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Abstract

In this thesis we consider the application of boundary integral equation methods to the
solution of boundary control problems governed by boundary value problems of linear
second order elliptic and parabolic partial differential equations. A difficulty when dealing
with Dirichlet control problems is the choice of the control space. In the literature almost
all contributions consider L, (T") as the control space. But these approaches require to con-
sider the state equation within an ultra-weak variational formulation, and an adjoint state
variable to be sufficiently regular. Hence the considered domain has to be either polygonal
or polyhedral but convex, or sufficiently smooth. In this work the controls are considered
in the related energy spaces. This approach allows to consider a standard variational for-
mulation. Moreover, it shows the proper mapping properties which link the Dirichlet and
Neumann data in the optimality condition by using some appropriate operators. In the case
of box constraints the optimality condition is a variational inequality in H 1/2 (T") which can
be written as a Signorini boundary value problem with bilateral constraints.

Since the unknown function in boundary control problems is to be found on the boundary
of the computational domain, the use of boundary element methods seems to be a natu-
ral choice. To the best of our knowledge, there are only few results known on the use of
boundary integral equations to solve optimal boundary control problems. The most popu-
lar approaches are based on the use of finite element methods which require a discretization
of the computational domain. In contrast, the use of boundary element methods requires
only a discretization of the boundary. In principle, the use of boundary integral equations
is based on an explicit knowledge of fundamental solutions of the considered partial differ-
ential equations. Then, the solutions of both the state and adjoint boundary value problems
are represented by surface and volume potentials. Since the state enters the adjoint prob-
lem as volume density, we apply integration by parts to replace these volume potentials
by surface potentials. This results in a system of boundary integral equations which in-
volve the standard Laplace and Bi-Laplace boundary integral operators. In the case of
parabolic boundary control problems we first transfer the adjoint state equations to the
heat equations and then use an auxiliary function which relates to the fundamental solu-
tion of the heat equation, to get rid of volume potentials. The obtained system of boundary
integral equations is similar to the system in the elliptic case. We prove the unique solv-
ability and study the boundary element discretizations of the optimality system. Piecewise
linear boundary elements are used to approximate the Dirichlet control and piecewise con-
stant approximations for Neumann control. We prove stability and related error estimates.
While the non-symmetric boundary integral formulation needs an additional condition on
the discretization to ensure stability, we can prove the stability of the symmetric bound-
ary element approach without any condition on the discretization. We consider only the
symmetric formulation in the case of parabolic boundary control problems. Note that the
primal-dual active set strategy is employed to solve related variational inequalities. Some
numerical examples are tested to confirm the theoretical results.



Zusammenfassung

In dieser Arbeit betrachten wir die Anwendung von Randintegralmethoden zur Losung
von Randkontrollproblemen, wobei die Nebenbedingungen durch lineare partielle ellipti-
sche und parabolische Differentialgleichungen zweiter Ordnung beschrieben werden. Eine
Schwierigkeit besteht dabei in der Wahl des Funktionenraumes fiir die Kontrolle. Fast alle
Beitrige in der Literatur verwenden L,(I") als Kontrollraum. Diese Ansitze bendtigen
aber eine ultraschwache Formulierung der Zustandsgleichung und geniigend Regularitit
der adjungierten Zustandsvariablen. Dementsprechend muss das betrachtete Gebiet ent-
weder polygonal oder polyhedral und konvex, oder glatt genug sein. In dieser Arbeit wird
die Kontrolle im entsprechenden Energieraum betrachtet. Dieser Ansatz erlaubt es, die
iibliche Variationsformulierung zu verwenden. Weiters enthilt die Optimalitdtsbedingung
eine Dirichlet zu Neumann Abbildung welche die korrekten Abbildungseigenschaften wi-
derspiegelt.

Fiir die Losung von Randkontrollproblemen erscheint die Randelementmethode als ein
geeignetes Diskretisierungsverfahren. Im Gegensatz zu Finiten Element Methoden ver-
langt die Randelementmethode nur eine Diskretisierung des Randes. Bei Kenntnis einer
Fundamentallosung konnen die Losungen der Zustandsgleichung und der adjungierten Zu-
standsgleichung durch Oberflichenpotentiale und Volumenpotentiale beschrieben werden.
Da die Zustandsvariable jedoch in der adjungierten Gleichung als Volumenpotential zu
beriicksichtigen ist, erfolgt durch partielle Integration eine Riickfithrung auf Oberflachen-
potentiale. Dies resultiert in einem System von Randintegralgleichungen mit Laplace und
Bi-Laplace Randintegraloperatoren. Im Falle eines parabolischen Randkontrollproblems
wird die adjungierte Zustandsgleichung zunéchst in eine Wiarmeleitgleichung transfor-
miert. Um das Volumenpotential zu vermeiden, wird im Anschluss eine auf der Funda-
mentallosung der Wirmeleitgleichung basierende Hilfsfunktion verwendet. Das resultie-
rende System entspricht dem System fiir den elliptischen Fall. Wir beweisen die eindeutige
Losbarkeit und studieren die Randelementdiskretisierung des Optimalitédtssystems. Die
Dirichletkontrolle wird mittels linearer Formfunktionen approximiert und die Neumann-
kontrolle wird durch stiickweise konstante Formfunktionen. Wir beweisen Stabilitit und
zugehorige Fehlerabschidtzungen. Wihrend fiir die Stabilitit der nicht-symmetrischen For-
mulierung zusitzliche Anforderungen an die Diskretisierung gestellt werden miissen, kann
die Stabilitdt der symmetrischen Formulierung ohne zusitzliche Anforderungen bewiesen
werden. Fiir parabolische Probleme beschrinken wir uns auf die symmetrische Formu-
lierung. Fiir die Losung der auftretenden Variationsungleichungen verwenden wir die
primal-dual aktive Mengen-Strategie. Numerische Beispiele bestitigen die theoretischen
Ergebnisse.
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1 INTRODUCTION

Optimal control problems subject to partial differential equations (PDEs) with additional
constraints on the controls play an important role in many practical applications, see [28,
38, 66] and references given therein. In particular, for Dirichlet boundary control problems
in fluid mechanics, consult [22, 25]. Here, let us consider some examples of optimal
heating problems, [66].

Optimal stationary heating. Consider the equilibrium distribution of the absolute tem-
perature u : @ — R* inside a body Q C R® which is determined by the stationary heat
equation

—div(kVu) = f, (1.1)

where K is the body’s thermal conductivity, and f represents possible heat sources. In the
simplest case, K is a positive constant. We can apply a heat source f = z (the control) in the
domain Q. The goal is to find the control z in such a way that the temperature distribution
u in Q (the srate) is the best possible approximation to a desired temperature distribution
u in Q. Problems of this kind arise if the body € is heated by electromagnetic induction
or by microwaves. Assuming that the boundary temperature vanishes, we can model an
optimal control problem as follows:

Minimize J(u,z) = %/[u(x) —ﬁ(x)]zdx—l—%/[z(x)]zdx (1.2)
Q Q

subject to the PDE constraints, for k = 1,

—Au(x) =z(x) inQ, (1.3)
u(x)=0 onI'=49Q, (1.4)

and the pointwise control constraints
z1(x) <z(x) <z2(x) inQ. (1.5)

The constant o > 0 can be seen as a regularization parameter. It has the effect that possible
optimal controls show improved regularity properties. The cost functional J(u,z) to be
minimized is called the objective functional. Observe that the control acts in the volume
domain Q. Hence we have a distributed control problem.
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In a similar way, the control can act at each point of the boundary I". The control is no
longer distributed in the domain €2, we have now a boundary control problem. The problem
leads to the minimization of the objective functional

J(u,z) 2/ dx+—||z||v (1.6)

subject to the PDE constraints

—Au(x) = f(x) inQ, (1.7)
u(x)=z(x) onT, (1.8)

and
71(x) <z(x) <z2(x) onT. (1.9)

Here f(x) is a given function. The second term in (1.6), ||z||3, describes either the costs
of the control or represents some regularization, where ) is an appropriate Hilbert space
to be specified. In a slightly more realistic application, one might only be able to control
the temperature on some part I'. of I' with I', C I'. In this case, we need an additional
boundary condition on the remaining part I'\ I'; of the boundary, e.g., a homogeneous
Neumann boundary condition which describes an isolation.

Optimal nonstationary heating. The temperature is now changing with the time #. Then
the temperature distribution is modeled by the transient heat equation

diu—div(xVu) = f, (1.10)

where the heat sources f and the temperature u, in general, depend on time as well as on
the space coordinates. They are defined in the space-time cylinder Q := Q x (0,7T'), where
T > Orepresents a final time. We know the temperature distribution at the initial time t =0,
u(-,0) = up, and we want to reach a temperature # at the final time r = 7. The problem
then reads as follows:

1
Minimize J(u,z) = 5/[u(x,T) —ﬁ(x)]zdx—F%HzH%;, (1.11)
Q

subject to
du—Au=0 inQ, (1.12)
=z onZ:=Tx(0,T), (1.13)
u(,0) =uyp in Q, (1.14)

and

21(x,1) < z(x,1) < zp(x,1) onX. (1.15)



Here the control z is considered in an appropriate Hilbert space V, e.g., V = Ly(X). The
temperature distribution u fulfills a parabolic partial differential equation, where z controls
the temperature on the boundary. We thus have to deal with a linear-quadratic parabolic
boundary control problem.

The numerical analysis of the distributed control problems (1.2)-(1.5) by finite element
methods (FEMs) was considered in [46, 47, 55]. In particular, Meyer and Rosch derived
error estimates of order 42 for the controls in the L, norm by using piecewise constant
controls, and of linear convergence in the L. norm by using piecewise linear controls.
For the approximation of the discretization for semilinear elliptic optimal control prob-
lems, see, e.g., [2, 9]. We refer to [13, 27, 54] for general linear-quadratic optimal control
problems.

For the Dirichlet boundary control problem, the choice of the function space for the control
is crucial. In [25], the Dirichlet boundary condition is considered in V C H 1/ 2(1“), where
the objective functional is the domain integral over the strain tensor of the velocity field u
satisfying the steady Navier-Stokes equations. To obtain smoother optimal solutions one
may consider H%(T") as a control space, see [30]. Note that such an approach requires a
sufficient regularity of the domain Q which is assumed to be of the class C>'. In [36],
several variational formulations of Dirichlet control problems are discussed. The most
popular choice is to consider L; as control space. However, the associated partial differen-
tial equation of the state has to be considered within an ultra-weak variational formulation.
To include a Dirichlet boundary condition in L(I) in a standard variational formulation,
one may approximate Dirichlet boundary control problems by a regularization which is
based on Robin boundary controls, see [7, 10, 29]. For the problem (1.6)-(1.9), a finite
element approach is considered in [51], where the energy norm is realized by using the
Steklov-Poincaré operator which links the Dirichlet control with the normal derivative of
the adjoint variable.

Numerical solutions of L,(I") Dirichlet boundary control problems by finite element ap-
proximations are considered in [11, 19, 42]. Casas and Raymond [11] present a finite
element analysis for piecewise linear approximations of the Dirichlet controls governed
by semilinear elliptic equations on two-dimensional convex polygonal domains €. They
prove an error estimate of the optimal control of order O(hl_l/ P) for some p > 2 in the
L,(T") norm. In [42] May, Rannacher and Vexler consider the Dirichlet boundary control
without control constraints (1.6)-(1.8) in a L, setting. They present error estimates for
the state and adjoint state and derive optimal error estimates in H~!/ 2(T) for the Dirichlet
control. For two- and three-dimensional smooth domains, an O(h+/|logh|) bound for the

L, error of the optimal control and state is proved in [19], which can be improved to O(h%)
under additional conditions in two space dimensions. In the case of a finite dimensional
Dirichlet control [67], Vexler derives an error estimate of the optimal control of quadratic
order for two-dimensional bounded polygonal domains.
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In a recent contribution [12], the Dirichlet and Neumann boundary control problems gov-
erned by a semilinear elliptic equation on a curved convex domain Q C R? are analyzed.
Casas and Sokolowski approximate the curved domain € by a polygonal domain €2 and
consider the corresponding infinite dimensional control problems in €. Some error esti-
mates for the related controls are derived. While for the Neumann control the order of the
approximation is (’)(h% ), a linear order is proved in the case of Dirichlet control only.

Let us briefly recall some publications of parabolic optimal control problems. Such opti-
mal control problems with observations in the domain € or on the boundary I" are con-
sidered in [38] from an analytic point of view. In [44, 45], distributed parabolic optimal
control problems without and with control constraints were considered. The authors es-
tablished several a priori error estimates which correspond to various types of control dis-
cretizations. For the analysis of the parabolic Dirichlet boundary control problems, we
cite [3, 4], see also [36, 38]. In [68, 69], a numerical Galerkin method was proposed to
solve a parabolic Neumann control problem. This approximation was based on a backward
discretization with respect to time, and for every time level ¢t = nh;, the author proved the
order O((log hll)z(ht +h2)) of the error of the control in L.(I"). For the control and/or state
constrained case of the parabolic Neumann control problems, see [53, 56].

This thesis is concerned with the application of boundary integral equation methods to
optimal boundary control problems. The controls are considered in the related energy
spaces. This approach allows to consider the standard variational formulation. There are
several papers to deal with optimal boundary control problems by FEMs, see the discussion
above. But to our knowledge there are only few results on the use of boundary integral
equations to solve optimal boundary control problems, see, e.g., [70] for the problem with
point observations. While the finite element approaches require a discretization of the
computational domain, the use of boundary integral formulations and boundary element
methods (BEMs) requires only a discretization of the boundary. Hence, BEMs can be
easier to deal with a complicated domain. Moreover, the boundary element solution exactly
fulfills the considered partial differential equation inside the domain. Since the unknown
function in the optimal boundary control problems is to be sought on the boundary of the
computational domain, the use of boundary element methods seems to be a natural choice.
However, this approach can only be employed if a fundamental solution of the underlying
partial differential equation is available.

Then, by using the potential theory, the solutions of the related state and adjoint partial
differential equations can be represented by surface and volume potentials. Applying
the proper limiting processes, a system of boundary integral equations is obtained. The
first approach is based on the first boundary integral equations of the state and the ad-
joint partial differential equations. The system of boundary integral equations results in a
non-symmetric variational formulation. We prove unique solvability of the related elliptic
variational inequality of the first kind. Note that the cost term of the control in the en-
ergy space H'/ 2(T) is characterized by using the Steklov-Poincasé operator S which links



the Dirichlet with the Neumann data. For Galerkin boundary element methods, we use a
non-symmetric representation of the operator S. This results in a non-symmetric Galerkin
boundary element approximation which requires the use of appropriate boundary element
spaces to ensure stability. As a second approach, we consider the second boundary integral
equation of the adjoint problem. The obtained system of boundary integral equations re-
sults in a symmetric variational formulation which is stable for standard boundary element
discretization. Moreover, we use the symmetric Galerkin boundary element approxima-
tion of the Steklov-Poincasé S. We then derive error estimates which are confirmed by
numerical examples. For the mixed boundary control problems where the control acts on
a part I'y C I of the boundary I', we consider the symmetric variational formulation by
using the so-called Dirichlet to Neumann map S. For an overview on boundary integral
equations and boundary element methods, see, e.g., [31, 43, 57, 59, 64].

For parabolic boundary control problems, similarly, the related state and the adjoint state
can be represented by some layer heat potentials, and Newton heat potentials. Since the
final state appears in a representation of the adjoint boundary value problem, we modify
the representation by using an auxiliary function which relates to the fundamental solution
of the heat equation. This results in a system of boundary integral equations. We consider
only the Galerkin boundary element approximation of the symmetric formulation which is
stable for standard boundary trial spaces. In particular, we choose an approximation for the
Dirichlet control which is piecewise linear and continuous in space and piecewise constant
in time, and for the Neumann control an approximation which is piecewise constant both
in space and in time, see [15]. We derive related error estimates and test some numerical
examples.

Outline

In Chapter 2 we present some mathematical preliminaries. We recall the concept of
Sobolev spaces which are used for boundary and finite element methods. Then we in-
troduce some finite dimensional trial spaces and discuss their approximation properties.

In Chapter 3 we consider a Dirichlet boundary control problem associated to the Poisson
equation with box control constraints. The Dirichlet control is considered in the energy
space H 1/ 2(T"), where the energy norm is realized by using the Steklov-Poincaré operator.
The primal and adjoint equations are written as boundary integral equations. The optimal-
ity condition results in a variational inequality which is studied in a non-symmetric or a
symmetric formulation. We also discuss related Galerkin boundary element methods.

In Chapter 4 an elliptic mixed boundary control problem is considered with control con-
straints. The Dirichlet control acts on a part I'p of the boundary I" where the Neumann
boundary condition is given on the remaining part I'y := I'\ I'p. In order to avoid volume
potentials, the idea of integration by parts as in Chapter 3 is used. We investigate a system
of boundary integral equations which is related to the Steklov-Poincaré operator.
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Chapter 5 1s devoted to the analysis of a parabolic Dirichlet boundary control problem
with control constraints. We setup a system of boundary integral equations in a symmet-
ric formulation which is similar to the elliptic version as discussed in Chapter 3. The
unique solvability of the related variational inequality and a related error analysis of the
Galerkin discretization are based on the mapping properties of the standard heat potentials
and new “bi-heat” potentials. In addition, the boundary element approach can be applied to
a parabolic Neumann boundary control problem as well. Then we give some main results
for this problem.

Finally, in Chapter 6 we give some conclusions and discussions.



2 MATHEMATICAL PRELIMINARIES

2.1 Sobolev spaces and trace theory

In this section we recall some relevant Sobolev spaces as used for the analysis of boundary
and finite element methods. A brief summary of the basic definitions and results of Sobolev
spaces are presented which suffice for our purposes. The main references of this section
are the standard books [1, 31, 39, 40, 43].

2.1.1 Isotropic Sobolev spaces

Definition 2.1. Let Q be an open subset of RY. For k € Ny the Sobolev space WZI‘(Q) is
defined by

WX (Q) :={u € Ly(Q): D% € Ly(Q) for all multi-indices o € N& with |or| < k}.

The Sobolev space WX (Q) is equipped with the norm

1/2
rww@:ggw“ ()P @
and it is a Hilbert space with respect to the inner product
(u,v) Wh@) = /DO‘ x)D%v(x) dx.

\(x\<kQ

For the case of a fractional order s = k+ p with k € Ny and u € (0, 1), the Sobolev space
W3 (Q) is defined by

W3 (Q) = {u € W5 (Q): [lullwya) < o}

where

1/2

DO( y2
lulwgiay = | lullg *Z/f||xwmf””@ 22)
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is the Sobolev-Slobodetskii norm. Again, W3 (€2) is a Hilbert space with respect to the inner
product

y [ [ L) DDV DD

<M7V>W;(Q) = <M7V>w2k(g) + | lx — y|d+21

al=kg o
Clearly, for k = 0 we have W) (Q) = L,(Q).

In what follows we introduce Sobolev spaces H*(Q) which may be equivalent to the
Sobolev spaces W3 (€2) when some regularity assumptions on Q are satisfied. The defi-
nition of the Sobolev spaces H*(Q) is based on the Fourier transform

1(E) = (Fu)(§) = @m) 2 [ Eulr)dx, € R,
R4
for u € Ly (R?). Now let S(RY) be the Schwartz space of rapidly decreasing functions in
C=(RY),

S(RY) :={p € C*(RY): su% x*DP @(x)| < oo for all multi-indices & and B},
xeR

and let S’(RY) be its dual space. The Sobolev space H*(R¢) is defined by
H(RY) :={uec S'(RY): J'ueLy(RY)},
where 7* : S(RY) — S(R?) is the Bessel potential operator
Toulx) == (2m)4/2 / (1+|EP)Y2a(E)e8) dE,  xeRY.
Rd
The Sobolev space H*(R¢) is equipped with the norm

1/2

eall s gy == (17wl 1 ma) = /(1+\5|2)S!ﬁ(5)|2d3§ : (2.3)
R4
For all 0 < s € R, the Sobolev spaces H*(RY) and W; (R9) coincide, see for example [43,
Theorem 3.16].

For a domain Q C R? we introduce the following definitions of Sobolev spaces.

Definition 2.2. Let Q be an open subset of RY. We define the Sobolev space H*(Q) for
s € R by restriction,
H (Q):={u=ugq: ue Hs(Rd)},
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with the norm

ul|gsiq) = inf u| .
[ull s (2 ﬁeHs(Rd)ﬁ‘Q:uH s (R

Further,

To see the connection of the above definitions of Sobolev spaces, we need to make some

HS(Q) = C(°)°(_Q) H'”HS(R‘]% H8<Q) — W”'”HS(Q)‘

regularity assumptions on the domain . Let us recall the definition of the classes CK'¥,
k € Ny, k¥ € [0,1] as in [31, Section 3.3]. Given a point y = (y1,...,yq) € R?, we shall

write

where

Definition 2.3. A bounded domain Q in R? is said to be of class C*¥ (in short Q € C*¥)

y=0"ya)

yl = (ylv'“vydfl) € Rd?l'

if the following properties are satisfied:

I.

il.

.

There exists a finite number p of orthogonal linear transformations T, (i.e. d x d

orthogonal matrices) and the same number of points x(,y € I and functions ay) ),
r=1,...,p, defined on the closures of the (d — 1)-dimensional ball,

Q={y eR"": |y| <&} (2.4)

where 8 > 0 is a fixed constant. For each x € T there is at least one r € {1,...,p}

such that
x=x) + Ty (Vs an () (2.5)

The functions a(,y belong to ck¥(Q).

There exists a positive number € such that for any r € {1,..., p} the open set
By = {x(+ Ty y=(,ya),y € Qand |y4| < €}

is the union of the sets

Z/{(_r) :B(r)ﬂ.Q
= {X = X(r) +T(r)y Y= (ylvyd)ayl € Qand a(r)(y/) —&€<ys< a(r)(y/)}v
U, = BN (RN\Q)
={x=x(y+T»y: y=0"ya),y € Qand aiy(y') < ya <a (') +¢€},

and

Ly =B(NQ = {x =x() + T, a( (")) : ¥ € 0}
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The boundary surface I' = dQ is said to be in the class CKK if Q € CF%, and in short
we write I' € CH¥. In the special case, when I € C%!, the boundary is called a Lipschitz
boundary and Q is called a Lipschitz domain. Note that a Lipschitz domain may be un-
bounded. For example, if Q is a Lipschitz domain, then its complement R? \ Q is also a
Lipschitz domain.

The relations among the above Sobolev spaces can be seen from the following theorem,
see for example [43, Section 3].

Theorem 2.1. Let Q be a Lipschitz domain. For s > 0 we have
i Wy (Q)=H*(Q).
ii. H°(Q) C H(Q).
iii. HS(Q) =Hy(Q) fors ¢ {%.3.3,..}.
Moreover, for all s € R

H(Q)=[H"Q), H(Q)=[H Q)]

Sobolev spaces on the boundary
In what follows, we assume that Q is a Lipschitz domain, unless stated otherwise.

Let Ly(T'), s = 0, be the completion of CO(F), the space of all continuous functions on I,
with respect to the norm

1/2

il / u(oPds | .6)

This is a Hilbert space with the inner product
() 10y = [ WV ds.
r

For 0 < s < 1 we define H*(T") to be the completion of CY(T") with respect to the Sobolev-
Slobodetskii norm

1/2

ulx
lullisiry = [ Nl +//’ |d ms dsxdsy . @.7)

Again, H*(T") is a Hilbert space equipped with the inner product

v(x) —v(y
() s(ry 2= (V)1 +// ‘x y|d §+)29 0) dsxdsy.
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For general s € R, a regularity assumption for the boundary Q € C** is required. Let us
recall the parametric representation (2.5)

x=x)+ T (a0 () fory € Q,r=1,...,p.

Then, for s € R with 0 < s < k+ Kk for noninteger k+ K or 0 < s < k+ K for integer k + K
we define the Sobolev space H*(T") by

H*(I) :={u € Lr(I): u(x(r) +T(r)(y/7a(r)(yl)>) €eH(Q),r=1,...,p}

equipped with the norm

1/2
)4
[l gs(ry == (Zi Ju(xy + T (s ) (y/»)”%{S(Q)) : (2.8)

This space is a Hilbert space with the inner product

p
V) psry ==Y () + T 0 a0y ) v () + Ty 0 a0y 1)) s ()

r=1
see [31, Section 4.2].
Note that, for 0 < s < 1, the Sobolev norms as defined in (2.7) and (2.8) are equivalent.

For negative order, the Sobolev space H*(I") for s < 0 is defined as the dual space of
H—*(I),
H(T) = [ (D)

with respect to the L, (T") inner product, i.e., the completion of L,(I") with respect to the
associated norm

(u,v)
lullsry = sup 2 (2.9)
0#£veH—s(T) ”V”H—S(F)
and to the duality pairing
(u,v)r == (u,v),(ry = /u(x)@dsx. (2.10)
r

For the study of the mixed boundary control problems we further need to define some
Sobolev spaces on an open part of the boundary I', see [64, p.37]. Let Iy C 1" be some
open part of a sufficient smooth boundary I' = dQ. For s > 0 we define the Sobolev
spaces

H'(To) i= {v="Tr,: 7€ H'(D)},

H'(Ly) :={v="vr,: ve H'([), suppv C I'o}
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with the norm
V|| s = inf V|| s
PR S P
For s < 0 we define the appropriate Sobolev spaces by duality with respect to the L;(T)
inner product,

H'(Ty) := [H*(Lo)]', H'(Lo):=[H (L))"

Remark 2.1. For a Lipschitz domain Q, we have to assume |s| < 1 to ensure the above
definitions and statements concerning the Sobolev spaces defined on subsets of the bound-
ary I = dQ. For the case |s| > 1 stronger regularity conditions of the boundary need to
be assumed, i.e., T € C*!, k € Ny for |s| <k+1, see [31, Section 4.3].

Moreover, let I" be a closed boundary which is piecewise smooth,

’_J
C\

I;, inT;=0 fori#j.
1

i

We define for s > 0 the space H ;W(F) as the space of piecewise smooth functions

H,, (D) i= {v € Ly(T): vy, € H(T)),i=1,..,J}

S 1/2
VI, ry == {Z [ }
i=1

J
=[]&# T
j=1

with the norm

while for s < 0 we have

with the norm

Wllas,, () Z wir, s,
Lemma 2.1. Forw € H;,,(I') and s <0 we have

Wl ey < Wl ()

Proof. See [64, Lemma 2.20]. O
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2.1.2 Anisotropic Sobolev spaces
In this subsection, we briefly recall some definitions and properties of anisotropic Sobolev
spaces for studying parabolic boundary control problems, see [15, 40].

Let Q C R? be a bounded Lipschitz domain with boundary I' = dQ. For a fixed real
number T > 0, we write

I:=(0,T), Q:=QxI, YX:=IxlI.

