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1 Introduction

In many contexts we want to compute a” in a multiplicative group G for an integer n.
For example in public-key cryptography this is a very common operation. One possibility
to do this efficient uses the binary expansion of the integer n = (e...g¢). It is called
Square-and-Multiply method. There we compute

a" = ( . ((CLEL)Q asL*)2 . .>2a€°.

If &; = 0 the multiplication by a* is a multiplication by 1 and does not cost anything. So
there is a nontrivial multiplication for every one in the binary expansion of n. The number
of nonzero digits in an expansion is the Hamming weight of the expansion. Additionally
there are L squaring operations.

If we use another digit set D C Z* and radix 2 to represent the integer n, then we
have to precompute the values a° for ¢ € D. Again we have a multiplication for every
nonzero digit of the representation. If the representation of an integer is not unique, we
can choose a representation with a small Hamming weight to make the computation of a”
more efficiently.

A similar task is to compute nP in an additive group. Here the method is called
Double-and-Add. Then we have

nP — 2(. - (2(2eLP + e, 1P) +12P) .. ) + ey P.

Here, every nonzero digit of the representation corresponds to a nontrivial addition and
every digit of the expansion leads to a multiplication by 2.

A negative digit ¢ in the representation corresponds to a division by a/®! or a subtraction
of |e|P. If inversion in the group is time consuming, then the use of negative digits yields
a long precomputation. However there are examples where inverting an element does not
cost a lot of time. One of these examples is the additive group on an elliptic curve, which
is also used in public-key cryptography.

Another problem is the computation of a linear combination of group elements like
mP + n(@ for an additive group or a™b™ for a multiplicative group. A first approach is to
compute mP and n(@) separately and add the results. However, there is a more efficient
way of computation. We compute a joint integer representation

(.Z‘L...JI(])
yr---Yo

mP + nQ = 2(. .. (2(2($LP +y.Q) + (xp_1 P+ yL,lQ)) + (zpoP + yL,QQ)> .. )

+ (0P 4+ 10Q).

of (m,n)T. Then we can compute



Again the Hamming weight, the number of nonzero columns in the representation, is the
number of nontrivial additions. Here we have to precompute the values P + y( for all x,

yeD.
The same computation is done for the linear combination m, P, + ...+ myP,;. Here we
need the joint integer representation of (my, ..., mg)" with minimal Hamming weight.

Therefore we are interested in the expected value of the minimal Hamming weight when
we use a given digit set. In this thesis we present the expected value, the variance and the
asymptotic distribution for different digit sets and dimensions.

Section 2 gives definitions and known properties of different representations with min-
imal Hamming weight. First in Section 2.1 there are definitions of integer representations
and joint integer representations. Furthermore the Hamming weight of a representation is
defined. Section 2.2 contains properties of the nonadjacent form which is a representation
with digit set {0, £1}. The name of this representation is due to the fact that there are
no two adjacent nonzero digits. In Section 2.3 the nonadjacent form is generalized to the
width-w nonadjacent form which uses a larger digit set. In Sections 2.4 and 2.5 there are
other generalizations of the nonadjacent form. They are called joint sparse form and simple
joint sparse form and they are representations of two dimensional vectors of integers. In all
previous sections we always considered special digits sets. In Sections 2.6 and 2.7 rather
general digit sets are examined, first for the representation of a single integer and later
for the representation of an integer vector. All these types of representations and their
properties are well known.

In Sections 3, 4 and 5 new results for the distribution of the Hamming weight are
presented. The width-w nonadjacent form in Section 3 is asymptotical normally distributed
and the expected value and the variance are stated. Section 4 contains the asymptotic
distribution for representations in dimension one and a rather general digit set. Again the
mean and the variance are computed and the asymptotically normal distribution of the
Hamming weight is proved. In Section 5 rather general digit sets in arbitrary dimension is
examined. There we give a procedure to compute the expected value and the variance of
the Hamming weight for a fixed but rather general digit set. In each section we describe a
transducer to compute the Hamming weight of a given integer or integer vector.

The work on this thesis has been partially supported by the Austrian Science Fund
(FWF): 59606, that is part of the Austrian National Research Network “Analytic Combi-
natorics and Probabilistic Number Theory”.



2 Definitions and known results

In this section we first define integer representations and the Hamming weight of a repre-
sentation. Then we present different kinds of representations over different digit sets which
have minimal Hamming weight among all representations over the same digit set. We also
prove the existence and uniqueness of these representations. All of this is well known.

In Section 2.2 we will start with a small digit set and dimension one. Then we will
generalize to larger symmetric digit sets in Section 2.3. The next step in Sections 2.4 and 2.5
again uses a small digit set but in dimension two. Then we will introduce a representation
over an asymmetric digit set, first in dimension one in Section 2.6, and in Section 2.7 in
arbitrary dimension.

2.1 Integer representation and weight of representations

Now we want to introduce integer representations and give some facts about them.

Definition 2.1. For a radix r and a digit set D C Z a representation of an integer n is a
word (g ...€9) € D* withn = Zf:o g;rt.

Thereby D* is the set of all finite words over the alphabet D. Depending on the digit
set D the representation of an integer may be impossible, unique or ambiguous. If the
representation of any positive integer is possible, then the digit set D has to contain at
least a complete system of residues modulo r. If there exist integers which have more
than one representation, then the digit set contains one residue modulo r at least twice.
However, there exist digit sets which contain more than a complete system of residues
modulo 7, but do not allow every integer to be represented. For example with the digit set
{0,3,4} and the radix 2, there is no representation of the integer 1.

We will restrict ourselves to the ambiguous case, since otherwise the representation is
unique or impossible and we want to investigate which representation has some minimality
property. Since the representation of an integer is not unique, we can require the represen-
tation to satisfy some additional properties. This leads to the definition of special types of
representations in the following sections.

Furthermore we demand 0 € D to be a digit. Thus we can extend every representation
to any length k, by prepending 0 in front of the representation without changing the integer
represented. If (g ...g¢) is a representation of n, then (0...0eg...eo) is one too. We will
mainly investigate the case in which the radix r = 2.

Definition 2.2. The radiz-r representation with digit set {0,1,...,r—1} is called standard
radix-r expansion. Ifr = 2 it is called binary expansion.

The standard radix-r expansion exists and is unique for every positive integer.
If we want to represent more than one integer at the same time, we use a joint repre-
sentation.



Definition 2.3 (Joint representation). For a radiz r, a dimension d and a digit set D C Z

the dimension-d radiz-r joint representation of a vector N € Z¢ is a word (g . ..go) with
g, € D and N = Zf:o girt.

We are mainly interested in the number of nonzero digits of a representation of an
integer or vector.

Definition 2.4 (Hamming weight). The Hamming weight h(ey...g9) of a representation
(€k...€0) is the number of i = 0,...,k with e; # 0. If e; # 0 is a vector, at least one
coordinate of €; is nonzero.

The weight of an integer depends on the representation we use. For example (11) and
(3) are two different radix-2 representations of 3, but the weight is not the same: h(11) = 2
and h(3) = 1. If it is clear in the context which representation is meant, we shortly write
h(n) for the weight of this representation.

2.2 Nonadjacent form

In this section we introduce a representation, called nonadjacent form, which is a unique
integer representation over the digit set {0, +1}. The uniqueness comes from an additional

property.

Definition 2.5 (NAF). The nonadjacent form (short NAF) of an integer n is a radiz-2
representation (gy ...€q) over the digit set {0, +1} with the following property:

Ife; #0, then €;41 = 0.

This type of integer representation was first introduced by Reitwiesner in [16]. There
he proved the existence, uniqueness and the minimality of the NAF.

Theorem 1. The NAF representation of an integer n exists and is unique.

Proof (cf. [16]). To prove uniqueness we assume that there are two different NAF repre-
sentations (e, ...€p) and (0 ...dp) of an integer n. Both have the same length, otherwise
we prepend zeros in front of the shorter representation. Without loss of generality we may
assume that gy # d§y. Then we have

80—(50::]:<1+b)

for b € {0,1}. If b = 1, then ¢y and ¢y are both nonzero. Therefore e; = §; = 0 because of
the NAF condition. Then we have

(261 +€0) — (261 + 6g) = +2 = +2".

If b =0 we have
g0 — 0p = +1 = +2°.



Therefore we have

L L L L
0= Zeﬂi - 251»21' = Z g2t — Z 5;20 £ 20
=0 1=0

i=b+1 i=b+1

L L
= +20 = Z g2t — Z 8:2°,

i=b+1 i=bt1

but the difference of these sums has to be a multiple of 2°*!. Therefore our assumption is
false and if the NAF representation exists, then it is unique.

To prove existence of such a representation we describe an algorithm to construct it.
If n = 0, the algorithm terminates. If n = 0 mod 2, we choose ¢y = 0. If n is odd, we
choose ¢y € {£1} such that n = ¢, mod 4. Then we construct a representation (¢, ...e;)
of %5 The representation (e ...co) is the NAF representation of n. First we prove the
condition of a NAF representation. If ¢y # 0, then n — g = 0 mod 4 and therefore 2=
is even and ; = 0. Second we have to prove that the algorithm terminates for n # 0. We
observe that

n—=eo
< |n
5 <n
for |n| > 1 and it is obviously true for |n| = 1. Therefore the absolute value of the input
becomes smaller and the algorithm terminates. ]

Theorem 2. The NAF representation of an integer n has minimal Hamming weight among
all representations of n over the digit set {0, £1}.

Proof (cf. [16]). If we have any representation (¢y, . ..ep) of n we describe how to construct
a NAF representation without increasing the weight of the representation. Therefore we
define the property (1) of a representation (e, ...€p) and an integer A > 0

Ei€i—1 = 0 for A Z 7 Z 0. (1)

Thereby we assume ¢, = 0 for [ > L or [ < 0. If a representation satisfies property (1) for
A = L, then the representation is a NAF representation. Every representation satisfies the
property for A = 0.

Let (ef ...€0) be a representation of n satisfying property (1) for some X\. We construct
a representation (dy:...dp) of n satisfying property (1) for A + 1 without increasing the
weight.

We have €)1y € {0, £1}. If £5116) = 0 nothing is to be done, since the representation
already satisfies the property for A+1. If 5,16y = 1, let p be a index with A+2 < u < L+1
and

6#7&6#_1:...:é)\+2:€>\+1:€)\:ﬂ:1.

Then we have

o
Z g2 = (g, +e))2" — ex2™.
=

9



Therefore we can replace the digits of the representation without changing the integer
represented as follows:

0u = €u+ €,
0; =0 for A <i<up,
O\ = —€x,

0; = ¢; otherwise.

Thereby the weight of the representation does not increase. The new representation satisfies
property (1) for A + 1.
If ex116) = —1, then we have F1 =€) 1 # ), = £1 and

12 420 =020 — 2

Therefore we can replace the digits of the representation without changing the represented
integer:

5)\+1 - 0,
o = —¢€y,

0; = &; otherwise.

Thereby the weight of the representation does not increase and the new representation
satisfies property (1) for A + 1. O

Of course there may be other representations of an integer, which have minimal weight.
For example (101) and (11) are both representations of 3 with radix 2 and have both
minimal weight h(101) = h(11) = 2. Note that we write 1 to denote —1 for readability.

Since we are interested in the average number of nonzero digits of a NAF representation,
the next theorem proved by Thuswaldner in [19] gives the expected value of the number
of nonzero digits.

Theorem 3. The average number of nonzero digits in a NAF representation is
1 1 .
N Z h(n) = glogQN + ¢(log, N) + O(N'™9)
n<N
for e >0 small enough. The function ¢(x) has period 1.

In [19], the Fourier coefficients of ¢(x) also are determined.

2.3 Width-w nonadjacent form

In this section we introduce an integer representation similar to the NAF, but with a larger
digit set. It is also unique and has minimal Hamming weight.

10



Definition 2.6 (w-NAF). The width-w nonadjacent form (short w-NAF) of an integer
n is a radiz-2 representation (g ...co) with the digit set Dy, := {0, £1,43,..., +(2¥"1 —
3), (21 — 1)} and the following property:

Ife; #0, thenegj1 = ... = €11 =0.

This integer representation was introduced in [6] and [17], but without any proofs. Muir
and Stinson give proofs of existence, uniqueness and minimality of the w-NAF in [14]. We
follow this paper in the first part of this section.

Theorem 4. The w-NAF representation of an integer exists and is unique up to leading
zeros.

Proof (cf. [14]). To prove the uniqueness, we assume that an integer n has two w-NAF
representations (ey, ...gg) and (0z ...dp). We can assume that L = L', otherwise there are
leading zeros in one representation. Furthermore we assume that L is minimal. Therefore
g9 # 0p. Thus n is odd, since otherwise €9 = dy = 0. Since the representations are w-NAFs,
we have e1 = ... =¢,_1 =0=09 = ... = d,—1 and therefore n = ¢y = J, mod 2*. Since
every residue class modulo 2% has exactly one representative in the digit set, we have
€9 = 0g- This contradicts our assumption, therefore the w-NAF of an integer is unique.

Next we prove the existence of the w-NAF of an integer n. Therefore we describe an
algorithm which computes the w-NAF of the input n. This is Algorithm 1. It uses the
following two functions

5 if n is even,
fw (TL) R : — w
5o else, with r € D, and n = r mod 2%,
{0 if n is even,

gw(n) = w—1 : — w
0“=*r else, with r € D,, and n = r mod 2%.

Algorithm 1 Algorithm to compute the w-NAF of an integer
Input: An integer n
Output: The w-NAF representation a of n
Set @ = () the empty string
while n # 0 do
a = (gw(n)a) the concatenation of these strings
n= fu(n)
end while
return «

Algorithm 1 terminates because |f,(n)| < [n|: If n is even, then |f,(n)| = [§| < |n|. If
n is odd, then we have
n—r
Qw

n r n 1 n
[Fu ()] < Jgul + 3l < |50 +‘2'— | < Il

11



In the next step we prove that the output of the algorithm is a w-NAF representation
of the input n. It is clear that « is a w-NAF, because of the definition of g,(n). We only
have to prove that « is a representation of n. Let f’(n) = f, 0 -+ o0 fu(n) be the i-th
application of f,. Since the algorithm terminates, there exists an 7 > 0 with f%(n) = 0.
We use induction on i to prove the correctness.

If i = 0, then f(n) = 0 implies n = 0. The output of Algorithm 1 is the empty string
and the w-NAF representation of n = 0 is (0). Since leading zeros do not matter, the
output is a w-NAF representation of n. If i > 0, let ' = f,(n) and o' be the output of
the algorithm on the input n’. Then we have f:~!(n’) = fi(n) = 0 and by the induction
hypothesis o/ is a w-NAF representation of n’. Since the result of the input n’ is written
in front of the first digits g,,(n) of n, the string « is the concatenation of o/ and g,,(n). Let
r be the integer represented by the string g, (n) and [ be the length of the string g, (n).
Then a represents the integer 2'n/ +r = n, since n’ = f,,(n) = %" Therefore Algorithm 1
is correct and the existence of a w-NAF representation of n follows. [

In [14], Muir and Stinson prove the minimality of the w-NAF. To do this, they con-
struct an algorithm to add a small integer to a representation over the digit set D,,. We
first describe this algorithm and prove its correctness. The pseudo code is written in Al-
gorithm 2. Then we prove an inequality for the change of the weight when performing the
algorithm. At last we can give a proof for the minimality of the w-NAF.

Let n:= (er...g9) € D: and y € Z with |y < 2~!. We want to find a representation
m = (0p ...0) € D}, with m = n+ . Furthermore h(d:...d) < h(er...g0) + 1 should
hold. Therefore we present Algorithm 2. The idea of the algorithm is the following:

We define a sequence 7;, s, ... corresponding to the carry of the addition. Let ¢, = 0
for | > L. We read ¢; and v; and write values for ¢; and ;.. We assign the following
values to the digits ¢; for ¢ > 0:

g; mod 2 | 7, mod 2 | ¢;
0 0 E;
0 1 Vi
1 0 &;
1 1 0
. . €+ 7 — 0 . o .
The other assignment is ;11 = — Then we have the following addition with the
carries ;.

€3 &2 &1 ¢&o
+ o om0

d3 02 01 I

To prove that the representation of m has digits in D,,, we first examine the carries ;.
We have |e;| < 27! and therefore by induction

< guw—l




for every 0; € {0,&;,7v:}. If §; = &; or ; = 0, we clearly have ¢; € D,,. If §; = ;, then ~; is
odd and therefore v; € D,,. Therefore the representation of m has only digits in D,,.

This idea is summarized in Algorithm 2. Instead of computing each digit of m sepa-
rately, we just assign m to be equal to n at the beginning and change digits of this first
representation if necessary. Notice that the algorithm does not use any modulo 2¥~! oper-
ations, in fact only modulo 2 operations, although the digit set is a set of representatives
modulo 2¥ 71,

Algorithm 2 Algorithm to add a small number to a representation over D,

Input: A representation n = (gg,...&9) € D}, and an integer v, with |y < 2¢~!
Output: A representation m = (01, ...6y) € D} with m =n + 7
0; = ¢; for all ¢
1=20
while ~; # 0 do
€ =¢; mod 2, v =; mod 2
if e =0 and 7 =1 then
0 = Vi
else if e =1 and 7 =1 then
end if
Vi1 = 5i+"g—5i
1=1+1
end while

The next lemma proves the correctness of Algorithm 2.

Lemma 1. For the output m = (dp,...d) of Algorithm 2 and input n = (e, ...€0) € D}
and vy with || < 2¥7L, the relation m = n + o is satisfied.

Proof (cf. [14]). Let i* > 0 be the value of ¢ when Algorithm 2 stops. We will prove the
lemma by induction on ¢*. For ¢* = 0 we have 79 = 0 and m = n = n + .

