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Introduction

In the present thesis we investigate certain statistical distributions and their limit laws and
statistical properties of sequences of real numbers. In particular we deal with certain g-analogues
of the binomial distribution, with sequences of real numbers which are uniformly distributed
modulo 1, and with the relationships between the limit distribution functions of a given sequence
of real numbers and the limit distribution functions of the block sequence associated to the given
sequence. We proceed as follows.

In Chapter 1 we establish limit theorems for certain ¢-binomial distributions. For the classical
binomial distribution it is very well known that this distribution converges to the Poisson dis-
tribution (if we fix the mean) and to the normal distribution. Arising from the study of basic
hypergeometric series, i.e., g-analogues of hypergeometric series that converge to the classical
hypergeometric series as ¢ — 1, many g-analogues of the binomial distribution were introduced.
Basic hypergeometric series have been studied since the 18th century (the starting point was
Euler’s investigation of the generating function of the number of partitions of a positive inte-
ger n into positive integers in 1748), but they are still an active field of research today due
to many recent publications on orthogonal ¢-polynomials and g-distributions related to these
series. The g-calculus has a wide range of applications, especially in combinatorics, number
theory, approximation theory and computer science, but also in physics and biology. For in-
stance, a g-analogue of the exponential function is the generating function of the number of
partitions of a positive integer, the g-binomial coefficient counts the number of k-dimensional
subspaces of an n-dimensional vector space over a field with ¢ elements and counts the number
of lattice paths in the plane from the origin to a given point taking the area below the path into
account. Moreover, basic hypergeometric techniques can be used to prove that the number of
different representations of an integer n as sum of two squares equals four times the difference
between the number of positive divisors of n congruent 1 modulo 4 and congruent 3 modulo 4.
In approximation theory, the study of the ¢-Bernstein operator has become very attractive.
But applications of the g¢-calculus are not restricted only to mathematics, in particular some
g-distributions appear in models of specific processes in physics, biology and mathematical
economy: for example, Kemp’s ¢-binomial distribution can be used to describe the dichotomy
between parasites on hosts with and without open wounds. Consider a large population of fish
and a population of parasites, say leeches. A leech slits an opening in the skin of the fish,
consumes blood, remains passive for a while before seeking a new site. Under some additional
assumptions the stationary distribution of the number of those leeches which are located on a
fish parasited for the first time is Kemp-¢-binomially distributed.

The g-deformed binomial distribution arose from the study of the g-quantum harmonic oscillator
in physics, but it became very attractive to mathematicians since it appears as kernel of the
g-Bernstein polynomials, which are important in the approximation theory. The Euler distribu-
tion (a g-analogue of the Poisson distribution) was introduced as a g-Poisson energy distribution
in the theory of the quantum harmonic oscillator. Moreover, the Euler distribution and a sec-
ond analogue of the Poisson distribution, the Heine distribution, were found to be feasible prior



distributions for the number of undiscovered sources of oil.

Our goal is to extend the convergence results of the classical binomial distribution to differ-
ent g-analogues, in particular we investigate besides the two g-binomial-distributions mentioned
above the Rogers-Szegt- and the Stieltjes-Wigert distribution. In Section 1.1 we give an intro-
duction to the g-calculus and the ¢-distributions under consideration. Afterwards we study in
Sections 1.3-1.5 the various ¢-binomial distributions.

Chapter 2 is devoted to the study of the distribution of sequences of real numbers. Section 2.1
deals with a classical topic in number theory, namely with uniformly distributed sequences.
Multidimensional extensions of such sequences play an important role in Quasi-Monte Carlo
integration. Evaluating a high-dimensional integral is very extensive, so a fruitful alternative is
the following one: We choose randomly points x; and approximate the integral by the arithmetic
mean of the values of the integrand evaluated at the points x;. The accuracy of this method
depends on the behaviour of the points x;, i.e., on the discrepancy of the sequence formed by
these points. In practice, one chooses deterministically constructed Quasi-Monte Carlo points
instead of random points. Such high-dimensional integrals occur e.g. in financial modelling: An
insurance with a process of claims S; (this is modelled by a sum of independently identically
distributed variables) wants to pay a dividend to its shareholders or its clients, and decides to
proceed in the following way: Dividends are paid whenever the free reserve of the insurance
company reaches a given barrier. The problems of computing the expectation of the amount of
dividends that are paid invokes a high-dimensional integral and this can be solved by the ideas
described above.

In the present thesis we consider the following problem: It is well known that the sequence
({na})nen is uniformly distributed modulo 1 for all irrational « and more generally, those «
such that the sequence ({nga})ren is uniformly distributed form a set of Lebesgue measure 1
if (ng) is a sequence of distinct integers. On the other hand, Goldstern et al. showed that in
the sense of Baire this set is very small provided the sequence (ny) grows fast enough. More
precisely, they showed that the set of those a such that (nga) is uniformly distributed modulo
1 is of first category if (ny) grows exponentially. We establish generalisations of this and related
results to different types of multisequences, for example to sequences in R? and in particular to
sequences with multidimensional indices. In the latter case we study three different concepts of
uniform distribution.

In Section 2.2 we consider the following setup: Given a sequence of real numbers (z,) in the
interval [0,1) we can associate to this sequence in a very natural way a sequence of step dis-
tribution functions F,. Moreover, we can divide our original sequence into blocks of increasing
length and associate to each block a step distribution function G,,. We are now interested in
the relationship between the accumulation points of the sequences (F),) and (G,). Indeed, it
is possible to construct the accumulation points of the sequence (F},) from the accumulation
points of the sequence (G,,) by taking certain convex combinations.

Graz, April 2010 Martin Zeiner
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Chapter 1

Limit Theorems for certain
g-Binomial Distributions

The aim of this chapter is to study sequences of random variables X,, which are g-binomially dis-
tributed. In fact, there are many g-binomial distributions related to basic hypergeometric series,
but we will focus on Kemp’s ¢-binomial distribution, the g-deformed binomial distribution, the
Rogers-Szego distribution and the Stieltjes-Wigert distribution. In particular we are interested
in analogues of the convergence of the classical binomial distribution to the Poisson and the
normal distribution. We proceed as follows: In Section 1.1 we give an elementary introduction
to the g-calculus including the g¢-factorial, ¢-Pochhammer symbol, g-binomial coefficient, basic
hypergeometric series and g-exponential functions. Moreover, we give some analogues of classi-
cal orthogonal polynomials. Section 1.2 contains definitions and properties of the ¢-distributions
under consideration. In Sections 1.3-1.5 we investigate sequences X, of g-binomially distributed
random variables. We start with Kemp’s ¢-binomial distribution, where we establish analogues
of the convergence of the binomial distribution with constant mean to the Poisson distribution
and of the convergence to the normal distribution. More precise, we show that these limits
are either Heine or discrete normal, depending on the choice of the parameters. Section 1.4 is
devoted to the study of the g-deformed binomial distribution. Again, an analogue of the con-
vergence of the binomial distribution to the Poisson distribution holds. The limit laws are the
Heine distribution and (truncated) exponential distributions. To study the limits of the Rogers-
Szeg6 and the Stieltjes-Wigert distribution we introduce in Section 1.5 a parameter family of
g-binomial distributions which contains besides the Rogers-Szego- and the Stieltjes-Wigert the
Kemp distribution too. We will show that the limit relations obtained for the latter distribution
extend to this family.

1.1 The g-calculus

As mentioned above, the present section will give an introduction to the g-calculus. We define
analogues of the classical factorial, the binomial coefficient, the hypergeometric series, the bino-
mial theorem and deduce two analogues of the exponential function. Afterwards we define some
g-orthogonal polynomials which are closely related to the g-distributions we will investigate in
this chapter.
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1.1.1 Basic definitions and relations
Throughout this chapter we use the notation of Gasper and Rahman [21]. For ¢ # 1 the
g-number [z], of any complex number z is defined as
1—¢q*
[’Z]q T 1 —q :

For any nonnegative integer n we introduce the g-shifted factorial (z; ¢), and the g-factorial [n],!
by

n—1 n
(z;q)n = H(l — zq") and [n]y! = H[i]q.
=0 =1

The g¢-binomial coefficients (or Gaussian polynomials) are - similar to the classical binomial
coeflicient - defined as

”} Il (@)
kl,  [Klglln —klg! (6 k(@ @)n—k
These coefficients are indeed polynomials in ¢, which can be easily seen using the recurrence
relation
1
["Z ] _ m qk+[k”1] . (1.1)
q q ]

For the ¢-shifted factorial the following inversion formula holds:

(%@ = (=5 a Dal(—2)"q3). (1.2)

Moreover, the following expansion is valid:

n

()= m q(—Z)qu(’“_l)/Q-

k=0

Now we define the g-analogue of hypergeometric series:

(a0 (ar;q)n ()]s
T¢S(a17a27"'7a7‘;b17"'7b5;Q7z):Z K K . (_1)nq 2 Zn'
n—0 ((L Q)n(bla Q)n e (b57 Q)n [ ]

If one of the a; is of the form ¢~™, m € N, then this series terminates. Whenever we deal with

nonterminating basic hypergeometric series, we will assume that |¢| < 1. If 0 < |q| < 1, the
r¢s series converges absolutely for all z if r < s and for |z|] < 1 if »r = s + 1. Moreover, this
series converges absolutely too if |¢| > 1 and |z| < |by---bs|/|a1---ar|. A nonterminating series
diverges for z #0if 0 < |¢| <1l and r > s+ 1, and if |¢| > 1 and |z| < |by - - bs|/|a1 - - - ar].
Note that the basic hypergeometric series has the property that if we replace z by z/a, and let
a, — 00, then the resulting series is of the same form with r replaced by (r — 1).

For 1¢g-series we have the following representation as products

[e.e]

nlai—i0,9) = 3 (n D g g, (13)

n=

This identity is a g-analogue of the binomial theorem and was first derived by Cauchy (1843)
and Heine (1847). To see this, let us set

ha(2) == Z (af q)nz”, 2] <1, |¢| <1
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and compute the difference

aq, Q)n n

1 n

p"qg

ha(z)

n=

(o)
:Z aqqn Ll—a—(1-ag") "
(1—
QZ C] } @)n— L.n

_ GQQ)nln__az
a Z (q Q)n 1 haq( )

n=1

which gives

(1.4)

(D _ i (4 @ttt
(% @)n

n= n=0
= (1 —a)zhee(2)
Using (1.4) this yields
1—az
he(z) = hg
() = L= hala2)

bale) = 0 g2)
(@310, o1 _ (050
Gae 0= o)

since ¢" — 0 and h,(0) = 1, which completes the proof of (1.3).

Now we define two g-analogues of the exponential function. Setting a = 0 in (1.3) we get

o0 n

eq(2) = 1¢0(0; —; ¢, 2 Z _ .|zl < 1.

In zq)oo

Since the product gives an analytic continuation of the function defined by the basic hypergeo-
metric series to C\ {¢™": i1 =0,1,2,...}, we will always have this in mind when writing e,(z).
The second g-analogue can be obtained from (1.3) by replacing z by —z/a and then letting
a — oo:

100(q; —, ¢ —2/a) = (afq)”(_l n?" _ (=%@)

a" B (_Z/a; Q)oo

n=0
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Taking the limit we obtain (since (—z/a;¢)o — 1 and by the remark above)

n(n—1)/2
z

= ——=q,—2) = 3 9 7 (=2 ) )
Eq(z) T 0¢0( 4, ) nzo (an)n ( aQ)oo (1 5)

Obviously, we have e4(2)Ey(—2) =1. As g — 1, e4((1 — q)z) — e* and E,((1 — ¢)z) — €*.

For applications of the g-calculus (in particular to the enumeration of integer partitions) we refer
to Andrews [3, 4], Andrews and Eriksson [6] and Gasper and Rahman [21].

1.1.2 ¢-orthogonal polynomials

In the following we give the definition and basic properties of three families of g-orthogonal
polynomials which are closely related to the g-distributions we are interested in. For a general
theory to orthogonal polynomials see Szegd [57], for more information about hypergeometric
orthogonal polynomials and their g-analogues and for details of the following polynomials we
refer to the encyclopedic report by Koekoek and Swarttouw [42] and the references therein.

g-Krawtchouk polynomials

The ¢g-Krawtchouk polynomials are given by

Kn(qg %, Niq) = 362(¢ "¢ %, —pg";a 7V, 0;4,9)

(qxiN;q)n -n —x, N—z—n+l n+N+1
=W2¢1(q 4 "5 q i 4, —pq ), n=0,...,N.

They fulfill the recurrence relation

—(1=q¢ ") Ku(q™") = AnKni1(q¢7) = (An + Cn) Kn(q7") + CrnKn-1(q7"),

where
Kn(q™") == Kn(q" "0, N3 q)
and
A = (1=g""M)(1+pg")
n (1+pq2”)(1+pq2’(*;+1) (1 gm)
_ an—N—1_(1+pg" —q"
Cn=—rq (1+pg>" 1) (1+pg®™)

Moreover, the following orthogonality relation holds:

N _
(aN:9)s

= (69
(4 Q)n(—p" ™5 q)n 1+p N —(N+1)N/2

= —pqg;q)NP g —pq
(—; (e N5 q)n 1 +pq2"( ) (

(—p) " Km(q %0, N;q)Kn(qg %50, N;q)

_ 2
N 4" Sy p > 0.

Indeed, the weight function in the above relation is Kemp’s g-binomial distribution (see Sec-
tion 1.2.1).
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g-Charlier polynomials

The ¢-Charlier polynomials are defined as

n+1
Cn(q %5 a59) = 201 (q”,qI;O; g, -2 ” )

_ 1. n. _—1 . grtoT
=(—a" ¢ Qn- 101 ¢ —a g q, — . -

We have the recurrence relation (with C,,(¢™%) := C,(¢7%; a;q))
¢ (1= q")Cnlq™") = aCrsi(¢7)— (a+q(1 = ¢")a+¢")) Culg™™)
+4(1=¢")(a+¢")Cna(a™).

The orthogonality relation for these polynomials is

o0

a’ (e —x —z —n _
Z (q. Q) q ( 1)/2Cm(q )Cn(q ) =49 (*QQ Q)oo(*a 1Q;Q)n(Q;Q)n5mna a>0.

=0

The weights in this relation are the probabilities of the Heine distribution (Section 1.2.2).

Stieltjes-Wigert polynomials

The Stieltjes-Wigert polynomials are defined as

1 _
@D 101(q7"505q, —¢" )
I n

Sn(z;q) =
and fulfill the recurrence relation

—¢" a8 (wiq) = (1= ") Snia(z39) = (1+ ¢ = ¢"7)Su(w; ) + aSn-1(:0)-

They are orthogonal with respect to the discrete normal distribution (see [13]). The Stieltjes-
Wigert polynomials are the probability generating function of the Stieltjes-Wigert distribution
(Section 1.2.1).

1.2 g¢-Distributions

In this section we present some g-analogues of classical discrete probability distributions, in
particular analogues of the binomial distribution and the Poisson distribution. The distributions
we are interested in are the Kemp g-binomial distribution, the g-deformed binomial distribution,
the Rogers-Szego and the Stieltjes-Wigert distribution as analogues of the binomial distribution
and the Euler and the Heine distribution as analogues of the Poisson distribution. Indeed, there
exist much more analogues of the binomial distribution and of classical discrete distributions in
general, but we won’t need them in the following, so we don’t discuss them here and refer to the
relevant literature: An overview of ¢g-distributions can be found in Johnson, Kemp and Kotz [34]
and in Kupershmidt [44]. By replacing the exponential function by its g-analogue e4(z), Li and
Kai [45] found analogues of continuous distribution functions.
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Before we turn to the g-distributions, we want to recall a few important definitions and concepts
of the classical probability theory. For a random variable X defined on the natural numbers
with p, := P(X = n) the rth moment of X is given by

o0
E(X") = Z n' pp.
n=0

The mean and the variance of X are y = E(X) and 02 = E(X — p)? = EX? — 12 respectively.
The factorial moment my is defined as m) = E(X(X —1)---(X — k +1)). The binomial
distribution B(n,p) is given by P(X = k) = (Z)pk(l — p)"»*. Moreover, we have pu = np,
o =np(l —p) and mgy =n(n—1)---(n —k + 1)p¥. For the Poisson distribution P(\) we
have P(X =n) = A"/nle™ and u = 02 = X and m) = M\¥. The discrete normal distribution is
defined by

x2/2

—Trx

q q
PX =2x)=
( ) ZZOZ_OO q—kaqk2/2

As an analogue to the classical (factorial) moments one can consider the ¢-(factorial)-moments

a€eR, xz€Z, 0<qg<l.

E((X]) =3 lnipn and - E((X]rg) =D [n[n]'wp
n=0 = "

respectively. Studying these moments instead of the classical ones often leads to very simple
formulas (see below). For the relationship between factorial moments and g-factorial moments
we refer to Charalambides and Papadatos [12].

1.2.1 g¢-binomial distributions
Kemp’s g-binomial distribution

The first g-analogue of the binomial distribution we consider is Kemp’s g-binomial distribution
KB(n,0,q) defined by

0<z<n,0<0, 0<qg<]l. (1.6)

nl 6% qx(x—l)/Q
]

q (_6; Q)n ’
It was introduced by Kemp and Kemp [35]. In the following, we sum up some properties of this

distribution. Details can be found in Charalambides and Papadatos [12], Jing [32], Johnson,
Kemp, and Kotz [34], Kemp [38, 39], Kemp and Kemp [35] and Kemp and Newton [40].

In the limit ¢ — 1, the Kemp distribution K B(n,#,q) converges to a binomial distribution:

P(Xgp =) = [

0

For n — 0o we obtain a Heine distribution H(6) (see Section 1.2.2). Kemp’s ¢ binomial distri-
bution is log-concave, i.e.,

P(X =z+1) - P(X =z+1)

P(X =x) P(X=xz+1)

x=0,...,n—2,

and thus unimodal. Using basic hypergeometric series its probability generating function can

be written as
_160(0; =9, —q"0z)

Grp(z) = 100(0; =3¢, —¢"0)
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Using (1.3) we can rewrite this as

n—1 ;

14+0¢2

Grp(z) =[] =
J=0 1+ 6q’

This formula immediately implies that the random variable X ~ KB(n, 0, q) can be represented

as the sum of n independent Bernoulli trials X; with probability of success equals 7 +9 -, which
leads to the expressions

d 1.7

H= Zl—i—@q o ; 1—1—9(1 (L7)

for the mean and the variance. Furthermore, the random variable n — Xgp has the law
KB(n,07'¢'™",q).

Kemp and Newton [40] gave an application of this distribution in biology. It can be used to
describe the dichotomy between parasites on hosts with and without open wounds. Consider a
population of fish and a population of parasites (e.g. ectoparasitic leeches) of fixed size N. A
leech slits an opening in the skin of the fish, consumes a large amount of blood, and remains
passive for a while before actively seeking a new site, either on the same fish or on another fish
never previously parasited. If a fish which has never previously been parasited is available then
one of the active leeches will transfer to it instead of relocating on its existing host. For simplicity
we may assume that no fish has more than one leech attached to it. The leeches located on fish
being parasited for the first time we call type A leeches, the leeches on fish with open wounds
type B leeches. Let the probability that a leech is passive be given by ¢; consequently the
probability that it is active is (1 — ¢). Moreover, assume that a active leech is able to move to a
fish never previously parasited with probability p/(1 + p). Thus, given z leeches of type A, the
birth- and death-rates for type A leeches are proportional to ¢*(1 — ¢V =)p/(1 + p) (all type A
leeches must be passive, there must be at least on active type B leech and a fish never previously
parasited must be available) and (1 — ¢*)/(1 + p) (there has to be at least one active type A
leech, but no fish without wound is free). Hence the stationary distribution of the number of
type A leeches has the law KB(N, p,q).

The g-polynomials which are orthogonal with respect to this distribution are the g-Krawtchouk
polynomials (see Section 1.1.2).

The g-factorial moments are [12]

{n]nqqr(r—l)/Zer
(=0;q)r

E([Xn]r,q) =

We note in passing that Kemp [39] deduced the following characterisation result for the KB
distribution from a theorem of Rao and Shanbhag [54]: The distribution given by (1.6) with
6 = M/ is the distribution of U|(U +V = n), where U and V' are independent iff U and V' have
a Heine distribution and an Euler distribution with parameters A and pu, respectively (for the
Heine and Euler distribution see Section 1.2.2).

The ¢-deformed binomial distribution

Another g-analogue of the binomial distribution is the g-deformed binomial distribution QD(n, 7, q),
which was introduced by Jing [32] in connection with the g-deformed boson oscillator and by
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Chung et al. [14]. Its probabilities are given by
P(Xgp =) = [Z] 7T Qn—a, 0<z<n, 0<7<1 0<qg<1, (1.8)
q

This distribution was studied by many authors and has applications in physics as well as in
approximation theory due to the ¢g-Bernstein polynomials and the g-Bernstein operator.

In the limit ¢ — 1 the g-deformed binomial distribution with parameter (n,T,q) reduces to
the binomial distribution with parameters (n,7). The limit n — oo of random variables
X, ~ QD(n,T,q) leads to an Euler distribution with parameter A = 7. If we denote the
probabilities (1.8) by p,(x,7), then the following recurrence relation holds (see Videnskii [59,
Section 3]):

pn(z,7) = Tpp_1(z — 1,7) + (1 = 7)pp_1(x, q7). (1.9)

For 7 < ¢ this distribution is logconcave and hence unimodal. Similar to the characterisation of
Kemp’s ¢g-binomial distribution, Kemp [39] characterised the g-deformed binomial distribution
as the distribution of U|(U + V = n), where U is an Euler variable with parameters (n7,q) (see
Section 1.2.2) and V is an independent g-negative binomial variable with parameters (7,7, q)
(for details see [39]). For this distribution the ¢g-mean and the g-variance are given by the simple
formulas

E(X]))=[nlyr  and  E([X —E(X])]?) = [#lyr(1 - 7).

For details we refer to Jing [32], Jing and Fan [33], Kemp [38, 39], the encyclopedic book Johnson,
Kemp and Kotz [34], and to Charalambides [11]. Chung et al. [14], Kupershmidt [44] and
II'inski [28] gave representations of the g-deformed binomial distribution as a sum of dependent
and not identically distributed random variables, for example, according to [14] we choose a
sequence of n Bernoulli X; trials starting with P(X; = 1) = 7 and P(X; = 0) =1 — 7. The
following Bernoulli variables are given by P(X; = 1|X;-1 = 1) = P(X;—1 = 1) and P(X; =
11Xi—1 =0) = ¢P(X,;—1 = 1). Then the sum of these n Bernoulli trials has the law QD(n, T, q).

As mentioned above the ¢-deformed binomial distribution and the Euler distribution appear
in particular both in physics ([10, 14, 32, 33]) and in approximation theory. The g-Bernstein
polynomials of order n are defined by

B, (f(t),q;x) = éf (%Z) m qmr(«f;CI)n—m

where f is a continuous function on the interval [0, 1]. There exists a vast literature on these
polynomials, closely related to the distributions under consideration are e.g. [11, 29, 47, 50, 51,
59].

The Rogers-Szego-distribution

Another g-analogue of the binomial distribution introduced by Kemp [38] is the Rogers-Szego-
distribution (RS) which probabilities are given by

P(XRSZHJ):CRS[Z] 0°, 0<z<n, 0<6,
q
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where CRrg is a normalising constant. For ¢ — 1 this distribution tends to a binomial distribution
0

with parameter ;. The probability generating function is

o 2¢0(q_n7 Oa -4, qnez) .

G —
RS(Z) 2¢0(q_n7 07 —4q, qne) 7

this is a Rogers-Szegd-polynomial (see Andrews [3], Ismail [30]). Reversing this distribution
gives a distribution of the same form. Moreover, it is logconcave and strongly unimodal. The
RS-distribution can be characterised as the distribution of U|(U + V = n), where U and V are
both Euler random variables. In the limit n — co the RS-distribution converges for § < 1 to an
Euler distribution with parameter 6.

The Stieltjes-Wigert-distribution

The Stieltjes-Wigert-distribution SW(n,#, q) (also introduced in Kemp [38]) is defined as
— — nl z(z—1)ga
P(XSW—CC)—CSWw q 0%, 0<z<n, 0<4,
q

where Clgyy is a normalising constant. It is a g-analogue of the binomial distribution since
SW(n,0,q) — B(n,0/(1 +6) as ¢ — 1. The name Stieltjes-Wigert is appropriate since the
probability generating function

~1¢1(¢7™";0;¢,¢"02)
Gsw(2) = 161(¢7™; 05 ¢, q™0)

is a Stieltjes-Wigert-polynomial (see Section 1.1.2). As above, reversing the SW-distribution does
not change the nature of the distribution. Moreover, it is logconcave and strongly unimodal,
too. Choosing both U and V' as Heine random variables leads to a SW-distribution as the law
of U(U+V =n).

