deg fi1 = 1, so Fi(x) =
o(t(x)), where t(z) € Q[z] is a linear polynomial. Then clearly

B (£ (@) = (@),

wher ¢{=1) denotes the inverse of ¢ with respect to functional composition. Then
from (3.13) we get

9(x) = plg1(u(@)) = Fi (177 (g1(u(2))))

that is

(3.14) g(x) = f(Ex(p(z)))
with p(z) = h (£ (g1(u(z)))) € Q[x]. In this particular case the equation (3.8)

turns into

(3.15) f(Ex(h(x))) = f(Ek(p(y))-

If we let r(x) € Q[z] be an integer valued polynomial which attains only positive
values and p(z) = h(r(z)), then the equation (3.15) clearly has infinitely many
positive integer solutions.

Consider the case degyp = 1. Let p(x) = p12 + ¢o, where 1,99 € Q and
1 # 0. From (3.13) it follows that

B (A0 (@) = o(f1(@)) = prfi(@) + 2o
and from (3.11) it follows that
f (Ek (h (A<*1> (g;)))) ~ F, ()\<*1> (g;)) = o1 f1(@) + 0.
Since f(x), h(x), A" (2) € Q[z] are linear polynomials, we have that
(3.16) Ei(cx +d) = ufi(z) + v

for some c¢,d,u,v € Q, ¢,u # 0. Next we study five kinds of standard pairs of
polynomials over Q.

First consider the case when (fi(z),g1(z)) is a standard pair over Q of the
first kind. From (3.16) we get that either Ey(cz + d) = uz' + v or Eg(cx +d) =
uwax”q(x)t + v, where 0 < r < t, (r,t) =1 and r + degq > 0. In the former case
we get a contradiction by Lemma 3.5, since by assumption £k = ¢ > 7. In the
latter case, from Theorem 2.6 we get t < 2, contradiction.
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Let now (fi(x), g1(x)) be a standard pair over Q of the second kind. Then
either Ej(cx + d) = ua? + v or Ej(cz + d) = u (az? + b) q(x)? + v. The former
case is not possible since k > 7 and the latter case is not possible by Theorem
2.6.

Next let (f1(z),g1(z)) be a standard pair of the third or of the fourth kind.
Then by (3.16) it follows that

Ex(cx + d) = uDg(z,w) + v,

where w = a' or w = a. Since k > 7 by assumption, we have a contradiction

with Lemma 3.5

Finally, (f1(z),g1(x)) can not be a standard pair over Q of the fifth kind
since k > 7.

Finally, consider the case deg¢ = k/2. Then k = 2s and deg f1 = 2. From
(3.11) and (3.13) we get

(3.17) Ey(x) = Y (p(fi(r(2))))

where 7(z) is a linear polynomial in Q[z]. Since deg fi = 2 and k > 7, we have
a nontrivial decomposition of Ej(z) in (3.17). From Theorem 1.2 it follows that

there exists a linear polynomial u(x) such that

. 2
318 @) =f (Bue)). u(htr@) = (z-3) .
which together with (3.13) implies

(3.19) g(@) = f (Bo(ulgr (u(@))))) -

Next we study five kinds of standard pairs over Q.

First consider the case when (fi(z),g1(z)) is a standard pair over Q of the
first kind. If fi(z) = ', then ¢t = 2 and hence r = 1. Then fi(z) = 2% and
g1(x) = axq(x)? for some g(z) € Q[z]. Then from (3.18) we get u(x) = z/c? and
hence from (3.19) it follows that

o — o (5. (20107

which we can write as
(3.20) 9(2) = 1 (E: (3()p(@)))

with 6(z) = au(z)/c® and p(x) = q(u(x)). Clearly 6(z), p(r) € Q[z] and degd =
1. Now (3.8) turns into

(3.21) f (E ((h(x) - ;)2» = £ (B Gwr?).
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We easily find a choice of parameters such that the equation (3.21) has infin-
itely many positive integer solutions. For example, let §(z) = x, let r(x) be a
polynomial which attains positive odd integer values for every x € N and let
p(z) = r(x) — 1/2. Either h(xz) = 2z or h(z) = 2z + 1, see (3.9) and (3.10),
which corresponds to solutions

(4k + 3)r ((4k + 3)%) — (2k + 1)

x = 5 , y=(4k +3)%
and
4k + 1 4k +1)2) — (2k + 1
oo SEDHEEID Z LD,

of the equation (3.21) for any k € N, respectively. Since deg fi = 2, when
(fi(@), g1(z)) = (az"q(z)",2") with 0 < r < ¢, (r,t) = 1, r + degq > 0, then
either r = 0, ¢ =1 and degqg = 2 or r = 2, t > 3 odd and ¢(z) is a constant

polynomial. In the former case we have ¢;(z) = = and hence from (3.19) we get

9(@) = 1 (Bl (u(@))) = £ (Es (6)p(@)?))

where p(z) =1 and é(x) € Q[z] is a linear polynomial, which is a decomposition
of g that already appeared, see (3.20). In the latter case we have fi(z) = ba?
and from (3.18) we get u(x) = x/(bc?), where b € Q\ {0}. Then

o1 (5, (42
which we can write as

(3.22) g(@) = 1 (B, (20(2)")),

where v = 1/(bc?), §(z) = p(z). So, v € Q, §(x) is a linear polynomial in Q[z]
and t is odd. Now (3.8) turns into

(3.23) f (E ((h(m) - ;)2» = 1 (B (vo(w)")) -

We easily find a choice of parameters such that the equation (3.23) has infinitely

many integer solutions. For example, let v = 1/4, §(x) = z and ¢t > 3 odd. For
h(x) = 2z, and h(z) = 2z + 1,

4k — 1)t +1
x:(4)+’ y:(4k:—1)2
and 4k + 1)t -1

are solutions in positive integers of the equation (3.23), respectively.
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Next suppose that (fi(z),g1(x)) is a standard pair of the second kind over
Q. If fi(x) = (ax® + b)q(x)?, then g1 (x) = 22, so from (3.19) we get
g(z) = f (Es (urp(z)? + UO)) :
which we can re-write as
(3.24) g(@) = £ (B ((ad(2)? +b) pl2)?) )

with a = w1, b = wp, §(x) = p(z) and p(z) = 1. So, p(x),d(z) € Q[x] and
degé = 1. If f1(x) = 22, then from (3.18) we get u(x) = z/c* and hence

o(a) = f ( i ((amx)? +1) q(u(w))2>>

C

which we can re-write as
(3.25) g(x) = (ES (((15(96)2 +b) p($)2)>
)

with p(z) = q(u(x))/c and 6(x) = p(x). Clearly p(x), d(
Then (3.8) turns into

(3:26)  f <E ((h(x) - ;)2» = £ (Bx (@3 + b)p()?))