Let X be a Banach space with the norm || - ||x. We define L(7;X) as the space of all
measurable functions u : [0,7] — X with

1/2

T
lull Ly 1) = /Hu(-,t)y@dt ‘o
0
Let |
A(x,7) = —— [ e "u(x,t)dt
(x,7) ’ﬁ! (x,1)

be the Fourier transform of u with respect to the time variable, we have
ue H'(R;L(Q) < (1+]t)*%h4 € Ly(R;Ly(Q)) = Lr(Q x R).
The Sobolev space H"*(R¢ x R) for r,s > 0, is defined by
H™(R? x R) := Ly(R; H"(RY)) N H*(R; Ly (RY)),

see [15], with the natural norms defined in these spaces of Hilbert space valued distribu-
tions. We have

il ey = [ (1C, D) ey + (1 + [P NG, IR gy )
R

With r > 0 and s € (0, 1), an equivalent norm is given by

Hl/l(',t) _M(WT)H[% Q
il = [ I gy de+ [ [P drae
R R R

For r,5 < 0 we define by duality H"*(R? x R) := [H"~*(R? x R)]". By H"*(Q) we denote
the space of restrictions of elements of H"*(R? x R) to Q, equipped with the obvious
quotient norm.
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Moreover, we define the following subspaces:

H(Q) = {u € H™(@x (~.T)): u(x.1) = 0fort <0} € H(@x (~=.T),

(fTI)r’S(Q) e {M GHI‘,S(QX (Oyoo)) I/t(.x,t) :0f0rl‘ > T},

and

H*(Q) = Lo(I H(Q)) NH'(1:La()) € H'(Q).

I

It can be verified that the space H;’ (Q) coincides with the closure in H™*(Q) of the sub-
space of functions which vanish in a (spatial variable) neighbourhood of X;

H(Q) = Ly(I H"(Q)) NHG (11 Lo (Q)) € H™(Q),

which is the closure in H"*(Q) of the subspace of functions which vanish in the neighbour-
hood of t =0 and of r = T'; and

Hy(Q) == Hy (Q)NH 5 (Q),

~ (7)
which is the closure of D(Q) in H™*(Q). Similarly, Hy"(Q) or H ;'(Q) are defined as
the closure in H"*(Q) of the subspace of functions which vanish in the (spatial variable)
neighbourhood of X and the neighbourhood of t = 0 or t = T, respectively.

The negative indexed Sobolev spaces are defined as the dual spaces with respect to the
L, (%) inner product as following, see [40, p.41], [15]:

H™"7(Q) = [Hyy(Q)) forrs >0,

and o
~ T
H"7%(Q):=[H 4 (Q)]" forallr,swithr— % ¢ Z.

Another important space is
V(Q) = L(LHY(Q)NH (LH ' (Q) ={uc Ly(I;H (Q)): duecL,(I;H '(Q))}.

The subspaces V(Q) C V(Q x (—o0,0)) and Vo(Q) C V(Q) are defined analogously. It is
true that, see [15, 39],

V(Q) is a dense subspace of H? (Q).
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Sobolev spaces on the boundary

Analogously we may first define the spaces H"*(I" x R) and then H"*(¥) by restriction to
Y., see [40, Section 13.3].

The Sobolev space H™*(I" x R) for r,s > 0, is defined by
HP ([T xR)={u: uc L,(R;H"(I)),|7|°d € Lz(R;HO(F))}, (2.11)

equipped with the norm

o /
[[ual| grs (rxw) 2= (HMH%z(R;Hr(r)) +l[7] M||22(R;H0(r))> :

We define H"*(X) as the restriction of H™*(I" x R) to X, equipped with the corresponding
quotient norm. This definition is equivalent to

H™ (L) = Ly (I H'(T)) N H* (I; Ly (T)).

For 0 < r,s < 1, an equivalent norm in H"*(X) is given by

T
2
2 2 |u(x y,)]
HuHHr.,s(Z):Hu||L2(2) + /// |x y]d 1+2r dtdsydsy
orr
T T
) = )

00

Since H}(I') = H"(T'), there is no distinction between H;,"(X) and H"*(X), but we may
set
HY'(2) = Lyo(I; H'(T)) N Hy(1; HO(T).

The space H"*(X) is defined analogously. By duality, for r,.s > 0,
H"(E) = [Hg (D))

Remark 2.2. As discussed in Remark 2.1, for Lipschitz boundary I" we have to assume
|r| <1 (s € R arbitrary) to define the above anisotropic Sobolev spaces on the boundary.
For |r| > 1 stronger regularity assumptions on the boundary need to be assumed, first to
formulate H' ("), then to define H>*(I' x R) as in (2.11).
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Trace theorem

Theorem 2.2. Foru € H*(Q) with r > %,s > 0, we may define:

9/ 1 9/
3,71 on rif j<r—§ (integer j > 0), ﬁueH"f’W(Z),
where 1
Wi Vi _r—j—3 :
—_—= =< (v;=0 =0).
r S r ( / i s )
a7
The linear map u — ﬁu Is continuous,
n

Hr’S(Q) N Huj7Vj(Z>'
Here — is the normal derivative on ¥, oriented toward the interior of Q.

on

We may also define, for s > %, r>0,

o* 1 9"
—u(x,0) on Q if k<s—§ (integer k > 0), ——u(x,0) € HP*(Q),

dtk dtk
r 1
Pe= (s—k—i).

(x,0) is continuous,

where

ak
The linear map u — —-u
P dtk

H"(Q) — HP*(Q).
Proof. See [40, Theorem 2.1]. O

Next we consider the trace of H L3 (Q) on the boundary X, see [15, Lemma 2.4].

. . . ~11
Lemma 2.2. The trace map Y : u — ujx is continuous and surjective from H 12(0) to
11

H2>%(X).

Remark 2.3. The traces on ¥ have to be understood in a distributional sense, i.e., they are
defined by continuous extensions of the traces defined in the pointwise sense for smooth
functions.
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2.2 Boundary elements

For the approximate solution of boundary integral equations let us summarize some appro-
priate finite dimensional trial spaces. We recall some approximation properties in various
Sobolev spaces. We refer to [48, 64] for more details.

Let I" = dQ be a piecewise smooth Lipschitz boundary with I' = U7_, T'; where any bound-
ary part I'; can be smoothly mapped in a 1 to 1 fashion onto some parameter domain
Q C R T'; = x;(Q). The domain Q can be (0,1) in the two dimensional case or a
unit square in the three dimensional case. We consider a decomposition of the parameter
domain @ into finite elements qé which correspond to an admissible decomposition of the

boundary part I'; into boundary elements 7, = x; (qé). We denote by

Ay ::/dsx, hy:= Aé/(dfl)
T

the volume and the local mesh size of the boundary element 7,, respectively. The (global)
mesh size is defined by
h:= mglx hy.

The boundary decomposition is called globally quasi-uniform if

h <
- c
mfmhg =G

is satisfied with a global constant ¢ > 1. Note, in the three dimensional case, the boundary
decomposition is called admissible if two neighboring boundary elements share either a
node or an edge, and it is called shape regular if there exists a constant cg such that

dy < cphy for all boundary elements 7,

where dy = sup, yeq, [x —y|.

Trial spaces

Let us recall some trial spaces SZX(F) of local polynomials of degree d,. In particular we
will consider the trial space S)(I') of piecewise constant functions and the trial space S} (T')
of piecewise linear continuous functions:

Sp(D) :=span{@ ;.. S, (D) == span{e; }}L;,

where the basis functions ¢ (x) are given by

1 forxer

0 k>
xX) =

Pix) {0 otherwise.
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Moreover, a function v, € § }l(l“) is determined by the nodal values which are described at
the M nodes x, i.e., a basis of S} () is given by

1 for x = x;,
o (x)=1¢0 for x = x; # x;,
linear otherwise.

If u € L,(T) is a given function, the L, projection PYu € S)(I') is defined as the unique
solution of the variational problem

<7D;?M,Vh>L2(r) = (u,vp)ryr) forallv, € SY(I).

In addition, we define the L, projection Pgu € S,]l(l“) as the unique solution of the varia-
tional problem

<,P}}”7Vh>L2(F) = (u,vh>L2(r) for all v, € S,11(F)

The following error estimates for the projection operator PZ", when assuming sufficient
smoothness on I, can be found in, e.g., [48, 64].

Lemma 2.3. Let u € H*(I') be given for some s € [0,1]. For o € [—1,0] there holds the
error estimate

H”_P}(z)uHHG(F) < ch* % |ulgs(ry.- (2.12)

Lemma 2.4. Let u € H*(I') be given for some s € |0,2]. For o € [—1,0] there holds the
error estimate

[ — Pl oy < ch* fulgs(ry. (2.13)
Moreover, the following approximation properties of the trial spaces are available as shown
in [64, Section 10.2].

Theorem 2.3. Let 6 € [—1,0]. For u € H*(T") with some s € [0, 1] there holds the approx-
imation property of S2 (),

inf  ||u—vp|lyom < ch*Clulysm. (2.14)
ol [t —vllgor) < |l g5

Theorem 2.4. Let I' = dQ be sufficiently smooth. For ¢ € [0,1] and for some s € [0,2]
we assume u € H*(T'). Then there holds the approximation property of S} (I),

inf [lu—vall o) < ch* g, 2.15)
VhES}l(F)
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To construct the trial spaces for parabolic boundary control problems, we use a uniform
partition of the interval [0, T'] with a time stepsize h,. We define Th‘f’ as the space of locally

polynomials of degree d; in time. For example, Th? is the space of piecewise constant func-
tions. This space is conveniently described as the span of the following basis functions,
see [48],

1 ifkhy <1< (k+1)h
w,?(t)z{ itk <t <(e+Dh 04 N1, (2.16)

0 otherwise,

We describe a standard class of tensor product spaces QZ"d’ () = SZ)X‘ (M ® T,ff’. We would
like to estimate

inf{||u — VhHHP-,‘I(Z) HAURS sz’dt (Z)}

forue H*(X) with0 <r,0 <sand p <r, g <s. The following approximation properties
are recalled from [15, 48].

Theorem 2.5. Let
—d, <p<0<r<d,+1, 0<s<d,+1.

Then there is a constant C > 0 which depends on (p,r,s) such that

1 dy,ds - -5 r
lnf{llu—VhIIHp,g(Z)i v € Q" (X)} S C(he P+ hy 2 ) (B + 1y [|ul| s (5 (2.17)
forallue H”(X).
Theorem 2.6. Let
0<p<r<di+1, p<d.+1/2,
0<g<s<di+1, qg<d+1)2,
and
r_p
s q

Then there is a constant C(r,s) > 0 such that
inf{|u — vallgrag) : v € QR (Z)} < Clrys) (WP + b5 |l s s (2.18)
forallu e H”(L).

In the simplest finite element approximations compatible with the energy norm, i.e., p = %

(p= —%), g = &, we choose the approximations of piecewise linear and continuous (or
piecewise constant) in space and piecewise constant in time. It results in the following
corollary.
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Corollary 2.1. Assume that there are constants cy,cy > 0 such that
c1h? < h < ch?.

Then, for 0 <r < 1,%§s§2, we have

. 0,0 r+%
inf{lu—vill gy v € O (D)} < O ul

) (2.19)

)7

: 1,0 s—%
inf{llu—vall ys v € QFUD)} <O ull g

s (2.20)

)



3 ELLIPTIC DIRICHLET BOUNDARY CONTROL PROBLEMS

This chapter is devoted to study Dirichlet boundary control problems subject to elliptic
partial differential equations. The Karush-Kuhn-Tucker (KKT) system [28], which com-
prises the state equation, the adjoint equation, and the optimality condition is rewritten
as either a system of boundary integral equations in a non-symmetric or in a symmetric
formulation. The unique solvability of these systems can be derived from the properties of
the standard boundary integral operators of the Laplace and of the Bi-Laplace equations.
We discuss stability and error estimates of the related Galerkin boundary element meth-
ods. While the non-symmetric formulation leads to a non-symmetric matrix representation
of a self-adjoint operator in which we need an additional condition on the discretization
to guarantee the stability, we can prove the stability of the symmetric boundary element
approach by using the hypersingular Bi-Laplace boundary integral operator. In the case
of box constraints on the Dirichlet control, we obtain an elliptic variational inequality of
the first kind to be solved. It will be treated by using semi-smooth Newton methods which
give superlinear convergence.

This chapter is based on our paper [52]. It is organized as follows. In the first section, the
model problem is described where we also discuss the adjoint problem which characterizes
the solution of the reduced minimization problem. In Section 3.2 we present the represen-
tation formulae to describe the solutions of both the primal and adjoint Dirichlet boundary
value problems. We formulate the weakly singular boundary integral equations. Since the
state enters the adjoint boundary value problem as a volume density, an additional volume
integral has to be considered. By using integration by parts, this Newton potential can be
reformulated by using boundary potentials of the Bi-Laplace operator. Some properties
of boundary integral operators for the Bi-Laplace operator are presented. We analyze a
non-symmetric formulation of boundary integral equations to solve the Dirichlet bound-
ary control problem, and we discuss stability and error estimates of the related Galerkin
boundary element method in Section 3.4. By using the so-called hypersingular boundary
integral equation in the optimality condition, we get a symmetric formulation. This is pre-
sented in Section 3.5, again we discuss a related stability and error analysis. In Section
3.6, we use a semi-smooth Newton method as in [18, 24, 33, 35] to solve the variational
inequality. Finally, in Section 3.7 we describe some numerical examples.

21
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3.1 Dirichlet boundary control problems

Let Q C RY, d = 2,3 be a bounded Lipschitz domain with boundary I = Q. As a model
problem, we consider the Dirichlet boundary control problem to minimize

J(u,z) 2/ 12 dx+ ;OC(SZ r  for (u,z) € H'(Q) x H'/2(I) 3.1

subject to
—Au(x)=f(x) for x€Q, u(x)=z(x) forxel (3.2)

with box constraints
71(x) <z(x) <zp(x) forxeTl, (3.3)

where 7 € L,(Q) is a given target; z;,z, € H'/?(I') are given functions satisfying z; < z»
onI'; f € Ly(Q) is a given volume density; o € R is a fixed parameter. Moreover, we
use the Steklov-Poincaré operator S : H'/2(I') — H~Y/2(I') to describe the cost, or some
regularization term, via a semi-norm in H 1/ 2(I'), see [51, 63]. Note that (-,-)r denotes the
related duality pairing, see (2.10).

To rewrite the Dirichlet boundary control problem (3.1), (3.2) and (3.3) by using a re-
duced cost functional we introduce a linear solution operator describing the application of
the constraint (3.2). Let uy be a particular weak solution of the homogeneous Dirichlet
boundary value problem

—Aug(x) = f(x) forxeQ, up(x)=0 forxel.

The solution of the Dirichlet boundary value problem (3.2) is then given by u = u; +uy,
where u, € H'(Q) is the unique solution of the Dirichlet boundary value problem

—Au(x) =0 forxeQ, uy(x)=z(x) forxeTl. (3.4)

In particular, by using Green’s first formula, we have
/ Vit o) = / St 0) s = (52, =l

where the Steklov-Poincaré operator S : H'/>(TI') — H~'/2(I),

(Sz)(x) := ainxuz(x) forxeTl,

characterizes the Dirichlet to Neumann map related to the Dirichlet boundary value prob-
lem (3.4). This motivates the use of the Steklov-Poincaré operator S to describe the cost
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term in (3.1). In addition, one may think of using the hypersingular operator D in (3.1) to
realize a semi-norm in H'/?(T), see [64].

Note that the solution of the Dirichlet boundary value problem (3.4) defines a linear map
u; = Hz. Then, by using u = Hz + uy, instead of (3.1) we now consider the problem to
find the minimizer z € U, of the reduced cost functional

7@ = 5 [0 +uy() ~mPax+ 5 (52, 2)r
Q

1 o
= §<HZ+Mf—ﬁ,HZ+uf—ﬁ>g+§<SZ,Z>F

1, . . _ 1 - o
= §<H Hz,2)r+ (H (uf—u),Z>r+EH”f_”H%z(Q)+_

S
5 (Sz.2)r,
where

Uy :={w e H'2(I): 21 (x) < w(x) < z2(x) forx € T} (3.5)
is the admissible set, and H* : L, (Q) — H~'/?(T") is the adjoint operator of  : H'/?(I") —
LQ(Q.), i.e.,

(H*w,0)r = (W, Hp)q forall @ € H'/(T), v € L,(Q).

Since the reduced cost functional J(-) is convex, the minimizer z € U, can be found from
the variational inequality

(aSz+H"Hz—g,w—2z)r >0 forallw € Uy, (3.6)

where we define
g: =M @—-us) € H V(D). (3.7)

Note that the operator
To:= aS+H"H :H'>(I) — H-V/2(I) (3.8)

is bounded and H'/ 2(I')-elliptic, see [51, 50]. Hence, the elliptic variational inequality of
the first kind (3.6) admits a unique solution z € Hl/Z(F), see, e.g., [23, 38, 41].

The application of the adjoint operator T = H*(u — ) is characterized by the Neumann
datum

d
T(x) = —Wp(x) for almost all x € T,
X

where p is the unique solution of the adjoint Dirichlet boundary value problem
—Ap(x) =u(x)—u(x) forxeQ, px)=0 forxeTl. (3.9)

Hence the variational inequality (3.6) is rewritten as

0
(aSz— %p,w—zh" >0 forallwelU,y. (3.10)
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Proposition 3.1 ([51]). Let Q be either a convex two-dimensional polygonal bounded do-
main or a bounded domain with a smooth boundary. Let 7z be the unique solution of the
variational inequality (3.10). For u,f € Ly(Q), z1,22 € H3/2(F), we have the regularity
ze H32(I).

Proof. Let us consider the variational inequality (3.10). We introduce

l.—Taz—g—aSz—%p—a%uz—%pEH (T),

where p is the unique solution of the homogeneous Dirichlet boundary value problem
(3.9), and where u, is the harmonic extension of z, see (3.4). Then we can rewrite the
variational inequality (3.10) as

(A,w—z)r >0 forallw € Uyy.

Let

T:={xel: z1(x) <z(x) <z22(x)}
be the inactive set. We can choose ¢ € H'/?(I') arbitrarily, with ¢(x) > 0 for x € T,
¢(x) >0 forx € Z and

Wi =2—0 CUyg, wW2=2+¢ €Uy.

Then we find
(A, ¢)r =0,
i.e., A =0 on Z. Hence we have
A(z—z1)(z2—2)=0 onT. (3.11)
Moreover,
A<0 forz=z and A >0 forz=27 (3.12)

in the sense of H~!/2(I"). Therefore we conclude that u, € H'(Q) is the unique solution
of the Signorini boundary value problem

—Au, =0 inQ (3.13)

with the bilateral constraints on I

d
p foru, =z, (3.14)

71<z<z o —u, > —
=<=% on °~ odn

%MZ < %p foru, =z, o

and

0 0
{a%uz—%p} P | e (3.15)
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For 7 € L,(Q) and u = Hz +uy € Lr(Q) we have p € H>(Q) for the solution of the ad-
joint problem (3.9), see e.g., [20]. Let z;,20 € H 3/2 (T'), for the solution of the bilateral
Signorini problem (3.13)-(3.15) we then have u, € H>(Q), and therefore z € H3/?(T'), see
e.g., [5, Theorem 1] in the case of a bounded domain £ with a smooth boundary. For a
two-dimensional polygonal bounded domain it remains to consider the behaviour of the
solution at a corner point when it coincides with a boundary point of the active zones, i.e.,
where u; = z1 or u; = 7 is satisfied. In particular, by using local polar coordinates

x1=x1(r,@) =rcos@, x; =x(r,¢) =rsin@, u;(xy,x2) =u,(rcose,rsin@) =u(r,@),

we have

i ( ) = cos i~( )—lsin iN( )
axluthxz - (Paru r7(P r goa(pu r7(p’

L) = sing i)+ L eosp L ii(rg)
axzule,xz = sing—u(r,¢ rcosq)aq)u nLQ).

The Laplace equation in polar coordinates reads

92 J? 1 92

d [ d - 1 -
Bs1,12) = St 10)+ g 20) = L5 |r i 0)] + i) =

Let u(r,) = U(r)V(¢@). We then obtain

r d [ d 1 92
ryar 300 gyt 90
This implies )
r d [ d 1 4
5G9 5700 = gyt 9=

for some constant c. The second ordinary differential equation of the last expression can
be solved for ¢ = o2 > 0,

V(@) =Acos(a¢)+ Bsin(ag).

For the first ordinary differential equation
d
r— {r—U(r)} = OCZU(r),

we use the ansatz U (r) = r?. Then it follows that Y = +o. Due to the boundedness of the
solution for r — 0 we finally obtain

u(r,p) = r*(Acos(a@) + Bsin(ag)).



26 3 Elliptic Dirichlet boundary control problems

Now we consider the Signorini boundary conditions

0
ﬁuz(xl,xz)zo, u(x1,x) >0 forp=0

and

0
uz(xth) = 07 %MZ(XI»XZ) Z 0 for ¢ = o,

where ¢y is angle at the considered corner point.
For ¢ = 0 and the normal vector n = (0,—1) ", we have

%uz(xl,xz) = n-VuZ(xl,xz):—a—xzuz(xl,xz)
.0 _ 1 Jd -
= —sm<p§u(r,<p)—;cow%u(w)
= —sin(pai[r“(Acos(a(p)—i—Bsin(a(p))]
r

l a o 1
—- cos (p%[r (Acos(a)+ Bsin(ag))]

= —sin@[ar® (Acos(ap) + Bsin(ag))]
—cos@[ar® ! (—Asin(a@) + Beos(ag))]
= or® '[Asin((a—1)@) — Beos((a — 1)9)].

The Neumann boundary condition for ¢ = 0 reads then

0
%“z(xlvm)hp:O:—Bo“’a_l:O = B=0.

Hence,
u(r,p) = Ar®cos(og).

For the Dirichlet boundary condition for ¢ = ¢y, we further obtain

I/T(l", (po) :Ar(X COS((X(p()) =0 = (X(po e g = oy = %

Moreover, the complementary Dirichlet boundary condition for ¢ = 0 results in

u(r,0)=Ar%>0 = A>0.

: .. d .
We now consider the normal derivative —u,(x1,x;) for ¢ = ¢y with the normal vector

on
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n=(—singy, cosqy) ',

9 ( ) = —sin 2 ( ) +cos 2 (x1,x2)
anuz X1,X2 — (POaXI Uz(X1,X2 (POaxzuz X1,X2
0 1 0
_ (0%) NPT . (4]
= sin @g [cosqoa (Ar® cos(ap®)) ;. sm(paq)(Ar cos(ao(p))]
+cos @ [sm(paa (Ar% cos(ap@)) + — ! COS(paa (Ar® cos(ao(p))]
= —sinQy {cos @(Aagr® ' cos(ope)) — % sin (p(—ArO“’aosin(oco(p))}

1
+cos g [sin (p(AocorO‘O_1 cos(0p®)) + . cos p(—Ar%ay sin(oco(p))}

= —Aayr® singycos((ag —1)9) — Aagr® ' cos gpsin((ag — 1)9)
—Aor®~ ! sin[(0 — 1)@ + o).
The complementary Neumann boundary condition for ¢ = ¢y now reads
d
on
Therefore we conclude A = 0. It turns out that no singularity functions appear in the case

of Signorini boundary conditions. This implies u, € H*(Q) also for a two-dimensional
convex polygonal domain. [

uy(x1,%2) | p=qy = —ACr® sin(ato@y) = —Aopr® ' >0 = A<0.

3.2 Boundary integral equations

To find the control z € H!/ 2(1“) on the boundary, we discuss in this section the use of
boundary integral equations for the solution of the state equation and of the adjoint equa-
tion. Some properties of boundary integral operators are included.

Firstly, for the solution of the state equation (3.2)
—Au(x) = f(x) for x€Q, u(x)=z(x) forxeT,

we obtain a representation formula for x € Q,
X :/U*()?,y)a y)dsy — / dsy+/U x,y)f(y)dy, (3.16)
r

where U*(x,y) is the fundamental solution of the Laplace operator, see [64],

1
—Elog|x—y| ford =2,
U'(xy) =4 17" (3.17)

ford = 3.

4mlx—y)|
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)
For a given Dirichlet datum z € H'/?(T"), the related Neumann datum @ := 3,4 € H™2(I)
n

can be found by considering the representation formula (3.16) for Q@ > x — x € I'. Due to
the jump relation of the double layer potential, we obtain the boundary integral equation

/U X,y)® dsy+ —z(x /8ny a’sy~|-/U (x,y)f(y)dy

for almost all x € I', which can be written as
1
(Vo)(x) = (El—l—K)z(x) — (Nof)(x) foralmostall x €T (3.18)
Here,
/U x,y)o(y)ds, forxel
is the Laplace single layer potential V : H~/2(I") — H'/2(I) satisfying
Vol g2y < 5 @l -1y forall o e H™'2(D),
and
/8ny z(y)ds, forxeT

is the Laplace double layer potential K : H'/? (I —H 1/2 (T') satisfying

1
|GI+K)zl iy < Alellgpagy  forallz e H'(T).

Moreover,
(Nof)(x /U x,y)f(y)dy forxeT

is the related Newton potential Ny : H~ () — H'/2(T"). For the properties of these oper-
ators, see, e.g., [14, 31, 64].

Note that the single layer potential V is H~'/2(I')-elliptic, see [64], where for d = 2 we
assume the scaling condition diam€ < 1 to ensure this:

Vo,0)r > |0 ..~ foral ®ecH Y3I).
1 H-

()

Hence, we can solve the boundary integral equation (3.18) to obtain

1
w:v—1(§1+1<)z—v*11v0f. (3.19)
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Secondly, the solution of the adjoint Dirichlet boundary value problem (3.9),
—Ap(x) =u(x)—u(x) forxeQ, pkx)=0 forxeT,

is given correspondingly by the representation formula for x € Q,
~ * (7~ J * (7~ —
= [0 @) g p0)dsy+ [U G0 Tl (20
y

As in (3.18) we obtain the boundary integral equation

(Vgq)(x) = (Nou)(x) — (Nou)(x) forxeT (3.21)
to determine the unknown Neumann datum ¢ := ai peH 2.

Hence we conclude a system of boundary integral equations (3.18), (3.21) and the opti-
mality condition (3.10) to be solved. However, since the solution u of the primal Dirichlet
boundary value problem (3.2) enters the volume potential Nou in the boundary integral
equation (3.21), we also need to include the representation formula (3.16). Hence we have
to solve a coupled system of boundary and domain integral equations. Instead, we will
describe a system of only boundary integral equations to solve the adjoint boundary value
problem (3.9).

In doing so, instead of (3.20), we introduce a modified representation formula for the
adjoint state p as follows. First we note that

1
—g = yPlogly—y[ 1) ford =2,
Viey) =9 o7 (3.22)
§|X—)’| ford =3

is a solution of the Poisson equation
AV (x,y) =U"(x,y) forx#y, (3.23)

i.e., V*(x,y) is the fundamental solution of the Bi-Laplacian. Hence, by using Green’s
second formula, we can rewrite the volume integral for u in (3.20), as follows

JU @ty = [, @)ty dy
Q

fie

Q.)‘QJ

u(y)dsy — / (f,y)ainyu(y) dsy

r
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Therefore, from (3.20) we now obtain the modified representation formula for x € Q,

X :/U*()?,y dsy—i—/a y)ds, — /V x,y)0(y)dsy
r
—/U*(f,y y)dy — /V xp)f(y)dy,
Q

where the volume potentials involve given data only.