1.2.2 ¢-Poisson distributions

In this section we present two g-analogues of the Poisson distribution, namely the Euler and the
Heine distribution. We note in passing, that a third g-analogue, the pseudo-Euler distribution,
was introduced in [36]. The Euler distribution E(\,q) with parameter A is defined by

A* AF

P(Xp=12)=—(Nqe = -

E,(—)X), 0<g<l1l, 0< A<,
(49 a(=A)

and was introduced by Biedenhahn [10] as a g-Poisson energy distribution in the theory of the
quantum harmonic oscillator, and by Benkherouf and Bather [9] as a feasible prior distribution
for the number of undiscovered sources of oil. The probability generating function equals

On(z) = 160(0; =5 g3 A2) _ ﬁ 1—- g

190(0; 5 s A) 11— Aglz
here we used (1.3). Moreover, we have
S Vi 9 > Ag*
T
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The g-factorial moments are
E([X]nq) = A"

The Poisson family of distribution is characterised by the mean-variance equality; Charalambides
and Papadatos [12] obtained an analogous characterisation for this distribution. As limit of the
g-deformed binomial distribution, it plays an important role in approximation theory.

The probabilities of the Heine distribution H(6) (introduced by [9] too) are given by
qw(a:—l) /29
(43 9)a

For the Heine distribution we have

P(Xy =) = e(—0), x>0,0<g<1, 0<0.

[e.9]

Po(—; —; ¢, —02) 140¢'z
Gy(z) = 0 = :
1 () 0¢0(—; =3¢, —0) JI;[O 1+0¢

by (1.5) and
B = 0¢® 9 s 0q*
“‘;Heqz and o _;(Heqw)?'

The g-mean equals p/(1 — ¢) and the g-variance equals p(1 — p)/(1 — ¢q). Additionally, the
g-factorial moments are

qr(r—l)/29r
(=01 = q);q)r
The g-polynomials orthogonal with respect to this distribution are the g-Charlier polynomials
(see Section 1.1.2).
As ¢ — 1 we have E((1 — q)\,q) — P()\) for ¢ — 1, H((1 — q)0) — P(#), where P(0) denotes
the Poisson distribution with parameter #. Both the Heine and Euler distribution are unimodal.
The Euler distribution is infinitely divisible, whereas the Heine distribution is not.

E([X]r,q) =

For details, further properties and applications of these distributions we refer to Johnson, Kemp
and Kotz [34], Benkherouf and Bather [9], Biedenharn [10], Charalambides and Papadatos [12],
Jing [32], Jing and Fan [33], Kemp [36, 37, 39], Kupershmidt [44] and Ostrovska [50, 51].

1.3 Kemp’s ¢g-binomial distribution

In this section we establish convergence properties of Kemp’s ¢-binomial distribution (see Ger-
hold and Zeiner [22]). The main object of interest are sequences (X, )nen with X, ~ KB(n,0,,q)
(0, > 0). As noted above, for fixed parameter sequences 6,, = 6 we obtain a Heine distribution
H(0) as the limit law of X,,. So we investigate sequences with non-constant parameter. We
will start with the case of convergent parameter sequences in Section 1.3.1. Due to continuity
arguments the limit is again Heine. Considering in particular sequences X,, with constant mean
yields an g-analogue of the convergence of the classical binomial distribution with constant mean
to the Poisson distribution. In Section 1.3.2 we treat parameter sequences #, — oco. Here the
limit law depends on the growth of 6,,. For fast growing parameter sequence we obtain - using
the reversing property of Kemp’s distribution - a Heine distribution. The main part of this
section is dedicated to the study of slowly growing parameter sequences, i.e. sequences #,, of
the form 6,, = ¢~/ where f(n) and (n — f(n)) both tend to infinity, as n — oo. We will see
that this leads to a discrete normal distribution. Moreover, we deduce from the convergence
results of Kemp’s ¢-binomial distribution convergence properties of (g)-orthogonal polynomials.
The involved polynomials are the g-Krawtchouk, the g-Charlier, the Stieltjes-Wigert and the
Krawtchouk polynomials.
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1.3.1 Convergent Parameter

As noted above we consider in the present section sequences of random variables X,, with
Xpn ~ Xkp(n,0,(q),q) and will provide convergence results for sequences 6,,(¢) which tend to a
limit as n — oo. In particular this includes the case of sequences X,, with constant mean.

We will need the following simple continuity argument.
Lemma 1.3.1. Let (0,)nen be a sequence of real numbers with limit @ > —1. Then

n—1

Tim 11) (1+6nq") = E4(0).

Proof: For small € > 0 and n large enough, we have

n—1 n—1 n—1
[[a+0-9d)<J[Q+6d) <[] Q@+ 0+ed),
i=0 i=0 i=0
hence
n—1 n—1
Ey(0—€) = lim [] (1+(0—e)q'") <liminf [T (1+ 0nq’)
i=0 i=0
n—1 ‘ n—1 .
< lim sup H (1+6nq') < lim H (1+O+¢q")
0 =0 T
= Eq(0 +e).
Since Ey is continuous, the lemma follows. &

Now we can establish our first convergence result which is a mild generalisation of the conver-
gence of Kemp’s distribution with constant parameter to the Heine distribution.

Proposition 1.3.2. Let (0,)nen be a sequence of real numbers with limit @ > 0. Then the
sequence of Kemp’s q-binomial distributions Xgp(n,6y,,q) converges for n — oo to a Heine
distribution H ().

Proof. The proof is an easy application of Lemma 1.3.1:
qx(:r:—l)/Z
20 (1+6ug?)
qz(x—l)/2(0)x
N R S
(¢:9)x

P(X, = z) = m q(en)fn

xT

eq(—0). &

Example 1.3.3. Let A be a real number with 0 < A < n, and put 6,,(q) = A/[n — A];. Then the
sequence of Kemp’s ¢g-binomial distributions Xxg(n, 6,(q),q) converges for n — oo to a Heine
distribution H((1 — ¢)A). Thus the following diagram is commutative:

XkB(n,0,(q),q) — H((L—q)A)

q—>1l lq—&

B (n >‘) - P())

2
n n—o00
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Theorem 1.3.2 yields limit relations for orthogonal polynomials. As noted above, the orthogonal
polynomials for Kemp’s ¢-binomial, the Heine, and the binomial distribution are, respectively,
the ¢-Krawtchouk, the ¢-Charlier, and the Krawtchouk polynomials.

Corollary 1.3.4.

(i) Let 0,, be as in the preceding Theorem. The q-Krawtchouk polynomial Ky (q=%;q¢ 0,1, n;q)
converges for n — oo to the q-Charlier polynomial Cy(q~%;0;q).

(ii) For the parameter sequence 0,,(q) = \/[n — Mg, the polynomial Ki(q7%;q "0, (q)~*

converges to the Krawtchouk polynomial Ky(z;\/n,n), as g — 1.

.13 q)

For our next result, we note the following elementary fact, which is an immediate consequence
of [26, Lemma 1.1.1].

Lemma 1.3.5. Let f,(z), n € N, be a sequence of continuous functions that are increasing in x,
and suppose that for each n there is a unique solution x,, of f,(x) = 0. Moreover, assume fy,
converges pointwise to a limit f with a unique solution & of f(x) = 0. Then (Tn)nen converges
to .

Our second convergence property is an analogue of the convergence of the classical binomial
distribution with constant mean to the Poisson distribution.

Theorem 1.3.6. Fiz p > 0 and choose the parameter 0, = 6,(u,q) of Kemp’s q-binomial
distribution such that py, = p. Then we have

(i) The sequence KB(n,0,,q) converges for n — oo to a Heine distribution H(6), where
0 =lim, . 0.

(ii) For fized n, KB(n,0,,q) tends to a binomial distribution B (n, %) in the limit g — 1.

(iii) For q — 1, the Heine distribution H(0) converges to a Poisson distribution with parameter
L.

So we obtain the following commutative diagram:

KB(n,0,(1,q),q) === H(O(u,q))

q~>1l J{q~>1

B (n, %) —— Py
Proof: First we check that for given i, ¢ and large n, there is a unique 6,, such that p, (6, q) = p.
The function p, (0, q) is strictly increasing in 6 and p,(0,¢q) = 0. Since

n—l i ni1
—n4+1 q n
L)) s =

pin(g 29—+ 2
i=0

and p, (6, q) is continuous in 6, there exists a unique solution 6, of ., (0, q) = p for each n > 2p.
Applying Lemma 1.3.5 shows that lim,, . 0, = 6, with 6 the unique solution of u(6,q) = p.
Thus K B(n,60,,q) — H(f) by Proposition 1.3.2.

Again by Lemma 1.3.5 we get 6, — ﬁ for ¢ — 1. Hence KB(n,b6,,q) — B (n, ).
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It remains to check that 6/(1—q) converges to p for ¢ — 1, which yields H(0) — P(u). The value
6/(1 — q) is the unique solution of u((1 — )8, q) = p. Moreover, lim,_.1 1o ((1 — q)0,q) = 6,
because H((1 — ¢)f) — P(#). Thus we can again apply Lemma 1.3.5 &

Analogously to Corollary 1.3.4, Theorem 1.3.6 implies the following result about (¢-)Krawtchouk
polynomials.

Corollary 1.3.7. Let 0,(q) and 0(q) be as in Theorem 1.3.6. For q — 1, the q-Krawtchouk
polynomial Ki(q=%; ¢ "0,(q)1,n;q) converges to the Krawtchouk polynomial Ky (z; u/n,n).

1.3.2 Increasing Parameter

After the study of sequences X,, ~ KB(n,6,,q) with convergent parameter sequence we turn
to sequences 6,, — oo, as n — o0o. If we consider fast growing parameter sequences in the sense
that 6, = ¢~ "9 with g(n) — oo or convergent we obtain the corresponding limit distribution
easily:

Corollary 1.3.8. Let X,, ~ KB(n, g 9™ q)-

(i) If g(n) converges to a limit go, then the distribution of n — X,, tends to the Heine distri-
bution H(q't9) as n — oc.

(ii) If g(n) — oo for n — oo, then the distribution of n — X,, tends to the point measure §y as
n — oo.

Proof:  As remarked in Section 1.2.1, n — X,, ~ KB(n,t,q) with 7 = ¢?*1. Applying
Proposition 1.3.2 yields the result. 2z

It follows from the preceding corollary (i) that the g-Krawtchouk polynomials converge to the
alternative ¢-Charlier polynomials, which is a known result [42, (4.15.1)].

In the following we consider parameter sequences 6,, = ¢~ /(") with f(n) — co and n— f(n) — oo
for n — oo. These assumptions on f(n) will be in force throughout the section. Theo-
rems 1.3.10 and 1.3.11 and Lemmas 1.3.12-1.3.14 are devoted to the asymptotic behaviour
of the sequence (u,) of means. As they tend to infinity, we will normalise our sequence of ran-
dom variables to (X, — un)/on. Still, this sequence does not converge in distribution without
further assumptions on f(n). A fruitful way to proceed is to pick subsequences along which
the fractional part {f(n)} is constant. Theorem 1.3.15 shows that this induces convergence to
discrete normal distributions.

To investigate the sequence of means, we begin by providing an elementary estimate for the
variance.

Lemma 1.3.9. If 0, = ¢/ then the sequence of variances satisfies 02 < 2/(1 —q).
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Proof: By (1.7), the variance 02 equals

n i— n Lf(n)] i—f(n n i—f(n
= (+d” i=0 q =)+
Ll )y A R FL )
_ g + q (1.10)
Lo (14 g Uiy Lo (L4 gt -T2 '
+1—{f(n
< q- {f(”l —i Zq
=0
< Zq”’ + Zq" =
1=0 1=0
&

The following theorem is our first result about the sequence of means in the case of a slowly
increasing parameter. It does not reveal the behaviour of the O(1)-term as clearly as Theo-
rem 1.3.11, but will be useful later on (Lemma 1.3.13).

Theorem 1.3.10. Let X, ~ KB(n,0,,q) with 6, = ¢~ /™. Then, for n — oo,

pin = f(n) +c({f(n)}, q) +o(1), (1.11)
where
1 1
c{f(n)}q) =1~ W {f(n)}— ; 1+ ¢ {f( +Z 1 _'_q,H{f( -1 =0(1).

Proof: We start from
n—1 qi_ f(n) n—1 1

Hn = T i—fn) Z 1 L fn)—i (1'12)
= 14 q* f(n) = 1 —|—qf(n) g

and split the sum into two parts (w.l.o.g. f(n) < n). Expanding the denominator as a geometric
series and changing the order of summation yields

NI LFn) o
S et O

Lf (n)]-1

DCILEIS SIS

£>0

For ¢ = 0 we obtain | f(n)], and evaluating the inner sum leads to

)1- —£1f(n)]
1)fqtf ™ q
|+ .
The first term of the fraction gives the O-Term:
(—1)tqttr )} .
= L) = = +0 (),

0>1
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an by expanding the fraction with —¢’ we get

The fraction can be written as a geometric series again, and by changing the order of summation
and evaluating the inner sum we obtain

n)]+ 3¢ (-1)fq U }quj+o< <>)

1 §>0

|+ JHHIN Lo (g™

ZZ( ) +o(e)
_qy+1+{f n)}

I+ Z 14 git1+{F(n)} +0 (qf(n)) '

Thus we have
[f(n)]—=1 1 -
_ f(n
Z 1+ qf =l =215 =Gy O (o).

i= §>0

For the upper portion of the sum, we find

n—1 00
1 1
> s s o ()
s 2 o=+ O
=Lt T =l T
. 1
R —— o) P O)
n)t—i—1
=0 1+ q{f( )} ( )
since
- R o C7) B
; 1+ qf(n)—i B Zz; 14 qf(”)—n—i < ZZ(; qf(n)—n—i =4q 1—¢
Adding the term for ¢ = | f(n)] yields the lemma. -

In the limit ¢ — 1, the term ¢({f(n)},q) tends to % To see this, apply the Euler-Maclaurin
formula (see [5]) to

1
f(x) = [

with b > 0, which yields

/f ) + L@ + R (1.13)

ﬁ>0 12 =0
with -
1 9 1 ,,
5 [ (P -+ §) r@as
0

Since

(log q)2 z+b (1 o ql"-‘rb)

f(z) = (1+ qx+b)3
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does not change sign, we have

1 [ee]
// _ - //
|R2_12/|f o = 55 [ 1)
0
2

——(logq)q "14+q¢ ) 2=0(1), ¢—1.

The first integral in (1.13) is

T log (1+¢°) log2 log2+b
dr = — = — O(1-— 1.
[ o = 2B B2 S8R 00—g), g
0
So we have 12 log2+b 1
DS =T - T o), gL
>0

Application to the sums appearing in c({f(n)}, q) gives

c({f(n)},q) Z%—{f(n)}+{f(n)}+0(1)7 q—1

Note that for ¢ — 1 the error term in the representation (1.11) for yu, increases. This is why the
limits for ¢ — 1 and n — oo can’t be exchanged. Indeed, it is clear from (1.12) that p, tends
to n/2 for ¢ — 1.

The following theorem represents the O(1)-term from Theorem 1.3.10 as a Fourier series, which
shows that it is a f—perlodlc function of f(n). Indeed, the stated asymptotic (with respect to n)
follows directly from a general result given in [17], but we will also need the behaviour (w.r.t. q)
of the error term, thus we do the following detailed analysis.

Theorem 1.3.11. Let X, ~ KB(n,0,,q) with 6, = ¢f™. Then, as n — oo,

1 2w sin(2k f(n)m - —tn
= 1)+ 5+ 3 '( f(Qkf)rQ) L0 (qmln(f(n)/Q,n £ ))) ' (1.14)
k>0 log g sinh <logq)

Proof: We write

n—1 0o

_ L _ 1 n—f(n)
Hn = Z; 1+ g/m=i Z; 14 gf=i O (q )

and apply the Mellin transformation [17, 18] to

1
h(t) = —
Q Z 1+tg
=0
By the linearity of the Mellin transformation M and the properties M (1 +t> = 4 and
Mh(at)(s) = a=*M(h)(s), we see that
sints 1—g¢ssinms’

z:0
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Exchanging M and the sum is permitted by the monotone convergence theorem. From the
inverse transformation formula we get

1 1 s
n(a™) = ~f(m)s d 1.15
1 271 4 1 —¢g8sinms s ( )
c—100
for ¢ € (0,1). To evaluate this integral, we choose the integration contour v, = vx1 U vk 2 U
Vk,3 U Yk,a With

1
Ve1 = { | s *+W : _TkSUSTk}z

Vk,2 s|s=u+ily: —

Vk,3 {818——+w:—Tk§v§Tk},

1 1
=u — 17] —— << =
Vi s|s=u—iTy: 2_u_2},
where T}, = logq (k: + ) Then
h(qf(")) = lim 1 / = — lim ( / / /—I—Zre&dues
k—oo 271 k—o00 27TZ 27T’L 271'2
Vk,1

since the integral on the left side exists. Now we estimate the integrals on the right side.

Tk
/qf(n)s L7 g = /qf(nx;ﬂv) LT 4
1—g¢Ssinms 1 — g ztwsin(r(—5 +iv))
k,3 Tk
(7
< / dv
‘1—q 3+iv| |sin(m( —i—w))‘
< mq 71 / dv
2 \/sm f—l—smh T
oy T
= q 2

—_
|

< e
|

l\.’)\»ﬁ
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1
2
1 s , 1 T
—~f(n)s ds| = / —F(n) (uHiT) , du
/ 1 1—g¢sinms 1 1 — qu+Tk sin(7(u + iTy))
k,2 %
1
/ 1 1
< / g~ . du
. 11— q“* 6]\ /sin? ru + sinh? 7T},
-3
1
< 7rq_%f(n) / . 1 1 »
) q" |sin(Tk log q)| /sinh? 7T},
-3
3
—3f(n)
< 77r.q ’ / idu )
sinh 7T, q¥
3
The integral over 7 4 is treated similarly. Now let us compute the residues: flqs has simple
poles at zp := ifg“;, and Sinlm has a simple pole at 0. First we consider the residue at z; for
k # 0:
lim (2 — 2)q "% = T i 2
Z—zp 1—¢?sinwz sin <%w> 2oz, 1 —gq
o~/ (n)2mik 7T 1 '
isinh (k) ~loga

The sum extended over the residues at the poles zx, k # 0, therefore equals

2'7.(.672if(n)k7r

k-0 10g g sinh (%fg; )
Putting together the summands k£ and —k,

e 2k _ 20 (kT — og(—2if (n)km) + isin(—2f (n)kr) — cos(2f (n)kw) — isin(2f (n)kn)
= —2isin(2f(n)kn),

we obtain

27 sin(2k f(n)m)
k>0 log g sinh (%fg; )

Finally, by the expansions

g 7" = 1— f(n)logq s+ O(s)
1 1 1
1—q¢5 7logqs+§+o(5)
1
T = 2 40(s),
SN 7mTs S

the residue at zg = 0 is f(n) + 3. &
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It is worthwhile to evaluate the sum in (1.14) in the limit ¢ — 0. First note that, if n is fixed
and ¢ — 0, then (1.12) easily yields

. ﬁ{f<n)+1—{f(n>} it {f(n)} >0
RN if {f(n)} =0

Moreover, the O-term in (1.14) is o(1) for ¢ — 0, as follows readily from the estimates in the
proof of Theorem 1.3.11. These two facts combined imply

2 sin 2k f (n)m) {; —{f()} H{fm)}>0

lim = .
4017 log ¢ sinh (%) 0 if {f(n)} =0

Note that in the special case f(n) = an with positive «, the summands tend to the summands
of the Fourier series of 3 — {f(n)}, if {an} > 0.

The following three lemmas complete our analysis of the means u, and prepare for the main
result of this section, Theorem 1.3.15.

Lemma 1.3.12. If we choose a subsequence (ny) such that {f(ng)} = B constant, then:

(a) For k — oo
Hn, = f(nk) + C(ﬁv Q) + O(l)a

where ¢(B,q) is a constant depending on B and q.

(b) (i) c(0,q) =c(1/2,q) = 1/2
(ii) ¢(B,q) +c(—B,q) =1
Proof. Use (1.14) and simple properties of sin. &

Lemma 1.3.13. Set §={f(n)}. Then

0 0<B<1/2
oo ={ ) 1505

Proof. We define
c{f(n)},q) == c({f(n)} q) =1+ {f(n)}.

By Theorem 1.3.10, é(/3, ¢) is strictly increasing in 3. Therefore we have for 0 < 5 < 1/2

. r . .
&(0,q) = —5 = &(f,q) < &(1/2.q) = 0.
Thus
1 1
5—5§C(ﬁ,Q)<1—5 and §SC(ﬂ7Q)+5<1- (1.16)
Similarly, we get for 1/2 < g < 1
1 1 3
1—B§c(ﬂ,q)<§ and 1§c(ﬂ,q)+5<§+ﬂ<§. (1.17)
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Lemma 1.3.14.

(i) If B # %, then f(n) +¢(8,q) € Z. Thus
Ln] = Lf(n) +c(B,a)] = [f(n)] + B+ c(B,9)].

,un>f(n)+% if 2f(n)<n-—1 and un<f(n)+% if 2f(n) >n.

LMnJZf(n)‘F% if 2f(n)<n—-1  and [uﬂ:f(n)+% if 2f(n) > n.
Proof: (i): From (1.16) we get for 0 < # < 1/2 by adding f(n) and subtracting g

Lf(n)] + % < f(n)+¢(B,q) < |f(n)] + 1.

The case 1/2 < 8 < 1 can be treated similarly.
(ii): Assume 2f(n) <n —1 first. Then

ol i g A R L B [ I e SR /)
q q q q
—_— = —_— + —_— + _—
; 1+ qz—f(n) ; 14+ qz—f(n) _ §+1 14+ ql—f(n) 2f§+1 1+ ql—f(n)
=f(n 5 n
O S S

1
= Jn)+ 5 +o(1)
We used . + 11;; = 1; the o(1)-term is non-negative (and vanishes only for 2f(n) =n —1).
If 2f(n) > n, then the third sum vanishes and the second sum just runs up ton —1 < 2f(n), so
fin < f(n)+ 3. &

Note that similarly to the proof of (ii) we can prove the properties of ¢(/3, ¢) in Lemma 1.3.12 (b).
We can now state and prove the main result of this section. It shows that the limit distribution
of the normalised X,, is discrete normal.

Theorem 1.3.15. Let (ny)ren be an increasing sequence of natural numbers and X, ~ K B(ng, On, , q)
with 0,, = ¢ 7™ and {f(ny)} = B constant. (Recall that we assume f(n) — oo and

n — f(n) — oo throughout the present section.) Then (X, — pin,)/0n, converges for k — oo to

a limit X, with

1 1 8\ (z—1)(z—
P (X =—(B+¢) - + O_x) = eq(q)eq(—qﬁ)eq(—ql 5)(]( 1)( 25)/27 T €7, (1.18)

where ¢ = ¢(f3,q) is the constant from Lemma 1.3.12 and o = limy_. op,. The distribution
of X is symmetric iff 3=0 or 3 =1/2.
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Proof:  For simplicity we write in the following n instead of ng. By (1.10), we see that the oy,
converge. First we consider the case 3 # 1/2:

n }Qg“nJ”q(Luon)(won1)/2
Lin] + 2], [T (14 0nq?)
n 1 gL+ f)+ (L] +2) (Lan) +a-1)/2
o,

1 i
I (1+ 50)

POt = o) )= |

(1.19)

_l’_

[ [ tn

The product in the denominator equals

n—1 qi \_f(n)J qi n—1 qi
11 <1+ qf(n)> = 11 (H qf(n>> | 11 (H qf(n)>
=0 =0 i=f(n)|+1
Lf(n)] ,
= ¢ MU EHDHU DM T] <qf(n>—z+1>
1=0
n—f(n)]—2
< I (1 +qi+u<nn—f<n>+1)
1=0
Lf(n)] ,
— ¢ MU EHDHU DI TT (Qf(n)ftf(n)Jqu(n)Jﬂ+1>
=0
n—[f(n)] -2
% H <1+qiqtf(n)J—f(n)+1>
=0

= ¢ T OHDHUF)+DL ()72 (_qﬁ; q) _ B+,

)

>n—Lf(n)J—2 ‘
(1.20)

Lf(n)]+1 (

The second equality uses the easy relation (1.2). The last two terms in (1.20) tend to eq (—¢”)
and eq (—g~?*1). The g-binomial coefficient in (1.19) tends to eq(g). The exponent of g resulting
from (1.19) and (1.20) leads is

~(Uptn] + )70 + 5 (Lin) + ) (Ln) + 2 = 1)+ F0) (LF)) + 1) = 5 (L)) + 1) L)

= (M) + 1B+l +2) (Lf(0)] + [B+c] —1+2)/2
— (] + B+ +2) f(n) + f(n) (LF ()] +1) = (Lf(n)] +1) [f(n)]/2

= L= 14+0)(5 —2f(n) + 2|7 ()] + )

:%(x—1+5)(5—2ﬂ+x),

where ¢ = ¢(3, ¢) and
mirsa{ 550

by Lemma 1.3.13. Putting things together, we obtain

(6+z—1)(6+xz—203)
2 .