Let §(x) = =z, let r(x) be any integer valued polynomial which attains only
positive values and p(z) = 4r(z) + 1. Let a = 1/2 and b = 1/4. Let a,, and b,
be such that

x) € Q[z] and degd = 1.

an + b V2= (3+2V2)", neN.
For h(z) = 2z, and h(z) = 2z + 1,

a dr(y) +1)+1
T = 1 (Z) ) sy =bang

e (ar() + 1) -1
a ry)+1)—
T = cic y4 y Y= ban,
are solutions of the equation (3.26), respectively. Let now (fi(z), g1(z)) in (3.13)

be a standard pair of the third kind over Q. Then

(f1(z), 91(x)) = (D2 (2,a") , Dy (z,a%))

with odd t. Substituting fi(z) = Da(z,a') = 2% — 2a' into (3.18), we get
u(z) = (z + 2a')/c?, so

(3.27) o) = 1 (E (Dt lule), &) + 2)) -

C

From Theorem 3.4 it follows that the polynomial D;(y(z), a?)/c? has two extrema,
and those are +2a’/c%. Since t is odd, both extrema are of type (1,2,2,...,2).
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From (3.27) we deduce
(3.28) g(x) = f (Es (3(x)p(x)?))

with 0(z), p(z) € Q[z] and degd = 1, which is a decomposition that already
appeared, see (3.20).
Let now (f1(z),g1(x)) be a standard pair of the fourth kind over Q. Then

(fi(x), 91(2)) = (¢~ Da(w,a),b~"/*Dy(x,))

with even ¢. From (3.18) we get u(x) = (ax +2a)/c?, which together with (3.13)

implies

E ~ (ab™t2Dy(u(x), a
o(2) = F(Bu(ulgr(p@)) = 1 (E( VD)D) v 2 ))

C

The extrema of ab~'/?D;(u(x),b)/c* are £2b"/2ab"?/c?> = +2a/c?, and the
extremum —2a/c? is of type (2,2,...,2) by Theorem 3.4. Therefore

(3.29) g(@) = 1 (Bs (p(2)?))

with p(z) € Q[z]. Then the equation (3.8) turns into

(3.30) / (E ((h(m) - ;)2» = 1 (B (o))

If we let 7(z) be an integer valued polynomial which attains only positive values
and p(z) = 2r(z) — 1/2 if h(z) = 2z and p(z) = 2r(z) + 1/2 if h(z) = 22 + 1,
then (z,y) = (r(k), k) are solutions of the equation (3.30) for any k € N.

Since deg fi = 2, the pair (fi(z),g1(x)) can not be a standard pair over Q
of the fifth kind. O






Chapter 4

On equal values of power sums

of arithmetic progressions

This chapter contains the paper [5] with the title On equal values of power
sums of arithmetic progressions. It is a joint paper with Andras Bazso, Florian
Luca and Akos Pintér. The article was published in Glasnik Matematicki in
2012. The presentation of the paper here is slightly modified from the published

version of the paper.

Abstract. In this paper we consider the Diophantine equation
B+ (a+b)F+ - +(@(@—1)+b" =
=d' +(c+d) 4+ +(cly—1)+d),

where a,b,c,d, k,l are given integers. We prove that, under some reasonable

assumptions, this equation has only finitely many integer solutions.

1. Introduction and the main result
For integers a and b with ged(a,b) =1 and k,n € N, n > 2, let
(1.1) SEy(n) ="+ (a+b)"+-+(a(n—1)+b)".

It is easy to see that the above power sum is related to the Bernoulli polynomial

By (x) in the following way:

Sap(n) = kcf 0 ((Bk:—i-l (n + Z) - Bk+1>
(o))

55
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see [6] for more details. Bernoulli polynomials By (z) are defined by the gener-
ating series

texp (tx)
By (
ot Z W@

For the properties of Bernoulli polynomlals Wthh will be often used in this paper,
sometimes without particular reference, we refer to [79, Chap. 1 and 2]. We can

extend the definition of Sib(x) for every real value x as follows

(12) s )= 2 (B (54 2) = 3 (1))

As usual, we denote with C[z] the ring of polynomials in variable z with
complex coefficients. If G;(z), Go(z) € Clz], then F(z) = G1(G2(x)) is a func-
tional composition of G; and G2 and (G1,G2) is a (functional) decomposition
of F' (over C). It is said to be nontrivial if degG; > 1 and degGa2 > 1. Two
decompositions F(z) = G1(Ga(x)) and F(x) = Hi(H2(x)) are said to be equiv-
alent if there exists a linear polynomial ¢(z) € C[z] such that G1(z) = H1(¢(z))
and Hy(z) = ¢(Ga(x)). The polynomial F'(z) is called decomposable if it has at
least one nontrivial decomposition; otherwise it is said to be indecomposable.

In a recent paper, Bazsé, Pintér and Srivastava [6] proved the following
theorem about decompositions of the polynomial S, (’;b ().

THEOREM 1.3. The polynomial Sff’b () is indecomposable for even k. If
k =2v—1 is odd, then any nontrivial decomposition of Sfb () is equivalent to

the decomposition

(1.4) Sk, (2) = 5, ((x L ;)) ,

where §v is an indecomposable polynomial of degree v, which is uniquely deter-
mined by (1.4).

Using Theorem 1.3 and the general finiteness criterion of Bilu and Tichy [13]
for Diophantine equations of the form f(x) = g(y), we prove the following result.

THEOREM 1.5. For 2 < k <, the equation

k l

(16) Sa,b(x) = Sc,d(y)
has only finitely many solutions in integers r and y.

Since the finiteness criterion from [13] is based on the ineffective theorem
of Siegel [90], Theorem 1.5 is ineffective as well. We note that for a = ¢ = 1,

b = d = 0 our theorem gives the result of Bilu, Brindza, Kirschenhofer, Pintér
and Tichy [12].
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Combining the result of Brindza [16] with recent theorems of Rakaczki [82]
and Pintér and Rakaczki [78], for K = 1 and k = 3 we obtain effective results.

THEOREM 1.7. Ifl ¢ {1,3,5}, then integer solutions x,y of the equation

(1.8) Sap(@) = Seay)

satisfy max {|x|, |y|} < C1, where Cy is an effectively computable constant de-

pending only on a,b,c,d and .

In the excepted cases [ = 3 and [ = 5 of Theorem 1.7, it is possible to
find integers a, b, ¢, d such that the corresponding equations have infinitely many
solutions. For example, if a =2,b=1,c=1,d = 0 and [ = 3, the equation (1.8)

turns into

2’ =1+3+ - +22-1=134+234... 4 (y—-1)°
and if [ = 5, it turns into

22 =143+ +22—-1=154+254+... 4 (y—1)°.

These equations have infinitely many integer solutions, see [87].

THEOREM 1.9. Ifl ¢ {1,3,5}, then integer solutions x,y of the equation
(1.10) Sa (@) = St a(y)

satisfy max {|x|, |y|} < Ca, where Cy is an effectively computable constant de-

pending only on a,b,c,d and .

2. Auxiliary results

In this section we collect some results needed to prove Theorem 1.5. First,
we recall the finiteness criterion of Bilu and Tichy [13].

We say that the equation f(x) = g(y) has infinitely many rational solutions
with a bounded denominator if there exists A € N such that f(z) = g(y) has
infinitely many solutions x,y € Q that satisfy Az, \y € Z. If the equation f(x) =
g(y) has only finitely many rational solutions with a bounded denominator, then
it clearly has only finitely many integer solutions.

We further need to define five kinds of so-called standard pairs of polynomials.

In what follows a and b are nonzero rational numbers, m and n are positive
integers, r > 0 is an integer and p(x) € Q|x] is a nonzero polynomial (which may
be constant).