Due to the regularity of the fundamental solution of the Bi-Laplacian V*(x,y), there is no
jump relation occuring across the boundary I, see, e.g., [59]. Hence, when taking the
limit Q 5 x — x € I, the representation formula (3.24) results in the boundary integral
equation

(3.24)

O:p(x):/U*(x,y) (y dsy—i—/a—V x,y)z(y) dsy — /V (x,y)o(y)ds,
r
/ U* (e, y)aly) dy - / V() f0) dy
Q

for almost all x € I', which can be written as

(Vq)(x) = (Vi) (x) — (Ki1z)(x) + (Nou) (x) + (Mo f)(x) forxeT. (3.25)

Note that

(Vio)(x) = [V (ny)o)ds,

r

is the Bi-Laplace single layer potential V; : H—3/2(I") — H3/2(I) satisfying, see, e.g., [31,
Theorem 5.7.3],

Vil g3 < Sl g3y forall @ € H(T), (3.26)
and
(Kiz)(x / 8ny z(y)dsy forxel
is the Bi-Laplace double layer potential K; : H~/2(I") — H3/?(I') satisfying
1K1zl oy < 5" 2ll 12y forall z€ H'/3(T). (3.27)

In addition, we have introduced a second Newton potential which is related to the funda-
mental solution of the Bi-Laplace operator,

(Mo f)(x /V x,y)f(y)dy forxeTl.
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By inserting (3.19) into the boundary integral equation (3.25), this gives
Vg=V,v~! (%H—K)z —Kiz+Noii+Mof — ViV~ INof,
and therefore
g= v—lvlv—l(%HK)z —V Kz V INa+V My —VTIVIVTINGF. (3.28)

Now we are in a position to rewrite the variational inequality (3.10) to find z € U4 such
that
(Taz—g,w—2z)7r >0 forallw € U,y, (3.29)

where )
Ty = aS+V K —V‘1V1V‘1(§I+K) (3.30)

is a boundary integral representation of the operator Ty, as defined in (3.8), and

g =V N+ V "Mof -V ViV Ny f (3.31)
is the related right hand side as defined in (3.7).
Mapping properties

The operator Ty, as defined in (3.30) is composed of the standard Laplace and Bi-Laplace
boundary integral operators. To investigate the unique solvability of the variational in-
equality (3.29), we next recall some mapping properties of these boundary integral opera-
tors. We first start with the related Bi-Laplace partial differential equation.

Consider the Bi-Laplace equation
A’u(x) =0 forxe Q. (3.32)
This equation can be written as a system
Aw(x) =0, Au(x)=w(x) forxe Q.

For the Laplace equation we obtain two boundary integral equations of the associated

0
Cauchy dataon I": {w, 7:= 8_W}’ see [64, section 6]
n

W li_xk v W
()=("5" ui)(2):

(K'7)(x) = / G, U y)T0)ds, forxeT

where
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is the adjoint Laplace double layer potential K :H'2() - H 2T, and

(Dw)(x w(y)ds, forxeT

8nx 8ny

is the related hypersingular boundary integral operator D : H 1/2 (I —H -1/2 (T).

To obtain a representation formula for the solution u of the Bi-Laplace equation (3.32), we
first consider Green’s first formula

/Au YAv(y)dy = / y)Av(y)ds, — /any )u(y)dsy+/[A2v(y)]u(y)dy,
Q

(3.34)
and in the sequel Green’s second formula,

/ Iy VAV dsy = / i, Ay} dsy+ / [A%v(y)]u(y) dy

/any Jau(y)dsy = /any )V()’)dsy"‘/[Azu()’)]"()’)dy
Q

When choosing v(y) = V*(x,y) for x € Q as the Bi-Laplace fundamental solution (3.22),
the solution of the Bi-Laplace partial differential equation (3.32) is given by the represen-
tation formula for x € Q,

/8ny YAV (X,y)dsy — /8 y)u(y)dsy
/ “(x,y)Au(y dsy—f—/(9 u(y)V*(x,y)ds,.

By using (3.23) this can be written as

X :/U*(f,y) y)dsy — / u(y)dsy
r

/Qny dsy—l—/V x,y)t(y)dsy.

Hence, by taking the trace and the normal derivative of the representation formula (3.35),
we get two additional boundary integral equations for almost all x € T,

(3.35)

u(x) = (Vo)(x) + zu(x) — (Ku)(x) — (Kyw)(x) + (V1 7) (), (3.36)

o(x) = %a)(x) +(K'0)(x) + (Du) (x) + (Dyw) (x) + (K'7) (x), (3.37)
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where

(K17)(x /8nx (x,y)t(y)dsy forxel

is the adjoint Bi-Laplace double layer potential, and

(Dyw)(x w(y)ds, forxeT

anx (9ny

is the Bi-Laplace hypersingular boundary integral operator.

Altogether, we obtain a system of boundary integral equations for the Bi-Laplace equation
(3.32), including the so-called Calderon projection C,

u II-K Vv -Ki W u
) D ir+x D K/ ®
— 2 1
w -k v w (3.38)
T D l+K') \7

Lemma 3.1. The Calderon projection C as defined in (3.38) is a projection, i.e., C* = C.

Proof. Let ,w € H"'/2(T), ¢, ¢ € H'/?(I) be arbitrary but fixed. The function
u(@) == (V) (@) - (Wo)(®) + (y)(@) - (M9)(F) forie@  (339)

solves the Bi-Laplace partial differential equation (3.32). Note that

/U x,y)0(y)dsy, (Vi) (x /V xX,y)y(y)ds, forxeQ (3.40)

are the Laplace and Bi-Laplace single layer potentials, respectively, and for x € Q,
d ., -
:/a—U Fy)o0)dsy,  (Wio) (@ /a o()ds,  (3.41)
Ny ny
r

define the Laplace and Bi-Laplace double layer potentials, respectively. The assertion now
follows from the system of boundary integral equations (3.38) of u, and the jump relation of
the standard single and double layer potentials as in [64, Lemma 6.18], see also [59]. [

From the projection property C> = C we can immediately conclude some well-known re-
lations of all boundary integral operators which were introduced for both the Laplace and
the Bi-Laplace equations, see [59, 64].
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Corollary 3.1. For all boundary integral operators there hold the relations

1 1
KV =VK'| DK=KD, VD= i K>, DV = i K"? (3.42)
and
K\V—-VK| = ViK'—KV, (3.43)
KiD—DK, = D{K—K'Dy, (3.44)
VD, +ViD+KK+K\K = 0, (3.45)
DVi +D\V+K'K| +K/K' = 0. (3.46)

To prove the ellipticity of the Schur complement boundary integral operator as defined in
(3.30) we need the following result.

Lemma 3.2. For any o,y € H='/2(T") there holds the equality

~ 1
Vo,V = (KiVo,y)r = (Vi(51+ K)o, y)r. (3.47)
In particular,
~ 1
VliZ, @ = KV, y)r - ViGI+K) v, y)r (3.48)

where the single layer potential Vis defined in (3.40), and (-,-) 1,(Q) I8 the standard inner
product in Ly(Q).

Proof. For o,y € H -1/ 2(T") the application of the Bi-Laplace single layer potential u =
Viw and v =V} y as defined in (3.40) are solutions of the Bi-Laplace equation (3.32) whose
related Cauchy data are given by

0
u(x) = (V10)(x), WM(X) = (Kjw)(x) forxeT.
X
On the other hand, for x €

Balx) = 8, [V (x)00)ds, = [ U (xy)0()ds, = (Vo) )
r

r
W) = A(x) = Ay [V )y ds, = [ U )yl dsy = (V) ()
r r

are solutions of the Laplace equation. The related Cauchy data are given by

w(x) = (Vy)(x), &ixw(x) = —y(x)+ (K'y)(x) foralmostall x€T.
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Now, Green'’s first formula (3.34) reads

Vo, Ve = [(K)0)VY)0)ds, ~ ||
r r

Y) + (K'y) ()] (Vio) () dsy,

| =

and then the assertion follows. L]

Remark 3.1. For the representation of the Steklov-Poincaré operator S via boundary in-
tegral operators, we may use either the non-symmetric representation

1
S:v*1(§1+K), (3.49)
or the symmetric representation
1 1
S=D+(z1+K)V (zI+K), (3.50)

2 2

see, e.g., [62, 63, 64].

3.3 Discretization of variational inequalities

Boundary element approximations

Let
S}(D) = span{ ! 111, c H'/*(T)

be a boundary element space of, e.g., piecewise linear and continuous basis functions
(pl-l, which is defined with respect to a globally quasi-uniform and shape regular boundary
element mesh of mesh size H. For continuous functions z; and z», define the discrete
convex set

Uy = {wy € S}I(F): z1(x) <wg(x) <z2(x;) forall nodes x; € T'}.

Then the Galerkin discretization of the variational inequality (3.6), see also (3.29), is to
find zy € Uy such that

<TaZH,WH — ZH)F > <g,w1.1 _ZH>F for all wy € Uy. (3.51)

Theorem 3.1. Let z € U,y and zp € Uy be the unique solutions of the variational inequal-
ities (3.6) and (3.51), respectively. Then there hold the error estimates

1
1z =zt g2y < €H 2|2 sy (3.52)

and
lz—zullL,@) < cH' 2]l gs(r)s (3.53)

when assuming z,z1,z> € H*(T) for some s € [%,2], and Tyz — g € Loo(I) NH*~1(T).
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Proof. From the H'/2 (I)-ellipticity of Ty, we obtain for all wy € Uy, by using the varia-
tional inequality (3.51) and A := Tyz —g € H'/2(I),

ClTaHZ_ZHHél/z To(z—2zH),2—2H)T

<
= (Ta(z—zn),z—wh)r + (Tu(z—z0),WH — ZH)T
( a(z—zn),2—wH)r + (A, wy —zu)r + (8 — T2, WH — ZH)T

21z =zl sz |z = wai | g1y + (A wi — 2.

In particular for the piecewise linear interpolation wy = Igz we conclude, by using the
interpolation error estimate,

T 2 T
ci*lle=zullgiay < &z =zullmemllz = tuzll gz oy + (A luz = zu)r
_1
< cy%crH* 2|lz—zal oy 2l sy + (A az — za)r

Let
zim=1Ipz1 € Sy(D), 24 :=1Inza € S(T)

be the piecewise linear interpolations of the constraints z; and z,, respectively. Then, for
all wy € Uy we have

21,0 (X)) <wa(x;)) <z pm(x;) for all nodes x;,
and therefore, for the solution zz € Uy of (3.51),
z1H(X) <zp(x) <z p(x) forallxeTl.

Let
Ap={xel: z(x) =z1(x)}, Ar:={xeTl:z(x)=2(x)}

be the active sets. Due to A > 0 on A; and A < 0 on A, in the sense of H’l/z(l“), see
(3.12), we conclude

[0~ @)ds 0. [ AWz ()~ zu(x))ds: 0,
Al AZ
and therefore, by using A (x) =0onZ :=T"\ (A UA,),

(XInz—zm)r = / A () Irz(x) = zm (x)] dsy + / A () Irz(x) =z (x)] dsy
A1 AZ

< [ @) 21 dss+ [ A Iz(x) — 220 s
.A1 AZ



3.3 Discretization of variational inequalities 37

Since A (x) = 0 on Z, it remains to consider only those boundary elements 7, which include
both the active and the inactive set. By using some estimates for the piecewise linear
interpolation on 7y, we can conclude

(A Iz —zm)r < cl|Al| Loy H.
Hence,
T 2 T, s—1 :
et llz= a3y < 3 erH* 2 2= zull gz Izl sy + €I A | oy B

and the inequality (3.52) follows. The error estimate (3.53) follows from the Aubin-
Nitsche trick for variational inequalities, see [65]. O

Approximate variational inequality
The error estimates (3.52) and (3.53) seem to be optimal. However, the composed bound-
ary integral operator Ty, and the right hand side g as defined in (3.30), (3.31) do not allow

a direct boundary element discretization in general. Hence, instead of (3.51) we need to
consider a perturbed variational inequality to find 7y € Uy such that

(TaZr wh —Zu)r > (3, wi —Zu)r  for all wy € Uy, (3.54)
where T, and g are appropriate approximations of Ty and g, respectively. The follow-
ing theorem, see [51], presents an abstract consistency result, which will later be used to

analyse the boundary element approximations.

Theorem 3.2. Let 7z be the unique solution of the variational inequality (3.6) and To :
H'*(T) — H~'/2(T) be a bounded and S}, (T')-elliptic approximation of T, satisfying

(Tozm,zu)r > CIT“ HZHHIqu/z(F) for all zy7 € S(T)

and N
HTOCZHH*VZ(F) < C?‘HZHHl/z(r) forall z € Hl/z(r).

Let g € HY/2(') be some approximation of g. For the unique solution, Zy € Uy, of the
perturbed variational inequality (3.54) there holds the error estimate

lz=Zrll ey < etllz—zall gy +e2ll(Ta = To) 2l 12y + e3lle = &l g-12ry, (359

where zp € Uy is the unique solution of the discrete variational inequality (3.51).
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Proof The unique solvability of the discrete variational inequality (3.54) follows from the
S}, (T)-ellipticity of T,,. From this we further obtain

N

C?OCHZH _2H||§11/2(F) > <Ta(ZH —EH),ZH —ZH>F

VAN

(Tozi,za — )T+ (8 — 8,20 — 2000 + (Taza, 20 — 28)T

IN

(1T = Ta)zn -1y + g = Ellg-vaqr ) lew = Zalg ey

Therefore

et =Za ey < o ([ e P P e

"'ﬂ?

Moreover, by using the triangle inequality and the boundedness of 7y, and To we have
1(Te — Ta)ztll 1oy < 1(Ta—Ta)2ll vy + 1 (Ta = Ta) (2= 2a0) | 12
o T(X
< [(To - Ta)Z||H*1/2(r) + (02 +6 )HZ—ZHHHI/Z(F)-

The assertion now follows from the triangle inequality. 0

3.4 Non-symmetric boundary integral formulation

Based on the mapping properties of the standard Laplace and Bi-Laplace boundary integral
operators as given in the previous section, we are now able to state the mapping properties
of the boundary integral operator 7y, as defined in (3.30), see also the properties of Ty as
introduced in (3.8). Then we discuss the Galerkin discretization of (3.29). The stability
and error estimates are given with an additional condition on the mesh size.

Theorem 3.3. The composed boundary integral operator
1
To=0S+V 'K — V‘1V1V_1(§I+K) H'/2(T') — H~Y2(I)
is self-adjoint, bounded and H'/*(')-elliptic, i.e.,

(Taz,2)r = e1||2llfn gy forallz€ H(T).

Proof. The mapping properties of Ty, : H'/2(I") — H~'/2(T") follow from the boundedness
of all used boundary integral operators [31, 43, 64]. In addition, we also used the compact
embedding of H3/2(") in H'/2(I").
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For the self-adjointness of Ty, we consider for z,w € H'/? ()

1
(Taz,w)r = (0Sz,w)r + (V1K 1z, w)r — 5<v—1vlv—1z,w>r — (V- 'Viv Kz wir

1
= (z,aSw)r+ (2, K{V~'w)r — E<z,v—‘vlv—1w>r — (2, K'V'Vviviw)p

= (z,aSw)r — = (z, V" 'ViV Wi r + (z, [K[V L =K'V vy w)r.

1
2
By using (3.42) and (3.43) we have

kv l-gv-ilvivt = kv '-vikww-l=v-lvk —kwvv!
= vk -wviklv!'=vik -v-iykv!
= vk -viiviv k.

Hence we get

1
(Tuzwir = (zaSw)r=5(z, VIWivTiwir+ (o, VIR = v viv T K w) e
1
= (z]aS+ VK —v vyt (§I+K)]w>r = (7, Taw)r,

i.e., Ty is self-adjoint.

Moreover, for z € Hl/z(f‘), by using (3.42) and by Lemma 3.2, y = V"~ !z, we have

1
(Taz,)r = a(Sz,2r+ (V™ 'Kiz,2)r — <V71V1V71(§I+K)Z7 Jr
1
= a(Sz,2)r+ (K\VV g, vl — (V1(§I+K/)V_1z,V_lz)r

1
= a(Sz,zr+(Ki\Vy,y)r— <V1(§1+K/)‘l/, V)T

- a(Sz,Z>r+||V‘V||iz(Q)‘

The Steklov-Poincaré operator S defines a semi-norm in H'/2(I"). However, for z = 1 we
obtain

(Tal, Dr = VY7, = VIV DIIZ, ) > 0.
Therefore, the operator T, defines an equivalent norm in H'/2(I'), the H'/2(I")-ellipticity
of Ty, follows. O

In what follows we introduce computable boundary element approximations Ty and gof Ty
and g as defined in (3.30), (3.31), respectively. We use also an appropriate approximation
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of the non-symmetric representation (3.49) for § as well, see [62].
For an arbitrary but fixed z € H 1/ 2(T"), the application of T,z reads

1
Taz=aSz+V Kz V_1V1V_1(§I+K)z =aw, —q,
where ¢, 0, € H -1/ 2(T") are the unique solutions of the boundary integral equations
1
Vg,=Viw,— K1z, Vo,= (EI—FK)Z.

For a Galerkin approximation of the above boundary integral equations, let
SHT) = span{@}iL, < H-VA(T)

be another boundary element space of, e.g., piecewise constant basis functions gD,?, which
is defined with respect to a second globally quasi-uniform and shape regular boundary
element mesh of mesh size h. We define g, , € 52(1“) as the unique solution of the Galerkin
formulation

(Vqon On)r = (Vio, — K1z,6,)r for all 6, € SH(T), (3.56)

where @, , € SY(I') solves
1
(Var,p, O)r = <(§I+K)z, 6,)r forall 6, € S)(I"). (3.57)

Hence we can define an approximation Ty of the operator Ty by
Toz = QO ) — Joi- (3.58)

Lemma 3.3. The approximate operator Ty : H'/*(T') — H~'/2(T') as defined in (3.58) is
bounded, i.e.,

1Tetlly-120) < 2 2l for atl z € HYA(D),
and there holds the error estimate

%
~ c
Toz— Tz, <-Z inf — 0,
1 Te azlly 1/2(T) 0‘1/ thsg(r)n% Iy 1/2(T)
ey
+ CLVHCOZ - wz,h||Hf3/2(r) +alle, — wz,hHHfl/Z(r)- (3.59)
1

Proof. The boundedness of the operator Ty follows from the mapping properties of all
boundary integral operators involved. Indeed, by choosing a test function 6, = @ in
(3.57), we obtain, by H~'/2(I')-ellipticity of V and the boundedness of K,

1
Cxl/sz,thzqfl/Z(r) < (Vo o 5)r = <(§I+K)Z7 @, )T

<N+ KVl 2y 021y < K el @l



3.4 Non-symmetric boundary integral formulation

41

This implies
K

)
H-12(r) S C—VHZHHl/z(r)-
1

H Wz

Similarly, from (3.56) we have
B C‘zfl C§1
gz hll 172y < C—vHa’z,thrl/z(r) t 2l g2y < cllzllge -
1 1

Hence, by the triangle inequality we conclude from (3.58),

= T,
||TocZ||H—1/2(r) < CzaHZ”Hl/Z(r)-

Moreover, for an arbitrary chosen but fixed z € H 1/ 2(1“) we have, by definition,

1
Tz = 0w, —q, Qszil[Vlwz_KlZ]v wzzvil(il—i—K)Za

and therefore, by using (3.58),
Toz—Toz = 0(®; — ©.5) = (4 — Go).
Let us further define ¢, , € S%(F) as the unique solution of the variational problem
(Vgon, O)r = (Vio, —Kiz,6,)r  for all 6, € SY(T).
We then obtain the perturbed Galerkin orthogonality
(V(qeh —Gon), BT = (Vi(®, — @, 1),6,)r forall 6, € SH(T).

From this we conclude
Vi

~ 1 C,
19z = Gzllg-12r) < Vi@ = @)l gpraqry < i lloo: = @zl ).
1 1

The error estimate (3.59) now follows from the triangle inequality, and by applying Cea’s

lemma.

By using the approximation property of the trial space S2 (T") and the Aubin-Nitsche trick,

]

it results in a corollary when assuming some regularity of ¢, and @;,, respectively. For the

approximation properties of the trial space SY(I') (and S}, (I") hereinafter), see e.g., [64,

Section 10].

Corollary 3.2. Assume g, ®; € H},, () for some s € [0,1]. Then there holds the error

estimate B .
1Tz~ Tazll 12y < ch*2 (quHHs @)+ [l @ | s (r)) :

pw pw

(3.60)
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Analogously we may define a boundary element approximation of the right hand side g as
defined in (3.31)
g=V INu+V My —v-'viv=INyf.

In particular, g € H -1/ 2(T") is the unique solution of the variational problem
(Vg,0)r = (Noii+Mof,8)r — (Viwy,0)r forall € H'/*(I),
where @y = V=N f solves the variational problem
(Voy,0)r = (Nof,0)r forall @ € H'/2(I).

Hence we can define a boundary element approximation g, € Sg(F) as the unique solution
of the Galerkin variational problem

(V&n, Bh)r = (Noti + Mo f, Op)r — (Viwy s, 8p)r  for all 8, € SH(D), (3.61)

where @y, € S)(I') solves the variational problem
(Vg sy, 8)r = (Nof,0)r  forall 8, € SH(T). (3.62)
Lemma 3.4. Let gj, be the boundary element approximation as defined in (3.61) of the

right hand side g. Then there holds the error estimate

Vi

. C
inf ||g - GhHH*l/z(F) + Clv”wf — wf,hHH*3/2(F)' (3.63)

cy
& —8nllg-120r) < =
| o) ¢} 6,es(r) 1

Proof. Let gj € Sg(F) be the unique solution of the variational problem
(V& On)r = (Noti + Mo f, )1 — (Vi@oy, 6,)r  for all 6, € Sj(T).

By applying Cea’s lemma, we first obtain

\%4
oo
v inf ||g—9h||H71/2(r)~
1

g —&nllg-120) <
H (F) 9]1652(r)

Moreover, the perturbed Galerkin orthogonality

(V(gn—2n),0n)r = (Vi(@r ) — @p),0)r forall 8, € Sp(T)

follows. From this we further conclude
Vi

~ 1 Cy
18n = 8&nllgg-112(r) < C_VHVI((Of = O p)ll 2y < c—Vwa = Of pll 32 -
1 I

The assertion now follows from the triangle inequality. [
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By using the approximation property of the trial space S2 (T') and the Aubin-Nitsche trick,
from (3.63) we can conclude an error estimate when assuming some regularity of g and
oy, respectively.

Corollary 3.3. Assume g, 0y € H,, (') for some s € [0,1]. Then there holds the error
estimate

_ 1 3
18 = 8nll 112y < 1 e 18113, (r) + €2 nt o] z5,, () (3.64)

Approximate variational inequality

By using the approximations (3.58) and (3.61), the Galerkin boundary element approxi-
mation of the variational inequality (3.29) now reads to find 7y € Uy such that

(ToZH — &nWH — Z1)T = (000, ) — Gz 5 — &nywh —Zu)r > 0 forall wy € Uy, (3.65)

where g, := awz, , — Gz, — & € Sp(T') is the unique solution of the Galerkin formula-
tion

1 - - _
(Van, Oh)r = a<(§I+K)ZH> On)1 + (Ki1Znw — Vi3, 4, Op)r — (Noti + Mo f, O)r,  (3.66)
for all 6, € SY(I'), and oz, ; € SH(T') solves
1 -
(Vaz, 1, 0h)r = <<§I+K)ZH» O0n)r — (Nof,Op)r for all 6, € SH(T"). (3.67)

The Galerkin formulation (3.66) is equivalent to a linear system

1 ~ ~
Vig = OC(EMh+Kh)§+K1,h§—V1,hQ—[1, (3.68)

and (3.67) is equivalent to

1 ~
Vo = (EMh—l—Kh)g—]_Cz, (3.69)
where
_ 0 .0 o 1 0
Vall. k] = (Vor, o7)r, Kull,i) = (Ko, @7)r,
Vl7h[€ak] - <V1 (p1?7 (P?>F7 KlJ’l [67 l] = <K1 (Pi] ’ (P?>F7
Mh[& l] = <(pi17 (P?>r7
and

filll = (Noii +Mof, o)), o] = (Nof, Q)1
fork,/=1,..,.Nandi=1,...,.M.
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Since the Laplace single layer potential V is H ™ 1/2 (I)-elliptic and self-adjoint, the Galerkin
matrix Vj, is symmetric and positive definite and therefore invertible. Hence we can solve
@ and g from (3.69) and (3.68) to obtain

1,1 ~
o=V, I(EMh+Kh)§_Vh '/,

and

1 oy = e 1 o - -
g =V, (GMa+Kn)Z+Vy KiZ =V ViV Mt K)Z+V, ViV, =V

Therefore, the matrix representation of the variational inequality (3.65) is given by a dis-
crete variational inequality

(Mth,v_v—g) >0 forallweRM — wy €Uy,
or equivalent to
(Tanz—gw—2)>0 forallweRY s wy €Uy, (3.70)
where
~ 1,1 _ _ 1,1
Toyr := aM) V, 1(§Mh+Kh)+M,jvh YKin— M, vV, Vv, l(EMh +K,) (371

defines a non-symmetric Galerkin boundary element approximation of the self-adjoint
boundary integral operator 7y, as defined in (3.30). Moreover,

ge=MV, (L= ')
is the boundary element approximation of g as defined in (3.31).

Theorem 3.4 (see [52]). The approximate Schur complement faﬂ as defined in (3.71) is
positive definite, i.e.,

~ 1
(Tanz,2) > ECIT“ ||ZH||[2-11/2(F) forallz€ RM  z € Sy (T),
if h < coH is sufficiently small.

Proof. For an arbitrary chosen but fixed z € RM let z € S}, (T) be the associated boundary
element function. Then we have

(Tanzz) = (Tazwzu)r = (Tazi,zm)r — ((Te — To)zH, 20)T
T, 2 =
= ||ZH||H1/2(1~) —[(Te — Toc)ZHHH—l/Z(r) ||ZH||H1/2(F)~
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Since zy7 € S} () is a continuous function, we have zi € H'(T'). Hence we find, see [14]

1,1 _
0y =V G+ K)zn € [a(D), gz =V Vien, —Kizy) € La(D).

Therefore we can apply the error estimate (3.60) for s = 0 to obtain
~ 1 1
1 Tazr — Tazn ||l g-120y < €h? (12 | L) + 100 L)) < c1h2 |zl g -
Now, by applying the inverse inequality for S}, (T),

_1
el ) < ezl oy

we obtain 1

- h\?
|(To — Toc)ZHHH*I/Z(r) < cier (ﬁ) HZH||H1/2(F)‘
Hence we get

1

_ N
(Tonz,2) > [c{“ —cier (_)

1
2 T; 2
H ] HZHHHI/Z(F) Z Ecla“ZH“Hlﬂ(r):

if

is satisfied. [

The above Theorem 3.4 ensures the unique solvability of the discrete variational inequality
(3.70) as well as of the perturbed variational inequality (3.65). Moreover, we can apply
Theorem 3.2 to derive an error estimate for the approximate solution z of the perturbed
variational inequality (3.65), as follows.