Ifi* > 0,let n' = (e ...e1) and m’ = (Op/ ... 61). Then Algorithm 2 with input n’ and
~1 produces the output m’. Furthermore the value of i, when the algorithm stops, is i* — 1.
By induction hypothesis we have m’ =n' + 7. It follows from ~; = w that

2m’ =2n' + 2

(5L’ 610) = (e ...€10) + 27
=4 ( (5150) ( . 810) + 2’}/1 + 50
(5L’ .00) = (€L ... €180) + 70
< m=n-+",
which proves the lemma. O

13



For using this algorithm in the proof of minimality of the w-NAF, we need another
property of the output of the algorithm. This property is proved in the next lemma.

Lemma 2. Let (01 ...0¢) be the output of Algorithm 2 with input (e, ...€o) and vo. Then
we have h(dp ... 0) < h(eg...e0) + 1

Proof (cf. [14]). Let i* be the value of i when Algorithm 2 terminates. We show that the
sequence tg, ..., t; with

t; = h(&L .. -5i) + h(’%) + h(éi_l R 50)

is monotonically decreasing. If we have proved this, then we observe that tg = h(ey, ...g0)+
h(v) and t;» = h(dp/ ... do) since v;« = 0 and for all ¢ > i* we have ; = ;. Then from
ti« <ty we obtain

h(aL/...(So) < h(é?L...&]) +h(’)/0> < h(€L...€0> + 1,

which proves the lemma.
Now we prove the monotonicity of the sequence (t;);en. Since ;41 = %ﬁ‘si, we have

h(vis1) < h(ei) + h(vi) — h(3;).

This can be proved by a case analysis for ¢; € {0,&;,7;}. For example, if §; = &;, then
Yit1 = % Then the weight of 7,4, and 7; is the same.
If we compare

and
ti+1 = h(&L Ce 5i+1) + h(%+1) + h(éz e 50),

and cancel every possible digit, we get
ti — tiv1 = h(e;) + h(yi) — h(7ie1) — h(d:) = 0.
Therefore the sequence is monotonically decreasing. ]
Now we are able to prove the following theorem:

Theorem 5. The w-NAF representation (e, ...€0) of an integer n has minimal weight
among all representations (dr .. .0g) of n with the digit set D,,.

Proof (cf. [14]). Assume the contrary. Then there is a w-NAF representation (¢, ...eg) of
an integer n and a different representation (0 ...dp) of n with h(dr/...00) < h(er .. .e0).
We choose n so that the length of the w-NAF representation is minimal. Hence any w-NAF
representation with shorter length has minimal weight.

Because the length of the counterexample n is minimal, we have gq # §y. Therefore n
is odd and gy # 0 and Jy # 0. Therefore the next w — 1 digits of the w-NAF represen-
tation have to be zero. Let n’ = (e...g,) be the remaining digits and m’ = (01 ... 0y).

14



The representation (e, ...¢,) is a w-NAF representation of n’. Moreover h(ep,...g9) =
h(é‘L - .é?w) + 1.

Next we show that at least two digits of (d,—1...dp) have to be nonzero. Suppose this
is not true. Since dy # 0, all other digits have to be zero. Therefore

n=¢ey =0 mod?2¥!

and €y = dp. This is a contradiction to the minimal length of the counterexample. Thus
h(éw_l . 50) Z 2 and h((;L/ . 60) 2 h(6L/ C 5w) + 2.

Now we have
’n,/ :m/—|— (6w150>2w_ (006'0)
We define v := (61”‘1”'5320_(0”'050), which is an integer. We will show that m’ and ~, are a
valid input to Algorithm 2. Therefore we must prove |yo| < 2¢1.

For every digit in D,, we have the upper bound 2~ — 1. Therefore

(B 80)] € (27 - 102 = 27— D)2 - 1)
=0

and
1(0...0g0)| <271 — 1.

This gives
1
|’}/0| = 2_w|<5w_1 ce 50) - (0 .. .050)| S 2w—1 — 1.
Let (6%, ...6!,) be the output of Algorithm 2 when the input is (9 ... d,) and 7. Then
we have (07, ...6.) = (0 ... 0w) + 70 = (6L ... &) With h(0},...6)) < h(dp ... d,) + 1.
If we summarize the above inequalities, we get
h(éL .. .80) > h((SL/ .. 50)
h(é?L...é?w)—Fl > h(éyéw) + 2
h(EL .. .€w) > h( /L// Ce 51/1))
But since (¢, . .. €,) is a w-NAF representation of n’ with shorter length than the counterex-

ample and (&7, ..., is a representation of n’, we have a contradiction. Our assumption
must be wrong and the w-NAF representation has minimal weight. O

A different proof of the minimality of the w-NAF representation is given by Avanzi in

2]
For the w-NAF representation we give the following theorem for the distribution. It is
proved by Cohen in [5].

Theorem 6. The average weight of the w-NAF representation of length N of an integer

" N (w—1)(w+2)

w+1 2w+ 1)?
where € > 0 is small enough.

+0((1+e)™)

15



2.4 Joint sparse form

Now we want to generalize to higher dimensions. In [18], Solinas introduced a joint integer
representation for d = 2, which has minimal Hamming weight.

Definition 2.7 (Joint sparse form). Let x, y € Z. Then the joint integer representation
(xL o wO) of (5) over the digit set {0,+1} is called joint sparse form, if the following

YL ---Yo
conditions are satisfied:

1. Of any three consecutive positions, at least one is a double zero.

2. Adjacent terms do not have opposite signs, in other words xj1x; # —1 and
Yjry; # —1.

3. [f.’]l’jJrll'j 7é 0, then Yji+1 = +1 and yj = 0.
4. If yjiry; # 0, then xj1; = £1 and z; = 0.

Solinas also proved the following theorem about uniqueness and existence of the joint
sparse form in [18]:

Theorem 7. Every pair of integers (x,y)T has a unique joint sparse form.

Proof (cf. [18]). To prove uniqueness we assume that for (z,y)? there are two different

joint sparse forms
(xL...:v()) and (x%x/ﬁ) .
yL...yO yL...yO

Without loss of generality we can assume that min{|z|, |y|} is minimal. Therefore
(w0, y0)T # (2}, y4)T. Furthermore we assume that x # . Then both have to be nonzero
and we can assume xo = 1, x5 = —1.

If x =1 mod 4, we know that x; = 0 and ) is odd. Because of Condition 2 we have
x7 = —1. By Condition 3 we get y;, = 0 and y; = £1 and hence y =2 mod 4. Therefore
we have yp = 0 and y; = £1. So up to now we have the following two beginnings of the

representations: o

.. 0 1 A |

... 1 0)° .. X1 0)°
Condition 1 implies that x5 = yo = 2, = y5 = 0. Therefore x =1 mod 8 due to the left
representation and x =5 mod 8 due to the right representation. This is a contradiction,

therefore the assumption must be wrong.
If z = 3 mod 4, by the same reasons as above we know the following two beginnings

of the representations
... 0 1 1 .. 0 0 1
... 0 £1 0)° .. 0 £1 0)°
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Algorithm 3 Algorithm to compute the joint sparse form of an integer vector

Input: A vector of integers (z, )

Output: Joint sparse form of the input vector: Ho,L - - - Y00
Uy, .--U10

1: k?():l‘,k?l:y

2. 7=0

3:dy=d; =0

4: while k; +d; >0 fort=0o0r 1 do
5: Li=d;+k

6: for+=0,1do

7 if [; is even then

8: u=0

9: else

10: u=—1+((l; +1) mod 4)
11: if ;=43 mod 8 and {;_; =2 mod 4 then
12: U= —u

13: end if

14: end if

15: Ui = U

16: end for

17: for+=0,1do

18: if 2d; =1+ u; then

19: d; =1—d;
20: end if
21: ki = %]
22: end for

23: 1=7+1
24: end while

17



Therefore x =3 mod 8 and x =7 mod 8, which is again a contradiction.

To prove the existence we give Algorithm 3. This algorithm takes two integers x and
y as input and gives back their joint sparse form. Note that n mod k returns the residue
of n modulo k£ within the set {0,1,...,k—1}. The existence of a joint sparse form follows
from the correctness of the algorithm.

All operations in the algorithm can be performed if we know the last three bits of the
binary expansions of x and y. The modulo operations are trivial and L%j corresponds to
cutting off the last digit of the expansion. Therefore we can use these expansions as input

to the algorithm instead of the integers themselves.

Algorithm 4 Second algorithm to compute the joint sparse form of an integer vector

Input: A reduced signed joint representation of two integers (:;) = <2L_1 . ZO)
L—1---Y0

Output: Joint sparse form of the input vector: Yo,z - -+ Yoo
Uy, ---U10
1: ag = g, bp = w1, o = T2, dg = 0

20 a1 =Yo, b =y1, c1 = Y2, d1 =0

3: for j from 0 to L do

4: for:=0,1do

5: if d; = a; mod 2 then

6: u=20

7 else

8: u=—14 ((d; +2b; +a; + 1) mod 4)
9: if d; +4¢; +2b;+a; = £3 mod 8 and di_; + 2b;_; + a1_; = 2 mod 2 then
10: U= —u

11: end if

12: end if

13: Ui = U

14: Ri,j = (dl, C;, bz‘, CLZ‘)

15: end for

16: Sj = (R(]’j, Rl,j)
17: for :=10,1do

18: d; = Ut
19: a; = bz

20: bz = C;

21: end for

22: Co = Zj43, C1 = Yj+3
23: end for

To prove the correctness of the algorithm, we have to generalize Algorithm 3 to an
algorithm which accepts any reduced signed joint representation as input. Thereby a
reduced signed representation is an integer representation with radix 2, digit set {0, £1} and
any two consecutive digits do not have opposite signs. A reduced signed joint representation
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RO,] Rl,]

lp,; even l;,; even

lo, =0 mod4 [;odd

lO,j =2 mod4 le =41 mod38
lp,=2 mod4 [1;=+3 mod8
l()’j odd le =0 mod4
lo,;=+1 mod8 [;;=2 mod4
lo,;=+3 mod8 [1; =2 mod 4
lO,j odd le odd

NS~ QTmEo Qe

Table 1: A partition of the states S; into eight sets

consists of two reduced signed representations. This leads to Algorithm 4. For two binary
expansions as input both algorithms do the same calculation. The variables R, ; and S;
are not necessary for the algorithm, but we need them for the proof. Digits after the left
end of a representation are assumed to be zero.

We examine the variables R;; and S; more closely. The variable S; are called states.
The output (ug;,u1 ;) is a function of the state S;. Hence we can describe the algorithm
like an automaton: In the j-th iteration of the for loop the input is the state S; and the
output is (ugj,u1 ;) and we go on to state S;ii.

The next question is which states there are. For the variable R; ; = (d;, ¢;, b;, a;) there
are 3* = 81 possibilities, but not all of them are allowed because the input is reduced.
Only 51 possibilities remain. For each we define

ki,j = 4Ci + 2bz + a;

l@j = dl -+ kl
The values k; ; and [; ; are the same as in Algorithm 3 if the input is an unsigned expansion.
With these definitions we group the states S; into eight different sets as shown in Table 1.
From now on we will identify the states with the corresponding sets.

Now we describe which state can follow which. Therefore we check the following con-
ditions for all possible values of S; = (Roj, Ry ;) in Algorithm 4.

e Ifl;; =0 mod 4 and [;_;; is odd, then [; ;1 is even.

o Ifl;; =2 mod 4 and [,_,; ; is odd, then [; ;1; is odd.

If li,j is odd and ll—i,j §é 2 mod 4, then li,j—i—l 1s even.
o If ll’] =1 mod 4 and llfivj =2 mod 4, then li,jJrl =0 mod 4.

o Ifl;; =3 mod4and l;_;,; =2 mod 4, then [; j;; is odd.
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Sj (uoy,ug) Sjt
C (0,0) al
D (0,+1) C
E (0,1 @
Fo(0,+1) K
G (£1,0) C
H (£1,0) D
J o (£L0) K
K (£1,+1) C

Table 2: All possible transitions from S; to Sj1, together with the output (ug ;, u1 ;)

S;  consists of ug; =u;,; =07 Sit1

A E, F,HorJ No B

B D,Gor K No C

C C Yes A, Bor C

Table 3: A further grouping of the eight states into three states, together with the successors
and the weight of the output

In combination with Table 1 we obtain the transitions between states S; and S;;; with
the output (uoj,us ;) as listed in Table 2. Except for the state C', the successor of a state
S; is unique. All states can be a successor of the state C'.

As a last step we further combine the eight states C' to K into three states A, B and
C'. This is written in Table 3.

Now we are ready to prove that the output of Algorithm 4 is indeed a joint sparse form
of the input (z,y)”. Tt is obvious that the output is a signed joint integer representation
of (z,y)T. We now have to prove that it is a joint sparse form.

Condition 1 is satisfied, because for every j at least one of the states S;_1, S; and S;;4
is state C. If Sj_; # C, then it is either A or B. In the first case S; = B and 5,41 = C.
In the second case S; = C.

If up; # 0 and w11 # 0, then S; = J and S;41 = K as we can see in Table 2. If we
check all possible cases for Ry, we obtain ug; = ug 1. Therefore g ;up ;41 # —1. For
the other coordinate we have the same result and hence Condition 2 is satisfied.

To prove Condition 3, we assume that ug jug j+1 # 0. Then S; = J and Sy = K and
Table 2 shows that u; ; = 0 and u; j4; = £1. Condition 4 is proved in the same way. [

Another property of the joint sparse form is proved in [18]:

Theorem 8. The joint sparse form of (z,y)T has minimal Hamming weight among all
joint integer representations of (z,y)T over the digit set {0,41}.
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Proof (cf. [18]). We will prove that the output of Algorithm 4 has smaller or equal Ham-
ming weight than the input. If we have proved this fact, then we are done: Any signed
integer representation is given. If it is reduced, then we take it as input of Algorithm 4 and
we get a joint sparse form with less or equal weight. If it is not reduced, then there is a j
with, say, z;2,41 = —1. Then we can exchange these two digits (z,412;) with (0(—z;41)).
Thereby we get another signed joint representation of (z,y)? with smaller weight than the
first one. After finitely many such steps, we obtain a reduced signed joint representation
of (z,y)T which we use as input of the algorithm. Therefore the joint sparse form has
minimal weight among all signed integer representations.
To prove that Algorithm 4 does not increase the weight, we define

Wo.,---Woo0
Wy = ’ ’
wy,L---W1p0

(I lf] <k

with

wi;=qx;, ifj>kandi=0
y;, ifj>kandi=1.

Then Wj is the input sequence and Wy, is the output sequence. The j-th step of the
algorithm replaces W; by Wj,.

Now we investigate whether the weight increases or decreases when we replace W; by
Wi41. If one of z; and y; is nonzero and wy; = u;; = 0, then the weight decreases by 1.
We say, there is a weight loss at step j. If ug; or u;; is nonzero and z; = y; = 0, then
the weight increases by 1. This is a weight gain at step j. In all other cases the weight
remains the same.

Next, we have to show that there are not more weight gain steps than weight loss steps.
Therefore we use again the states S; from the proof of Theorem 7. We group the states in
another way, but first we have to group the variables R; ; in the following way.

a) l;; odd, d=0
b) 1, odd, d = £1, b =0
) 1, 0dd, d = 1, b= +1
) lijeven, d=0
() li;=2 mod4,d==+1,b=0
(f) 1;; even, all other cases

The grouping of the states S; is written in Table 4. There are also the possible successors
of a state S;. These successors can be verified by looking at each of the cases in Algorithm 4.
The state L consists of exactly the states with a weight loss: If, say, x; # 0 and
up; = ur; = 0, then z; = dy mod 2, since up; = 0, and ly; = z; + dy mod 2 by
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S Ry ; and Ry ; Sit1

L both (d), (e) or (f), not both (d) L,M,N or P
M both (b), (¢) or (d), not both (d) Lor N

N one (a) and the other (a), (c), (d) or (f), or both (d) Lor N

P other 12 cases L,M,N or P

Table 4: A grouping of the states according to the change of weight

A

Figure 1: Automaton corresponding to Algorithm 4 with states and transitions listed in
Table 4

definition. Then [y ; is even and dy = £1. These are the cases (e) and (f). In the other
coordinate we have [, ; which is even too, but d; can be anything. These are the cases (d),
(e) and (f).

The state M consists of exactly the states with a weight gain: If, say, ug; # 1 and
xz; = y; = 0, then dy # x; mod 2, since uy; # 0, and lp; = x; + dy mod 2. Then [ ;
is odd and dy = +1. These are the cases (b) and (c). In the second coordinate we have
li; =y; +dy =d; mod 2. These are the cases (b), (c) and (d).

At the beginning of the algorithm, we have dy = d; = 0. These are the cases (a) and
(d), therefore N is the initial state . At the end of the algorithm a; = b; = ¢; = 0. These
are the cases (b) and (d), which can be verified by looking at each state.

In Figure 1 the states and the transitions are shown. We can see that every time we
visit the state M, we first have to visit the state L. Therefore the algorithm does not
increase the weight.

[

The joint sparse form is a generalization of the NAF. If we compute the joint sparse
form of (n, 0)7, the first row will be the NAF of n. However, if we use two NAF representa-
tions and put them together to a joint representation, it will not be a joint representation

with minimal weight. For example the NAF representations of (121) is ((1)8(1)(1)(1)> . This

representation has Hamming weight 4, but the joint sparse form is ([})81(1)) and has Ham-
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ming weight 3.

To compute the distribution of the weight of the joint sparse form, we refer to the next
chapter, where we introduce the simple joint sparse form with the same Hamming weight
as the joint sparse form. In Theorem 10 we give the mean and the variance of the weight.
However, in [18] Solinas also proved that the main term of the density of the Hamming
weight is 3.

2.5 Simple joint sparse form

Now we will define another type of integer representation for dimension d = 2. It was first
introduced by Grabner, Heuberger and Prodinger in [10].

