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Outline

The topic of this dissertation are developments of Waring’s Problem. In
Part A, we briefly introduce the history of Waring’s Problem. Besides, we
give a short non-detailed presentation of the Hardy-Littlewood method.
This method is the main tool in order to attack Waring’s Problem and re-
lated diophantine equations. We also mention the underlining philosophy
and motivation of this dissertation that we call “hybrid structures”.

Part B is based on a recent paper of the author [50]. Let V be a set of
pairwise coprime positive integers not containing 1 and let 6 > 0 such that
the series ) ., v~1*9 converges. We proof that for given integers with
s > 2F and k > 0 and for every sufficiently large N Waring’s equation

b+ 4+ab =N

has a solution in positive integers x; such that x; is not divisible by any
veVforalli=1,2,...,s.

Part C generalizes this results. This part is also based on a recent
paper of the author [49]. For simplicity, we take V to be the set of the
squares of all primes. Then the condition that an integer n is not divisible
by any v € V can be read as p*(n) = 1, i.e. that n is squarefree. We
denote by s,(n) the sum of digits of the g-ary representation of a non-
negative integer n. For example $19(246) = 2 + 4 + 6 = 12. The main
results of Part C is that for every sufficiently large integer N the equation
o4 . .4+x% = N has a solution in positive integers z; such that p?(z;) = 1
and s,(z;) = h; mod m; foralli=1,2,... s. Here, m;, h; are given non-
negative integers that fulfill certain minor conditions.

Besides the existence of such solutions, we also give asymptotic for-
mulas of the number of admissible representations. By such asymptotic
formulas, we are able to show that certain properties among the inte-
gers are in a certain sense independent. That means, that we show some
hybrid structures among the integers.



Kurzfassung

Inhalt dieser Dissertation sind neue Resultat im Zusammenhang mit
dem Waringschen Problem. In Teil A wird das Waringsche Problem in
seinen geschichtlichen Kontext gestellt und eine kurze Einfiihrung in die
Hardy-Littlewoodsche Methode gegeben. Es wird zudem die grundle-
gende Philosophie und Motivation der Arbeit, namlich hybride Struk-
turen, vorgestellt.

Teil B basiert auf einem jiingst erschienenen Artikel des Autors [50].
Sei V eine Menge paarweise teilerfremder natiirlicher Zahlen ohne 1 und
sei § > 0, so dass ) ., v~1%9 endlich ist. Es wird gezeigt, dass fiir alle
natiirlichen Zahlen s, k mit s > 2¥ and k > 0 und fiir jedes hinreichend
grofle N die Waringsche Gleichung

b =N

eine Losung in natiirlichen Zahlen x; hat, so dass x; von keinem Element
aus V geteilt wird.

Teil C basiert ebenfalls auf einem Artikel des Autors [49]. Sei V
die Menge der Quadrate der Primzahlen. Die Bedingung, dass n von
keinem Element aus V geteilt wird, entspricht nun p?(n) = 1, d.h. dass n
quadratfrei ist. Sei s,(n) die Ziffersumme in der g-adischen Darstellung
einer natiirlichen Zahl n. Es gilt z.B. s19(246) = 2+ 4 + 6 = 12. Das
Hauptresultat von Teil C ist, dass jedes hinreichend grofle natiirliche N
dargestellt werden kann in der Form 2z} + ... + 2% = N mit positiven
Zahlen z;, so dass p*(x;) = 1 und s,(x;) = h; mod m;, wobei m;, h;
gegebene natiirliche Zahlen sind, welche gewisse Bedingungen erfiillen.

Neben der Existenz solcher Losungen werden auch asymptotische
Formeln fiir die Anzahl der zulidssigen Darstellungen gegeben. Durch
diese Formeln ist ersichtlich, dass die hier untersuchten Eigenschaften
der natiirlichen Zahlen in einem gewissen Sinne unabhangig sind. Damit
werden hybride Strukturen der natiirlichen Zahlen aufgezeigt.



Part A:
Introduction
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1 Notation

For abbrevation, we implicitly always assume that an integers is non-
negative. Hence the symbols N, R, and C denote the set of the integers,
the real numbers, and the complex numbers respectively. For x € R with
x >0, we let || denote the largest integer not exceeding z. We call an
integer n squarefree if for every d € N, the condition d?|n implies d = 1.
The Mobius p—function is defined by p(n) = 0 if n is not a squarefree
integer, 1(n) = 1if n is a squarefree positive integer with an even number
of distinct prime factors, and p(n) = —1 elsewhere.

Let f:N— R and g : N — R*. We use the expression

o f(z)=0(y(x)),
o f(z) <g(r), and

e there are C,c > 0 such that |f(z)| < cg(z) holds for all integer
x>C

equivalently. Assume that the expression lim, .. f(z)/g(x) exists. We
write f(z) ~ g(z) if lim, o f(2)/g(z) = 1 and f(z) = o(g(x)) if
lim, . f(z)/g(x) =0.

For abbreviation, for a real number «, we define e(a) := e?™@. Here,
e denotes the base of the natural logarithm. We will reserve the following
special use for the symbol e: Every expression containing an ¢ is to be
understood as valid if the expression holds for some £ > 0. The constants
implied by the use of the symbols O and < may depend on ¢ and on
absolute constants only.
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2 Waring’s Problem

2.1 History and developments

Clearly, not every integer is a square. But one might ask if an integer
is a sum of two squares. If n = 2 + 23 and m = y} + y3, then an
easy calculation shows that mn = (2125 — y192)* + (21y2 + 22y1)?. Thus,
provided that every prime is a sum of two squares, every integer is a sum
of two squares. Indeed, every prime p such that p = 1 modulo 4 is a sum
of two squares. A very short and elegant proof of this fact was found by
Don Zagier [84]. However, if p is a prime such that p = 3 modulo 4, then
p is not a sum of two squares. Let N be an integer and let

N = Hpep(N)
p

be its unique prime factorization. Then N is a sum of two squares if and
only if for all p = 3 modulo 4, we have 2|e,(/N). This result was stated
without proof by Fermat. In 1749, it was proved by Leonhard Euler in a
letter to Edward Waring. Notice that not every integer is a sum of three
squares. This can be seen from the fact that 22 = 0,1 or 4 modulo 8 for
all x € N. Thus a sum of three squares is never congruent 7 modulo 8.

However, every integer is a sum of four squares. Let N € N. In 1770,
Lagrange showed that the equation

2 2 2 2

has a solution in integers z1, xo, 3, z4. For an account of this theorem,
we refer to [39, Chapter 20]. Actually, an exact expression for the number
of representations of an integer N as a sum of four squares is given by

8y d

dIN

24265

d|N
d is odd

if N is odd and by

if N is even. This result is from 1834 and is due to Jacobi. For a short
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proof of this result, see [43] resp. [42].

In the same year, Edward Waring proposed a generalization of Lan-
grange’s Theorem. He asserted without proof that “Every integer is a
cube or the sum of two, three, ... nine cubes; every integer is also the
square of a square, or the sum of up to nineteen such; and so forth.”[78,
Page 336] More formerly, let k& € N and denote by g(k) the minimal
integer s such that for all integers NN, there exists xq,...,z; € N such
that

i 4. +ah =N (2.1.1)
Thus a weak version of Waring’s conjecture can be read as
g(k) < o0 (2.1.2)

for all £ € N. In this language, Langrange proved ¢g(2) = 4. The first
proof of (2.1.2) for all k is due to Hilbert [41] in 1909. Roughly speaking,
Hilbert made use of polynomial identities of the form

6(2+0*++d) = (a+b0)'+@—b+(c+d)+(c—d)*
+ (a+o)+@—c)*+b+d)*+ (b—d)?
+ (a+d)*+(a—d)*+b+c) + (-

This is a generalization of the fact that the product of a sum of four
squares by a sum of four squares equals a sum of four squares, which is
an useful tool for the proof of Lagrange’s Theorem. However, Hilbert’s
method gives a very poor bound for g(k). Presently, we know that

g(k) =28+ |(3/2)"] — 2 (2.1.3)
for all k& < 471 600 000 (see [53]).

Let N € N. We denote by Rsx(N) the number of representations of
the integer N in the from (2.1.1), where the variables z; (i = 1,...,s)
are assumed to be integers. However, unlike the case k = 2,5 = 4, we
can not expect to get an exact formula for R, (V) for arbitrary k.

Heuristically, one might conjecture that R (V) is of order of magni-
tude N*/*~1. This can be motivated by the observation that the s vari-
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ables z; are supposed to hold 0 < z; < NY* (i = 1,...,s). Having
chosen randomly (z1,...,x) € {O, 1...,|[NVk| }S, the heuristic proba-
bility that indeed (2.1.1) holds is N1

Suppose that an asymptotic formula of the form
Ry x(N) ~ &*(N)N*/F1 (2.1.4)

holds, where 1 <« &*(N) < 1 is some arithmetical function that will
be specified later. Then there is an integer Ny depending on s and k
only such that Rsx(N) > 0 for all N > Ny. Thus if we can show such
a formula, we prove that (2.1.1) has a solution for all sufficiently large
integers N. Indeed, such an asymptotic formula was obtained by Hardy
and Littlewood [35] in 1920. We define G(k) as the least integer value of s
such that at most an finite amount of integers N can not be represented
in the form (2.1.1). Clearly, g(k) > G(k). In [36] and [37], Hardy and
Littlewood showed
G(k) < (k—2)28 ! + 5.

There is a large list of improvements of bounds of the function G(k)
and we refer the reader to the article [75] that gives a survey of the
history on developments of Waring’s Problem. We want to mention the
sharp estimate

G(k) < k(logk +loglogk 4+ 2 + O (loglog k/ log k))

for large integers k that is due to Wooley [83]. Recall (2.1.3). The number
G (k) is thus essential smaller than g(k).

However the present knowledge of the exact value for G(k) is very
poor. We only know that G(2) = 4 and G(4) = 16. The latter result is
due to Davenport [20] from 1939, while the former result is Lagrange’s
Theorem. Besides, Linnik [55] showed in 1943 that G(3) < 7. This proof
has be strongly simplified by Watson [80].

But one can obtain better results if one asks if almost all integers N
can be represented in the form (2.1.1) for given integers s and k. Here, we
use the expression “almost all” in the following sense. We define G(k) as
the smallest number s such that the number of integers N < X such that
(2.1.1) has no solution is o(X). Davenport [19] showed that G(3) = 4,
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Hardy and Littlewood [38] proved that C~¥(42 = 15, due to Vaughan [69],
we have G(8) = 32 and Wooley [82] showed G(16) = 64 and G(32) = 128.

Having shown a bound or an exact value for G(k) does not imply the
existence of an asymptotic formula for the number of solutions of (2.1.1).
The first result providing an asymptotic formula is due to Hua [45] form
1938. He showed that an asymptotic formula of the form (2.1.4) holds
if s > 2% + 1. In 1995, Ford [29] verified the existence of an asymptotic
formula provided that

s > k? (logk + loglogk + O(1)) .

Among others, Vaughan an Wooley [71], [72], [73], and [74] improved this
bound for smaller values of &

2.2 The Hardy—Littlewood method

The so called Hardy—Littlewood method is a useful tool to prove asymp-
totic formulas of the form (2.1.4). The basic idea of this method was
already presented in a paper by Hardy and Ramanujan [34] in 1918. We
only give a short non—detailed introduction to that method and refer the
reader to the wonderful books [68] and [21].

Let M € N. The important observation is the formula

/le(on)da:{lifMIO (2.2.1)

0if M #0.
Substituting
M=ab4+.. . +28 - N
and summing over all integers z; < N'/* (i = 1,...,5s) on the left hand

side of (2.2.1) yields the formula

Ry i(N) = Z Z /Ole(:z’f+...+x§—N)dOz

1 <NVk g <Nk

= | @) e(-am) o,
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where we define
fla) = Z e (az®).
s<N1/k

Clearly, one can substitute M in (2.2.1) above by a big class of expres-
sions of the form F(xy,...,x4) — N in order attack the solubility of the
diophantine equation F(z1,...,z4) = N, where F' is some function. For
instance, the circle method is a useful tool to attack to so called Gold-
bach’s Problem, where one ask if every large even integer can be expressed
as a sum of two primes and if every large odd integer is a sum of three
primes.