P(Xo = |in) +2) = eqa)eq () ey (<) q
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By normalising X,, we get (1.18). The distribution of X is symmetric iff

—Bte—1B+c))==B+c—[B+c))+1
= ﬁ+c—Lﬁ+cJ:§.
This is true for # = 0 by Lemma 1.3.12 (b) (i). For 0 < 8 < % we have |3+ c¢| = 0 by
Lemma 1.3.13. But then we must have 3+ ¢ = %, which would contradict (1.16) (since equality
only holds for 5 = 0). For 5 > % we must have 8+ ¢ = % by Lemma 1.3.13, but this would be
a contradiction to (1.17).

For = 1/2 define
_ L] i 2f(n) <n—1
Hmy = { 05 S =
Then

. g () +2) £+ (H () 42) (H () 1), 2
]P)(Xn:H(/Jn)"i_x):{ :|
q

H(pn) + T (1+ o)

The g-binomial-coefficient tends to e,4(g), and the product can be transformed as above. This
time the exponent of ¢ equals

—(H(pn) + ) f(n) + (H(pn) + 2)(H (pn) + 2 = 1)/2+ f(n) (Lf(n)] + 1)
= (L)) + 1) [F(n)]/2

= —(Fn) + 5 + ) () + (F(n) + 5+ 2)(F(0) — 5 + )2
w1 (10— 5+1) = (1= 3 +1) (s - 3) 12
.%'2
)
So we have 2 s
P(Xo = H(pn) +2) = eqla)eq (—a*) a
Normalising X, yields (1.18). &

So the limit distributions in the preceding theorem are normalised discrete normal distributions
with parameters

a=1+p3 ifp<

a=—-3+p3 ifB>

a=0 if 8=
For ¢ — 1, they converge to the standard normal distribution [56]. Therefore, as in Proposi-
tion 1.3.2 and Theorem 1.3.6, the limits ¢ — 1 and n — oo can be exchanged. Indeed, for ¢ — 1,
the distribution of X,, in Theorem 1.3.15 tends to the binomial distribution B(n, %) The latter
converges to the standard normal distribution after normalisation.

D[ D00 | =

Again, the convergence of the distributions in Theorem 1.3.15 yields a convergence property of
the corresponding orthogonal polynomials. The orthogonal polynomials for the discrete normal
distribution are the Stieltjes-Wigert polynomials Sk (z;q) [13, 42].

Corollary 1.3.16. Let x be a real number, and f(n) as usual. Then the q-Krawtchouk polyno-
mial Ky (q=*= 7o), of ()= n-q) tends to (q;q)r X Sk(q~%;q) as n — oo.

As above, a direct proof of the corollary easily follows from the series representations of the
polynomials.
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1.4 The g-deformed binomial distribution

The next distribution we study is the g¢-deformed binomial distribution (see Zeiner [63]). As
mentioned in the introduction we are interested in the behaviour of sequences of random vari-
ables X,, ~ QD(n,Ty,,q). For fixed parameter 7,, = 7 we obtain an Euler distribution as the
limit law. This still remains true if we consider non-constant parameter sequences 7, which
have a limit in [0,1). In particular we can provide a g-analogue of the convergence of the clas-
sical binomial distribution with constant mean to the Poisson distribution. This is done in
Section 1.4.1. Afterwards we investigate in Section 1.4.2 sequences 7,, which tend to 1. Here the
limiting distribution depends on the limit of 7;' and can be degenerate, truncated exponential
or exponential. Note that all these distributions are independent of the choice of q.

1.4.1 Parameter sequences with limit < 1

In the present section we study sequences of random variables X,, ~ QD(n,T,,q), where the pa-
rameters 7, converge to a limit ¢ € [0, 1). In particular we prove a g-analogue of the convergence
of the classical binomial distribution with constant mean to the Poisson distribution.

As noted above the sequence converges in the case of constant parameters 7, = 7 to an Euler
distribution with parameter 7. The following proposition is a mild generalisation of this fact
and shows that the Euler distribution is the limit distribution for every convergent parameter
sequence T, with limit in [0, 1).

Proposition 1.4.1. Let X,, ~ QD(n,7,,q). Then, for n — oo,
X, — E(1,q)
ifn — 7 and 0 <71 < 1.
Proof: Note that
n n—x )
q

i=0
The g-binomial coefficient tends to 1/(q; q),. For the product apply the dominated convergence
theorem to its logarithm to see that it converges to Eq(—7). &

We are now interested in special choices of the parameters 7, such that the limit X (q) of the
sequence X, (q) converges to a Poisson distribution for ¢ — 1. From the previous theorem we
conclude immediately

Corollary 1.4.2. Let X,, ~ QD(n,7,(q),q) with 1,(q) — % for ¢ — 1 and 1,(q) — 7(q) for
n — oo with the additional property I(Tq; — X in the limit ¢ — 1 (recall that we assume 7(q) < 1

in this section). Then the following diagram is commutative:

n—oo

QD(n,1,q) —— E(7(q),q)
q%ll q—1
B (n,2) —— PO

One very natural way to choose the parameters is to set T, = ﬁ



1.4 The ¢-deformed binomial distribution 24

Our next goal is to establish a convergence result which is analogous to the convergence of the
classical binomial distribution with constant mean to a Poisson distribution and reduces in the
limit ¢ — 1 to that theorem. For this purpose we start with an elementary fact.

Lemma 1.4.3. Let f,(x), n € N, be a sequence of continuous functions which converges point-
wise to a continuous limit f(x). Assume that for each n the function f,(x) has a single root &,
and f(x) has a single root &, and that f(y)f(z) <0 fory <& and z > &. Then &, — Z.

Proof: W.lo.g. we may assume that f(z) > 0 for z > Z. For given £ > 0 choose a d(g) <
min(f(z + ¢),—f(& — €)). Then there exists an N = N(d(g)) such that for all n > N we have
|fn(Z +¢) — f(& +¢)| < d(e). Therefore f,,(Z + ) > 0. Moreover there exists an M = M(J(e))
such that for all n > M we have |f,(z —¢) — f(& —¢€)| < d(¢). Therefore f,(Z —e) < 0. Hence,
by continuity, for all n > max(N, M) we have |& — &,| < 2e. &

The essential key to apply this lemma is the following representation of the means p,(7,q),
which allows us to extract important properties of the means easily.

Lemma 1.4.4. The means pu,(7,q) have the representation
- n
pn(T,0) =Y (40)5-1 M .
j=1 q

Proof. We proceed by induction. For n = 1 this is obviously true. Now suppose that the
statement is true for n — 1. In order to calculate p,(7,q) we use the recurrence relation (1.9).
Hence we have

n n n—1
pn(T,0) =Y apn(z,7) =7y appi(@—1,7)+ (1—7) > app_i(z,q7).
r=1 =1

r=1

Shifting the summation index in the first sum, splitting this sum and using the induction hy-
pothesis yields

n—1 n—1 ' n—1
pn(T,0) =7 (G:0)j-1 [ i ] 74+ Tppa(e,7)

j=1 =0
n—1 n—1 o
+(1—T)Z<QBQ)j—1[ : } .
j=1 J g

The second sum reduces to 7. Collecting powers of 7 gives

pa(T,q) = 7 (1 + [n | 1] q)
+ g <(q; q)j-1 [n j_ 1] qu + (45 9)j—2 [7;: ﬂ q(l - qj‘l)) 7,

Consequently the desired result follows by the recurrence relation (1.1) for the g-binomial coef-
ficients. g

Remark 1.4.5. An alternative way to prove this lemma is to use Kemp’s [38, p. 300] represen-
tation of the probability generating function, to differentiate and to manipulate the sum.
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Using the monotonicity of the g-binomial coefficients in n we immediately get

Proposition 1.4.6. The means u,(7,q) are strictly increasing in n (for 7 > 0) and 7.

Now we turn to the convergence result:

Theorem 1.4.7. Fiz ;1 > 0 and choose the parameter 1, = 7,(q, ) of the q-deformed binomial
distribution such that p, = p. Then we have

(i) The sequence QD(n,Ty,q) converges for n — oo to an Euler distribution E(T,q), where
7 = limy— 0o Tn-

(i) For fized n, QD(n,Ty,q) tends to a binomial distribution B(n, &) in the limit ¢ — 1.

(iii) For q — 1, the Euler distribution E(T,q) converges to a Poisson distribution with param-
eter [.

So we obtain the following commutative diagram:

QD(n,7(q),q) —— E(7(q),q)
q—>ll q—1

B (nv %) _;:g: P (:u)
Proof. First we check that for given pu, ¢ and large n there exists a unique 7, with fi,(7,,q) = p.
The function p,(7,q) is continuous and strictly increasing in n and 7 by the previous theo-
rem. Moreover, we have lim_q p,(7,q) = 0. Choosing 7, in such a way that 7, — 1, then
tn (T, q) becomes arbitrarily large. Consequently there is a unique solution of y,(7,q) = p. By
Lemma 1.4.3 the sequence 7, converges to a limit 7 where 7 is the unique solution of ug(7, q¢) = p,
where ug(7,q) is the mean of an Euler-distribution with parameters 7 and g. This mean can be

written as '
q'T

ILLE(T7q>: : 1_qi7_7
=0
see [36] or take the limit n — oo (using the dominated convergence theorem) in Lemma 1.4.4
and manipulate the sum (i.e., expand the denominator as a geometric series and change the

order of summation).

Again by Lemma 1.4.3 we get that 7,, — p/n. It remains to check that 7/(1 — ¢) converges to u
in the limit ¢ — 1. But this is again a consequence of Lemma 1.4.3 since 7/(1 — ¢) is the unique
solution of pug((1 —¢)7,q) = p and pr((1 — q)7,q) tends to 7 for ¢ — 1. iz

1.4.2 Parameter sequences with limit 1

In this section we investigate sequences X, of random variables where X,, is QD(n, 7y, q)-
distributed and the parameters 7,, converge to 1. The behaviour of the sequence X,, depends
on the growth rate of 7,,. For this purpose we will distinguish three cases: Firstly we examine
the case 7,7 — 1, where it will turn out that the limit distribution is degenerate. Then we study
the case 77 — ¢ with 0 < ¢ < 1. Here the limit distribution will depend only on ¢ and is a
truncated exponential distribution. Finally we turn to the case 7'7{ M) _, ¢ where 0 < ¢ < 1 and
f(n) = o(n); this will lead to an exponential distribution.

Consider sequences of random variables X,, ~ QD(n, 7,, q) with 7, — 1 and additionally 77" — 1
first. Then we have the following theorem:
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Theorem 1.4.8. Let X, ~ QD(n,7,,q) with 7, — 1 and 77" — 1. Then n — X,, converges to
the point measure at 0.

Proof. The probability that Y,, = n — X, is equal to 0 is given by
P(Y,=0)=1"

which converges to 1 by assumption. )

Now let us investigate sequences X,, ~ QD(n,T,,q) where 7, — 1 and 7" — ¢ for a ¢ € (0,1).
Before we can establish the distribution of the limit of such a sequence, we start with several
lemmas which allow us to compute the asymptotic behaviour of certain sums of probabilities of
QD(n, Ty, q)-distributed random variables and their means and variances.

The first lemma is an analogue to Lemma 1.4.4 and gives an alternative representation of the
variance:

Lemma 1.4.9. The second moment of X,,(7,q) can be written as
n -n n
Z z? x:| 7" (T; Q)nfx = Z najT]
=1 - -4 j=1
with

naj:[?:q( (1+2Zlq>

Proof. We prove this by induction. The case n = 1 is obvious. To compute o2 we use the
recurrence (1.9) again and shift the summation index. This gives

n n—1 n
Vi = Z 2 pp(z,7) =7 Z($2 + 22 + Dpp_1(z,7) + (1= 7) Z 2 pn_1(z, q7).
rx=1 x=0 x=1

By splitting sums and by using Lemma 1.4.4 and the induction hypothesis we find

n—1 ' n—1 n—1
Vi =7Y n1a;77 +27) (q:9)j1 [ ; ]
7=1 7=1

Collecting powers of 7 yields

Vn:7'<1+|:n11:|q>
+Z< aj (11— ¢ 1)+2[ _ﬂ (q q)j2+n1ajqj>fﬂ

The first term gives [ﬂ . and the coefficient of 77 in the sum equals
n—1 1
142 [1—¢ '] +2 1)
{7_1]( <+ Z ) 7+ [_1] (459)—2

n—1 = 1
+[ . ](q;Q)j—l 1+2Z1—qi ¢
J q i=1

which implies the statement by using the recurrence relation of the ¢-binomial coefficients again.

&

n—1
T+ (1=1)) aora;g7
q j=1
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The next three lemmas are devoted to the asymptotic behaviour of sums of powers of 6,,, where
0<#6,<1and@6, — 1.

Lemma 1.4.10. If f(n) — oo for n — oo and 0, < 1 such that 9£(n) — c with 0 < ¢ < 1, then

Zé’z _logc , n — 00

Proof. Since only a finite number of 6, = 1 is possible, we assume w.l.o.g. that 6, < 1 and

obtain
= 1 1
01 = ~ —
iz; "1-46 log 0,,

n

using the substitution 8,, = 1 + x,, in the elementary equivalence
log(l4+z) ~z, x—0. (1.21)
Since f(n)log#, ~ logc, the statement follows. &

Lemma 1.4.11. For 6, <1 and 0,, — 1, o1 _ ¢ (c € (0,1)) and g(n)/f(n) ~ 3, g(n) <n
we have

lg(n)] 3

, c”? -1
> o~ f(n)
=0

— logc
and la(n)]
g(n 3
n| c” -1
| 07~ eq(q) f(n)
= [z] q logc
asn — oo.
Proof. We rewrite the first sum as
Lg(n)] _ glam+1

I

The growth of the denominator is given in Lemma 1.4.10, and the numerator tends to 1 — ¢?,
since GTLLQ ) — Oﬁ(")f{g m}r ¢ because of 6,, — 1.

To get the asymptotic of the second sum we write

lgtm)) p o Wel e o et QIR
Y [a- X [lae X fle + X [i]a
i=0 q i=0 q am)+1 1 lg(m)—/gm)] — 7

The first and the third sum on the right-hand side are O(y/g(n)) and therefore asymptotically
negligible. The second sum is bounded by

(¢:9) lg(n)—+/g(n)| -1 Lg(n)—+/g(n) n
. o ST S
(q, q)L g(n)J+1(q’ q)"*L g(n)]—1 L\/g(T)J+1 LFJJA 1 q

lg(n)—+/g(n)] -1

< (q; Q)n gi

= 32 n
(¢ q)Ln/2J Neoit
By the first part of this lemma the lower and the upper bound have the asserted asymptotic. £
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Lemma 1.4.12. If 6, <1 and 0, — 1 with 0] — ¢ for 0 < c < 1, then

n

ngw 1—c+clogcn2

2
= log® c
and .
n| .. 1—c+clogc
] o e =
i—0 L'1q 0g ¢
asn — 0o.

Proof: To estimate the first sum we use Lemma 1.4.10 again and the identity

n

St = H1— " —nt"(1— 1)

— 2
= (1)
Hence, setting t = 6,,,
“ n? n?
Zi&; ~(1=c—nbp(1—-0,)—5 ~ (1 —c+clogc)—5—.
log” c log”= c

1=0

Here we used that under the assumption 6] — ¢ we have (1 — 6,)n — —logec. This can easily
be seen from the equivalence (1.21). The asymptotic for the sum with the g-binomial coefficient
is obtained as in Lemma 1.4.11. &

Now we are ready to establish the essential key in proving the convergence result: we give the
asymptotic behaviour of sums of probabilities and the means and variances of QD(n,T,,q)-
distributed random variables.

Lemma 1.4.13. Let X,, be QD(n, 1y, q)-distributed and denote by ji,(7n,q) and 02(7n,q) the
corresponding mean and variance. If 7, — 1 and 7)) — ¢ with 0 < ¢ < 1 and f(n) ~ fn,
f(n) <n, then

c—1
~ n
logc

1+2cloge—c?

0727, (TTH q) ~ (log 0)2 n 9

Hn (Trw Q)

)

as n — OoQ.

Proof: We start with the first assertion. Since f(n) < n we can write

LFem I o ‘
Sp 1= Z T Lj (Tn; On—z = (1 — ) Z T [:13] H (1 —7nq").
q q =

=0 z=0 =1
The summands are bounded by e,(¢)?, hence

O
S~ (l=m) > T,fH
e=lvn] R
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Estimating the product and using again the boundedness of the summands yields

) Fml-lvel - e
Sn (1= 7) i Do | fy )Lyl >, T L}
z=[v/n] 1
n [n A
~ (1= 7)(Tn; Dn— | £(n) |+ V] 1 ZTn [x] =: Sp.
=0 q
As in the proof of Proposition 1.4.1 and with use of Lemma 1.4.11 (with g(n) := f(n) and
f(n) :=n) we obtain

In an analogous way we find a lower bound of S, that is asymptotically equivalent to 1 — 5.

Now we prove the second proposition of the lemma: Use Lemma 1.4.4, easy estimates of the
g-Pochhammer symbol and the asymptotics given in Lemma 1.4.11 to obtain

(Tnyq) < LZWJ @@ +(g:9) Zn: m ) e ()5~ Ly
n\Tn, ~ ; = T~
' S @y O 2 (] e Toge

i=lvn]

and

n
n . c—1
pn(Tns @) > (45 @ T~ n.
— L]y log c

J
Similarly we proceed for the second moments of X,,(7,,, ¢) and estimate with use of Lemma 1.4.12

E(X2) > () (1420~ 1)) m -
j=1 q
> 2(q;q)n Y (G — 1) m T~ 2

j=1

1—c+cloge ,
— .
(log c)?

To bound the second moment from above we split the sum into two parts

o (@9 2n . 1 n]
E(Xn)gzi(_ 2 Lt )+ Y (@ (1+2) = | || 7
=1 \ DDy 1 j=vn] i=1 ¢ Jlq

The first sum is o(n?), and splitting the inner sum in the second term we obtain

n

i1 1 n|
EGXD) = o)+ 3 (a1 (142 3 H .

g
=l e )Y

n

Vil -
+ > (@ (1423 1 = M s
j=lvn] =1 a
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Here the first sum is o(n?) again and easy estimates of the second term yield

1 n ,
BOKE) < o) + 2silmy 3 jj—LﬂJ—lH i
j=vn] 1 q

< o) + 200 i Ty 123[ } -

1—-c+cloge ,

T (logo)?
Thus 1 el
—c+cloge
E(X2 (7, q)) ~ 2~ L €8¢
() ~ 2
Hence
1—c+clogc c—1\?
2 2 2 2
n =E(X n - Hn\/’, ~ |2 -
o271 0) = E(X2(r0.) — pa(r.0) ( e () ) "
1+2cloge—c? ,
(logc)? ’
which completes the proof. iz

After this analysis of the means and variances it is now easy to obtain the limiting distribution
of the sequence X,,.

Theorem 1.4.14. Let Y, ~ QD(n,q,7,) with 7, — 1 and 7' — ¢ with 0 < ¢ < 1. Then the
sequence of the normalised random variables X,, = (Y, — pin)/0n converges to a limit X with

P(X < 2) = 1 — ¢o—le—/IF2cloge—cia
for

1—-c c—loge—1
T e |— ,
V1+2cloge—c2 /14 2cloge — 2
and
~ c—loge—1
V14 2cloge—¢2

P(X <z)=1 for

Proof. The support of X is given by
[lim _,Ufn(Tn,Q)’ lim n—un(mq)} '
n—oo  Op (Tna Q) n—oo  On (Tn7 Q)

Using Lemma 1.4.13 the stated support follows immediately.
Computing the distribution function of X yields with use of Lemma 1.4.13

P(Xn < '73) = Z 7’5{ |:Z:| (Tn; Q)nfy ~1—c
q

0<y<onx+pn

with

V1+2cloge — 2 c—1
= $+
—logc logc
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for
c—logec—1

r < .
V1+2cloge — 2
Simplifying ¢* yields the theorem. iz

Now we turn to the third case which treats sequences of random variables X,, ~ QD(n, 7, q)

where 7, — 1 and 7™ — cforace (0,1) and f(n) = o(n). This case is very similar to the
previous one, and so we start with an analogue of Lemma 1.4.12.

Lemma 1.4.15. Let f(n) — oo, f(n) = o(n), 1™ — ¢ with 0 < ¢ < 1. Then

zn:z‘eil EACO anzm o ~ eq(q)f(")2

s log? ¢ i log? ¢

as n — oo.
Proof. Follows from the proof of Lemma 1.4.12 and observe that n#)!(1 — 6,,) tends to zero. &

Following the proof of Lemma 1.4.13 and using Lemma 1.4.15 instead of Lemma 1.4.12 we obtain
Lemma 1.4.16. If 7, — 1 and M e with0 < e <1 and f(n) =o0(n), gln) ~ Bf(n), then

Lg(n)]

n
Z qu |:ZL‘:| (Tn; Q)nfx ~1- Cﬁ’
q

x=0
—f(n)
log ¢
f(n)?
(logc)?’

,Ufn(Tnv Q) ~

)

0721 (Tna Q) ~

as n — oQ.

As an immediate consequence we get the distribution of the limit of X,,, which is an exponential
distribution and is again independent of q.

Theorem 1.4.17. Let Y, ~ QD(n,q,7,) with 7, — 1 and 7'7{(”) — cwith 0 < ¢ < 1 and
f(n) =o(n). Then the sequence of the normalised random variables X,, = (Y, —pn) /oy converges
to a normalised exponential distribution with parameter 1, i.e.

PX<z)=1-e"t1  z>-1

Proof. Lemma 1.4.16 yields immediately that the support of the limit distribution is [—1, 00).
Computing the distribution function gives

n z+1 1
P(X <zx)= Z 7',7{[ } (Th; @n—y ~ 1 —c—loge =1 —e "7, &
q

0<y<onz+pn

Comparing this result with Theorem 1.4.14 we see that this corresponds to taking the limit
c— 0.
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1.5 A family of ¢g-binomial distributions

So far we studied convergence properties of Kemp’s distribution and of the g-deformed bino-
mial distribution. For the other two ¢-binomial distributions mentioned in Section 1.2.1, the
Stieltjes-Wigert- and the Rogers-Szego-distribution, we could ask the same questions. But be-
fore attacking these problems recall the definitions of Kemp’s ¢g-deformed binomial distribution,
the Stieltjes-Wigert- and the Rogers-Szego-distribution. They all are of the form

n 2

[ }qqaa: oy

T

]P)(X = l‘) = ZZ:O [Z]qqay29y7

x=0,...,n, 0<6, 0< (1.22)

for a = 0 this is the RS-distribution, o = % gives a K B(n, 9q1/2,q)—distribution and a =1a
SW (n, 6q, q)-distribution. This gives rise to the following definition: We say a random variable
X is B(a,0,n,q)-distributed iff its probabilities are given by (1.22). The present section is
devoted to the study of this family B of g-binomial distributions and generalises some of the
results obtained for Kemp’s distribution in Section 1.3. The following investigations are a little
bit more involved than that for Kemp’s distribution since we used the special formulas (1.7) for
the mean and variance before.

In order to state all our results we need besides this family of ¢-binomial distribution a family
of g-analogues of the Poisson distribution as well. We call a random variable X P(«, 0, q)-
distributed iff it satisfies
2
P(X =2)= T 0<uz,
K== 0. 570

where 0 <6 <1ifa=0,and 0 <0 if o > 0, and E7 is a g-analogue of the exponential function
(which was introduced by Floreanini et al. [19] and studied by Atakishiyev [7] and also appears
in Cigler [15]) defined by

2

Eg(z) =Y (i 2, (1.23)

= (4.9):

since Eg((1 — q)z) — €*. For a = 0 we obtain the Euler distribution, and a = 3 gives a
H (0q"'/?)-distribution. The sum in (1.23) has a different behaviour for & = 0 and o > 0: In the
case a = 0 it is convergent only for 0 < |z| < 1, but for a > 0 it converges for all z € C. This
is why we restricted the parameter 6 in the definition of our g-Poisson family. Consequently
there is a big difference in the behaviour of the RS-distribution and the other members of this
g-binomial-family. So we will often distinguish between o = 0 and a > 0 in the convergence
results.

We are now ready to start our investigations: In Section 1.5.1 we study basic properties of the
family B. We show that they are indeed g-analogues of the binomial distribution, converge to
the family P as n — oo if the parameter 6 is fixed and that they are logconcave. Moreover, we
give characterisation theorems and random walk models. Finally we study the behaviour of the
means in dependence on n, 6 and «a.

