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Abstract

Compressed Sensing is an alternative to Shannon-Nyquist sampling that pro-
vides techniques for sampling and reconstructing sparse signals at a rate far
below the Nyquist rate. We consider compressed sensing under the model-
assumption of block-sparsity, i.e., under the assumption that the nonzero
coefficients of sparse signals appear in clusters.

A sufficient condition for having unique block-sparse representations in
highly structured dictionaries, i.e., dictionaries that consist of the unions of
orthonormal bases, is derived. This condition can allow for higher block-
sparsities than conditions ignoring the dictionary structure.

For the same type of dictionaries we obtain a sufficient condition that
guarantees the successful recovery, i.e., the perfect reconstruction, of any
block k-sparse signal with a mixed ¢5/¢; optimization problem and with
Block Orthogonal Matching Pursuit (BOMP). This condition can guarantee
the exact recovery of signals with a higher block-sparsity than conditions
derived for arbitrary dictionaries.

We also justify the usage of BOMP as an approximation algorithm to
the block-sparse approximation problem in dictionaries with a small block
Babel function. From this we conclude that the usage of BOMP can be
advantageous over the usage of Orthogonal Matching Pursuit (OMP) if the
signals to approximate exhibit block-structure. As a demonstration we show
that BOMP can approximate signals that are block-sparse more accurate
than OMP if they are observed through noisy measurements.



Zusammenfassung

Compressed Sensing ist eine Alternative zum Shannon-Nyquist-Sampling, die es er-
laubt Signale, die in einer gegeben Basis bzw. einem gegeben Dictionary (“iibervoll-
stindige Basis”) eine sparliche Darstellung besitzen, weit unter ihrer Nyquist-
Frequenz abzutasten und dennoch exakt zu rekonstruieren. In dieser Arbeit wird
die Klasse von Signalen mit einer spéarlichen bzw. niherungsweise spérlichen Dar-
stellung betrachtet, in der die von Null verschiedenen Koeflizienten in Clustern
bzw. Blocken auftreten (Signale mit einer blockweise spérlichen Darstellung).

In Dictionaries ist die Darstellung eines Signals wegen der Ubervollstindigkeit
im Allgemeinen nicht eindeutig. Fiir hochstrukturierte Dictionaries, die aus der
Vereinigung mehrerer orthonormaler Basen bestehen, wird eine hinreichende Be-
dingung fiir eine eindeutige blockweise spérliche Signaldarstellung ermittelt. Diese
Bedingung kann die eindeutige Darstellung von einer gréfleren Anzahl an Signalen
gewahrleisten als dhnliche Bedingungen fiir beliebige Dictionaries.

Fiir dieselben hochstrukturierten Dictionaries wird eine hinreichende Bedin-
gung fiir die perfekte Rekonstruktion der blockweise spérlichen Darstellung eines
Signals mittels Block Orthogonal Matching Pursuit (BOMP) und einem /¢5/¢;-
Norm Optimierungsproblem bestimmt. Diese Bedingung kann die Rekonstruktion
der Darstellung von einer groferen Anzahl an Signalen gewahrleisten als dhnliche
Bedingungen fiir beliebige Dictionaries.

Betrachtet man schliellich beliebige Signale in schwach strukturierten Dictio-
naries (die einzelnen Blocke der Dictionaries sind orthonormal), so kénnen diese
meist nicht exakt durch eine blockweise spérliche Darstellung (mit einer festgeleg-
ten maximalen Anzahl an von Null verschiedenen Blécken) repriisentiert werden.
Es ist jedoch oft moglich, diese Signale durch eine blockweise spérliche Darstel-
lung gut zu approximieren. Es wird gezeigt, dass eine derartige Approximation
mittels BOMP ermittelt werden kann, wenn das betrachtete Dictionary eine lang-
sam wachsende Block-Babel-Funktion aufweist. Hieraus folgt, dass die Verwendung
von BOMP vorteilhaft gegeniiber der Verwendung von Orthogonal Matching Pur-
suit (OMP) sein kann, wenn die Darstellung des zu approximierenden Signals eine
Block-Struktur aufweist. Zur Demonstration wird gezeigt, dass die Darstellung der-
artiger Signale aus verrauschten Messungen mittels BOMP exakter rekonstruiert
werden kann als mittels OMP.
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Chapter 1

Introduction

1.1 Introduction

To perform discrete time signal processing we often need to sample data from the
“real world”. Following the classical Shannon-Nyquist sampling theorem, one has
to uniformly sample a signal at a rate of at least twice its bandwidth to be able
to recover it exactly [1], [2]. In many cases, the obtained signal is compressed
right after acquisition for efficient storage. This two step process is quite resource
intensive and wasteful in terms of necessary sensing resources, processing power
and interim storage needs. Think for example of digital cameras that acquire a
large set of pixels, typically in the millions, and then compress the image drastically
for storage reasons using some standard like JPEG2000 [3], [4].

For the class of sparse signals, we can combine the sampling and the compres-
sion process by applying the paradigm of compressed sensing. It suggests to take a
few linear measurements (samples)—far less samples than in the case of Shannon-
Nyquist sampling—of the signal of interest and recover it later by appropriate
nonlinear methods. This works because the linear measurements combine the in-
formation of the underlying signal into the individual samples [5]. In contrast,
when applying Shannon-Nyquist sampling on a sparse signal one measures lots of
zero samples. Hence, compressed sensing combines the processes of sampling and
compression, avoiding oversampling [6].

The paradigm of compressed sensing is applicable widely, since many natural
signals have an almost sparse (compressible) representation in appropriate dictio-
naries and can be sufficiently approximated by sparse signals [7]. These dictionaries
may be predetermined, e.g., the union of the spike- and discrete Fourier-basis, or
machine learned as in [8] for image compression.

The nonzero coefficients of signals of some classes exhibit further structure and
do not occur at arbitrary positions but according to some rule. Such a rule could
be, that the nonzero coefficients occur in clusters (blocks). This specific rule is
covered by the block-sparsity-model [9], [10].



The block-sparsity model is not just a theoretical model as block-sparse vectors
appear naturally in multiple measurement vectors [11] or when dealing with multi-
band signals [12]. Because of the relevance of this model we investigated if, and
how, some results on unique sparse representation and signal recovery for highly
structured dictionaries carry over from the regular sparse case to the block-sparse
case [13], [14]. By highly structured dictionaries we mean dictionaries that consist
of orthonormal blocks or the unions of orthonormal bases.

We do not carry out a stochastic analysis as for example in [15]. Instead,
we make a deterministic investigation of the fundamental problem in compressed
sensing, that is, the recovery of an unknown vector from an under-determined
system of linear equations and derive our results from there.

1.2 Contributions and Main Results

This thesis contributes improved conditions for unique sparse representation and
exact signal recovery for highly structured dictionaries in compressed sensing un-
der the block-sparsity assumption. Furthermore, it justifies the usage of Block
Orthogonal Matching Pursuit (BOMP, [16]) as an approximation algorithm to the
block-sparse approximation problem. In particular the contributions of this thesis
include:

e A sufficient condition on the block-sparsity for unique block-sparse represen-
tations in dictionaries that are unions of orthonormal bases. This condition
can be advantageous to similar conditions obtained without taking the spe-
cial structure of the dictionary into account.

e A sufficient condition on the block-sparsity of signals in dictionaries com-
prised of orthonormal bases that ensures that they can be recovered by
mixed ¢2/¢1-norm optimization (L-OPT) and BOMP. Again, an advantage
over similar conditions for arbitrary dictionaries is possible.

e A bound on the maximal approximation error of an approximation for an
arbitrary signal obtained by BOMP in k-steps in relation to the approxi-
mation error of an optimal k-block approximation. From this the usage of
BOMP as an approximation algorithm to the block-sparse approximation
problem in dictionaries with a small block Babel function is justified.