We want to mention that the formula (2.2.1) can be also deduced in
the following way. For a variable X, let

F(X) =Y X"

n>1

Then

(F(X))s _ Z . Z Xn]f++n1§ — Z R&k(N)XN.

nm>1  ne>1 N>0

Cauchy’s integral formula enables us to extract a coefficient R, (V) of
the power series in the last display which again yields (2.2.1).

In order to prove (2.1.4), we need to understand the function f(«).
One subdivides the interval [0, 1) into two disjoint sets 9t and m, where
the former is called the major arcs and the latter is called the minor arcs.
For some sufficiently small 6 > 0, we define

m=|J {O§a<1|

1<qg<P°®
1<a<q
(a,9)=1

o — 2' < P‘H‘S}
.| =

and m := [0, 1)\M. Here, we take P := N'/*. Thus

Roa) = [ (@) e(=aN)da+ [ (fla))"e(~aN)da

Notice that in the definition of 9 above, the union is a disjoint union of
sets. Roughly speaking, if a € [0,1) is close to an rational number with
a small denominator, then « belongs to the major arcs 9 and f(«) is
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well approximable. In the converse situation, we have o € m and |f(«)|

is small such that such values of a contribute only to the error term in
(2.1.4).

2.2.1 The treatment of the minor arcs

In order to prove (2.1.4), we want to show that

/ = / (f(a))’e(—aN)da = o (N*/*1). (2.2.2)

There are two important tools to do so.

First, when @ € m, we need a non—trivial bound for |f(«)|. Let & € R
and suppose a and ¢ are coprime integers such that |o —a/q| < ¢72.
Notice that this approximation is always possible due to Dirichlet’s ap-
proximation theorem (see e.g. [9, Satz 6.4.2]). In 1916, Hermann Weyl
[81] proved that

Pk -1/K
fla) < P (Pl/K LYK | <7> ) (2.2.3)

holds for every & > 0. Here we define K := 2¥~1. Notice that this is better
than the the trivial estimate |f(a)| < P provided that P° < ¢ < P¥=9
for some ¢ > 0. This motivates the definition of major and minor arcs
above. Indeed, for all & € m, the estimate (2.2.3) is non-trivial. The
proof of Weyl’s result (2.2.3) makes use of an ingenious application of
the Cauchy—Schwarz—Bunyakovsky inequality.

We want to assume that s > 2%. Taking absolute values of the inte-
grand in (2.2.2) we get

| < (ilelglf(a)ly_?k / @) da.

As already mentioned, the supremum can be bounded non trivially by
Weyl’s Inequality (2.2.3). In order to prove (2.2.2), we have to bound the
integral in the last display non—trivial which is the matter of the next
paragraph.



17

The second tool is known as Hua’s Lemma. Recall that for any com-
plex ¢, we have |c|?> = cc. With this in mind and (2.2.1), one can easily

see that )
/ F@) do
0

equals the number of solutions of

x’f—i—...—l—xgk_l :a:gk_1+1+...+x§k
in integers z; < P for i = 1,2,...,2% In 1938, Loo-keng Hua [45] showed
by induction on k that for every ¢ > 0, we have

! 7 k
/ If(a)]* da < P¥ ke, (2.2.4)
0

This estimate together with Weyl’s result yields (2.2.2). Improvements
on the upper bound for G(k) are mostly due to refinements of the result
(2.2.4). However, if we have only a poor version of Weyl’s Inequality in
the form f(a) = o(P) for a € m, then we need a strong version of (2.2.4)
with € = 0 which is true due to Vaughan [70]. However, the exponent 2*
in (2.2.4) is essential in Vaughan’s strong version of Hua’s Lemma. Later,
we will pose certain restrictions to the variables x; in (2.1.1). In this case
we only have f(a) = o(P) for @ € m and the bound G(k) < 2% + 1 can
not be improved, since Vaughan’s results has not been refined yet.

2.2.2 The treatment of the major arcs

To show an asymptotic formula of the form (2.1.1), we need to prove

/Em - /Em (F(a))* € (—aN) da ~ &*(N)N*/4-1,

Now, suppose that a € 9. Then there are coprime integers a,q with
1 <a < q < P°such that |a — a/q| < p~**°|. That means that o
is well approximable by a/q. Let 8 := a — a/q. The first idea of the
treatment of the major arcs is to make a transformation of the form
fla/q + B) ~ fi(a/q)f2(B) in order to decouple a/q and (. This can
be done due to the condition that ¢ is not too large by using partial
summation. For the sake of simplicity, we do not define the function f;
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and fy in this introduction. Roughly speaking, we have

Alafo) ~ slafa ~ D3 ().

=1

The sum in the last display is called a Gauss—sum and is usually denoted
by S(g,a). With this strategy, we raise fi(a/q)f2(5) to the power of s,
multiply by e (—(a/q + 3)N), integrate over § and sum over a, ¢ accord-
ing to the definition of the major arcs 9. Very approximately speaking,
this procedure yields

~ CN*/*1&(N),
m

for some C' > 0. Here, CN*/*~1 is a result of the integration over /3 as
described above. The arithmetic function G(N) results form the contri-
butions of f(a/q). More precisely, the method yields

S(N)=> T(q,N),

q>1
where we define

= 3 (25 (-4),

a=1
(a,g)=1

In order to show (2.1.1), we need to show that &(N) > 0. To do so, one
verifies that T'(¢, N) is multiplicative in ¢. Thus we obtain

S(N)=]]7@® N).

Notice
Xq: (ab) g ifb=0 modgq
(A _ =
| q 0 else,
(a,q)=1

the discrete analogue of (2.2.1). With this in mind, we recall the definition
of S(g,a). Thus, one can argue that the final task in order to prove an
asymptotic formula is to show that for all all prime p, the equation

2+ 42" =N mod p" (2.2.5)
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has a solution with p { z;. As a consequence, we obtain G(N) > 0. Here,
n is can be defined dependent on p and k. To prove that (2.2.5) has a
solution with p 1 x1, one makes use of generalization of a Theorem of
Augustin Cauchy [13] from 1813. He proved that for a given prime p
and non-zero integers u,v,w the equation uz? + vy? + w = 0 mod p
has solution. This theorem was used by Lagrange in order to establish
his four squares theorem. Cauchy’s result was reproved and extended by
Harold Davenport [18] in 1935. He proved that for A, B C Z\(pZ) with
a:=#A and [ := #B, we have

{a+b modp|laecAbe B} >min{p,a+ 03— 1}.

In 1936, Inder Chowla [14] extended this result to composite moduli.
This results are interesting for itself and they are an useful tool in order
to conclude the proof of the asymptotic formula (2.1.4).
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3 Hybrid structures

A central topic in number theory is the question if certain properties
among the integers are in some sense independent or not. A first easy
example is the following application of the so called Chinese remainder
theorem. For coprime integers a,b and v, w € N, we define

A:={neN:n=v moda},
and
B:={neN:n=w mod b},
Clearly, #{n < X :ne€ A}/ X ~1/aand #{n < X : ne€b}/X ~ 1/b.

By the Chinese remainder theorem, we get

#{n<X:neAnB} 1
X ab’

Abusing the language of probability theory, the probability that a random
integer n is an element of A respectively B is 1/a respectively 1/b. The
Chinese remainder theorem yields that the probability for n € AN B is
1/(ab). Hence, the events a € A and b € B are in this sense independent.

An other example of such independent or hybrid structures are square-
free integers. Let p be a prime. Notice that

Let p1,po be two distict given prime numbers. If we assume that for a
random integer n the events p? f n and p3 t n are independent in the
sense suggested above, we conclude for the density of squarefree integers

. #{n <X : nissquarefree } 1
i X - 1 {5
all primes p
6

This heuristic statement is indeed true.

As a last famous example of such hybrid results, we want to mention
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the Siegel-Walfisz theorem [77] that shows that for a integer n, the events
n is prime and n is an element of a given arithmetic progression are in a
certain sense independent. More precisely, one has

1 X

#{p< X :pprimeand p=a mod ¢} ~ — ——,
{ J ¢(q) log X

where a, ¢ are given coprime integers.

Here, such results show that certain properties among all integers are
independent. The purpose of this work is to generalize this approach of
studying such hybrid structures. We want to investigate if among solu-
tions of Waring’s Problem certain properties are independent. Assume
that C C N is a set of positive density c. That is that

< .
e Tim #{n<X :necC}
X —o00 X

exists and is positive. Notice that for instance the set

U {2271,71’ 2271,71 4 17 2271,71 4 37 o ’22n . 1}

n>1

does not have a density. However, we want to focus on sets that do have
a densty. Recall the definition of R,;(N) on page 12. Let Re.sx(N) be
the number of solutions of (2.1.1) with z; € C for i = 1,2,...,s. The
statement that the events (z1,...,z5) € A® and (xq,...,2,) € N° is a
solution of (2.1.1) are independent can be formulated as

Resi(N) ~ ¢* Ry 1(N).

Clearly, this is in general not true. For example the set of even integers
has density 1/2. But if N is odd, than N can not be represented as a
sum of powers of even integers. However, one can often show that besides
such trivial exceptional cases results of independence indeed hold.

3.1 Dense sets

We want to recall Hilbert’s result mentioned on page 12 that for any
given k, one finds some integer s such that for any integer IV, the equation



22

(2.1.1) has at least one solution in integers x; for i = 1,2,...,s. Notice
that this result does not imply an asymptotic formula. This result can be
generailzed in the following way that gives some weak but general insight
on hybrid structures as introduced in Section 3. For details we refer the
reader to Remark 3.4 of a paper of Thuswaldner and Tichy [65].

Assume that A C N has positive density. Let & € N. Under the
condition that for all primes p there are integers a,,b, € A such that
pla, and p 1 b,, there is some integer s such that for all N € N equation
(2.1.1) has a solution with z; € A fori =1,2,...,s.

Notice that this approach does only give a poor bound for the size of
s. Besides, no asymptotic formula is obtained.

Our results presented in this work also deal with some dense sets
B C N. But the condition that for all primes p there are integers a,, b, € B
such that pla, and p 1 b, does not hold in the cases of the set B that we
are interested in. We pose some multiplicative conditions to the set B
that imply the existence of primes that do not divide any element of B.
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4 Results and context

4.1 Convergent sieve sequences

Many sequences in number theory arise from a sieving process. One of the
fundamental invariants associated with a sieve is its dimension, usually
denoted by k. Here, we want to investigate the case k = 0, i.e. convergent
sieves. With applications in mind, we consider a slightly more general
situation.

Let V be a set of pairwise coprime integers not containing 1. We
assume that there is some 0 < § < 1 such that

1
> ——5 < . (4.1.1)

veY

This generates a sifted sequences whose characteristic function is given
by
(4.1.2)

(n) 1, ifv{nforallv eV,
n) =
¢ 0, otherwise.

If V is a set of primes, we shall also use the letter P.

The notion of the set {n € N : xy(n) = 1} has been introduced by
Erdos [25]. The distribution of this set in residue classes has been studied
by Jancevskis [48]. Alkan and Zaharescu [2] investigated the problem of
finding integers n in short arithmetic progressions such that yy(n) = 1.
An integer n satisfying xy(n) = 1 is also called a V-free number (e.g. in

2]).

One of the most prominent examples of such a convergent sieve se-
quence is the set of k£ numbers with an integer £ > 2. In this case,
V = {p" : pprime}, and (4.1.1) holds with § = (k — 1)/k + . Among
others, the distribution of squarefree numbers (k = 2) in arithmetic pro-
gressions has been studied by Prachar [61], Hooley [44], Warlimont [79],
and Blomer [8].

For another example, fix an elliptic curve E/Q without complex mul-
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tiplication, and let fg(z) = >, a(n)e(nz) be the associated modular
form. Then the sequence of those squarefree indices n with a(n) # 0 is
again a convergent sieve sequence (see e.g. [1]). Indeed, up to finitely
many primes, V is here the set of primes p such that the reduction of £
mod p is supersingular, together with the squares of the remaining primes;
it is known (see [24]) that in this case (4.1.1) holds with § = 1/4 —e.