A standard pair over Q of the first kind is (2™, az"p(x)™), or switched, i.e
(az"p(x)™, ™), where 0 < r < m, ged(r,m) =1 and r + degp > 0.

A standard pair over Q of the second kind is (1:2, (a:c2 + b) p(l‘)2), or switched.
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Denote by Dy, (x,a) the m-th Dickson polynomial with parameter a, defined

by the functional equation

or by the explicit formula

(2.1) Dm(a:,ab):%/:2J m <m,_i>(_a)ixm—2i.

‘ m—1 1
=0

A standard pair over Q of the third kind is (Dy, (z,a™), Dy, (z,a™)), where
ged(m,n) = 1.
A standard pair over Q of the fourth kind is

<a_m/2Dm(:c, a), —b_"/QDn(x, b)) ,

where ged(m,n) = 2.
A standard pair over Q of the fifth kind is ((aaz2 — 1)3 3zt — 4953), or switched.

The following theorem is the main result of [13].

THEOREM 2.2. Let f(x) and g(x) be non-constant polynomials in Q[z]. Then
the following assertions are equivalent.

- The equation f(x) = g(y) has infinitely many rational solutions with a

bounded denominator;
- We have

f(@) = o (fr (M), g(x) = ¢ (g1 (n(x))),

where N(z) and p(z) are linear polynomials in Q[z], ¢(z) € Q[z],
and (f1(z),g1(x)) is a standard pair over Q such that the equation
fi(xz) = g1(y) has infinitely many rational solutions with a bounded

denominator.

The following lemmas are the main ingredients of the proofs of Theorems 1.7
and 1.9

LEMMA 2.3. For every b € Q and every integer k > 3 with k ¢ {4,6}, the
polynomial By(z) + b has at least three zeros of odd multiplicities.

Proor. For b = 0 and odd values of k > 3 this result is a consequence of
the theorem of Brillhart [15, Corollary of Theorem 6]. For a non-zero b € Q and
odd k with k > 3 and for even values of k > 8, the result follows from the main

theorem of [78] and from [82, Theorem 2.3|, respectively. O

Our next auxiliary result is an easy consequence of an effective theorem
concerning the S-integer solutions of hyperelliptic equations, which is the main
result of [16].
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LEMMA 2.4. Let f(x) be a polynomial with rational coefficients and with at
least three zeros of odd multiplicities. Let u be a fized positive integer. If x and

y are integer solutions of the equation

()

then we have max {|z|, |y|} < Cs, where Cs is an effectively computable constant

depending only on u and f.
In the sequel we assume c1,e; € Q\ {0} and ¢p, e € Q.

LEMMA 2.5. The polynomial Sfb(cla: + ¢o) is not of the form ejx?+ eg with
q=>3.

LEMMA 2.6. The polynomial Sib(cla: + co) is not of the form
e1Dp(x,9) + eq,
where Dp,(z,9) is the m-th Dickson polynomial with m >4 and 6 € Q\ {0}.
Before proving the lemmas above, we introduce the following notation. Let
(2.7) Sf’b(clx + o) = spp1a T 4 st o s,

and ¢ = b/a+ co. From (1.2) we get

k k+1 k K

a’c a”c

(2.8) Skl = — i T k= L(2¢h— 1)
_ akclf_l 2 /
(2.9) Sk-1 = —5 k(6cy — 6cy + 1), k> 2,
and for k > 4,
ake}~? 2 3 2

(2.10) Sk_3 = 7210 k(k —1)(k —2)(30cy — 60cy + 30c; — 1).

PROOF OF LEMMA 2.5. Suppose that Sfj’b(clx +cg) = e12? + eg, where ¢ =
k+1>3. Then sx_1 = 0 and from (2.9) we get 6¢{Z — 6¢)+ 1 = 0, contradiction
with ¢ € Q. O

PrROOF OF LEMMA 2.6. Suppose that S(’;b(clx—i-co) = e1Dp,(z,9) + ep with
k+1=m > 4. Then

(2.11) Sk+1 = €1, Sk = O,
(2.12) Sp—1 = —e1md,

— 3)mé?
(2.13) ses €1<mQ>m

From (2.8) and (2.11) it follows that

m—1_m
a 1

1
2.14 = — d o, ==.
( ) el - and ¢ 5
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In view of (2.9), by substituting (2.14) into (2.12), we obtain

m—1

240

Similarly, by comparing the forms (2.10) and (2.13) of s;_3 and by using (2.14),
we obtain

(2.15) =

7(m—1)(m —2)

2.16 4

(2.16) “ 2880 52

After substituting (2.15) into (2.16), we obtain 7(m — 2) = 5(m — 1), wherefrom
m = 9/2, a contradiction. O

One can see that the condition m > 4 in Lemma 2.6 is necessary. Indeed,

4 1 4 1
$ha0) = 35 = go=30a (555,

3. Proofs of the theorems

PROOF OF THEOREM 1.7. One can rewrite the equation (1.8) as

l
c d d 1, a
1 <Bl+1 (y + ) B ()) =gar’ + (b= 3) @
that is

8ac! d d 9 9
l+1 <Bl+1 <y+ C) _Bl+1 <C>> = (2a:c+2b—a) - (2b—a) .

Then the result follows from Lemma 2.3 and Lemma 2.4. O

PROOF OF THEOREM 1.9. Using (1.4) we easily see that

3 4 3 2
3 _ & b_1y o b 1
Sap(x) = 1 (m+ " 2> 3 <x+ i

at — 16a%b? + 32ab® — 16b*
64a '
Using the above representation, we rewrite the equation (1.10) as

+

64aS. 4(y) + 3a* + 16a%0* — 32ab® — 16b* = (X — 2a%)?,

where X = (2az + 2b — a)®>. Then Lemma 2.3 and Lemma 2.4 complete the
proof. O

PrOOF OF THEOREM 1.5. If the equation (1.6) has infinitely many integer
solutions, then by Theorem 2.2 it follows that

Sap(arz +ao) = ¢(f(2)),  Sia(brz +bo) = ¢(g(x)),
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where (f(z),g(x)) is a standard pair over Q, ag,ai, by, by are rationals with
arby # 0 and ¢(x) is a polynomial with rational coefficients. Assume that
h :=deg¢ > 1. Then Theorem 1.3 implies 0 < deg f,degg < 2, and since k < [
by assumption, we have deg f = 1, degg = 2. Hence k+1=h and [ + 1 = 2h,
wherefrom [ = 2k + 1. Since k > 2 and [ = 2k + 1, it follows that [ > 5. Since
deg f =1, there exist fi, fo € Q, f1 # 0, such that S’f}b(flx + fo) = ¢(x), so

Sap(f19(x) + fo) = ¢(g(x)) = S g(brz + bo) = 25 (brw + bo).

Since g(z) is quadratic, by making the substitution = — (x — by)/b1, we obtain
that there exist co,c1,c0 € Q, ¢ # 0, such that

(3.1) Sfj,b(szQ + a1z + ) = Sffl“(x)-

Since deg Sf;b =k+1 >3 and ¢y # 0, in (3.1) we have a nontrivial decomposition
of Sf]zlﬂ(x). From Theorem 1.3 it follows that there exists a linear polynomial
l(x) = Az + B € Clz] such that
d 1\
cor’ +c1x+cop=A <:U+ —2> + B.
c
Then clearly A, B € Q. From (3.1) we obtain

k d 1\? 2h+1
iy A(e+2-3) +B) =52 @),

wherefrom by linear substitution z — z — d/c + 1/2 we obtain

(3.2) Shy(Aa? + B) = S24H (x - g - ;) .