In Sections 1.5.2 and 1.5.3 we investigate sequences of random variables X,, with X,, ~ B(a, 0,1, q).
In particular we show that there are analogues to the convergence of the classical binomial dis-
tribution to the Poisson distribution and the normal distribution, and that the limits ¢ — 1 and
n — oo can be exchanged. Section 1.5.2 deals with convergent parameter sequences, in particu-
lar with the case of constant parameter and constant mean, and contains a detailed analysis of
the behaviour of the RS-distribution in the limit 6,, — 1. Section 1.5.3 is devoted to the study
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of parameter sequences 6,, that tend to infinity (in the case a > 0). If the parameter grows fast
the limit is obtained by using the reversing property and reducing the problem in this way to a
convergent parameter sequence. Afterwards we examine slowly increasing parameter sequences
which will lead to a discrete normal distribution as the limit law.

1.5.1 Properties of the Family B

As noted above we study basic properties of our family B. We show that it is in fact a g-analogue
of the binomial distribution and logconcave. These properties hold for the family P too. Then
we give a characterisation of a B(a, 0, n, q)-distribution and a random walk model for 5 and then
we turn to the study of the behaviour of the mean of a B(a, 6, n, ¢)-distribution in dependence
on n, # and a. In the present section we always allow a > 0.

The following two theorems show that our families B and P tend to the classical binomial and
Poisson distribution. This generalises the results for the Kemp-, SW-, RS-, Heine, and Euler
distributions.

Theorem 1.5.1. For ¢ — 1 we have

B(a,0,n,q) — B <n, 1i9).

Proof. By definition,

[Z] qqaxz ety
So [3] 46
@ _ ()"

>0 (p)ov  (A+0)"

- @ <1ie)x<1ie>”' z

Theorem 1.5.2. In the limit ¢ — 1

P(X =x)=

Pla, (1= q)b,q) — P(0).
Proof. By definition

qaxQ(l B q)xem 1 . Qjex B
(¢:9):  EF*((1-q0) ! o(~&

P(X =z)=

Kemp showed in [38] that the RS-, SW-, and Kemp-distribution are logconcave, i.e.

 PX=2+1) PX=z+2)
Aw)=—px—n PX=axD) "

for x =0,...,n — 2. We now generalise this to

Theorem 1.5.3. B(«a,0,n,q) is logconcave.
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Proof: We have

a(z4+1)2 pr+1 a(z+2)? pr4-2
Adz) = & 0" (4, 0)a(@ D2 4 0" (4, Dat1(¢; D1

(¢ Det1(€, Dn-a-10°70% (¢, Qat2(q; Qn—a—2g* @D g+
.y <q2am+a (1 o qn—;v) (1 o qn—x—l) q2am+3o¢>

1— qz-i-l 1— qx+2

2 — 2 —z—1 1 2
:9q2ax+a <1qx+ 7qn $+qn+ 7(17(]” ‘ 7qx+ +qn)qa>.

(1—¢=t1) (1 — q=12)

For a = 0 we have A(z) > 0 by [38], and the numerator is increasing in «, since
N (' G ) Y (o S N

forx <n—1. &

In the same way we obtain

Theorem 1.5.4. P(«a,0,q) is logconcave.

For the Heine- and Euler-distribution this property was proven by Kemp [36].

In [39] Kemp characterised some g-analogues of the binomial distribution as the conditional
distribution of U|(U +V = m) where U and V are independent. We can characterise our family
B in an analogous way and generalise some of Kemp’s results.

Theorem 1.5.5. A B(a, 8/)\, m, q)-distribution is the distribution of U|(U +V = m), where U
and V are independent, iff U has a P(«, 3, 0)-distribution and V' has an Euler-distribution with
parameter \.

Proof: The proof runs along the same lines as the proofs in [39]: If U and V' have the postulated
distributions, then

euqauQ Am—u

(@, D)u (@ Dm—u

L O\
=C =) g
(0D, Q)m—u <>\> 1

To prove the other implication, we need the following theorem ([53]):

Let X and Y be independent discrete random variables and c(z, z+y) = P(X = 2| X+Y = z+y).
If

PU=uU+V =n)=C

clx+y,x+y)c0,y) hlz+y)

clz,x+y)ely,y)  hz)h(y)
where h is a nonnegative function, then

f(@) = fO)h(x)e™,  g(y) = g(0)k(y)e™”

where a is an arbitrary parameter and

0< flz)=P(X =2), 0<g(y)=PY =y), k(y) =
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Here we have

c(u+v,u+v)e(0,v) (%)“+v g (wt)? _ h(u+w)
c(u,u + v)e(u,v) ((lgqu)i)% (2)" goe® (27 go® h(u)h(v)’
where )
h(u) = T .
(4 Q)

Thus k(v) = (0/7)"/(q,q)» and

O{’U,2 au

e
P(U=u)=C ,
( /=0 (¢, @)u
fet\" 1
P(V =v) = CQ <)
( ) A (@
yielding a P(a, e, q)-distribution and an Euler distribution. 2z

We now give a random-walk-model for the family B (the models for the Kemp-, RS-, and SW-
distribution given in [38] are special cases of this model). Let a, and b, denote the probabilities
to move up and down and choose

ay = cyq*o® (1 — q"f’”) and by = (1 —q")

for x = 0,...,n. Then B(a,vq~%,n,q) is a stationary distribution. To see this, note that for a
stationary distribution we must have

PX=2)=P(X=2)1—ay —by) +P(X =2+ 1)byp1 + P(X =2 — 1)az_1.

So we have to show that A(z) := —P(X = z)(az+b.)+P(X = 2+1)bp 1 +P(X =2—1)az—1 =0
if X ~ B(a,v¢ % n,q). For 1 <z <n—1 we have

Q

Az) =C (— [”] "G (o1 = ¢7) + erg® (1 — 7)) +

a($—1)2ryx—lq—a@—l)cvq?a(z—l)(1 _ qn—x+l)+

+
—
8
I3
—_
| I
Q

i [ n ] qa(x—l-l)z,ym—l-lq—a(m—i-l)c(l qac—i-l))'
r+1 q

Using the relation

e -[0e

we obtain that the terms with 4% and 4**! vanish. Similarly A(0) and A(n) can be treated.

Let us denote by puy(a,6,q) the mean of a random variable X ~ B(«,6,n,q). The following
lemmas are devoted to the behaviour of u,(«, 0, q) in dependence on n, o and 6. The first result
shows that the means are increasing in n.

Lemma 1.5.6. For all a > 0 p,(a,0,q) is increasing in n.
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36

Proof. For 0 < x <

and therefore

y < n we have

qn+1 T qn+17y’
1 qn+1fx > 1 qn+1 Y
1 1
1_qn+1m<1_qn+1y

This is equivalent to

n —+
T

L <[] B

6L

EERg

Multiplication with 7 +¥g@*+¥*) yields

|:7”L+ 1:| |:n:| y9x+yqa(a:2+y2) 4 [n+ 1:| [n
z q Y q Y q z

< |:7'L + ].:| |:n:| x6$+yqa(x2+y2) + I:n + 1:| |:n:| y0x+yqa(x2+y2).
q q q q

z Y

Now we sum over all pairs (z,y) with z < y:

n
z,y=0
Y

n+ 1] [ }
ewqaz yey ay <
e, >

z,y=0
T#yY

JHE R

| sty
q

y X

[n%—l} 67 o []quayQ‘
q Ylq

By adding the terms for z = y and an extra-sum we get

9n+1qa(n+1) Z |: :| Hy ay? +ZZ |:TL+1:| 9513

y=0

=0 y=0

< (n41)gntgr Ty [ } 6vq°Y"

y=0

This can be writte

=0

and so we have

n as

SISRIERES i)

y=0

Simotl] 010 Ve

n+1

v <Z

fo [ :| ygy ay?

R el

z=0 y=0

n+ 1} "~ [n] 2
Qac ax? eyqocy ’
el

y=0

" o

< .
NP A G

The means are increasing in the parameter 6 too:

Lemma 1.5.7. u,(a,0,q) is increasing in 6 for all a > 0.
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Proof. We show that %un(a, 0,q) > 0. Differentiating gives

P <ZZ ox[y] 074 Mz) _

80 ZJ} 0[] 67 q az?
S [,0°0 S0 ] 0 — Sy all] 00 Sy u[l], 0

(T [ p70)

Thus it suffices to show that
n 2 n n
(Z x |:n:| qaa:2 9:1:1) < Z I:n:| exflqa:E? Z y2 I:n:| gyflqayQ_
T T Y
The left-hand side can be written as
n 2 n
21:2 [n] q2am202(m—1) 4 Z Ty [n} [n] qa(m2+y2)gm+y—2 = A + B
T z| |y
=1 q z,y=0 q q
TF#Y
and the right-hand side as
Zx |:TL:| 202 92 z—1) _|_ Z |: :| |: :| a(m2+y2)0m+y—2 —. A2 + B2.
x
z=1 z,y=0 q
7Y

Since A; = Ay, it suffices to show that By < Bs. For this purpose we consider the pairs (z,y)
and (y,z) with z < y: In B; we have the term

2zy [n] [n} @) griy=2 (1.24)
Tlql¥lq
and in By
Tlql¥lq
Since 2zy < x2 4 y? for x # y, we have (1.24) < (1.25) and so By < Bs. iz

For a the situation is a little bit different:
Lemma 1.5.8. p,(a,0,q) is decreasing in « if a € (0, 1] and increasing in « if a > 1.

Proof. Assume a > 1 (in the same way we can treat the case 0 < a < 1). We show that
%,un(a, 0,q) > 0. This is equivalent to

ZHW az ZyHGy ay loga>2xn

=0 z=0 bt -4

8

n
"™ Yy m 6Y¢°Y" log cv.
y=0

q
So it is sufficient to show that

n n roo

Z nyn qa(x2+y2)9x+yy3 loga > Z nn qa(x2+y2)0x+y$y2 log av.
Tlg LY Tlg LY

z,y=0 q q zy=0 "+ -4 q

TFY TFY

Considering the pairs (z,y) and (y, z), it is sufficient that 23 4+ y® > 2y? + ya?. This is fulfilled
because this can be written as (y? — 2%)(y —2) = (y + z)(y — )? > 0. iz



1.5 A family of g-binomial distributions 38

Finally we show that our family B is closed under reversing, i.e. n — X has the same form as X.

Theorem 1.5.9. If X ~ B(a,0,n,q) thenn — X ~ B(a, 0 1q72" n, q).
Proof. We compute

n—x

ZZ:O [n’_‘y} qqa(n—y)Qen*y

[ﬂ qqa(n2 72nx+x2)07x

n a(n—x)29n—x
q
Pn—X =x) = [ ]q

= S, [T e

B [Z} qqaxQG—:vq—Qoma: g
= ZZZO [Z] qqay2 a_yq—Qany .

1.5.2 Convergent Parameter

In this section we consider sequences X,, ~ B(a, 0,,,n,q) where the parameter sequence 6,, tends
to a limit as n — oo. This will lead to the family P as limit law. In particular we prove that the
convergence of the classical binomial distribution with constant mean has a g-analogue. But in
the case « = 0 and 6, — 1 these results fail. In this case we obtain - depending on the limit of
0, - a uniform distribution or exponential-like distributions. In the following we need the two
auxiliary results below.

Lemma 1.5.10. For a > 0 we have for all z € C

n
Z |:7’L:| qaxQZx N Ega(Z), n — 00.

xr
=0

For a =0 this holds for |z| < 1.
Proof. We estimate the difference

o0 chCCZ n n )
2T Z |: :| qaa: P
) P

=0 (q’q z =0

<y

= n+1(

+qu 4 H wanl

Estimating in the first sum the g-shifted factorial by the g-exponential function yields

<egla) Y (@) +Z Zl‘” (1 -[Ia- qm“)) ;

r=n+1 i=1

the same estimate we use for the second sum, split it and compute the first sum to obtain

om|z| 7L+1 L5) 1
S (1= Tl -

i=1

n x
+ qax2|z|a: (1 o H(l o qn—i—‘rl))
r=|75| i=1
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The first term is obviously o(1). Estimating the products gives

5] 0 00
<eglq) o)+ [1=-T[A =" | D zl"+ > ¢*|zf
i=1 =1

z=[3]

and further

<) (o) + (1= (1-421) " ) o+ 3 ()
=5
the latter sum is o(1) as before, thus
=0(1) + O(n*¢") >_ ¢° |2 = o(1). &
=1

Lemma 1.5.11. Assume o > 0 and let (6,,) be a sequence of real numbers with limit 6 > 0.
Then

n

: n w2 pr 2c

Jm 3|7 o = E20)
=0 q

If 6 < 1, this holds for a« =0 as well.

Proof. For small € > 0 and n large enough we have
" n 2 " n
Azt (g _ 2\T < oc;v ax < 9
2] ero-or sy ] prns L] oo

hence, with use of Lemma 1.5.10,

n

2a T n ar? x : : - n azx? px
E; (0—5)T}LIEOZ{J g (0 —¢) Shﬁﬁ%,%fz [J q“r oy

=0 q
n 2
< 6%y X <
hTILrLsipZ Lj 07 < nh_)rgloz [ ] (9 +¢e)*
= Ego‘(ﬁ +e).
By continuity of Eq2°‘, the lemma follows. iz

The first result is a generalisation of the fact that the Kemp’s distribution converges to the
Heine distribution.

Proposition 1.5.12. If X,, ~ B(«a,0,,n,q), a > 0, then for n — oo
Xn - P(a7 97 q)’

if 0, — 0. This still remains true in the case a =0 and 6 < 1.

Proof. This follows immediately from the fact that

M

for n — oo and from Lemma 1.5.11. ez
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In the case & = 0 and 6 > 1 the situation is slightly different:

Proposition 1.5.13. If X,, ~ B(0,0,,n,q), then for n — oo, if 6, — 6 > 1,
n—XnHP(O,%,q),

which is an Euler distribution.

Proof. Define Y,, = n — X,,. Then

SO 1 e . |
RGNS SRS G VRS SR

by Lemma 1.5.11. iz

In particular we are interested in sequences X,, such that the limits ¢ — 1 and n — oo can be
exchanged. The propositions above immediately yield

Corollary 1.5.14. For each o > 0 let X,, ~ B(«a,0,(q),n,q) with 6,(q¢) — 6. Additionally
assume that 6,(q) — X\/n and 0/(1 —q) — X as ¢ — 1. Then we have the following commutative
diagram:

B(a,0,(q),n,q) — P(a, (1 —q)0,q)

q—>1J/ J{q—>1

B(n,2) —— P())

n—oo

One very natural way to choose the parameter sequence is to set 0,(q) = ﬁ, A>0.

The convergence B(c, 0,(q),n,q) — P(a, (1 — q)0,q) still remains true for a = 0 if we require
(1—¢q)8 < 1. Moreover, the commutative diagram remains correct for given A > 0, if we restrict
q to values > max(0,1 — 1).

The next result is a g-analogue of the classical convergence of the binomial distribution with
constant mean to the Poisson distribution.

Theorem 1.5.15. Fiz p > 0 and o > 0. Consider a sequence of random wvariables X, ~
B(a, 0n,n,q) with parameter sequence 0, = 0,,(q, 1) chosen such that the means p, of X, are
equal to . Then we have

(i) The sequence X, converges to the limit law P(«,0,q), where 0 is the limit of the sequence
0.

(ii) As ¢ — 1, X,, tends to a binomial distribution with parameters n and p/n.

(iii) In the limit ¢ — 1, P(a, 0(q, 1), q) converges to a Poisson distribution with parameter .

Thus the following diagram is commutative:

B(a,0n(q, p),n,q) ——> Pla,0(q, 1), q)

QHIJ, J/qﬂl

B(nt) —— P

B
n n—00
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Proof. First we check, that for given u,q and large n there is a unique 6,(q), such that
tn(0n(q),q) = p. The function uy,(6,q) is continuous and increasing in 6 (see Lemma 1.5.7).
Moreover limg_,g pin(6,q) = 0. From Corollary 1.5.25 we see that for sufficiently large n and
suitable 0, pin(0n, q) > 5. Consequently there exists a unique solution 6,,(q) of 1, (60, q) = p. By
Lemma 1.4.3, 6,,(¢q) converges to a limit 6(q), where 6(q) is the unique solution of (6, q) = p.
Hence B(«, 0,(q),n,q) — P, 6(q),q) by Lemma 1.5.11.

On(q)
1+60:.(q)

Again by Lemma 1.4.3 we get that 6,,(q) — n%u for ¢ — 1 and so
B(Oé,‘gn(Q),’l’L, Q) — B (na %)
It remains to check that 6(q)/(1 — ¢q) converges to u for ¢ — 1 (then P(«,0(q),q) — P(u)).

The value 6(q)/(1 — q) is the unique solution of o ((1 — q)8, q) = . Moreover, o ((1 — q)0, q)
converges pointwise to 6 for ¢ — 1, so we can apply Lemma 1.4.3. &

— L. Consequently

In the case @ = 0 an analogous result holds for X,, or n — X,, depending on the values of the
parameters, i.e., if 6(q, 1) < 1 then the theorem holds for the sequence X,,, and if 6(q, u) > 1
then this is true for n — X,,.

Now we turn our attention to the case o = 0. To finish the analysis of the RS-distribution we
consider 6, — 1. It is worthwhile to point out that the limit distributions only depend on the
growth rate of the parameter sequences and are independent of g. This is why we will distinguish
three cases in dependence on the speed of the convergence of the parameters 6,, to the limit 1.
First we will provide a result of fast growing #,,. In order to do so we start with an auxiliary
result.

Lemma 1.5.16. If f(n) <n, 0, <1 and f(n) — oo and oL 1 for n — oo, then for k € N

, k41
0<i<f(n) -'d4 +

Proof. Write

n [V f(n)] n f)=1V/f(n)]-1 n
kpi __ -k i -k i
Z L}z@n— Z L}z@,ﬂ— Z L}z@n
0<i<f(n) - -4 =0 1 i=[/f(n))+1 1
N kg
+ Z [Z] 1"0,,.
n—|vn]<i<f(n) 1
The first and the third term on the right-hand side can be estimated by

(W"' 1 f(n) (q,q)m/QJ (q,Q)n—Ln/QJ

and are therefore negligible. The middle term can be bounded by

(4,9) f)—V/f(n)]-1 f)—V/f(n)]-1 n
4)n LI D P S it
(¢,9) (¢:9), _ - i
LV F(m)]+1 n—[y/f(n)]-1 WFm))+1 LWFm) 41 a
f(n)—v/f(n)]-1
> oo
[V f(n)]+1

and has the asserted asymptotic. 0z

(4, Dn
B (q, Q) [n/2] (Q7 q)n— [n/2]
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This lemma implies that under the assumption 6 — 1 the limit law is uniform on the interval

V3.3,

Theorem 1.5.17. If X,, ~ RS(n,0,,q) with 6, <1 and 0} — 1, then (X,, — pn)/0n converges
for n — oo to the uniform distribution on the interval [—\/g, \/§]

Proof. We start with an asymptotic of the means and the variances. By Lemma 1.5.16 we have

M:ZZD[]wweq@)”—;_g
" Zz 0“91 eq(q)n 2
and
,  Zico i, w2 n2 w2
S > S A T B

From these two fact one can easily see that the support of the limiting distribution is
Jim [=pin/on, (n = pn) o] = [=V/3,V/3].

Now we compute

" 97’2 1
P(X <z)= lim > ["jq = > m oF
n—o0 ;U«n <k v < Z [ :| n—>oo Zz =0 [ ]q n 0<k<0n$+un q
lim 71 eq(q)(onz + pin) = lim 1<n :c—i—n) 1 m—l—l
= On n) = - 5= 5
noo eq(gm ) = e n o0y T 2) T3t T2
which is the distribution function of the uniform distribution on [—v/3, /3. &

Using the fact that a RS(n, 6, g)-distribution corresponds to a (n — RS(n,1/6, q))-distribution
or following the above proofs we immediately get the following corollary:

Corollary 1.5.18. If X,, ~ RS(n,0,,q) with 6, > 1 and 6! — 1, then (u, — X,,)/on and
(X, — pin) /o converge for n — oo to the uniform distribution on the interval [—/3,+/3].

Now we turn to the case that 0! — ¢ with 0 < ¢ < 1. For this purpose we start with the
following lemma, which supplements Lemmas 1.4.11 and 1.4.12 and is crucial for the analysis of
the variances.

Lemma 1.5.19. For 6, <1 and 0,, — 1, 67 — c with0 < c¢ <1 and f(n)/n ~ [ >0 we have

n ) —c+cloge— Lelog?e
Zz'?e;N—Q BCT 3008 O
log? ¢
as n — 00.

n

. 1—c+cloge— Lelog?e
D [”] 26}, ~ ~2e4(q) g2t S
i—o Ldq og’ ¢

as n — oQ.



1.5 A family of g-binomial distributions 43

Proof. Using

ﬁéﬁ#:tVi—t+”+2mW1—w+n%W1—wz+wH>
=0 (t - 1)3

we obtain for the first sum

ZZQQZN (=2 + 2¢ — 2clog ¢ + clog? c) n3 ,
— log” ¢
1=0
The second sum follows immediately as in Lemma 1.4.11. iz

Now we are able to establish the convergence result in this case.

Theorem 1.5.20. If X,, ~ RS(n,0,,q) with 6, <1, 0, — 1 and 6] — c with 0 < ¢ < 1, then
(X — tn)/on converges to a limit distribution X with

alex) _q
P(X <2)="""",
c—1
where
\/(C—1>2—01082C 1—c+cloge
ale,z) = x+
(c—1)loge (c—1)logc
and x € [—71,v2] with
1—c+cloge c—1—loge

and

"= 2= :
\/(0—1)2—clog20 \/(0—1)2—0103;20

Proof. Using Lemmas 1.4.11, 1.4.12 and 1.5.19 we get for the means pu,

Z?:Oieimq (1 —c+cloge)n? loge _l—c+cloge

~

Hn = Yo, 0 mq log? ¢ (c—1n  (c—1)logc "

)

2
n

ﬁzz%fﬁ%_%

i 0[],

—2(1 —c+cloge — Sclog®c)n® loge (1—c+cloge)? ,
~ log® ¢ (c—Dn  (c—1)2log2c
+1—2c—clog’c ,

(c—1)2log%c '

and for the variances o

As an immediate consequence we get that the support of the limit distribution
[=71,72) = lim [—pn/om, (0 — pn)/on]
n—oo

is as stated in the theorem. Now we compute the distribution function of X:

P(X <a)= lim )~ E"[k]q[”w = lim % > m oh.
=0 Lilg'n q

n—oo
eq(q) log Cn k<onx+pn
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Since o,x + iy ~ na(c,x) we have further

1 n
P(X <2) = lim ——7— ng
n—00 eq(Q) loglcn ks%g,x) K d '

ca(c,w)_l

o Togc neq(q) B colem) _q
- nl—>nolo c—1 - c—1 "~
eQ(Q) logcn
what completes the proof of this theorem. iz

Again we get as an immediate consequence

Corollary 1.5.21. If X,, ~ RS(n,0,,q) with 6, > 1, 6,, — 1 and 0,, — ¢ with 1 < ¢ < o0,
then (un, — Xp)/on and (X, — pn)/on converge to a limit X, whose distribution is given in
Theorem 1.5.20 with ¢ = 1/¢ resp. ¢.

Finally we study the case that 1™ ¢ with 0 < ¢ < 1 and f(n) = o(n). The analysis of this
case is very similar to that of the previous case. So we start again with a lemma which is useful
to find the asymptotic behaviour of the means and variances.

Lemma 1.5.22. Let f(n) — oo for n — oo, @ — 0, 1™ — ¢ with 0 < ¢ < 1 and. Then

- 207 ~ f(n)?

log3 ¢’

> m 201, ~ eg(q) 22

n
3
= log” ¢
Proof. Similar to Lemma 1.4.15 iz

The following theorem shows that in this case the limiting distribution is an exponential distri-
bution.
Theorem 1.5.23. If X, ~ RS(n, 0, q) with 0, < 1, 6, — 1, 05" — ¢ with f(n) = o(n) and
0 <c<1, then (X, — pn)/on converges to a normalised exponential distribution with parameter
A=1, ie.

PX<z)=1- el > 1.

Proof. From Lemmas 1.4.11, 1.4.15 and 1.5.22 we get
_ 2 2 2
o) AP 0P )

log ¢ " log? ¢ B log? ¢ B log?c¢’

Mn ~

Computing the distribution function of the limit distribution yields

P(X <z)= lim Z ,L[Z]qzzi
e k<onx+pn Zi:o [l]qen

. 1 n|
o n11—>11(;lo *eq(Q) Z |:k‘:| en
—f(n) q

n
I —f(n)
08¢ kS pp ot

log ¢
1— ¢ 1
. — ¢~ loge ogc
= lim ——— f(n)eq(q) ————
n—oo  logc Jéal )eq(q)f(n)

14+

=1—c-lge =1—¢ %L iz
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Corollary 1.5.24. If X,, ~ RS(n,0,,q) with 6, > 1, 6, — 1, 6™ — ¢ with f(n) = o(n)
and 1 < ¢ < oo, then (un, — Xy)/on converges to a normalised exponential distribution with
parameter A = 1.