For an overview over convergent sieves, in particular with respect to
binary additive problems, see Briiddern’s work [10]. For example, if P is
a set of primes such that zpep 1/p < o0, a special case of [10, Theorem

1.10] states
1

S o) ~ [ <1 - _) X

n<X peEP p
This formula can be also motivated by an heuristic approach. The so
called heuristic probability that a randon integer is divisible by a prime
pis (1 —1/p). If for a random integer n and two distinct primes p; and
po the heuristic events p;|n and py|n are supposed to be independent, the
formula in the last display is motivated.

The result in the last display was generalized to residue classes by
Jancevskis [48, Theorem 1]. In particular, for a set P of primes satisfying
> pep 1/p < oo and for all a,q € N with (a,q) =1 and

(log q)(loglog ¢) = o(log X)

one has N
> o~ T (1) 2.
n<X peEP p q
n=a(q) Plq

In this generality we cannot expect to get an explicit error term. However,
it is interesting to note that the uniformity in ¢ is much larger than in
the classical theorem of Siegel-Walfizs.

It often gives useful information on a sequence a,, if one can under-
stand the correlations of the type > a,a,.y for fixed values of h. Let
e>0,0<9d<1, g€ Nand P be a set of prime numbers satisfying
(4.1.1). Let I; for ¢ = 1,2,...,r be integers with [; < L and q¢|l;. For any



26

prime p we define

u(p) :=#{l; modp:i=12..r}

and
P(q) :=PU{ pprime : p|q }.
For
S(X):= Y xp(n+h) .- xpn+1)
n<X
(n,q)=1

Jancevskis [48, Theorem 3] showed that one has

S(X) < H (1 — #) X+0, ((qL)6 Xl—é/(2—6)+e)

pEP(q)
and
Sx) > 1 ( —@)X
pEP(q) P

0. (min (qL)aXl—é/(S—é)—i—a+LX—1/(3—6)7
T (qL>axl—62+e + X9 :

The O-constants depend upon 7 but are independent on L. For every
0 > 0 and L < X is this result nontrivial. One of the main features here
is the uniformity in L. It generalizes once again [10, Theorem 1.10] since
our estimates are uniform in the shifts. Tsang [67] proved a similar result
in the special case of squarefree numbers.

4.2 Waring’s Problem

Waring’s Problem with multiplicatively restricted variables has been wi-
dely studied. The most famous example is the so called Waring-Goldbach
Problem, in which one asks if an integer can be represented as a sum of k—
th powers of prime numbers. Among others, this problem has been stud-
ied by Hua [46], [47]; Kawada and Wooley [51]; Thanigasalam [63]; and
Vinogradov [76]. Among others, Waring’s Problem with smooth numbers
has been explored by Balog and Sarkozy [5] and Harcos [33]; Briidern and
Fouvry [11] showed Lagrange’s Four Square Theorem where the variables
are almost prime.
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In this chapter we want to present results of Waring’s Problem where
the variables are restricted to a sifted sequences whose characteristic
function is defined as in (4.1.2) above for a set V of coprime integers not
containing 1 that such that (4.1.1) holds.

In the case of square-free numbers, Esterman [28] investigated if an
integer can be represented as a sum of squares of squarefree integers;
Baker and Briidern [3], [4] proved that almost all integers can be repre-
sented as a sum of four cubes of squarefree integers. Our purpose is to
generalize this results to our sifted sequences for arbitrary k—th powers.

Let s,k € N. We denote by Ry(N) the number of solutions of
i+ b =N (4.2.1)

with yyp(z1) = ... = xv(zs) = L.

In this chapter, the number of summands is only of secondary interest.
Thus we assume for the sake of simplicity that s > 2*. This bound is not
best possible and the techniques of the present paper yield also results
for smaller s. The range of s depends on the current state of results
improving Hua’s Lemma (for a survey, see e.g. [75]). Here, we only make
use of the original form of Hua’s Lemma (see e.g. [68, Lemma 2.5]). Our
first result is the following:

Theorem 4.2.1. Let V be a set of pairwise coprime integers not con-
taining 1 such that (4.1.1) is finite for some § > 0. Then there is some
p > 0 such that

Ry(N) = J&y(N) Nk 4+ O (N*/F=1r) |

where J > 0 is defined in (5.2.18) below and only depends on s, k.
The arithmetic function &y(N), called the singular series, is defined in
Lemma 5.2.6. The implicit O—constant only depends on s, k,d, and p.

Unfortunately, we could not determine whether Gy (N) > 0 for an
arbitrary set V of pairwise coprime integers. The difficulty lies in the
fact that the function D associated with the singular series Gy(N) =
> o>1 P(g) might not be multiplicative if V is not a set of prime powers
(see Remark 5.3.2 after Lemma 5.3.1).
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However, if we restrict V to be a set of prime powers, we are able to
provide a lower bound for &y,(N). In this case we write

W =:{p”|pe P}, (4.2.2)

instead of V, where P is a subset of the prime numbers and (e,) is a
sequence of positive integers. Recall that we assume

1
pezp o= < oo (4.2.3)

for some § > 0 arbitrarily small. Without loss of generality, we can assume
that e, € {1,2} for all p® € W, since a solution with the variables not
divisible by p? implies a solution with the variables not divisible by p”
with r > 2.

Next, we define a condition that is necessary for Gyy,(N) > 0 to hold.
We define 7 by p7||k and let 0 = 7+ 1if p # 2 and 0 = 7+ 2 if p = 2. For
an integer N, we say that (W, N) satisfies Condition C' if the following
two conditions holds:

e For all p prime such that p € W (i.e. e, = 1) with p < (k—1)*+8k
there is a solution of

i+ ...+ 2" =N mod p”
with ptxy -+ x,.
o If k =2 and 4 € W, there is a solution of
ri+as+as+25=N—1 mod8
such that 4 1 z; for i = 1,2, 3,4.

Theorem 4.2.2. Let a set of prime powers W be defined by (4.2.2). If
(4.2.83) and Condition C' hold, we have

If we take W as the set of the squares of all primes, we obtain the
following corollary.
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Corollary 4.2.3. Let s > 2. Assume that k > 3. Then every sufficiently
large integer can be represented as a sum of s k—th powers of squarefree
integers. If k = 2, the same holds if there is a solution of x3+x3+xi+13 =
N —1 mod 8 with 4 1x; fori=1,2,3,4.

If we sieve with primes, we have to be aware that the first part of
Condition C' does not hold in general. For example, if k — 1 =p € W,
then 2 = 1 mod p for all p f . Thus N = s mod p is necessary for
Condition C. If 2k +1 = p € W, then 2* = £1 mod p for p t z and
Condition C' cannot hold if s is even and N = 0 mod p. We illustrate
this for the case £ = 2. In this case, we have to check Condition C for
p < 17 by an easy computation.

Corollary 4.2.4. Let P be a set of prime numbers and assume that there
is some & > 0 such that )

1—6
pEP p
converges. Let N € N and assume N =5 mod 8 if2 € P and N = 2

mod 3 if 3 € P. If N 1is sufficiently large, it can be represented as a sum
of five squares of integers not being divisible by any prime of P.

To prove Theorem 4.2.1, we make use of the classical circle method.
The main part of this paper is the proof of Theorem 4.2.2 which is mo-
tivated by a work of Baker and Briidern [3].
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5 Proofs

5.1 Preliminary considerations

Let P := N'* and let V be a set of pairwise coprime positive integers
not containing 1. Throughout this section, we define

fla) = Z e(ax®).

<P
xv(z)=1

Recall that e(f) stands for e*™. Remember that Ry(N) is the number
of solutions of (4.2.1) with xy(z1) = ... = xy(zs) = 1. Applying the
fundamental formula (2.2.1) as described in Section 2.2 yields

Ru(N) = /0 Fla) e(—aN)da. (5.1.1)

We define
) = {n = H v : V' is a finite subset ofV}
veV’

and

(=D)#', ifn € I (V) withn =[], v,
pv(n) = ,
0, otherwise,

a variant of the well known Mobius p-function. Notice that 1 € TI(V),
since we define the empty product as 1.

Lemma 5.1.1. For an integer n, we have

win) = 3 y(m).

mell(V)
mln

Proof. The proof of this convolution formula is very similarly to the well
know identity p?(n) = > a2 #(n). We first assume that xy(n) =1 for
n € N. In this case, the right hand side of the last display simplifies to
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piv(1) = 1, since for all 1 # v € II(V), we have v { n. Now, we assume
that xy(n) = 0. Let V C V be defined via m € V < m|n. Thus

Yo omlm)= Y w(m) =§(—1)j <#V> =0,

men() meri(V) =1 J
and the statement is proved. O

Lemma 5.1.2. Let 0 < 4§ < 1. If
1
>
veY
is finite, then

1
> s

d>1
deeTi(V)

holds uniformly for all & € N.

Proof. For arbitrary & € N we define

v
o= 1l g
(v,6)>1

and
Ve :i={veV|(v,§) =1} U{&}
Let d > 1. If d¢ € I1 (V), there is a finite subset V' of V such that

d= T » 1[I~ (5.1.2)

vel’ ve)’
(v,€)=1 (v,§)>1

Since V is a set of pairwise coprime integers, one has

(v,6)>1 (v,6)>1 (v,6)>1
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Hence we get by (5.1.2) that

d=& [] v

ve)’
(v,§)=1

Thus d§ € I1(V) implies d € II(V¢) and consequently

1 1
Y. w5 < DL iy (5.1.3)

a>1 d>1
dgell(V) deTi (V)

One has

> " log (1 + —) Z Z . (5.1.4)

veVe eVe o
By our assumption, the right hand side of (5.1.4) is finite. Thus

exp Zlog(ljt%) :H(1+—) Zg d16

vEVe vEVe deri(v

is finite and the lemma follows from (5.1.3). O

Lemma 5.1.3. Let 0 < § < 1. If

Z 1/'01’5

veEY
s finite, then
1
l<y!™® —gy™? 5.1.5
Y 1< D S <Y (5.1.5)
d<y d>Y
dell(V) dell(V)

and

Mv 1] <1 _ %) (5.1.6)

dell(V) veV

holds.
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Proof. The first statement of (5.1.5) follows from

Yl—d
21> aw
d<y d>1
dell(V) dell(V)

and Lemma 5.1.2 with £ = 1. The proof of the second statement of (5.1.5)
is similar. Formula 5.1.6 is due to Euler’s Product Formula (see [40, §
17.2)). 0

5.2 Asymptotic formula

Let n > 0 be sufficiently small and be specified later. As in the classical
case of Waring’s Problem (see e.g. [21, page 15 ff.] and Chapter 2.2), let
the major arcs 9 be the union of the major arcs

M(q,a) := {a e [0,1] :

a— 2‘ < P’””}
q

with 1 <a < ¢ < P"and (a,q) = 1, and let m := [0, 1]\9 be the minor
arcs.

5.2.1 Minor arcs

Our next aim is to show that the integral in (5.1.1) restricted to the minor
arcs m is O(N*/¥=1=°). To do so, we need a variant of Weyl’s inequality.

Lemma 5.2.1. Let X, Y, o € R such that X > 1,Y > 1, a > 0 and
o —a/q| < q2, where a and q are positive coprime integers. Then we
have

1 1
;(min (XY [Jaz]| '} < XY (5 +o+ %) log(2Xq).

Proof. See e.g. [68, Lemma 2.2]. O

For coprime integers a,q let a € R satisfy |a — a/q| < ¢72. Let
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K =21 By Weyl’s classical inequality (see e.g. [68, p. 12]), we get

K

Z e (adkxk)

x<P/d
< (Pl P Y min{(P) ! ad ]t}
h<kN(P/d)k—1

We substitute y := d*h in the h-sum above and extend the summation.
Thus, the h-sum is less than

1
Z min { Py~ ay|| 7'} < P** (— + %) ,
y<k!Pk q

where we made use of Lemma 5.2.1 with Y = 1 and X = k!p*. Thus we
showed

1 1/K
Z e (&dkxk) < (PKkJrs (PkldK | phkte (_ i %)))
z<P/d q
11 q 1/K
P1+6 = - _t 5.2.1

< ( FtgT ) (5.2.1)
Notice that the implicit O—constant does not depend on d. Now, we are
able to prove the next lemma by following [3, Lemma 1].