1.3 Thesis Overview

In Chapter 2 we give an overview of compressed sensing for the regular sparse case,
including conditions for unique sparse representations and signal recovery methods.
The same material is presented for compressed sensing in the block-sparse case.



Chapter 3 covers the derivation of the mentioned improved conditions that
mainly carry over from the regular sparse case. For all derivations we provide
a theoretical discussion that emphasizes the advantage over the sparse case and
demonstrate it by simulations.

The justification for the usage of BOMP as an approximation algorithm to
the block-sparse approximation problem is covered in Chapter 4. Additionally, a
bound on the maximal approximation error is derived. We provide a theoretical
discussion and demonstrate the usage of BOMP as an approximation algorithm
by simulations.

Lemmas, Corollaries and Propositions stated without proof are taken from
the papers or books mentioned at the beginning of the statements. All other
statements are due to our own work. Statements that have the note “adopted
from ...” at their beginning, closely follow the mentioned reference but needed
some manipulation or enhanced arguments to carry over to the block-sparse case.

The discussions and simulations on our contributions are our own work, oth-
erwise this is mentioned explicitly.



1.4 Notation

Throughout this thesis we use small bold face letters like x to denote vectors and
capital bold face letters like A to denote matrices. The ¢th element of a vector x
is x; and the (i, j)th element of a matrix A is denoted as A, ;.

A comprehensive list of symbols and operators used throughout this thesis can
be found in the Appendix, Section A.

1.4.1 Matrices

The matrix Iy is the identity matrix of size N x N. When there is no ambiguity
we often denote it simply as I.

The symbol Oy represents either the all zero matrix of size N x N or the all
zero vector of length N, depending on the context. If it is clear which value N

takes, we simply write 0.
The kernel ker(A) of a matrix A € CM*¥ is the set

ker(A) :== {x e CV: Ax =0} . (1.1)

1.4.2 Block Indexing

Despite in Chapter 2.1 we assume the dimensions of vectors and matrices to be
integer multiples of some block-size d (which is also an integer). Then we index
parts of the considered vectors and matrices as described below.

Consider some vector x € CV, with N := Rd, where the number of blocks R
in the vector is an integer. This vector is partitioned in blocks as

X=[T] ... Tg Tas1 --- Tad -+ TN—ds1 --- x]\L]T. (1.2)

1] xT[2) <T[R

That is, we denote the ith block of x as x[i].
Similarly, we partition some matrix A € CM*N | with M := Qd and N := Rd,
where both ) and R are integers and d is the block-size, as

All,1] A[L1,2] --- A[LR]
Al2,1] A[2,2] --- A[2,R]
where
Ay g Ap i1 ... Ap pryd—1
All,r] = Al/j,LLT/ Al'+%,7~/+1 . AZUFLT/eril ) (1.4)
Apya1s Avgd1m41 - Avgd—1p4d-1



andl'=(—1)d+1and 7 = (r —1)d + 1.
In this partition A[l,7] € C?¥*4. We call A[l,r] the (I,7)th d x d submatrix of
A, or simply the ([, 7)th submatrix of A if it is clear which block-size we refer to.
We also index a matrix A € CP*N_ where N is as before, only by one index,
i.e., A[l]. Then, the matrix A is partitioned as

A=[AQ] A2 --- A[R], (1.5)

with A[l] € CP*4. We call A[l] the Ith block of matrix A

1.4.3 Norms and Mixed Norms

We state the definition of the ¢,-norm of vectors and matrices [17] as a reference
for the mixed norms:

Definition 1.1 (Vector Norms). For p > 1 the £,-norm of the vector x € CN is

N 1/p
1l := (Z |x,~yp> : (1.6)
i=1

Definition 1.2 (Induced Matrix Norm). The induced matriz norm [|Al|, is

Ax
Al = max 1A%l
e Tl

(1.7)

with ||z||, being the {y-norm of the vector z.

By the above definition the induced ¢; matrix norm of a matrix A € CM*N
becomes

M

Al = 1I<I§a<)§v; | Aijl, (1.8)

i.e., it is the maximum absolute column sum of A (see [17]). The induced ¢
matrix norm of A can be calculated as

N
4l = mas 3 141, (1.9
j:

i.e., it equals the maximum absolute row sum of A (see [17]).
Another matrix norm that we will use regularly is the spectral norm. For a
matrix A the spectral norm is denoted as p(A) and can be calculated as

p(A) = /omax(AHA), (1.10)



where opmax(B) denotes the largest eigenvalue of the positive-semidefinite matrix
B (see [17]).

We can carry the concept of norms over to account for the block-structure of
vectors and matrices used in most of our derivations by introducing the mixed
vector norms and the mixed matrix norms. For this we assume the integer d to be
the block-size.

Definition 1.3 (Mixed Vector Norm [16]). Let x € CV be a vector with N = Rd,
where R is an integer and d is the block-size. Define the mized vector norm ||x||2p
of x to be

1xll2.p = [Vl (1.11)
where v; == ||x[i]||2 fori=1,...,R.

Definition 1.4 (Mixed Matrix Norm [16]). The mized matriz norm ||[All2, of a
matriz A € CM*N with M = Qd and N = Rd, where Q and R are both integers

and d is the block-size, is
|Ax

‘213
A = max —————. o

To obtain similar results for mixed matrix norms as in (1.8) and (1.9), that
will appear in some derivations later, we introduce the quantities p.(-) and p,(-)
as follows:

Definition 1.5 (From [16], Lemma 1). Let A € CM¥ be some matriz with M =
Qd and N = Rd, where Q, R,d are integers and d is the block-size. Define p.(A)
and pr(A) as

pr(A) = mlapr(A[l,r]) , and (1.13)

pe(A) = rnf}XZp(A[l,r]). (1.14)
l

With this we can relate the mixed matrix norms ||All2; and ||Al[2,c to pc(A)
and p,(A) as covered by the following lemma:

Lemma 1.1 (From [16], Lemma 1). Let A € CM*N be a matriz, with M = Qd
and N = Rd, where d is the block-size and d, Q, R are integers. Then,

|All200 < pr(A), and (1.15)
|All21 < pelA). (1.16)

For our derivations it is important to note that p.(-) as defined above is a
matrix norm [16]. This is covered by the following lemma.
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Lemma 1.2 (From [16], Lemma 2). p.(A) as introduced in Definition 1.5 is a
matriz norm and as such satisfies the following properties: For any two matrices
A and B (of appropriate dimensions),

1. pc(A) =0 if and only if A = 0 (positive definiteness),
pe(aA) = |alpc(A) for all a € C (homogeneity),
pe(A +B) < pc(A) + pe(B) (triangle inequality), and
4. pe(AB) < pe(A) pe(B) (submultiplicity).



Chapter 2

Compressed Sensing

In this chapter we describe some fundamentals of compressed sensing. Further
we give an overview of some refinements resulting from incorporating the block-
sparsity model.