Thus, we have an equality of polynomials of degrees 2k + 2 > 6. We calculate
and compare coeflicients of the first few highest monomials of the polynomials in
(3.2). The coefficients of the polynomial on the right-hand side are easily deduced
by setting ¢; = 1,¢c0 = —d/c + 1/2 into (2.8), (2.9) and (2.10). Therefrom it

follows that if we denote

S <a: - g + ;) = rop 2?2 4o b ryz + 1o,
then we get
2k+1
Tkt2 T g T2kl T 0,
—c?* 1 (2k 4+ 1)
T2r = o )

72k + 1)k(2k — 1)
k-2 = 2830
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The coefficients sgi1, Sk, Sk—1, Sk—3 of the polynomial Sgb(x) can be found by
setting ¢; = 1, ¢p = 0 into equations (2.8), (2.9) and (2.10). Since

k+1
Skb A$ +B ZSWZ< > Bm ’L

it follows that if we denote

SKL(Az® + B) = top0a® 2 + - 4 tya + 1o,

then
akAkJrl
t = — 1 =0
2k+2 E1 0 2k ;
kAR b
ton = dfA*B+ Y (2 <> - 1) ,
2 a
k k b
tors = ——Ak-1p2 4 LT gk- 13( <> —1)
a
kg b\> b
b LA 6 (2) —6(2)+1).
12 a a
Next we compare coefficients. It must be r; = t; for all ¢ = 0,1,...,2k + 2.

Comparing the leading coefficients yields
k Ak+1 2k+1
a”A ¢ k gk+1 2k+1
3.3 = 20" AT = 2L
(3:3) k+1  2k+2 o ¢
By comparing the coefficients of index 2k and using (3.3) we obtain

b1 1
4 s = __—A(2k+1)-B.
(34) 2 27 A+l

By comparing the coefficients of index 2k — 2 and after simplifying we obtain

Tea (D)) (o (D) -o(2) +) -

From (3.4) it follows that the last relation above can be transformed into

B2 1 1 1 S |
TA2(4k? — 1)

1440
After simplification we obtain

A?(k —3)(—2k — 1) = 15.

For k > 3, the expression on the left-hand side above is negative or zero, contra-
diction. If k = 2, then A% = 3, which contradicts A € Q. Therefore, there are
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no rational coefficients a,b, ¢, d, A and B such that (3.2) is satisfied, wherefrom
it follows that deg¢ = 1.
If deg ¢ = 1, then we have

Sg}b(alx +ag) = e1f(x) + ep, S(l:’d(blx + bp) = e19(x) + ep,

where e1,eg € Q, e1 #0. Clearly deg f =k + 1 and degg =1+ 1.

In view of the assumptions on k and [, it follows that (f(x),g(z)) cannot be
a standard pair over Q of the second kind, and with the exception of the case
(k,1) = (3,5), of the fifth kind either. If (k,1) = (3,5), by using formula (2.9) for
k =3, it is easy to see that Sg”b(cl:c + co) = e1(3z* — 423) + eg is not possible.

If (f(z),g(x)) is of the first kind, then one of the polynomials Séf,b(alx + ag)
and Séd(blx + bo) is of the form ejx? + eg with ¢ > 3. This is impossible by
Lemma 2.5.

If (f(x),g(x)) is a standard pair of the third or fourth kind, then we have
that either Sé’d(blx +bg) =e1Dp(x,0)+eo withm=1+1>5and § € Q\ {0},
which contradicts Lemma 2.6, or £k = 2,/ = 3. In the latter case, Theorem 1.9

gives an effective finiteness statement. O






Chapter 5

Non-extensibility of the pair
{1,3} to a Diophantine
quintuple in Z [\/—d}

This chapter contains the paper [40] with the title Non-extensibility of the
pair {1,3} to a Diophantine quintuple in Z [\/Td] . It is a joint paper with Zrinka
Franusi¢. The article was published in Journal of Combinatorics and Number
Theory in 2011. The presentation of the paper here is slightly modified from the
published version of the paper.

Abstract. We show that the Diophantine pair {1, 3} can not be extended to
a Diophantine quintuple in the ring Z [\/TQ] This result completes the work of
the first author and establishes non-extensibility of the Diophantine pair {1, 3}
to a Diophantine quintuple in Z [\/Td] for all d € N.

1. Introduction and results

Let R be a commutative ring with unity 1. The set {a1,a2,...,an} in R
such that a; # 0 for all ¢« = 1,...,m, a; # a; and a;a; + 1 is a square in R
for all 1 < i < j < m, is called a Diophantine m-tuple in R. The problem of

constructing such sets was first studied by Diophantus of Alexandria who found

33 17 105
16> 4 16

first Diophantine quadruple in integers - the set {1, 3,8,120}. A Diophantine pair

a set of four rationals {%, } with the given property. Fermat found a
{a,b} in a ring R, which satisfies ab+ 1 = 72, can be extended to a Diophantine
quadruple in R by adding elements a + b + 27 and 47(r + a)(r + b), provided
all four elements are nonzero and different. Hence, apart from some exceptional
cases, Diophantine quadruples in a ring R exist, but can we obtain Diophantine

m-tuples of size greater than 47

65
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The folklore conjecture is that there are no Diophantine quintuples in inte-
gers. In 1969, Baker and Davenport [3] showed that the set {1, 3,8} can not be
extended to a Diophantine quintuple, which was the first result supporting the
conjecture. This result was first generalized by Dujella [27], who showed that the
set {k — 1,k + 1,4k}, with integer k > 2, can not be extended to a Diophantine
quintuple in Z. Dujella and Peth6 [33] later showed that not even the Diophan-
tine pair {1,3} can be extended to a Diophantine quintuple in Z. Greatest step
towards proving the conjecture did Dujella [29] in 2004; he showed that there
are no Diophantine sextuples in integers and that there are only finitely many
Diophantine quintuples. In [30] it was proved that there are no Diophantine
quintuples in the ring of polynomials with integers coefficients under assumption
that not all elements are constant polynomials.

The size of Diophantine m-tuples can be greater than 4 in some rings. For
instance, the set

19271927 277 277 48 7 16
is a Diophantine sextuple in Q; it was found by Gibbs [49].