Lemma 5.2.2. Suppose that s > 2. Then there is some p > 0 only
dependent on n,s and k such that

/f(a)se(—a]\f)da < N$/k=1=p,

Proof. Notice that Lemma 5.1.1 yields

fla) = Z py(d) Z e (ad"z"). (5.2.2)
d<P *<P/d
dell(V)
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Since s > 2%, one has

/f _aN) da<<sup{|f \})S ) / F) da. (5.2.3)

aem

We have further

[ i@ ae

< H{ri,yr T, Yok [T oo Dok = Y1+ Yo )
< Pk (5.2.4)

by [70, Theorem 2|. Recall formula (5.2.2).

Let a € m. By Dirichlet’s Approximation Theorem, there exists co-
prime integers a, ¢ with ¢ < P*~" and | —a/q| < 1/qP*™". Since ¢ < P"
implies o € M(a, q), we have P? < ¢ < Pk,

Let $ > 0 such that 5§ < n/K. By (5.2.1), we have

YD efadiah) <« ) prikaE

d<pB z<P/d d<ph
deTi(v) dell(V)
& Ppin/EBoe (5.2.5)

For the last estimation, we made use of Lemma 5.1.3. On the other hand

> > efadiat) < PP (5.2.6)

d>P5 1,’<P/d
dell(V)

by trivial estimates and again Lemma 5.1.3. Recall 56 < /K. Thus the
estimates (5.2.5), and (5.2.6) together with (5.2.2) vields

f(a) < P

for some p’ > 0. By this and (5.2.4), and (5.2.3) the lemma follows. [
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5.2.2 Major arcs

By applying (5.2.2), we verify that the integral in (5.1.1) restricted to
the major arcs 91 equals

> ) eld) [ fule) fu(@e(-aN)da (527)

dl,n-dsSP
dy ,...dSEH(V)

with

fala) :== Z e(adkz").

x<P/d

Let v > 0 sufficiently small. We defer the choice of y. We split (5.2.7)
into a part where dy,...,ds < P7 and a remaining part U where there is
at least one 1 < i < s such that d; > P7. Now, we want to bound |U]|.
We have

ok

U<<Ps2’“12 / > Y efadat)| da
d>P7 d<P z<P/d
deTi(v) deTi(v)

The integral is bounded by the number of solutions of
(dlxl)k + ...+ (ko—lfﬂQk—l)k = (ko—1+1$2k—1+1)k + ...+ (kox2k)6528>

with d;z; < P. Notice that there are O(P¢) possibilities to write an
integer y < P as a produkt of two integers. Hence the number of solutions
of (5.2.8) is bounded by O(F?) times the number of solutions of

yk—i—...—l—ygk_lZygk_1+1+.--+?/§k

Applying Hua’s Lemma, the number of solutions of (5.2.8) is thus at
most of order P2"~#+¢. Recall that by Lemma 5.1.3, we have

Z é < P

d>P7
dETI(V)
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Thus we have U < N*/¥=1=7 for some p > 0. Now, by this and Lemma
5.2.2, we obtain the following lemma.

Lemma 5.2.3. Let v > 0. Then there is some p > 0 such that
B = Y ) m(d) [ fala) fal@)e(-aN)da
m

dy,..ds<P7
d1,...ds€H(V)

+ O (N*/F=1=r)

Let 1 < a < ¢ < P"with (a,q) = 1 and o € M(a, q). Define [ :=
a—a/q,

s 3o ().

m=1 q

and

P
I(5) ::/ e (Bu¥) du.
0
Lemma 5.2.4. With the defintions above, we have

S(q, ad*) /

fala) = o

(8) 4+ O (P*) (5.2.9)

uniformly in all integers d.

Proof. We want to generalize formula

Z e (az®) = St a)](ﬁ) + 0 (P*)

z<P q

which is well known (see e.g [21, Lemma 4.2]).

First, we assume that # = 0 and collect those values of the summa-
tions variable in f(a/q) which are in the same residue class modulo p.
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Hence

fala/q) = Ze <gdkzk> Z L.
e

The inner sum is P/(qd) + O(1). Recall that ¢ < P" and the definition
of S(q, ad"). Thus

fala/q) = S(qgl—;wlk)P +O(P"). (5.2.10)

Now, we assume that § # 0. We have
fuaja+ ) = 3 e (Edkxk) ¢ (Bda")
vepya N

Summation by parts yields
Jala) = e (ﬁpk) fala/q)
, Pld a 5.2.11
— 27iBd*k /0 e (Bd*¢F) > e (adkx’“) de. ( )

<€
The sum in the integral is

S(q,adk)g + O(q).

The error term O(q) = O(P") in the last display causes an error term in
(5.2.11) of the form

P/d
O <|ﬁ|dkP”/ f“%) =0 (P"),
0

as |B] < P7F since o € M(a, q). Note, that the error term does not
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depent on d. By this and (5.2.10), we obtain

S k
Jala) = —(qc;sd )
P/d
(e (BP") P —2mipd" 'k / e (Bd ") d§>
0
+0 (P*).

Notice, that by a simple substitution £ — &£/d, the integral in last display
simplifies to

P
dk—l / é-ke (ﬁgk) dg
0
Hence, the lemma follows if we can show
P
I(B) = e (BP") P —2mipk / e (BF) de.
0
But this can by verified via integration by substitution. O]

Now introduce

q
S(q,ady)  S(g,adt) a
P’? N — - _N
Guy...d. (P, N) — Zl qd; qds 7
q< a=
(a,9)=1
and

J(P") = /|a|<m (/01 e(Bu) du)se(—ﬂ) dg. (5.2.12)

Our next lemma is generalization of [21, Lemma 4.3]

Lemma 5.2.5. With the definition above, we have

/mfdl(a) o fa(@)e(—aN)da = &gy, 4, (P",N).J(P") Nk

+ O (Ps—k:—(l—fm))
(5.2.13)

uniformly in all integers dy, . . ., d,.
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Proof. Let a € M(a,q) for 1 < a < g < P with (a,q) = 1. Let § :=
a — a/q. For s intgers dy,...,ds; < P, we multiplpy the right hand side
of (5.2.9) together and obtain

fdl(a) T fds(oé) = <S(qq,dczd1) ce S<qq’azd8)> I(ﬁ)s + 0 (P871+2n) ,

as S(q,ad¥)/(qd;) < 1foralli =1,2,...,s and I(3) < P. Recall that
we have |3| < P7%*". Hence

/ S (@) -+ fu.(@)e (aN) da
aEM(a,q)

_ ([ S(g,ad})  S(g,ady) <_E >) -,
) ( 4 ady qN /|/3|§Pk+ﬂ[(ﬁ)6( AN)dB

+O (Psfk71+37]) )

Now, we can argue as in [21, p. 19 ff]. In particular, we sum over all
coprime integers a,q with 1 < a < ¢ < P and replace in the integrand
N by P* at the cost of a neglible error term. Finally. we substitute
€ +— P¢ and $+— P7%(3 in order to obtain the stated formula. O]
Lemma 5.2.6. The singular series

S =3 Y | X w@ ) (~ty)

q>1 a=l1 dell(V)
(avq)zl

15 absolutely convergent.

Proof. We go along the lines of [3, p. 5]. First, we need a bound for
|S(g,b)|, where b, q are not necessarily coprime. One has

$(0.0) = @) (L ).

Since (q/(b,q),b/(b,q)) = 1, we have

> (<Lq><b_bq>> < ((f@)wk
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by [21, Lemma 6.4] and consequently

S(q,b) < ¢ V5 (b, q)V*.

(5.2.14)
Let

S(q,ad*
Spa = Z py(n)%.
deIl(V) q

One has

k , d
qd 2 Z Sl
dell(V)

&lg dell(V)
(d,q)=¢

_ Z Z qaadkfkﬂ
&g d>1
dgeH(V)
(d,g/6)=1

. (5.2.15)

Let j € N. Notice that
qd q
j—+axd|lz=1,2...,=

{ gt :

is a complete set of residues modulo (¢/¢) if £|q and (CZ, q/€) = 1. Thus

-1 q/¢

_ A R kagk—l
S(q. ad*e®) = ag™
o) = 33 ¢ ( ) e

£5(q/€ ag™™)
= S(g,ag").
Hence by (5.2.15),

d>1
(igen(V)
(d,q/&)=1
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Applying (5.2.14) and Lemma 5.1.2, we get

S —1/k (¢, fk)l/k —1/k+¢ 921
e < G Z—f <q : (5.2.16)
¢la

Now, the lemma follows. In particular, we have

50 (3 mi) ()

¢>Q a=1_ \dell(V) (5.2.17)
(a,q)=1
< QQ—s/k—i-a
for any ) > 0, which will be useful later. m

5.2.3 Proof of Theorem 4.2.1

Recall (5.2.12). We define the singular J like J(P"), but with outer in-
tegration over the whole real line, i.e. J := J(o00). This object has been
well studied. One has

J = % >0 (5.2.18)
and
J — J(P") <« p~(s/k=1n (5.2.19)
by [21, p. 21].

We multiply both sides of (5.2.13) by uy(dy) - - - py (ds) and sum over
dy,...,ds < PY.dy,...,ds € II(V), and obtain by Lemma 5.2.3 that
R(N) equals a main term

s

I a k a
TPy > Y uv(d)% e(—EN) N*/k=Y(5.2.20)

q<P7 a=1 d<pv
(a,)=1 \ del1(v)

and an error term O (PS*’“*“*E’"*”)). The error term is of the form stated
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in the lemma if
5n + sy < 1. (5.2.21)

Next, we want to complete the d—sum in (5.2.20). Recall the estimates
(5.1.5). Since |S(q, ad®)| < g, we have

dk
s [S@at)] s
qd
d>N"
deT(V)

Hence the completion of the d—sum engenders an additional error term
0] (Ps*k*('y‘;*%)) which is of the form stated in the lemma if

2n <6 (5.2.22)

holds. Thus we choose 1 and « small enough so that both (5.2.21) and
(5.2.22) are fulfilled, and deduce from (5.2.20) that there is some p > 0
such that

Ry (N)
q
S(g,ad") a k—
Y 3 | S w ] () e
q<P7"  a=1 d>1 qd q
(a,)=1 \ deIl(V)
+ O (N*7F77).

By (5.2.17), the completion of the singular series, e.g. the completion
of the g—sum, creates an additional error which is negligible. Finally, by
(5.2.19), replacing J (P") by J yields a neglible error term, too.

5.3 The singular series

In this section, we restrict V to be a set of prime powers and use the
symbol W instead.

We consider a more general singular series and generalize the proce-
dure presented in [3] and [60]. We go along the lines of [3, Section 5]. For
shortness, bold symbols are reserved to denote an element in N°, e.g. we
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write n = (ng,...,n,) for an s-tuple of integers. Let ¢ € Z[x]. We write

on(x) = p(hixy, ..., hsoy),
hx = (hlxl,...,hsxs),

and further

pw(h) = pw(ha) - - pow(hs)

forx = (x1,...,25) and h = (hy, ..., hs). For the sake of a short notation,
if we use the index j in an expression, it is understood that j ranges over
1,...,s. For instance z; € A means x; € A,...,z; € A for A C N. The
symbol j is reserved for this usage only.

Besides, introduce

T(%Q):qu: ((p(qx) Z Z (”71—9”))

zj=1

and

We fix ¢ € Z[x] to be the polynomial
o(x1,..., 1) =¥+ ...+ ¥ - N.

With this definitions, it is easy to see that we have

Sh(N) =3 > 2D A g), (531)

q>1 d;ell(W

where the singular series has been defined in Lemma 5.2.6.
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5.3.1 Factorization

For every ¢ € N, we subdivide WV into two disjoint sets
+ .
W, ={v|veWand(v,q) >1}
and
W, =={v|veWand(v,q) =1}.
We omit the proof of the following lemma, which is trivial.

Lemma 5.3.1. Let q,q1,q2 € N with (q1,q2) = 1.

e Fuvery integer g € 11 (W) can be factorized uniquely in the form
g = dt with d € 11 (W;) and t € 11 (Wq_) In particular, we have
(d,t) =1 and (t,q) = 1.

o Fvery integer g € 11 (W;qu) can be factorized uniquely in the form
g =dt withd € I1(W}) and t € IL(W,). One further has (d,t) =
1, (d,q2) =1 and (t,q1) = 1.