Definition 2.8 (Simple joint sparse form). The simple joint sparse form of a vector

(z,y)T € Z* is a dimension-2 radiz-2 joint integer representation (znio) of (Z)
n - - Yo

over the digit set {0,£1} such that

1 Af o] # |yl then || = [yia].
2. If |lxi| = [yil = 1, then ziy1 = yis1 = 0.
In [10] the following theorem is proved:

Theorem 9. For any vector (x,y)T € Z?* the simple joint sparse form exists and is unique
up to leading zeros. Furthermore it has minimal weight among all joint integer expansions
of N over the digit set {0,+1}.

Proof (cf. [10]). For the existence we describe an algorithm to construct the simple joint
sparse form. Let © = (xp...x0) and y = (yr, ... yo) with z;, y; € {0, £1}. If both numbers
(z,y)T are even, then xg = 3o = 0. In this case we have a double zero. If both are odd,
we choose (zo,yo)” such that both £5% and Y2 are even. Here the next digit will be a
double zero. If x is odd and y is even, or the other way round, then yq has to be 0 and we
choose x¢ such that *5* = 5% mod 2. Then either the next digit is zero if § is even,
or the digit after the next is a double zero if ¥ is odd. Then we go on with (252, 4=20)7,
Obviously we get a representation of (x,y)? which is a simple joint sparse form. Observe

that of any three consecutive digits at least one is a double zero.

/

/
To show uniqueness we assume that (xL o m0> and (I,L o x9> are two different
yL...yO yL...yO

simple joint sparse forms of (z,%)Y. Without loss of generality we can assume that L
is minimal. Hence (zo,y0)”7 # (2f,y4)". Furthermore we can assume that ro = 1 and
xy = —1. Thenxlzmzﬂ—lzx’l—ly‘éx’l mod 2. If y is even, then yy =y, =0
and Condition 1 implies 1 = y; = y; = 2] mod 2, which is a contradiction. In the other
case, if y is odd, then Condition 2 implies (x1,y1)" = (0,0)7 and (2}, ;)" = (0,0)7, which
is again a contradiction. Therefore the simple joint sparse form is unique.
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To prove minimality we describe how to convert a simple joint sparse form into a
joint sparse form. Thereby the position of the double zeros does not change and as a
consequence the weight remains the same. By Theorem 8 we know that the joint sparse
form is minimal and therefore the simple joint sparse form is minimal too. The simple joint
sparse form satisfies the Conditions 1, 3 and 4 of the joint sparse form. But it need not
satisfy Condition 2. If z;,12; = —1 then in a simple joint sparse form we have |y; ;1| = 1
and y; = 0. So changing x;,1x; into Ox;,, does not change the weight of the representation
and the number represented also stays the same as well. By doing a finite number of these
changes, we can convert a simple joint sparse form into a joint sparse form. O

The joint sparse form and the simple joint sparse form are not the same in general, but
they have all double zeros at the same positions. Therefore both have the same length and

the same Hamming weight. For example the joint sparse form of (;) is

1001
0101 )~
1001
1101 )

For the same reason as above the simple joint sparse form generalizes the NAF.

In [10], Grabner, Heuberger and Prodinger compute the distribution of the Hamming
weight of the simple joint sparse form using exponential sums. The probability space on
the pairs of integer is a uniform distribution on all pairs (m,n) with m, n < N for a fixed
integer N. Then the following result holds where we have a better error term here than in

[10].

but the simple joint sparse form is

Theorem 10. The weight of the simple joint sparse form is asymptotically normally dis-
tributed with mean %log2 N and variance % log, N, that is

h(m,n) — %log, N 1 T
P ’ 2 <z| = —/ e~ zdt + O(log /' N),
( iVlog, N V21 )

for all z € R.

Proof (cf. [10]). The transducer in Figure 2 computes the Hamming weight of the simple
joint sparse form of the input (m,n)’. The input is the binary expansion of (m,n)”. This
input is read from right to left, from the least significant digit to the most significant one.
The output of the transducer is a sequence of zeros and ones and the number of ones is
the Hamming weight of the simple joint sparse form of the input.

This transducer is a simplification of the transducer in Figure 1 in [10]. Since we are
not interested in the digits of the simple joint sparse form, but rather whether the digit
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Figure 2: Transducer to compute the Hamming weight of a simple joint sparse form

is (0,0)” or not, we write a 0 instead of (0,0)” and a 1 in all other cases. The second
simplification comes from the following observation: If we look at state s, it does not
matter to which state we go, we always write the same output ¢ € {0,1}. Therefore we
can write this output € when coming to state s instead of when leaving state s. The
resulting transducer is in Figure 2.

We want to calculate f(m,n) := e (™) Therefore we define the matrices Ms, for
each 0, ¢ € {0,1}. The (k,[)-th entry of the matrix Mj,. is e if we go from state k to
state [ while reading (d,¢)” and writing h. If there is no transition from k to [ with input
label (d,¢)7, then the entry is 0. With this definition we have the matrices (where z = )
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10000O0O0GO0O
1 0000O0O0GO0O
0 200O0O0OOO
10000O0O0GO0O
Moo=10 00 2 0 0 0 0 0},
0 00O0O0OOOO
1 0000O0O0GO0O
000O0O0O0=2200
0 200O0O0OOO
000 =2z0000O0
000O01O0O0O0O
0000O0=0H0©O0
00001O0O0O0O
Mipo=10 00 01 000 0},
00001O0O0O0O
0 200O0O0OOO
0 00O0O0OOOO
0 00O0O0OOOO

M, 4

0000O0O0=2200
0000O0OO0OO0OT1O0
000O0O0OO0O0O 0 =z
0000O0O0OO0OO
000O0O0OOOO],
0 000O0OO0OO
0000O0OO0OO0OT1O0
0000O0OO0O0OT1@O
0000O0OO0O0OT1@O0
0 2z00O0O0OOO
0010O0O0O0O0O0
0010O0O0O0O0O0
0000O0O0O0OO
0000O0=2000
0010O0O0O0O0O0
0 200O0O0O0OOO
000O0O0O0OO0O0 2z
0010O0O0O0O0O0

With these matrices we can rewrite the function f(m,n) in

L
f(ma n) =" <H M, n,

=0

2 —
) MQOU

with n = Y27 2y, m = SoF  2'my and &7 = (1,0,0,0,0,0,0,0,0). One entry (k,1) of
the product of matrices describes the sum of weight of all paths starting in k, ending in [
with the binary expansion of (m,n)” as labels. The factor Mg, ensures that we stop at
state 1, so that all possible carries are processed. We are interested in the paths starting

and ending in state 1, therefore we multiply by ¥ and .

We define M(m,n) = Hleo M, n,- This matrix function is bivariate 2-multiplicative
(see, for example, [3]). Next we define the summatory functions

and

F(N)=Y_ M(m,n).

m,n<N

Primarily we are interested in E(N), but since E(N)

= T F(N)M§ v we will inves-

tigate the function F'(N). First we derive a recursion formula for F(N). The following
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equations hold for F/(N)

1
=> > M(2m+42n+e)= ZM55

6,e=02m~+5<2N 6,e=0
2n+e<2N

and

F(2N +1 Z Z M@2m +6,2n +¢)

0,e=02m+d6<2N+1
2n+e<2N+1

= Z Ms F(N)+ " M@2N,n)+ > M(m,2N) + M(2N,2N).
6,e=0 n<2N m<2N

If we define the matrices

1
A= Z M5,€7

4,e=0
By = Moo+ Moy,
By o = Moo+ M

and the functions

=Y M(N,n),
=Y M(m,N
we have
F(2N) = AF(N),
F(2N +1) = AF(N) + By G1(N) 4 ByoGa(N) + MoogM(N, N). (2)

The functions G;(N) also satisfy recurrence relations for ¢ € {1,2}, similar to the one
of F(N). They are

=Y ) M@2N,2n+e¢) =B Gi(N),

e=0 2n+e<2N

[(2N + 1 Z > M@N+1,2n+¢) = BiuGi(N) + CiM(N, N),

e=0 2n+e<2N+1
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and

MH

Gaf > M(2n+¢€,2N) = By oGa(N),
e=0 2n+e<2N
1
G2(2N + 1) = > M(Qn +6,2N +1) = By1Go(N) + CoM (N, N),

e=0 2n+e<2N+

with Biy = Mo+ My, Boy = Mo1 + M1, Cy = Mg and Cy = My ;.
By iterating, we get

L L -1
6. (z) SN | R 11 ...
=0

7=0 j=l+1

If we insert this last equation into (2) and iterate, we get F'(N) = Fo(N)+Fi(N)+F»(N)
with

L
FO(ZQQZ ZglAlMOO H M., .,
1=0

p=I+1
L — L
F() a2 ZslA Big Z £ H B Ci |[ M.y, fori=1,2
1=0 j=l+1  k=l+1 k=j+1

Next we want to split these equations into two parts. The main part is contributed by
the dominating eigenvalue. The rest will be the error term and is contributed by all other
eigenvalues. Therefore we determine the eigenvalues of all occurring matrices. The matrices
M5 have the characteristic polynomial —z®(x — 1), independent of 2. The eigenvalues are
therefore 0 and 1. The characteristic polynomial of B;. for i = 1,2 and ¢ € {0,1} is
2%(z — 1)(2* — x — 22). Hence all eigenvalues of B;. have modulus less or equal then 2.
The characteristic polynomial of A is

z(z —1)(2? — 2 — 22)%(2® — 2* — 8220 — 1627).

At t = 0 we have the largest eigenvalue 11(0) = 4, a zero of the last factor. The second
largest eigenvalue has modulus 5(0) < |u(0)|. Since eigenvalues are continuous, we have
B(t) < |u(t)| around ¢ = 0 and p(t) is the dominating eigenvalue of A around ¢t = 0. The
Taylor expansion of p(t) around ¢ = 0 is

p(t) = 4+ 2it — th + O(t%).

Let J = T7'AT be a Jordan decomposition with the eigenvalue yu(t) in top left entry.
Define A := T'diag(p=*,0,...,0)T! and R := T(J — diag(u,0,...,0))T~!. The matrix R
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has a largest eigenvalue with modulus (). Also define

Ao(zo, 15 - - ) Zﬂfl/\ MOOHMxpxpa

-1
Ai(zo, 21, .. .) Zﬂ/\BzoZ% H B, ., C; HM:CW% fori=1,2

Jj=0  k=j+1
: b
with [[,_, my = my - my_q - ... m, and
Ro(er,er-1,- -0 E elR Moo H Ms, q,,
p=I+1
Ri(er,€0-1,- .-, €0 § e1R'B; § £ H B, C; H M., ., fori=1,2.
J=lH1 k=l+1 k=j+1

Then we have

L
E (Z El2l> = H’(t)LAi(gLa €L—15---,€0, Ow) + R(ELa EL—15--- 750)
=0

fort=0,1,2.
First the functions A; are defined on the infinite product space {0, 1}". But we define
A; for i = 0,1,2 to be a function on [0, 1) by

<Z€l2 ) —A 81,52,...)

>1

where we prefer expansions ending with 0¥ to those ending with 1¢.
Altogether we have

E(N) = 12N W(log, N, t) + 0" R(N)M; 7, (3)

where W(log, N, t) = p~Ues2 NIgT (A (20082 M) 4 Ay (20082 V) 4 Ay (20082 M) V2 (7 and N =
Zleo g:2!. The function ¥(x,t) is periodic in z with period 1 and well defined for every
x € R. To show continuity in x we first observe that for z € R such that = = log, y with y
not a dyadic rational it is clearly continuous. For x = log, y with y = ZZL:I £,27" a dyadic
rational the two one-sided limits exist. Therefore it is enough to compare the limits for
two sequences log, Ny and log, N}, with Ny, = y2EF+1 4 9k and N, = y2L+h+l 4ok — 1 If
we insert these two sequences into (3) and subtract, we get

O(N) = E(Ne) = E(Ny) = N2 (logy Ny, t) — N2W(logy Ny, t) + O(N,* 1),
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Hence limy_,o U(log, Nk, t) = limg_,o, ¥(log, Ny, t) and the function ¥(x,t) is continuous
in x.

The function ¥(z,t) is also continuous in ¢, because eigenvalues are continuous. Fur-
thermore it is arbitrarily often differentiable since it is dominated by a geometric series.
The first and the second derivative are continuous and periodic in x too, due to the same
argument as above. Therefore ¥(z,t) and its derivatives with respect to t are O(1).

The error term o R(N)M§ (¥ is also differentiable with respect to ¢ because it is dom-
inated by a geometric series.

Since we know that the eigenvalues of M5, and B; . have modulus less or equal than 2,
we can estimate the error term

|07 R(N)Mg ot = O(N'=25))
and so
E(N) _ N2+ﬁt—mt2+0(t3)w(log2 N, t) + O(N10g2 ﬂ(t)>‘ (4)

If we insert ¢ = 0 into the last equation, we see that ¥(log, N,0) =1+ O(N™1).
By differentiation of F(N) with respect to t and inserting ¢ = 0 we obtain the following
formula

1
> h(m,n) = 5N2 log, N + N2, (log, N) + O(N log N)
m,n<N
with Uy (2) = i2 U (z,t)|i=0.
The second derivative of E(N) with respect to ¢ at t = 0 gives

1 1
> h*(m,n) = ZN2 log2 N + 1—6]\72 logy N + N2log, N4 (log, N) + N2W,(log, N)
m,n<N

+ O(Nlog® N)

where Wy (z) = — 25 U(z, t)]i—o.

T
We can calculate the expected value and the variance of the random variable X = h(V)

now. The expected value is
1 1 _
Nz Z h(m,n) = §log2N+ ¥, (logy N) + O(N'log N)
m,n<N
and the variance is

2
1 | 1
w2 hmn) - <m > h(mm)) = 15 1082 N + Ws(logy N) — i(log, N)

m,n<N

+ O(N 'log N).

To compare the distribution of X with the normal distribution, we use the Berry-Esseen
inequality (see [4, 7]) in a version proved by Vaaler [20].
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Theorem 11 (Berry-Esseen inequality). Let f(x) and g() be probability distribution func-
tions with characteristic functions f(t) and §(t). Suppose t=1(g(t) — f(t)) is integrable on
a neighborhood of zero and f(x) has a density function f'(x) bounded from above by M.
Then

ota)=1Ga) < [ e o - s aes g (ar+ [ ko (a0 - i) i)

T m

for all real x, all T > 0 and

X {wt(l — |t]) cot(mt) + |t|  for|t| <1,
0

else,

~ 1—1¢ t| <1
k[T s
0 else.
We need the characteristic function gy (t) of the standardized random variable

i\/logQN .
t

Therefore we insert Ty instead of ¢ in (4) and multiply the whole equation by

7 —

1 3 logy N
N2 eXp( Ztﬁ) Then we get
082

R 1 _h(m,n) — tlog, N
wwmzm@<wz>

m,n<N

t2
=e 2z (1 +0 ( log, N
log log2 N

~ t floms N
+R N, —it24/logy N
( }1\ /logy, N )

Here we have R(N,t) := 20T R(N)M§ 0. Since gy(t) is a characteristic function, we have

1= gn(0) = tho + 10 (5)

with ¢ := ¥(log, IV, 0) and rq := R(N,0). Since we have a dominating eigenvalue around
t =0 we get R(N,t) = O(N~¢) for a small ¢ > 0. Next we have to estimate the difference
between gy (t) and the characteristic function of the normal distribution with mean 0 and

A~ +2
variance 1, which is f(t) := e~ z. For t = o(y/log N) we have
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o (1 e (bg;g?N)) (¢0+0 (\/JW»

~ t . 42
HR([ N, ———— | eVl N _ (4 4 rg)e =
( }l\/logQ N)

S0(ign) (-0 i) (-0
<o(ipr) o (5E) o i)

2

Here we used e~ = < 1, (5) and R(N,t) = ro + O(t) = O(N~¢) around ¢ = 0.
Let gn(x) := P(Z < z) be the distribution function of the random variable Z and
2
fla) = 7

s dy the distribution function of the normal distribution with mean 0
and variance 1. By the Berry-Esseen inequality, Theorem 11, we have

T 2

owla) = @) < [ HE) 5 o) - e at

=T

+ % (1 n /_ZK(T‘%) <§N(t) . e-é) dt)
<[ o{cga) o e [0 (i)

_0 T n 1
- T \WogN ) 2T’
because the density function of the normal distribution is bounded from above by 1. If we

choose T' = y/log N we get

P (h(n) — 3log, N

1 /x 4 1
<T|=-—= e 2dy+ 0| ——=|.
Z—i\/logQN ) V2T J o (\4/103;]\,)

]

In [10], Grabner, Heuberger and Prodinger also describe a generalization of the sim-
ple joint sparse form for higher dimensions. But we present an other generalization in
Section 2.7.

2.6 Asymmetric digit sets

Up to now we have only considered digits sets which are symmetric around 0, that is if £ €
D, then also —e € D. In [15], Phillips and Burgess present minimal weight representations
over an asymmetric digit set satisfying the following definition.
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Definition 2.9. Let r be a radiz, | and u integers and w > 2 an integer. Let D = {a €
Z|l<a<wuandaz0 modr}U{0} be the digit set. Further following conditions have
to be satisfied:

1. 1—rv1<I<0

2. 1<u<rv-l_1

3. |D] >rv t —pv2 41

4. u=—-—1 modr

5. If1 <0, thenl =1 mod r.

Conditions 1 and 2 imply 1 € D. Furthermore together with Condition 3 we have
for any n = (g4_2...€0) over the digit set {0,1,...,7 — 1} and a carry ¢ € {0,1} with
g0+ ¢ # 0 mod r at least one of n 4 ¢ or n + ¢ — r*~! is contained in D. This also
implies that u — [ > r*~1. Conditions 4 and 5 are used to show minimality of the output
of Algorithm 5.

In [15], Phillips and Burgess give Algorithm 5 which computes a representation over D
from a standard radix-r expansion of an integer. They further show that the output has
minimal weight among all representations over the digit set D.