When combining the error estimate (3.55) with the error estimates (3.52), (3.60) and (3.64),
we obtain the error estimate

_ 1 1
HZ_ZH”Hl/z(F) <c HH2HZHHm(l")Jrczhs+2 (HQZHH;W(F) + Ha’zHng(r))

1 3
+c3h*2 1813, () + ¢4 Rz O || 3., ()

when assuming z € H*"!(T') and ¢, 0,,g, @ € Hy,,(T) for some s € [0, 1]. For h < coH
sufficiently small, we finally obtain the error in the energy norm

~ _ 1
Iz =2l oy < ez, f)H T2 (3.72)
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Moreover, by applying the Aubin-Nitsche trick [64] we are also able to derive an error
estimate in L, (), i.e.,
|z ZnllLyr) < ez, ) H. (3.73)

In the case of a non-constrained minimization problem, instead of the discrete variational
inequality (3.70) we have to solve the linear system

TOC,HZ = g;
which can be written as
Vin Vi Ky w fi=Viavy ' f,
v, —(%Mh +Kp) q|= 0 ) (3.74)
aM, —M, Z 0

Remark 3.2. For the approximation @y of the flux @ of the primal Dirichlet boundary
value problem, the same order of an error estimate in H='/ 2(T')-norm can be obtained as
in (3.72), see [64], i.e.,

1
”w_wh||H—1/2(F) SC(Z,(D,ﬁ,f)HH_f. (3.75)
By applying standard arguments, we get also an error estimate in Ly (T),
Hw_whHLz(F) < C(Z,(!),ﬁ,f)Hs. (3.76)

Remark 3.3. The error estimates (3.72) and (3.73) provide optimal convergence rates
when approximating the control 7 by using piecewise linear basis functions. However,
we have to assume h < coH to ensure the unique solvability of the perturbed variational
inequality (3.65), where the constant cy is in general unknown. Moreover, the matrix Ty y
as given in (3.71) defines a non-symmetric approximation of the self-adjoint operator Ty
Hence we are interested in deriving a symmetric boundary element method which is stable
without any additional constraints in the choice of the boundary element trial spaces.

3.5 Symmetric boundary integral formulation

As in the previous section, to determine the unknown Neumann datum ¢ € H~'/2(T") of the
adjoint Dirichlet boundary value problem (3.9), we used the first boundary integral equa-
tion (3.25). In what follows, we will use in addition a second boundary integral equation,
the so-called hypersingular boundary integral equation for the adjoint problem to obtain
an alternative representation for g. In particular, when computing the normal derivative of
the representation formula (3.24), this gives

q(x) = (%I—I—K’)q(x) — (D1z2)(x) — (K{®)(x) — (N7) (x) — (M f)(x) forxeT, (3.77)
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where we introduce the Newton potentials for x € I

M@ = lim_ n.Vs [V @) dy
Qox—xell Q

and
(M) = lim 0 Ve [V E)f0)dy
Qox—xel’
Q
Furthermore, by using (3.19), (3.28) we obtain

1 1 1 1
g= (§1+K’)v*1v1v*1(§1+1<)z — (§1+K’)v*lKlz—K{v*l(EHK)z —Diz

1 1
+ (§I+K’)V_1Noﬁ—N1ﬁ+ (§I+K’)V_1 [My— ViV~ INolf + KV INof — M, f.
(3.78)

Therefore, instead of (3.10), we have to solve the variational inequality
(Taz—g,w—2)r 20, (3.79)

where we obtain an alternative representations of 7y as defined in (3.30),

1 1 1 1
Ty = oS+ Dy +K{V‘1(§I+K) + (§1+K’)V‘1K1 — (§1+K’)V—1V1V—1(51+K)
(3.80)
and of g as defined in (3.31),

1 1
g= (51+K’)v*1Noﬁ—N1ﬁ+ (§I+K’)V’1[Mo —ViIVINo]f + K[V INgf — M, .
(3.81)

Theorem 3.5. The composed boundary integral operator Ty as defined in (3.80) is self-
adjoint, bounded, i.e., Ty : H'/2(I') — H~Y/2("), and H'/*(T)-elliptic, i.e.,

(Taz,2)r > clT“||z||12LIl/2(r) forall z € H'/Z(F).
Proof. While the self-adjointness of Ty in the symmetric representation (3.80) is obvious,

the boundedness and ellipticity estimates follow as in the proof of Theorem 3.3. In par-
ticular, the operators T, in the symmetric representation (3.80) and in the non-symmetric
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representation (3.30) coincide. Indeed, by using (3.42) and (3.43) we obtain
/y;—1 1 1 / -1 1 / —1 —1 1
1 1 1
= aS+D;+ [K{ - (§I+K')V_1V1} V‘1(§I+K) + (§I+K’)V_1K1

— -1 ‘a _l _11 l Nyr—1
= aS+D+V VK] —KVi — Vi |V Y ZI+K)+ (1 +K)V K

2 2 2
_ -1 _ /_l —]l l / -1
= aS+Di+V KW =ViK' = SV [V (ST K) + (14 KWV K

1 1 1 1
= aS+D1+V‘1K1(§I+K)—V_1V1(§I+K’)V_1(§I+K)+(§I+K’)V_1K1.

Due to the representation of the Laplace Steklov-Poincaré operator, see, e.g., [64],

1 1 1
S= V_I(EIJrK) :D+(§I+K’)V_1(§I+K),

we have by using (3.42) and (3.45),
| -1 —1,l il
Ty = aS+D+V K1(§I+K)—V Vi|V (§I+K)—D +V (§I+K)K1

_ -1 I vtk 1
= aS+V7 VDI VID+Ki (51 +K) =iV (GT+K) + (51 +K)K)

1
= as+Vv! [Kl —V1V_1(§I+K)} :
and we finally obtain the non-symmetric representation (3.30). [
Again we conclude the unique solvability of the variational inequality (3.79). By com-

paring the representation of the right hand side g as in (3.31) with (3.81), it results in the
following corollary.

Corollary 3.4. For any u, f € L,(Q) there hold the equalities
Nyt = (—%I+K’)V1Noﬁ (3.82)
and
M\ f = (—%I+K’)V1Mof— (—%I+K’)V1V1V1N0f+K{V1N0f. (3.83)

Remark 3.4. To obtain a symmetric discretization of the operator Ty, in what follows, we
shall use the symmetric representation of the Steklov-Poincaré S as given in (3.50).
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Galerkin boundary element formulation

For the Galerkin discretization of the variational inequality (3.79) we now define appro-
priate approximations of the symmetric representation 7, and of the right hand side g
in (3.81) as well, see [52]. First, let us recall the boundary element spaces of piecewise
constant and piecewise linear basis functions

SH(T) = span{@{};_; CH'*(T), Sy(T) = span{o!}1; C H'*(T),

which are defined with respect to some admissible boundary element meshes of mesh size
h and H, respectively. For the symmetric representations of Ty, S and for z € H 1/ 2(I), the
application of Ty z reads

1 / !/ 1 !/
Toz=aDz+ a(§I+K Jo.+Diz+ K 0, — (§I+K )q2,
where g.,w. € H~V/ 2(T") are the unique solutions of the boundary integral equations

1
Vg, =Viw,— Kz, Vo,= (§I+K)z.

As for the non-symmetric representation of 7, we can define approximate Galerkin solu-
tions @, 5, ¢ € Sp(I') and then we can define the approximation

Tuz:= oDz + oc(§1+1<’)wz,h +Diz+K 0, — (§I+K’)qzvh. (3.84)

Lemma 3.5. The approximate operator Ty, : H/2() — H~Y2(T") as defined in (3.84) is
bounded, i.e.,

1 oclly 12y < Xzl for all z € HYA(D),

and there holds the error estimate

||TocZ - TaZ“HfI/Z(r) <c Gheil.;‘lgf(f‘) ||Qz - 9h||Hfl/2(r) +C2||wz - wz,hHHfl/Z(r)- (3.85)

Proof. The proof follows as for the boundary element approximation of the non-symmetric
formulation, see Lemma 3.3. L]

By using the approximation property of the trial space SZ(F) and the Aubin-Nitsche trick,
we conclude an error estimate from (3.85) when assuming some regularity of ¢, and @,.

Corollary 3.5. Assume q;,®; € H}, (') for some s € [0,1]. Then there holds the error
estimate

= 1
1 Toz — Tazll y-1/2(ry < ch*™2 (H%HHS )+ 1ozl (r))- (3.86)

pw pw
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Similarly, we can rewrite g which was defined in (3.81), as
/ 1 / _
g=Kjor+ (§I+K )qu. s — N1 — M, f,

where g5 r € H —1/2 (T') is the unique solution of the boundary integral equation
(Var)(x) = (Nou) (x) + (Mo f) (x) — (Viey)(x)  forx €T,
and oy € H~'/2(T") solves
(Vor)(x) = (Nof)(x) forxeTl.

We then can define approximate Galerkin solutions gy, @y, € 52(1"), and therefore, we can
introduce the approximation

N 1 ~ _
g=Kiopu+ (51 +K)gy— N~ M f. (3.87)
As in (3.64) we obtain the error estimate

~ 1 3
g = &ll 112y < 1h* 2 gz s, ) + 212 || @0f ], ) (3.88)
when assuming gz r, @y € H),,(I') for some s € [0, 1].
Approximate variational inequality

By using the approximations (3.84) and (3.87) we now have to solve the approximate
variational inequality to find Z € U,; such that

(ToZ—8w—2)r >0 forall w e Uy, (3.89)
which corresponds to a discrete version
(Tanz—gw—2)>0 forallwe RM s wy € Uy. (3.90)

Here,

N 1 _ 1.1
Ton = 0Sy +D1,H—(§MhT KNV, VY, 1(§Mh+Kh)

1 1
+KY, (GMu+Kn) + (M + KV K 391

and
1 1
Su :DH+(§M,1T +KhT)v,;1(§Mh +Kp) (3.92)
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are the symmetric Galerkin boundary element approximations of the self-adjoint operators
Ty and S, respectively. Moreover,

. _ 1 _ _
g=K WV, ' f,+ (5 KOV =V ) - (3.93)

is the related boundary element approximation of g as defined in (3.81). Note that, in
addition to those entries of the linear system (3.74) we use

DH[i,j]:<D(P}a§0il>F» D17H[j7i]:<Dl(pilv(P}>F7 f3[‘]]:<N1ﬁ+M1f,QDJ1>r‘7
fori,j=1,...M.

The computation of the Galerkin matrix D g of the Bi-Laplace hypersingular boundary
integral operator Dy can be reduced to the computation of the Galerkin matrices of the
Bi-Laplace and Laplace singular layer potentials V; and V. In particular, we can derive the
following lemma in the two dimensional case.

Lemma 3.6. Ler d; denote the derivative with respect to the arc length on T'. Let n denote
the exterior normal vector. Then

(V(zni),wni)r  forallz,we H2().  (3.94)

Do

(Diz,w)r = —(V1(0:z2), drw)r +
1

~.

Proof. We adopt the proof from the paper by Costabel [15, Theorem 6.1].

Let x,y € I', x #y. Let ny, n, and 7, 7, denote the normal and tangent vectors at x and
y, respectively. Here T can be obtained from n by a counterclockwise rotation by a right
angle. For any 2 x 2 matrix M with trace tr(M) we have

n, Mny, + TyTM‘L'x = tr(M)(nyny).
Taking for M the second derivatives of the Bi-Laplacian fundamental solution V*(x,y),

9° 9°
Vi) s V*(x,
e Bxégyl (x,y) 70,9 (x,y)

T V*(x,y) T V*(x,y)
we obtain
On, O, V" (x,y) = —07,0t, V" (x,y) + tr(M) (nyny)
= —8TX8TyV*(x,y) —U*(x,y)(neny).

We now multiply (3.95) by w(x)z(y), integrate over I x I" and observe that on I we may
use integration by parts for dr,

(3.95)

(z,0ew)r = —(dez,w)r  for all z,w € H'/*(I),

and then the assertion follows. O]
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Remark 3.5. To implement the right hand side [ , We may approximate the Newton po-
tentials Nyu and M\ f by using the representation formulae (3.82), (3.83) as we did for the
right hand side g in the non-symmetric formulation. In particular, we can define

S _ 1 gy o -
Fy= =My +KOV [ = (=M + KDV ViV £+ KOV,

ie.,

Lemma 3.7. The symmetric matrix
. N .1 1 _
Tr = Toan — S — D1y = K|,V ! (5Mn+Ky) + (EM,’,r +K, )V, 'K
1 _ .1
—(EMJ +K, )V, Vi, l(EMh + Kn)

is positive semi-definite, i.e.,

(Thz,z) >0 forallzeRY.
Proof. We consider the generalized eigenvalue problem
o N 1T Tyv—1/1
Tyz =2 |Su+ <§Mh +K, )V, <§Mh +Kn) | 2, (3.96)
where the stabilized discrete Steklov-Poincaré operator

~ 1 1
Sy=Dy+aa' + (EMhT +KJ)V,;1(§M,1 +Kp)

is symmetric and positive definite. Note that the vector a is given by
ali] :/(pil(x)dsx fori=1,...,M.
r

Since the eigenvalue problem (3.96) can be written as

B Vi, K v iim, + K
(] + KDV ) (Krl’h M) ( p Mt h))z
1,h

_ V) Vi '\ GMy+ K,
:l((%MJJFKJ)Vhl I)<h §H>(h (2 Ih h))g

it is sufficient to consider the generalized eigenvalue problem

—Vin Kin) (0) _, (Va8
(et ) (2) =2 (5he): a9
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where {
o=V, ! (EMh + Kj)z.

From (3.97) we conclude
(Kl,h§7Q) - (VLhQ,Q) = Ar(VhQ,Q),
(KIhQ7 §) = A (SH; Z)?

and by taking the difference we obtain
(V1.,0,6) =2 [(§H§7§) - (VhQ,Q)} =2 ((DH +QQT)§»§> -

Since the Galerkin matrix V; ; is positive semi-definite, it follows that A >0, which implies
the assertion. n

As a corollary of Lemma 3.7, we find the positive definiteness of the symmetric Schur
complement matrix Ty g as defined in (3.91).

Corollary 3.6. The Schur complement matrix fa, u as defined in (3.91) is positive definite,
ie.,

(Tanz.2) = @(Snz.2) + (D1,nz.2) = (@D +Dy)zm, zm)r = cllza iy

forall z € RM « 7y € S}(T), since oD + Dy implies an equivalent norm in H'/?(T).

Remark 3.6. The symmetric Schur complement matrix faﬂ is positive definite for any
choice of conformal boundary element spaces S&(T') C H'/*(T') and SYUI) C H'/2(D).
In particular we may use the same boundary element mesh with mesh size h = H. From
a theoretical point of view, this is not possible in general when using the non-symmetric
approximation Taﬂ.

Hence we can ensure the unique solvability of the discrete variational inequality (3.90).
As in (3.55), when combining the approximation property of the ansatz space S}i (') with
the error estimates (3.86) and (3.88), we can derive an error estimate for the approximate
solution Zy of the variational inequality (3.89), see also [52].

Theorem 3.6. Let z and Zy be the unique solutions of the variational inequalities (3.79)
and (3.90), respectively. Then there holds the error estimate

. 1 1
Iz =Zxl oy < ctH* "2 |2l gosr () + 02k 2 (HCIzHH;,W(r) + ||wz||H;,W(F)>

1 3
+c3h* 2| ga gl a0y + calt® 2| @pl| s, ) (3.98)
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when assuming z € H*™\(T) and q;, &, qz , Of € Hy,,(T) for some s € [0, 1. In particular,
for h = H we have the error estimate

~ _ 1
Iz =Za |2y < ez, f)H* P2
Moreover, we are also able to derive the error estimate in L,(I'), i.e.,
2=y < e(zm, f)H, (3.99)

when applying the Aubin-Nitsche trick.

In the case of a non-constrained minimization problem, instead of the discrete variational
inequality (3.90) we have to solve the linear system

?OCJ'I/Z_\:ga
which can be written as
—Vin Vi Ky ® f
Vi ~GMy+Kn) | [ | = |-/, ] (3.100)
K[, —GM]+K]) oSy+Din Z —f5

Moreover, by using w = Oth_1 (%Mh + K3,)Z as given in (3.74), we obtain the linear sys-
tem

—Vin Vi Kip [0) f

i ~(3My + Ki) 41=| 22| Gaon

K, —GM, +K]) aDu+Dig (M +K) || 2| |-
(5My+Kp) &V w 0

3.6 Semi-smooth Newton methods

In this section, we study semi-smooth Newton methods to solve the discrete variational
inequalities (3.70), (3.90). For the ease of presentation we consider the symmetric formu-
lation only, i.e., we have to seek z € RM s 7y € Uy such that

(Topnzw—2z) > (@w—z) forallw e RY « wy €Uy, (3.102)

where we use the Galerkin boundary element approximations of the operator 7y and the
right hand side g as in (3.91), (3.93). For more details on semi-smooth Newton methods,
see, e.g., [24, 32, 33, 35, 61].
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Semi-smooth Newton methods and regularization

By setting A := T\a’Hg — g we arrive at

(3.103)

(Twzr, wr)r — (A, wr)r = (§,wr)r forall wy € SH(TD),
(Agg,wy —zg)r >0 forall wy € Uy.

Semi-smooth Newton algorithm with regularization

(i). Choose A, 6 >0, z% and set k = 0.
(ii). Set
A ={ieN:1<i<M, (A+0(z—2u))x) <0},

A ={ieN:1<i<M, (A+0(z;—2))(x) >0}

(iii). Ifk>1, A, , = A} and A7 | = A7 stop, else

(iv). Solve for 25! € S}, (I):
<faZ§I+IaWH>F+ <(I+ G(Z]qu _22))%,4%+17WH>F
(A +o(g =)y, war = (& wm)r (3.104)

for all wy € S}, (T). Set k := k+ 1 and go to Step (ii).
Note that in step (iv) we obtain the associated linear system of (3.104)
Tond™' +o(My+ My =g+ £, (3.105)
where
Mylj.il = (9ixa - 0))r: Maljil=(@xe ,opr forij=1.M,
and

fO[]] = <(GZ1 _I>%A}(+]7(pjl>r+ <(O-Z2 _I)X_A%_Ha(p}h—‘ fij: 17"'7M'

Remark 3.7. The mass matrices M}i and M,zi are symmetric and positive semi-definite.
Hence the conjugate gradient method can be applied to solve the linear system (3.105).
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3.7 Numerical experiments

We present in this section some numerical results for the Dirichlet boundary control prob-
lems in two-dimension d = 2. We test some numerical examples as given in the papers
[11, 19, 42]. For the boundary element discretization we introduce a uniform triangula-
tion of the boundary I' = dQ on several levels L by 2/42 nodes. The boundary element
discretization is done by using the trial space SQ(F) of piecewise constant basis functions
and S},(T) of piecewise linear and continuous functions. We use the same boundary el-
ement mesh in the symmetric formulation to approximate the control z by a piecewise
linear approximation, and piecewise constant approximations for the fluxes @ and ¢g. In
the case of the non-symmetric formulation, we consider one additional level of refinement
to define the trial space S9(I), i.e., h/H = 1/2. Note that in this case we can not ensure
the S}i(F)—ellipticity of the non-symmetric boundary element approximation. However,
the numerical examples show stability. It is not stable if we use the same mesh as in the
symmetric formulation.

Since the analytic solutions are unknown in these examples, we use the approximate solu-
tions on the finest level (L = 9) as reference solutions. For the following examples, we use
the norm as defined in (2.7) to compute the errors in H'/ 2(T') norm.

Numerical example 1
In our first numerical example we consider the Dirichlet boundary control problem (3.1)
for circle Q = By 4(0) with regular data as given in [19]. We set @ = 1,

125
u(r,p) = ?;ﬁ max(O,cos3 0),

2
u(r,¢) = §(3Sr2cos2¢+3or2—12r)cos¢+u(r,¢) and

f(ro) = —?)?Tsrmax(o,cosq)).

For a L,(I")-control, i.e., instead of the Steklov-Poincaré operator S we choose an identity
operator in (3.1), it is easy to check that z(0.4,¢) = u|r = max(0,cos’ ¢) is the solution
of the minimization problem where [z1,22] = [0, 1] and the associated adjoint variable is
given by p(r,¢) = %r3(5r —2)cos® ¢.

We present the errors in the Ly(I") norm of the boundary element approximations for the
non-constrained minimization problem and the estimated order of convergence (eoc) of
the non-symmetric formulation and of the symmmetric formulation in Table 3.1.

In this example, the data are smooth. Hence we can expect an optimal order of conver-
gence, i.e., second order convergence for the control z, and linear convergence for the flux
, see the error estimates (3.73), (3.76) for the non-symmetric boundary element approx-
imation and the error estimate (3.99) for the symmetric boundary element approximation

(s=1).



3.7 Numerical experiments 57

Non-symmetric BEM (3.74) Symmetric BEM (3.100)
Lo {lzh, =2 lliomy | @, = Oy lliyy | N1Zh = 2o lpry | (1 ©n, = Onoll, o)
error eoc error eoc error eoc error eoc
3.0938e-3 - 4.2361e-1 - 3.4359¢-3 - 3.9355e-1 -
7.1975e-4 | 2.104 | 2.0095e-1 | 1.076 | 8.1293e-4 | 2.079 | 1.9543e-1 | 1.009
1.7553e-4 | 2.036 | 9.8235¢e-2 | 1.032 | 2.0464e-4 | 1.990 | 9.7464e-2 | 1.004
4.3428e-5 | 2.015 | 4.8796e-2 | 1.009 | 5.4279¢-5 | 1.915 | 4.8632e-2 | 1.003
1.0834e-5 | 2.003 | 2.4324e-2 | 1.004 | 1.5316e-5 | 1.825 | 2.4169e-2 | 1.009
2.7031e-6 | 2.003 | 1.2085e-2 | 1.009 | 4.1463e-6 | 1.889 | 1.1793e-2 | 1.035
6.5553e-7 | 2.044 | 5.8965e-3 | 1.035 | 1.1821e-6 | 1.810 | 5.2738e-3 | 1.161
expected 2.000 1.000 2.000 1.000

0NN Nk

Table 3.1: Comparison of non-symmetric and symmetric BEM.

For the box-constrained minimization problem we use semi-smooth Newton method with
regularization to solve the variational inequality. We present here the symmetric formula-
tion only. The obtained results are given in Table 3.2 where [z1,z2] = [0, 1]. The data in the
semi-smooth Newton algorithm are chosen as

2=0, o=10* Z=0. (3.106)

With these data, the algorithm stops after less than 20 steps, see the last column in Table
3.2. Note that at level L = 9 to compute the reference solutions, we need k = 17 itera-
tions.

Lo | lzh, = o lleyry | €0C | 12k, —Zhg oy | €0OC | ll@n, — @ngllyry | €OC | #it(k)
2 8.4004¢e-3 - 6.6399¢-2 - 0.3970350 - 10
3 1.5959¢-3 2.396 2.0421e-2 1.701 0.1960640 1.018 12
4 3.4967e-4 | 2.190 7.7228e-3 1.403 0.0982184 0.997 13
5 8.0322e-5 2.122 2.8896e-3 1.418 0.0496215 0.985 16
6 1.6539¢-5 | 2.279 7.9336e-4 1.865 0.0248726 0.996 14
7 4.9567e-6 1.738 3.2703e-4 1.279 0.0122548 1.021 15
8 1.9666¢-6 1.334 1.4044e-4 1.219 0.0054306 1.174 15
expected 2.000 1.500 1.000

Table 3.2: The results of semi-smooth Newton algorithm of the symmetric formulation.

Note that the parameter ¢ plays the role of a penalty parameter and it should be chosen
large enough. As stated in [35], for some choice of o, the semi-smooth Newton method
may lead to cycling of the iterates unless the initialization is already close to the solution.
For o = 1, the method converges for all initializations.
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Figure 3.1 shows the optimal solutions of the unconstrained (left) and of the constrained
(right) problems. In Figure 3.2 we also plot the optimal states of the Dirichlet boundary
control problem when using the hypersingular boundary integral operator D to realize an
equivalent norm in H'/2(I") and when using L, (I) setting where [z1,2z5] = [0,1], see [19].
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Figure 3.1: Comparison of the unconstrained (left) and of the constrained (right) optimal
solutions.
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Figure 3.2: Optimal solution u;, when using the operator D and using L, setting.



3.7 Numerical experiments 59

Numerical example 2
We now consider the example as in [11], see also [52] with less regularity on the data for
the domain Q = (0, 1) C R2. The data are chosen as

1

a(x)=(x3+x3)73, f(x)=0, a=1.

d
For these data, we have u € H*(Q) for s < % which implies p € H*>**(Q), and 3,7 €
n

H'/**$(I"). Hence, for the non-constrained problem we have z € H3/275(T"). The obtained
results without control constraints are given in Table 3.3 and Table 3.4 which are in rea-
sonable agreement with the theoretical results. For comparison, we also give the error of
the related finite element solution, see [51]. From the numerical results we conclude that
all three different approaches behave almost similar.

L Non-symmetric BEM Symmetric BEM FEM
12, = Zhollzary | €0 | [[Zhy —Zhollrory | €0C | (12 —2hollrory | €0OC
2 5.9100e-4 - 7.6323e-3 - 1.23e-3 -
3 1.6410e-4 1.848 1.8559¢-3 2.040 3.47e-4 1.83
4 4.9258e-5 1.736 4.3695e-4 2.086 9.48e-5 1.87
5 1.4683e-5 1.746 1.0229¢-4 2.095 2.57e-5 1.88
6 4.2760e-6 1.780 2.4016e-5 2.091 6.96e-6 1.88
7 1.2134e-6 1.817 5.4261e-6 2.146 1.87e-6 1.89
8 3.3324e-7 1.864 9.7897e-7 2471 4.54e-7 2.04
Table 3.3: Comparison of BEM/FEM errors of the Dirichlet control.
Non-symmetric BEM Symmetric BEM
L | 1z, = Znllmnary | lon, — Onyollnymy | 120 = Zho oy |l @n, — @iy
error eoc error eoc error eoc error eoc
1.0219e-2 5.3718e-2 3.1105e-2 3.0001e-2

4.0384e-3 | 1.339 | 2.4044e-2 | 1.159 | 1.0776e-2 | 1.529 | 1.8082e-2 | 0.730
1.6773e-3 | 1.268 | 1.2363e-2 | 0.959 | 4.1282e-3 | 1.384 | 1.1066e-2 | 0.708
7.0266e-4 | 1.255 | 7.4291e-3 | 0.735 | 1.6163e-3 | 1.353 | 7.1354e-3 | 0.633
29118e-4 | 1.271 | 4.7058e-3 | 0.659 | 6.3445e-4 | 1.349 | 4.5821e-3 | 0.639
1.1788e-4 | 1.305 | 2.9591e-3 | 0.669 | 2.4108e-4 | 1.396 | 2.8209e-3 | 0.699
4.5061e-5 | 1.387 | 1.7928e-3 | 0.723 | 8.1265e-5 | 1.569 | 1.4952¢-3 | 0.916

e < BN Bo) NNV, I NS I )

Table 3.4: Comparison of non-symmetric and symmetric BEM.
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In Table 3.5 we also present numerical results for the constraint z < 2.23. Then, in Figure
3.3 we give a comparison of the unconstrained and constrained solutions.