{11 35 155 512 1235 180873}

Furthermore, we can construct Diophantine quintuples in the ring Z [\/ﬂ for
some values of d; for instance {1, 3,8,120,1678} is a Diophantine quintuple in
Z [\/m It is natural to start investigating the upper bound for the size
of Diophantine m-tuples in Z[\/&] by focusing on a problem of extensibility of
Diophantine triples {k—1, k+1, 4k} and Diophantine pair {1, 3} to a Diophantine
quintuple in Z[\/&], since the problem in integers was approached similarly, see
[33] and [27]. In [39] Franusi¢ proved that the Diophantine pair {1,3} can not
be extended to a Diophantine quintuple in Z [\/Td] if d is a positive integer and
d # 2. The case d = 2 was also considered and it was shown that if {1, 3,c} is a
Diophantine triple in Z [M], then ¢ € {cg,d;}, where the sequences (c;) and
(d;) are given by

(1.1) ck:%((2+\/§)(7+4\/§)’f+(2—\/§)(7—4\/§)k—4),

(1.2) dy = %1((7+4\/§)’ + (7 - 4V3) +4),

where k > 1 and [ > 0. Sequences (c) and (d;) are defined recursively as follows
(1.3) co =0, c1 =38, Ckto = 14cpy1 — ¢ + 6
(1.4) dop = —1, dy = —3, diyo = 14d;1 — dy + 8.

It is known that {1,3,cg,cpr1}, with & > 1, is a Diophantine quadruple in
integers, see [33], and is hence also in Z [\/—2 . The set {1,3,d;,d;41} is a
Diophantine quadruple in Z [\/—2] since

(1.5) didiy1 +1 = (a+2)°
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for every I > 0; this easily follows from identities (1.1) and (1.2). The set
{1,3, ¢k, d;} is not a Diophantine quadruple for k£ > 1 and [ > 0 since 1 + cxd; is
a negative odd number and hence it can not be a square in Z [\/TQ] Therefore,
if there is an extension of the Diophantine pair {1, 3} to a Diophantine quadruple
in Z [v/=2], then it is of the form {1,3, ¢k, ¢/}, with I > k > 1 or {1,3,dy, d;},
with [ > k£ > 0. In the former case, the set can not be extended to a Diophantine
quintuple in Z, see [33], wherefrom it easily follows that it can not be extended
to a Diophantine quintuple in Z [\/TZ] It remains to examine the latter case.

We can formulate the following theorem.

THEOREM 1.6. Let k be a nonnegative integer and d an integer. If the set
{1,3,dg,d} is a Diophantine quadruple in Z [\/—2 , where dj, is given by (1.2),
then d =dp_1 ord = dgy1-

From Theorem 1.6 we immediately obtain the following corollary.

COROLLARY 1.7. The Diophantine pair {1,3} can not be extended to a Dio-
phantine quintuple in 7. [\/—2 .

The organization of the paper is as follows. In Section 2, assuming k to
be minimal integer for which Theorem 1.6 does not hold, we translate the as-
sumption of Theorem 1.6 into system of Pellian equations from which recurrent
sequences 1/,(7? and wﬁlj ) are deduced, intersections of which give solutions to the
system. In Section 3 we use a congruence method introduced by Dujella and
Pethé [33] to determine the fundamental solutions of Pellian equations. In Sec-
tion 4 we give a lower bound for m and n for which the sequences Vﬁ,ib) and ng )
intersect. In Section 5 we use a theorem of Bennett [9] to establish an upper
bound for k. Remaining cases are examined separately in Section 6 using lin-
ear forms in logarithms, Baker-Wiistholz theorem [4] and the Baker-Davenport

method of reduction [3].

2. The system of Pellian equations

Let {1, 3, d,d} be a Diophantine quadruple in Z [\/ —2| where k is the mini-
mal integer for which Theorem 1.6 does not hold. Assume k > 6. Clearly d = d
for some [ > 0. Since d + 1 and 3d + 1 are negative integers and dipd + 1 is a

positive integer, it follows that there exist z,y, z € Z such that

(2.1) d+1=—222, 3d+1 = —2¢°, dpd +1 = 22.

The system of equations (2.1) is equivalent to the following system of Pellian
equations

(2.2) 2242 =1 —dy,

(2.3) 32% 4 2dpy? = 3 — dj,
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where
(2.4) dp + 1= —2s2, 3dp +1 = —2t3,

for some sg, tr, € Z. Note that we may assume sg, tx, € N. Conditions (2.4) follow
from the fact that {1, 3, d} is a Diophantine triple in Z [\/——2} and the fact that
di + 1 and 3dy + 1 are negative integers.

The following propositions describe the set of positive integer solutions of
equations (2.2) and (2.3).

PROPOSITION 2.5. There exist ig € N and z[()i),xéi) €Z,i=1,2,...,19, such
that <z((]l),:vg)) are solutions of the equation (2.2), which satisfy

i i 1—d}
1< 29 < \/=dp(1 —dp), 1g(xg) </ 2dkk’

and such that for every solution (z,x) € N x N of the equation (2.2), there exists

i €{1,2,...,i0} and an integer m > 0 such that

z+ x\/Tdk = (z(()i) + xéi) \/Tdk> (—Qd;C -1+ 281@\/Tdk>m.

PROOF. The fundamental solution of the related Pell’s equation 22+ 2dz? =
1is —2dy — 1 4 2sp+/—2d}, since

(—=2dy, — 1) 4 2dy, - (2s1,) = 4di + 4dy, + 1 — 4dp(1 + dy) = 1

and —2dy — 1 > 257 — 1 = —dj, — 2, see [72, Theorem 105]. Following arguments

of Nagell [72, Theorem 108] we obtain that there are finitely many integer so-

lutions (zéi),xéi)), i=1,2,...,1ip of the equation (2.2) such that the following

; 1—d?
S V—dip(l—di),  0< ’xé) < E,
2y,

and such that if z + x+/—2d}, is a solution of the equation (2.2) with z and z in
Z, then

2+ zy/—2dy = <z(()i) n xgi)\/—2dk) <—2dk 14 23k\/—2dk>m
for some m € Z and i € {1,2,...,i0}. Hence
o) + a2 = (2 + ov/=2d) (2 — 1+ 250/ =245)

wherefrom it can be easily deduced that if z + xv/—2d is a solution of the
) > 0. Hence

inequalities hold

1< zéi)

equation (2.2) with z and = in N, then in

1< 23 < /Zdp(1—dy)
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foralli e {1,2,...,ip}. If x((]i) = 0, we get a contradiction with the upper bound

for z(()i), hence ’x(oi) > 1. To complete the proof it remains to show that m > 0.

Assume to the contrary that m < 0. Then

(—Qdk 14 25k\/—2dk>m — o — Bv/—2d;

with «, 8 € N and o? + 2d;,? = 1. Since

z+x\/—2d) = (zéi) + xéi)\/—2dk) (a — BV —Qdk) ,

we have r = —Z(()i)ﬁ + a:éi)oz. By squaring mg)a =z + z(()i)ﬁ and substituting
a? =1 —2d;,3% we get
2
2dy,

AN\ 2 1
(:U(gﬂ) = B2(1—dy) + 22+ 22208 > B2 (1 —di) > 1 — dp >

since z, z(()i), B and k are positive integers. This is in contradiction with the

upper bound for a:(()i). O

Using the same arguments we can prove the following proposition.