1.5.3 Increasing Parameter

Now we turn our attention to sequences of random variables X,, with X,, ~ B(a, 0,,,n,q), where
the parameter sequence 6, = 0,,(q) tends to infinity. We start with fast growing parameters 6,
ie., 0, = ¢ 22"9(") with g(n) convergent or g(n) — co. Due to the reversing property 1.5.9 we
conclude immediately from Lemma 1.5.11:

Corollary 1.5.25. Let X,, ~ B(«,0p,n,q) with 0,, = q—QOtn—!/(N),

(i) If g(n) — v then for a > 0 we have n — X,, — P(a,q¢77,q) .

(ii) If g(n) — oo then for all a > 0 we have n — X,, — do.

Now we consider parameter sequences 6,,(¢) = ¢~/ with f(n) — oo and 2an — f(n) — oo for
n — oo and a > 0. These assumptions will be on force throughout the section. We will prove
in Theorem 1.5.31 that a suitable chosen subsequence of the normalised sequence of random
variables X, converges to a discrete normal distribution. Theorem 1.5.26 and Lemmas 1.5.27
and 1.5.28 are devoted to the asymptotic behaviour of the sequence () of means. Afterwards
we study the sequence (o,,) of variances in Lemmas 1.5.29 and 1.5.30 and then we establish the
convergence result.

To simplify notation, we define

=0 2a
gl
) — (a—(:l?-‘v-l))2 o = Yo(1
2(2) ;} z[ﬂ:—i—L?(Z)J-i-qu ; 2 2(1),
o - ola+x 2 o [oe)
1(Z)ZZZC](+), = E(1),
=0
2(2) = Y 2qP@m @ mge = mige(1),
=0

where a = {%}

Now we turn to the study of the sequence of means.

Lemma 1.5.26. For n — oo

fin = VQ(Z)J +c(a, a,q) + o(1),

where , ,
Z;il T (qa(a—x) _ qa(a+x) )
S, (P )

cla, o, q) =
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Proof. We have to study the behaviour of

Z;:O T [;L] qqax2 q*f(n)x
Yoo [] g2 g

f(n)? .
For this purpose we expand the fraction by ¢ 4o~ and analyse the denominator D and the

numerator NV separately.

n n

Z n 2_ f(n)? Z n| (=20z+f(n)?
D fd |:x:| qO‘I f(TL)CC+ 4o = I:x:| q 4o 7

=0 q q

splitting the sum into two parts gives

4o

|
—
8 3
1
Q
L
e
8
BlE
=
e
+
[
—
8 3

] (—20a+f(n))?
q .
= {7/’2(2) J +1 1

By reversing the order of summation in the first sum and shifting the summation index in the
second sum we obtain

4o

0 ] (o)’
K
q

ne 2] . (<2 22| 20 20041)?
+ 2 [w+LJ62(?J+1]qq o 3

N

T
2+ {2 +1]f

This tends to

eq(q) <Z qa(a+x)2 + Z qa(a(x+1))2> —: (126)
=0 =0

since we can bound the first sum as follows:

4
e (q) qa(a+x)2 > [ f(n)n :| qa(a+x)2
! ;) =0 LWJ - q

1|12
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estimating the g-binomial coefficient yields

(g, q)% ESY
— eq(q) Z qa(a+x)2.
=0

Here we used that
n 2av 1 7‘ n
(lqn L Q(Q)J'H){ J _1+O<(\‘(n)J +1> nql Léo)J-&-l) '

Similar arguments hold for the second sum. Now we turn to the numerator N.

Using the same arguments as above yields

- VZ(Z)J 7~ €al) (51 (@) = 357(2)) + eq(@)357 + o(1). (1.27)

Combining (1.26) and (1.27) we obtain

Fn) | Salea ey g (galere)? - gela- D))
Hn = \‘ 2 J + ZSUO:O (qa(a+:c)2 +qa(a_($+1))2)

+o(1).
Simplifying the fraction yields the theorem. iz
Now we provide an estimate for the O(1)-term in the preceding theorem.
Lemma 1.5.27. Let ¢(a,«,q) be defined as in Theorem 1.5.26. Then

(i) 0 < c(a,a,q) <1,

(ii) cla,a,q) =0 a=0,

(iii) c(a,a, q) +c(1 —a,a,q) = 1.
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Proof. Since for all z > 0
a(—a+a:)2 > qa(a+ac)27 (128)

0 < ¢(a,,q). Moreover, c(a a,q) = 0 iff in (1.28) equality holds for all z > 1. But this is the
case iff (v —a)? = (x + a)? for all x. So ¢(a,a,q) = 0 iff a = 0. For (i) it remains to show that

— a(—at2)? _  afata)? [ a(—ata)® | olata)? aa?
;x@ )T gelet ><;<q T gelet >+q -

We can rewrite this as

o0 o0

D= 1)g* e =Y (a4 g <o,

=1 =0
The left-hand side is increasing in a, and for a = 1 we have

.¢] o0

5o - e = 3 1

r=1 =0

Since 0 < a < 1, (ii) follows.

To see (iii), note that the denominators of c¢(a,«,q) and ¢(1 — a, @, q) are invariant under the
substitution @ — 1 — a. Then add the numerators:

io:l,(qa(lax)z a(l—a+z) )+Z ( o(a—x) _qa(a+m)2>7

r=1

by splitting the first sum and shifting the summation index we obtain

Z-T+1 a(a+z)? _Z(x_l a(a—x) +Z (a(a:c _qa(a+x)2>
=2
_ qoza2 + an(a-‘,-ac)2 + qa(a—1)2 + an(a—ac)2
=1 =2
= ala+x 2 ala—(T 2
:Z(q(+) + g (+1>)),
=0
which is exactly the denominator of ¢(a, «, q). iz

Lemma 1.5.28. Let c¢(a,a,q) be defined as in Theorem 1.5.26.
(i) If a > 0, then {%J +c(a,a,q) € Z.

(ii) If a =0, then

{26” ifn>
Hn .
ifn <

"7% n ou? % ou?
fn)  2oa=t w[ﬁ%]qq =2 @ s m]qq
Hn = 2%, + T(n ~Fm)
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n)

Now consider the case n > %: We have to prove that

,fi

5o, ] 2 S ]

Forall 1 <z < ! ( ) , the term on the right-hand side is less than or equal to the corresponding
term on the left- hand side (there are enough terms on the left-hand side by our assumption),

ie.,
I
I R

since

) ﬂ@@@nﬁﬂﬂ

/= 2a 2a

(
. G_fﬂ_xﬂ)”@_f_gﬂ)ZO_qgﬁH>”@_f+g>

— - Iy a4 0<i<2-1
=  n-fP> A
The case n < £ ( ) can be treated similarly. iz

In Section 1.3.2 we studied the behaviour of the means of Kemp’s ¢-binomial distribution in the
limit ¢ — 0 and ¢(a, , ¢) in the limit ¢ — 1. We will do the same here now. First we will show
that for ¢ — 0

f(n) 0 1f0§a<%
n
“n*{zaJ+ y ifa=;

1 ifi<a<1

For this purpose we estimate ¢(a, o, q):

a(l—a)? 2 a(2—a)2 0 a(a—a:)2 _\o© a(a+z)?

c(a,a,q) = a - q . Z 2 L=t 10 2
aa + q _|_ Z qe a—i—x) 4 Z$:2 qa(a—x)
g (1—a) + 2qa(2 a) + Z (1—:(:)2 _ E;il xqa(l—i-x)Q
aa2 + qa a—1)? | Z a(1+x)2 + ZOO ) qax2
xr=
qa(lfa) + 2qa(2 a) + 9 zng qax2
qoza2 + qoz(afl)2 +9 ZOO ) qam2
=

1+ 2qa(372a) + 2q7a(17a)2 22022 g
qa(—1+2a) + 1 + 2q—a(1—a)2 E;O 5 qazQ .

IN

2

For a € |0, %) we have 2a — 1 < 0 and therefore the denominator tends to infinity while the
numerator goes to 1. Consequently c(a,a,q) — 0. Lemma 1.5.27 (iii) implies that c(a, a, q) — 1
if a € (3,1) and (3, a, q) = 5. Moreover, from the estimates in the proof of Theorem 1.5.26 we
get easily that the o(1)-term Vanishes in the limit ¢ — 0.
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In the limit ¢ — 1 we have c(a, «, q) — a. To see this, apply the Euler-Maclaurin formula to

fra) =g and gt(a) = agH
first, which yields
+
iy — g+ 17O o
d =1 + 5t Ry

with

Computing I ;{ gives

_B2 Blogq
I Gl e 7))

f 2/—Alogq
where erf(z) denotes the error-function. Similarly, we get for g*(z)
+
97 (0)
S gt =15+ S Ry
>0

with

[e. 9]

It = / g*(@)dz and R = 7(95 . ;) ' (z)da.
0 0

Computing I] gives

2
_ oBvRCE (et (GARE)) 1 o
It = . .
g 4A+/—Alogq 2 Alogq

In an analogous way we treat the functions

JT@) =g and g (a) =gt

Note that f~(0) = f+(0) = 1 and ¢g=(0) = g*(0) = 0. Putting things together we obtain with
A =aand B =2aa

I; +R, — I — R/

+ — —+ — —a?
Ie +1, + Ry + Ry +q
B2
Bvig ¥ | e oy
2A\/—Alogq + R!] Rg

_ B2
VIg 22 qu + Ry + Rf + ¢~

B? /“Aloza _
a+qia G}qu(Rg_R;r)

cla,a,q) =

- ; _
1+ qf*AiV‘j}fgq (R]? + R} + q*aQ)

Thus it remains to show that v/—logq(R; — R;r) and /— log q(R; + R}) both tend to 0. We
have

1

R; = / (m — lz] - 2) g7 B log g(2A4x + B)da.
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The integral

r 1
Jy = B/ (1’ — LxJ — 2) qugQJrBacdx
0

is bounded uniformly for all g € [0, 1), since qAxQJFBm is decreasing in x:
1 R
AP
=0
! brin
2 ; 2
0 =0
2
= J;
1 . o it )
_ Azx?+B Az?+B
0 =17
[o¢]

Thus (—logq)3/2J; — 0. With the same idea we want to estimate
o0
1
Jy = 2A/ (:B — |z] - 2) BT g
0

Unfortunately h(z) := qA”"2+BIac must not be decreasing in = for z > 0. Differentiating gives
W (x) = ¢** 5% (1 + (2422 + Bz)logq) .

Obvious 1/(0) > 0 and lim,,_o A'(z) = lim,_,o h'(x) = —o0 since logg < 0. Consequently
there exists a single positive root r of h'(x). For ¢ near at 1 we have r < 1/,/—Alogq since

I 1 =1+logq | — 24 + b
v—Aloggq Alogq +/—Aloggq

B\/—logq<0

— 71 .

Thus h(x) is decreasing for x > r. Split Jo into integrals over [0, [7]] and [[r],c0). The second
integral is bounded by same arguments as above. The first integral can be estimated trivially
by

=1-2+

]

7]
24 / (ﬂs— x| — ;) B | < A/m < A[r]%
0 0

Therefore v/— log qR}' — 0 for ¢ — 1. Analogously we get +/— log qRJI — 0. In order to show
that the term with

T 1
R;- _ / (:L‘ o LUUJ o 2) <qAx2+Bx +qux2+B:c logq(QAa:—i-B)) dx
0
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vanishes, it remains to consider the integral

7 1
J3 = / (a: —lz| - 2) qszJrBIq:EQd:E.
0

Again we compute where H(x) := 22qAT* BT g decreasing. We have

H'(z) = ¢ 5 (2z + (2A2® + Bz?)logq)

and therefore lim,_,_o, H'(z) = 400, lim,;_,o H'(2) = —o0 and H'(0) = 0. Since H"(0) > 0,
there exists a single positive root s of H'(x). Moreover s < 1//—Alogq since

1 2 2a B
H = 1 -
<\/—A10gQ> V—ATogq qu((—AlogQ)3/2 Alogq>
2 2 B
<0.

- V—Alogq +—Alogqg A~

Thus H(x) is decreasing for > s. Split the integral into integrals over [0, |s]], [|s], [s]] and
[[s],00). The third integral is bounded as above. The second integral is trivially bounded by
%(312. And the first integral - the increasing part - we estimate with the same ideas as for the
decreasing part:

[s]—1 i+1
1
0< / (w _ L:EJ _ 2) quz—i-qudem

i=0 3
Ls] )

= / <:c — |z] = 2) qszJera:Zdw
2 . s]—2 3+t )

— / (.’E— LZEJ - 2) qu2+Bzx2dx+ Z / (.T— LxJ o 2) qAIQ—i-Bmedx
0 =0

Ls)
1
+ / (LL‘ _ L$J _ 2) qAI2+Bxl‘2dl‘

ls]-3
ls]—2 1
<0+ ; 0+ 1 BE
Therefore \/—log ¢R; — 0 for ¢ — 1. In a similar way we find \/=logqR, — 0.

After this analysis of the means, we turn our attention to the sequence of variances.

Lemma 1.5.29. For n — oo we have

o = la, a,q) - c(a, a,q)* + o(1),

where

d)(a, o, q) — eq,i/Q) Zl,Q <qa(afx)2 + qa(aer)z) .

r=1
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Proof. By definition we have

2 _
ZZ:O 3;.2 [;L] qqa:c q fn)x
Yoo [2] g g T

E (X7) =

Now we proceed as in the proof of Theorem 1.5.26 and study the numerator N after expansion
F(n)?
by ¢ 4.

:Z { } ~fmat 1507

we split the sum and reverse the order of summation resp. shift the summation index and get

2] ]

2a q

which can be written as

- V;(Z)rzl —2 VQ(Z)J Yi(z) + 21(2?) + 2p(2?) + ng)r& s,

2|20 50y 23200 2|49 5,

Using similar arguments as above yields

_ V(")J e (2 V;(?J £ -2 VQ(Z)J S50 (x) + 2 V;(Z)J S5 ()

2c

+ 2%°(2?) + 2°(2%) + B° + 22;0(95)) + 0o(1).

Thus
E(X%)—i({f;’”fweq(q) (2|52 | =5 -2 | 42| e 42 | B2 | 2o >>>
+ ¢(a,a,q)
Since
- | ol (2| 52 B0 - 2{7( 5] s 2| 5| o)
+efa,.q)? +o(1),
we obtain

op = dla, @, q) — c(a,a,q)* + o(1).
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Lemma 1.5.30.
d(a, o, q) > c(a, o, q)°.

Proof. We have to show that

2

220:1 a? (qa(a_x)Q + qa(“”)Q) 220:1 T <qa(a—z)2 _ qa(a—i—z)z)
>
Z;O:O qa(a-i-x)? + 220:1 qa(a—x)Z Z;);O:O qa(a—i—x)Q n Z;ozl qa(a—x)2

A sufficient condition for this is

Z;il ? (qa(aix)z + qa(“ﬂ“)z) Zgozl T <qa(a7x)2 + qa(aer)z)
00 = — > = _ _
Zx:O qa(a+:p)2 + Zx:l qa(a @)? Zx:o qa(aJr:v)Q + Zx:l qa(a z)?

2

We show that

<§: 22 (Qa(afac)2 + goleta) )) (Z geate)? | an(a z) > >
z=1
(Z ( a(a—z) +qa(a+:p) ))2

Expanding gives

. ol G,QOL [12 - (T (ZQCM —[12
S a2gelatelgara® 4§ p2pa(eka) gali—)

z,y=1 z,y=1

00 00

+ Z :L,2qa(;v—a)2qa(y+a)2 + Z qua(a:—a)Qqa(y—a)2

z,y=1 z,y=1
) )
> Z xqa(:(;+a)2yqa(y+a)2 + Z xqa(x_a)2yqa(y_a)2
z,y=1 z,y=1
> 2 2

+2 ) wg Tt gl

z,y=1

Now we consider the pairs (z,y) and (y, ) again and obtain
qua(l‘+a)2qa(y+a)2 + quoz(ac—i—a)Qq()¢(y-l—(1)2 + qua(x—f—a) a(y—a)? + y2 a(r—a)? a(y+a)2
+ x2qo¢(x—a)2qa(y+a)2 + y2qa(z+a)2qa(y a)? + :L,Zqoa(z a)? q a(y—a)? + qua(x—a)zqa(y—a)2
> 2xyqa(x+a)2qo¢(y+a)2 + Qxyqa(:c—a) q“ a(y—a)? + Qxyqa(:(:+a)2qa(y—a)2
+ 2xyqa(x—a)2qa(y+a)2.

This is true since 2 + y? > 2xy. iz

Now we are able to establish the next convergence result. For this purpose recall that c(a, a, q)
and ¢(a, «, q) depend on the fractional part of ! (") Since convergent variances and convergent
fractional parts of means are requlred for convergence to a discrete distribution, we will choose
a subsequence (ny) of (n) such that { e } remains constant.
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Theorem 1.5.31. Let (ny) be an increasing sequence of natural numbers and X, ~ B(a, g ny,q)
such that {%} = a constant. Recall that we always assume f(n) — oo, 2an — f(n) — oo and

a > 0. Then (X, —fin,)/0n, converges for k — oo to a normalised discrete normal distribution,

i.e., they converge to a limit X with

2

1 qa(m—a)
P (X = — (z — c(a, 04&))) = S (z—a)?’

(07
g =004

where o = limy_ o 0y, and c(a, o, q) is defined as in Theorem 1.5.26..

Proof. For simplicity we write in the following n instead of ny. First we note that Lemmas 1.5.29
and 1.5.30 imply that the sequence of variances (02) converges since {%} is constant by
assumption. We define

ln] ifa>0
H(pn) =< |pn] ifa=0,n
[un] ifa=0,n

Since H(pp) = %Z) — a, we have

(8 s 20
B (X, = H(jim) + ) = [ .

2a 0tz 2o [y] 4V I

2
— f<472 +a(z—a)?

Lot 5
% —a+z qZZZO [”]qqaysz(n)y

y
a(r—a)?
¢q(a) < g(a+x)2 a(a—(z+1))2
€q (Q) Zax:O (q + q )

B qa(r—a)2

- Z;O:—oo qoc(aJrz)2

B qoz(a:—a)2

- 2302700 qa(z—a)2 :
By normalising we get the theorem. iz

For a = % this theorem reduces to the convergence property of Kemp’s binomial distribution
established in Section 1.3.2

Using Jacobi’s Triple Product we can rewrite the infinite sum as

0o
Z qcv($—a)2 _ qaa2 (q2a’ q)oo (_qa—Qaa,q)oo (_qa+2aa7 q)oo )

r=—00

In the limit ¢ — 1 these discrete normal distributions converge to the standard normal distri-
bution, see [56].



Chapter 2

Distribution of Sequences

So far we studied sequences of random variables and their limit laws. In this chapter we inves-
tigate again sequences, but sequences of real numbers and the induced sequences of measures
and distribution functions.

The first topic we are interested in is a very classical one. We study sequences of real numbers
(x,) which are uniformly distributed modulo 1, i.e., the finite measures induced by the sequence
() converge to the Lebesgue measure (for details see below). In [25] Goldstern, Winkler
and Schmeling found out that for a given sequence (ng)reny of positive integers with certain
growth conditions the set of those a € [0,1) such that the sequence (nia)gen is uniformly
distributed modulo 1 is of first Baire’s category. Our goal is to extend this and related results
to multisequences, in particular to sequences with multidimensional indices. This is done in
Section 2.1.

In Section 2.2 we investigate the relationship between the limit distribution functions of a given
sequence (y)nen and the limit distribution functions of the corresponding block sequence, i.e.,
we divide the given sequence into blocks mn(n DURTRRS n(n+1), associate to this block a step

distribution function and consider the limits Of this sequence It is possible - under certain
conditions - to obtain the limit distribution functions of the original sequence (z,,) from the
limits of the block sequence by taking convex combinations of the limits of the block sequence.

2.1 Baire results of multisequences

This section is devoted to the generalisation of Baire results about sequences of real numbers (see
Tichy and Zeiner [58]). A sequence x = (2 )nen of real numbers is called uniformly distributed
(u.d.) modulo 1, if for every pair a, b of real numbers with 0 < a < b < 1 the following condition

holds: 4 .
o A(lab), %)

n—0o00 n

=b—a, (2.1)

where A(I,n,x) is the number of elements z;, i < n with x; € I for an interval I. For a
general theory of uniform distribution we refer to Kuipers and Niederreiter [43] and Drmota and
Tichy [16].

In [25] Goldstern, Schmeling and Winkler studied the size (in the sense of Baire) of the set

U :={a € R/Z : na is uniformly distributed mod 1}

for a given sequence n = (n;);cy of natural numbers; the size of this set depends on the growth
rate of the sequence n. In particular they showed that I/ is meager if n grows exponentially
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(for theory about Baire categories see Oxtoby [52]). By Ajtai, Havas, Komlés [2] this condition
cannot be weakened.

Moreover it was proven in [25] that the set
V = {a € R/Z : na is maldistributed}

is residual if n grows very fast (for the precise statement we refer to [25]).

The aim of this section (which is closely related to the very recent work of Winkler [61]) is
to generalise these results in different ways. After summing up some important facts about
uniform distribution and Baire categories in Section 2.1.1 we consider in Section 2.1.2 for a
given sequence (n;);jen of r-dimensional vectors of nonnegative integers and an r-dimensional
vector a of real numbers the sequence (nja);en, where njo means the scalar product of two
vectors. Afterwards we investigate in Section 2.1.3 uniform distribution in R?, i.e., for a d-
dimensional sequence (n;) and a d-dimensional vector o we consider the sequence (nja);en,
where nja means the Hadamard product of two vectors.

Section 2.1.4 is devoted to the generalisation of elementary properties of uniform distribution of
sequences to uniform distribution of nets. Afterwards we extend in Section 2.1.5 the characteri-
sation of the set of limit measures of a sequence (see Winkler [62]) to a special kind of nets over
NZ. Finally, we turn in Section 2.1.6 to na-sequences with multidimensional indices. Besides
the classical notion of uniform distribution of such sequences (see Kuipers and Niederreiter [43])
we study the (si,. .., sq)-uniform distribution (see Kirschenhofer and Tichy [41]) and introduce
a new concept of uniform distribution modulo 1, which is inspired by Aistleitner [1]. In most
of these cases it turns out that the known results for the classical case remain true in these
generalised settings.

2.1.1 Preliminaries

For those who are not familiar with the notion of uniform distribution modulo 1 and Baire
categories we give the essential definitions and facts below. For details and further reading we
refer for uniform distribution to Kuipers and Niederreiter [43] and Drmota and Tichy [16], for
Baire categories to Oxtoby [52].

Uniform Distribution of Sequences

Let cf,p) denote the characteristic function of an interval [a,b) C [0,1), then (2.1) can be
rewritten in the following form:

N 1
. 1
dm oy e () = [ ol
n= 0

Applying an approximation technique leads to the following criteria.
Theorem 2.1.1.

(i) The sequence (z,) is u.d. mod 1 iff for every real-valued continuous function f defined on
[0, 1] we have

1
fim Y- f{n)) = [ o (22)
0
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(ii) The sequence (zy) is u.d. mod 1 iff for every Riemann-integrable function f defined on
[0, 1] equation (2.2) holds.

(iii) The sequence (x,) is u.d. mod 1 iff for every complex-valued continuous function f on R
with period 1 we have

n=1

N 1
i 03 ) = [ flayde
0

The functions f of the form f(z) = €2™* (h € Z \ {0}) satisfy the conditions of the above
theorem (7i7). Indeed, they are already sufficient to determine the u.d. mod 1 of a sequence:

Theorem 2.1.2 (Weyl-Criterion). The sequence (z;) is u.d. mod 1 iff for all h € Z \ {0}

lim 75 : 2mihxy, —

N—oo N

Ezample 2.1.3. Let 6 be an irrational number. The the sequence (nf),en is u.d. mod 1. This
follows from the Weyl-Criterion and the inequality

1 N
72 :627rihn9 —
N

n=1

‘eZWihNG _ 1‘ 9

- <
N |e2mih® — 1| — N|sin(wh0)]

for integers h # 0.

Ezample 2.1.4. Choosing 6§ = e in the example above gives that the sequence (ne) is u.d. mod
1. But the subsequence (nle) has 0 as the only limit point. To see this, observe that

1 1 1 e*
ezl—i— + PYRER i

2! n! (n+ 1)V O<a<l

implies that nle = k + e“/(n + 1) for an integer k. Thus {nle} =e*/(n+1) <e/(n+1) — 0.