2.1 Fundamentals

Compressed sensing describes a mean of data acquisition for sparse signals. In
contrast to classical Shannon-Nyquist sampling one does not uniformly sample the
signal of interest at an appropriate rate, but takes only a few linear measurements.
Recovery can then be carried out by exploiting the signal structure, i.e., its sparsity.

From this, the underlying problem in compressed sensing is the recovery of an
unknown vector x, from a number of linear measurements y that is much smaller
than the dimension of x. Because of the linearity of the measurements, they can be
described by a measurement matrix D according to y = Dx. Hence, compressed
sensing resorts to solving an underdetermined system of linear equations. Later
we will refer to D as a dictionary.

If x is sufficiently sparse in a dictionary D, then this will allow us to recover
x exactly from the measurements y.

As a beginning we describe the sparse representation and sparse approximation
problem that build the foundation of compressed sensing. Then we dive into
dictionary characterization. This will give rise to properties like the coherence of
a dictionary—these properties will appear naturally in various estimates, as for
example conditions under which sparse representations are unique. Finally, we
consider the problem of recovering the unknown vector x from the measurements.
Again we will use dictionary properties to give a characterization of the recovery
algorithms.



2.1.1 Sparse Representation

The main idea behind compressed sensing is that many natural signals have sparse
representations in some basis, or, more generally, in some dictionary [18].

Definition 2.1 (Dictionary). A dictionary for the space CM is a set of nonzero
vectors {d;}, where i € A := {1,2,..., N}, that span the space C™. The vectors
d; are also called atoms.

We usually consider the matriz version of the dictionary, i.e.,

D =[d;dy ... dy] € CM*V, (2.1)

Thus, a dictionary is, informally, the generalization of a basis of some space to
a possibly redundant description of the same space. Since the columns of D are
required to span CM, we have N > M.

We assume that all dictionaries have normalized atoms, i.e., ||d;||2 = 1 for all 7 €
A.

A representation of a signal y in a dictionary D is given by a vector x, so that
y = Dx. For a vector to be k-sparse it means, that is has at most k£ nonzero
coeflicients.

Definition 2.2 (Sparsity). A vector x € CV is k-sparse, if
|supp(x)| < k. (2.2)

We say that y is k-sparse in a dictionary D, if there exists a vector x such
that y = Dx, where x is k-sparse. For ease of notation we will write ||x|o for

|supp(x)|.

Now we give an informal description of the sparse representation problem. We
consider a signal

y € {Dx: [[x]lo < £}, (2.3)

where D is a fixed dictionary and k a fixed positive integer. The problem is to
find the sparsest representation x of y in the dictionary D. In general there is
no unique sparsest representation. However, if we limit the maximal sparsity k of
x in (2.3) sufficiently, then the sparsest representation of any possible y becomes
unique—which we will clarify later.

Note that decreasing k in (2.3) can only decrease the number of possible signals

y.

Example 2.1. Consider the dictionary

_ O O

— =
S~ T~
PP

D =

S O =
o = O
—



The signal
yi=[110" € {Dx:[%[o <2}
has no unique sparsest representation, as for example
x1=[1100", and
x)=[00 -1 \/ﬂT
are sparsest representations.
In contrast, the signal
y2 =[100)" € (D% [%[o < 1}
has the unique sparsest representation

x93 =[1000]".

Finally, we state the sparse representation problem formally.

Problem 2.1 (Sparse Representation). Given a dictionary D of size M x N, some
positive integer k and a vector

y € {Dx: %o < K}, (2.4)
find the representation x € CN as the solution to the minimization problem

arg min ||x s.t. vy = Dx. 2.5
g min_[x[lo y (2.5)

At the end of this section, we want to emphasize that a well chosen dictio-
nary can allow for the sparse representation of certain classes of signals. This is
demonstrated in the following example.

Example 2.2 (Sparse Representation in Dictionaries). Consider the discrete sig-
nal y € CM given by

2
yl-:sin(];(i—l))Jra[i—u, i=1,..., M,

where §[-] is the Kronecker delta and M = 32.

If we want to represent y in the dictionary D1 = Iy, then the support of the
representation x; € CM such that y = Dxq has cardinality M — 1.

On the other hand, if we choose the dictionary to be Do = F, where F denotes
the DFT matriz of size M x M, i.e., Fi, = (1/v/M)exp(i2rlr/M), then the
representation xo € CM such that y = Dxy has exactly M nonzero coefficients.

Finally, if we choose D to be D = [IF|, then the sparsest representation
x € C*M such that y = Dx has only three nonzero coefficients.

This example is illustrated in Figure 2.1 for M = 32 and j = 1.

10
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Figure 2.1: Ilustration of Example 2.2. (a) Signal y. (b) Representation x;
of y in the D; = I. (This plot equals the signal y itself.). (c) Representation
xy of y in Dy = F (the coefficient magnitudes are shown). (d) Sparsest
representation x3 of y in D = [I F]. (the coefficient magnitudes are shown).

11



2.1.2 Sparse Approximation

We again consider the problem of representing some signal y by a sparse vector
x in a dictionary D of size M x N. In contrast to before, we do not put any
constraints on the signal y. That is, y can be any element in the space CM.
Whenever the sparsity level of x is less than the dimensionality M, we cannot
represent all vectors y exactly. We thus change our goal to find the best k-sparse
approximation. The quality of an approximation a is measured by the fs-norm of
the difference of y and the approximation itself, i.e., by ||y — a|l2. That is, the
quality measure is the energy of the approximation error (we simply refer to this as
the approximation error). The lower this approximation error is, the better is the
considered approximation. Thus, the sparse approximation problem is as follows.

Problem 2.2 (Sparse Approximation). Given a dictionary D of size M x N and
a vector' y € CM find the k-sparse vector Xopt as the solution to the minimization
problem

arg min ||y — Dx|j2 s.t. |x|o < k. (2.6)
x€CN

We call the approximation a,y; = DX,y an “optimal k-term approximation of y
inD”.

The solution to the previous problem is not necessarily unique. That is, there
may be distinct k-sparse vectors Xqp¢ that minimize the value of the objective
function in (2.6). If this is the case, we will be interested in finding any one of
these optimal approximations.

2.1.3 Dictionary Characterization

As mentioned before, we can make the solution to the sparse representation prob-
lem unique for all possible signals y by limiting the sparsity level k that is allowed
for x in Equation (2.3). We call a limit on &k that guarantees uniqueness of the
problem a sufficient uniqueness condition.

One generally wants that such a limit is as high as possible. The higher this
limit the more signals have a unique sparsest representation. The best limit on &
depends on the considered dictionary and is in general hard do determine. How-
ever, we can give estimates based on properties characterizing the dictionary.
These properties are the coherence and the Babel function, which we will now
introduce.

Definition 2.3 (Coherence). Let D be a dictionary consisting of N atoms d;,
with i € A. The coherence u(D) of the dictionary is defined as

(D) := max |(d;, dj)|. (2.7)

ijEA
i#]j

12



In other words, the coherence measures how similar any two distinct atoms of
the dictionary are. We write p instead of (D) when it is clear, which dictionary
is considered. By the above definition, the coherence of an orthogonal basis is 0.
Also note that because of the normalized atoms of the dictionary the coherence
obeys 0 < p < 1.

A way to characterize a dictionary in more detail than by the coherence is the
Babel function, which we define as follows.

Definition 2.4 (Babel Function [19]). Let D be a dictionary as in Definition 2.3.
The Babel function pi(D, k) of the dictionary is defined as

p1(D, k) = g}ﬁkagxgg/ |(di, dj)l, (2.8)

where A" C A and i € (A\A').