PROPOSITION 2.6. There exists jo € N and zgj),yy) €Z,j=12,...,90,

such that (z%j), ygj)> are solutions of the equation (2.3), which satisfy

j j —di)(1+3d
1<) < Va3 dy). 1s\y§”\§\/(3 WL )

k

and such that for every solution (z,y) € N x N of the equation (2.3), there exists
j€{1,2,...,j0} and an integer n > 0 such that

V3 +yy/=2dy = (V3 + g V=2 ) (- 6k — 1+ 2t4/=6dx ) "

O
Finitely many solutions that satisfy bounds given in Proposition 2.5 and
Proposition 2.6 will be called fundamental solutions.
From Proposition 2.5 and Proposition 2.6 it follows that if (z, z) is a solution
in positive integers of the equation (2.2), then z = V,(,i) for some m > 0 and
i€ {1,2,...,ip}, where

ufi) = (—2dy — 1)z(()i) - 4skdkm(()i),
(2.7) vy = (—ady, — 2t | — D),
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and if (z,y) is a solution in positive integers of the equation (2.3), then z = wﬁlj )

for some n >0 and j € {1,2,...,j0}, where
G _ @)

Wy 21
W9 = (=6dj, — 1)2Y) — dtydyyt?,
(2.8) 1(1j+)2 = (—12dy, — 2)%(%)1 - WTSJ)~

Therefore, we are looking for the intersection of sequences v ,(n) and w(] ),

3. Congruence method

Using the congruence method introduced by Dujella and Pethé [33] we de-
termine the fundamental solutions of the equations (2.2) and (2.3).

LEMMA 3.1.
yéln)l = z(()i) (mod — 2dy), V§QL+1 = —z(()i) (mod — 2dy),
wén) = zgj) (mod — 2dy), wgl)ﬂ = —zgj) (mod — 2dy),

forallm,n>0,i€{1,2,...,i0}, 7 €4{1,2,...,J0}-

Proor. Easily follows by induction. O
LEMMA 3.2. If D= W) for some m,n > 0, i € {1,2,...,i0}, j €

{1,2,...,j0}, then z(()i) = 5]) or z(()) 9) = —2dj,.

PRrOOF. From Lemma 3.1 it follows that either z((]) = zy) (mod — 2dj) or
zé) = —zy) (mod — 2dg). In the latter case z((f) + z?) =0 (mod — 2dg). From
Proposition 2.5 and Proposition 2.6 we get

0< 29420 < \/Zdp(1 = dp) + /—di(3 — dp)
< —dp+1—dp+2=-2d; + 3,

wherefrom it follows that z(z) + z( D = —od,. If z(()i) = z%j) (mod — 2dj) and
z(()i) > z%j), then

0< in) - z%j) < z(()i) < /—=dp(1 = dy) < —2d,
contradiction. Analogously, if zi N z(() ), then

0< 29 — 20 < 2 < \/Zd, (3= dy) < —2d4,
contradiction. O

LEMMA 3.3.

(3.4) V0 = (—1)™ ( @ 4 2d,m z((]) + 4dkskm3:(())) (mod 8d%)

(3.5) wi) = (=1)" ( ) 4 6dyn>2y ) 4 4dktkny(])) (mod 8d3)
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forallm,n>0,i€{1,2,...,i0}, 7€ {1,2,...,j0}.

PRrROOF. Easily follows by induction. (]
LEMMA 3.6. If Vﬁ,? = w}lj) for some m,n > 0, i € {1,2,...,i0}, j €

{1,2,...,j0}, then m =n (mod 2).

ProoOF. If m is even and n odd, then Lemma 3.1 and Lemma 3.2 imply

z(()i) + z%j) = —2dj,. Lemma 3.3 implies

z(()i) + Qdkmgz(()i) + 4dk3kmx(()i) = —z%j) - Gdkn22§j) - 4dktkny§j) (mod 8d3),

wherefrom, by substituting in) + z%j ) = —2dj, and dividing by 2dj, we obtain

-1+ m2zéi) + 25kmxéi) = —anzgj) — 2tkny§j) (mod — 4dy).
Since dy, is always odd, from (2.2) and (2.3) we get that zéi) and z%j) are even,
hence the last congruence can not hold. Indeed, on the left side is an odd integer
and on the right side is an even integer, contradiction. If m is odd and n even,

a contradiction can be obtained analogously. O

Therefore, the equations Z/égl = ngn) 41 and I/éQL 1= ng) have no solutions in

integers m,n > 0,7 € {1,2,...,i0}, j € {1,2,...,j0}
It remains to examine the cases when m and n are both even or both odd.

In each of those cases we have z(()i) = z{j ). Since

(z((]z’)>2 1—d, (_2 (x((]z’))Z B 1) |
5 e () -1

dy

it follows that

is an integer. Furthermore,
— o () _ o (@) _ (L0)?
0+1=-2(zy") , 30+1=-2(yy ) odp +1= (2

Thus 0 satisfies system (2.1) and hence 6 = d; for some [ > 0. Moreover,
{1,3,dy,d;} is a Diophantine quadruple in Z [v/=2] since d; # di. Indeed, if
d; = dj, then
di +1= (z(()i))27

contradiction with d2 = 1 (mod 4). In what follows we show that [ = k — 1.
Assume 0 > dj_1, that is | < k — 1. Then the triple {1,3,d;} can be extended
to a Diophantine quadruple in Z [\/—72] by dj, which differs from d;_; and dj1
since [ — 1 < [+ 1 < k by assumption; this contradicts the minimality of k.
Therefore | > k — 1. On the other hand, since

AN\ 2
o+ 1= (2§7) < —di(~dy+ 1),
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from Proposition 2.5 it follows that 6 = d; > di — 1 and hence [ < k. Since
d; # dj. we have d; = di_1. Hence

(zé”)Q = dydy_1 + 1.

From (1.5) we obtain z((]i) = 29 = ¢k—1 + 2. Furthermore, from (2.2), (2.3) and
(2.4) we get ‘x((f)‘ = sp_1 and ‘yy)‘ = t;_1. Moreover, from

sp = 2\[<<2+\f> < x/§>k>
;<2+\f ( \/?:)k),

(37) 28LSk_1 = Ck_1, 2ptp_1 = 3cp_1 + 4.

we get

This brings us to the important conclusion. If the system of Pellian equations
(2.2) and (2.3) has a solution in positive integers, where k is the smallest integer
for which Theorem 1.6 does not hold and under assumption k£ > 6, the funda-
mental solutions of Pellian equations (2.2) and (2.3) are (z,z3) and (z1,%7)

respectively, where

(3.8) 20 = 21 = 2(skSkp—1 + 1),

(3.9) aF =dsp_1,  yF = £t

4. The lower bound for m and n

After plugging (3.8) and (3.9) into (2.7) and (2.8) and expanding we get

o1 (2(sksn1 +1) # 51/ =2dx ) (—2d) 1+ 2sk\/—2dk>m

2
+ % (2(81681{71 +1) F 51 \/Tdk> <—2dk -1- 25k\/7dk>mv

and

1 n
“ =5 (25501 + 1)VB £ ti1y/=2dk ) (—6dk — 1+ 2011/~6dy.)
1 n
LW (2(3k3k—1 + V3 Ftp \/Tdk) (—Gdk 1 275]9\/?(1]@) 7

for m,n > 0. One intersection of these sequences is clearly

I/(:]t = w(jf = 2(Sk8k_1 + 1),

wherefrom it follows that the triple {1, 3, dx} can be extended to a Diophantine
quadruple in Z [\/—2 by di_1. Another intersection is v; = w; . Indeed, (3.7)
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implies

1
(4.1) SkSk—1 + 1= 3 (trtr—1 +1)
and hence

wy = —2—12dy, — 28851 — 12dpsp5,—1 + 4dptiti—1
= —2 —4djy, — 28551 = V7 .