Remark 5.3.2. Note that the second part of this lemma is not valid if
W is replaced by a set V of arbitrary coprime integers. For instance, let
V = {6}, then 6 € IT (V) does not factorize over IT (V;) UIL (V5"). This
is the reason why we restrict ourselves to W.

Lemma 5.3.3. Let ¢ € N. One has

> CZV.V.<d)SA(d,q) =C I] (1 - %) 7SB(q), (5.3.2)

d;enI(W) vEW,

where

B(g):= ) uw(d)i(.(_l’_i,

d;eni(Wy)

and C' > 0 1s a constant only depending on the set V.

Proof. This lemma is a generalization of [3, Lemma 7]. By the first part
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of Lemma 5.3.1, the left hand side of (5.3.2) equals

) D DR TS (5.3.3)

dy--dity--t,
d;el(Wy ) t;ei(Wy)

Since (dj,,t;,) = 1 for all ji,jo € {0,1,...,s}, we have pup(dt) =
pw (d) () and A(dt,q) = A(d,q) by the definition of A(d,q) and
since (t;,q) = 1 by the first part of Lemma 5.3.1. Hence (5.3.3) simplifies
to

> @l Y et

d;er(wi) *en(wy)
The inner multiple sum is the s—th power of
-1
pow () 1 1/ 1
A 1—=)=cV 1— =
S UL (i-5) = 1T (1

— veEW veEW
ten(wy ) (v,0)=1 (v,0)>1

with

Ol/SZH(1—%)>0.

veWw

[
Lemma 5.3.4. The function B(q) defined in Lemma 5.3.3 is multiplica-
tive.
Proof. Let

iy (d
H(g,a):= . V.V_('d) T(apd,q).
ayen(wi) °

Suppose we can show that

H(q1q2, a1q2 + aaq1) = H(q1, a1)H (g2, a2) (5.3.4)

holds for coprime integers ¢i, g2 and (a1, q1) = (a2, ¢2) = 1; then it follows
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from the definition of B(q) that

q1 q1
B(qi,q2) = Z Z H(q1g2,a1q2 + a2q1) = B(q1) B(gz).-

a1=1 a1=1
(a1,q1)=1 (a1,q1)=1

Thus it suffices to prove (5.3.4). By the second part of Lemma 5.3.1, we
have

H(q1q2, 192 + a2q1)

d t
N Z d/iW( 638 Z :W( t)sT ((a1g2 + a2q1)at, 1142) -
d;en(Wy, ) t;€T(Wg,)

Notice (dj,,t;,) = 1 for all ji,jo € {0,1,...,s}. Hence to prove (5.3.4) it
suffices to show

T ((G1C]2 + CLQQl)SOdt, Q192) =T (alsod, 91) T (@2%7 Q2) .

By the definition of T', the left hand side equals

q192
Y (u ()t + .. (datss) — N>)

2,=1 4192
ay as s q142 ay as
= e|l——N]e|——FN e —+—) dit;x k) )
( 0 ) ( 92 )E(; (((11 q2 ( )

By a standard trick, we replace x < ¢1q2 by zq1 + ygo with 1 < z < g9,
1 <y < ¢q1. Thus it is straightforward to verify that the xr—sum simplifies
to

ie (%(ditiy)k) ie (%(ditiz)k)

y=1 z=1 72
q1 ay q2 as
= e | —(dyy k) e (— tiz k)
>oe (qrant) e (e
since (t;,q1) = 1, (d;, q2) = 1. Now the lemma follows easily. ]

Recall that by Lemma 5.2.6 the singular series Gyy(N) is absolutely



48

convergent. By (5.3.1) we get

Sw(N)=CY_ D(q)

q>1

with

D) =~ I (1 _ 1) B (5.3.5)

(%
vEWS

On account of the second part of Lemma 5.3.1 and Lemma 5.3.4, the
function D(q) is multiplicative and we can apply the well known product
formula due to Euler to obtain

Sw(N)=C [] (Zp(p")>. (5.3.6)

pprime \n>0

We have to distinguish two cases in order to determine the value of the
factor 3=, - D(p"). If pfv forallv € W, then P, = @ and II(P,.) = {1}.
Consequently

a=1

and ) -, D(p") equals the factor usually denoted by x(p) associated
with the singular series & = [, x(p) of the classical Waring’s Problem
(for a definition of x(p), see e.g. [21, p. 26]). Thus we rewrite the formula
(5.3.6) as

swN)y=Cc [ x» ] D_be.

pprime pprime n>0
ploYvew FveW : plv

It is well known that 0 < [],x(p) < 1 (see e.g. [21, Lemma 5.2 and
Lemma 5.6]) and it is easy to see that

0< H x(p) < 1.

p prime

YveV : phu
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We define
k(p) =Y D(").

n>0

For an integer p. we use the abbreviation p ~ W if p divides some v € W.
We have proved the following lemma.

Lemma 5.3.5. If

I #) >0,

p~W

then

Let p ~ W and let v, € VW denote the unique prime power in W such
that p|v,. Recall (5.3.5). Notice that for n > 1, we have

Hence

Let n > 1. By the definition of B(p™) and (5.2.16) we have
P B(pt) < p e,

Hence
K(p) = 1+ O (ps/F+1+) |

and consequently (see e.g. [21, Corollary to Lemma 5.2]) there is a py
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depending only on s, k such that

DO | W

< [ <

pP>Ppo

DO | —

Therefore, Lemma 5.3.5 yields the following lemma.

Lemma 5.3.6. There is some py € N, depending only on s, k, such that
of

k(p) >0
for all p ~ W with p < pg, then

5.3.2 Properties of x(p)

For the remainder of the paper, we assume p ~ W. We have D(1) =1
and

pn
a
D(p") = Z T4(a,p")e (_EN)
(=)

for n > 1, where

(e

Y(a,p") == p" (1 _ l) B > MWT@Z) P 16 (ad’“xk) .

[} Y23
p de{l,up} z= p

Lemma 5.3.7. Let p ~ W. Suppose v, = p". One has

K(p) = (1 - l) i MY

Vp oo pf(sfl)

where £ = 2r(k — 1) — 1 and M (p*) is defined as the number of solutions
of

i 4. +2"=N modpf (5.3.7)
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with v, { x; and 0 < z; < p*.

Proof. We follow the proof of [3, Lemma 10]. Let ¢ > r. For d € N* let
M (d,p*) denote the number of solutions modulo p of (5.3.7) with d;|z;.
Recall that (1) =1 and pyy(v) = —1 for all v € W. Thus

M@Y= > pw(@)M(d,p") (5.3.8)
dje{lvvp}

by the inclusion-exclusion principle. For d; € {1,v,}, let

T ¥ (Leatn).

y=1 z;=1
On the one hand,

p’ pt/d;

L(d, p") dy Y e ( ((di21) +...+(dszs)k—N))

y=1 z;=1

:dl"'dsp M(d’p);

(5.3.9)
on the other hand,
l p" pl apé—n
-> ¥ e( )
n=0 ( a:)l 1 zj=1 p
a,p)=
P . ) (5.3.10)
=3 % ) e (o).
n=0 a=1 ;=1 p
(a,p)=1

Combining (5.3.9), (5.3.10) and (5.3.8), we deduce

M(p")

l
_pfemD S s Z fiw d;s 3 G(Z%Spd(x)>- (5.3.11)

dje{l, vp}
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Recall that II (P) = {1,v,}. If n > 1, we have

p"  p"
dieflop) T ast @ (5.3.12)

(o) ()

The summand corresponding to n = 0 in the n—sum of (5.3.11) equals

> s ()= (- L)

dje{l,up} y=1

By this, togheter with (5.3.12) and (5.3.11), we get

M@ph = p'b (1 - v%) (1 +) T (a,p")e (—]%N))

n=1

s £
1
= pﬁ(s—l) <]. — U_) E D(pn)
p

n=0

and the lemma follows. O

5.3.3 Proof of Theorem 4.2.2

Lemma 5.3.8. Let p ~ W with p* = v,.

e Ifptk, one has k(p) > 0.

o [fplk, defineT by pT||k andlet c =7+ 1 ifp#2 ando =17+2 if
p = 2. Then k(p) > 0 whenever

e+ 42" =N mod p”

has a solution with p{xy and p*{ x; fori=2,...,s.

Proof. By Lemma 5.3.7, it is sufficient to show that M(p%) > C, p“~Y
for £ > 2 4 o, where C}, > 0 is some constant depending only on p.
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Let p t k. It is known (see e.g. [68, Lemma 2.15]) that for every integer
N there are integers 1 < z; < p with p { z; such that

i . +ab=N mod p.

Clearly, p* f x; for i = 2,...,s. By [21, Lemma 5.4] there is an integer x
such that

k4 =N mod p?,

where x = z; (p) and hence p t z. As in [3, page 20], we can obtain
by Hensel’s Lemma (see e.g. [58, page 87]) the existence of p(s~1(¢=2)
solutions of

Y+ 4+ yf =N mod pf (5.3.13)

with pfyy, p*fy; fori =2,...,s and the lemma follows in the case p k.

If p|k, we assume a solution of z¥ + ...2% = N mod p° with p { 2,
and p* t z; for i = 2,...,s. We can lift this solution as in [21, Lemma
5.5] and obtain pt~D=2) solutions of (5.3.13). O

The following lemma is useful to prove an analog to Lemma 5.3.8
when p € W, ie. v, =p.

Lemma 5.3.9. Let p,n € N with p prime and ptn. Then
¥ 4+y*=n modp (5.3.14)

has a solution with p t vy whenever p > (k — 1)* + 8k.

Proof. Denote by w the number of solutions modulo p of (5.3.14) having
p 1 xy, and let Q stand for the number of solutions modulo p of (5.3.14)
with x,y arbitrary.

By [54, Theorem 6.37], one has

Q>p—(k-1)*Vp.

Since the number of (z,y) € {0,...,p — 1} such that z* + y* = N (p)
and p|zy is at most 2k, we have

w>p—(k—1)*/p— 2k
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By a short computation we get that w > 0 if p > (k — 1)* + 8k. O
Lemma 5.3.10. Let p € W.

o Ifp>(k—1)*+8k, then (p) > 0.

o [fp < (k—1)"+ 8k, then r(p) > 0 whenever

¥+ .. 42" =N mod p”
has a solution with p{xy---xs, where o is as in Lemma 5.5.8.
Proof. Notice that p > (k — 1)* 4 8k implies p { k. First we show that
k

i+ +2"=N modp (5.3.15)

has a solution with p{ z; - - - x, for all p with p{ k and p > (k —1)* + 8k.
For all © > 4 we take z; = 1 and have to find a solution of

¥+ ok =N—(s—3)—af mod p,

such that p f z1x9x3. By Lemma 5.3.9; such a solution is guaranteed if
there is some x3 not divisible by p such that

N—(s—3)—25#0 mod p. (5.3.16)

It is known that the number of k—th power residues modulo p is

p—1 (k-1 48k

Thus there are integers a # b (p), both not divisible by p such that a = z*
mod p and b = ¥ mod p have a solution. Thus (5.3.16) has a solution
with p{ 2%

It remains to show that a solution of

4. 4+2" =N mod p”

s—1)({—c

with p{ 2 - -z, implies the existence of p( ) solutions of

Y4+ .. +y*=N modp
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with p{y - - -y, for all £ > . Similarly to the proof of Lemma 5.3.8, this
is a consequence of [21, Lemmas 5.4 and 5.5]. O

Now from Lemmas 5.3.6, 5.3.8 and 5.3.10, we deduce that Sy, (N) > 0
if the following conditions hold:

Cy: For all p?> € W with pl|k there is a solution of

¥+ 4+ 2¥=N mod p° (5.3.17)

with ptz; and p*fx; fori =2,...,s.

Cy: For all p € W with p < (k — 1)* + 8k there is a solution of (5.3.17)
with p{zy - - - xs.

Lemma 5.3.11. If p> € W with p { k, then Condition Cy holds unless
pk # 4.

Proof. Let pk # 4. It suffices to detect a solution of (5.3.17) with p { 4
and p? { x; for i = 2,...,s. Notice that 0 = 2% mod p° has a solution

x = p if ¢ < k. By the definition of ¢, the condition ¢ < k holds unless
k=p=2.