The Babel function measures the maximal sum of the absolute values of the
inner products between a fixed atom and k distinct atoms of the dictionary. When
there is no danger of confusion, we write p; (k) instead of p; (D, k).

Note the following facts about the Babel function: pi(1) = p, and py(k) <

kpi(l) =kp.

2.1.4 Unique Sparse Representation

We are now in the position to state conditions such that the sparse representation
problem has a unique solution.

Proposition 2.1 (From [14], Theorem 1 and Corollary 1). For arbitrary dictio-
naries D the solution to the sparse representation problem is unique, if

y € {Dx: [Ix]lo < K},

where k satisfies
1 1
—(14+—-]. 2.
k<y(1+2) (29)

As a special case, for dictionaries D that are the unions of L orthonormal
bases, the sparse representation problem has a unique solution if

1 1 1
k<14 ——|—. 2.1
<2<+L1>M (2.10)

Furthermore, if y = Dx and ||x||o < k, for some k satisfying (2.9) (or (2.10)
if D is the union of L orthonormal bases), then x is the unique solution to the
sparse representation problem.

13



Note that if the dictionary D in the above proposition consists of the union
of L orthonormal bases, then both bounds (2.9) and (2.10) are applicable. In this
case one could state the sufficient condition on k£ to guarantee uniqueness of the
sparse representation problem as

1 1\ 1 1 \1
k “(1+2) S (14 —— .
<max{2< +u>’2< +L—1>M}

2.1.5 Signal Recovery Methods

Consider the problem of actually solving the sparse representation problem. That
is, we want to recover the representation x from y = Dx, where x is as sparse as
possible. We assume to have full knowledge of D. The basic idea is to solve the
optimization problem

arg min ||x[[p s.t. y = Dx. (2.11)
xeCN

This problem will always recover a vector x that has minimal sparsity. Further-
more, if the recovered vector has sparsity satisfying Proposition 2.1, the recov-
ered vector will be the unique sparsest representation of y. However, solving the
problem (2.11) resorts to a combinatorial search, which is in general an NP-hard
problem and thus not feasible.

To overcome this difficulty, recovery algorithms, with different complexity and
performance, have been invented. We only mention Basis Pursuit (BP) [20] and
Orthogonal Matching Pursuit (OMP) [21] here, since they will appear later in
several investigations.

Basis Pursuit

The underlying idea of BP is to find the solution to (2.11) by solving the mini-
mization problem

arg min, IIx|l1 s.t.y=Dx. (2.12)

For all signals that have a k-sparse representation in D the solutions to (2.11)
and (2.12) are guaranteed to be unique and to coincide, when k is sufficiently
small—conditions for this are summarized in Section 2.1.6. The advantage of
replacing problem (2.11) by (2.12), is that the minimization of the ¢;-norm can
be solved by linear programming. Thus, the optimization problem can be solved
efficiently using interior point methods or methods that make use of the underlying
sparsity as in [22].

Orthogonal Matching Pursuit

OMP [21] is a greedy algorithm that tries to recover x from y = Dx. It works as
follows: Let r; be the residual and a; the approximation of y obtained by OMP
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after the jth step. The set Z is a set of indices of atoms of the dictionary and x;
is a j-sparse vector created by OMP in the jth step.

OMP initializes 7 as the empty set and sets rog =y.

In the jth step, OMP adds the index 7; to the index set Z, which is determined
by solving

i; = argmax [(d;, rj—1)]|. (2.13)

In other words, ¢; is the index of the atom that best approximates the residual.
At this point 7 contains the indices of atoms chosen by OMP up to and including
step j. Then, x; is determined by solving the least squares problem

X; = arg rr}gn y — Z dixj|l (2.14)
€L 2
where x; is the ith coefficient of the vector x; and all z;; =0 for [ ¢ .
Then the approximation a; of y is calculated as
a; = DXj. (215)
Finally, the residual is set to
rj=y—aj. (2.16)

Some conditions that guarantee that OMP recovers the representation x from
the signal y = Dx exactly are summarized in Section 2.1.6.

2.1.6 Recovery Conditions

Basis Pursuit and Orthogonal Matching Pursuit recover any vector x from y = Dx
and D exactly in k steps, if y is the linear combination of at most k£ atoms of the
dictionary and the Ezact Recovery Condition is obeyed. This is captured by the
following proposition.

Lemma 2.1 (Exact Recovery Condition; from [19], Theorem 3.1). Let x € CV
be a k-sparse vector, D a dictionary of size M x N and y = Dx. A sufficient
condition for BP and OMP to recover x exactly in k steps is

D}, Doptlln < 1, (2.17)

opt

where Dy s a matriz consisting of the atoms of the dictionary that correspond to
the nonzero coefficients of x and Al is the pseudoinverse of A. The matriz Doyt
is comprised of all atoms in D, that are not in Dypy.

In general one does not know in advance which atoms belong to the sparsest
representation of some signal y. However, there are sufficient conditions similar to
the bounds in Proposition 2.1 that guarantee that the Exact Recovery Condition
will hold.
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Proposition 2.2 (From [19], Theorem B). The Ezact Recovery Condition in
Lemma 2.1 holds for every linear combination of k atoms from a dictionary D
with coherence p and Babel function pi(-), whenever

1 1
E<=(1+= 2.1
<2(+u)’ (2:18)

or, whenever
ur(k—1) 4+ pi(k) < 1. (2.19)

As a special case, if D is comprised of L orthonormal bases and

1 1
k< <\/§—1+2(L_1>> ;, (220)

then the Ezxact Recovery Condition is obeyed.

2.1.7 Sparse Approximation with OMP

OMP is an interesting algorithm since it is easy to analyze and has provable approx-
imation error bounds for signals that are not sparse, as the following proposition
demonstrates.

Proposition 2.3 (From [19], Corollary 4.3). Let y € CM be an arbitrary signal
and D a dictionary of size M x N with Babel function pi(-). If pi(k) < 1/2, then
OMP generates a k-term approzimation ay, € CM in k-steps, which satisfies

Iy — aglls < \/1 b Iy~ aul (2.21)

where agp; € CM is an optimal k-term approzimation of y.

Hence, whenever the condition from the above proposition is satisfied, we are
guaranteed to obtain an approximation a by OMP in k-steps that lies in a hy-
persphere around the vector y. The radius r of this hypersphere is at most the
la-distance between y and a,,; multiplied by the factor

_ k[1— (k)]
C_\/1+[1—2u1(k)]2' (2.22)

This is illustrated for the two dimensional case in Figure 2.2.
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Figure 2.2: Illustration of Proposition 2.3 for the two dimensional case. The
optimal k-sparse approximation a,, of y in a dictionary D lies somewhere
on the inner circle, while the obtained approximation a, by OMP in k steps
lies in the gray shaded region. The radius r equals c¢r/, with ¢ as in (2.22)
and 1’ = ||y — agp[2-

2.2 Block-Sparsity

Block-sparsity is a model assumption on the class of sparse signals. In a block-
sparse signal, the nonzero coefficients do not occur at arbitrary positions, but in
clusters. This assumption is of practical relevance, since block-sparse vectors arise
naturally in multiple measurement vector (MMV) problems and when dealing with
multi-band signals [11], [12].

We give a precise description of block-sparsity and describe how to carry the
concepts of the earlier sections over to block-sparse signals. We put our focus on
unique signal representation and signal recovery methods.