Zh, = Zho oy | €0C | 120, —Zhollgoqry | €0C | ll@n, — ongllryry | €0 | #it(k)
1.0951e-2 4.0474e-2 5.1150e-2 5

2.5157e-3 | 2.122 1.3748e-2 1.558 3.2851e-2 0.639 8
3.4465e-4 | 2.868 3.4424e-3 1.998 2.2249e-2 0.562 | 11
1.4260e-4 | 1.273 1.6853e-3 1.031 1.0105e-2 1.138 | 11
3.0029e-5 | 2.247 5.0309¢-4 1.744 5.8395e-3 0.791 13
6.3171e-6 | 2.249 1.5802e-4 1.671 2.5087e-3 1.219 | 14
1.1518e-6 | 2.455 7.4408e-5 1.087 1.2581e-3 0.996 | 12

[ IR e NV N NGV S o

Table 3.5: The results of semi-smooth Newton algorithm of the symmetric formulation.

Cellsu

Figure 3.3: Comparison of unconstrained (left) and constrained (right) optimal solutions.

Instead of the Steklov-Poincaré operator S, one may use the so-called hypersingular bound-
ary integral operator D to realize an equivalent norm in H 1/2 (T) as in [52]. The use of the
hypersingular boundary integral operator D does not require an inversion as in (3.49),
(3.50). However, it may result in a lower regularity of the control z, and therefore in a
lower order of convergence. For comparison we present in Table 3.6 the numerical results
for both cases and the case when considering the control in L, (I") with the same parameter
o = 1. Note, in the L,(I") control, the optimality condition reads

dp

-5, =0, (3.107)

Z:Puga (04
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where F; denotes the pointwise projection onto (/. This approach also results in a lower
regularity of the control z. In particular, for the data in example 2, we have z € H 2/ 3(I)
only, see [11, 42]. Note that we can prove z € H>/ 2(T") when considering the control
in H'/2(T"), see Proposition 3.1. Moreover, from the optimality conditions (3.107), we
conclude that z is zero in all corner points due to the zero Dirichlet boundary condition of
the adjoint state p. This behaviour is independent of the target function %. For illustration,
we plot in Figure 3.4 the states u for the H 1/2 (T) setting when using the operator D and
for the L, (") setting (without control constraint).

Using the operator S Using the operator D L, setting, see [42]
1Zh, = Zhollo) | €0¢ | NZh, = Zhollir) | €0c | llzn, — 2l | €0c
7.6323e-3 7.7726e-3 4.2246e-2

1.8559¢-3 2.040 1.9498e-3 1.995 2.1492e-2 0.975
4.3695¢e-4 2.086 4.8349¢e-4 2.012 1.1664¢e-2 0.882
1.0229e-4 2.095 1.2745e-4 1.923 6.4101e-3 0.864
2.4016e-5 2.091 3.8231e-5 1.737 3.5152e-3 0.867
5.4261e-6 2.146 1.3206e-5 1.533 1.8655¢-3 0.914
9.7897e-7 2471 4.6051e-6 1.520 8.9452¢-4 1.060

P I - Y I TR Y

Table 3.6: BEM for Dirichlet boundary control problems in H'/?(T") and L (T).
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Figure 3.4: The states u for the H 1/ 2(T') setting when using the opeartor D (left) and for
the L, (T") setting (right).

To see the behaviour of the states u at the origin of cooridinates for smaller o, we plot
in Figure 3.5 the states u of the boundary control problem (3.1)-(3.2) for o = 1072 and
a=10"*
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Figure 3.5: The states u for the H'/ 2(I) setting with a@ = 1072 (left) and o = 10~ (right).

The state u shows a good behaviour at the origin, whereas we obtain the zero control at
all corner points when considering the control in L,(I'). More precise, we present the
states u for the H'/2(I') setting and for the L,(I') setting in Figure 3.6. Note that for
this example we use different values of o to ensure comparable values for the tracking
functional |[u —l|1,(q). The related controls for x; € (0,0.5),x2 = 0 are given in Figure
3.7. Moreover, the behaviour of the controls near the origin is also shown in Figure 3.8.

z z
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Figure 3.6: The states u for the H'/2(I") setting with o = 1.18 x 103 (left) and for the
Ly(T) setting with a@ = 1072 (right).
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12 12
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Figure 3.7: Comparison of the H'/2(I) setting (left) and of L,(I") setting (right) optimal
controls, x, = 0.
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Figure 3.8: The behaviour of the optimal controls near the origin.
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4 MIXED BOUNDARY CONTROL PROBLEMS

In this chapter we study a mixed boundary control problem where the control is considered
in the space H 1/ 2(I'p), I'p C . One possible approach to solve mixed boundary value
problems is to use the Dirichlet to Neumann map, so-called the Steklov-Poincaré operator,
see [58, 62]. Then we can formulate and analyse a system of boundary integral equations
for the mixed boundary control problem which is based on the idea of integration by parts
as given in Chapter 3. We derive stability and error estimates of the Galerkin discretization.
Some numerical examples are presented which correspond to the theoretical results.

This chapter is organized as follows. We state the model problem in Section 4.1. We
also present the well-known KKT system. In Section 4.2, boundary integral equations are
considered which are based on the ideas as given in Chapter 3. We formulate a system of
boundary integral equations for the coupled optimality system. The Galerkin variational
formulation is presented in Section 4.3. We discuss a related stability and error analysis.
For illustration, we give some numerical results in Section 4.4.

4.1 Statement of the problem

Let Q C R? (d = 2,3) be a bounded Lipschitz domain. The boundary I' = dQ is parti-
tioned into two nonintersecting parts ' = Tp ULy, Tp Ny = 0. As a model problem, we
consider the mixed boundary control problem to minimize

J(u,z):%/[u(x)—ﬁ(x)]zdx-l-%(Sz,Z)rD for (u,z) € H'(Q) x H'/2(Tp) (4.1
Q

subject to

—Au(x) = f(x) forxeQ, u(x)=z(x) forxelp, %u(x) =y(x) forxely

4.2)
and to pointwise control constraints

2€Uyq = {we H'*(Tp): z1(x) <w(x) < z2(x) forx e [p}. 4.3)

Here 7 € L»(Q) is a given target; f € L,(Q),y € H-'/2(T'y), 21,22 € H'/2(I'p) are given,
a € R, is a fixed parameter. We describe the cost by using a H 1/2(I'p) semi-elliptic
operator S : H'/2('p) — H~'/2(T'p) which is specified later.

65
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To reduce the cost functional J(u,z) we introduce a linear solution operator describing the
application of the constraint (4.2). Let u, € H 1(Q) be a particular weak solution of the
mixed boundary value problem

d

—Auy(x) = f(x) forxeQ, u,(x)=0 forxeTIp, a—up(x) =y(x) forxely.
Ny

Let u, € H'(Q) be a weak solution of the homogeneous mixed boundary value problem

—Auy(x) =0 forxeQ, u(x)=z(x) forxelp, u;(x)=0 forxely. (44)

0
ony
The solution of the mixed boundary value problem (4.2) is then given by u = u; + u,.
Moreover, by using Green’s first formula, we have, for z,w € H 1/2 (T'p),

/Vuz YVu,,(x dx_/&nx X)ttyy (x dsx_/é‘nx Yw(x)dsy =: (Sz,w)rp,

This is the motivation to define an operator S : H'/2(I'p) — H~'/2(I'p) which maps the
Dirichlet control z to the related Neumann datum on I'p. The operator S is self-adjoint and
H'/?(I'p)-semi elliptic. In particular, we have S1 = 0.

The solution of the mixed boundary value problem (4.4) defines a linear map u, = Hz,
where H : H'/2(Tp) — H'(Q) C L,(Q). Then, by using u = Hz -+ u, we now consider the
problem to find the minimizer z € U,; of the reduced cost functional

o = / (M) +p () — TP -+ 5 (52,20,

= <Hz+up—u Hz+up—u)o+ — (Sz 2Tp
= SRy + (H (p =), 2y + 5y~ T ) 2 (82,2,
where H* : L, (Q) — H~'/2(I'p) is the adjoint operator of H : H'/2(Tp) — Ly(Q), i.e.,
(H*®,9)r, = (0,Hp)q forall g € H'/*(I'p),w € Lr(L).

Since the reduced cost functional f() is convex, the minimizer z € U, can be found from
the variational inequality

<aSZ_|_H*HZ —g,w— Z>FD >0 forallwe Z/{ad, (45)

where we define B
g:=MH"(@—u,) € H2(Ip). (4.6)
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The operator
To = OCS+H*H:H1/2(FD) —>H_1/2(FD) (4.7)

is bounded, self-adjoint and H'/?(I'p)-elliptic. In particular, for z € H'/?(I'p), we have
(Taz,2)ry = {8z, 2)ry, + (H Mz, 2)ry, = 0| Vite||7, o) + el |7, ) = min{ e, 1} e[ |71

and the assertion follows from the trace theorem. Hence, the elliptic variational inequality
of the first kind (4.5) admits a unique solution z € Hl/z(FD), see, e.g., [23, 38, 41].

The variational inequality (4.5) can be written as
(aSz+H* (u—u),w—z)r, >0 forallw e Uyy.

The application of the adjoint operator T := H*(u —u) is characterized by the Neumann
datum

T(x) = _8(191 p(x) forxeTp,

where p is the unique solution of the adjoint mixed boundary value problem

—Ap(x) =u(x)—u(x) forxe Q, p(x)=0forxelp, a—p(x) =0forxely. (4.8)
Ny
Hence the variational inequality (4.5) is written as
d
(aSz— 3,PW 2T, >0 forallw e Uyy. 4.9)

The primal and the adjoint mixed boundary value problems (4.2) and (4.8) can be solved,
e.g., by using the standard boundary integral equations or the Dirichlet to Neumann oper-
ator S, see e.g, [17, 58, 62, 63]. This will be discussed in the next section.

4.2 Boundary integral equations

To find the control z € H'/ 2(I'p) we have to solve a coupled problem of the primal and the
adjoint mixed boundary value problems (4.2), (4.8) and of the optimality condition (4.9).
In what follows, the coupled optimality system is written in a form of boundary integral
equations of the Steklov-Poincaré operator S and of some composed operator 7. The well-
known properties of the Dirichlet to Neumann map and of the operator 7' similar to the
results as described in Chapter 3 induce the unique solvability of the boundary integral
equation system as well as the stability of the Galerkin discretization which is presented in
Section 4.3.
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For the sake of convenience, let y-, ;- be the Dirichlet and the Neumann trace maps,
respectively. For the primal problem, the Dirichlet to Neumann map can be written as

nu(x) = (Syu)(x) — (V_lNof) (x) forxeT, (4.10)

see (3.19), also [63], where the boundary integral representation of the Steklov-Poincaré
operator S is

1 1
§I+K')V_1(§I+K). (4.11)

We now consider the adjoint mixed boundary value problem

1
S:V_I(EIJrK) =D+ (

—Ap(x) =u(x) —u(x) forxe Q, ppx)=0 forxelp, ypx)=0 forxely.

We first obtain the representation formula for x € Q,
/U (®y)np(y)dsy— / ()10 dsy+/ (%,y)y0u(y) dsy

—/V*(f,y)ylu(y)dsy—/U*(f,y y)dy — /V X)) f(y)dy, (4.12)

where in addition to (3.24) we have the double layer potential of the non-zero Dirichlet
data yp(x). When taking the Dirichlet and the Neumann traces, the representation formula
(4.12) results in two boundary integral equations

{YOP =V1ip— (—3I+K)ywp+Kiyou—Viyiu— Noii — Mo f, 4.13)

1p = A+ K)np+Dypp—Diyou— K| Yiu—Nyii— M, f.
Solving 7, p from the first equation of (4.13), and by inserting yju from (4.10), (see also
(3.19)), we obtain

_y-1 . -1 -1 l
np=vV_"v (21+K)Y0M VT Kipu+V (21+K)?’0P
+V N =V VIV TINg f+ VT IMyf. (4.14)

When substituting yju, yp from (4.10), (4.14) to the second equation of (4.13), this
gives
vip(x) = (Swp)(x) — (Tyu)(x) +g(x) forxeT, (4.15)

where the operator 7 is in the symmetric representation, see (3.80),

1 1 1 1
T =D +K{v*1(§1+1<) + (§1+K’)v*11<1 — (§1+K’)v*1v1v*1(§1+1<), (4.16)
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and

- 1 1
g§= (I +K )V Noti = Nyii+ KV~ 'Nof + (51 + K )V~ [Mo = ViV~ Nolf — My f
4.17)
asin (3.81). Moreover, we use the alternative symmetric representation of S as in (4.11).

Hence, the application of the operator S to the Dirichlet datum of the adjoint variable and
of the operator 7 to the Dirichlet datum of the state give the Neumann datum of the adjoint
variable p. Note that

Tou = Yous + Youp,  Yop € H'(Ty), npeH ().
LetZ € H'/2(I) be a fixed extension of z € H'/2(I'p). Let
s(x) == Jouz(x) —2(x) € H'2(Ty). (4.18)
Then the Dirichlet to Neumann map of the mixed boundary value problem (4.4) reads
Yuz(x) = (Syu;)(x) = (Ss)(x) + (Sz)(x) forxeT.
This gives a boundary integral equation
(Ss)(x) = —(Sz)(x) forxeTy. 4.19)

Note that in the last equation we use the same notation for the operator § : H'/2 (Ty) —
H~'2(Ty). In particular, for s € H'/?(I'y) we identify s with its zero extension 3 €
H'/ 2(T"). To be more precise, we later use a subscript to indicate the pre-image and the
image of the operator S.

Since the operator S : H'/2(Iy) — H~'/2(Ty) is bounded and H'/2(I'y)-elliptic, the
boundary integral equation (4.19) admits a unique solution s € HY/ 2(FN), see [63, 64].
Hence we can define an operator P : H'/?(I'p) — H'/?(I') by

PZ = ’}/OMZ = S+Z, (4.20)

where s € H'/2 (T'y) is the unique solution of the operator equation (4.19). The function
s depends on the extension z of z, of course. However, the sum s+ 7 is independent of
choosing the extension Z. Indeed, let 7 € H'/?(T") be another extension of z € H'/?(I'p)
and let 5 € H'/2(Ty) be the unique solution of the variational problem

(S5,0)r, = —(Sz,¢)r, forall ¢ € H'/*(Ty).

Then the function B
vi=(s+2)— (5+2) € H/2(Ty).
We obtain, by the definition of s and §,

(SS,V>1"N = —<SZ, V)rN, <S§, V>FN = —<SZ, V>FN~
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This implies
(Sv,v)ry, =0.

Hence the assertion follows from the H'/ 2(T'y)-ellipticity of the operator S.

Moreover, we have
1Pzll 12y < C%DHZHHlﬂ(FD)‘ (4.21)

We now rewrite the boundary integral equation (4.15) in a form of a system of boundary
integral equations

{<Sw> (x) = T(Pz+10up) (x) — 8(x) forx &I, (4.22)

npx) = (Syp)(x) —T(Pz+ youp)(x) +g(x) forxeIp.

Again the operator S : HY2(I'y) — H~Y/2(I'y) is bounded and H'/2(I'y)-elliptic, we can
solve yyp € H'/?(I'y) from the first equation of (4.22)

WP = SynTNPz+ Syn T oty — Syn &N (4.23)

where the subscript in S4p means integration over I'p and evaluation on I'4 and the sub-
scripts in Ty, etc., mean evaluation on I'y with I'4,I' C I'. By substituting (4.23) in the
second equation of (4.22), we obtain

1p = (SonSynTv — Tp) Pz+ (SonSynTv — To) Youp — SonSyngn + 8- (4.24)
Therefore, the variational inequality (4.9) can be written as
(Taz,w —2)T)p > (8,W —2)Tps (4.25)
where we obtain the alternative representation of 7y, as defined in (4.7),
To = oS — (SpnSyyTn — Tp) P (4.26)
and of g as defined in (4.6),
g = (SonSynTv — Tb) Youtp — SONSyNEN + &D- (4.27)

Theorem 4.1. The composed boundary integral operator T, : H'/*(Tp) — H~/2(I'p) as
defined in (4.26) is self-adjoint, bounded and H'/*(T'p)-elliptic.

Proof. The boundedness of 7, follows from the boundedness of all boundary integral
operators involved. Moreover, let p, € H'(Q) be a particular solution of the adjoint mixed
boundary value problem, i.e.,

—Ap;(x) =u,(x) forxeQ, ypp.(x)=0 forxelp, vp.(x)=0 forxeT Ty,
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where u, € H' (Q) is the solution of the mixed boundary value problem (4.4). Analogously,
the boundary integral equation (4.15) reads

Yp(x) = (S1p:) (x) — (Tyu) (x) = (Sp:) (x) — (TPz)(x). (4.28)
Therefore,
(S1pz)(x) — (TPz)(x) =0 for x € 'y, 4.29)
(Swp:)(x) — (TPz)(x) = n1pz(x) forx € I'p.

Since the operator S : H'/2(Ty) — H~'/2(Ty) is invertible, we can solve yp, € H'/?(Ty)
of the first boundary integral equation of (4.29). Hence, from the second boundary integral
equation of (4.29), we can conclude

Toz=aSz— 1 p, € H '*(Tp). (4.30)

Therefore, for z,w € H 1/ 2(I“D) we have, by using Green’s second formula

<TOCZ7W>FD - SZ W /Ylpz dsx

~ a(Szwir, - / 719200 ot ()
r

= Oc/Vuz(x)Vuw(x) dx-l-/uz(x)uw(x) dx,

and the assertion follows. L]

Hence we conclude the unique solvability of the variational inequality (4.25). In what fol-

lows, we consider a Galerkin boundary element discretization of the variational inequality
(4.25).

4.3 Symmetric Galerkin approximation formulation

Let
SH(Tp) :=SH(T)NH*(Tp) = SP“”{‘P}D}?Q

be a boundary element space of piecewise linear and continuous basis functions (pilD
I'p, which is defined with respect to a globally quasi-uniform and shape regular boundary
element mesh of mesh size A. For continuous functions z; and 7>, we define the discrete
convex set

Uy = {wp, € S(Tp): z1(xi) < wa(xi) < z2(xi) forall nodes x; € Tp} € H'/?(I'p).
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Then the Galerkin discretization of the variational inequality (4.25) reads to find z; € U},
such that

(Tazn, Wi —zn)rp = (&Wn—2n)Tp,  forall wy, € Uy, (4.31)
The operator 7, as defined in (4.26) is bounded and H 1/ 2(F p)-elliptic. The discrete vari-

ational inequality (4.31) admits a unique solution z, € U;,. Moreover, we can derive the
following error estimate.

Theorem 4.2. Let 7z € U,y and z;, € Uy, be the unique solutions of the variational in-
equalities (4.25) and (4.31), respectively. If we assume z,21,22 € H*(I'p) and Tz — g €
H*"Y(T'p) for some s € [%,2], then there holds the error estimate

_1
12—zl g2,y < B 2|zl ms(ry)- (4.32)

Proof. The proof is similar to the proof of Theorem 3.1 where we use the approximation
property of the trial space S} (I'p). We skip the details. O

The error estimate (4.32) seems to be optimal. However, the composed operator 7, as
considered in the variational inequality (4.31) does not allow a practical implementation,
since the inverse single layer potential V! as in the composed operators S, T is in general
not given in an explicit form. Hence, instead of (4.31) we need to consider a perturbed
variational inequality to seek zj, € U, such that

(TaZn, Wi =200y > (8wh —Zn)r,  for all wy € Uy, (4.33)

where 7, o and g are appropriate approximations of 7, and g, respectively. The following
theorem presents an abstract consistency result, see [51]. We used a similar result as given
in Theorem 3.2.

Theorem 4.3. Let 7, : H'2(I'p) — H~Y2(T'p) be a bounded and S} (Tp)-elliptic approx-

imation of Ty, satisfying

H?aZHﬁ—lﬂ(rD) < CzTa ||Z||H1/2(FD) forall z € HI/Z(FD) (4.34)

and
(Tazn,zn)rp = ClT“||Zh||12ql/z(pD) for all z € S}(Tp).

Let g € HY 2(T'p) be some approximation of g. For the unique solution zj, € Uy, of the
perturbed variational inequality (4.33) there holds the error estimate

||Z —Eh”Hl/Z(rD) <c ||Z - Zh||H1/2(rD) + Cz|| (Ta - Toc)ZHﬁ—l/z(pD) +c3 ||g - g”ﬁ*l/Z(rD)a
(4.35)
where zj, € Uy, is the unique solution of the discrete variational inequality (4.31).
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It remains to define approximations ’?a and g of the operator 7, and of the right hand side
g, respectively.

Boundary element approximations of S and T
Letwe HY/ 2(T') be a given function. By using the symmetric representations of S and T,
see (4.11) and (4.16), we obtain

1 — 1 /
Sw:Dw+(§I+K)V (§I+K)w:Dw+(§I+K)wW,

1
Tw =Diw+K|o,, — (§I+K’)9W,

where |
W, = V_1(§I+K)w, 6, =V Vi, — Kw),

1.e., @y, 0,, are the unique solutions of the variational problems

1
(Vo hr = (51 +K)w,T)r forall T € H~'/2(I"),

VO, 7)r = (Vio, — Kiw),t)r forall T € H /().

Let $9(I) = span{ @ }?_, be the boundary element space of piecewise constant basis func-
tions on I, which is defined with respect to a globally quasi-uniform and shape regular
boundary element mesh of mesh size 4. Then the associated Galerkin variational formula-
tions read to find @y, 6, € 52 (T') such that

1
<wa,hafh>l" = <(§I—|—K)W, Th>l" forall 7, € S?l(l“),
(VOyp, T)r = (Vi@ — Kiw), 5)r  for all 7, € SH(T).

Now we are in a position to define the approximate operators Sand T by

~ 1
Sw=Dw+ (§I+K’)a)w7h, (4.36)
. 1

Tw=Diw+K| @) — (EljL K')6,. (4.37)

Lemma 4.1. The approximate Steklov-Poincaré operator Sas defined in (4.36) is bounded,
i.e., S:HY2(I') — H-Y2(T) satisfying

||§w||H_1/2(r) <SWlgiagy forallwe H'2(T). (4.38)
Moreover; S is ﬁl/z(FN)-elliptic,

(Swow)r = P lWllfyis gy forallw e HV (L), (4.39)
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and satisfies the error estimate

[(S=Swlly oy S inf[Sw—Tlly ey (4.40)

(7 ESh (F)

Proof. The proof is similar to the proof of Lemma 3.3. In particular, the H'Y 2(Ty)-
ellipticity of S follows due to, see [64, Lemma 12.11],

~ 1
(Sw,w)r = (Dw,w)r+ <(§I+K/)ww,haw>l"
1

= (Dw,w)r+ (@, (§I+K)w>r

= <DW,W>F+ <V(Dw7h, COWJ,)r > C?HWH?-II/Z(F)'

Lemma 4.2. The approximate operator T : H/2(T') — H~'/2(T) is bounded, i.e.,
1TWllg120y < 3 W2y for all we H'(T). (4.41)

Moreover, there holds the error estimate

T =Tl < et inf (16w =Tl 1720y + 2l| @0 — o

e h( )

s (442)

Proof. The proof follows as for the boundary element approximation of the Dirichlet
boundary control problems, see Lemma 3.3, [52]. O]

Boundary element approximations of the operators S and P
Letz € H'/2(I'p) be a given function. LetZ € H'/?(T") be a fixed extension of z satisfying

12l g12(ry < clizll g,y for some constant ¢ > 1. (4.43)

By definition we have
(S8z)(x) = yuz(x) forx eI,

and
(P2)(x) = pu(x) =s(x) +2(x) forxel, seHY*Ty),

where u, € H'(Q) is the unique solution of the mixed boundary value problem
—Au,(x) =0 forxeQ, yu(x)=2z(x) forxelp, nu(x)=0 forxeTly.
The application of the Steklov-Poincaré operator S reads

(Syu;)(x) = nu(x) forxerl.
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This implies

(4.44)

(Ss)(x) = —(87)(x) forx ey,
Yuz(x) = (Ss)(x) + (S7)(x) forx € I'p.

Let
Sh (FN) = Sh(r) mHI/Z(FN) = SPG”{(PilN}?g

be a boundary element space of piecewise linear and continuous basis functions (plN
I'y, which is defined with respect to a globally quasi-uniform and shape regular boundary
element mesh of mesh size h. Let s, € S} (I'y) be the unique solution of the Galerkin
variational problem

(Ssn, On)ry = —(SZ, @u)ry  forall ¢, € S (Ty),

where S is defined as in (4.36). Hence we can define approximations S and P of the
operators S and P, respectively, by

(S2)(x) := (Ssn) (x) + (57)(x) forx € Ip, (4.45)
(P2)(x) :=sp(x) +Z(x) forxeTl. (4.46)

Lemma 4.3. The approximate operators
S:H'X(Tp) — H V*(Ip), P:H*Ip)— HXI)
are bounded, i.e.,

o~ § o~ 3
HSZHI-NI*I/Z(FD) < ||Z||H1/2(FD)= ||7)Z||H1/2(r) < C;DHZHHI/Z(FD) Jorall z ¢ Hl/z(FD)-
(4.47)
Moreover, there hold the error estimates

||(5—§)Z||ﬁ71/2(r0) <ciinf - ls— g2y, +C2||(S_§)PZ||H_]/2(FD)
PreSHTN)

6315 = )slly 172y + 4l (S = S)E gy 1y) (448)

and

77—73z <c inf S— ~ +c S— sl
PPl e inf 5=y + 2l =S)sll-eany

+e3)|(S=S8)Zlly-12(ry) (449

Proof. The boundedness of the operators S and P follows from the mapping properties of
all boundary integral operators involved. For an arbitrary chosen but fixed z € H 1/ 2(I“D)
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we have, by definition,

(§—8)z=8s—8s,+(S—5)Z
=(S—8)s+S(s—sp)+(S—8)Z

~ o~

= (S-S)PZ*FS(S— Sh),
and

(P=Plz=s—s.

By the Strang lemma, see, e.g., [64], we obtain

~

s—sullg <cr inf [ls—¢nllz +c2[|[(S = S)s 12
I 12y L | 12y T2 le-12(ry)

~

+3ll(S=8)zll g-112(ry)-

The assertion now follows from the triangle inequality. [

By using the estimates (4.21), (4.40), (4.43) and the approximation properties of the trial
spaces S (I'y) and S)(T"), we conclude the error estimates from (4.48), (4.49) when as-
suming some regularity of z.

Corollary 4.1. Assume z € H*(T'p) for some s € [3,2]. Then there hold the error estimates

~

_1

||<S_S)Z||IT171/2(FD) S Clhs 2||Z||HS(FD)7 (450)
= _1

(P =Pzl < el 2lzllas(ry): (4.51)

Boundary element approximation of the operator 7,
For an arbitrary but fixed z € H'/2(I'p), the application of Tz reads as

(Taz)(x) = a(Sz)(x) — (Sw;)(x) + (TPz)(x) forxep,
where w, € H'/? (Ty) is the unique solution of the boundary integral equation
(Sw;)(x) = (TPz)(x) forxey.
Letw,) € S, 1(I'y) be the unique solution of the Galerkin variational problem
(Swon, On)ry = (TPz, @)1, forall ¢, € S)(Ty). (4.52)

Hence we can define an approximation TA’a of the operator 7, by

A~ ~

(Taz) (x) 1= 0(Sz2) (x) — (Sw.p) (x) + (TPz)(x) forxeTp. (4.53)
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Lemma 4.4. The approximate operator ’]A'a as defined in (4.53) is bounded, i.e.,

=~ 7.
||Taz||ﬁ—1/2(rD) < C2a||Z||H1/2(rD)~
Moreover, there holds the error estimate
(7 — Ta)ZHﬁflﬂ(rD) <cy inf |lw,— ¢h||1?11/2(rN) +olf[(S— S)Z||ﬁfl/2(rD)
€S, (Tw)

"‘CZH(S_ §)Wz||H—1/2(r) +c3 || (T - T)PZHH—I/Z(F) +C4||(7D - 75\)2”[1—1/2(1“)-
(4.54)

Proof. The boundedness of the operator T4, follows from the mapping properties of all
boundary integral operators involved, see Lemma 4.1, 4.2 and 4.3.