Therefrom it follows that the triple {1, 3,dx} can be extended to a Diophantine
quadruple in Z [v/=2] by dj41. Using (4.1) we can write wt as follows

wt = (2(titir + 1) = th1v/=6di ) (—6di — 1+ 2t5/=6d) )"

6
+ é <2(tktk71 +1) Fle—1 \/Tdk> <—6dk _1_ th\/le'C)n.

Since

v/ —2dp_1 — 2
2 _ 1) — sp_ —2dp, = 2—
(sksk—1+1) = sp_1V/ k J2dr =9+ v—2d,
_ vV =2d — 2 S
V=2d), — 2 + /=24,

1
Vi 2 V> (—Qdk 1+ 25k\/—2dk>m.

> 2 1,

it follows that

Furthermore,

1
wggw:{<§

(~6ds — 1+ 2t/ ~Gdi)

since

—6d, — 1 — 2tk\/—6dk>”
2(tptp—1 + 1) — tp—1\/—6d <
(kkl ) k—1 k <—6dk—1—|—2tk =

and

1
= (2(tktk,1 1)+ ty1/—6dy + 1) < —6dj, — 1 + 2tu/—6d,
which can be easily verified using (2.4). Therefore, if one of the equations vt =
wF has solutions, then

1 1 +1

5 (20— 1+ 250/ =24) " < 5 (6 — 1+ 200/6d)
wherefrom

mo_ log (—6dj — 1 + 2t/—6dy,)
n+1 " log (—2dy — 1+ 2s,v/—2dy)

The expression on the right side of the inequality decreases when k increases.
Since k£ > 6 it follows that

M 1072,
n+1
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We may assume n > 2. Indeed for n = 1 we have m < 2 and since m and n
are both even or both odd it follows that the only possibility is m = 1. We
have already established the intersection v; = w; and it can be easily verified
that v]" # wli and v; # wl. Now it can be easily deduced that m < nv/3.
Hence, if the sequences (v;%) and (w;F) have any intersections besides two already
established ones, then n > 2, m and n are of the same parity and m < nv/3. We

further on assume these conditions.

PROPOSITION 4.2. Let n > 2. If one of the equations vt = wF has solutions
then

m>n> = /—d.

[SURIN )

Proor. If m < n, then m < n — 2, since m and n are of the same parity.
From (2.7) and (2.8) using (3.7) one easily finds vj < w,. It can be shown by

induction that v}, < w, ., for m > 0. Indeed, sequences (vt

) and (wr) are
strictly increasing positive sequences, which can be easily checked by induction

after plugging (3.8) and (3.9) into (2.7) and (2.8). Hence
v < (=4dy = 2)1th,  wi g > (—12dg — 3w, .

Then clearly v;h < w_ 4o implies I/nt +1 < Wy, 43, which completes the proof by
induction. Since
v <vh<w o <wh
m — ’m m+2 — ¥Ym+2»

it follows that if one of the equations v;: = wF has solutions, then m + 2 > n,
a contradiction. Hence m > n. For the second part of the statement assume to
the contrary that n < % v/ —dj,. Let us show how we can reach a contradiction
in the case v;f = w;". Other three case can be similarly resolved. Since m and n

are of the same parity, Lemma 3.3 implies that if v, = w, then
(4.3) (cho1 +2)(m* =302 +m —3n) =2(m —n) (mod — 4dy),
and since (1.5) implies (cx_1 +2)? =1 (mod — di), we obtain

(m* = 3n? +m —3n)? =4(m —n)?> (mod — dy).
Moreover
(4.4) (m? = 3n% +m —3n)2 =4(m —n)?> (mod — 4dy)

since (4,dy) = 1 and both sides of the congruence relation are divisible by 4, since
m and n are of the same parity. Under assumption n < %m one easily sees
that the expressions on both sides of the congruence relation (4.4) are strictly
smaller than —4d;,. Indeed,

og(m_n)gzn(@_l)<2(¢§_1)§y_7k<m
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and
12
0<-—-m?2+3n2—m+3n<2n®+2n<3n’< 3\/—dk </ —4dy.

Therefore —m? + 3n? —m +3n = 2(m — n), wherefrom clearly m # n, so m > n.
From (4.3) we obtain

—(ck—1+2)-2(m—n)=2(m—n) (mod — 4dy),

wherefrom

—2sksg—1(m —n) =3(m —n) (mod — 2dg).
Since (2.4) implies —2s7 = 1 (mod — dj), by multiplying both sides of the
previous equation by s we obtain

Sg—1(m —n) =3sp(m —n) (mod — dg),
and since 2 | m —n and (dg,2) = 1, it follows that
(4.5) (m—n)3sk — sxg—1) =0 (mod — 2dy).

On the other hand, from

0<m—n<n<\/§—1><(\/§—1>§M<0.49-m

—d.—1 —d
0<3sk—5k_1§35k23-\/kT<3~\/Tk

it follows that
0 < (m—n)(3s — sp—1) < 1.04- {/—d} < —2dy.

and

Therefore, we have a contradiction with (4.5). Completely analogously a contra-

diction can be obtained in other three cases, i.e when v, = w,’, v, = w;" and

UV, =W, . (]

5. The application of Bennett’s theorem

LEMMA 5.1. Let

1 1
1 —&-dk, 2 +3dk

and let (z,y, z) be a solution in positive integers of the system of Pellian equations
(2.2) and (2.3). Then

max {

b, — 6six
3z
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ProoF. Clearly 6, = \/% and 0y = \/%. Hence,
0 6spx 25} 2spx z —x\/—2d;,
_ — _ — 95, |2V %%
P v=2d, =z VYA
25y, 1—d 2sp(1 —di)
_ .

= . <
z/=2di,  z+ xv/—2dg v —2d},

< (1 — dk) S22

and
6y — 20y | _ |2tk 2tpy| 2 2V/3 — yv/=2dj,
3z V=6dy 3z | V3| 2/=2diV3
2t 3 —dy,

- 324/ —2dy, ' z\/§ + yv/—2dj
53 —dy) 5 _3—di

3/—6d, 3

22 < (1—dy) 272
O
In order to establish the lower bound for the expression in Lemma 5.1 we

use the following result of Bennett [9] on simultaneous rational approximations

of square roots of rationals which are close to 1.

THEOREM 5.2. Ifa;,p;,q and N are integers for 0 < i < 2 with ag < a1 < as,
a; =0 for some 0 < j <2, ¢ nonzero and N > M? where

M = max{|a;| : 0 <1i <2},

a; Di
14 2 _ 7
02?3)(2 {‘ \/ + N q

log(33N7)
log <1.7N2 [To<icj<olai — aj)_2>

then we have

} > (130N7) g
where
A=1+

and

2a2—ap—a1
(a2—a0)?(a1—ao)?