Ezample 2.1.5. Let (ay,) be a given sequence of distinct integers. Then the sequence (a,z) is
u.d. mod 1 for almost all real numbers .

Uniform Distribution of Double Sequences

We can extend the concept given above in the following way: Instead of sequences (z,)nen We
consider double sequences (), j € N, k € N. Then a double sequence is said to be u.d. mod
1 if for any a and b such that 0 <a <b <1,

. A([a,b); M, N)

AR MmN T
where A([a,b); M, N) is the number of xj, 1 < j < M, 1 <k < N, for which a < {z;,} <b.
As for classical sequences we have the following criteria.

Theorem 2.1.6.

(i) The double sequence () is u.d. mod 1 iff for every Riemann-integrable function f on
[0, 1] we have

| MN L
i eSS (e = [ S
0

Jj=1k=1
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(ii) The double sequence (z;i) is u.d. mod 1 iff
| MN
: 2mihzjr
NS 3o s
for all integers h # 0.

Ezample 2.1.7. Let 6 € R\ Q and a € R. Then (j0 + ka) is u.d. mod 1.

Uniform Distribution in R?

Let (x,)nen be a sequence of vectors in R?. For aset £ C [0,1)¢, let A(E; N) denote the number
of points {x,}, 1 <n < N, that lie in E. The sequence (x,) is said to be u.d. mod 1 in R? if

N—oo

d
lim A( Hb —aj)

for all intervals [a,b) C [0,1)°. Here a = (a1,...,a4), b = (b1,...,b4) and [a,b) = [a;1,b1) X
X [ag,bg). As in the case d = 1 we have the following criteria.

Theorem 2.1.8.

(i) A sequence (x,) is u.d. mod 1 in R? iff for every continuous complex-valued function f on
[0,1]¢ we have

ol
dm oy i) = [ seax

[0,1]¢

(ii) A sequence (x,) is u.d. mod 1 in R? iff for every lattice point h € Z¢, h # 0,

1 N
. § : 2mi{h,xn) _
]\}1—>oo N =1 € 0’

where (-, -) denotes the standard inner product.

Theorem 2.1.9. A sequence (x,,) is u.d. mod 1 in R? iff for every lattice point h € Z¢, h # 0,
the sequence of real numbers ((h,x,)) is u.d. mod 1.

Ezample 2.1.10. Let 8 = (61,...,04) be a vector of real numbers such that 1,6,,...,6; are
linearly independent over the rationals, then the sequence (n@) = ((nf1,...,nfy)) is u.d. mod
1 in R%. To see this, note that for all h € Z¢, h # 0, the real number (h, 0) is irrational, so
Theorem 2.1.9 can be applied.

Baire categories

In a topological space X a subset A is dense (in X), if the closure of A equals X, i.e., if every
non-empty open set contains at least one point of A. A set A is nowhere dense if the interior of
its closure is empty, that is, if for every non-empty open set GG there is a non-empty open set H
contained in G \ A. A set is of first category or meager if it can be represented as a countable
union of nowhere dense sets, otherwise it is of second category. Clearly, a subset of a nowhere
dense set is nowhere dense, and the union of finitely many nowhere dense sets is nowhere dense.
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Moreover, the subset of a meager set is meager and the union of a countable family of sets of
first category is of first category.

A topological space X is called a Baire space if every non-empty open set in X is of second
category, or equivalently, if the complement of every meager set is dense. In a Baire space, the
complement of any set of first category is called a residual set. By the Theorem of Baire ([52,
Theorem 1.3]), R* is a Baire space.

If FEC X xY and x € X the set F, is defined as

E,={y: (z,y) € E}.

Theorem 2.1.11 (Kuratovski-Ulam). If F is a plane set of first category, then E, is a linear set
of first category for all x except a set of first category. If F is a nowhere dense subset of the
plane X x Y, then E, is a nowhere dense subset of Y for all z except a set of first category in

X.
With this theorem we can prove the following theorem:

Theorem 2.1.12. A product set A x B is meager in X x Y iff at least one of the sets A or B is
meager.

Proof. If GG is a dense open subset of X, then G xY is a dense open subset of X xY. Hence Ax B
is nowhere dense in X x Y whenever A is nowhere dense in X. Since (|J 4;) x B) = J(4; x B),
it follows that A x B is meager whenever A is meager. The same argument applies to B.

Conversely, if A x B is meager and A is not, then by the preceding theorem there exists a point
x in A such that (A x B), is of first category. Since (A x B); = B for all x in A, B is of first
category. iz

2.1.2 Vectors

In this section let (n;);en be a sequence of r-dimensional vectors of nonnegative integers, i.e.
n; = (njyl, e ,nj,,ﬂ) with n;i; €N,
and let @ = (ay, ..., a;,) denote an r-dimensional vector of real numbers 0 < o; < 1,i=1,...,7.
We are now interested in the distribution of the sequence
,
no = (nja)jeN with n;a = anviai.
i=1
Note that na is a one-dimensional sequence of real numbers. To study the size in the sense of
Baire of the set
U={ae(R/Z)": (nja)jen is uniformly distributed mod 1}

we follow Goldstern, Schmeling, Winkler [25]. For this purpose we generalise the definition of
e-mixing sequences of functions:

Definition 2.1.13. A sequence of functions f; : [0,1)" — [0, 1) is called e-mixing in (d1,...,0d,) if
for all sequences of intervals Jy, Jo, ... of length ¢ and for all cuboids J’ of size §; X - - - x 6, and
forall k >0

k
I ()
=1

contains an inner point.
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To proceed further we need a criterion when a sequence of functions is e-mixing in (d1,...,d,):

Lemma 2.1.14. Let f; : [0,1)" — [0,1) be the function mapping o to njo modulo 1, where
(ny)jen is a sequence of r-dimensional vectors of nonnegative integers satisfying

1. njy1s > %nj,s for all j and

2. ng,s > QETS
for a fired s € {1,...,r}. Then (f1, f2,...) is e-mizing in (61,...,d,).

Proof. For simplicity we just prove the case r = 2. Let n; = (mj,n;) and assume that the
conditions (1) and (2) hold for the sequence of n;. We will show (by induction on k) that each

set
k
Tt
i=1

contains a cuboid of size ¢ x ﬁ with ¢, > 0. This is true for k¥ = 0, since 09 > ﬁ and
co =01 > 0.

—_

i—€
Nk

Figure 2.1). By induction hypothesis, the set J' N ﬂf:_ll ~1(J;) contains a cuboid I of size

Consider k > 0. Note that f, Y(Jy) is a union of stripes of height . and distance (see

3, -

2/n -

SN

0 1/m 2/m 3/my 1
Figure 2.1:
Cp_1 X 2n . Since 5-*— - > - , I crosses one stripe - say S - of height n“:—k Thus I NS contains
a cuboid I’ of size ¢ >< for some ¢ < cx—1 (see Figure 2.2). &

To be able to state the theorem, we need the following definitions.

Definition 2.1.15. For a sequence x = (&, )nen of real numbers we define the measures jix ,, by

where 6, denotes the point measure in x. The set of accumulation points of the sequence
(fx,n)nen is denoted by M (x) and is called the set of limit measures of the sequence x.
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3/, -

. SRS
N

1/, ,\ .

NN

0 I/m, 2/m 3/m 1

Figure 2.2:

Definition 2.1.16. For any sequence x = (zy)nen and any interval I we define fi, (1) by
(D) = sup{pl) : jr € M(x)}.

Now we can establish the theorem, which shows that the set of r-dimensional real vectors «,
such that na is uniformly distributed mod 1 is meager, if at least one component of the n;
grows exponentially.

Theorem 2.1.17. Let (nj),cn be a sequence of r-dimensional vectors of nonnegative integers
and assume q = liminf;(n; s41/n;s) > 1 for an s € {1,...,r}. Then the set

U:={aec(R/Z)": (nja)jen is uniformly distributed mod 1}

1S meager.

Moreover: There is a number (Q > 0 such that for all intervals I the set

- Q
{a: o (1) > W}

1s residual.

Before proving this theorem we state the following fact. It is completely analogous to the
one-dimensional case. For details we refer to [25].

Definition 2.1.18. For an open cuboid I and a Borel set B we write I I B for “B N1 is residual
in I” or equivalently “I \ B is meager”.

Fact 2.1.19. Let I be an open cuboid.

1. If B, is a Borel set for every n € {0,1,2,...} and I N|J,, By, is residual in I, then there is
some open nonempty cuboid J C I and some n such that B, is residual in J, i.e.,

IlF UBn:HJQIHneN:JIFBn.
neN
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2. If B, is a Borel set for every n € {0,1,2,...}, then I N[, B, is residual in I iff each
I N B, is residual in B,,:
IlF (| BueVneN: I B,
neN

3. If B is a Borel set then BN [ is not residual in [ iff there is some open cuboid J C I such
that B is meager in J:
IV B<3JCI:JI+ B,

where B¢ denotes the complement of B.

Proof of the theorem. The proof is completely analogous to the proof of Theorem 2.4 in [25], we
have just to adapt the choice of () and notation.

Choose @ > 0 so small that (4Q 1) —log4 > 1.
. . nj s
Without loss of generality we may assume i;]’ils > q for all k.
Let € := A(I). Since [y, > %A(I) will be trivially true for large intervals if we choose @) small

enough, we may assume € < %, so (—loge) > 1; here log always denotes the logarithm to base
q. Hence (—log 6)(4Q 1) — log4 > 1, thus the interval

1
(log4 — loge, 10 loge)
has length > 1. Let c be an integer in this interval. Then
e (> g.
1 2Q
® 3%~ —loge"

Now suppose that the theorem is false. Since the set {a: T, (1) > } is a Borel set and

log
not residual, its complement is residual in I’, for some open cuboid I’:

I’Il—{a: ﬁm(f)g_Q }

loge

Since fipg (I) > imsup,, o fina,n the set {a: fi o (1) < 78

2
{a: I VN >m: pnan(l) < @ }
—loge

Denote the set {j < N : nja € I'} by Zy(a). So pina,n(I) = #ZN( ). Therefore

I/WUH { e )Si?gs}'

m N>m

So, by Fact 2.1.19, we can find an open cuboid J C I’ and a k* such that

T () { #ZN( )<_?0Qg€},

N>k*

or equivalently, for all N > k*:

J I {a: #Zx(a) < _iig}. (2.3)
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Let §; := Xi(J), where \;(J) is the length of the edge in the i-th dimension. Without loss of
generality we assume nj«. s > 2—(555 (otherwise we just increase k*). Now consider the functions

Jrres fer+1)es - - -5 f2ke—1)e> defined as in Lemma 2.1.14. Since
Nk +it1)e,s > > 4
T (k*44)c,s €
and ngre s > i, these functions are e-mixing in (d1,...,0,) by Lemma 2.1.14. So there is an

open cuboid K C J such that for all &« € K and all i € {0,...,k*}:
o€ f(;“)c(f) ie. Ny € 1.
Hence for all « € K
Hopc(a) = #{i < 2k*c: nja € I} > #{k¥c, (k" + 1)c,...,(2k" — 1)c} = k",
So for all € K

#Z%*c(a) 1
7L 5 2 2.4
2k*c — 2¢ (2.4)
Since 5 > =44 and K C J, (2.3) with N := 2k*c implies
#ZQk*c(a> 1
KIF{a., 22 « — 4 2.5
{a 2k*c¢ T 2¢c (25)

Now consider the set {a : M%ffc(a) < £} N K. By (2.4), this set is empty, but by (2.5) it is

residual in K, which is a contradiction. &

Note that the above theorem still remains true if we require instead of

q:= lim{inf(nmsﬂ/nj,s) > 1
J

for an s € {1,...,r} only that there exists an s € {1,...,r} and a constant C' with
{j: 2" <njo <27t} <C v

Then you can choose each ¢ := 2C[2 — log, €]-th term to obtain a growth of factor 4/e, and
() has to be chosen so small, that i > j{%g. Indeed, one can use instead of the base 2 in
the above condition any number K > 1, but we will state all theorems in terms of the base 2

throughout this section.

Remark 2.1.20. With the same argument as above, Theorem 2.4 in [25] holds also for sequences
(nj)jeN with
Hj 02" <n; < ZT'HH <C Vr

So far we gave sufficient conditions that na is u.d. mod 1 only for « in a set of first category. If
we weaken the growth condition in the following way, there will be sequences n, such that na
is u.d. mod 1 for ¢ in a set of second category. For this purpose we start with an extension of
a result due to Ajtai, Havas, Komlés [2].

Lemma 2.1.21. Given any r sequences (€;1)jen, 1 <k <7, g5, > 0, limj_.oc € = 0 for all
k, there is a sequence of r-dimensional vectors of nonnegative integers (n;);jen with
N
TR S 1 4ejy 1<k<r
gk

such that for all o with >;_, o & Q the sequence na is u.d. mod 1.
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Proof. Set ¢; := max{ej: 1 <k <r}. Then, by [2, Lemma 1], there exists a sequence (n;);en

with nj41/n; > 14¢; such that nja is u.d. mod 1 for all irrational . Define n; := (n;,...,n;).
Then
T T
n;c = anai =N Z oy = njo/
i=1 i=1
with irrational /. &

To get a statement in Baire’s categories, we need a lemma which tells us that the set of d-
dimensional real vectors, whose entries are linearly independent over Q, is residual in R

Lemma 2.1.22. The set
T :={a: 1l,ai,...,aq are linearly independent over Q}

is residual, and hence of second category, in RY.

Proof. Note that
7 =R\ U S(ay,...aq)

ag,...,ag€Q
((107...7(1(1)75(07...,0)

where
S(ay,...aq) ={a:ap+aja; + -+ agag=0}.

Since S(aq,...aq) is a subspace of dimension smaller than d, all these sets S(aq,...aq) are
nowhere dense. Therefore
U S(ai,...aq)

ao,.-,ad€Q
(aoz---vad)i(ov“'vo)

is of first category. iz

Consequently we have

Theorem 2.1.23. Given any r sequences (%’,k)jeN; 1<k<r g >0, limj_cjr =0 for all
k, there is a sequence of r-dimensional vectors of nonnegative integers (n;);jen with
.
TR S 1 4e, 1<k<r
Tk

such that the set
{a: na is u.d. mod 1}

1s residual.

In [25] Goldstern, Schmeling and Winkler also proved that if the sequence (n;);jcn grows very
fast (i.e., if limj oo nj41/nj = 00), then the set of those «, for which na is maldistributed, is
residual. A sequence x = (z,)nen is called maldistributed, iff the set M(x) is the whole set

of Borel probability measures on [0,1]. It is as easy as the modification of the proof of [25,
Theorem 2.4] to the proof of Theorem 2.1.17 to obtain a generalisation of [25, Theorem 2.6]:

Theorem 2.1.24. Let (nj),en be a sequence of r-dimensional vectors of nonnegative integers
and assume that there is a s € {1,...,r} such that limy_,oo Ns ky1/nsk = 00. Then the set

{a € (R/Z)" : na is maldistributed}

1s residual.
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2.1.3 na-sequences in R?

In this section we investigate uniform distribution in R%. For a sequence (n;)jen of d-dimensional
vectors of nonnegative integers and a d-dimensional vector a« = (a1, . .., ag) of real numbers we
are interested in the sequence

no = (nj71051, ey nmdad)jeN.

To obtain results for such sequences we use the connection between uniform distribution modulo
1 in [0, 1]¢ and uniform distribution in [0, 1]. As in the previous section our first theorem shows
that the set of a such that na is u.d. is meager if at least one component of the n; grows
exponentially.

Theorem 2.1.25. Let (nj) en be a sequence of d-dimensional vectors of nonnegative integers
and assume that there exists an s € {1,...,d} and a constant C with

‘{j: 2" <nj, < 2”1}‘ <C Vr.

Then
A= {a € (R/Z)¢: na is u.d. mod 1 in Rd}

18 meager.

Proof. By Theorem 2.1.9, uniform distribution of n@ implies that each component n;8; :=
(njibi)jen, 1 < i < disu.d. mod 1, especially nyf, is u.d. mod 1. Therefore

ACRX -+ XxRx Ag x Rx -+ xR,

where
Ag:={6: nys0 ud. mod 1}.

By Remark 2.1.20, the set A is meager. Hence, by Theorem 2.1.12, A is meager. iz

As before the growth condition in the theorem above cannot be weakened:

Lemma 2.1.26. Given any d sequences (€j7k)jeN, 1<k<d g >0, limj_oejr =0 for all
k, there is a sequence of d-dimensional vectors of nonnegative integers (n;)en with

.
R S tey 1<k<d
gk
such that for all o with 1, a1, ..., aq linearly independent over Q the sequence
(njiai, ..., nja0a)jen

is u.d. mod 1 in R,

Proof. Set €; := max{e; : 1 <k < d}. Then, by [2, Lemma 1], there exists a sequence (n;);en

with nj41/n; > 14¢; such that nja is u.d. mod 1 for all irrational .. Define n; := (n;,...,n;).
By Theorem 2.1.9 we have to show that for all h € Z%, h # 0 the sequence (h,nja) is u.d. mod
1 for all & with 1,aq, ..., aq linearly independent over Q. This is true since

d d

§ : 2 : /

<h, nja) = hmjai = nj hiOéi = nja
i=1 =1

with o/ € R\ Q. &
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Using Lemma 2.1.22 we get as an immediate consequence

Theorem 2.1.27. Given any d sequences (6]-7;4)]-61\;, 1<k<d gjr>0,limj_oejr =0 for all
k, there is a sequence of d-dimensional vectors of nonnegative integers (n;),en with

N
Ll’k>1+€j,k 1<k<d
Njk
such that the set
a: (njia1,...,nj4q0q)jeN s u.d. mod 1 in Rd}

1s residual.

Again using Theorem 2.1.12 we obtain for fast growing sequences (n;):

Theorem 2.1.28. Let (nj) en be a sequence of d-dimensional vectors of nonnegative integers
and assume limy_,oo Ny 41 /Nt = 00 for allt € {1,...,d}, then the set

{a € (R/Z)?: na is maldistributed}
is residual.

We can combine the ideas of this and the previous section: Consider a sequence of d X r-matrices
of nonnegative integers

(Nj)jen  with  Nj=(nl), i=1,...,dk=1,...,m

We are now interested in the distribution of the sequence Na := (Nja) en, where Nja means
the classical matrix-vector-product. Same argumentation as in the proof of Theorem 2.1.25
yields

Theorem 2.1.29. Let (N;)jen be a sequence of d x r-matrices of nonnegative integers and
assume that there exist s € {1,...,d}, t € {1,...,r} and a constant C with

Hj L 2" <, <2T+1}’ <C Vr

Then the set
A= {a = (ay,...,a,;): Nais u.d. mod 1 in Rd}

18 meager.

2.1.4 Uniform distribution of nets

In this section we define uniform distribution of nets of elements of a locally compact Hausdorff
space and give a list of some elementary properties which generalise the results for classical
sequences given in Bauer [8], Helmberg [27], Kuipers and Niederreiter [43] and Winkler [62].
The proofs are analogous to the ones of the case of one-dimensional sequences, so we omit them
and just state the theorems. As explained in the following such nets induce nets of certain
discrete probability measures. Uniform distribution properties of nets of general probability
measures on locally compact groups were studied in Gerl [23] and Maxones and Rindler [48, 49].
A special kind of nets are sequences indexed by d-dimensional vectors in N. Such sequences
of random variables also appear in probability theory, see eg. Jacod and Shiryaev [31]. For an
introduction to nets we refer to Willard [60].
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Throughout this and the following section let X # () be a locally compact Hausdorff space with
countable topology base. Moreover, let M(X) be the compact sets of nonnegative finite Borel
measures with p(X) = 1 if X is compact and p(X) < 1if X is not compact, equipped with the
topology of weak convergence. On M(X) we use the metric given in [62]. Furthermore let A
(equipped with two relations (<1, <2)) be a countable directed set (w.r.t. both relations) with
the additional property that for all A € A the sets V;(\) := {v : v <; A} (i = 1,2) is finite.
Moreover, assume [{\: [V1(A)|}| = o(n®) (o € R) as n — oc.

For a net x = (z))xea of elements in X and a function f € K(X), the space of all continuous
real-valued functions on X whose support is compact, we define the net py = (1 f)rea by

1

L<qA

If the nets p; converges (w.r.t. the relation <3) to the integral

/fdu

X

for all f € K(X) then we say x is p-uniformly distributed (p-u.d.) in X.

Now we give some basic properties:

(i) If ¥ is a class of functions from (X)) such that sp(¥) is dense in K(X), then ¥ is
convergence-determining with respect to any p in X.

(ii) If sp(¥) is a subalgebra of (X ) that separates points and vanishes nowhere, then ¥ is a
convergence-determining class with respect to any p in X.

(iii) The net x = (z))rea is p-u.d. in X iff the nets y™ = (y3¥) ea defined by
v _ AWM A)

YO

converge (w.r.t. <o) to u(M) for all compact p-continuity sets M C X. Here A(M;\) =
> o<ox L ().

(iv) In a locally compact Hausdorff space X with countable space, there exists a countable
convergence-determining class of real-valued continuous functions with compact support
with respect to any u € M(X).

(v) Let S be the set of all y-u.d. sequences in X, viewed as a subset of Xy := Xy, _, . Then
foo(S) = 1.

(vi) If X contains more than one element, then the set S from the above theorem is a set of
first category in Xjy.

(vii) The set S is everywhere dense in Xx.

Generalising the concept of uniform distribution we introduce the set M (x), the set of limit
measures of the net x, as the set of cluster points of the net (w.r.t. <s) g = (ur)rea of induced
measures defined by

1
[y = > Gy (2.7)
1210V et
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If M(x) = {p} (p € M(X)), then this net is p-u.d. in X. If M(x) = M(X) we say x is
maldistributed in X.

As in the classical case (see [62]) only very few (in a topological sense) nets are u-u.d. Moreover,
almost all nets are maldistributed. We have:

The typical situation in the sense of Baire is M (x) = M(X), i.e., the set

Y = {X € XA‘ M(x) = M(X)} C X\
is residual.

At the end of this section we define two notions of uniform distribution on A = N, which we
will use in the following. First let N¢ be equipped with the relations (<1, <2) = (£, <) defined
by x <y iff x; <y; (1 <i <d). The second concept is to introduce the relation <y defined
by x <,y iff |x| < |y|, where |x]| := H?:1 z; and to consider (N9, <, <,). A p-u.d. net w.r.t. to
this relation on N we will call strongly uniformly distributed (s.u.d.). The set of limit measure
we denote by Mg(x). The first concept is in accord with Kuipers and Niederreiter [43], the
second concept is motivated by Aistleitner [1], who studied the discrepancy of sequences with
multidimensional indices.

2.1.5 Characterisation of M (x) and distribution of subnets for a special kind
of nets on N?

This section is devoted to the generalisation of the characterisation of the sets of limit measures
given in Winkler [62, Theorem 3.1] to nets defined on A = (N9, <, <) (see Section 2.1.4).

To simplify notation we introduce some operations on multidimensional indices. For an index
i=(i1,...,7q) we define
itc=(i1+c¢,...,iqg+0c),
imod ¢ = (i1mod ¢,...,igmod c).
Furthermore, we define the index-sets
Ii,jl :==4{k:k>iand 3¢: ky < js},
Ii,j):={k:k>iand 3¢: ky < jo}=1[i,j— 1],
I(i,j]:={k:k>iand 3¢: k; < jo} =I[i+ 1,]].
A sequence of the form x = (z;);es1,n) We call an angle-sequence, and by the periodic continua-
tion of an angle-sequence by a finite sequence y = (yi)1<i<n, we mean the sequence x’ = (x});cna
defined by
x,_{ T ifi € I[1,N]
! yik—Nmod Ny ifi>N
Here we assume N = (N,...,N) and N; = (Ny,...,N7). In fact, we could define the above

construction for arbitrary indices N and N1, but in the following we will just need this definition.

Example 2.1.30. In two dimensions the periodic continuation of x with period y looks like the
following:

y y Yy
y y Yy
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The following lemma generalises [62, Section 2] and gives some properties of the set M (x).

Lemma 2.1.31. For all sequences x € X“*"*¥ the set M(x) has the following properties:
M(x) is

(i) nonempty,
(i) contained in M(X),
(iii) closed (hence compact),

(iv) connected.

Proof. (i): M(x) # () since every net in a compact space has a convergent subnet and all
AN € M(X )

(74): The proof is completely analogous to the proof in [62], you just have to take the multidi-
mensional limit.

(13): M (x) is the set of cluster points of the net y = (yn)nenw, and the set of cluster points of
any net in any topological space is closed.