Notice that s > p? unless k < 4. Thus if £ > 4, we can construct a
solution of (5.3.17) by taking #; = 1 and 2% € {0,1}, i.e. z; € {1,p},
suitable for i = 1,...s.

It remains to investigate p = k = 3. A solution of (5.3.17) is found
since ¥ =1, -1 (9) for 3z and 2% =1,—1,0 (9) for 91 x. O

Notice that the case k = p = 2 was investigated by Esterman [28].
Since 22 = 1 (8) if 2 1 z;, Condition C} is reduced to Condition A if
k=2 and 4 € W. Now, Theorem 4.2.2 follows.



Part C:
Waring’s Problem, squarefree numbers, and digital
restrictions
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6 Results and context

6.1 Sum-of-digits function

Let ¢ > 2 be an integer. It is well known that every positive integer n
admits an unique representation

Jj=0
in the g-adic numeration system, where 0 < a; < ¢ for all j € N. Let
)= a;
Jj=0

be the sum-of-digits function. Its basic property — called ¢g-additivity —
that s,(ng" +m) = s,(n) + s,(m) holds for all n,m, h € N with m < n”.

One of the first investigating the sum of-digits function is Bush [12].
For a fix integer base ¢ he proved in 1940 the asymptotic formula

Z Sq(n) ~

n<X

! X 1og X, 1.1
210gq og (6.1.1)

For a fix integer a and a real number z such that |z| < 1, Bellman and
Shapiro [6] made use of identities of the form

H (1 + a:v2k> _ ZGSQ(n)xn

k>0 n>0

in order to deduce asymptotic formulas (6.1.1) with explicit error terms.
Refinemends on the error term are due to Mirsky [57] and Drazin and
Griffith [23]. Generalizing a first result of Trollope [66], Hubert Delange
[22] proved an explicit error term for the asymptotic formula (6.1.1) in
1975. He showed that

-1 log X
log X + F
XT;( 210gq ogA + (logq)’

where F'is some periodic continuous function with period 1 and is defined
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in [22, p. 32]. The more general case of digit representation with respect
to linear recurrences has been studied by Pethé and Tichy [59].

Let h,m,q with m > 1, ¢ > 2 be integers such that (m,qg—1) = 1. In
1967, Gelfond [32, Théoreme 2| showed that for an integer n the condition
that n is squarefree, i.e.

p?(n) =1, (6.1.2)

and the condition
sq(n) =h mod m (6.1.3)

are in a certain sense independent, i.e. the density of integers n such that
(6.1.2) and (6.1.3) holds is

——,
mm

as one expects, since we recall that the density of squarefree numbers is

6/m2. We want to mention that the condition (m,q— 1) = 1 is necessary

since s,(n) =n mod (¢ —1). Under this condition, it is very easy to see
that the density of integers fulflilling (6.1.3) is 1/m.

Geflond also conjectured that for given coprime bases ¢, ¢2 and in-
tegers my, ma, {1, 5 such that (my,q; — 1) =1 and (mg,qe — 1) =1, one
has

1
N#{n < N|su(n) =46 modmy and s, (n) =0, mod mo}
1

mimes

as IV tends to infinity. In 1972, Bésineau [7] proved this conjecture. An ex-
plicit error term and a generalization of the result was given by Kim [52].
For a short survey of this results we refer also to a paper of Thuswaldner
and Tichy [64].

An other very prominent example of such hybrid results related to
the sum—of—digits function in the question, if there are infinitely many
primes p such that (6.1.3) holds with p in place of n. The first results
in this direction did show that there are infinitely almost prime numbers
fulfilling this condition. More precisely, for an integers r > 1 the set P,
is defined as the set of all integers having at most r prime factors. We
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mention (see e.g. [62]) the result

X (loglog X)) 1
(r—1)og X

#{n < X|n=p;--p, for some primes p,...p,} ~

Fouvry and Mauduit [30], [31] proved that for all integers ¢, m,a with
m,q > 2 and (m,(¢— 1)) =1, on has

#{n < X|s,(n)=a mod m and n € Py} >ClogX
for some constant ¢ depending on ¢ and m. We also want to mention
the works of Dartyge, Mauduit and Tenenbaum [15], [16], [17] where
the distribution of almost primes with such digital restrictions has be
investigated. Only recently, Mauduit and Rivat [56] proved that there
are infinitely many primes p such that (6.1.3) holds with p in place of n.
Even more, they showed that for given intgers ¢, m,a with m,q > 2 and
(m, (g —1)) =1 one has

1 =z

#{p < X|s,p) =a modm NalogX'

Indeed, an explicit error term is given in their paper.

We want to remain to Section 3 and recall that such results show
that certain properties among the integers are independent. We also want
to mention that — besides the presented results concerning the sum—of—
digits function — there are further interesting question concerning digital
restriction. For instance, one can suppose that the g—ary representation
of an given integer n contains only digits of a set D C {0,1,...,q — 1}.
Among others, Hybrid results in this direction have been obtain by Erdos
et al. [26], [27]; and Dartyge and Mauduit [15]. However, we have not been
able yet to prove results concerning Waring’s Problem with variables with
missing digits. In particular, this might be due to the fact that the sets
of integers that do not contain a given digit d € {0,1,...,¢ — 1} in it’s
g—ary representation are not dense.
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6.2 Waring’s Problem

The purpose of this chapter is to study the independence of the conditions
(6.1.2) and (6.1.3) among the set of solutions (x1,...xs) € N* of

N=zob+. ... 4+2F (6.2.1)
where s,k € N and N is a given integer.

On the one hand, we want to recall Corollary 4.2.3 that we stateted
at page 29 and proofed in the previous chapter of this work. We also want
to reformulate the relevant condition. As always, let s and k£ be intgers.

A: Let (N, s) be said to satisfy Condition A if
2+ ...+22=N mod 32

has a solution with 4t z; for j =1,...,s.

Condition A holds for all N if s > 8. Hence Corollary 4.2.3 can be read
as the following: Denote by Ry, ,2(N) the number of solutions of (6.2.1)
where the variables z; (j = 1,...,s) are assumed to be squarefree. For
s > 2% there is some p > 0 such that

Rkasvlﬂ(N) = Gk,s,;ﬂ (N)Ns/k_l +0 (Ns/k_l_p) (6.2.2)
holds. One has &y, ,2(N) > 0 if k£ > 3 or Condition A holds.

One the other hand, Thuswaldner and Tichy [65] investigated War-
ing’s Problem where the digit sums of the variables z; (j = 1,...,s)
are assumed to be in a certain residue class. Denote by Ry shm(/V) the
number of solutions of (6.2.1) where for all j =1,..., s, the variables z;
are assumed to fulfill

8¢;(7;) = h; mod m;

for given integers h;, m;, q; with m;,q; > 2 and (¢; — 1,m;) = 1.
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For s > 2% Thuswaldner and Tichy proved that

1

Ry shm(N) ~ mrk,s(N) (6.2.3)
holds. Indeed, an explicit error term is given in their paper. The proof of
this result as well as our main result of this chapter makes use of ideas
of auto—correlation results of the sum—of-digits function. Related results
can be found in the works of Bésineau [7] and Kim [52]. Recall that
in the language of Section 3, Thuswaldner’s and Tichy’s result shows
that the condition that an s-tuple of integers is a solution of (6.2.1)
is asymptotically in a first-order approximation independent from the
condition that its elements fulfill (6.1.3).

As already mentioned, we want to show that one can combine the
results presented above. We prove that among the solutions of (6.2.1),
the conditions (6.1.2) and (6.1.3) are independent. We thus show that for
sufficient large N the equation (6.2.1) has a solution where the variables
meet conditions (6.1.2) and (6.1.3).

Theorem 6.2.1. Let s,k € N with s > 2% h;, m;, q; € N satisfying (q; —
1,m;)=1,q; >k forall j=1,... s. Furthermore, for all j =1,...,s,
the integer q; has the following property: for all integers 0 < b; < gj,
there are integers 0 < {;, z; < q; such that

bjéj =z mod d; with 0 < Zj < q; — k. (624)

Let Ry, s hmu2(N) be the number of solutions of (6.2.1) with x; squarefree
and
5q;(2;) = h; mod m;

forall j =1,...,s. Then the asymptotic formula

1 s/k—1 Ns/k—l
Rk757h7m1H’2(N) - mgk,s,/ﬂ(N)N + 0 (W)(GQE))

holds for all non negative A € R.

Recall that &y, ,2(N) > 1if k > 3 or Condition A holds. Note that
condition (6.2.4) is fulfilled for ¢; prime with ¢; — k > 1.

Our method of proof does not permit the derivation of a better error
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term (see Remark 7.1.4 at the end of Section 7.1). Although the condition
s > 2% can be weakened as in the classical Waring’s Problem if one only

assumes that the variables meet (6.1.3), the assumption s > 2* is essential
in the proof of Theorem 6.2.1 (see Remark 7.1.2 after Lemma 7.1.1).

At the very beginning (see formula (7.1.4)) of the proof of Theorem
6.2.1, we make use of the convolution formula p?(z) = >z #(d). The
only difficulty caused by the condition that the variables in (6.2.1) are
assumed to be squarefree is that s,(x) = h mod m must be changed
into s,(xd*) = h mod m. Hence, one can adopt literally the proof of
Theorem 6.2.1 if the condition (6.1.2) is generalized as follows:

Let V be a set of pairwise coprime integers not containing 1 and
assume that there is some § > 0 such that

1

2 o

veV
converges. Theorem 6.2.1 remains valid if one replaces the condition
p?(z;) = 1 by xp(x;) = 1 on the variables z; in (6.2.1) forall j = 1,.. ., s.
We refer the reader to the previous chapter for a definition of yy,. Notice
that if V is the set of the squares of all primes, we have yy, = u2. One
also finds in the previous chapter an asymptotic formula for the num-
ber of solutions of (6.2.1) where the variables z; meet xy(x;) = 1 for
j=1,...,s.
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7 Proofs

The proof of Theorem 6.2.1 is organized as following. In Subsections 7.1
and 7.2 we show that Theorem 6.2.1 can be deduced from Proposition
7.2.1 that is stated in Subsection 7.3. The remainder of this chapter is
devoted to the proof of Proposition 7.2.1. At the end of Subsection 7.3 we

say a few words about the method we utilize in order to prove Proposition
7.2.1.

7.1 Preliminaries - the circle method

We fix A € R arbitrarily large. Thus

1 s
Ry s pm 2 (N) = / (H u;(P, 0)) e (—N0) db, (7.1.1)
0 \4=1
where we define

WP = 3 wne (ko)
n; <P
5q; (ni)=h; (m;)

and P := [ N'Y*|. In order to remove the congruence condition s, (n;) =
h; mod m; in w;(P,0), we write

= LSS e (Y ot

=0 n<P

by following Gelfond [32]. We insert this into (7.1.1) and split the ob-
tained expression into a part where all ; =0 (i = 1,...s) and a remain-
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ing part. This yields

}%k,s,h,rn,,u2 (N>
1 /1 2 2 k k
= pwi(ny)--- p(ng)e (0 (ny +---+n; —N))db
mmZ (m1) Z (ns)e (0 (ny ))
1 mi1—1 ms—1 1 s
_— 1 (P, 0 —NGO)do
e YR ol || CNCT)
11=0 1s=0 i=1
l1+"'+ls7£0
(7.1.2)
with

S (P0) ==Y e (9n§ + zw> 113 (n;).

my
n; <P

Note, that the first integral in (7.1.2) equals Ry ; ,2(/V) and we can utilize
(6.2.2).

Let1:=(ly,... ) with0 < [; <m;—1(i=1,...,2) and [y +- - -+1s #
0, and we define

[ / 1 (H Si(P, e)) ¢ (—NO) do.

Theorem 6.2.1 follows if we prove that L; = O(N*/*~1/(loglog N)*). Let
l; be an entry of 1 that is not equal to 0. Then

1
|Li| < sup {|S;,,(P,0)]} max}{/ |S,~7li(P,9)|81d9}. (7.1.3)
0

6€0,1) i€{l,...,s

Since s > 2%, we have

1
/ |S;0,(P,6)"" db
0

IN

1 -
psi-2 / S (PO VS, (P,6)2 1V dh
0

Ps—1—2k

#{nl,...,ns <P:nlf+~~~+n§k_1 :n’;k_l_1+~~+nl§k}
—k—

< ps 1’

IN
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where we utilized Vaughan [70, Theorem 2|, a strong version of Hua’s
Lemma. We deduce from (7.1.3) that

Ly=0 ( sup { }Ps_k_1> )
0el0,1)

Hence, the following lemma yields Theorem 6.2.1.