For the error estimate (4.54), let z € H'/2(I'p) be an arbitrary function but fixed. By
definition, we have

(Z7az)(x) = a(Sz)(x) — (Sw,) (x) + (TPz)(x) forx eI,
and by using (4.53),
(Taz)(x) = 0(52) (x) — (Swop) (x) + (TPz) (x) forx € Tp.
Therefore, we obtain for x € I'p
(Ta — Ta)z(x) = (S — 8)z(x) + (Swp) (x) — (Sw2) (x) + (TP2) (x) — (TPz) (x)
= (S — 8)z(x) + (S — S)w, (x) + S(wp — ) (¥)
+(T—T)Pz(x)+T(P— 7/5)z(x)

By using the Strang lemma and the triangle inequality, we can conclude

~

||Wz - Wz,h”ﬁl/z(rN) <cp inf ||Wz - ¢h||1§1/2(rN) +CZ||(S_ S)WzHHfl/Z(rN)
¢h€S]: Iy

+all(TP = TPzl g1y,
<c¢; inf w, — Ol +cp S—Sw,| -
q)heg}:(FN)H Z HHI/Z(FN) H( ) ZH[—I 1/2(Ty)

+ [T =T)Pel 12y + eI T(P =Pl ooy

The assertion now follows from the boundedness of the operators Sand 7. U

By using the estimates (4.40), (4.42), (4.50), (4.51) and the approximation properties of the
trial spaces S} (I'y) and S9(T"), we conclude an error estimate from (4.54) when assuming
some regularity of z,w,, Op,, ®Wp,, respectively. Here, we recall the notations

1 _
wp; =V 1(§I+K)77z, Op, =V I[Vla)Pz_Klpz]'
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Corollary 4.2. There holds the error estimate

~ _1 S*l
1(Te = Ta)zll g1y < cth™ 2Wellias oy + 2™ 2zl ars(rp)

1 1
+¢3h° 2 ||0p.||ug, (r) +cah® 2| @pe||ug, ), (4.55)

when assuming z € H*(T'p), w, € H*(Ly) for some s € [3,2] and 6p,, 0p, € Hp,, (L) for
some o € [0,1].

Boundary element approximations of the right hand sides
Analogously we may define a boundary element approximation of the right hand side g as
defined in (4.27)

g = (SonSynTv — Tb) Youtp — SoNSyNEN + &D-

Let us first define boundary element approximations of g, see (4.17), and yu,. By using
(3.82), (3.83), g € H~'/2(I") as in (4.17) can be read

=V INgu+V IMyf =V ViVTINgF =V INgu +V I My f — VIV o,

where fy := V!N f. Hence we can define an approximation gj, € 52(1“) of g which is the
unique solution of the Galerkin variational problem

<V§h, 9h>F = <N0ﬁ—|—M0f - V1f07h, 9h>F for all 6, € S2(F), (4.56)
where fo;, € SY(') solves
(V fon:8n)T = (Nof, 6s)r  for all 6, € Sp(T). (4.57)
As in Corollary 3.3 we conclude the error estimates
1
1fo = fonllg-1/2ry < €122 follmg, r)» (4.58)

~ o~ 1. 3
18 = &nllg-12r) < 1 h® 28 llug, o0y + 21 2| fol g, (1) (4.59)

pw

when assuming fo,g € Hp,,(T) for some ¢ € [0,1]. Note that the factor o + 3 in the last

term follows from the mapping property V; : H—3/2(I") — H3/2(I") and the Aubin-Nitsche
trick.

We now define a boundary element approximation of yyu,, where u), is the unique solution
of the mixed boundary value problem

—Aup(x) =f(x) forxeQ, yuy(x)=0 forxelp, nu,(x)=wy(x) forxeTly.
The boundary integral equation (4.10) gives

(S70up) (x) = Nutp (x) + (V™ Nof) (x) = w(x) + folx) forx € Ty.
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Hence we can define an approximation u,, , € S, 1(Tw) of yup € H'/?(T'y) as the unique
solution of the Galerkin variational problem

(Sttp 1, OV 1y = (W+ fou, On)ryy  forall @, € S} (). (4.60)

Moreover, we can derive the error estimate
_1 1
||'}/()l/tp — Mp7h||l'~ll/2(FN) <c h 2 ||’}/OupHHs(rN) +c h6+2 HfOHng(F)’ (461)

when assuming yyu, € H*(I'y) for some s € [%,2] and fo € Hp,,,(I') for some o € [0,1].

Let us rewrite the right hand side g as follows
g(x) = (Sf1)(x) — (Tyup)(x)+g(x) forxeTlp, (4.62)
where fi € H'/2(T'y) solves
($f1)(x) = (Tyup)(x) —g(x) forxeTy.

Then, we define f; 5, € S é (I'y) as the unique solution of the Galerkin variational problem

(Sfin Oty = (Tttp s O1)ry — (&1, )Ty for all ¢ € S} (D). (4.63)

By using the Strang lemma, we conclude the error estimate

~

1= Finllgiogy) < inf )Hfl—‘l)h“ﬁl/Z(rN)+C2H(S_S)f1”frl/2(r]v)

¢’h EHh (FN

+a3l[(T=T)Wupllg-112(ry) + calloup — upnll g12(ry) + 518 = ghll-12(ry)-
(4.64)

We are now in a position to define an approximation g € H~'/2(I'p) of g by

g(x) = (Sfin) (%) = (Tup ) (x) + &n(x) forxep. (4.65)

Lemma 4.5. Let g and g be defined as in (4.62) and (4.65), respectively. Then there holds
the error estimate

§—28llz- <c inf |fi -y +el|(S=8) filly 112
| HH 1/2(Tp) ¢h€th(FN)H ”H‘/z(l"zv) II( ) HH 1/2(1)
+e3l(T = T)Youplly 1120y + callYoup — upll g2y + 58— hll 12y

(4.66)
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Proof. By the definition of g and by using (4.65) we obtain for x € I'p

(S£1) (%) = (Sfi) (%) = (TYoup) (x) + (Tup ) (x) +&(x) = 8 ()
S —

g(x) —gx) =
=(S—8

) f1(x) +S(fi — fip) () — (T —T)Youp(x)
+T(”ph—7’oup)() g(x) —gn(x).

The assertion then follows from the triangle inequality and the error estimate (4.64). [

When combining the error estimates (4.40), (4.42), (4.59) and (4.61) with the approxi-
mation properties of the trial spaces S} (I'y) and S9(I), we conclude the following error
estimate

lg =&l < B 2 Allas(r) + €252 Oy, g, () + €357 || @, g,

pw
+ a2 [ Wotp sy +Csh"+2||fo||m +C6h6+2”gHH<’
(467)

when assuming f; € H*(T), yu, € H*(Ty) for some s € [5,2] and Oyou, s Oyou, s f0,8 €
Hp,(T) for some o € [0, 1].

Approximate variational inequality
By using the approximations (4.53) and (4.65) we now consider the approximate varia-
tional inequality, see (4.33), to find 7;, € U, such that

<Tazh,wh )y > (& wn —zn)r, for all wy € Uj,. (4.68)
Letz,,w, €S }Z(F) be the extensions of z;, and wy, respectively, satisfying
Zn(x)) =0, wy(x;) =0 for all points x; ¢ ['p.
Since 742, — g € H™Y/2(T'p), the variational inequality (4.68) is equivalent to
(ToZnyWn—20)T > (@ W —Zp)r for all Wy < wy, € U (4.69)
By using the extension z;, for the approximations (4.45) and (4.46), we obtain

(Szn)(x) =S(sp+7zp)(x) forxeIp,
(P2)(x) =su(x) +25(x) forxeT,

where s, € S, }} (I'y) is the unique solution of the Galerkin variational problem

(Ssp, On)ry = —(SZn, Gn)ry  for all ¢y € S} (Ty). (4.70)
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Hence we conclude from (4.53), for x € I'p,
(ToiZn) (x) = aS(sp+2) (x) — (Swz, 1) () + T (51 +2) (x), 4.71)

where wz, j, is the unique solution of the Galerkin variational problem

(Swz, 1 Oty = (T (sh+21). $)ry  forall ¢ € Sp (Ty). (4.72)
The Galerkin formulation (4.70) is equivalent to the linear system
SyNs = -5z, (4.73)

and (4.72) is equivalent to
Sy w Ns+1NP2, (4.74)

where the matrices Sﬁl\’ N etc., are generated by the approximate operators S and T, for
example we have

1
_Mfll\’+Kf]:])7

1
DR

it =D +(5
and

1 1 _ .1
"P = DY} +K A Vi M£+K}?)—(§Mﬁ+K;][")TVh Vi, 1(§M,?+K,?)

2
1
—Mﬁ’%—K{lV)TVh_leh.

+(2

Here we introduce the matrix entries, for example

MhD[ka i] = <(PilDa(Pl(<)>F7 Kf]zv[k7m] = <K(p;iiN7(Plg>F7
Vilk, €] = (Vo) @), DPPi,j] = (Do}, ¢/")r,
DfN[i,m] = <D(P;}1Na‘PilD>F7 D1 h [m i| = (D 1‘Pi1D7‘Pnl1N>r,

fori,j=1,...My; m=1,...Mp; k,{=1,...,N.

By using (4.71), the matrix representation of the variational inequality (4.69) is then given
by the discrete variational inequality with the Euclidian inner product

(aSPNs+ aSPPz — SN w + TPNs + TPz, w—2) > (8, w—z) forall w € RM « w;, €U,

or

~

(Toanz,w—2z) > (gw—z) forallwe RM s w), e U, (4.75)
where

fmh — aSPP — PN NNND 4 gDN & -NNNN g NN GND

(4.76)
DN ¢—NN ~ND DN ¢—NN ¢ND DD
— SPNg NNTND _ pDNg NNGND |



82 4 Mixed boundary control problems

defines a Galerkin boundary element approximation of the boundary integral operator 7,
as defined in (4.26). Note that the matrix Sélv N'is symmetric and positive definite. Hence it
is invertible. Here g is the related vector right hand side which is specified as follows.

The Galerkin formulations (4.56) and (4.57) are equivalent to the linear systems

Vig=[f'"=Viafy Vafo=1"

where
0 = (Noii+Mof, o)r,  f210] = (Nof.@f)r forl=1,...,N.

The associated linear systems of the Galerkin formulations (4.60) and (4.63) read

NN NN
Spotp =Y+My" fon

and
Sy =Ty =My,
respectively, where
vl = (w0, MYV = (90, 0N, foy=Folres &y =E&lry
for ¢ = 1,...,M; and all indices i with respect to boundary elements 7; € I'y.

Altogether we can compute the right hand side g from (4.65) by

g=SNf =TV u, + Mg . (4.77)

21

Lemma 4.6. The symmetric matrix ’j\—a,h as defined in (4.776) is positive definite, i.e.,

~

(Tanz2) = Mzl forallz€ RM oz, € Si(Ip). (4.78)

Proof. For z € RM « z;, € S}(T'p), by using s = —S, "NSNPz € R™ 5, € S} (Ty) we
have from (4.76),

~

(Tanz2) = a(SPPz,2) —a(SPNS, MNPz 2) 4+ (TVNs,s) + (TVPz,s)

+(TPYs,2) + (T,PPz,2)

= (3 )G ) (3 B ).()
= a(Spw,v)+ (Thy,v),

where 1 1
Sh = Dh + (51\4;1T +Klf—1r)vh71(§Mh +Kh)
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is the discrete form of the Steklov-Poincré operator and

1 B 1
T, :Dl’h—(EM;—i—KhT)Vh Wi, I(EM;, +Kp)

1 1 _
—Mh+Kh)+(§M,I+K,T)Vh "Kin,

+K1T7hv,;1(2

see (3.91) and (3.92). Moreover, the vector v corresponds to an ansatz function v, =7z, +sy,
where 7, is the extension of z; as defined above.
Therefore, we conclude by using Lemma 3.7,

(fa,hé,é) = a(ShE,X) + (T-}’l272) + (Dl,h‘_’aﬁ)
a(tha Z) + (Dl,hl)?X)

v

o
a(Dvy, vip)r + (D1vp, vi)r > CHVh||12r_11/2(r) > ci“ HZh||i11/z(FD)

since oD + D implies an equivalent norm in H'/ 2(I),and v, €S }l (I") defines an extension
of z;, ES}I(FD). ]

Hence we can ensure unique solvability of the discrete variational inequality (4.75) by
applying Theorem 4.3. Moreover, when combining the error estimate (4.35) with the error
estimates (4.32), (4.55) and (4.67), we finally obtain the following error estimate.

Lemma 4.7. Let z € U,y and 7j, € Uy, be the unique solutions of the variational inequalities
(4.25) and (4.68). Then there holds the error estimate

~ 1 1 1
2=l g2y < crh 2zl () + 2l 2 [wellzs(ry) + €38 21| 8pe g, ()
JFC4hG+2HCOPszP7 ytesh’™ 2||f1||H5 +C6h0-+2”970“p||H6
+erh® 2| @y || g, () + cs B 20t ()
+coh® 2| foll g, vy + €10A° 2|18 g, r)
when assuming 2,21,z € H*(Tp), Taz—g € H* "1 (I'p), wy, Youp € H*(Ty), f1 € H*(T) for

some s € [%,2] and Op,, wp,, Oy, > Oyou, 5 J0, & € Hp,, (L) for some o € [0, 1]. In particular
fors=o0+1, o €0,1] we therefore obtain the error estimate

~ _ 1
2= Znll g1y < ez y, f ) RO T2. (4.79)

Moreover, by applying the Aubin-Nitsche trick we are able to derive an error estimate in
Lz(FD), ie
2=l Ly < ez, fL ) RO (4.80)
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Remark 4.1. As in Proposition 3.1 we can conclude that u; as defined in (4.4) is the solu-
tion of the bilateral constraints Signorini boundary value problem with an additional Neu-
mann boundary condition. Then we may expect u. € H*(Q), and therefore z € H3/*(I'p)
for a smooth domain, see [5]. This results in a linear order of the error in Hl/z(FD). In
the case of a polygonal or a polyhedral domain, we may have only a reduced regularity,
see, e.g., [34].

4.4 Numerical experiments

In our numerical example we consider the mixed boundary control problem (4.1) and (4.2)
for the domain Q = (0, %)2 C R2. The boundary I" = 9Q consists of two parts ' and 'y
where

Ip={(x1,0):0<x; <0.5}U{(0,x2):0<x<0.5}CcI, Ty=I\Tp.

Let o = 0.1 and the data are chosen as

W) =+ =0, )=

u(x)[ry-

For the boundary element discretization we introduce a uniform triangulation of the bound-
ary I' =I'pUI'y on several levels where the mesh size is h; = 2-(L+1) Note that the
minimizer of (4.1) is not known in this example, we use the boundary element solution z,
on the 9th level as reference solution.

In Table 4.1 we present the errors for the control z and the estimated order of convergence
(eoc). Moreover, we test the numerical results for the Dirichlet data on I'y. These results
correspond to the error estimates (4.79) and (4.80).

L | [z, = Znlliymrp) | e0¢ | I2h, —Zholl o,y | €0¢ | [, — tnglzy(ry) | €0C
2 1.8041e-2 - 2.1236e-1 - 2.6788e-2 -

3 4.8635e-3 1.891 8.2073e-2 1.372 8.4929e-3 1.657
4 1.4322e-3 1.764 3.4331e-2 1.257 2.7877e-3 1.607
5 4.5382¢-4 1.658 1.4228e-2 1.271 9.3811e-4 1.571
6 1.5562¢-4 1.544 5.7832e-3 1.299 3.2225e-4 1.542
7 5.4047e-5 1.526 2.2475e-3 1.364 1.1217e-4 1.522
8 1.5723e-5 1.781 7.4669¢-4 1.590 3.9334e-5 1.512

Table 4.1: The results of mixed boundary control problems without control constraints.
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In this example, we expect a linear order of convergence in H 1/2 (I'p) norm and 1.5 as
order of convergence in L,(I'p) norm as stated in Remark 4.1. Note that the target % has a
singularity at the origin.

As a second example, we consider an additional constraint z < 2.6. In Figure 4.1 we give
a comparison of the unconstrained and constrained solutions, and in Figure 4.2 we plot the
related controls for x; € (0,0.5), x, =0.

Cells solution Cells solution

296 296

Figure 4.1: Comparison of unconstrained (left) and constrained (right) optimal solutions.

= = -unconstrained control|
N constrained control

0 0.05 0.1 0.15 02 025 03 035 04 045 05

Figure 4.2: Optimal control of the unconstrained and constrained problems, x, = 0.
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Moreover, we plot in Figure 4.3 the states u of the mixed boundary control problem (4.1)-
(4.2) for oo = 1072 and a = 10~*. The singularity of the state at the origin appears clearly
for small ¢, see also Figure 3.5 for the Dirichlet boundary control problem.

Cells solution Cells solution

539 i 258
s 233

— 4.61 — 209

- 422 - 18.4
- 382 } - 16 1
3 |
L
h— 343 1 h— 136

—3.0q -1

— 285

226
[ 1.87
148

— 8.68

Figure 4.3: The states u with o = 1072 (left) and & = 10~ (right).



4.4 Numerical experiments 87

For comparison we consider the mixed boundary control problem (4.1)-(4.2) where the
control z is in Ly(I'p) with & = 0.1. In Figure 4.4 we plot the state u for the Ly(I'p)
setting and the related control for x; = 0, and in Figure 4.5 we plot the related controls
for x; € (0,0.05), x, = 0 and for x; € (0.45,0.5), x, = 0. As discussed in Section 3.7, the
control is zero at all corner points.

Cells solution
237
221
221 7
2k
- 209

— 187

- 17
14
153
12
— 136

-1.19

— 1.02 1
Gss L L L L L L L L L
) 0 0.05 0.1 015 02 025 03 035 04 0.45 05
0.686

Figure 4.4: The state u for the L, (I'p) setting (left) and the related control for x, = 0 (right).

26 T T T T T T T T T 2

08

L L L L L L L L L L L L L L L L L L
0 0005 001 0015 002 0025 003 0035 004 0045 005 045 0455 046 0465 047 0475 048 0485 049 0495 05

Figure 4.5: The related controls for x; € (0,0.05), x, = 0 (left) and for x; € (0.45,0.5),
x2 = 0 (right).
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5 PARABOLIC BOUNDARY CONTROL PROBLEMS

The Dirichlet boundary optimal control problem governed by a linear heat equation is
analysed in this chapter where the observed temperature is considered at the end time 7.
We propose boundary element approaches to solve the related coupled optimality system.
Similar formulations of boundary integral equations as in the case of stationary boundary
control problems are obtained. Again we ensure the unique solvability of the resulting
variational inequalities and we derive a priori error estimates of Galerkin boundary element
discretizations. This approach can be applied to the Neumann boundary control problem
as well. Some numerical results are given at the end of the chapter.

In the first section a model problem is described where the control is considered in the
energy space H %%(Z) We use an equivalent norm in H %%(Z) which is induced by the
hypersingular layer heat potential D, see [15] for instance. We also derive the optimality
condition, i.e., the variational inequality to be solved. In Section 5.2 we discuss the bound-
ary integral equations to solve the primal and the adjoint heat equations. For the boundary
integral equations of the heat equation, see, for example [6, 15, 16, 26, 48, 60].

Since the temperature of the state at the end time 7" appears in a representation formula of
the adjoint state as a volume density, an additional kernel which is based on the fundamen-
tal solution of the heat operator is considered. By Green’s second formula, we can express
the volume potential by some boundary potentials of the unknown data and some volume
potentials of given densities. We end up with boundary integral equations in a symmetric
formulation which is analyzed in Section 5.3. Again we discuss the stability and error esti-
mates of a related Galerkin boundary element method. In Section 5.4, we present the main
results of the application of the boundary element approach to the parabolic Neumann
boundary control problem. Finally, we give some numerical results.

5.1 Parabolic Dirichlet boundary control problems

Let Q@ C R?,d = 2,3 be a bounded Lipschitz domain with boundary I = Q. For a fixed
real number 7 > 0, we write

[:=(0,T), Q:=QxI, ¥L:=TxlI.

&9
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To find a Dirichlet control z that minimizes the distance of the actual temperature u(-,T)
at the end time and the desired temperature #, we consider the cost functional

/[uxT —a(x)]?dx+ = (Dz )y (5.1)

2

to be minimized subject to

diu(x,t) —Au(x,t) =0 for (x,t) € Q,
u(x,t) = z(x,r) for (x,1) € Z, (5.2)
u(x,0) = up(x) forx € Q,

and to pointwise control constraints
2 €U = {w € HTH(): 21 (x,1) < w(x,t) < (x,0) for (x,) €T} (5.3)

Here u,up € L[,(Q), a € Ry, 71,20 € H i (X), and the regularization term, via a norm in
Hrd (X), is defined by using the hypersingular heat boundary integral operator

D:HYi(X) —» H 2 4(x),

see [15]. Forz € H%’%(Z) we have

(Dz)(x,t) := 8nx//8_nyg x—y,t—1)z(y,7)dsydt for (x,t) € X,
where
G
_ ) ———e 4  fort>0,
E(x,1) = (47‘[t)d/2 (5.4)
0 fort <0

is the fundamental solution of the heat equation. For the related Sobolev spaces, see Chap-
ter 2, also [1, 15, 40].

Let v be a given function defined on Q x R (or I' x R} ) and 79 € R be arbitrary. Define
the time reversal map k;, by

K, v(x,1) == v(x,t0—1). (5.5)
The hypersingular heat boundary integral operator D is H 21 (X)-elliptic and self-adjoint
with respect to a “time-twisted” duality (-,-) := (-, xr-)x, see [15], i.e.,

(Dz,7)s > cll)Hsz%%(z), (Dz,krw)s = (Dw, krz)y  forallzw e HP3(E).  (5.6)

In order to formulate the KKT system, we reduce the cost functional and obtain the opti-
mality condition as follows, see [28, 38].



5.1 Parabolic Dirichlet boundary control problems

91

1
Theorem 5.1. Let (u,z) be an optimal solution. Then there exists p € Hé’z (Q) such that

the following optimality system holds in the weak sense.
Primal heat boundary value problem

diu(x,t) —Au(x,t) =0 for (x,t) € Q,
u(x,t) = z(x,1) for (x,t) € X,
u(x,0) = up(x) forxe Q.

Adjoint heat boundary value problem

—dp(x,t) —Ap(x,t) =0 for (x,t) € Q,
p(x,t)=0 for (x,t) € X,
p(x,T) =u(x,T)—u(x) forxecQ.

Optimality condition
~ d
(aDz — %p,w —2)2 >0 forallw €Uy,

where

1
D= E(D‘i‘ KTDKT).

(5.7)

(5.8)

(5.9)

Proof. For a given z € H 23 (X) there exists a unique solution u, € H L3 (Q) of the primal

problem, see [15, 40]. Then the cost functional J(u,z) can be rewritten as

~ 1 _ (04
J(2) = 5 llu=(T) ~ 7, (0) + 5 (Dz,2)s.

Lethe H2a (X) be a given direction. We have

1 1
Jeth) =J@) = Sllueen(T) =l 0) — 5 llu(T) =l 0

o (04
+5<D(Z+l’l),Z+h>2— 5

= (u(T) —a,v(T))y0) + %IIV(T)HIZ(Q)

o o o
—{(Dz, h —(Dh —
2< Z, >2+2< ,Z>2+2

+

(Dz,z)x

(Dh,h)y,

where . (x,1) = u (x,t) +v(x,1), and v(x,?) is the unique solution of the problem

ov(x,t) —Av(x,t) =0 inQ, v(x,t)=h(x,t) onX, v(x,0)=

0 onQ.
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Applying Green’s second formula for the pair (v, p),

/T / A+ V(3 + A)p] dxdr = / / < Jo(,t) — aanv(x,t)p(x,t)) dsydi
0
+ / v(x, T)p(x,T) —v(x,0)p(x,0)] dx
Q

we get
d
(u(T) = v(T))py () + (5P, )z = 0.

Therefore, by using the self-adjointness of the operator D, see (5.6), we obtain

~ ~ o o d 1 o
J(zth) =J(z) = 5Dz, Wz + 5 (K Dkrz, s — (5-p. h)s + S IVDIIZ, )+ 5 (D)
~ 0
~(aDz= 3 phis+o Il ).

since [[V(T)||z,(@) < CHh”H%’%(Z) and D : H%%(Z) — H‘%a—%():) is a bounded operator.
This implies that the gradient of JN(z) satisfies

~ 0
(VJ(2),h)s = (aDz = =p,h)s.
n
The assertion follows, see also [28, 38]. u

In the following we will use a boundary element approach to solve the coupled problem of
the primal heat equation (5.2), the adjoint heat equation (5.7) and the optimality condition
(5.8).

5.2 Boundary integral equations

The boundary integral equations for the heat equation are first recalled. Some properties
of the standard boundary integral layer heat operators can be found in, e.g., [15]. For the
adjoint heat equation, instead of using the volume potential of the state u, we introduce
some boundary potentials with a regular kernel. We also discuss some properties of these
operators. The related anisotropic Sobolev spaces were introduced in Chapter 2.
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The primal heat equation
Let us first start with the primal heat equation. The solution of the primal heat equation
(5.2) can be written by the representation formula for (x,¢) € Q,

t

u()?,t)://E()?—y,t—T)aa u(y,7)dsy dT — //a—nygx Wit — 7)2(y, T)dsy dt

0TI
+ [EE=rnm)dy, (5.10)

where &(x,t) is the fundamental solution of the heat equation as given in (5.4). By taking
Q> Xx — x €I, we obtain the first kind boundary integral equation to find w(x,7) :=

d
%u(x,t),

(Vo) (x,1) = (%I+K)z(x,t) — (Moug) (x,t) for (x,t) € Z, (5.11)
where

(Va))(x,t)://S(x—y,t—f)w(y,*c)dsydr for (x,1) € £

—

1

is the single layer heat potential V : H ~37% (X) - H>4%(X) and

t

(Kz)(x,t ://8 (x—yt—1)z(y,7)dsydt for (x,t) €L
Ty
0

1

is the double layer heat potential K : H 23 (X) — H24(¥X), see [15]. Moreover, for (x,1) €
z,

(Mouo) (x,1) = [ E(x=3.0)uo(y)dy

is the related Newton potential. As stated in [15], the single layer heat potential V is
H~274(%)-elliptic, i.e.,

Vo,0)z > o’ |y, foraloc H 2 3(%).