(iv): Assume that M = M (x) is not connected. Therefore there are nonempty disjoint closed
subsets My, My C M with M = Mj; U M. Since compact Hausdorff spaces are normal, we can
find open sets O; and V;, i = 1,2, in M(X) satisfying

M;CO;CO;CV;, i=1,2, and VinNVy=0.
Thus the closures of the O; are compact and disjoint. This yields that they have positive distance

d(bl,bg) = inf d(#l»l@) =e>0.
i €0;

Now consider the compact set L = M(X) \ O; \ Oz. Since both M; and M, contain cluster
points of A, the net has to be infinitely many times in O; as well as in O for all tails (AN)N>n
with n € N%. Observe that d(AN, AN+1) < ¢/(N +1), where N = (N, ..., N). Thus the distance
of subsequent members in the diagonal of A gets arbitrarily small, say less than . This means
that A has to intersect L infinitely many times for all tails (AN)N>n With n € N¢. Since L is
compact, there must be a cluster point of A in L, but we also have

LNM=LN(M UM C(LNO)U(LNO2) =0,
which is a contradiction. &

The parts (i), (ii), and (iii) of the lemma above are valid for arbitrary nets as considered in
Section 2.1.4, whereas part (iv) fails in general. We give the following example: Let x =
(Zn,m) (n,m)en be the net defined by

- 0 fm=0
Thm) =Y 1 ifm >0

and consider the pair of relations (<, < ). Then the set of limit measures is the set

M(x)={A: A0) =, A1) =1-2JU ).

Now we turn to the main result of this section. The proof uses two lemmas which we will present
afterwards. With the definitions given in Section 2.1.4 we have
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Theorem 2.1.32. Let X be a locally compact Hausdorff space with countable topological base
and x = (Tn)pend @ net. Then:

1. Every M(x) is a nonempty, closed (hence compact) and connected subset of M(X).

2. Let M C M(X) be nonempty, compact and connected. Then there is a net x € X¥**¢
with M(x) = M.

Proof. (1) see Lemma 2.1.31

(2) By Lemma 2.1.33 there exists a net (puk)yene in M whose set of cluster points equals M
and with the additional property that limy ., ex = 0 with a monotonically nonincreasing se-
quence of gx > dyx where dy is the maximum of the distances of uy to its successors (see
Lemma 2.1.33). Now we construct a sequence X = (Zn)pend such that the induced sequence
of the A approximates the uy in the following sense: There are indices N1 < Ng < --- such
that d(p, AN(x)) < 2ex for all N € I[Ny, Ni41) where N; = (Nj,...,N;). Then the relation
M = M(x) is an immediate consequence.

To construct such a sequence we take a finite sequence xg = (29)1<i<n, such that d(An, (o), 1) <
£1 (the existence of x¢ is guaranteed by Section 2.1.4). Consider the sequence x1 = (X} );jene
with y:ll = Zimod N, such that there is a number N; with d(An(x1), 1) < €1 for all N > Nj.
Now we proceed by induction:

For arbitrary & > 1 assume that there is an angle-sequence x; = (xf')ie 1[1,N,] With the following
properties:

(1) d()\Nk (Xk)vuk) < &g

(2) There is a finite sequence yj = (yik)lgig( K,...k) such that for the periodic continuation x;
of x;, with period y;, we have d(AN(xf), i) < ef for all N > Ny,

By Lemma 2.1.35 there is an angle-sequence x’ = (xg)ieI(Nk,NkH} such that for the angle-
sequence X1 = (:rfﬂ)ie[[l,NHl] defined by

e af if i€ I[1,Ny]
i - .%'i ifie I(Nk, Nk+1]

the following conditions hold:

(i) If N € I|Ng, Ngy1), then there is a point x4 on the linear connection between puy and g1
with d(AN(Xg+1), ) < Ceg, where C' is a constant depending only on the dimension d.

(ii) There is a finite sequence yxi11 = (yik—i_l)lgig(K’,.“,K') such that for the periodic contin-
uation of xxy1 with yxy1, which we denote by x, we have d(AN(X), pig+1) < exy1 for all
N > Nj.

Then the limit sequence limg_, o, Xg+1, generated by the above induction, has the desired prop-
erties. &

Lemma 2.1.33. Let M be a nonempty closed and connected subset of M(X). Then there is
a net (pk)kend i M, whose set of cluster points equals M and with the additional properties
limg oo dx = 0, where dy is the maximum of the distances of pyx to its successors, i.e. dy =
maxy/c g, d(,uk,uk/), where Iy = {(Kl, . ,Kd) : K € {k‘i, k‘i—l-l},i =1,... ,d} ifk = (ki,... k‘d),
and pue = fk k... k), where k' runs over all indices which coincide with (k, ..., k) in at least one
coordinate.
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Example 2.1.34. In two dimensions such a net has the following form:

M1 o M2 M3 M4 M5
M1 p2 p3 0 M4 M4
M1 M2 M3 M3 M3
n1o p2 p2 2 J2
2 Y % T 25 B 5 R 241

Proof. By [62, Lemma 3.3], there exists a sequence (uy)ren in M whose set of accumulation
points equals M and with limy .o d(pg, pr+1) = 0. The net determined by p, . k) = px has
the desired properties. &

Lemma 2.1.35. Let py, ppr1 € M(X) and e > exy1 > 0 be given. Assume that xp =
(xf)iel[l,Nk] with N = (Ng, ..., Ng) is an angle-sequence with the following properties:

1. d(AN, (%K), k) < Ek-

2. There exists a finite sequence yi = (yik)lgig(K,...,K) such that for the periodic continuation
x{, of xj with period yy, the following property holds: d(An(x5,), i) < € for all n > Ny,.

Then there is an angle-sequence x' = (azg)ief(NmeH] such that for the angle-sequence Xjy1 =
k
(27 e, N, defined by

ft1 _{ af ifi € I[1,Ny]
i if i€ I(Ng, Niya]

the following conditions hold:

(i) If n € I[Ny, Ngi1) then there is a point p on the linear connection between py, and pgy1
with d(An(Xg+1), ) < Cek, where the constant C depends only on the dimension d.

(i) There is a finite sequence yi+1 = (yik+1)1§i§(K/,...,K') such that for the sequence x, which
denotes the periodic continuation of Xpy1 with period yi+1, we have

d(An(X), flkt1) < €p41

for allm > Ngq.

Proof. By Section 2.1.4 there is a sequence y with limit distribution pgiq. Take the initial
part ypi1 = (ny)ISiS(K',.“,K’) in such a way that the induced measure A = A\ x)(Yr+1)
satisfies

d(A, pet1) < k41 < €k

and K|K'. Consider the angle-sequence xj1 = (zF!

i iel[1,N,,,] constructed in the following

way:
zk if i € I[1,Ny]
i = Y N med K if i € I(Ny, N +m K]
Yie (Np+mpK)mod K/ if 1€ T(Ng + my K, Ny 1]
where N1 = (Ngt1,- .., Nky1) and Ngyq = N +myi K +my1 K’ with suitable chosen my, and

my1; this is done below. Let x denote the sequence obtained from xj 1 by periodic continuation
with period yx11. We first prove the second statement of the lemma. Given my, we can choose
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mg+1 large enough that d(An(x), tr41) < €x+1 for all n > Ny g since for n = (nq,...,ng) with
n; = N + mp K + mp 1K'+ ;K" + ¢; with 0 < ¢; < K’ and s; > 0 we have

d
A(AN(X), prg+1) = d (Ill (K/dn(mk+l + 8i)A + Z) ,uk+1>

1

< ’n‘K'dH M1 + 8:)d(N, firg1)

| | K’ Hz 1(mk+1 +31)

0|

d

1
=1-(1- d(/\nuk—l-l))mK/dH(mk—l-l + si),
=1

where 3 is a sum over |n| — K], (my41 + s;) indicator functions. For my 1 so large that

d

1 1 —egp
— K [(mpsq +81) > ———,
n| }]f F ) > T )

the statement is true.

Now we turn to the first assertion. Firstly we give a detailed proof of the two-dimensional
case, afterwards we prove the general case. Indeed, the general case uses the same idea as the
two-dimensional case, but it is not necessary (and in higher dimension also very awful to write
things down) to be so accurate as we are in the two-dimensional case, but this accuracy will be
very helpful to understand what’s going on.

So we have to show that for all n € I[Ny, Ny;1) we have d(An(xp41), ) < Cey for some p on
the linear connection between py and pg41. For n € I[N, Ny +my K] this is true by assumption.
Now consider a point N = (N1, Na) = (N + miK + sK' + d, Ny, + mpK + tK' + e) with
0<s,t<myi;and 0 <d,e < K'. We can write AN as
t
NAn = Nk—i—l )\Nk+1
k+1

st
— (N + mp K)(Ng, + mp K + mye1 K )m

>‘(Nk+ka Ngt1)
k+1

st
— (Ng + mi K) (N + mip K + mk+1K )m )\(Nk+1»Nk+ka)

k1
+ (Ng + mp K ) (N + mip K + K+ €)X\, £y i,N5)

+ (N 4+ mp K) (N, + mp K + sK' 4+ d)X\(n, Ny +my i)

st
+ | —— = 1) (N + M) ANy g KNy )
M1

+
6
=i a1\ + Zai)\i + 27
i—2

where " is a sum over de + esK’ 4+ dt K’ indicator functions. The first term is needed to count
the indicator functions induced by the complete yii-blocks. In An,,, we have mz 41 such
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blocks and we need st blocks, so we multiply with mgt . But with this measure we count too
k

1

many indicator functions, namely those in the areas A = I((1, N2), (Ng + miK, Niy1)] and
B = I((N1,1), (Nky1, N + mpK)] (see Figure 2.3). This error is corrected by subtracting the
terms with the measures A(n, ym, x,N, 1) a0d AN, ;. Ny +m, k). But now we have eliminated all
contributions from the areas I((1, Ny +miK), (Ni+mi K, No)| and I((Ng+miK,1), (N1, Ny +
mpK)| too, so we add the terms with A(n, ym,x,No) and AN, Ny +m, k). Last we correct the
contribution of I[1, (N +my K, Ny +myK)]. The measure ) contains all the indicator functions
from the incomplete y1-blocks.

| |
I I
: ! (Nk+I’Nk+I)
AL .
N +mK+tK +e--- : --@ |
Ny +mK+K - AR bem ! !
I Lok I
I Lo I
| L - - =Ny+m K
1 .
|
I
|
[ _]_3_____Nk
N, +m, K +sK’ +d
N, +m K+ sK’
Figure 2.3:

Figure 2.4:

Figure 2.4 illustrates this procedure (except the error ) ): We have the thick-bordered area and
want to construct the grey area, using only rectangles starting in the origin. So we subtract
the vertical and horizontal dotted areas first, then we have to add their intersection, the thick-
bordered square again. Afterwards we add the diagonally lined areas and correct the error we
made by subtracting their intersections, again thick-bordered square.

Now define y := ﬁ (G1Mk+1 + g <Z?:2 a; +de + dtK' + esK’)). Then p is on linear connec-
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tion between py and pgy1 and we have

6
aird 1
dAN(Xpy1), 1) < N11N2 (A1 (Xpg1), rr1) + m Zz; laild(Ni(Xk+1), pi)
de + dtK' + esK'’
+ 2
N1No
2K (s +t+1)
6 2
< beg, + NN,

Now we reduce the fraction by max(s,t), hence

d(AN(Xp41), 1) < Bep + 4K < Tey,

K/(Nk —I—ka)

if my, is chosen large enough.

In a similar way we can decompose AN with N = (N1, No) = (Np +mp K + sK'+d, N + mp K +
tK'+e), s <mgy1, t > mprq and 0 < dje < K’ (the case t < mgy1, § > My is symmetric)
into

st

NiNoAN = N, N, +miK + (t+ 1)K )————\
1V AN k1 (N k ( ) )mk+1(t+1) (

Niy1,Ng+mp K+(t+1)K”)
st
My (t +1)

st
_ me+1(Nk + ka))\(Nk+1,Nk+ka)

+ (N + ka)NQ)‘(Nk+ka,N2)
+ N1(Ng + me K)A Ny Ny+mi K)

(N 4+ mp K) (N, + mp K 4 (t + 1) K") ANy o i Ny mi K+ (E41)K7)

st
k+1 )

(t+ 1
+>,

where > is a sum over de + esK' + dtK' indicator functions and obtain that for suitable chosen
1 on the linear connection between py and g1

d(/\N(Xk+1)7N) < Teg.

Now we turn to the general case. Therefore consider a point N = (Ny,...,Ng) with N; =
N+ mipK + s, K’ +d; and s; < mgyq and 0 < d; < K’ first. Then we can write

d T
Y8
’N‘)\N = ’NkJrl’HZ_l Z)\Nk,Jrl + ai)\ni + s
d
mk+1 i=1

where n; is of the form n; = (n1,...ng) with all n; € {Ng41, Nk, + mi K} or all n; € {N;, Ni, +
a
mi K} but not all n; = N;. The coefficients a; = v;|n;|¢; with v; € {1, -1} and ¢; € {1, @}

m
The above formula is true, since after taking An,,,, we have to subtract the error we g&ide.
Therefore we subtract the A\, with exactly one n; = N +m; K and for all the other j # ¢ with
n;j = Ny11; there are p; = d such measures. Each two of them have an intersection, so we have
the correct this, which leads to py = (g) summands (each such index has exactly two entries
Nk + miK). Each of them have again an intersection (now there are p3 = (”22) of them) and so
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on (pit1 = (%)). After d steps this procedure must end. Afterwards we start adding the terms
with those n; with exactly one entry equals N + mi K and the other entries equal N;. There
are py; of them. Then we correct the intersections again and so on. Last we add the term due
to the non-complete yj, blocks, this is denoted by > and is a sum over

d
S:=1+ > K 4 [ s

j=1 AC{1,...,d} peEA  qe{l,..dN\A

indicator functions.

Hence T < 22?:1 p; < F(d), where F(d) is a constant only depending on the dimension d.
Taking

T
1 1%, s 1

p= I Nep1 [ =1 + 5 a; + S| pk
N M N ;

we find that
25

INJ
By reducing the fraction on the right-hand side by the product of the (d — 1) greatest s; and
estimating d; < K’ we see

d(AN(Xk+1), ) < F(d)eg +

2dK/d
K’d_l(Nk + ka) '

d(AN(Xp41), 1) < F(d)eg + 2

So we have to choose my, in such a way that the fraction becomes small. A similar construction
holds for the other points N € I[Ny + mi K, Nyy1) . &

After this characterisation of M (x) we will study the distribution of certain subnets of a given net
and generalise results due to Goldstern, Winkler and Schmeling [24]. We study subnets as studied
in Losert and Tichy [46]: Choose d sequences aj, ...,a4 € {0, 1} and define a = (ay),ene by

Then the subnet ax of x is the net obtained by taking those elements x, for which a, = 1 and
using the given relation <.

The next theorem is a consequence of Theorem 2.1.32 and generalises [24, Theorem 1.2]:

Theorem 2.1.36. Let x € XN and M C M(X). Then there exists a subsequence ax with
M(ax) = M iff M is closed and connected with ) # M C M(A(x)), where A(x) is the set of
cluster points of the net x.

Proof. This proof runs along the same lines as the one in [24]: First assume M = M (ax).
Using Lemma 2.1.31 we get that M is nonempty, closed and connected. It remains to show that
M C M(A(x)). For this purpose it suffices to show that every x € X\ A(x) has a neighbourhood
U with imN_o pN,ax(U) = 0. To see this, take a neighbourhood U with compact closure U
and with U N Ax)=0. If zy € U for an infinite increasing sequence of indices n; < ng < - -,
U would contain a cluster point of x, which is a contradiction. Hence x, ¢ U for all n > Nj.

Thus Ny|
1\}21100 MN,ax(U) < 1\}21100 ﬁ =0.

The other direction is completely analogous to [24]. &
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Similarly to [24, Theorem 1.3] we get that a typical subsequence of a given sequence is maldis-
tributed in A(x):

Theorem 2.1.37. M(ax) = M(A(x)) holds for all a € R from a residual set R C [0,1).

2.1.6 na-nets over N¢

In this section we specialise on na-nets over N?, i.e., we consider X = [0,1) and p the Lebesgue-
measure. Besides the two notions of uniform distribution mod 1 according to Section 2.1.4
we consider the (si,...,s4)-u.d. (see Kirschenhofer and Tichy [41]). After some elementary
properties and examples of these three concepts we turn to the generalisation of results given in
Goldstern, Schmeling and Winkler [25] and Ajtai, Havas and Komlés [2].

In Section 2.1.4 we introduced two special notions of uniform distribution. In the context of this
section we call a net x uniformly distributed mod 1 iff for any a and b with 0 < a <b <1,

o AllaBiN)

g b —
N1, Ny—00 IN| %

where A([a,b); N) is the number of 2, 1 <k <N with a < {zx} < b.

This definition is a direct extension of uniform distribution in the case d = 2 given by Kuipers and
Niederreiter [43] and a special case of the concept studied in Losert and Tichy [46]. Following [43]
one gets immediately the theorems given below.

Theorem 2.1.38. The sequence (xk)yend 5 u.d. mod 1 iff for every Riemann-integrable function
f on[0,1]

;] N 1
Nl,.},izr\g_m IN| k§=:1f ({zx}) = O/f(:n)dx

N
where Y 14 = Zk;lgng'

Theorem 2.1.39. The sequence (zx)yena @S u.d. mod 1 iff

lim Z 627rzhack —
\NI

for all integers h # 0.

Moreover, a net x = (zk)xene is said to be strongly uniformly distributed (s.u.d.) mod 1 iff for
any a and b with 0 < a < b <1,

iy Alla):N)

=b—a.
IN|—co  |N]

Here lim|n|—o f(N) = f means that Ve > 0 3N € N: VN with [N| > N : [f(N) — f| <e.
The following theorems hold:

Theorem 2.1.40. The sequence (Tx)yena @ s.u.d. mod 1 iff for every Riemann-integrable func-
tion f on [0,1]

1
1
lim x /f
IN|=o0 \le f(nd) =
0
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Theorem 2.1.41. The sequence (Tx)yena 5 s.u.d. mod 1 iff

1 N
lim — Z e27rihwk _
INl &=

IN|—o0
for all integers h # 0.

As in the one-dimensional case, a sequence with multidimensional sequences is strongly uniformly
distributed modulo 1 if and only if the multidimensional discrepancy introduced by Aistleitner [1]
tends to 0.

Clearly, strong uniform distribution implies uniform distribution. The converse is not true:
Consider the double sequence x defined by x;; = jf with 6 irrational. Then this sequence
is u.d. mod 1 (this follows easily from Theorem 2.1.39), but not s.u.d., since this sequence is
constant for fixed k. Thus x is not s.u.d. mod 1 by the following theorem:

Theorem 2.1.42. Let xy be s.u.d. mod 1. Then all “one-dimensional sequences”, i.e., sequences
(T(ky,.kjka) kjeN With fized ks, s # j, are u.d. mod 1.

Proof. By the criterion of Weyl, we have to show that

kj
llm l Z 627T'Zhﬂ,‘(k1 ..... kj71,7L,kj+1 ..... kq) — O (28)
y 2

kj—o00

for all ks € N, s # j and h € Z\ {0}. We use induction. From Theorem 2.1.41 we get readily
that (2.8) holds for ks = 1, s # j for all integers h # 0 and all j. Assume that (2.8) holds for all
K= (k,..., k:;fl, k;‘+17 k) < (k.o kj—1,kjga, .., kg) c=kj. Again by Theorem 2.1.41
we have

k;j ,
o |11{‘ Z Zg?mha:(k’l ,,,,, k;_l,n,k;_‘_l ,,,,, k) (29)

K <k; n=1
for k; big enough. Hence
k; k; :
£ i Z627rihx(k1,.4.,kj,1,n,ijrl ,,,,, kg) | _ Z Z 627”}”6(1&1 ,,,,, Rk k)
k| o n=11<Kk/<k;

The second term on the right-hand side tends to 0 by (2.9). Thus

k.
1 | ;
|k| 2:62mhr(k1,.“,kj_l,n,kﬂ_l ..... kg) 0

n=1
for k; — oo. Therefore (2.8) holds. &
We give an example of a sequence which is s.u.d. mod 1. This sequence can be seen as a

generalisation of the one-dimensional sequence (nf),ecn. This sequence is u.d. mod 1 for all
irrational #. Choose now ny = Z?Zl k; — (d —1). In two dimensions this sequence is

NGNS I NES IR
GOy N o -

Y IS
NCRNGURIINGNS, T
SRS, B N
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We will prove now that this sequence is s.u.d. mod 1 for all irrational «. The proof is similar to
the proof of the one-dimensional case (see [43]).We have to show that

Z 2mihad 5 1 k s =0

for all integers h # 0 and irrational . Here we assume ny > no > - -+ > ng. Therefore n; — oo.
With S(n) =37, n; we have

§ : 2mhazs 1k

\n|—>0<> \nl

(n2,..ng) S(n

_ |1| Z Z o2rihaj
n

Rl 2 2
j=S(k)

1 |(M2na) orina(S(n)-S(k)+1) _ 2nihas(k)

‘Il| 1— e27riho<
k=1

d
i 2 Hs=2 s
‘n| ‘1 _ 627riho¢’
1 1

nil |1 _ 627rihoz‘ -

We give another example: In the one-dimensional case the sequence ({k!e})xen has 0 as the only
limit point (see [43]). Consider now the sequence nyx = (S(k) —d + 1)! =: k!. Then

«a

e
kle=A4+ — —— 0 1, AeN.
e +S(k)—d+1’ <a<l, A€

Thus {kle} = e*/(S(k) —d+1) — 0 in the first sense. Therefore it is not u.d. mod 1 (and hence
not s.u.d. mod 1).

The third concept is the (si,...,sq)-uniform distribution introduced by Kirschenhofer and
Tichy [41]. According to the definitions above we gave an equivalent definition to that one
stated in [41].

Definition 2.1.43. A sequence (zk)yena i (S1,...,5q)-u.d. iff for all a;,_;, and b;;._;, with 0 <
iy i < bil...id <land1l< ij < S for 1 < ] <d

d -1
) N;
lim H < > A(lar1..1,011..1), - [@syos05 Ds1s) i N1, - o, Nay 81, - .. 8q)

Ni,...;Ng—o00 - Si
=1
d s;
=TT 11 % .iu = @1
i=1j;=1
where A ([a11..1,011..1), -+ [@sy..55:0s1..5); N1y« - - s N $1, ... 8q¢) is the number of (s1---sq)-

tuples (2, igy»--- xilspmid%) with1 <ij, <--- < ide < Njforalll <j<din[ai1..1,b11..1)X

- X [a81...8d7 bsl...sd)'

As in [43] we have that the set S of (si,..., sq)-u.d. sequences is everywhere dense in X«* ¢,
By [41], (s1,. .., sq)-uniform distribution implies uniform distribution. Thus from Section 2.1.4
we conclude: If X contains more than one element, then the set S of (s1,...,s4) — p-u.d.

sequences is a set of first category in X«**,

After these examples and elementary properties of uniform distribution of sequences with mul-
tidimensional indices, we turn to the generalisation of [25, Theorem 2.4] for these cases. For
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the sake of completeness we mention that in [55] Salét proved that for a sequence (nj)pen
with n;, = H?:l ¢j, where (gj)jen is a sequence of integers greater than 1, then the set
U:={aeR: (nga)is u.d. mod 1} is meager. By modifying the proof slightly, we get

Theorem 2.1.44. Let (qx)yene be a sequence of integers greater than 1. Put
n
an = H Qk, n e N9
k=1
Then the set

U:={aeR: (nga) is u.d. mod 1}

is meager. Consequently the sets
U ={aeR: (nga) is s.u.d. mod 1}

and
U :={aeR: (nga) is (s1,...,8q)-u.d.}
are meager.
Now we turn to the stronger result. We will generalise [25, Theorem 2.4]. For this purpose

we will follow [25] again. Recall the definitions of Section 2.1.4. Moreover, let A\ denote the
Lebesgue measure on R/Z.

We start with an elementary property.

Theorem 2.1.45. Given a sequence X = (Tn)pene we have O # M(x) C My(x).

Now we can establish the main result of this section.

Theorem 2.1.46. Let n = (nk)yene be a sequence of nonnegative integers and assume that
there exists a constant Q) such that

#{k:2" <my <27} <Q, Vr=0,1,2,....

Then the set
U:={a eR/Z: na is uniformly distributed w.r.t. A}

is meager. Moreover, there is a number P > 0 such that for all intervals I the set
P
(L) > ————
(0 (1) > 5

is residual (here Tiy, is defined analogously to Definition 2.1.16).

Consequently, the sets
U :={aeR/Z: na is s.u.d. mod 1}

and
U :={a eR/Z: (nka) is (s1,...,8q)-u.d.}

are meager.

Before proving the theorem we note the following lemma:
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Lemma 2.1.47. Assume that (nk)yend S a sequence of positive integers with the property that
whenever you choose T + 1 elements ny, < --- < ny,.,, you know that ny,. , /nx, > U. Then in
a cuboid with X > T + 1 elements there are D := LXT_lj + 1 elements nyr,,...,nk, such that
nk/”l/nk/i >U fori=1,...,D — 1.