(P, Q)S—Qk

S;

7l]

Lemma 7.1.1. Let [,m,k,q be positive integers with m > 2,q > 2 and
m1tl(qg—1). Then

Q) i= 3 ¢ (B 4 sy 0) ) () € o

n<N
holds uniformly in € [0, 1).

Remark 7.1.2. Above, we made use of Vaughan [70, Theorem 2| where the
condition s > 2* is necessary. If s > 2* does not hold, relevant version’s
of Hua’s Lemma imply an additional factor P¢ for an upper bound which
is too big since we can not improve the bound Q(N) < N/(loglog N)#
in Lemma 7.1.1.

Applying the convolution formula p?(n) =Y . u(z), we have

22|n

Q(N) = Z,u(z) Z e (Z%an + %sq(nzz)) . (7.1.4)

z>1 n<N/z2

We split up the sum into a part with z > (loglog N)?4 and a part with

z < (loglog N)?4. Therefore

Q(N)

N
< > =

2>(loglog N)24

D SN TEI b oy CIR )

2< (log log N)24 n<N/z2
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and thus
QN)
N
(loglog N)4
[
+(log log N)*4 max Z e (szan + Esq(nzg)) ,
Z<(:2g(zo)g:1) n<N/z?2

by using the trivial bound N/z? for the inner sum of (7.1.4) in the case
of z > (loglog N)?4.

Theorem 7.1.3. Let B, D > 0 and let q,d € N satisfying ¢t d V (¢*|d A
@1 d). Then one has

S e (o0 Latnd)) < T

n<N/d

uniformly for € R and d < (loglog N)P.

Theorem 6.2.1 is proved by applying Theorem 7.1.3 with d = 2% and
D = 4A. Notice, that the condition p?(2) = 1 implies ¢ t dV (¢*|dA¢® | d)
and N(loglog N)?/(log N)? < N/(loglog N)*. The proof of Theorem
7.1.3 is the objective of the remaining paper.

Remark 7.1.4. The bound of Theorem 7.1.3 is stronger than necessary.
However, we can not achieve a better error term in Theorem 6.2.1 since
the condition d < (loglog N)” in Theorem 7.1.3 is necessary and forces
us to bound the summands in (7.1.4) with z > (loglog N)?4 trivially by
N/z?. Therefore, we are not able to improve the error term

O (Ns/kfl/(log log)A)

in (6.2.5).
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7.2 Weyl’s inequality

Let k € N, p: N — C and n,hy,hs,... € N. We define the higher
difference operators Ay recursively by

Ai(p(n); hi) = p(n + h1) — p(n)

and
Aji1 = A1(Aj(p(n); b, - ooy y)s hyjsn)
for j € N. Notice, that Ap(n¥;hy, ..., hs) is independent on n.

We define I C N to be an interval of integers if I := {n € N : a <
n < b} for certain a,b € N. The aim of this section is to show that the
following proposition implies Theorem 7.1.3.

Proposition 7.2.1. Let B,D > 0 and let d, k,m, h,q, N be positive in-
tegers such that m > 2, ¢ > 2 and m 1 h(q — 1). Let further Uy, ... Uy, J
be intervals of integers with /N /d < |Uj| for all i = 1,... k. Assume
|J| < N. We further define

Y(Uy,...,Uk, J)
2
h (7.2.1)

= Z Z Z€<_Ak (sq(dn);hl,....hk))

h1€U; hp€Uy |neJd m

Then 1

Y(U,,....,Ug,J Uyl U TP —s
(U1, U, J) < UL+ U] ]| s )2

holds uniformly for all d < (loglog N)P satisfying ¢t dV (¢*|d A ¢* 1 d).

We can argue literally as in Section 8 of [65] to prove that Theorem
7.1.3 can be deduced from Proposition 7.2.1. Therefore, we only give
short sketch of this statement.

Proof of (Proposition 7.2.1 = Theorem 7.1.3). For abbreviation, we de-
fine M := | N/d]. Using the classical version of Weyl’s Lemma (see e.g.
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(68, Lemma 2.3]), we get

ok

D e <6nk + %Sq(dn))

n<M

< pupl Y Z“h)e(%Amq(dn);m,...,hm),

|hal,... |he | <M |n€Hy (h1,.

where Hy(hq,...hg) is an interval of integers depending linearly on the
parameters hq, ..., hi. We remove this dependence by splitting up the
sums into parts of reasonable size. Besides, we make use of the Cauchy-
Schwarz inequality in order to get a square of the modulus of the inner-
most sum. Now, we can apply Proposition 7.2.1. O]

In order to prove Proposition 7.2.1, we refine a method which has
been developed in the work of Thuswaldner and Tichy [65] that we men-
tioned in Subsection 6.2. Very roughly speaking, the main idea is to split
up the intervals Uy, ..., U, J in (7.2.1) such that Y (Ui, ..., U, J) can be
bounded by a sum of elements having the same shape as Y (Uy, ..., U, J).
This process will be applied iteratively until two summands V; and V;
can be bounded non trivially. In the next Subsection, we give prelimi-
nary definitions and construct sequences V; and Vs, that will indicate the
summands Vi and V5. In Subsection 7.4 we perform the iternations. In
Subsection 7.5 we simply make use of the inequality (1 —o)" < e that
is valid for all 0 < o < 1 and t > 0 in order to conlcude the proof of
Proposition 7.2.1 that yields Theorem 6.2.1.

7.3 Auto-correlation functions

Let d always denote a positive integer with ¢ 1 d V (¢*|d A ¢* 1 d). Let

Q = {0,1,2,...,q—1},
M {1,2,...,k},
M = {0,1,2,...,k+d},

and

F:={f:P(M) —>M'},
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where P (M) denotes the set of all subsets of M. For r = (r1,79,...,7%) €
QF i€ Qand S C M we define

tes

Zea(1)(S) = {MZMWJ ’

with |z, := |z/q]. Notice that f € F implies =, ,(f) € F. Let Fy, F} €
F be defined by
F()(S) =0

for all S C M and
Fl(M) = ]., Fl(S) =0

for all S € M. Further, we define iterates of =, ; by

= . == e
“{I‘MehgegL : —TL,'L o o —ri,n1o

where the composition is defined by

(Erz,iz © Erl,il) (f)(S) = E'I‘2,i2 (Erhil (f)) (S)

for f € F,S C M. For the sake of a simple notation, let E{rz,ie}eem(f) =
f, where () denotes the empty set.

Let LEN, ¢ < Landr, € QF ip, i, € Q. Let further fi, fi,q1,92 €
F. We define

(resier,ie2)1<e<r
(flafZ) —_— (91,92)
to be an equivalent expression for
E{Pz,imhgegL (fl) =0 A E{l‘e,imhgsz (fQ) = 92-
Lemma 7.3.1. There is a sequence (f'g,igl,'zgg)lggy with

log(d(k + d))

L =
L log q

1+1

such that for any (fi, f2) € F? one has

) (Fosie1,402) 1< < 1t
—(

(f1, fo Fy, Fy).

We denote this sequence the (Fy, Fy)—sequence with length L'.



70

Proof. Given a sequence (ry, i1, %s2)1<¢<r, we define for all integers n > 1
G,, H, € F such that

(Fo, Fo) T, (G Hy) B, (g ) B (g )

holds.

We first show that there is a sequence (ry, s, i2)1<o<r7 such that

(Fy, )~ (R (7.3.1)
with L” < logd/loggq. In that what follows, we define this sequence
recursively.

The following frequently used trick is to define r = (ry,...,r;) such

that ), o7 only peaks the critical value ¢ — 1if S = M.

We choose s ;=0 forall 1 </ < L" and iy :=0forall2<¢ < L".
For S C M we have

Gl(S) = \‘dill—FZTltJ .

tes

We need to distinguish two cases. Let d = ag + § with integers «, 3 and
pge Q.

o If 3 # 0, we make use of the condition (6.2.4). We thus camn choose
a non—negative integer 7;; € Q such that ;6 = z mod ¢ with
0 < z<qg—k. Thus 18 = v¢ + z with v € N and consequently
diyy, = qap + 2z with 0 < ap = ai; +v < d. We take ry :=
(g—k—24+1,1,1,...,1). Hence,

Zr1t<q—z

tesS

Zﬁt:q—z‘

teM

it S C M and
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Thus, we obtain

tes

Gl(S) = + \‘Z + ZT’MJ = o1 + Fl(S)

Since » , g1 < g for all S € M and i = 0, we have

Hy(S) = {ZT“J = Fy(9).

tesS

If o =0, we take L” := 1 and (7.3.1) is shown if § # 0. If a; > 0,
we have to go on and get

tesS

Go(S) = \‘ngt—i—al +F1(S)J )

Recall that we defined iy; = iy = 0 if £ > 2. We define the integers
ag, fo via ay = qag + [y with By € Q. By taking ry := (¢ — 2 —
1,0,0,...,0) we have

GQ(S) = Q9 + \‘52 + ZT’M + FI(S)J = (9 -+ Fl(S)
tes q

and Hy = Fy. We repeat this procedure until o; = 0 for the first
time. We take L” := j and (7.3.1) follows in the case 3 # 0 since

j <logd/loggq.
If 3 =0, we take i1; := 1. We set ry := (¢ — k,2,1,...,1) and get

tes

Gl(S) =+ \‘ZT’UJ =+ F1(5>

However, we have

Hi(S) = {Zr”J = F(9).

tesS

Since ¢|d, we have g|a and ¢2 1 a by our assumption g  dV(¢?|dAg3 |



72

d). Hence, o = gay with an integer oy with g t ap. Hence, ay # 0.
Take ry := (¢ — k,1,1,...,1), thus

GQ(S) = Q9 —+ \‘Z’f‘gt + FI(S)J = (9 + F1<S)

tesS

and
Hy(S) = {ZTQt + Fl(S)J = F\(9).
tesS q

Since q 1 ag, we have an = qag + 3 with 0 # 3 € Q. We take
r3:=(¢g—1-—05,0,0,...,0) and obtain

G3(S) = a3 + {ﬁg +) s+ Fl(S)J = a3+ F(9).

tesS

Since ) ,.gr3 < g —1forall S C M, it follows

Hy(S) = {Zm + Fl(S)J = Fy(9).

tes

If g = 0, we get (7.3.1) by choosing L” := 3. If a3 > 0, we can now
proceed as in the case [ # 0 and define L” as the smallest index
j > 3, where a; = 0. Again, L” < logd/logq holds and (7.3.1) is
proved.

Secondly, it is easy to see that

(0,0,0) 1<e<i!

(f1, fo) ——— (Fo, Fo)
holds for all L > log(k + d)/log q. Thus we take

log(k + d)

L/// o L/ _ L// >
' log g

with L/ := [ 28@0HD) |4 1 a5 stated in the lemma and define the (F}, Fp)—

log q



73

sequence by

(f‘g, %gl,%m) = (0[, 0, 0) fOIl S é S L”/,

A 0 0 . . "
(I‘g+LH/,Z(g+L///)1,Z(g+Lm)2) = (I'Z,Zﬂ, Zgg) for1 < ¢ < L".

Let

r' = (¢g—k1,1,1,...,1) € Q" (7.3.2)

Notice that the sum of the entries of r* equals ¢ — 1. Thus, the equations

Ew,0)(Fo) = Fo,
0 (F1) = Fi,
“e0(F) = A (7.3.3)
Z(0,0)(F1) = Fo,
E(0.0)(Fo) = Fo,
are easily proved. Let
L:=1L+2, (7.3.4)

where L' is as in Lemma 7.3.1.
We now define two sequences

Vi = (v, 01, 2 )1<i<L

and
Vo = (T, U1, iz )1<i<L,

that play an important role in the proof of Theorem 6.2.1. For 1 <[ < L’
let
(r2, 401, 712)

(f‘l, %11, %ZQ) and
(Try i1, 12)

(fla ill? gl2)7

where (¥, %1, 12) are the entries of the (Fy, Fy)-sequence with length L'
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defined in Lemma 7.3.1. Let further

r;:=(0,0,...,0), T,:=r" for |=L—
r = f’l = (O, 0,. .. ,O), for [ = L (735)
2'11:7;[2:;[1:%[23:0 for =L —1orl=L.