Then the boundary integral equation (5.11) is solvable for a given Dirichlet datum z,

1
o=V (ZI14+K)z—V~ "Moyuy. (5.12)

3
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The adjoint heat equation
We now consider the adjoint heat equation (5.7). The time reversal of the adjoint state
variable, k7 p solves the heat equation, i.e.,

o/ (krp)(x,1) = A(xrp)(x,1) =0 for (x,1) € Q,
(krp)(x,t) =0 for (x,1) € L,
(krp)(x,0) = u(x,T) —u(x) for x € Q.

Then we have the representation formula for (x,¢) € Q,

d
(krp)(X,1) //5x Wt —Krp(y, )dsde/c‘?x y:t)(krp)(y,0)dy.

(5.13)
This gives the first kind boundary integral equation

(V(x7q))(x,1) = (Mo@) (x,1) — (Mou(-, T))(x,¢) for (x,r) € X (5.14)

d
to determine the unknown Neumann datum g(x,7) = — p(x,t) for (x,t) € X.

ony
In (5.14) the unknown state u(-,7') at the end time T appears in the Newton potential. As

discussed in Chapter 3 we will modify the representation formula (5.13). The crucial idea
is to use an auxiliary function

t d/ T—7 ﬁ
G(x,t,7) = T+i—% eTti—z 4 forxe Q;t,7€(0,7T) (5.15)

which satisfies
EX—y,1)G(X—y,1,71) =ERX—y,T+1—1).

We first write the Newton potential in the representation formula (5.13) as

(ou(- T)) () = [ € wnu(xT)dy for (£1) € 0 (5.16)
By lir;l G(x—yt,t)=1forallt € (0,T),y € Q we have
T—T~

( ) (va) ()C y7t7T) (y7O)G(3CV_y7t>0)+u0(y)G(3z_y>t70)

T
— [ 0:luy. )G E - y.t. )] dT + 10 (3) G(F - :1.0)
0

d:G(X—y,t,7)u(y, 1) df+/G(f—y,t, 7)07u(y, T)dT +up(y)G(X —,1,0).

I
St~
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Hence for dzu(y, ) = Ayu(y, ) we can rewrite the Newton potential in (5.16)
(Mou(-,T)) (%1) = / / E(F—y,1)0:G(F — .1, T)uly, 7) dyd

T
+//5 X—y,1)G(X—y,t,7)Ayu(y, )a’de/c‘J X—y,1)G(X—y,t,0)uo(y) dy.
0 Q

It is easy to check that
AEE—y1)Gx—y,1,7)| =AEX =y, T+t —7) = =E(X—,1)d:G(X—y,t,7),
and by definition, we have
EX—y,t)G(x—y,t,7)=EX—y,T+1t—1).

Together with Green’s second formula we finally obtain

(Mou(, / / EF—y,T 41— T)Ayu(y,7) — u(y, T)AE (F—y, T +1 — 1) dyde
0 Q

+/5(f—y7T+t)uo(y)dy

T
://[E(f—y,T—l—t—T)iu(y,T)—u(y,f)ié’(f—y,T—H—r)} dsydt
dny dny
0or
+ [ Gy T+0u00)dy
Q

and this gives the modified representation formula for the adjoint variable for (x,¢) € Q,
/ 9
k) = [ [EG—y1-7)5—krplyv)ds de— [ G- yat)dy
y
0

T
+//{8(;7—y,T+t—’c)iu(y,T)—u(y,’c)ié'()?—y,T—H—T)} ds,dt
s ony ony

+/5()7—y,T+t)u0(y)dy. (5.17)
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Taking the limit Q > X — x € I' without jump relations, we obtain a boundary integral
equation

0= (V(xrq))(x,t) + (Vi®)(x,t) — (K12)(x,t) — (Mou)(x,t) + (Moup) (x,t) (5.18)

for (x,1) € X where

T
(Vla))(x,t)://E(X—y,T—l—t—’L')a)(y,r)dsyd’c for (x,1) € %, (5.19)
0TI
rro
(K12)(x,1) ://Wg(x—y,T—i—t—T)z(y,f)dsydr for (x,t) € X (5.20)
y
(A

are the bi-single and the bi-double layer heat potentials. Moreover, we introduce a new
volume potential

(Myouo) (x,1) = / E(r—y, T +Duo(y)dy for (x,7) € E.
Q

Inserting (5.12) into the boundary integral equation (5.18), this gives
V(krq) =Kiz—viv~! (%1+K)z+ ViV~ Moug + Mot — Miouy,
and hence
krq =V 'Kiz—vVlvy! (%I+K)Z+V_1V1V_1Mouo+V_1MOE—V_1M10MO. (5.21)

Now the optimality condition (5.8) can be rewritten as a variational inequality to find
z € Uy, such that

(Taz—g,w—2)x >0 forall we Uy, (5.22)
where {
To = oD —xkrV 'K, +KTV*IV1V*1(§1+K) (5.23)
and
g :=KkrV '"Moa+kr (V'ViV My — VM) up. (5.24)
Mapping properties

To investigate the properties of the composed boundary integral operator 7, as defined in
(5.23), let us summarize some properties of the bi-layer heat potentials V7, K; which are
similar to the properties of the Bi-Laplace layer potentials as given in Chapter 3.

Once again, for r € (0,T) let 1o - (-,¢), %1 - (+,#) be the Dirichlet and the Neumann trace
maps, respectively.
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Lemma 5.1. For @ € H™ 23 (X), there holds

1 ~
(GI+K)o,kVio)s = (krKjo,Vo)r = |(Vo) (. T)||L,q) (5.25)
where
t
(Vw)(x,;)://5(x—y,r—f)w(y,f)dsydr for (x,1) € 0,
0T
and
(K'0)(x,1) = / / aixﬁ(x—y,t—r)a)(y,’c)dsydr for (x,1) €3, (5.26)
0or
T
K t)—// ) ey T+1— )00 t)dsyde for (i) €L (5.27)
( 10))()6, - anx X=Y Y Sy or (X, : .
0T

The operators K',K{ are the adjoint of the operators K,K, with respect to the “time-
twisted” duality, respectively, i.e.,

<KTU),KZ>Z = <KTZ,K/(0>Z, <K'TCO,K1Z>Z = <K'TZ,K1(D>E. (528)

Proof. Consider the following functions for (x,7) € Q

u(x,t) = (Vo) (x,1) = //E(X—y,t _ D)oy, 7)dsydr,
(S

T
v(x,t)://5(x—y,2T—t—’L’)a)(y,T)dsyd‘L'.
or

The functions u and v solve the heat equation and the adjoint heat equation, respectively,
du(x,t) —Au(x,t) =0, —dw(x,t)—Av(x,t) =0 for (x,7) € Q,
and there hold
ulx,T)=v(x,T), u(x,0)=0.
The application of the trace maps gives

ut) = (Vo) (51), nu(er) = (31+ K)o,

Yov(x,t) = xkr (Vi) (x,1), nv(x,t) = kr(K{@)(x,1).
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The assertion now follows from Green’s second formula
T
/ / (3, — A+ u(; + AW dxdr = / / v (e 1) You(x, 1) — Yau(x, 1)y (x,1)] dise dit
Q 0T

+ / [u(x, T)v(x,T) — u(x,0)v(x,0)] dx.
Q
O

As in the case of the Bi-Laplace operator, see Corollary 3.1, we can state the following
properties.

Lemma 5.2. For the boundary integral operators, there hold

1 1
KV =VK', DK=K'D, VD= ik K?, DV = 4! — K", (5.29)

1 1 1
V—‘(§1+K) =D+ (§I+K’)V_1(§I+K), (5.30)

and

VK| +ViK' = K|V + KV}, (5.31)
DK, —D\K = K{D—K'Dy, (5.32)
ViD—-VD; +KK; +K K =0, (5.33)
DV, — DV +K'K|+K{K' =0, (5.34)

where D1 is the normal derivative of the bi-double layer heat potential K,

(D12)(x,1) =5 //ng v, T+t —1)z(y,7)dsydt, (x,t) €L (5.35)
x y

Proof. The relations of (5.29) for the layer heat potentials are well known, see [15]. The
relation of (5.30) is an alternative representation of the so-called Dirichlet to Neumann op-
erator, see Corollary 3.1 for similar properties of the Laplace boundary integral operators.
Indeed, by (5.29) we have

1 1 1 1 1
D+(§I+K’)V_1(§I+K) = V‘l(ZI—Kz)+(§I+K’)V_1(§I+K)
1 1 1 1
-1 / —1
= —I—K)(=I+K)+ (=1+ KW Y (=I+K
1% (2 )(2 + )+(2 +K') (2 +K)
1 -1y, 1 ny—1¢1
= (=V 1K'V HY(EI+K)+ (=I+K)WV ' (=I+K
(2 )(2 + )+(2 +K') (2 +K)

1
“NZI1+K).

:V(2
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Moreover, for the relations (5.31)-(5.34) let ® € H *%7*%(2), 0cH %’%(E) be arbitrary.
We then define functions for (x,¢) € Q,

u(x,t) //5)6 »wT+t—1)0(y,T dsyd’c%—//ﬁé’x v, T+t—1)p(y,7)dsydr,
y

v(x,t)://S(x—y,t—T)a)(y,r)dsydf—l—//%E(x—y,t—T)(p(y,?:)dsydr.
y
0T 0r

These functions solve the heat equation. Their related boundary and initial conditions are
given by

YOM:VWH—KI(P, Y]M:Kia)—i—D](P, u(x,O):v(x,T),
1 1
Ty =Vo+(=31+K)9, nv = (51+K)o-Dg, v(x,0) = 0.

Moreover, by u(x,0) = v(x,T) we can also represent the function u(x,?) for (x,7) € Q, by

u(x,t) //5 (x—=yt—1)nu(y,t)dsydt — //a—g x—y,t—1T)Yu(y,t)dsydt
y

+ /5()6 —y,t)v(y, T)dy.

Again, we modify the volume potential as in (5.16) to obtain the representation formula

t t
u(x,t)://E(x—y,t—’L’)}/lu(y,”c)a’sydr—//%S(x—y,t—f)y()u(y,r)dsydf
y
0r 0r

T
+//5(x—y,T—|—t—T)}/lv(y,’c)dsyd'v—//%S(x—y,T—i—t—'L’)}/ov(y,r)dsydr.
y
0or

This gives the following traces

You
wu\ (3-K V. —Ki W[ nu
vu) \ D I+K -D K|) | wv

nv

By inserting the traces of the functions u and v, we obtain

1 /
—I—-K)[Vio+K 9|+ V[Ki0+ D;¢]

V1(D+K1(P:(2

1 1
—Ki[Vo+ (—§I+K)(p] +V [(§I+K’)a) — Do,
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and

/ 1 / !/
K1w+D1<p:D[V1a)+Klgo]+(§I+K)[Kla)+D1go]

1
—Dl[Va)+(—§I+K)(p]+K1[( H—K’)w Dg],

forall @ € H™ 2 4( ), gDEHi Z(Z)whichimply

1 !/ 1 /
(EI—K)Vl-l—VK]—K1V+V1(§I+K),

1 1

K = (51~ K)Ki + VD1 +Ki (51~ K) = ViD,

Vi=

1 1
K| =DV; + (§I+K')K{ —D1V+K{(§I+K’),

1 / 1 /
D| = DK + (51+K )Dy +D1(§1—K) —K|D,

and the assertion follows. O]

Note that V, D, Vi, D are self-adjoint operators with respect to the "time-twisted" duality,
see (5.6) for D, and hence the operator D is self-adjoint with respect to the inner product

(-,)5, 1.e.,
(Vo,kr0)y = (VO,kr0)s, (Viw,kr0)y = (V10,kr0)5, (5.36)
(D1, xrw)y, = (D1w, KT Q)3 (D@, w)s = (Dw, @)y, (5.37)
forall w,0 € H_%’_%(Z), o,we H%%(Z)

Lemma 5.3. For the operator

there holds for € H’%’*%(Z), (NS H%’%(Z),

(A (?P)) KT (fl’)) )x = (Vio, kr o)y — (K19, kr0)s — (K10, k7 @)s + (D19, Kr )5 > 0.

1

Proof. For o € H‘%’_Z(Z), (NS H%&(Z), we define functions in QU Q%

u(x,t)://S(x—y,T+t— 7)o (y,T)dsydT — //8_ngx ».T+t—1)p(y,7)dsydr,
y

t

v(x,1) //Sx Vit —T)@(y,T)dsydT — //—Sx ¥t —1)0(y,7)dsydrT.

on
5 y
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Here, we define a complementary domain
& =Brp\Q and Q%:=Q%xI,

where Bg := {x € R : |x| < R} is a sufficiently large ball containing T, see [15].
The functions u,v solve the heat equation in Q U Q%. The related boundary traces of u are
given by

Yu=Vio—-Ki @, nu= K{(O —D10o.

For the function v, there hold the jump relations across X,

[Y0v] := 1 (vlge) =) = =@, [nv]:=nlg) —nlp) = —w.

The above equations allow us to write the bilinear form in terms of the traces of u and v,

) (o) = () m (5

= (Yu,krn1(v|p))s — (You, kry1 (v|oe))s
+ (nu, krw(vlee))z — (nu, krp(vio))s
= (W(ule): krri(vig))z — (v (ulo), krw(vie))x
+ (N (ulge), krw(vlge))z — (W (ulge), kr 1 (vige))x.

The application of Green’s second formula to the solutions u, v of the heat equation in Q
and Q% gives

((ulo). k7 (v1o))s — (n(ulo) kr(vlo))s = [ut. 0y T)dx = [ lu(x.0)dx,

Q Q
(71 (ulge), krvw(vige))s — (Yo (ulge), kryi(vige))s = /[u(x,())]zdx— (Yiv, KT YoU) 9B 1
53

+ (V11, KT Y0V) 9By x1-
Thus we obtain
(A (?p)),KT (?p’))zz / [u(x,0)]* dx — / Krudyvdsydt + / Krvorudsydt.
QUOG dBrxI dBrxI

We will show that the last two terms tend to zero as R — . To do this, let us consider
the function v first. Let us choose 0 < Ry < R such that Q C Bg,. By the representation
formula for the solution v of the heat equation, it follows that outside Qfeo’ in particular for
|x| > Ry, the function v coincides with

t t
d
vo(x,1) ::/ / S(x—y,t—‘t)a)o(y,f)dsyd’c—/ / Wg(x—y,t—‘c)(po(y,‘t)dsydf,
0 9By, 0 oBg,
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where the single and the double layer potentials are now defined for density functions on
ZR() = 8BR0 x 1,

)y = 8rv|zR0, ¢y := V|ZRO.
The densities @y, @y, as well as the new boundary Yg,, are smooth. We can now easily
estimate v, and d,v on the boundary Xg for R > Ry, using the behaviour of the fundamental
solution £(x,). From the simple estimates

IE(x,1)] < cut_“|x|2“_d, VE(x,1)] < cpt™ |)c|2“_d_l

and
9 £ U 2u—d—2
1) <cyt T
|axiaxj (X, )|—cll |X|
for all u € R;i, j = 1,2, we obtain for finite 7,
krv=0R), dv=0R "), as [x|=R— oo
Similarly, for (x,7) € dBg x I, the kernel £(x —y,T +t — 1), (y,7) € X is smooth. Then
kru and dyu are bounded as |x| = R — oo. Hence
— / Krud,vds,dt + / Krvoyuds,dt = O(Ril) —0 as |x|=R—oo.
BBRXI 8BR><I

Hence we finally conclude

(A (f;) K (f;) g — / lu(x, 0)]2dx > 0.

R
[

Corollary 5.1. The operators Vi and D, are positive semi-definite with respect to the
“time-twisted” duality (-,-) = (-, Kr")y, Le.,

I—
FNE

Vio,kr@)s >0, (D1@,kr@)x >0 forallweH*%f%(Z),(peH

(%)

To close this section, let us recall the mapping properties of the Newton potential M, as
defined in (5.16), see [48, Lemma 7.10]. For the mapping property of My in a higher order
Sobolev space, see [37, chapter IV].

Lemma 5.4. Let Q denote any bounded, open subset in R?. For any f € Ly(Q), let

(Mof)(x.0) = [ E=y)f()dy. xeR’, 1>0.
Q

Then there exists a positive constant C(Q) such that

1Mofllv(g) < CQ)|IfllLy)-
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The function My f solves the homogeneous heat equation. By [15, Lemma 2.15], the norms

of V(Q) and H 5 (Q) on the subspace of functions satisfying the homogeneous heat equa-
tion are equivalent. Thus we obtain

IIMofllHl,% < CQ)1S s ()

Q)

Therefore, the operator M : Lr(Q) — H 21 (X) is continuous by the trace theorem. Note
that, since £(x,T +1) € C*(RY x R, for T > 0, the operator My is continuous on the
considered Sobolev spaces.

We are now in a position to prove the properties of the boundary integral operator 7.
Theorem 5.2. The operator Ty : H2 (X) — H 21 (X) as defined in (5.23),
~ 1
To = oD — KV K + KTV_1V1V_1(§I+K)

: . . 11 .
is bounded, self-adjoint with respect to the inner product (-,-)s and H2'%(X)-elliptic, i.e.,
there exists a constant CIT"‘ > 0 such that

(Taz,2)x > clT“HZHz

)

D=
Bl
—

(g Jorallz€ HA(E),
)y

Proof. The proof is similar to the proof of Theorem 3.3. We skip the details. Note that,
for the mapping properties of the layer heat potentials, see [15]. In particular, we have

vl @) g E), Kb E) - i E), Dot - i)

1 1

ViiH TH(E) - HPE(T), K HY(Z) — H(2).,

Hence we conclude the unique solvability of the variational inequality (5.22). However,
as stated in Remark 3.3, we will obtain a non-symmetric approximation of the self-adjoint
operator 7, when using a Galerkin boundary element approximation. Moreover, we re-
quire an additional condition on the discretization to ensure the stability of the discrete
variational inequality. Hence we only consider the symmetric formulation in the next sec-
tion.
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5.3 Symmetric boundary integral formulation

In this section, we investigate a symmetric boundary integral formulation by using a second
boundary integral equation for the solution of the adjoint heat boundary value problem. We
ensure unique solvability and we derive a priori error estimates for a Galerkin boundary
element approximation.

In particular, when computing the normal derivative of the representation formula (5.17)
of the adjoint variable, this gives

1
krq(x,1) = (51+K)krq(x, 1) + (K1 0) (x,1) = (D12) (x,1) — (M) (x,1) + (Mi10) (x,1)
(5.38)
for all (x,7) € X, where, in addition, we introduce the Newton potentials for (x,z) € £

(Myu)(x,t) = ainx/é'(x—y,t)ﬁ(y)dy, (My1ug)(x,t) anx/é' x—y,T+1t)up(y)dy.

By substituting (5.12) and (5.21) into the right hand side of (5.38) we obtain the alternative
representation

1 1 1 1
Krq :(§I+K')V_1K1z — (§I+K’)V_1V1V_1 (51 +K)z+ (§I+K')V_1V1V_1Mou0
1 1 1
+(51+ K'YV Myu — (51+ K'YV IMguy+ kv (51 +K)z- KV~ Moug

—Dyz—Mju~+ Mup.
Hence we have to solve the variational inequality to find the control z € U, such that
(Taz—g,w—2)x >0 forallw e Uy (5.39)

where

~ 1 1
To = aD+ xrD; — kr K|V (Z1+K) — (21+K/)V*1K1

(2
1 1
+ KT(EHK’)V*IVN*I(EHK) (5.40)
is the alternative representation of 7 as defined in (5.23) and
1 1 1
Krg = (§I+K')V_1Moﬁ—Mlﬁ+ (§1+ K'YV viv I Mouy — (§1+ K'YV~ Mioug
— KV "Moug +Miug  (5.41)

is the related right hand side.
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Theorem 5.3. The operator Ty as given in (5.40) coincides with the operator as defined
in (5.23). In particular, Ty, is bounded, self-adjoint with respect to the inner product (-, )y

and H? (X)-elliptic, i.e., there holds, for some ClT“ >0,

(Taz2)s > |l

FNE
—

s

Nj—

Proof. The proof is similar to the proof of Theorem 3.5. The self-adjointness of 7, is
obvious from the symmetric representation (5.40) and (5.28), (5.36), (5.37). In particular,
the operators 7y, in the symmetric representation (5.40) and in the non-symmetric repre-
sentation (5.23) coincide. Indeed, by using (5.29) and (5.31) we have

~ 1 1 1
To = aD+xrDy — k7 (K{ — (§I+K/)V—1V1) V—1(§1+K) — KT(§I+K’)V—1K1

D —1 ! 1 —11 1 Ny7—1
= aD+krDy— KV (VK —KVi= Vi |V (ST +K) = ke (51 + KV K

- 1 1 1
= oD+ kD) —xkrV ™! (K1V — ViK' — Evl) v—1(§1+1{) — KT(§1+K’)V—1K1

=~ e “1y ] —
=oaD+xrD; — xrV K1<§I+K)+KTV V1(§I+K)V (§I+K>

1
— KT(§I+K/)V_1K1.
By using (5.30), (5.29) and (5.33) we further conclude
~ —1 1 ~1 —1,]
To = oD+ xrD; — x1V K1(§I+K)+ KV ViV (§I+K) —D
1
— KT(EI—I—K/)V_]KI

- 1 1 1
=aD+krV ! (VD1 — Ki(51+K) +vvl (51+K)-ViD— (§I+K)K1)

- 1 - 1
=aD+xrV ! (VIV_] (51 +K) —Kl) =aD—xrV 'K+ K‘TV_]VIV_](EI-l—K)

and we obtain the non-symmetric representation (5.23).
Moreover, the ellipticity estimate can be shown directly by using Lemma 5.3. Indeed, for

z€ H%%(Z) and 0 = V_l(%I—FK)z S H‘%v‘%(Z) we have

- 1 _
(Taz,2)y = O‘<DZ7Z>Z+<KTD1Z7Z>Z_<KTK;(07Z>Z_<KT(§I+K/)V 'K1z,2)x

1
—|—<KT(§I+K’)V_1V1(D,z>z

o(Dz,2)y + (krD12,2)x — (K| @, k72)x — (K12, Kr @)x + (Vi 0, K7 0)3.

a(Dz,2)x > ocP||z))? | | (see Lemma 5.3).
H2'4(3)

v
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Hence the variational inequality (5.39) admits a unique solution. Moreover, in conse-
quence of the alternative representation (5.41) of the right hand side g as defined in (5.24),
we obtain the following corollary.

Corollary 5.2. For any ug,u € Ly(Q) there hold the identities

1
My = (—§I+K’)V’1Moﬁ, (5.42)

1 1
Myug = KV 1Mouy+ (51 — K'YV 'viv I Myuy — (51 — K'YV Mygug. (5.43)

Galerkin boundary element approximations

In what follows, we study the numerical solution of the variational inequality (5.39) by
a Galerkin boundary element method. The ellipticity of the Schur complement boundary
integral operator 7, will imply the quasi-optimality of Galerkin approximations. Let us
first introduce some finite dimensional trial spaces.

For the approximating subspaces of H —21 (X) and H 23 (X) it is customary to use tensor
products of spaces of functions of the space variables and of spaces of functions of the time
variable. We introduce a standard class of tensor product spaces Qix’d’ (X) = SZ;’ N ® Th‘f’
which are based on polynomials of degree d; in time and polynomials of degree dy in
space, see Section 2.2. We choose an approximation for the Neumann data ®,q which
is piecewise constant both in space and in time. For continuous functions z; and zp, we
define the discrete convex set

Uy = {wy, € Q}IZ’O(Z); z1(xit;) <wp(xit;) < za(x,t;)  for all nodes (x;,¢;) € L},

where Q}Z’O(Z) is a boundary element space of piecewise linear and continuous basis func-
tions in space and piecewise constant ones in time. Then the Galerkin discretization of the
variational inequality (5.39) is to seek z;, € U}, such that

(Tazn,wn—zn)x > (g,wp —zp)y for all wy, € Uj,. (5.44)
Theorem 5.4. Let 7 € U,y and zj, € Uy, be the unique solutions of the variational inequali-

ties (5.39) and (5.44), respectively. Then there holds the error estimate

1

=% 3(s—3)
l2=2ally 3.4 gy S €l * 12Nl o,

(5.45)
when assuming z,21,22 € H*2 (Z) and Tyz — g € oL (X) for some s € [%,2].

Proof. The proof is similar to the proof of Theorem 3.1, see [8, 21, 49] for the general
abstract theory.
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Indeed, similarly to the proof of Theorem 3.1, by the assumption 7,z — g € L (%)
we have

7, 2
Tl o) < 1Tz gt g (Bl e+ Tl e )

i
+63° |z —zal|

(]
el

s

g 2=l

D=
A
Bl—
ENE

H H

( (2)

for all w € U,y and wy, € Uj,. By using the approximation properties of the trial space
Q}Z’O(Z), see (2.17) and (2.18), see also [15, 48], we can conclude

Ty s s
€ HZ_ZhH2 171(2) <ci (hysc 1+hz2 ) (hfc—F/’l,z) HZH?—IY%(Z)

_1 1o 1
+ ¢ <hf¢ 2—|—ht2(s 2)> |z — zal| 1 |zl 5.5

The assertion follows. O]

Since the composed boundary integral operator 7, and the right hand g as defined in (5.40),
(5.41) do not allow a practical implementation in general, instead of (5.44) we consider a
perturbed variational inequality to find zj, € Uj, such that

(ToZnswn—Zn)s > (& wn —Zn)x  for all wy, € Uy, (5.46)

Theorem 5.5. Let Tg, : H2'1 (X) — H 21 (X) be a bounded and Qi’O(Z)—elliptic approx-
imation of Ty, satisfying

forall zj € Q}II’O(Z)

and

~ 11
7. < e H2>1(%).
| azHH,%,,%(E)_cz HZHH%%(Z) forall z € ()

Letge H _%’_%(Z) be some approximation of g. For the unique solution 7j, € Uy, of the
perturbed variational inequality (5.46) there holds the error estimate

|z —zal| 1_1(Z)<C1HZ—Z},H 11 ‘|‘C2<H(Ta—?a)

i by T e8Iy

ZHH*%»*Z(Z) H3 4(2))

where z;, € Uy, is the unique solution of the discrete variational inequality (5.44).
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Proof. Since the operator 7. o 1s bounded and Q,ll’0 (X)-elliptic, the discrete variational in-
equality (5.46) admits a unique solution. From this we further obtain

i\— -~ s A~ A~
c1%zn —zl)? <A(Ta(zn—2n),2n —Zn)x

HI4 (%)
<(Tazn,zn —zn)s + (8,20 — zn)x + (ZTazn:2n — 2n)x — (8,2h — Zn)x

= (Tazn,zn—zn)s + (€ — &2 — 2n)x + (ZTazn,2h — 2n)x

< <H(fa ~Ta)anll, gy Hls —§HH;7}1(Z)> ln =2l 3 4 )

By using the triangle inequality and the boundedness of 7 and T, we have

||(Ta—7a)zh||H7%ﬁ%(z) < ||(7a—7a)ZHH7%ﬁ%(Z)+||(Ta—Ta)(Z—Zh)HHf%ﬁ%(Z)
7 To | Tay||, _
< MTa=Tadall, gy o+ Q" Tl o
The assertion now follows from the triangle inequality
_2 < |- — _
Iz =2l ;1.1 [ ZhHHH(E)ﬂLHZh Zh”HH():)
O]

It remains to define the appropriate approximations T, g which are based on the use of
boundary element methods, see Section 3.5 for the case of an elliptic problem.