2.2.1 Block-Sparse Representation

As in the sparse case, we consider a vector y and its representation x in a dictionary
D of size M x N such that y = Dx. Here and in the rest of this thesis we assume
that N is an integer multiple of some fixed block-size d, that is N = Rd, where R
and d are integers.

In general there can be multiple representations of a signal y € CM. We want
to state conditions under which there is a unique block-sparsest representation—
details to come later.

Block-Sparsity

Consider the vector x € CN. We say, that the ith block of x is nonzero, if
|x[#]||]2 > 0. The block-sparsity of a vector is the number of its nonzero blocks. To
state this formally we introduce the indicator function I(-).
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Definition 2.5 (Indicator Function, [16]). The indicator function I : Ry — {0,1}
18

I(a) = {0’ fa=0, (2.23)

1, otherwise.

Definition 2.6 (Block-Sparsity, [16]). The block-sparsity of a vector x € CV,
where N = Rd and d is the block-size, denoted ||x||20, is

R
Ixllz0 =D I(lIx[I][l2)- (2.24)
=1

We say that a vector x is block k-sparse if ||x|l20 < k.
Now we give the definitions of two sets that will be important in our consider-
ations and derivations.

Definition 2.7. For a given length N = Rd, where R and d are integers and d is
the block-size, define

X = {X € (CN : HXHZO < k} . (225)
In other words, the set X} is the set of all block k-sparse vectors of length N.
Definition 2.8. For a given dictionary D of size M x N, define
Y., =D& = {DX X € Xk} . (2.26)
That is, )} is the set of all signals that have a block k-sparse representation
in D.
Similar to before, we define the block-sparse representation problem.

Problem 2.3 (Block-Sparse Representation). Given a dictionary D of size M x N,
a positive integer k and a vector'y € YV, find the representation x as the solution
to the minimization problem

arg min [|x[[20 s.t. y = Dx. (2.27)
xeCN

For small enough k the block-sparse representation problem will yield a unique
solution for all possible signals y—details to come later.
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2.2.2 Block-Sparse Approximation

Assume that we want to represent some arbitrary vector y € CM by a block k-
sparse signal x in a dictionary D. As this is in general not possible, we want to
find the optimal k-block approximation of y. An approximation asp; = DxXqpt is
optimal if ||y — Dxopt||2 achieves the minimum possible value of ||y — Dx||2, where
x is any block k-sparse vector. We define this to be the block-sparse approximation
problem:

Problem 2.4 (Block-Sparse Approximation). Given a dictionary D of size M x N
and an arbitrary vector y € CM find the block k-sparse representation Xopt aS the
solution to the minimization problem

arg min ||y — Dx|lz  s.t. |[x[[20 < k. (2.28)
xeCN

We call the approximation aey; = DXepe “optimal k-block approximation of y in
D”.

2.2.3 Dictionary Characterization

As in the regular sparse case we want to find quantities with the same relevance,
as, for example, the coherence, that allow us to characterize the dictionary D.

First we extend the way in which we index parts of a dictionary D. In the
earlier sections we used the index set A and its elements i € A to address individual
atoms d; of the dictionary D. We now additionally make use of the index set
Ap :={1,..., R} to identify blocks of the dictionary.

We can now extend the concept of the coherence to the block case. That is,
we introduce the block-coherence of a dictionary [16].

Definition 2.9 (Block-Coherence [16]). Let D be a dictionary consisting of blocks
D[l], with | € Ap. The block-coherence ug(D) of the dictionary is defined as

1

p(D) = 5 max p(D1i)" DLjY). (2.29)

i#]
Note that the block-coherence pp reduces to the coherence u of a dictionary

for the case d = 1.
We define the block Babel function in the same spirit as in the sparse case.

Definition 2.10 (Block Babel Function). Let D be a dictionary as in Defini-
tion 2.9. The block Babel function up,(D, k) of the dictionary is defined as

1 .
up1(D, k) == max max g p( j]), (2.30)
with Ay C Ap and i € (Ap\Alg).
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Note the following facts about the block Babel function: pp,(1) = pp, and
pei(k) < kpp (1) =kpp.

For ease of reading we say that a dictionary D consists of orthonormal blocks
if the blocks of the dictionary itself are orthonormal, i.e., if for all [ € Ap, we have

D7 D[] = 1,.

In parts of this thesis we will consider dictionaries that are the union of L
orthonormal bases, where each basis is of size M x M. For these dictionaries we
assume the block-size d to divide the dimension of the bases M.

2.2.4 Unique Block-Sparse Representation

We continue our discussion on the uniqueness of the representation x of y in a
dictionary D. As mentioned, there are in general many representations of y in D.
However, we can guarantee that there is unique block-sparsest representation by
requiring y € Y, where k is sufficiently small.

The following two propositions state sufficient conditions on k to guarantee
this. Before stating them, there is one rather important fact about dictionaries to
mention. The definition of a dictionary allows for linearly dependent vectors to
occur within a single block. If this is the case, we cannot guarantee the unique
block-sparse representation of any signal y. To overcome this, we assume from
now on that all dictionaries that are considered in a block sense, consist of blocks
with linearly independent atoms.

Proposition 2.4 (Adopted from [14], Theorem 1, for a proof refer to the Ap-
pendix, Section C.3). Let D be a dictionary consisting of orthonormal blocks of
size d and with block-coherence pp. If y € Vi and

1 1
E<-|(14— 2.31
! ( i dug) | (2.31)
then the block-sparse representation problem has a unique solution.

Furthermore, x is the unique solution to the block-sparse representation prob-
lem if y = Dx and ||x[|2,0 < k.

Proposition 2.5 (Adopted from [19], for a proof see Appendix C.2). Let D be a
dictionary comprised of orthonormal blocks of size d and with block Babel function
upy(m). If y = Dx, where x is block k-sparse, and

1
k< §min{m cdpup;(m—1)> 1}, (2.32)
then x is the block-sparsest representation of y.

Consequently, for everyy € Vi with k < 1/2min{m : dup;(m — 1) > 1}, the
block-sparse representation problem has a unique solution.
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2.2.5 Signal Recovery Methods

To solve the block-sparse representation problem for some vector y in D one could
try to evaluate the optimization problem

arg min [|x|20 s.t. y =Dx. (2.33)
xeCN

However, solving this problem requires a combinatorial search and is thus infeasi-
ble.

To tackle this problem, we can use recovery algorithms such as L-OPT [11],
which is a mixed f3/¢1-norm minimization, or Block Orthogonal Matching Pursuit
(BOMP) [16]. These algorithms reduce the complexity of the problem and guar-
antee recovery of the underlying representation under certain conditions—details
to come later. We will briefly describe these algorithms.

L-OPT [10]

L-OPT is the equivalent to Basis Pursuit for the block-sparse case. The idea behind
this algorithm is to replace the optimization problem (2.33) by the problem

arg min [|x|2; s.t. y = Dx. (2.34)
xeCN

This new optimization problem can be cast as a second order cone program (SOCP)
and hence can be solved efficiently [23], [10]. To make use of this optimization
problem, we need to know under which conditions the solutions of (2.33) and (2.34)
are unique and coincide—see Section 2.2.6 for details.