Thus we conclude by (7.3.3) and Lemma 7.3.1 that

(0,0,0) (0.0,0

F,Fp)-sequence,
(f17f2)(%<F1’F0) — (Fy, Fp) — (Fo, Fo) (7.3.6)
W
and
F1,Fp)-sequenc r*,0,0
(fi, fo)utorseaenct p oy 0D p @0 (g Ry (7.3.7)

\V—Q/’///
holds for all (f1, f2) € F>2.

Later, the following lemma will be of use. Its proof is straightforward.

Lemma 7.3.2. Let G be a finite set and A := (aij), ;. be a matriz with

non negative real entries. For y € N, let (a-y)> =AY, Let X >0
i,jeG

with Y e @i < X, for all i € G. One has

Yoay < xv

keG

~
<

foralli e G.

7.4 Iterations

Recall that our aim is to show Proposition 7.2.1. Let B, D > 0 and
d < (loglog N)P.

Let I be an interval of integers, i.e. [ := {n € N : a < n < b} for
certain integers a < b. For ¢ € N we define ¢/ :={n € N : ecn <n < cb}.
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For fi, fo € F and Iy, ..., I}, J intervals of integers let

Cb(hl,---ahk;Jafl)

h
neJ ng tes
We further define
U (I, ..oy Iee1s Iy J, f1, fo)
= Y B s L)@ (T )

hi €l
and
X([lv"'7]/€;<]7fl7.f2)
= Z Z U (hiy ooy hgors I, J fr, f2) -
hi€lh hrp—1€lp_1
Since
Ay (sq(dn), by, hy) = > (=118 (dn—l—Zdht>,
SCM tes
we have
Y(Uy,...,Uk, J)

2

Ze(%z 1)k 151 <dn+2dht)>

h1€U; hipeUy |nedJ SCM tes
2
h _
SIS s E e 85 )
hi€dU;  hiedUy |neJd SCM tes

= X<[17"'7[k;J7F07F0)’

where I; := dU;. Thus VN < |I;|. Note that we substitute in the inner
sum dh; by h; since we extend the intervals U; to I; = qU;. This is the
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essential trick of this paper. Our aim is now to show

1
) 2
X([la"'ajkajaf17f2)<<’[1"“‘119”‘]‘ W (741>
for arbitrary fi, fo € F,
VN < |I;] and [|J] <N. (7.4.2)

Recall d < (loglog N)P. Provided that we can show (7.4.1), we take
f1, fo = Fy and obtain

Y(U17"‘7Uk7‘]) S X(Il7"'7lk;<]7f07f0)

1
Ll ||| —
SORVARER V) (log N)?
1
2 kD
<O U1 TP log log )™ G
1
o .. 2—
< U]+ [Ukl[J] (log N)B

Thus, to prove Proposition 7.2.1 and consequently to prove Theorem
6.2.1, it suffices to show (7.4.1). The proof of (7.4.1) is the matter of the
remaining paper. To do so, we need the following technical lemma which
is similar to [65, Proposition 5.1].

Lemma 7.4.1. For fi1, fo € F,L € N we have

X (qula SR 7qLIk;qL‘]a f17f2)

= 2 2

T1,...y I‘LGQk i1,...iL€QQ

X (Ih s JIkv J; E{mﬂmhgegu E{I‘Liez}lgegL (fl)) )

where

& (f17f27r7i17i2>

= e (% > Db, S — b<f2,5’w'2>>> =

SCM
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and b(f, S,r,i) € Q is defined via

di—i—Zn—i—f(S) =zq+b(f,S,r,1)

tes
with z € N.

Remark 7.4.2. Note that z = Z,;(f)(S) = [di + > ,cqme + [(5)]q

Proof. Note that for an interval of integers I, we have
gl ={qh+r : hel,reQ}.
We first prove the case L = 1. Therefore, we consider

Q (ghy +r1,...,qhi + 11597, f1)

SO I IETEE

1€Q neJ SCM

+5, <q <dn+2ht> +dit+ Yy —|—f1(s)> )

tesS tes

Since

di + Z?} + f1<5> - qEr,z<f1>(S> + b(f1>S> r,i),

tesS

we get due to the ¢g-additivity of the sum-of-digits function

Sq <q (dn—i—th) +dit+ > +f1(8))

tes tes

= s, <dn + h+ Er,i(fl)(5)> +b(f1,S,r, ).

tesS

By the definition of X (I,...,Ix; J, f1, f2), the lemma is proved in the
case L = 1. Repeating the procedure L — 1 times yields the result. [
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Lemma 7.4.3. One has
Q(FO7F0707070) = ]-a

a(Fy, Fy,0,0,0) = e (—) and
Fi, Fy,r*,0,0) = 1—q)—
Oé( 1, 0, ¥, Y, ) 6(( q)m)>
where r* is defined in (7.5.2).

Proof. Let
Yei(£)(S) :i=di+ > 1+ f(S).

tesS

The remainder occurring at the division of Y, ;(f)(S) by ¢ is b(f, S, r, 7).
Since Yo (Fp)(S) =0 for all S C M, the first statement of the lemma is
valid. We have further Yo o(F1)(S) = 0for all S C M and Yo o(F1)(M) =
1, thus a (F, Fy,0,0,0) = e (h/m).

It remains to prove the last statement of the lemma. For all S C M
we have Yy o(F1)(S) = YT o(Fp)(S) and consequently b(Fy, S, r*,0) =
b(Fy, S,r*,0). Hence

h
CY(Fl,F(),I'*,0,0) =€ <— (b(FhM, I'*70) - b(FmM, I'*70))) .

m
We have Yy« o(F1)(M) = q and Yy o(Fp)(M) = ¢ — 1. Hence
b(Fy,S,r*,0) — b(Fp, S,r*,0) =q—1,

and the lemma follows. O

Recall that we need to show (7.4.1) in order to proof Theorem 6.2.1.

Lemma 7.4.4. Let L := L'+ 2, where L' as in Lemma 7.5.1. Let further
m1th(qg—1), and f1, fo € F. Then the inequality

‘X(thIb s 7thIk7 thJ; f17 f2)|

) t
< (1 ) @R) - @) (@1
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holds for all t € N.

Proof. We extract two summands V; and V5 from (7.4.3) that correspond
to the sequences V; and respectively V, defined in (7.3.5). Thus Lemma
7.4.1 yields

X (qL[b te 7qL[k; QLJ> f17 f2)
=Vi+ Vs
L 7.4.4
+ Z H o (Bpeyiphesers (1) Segigahcsee s (f2) T dens o) ( )

I /=1
X (Il? oo A, I E{rlyiu}lgegm E{rhiw}lgsz(fl)) )

where I' denotes the set off all (ry,...,rz,i1,...1iz) € (QF)Lx (Q?)F apart
from the two elements corresponding to V; or V,. Thus |T| = ¢*+2L — 2.
We use the abbreviation

L-2

A(fl? f2) = H « (E{I‘j,ijj}lgjgé—l (fl)) E{I‘]‘,Z']'Q}lgjgg_l (f2)7 ré? 7’@17 282) N

(=1

We obtain by (7.3.6) and (7.3.7) that

Vi = A(fl,fQ)C((Fl,Fo,0,0,0)Oé(Fo,Fo,0,0,0)
X<]1a"'>[k‘a<];F07F0)

and

‘/2 = A(fl, fg)Oz(Fl, F(),I‘*, 0, O)OZ(Fl, F(), 0, O, 0)
X(Il,...,lk,J;Fg,Fo).

By 7.4.3, we thus get

Vitve= Al sde(2) (1+e (002 )
X (L1, Iy, J, Fo, Fy).

For given functions fi, fo, 91,92 € F, let Ey, 4, . 4o denote the set of
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all (ry,...,rp,i,...1z) € ' satisfying

X (I, Lo i By coer s Ervishiceer, (1)
= X(Il,.--7]k7J7gl7g2>'

We define

d(f1, f2, 91, 92) = Z a(fr, fa, 1,01, 109)

Ef1qf2,91,92

Recall that |I'| = ¢*+2% — 2. The absolute value of the function « is at
most 1. Hence, for all fi, fo € F one has

Z ' (f1, far g1, 92)| < q*TPE — 2,

(91,92)€F?

We rearrange the sum (7.4.4) and get

X (qL-[b s 7qL-[k;qL<]7 f17 f2)

= Z a/(f17f2>gl792)X(]1a-"7Ik7jvgla92)
(Fo,F0)#(91,92)€F

+ (a’(FO,FO) + A(f1, f2)e (%) (1 +e ((1 — q)%)))

X (L, ..., I, J, Fo, Fy) .

Let
a(fh fos 91, 92) == a,<f1)f2791792)

if (91792) 7£ (F[), Fo) and let

a(f1, fa, Fo, Fo)
= d(fi, fo, Fo, Fo) + A(f1, fo)e (%) (1 e ((1 N Q)%>) .

We have
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by our assumption m t h(q — 1). We therefore obtain

ST lalfi, fo 01 92)]

(gl ,92)6.7:2

2 i (7.4.5)
< kL _ (%) = gk tL (1 _ —(4m2§(k+2)L)) .
Now, we define an |F?| x |F?| matrix Z by
Z = (a(f1s f2,91: 92)) (1, )2 (g1 gm)er? -
We get the inequality
(IX(¢" 1, ..., ¢"In, ¢"; fr, ) 4y pyer (7.4.6)

<Z(X(qh, - qdie, @ f1: f2)]) (g1 goyer2

which is meant componentwise.

Let t € N. Due to (7.4.5), we are able to apply Lemma 7.3.2 and we
obtain by the t—fold iterations of the inequality (7.4.6) together with the
trivial bound

(X (I, Iy Js fr, o)l < L [P
the inequality
’X(th-[b oo 7thIk7thJ; f17 f2)|

2 t
= (1 - m> (a*1a1) -+ (¢"[14]) (a™171)"

7.5 Conclusion

Let D, B > 0. We assume N > k. We take

‘o log N
" | 8Dlogloglog N |
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Since d < (loglog N)”, we have

I < log(d(k + d))
- log q

L3 <9D (logloglogN +1>

log q

and

th < N1/4+10g q/(4loglog N)

for all N € N with (loglog N)” > k. Thus there is an integer Ny and
some £ > 0, depending only on ¢,k and D such that for all N > Ny we
have

B

e (7.5.1)

For any 0 < o < 1 one has (1 — 0)" < e7*?. Thus we get

2 t
< e—clog N/(log log log N (log log N)<2D+1)(’“+2))
)Ly

<1  (dm2g(H2

where ¢ = 72/(36 Dm?). Hence

)

2 t
(1 _ (4 27T(k+2)L)) < (lOg N)—clogN/(logloglogN(loglogN)(2D+1)(k+2)+1)
m2q
< (log N)28.
(7.5.2)

Now, we are able to show (7.4.1) which yields Proposition 7.2.1 and
concludes the proof of Theorem 6.2.1. We need to estimate

X(]l,...,lk;Jafhf?)

where the intervals satisfy (7.4.2). For 1 < j < k+ 1, the integers a; and
b; are defined by I; = [a;,b;] and J = [ak41, bgy1]. Besides the integers
uj, v;,74, 85 with 0 < r;,s; < g™ are uniquely defined by

It A Lt ,
a; =q"uj+r;, bj=q"v;+s;

for all 1 < j < k + 1. Notice that u; # v; by (7.4.2) and (7.5.1). We
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finally define

I = [uj>vj]7 J = [uk-l—lvvk—i—l]

for 1 < j < k. It is a straightforward exercise to verify

X<]17"-7-[ka<];flaf2)
_ L VN
= X(QLtjla---athIk>thJ§flaf2)+O<|Il|"'|[k||J|2F :

By Lemma 7.4.4, we finally get

X(]la"'>Ik7<];f1,f2)
7T2 t \/N )
< ((1 B (4m2q(k+2)L)) + Pz PAARERY AR

Proposition 7.2.1 is proved by applying (7.5.1) and (7.5.2).
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