D
Proof. Let nk, <nk, <--- < nk, be asorting of the X elements in the cuboid and choose the
elements with indices ki, kz41,... ,kL(X,I)/TJTJrl. iz

Proof of the theorem. Choose P > 0 so small, that

1

and assume \([) =: ¢ < % Then there exists an integer ¢ in the interval

1
<1 — IOgE, —M10g5> .

Thus W > j(i, - and 2° > 2/e. Again we assume that the theorem is false. Since the set

{a: fina(l) > =L =) is a Borel set and not residual, its complement is residual in I, for some

open interval I:
P
I+ D (1) < .
{a fina (1) < _bgs}

As in Section 2.1.2 the set {a : fi,,(I) < —£—1} is contained in the set

— —loge

{a: Im VYN >m: upnan(I) < 2P }
’ —loge

Denote the set {j < N : nja € I} by Zn(a). So pina,N(I) = #Z|+|W) Therefore

 #Zn(@) 2P
IIFU ﬂ {a. N g_logg}.

m N>m

So, by Fact 2.1.19, we can find an open interval J C I and a k* such that

T {a: #IN(e) 2P }

or equivalently, for all N > k*:

C#Zn() 2P
J Ik {a. NS —1ogs}' (2.10)

Let § := A(J). Without loss of generality we assume k* = (k,k,..., k) and nyx > €/§ for
all k > (ke,...,kc). Now consider the cuboid starting at (ke,...,kc) and ending at (kc(2Q +
1),...,kc(2Q+1)) =: K. Then, by Lemma 2.1.47 with U = 2/¢, T = 2Qc and X = (2Qkc+1)%,

there are at least
(2Qkc + 1) -1
2Qc

dNdi.d d
b1 2@MS )

—  2Qc
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elements ny,,...,nx, with ny,  /ng, > 2/e for i = 1,...,D — 1. Thus the corresponding
functions are e-mixing in § by [25, Lemma 2.13]. So there is an open interval K C .J such that
for all « € K

#Zkx(a)=#{j<K: nacl}>D.

Thus for all o« € K

K| kdcd(2Q + 1)d = kdcdqdQd  24H1Qc’ '
Since gd%@c > _%fge and K C J, (2.10) with N := K implies
. #Zk(a) 1
K IF {a K] < G [ (2.12)

Now consider the set {a : #Z|II§|(O‘) < 2d+11Qc} N K. By (2.11), this set is empty, but by (2.12) it
is residual in K, which is a contradiction. i

To obtain the extension of [25, Theorem 2.6], the theorem about the fast growing sequences, we

call - in analogy to the classical case - a sequence with multidimensional indices maldistributed
in [0, 1], if M(x) = 2.

Theorem 2.1.48. Let n = (nk)yene be a sequence of nonnegative integers and assume that
there are R,Q € N, such that

Qri={k: 2"<m <21 <Q Vr=012,...,

and that Q, < 1 for all v > R. Moreover, let (1;)jen be the sequence of those indices r; with
Qr; > 0. Define a sequence (7;)jen by 75 = 7; —7rj-1 (j > 0) and 7o = 0. Suppose 7 — oo.
Then the set

{a € R/Z : n« is maldistributed}

1s residual. Consequently, the set
{a € R/Z : n« is strongly maldistributed}

1s residual.

Proof. We follow [25] and adapt the notation. With similar arguments it suffices to show that
for each list € and each 7 the set

{a: for all tails there is an index N such that pn.n € Me,} (2.13)

is residual. Now assume that this fails. Therefore we can find a nonempty interval I, an index
Ny, a sequence € = (eg,...,er_1) of natural numbers and an n € R with

I+ {a : VN > N() * HUna,N g Mé’ﬂ?}'

W.lLo.g. we assume Ng = (ng,...,ng) > (%, ce %), that e := > e; divides [No|, nn, > ﬁ and
that Z—‘: > 20 if nyr > ny.
Choose a sequence of intervals (I; : 1 < j < N2) where N2 = (nZ,...,nd) such that for all

0<i¢<¥¢—1 we have

. . 1 1+1
|{J:1§J§N2’Ij:[zv 1

.
= 1 |Nol?.
)} el ol



2.2 Block-sequences 83

So each interval I; has length %. Let fj(x) = njz for Ng < j < NZ. Let (f;) be a sorting of these
functions such that nji1/n; > 2¢. Then, by [25, Lemma 2.13], the f; are %—mixing in A\(I), i.e.,
we can find an interval

JCIn(f ).
J

We will show that fi,, N2 € Mey for all a € J, which is a contradiction to (2.13). Indeed, if
a € J, then for all j we have fj(a) € I;. Consequently (writing O(1) for a quantity between —1
and 1) we obtain

pitl 1 (e 2(d—1)+1 e; dO(1)
Mna,N%([zv / )) = |N0|2 (;Z‘Na + O(l) -d - nO( ) ) = ;Z + ” ,
SO fina,N2 € Mz, since n% <. &

Replacing in [2] N by N and the one-dimensional limits by the multidimensional limits, we get
immediately

Theorem 2.1.49. _
. 117---71j+17---ﬂd ) ‘ ) .
Given any sequence (61-17”'71-%_”’” )it oosigeN,j=1,...d Withe

sense, there is a sequence ny of positive integers with

(TIR = W

i soesin ¢ — 0 in the classical (strong)

k1yeki+1,. kg

nk‘l,...,k:j-f—l,...,k’d
T

Ny, kij kg

such that for any irrational a the sequence na is (strongly) uniformly distributed mod 1.

2.2 Block-sequences

In the present section we study the relationship between the set of distribution functions of a
sequence (x,)nen and the set of distribution functions of the block sequence induced by (zy,).
By distribution function we mean any nondecreasing function g : [0,1] — [0,1] with ¢g(0) =0
and ¢g(1) = 1. Any two distribution functions coinciding at all points of continuity are identified.
For a given finite sequence T' = (¢y,...,ty) with ¢, € [0,1) and z € [0, 1] we denote by

A([0,2);T) = {n < N : 1, <z}

the number of elements ¢,, of the sequence T which are less than x. The sequence T induces the
step distribution function of T defined by
A([0,x); T
Fr(a) = ALL2ET)

for x € [0,1]. Let T, be a sequence of finite sequences (blocks) in [0,1). The set

k—o00

G(Tn) = { lim FTnk D ng € N}

is called the set of distribution functions of the block sequence T),. If (t,)nen is an infinite sequence
n [0,1) then the set G(t,) = G(T,) with Tn = (tn)1<n<n is called the set of distribution
functions of the sequence t,. Moreover, consider the block sequence U, defined by

U == {t(n—l)n o tn(n+1) } .
n 5 +1? ’ 5
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Our main object of interest is the relationship between set sets G(t,) and G(U,,). Indeed, it is
possible to obtain G(t,) from G(U,) by taking certain convex combinations of functions from
G(U,) if there exist sets Ay, Ag,...,Ax C N (k € N or k = co) with certain conditions on the
(lower and upper) densities of the sets A; and if we have convergence of Fy along these sets,
i.e., if the limits

lim  Fy

n—oo, n€A; "
exist for all . We will proceed as follows: First we examine the case where the sets A; have
densities, afterwards we will relax these conditions.

Let us shortly recall the concept of density of a subset A of the positive integers. The lower and
the upper density are defined as

d(A) = lim inf Anlnl
n

d(A) = lim sup 7‘A i [1,n]\,
n

and

respectively. If d(A) = d(A) this value is called the density d(A) of the set A.

In the following we need the lemma below, which follows directly from a general result by Fuchs
and Guiliano Antonini [20], but we will give the easy proof here.

Lemma 2.2.1. Let A C N with d(A) = o. Then we have
2 2
m —2 Y i dm -2 Y i-a
n—oo n(n + 1) = n—oo n(n+ 1) Jacicn

€A 1€A

Proof. Using Abel’s partial summation formula, we can rewrite the sum as

Y i A e

‘. = A .

n(n+1) 52 nn+1)""" n(n+1) P ‘
€A

where A; = |[AN[1,4]|. Obviously, the first term tends to 2a. Now consider the second term

and split the sum:

2 n—1 9 9
M;Ai:n(nm 2. At onTD > A (2.14)

1<i</n Vn<i<n—1

Since A; < i, we can bound the first term on the right-hand side by

2 VnlVn+1)
n(n+1) 2 ’

and this converges to 0. By assumption, a — e < A, /n < a + ¢ holds for all n > N(e). Hence,

for n large enough,
(@—e) > i< Y Ai<(ate) Y i

Vvn<i<n—1 Vn<i<n—1 vn<i<n-—1
Thus
2 ln= D) = VAl £ 1)
n(n+1) 2
2 2 n(n—1) = [Val(Ly/a) + 1)
Sar 2 M i@t z |

Vn<i<n—1

Consequently the second term in (2.14) tends to a. So we obtain the limit by 2a0 — a = . &
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The following results show that the set G(U,,) determines the set of distribution function com-
pletely:

Theorem 2.2.2. Let {A;}icr be a countable family of subsets of the natural numbers with
AiNA; =0 fori # j. Assume that their densities exist, denote them by d(4;) = «;, and
Y icr @ = 1. Moreover, assume

dim F(Up,x) = fi Vi

neA;
= {Z aifi} .
iel
Proof. Let € > 0. Choose s € N such that

()15

We define k; := j(j + 1)/2. Let j € N be the number with k; <n < kj;1. Then we have

1

split the sum at k; to obtain

Then

and use the definition of the step distribution functions F'(U;) which yields

ki — ki 1 &
:;;%F(innlz 8.

Now split the range of the summation index of the first sum into three parts: The first part
contains the sets Aj,..., As, the second part the remaining sets A; and the third one those
indices which are in any of the sets A;:

7

S

=3 by B s 3 0 Y B

1<i<y l=s+1 1<z<j
€Ay 1€Ay
k ki — ki1 1 <
+J Z F(Uz)-i—g Z (5951,
1<i<j J i=kj+1
i€B

=1 =1 [1<i<j J oz s+11<i<j
€A, €Ay
k ki—kioi n-—k
+-23 !
n 4= y n
1<i<y
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For the fourth term observe that kj/n — 1 since kj/n < 1 and

ki o kG +1)
n = kip G+HD0G+2)

Hence
n — kj
n

for sufficiently large j (say for all j > Ji(¢)).

To bound the second and third term, we note that our choice of s implies that there exists Ja ()

such that

1
- >1—¢
J iz

for all j > Ja(e). Consequently

1 S
3 N\ [ JAin[Lj)| <e
=1

Thus the second and third term can be bounded from above by

2 o 2 (jG+D) (U0 -9))+Dlid-¢e)
i=\_]'(;5)J+12 REFRSY < 2 2 )
1

<5 (P+i—i(l—e)(j(l—e)—1))
= 5 (P+i-PU-eP +i-9)

— 5 (PN +i2-9)
26—{—]2 < 3¢

for j large enough (say for all j > Js(¢)).
Split the first term into two parts:

> ki — ki1 i ki — ki1
Y TF(Ui) + > TF(Ui) —aufe|-
(=1 |1<i<\/7 / =1 | /j<i<j /
1€EAp €Ay

Here the first sum can be estimated by

2 VD
> i <
J 1<i<V5

if j > Jy(g). In the second term consider the inner sum. By assumption, we find J5(§) such that

(fo—0) Yo BB o S B R py < () Y MR

Vi<i<j J Vi<i<j J Vi<i<j J
1€Ay 1€Ay €A
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for all j > J5(5). Hence, by Lemma 2.2.1,

== < Y0 B EELFW) < (fo+ d)(ar +9)
Ve

for sufficiently large j (say for all j > Jg(9)). Thus the second term can be bounded by

> 6(fe+ ag) + 67 < 3s6.
/=1

Choose § = 0(s,¢) < £/(3s), so this term is < . Putting things together we obtain

< b6¢e

F(T,) =) aufs
/=1

if j > max{Ji(e), Ja(e), J3(e), Ju(e), J5(g, ), Js(e,8)}. If € tends to O we obtain the desired
limit. &

Our next goal is to generalise the preceding theorem partially. We start with a lemma which
generalises Lemma 2.2.1.

Lemma 2.2.3. Let A C N with d(A) = a and d(A) = 3. Then we have

2
« 2 2
& T o
g Stminf ety 2 i=limf ey 3 ise
1<i<n Vvn<i<n
i€A i€A
" (1-p7
2 2 1-—
B < limsup ——— Zizlimsupi Z 1<1—
n—oo n(n+1) 52 n—oo n(n+1) Jacicn 11—«
€A i€EA

Proof. Using Abel’s partial summation formula, we can rewrite the sum as

2 2 2
= = An-——— S A4, 2.15
nn+1) 1<zignl n(n+1) " nn+1) ; (2.15)
i€A

where A; = |AN[1,4]|. Consider the second term and split the sum:

2 n—1 9 9
DA T e L Aty 2 A (216)

i=1 1<i</n Vn<i<n—1
Since A; < i, we can bound the first term on the right-hand side by

2 A+ )
n(n+1) 2

I

and this tends to 0. Thus we can study instead of (2.15) the sum

2 2
Spim A ————— 3 AL (2.17)
n(n+1) n(n+1) JRaimn1
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Firstly, we show the lower bound of the limsup: Choose a subsequence n;, with the property
that A,, /ny converges to 5. Hence, for each € > 0,

. . 2ny, An . 2 )

1 S > 1 Eolim Y .

R T RS DR
Vn<i<n—1

Simplifying the sum yields

o™t _p5 .

limsup S, > 23 — lim 5

n—oo n(n + 1)
Since € was arbitrary we get limsup.S,, > (. Similarly, we find liminf S,, < a. After these easy
estimates we want to establish the two other bounds. For this purpose we define S, (c) as the
sum in (2.17) with A, /n = c. By assumption there exists N () such that

Ap/n € [a—¢e,8+¢€] Yn > N(e). (2.18)

Assume n > N2(g) in the following. To prove the lower bound of the liminf note that the sum
on the right-hand side of (2.17) is large iff the A; are large. So we have to choose the A; as big
as possible. The trivial bound A;/i < 8+ ¢ for all i would not lead to the desired result, so we
have to be more careful. A fruitful way for choosing the A; is the choice

A=A, for J<i<n, (2.19)

where J is the smallest number such that the condition (2.19) does not violate condition (2.18).
For the remaining A; we take the trivial bound 4;/i = 8+ ¢ (i < J). Roughly speaking this
means that A contains no element between J and n and each (5 + ¢)n-th element before. To
compute J we conclude from (2.19) and (2.18) that

Ay A,n cn
T ng g shteE

Thus J is the smallest number such that the inequality above holds. Hence we have to choose

cn
J:{ﬁ+aw

So we can rewrite Sy (c) as

nc 2 2
SO =2 ) 2 Mgy 2 A

Vn<i<J J<i<n—1

Using (2.19) and the bound [ + ¢ we get

ne 2

>0 " (B+e)i— —— Ay
n+1 nn+1) 1<ZZ<J n(n+1) J<;ll
and simplifying the sums yields
nc 2 JJ -1 2c
=2 — — —J).
i ey o s s B Rl prg AR
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Now plug in the definition of J
nc 1 cn cn 2c cn
2 - +1 +e)— n—
T n+41 n(n—l—l)ﬁ—i—e(ﬂ—i—a )(/6 ) (n+1)< 5+€>
and simplify the resulting term to obtain

n 2 2c2 c
T+l <2C(,8+s)2(ﬁ+6)20+6+5> o+l

n 2 c 2 2+¢
n+18+e n+1~" B+e n+1

Since the bound above is increasing in ¢, this implies liminf S,, > O‘T;

To bound S, from above we proceed in a very similar way, but now A has to contain all elements

K, ..., n from some number K on, i.e.,
A=A, —(n—1) K<i<n.

Having in mind that A;/i > a — ¢ we find

K:[n(c—l)—‘.

a—e—1

Using 1/(n(n + 1)) < 1/n? and splitting S,,(c) as above we obtain

2 2
Snlc) <2c— = > Ai— = >4

Vn<i<K K<i<n—-1

which can be estimated by using the bounds on A;

g%—% 3 (a—s)i—% S (An—n+i)

Vn<i<K K<i<n—1

and leads after simplifying the sums to

§26—2(n—K)(An_n)_2<(n_1)n_(K_1)K>

n? n2 2 2

2 (K-DK [vol([vn]+1)
(a—5)< 5 - 5 )

Using the definition of K gives
-1 -1 1 -1 -1
§202<1C>(61)n +7n(c ) (n(c )+1>

a—ec—1 n na—ec—1\a—¢c—1

Ca-—en(c-1) <n(c—1) _1> 2

n? a—e—1\a—c—1 T

n
Simplifying yields

(c=1)2 1 4
a—e—1 nl—a’

Sp(e) <1+

which is increasing in ¢, implies the upper bound, and completes the proof.



2.2 Block-sequences 920

The bounds in this lemma can’t be improved, since there exist examples which reach these
bounds.

Example 2.2.4. Clearly, if we choose a set A with density a (i.e., « = = a) then the
considered sum equals a.

Example 2.2.5. But we can also give an example with « # (3 that reaches the upper bound
for the liminf and the lower bound of the limsup: Let in the following ny = 22", Roughly
speaking the idea is to take every 1/a-th element between ngp and noriq and every 1/(-th
element between noi1 and nopio. To formalise this take two sets A and B with densities v and
0 respectively. Define the set A by

AN [nok + 1, ngk41] = AN [nog + 1, nog11]
AN [nopg1 + 1, nopyo] = BN [nogg1 + 1, nogyo]

To check d(A) = « and d(A) = 8 note that for no; < n < ngxy1 we have

N n N Nop — N n n—+n — Naog n

dn(A)

)

where 1 = Zle ngi—1 — Noi—2. If n is large enough we can bound d,(A) by
B—e)t+(a—e)(1—1t) <dy(A) < (B+e)t+ (a+e)(l—1t)

with ¢ = (ngg — n)/n. Obviously, 0 < t < 1, and for n = ngi t approaches 1, whereas for
n = ngg+1 t tends to 0. A similar computation holds for noxr1 < n < nogio. Thus A has the
given lower and upper density. Now we want to show that for this A the sum (2.17) reaches the
stated bounds. For this purpose consider

2n|AN|1 2
S, = ”|( ”+[ 1’)”” D lAnmi)
n(n n(n i

for nox < n < ngky1. The condition on n implies nox_1 < /n. To compute the bounds of
the limit of S, we use for the first term the computation above (for d,(A)), split the sum
into parts (where the summations run over n < ng, and ngp < n, respectively) and apply the
decomposition of A into A" and B’. This yields

Sp =20t +2a(l —t) + O(e)
2y <Mn2kf1”(n%_1 _ay ABOLAl n%_l)>

n? J/n<i<n M2k-1 1 Ak ke
> 2k
25~ (1Bl AN
n? ( nok — N (na n)—i_ﬁ—l—i—nzk(n—i_z k) )

nop<t<n—1

where 7 = Zf:2 Nnoj_o — Noj—3 and n = Zle n9;—1 — Moj—2 . The quotients above are in
[ —e,a+¢€] and [ — e, 3 + €] for n large enough. Hence

S, =28t +2a(l —t) + O(e) — %a(nzm — 1) (nak — vV/n)

2

2 mn
= 250 (0= na) o - v + "2 - )

n2 n 2
- % (o, — n)(n — ngy) — %a ((ﬁ — nag)(n — nak) + 5 22k > + o(n).
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To proceed further, observe that the last term in the first line tends to 0, since nog_1/nog —
0. Moreover, from the guys in the brackets in the second line only the term n%k /2 gives a
contribution to the limit. Using the definition of ¢t we rewrite S,, as

Sp = 28t + 20(1 — t) + 2Bt 2% | 9t 2k
mn
n? — n%k nok?
- - 0(e).
a—y I} 3 +o(n)+ 0O(e)

Simplifying yields

2 = 2 2 -
Ny, — 2noxn n an — Ny, + 2ngpn

Sp=p 5 +o(n) + O(e).

n? n
Using the fact that n/n — 0 we obtain
Sp = pPs+a(l —s)+ +o(n) + O(¢e)

with s = n%k/n2 Since s reaches 0 for n = ngiy; and 1 for n = ngx + 1 we get the desired
bounds if nor, < n < nagy1. Similarly the case nog_1 < n < ngg can be treated. Thus the upper
and lower limit of S, are established.

Example 2.2.6. Now we give an example which shows that the lower bound of the liminf
can not be improved. Let A be any set with density d(A4) = 3, Jx = [angy1/5] and Ji =
(1 = a)ny/(1 = B)]. Define the set A by

AN [jk,Jk] =AnN [jk7jk]a
AN [y + 1, Jy — 1] = [y + 1, Jj, — 1],
AN [T+ 1, nggq] = 0.

Now we check d(A) = o and d(A) = (3. For this purpose we show that dj, (A) — 3

AN AN T, - 1] jk—1+Am[jk,Jk] Jo — Jr+ 1

djy (A) = = ~
74 T Je—1 Je - Jde+1___
—_—
<1 —0 N —1

Moreover, we have dy, ., (A) — a, since

.Aﬂ [1,7’Lk+1]
dnk-ﬂ(A) = it
. AN [ij — 1] jk —1 n AN [jk,Jk] Ji —jk-Fl +Aﬂ[Jk+1,nk+1]
jk -1 Nk+1 Ji — jk +1 N1 Nkt1 '
—_— ~~ ~~
<1 —0 —8 —a/p =0

Consequently, d; (A) — f:

4; (A) = Aﬂ[},jk] _ AN ] g —1 +Am[Ank.+1’jk] Je —

Ji ng —1 j].; Jr — ng jk
—_———— N . ~—_———

- —(1-8)/(1-) =1 —1-(1-p)/(1=a)
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Finally we show that for given € > 0 we can find K such that for all £ > K and Ji <n < J we
have dp,(A) < 3+ 3e:

AN[l,n] Am[1,jk@+Am[jk+1,n]

dn(A) = ” . . .
<(B+e)le AL AN AT
n n Jk n
Ji g
SBte)+(B+e)—(B-e)~<f+3e

if £ (and consequently n) is large enough. Now we compute very similarly to the proof of
Lemma 2.2.3

2 2
T (i + )T (g + 1) jk<§k_l (1)
2
Bk e vl (D DECTRNND DIIR B
T T <i<Jp Jp<i<ng—1
2 (Jp+1)Jp 2
=2a— - —J 1
@ ng(ng + 1) 2 p (e + 1) (1k %) +o(1)
s © ol) = a+oll)
=20 — — —2a 42— +o(l) = a+o(l).
B B

Thus the lim inf is established. In a similar way we can construct examples which give the upper
bound of the lim sup.

Now we are able to establish the following theorem which generalises Theorem 2.2.2 and shows
that even under the relaxed conditions on the sets A; the set of distribution functions G(t,) can
be obtained from the set G(U,). Let s € N, denote H = {(z1,...,z,) €e R: >.7 ;x; =1} and
m; : R® — R the i-th projection.

Theorem 2.2.7. Let Ai,...,A; C N be such that d(\J;_,A;) = 1. Denote their lower and

upper densities by d(A;) = o and d(A) = 3; > 0, respectively. Moreover, assume

lim F(Un,z) = f; Vi.
neAi

Then there exists a connected closed subset P of H such that
(a) leu, Bi] € mi(P) C [%ﬁ?,l - %} and
(b) G(T,) ={> =i cifi: (e1,...,¢cs5) € P}

Proof. Let € > 0. We proceed as in the proof of Theorem 2.2.2. Let j € N be the number with
kj <n < kji1. Then we have

Lk ki — ki1 k; ki — ki_1 1 «—
F(Tn):Z# > S F(U) + > o F(U) + > b
=1 " 1<i<j J 1<i<j J i=k;+1
i€Ay i€B

where B = N\ J;_; A;. The second and third term tend to 0 as above.
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Now turn to the first term and split it into two parts:

DD PILEVIGAND S S L)
(=1 1<i<\/j (=1 \/j<i<j ki
ZEA@ ieAg

Here the first sum can be estimated by

2 ) (V7 +1
LA SR PR/ ED

<e€

1<i</F

if j large enough. Hence the accumulation points of the sequence F(T),) are the same as the

accumulation points of
S = Z Z ———F(Uy).

=1 f<2<]
1€EAp

Since kj/n — 1 and F(U;) — f; we have

S=>"f > %m(l).

=1 i<i<i
1€EAp

Using the estimates of Lemma 2.2.3 we conclude that there exists a set P C R® with m;(P) C

[ ot ,1— (1 ﬁl) ] and the property (b) of the theorem. Since for each index £ the sum ) =, kl%’?*

€A,
runs through the interval [ay, §¢] by Lemma 2.2.3, property (a) is proven. Since G(T},) is com-
pletely determined by P, P must be connected and closed. iz

As in Lemma 2.2.3, the bounds can not be improved.
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