A variation of L-OPT is L-OPT-O. This algorithm orthonormalizes the blocks
in the dictionary before solving (2.34). That is, it generates the dictionary D’ from
D such that

span(D'[l]) = span(D[l]) and
D) DYl = 1,
for all [l € Ap and then solves

arg min |[x[]21 s.t. y =D'X’.
xeCN

From the solution x’ it finally calculates x by transforming the coordinates of
x'[l] in the coordinate system given by the columns of D’[I] to the corresponding
coordinates in the the coordinate system given by the columns of DJi] for all
I € Ap. This transformation is unique if and only if the atoms within each block
of the dictionary D are linearly independent—which holds for our dictionaries by
assumption.

21



Block Orthogonal Matching Pursuit [16]

Block Orthogonal Matching Pursuit (BOMP) is the extension of OMP to the block-
sparse case and works as follows: Let r; be the residual and a; an approximation
obtained by BOMP after the jth step. Further, let Z be a set of indices of blocks
of the dictionary selected by the algorithm. Initially set ro = y and Z to the empty
set.

In step j, BOMP selects the block from the dictionary best matched to the
residual rj, i.e., the block with index

ij = arg mZaXHD[Z']H rj—1ll2. (2.35)

This index is then added to the set Z. Hence, at this point Z contains the block-
indices chosen by BOMP up to and including step j.
Then, the vector x; is obtained as the solution to the least squares problem

y = > Dlilx;li

1€l

, (2.36)
2

arg min
X;

where x;[l] = 0 for all [ ¢ Z. From this, the approximation a; = Dx; and the
residual r; =y — a; are determined.

There are conditions that guarantee that BOMP will successfully recover the
representation x of y = Dx. See Section 2.2.6 for details.

A variation of BOMP is BOMP-O (it is a similar variation as L-OPT-O of
L-OPT, compare this to Section 2.2.5).

2.2.6 Recovery Conditions

Lemma 2.2 (From [16], Theorem 2, Exact Recovery Condition). Let D be a
dictionary and y = Dx, where x is block k-sparse. A sufficient condition for
L-OPT and BOMP to recover x exactly is that

pe (Diptﬁopt) <1, (2.37)

where Doyt s a matriz whose blocks correspond to the nonzero blocks of x in D
and Dy consists of the blocks of D that are not in Dp;.

The condition in the above lemma is hard to evaluate since one does not know
in advance which blocks of x are nonzero. However, we can find conditions on the
block-sparsity k of x that ensure that Equation (2.37) holds, as in Proposition 2.6.

Proposition 2.6 (Adopted from [16], Theorem 1, for the proof see Appendix C.3).
Let D be a dictionary consisting of orthonormal blocks and y = Dx, where X is
block k-sparse. If

1 1
E< (14— 2.38
=2 ( " d,uB>7 (2:38)
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then the Exact Recovery Condition is obeyed. Hence, x can be recovered by L-OPT
and BOMP.
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Chapter 3

Refined Conditions

3.1 Sparsity in Unions of Orthonormal Bases

Consider the block-sparse representation problem in the dictionary D, i.e., the
problem of finding the block-sparsest representation of some signal y € V. It is
then important to know for which values of k£ the solution to the problem is unique
for all possible y.

An answer to this question for sparse signals and dictionaries that are unions
of orthonormal bases was derived in [14] and is summarized in Section 2.1.4. We
generalize their results to block-sparse vectors by incorporating the block-sparsity
assumption. In this way we obtain a sufficient condition on k that guarantees
the uniqueness of the block-sparse representation problem for a potentially higher
sparsity. This condition is our main result and summarized by the following propo-
sition:

Proposition 3.1 (Adopted from [14], Corollary 1). Let D be a dictionary con-
sisting of L orthonormal bases with block-size d and lety € Y. If

1 1 1

then the block-sparse representation problem has a unique solution.
Furthermore, x is the unique solution to the block-sparse representation prob-
lem, if y = Dx and ||x[|2,0 < k.

3.1.1 Derivation

Note that the derivation closely follows the path taken in [14].
We start by defining some quantities for vectors and dictionaries in a block
sense.
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Definition 3.1 (Block-Support). The block-support of a vector x € CN with N =
Rd, where R and d are integers and d is the block-size, is

suppp (x) == {l : [|x[I][|2 > 0} . (3.2)

In other words, the block-support of a vector is the set of indices of the nonzero
blocks of x.

Definition 3.2 (Block-Spark). The block-spark of a dictionary D is

Zp(D) = min_ |z (3.3)
z#0

That is, the block-spark is the smallest number of blocks of the dictionary such
that the vectors within these blocks are linearly dependent. Note that finding the
block-spark of a dictionary is a combinatorial problem and thus in general not fea-
sible. At this point we remind the reader of the assumption made in Section 2.2.4
that the atoms within each block of the dictionary are linearly independent.

We can now state a sufficient condition for the minimization problem

i I(||x[l 4. y = Dx, 3.4
org i, 3 1(Il) 5.y = Dx (34)

to have a unique solution.

Note that the objective function of the above minimization problem equals
the block-sparsity of x. Hence, the solution to the problem minimizes the block-
sparsity of the vector x, under the constraint y = Dx, and in this way solves the
block-sparse representation problem.

Lemma 3.1 (Adopted from [14], Lemma 1). Let D be a dictionary consisting of
R blocks and S C Ap ={1,..., R} be a set of block-indices. Define

ZI(H [1]]2)
Ppo(S,D) = zgﬁi‘x zI(HzHH)

Z

If Ppo(S,D) < 1/2, then, for all x such that y = Dx and suppg(x) C S, x is the
unique solution to the problem (3.4).

(3.5)

Proof. To show that the solution of the minimization problem (3.4) is unique under
the given assumptions with minimizer x, we have to prove that any vector x’ # x
with y = Dx’ results in a higher value of the objective function in (3.4) and is
thus not the solution to the problem. Note that we can express x’ as x' = x + 7/,
where z’ is in the kernel of D.

Let x be such that y = Dx and suppg(x) C S. Further, assume that
Ppo(S,D) < 1/2. Then, for any z € ker(D), we have that

> 1(lzllll2) = > 1(lzll]]2) > 0

1¢S les
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Observe that the indicator function I(-) and the composed function I(]]-|2)
obey the triangle inequality. Thus, I(||-||2) also obeys the reverse triangle inequal-
ity, i.e., I(|la+ bl|2) — I(||all2) > —I(||b]|2). Hence, we get

> Ll=2lll2) + D (1[0 + 2[l)2) = I(Ix[]2)] > ©.

¢S les

The support of x is a subset of S by assumption. Hence, we can rewrite the
inequality as

DI +2[Al2) > > 1(Ix[1]12)
l l

The above inequality holds for any nonzero z € ker(D). Therefore, x is the
unique minimizer of the problem (3.4). O

The next lemma gives a sufficient condition on the cardinality of the set S in
Lemma 3.4 to ensure that Pp (S, D) is less than 1/2.

Lemma 3.2 (Adopted from [14], Lemma 2). Let S and D be as before. If

S| < [ZB(D) /2], (3.6)
then Pgpo(S,D) < 1/2.
Proof. Assume that |S| < [Zp(D) /2]. We show that

Z 1({|2[1]]]2)

zmnzmm <172 (3.7)

for any nonzero z € ker(D).

To see this, note that the numerator of (3.7) is bounded above by |S], and is
thus at most [Zp(D) /2] — 1 by assumption. On the other hand, the minimum
value the denominator can take is Zp(D) by the definition of the block-spark.
Thus we have

1(]|z[!
5 el o121
;I(llzmlb) - ZB(D)

Hence, the statement follows. O
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As a next step we give an estimate of the block-spark for dictionaries that are
comprised of orthonormal bases. Combined with Lemma 3.2 this allows us to state
a sufficient condition on the block-sparsity k£ in the block-sparse representation
problem that guarantees uniqueness of its solution.