It is clear that the algorithm produces a representation over the digit set D of the input
n. To prove that the output is a minimal weight representation we first investigate the
carry propagation in this digit set in the next lemmas.

Lemma 3. Let (e,...€0) be a representation over the digit set D, i € [0,L] and ¢ €

[, =] integers. Then there exists a representation (3 ... 8) over the digit set D with

(6pr ... 00) = (e ...€0) +cr

and
h(5L/ . 50) < h(&L. . .80) + 1.

Proof (cf. [15]). Algorithm 6 computes a representation (0 ...d) of (er...g0) + cr’. Tt
is clearly a representation over the digit set D. To prove the bound for the weight change
we examine the four cases of the if statement.

1. If 9; = 0 mod r, then we will set §; = 0. Therefore the weight will be reduced
by one. The carry which propagates to the next digit is 57 Since | < ¢; < u and
ﬁ <c< ﬁ, we know that the new carry c satisfies ﬁ <c< ﬁ too. Therefore
the new carry c and ¢ + 1 is a valid input to the algorithm.

2. If 6; > w and 6; # 0 mod r, then we have v < §; < u + 5. Therefore we have
[ <6;—rv ! <wu. Thus §; — r“ ! is a valid digit. There is a carry propagation of 1
to the digit d;,,,. Since g; > 0 because ¢; > u, there is no change of weight at this

position.
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Algorithm 5 Algorithm to compute a minimal weight representation over an asymmetric
digit set

Input: Standard radix-r expansion (e ...&g) of an integer n
Output: Minimal weight representation (dy,...dq) of n over the digit set D
s=0,c=0
fort:=0to L —1do
if s =0 then
if ¢; + cmod r = 0 then
else
Tr = Z;’U:_OQ €i+j7”j
if x + ¢ > u then
Si=x+c—rvt
c=1
else if ¢;.,, =7 —1land x +c¢ > 1 +7r*"! then
i =x+c—rvt

c=1
else
5i:$+C
c=10
end if
s=w—2
end if
else
s=s—1
end if
end for
5L:C
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3. If ; <l and 9; # 0 mod r, then we have [ + ﬁ < §; < u. Therefore we have
[ < +r*"t <wu. Thus 6 +r*!is a valid digit. There is a carry propagation of —1
to the digit d;1,,. Since g; < 0 because d; < [, there is no change of weight at this

position.

4. In all other cases, §; € D and the carry propagation stops. Therefore the algorithm
terminates. If §; = 0, then the weight decreases by one. If §; # 0 and ¢; # 0, then
the weight remains the same. If §; # 0 and &; = 0, then the weight increases by one.

In all cases the weight of the output only increases by one if the algorithm terminates.
Therefore the inequality
h(éL/...50) S h(&L...g()) +1

holds. ]

Algorithm 6 Algorithm to add a digit to a representation over an asymmetric digit set
D
Input: Any representation (g, ...eo) of an integer n over the digit set D, ¢ € [-15, -]
Output: Representation of (¢, ...gp) + cr® over the digit set D

d; =¢; for all j

while ¢ # 0 do

5i25i+0

if 9; =0 mod r then
o=
1=1+1

else if §; > u then
C:
(Si:5i—7"m
1=14+m

else if §; < [ then
c= —
51—51‘4“7‘”1
1=1+m

else
CcC =

end if

end while

Lemma 4. Let (ep...g9) be a representation over the digit set D with €; # 0 for an
i €[0,L] and ¢ = £1. Then there exists a representation (g ...d) over the digit set D
with

(0r,...00) = (€L ...€0) +cr’
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and
h((;L .. 50) < h(&L .. .80).

Proof (cf. [15]). The proof of this lemma follows along the proof of Lemma 3. The differ-
ence to Lemma 3 is that because of Conditions 4 and 5 of our digit set D we are either in
case 4 and the carry does not propagate, or we are in case 1 and set §; = 0. The other two
cases do not occur because if §; ¢ D, then 9; =0 mod r.

In case 4 the weight is unchanged because €; # 0. In case 1 the weight is first decreased
by one and later at the end of the algorithm it may be increased by one. Thus the weight
remains the same too. O

Lemma 5. Let z € Z be such that | +1Ir' < z < u-+wur' for ani € {1,...,w —2}. Then
there exists an integer o with 7%1 <a< Handl<z-— arv=t <.

Proof. If | < z < u, then a = 0 is a solution. If u < 2 < u + ur®, then we must have

o > 0. If we can choose an « in the interval [ﬁ, r%l] with ©+ur® < u+ ar®"!, then this

«a satisfies 2 — ar*™! < u. Thus we need an « satisfying

- < .
pw—l—t = " = ]

By Condition 4 on the digit set D, there exists an integer ¢ > 1 with © = ¢r — 1. Therefore
we have

u u u
< - << ,
Tw_l_l_T_ —r—-1

and we can choose o = c.
If o also satisfies | < z — ar®~!, then it is the solution stated in the lemma. Otherwise
we know that v — [ > r*~!, therefore there exists an integer d > 0 with | < z —drv=! < u
for z > 0. Then we have a > d. If we use d instead of «, then ﬁ <0<d<a< .
Ifl+Ir' <z <land ! < 0 holds, we can find a solution « as in the case u < z < u+ur'.
If [ = 0, nothing has to be proved. O]

Now we can prove the minimality of the output of Algorithm 5 like in [15].

Theorem 12. The output of Algorithm 5 is a minimal weight representation of the input
n over the digit set D.

Proof (cf. [15]). We assume that the output is not always a minimal weight representation.
Let (er...g0) be the output of Algorithm 5 with input n. Let (dz/...dp) be a minimal
weight representation of n over the digit set D with h(d...dp) < h(er...e0). We assume
L to be minimal. Then we have the following five cases. In each case we either find a
contradiction or give a construction for a shorter counterexample.

1. If g = dp, then we can use (¢r,...e1) and (dz/...60;) instead of (g1 ...€9) and

(61 ... ).

2. Ifdp=0and gy # 0, g Z0 mod r, but oo = ¢y mod r. This is a contradiction.
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3. If dg=cp—r¥tand §; = ... = 6,2 = 0, then we have d,_ 171 + 6y = 17" "' +
go + ar® for an integer a and therefore

511}—1 = Ep_1 +ar+ 1. (6)

By Condition 1 on the digit set D, we have —r*~1 +1 < §y = g9 —r* ! and therefore
g9 > 0. In Algorithm 5, £y was not chosen to be negative, therefore the w-th digit
Yw—1 of the standard radix-r expansion of n is not » — 1. Since €,,_1 = vy,—1 mod r
in the algorithm, we have £,,_1 Z —1 mod r. Hence (6) implies §,,_1 # 0.

Therefore we can change the least significant digit to &) = dy + r“~! = gy. Then
we have to find a representation (&7, ...d,) for (dz...8;) —r*~!. This is done by
Lemma 4 without increasing the weight. Then we can consider the representations
(05, ...67) and (e, ...€;1) instead of the original ones.

4. If 60 =&+ Tw_l and (51 =...= 51(1—2 = 0, then we have §w_1rw_1 + (50 = €w_1Tw_1 +
€9 + ar® for an integer a and therefore

Ow—1 = Ew—1 +ar — 1. (7)

By Condition 2 on the digit set D, we have r*=t —1 > 6y = g + r*~! and therefore
g9 < 0. In Algorithm 5, £g was chosen to be negative, therefore the w-th digit ~,,_1
of the standard radix-r expansion of n is r — 1. Then we will choose ,,_1 = 0 in the
algorithm. Hence (7) implies d,,_1 # 0.

Therefore we can change the least significant digit to ) = dp — r*~! = gy. Then
we have to find a representation (07, ...d7) for (6, ...8;) + r*~'. This is done by
Lemma 4 without increasing the weight. Then we can consider the representations
(05, ...67) and (e, ...€1) instead of the original ones.

5. In all other cases we have dy # 0 and g # 9. We will construct a representation

(8% ...04) of n without increasing the weight and 0y, = g or 6) = o £ r*~! and
01 =...=0u_2 = 0. Then with one of the previous cases we can construct a shorter
counterexample.
Since (er...€g) is the output of Algorithm 5, we have ey = ... = g, = 0 and
therefore

w—2

Z §;r' = gy mod r¥ 1,

i=0
Thus there is an a € Z with

So—eo=ar’ L —,_orv Tt — =61

To construct the representation (87, ...d[), we first assign ¢, = ¢; for all i. We start

at ¢ = 1 and stop at i = w — 2. If 6] = 0, then we do nothing. If §; # 0, then &y —
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is a multiple of r*. We change the digits §, = &), + r'd; and §; = 0. Then we have
reduced the weight by one. Since [ +1r' < §) < u+wur’ is not a valid digit, we have to
find an o € Z with [ < ;) — ar¥~! < wu. By Lemma 5 we can choose o € [ﬁ, ﬁ}
Then we have a carry « to the digit 9/, ;. By Lemma 3 we can process this carry
with increasing the weight by at most one. So after both steps of changing J( the

weight has decreased by one or is unchanged. Then we go on with the next i =7+ 1.
At the end of this algorithm when ¢ = w — 1, we have 6; = ... = §,_o = 0 and
86 — €0 = ar™. Since 8), g9 € [—r*"t + 1,7~ — 1], we have a € {0, +1}.

So for every counterexample we have constructed a shorter counterexample, which is a
contradiction. Therefore the output of Algorithm 5 is minimal. [

In [15], Phillips and Burgess also present the expected value of the weight of a minimal
representation over the digit set D. They use the probability space of all representations
of length k with equal distribution.

Theorem 13. The expected value of the weight of the minimal representation over the
u—l— 3] - [7]

re=l(r —1)

k
digit set D of length k is m(l +o(1)) with p =

r—1

2.7 Joint integer representations with asymmetric digit sets

In the last section we introduced representations over asymmetric digit sets in dimension
one. Now we will generalize to an arbitrary dimension d, and an asymmetric digit set

Dy,={a€Z|l<a<u}

for | <0and u > 1, as in [11] by Heuberger and Muir. Obviously 0, 1 € D;,, for any [ and
u. We look at dimension-d radix-2 representations. If [ = 0, D;, only consists of positive
digits. Therefore we can only represent positive integers. Otherwise if [ < —1 we also can
represent negative integers, for example by exchanging every 1 for 1 in the standard binary
expansion.

The digit set D;,, contains u — [ + 1 digits. We define w to be the unique integer such
that

2V <u—l4+1<2%

We know that w > 2, since Dy, has at least two elements. Without loss of generality
we can restrict [ to be greater than —2*~!. Otherwise we would take the digit set D_,
where we have —2%~! < —u < —1. Then every representation of a vector N of integers
with digit set D;, would correspond to a representation of —N with digit set D_, _; by
changing the sign of each digit. Thereby the weight of the representation does not change.

The digit set D;,, contains a complete system of residues modulo 2*~*. Two possibilities
are the sets lower(D;,) = {l,[ +1,...,14+ 2! — 1} and upper(D;,) := {u — 21 +
1,...,u—1u}. Ifu—1+1=2"" these two sets will coincide. Then D,,, contains every
residue modulo 27! exactly once. Otherwise there will be digits which are unique modulo
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2¢~1 these are unique(D;,) := {a € Dy, Ju — 2“7 < a <1+ 2*“"'}, and digits which are
not unique, these are nonunique(D;,) :={a € D la <u—2""1or [ +2¥! < a}. If we
have a number n € Z and we want to compute a digit a € D;,, such that n = a mod 2“7,
we have two choices, namely

a:l—l—(n—lmon“”l) or

azu—(u—nmon“”l).

Maybe these two possibilities are the same. If they are different, however, then the
difference is 2*~!. No matter which one we choose, the next w — 2 digits are 0 since
n—a=0 mod2¥ L

Next we will define an order on the words over the alphabet {0,1}. It will be similar
to the lexicographic order, but reading words from right to left.

Definition 2.10 (Colexicographic order).

1. Let (ay...ap), (by...by) € {0,1}* be two words of the same length. Then
(ap ...ag) < (by...bo)
fI0<m<nMi<m: a =0b)Aay,<b, and
(ap . ..ag) = (by...bo)

if (ay ...ag) < (bn...by) or (ay...ag) = (bn...by). If the words are not of the same
length, just prepend zeros in front of the shorter word.

2. For a joint integer representation (e, ...£9) of a vector of integers over a digit set D
we define a string (a,, . ..ag) € {0,1}* with

{0 ife; =0,
a; —

1 else.

For two integer representations (&, ...&9) and (0, ...00) of two vectors of integers
over the digit set D we say (€, ...€0) = (0n...00) if (an...a0) = (by...by) is true
for the corresponding strings (ay, . ..ag) and (b, ... bp).

For example these words are colexicographically ordered:

0 10100 <10 X1 <101 <X 11.

The following integer representations are colexicographically ordered as well:

10\ _ (310 _ (430\ _ (21\ _ (112\ _ (032
(2o> = (100) = (110) = (10) = (020) = (113) |
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As in the previous sections we are interested in integer representations with minimal
weight. In [11|, Heuberger and Muir present an algorithm which computes the colexi-
cographically minimal integer representation. At the same time the output has minimal
weight. An integer representation (e, ...e0) of an integer vector N over a digit set D,
is colexicographically minimal, if for all integer representations (6, ...d) over D, with
St 028 = N we have (¢,...69) = (0, ...0p). Algorithm 7 is this algorithm. For sim-
plicity we write n + a, for a vector n and an integer a, and mean that we add a to every
coordinate of the vector n. Furthermore we have the vector M = (my,...,mq)T.

Algorithm 7 Algorithm to compute the colexicographically minimal and minimal weight
representation
Input: N € Z%, 1 <0, u > 1, N has to be nonnegative if [ = 0
Output: (g_1...¢9) a colexicographically minimal, minimal weight representation of N
1: L=0
2: while N # 0 do

3: if N =0 mod 2 then

4: A=0

5: else

6: A=1+((N —1) mod 2*71)

7: Linique = {J € {1,2,...,d} | a; € unique(D,,,)}

8: Lonmique = {J € {1,2,...,d} | a; € nonunique(D;,)}
9: M=(N-A)/2v!

10: if m; =0 mod 2 for all j € Lynique then

11: for j € Iionunique such that m; is odd do

12: aj =a; +2°1

13: end for

14: else

15: for j € Lionuique Such that m; =u+1 mod 2*~! do
16: a; =a; +2°7"

17: end for

18: end if

19: end if

20: e =A

o1 N=(N—A)/2
22: L=L+1

23: end while

24: return e;_1...¢g

The if branch in line 3 of Algorithm 7 makes the digit at position L a zero column if
possible. If this is not possible, the else branch in line 5 chooses a smallest digit which
is congruent to the input. In the inner if and else branches the algorithm checks if we
should change any non-unique digits. In the if statement in line 10 we check whether we
can make the (w — 1)-st digit after the current digit zero. If this is not possible we check
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in the else statement in line 14 whether we can increase the redundancy at the (w — 1)-st
digit after the current digit by changing any non-unique digits at the current position.
In the following lemma we prove that Algorithm 7 terminates.

Lemma 6. For an input vector N € Z%, where N is nonnegative if | = 0, Algorithm 7
terminates.

Proof (cf. [11]). First let [ < 0. Then max{u, |l|} <u—1—1 < 2%t —2. We show that
| N||oo is overall decreasing. Here || N|l = max{|n;|} is the maximum norm of N.

If A=0, then [[(N — A)/2||cc = [|N/2]|oc < |[|N]|oo- If A #0, || N|e does not decrease
in the next step, but it is decreased after w — 1 steps. In the steps in between we have zero
digits, since N = A mod 2¥~!. If || N/ > 2, the weight decrease is because of

IV = A4)/2" Moo < (IN[loo + max{u, JI[})/2"7
< (INfloo +2 = 2) /2
< [V

If ||N||oo = 1, the algorithm chooses A = N, because all entries of N belong to the digit
set D;,. Therefore A is a colexicographically minimal representation of N, since we can
not choose the least significant digit of the representation to be 0. Hence Algorithm 7
terminates for [ < 0.

If I =0, N has to be nonnegative at the beginning. We will show that N will never be
negative during the runtime of the algorithm. Since all digits are nonnegative (N — A)/2
will decrease and the algorithm terminates.

To show that N is never negative, we observe that this could only happen if n; < u,
that is n; is a digit. If the algorithm chooses n; as a digit of the representation, the j-th
coordinate will become zero, which does not matter. But if n; + 2! is also a digit and
the algorithm chooses this digit, then the j-th coordinate would become negative. In this
case n; € nonunique(D,,) and n; € lower(D,,). Since we first choose the digit from
the lower part, we have m; = 0 in line 9 of Algorithm 7. Since u > 2*~!, we do not have
0 =m; = u+1 mod2“ ! Therefore we do not change anything in the if branch in
line 10 nor in the else branch in line 14 and the algorithm chooses the digit n;. O

Since the output of Algorithm 7 obviously is a representation of N over the digit set
D, we have to show that the output is a colexicographically minimal representation.
Therefore there are the next lemmas from [11].

Lemma 7.

1. Let (e ...€0) be a colexicographically minimal representation of a vector N € 72,
then (e, ...e1) is a colexicographically minimal representation of (N — gg)/2.

2. Let (er,...20) be a minimal weight representation of a vector N € Z¢, then (e, .. .1)
is a minimal weight representation of (N —e)/2.
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Proof (cf. [11]).

1. Suppose (¢ ...e1) is not a colexicographically minimal representation of (N —eg)/2.
Let (6z...61) be a colexicographically minimal representation of (N —€p)/2. Then
we have (07, ...01) < (e ...e1) and therefore (1 ...d160) < (g1 ...€10). Since both
(0r...0160) and (g, ... €1€¢) are representations of IV, this contradicts the minimality
of (5L .. .80).