2 2

as—ap)“(az—ay

{( ) ), as —ai > aiy — ap
a1+az2—2ag ’

as — a1 < a; — ag.
We can apply Theorem 5.2 with
N = —3d, ag = —3, a; = —1, az = 0,
M =3, q =3z, p1 = 6sgz, P2 = 2y,
since N = —3d;, > 3° for k > 6. So,

max {

6spx
0y — k=
! 3z

thy

0o —
2 3z

Y

} > (130 - (=3dy)y) " - (32)7,
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where 56
log (—99dy, - <=
h=3 Ao 8 ( u 51).
5 log (1.7 - 9d2 - 55)
From Lemma 5.1 we get
z < (1 —dy) 130-(—3dk)-€ -3

Since A < 2 and —d (1 — dj) < 1.000000821d2 for k > 6, it follows that 2~ 2 <
25272.03d% and hence

(—A +2)log z < log (25272.03d7) .

Since
L 1 _ _log (0.425d)
2-A | log(-99d-®) ~ log(—0.00059d)
log(1.7-9d2 35 )
we have
log (25272.03d2) log (0.425d?
(5.3) log 2 < og ( 7) log ( 2)

log(—0.00059dy,)

Furthermore, since z = v% for some m > 0, it follows that

1 m
2> 3 (—2dk 14 2sk\/—2dk> .

Since 25,/ —2d}, > —2dj, — 2 for k > 0 it follows that
z > % (—4dy — 3)™.
From (—4dj, — 3)~1 < § for k > 1, we get z > (—4dy, — 3)™~ L. Therefore,
log z > (m — 1) log(—4dj, — 3),
and since m > n > % - /—d},, it follows that m —1 > 0.5 - ¥/—d}, and hence
logz > 0.5 - v/—dj, - log(—4dy, — 3).
Using (5.3) we obtain

ar log (25272.03d;) log (0.425d3) '
0.5 - log(—0.00059dy,) log(—4dy, — 3)

The expression on the right side of the inequality decreases when k increases,

and hence by substituting kK = 6 we obtain

v —d < 20.477

and finally
—dy, < 175817.
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This implies k < 5, which contradicts the assumption & > 6. Therefore, the
minimal integer k for which Theorem 1.6 does not hold, if such exists, is smaller
than 6.

6. Small cases

To complete the proof it remains to show that Theorem 1.6 holds also for
0 < k < 5. In each case we have to solve a system of Pellian equations where

one of the equations is always the Pell’s equation
P —322 =1

and the second one is as follows

oif k=0 22—222=2,

eifk=1 2?—62%2=4,

o if k=2 22—-22y° =12,

o if k=3 22—9022% = 452,

oif k=4 22 —4182y%> =2092,

o if k=5 22— 58242y% = 29122.
All the solutions in positive integers of 42 —3x2 = 1 are given by (z,y) = (z/,,, ..,
where

v = 5o (24 VI - 2= VA)).

1
U = 5 (@4 VB + (2= V3)")
and m > 0. Likewise, we can find a sequence of solutions for any of the equations

listed above. The above systems can be reduced to finding the intersections of

(x},,) and following sequences:

1++2 1—v2
k=0: z,= +2f(3+2xf2)”+2f(3—2xf2)”,
1 1
k=1: z,=—=(5+2V6)" — —=(5—2V6)",
6( ) \/6( )
61 + 21/902
k=3: af =4+ ——27"2(901 4+ 30v/902)",
V902 ( )
61 — 21/902

7503 (901 F 30v/902)"
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that is to finding the intersections of (y,,) and following sequences:

k=2: yF=+ 51;%@(197 +42/22)" F 5?/%@(197 T 42/22)",
k=4: yr=+ W(37637 + 582v/4182)"F
5541_11\/%@(37637 T 582v/4182)",
k=5: yt 23412;%\/%(524177 + 2172/58241)"F
2341;_/598%@(524177 T 2172/58241)",
with n > 0. In what follows, we will briefly resolve the case k = 1, so to

demonstrate a method based on Baker’s theory on linear forms in logarithms.
If £ = 1 the problem reduces to finding the intersection of sequences

x;:2é3gz+v®m—42_¢QM)

Tn = \}6 ((5+2v6)" - (5 2v6)")

Clearly z{, = o = 0 and 2, = 21 = 4. We have to show that there are no other

intersections. Assume m,n > 3 and z}, = x,. Setting

1 1
P=_——7202+V3)" Q=—=(5+2V6)",
SFRHVI Q= —(5+2Vh)
we have
P— ip—l fQ_lQ—l
127 6°
Since
Q-P=1o-Lpislgropy=ipigip-q
6 12 6 6 ’
we have ) > P. Furthermore, from
Q-Pr 1 ., 1,5 1 4,5 1,5 -2
- == P —-—P - P —P 25P
Q GQ 12 < 6Q + 12 <025
we get
Q < Q—P> Q-P <Q—PY
0<log—==—log|1— < +
P Q Q Q
1 -2 1 —4 -2 -m
< 4P + 16P <032P " <e ™.

The expression log% can be written as a linear form in three logarithms in

algebraic integers. Indeed

A= 10g% = —mlog a; + nlogas + log as,
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with oq :2—i—\/§, as =5+2v6 and a3 = 2. Then 0 < A < e ™.
Now, we can apply the famous result of Baker and Wiistholz [4].

LEMMA 6.1. If A = bjag + -+ + by # 0, where ay,...,q; are algebraic
integers and by, ..., b; are rational integers, then

log |A| > —18(1 + 1)1'1(32d) 2R (1) - - - W () log(21d) log B,

where B = max{|a1|,...,|q|}, d is the degree of the number field generated by
ar,...,oq over QQ,
1
hl(a) = g max{h(a), ’ loga\, 1}
and h(«) denotes the logarithmic Weil height of o .

Inourcasel =3,d=4, B=m, a1 =243, a2:5+2\/8anda3:\/§.
From Lemma 6.1 and from A < e~™ we obtain

m < 2-10"logm.

Since the previous inequality does not hold for m > M = 10'®, we conclude that
if there is a solution of !/, = x, then n < m < M = 10'®. This upper bound
can be reduced by using the following lemma, which was originally introduced
in [3].

LEMMA 6.2 ([28], Lemma 4a). Let 0, B,a, a be a positive real numbers and
let M be a positive integer. Let p/q be a convergent of the continued fraction
expansion of 6 such that ¢ > 6M. Ife = ||Bq||— M -||0q|| > 0, where ||-|| denotes

the distance from the nearest integer, then the inequality
Imf —n+ f] < aa™ ™",
has no integer solutions m and n such that log(ag/e)/loga < m < M.

After we apply Lemma 6.2 with 6 = log a;/logas, 8 = logas/logas, a =
1/logas, M = 10'6 and a = e, we obtain a new upper bound M = 38 and
by another application of Lemma 6.2 we obtain M = 7. By examining all the
possibilities, we prove that the only solutions of z], = x, are z{;, = z¢9 = 0 and
xh =z = 4.

All the other cases can be treated similarly. We get these explicit results.

k=0: ro=2x) =1

k=1: x0:x6:0, Ty =a5 =4
k=2: Yo =v1 =2, y; =ys3=26
k=3: a:g:a:ézll, r] = 2)y =56
k=4: yg =uh =26, y; =ys =362
k=5: ya':ny:Q?, yl_:yé:1351.
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These can be interpreted in terms of Theorem 1.6. So, if 0 < k < 5 and the set
{1,3,d,d} is a Diophantine quadruple in Z [\/—2], then d = dy—1 or d = dg41,
which completes the proof of Theorem 1.6.
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