Lemma 3.3 (Adopted from [14], Lemma 3). Let D be a dictionary with block-
coherence ug comprised of L orthonormal bases such that

D =[B; B, ... Bf],

where B; € CMXM gre orthonormal bases, M = Q'd, Q' and d are integers, and d
15 the block-size.
Then, the block-spark of the dictionary D satisfies

Zp(D) > <1 + Ll_l) diB (3.8)

Proof. Assume that z € ker(D). The vector z can be partitioned as

Z

zr,
with z; € CM and more refined
z[1]
z; = : ;
z[Q’]
where z;[i] € CY.

Since z € ker(D), for every | we have Byz; = — 3, ,; Byzy. We multiply this
from the left with Bff to get

Z; = — Z BII{Bl/Zl/.
£l

With Ay = BlH B the summands on the right side of the above equation
are of the form

A1, zp[1] 4+ ...+ Ayl

1, Q' zv[Q]
Al,l’ [2, 1] VAL [1] + ...+ Al,l' [2, Q

VAl
g
Al@ Um ] + .+ AlQ Q@ Q]
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where Al,l’ [’L,]] = BZ[Z]HBV[]] Hence all Al,l’ [’L,]] obey p(AU/ [7,,]]) < dNB due
to the definition of the block-coherence. That is, their spectral norm is bounded
above by d up.

We compute the ¢o-norm of the d-row blocks of (3.9) and make us of the sub-
multiplicity and the triangle inequality, of the matrix norm, as well as p(AU/ [i, j]) <
dpup to get the elementwise inequality

1z:[1]]]2 d pp I(||lzi[1]ll2) (2o [z + - - + [l20[Q1]12)

<y

2@l | | dus IQ12l@12) (oDl + - . + 20 (@]]2)

I([[ze[1]l[2) |z []2,1
=dugp Z :
P I(124[Q]12) |z ]2,
Note that we introduced the term I(||z;[j]]|2) on the right hand side of the inequal-
ity to obtain a better estimate in the sequel (if an element of the left hand side of
the inequality is zero, we can also set the corresponding element on the right hand

side to zero).
Summing over all entries of the above vectors yields

Q/
lztllon < dps S S 1(zdlilll2) 2w

j=1 1"l
Ql

—dus [ S 1(lzlil) | [ 32 Izl
j=1 U1

=dpg|zll2o | Y llz]
U4l

2,1

We add d g [|zil2,0lz

2,1 to make the sum on the right run over all /, that is

20 221,

ll

(1 +dpgllzll20) [|zill21 < dps |z

or equivalently

dup ||z

2,0
zi||2,1 < . Z Zy||2,1
falaa < T s S e

_ dpgllzil|2,0 ”
1+ dupp||zll20

1.

Then we sum over all [ to get

L
d pg ||zi2,0
1=y

1+ dug |zl
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. L . .
By adding >, m to both sides, we obtain

L

1
> <L-1.
—~ 1+dpg|zll20

Note that the function f(a) := 1/(1 4+ dug|lall2,0) is convex in a. Thus
[Zlel f(z)]/L > f(ZzL:1 z;/L) by Jensens’ inequality [24]. Therefore,
1 L—-1
< ;
1+dpp|zll20/L L

and finally

lellzo > (14— ) -2
VA _— _
20 = L—-1)dug

Proof of Proposition 3.1. Apply Lemma 3.2 to Lemma 3.3.

3.1.2 Theoretical Discussion

In this section we want to emphasize the possible advantage of the derived con-
dition in Proposition 3.1 over similar conditions for general dictionaries and cor-
responding results for the sparse case. For this assume D to be a dictionary
consisting of L orthonormal bases with coherence u and block-coherence up.

For ease of reading we restate the conditions that will be considered in this
discussion. A sufficient condition on k to guarantee uniqueness of the block-sparse
representation problem for all y € ) (derived without taking the special structure
of D into account) is

1 1
E<—-(14— 3.10
=2 ( " dMB> , (3.10)

while the condition derived in this thesis under the assumption of a dictionary
consisting of L orthonormal bases is

1 1 1
k< <1 + L_1> T (3.11)

The corresponding equations for the regular sparse case are

1 1
k’<<1+), 3.12
5 . (3.12)

1 1
/

(14—
vy (it

and

, (3.13)



respectively, where a k’ satisfying the condition ensures that the regular sparse rep-
resentation problem has a unique solution—mnote that this guarantees the unique-
ness of the block-sparse representation problem for k = |k'/d].

We are always only interested in the largest k and &’ allowed by the mentioned
conditions. Hence, when we refer to the block-sparsity (sparsity) allowed by some
condition we mean the largest &k (k') obeying this condition.

When we say that a condition on the block-sparsity allows for a higher sparsity
than some condition on the regular sparsity, we actually mean that the block-
sparsity allowed by the former condition multiplied by d is larger than the sparsity
allowed by the latter one (kd equals the number of coefficients in k& blocks of
block-size d). We also say that the sparsity is potentially higher in this case.

Comparison to the Sparse Case

For a comparison of the previous mentioned conditions for the sparse case and the
block-sparse case we have to relate the coherence p and the block-coherence pp of
a dictionary that consists of the union of L orthonormal bases. By Lemma C.1,
we have

< pup < p. (3.14)

SHES

Condition (3.11) can be an improvement over the corresponding condition for
the sparse case (3.13). It allows for a sparsity of up to

) 1 1 1
k gdkz<2<1+L_1> e (3.15)
By (3.14) we have up < u. Therefore, Condition (3.11) allows for a potentially
higher sparsity than Condition (3.13).

From (3.14) we also have p/d < up as a lower bound on the block-coherence.
Hence, Condition (3.11) can allow for a sparsity that is at most larger by a factor
of the block-size d over the sparsity allowed by the corresponding condition for the
sparse case.

The possible advantage of Condition (3.11) over Condition (3.13) for the sparse
case is illustrated in Figure 3.1.

Comparison to the Uniqueness Condition for General Dictionaries

We fix a dictionary that is comprised of the union of L orthonormal bases. Com-
paring the block-sparsity allowed by the Condition (3.11) for dictionaries that are
unions of orthonormal bases to the block-sparsity allowed by the Condition (3.10)
for general dictionaries, reveals that the former condition allows for a larger block-
sparsity, whenever L < [1/(dpup) + 1]. Since the considered dictionary has or-
thonormal blocks, the block-coherence obeys up < 1/d according to [16], Propo-
sition 3. Thus, if L = 2, then Condition (3.11) allows for at least the same
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Figure 3.1: Possible advantage of Condition (3.11) over the corresponding
Condition (3.13) for the sparse case. The lower curve in the plot shows the
sparsity allowed by (3.13) against the coherence. The potential sparsity of
a dictionary with a certain coherence p’ allowed by Condition (3.11) can lie
somewhere in the blue region on the vertical line going through y’ on the
x-axis (the position in the blue region on the line depends on the real block-
coherence pp of the dictionary). Each plot shows a different combination of
the block-size d and the number of dictionaries L. Not all pairs of 1 and ppg
may be possible.




block-sparsity as the condition for general dictionaries for all possible values of the
block-coherence.