2. Suppose (¢, . .. 1) is not a minimal weight representation of (N —&y)/2. Let (6z...61)
be a minimal weight representation of (N — g¢)/2. Then we have h(dr/ ...01) <
h(er ...e1) and therefore h(d ... d160) < h(eg ...€160). Since both (9 ... d1€¢) and
(6L ...€160) are representations of N, this contradicts the minimality of (¢, .. .&o).

]

This first lemma does not make use of any properties of D;,. Therefore it is true for
any digit set D, in contrast to the next lemmas.

d

lus the equation

Lemma 8. For any representation (y_2...€9) with e; € D
(€w72 Ce. 60) = $2w71 +yvy

has an integer solution (x,y) with x, y € Dﬁu.

Proof (cf. [11]). If the result is true for d = 1, we can solve the equation for each coordinate
separately. Therefore we only look at one coordinate. All integers between (2¥~! 4 [ and
u2”~! +u can be expressed as 2! 4+ y with x, y € D;,,. Since [ < 0 and u > 1, we have

w—2 w—2
20741 ) 120 < (eyn . g0) < > u2 w2 +u,
=0 i=0
and thus (g,_2...€9) can be expressed in this a way. O]

Lemma 9. For any a € Dl‘fu and any representation (Ocp_q ...e160) with €; € Dl‘fu, there

exists a representation (0 ... 8) with 6; € Dy, such that
(6L50) = (O&‘L,l...é'g) +a

and
h(éL . 50) < h(Oe’:‘L,l . 80) + 1.

Proof (cf. [11]). We just use the classical algorithm for addition in each coordinate. There
can be a carry which is bounded by [ and u. Therefore the carry propagation stops if we
reach the first zero from the right. Thus there is at most one zero column of (0g_; .. .&g)
changed into a nonzero column. This is the first zero column from the right. Hence the
weight increases by at most one. ]
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Lemma 10.

1.

Let (er...g0) be a colexicographically minimal representation of N € Z% over the
digit set Dy, then every nonzero column of this representation must contain an odd
digit.

2. Every vector N € Z% has a minimal weight representation over digit set Dy, where

each nonzero column contains an odd digit.

Proof (cf. [11]).

1.

Assume the representation (¢, . .. £9) contains a nonzero column with only even digits.
We can assume that ¢q is this specific column. Let the (¢ 4 1)-st column be the first
zero column from the right, then we have the representation (0g;_; ...¢g¢) with g; # 0
for i < t. By Lemma 9 we know that there exists a representation (¢ ...d;) with

(6...61) = (0£,_1...61) + %0

Now we can replace (0g;_1...g9) by (6 ...6:0) in the representation (e, ...g) of N
and we get a colexicographically strictly smaller representation of N which contradicts
our assumptions.

Let (er...€0) be a minimal weight representation of N with a nonzero column con-
sisting of only even digits. We can assume that ¢y # 0. Let &; be the first zero column
from the right. So we have (0g;—; ...&p). By Lemma 9 there is a representation

o

(51?(51) = (05,5,1...81)4—5

and
h(5t Ce (51) S h(Ost_l . 61) + 1.

Therefore we have

h((st Ce 510) S h(()st,l Ce 6180)

and when we exchange these two representations, we again obtain a minimal weight
representation.

]

Lemma 11.

1.

Let (1 ...g0) be a colexicographically minimal representation of a vector N € Z¢
over the digit set Dy,,. Ife; #0, then €41 = ... = €j44p—2 = 0.

Every vector N € 7% has a minimal weight representation over the digit set Dy,
where there are at least w — 2 zero columns in front of each nonzero column.
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Proof (cf. [11]).

1. Assume the result is false for N. Let (¢1...g9) be a representation of N. We can
assume that £y # 0 and one of the digits €,,_o,...,&1 is nonzero too. By Lemma 8
there exist z, y € Dl‘fu such that

(Ew—z...€0) = 221 + 1.

With this solution z, y we can construct a representation of N which is colexicograph-
ically less than the original one. This is a contradiction to the fact that (e ...eq) is
colexicographically minimal.

We have

where the addition (Ocp,...e4,-1) + 2 = (041 ...0y_1) is done by Lemma 9.
2. We construct the same new representation as above:
N=(ep...e0) = (0p41.--00w_10...0y).
By Lemma 9 we further know that
h(6ps1 .- 0w_1) < h(Ocp,...€4p-1) + 1

and
h(OOy) S h(€w_2...€0) -1

since on the right hand side there are at least two nonzero digits in the representation.
Therefore the new representation has weight

h(6p41---0w-10...0y) < h(ep...&0).
Thus it is a minimal weight representation again.
O
Now we have all prerequisites to prove the minimality of the output of Algorithm 7.
Theorem 14.
1. For any input N € Z¢, the output of Algorithm 7 has minimal weight.

2. For any input N € Z%, the output of Algorithm 7 is a colexicographically minimal
representation.
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Proof (cf. [11]).

1. Let N be a vector of integers for which the output of Algorithm 7 has not minimal
weight. We choose N such that the output (e, ...g) of Algorithm 7 has minimal
length. Let (07 ...dp) be a minimal weight representation of N. We can assume that

g9 # dp, since otherwise % would be a smaller counterexample to the algorithm.

Furthermore by Lemmas 10 and 11 we can assume that (z/...Jp) has at least one

odd coordinate in every nonzero digit and that any nonzero digit is preceded by at

least w — 2 zero columns. If N =0 mod 2, then ¢y = dy = 0, since every nonzero
digit of the minimal weight representation contains at least one odd coordinate and

the algorithm chooses g9 = 0. But this contradicts our choice of N, therefore N # 0

mod 2. Because in both representations any nonzero column is preceded by w — 2

zero columns we have the two representations

(6L...€w_10...0€0) and (5L"-~6w—10--'050)'

w—2 w—2

Therefore we have g9 = &y mod 2¥~! but g # &. If D;, consists of exactly 2v~!
digits, then nonunique(D;,) is empty and this contradicts these conditions on ¢
and dg. In this case we have proved that the output of the algorithm has minimal
weight.

From now on we assume that nonunique(D;,) is not empty. Next we show that the
digits €,,_1 and §,,_1 are nonzero. If §,,_; = 0, then N = ¢y mod 2" and Algorithm 7
would choose g9 = dy since there is no other possibility. Therefore §,,_; # 0 and
0w = ... = 093 = 0 and we have the representation

<5L’ ...(Sgw,QO...O(Sw,lO...O(So)
w—2 w—2
of N.
We write a; = (a1, ...,aq;)" to denote the coordinates of a;.
Now assume €,_1 = 0. Then ¢y = §,_12* "' + §, mod 2% and thus
5 = dw—1 00— €0
v 2 2w

is a vector of integers. Furthermore for all i the entry ¢; , of d;, is in Dy, since

l 0iw—1 dio— €
[—1<-—-1< = :
-2 2 2w

The strict inequalities follow from the fact that 6,9 — &;0 = £2“~! if they are not
equal. If we set d;, ; = 0, 5 = g9 and for all other digits 07 = d;, then we get the
representation

( /L""(Sqlu—&-l ;} ;u—l ;_25/1(56) = ((SL/...521“_20...051/00...060)

w—3 w—1

i”<g+1§u+L
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of N. Since the weight of this new representation and of the minimal weight rep-
resentation is the same, the new representation is a minimal weight representation
of N too. Therefore we have a shorter counterexample % which contradicts our
choice of N. Therefore ,, 1 #0 and g, = ... = €9,_3 = 0.

Now we examine the integer vector g;ff. We have

N —¢
2w—10 = (ep...€2w—20...0ey_1)
w—2
= (5[/ .. .(521020.._.2051”1) _|_ 2w_1 .

Every coordinate of the vector (;Ow_ff’ is in {0,£1}. Now we have to perform the

addition (8. ..02,-20...00,_1) + (;OJ,EP. Thereby we only have to change the digit
dw—1 as we will prove. The result (07 ... d2,-20...000 ;) of the addition has the same
weight as (0p/ ... 02,-20...08,_1) and is therefore a minimal weight representation
of % But we have

h(ﬁL e €990, ng—l) < h((SL/ . 5211)—2 0... 057/1)_1) (8)

w—2 w—2

which is a contradiction to our choice of V.

To prove that we only have to change the digit §,,_; in the addition

50 — &0
((SL/ c. 52w—20 . 0611;—1) + W,
we consider three cases. In each case we only look at one coordinate 7. If 6i’2°w__6f’° =0,
nothing changes in the addition. If 5i’2°w__€f’° = 1, we only have a problem if 9, ,,—; = u.

Then we would have a carry since v +1 & D;,,. We have

Oiw—1+1=¢€;,-1 mod guw—l
=u+1=¢,-1 mod w1
= Eiw—1 = U — 2w71 + 1.

Thus €;,-1 is at the border of the unique digits. Additionally we have ;o €
nonunique(D;,) since €;9 # 0,9 and £;9 = d;9 mod 2!, But this combination
is impossible in Algorithm 7, since it would change a non-unique digit to increase
redundancy at the next nonzero digit. Therefore we will never have to add 1 to the
digit u.

If 6’2010;_6;0 = —1 we only have a carry if §;,,_; = [. Since the difference is —1, we have
gio = 21 + 8,0, thus ;9 € upper(D,,). We further have ¢;,.; = [+ 271 —1
since €1 = 0j—1 — 1 =1 —1 mod 2*~*. But Algorithm 7 would choose £, €
lower(D;,) and only change it if the column €,,_; can be made 0 or the redundancy
can be increased. These conditions do not occur since €,,_1 7# 0 and €; ,,—1 # u—2w"1,
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2. The proof of 2 is the same as the proof of 1, only (8) has to be changed. There we

argue as follows: The two representations of ];C[f{) satisfy

(5U--'52w—20---05g_1)'<(5L--~52w—20---05w—1)

w—2 w—2

Therefore we have constructed a shorter counterexample which contradicts our choice

of N.
O

Now we know that every colexicographically minimal representation has minimal weight,
since all have the same weight and the output of Algorithm 7 is at the same time colexi-
cographically minimal and has minimal weight.

The combinatorial characterization of the colexicographically minimal integer represen-
tation will be presented in the following theorem (which is Theorem 6.1 in [11]).

Theorem 15. Let N € Z%. Then there is exactly one representation (&, ...y) (up to
leading zeros) of N over the digit set Dy, such that the following conditions are satisfied:

1. Fach column €; is zero or contains an odd digit.
2. Ife; #0 for some j, then €j1 o= ... =¢€j41 = 0.
3. Ife; #0 and €j4y—1 # 0 for some j, then

(a) there is an i € {1,...,d} such that €; (j1w—1) is odd and €;; € unique(Dy,),
(b) if &;; € nonunique(D,,), then &; jiy—1) #Zu+1 mod 2¥71,

(¢) if &;; € upper(D;,) N nonunique(D,,,), then &; (j4p—1) = v mod 271,
Moreover, this representation is the output of Algorithm 7 on input N.

Proof (cf. [11]). We can see that the output of Algorithm 7 satisfies these conditions be-
cause of the decisions made in the algorithm. From this and the correctness of the algorithm
the existence of such a representation follows.

To show uniqueness, we assume that for an integer vector N there exist two different
representations (er,...€o) and (07 ...dy) which satisfy the conditions of the theorem. We
choose N such that the minimum of the lengths of the representations is minimal. Thus
g9 # 0p. If g = 0, then Condition 1 implies that §y = 0. Therefore ¢y and dy are both
nonzero. Condition 2 implies €1 = ... = €40 = 01 = ... = dup_o = 0. Hence g¢q = 9
mod 2“~t. Therefore for all coordinates i with ¢; ¢ € unique(D,,) we have ;9 = ;.

The digits €,,_1 and d,,_1 cannot both be zero, otherwise ¢y = §p mod 2" which implies
g9 = 0. Without loss of generality ,,_1 # 0. Let 7 be the index described in Condition 3a.
Then we have ;9 = 0;0 € unique(D;,) and €;,—1 = 6; -1 =1 mod 2. Hence, §,,—1 # 0

either. Condition 2 implies €, = ... = €9y_3 = 0y = ... = d9y—3 = 0. Then we have
€9 — O, _
Ol = Ep_1 + % mod 2¥~ 1, 9)
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Since g9 # do there is a coordinate i with ;9 € upper(D;,) N nonunique(D;,)
and ;9 = g;0 — 2“"!. Then Condition 3c implies €;,,1 = v mod 27!, With (9) we
get 81 = u+ 1 mod 2!, But this is a contradiction of Condition 3b since §;q €
nonunique(D; ). O

For d = 1 we can simplify our digit set D;,: Because of Theorem 15, Condition 1 we
do not have any even ¢; # 0 in the representation of an integer. Therefore we can assume
[ and u to be odd, and we can use the digit set D :={a € D;, | a =0V a odd}. Now we
see that this digit set is slightly more general than the digit set in Section 2.6, since for
example u = 2V — 3 and [ = —1 are also allowed.

This type of joint integer representation generalizes the w-NAF. Ford = 1,1 = -2~ 1+
1 and v = 2! —1 we have the simplified digit set D = {0, +1,...,+(2*"1=3), £(2v~1-1)}
and Conditions 2 and 3a guarantee that there is only one nonzero digit in every block of
length w.

It also generalizes the simple joint sparse form. For d = 2, | = —1 and u = 1 we have
w = 2. Condition 3a implies, if z; = +1 and y; = £1, then z;11 = y;o1 = 0. If || # |yl
and €;41 = 0, then we have |z;41| = |yiy1|. If |25 # |ys| and €,41 # 0, then &; # 0 and
gir1 # 0. Therefore Conditions 3a and 3b and ¢; = (0,41)7 (or the other way round)
imply €;,1 = (+1,+1)7, hence |z;41| = |yir1]-

But the colexicographically minimal integer representation presented in this section
does not generalize the joint sparse form, since the joint sparse form is different from
the simple joint sparse form and this colexicographically minimal integer representation is
unique. Nevertheless the joint sparse form is also colexicographically minimal, since it has
all double zeros at the same positions as the simple joint sparse form.

In [11], Heuberger and Muir also derived a limit law for the distribution of h(n). They
consider the probability space over all representations of length N with uniform distribu-
tion.

Theorem 16. Let the random variable X be the weight of the colexicographically minimal
representation over the digit set Dy, of length at most N. Then there are constants e, q
and vy, q such that the expected value and the variance of Xy are

el,de + 0(1) and Ul,u,dN + O(l)

(3= A)A

m, where

For d =1 we have e;,,1 = and vy, =

w—1+ A\

ou—1+1) - (=1)) — (—1)*
2w '

A=

Furthermore the random variable X satisfies the central limit law
. XN — €ualN 1 / T2
lImP | ——— <z | =— e~ 2dt.
n—00 ( \/m - ) V21 J o
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Figure 3: Transducer to compute the Hamming weight of a w-NAF representation

3 Asymptotic distribution of the weight of a w-NAF

In this section we will present the asymptotic distribution of the Hamming weight of the
w-NAF representation. Therefore we construct a transducer which computes the Hamming
weight of the w-NAF of the input.

Lemma 12. The transducer in Figure 3 calculates the weight h(n) of the w-NAF of a
number n given in binary erpansion. Thereby the output is a series of 0 and 1 and the
weight h(n) is the number of 1.

Proof. Let n = Z]L:o 2in; with n; € {0,1} be the standard binary expansion of n and
(€k . ..€0) be the w-NAF representation of n. If n =0 mod 2, then £y = 0 and we start
the transducer again with input #. Otherwise gy # 0 and the weight h(eo) = 1. Since
we have a w-NAF representation, the next w — 1 digits ey = e = ... = €,.1 = 0, no
matter what the corresponding n;, j = 1,...,w — 1 are. The sign of the digit £y depends
on n,_1 mod 2. If n,_; =0 mod 2, then ¢y > 0 and we can just restart the transducer
with *55¢. If n, 1 =1 mod 2, then £y < 0 and we therefore have a carry of 1. As long as
we read a 1, we pretend to have read a 0, and the carry stays the same. When we read a

0, we pretend to have read a 1 and the carry vanishes. O

We want to compute the average weight of w-NAF representation. Therefore we assume
the following probabilistic model on the discrete space {n € Z | 0 < n < N}, where N € Z
is a fixed number. The probability measure is the uniform distribution on this space.

Theorem 17. The weight h(n) of the w-NAF of the integer n is asymptotically normally

distributed with mean kfiiv + O(1) and variance ﬁ logy, N + O(1), that is

h(n) — &l 1 [ e 1
P wtl g ——/ e'zdy+0( )
ﬁlOgQN \% 2w —00 V4 lOgN

for all x € R.
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The remainder of this section consists of the proof of Theorem 17.

We calculate the exponential function f(n) := e®"®™. The computation follows along
the proof of Theorem 6 in [10]. We define the following matrices M. for each digit € € {0,1}:
the (k,1)-th entry is equal to " if reading an ¢ in state k means writing an h and going
to state [, or it is O if there is no edge from state k to [ with input label €. So we obtain
the two matrices

0 1 0 000 01 0 000
: o0 : e 00
0 - 0 100 0 -«- 0 100
Mo_oo 01 0}l Ml_oo 00 1
0o . 10 z . 00
2 0 - 000 0O 0 -~ 001

Thereby the labels of the states in the transducer in Figure 3 correspond to the enu-
meration of the rows and columns of the matrices and z = e.
Now we can rewrite the function f(n) into

where 77 = (0,...,0,1,0) is the w-th unit vector and n = S 2'n; is the binary expansion

of n. The product describes all possible paths from any state to any other state, using
edges with input labels corresponding to the input n. The exponent of the entries of the
matrix product is the sum of output labels on this paths. Since we are interested in paths
starting and ending in state w, we multiply by ¥/ from the left and ¥ from the right. The
factor My’ is due to the fact that we want to stop at state w, but maybe the input n is
not of the correct length to stop there. So we just append w zeros at the end of the input,
since we need at most w steps reading 0 to get to the state w.