Forz € H?'i (X), the application of 74z reads
~ 1
Toz = aDz+ krDiz— k7K 0, — KT(§I+K1)QZ7
where ¢, 0, € H —34 (X) are the unique solutions of the boundary integral equations
1
Vo, = (§I+K)z, Vg, =Kiz—V,0,.

Let Qg’O(E) be another boundary element space of piecewise constant basis functions both
in space and in time. Let g, € Qg’O(Z) be the unique solution of the Galerkin variational

problem 00
<qu7h, 9h>2 = <K1Z—V1 @; p, 9;,)2 for all 6, € Qh’ (E),

where @, j, € Qg’O(Z) solves

1
<sz,h7 9h>2 = <(§I+K)Z, 9h>2 for all ;, € Qg’O(Z).
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We are now in a position to define an approximation ’ZAIX of the operator 7 by

~ . 1
Toz = oDz + krD1z — krK{ @, — KT(§1+ K')q n- (5.48)

Al

Lemma 5.5. The approximate operator Tg, : H? (X) — H-24 (X) as defined in (5.48)

is bounded, i.e.,

1azll v 1 <3l vy, foralize HE (D),

4(2) H2'4(X)

and there holds the error estimate

(7o — 7a) b St it g =6l oy 1 Ferflor—onl 1y

Z
i dody = o 1= Ol a 3(®)
(5.49)
where Ty, was defined in (5.40).

Proof. The boundedness of the operator T4, follows from the mapping properties of all
boundary integral operators involved. In particular, the Galerkin boundary element solu-
tions @, 5, q. j, in (5.48) satisty

loenll, 1y o <crllzl

<
(%) H ”CIz,hHHf%,,l _CZHZH 11

(D) H21 ()

A

s

Nl—

()’

—_
—_

For the error estimate (5.49) let z € H2'4(X) be arbitrary but fixed. By definition, we have
~ 1
Toz = oDz +xrDiz— K’TKi , — KT(§I+K/)QZa

where |
Vo, = (§I+K)Z7 Vg, =Kiz—V0,.

By using (5.48), we then obtain

~ 1
Taz—Taz= K'TK{ (a)z,h — )+ KT(§I+ K/) (‘]z,h —qz),

where ¢, 5, € Qg’O(Z) is the unique solution of the Galerkin variational problem
(Vgon Oh)s = (Kiz— Vi, ,,0)x  forall §, € 0)°(%),

and @, € Qg’O(E) solves

1
<sz,h7 9;,)2 = <(§I—|—K)Z, 9h>2 for all ;, € Qg’O(Z).
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Moreover we define g, , € Qg’O(Z) as the unique solution of the Galerkin variational prob-
lem

(V. p,6h)s = (Kiz—Vi@,,0;)x forall 6, € Q2’°(E)-
Then the perturbed Galerkin orthogonality

<V(QZ,h - az,h); 6h>2 = <V1 (wz,h - wz)7 9h>2 for all 6, € Qg’o(z)
follows. This implies the inequality

V

<Zas-ol,

1
) _VHVI(wzh wZ)H 1 ¢! bl

AT H24(5)

—_

quh

1

Therefore, by the boundedness of the operators K', K| : H —371 (X)—H —371 (X) and by
the triangle inequality we conclude

!
+C§ HCIz,h_QZ“ _1_1

(Ta =Tl gy gy <5 0= il it

24(D)

Kl
< Czl”wz.,h_a)z”H_l -1

K~ _
27A(x) +c3 1z QZHH_%’_I

! ~
—|‘Cé< HQZ,/’l_qZ,/’lHH—%,—% Yy

(X)

The assertion now follows by applying Cea’s lemma. [l

By using the approximation property of the trial space Qg’O(Z), see (2.17), we conclude an
error estimate from (5.49) when assuming some regularity of ¢, and @,, respectively.

Corollary 5.3. Assume q.,0. € H2(X) for some s € [0,1]. Then there holds the error
estimate

(7o —Ta)zl| 1

1 1 s
ity Sl AR (4l )+ 0o ) (550)

The approximation of the right hand side g
Similarly, the right hand side in (5.41) can be rewritten as

1
I+ K") i uy + Kr K| 04y — Kp My + KM 110,

g= KT(2

where gz, € H —34 (X) is the unique solution of the boundary integral equation
(V) (x,1) = (Mou) (x,1) — (Myouo) (x,1) — (Vi) (x,1)  for (x,1) € Z,
and oy, € H 24 (X) solves

(Vay,)(x,t) = —(Mouo) (x,t) for (x,1) € L.
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Hence we define approximate Galerkin solutions gy, @, € Qg’O(Z) of gz 4, and ®,,, and
then we can introduce the approximation

-~

1 - ~
g=Kr —I—l—K’)qh—l-KTKi(Dh—KTMlﬁ—l— KrM1ug (5.51)

3

and we obtain the error estimate

1 1 s
) < €O RO (ol s )+ 100l o) (552

le—&ll, 11
when assuming gy, , Wy, € H*3 (X) for some s € [0, 1].

Approximate variational inequality
By using the approximations (5.48) and (5.51), the perturbed variational inequality (5.46)
reads to find zj, € U, such that

1 —~
(D% + krD1Z;, — kr K| @, ) KT(§I+ Kz, 0 wh —n)x

1
I+K' Vqn+ KTKlwh — krMyu+ krMyug,wy — 7))y forall wy, € U,

> (kr(5

which can be written as

(aDZj, + kD12, — krK{ o), — (;I+K )an,Wn —2n)x > (KrMi1ug — Kp Myt wy —Zp)s

(5.53)
for all w;, € Uy, where we introduce gp, := gz, j, + qn € Qg’O(Z) which is the unique solution
of the Galerkin variational problem

<th, 9h>2 = <K1/Z\h —Vioy, 9h>2 + <M0ﬁ—M1()u0, 9h>2 for all ;, € Qg’O(Z), (5.54)

and @, == 0, j,+ O € 0% (%) which solves

1 -
(V ey, O1)x = (51 + K% — Mouo, 8y)x for all 6 € 0Y0(2), (5.55)

(see the corresponding boundary integral equations (5.18), (5.11)).

Let
1N0 1 ]NO 1

Z Z (ng(Pg t  qn(x,t) Z Z Q£k¢e ),

and
N—1N;—1

= Z Z an(Pi%(x)WI?(t)a (xvt) €,
k=0 n=0
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where N; denotes the dimension of Sﬁlx ('), i=0,1 and N is the number of time steps.

Substituting these expansions into (5.54) with the test functions 6),(x,t) = ¢°(x)kr l//? (1)
fori=0,1,....No—1; j=0,1,....N—1, we get
—1Ny—1
Z Y (@n VLol (W0 000y o))+ a0 () WE ()] 02 O v 1))

=0 ¢=0
—1N;—1

- Z Z 2k (K1 [0 () WE (1)), 0 (¥) kr ) (1))x = (Mot — Miouo, 97 (x) kr ) (1))
foralli=0,1,....Ngo—1; j=0,1,....N—1.

Since the last equation is indexed by four integers, it requires some ordering or partitioning
of the unknowns. For 0 < k <N — 1 we define vectors @, q, € RM and Z € RM by

a)k[é]:wgk, qk[f]:q%, Zk[l’l]zznk for ¢=0,1,....No—1;n=0,1,....,N; — 1.

Similarly, ]_C; denote vectors of length Ny whose components are given by
f]l[l] :<MOE_M10u07¢?<X)KTW?(t)>Za for i:0717"'7N0_1;j:()717"'7N_1'

Finally, we define square matrices lek, Vjr € RM>*No and matrices K }k € RNoxN1 for
0<k,j<N-—1by

Vil = Vilef (0], ¢ () kryd(1))s,

Vilil[l] = (VIoP ()R ()], 0 (x)ierwd (1))s,

Kililn] = (Ko, (x) v (1)], 0 (x) kr ) (1))x,

fori,{ =0,1,...No—1;n=0,1,....N; — 1.
With these notations, the system (5.54) can be written in the form

><

N—1
Z(vj‘kaJrvjkgk szk> fl for j=0,1,. N1 (5.56)

k=0
In the same way, the system (5.55) reads
N—1 N—1 1
Y Viw,— Y ( M +K; ) f * for j=0,1,..N—1, (5.57)
k=0 k=0 2
where the matrices M, K jx € RM*Ni are defined by
: _ 1 0 0 0
Mjlilln] = (@, ()i (1), @i (x)kr s (1))x,
Kililln] = (Kl@a ()W), @ (x)kr v (1))x
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and
F71i] = —(Mouo, @7 (x) kr i (1))

Let us rewrite the linear systems (5.56) and (5.57) as follows. For the N? matrices A jks
Jj,k=0,1,....,N — 1, which correspond to one of the layer heat potentials A, i.e.,

Ajili][l) = (Algf )W ()], @ () r W 1))z,

we denote a block matrix Ay, by

Ago Aot -+ Apgn-i

) Ay o AN
A= . ) ) ;

Anv—10 An—11 - AN—1N—1

We define a vector a which is constructed from the N vectors g; by

.
a:=(ag af - ay) -

With these notations, the inner-product of two vectors A,a and b can be expressed by the
“time-twisted” duality, i.e.,
(Ana,b) = (Aay, Krby)x,

where a;,, by, are trial functions whose coefficients of the expansions in trial spaces cor-
respond to the vectors a,b. Here the operator A can be one of the layer heat potentials
V,K,Vi,.... In case of the identity operator, we have a mass matrix M, as usual.

We now rewrite the linear systems (5.56) and (5.57) in the forms
Vip@+Vig —Kipz = f' (5.58)

and

1
Vi — (Mn+ Kz = f*, (5.59)
respectively.

Discrete variational inequality
Analogously, we can reformulate the perturbed variational inequality (5.53) to find z €
RMN s 7, € U, such that

_ 1
(@Dpz+D1pz= K@= (5My +K, )gw=2) > (£, w—2) forallwe RN s w;, €U,
(5.60)
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where w,q € RMN are the unique solutions of the linear systems (5.59), (5.58), respec-
tively. Here, in addition, we define the square matrices D}k,ZN) ik € RM>N1 and the vectors
]_‘j € RM by

Dj[m][n] = (D19, () W2(1)], @ (X) kr Y3 (1)),

D j[m][n] = %<D[<Pi ()W (O)], @ (X)W (1))5 + é(D[fpi () Y (1)), @ () K1 W (1))
£ lm] = (Mi1uo — My, @, (x) kr 7} (1))x

for j,k=0,1,....N—1;m,n=0,1,...,N; — 1. Note that

(Dpa,b) = (Dap,by)x  foralla,b € RMY s ay, by € 0,°(2).

The Galerkin matrix V), of the single layer heat potential V is symmetric and positive
definite, hence it is invertible. We can solve @ and q from (5.59), (5.58). Then the discrete
variational inequality (5.60) is equivalent to

(Tanzw—2) > (gw—2) forallw e RMY < w, el (5.61)

where

_ 1 _ 1
Ton = 0Dy, +D17h—(§MJ + KV, K — KLV, 1(§Mh+Kh)

1 ~ 1
+(§MhT + K, )V, ViV, I(EM;,—kKh) (5.62)

defines a symmetric Galerkin boundary element approximation of the self-adjoint operator
Tq and

_ 1 _ _
g = KLV P+ GMY KDV Vv ) (5.63)

is the related boundary element approximation of the right hand side g as defined in
(5.41).

Lemma 5.6. The symmetric matrix Ty j, as defined in (5.62) is positive definite, i.e.,

(Tanz2) > acPlaul® ,,  forallze RN oz, € 010(2).

HI4(x)
Proof. While the symmetry of 7, ;, is obvious, the positive definiteness follows by using
Lemma 5.3. Indeed, by using the symmetry of V}, and with @ = Vh*1 (%Mh + Kj)z, we have

(Tanz,z) = o(Dpz,2)+ (D14z,2) — 2(Ky1 4z, @) + (Vi 1,0, ©),
= oDz, zp)s + (D12, Kr2)s — 2(K12n, K7 0p)s + (Vi @y, K7 ),

> a(Dzp,zn)x > e ||z

H2A(x)

IS,

D=
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Hence we conclude the unique solvability of the variational inequality (5.61) and (5.46) as
well. Moreover, we can derive an error estimate for the approximate control solution z;, by
applying Theorem 5.5 and with the error estimates (5.45), (5.50) and (5.52).

Theorem 5.6. Let z and 7, be the unique solutions of the variational inequalities (5.39)

and (5.46), respectively. Then there holds the error estimate

< el +n25 )| Foa(hE + 1) + )
Hrad(E) — ! ZH"‘+‘~%(x) AR A

1 1 s
+C3(l’l)% +ht4)(h§c+ht2)(HwZ”Hb,%(Z) + HqEMOHHS%(Z) + HwMOHHSs%(Z)) (564)

=2 142005

when assuming 7 € H*t1*7" () and q;, 0, qi.uy, Wy € H2(X) for some s € [0, 1].

In particular, if there are constants ¢, c, > 0 such that
c1hi < hy < o,
we obtain the estimate

s+%

lz=2nll 11, <clz,,u0)hy forz e H”l’%(z),s € [0,1]. (5.65)

In the case of a non-constrained minimization problem, instead of the discrete variational
inequality (5.61) we have to solve the linear system

Ta,hé = gv
which can be written as
Vi Vi —Kin () [1
v, —(3My + K)|la|=1|r] (5.66)
K, —GM, +K]) Dip+aD, ) \z f?

Implementation

In what follows, we discuss on the computation of the matrix entries for the Galerkin
scheme. For more details, we refer to [15, 48, 60].

We consider the Galerkin matrix of the single layer heat potential

T
Vilile) = (VIof @0 o ) erwd(0)s = [ [ ewd (T =V [of ) wi(0)] dssar
0r

T t
://qo?(x)w?(T—t)//E(x—y,t—r)wg(y)wﬁ(r)dsydrdsxdt.
0r (A
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By interchanging the order of integration, the entries V;[i][¢] can be written as follows
Valilll) = [ [ 60 @anx)ef () ds,ds.
rr

where for x,y € R? a jk(x, y) are denoted by

T

ap(ey) = [ VT =0 [Vt~ v)dear
0 0

The basis functions l//,?(t) are given in (2.16) fork =0,1,....N— 1,

1 if khy <t < (k+1)h,
vi) = et e
0 otherwise.

Hence, with T = N#;, the time integrals

(N=jhs (k+1)h 1
ajr(x,y) / / (x—y,t—1)dtdt = hz//é’ x—y,h (8 —t' —7'))dt' dt
(N—j—1)h  khy 0

can be computed explicitly for 6 : =N — j—k > 1, see, e.g., [15] for d = 2 and [48] for
d = 3. Note that aj;(x,y) =0 for 6 < 1,s0 Vj; =0 for § < 1. Obviously,

Vike =V, 1t j1it+ki=j2+ka.

The symmetric matrix V), is (block) left-upper triangular. Thus only N blocks of size
No X N have to be computed and stored. In particular, only one block of size Ny x N has to
be inverted in order to get Vhfl.

For the Galerkin matrix of the hypersingular integral operator we can reduce the computa-
tion to weakly singular integrals in the two dimensional case, see [15].

Lemma 5.7. For d = 2, let dy and 0; denote the derivative with respect to the arc length
on I and the time derivative, respectively. Let n denote the exterior normal vector. Then

e

N
Il
_

(Dz,w)s = (V(Iyz),0w)z+ Y (3:V(zni),wni)y,

MN

<D12,W>2 = —<V1(8yz),8yw>g <atV1(ZI’l)Wl’li>2,

1

forall z,w € H%’%(Z).
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Moreover, to implement the right hand side f 3 we can approximate the Newton potentials
Miu and My ug by using the identities (5.42) and (5.43) as we did for the right hand side
g. In particular, we can write

B - 1 Ny —lys -1 1 Nor—1 g —
Mijug — Miu =KV M0u0+(§I—K)V Vv M0u0+(§I—K)V [Mou—Mlouo]

1
= _K{ Wy, + (EI_KI)CIE,MO

where w,, € H —21 (X) is the unique solution of the boundary integral equation
(Va,)(x,t) = —(Moug)(x,t) for (x,1) € £,
and gz, solves
(Vqau,)(x,t) = (Mou)(x,t) — (Miouo) (x,t) — (Viwy,) (x,t) for (x,7) € E.

Then we define an approximation ]/”\3 asin (5.51)
1 - ~
= (51— K')qn — Ki @
which implies

-3 1 _ _ _
[ = <§ w =KV =y ) - K

Therefore, instead of the vector g as defined in (5.63) we use an approximation

~3 _ 1 _ _
[ KLY, IJ_CZ+(§M;ZT+KhT)Vh Y=V, )

My V! (f -V Jth_]J_(z) :

[0Q)
I

Remark 5.1. We have presented the use of a boundary element analysis for the solution of
parabolic Dirichlet boundary control problem. The error estimate (5.65) provides the best
possible order of convergence for boundary element approximation of the Dirichlet control
z when considering the lowest order trial spaces. The boundary element approach can be
applied to parabolic Neumann boundary control problem as well. This will be discussed
in the next section.
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5.4 Parabolic Neumann boundary control problems

In this section, we apply the boundary integral equation method to a parabolic Neumann
boundary control problem which is based on the idea as used for the parabolic Dirichlet
boundary control problem. This approach results in a similar formulation as those in the
case of a parabolic Dirichlet boundary control problem. Hence we give here the main
results only.

By using the setting as for the parabolic Dirichlet boundary control problem, we con-
sider the parabolic Neumann boundary control problem to find the control @ € U,; C

H~2~1(X) which minimizes the functional
1 L\ a
J(u,0) = 3 /[u(x, T)—u(x)]“dx+ E(VCO, )y (5.67)
Q

where the state u solves the initial boundary value problem
diu(x,t) —Au(x,t) =0 for (x,7) € Q,
d
a—u(x,t) = o(x,t) for (x,t) € Z, (5.68)
n
u(x,0) = up(x) for x € Q,

and U, is a closed and convex subset of H 21 (X). Here u,up € Lr(Q), o € R
Analogously, we obtain a variational inequality to be solved

(aVo+p,w—o)s >0 forallwely, (5.69)

where |
‘7 = E(V + KTVKT),

and the adjoint state p(x,t) is the solution of the initial boundary value problem
—op(x,t) —Ap(x,t) =0 for (x,t) € Q,

%p(x,t) =0 for (x,t) € X, (5.70)
p(x,T) =u(x,T)—u(x) forxecQ.

The variational inequality (5.69) can be written as

(Tqw —g,w— )y >0 forall w e Uy, (5.71)

which admits a unique solution @ € U,,. Here the operator 7y : H —371 (X)—H 23 (X) is
bounded and H~2~7 (X)-elliptic, and g € H 24 (X). By applying the idea as used for the
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parabolic Dirichlet boundary control problem, we can derive a representation of 7, by the
boundary integral heat layer potentials as

~ 1 1
To = oV + K7V — KTKID*I(EI—K’) — KT(EI—K)D*IK{
1 1
+KT(EI—K)D*IDID”(EI—K/). (5.72)

Since the composed operator 7, as defined in (5.72) does not allow a practical implemen-
tation, instead of (5.71), we consider a perturbed variational inequality to find @, € U},
such that R

<Ta&\)h —§, wp — é\)h>2 >0 forall w, € Uy, (5.73)

where ’?a and g are appropriate approximations of 7, and g, respectively. Moreover,
we introduce a boundary element space U}, of U,; which covers piecewise constant basis
functions both in space and in time.

In particular, the operator 7, : H _%’_%(Z) — H %%(Z) is bounded and Qg’o(Z)—elliptic.
Hence the perturbed variational inequality (5.73) admits a unique solution @y, € Uj,. More-
over, we can derive the following error estimate.

Theorem 5.7. Let @ € U,y and @, € Uy, be the unique solutions of the variational inequal-
ities (5.71) and (5.73), respectively. Then there holds the error estimate

s+i

HCO — a\)hHH_%’_%(Z) < C(w,uo,ﬁ) hy 2 (5.74)

when assuming some regularity of uo,u for which @ € H*3 (%) for some s € [0,1] and
c1 h)% <h < czh)zc for some 0 < ¢y < c3.

In particular, we can expect a linear convergence for the error in Ly(¥X) norm in the case
of smooth data.

5.5 Numerical experiments

In this section we test some numerical examples where the domain Q is a circle. For the
boundary element discretization we use a uniform triangulation of the boundary I' = dQ on
several levels by Ny = N; = 2572 nodes and a uniform decomposition of the interval (0, T)
by N time steps. We choose the trial space Q}Z’O(Z) of piecewise linear and continuous
basis functions in the space variable x, and piecewise constant ones in the time variable ¢
to approximate the Dirichlet control z. For the fluxes @, g, we use the trial space QS’O(E)
of piecewise constant basis functions both in space and in time.
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Numerical example 1: Parabolic Dirichlet boundary control problem
As first numerical example we consider the unconstrained parabolic Dirichlet boundary
control problem (5.1)-(5.2) for the domain Q = By 5(0) C R? where

i(x) = (&3 +x3)log(x? +x3) +4x1x2, up(x)=0, a=0.1, T=0.5.

In particular, we have to solve the linear system (5.66). Since the minimizer of (5.1) is not
known, we use the boundary element solutions z,.r, @, where No = Ny =512, N = 512
as reference solutions.

In Table 5.1, we present the errors for the control z and the estimated order of convergence
(eoc). The errors of the flux @ in the L,(X) norm are also given. Since the data are smooth
in this case, we can expect the optimal order of convergence 1.5 for the control z in the

energy space H 5 (X) which agrees with the theoretical results, see (5.65).

M | N |z =zreslle) | €0C | [zh—zesll 11 eoc | [lan— @rerllr,x) | €OC

24 (%
32 4 0.155637 - 1.061380 - - 0.733535 -
64 | 16 0.054384 1.517 0.562186 0.917 0.322231 1.187
128 | 64 0.012916 | 2.074 0.213010 1.400 0.185283 0.798
256 | 256 | 0.003017 | 2.098 0.071749 1.570 0.063744 1.539

expected 2.000 1.500 1.000

Table 5.1: The results of the unconstrained parabolic Dirichlet boundary control problem.

In Figure 5.1 we compare the final optimal solution u(-, T') with the target function # where
the relative error is

Ju(-,T) —ullr,@)  0.034505

- = = 0.416079.
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Cellsu ‘l f Cells target - 7
[0.]53 [0.1 53
—-0.0498 4

—-0.151 9 —-0.151
—-0.253 —-0.253

—-0.354 3 —-0.354

—-0.455 —-0.455
—-0.557 —-0.557
-0.658 -0.658
[0.759 [0.759

-0.861 -0.861

Figure 5.1: Comparison of final optimal solution (left) and target function (right).

For box constrained problem, we add the control constraint —1 < z < 0.11. The results are
given in Table 5.2.

M | N |z =zreslliym) | €0C | [1zh—zresll 1 €oC | [ln — @resllryx) | €OC

24 (%
32 | 4 0.154249 - 1.050200 - - 0.727606 -
64 | 16 0.054260 | 1.507 0.561425 0.903 0.321477 1.178
128 | 64 0.012887 | 2.074 0.212840 1.399 0.187099 0.781
256 | 256 | 0.003018 | 2.094 0.071736 1.569 0.064487 1.537

expected 2.000 1.500 1.000

Table 5.2: The results of the parabolic Dirichlet boundary control problem with the con-
straints —1 <z <0.11.

Numerical example 2: Parabolic Neumann boundary control problem

In this example, we give numerical results for the unconstrained parabolic Neumann bound-
ary control problem (5.67)-(5.68) for the domain Q = By 5(0) C R2. The data are the same
as in numerical example 1,

i(x) = (3 +x3)log(x} +x3) +4x1x2, up(x) =0, a=0.1, T=0.5.

Here, we use the boundary element solutions @,z Where No = Ny = 512, and N =
1024 as reference solutions.

In Table 5.3, we present the errors for the control @. We present also the errors of the
Dirichlet data z in the L, (X) norm. These errors correspond to the estimate (5.74).
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M | N | [|on—reflliys) | €0€ | [z —2zrefllrys) | €OC€
32 4 0.772516 - 0.169835 -
64 | 16 0.313851 1.299 0.057649 1.559
128 | 64 0.190589 0.720 | 0.015202 1.923
256 | 256 0.055004 1.793 0.003354 | 2.180
expected 1.000 2.000

Table 5.3: The results of the unconstrained parabolic Neumann boundary control problem.

In Figure 5.2 we compare the final optimal solution u(-, T') with the target function  where
the relative error is

Ju(-,T) =l  0.032212
4], () 0.082929

Cells target .Z
0.133 /

0.0523

= 0.388429.

Cellsu .Z
0.133

0.0523

<

—-0.0485 —-0.0485

—-0.1489 —-0.149

—-0.25

—0.351

-0.552 —0.552

-0.653 —0.653

-0.754 —0.754

-0.854 —0.854

Figure 5.2: Comparison of final optimal solution (left) and target function (right).



6 CONCLUSIONS

In this work, boundary control problems governed by boundary value problems of linear
second order elliptic/parabolic partial differential equations have been studied. The con-
trols are considered in the energy spaces. The difference to the more common approach
when considering L(I") or L,(X) as control spaces is in the optimality condition. Espe-
cially, it shows the proper mapping properties which link the Dirichlet and Neumann data.
This results in a higher regularity of the controls. In particular, when considering L, as
the control spaces, for polygonal or polyhedral domains, the controls are zero at all corner
points and along edges (d = 3).

In this thesis, we have applied the boundary element analysis for the solution of boundary
control problems. We have presented here the model problems for the Poisson equation
and for the heat equation. However, the approach can be applied for any linear elliptic par-
tial differential equation if a fundamental solution is known. For the nonhomogeneous heat
equations we need to compute additional related Newton potentials. The advantage of us-
ing boundary element methods is in the fact that only a boundary discretization is required.
This allows to deal with the boundary control problems subject to partial differential equa-
tions in unbounded exterior domains, analogously. While the non-symmetric variational
formulation which is based on the first boundary integral equation only requires to use the
appropriate boundary element spaces, the use of the hypersingular operator in a symmetric
formulation is stable for all standard boundary element spaces. Moreover, the Galerkin
approximation results in a symmetric system. Hence the symmetric formulation seems to
be the method of choice.

We have derived a priori error estimates of the Galerkin boundary element methods for
general Lipschitz domains Q. In the case of smooth data, we can prove the order O(h?) of
the errors in Ly (I") norm for the Dirichlet control and linear order for the Neumann control.
Whereas for the finite element approximation, a reduced order of O(h3/ 2) can be proved
only, see [51] and see [19] for the L, setting.

This work is on the stability and error analysis of boundary element methods. Moreover,
boundary element methods result in densely populated system matrices. Further work can
be on studies of an efficient solution method to solve the discrete variational inequalities.
In particular, further research is on the construction of efficient preconditioners and the
use of fast boundary element methods as well. In addition, it is interesting to answer the
open questions which appear in the thesis, e.g., the regularity of the control in parabolic
boundary control problems.
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