We define M (n) := Hleo M,,. The function M (n) is 2-multiplicative (see, for example

[3]), that is
M (Z 2lnl> = H M(nl)

Furthermore we define the following summatory functions

E(N):= ) ™,

n<N

F(N):=Y_ M(n).

n<N

Next we want to find some recursion relation for F/(N). By the 2-multiplicativity we

20



have

1
F2N)=>_ M(2n +¢)
e=0 2n+e<2N
1
=N " M.F(N)
e=0
and for N > 1 we have
1
FRN+1)=) M(2n + ¢)

= M.F(N)+ MyM(N)
e=0
With
0 2 0 00
0 0 2
A= Mo+ M= | 0 20 0
0 11
z 0 10
z 0 01
we have

>
o
=
_|_
I

AF(N) + MyM(N)

and by iterating we obtain

L L L
F(Z%J:Z@M%HA@
=0 =0

j=l41

Now we want to split this formula into two parts. One part is coming from the dominat-
ing eigenvalue. The other part, coming from the other eigenvalues, will be the remainder
term. The characteristic polynomial of My and M; is (—1)“"'z¥(x — 1) and therefore
independent of z, which is obtained by Laplace expansion. The eigenvalues of the matrices
My and M; are therefore 0 and 1. Thus the interesting matrix is A.
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w |2 3 4 > 6 7 8 9 10
B(0) | 1]1.41421 | 1.64512 | 1.77055 | 1.84348 | 1.8886 | 1.91797 | 1.9379 | 1.95189

Table 5: Values of £5(0), modulus of the second largest eigenvalue of A at ¢ = 0 for
w=2,....10

The underlying graph of the transducer in Figure 3 is strongly connected and the matrix
A is positive at t = 0. So we can use the theorem of Perron-Frobenius (see, for example,
[13]). Since we can reach every node with exactly w steps starting at node w, and we can
reach the node w starting from any node with exactly w steps, the adjacency matrix A
is primitive at ¢ = 0 (since A%* > 0). Therefore we know that the dominating eigenvalue
of the adjacency matrix A is unique at t = 0. Since eigenvalues are continuous, we have
B(t) < |u(t)] around t = 0 where p(t) is the dominating eigenvalue and £(t) is the modulus
of the second largest eigenvalue. In other words, p(t) is the dominating eigenvalue.

With Laplace expansion we get the characteristic polynomial of A

(1, _ 1)($w _ a:w_l _ 2w—1eit).

At t = 0 we have a solution = = 2. We have u(0) = 2, because for |z| > 2 we have

<2)w—1
1+ (=
T

by the triangle inequality. Thus there cannot be a greater eigenvalue.
The value of 5(0) depends on w. In Table 5 the values for 5(0) for some small w can
be found. The Taylor expansion of p(t) around ¢ = 0 is

e e I e < |zv7 -2 < |2

24 w—+ 3

_ 2 3
w—i—lt (w+1)3t +0).

pu(t) =2+

Let T"'AT = J be a Jordan decomposition of A with the eigenvalue p(t) in the top
left entry: Jy; = u(t). To split the formulas, we define A := T'diag(p~*,0,...,0)T" and
R =T (J — diag(,0,...,0))T!. Then A" = p"A*~" + R! holds for I < L. The largest

eigenvalue of the matrix R has modulus 5. We also define

00 -1
A(xg, xq,...) = Z 2 A M, H M,
=0 p=0

L L
R(ep,...,e0) =Y aR'M, [] M.,
=0

p=Il+1
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where Hf:a m; = mp-Mp_1-... Mgy The function A is continuous on the infinite product
space {0, 1}, Altogether we have

L
F (Z 2151> = u(t)*Aler, ..., £0,0°) + R(ep, . .., €0).

=0

We can define R to be a function on N. The function A is defined on the infinite product
space {0, 1}, but we can define A on the interval [0,1) by

<§ €2 ) A(eq,e9,...),
>1

where we prefer representations ending on 0“ to representations ending on 1¢ if there is a
choice. Then we get

E(N) =" F(N)MY7 = p'*2¥W(log, N, t) + 7" R(N) MY, (10)

with W(logy N, t) = p~ s NIgT A (2floe2 N1y ppays,
Since the eigenvalues of M. are 0 and 1 and the largest eigenvalue of R has modulus
B(t), we know the error term

[T R(N)My5| = O(N'e25)
and the following expression for E(N)
B(N) = N/ 1ot/ () 162) 400 g 1og, N, 1) + O(N5:50), (1)

The function W(x,t) is periodic in z with period 1 and is well defined for all z € R*.
Therefore W(x,t) = O(1). To prove continuity in = we first note that continuity is obvious
for x € R with x = log, y where y is not a dyadic rational. To prove it for x = log, y with
Yy = Zlel ;27" a dyadic rational, we observe that the two one-sided limits exist. Next we
prove that they are the same. Therefore we look at the two sequences NN, = y2L++1 4 9ok
and N, = y2Ltk+1 4 9k _ 1 Then

lim 2{los2 N} — (:e169...€,10%) and lim 9 {logs N} _ (se189...£,01%).
k—o0 k—o0

If we insert these two sequences in (10) we get
O(1) = E(N;) = E(N;) = NeW(logy Ny 1) — NiW(logy Ny, 1) + O(N ),

and hence limy_,oo U({log, Ni}) = limj_o0 U({log, Ni}). Therefore W(z,t) is continuous
n .

In ¢, ¥(x,t) is also continuous, because the eigenvalues of a matrix are continuous. Fur-
thermore the function W(x, ) is arbitrarily often differentiable in ¢, because it is dominated
by a geometric series.
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Furthermore the error term o7 R(N) MY is also differentiable with respect to ¢ because

it is dominated by a geometric series.
If we insert t = 0 in (11), we get the value of ¥(log, N,0) = 1 4+ O(N'e250)=1),
Differentiating E(/N) with respect to ¢ and inserting ¢t = 0 produces

1
> hn) = —— 7 Nlogy N + Ny (log, N) + O(N™2280) 1og ),

n<N
with Uy (2) = —i2U(z,t)|,—0. Differentiating once more produces
> 1P (n) ! —— Nlog? N+LNlog N
=~ T w1 T T

2
- jN logy N1 (log, N) + NWy(log, N) + O(N'"0&2P0) og% N),
w

with Wy(x) = th U(z,t)|i=o. Both functions ¥, (z) and Wy(z) are continuous with respect
to x and periodic with period 1 due to the same arguments as above. Therefore they are
bounded.

From these two equations we can compute the expected value and the variance of the

random variable X = h(n). The expected value is

¥ 2 i

n<N

7 logy N + W5 (logy N) + O(N'"&2P0~1 50 N),

and the variance is

1 9 o 2 2
NZII(TL)—( Zh ) —mlOgQN_\Pl(log2N)

n<N n<N

+ Uy(logy N) + O (N8P0 ]ge? V) |

Now we can calculate the characteristic function gn(¢) of the standardized random
variable

logys N
A S =
ﬁlOgZN

With this we can compare the asymptotic distribution of Z with the normal distribution.
For this we use Vaaler’s version [20] of the Berry-Esseen inequality, Theorem 11.

First we have to compute the characteristic function of Z for ¢t = o(y/log N). We do
logy N
ol t

1
so by multiplying (10) with N &P —it wil
‘/(+1 5 logy, N 1/(+1 s logy, N

and inserting
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instead of ¢:

2 t3 t
=e 2 (1+O<3—/2>)\If lOgQN, 5
log®* N i ® log, N

+R(N, = ! exp (—it\/(w i 1)210g2N> ,
mloggN

where R (N, t) = 0T R(N)MYv. Since gn(t) is a characteristic function, we have
1 =gn(0) =g+ 10 (12)
with 1 := W(log, N,0) and ro := R(N,0). We know that ry = O (N~¢) for some & >
0, since log, 4(0) < 1. Furthermore we know that R(N,t) = O(N~¢), since there is a
dominating eigenvalue around ¢ = 0.
We also know that the characteristic function of the normal distribution with mean

0 and variance 1 is f(t) := exp(—%). Now we look at the difference between these two
characteristic functions

2 3 t
(— ) (o ()
exp <—it\/(w - 1)210g2 N) — (Yo + 7’0)6_%
+1) log2N
(9

m) (0 (Jmgw)) (10 (+ioun)) =
() (B ) o).

.2 ~
where we used (12), ez <1 and R(N,t) =19+ O (t) = O(N°) for some € > 0 around
t=0. Let

~

()f=

Mu-

|/\
w‘“

IN

h n) — 1Og2N
gy(z) =P ( ) vl <
5 log, N

(w+1

2
be the distribution function of the variable Z and f(x) := f f Tdy be the nor-
mal distribution with mean 0 and variance 1. Since the density functlon of the normal
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distribution is bounded from above by 1, the Berry-Esseen inequality, Theorem 11, implies

T 2

owle) ~ @)l < [ I s

gn(t) — e
7 2t |90

1 . 2
+ﬁ(1+/TK(T ) <gN(t)—e >dt>.

Now we estimate the integral on the right hand side with J(t) < 1, e <1 and (13):
o)~ 11 < [ Lo (LN arw (14 [ - rupo (e
o =)t \ViogN 2T L Jog ¥

0 T n 1
- Viog N 27"

If we choose T' = +v/log N, we get

h(n) — gl 1 T 1
P vl <z | = —/ e z2dy+ O (—) .
i loge N V2T J oo Vieg N

dt
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4 Asymmetric digit sets in dimension one

In this section we investigate minimal weight representations with asymmetric digit sets.
We will give the asymptotic distribution of the minimal Hamming weight. In [11], Heuberger
and Muir present an algorithm for constructing d-dimensional joint representations in base
2 with minimal weight. First we will restrict ourselves to d = 1. Later in Section 5 we will
describe how to generalize the result to arbitrary d.

For definitions see Section 2.7. Algorithm 3 in [11] computes a minimal weight joint
representation for arbitrary d. In the case of d = 1, some simplifications can be done. First
of all, even digits, except 0 will not be used, therefore u is assumed to be odd. As we only
want to compute the weight of the representation, we sometimes can abbreviate the while
loop. This leads to Algorithm 8.

Algorithm 8 Algorithm to compute the minimal weight of a representation over the digit
set D, in dimension one
Input: Integersn, [ <0, u >0,uodd, n>0if [ =0
Output: Minimal weight of a representation of n with digits in D,
1: h=0
2: while n # 0 do

3: if n =0 mod 2 then

4: a=0

5: h=h+0

6: m = g

7 else

8: a=14 ((n—1) mod 2*°1")
9: h=h+1

10: m = an;_al

11: if m=1 mod2and (n—1[) mod 2! <wu —1—2""! then
12: a=a+2v!

13: m=m-—1

14: end if

15: end if

16: n=m

17: end while
18: return h

Now we want to construct a transducer, doing the same calculation as Algorithm 8. It
will look similar to the transducer in Figure 3. We start at some state 0. Then there is
some vertical block of states (0,0);, (1,0);, (0,1); and (1,1); fori =1,...,w—1. After this
block we either go back to state 0, or to a similar state 1, or again to the block of states
(see Figure 5). We call the states 0 and 1 the beginning states. Their labels signify the
carry which is to be processed. The state 0 is also the final state.

The block of states corresponds to the if statement in line 11 in Algorithm 8. In this
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line we have to check the inequality (n—1) mod 2¥~! < u—1—2%"1. A first step to this aim
is to compare n + ! < @ with [:=—land @i := u— [ — 2%~ Therefore we use Automaton 4
in Figure 4.

This automaton takes three binary expansions of the integers a, b and ¢ as input. It
answers the question whether a +b < ¢ is true. The states are (s,t) with s, ¢t € {0,1}. The
label s signifies the carry of the addition a + b which still has to be processed. The label ¢
corresponds to the truth value of the expression (a + b) mod 2' > ¢ mod 2¢ where i is the
number of read digits up to now. So the automaton accepts the input if it stops in state
(0,0) where there is no carry anymore and a + b > ¢ is false. The initial state is (0, 0).

Therefore there is a path from (0,0) to (s,t) in Automaton 4 with input label

a;—1...0p0
Bi—l .- -60
Yi—1---70

if and only if

o — V@i—l -ao) + (Bi-1 - - -ﬁo)J
9i
and ¢ = [((;_1...ap) + (Biz1---Bo)) mod 2° > (v;_1...7)]. Here we use Iverson’s nota-

tion, that is [ezpression] is 1 if expression is true and 0 else. From this the rules for the

T
transitions follow. There is a transition (s,t) b, (s',t') if and only if & = L%ﬁﬁj

and t' = [(a+ f+ s) mod 2 > v —t].

Next we examine the binary expansions of @ and [. Since we have assumed that [ >
—92v=1 we know that the length of the binary expansion of [ is at most w — 1. Furthermore
—1 < @ < 21 In the case & = —1 the set nonunique(D;,) is empty and we have no
choices for the digits, therefore we will neglect this case. Then the length of the binary
expansion of @ is at most w — 1. Let [ = (ly_y...lo) and @ = (ty—z . ..uy) be the binary
expansions.

Now we can verify n + [ mod 2¢ < (Uy—2 ... 1up) by checking the label ¢ of the state
(s, t) after reading w — 1 digits from the binary expansion of (n,,)” in Automaton 4. If
t = 0, then the inequality is true, otherwise it is false. Since the length of u is less than
or equal w — 1 there are no digits of @ left. Only a possible carry of the addition n + [ is
left. This carry is the label s of the current state (s,t). Therefore in fact we have checked
n—+1 mod 2¢~! < @. To ensure that we read exactly w—1 digits, the transducer in Figure 5
has w — 1 copies of the four states of Automaton 4. The transitions start in a state of the
i-th copy and go to an appropriate state of the (i + 1)-th copy while reading the i-th digit
of the expansion.

In the if statement in line 11 in Algorithm 8 we have to check the other condition
m =1 mod 2 too. Let (s,t),_1 be the current state at the end of the block of states. We

know that m = (nH)f(n;p_{n od Qw_l, therefore the least significant digit of m is simply the

next digit of the addition n + [. Since there are no digits of the expansion of [ left, we
only have to look at the next digit of n and consider the carry s. Thus we have m = s+ ¢
mod 2.
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Figure 4: Automaton 4 to compare three integers a, b and ¢, if a +b < ¢

If the inequality of the if statement is satisfied, that is if ¢ = 0, then whatever digit € we
read next, the transducer starts from a beginning state again. If m is even, then the next
written digit is a zero anyway. If m is odd, we can change the digit in the representation
(because it is non-unique) and m becomes even too. We only have to remember the carry.
If s=0or s=1and we read € = 0 then there will be no carry propagation and we start
at state 0. If s = 1 and we read € = 1, then there is a carry propagation and we start at
state 1.

If the inequality is not satisfied, that is if t = 1 and m = s + ¢ mod 2 is not even,
then we have to start with the w — 1 transitions of Automaton 4 immediately. If m is even
however, then the transducer starts from a beginning state again. In both cases we have
to consider the carry propagation as well.

At state s € {0,1} we stay in state s as long as we read s. If we read 1 — s we start
with the w — 1 transitions of Automaton 4.

To summarize we have the following transitions in the transducer in Figure 5 for s, s,
t,t,e€{0,1} and i € {1,...,w — 2}:

|0 .
e s——>sifs=c¢.

(g,lo,u0)T

o s L (s',t')1 if s =€ and (s,0) (s',t') is a transition in Automaton 4.

(e,dius)T

o (s,1)i €|—0> (8", t)ir1 if (s,1) (s',t') is a transition in Automaton 4.
o (s, t)uw-1 6‘—0> s'ift=0ore+s=0 mod 2, and s’ = [53*].
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0[0 10

Figure 5: Transducer to compute the weight of a minimal weight representation with digits
in Dl,u

Figure 6: Transducer to compute the weight of a minimal weight representation with digits
in D_31;

&,lo,u0)T

o (5,1)p 1 LN (s',t')1ift =1,e+s=1 mod 2and (s,0) {elowo) 7,
in Automaton 4.

(s',t') is a transition

We note that there is only one accessible state in the first row, because the transitions
11 o[t .
o 1L (s,t); and 1 on, (s,t); have both the same target state. This target state depends

on ! and w.

Example 4.1. Forl = —3 and u = 11 we have w =4, [ = (011)y and @t = u — [ — 2¥~ =
(110)2. The transducer can be seen in Figure 6, where all non-accessible states are gray.

The next theorem states the properties of the distribution of the weight.

Theorem 18. The weight h(n) of the colexicographically minimal and minimal weight
representation over the digit set Dy, of the integer n is asymptotically normally distributed
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with mean

1
——log, N + O(1
w + Cn 08s + ()

qw—1

and variance

(w4 5o27)?

log, N + O(1),

that s
P h(n) — ey loga N 1 /x 2 (9( 1 )
<x | =—F—= e zdy+ Z
\/(22;711)(1+2§”1) log, N V21 J oo log N

(Wt 527)3
for all z € R with
¢, = |{a € nonunique(D;,) | a =1 mod 2}|.

The remainder of this section consists of the proof of Theorem 18. The proof is similar
to the proof of Theorem 17. We define matrices M, for ¢ € {0,1} for the transducer in
Figure 5 as above. The order of the states is (0,0)y, (1,0)1, (0,1)1, (1, 1)1,...,(0,0)p_1,
(1,0)w-1, (0, 1)w_1, (1,1)4_1, 0, 1.

0 M(O,ll,m) 0 0 00
: . - 0 Do
0 0 My s 00
0 i .. 0 10
My = 0 : ) : 1 01>
B 10
zd 00
G 1 0
e g 0 00
M(l,h,ul) 0 0 00
: . 0 Do
0 e O M(l,lw—Qyuw—Q) O O
M, = 0 : : 01
zd 00
G 01
zd 00
(—)* (‘)' 6 01

61



Here 0 is a 4 x 4 zero matrix, 0 = (0,0,0,0), @ is the first row vector of the matrix M ;) )
and z = . The matrices M, s.), with v, 6, ¢ € {0, 1}, are the matrices of Automaton 4:

1000 1000
0010 1000
Moon =109 g 1 0| Moon =11 ¢ ¢ o
0010 0010
0010

0100

M0 =Mao0 =19 o 1 ol°

0001

0100 0100
0001 0100
Maro=1g o o 1] Mn=19 1 0 o
0001 0001
1000

0100

Moy =Maon =14 o 1 o

0100

Example 4.2. The matric A = My + M, with the non-accessible states, in Example 4.1
18

=}

S OO OO DD OO oo oo oo
SO DD DO DO oo oo oo
S OO OO DO OO KN
SO DO DD O OO OoOOoOoOo
SO DD DO DD DO oo o oo

W NN DODODDODDO OO oo o
SO DO DD DO DD OO oo o oo
S OO DO DD OO OO0 oo
SO OO OO OO OO0 OoOo OO
S OO OO OO O oo oo
OO DD D DODIDODDOHKHFHDNOOOO
OO OO OO RO OOOoOOoOOo
—_ O R FNODOOOoOOoO o oo
_— O R O OO0 OO o ooo

(a]
(@]
(a]
(@]
(@]
[aw]

Its characteristic polynomial is (x — 1)z%(2* — 2® — 82) and its eigenvalues at t = 0 are 2,

0.239 4+ 1.628:, —1.478, 1 and 0 with algebraic multiplicity 9. The Taylor expansion of the
largest eigenvalue around t =0 is

23 7
=2+ =t — —¢? 3.
ult) =2+ Tt = ==+ O(t")

62



Next we define the functions f(n), F(N), E(N) and M(N) as above. Then we have

L
fn) =" T My, - M3"o.
=0

The factor MZ¥ is due to the fact that for some u and [ we have to go through the block
twice, to finish the computation at state 0. We have the same recursion formula for F'(N)

F(2N) = AF(N),
F(2N +1) = AF(N) + MyM(N),

and the following explicit formula for F'(IV)

L L L
F (lz 2l€l) = lzglAlMo IT M,
=0 =0

j=l+1

Now we want to investigate the eigenvalues of the matrices M. for ¢ € {0,1} and
A = My + M. First we use the theorem of Gersgorin (see [8]), to get an upper bound for
the eigenvalues. For the matrices M. the union of the GerSgorin discs is the closed disc
B(0,1), with center 0 and radius 1. Therefore all eigenvalues have modulus less than or
equal 1. For the matrix A the union of the Ger§gorin discs is B(0,2). Hence all eigenvalues
have modulus less than or equal 2. Since & = (1,...,1)T is a solution to the equation
(A—21)7 =0 at t = 0, the matrix A has an eigenvalue 2 at ¢ = 0.

If we want to apply the theorem of Perron-Frobenius (see, for example, [13]), we have
to get rid of the non-accessible states. A state is called non-accessible if there is no path
from the initial state 0 to this state. Suppose we have already done this, then we just look
at the accessible states with the corresponding matrix A. The underlying graph of these
states is strongly connected and we can get from any node to any other node with exactly
4w steps. Hence A% > 0 at ¢t = 0 and A is a primitive matrix at ¢ = 0. By the theorem
of Perron-Frobenius and the continuity of eigenvalues the dominating eigenvalue of A is
unique around ¢ = 0.

What happens with the other states? We just rewrite the matrix A with a permutation
of the rows and columns. First there should be the accessible states with the same order
as before, and then there should be the non-accessible states with the same order as before
as well. Then the permutation of the matrix A looks as follows

Ao

x D)’
where * is any matrix and D is a strictly upper triangular matrix if state 1 is accessible
or D is an upper triangular matrix with zeros on the diagonal except for one entry one

if state 1 is not accessible. The zero matrix follows from the fact that a non-accessible
state cannot be a direct successor of an accessible state, otherwise it would be accessible.
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The matrix D is an upper triangular matrix because inside the block of states there are
only transitions from one level to the next, there is only a loop at state 1. Furthermore
transitions from the last row either go to a beginning state, then the entry is above the
diagonal of D, or go to the only accessible state in the first row, then the entry is in *. Thus
D is an upper triangular matrix. Therefore the characteristic polynomial of A is the same
as the characteristic polynomial of A except for a factor (—z)* or (—2)**(1 — z), where
k is the number of non-accessible states. Hence the dominating eigenvalue of A is unique
around ¢ = 0 and the modulus of the second largest eigenvalue 5(t) < |u(t)|. Therefore
the dominating eigenvalue at ¢t = 0 is u(0) = 2.
With the same calculations and definitions as above we have

E(N) = &N U(log, N, t) + o R(N) M7,

with W(log, Nt) = p~ {082 NigT A (210082 N1 V2w 7 and pu(t) = 24 O(t) around ¢t = 0. Because
the spectral radius of M, is 1 and the largest eigenvalue of R has modulus (t), we have
[T R(N) M 5| = O (N850 |
So we get ,
E(N) = Nitatat 0y (log, N, 1) + O (N8 50)

for some ay, ay € C. By differentiating E(/N) with respect to ¢ and inserting ¢t = 0, we get
the expected value of the random variable X = h(n)

1
~ > h(n) =bilogy N + U (log, N) + O(N'2 7O og N) (14)
n<N
with b, = —iay log 2. Differentiating another time gives

1
N Z h*(n) = bylogy N + b3 logs N + 2b; logy NW, (logy N) + Wy (log, N)

+ O(N"&280) 11502 N)

with by, = —2as log 2. Hence, the variance is

% Z h2(n) — (% Z h(n)) = bylogy N — Ui(logy N) + ¥s(log, N)

n<N n<N

+ O(N'&280~1 002 N), (15)

To determine the values b; and by, we compute the expected value and the variance in
the case of N = 2* like Heuberger and Prodinger in [12]. Therefore we use the probability
generating function of the random variable X, = h(n) with n an integer in [0,2%). We
define the probability generating function of the random variable X}

1
Gr(Y) = o >y,

n<2k
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Then we have the following recursion for G(Y") for k > w.

1 h(Z) 1 1+h(2=2)
Gk<Y) = ? Z Y2 ? Z Z Y Jw—T
n=0 mod 2 a€unique(D; ,,) n=a mod 2%~ 1
n<2k a=1 mod 2 n<2k
1

o 2 >,y

a€nonunique(D; , ) n=a mog 2w

a=1 mod 2 n<2
1 hm) | L h(m)
=% Sy + 5 > (Y > oYM 4 H(Y)
m<2k—1 a€unique(D; ,,) m<2k—w+tl
a=1 mod 2

1
w2 (Y >, Yy Ha(Y))
a€nonunique(D; ,,) m<2k—w
a=1 mod 2

Cu Cp, 1 -
2w_1YGk7w+1 (Y) + %—_wYkaw(Y) + ?HO/)

1
= §Gk,1<Y) +

)

where

Y Z (Yh(m) o Yh(2k7w+b+m)> if a > 07

——2-<m<0

L 2w—b —
Ho(Y) == y oY (_Yh(m) + Yh(2k_w+b+m)) if a <0,

0<m<— 2wa7b

b := [a € unique(D,,)],
¢, = |{a € unique(D;,) [a=1 mod 2}/,

¢y := |{a € nonunique(D,,) |a=1 mod 2},
HY):= Y H(Y).
aEDl,u
a=1 mod 2

At first look, H,(Y') depends on k. But since the range of summation is quite small
we can prove that it is in fact independent of k. For a € nonunique(D,,) we have
la| < 2% since —I, u < 2*. Therefore we have || < 1. For a € unique(D,,) we have
u—2""1t <a<1+2*" and therefore ’2;%} < 1. Hence we know that H,(Y)=0ifa >0
or H,(Y)=Y (Y — 1) if a < 0 and thus independent of k.

If we define G(Y, Z) := Y32, Z*G1(Y) then we get

1 U _ n g
G(Y.2) = 5ZG(Y, Z) + 25_11/21” 'G(Y, Z) + ;—wYZ“’G(Y, Z)+ — H(Y) + H(Y. 2),
T2
where , )
Cy w—
H(Y,Z)=—-32 Gi(Y)Z" - S Y 20 Go(Y) + > Guy)z*
k=0 k=0



is a polynomial contributed by G (Y') for k < w where the recursion for G (Y’) is not true.
Thus we have ~

HY)+HY,Z)(1-%)
(1-Z)1-17— o yzet —ayzw)

Now we are interested in the coefficient of Z* in %G(Y, Z)|ly=1 = Gy(1,Z) which is
the expected value of the random variable Xj;. To do so we follow the computation of the
mean and the variance in [11]. Therefore we first investigate the occurring functions at
Y = 1. We have G(1) = 1 for all £ > 0 and thus G(1,7) = . Furthermore we have
H,(1) = 0 and therefore H( )=0.

Let f(Y,Z) and g(Y, Z) be polynomials so that

G(Y,Z) =

fY, 2)
(1-2)g(Y,Z)

G, 2) =

follows. Then we have (1 — £)g(1,2) = (1 - 2)f(1,Z) = (1 — Z)(1 — £)H(1,Z) and
Z)H

consequently ¢g(1,7) = (1 — (1,2) and f(1,2) = (1 — £)H(1, Z). Hence
1 Cu Cn,
=g(l.1)= =~ — — — . 1

Hence we have

fr(1, 2) f(L,Z)gy (1, 2)(1 - )

SOD=TTT012 T (- Zre2)
o fY(LZ) B H(17Z)(1 _ %)293’(172)
C(1-£(1-2)H(1,Z2) (1-2)x(1- Z)2H%(1,2)
B fr(1,7) 91, 2)
(1 -5H(1-2)H1,Z) (1-Z)PHQ,Z)

The function G(1,7), and therefore Gy (1, Z), has a pole at Z = 1. For |Z] < 1 and
Z # 1 it is analytic, because by the triangle inequality and (16) we have

Zw—l + C_nzw

_— < 1.
2 2w71 Qw

Equality only holds if 55« Z*~ ! and 7w 7" are nonnegative real multiples of %Z , because
of the triangle 1nequahty7 and |Z] = 1 Thus ¢g(1,Z) =0 for |Z] < 1lonlyif Z=1. As a
result the main term of the coefficient of Z* is contributed by the pole Z = 1. We therefore
compute the Laurent series at Z = 1. So we get

. 1 gy(l,l) 1 2fy<1,1) gyz(l,l) gy(l,l)Hz<1,1)
(L.2) =57 (_ H(L. 1)) 1oz ( HLL) T OHLD) (1, 1) >
+ power series in (Z — 1).
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Hence the expected value is
EX, = [Z¥|Gy (1, 2)

. gy(l,l) 2fy(1,1) gyz<1,1> gy(l,l)Hz(l,l)
= (kD) (—H<1,1>)+(H<1,1> THLD) B )*O(Ek)

gY(Ll) k
— k(=
(~Fam) o
for an 0 < ¢ < 1, since Gy (1, Z) has no other poles in |Z| < 1.

We have H(1,1) = 2+ £ and gy(1,1) = —1 by the definitions of H(Y, Z) and g(Y, Z).
Thus the expected value is

1
E(Xy) = U)—i-—an + O(1).

Qw—1

To compute the variance VX we use the formula VX, = E(X?) — (EX},)?. We know
that

E(X}?) = [Z*] (Gyv (1, Z) + Gy (1, 2)).

By differentiating G(Y, Z) = % twice with respect to Y we obtain
2)9(Y,

Gyy(1,2) = frv(1, Z) _ 2fy(1, Z)gy(1,2) 29v(1,2)

1-21-2)H(1,Z2) (1-2)(1-2)2H*(1,Z) (1—-2Z)B3H*(1,Z)

where we used gyy (Y, Z) = 0. Now we compute the Laurent series, which is

Cyy(1,2) = — (2g%(1,1))

(1—-2)3 \ H?(1,1)
4 1 (_49Y(171)9YZ(171) 49%/(171)Hz(1,1) . 4fY(171>gY(171))
(1—2)? H2%(1,1) H3(1,1) H2%(1,1)
+ é + power series in (Z — 1).

Therefore we have

E(X}) = [2](Gyy(1,2) + Gy(1, Z))

= %(k +2)(k+ 1)—%’5((11,’11)) + (k+1) (—4”(22?5)(1’ 2
4932’(171)HZ(171) 4fY<171>gY(1?1) gY(lvl)
H3(1,1) B H2(1,1) - H(1, 1)) +O(). (18)

If we subtract the square of (17) from (18) we obtain
VXp = E(X) — (BX)”

g}%(l,l) 2gY(171)gYZ(171> 29}2/(171)HZ(171> QY(Ll)
=k <H2(1,1) - 2(1,1) * 3(1,1) T H(Q 1)) +0().
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By the definitions of H(Y,Z) and g(Y, Z) we have

1—w ¢,
1,1) = —— — —
gvz(1,1) 5 ow’
1 Cn,
Hz(1,1) = Z(w — 1) (w—2+ 2w_z).
Thus we have the variance
2_ uc,’,il ].+ 5711
VX, = ( 2 ) 2 )k+(9(1).

(w4 527)?
Since the constants b; and by in (14) and (15) are independent of N, we get

1 2 — g ) (1 + 5o
blz—candbgz( 2 1)(C 2 2}
W+ 52 (w+ z27)

We note that these are exactly the same values as in Theorem 16 for d = 1 since
A=t + 1
Now we want to estimate the distribution function of the standardized random variable

X —bilogy N

\/ bg 10g2 N

as in Section 3 for arbitrary N. Then the characteristic function gy(t) of the variable Z

for t = o(y/log N) is

1 it h(n)—bq logg N
) = 5 30 R
n<N

2 3 t
=e2 (1+0(——7— logy N, —/——
( (log?’/QN))w( 52 \/6210g2N>

- N t e—it%«/logQN

A 2
and the difference from the characteristic function f(t) = e~ of the normal distribution
with mean 0 and variance 1 is

an(t) - f(1)] = O (ﬁ) |

Therefore the Berry-Esseen inequality, Theorem 11, implies

X —bylog, N 1 v u> 1
p(X eV _, :_/ e_2dy—|—(’)( )
\/balogy, N V21 J o v 1og N
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5 Asymmetric digit sets in higher dimensions

The algorithm presented by Heuberger and Muir in [11] also works for higher dimension d.
Now we want to generalize the result of the previous chapter to an arbitrary dimension d.

Algorithm 9 for general dimension d is slightly different from Algorithm 8 for dimension
one. The most important part is that the if statement in line 11 of Algorithm 8 becomes
much more complicated. The difference to Algorithm 7 is that we abbreviate the while
loop. All variables are the same as in the previous chapter. For simplicity we write n + a,
for a vector n and an integer a, and mean that we add a to every coordinate of the vector
n.

Algorithm 9 Algorithm to compute the minimal weight of a representation over the digit
set D, in higher dimension

Input: A vector of integers n, integers [ <0, u>0,n>0if [ =0
Output: Minimal weight representation of n with digits in Dy,
while n # 0 do
if n=0 mod 2 then
a=0,h=h+0

1:
2
3
4:
5: else
6:
7
8
9

h=h+1
m = 551
: Linique = {J € {1,2,...,d}|a; € unique(D;,)}
10: Lonumique = {J € {1,2,...,d}|a; € nonunique(D;,)}
11: if m; =0 mod 2 for all j € Lynique then
12: for j € I onunique such that m; is odd do
13: aj; = G + quw—1
14: m; = 1m; — 1
15: end for
16: else
17: for j € L onunique such that m; =u+1 mod 2v=1 do
18: a; = a; + qu—l
19: m; =m; — 1
20: end for
21: end if
22: end if
23: n=m

24: end while

Now we want to construct a transducer calculating the weight of a colexicographically
minimal joint integer representation. For convenience we start with a slightly wrong trans-
ducer, like the algorithm on page 306 of [11]. Therefore we skip the else statement in
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line 16 of Algorithm 9. The resulting provisional transducer is similar to the transducer in
Figure 5.

There is an initial state and some similar states. For every vector s € {0,1}? there
is such a state. We call them beginning states. The vector s signifies the carry at each
coordinate. Furthermore there is a block of states. The states inside the block have the
labels (s,t); where s, t € {0,1}%, and i is the row in the block. The coordinates of s and
t have the same meaning as in the previous section, that is s is the carry of the addition
n 4 [ and t signifies whether the digit is in nonunique(D;,,) or not.

If s € {0,1}¢ is a beginning state, then there is a loop with label s|0 at this state.
Because if we read € = s, then we have e+s =0 mod 2 and we just restart the transducer.
Thereby carry propagation occurs. If we read € # s, then we start with the w—1 transitions
of Automaton 4 in Figure 4 in each coordinate. These w — 1 transitions can be processed
independently for every coordinate. Therefore we need 4¢ states in each row and w — 1
rows to process exactly w — 1 transitions of Automaton 4.

At the end of the block of states we either go back to a beginning state or start again
with the block of states. Let (s,t),_1 be the current state in the last row and € the next
input digit. As in the previous chapter we have m = ¢+ s mod 2. If for every coordinate
J, t; = 1 implies m; is even, then we have to process the if branch in line 11. We write
this condition as t - (s + e mod 2) = 0. In this case the next written digit will be zero
and we start the transducer in a beginning state s’ again. We only have to consider carry
propagation. Thus we have s’ = [££=].

If t - (s + e mod 2) = 0 does not hold, then we would have to process the else branch
in line 16. But since we skip this part for a while we simply have to restart the transducer
with the input m in the case t - (s + € mod 2) > 0. We know that m is the original next

input plus the carry s. In this case s # ¢, otherwise ¢ - (s + € mod 2) > 0 would be false.

. . 1 . . .
Therefore there is a transition s — (s',t')1 in this transducer. This ensures that, when

restarting the transducer with input m, we immediately go on to the state (s',¢'). Hence

o el . . .
we have a transition (s,t),_1 N (s',t") in the provisional transducer.

Altogether, for s, ', t, ¢’ € {0,1}4, i € {1,...w—2},j € {1...d} and ¢ € {0,1}¢, we
have the following transitions in this provisional transducer:

|0 .
e s——>sife=s

€ iloyuo) T . .. .
o s 4 (s',t)1if € # s and Vj : (s;,0) Eolowo), (s},1}) is a transition in Automaton 4
jolisui) T . " .
o (s,1); 19, (s, t)ip1 i V) (s5,85) Coliw), (s,1}) is a transition in Automaton 4
o (5,1)w-1 N grie g (s+emod2) =0and s’ = ||
o (s,t)w_1 N (s',t');if t- (s +emod2) >0 and s N (s',t'); is a transition in this
transducer
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This transducer does the same as Algorithm 9 without the else branch in line 16. Now
we must consider the else statement.

Let (s,t),—1 be the current state in the last row and ¢ be the next input digit. To
process the else branch, ¢ - (s + ¢ mod 2) > 0 must hold in the state (s,t),—1. Otherwise
we would process the if branch. First let us examine one coordinate j. If £; = 1 nothing is
done in the else branch, because the digit at this coordinate is unique. If ¢; = 0, we have
to decide if m; = u+1 mod 2*~!. Here m; mod 2“~! corresponds to the next w—1 input
digits plus the carry s; from the current state (s,t),_1. So we just have to compare the
input letters plus the carry with the binary expansion of u + 1 mod 2¥~! or, equivalently,
we compare m; — [ mod 2! with & = u — [ + 1 mod 2¥~!'. If they are not the same at
some point, then we just go on like we did in the provisional transducer.

If they are the same, we have to process the else branch. There we would have taken
m; — 1 as the next input of the algorithm instead of m;. Therefore we have to decide
where we would be in the provisional transducer, when starting in (s,t),_; and the input
is the original input minus one. This case only happens if originally the next nonzero
digit is unique, but changing the current digit ensures that the next nonzero digit is non-
unique. Nevertheless the next digit will not be zero, since this is the case when the if
branch is processed. Therefore we would start in (s,t),,_; with original input minus one
and immediately go to the block of states again. Otherwise the next digit would be zero.
Thus after w — 1 transitions we are again in a state (s,t),,_1 in the last row. Since the
next digit is non-unique, we have t; = 0.

To determine the value of s; we have to decide whether there is a carry at position
w — 1 in the addition of m; — 1 and I. We have m; — 1 mod 2°~' = u + k2*~! for k € Z.
Since 0 < u < 2% — 1, we have k € {0,—1}. Then the carry is

) (m; — 1) mod 2*~! + [ mod 2!
Sj - Qu—1

u+ [+ k2wt
2w—1

=1+k,

because 21 < u + [ < 2¥. Therefore we have

S. =
J 1 ifu< 2wl

, {0 if 4 > 201,
As a result the state (s',t'),—1 where we would be in the provisional transducer has
([u<2v7'],0)

in the j-th coordinate.
To remember that we can change the j-th coordinate at the end of the block we have
to use a second identical block {j}. Let () be the first block, which already exists in the
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provisional transducer. Let (s,t){ be a state in block C. At the end of block @) we go to
block {j} if t- (s+emod 2) > 0 and t; = 0 and else to a beginning state or to the block 0.
If we find out that m; Z u+1 mod 2*~! in block {;j}, then we go back to the appropriate

state in block (). At the end of block {j} in the state (s, t);{ﬁl we go to the same states as
we would go from the state with ([u < 2°~1],0)? | in the j-th coordinate.

Up to now we only considered one coordinate. Now we combine this approach for
all coordinates. Since we have to remember for each coordinate whether we are allowed
to change it or not, we need one block for every subset of coordinates. Let block C' C
{1,....,d} be the block where we can change the coordinates in C. The states in block C
are denoted by (s,,)¢. The block ) is the block which already exists in the provisional
transducer. The block {1,...,d} is not accessible, since we need at least one unique
coordinate and only non-unique coordinates can be changed.

If we are in block C' # () and we find out that not every coordinate j € C satisfies
m; =u+1 mod 2!, we go to the appropriate state in block C" = C'\ {j € {1,...,d} |
m; # u+ 1 mod 2°7'}. At the end of block C in state (s,¢){_; we can change the
coordinates in C' and all other coordinates remain the same. Therefore we go to the same
states as we would go from (5,7)? | where 5; = [u < 2°7!], £; = 0 for j € C and all other
coordinates stay the same, that is §; = s; and t; = ¢; for j ¢ C.

Let (vy_2...v0) be the binary expansion of ¥. Further let s, s, ¢, ¢’ € {0,1}¢, C,
C'C{1,...,d},ie{l,...,w—2}and ¢ € {0, 1} Then altogether there are the following
transitions in the final transducer:

|0 .
e s —>sifs=c¢

g1 . ell . " . ..
PN (s, )0 if s N (s',t'); is a transition in the provisional transducer

(5,1)¢ o, (s, )5 if (s,t); o, (s',t');41 is a transition in the provisional transducer

and "' =C\{j: s; +¢; +1; mod 2 # v;}

(5,0)? | gt (s+emod?2)=0and s’ = | =]

(s,)° | <, (s, )¢ if t - (s + emod 2) > 0, (5,1)w_1 N (s',t'); is a transition in

the provisional transducer and C" = {j : s; +¢; + 1y mod 2 = vy and t; = 0}

(s,)¢_, N (s, )¢ if C # § and (5,1)°_, N (s',#)¢" is a transition in this

transducer with §; = [u < 2%, #; =0for j € C and §; = s, ; =, for j ¢ C

Next we go on like in the previous sections. We define f(mq,...,my) := gith(m,...ma)
and the matrices M., ., for g; € {0,1}. The (k,l)-th entry of the matrix M., ., is e’
if there is a transition from state k to [ with input label (gy,...,e4)7 and output label h.
The entry is 0 if there is no transition from state k to [ with this input label. In this section
we only use the accessible states to define this matrix. From the ordering of the states we
demand that the states of the blocks are sorted by their row 7. All blocks of any first row
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come first. At the end are the beginning states. The initial and final state (0,...,0)7 is
the last one of all beginning states. Then we have

Fomas o sma) = 0 T Mo e ME®

for 77 = (0,...,0,1) and m; = S m; 2.
We further define the following summatory functions

E(N)= Y f(m,....,mq)

mi,...,mg<N

F(N)= > M(m,...,mq),

my,..,mg<N
with
L
M(my, ... .;ma) = [ My o
=0

To write down a recursion formula for F'(N), we need the following matrices

BQD = Z Z Z Msl,...,ed

e;=0,1 ¢;=0¢;=1
1gCUD ieC €D

for C', D C {1,...,d}. The first index C of B¢ p is the set of coordinates where the digit
is zero. The second index D is the set of coordinates where the digit is one. All other
coordinates in (C'U D)¢ can be any digit. These matrices all have eigenvectors (1,...,1)T
at t = 0, because every summand has one entry with modulus 1 in every row. Therefore the
eigenvalue to this eigenvector of Bo p is 2771¢17I1P1 the number of summands. This is the

largest eigenvalue of this matrix, since all Ger§gorin discs are contained in B(0, 2¢-I¢1-IPl).
As a special matrix we define A = By .
Furthermore we define the following functions G¢(N) for every set C' C {1,...,d}

Go(N) = E g M(my,...,mq).
m;<N m;=N
i¢C  ieC
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Then we have F'(N) = Gy(N) and the functions satisfy the following recursion formulas

:ZZ Z Z M2my +e1,...,2mg +&q)

=0,1¢;=02m;+e;<2N 2m;+e;=2N
ZQC ieC 1ZC e’

= BeopGo(N),

Go(2N + 1 ZZ Z Z M@2my +e1,...,2mg+€4)

=0,1¢e;=12m;+e;<2N+1 2m1+€1—2N+1
i¢C eC

z§ZC eC
= E E E E M€1 ..... €d E § m17 ey d)
DCCe¢ ¢;=0,1 ¢,=0¢;=1 m;<N m;=
2¢CUD i€D ieC 1¢CUD ZGCUD
= E BpcGeup(N).
DCC<

From this recursion we can determine G¢(N) inductively, because all needed functions
Ger(N) have C" 2 C. Therefore we have the following recursion formula for F(N) = Gy(N)

F@2N +¢) = AF(N) + eH(N)

for N >1,e€{0,1} and

H(N)= > BpyGp(N).
P£DC{1,...,d}

To solve this recursion we use the next lemma.

Lemma 13. Let G(N) : N — C™" be a function which satisfies the recurrence relation
G(2N +¢) = A.G(N) +cH(N)

for N > 1. Here we have € € {0,1}, Ac two matrices in C"*" and H(N) : N — C"*" q
known function. We additionally assume that H(0) = G(1). Then

L L -1 L
G (Z 8121> = 281 (H A€j> H (Z €j2jll> .
=0 =0 7=0 J=l+1

Proof. We prove this lemma by induction on L. If L =0, then NV =1 and we have

1) =1 (ﬁ Agj> H(0) = H(0)
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which is true by assumption. If L > 1, then we have
L L L
G (2 Z g2 4 50> = A, G (Z 812l1> +eoH (Z 81211>
=1 =1 =1
L -1 L L
= A, Zsl (H A5j> H ( Z 5j2j_l_1> +eoH (Z 512l_1>
=1 j=1 =1

j=1+1

L -1 L
(Il ) (3 )
1=0 j=0 j=1+1
by the recurrence relation and the induction hypothesis. ]

If we define H(0) = Gy(1), we can use this lemma and get

L L L
F (Z 5121) => aA'H ( > 5j21“> : (19)
1=0 1=0 j=1+1

Thereby H(N) is known because it is a sum of functions G¢(N), which are recursively
known by Lemma 13.

From the definition of G¢(N) we can derive the growth rates of the functions G¢(N)
and H(N). Because the eigenvalues of M., . ., are less than or equal to 1 and there are
NI summands in the definition, we have G¢(N) = O(N?I€l) and H(N) = O(N®1).

Next we further investigate the eigenvalues of the matrix A. For ¢ = 0 the matrix A
is the adjacency matrix of the underlying graph of the accessible parts of the transducer
described above. It has eigenvalue 2¢ with eigenvector (1,...,1)T at t = 0, since in every
row of A the sum of the entries is 2¢. The Gerggorin discs are all contained in B(0, 29)
because the sum of the modulus of the entries of a row is 2¢ at t = 0. Therefore all
eigenvalues have moduli less than or equal 2¢ which is 2¢ an eigenvalue. The underlying
graph of the transducer is strongly connected, therefore we can use the theorem of Perron-
Frobenius [13] at ¢ = 0. Furthermore, we can reach every node starting from any node
with exactly 4w steps, hence A is primitive at t = 0. Therefore the dominating eigenvalue
u(t) is unique and the modulus of the second largest eigenvalue (3(t) satisfies S(t) < |u(t)]
around t = 0.

Furthermore all other matrices in (19) have eigenvalues less than 2471,

Now we want to split up (19) into two parts, one for the dominating eigenvalue and
one for the remaining eigenvalues. Therefore let J = T'AT be a Jordan decomposition
of A. We define A := T'diag(u(t)~1,0,...,0)T"" and R := T(J — diag(pu(t),0,...,0))T .
Then A" = p“AY~! + R holds for [ < L. Further we define

00 -1

A(zg, x1,...) = leAlH (Z :z:j21_1_3> ,
1=0 =0
L L

R(€L, c. ,60) = ZS[RZH ( Z €j2jll) .
=

j=l+1
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The function A is well defined on the infinite product space {0, 1} because it is dominated
by a geometric series because H(N) = O(N91). We define A to be a function on [0, 1),
by choosing the representation of = € [0,1) which ends on 0¢ if there is a choice. We can
define the function R to be a function on N.

Then we have

<Z€l2> = U A SL,EL 1,...,€O,Ow)—|—R(€L,...,€0)

and
E(N) = p(t)°2 "W (log, N, t) + 0" R(N)My" 7,

with U(z,t) = p(t)~ =T AQREN MY &

-----

By the same arguments as in the previous sections W(z,t) is periodic and continuous
in = and continuous and two times differentiable in ¢. Hence the function \I/(x t) and

.....

dominated by a geometric series. Furthermore we have

[T R(N) My 40| = O(N'=2 7).

77777

So we have
E(N) = Ndtat+a®+0) g (1og, N, 1) 4 O(N'"&250)),

The first and second derivative of E(N) with respect to ¢ at ¢ = 0 imply that the
expected value of the Hamming weight is

1
i > h(ma,...,ma) = bilogy N + ¥y (logy N) + O(N°& 04 1og N)

with by = —ia; log 2 and ¥, (log, N) = —i2W¥(log, N, t)|;—o, and

1
— > B*(ma,...,mg) = bylogy N + bilogi N + 2b; logy Ny (log, N) + Ws(log, N)

m; <N

+ O(N"8280)=d 502 N)

with by = —2aslog2 and Wy(log, N) = 8t2\11(10g2 N, t)|;=o. From that we calculate the
variance, which is

% Z R%(my, ..., mq) — (% Z h(ml,...,md)> =

m;<N mi<N

bylogy N — U2 (log, N) + Wy(logy N) + O(N'&280)=d1oe2 N,
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Example 5.1. In Figure 7 there is a sketch of the transducer computing the weight of a
minimal weight representation over D_s 3 in dimension two. The labels of the transitions
are omitted in the figure and the transitions going back at the end of a block or inside
a block are gray. All non-accessible states also are omitted. We have w = 3, @ = (01),

[ = (10) and © = (10).
{2} o1\"
For example the state (11> has transitions to the same states as the state <10)
2

since u < 2“7, The adjacency matriz A of the underlying graph of this transducer is

2

0o o060601111000O0O0O0O0O0O0O0O0°F¢O0
0o o0o06o000111100O00O0O0O0O0O0O0°0¢O0
0o 0o0000101O0O011O0O0O0O0O0O0OO0OT© 0
0 0o0000OO0O110O0O0O01T1TO0O0O0GO0OO0OT® O
0o 0ooo606001010000O0O0O1T1TO0O0TO0F®O
32 000000 O0O0O0OO0OO0OO0OO0OO0OO0OO0OO0OO0OO01
z 000 ~=0000000O0O0OO0O0O0O0O0T1T0T1
z 00 20000O0O0O0OO0OO0OO0O0O0O0O0O0T1T1
0 0o0o0o00O0O0O0OO0OO0OO0OO0OO0OO0OO0OO0OT1ITI1T1T1
2z 2000000O0O0O0OO0OO0OO0OO0O0OO0O0OO0T1O0
A=12 000 200000O0O0OO0OOOOO0OCTTOT1IO0
z 00 200000O0O0O0O0OO0OO0O0OO0OT1TT1TG0®O0
220 0 00O0O0OO0OO0OO0OO0OO0OO0OO0OO0OOO0OTITO0®O0
0 0o0000OO0OO0OO0OO0OO0OO0OO0OO0OO0OO0OO0OTITI1T1T1
z 00 2000O0OO0O0OO0O0O0OO0O0O0O0DO0O0T11
z 000 200000O00O0OO0OO0OO0OO0ODO0OT1SQ01
0o o0o0o0000O0OO0OO0OO0OO0OO0OO0OO0OO0O0OTI1IT1T1T1
z z2z0000O0OO0OO0OOO0OOOOOOT1ITO0OO0O0
220 0 00O0O0OO0OO0OO0OO0OO0OO0OO0OO0OOOT1TO0G®O
22 200000O0O0OO0OO0OO0OO0OO0O0OO0OO0OO0OO0OT1O0
32z 00 000OO0OO0O0OO0O0OO0OO0OO0OO0OO0OO0OO0O0O0T1

The characteristic polynomial of A is

—(z =127 (2" — 22) (2® —2® — 22 — 22)2 (2° — 2* — T2%2 — 202%2 + 6z2” — 2427) .
At t = 0 the dominating eigenvalue pu(0) = 4 is a root of the fourth factor. Therefore the
Taylor expansion of u(t) around t =0 is

128 673216
89 2114907
Hence the expected value of the weight is

0.359551log, N + O(1)

p(t) =4+ 2+ O(t%).

and the variance is
0.02988311og, N + O(1).
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Figure 7: Transducer to compute the Hamming weight of a minimal weight representation
in dimension two over the digit set D_s 3
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Now we can prove the following theorem about the asymptotic expansion. Therefore
we again use the probabilistic space {(my,...,mq)T € Z¢ | m; < N} for a fixed integer N
with uniform distribution.

Theorem 19. The Hamming weight h(my, ..., mq) of the colexicographically minimal and
minimal weight representation of an integer vector (my,...,mq)T over the digit set Dy,
i dimension d is asymptotically normally distributed. There exist constants by, by € R
depending on u, | and d such that the expected value is bylogy N + O(1) and the variance
is by logy N + O(1). Then we have

P h(ml,...,md)—bllog2N<x
\/bglOgQN

x 7y2 1
- du+ O
[T (¢—4logN)
for all x € R.

Proof. The proof is the same as in the previous sections. We first compute the characteristic
function gn(t) of the random variable

h(ml, c. ,md) — bl 10g2N

/b2 log, N ’

7 —

which is

. h(mq,..., mg)—by logg N

gn(t) = i Z e“ Vb2 loga N

2 3 t
ez (140 —— logy N, ———
( <log3/2N>> v ( 52 10g2N>

by
4 R N7 t 6—ztﬁ\/10g2 N'
\/ba logy, N

Next we can estimate the difference from gy (#) to the characteristic function f(¢) = e~ 2
of the normal distribution with mean 0 and variance 1, which is

av(t) - f0) = 0 (2= ).

Therefore the Berry-Esseen inequality, Theorem 11 implies

h(my,...,mq) — by logy N 1 /‘T 2 ( 1 )
P <z|=— e zdy+ O )
( Vb2 log, N T3 B Jog N
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