Uniqueness Versus Richness

In general, we have to make a trade-off between the number of orthonormal bases
L in a dictionary and the maximal block-sparsity k& that guarantees uniqueness
of the block-sparse representation problem. While with an increasing number of
orthonormal bases we usually can make the representation of signals more efficient,
i.e., we need to use less nonzero blocks to represent a signal, due to the greater
number of different blocks available, the block-sparsity allowed by Condition (3.11)
typically decreases due to an increase of L and the block-coherence up.

Figure 3.2 shows how the block-sparsity allowed by (3.11) and the number of
blocks in the dictionary develop with the number of orthonormal bases L. The left
y-axis is normalized by multiplication with d up and the right y-axis by division
over the number of blocks per dictionary.

We observe that for classes of signals that require a large number of bases to
have an efficient representation in the dictionary, it may be a good choice to use a
large number of bases in the dictionary. In this way it may be possible to decrease
the block-sparsity necessary for the representation of the considered signals in the
dictionary while not paying a big price on the sparsity allowed by (3.11).

For low values of L the trade-off should be evaluated case-by-case.

Note that depending on the values of L and of the block-coherence g, the
condition for general dictionaries may be better.

Furthermore, it may not be possible to create a dictionary with some specific
L and pp.

Dictionary Structure

Another interesting fact is that for some fixed number of orthonormal bases L > 3
in the dictionary there is a point regarding the block-sparsity, starting from which
Condition (3.11) gets worse than the condition for general dictionaries (3.10).
This is illustrated in Figure 3.3. The crossover point up to which Condition (3.11)
is better than Condition (3.10) shifts to the left with an increasing number of
orthonormal bases L.

3.1.3 Simulation Results

The aim of this section is to demonstrate some of the results from the theoretical
discussion.

For this we created dictionaries consisting of the union of two orthonormal
bases ranging over a subset of the possible values of the block-coherence up, namely
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Figure 3.2: Change of the block-sparsity allowed by (3.11) (solid line) and the
number of available blocks for signal representation (dashed line) against the
number of orthonormal bases L in the dictionary. The allowed block-sparsity
is normalized by multiplication with d up and the number of available blocks
is normalized by division over the number of blocks per basis.

dictionaries with a block-coherence that satisfies

L <pup < 1 (3.16)
VMd ~ ' T d '
where M is the dimension of the space spanned by the dictionary—the upper and
lower bound on the block-coherence pp are from [16].

For the created dictionaries we calculated the block-coherence g, as well as
the coherence p and compared the allowed sparsity by (3.13) and (3.12) to the
potential sparsity allowed by (3.10) and (3.11). For the created dictionaries we
varied the dimension M, as well as the block-size d.

Figure 3.4 shows two such comparisons. The upper two curves in the figure
are smooth because they depend on the block-coherence up which we vary on the
z-axis, while the lower two curves depend on the coherence p which is arbitrary
for the dictionaries we created (except for the rightmost point which corresponds
to a dictionary consisting of two times the same basis and thus the coherence is
clearly 1).

The potential sparsities allowed by the conditions for the block-sparse case (up-
per two curves) are significantly higher than the allowed sparsity by the conditions
for the general sparse case (lower two curves). Thus, taking the model-assumption
of block-sparsity into account can be advantageous.

Further, note that the potential sparsity allowed by the condition for dictionar-
ies consisting of the union of orthonormal bases lies above the potential sparsity
allowed by the condition for general dictionaries in the block-sparse case. At the
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Figure 3.3: Block-sparsity allowed by (3.10) (dashed line) and (3.11) (solid
line) against the block-coherence multiplied by the block-size d. The plots
compare the two conditions for dictionaries consisting of different numbers
L of orthonormal bases. The vertical solid line marks the crossover point
starting from which Condition (3.10) allows for a higher block-sparsity when
increasing the block-coherence. Note that for dictionaries consisting of or-
thonormal blocks the block-coherence obeys up < 1/d and hence the z-axis
goes only up to 1.
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Figure 3.4: Comparison of the potential sparsity allowed by (3.10) (red
dashed line), (3.11) (red solid line) and the sparsity allowed by (3.12) (blue
dashed line) and (3.13) (blue solid line) for dictionaries comprised of L = 2
orthonormal bases, varying dimension M, and with block-size d = 8.

right border of the figure, the two curves for the block-sparsity touch each other.
This point in the figure corresponds to a dictionary with block-coherence 1/d, for
which both conditions give the same limit on the block-sparsity for L = 2.
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3.2 Signal Recovery through /¢,/¢; Optimiza-
tion

In this section we consider the problem of recovering the representation x of a
vector y in a dictionary D that is comprised of L orthonormal bases, i.e., we want
to find the block-sparsest x such that y = Dx from y and D.

As mentioned in Chapter 2, the representation x is not necessarily unique for
a fixed y. That is, there can be vectors x’ # x such that y = Dx’. However, by
requiring y € Vi, where k is small enough, we can guarantee that there is a unique
sparsest representation for all possible y.

If k£ is sufficiently small, we can furthermore ensure that the block-sparsest
representation of any y € ), satisfies the Exact Recovery Condition in Lemma 2.2.
Hence, in this case the block-sparsest representation of any possible y can be
recovered using L-OPT and BOMP.

Our contribution, which is summarized in Proposition 3.2, is a sufficient condi-
tion on k such that for all y € ) the corresponding block-sparsest representation
can be recovered by L-OPT and BOMP. We demonstrate by a theoretical dis-
cussion and simulation results that our sufficient condition can allow for a higher
block-sparsity than the condition in Proposition 2.6. Further, we show that our
condition is advantageous over the similar conditions (2.18) and (2.20) for the
regular sparse case if the block-sparsity assumption is applicable, as it guarantees
that representations with a higher sparsity can be recovered.

3.2.1 Main Results

Assume that y = Dx. As before, we denote by D,,; a matrix comprised of the
blocks of D that correspond to the nonzero blocks of x and by D,y a matrix
that consists of the blocks of D that are not in D,,;. Then the Exact Recovery
Condition for the block-sparse case, i.e., the condition

Pc (Dj;ptﬁopt> < 17

is sufficient to guarantee that L-OPT and BOMP recover the representation x
from y exactly (see Section 2.2.5 for details) [16].
By following the path taken in [19], we derived the following proposition.

Proposition 3.2. Let the dictionary D consist of L orthonormal bases with block-
size d and lety € Vi.. If

1 1
k<<ﬂ—1+2(L1)> D (3.17)

then the block-sparsest representation of y can be recovered by L-OPT and BOMP.
Furthermore, if y = Dx, where ||x||2,0 < k, then x is the unique block-sparsest
representation of y.
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Proof. See Appendix D. O

3.2.2 Theoretical Discussion

In this section we consider under which conditions and up to which extend the
condition given by Proposition 3.2 can be advantageous over other known results.
For this we assume the dictionary D to consist of the union of L orthonormal
bases.

When we compare conditions and say that some condition is better than an-
other condition, we mean that the former condition allows for a higher block-
sparsity (sparsity) than the latter condition.

Advantage Over Sparse Case

We compare Condition (3.17) with the corresponding condition for the regular
sparse case (see Section 2.1.5 for details), i.e., with

' IR
k<(\/§ H?(L—l))u’ (3.18)

By Condition (3.18) a representation x such that y = Dx can be recovered from
y and D by BP and OMP if ||x||p < k’. Note that (3.17) guarantees recovery with
L-OPT and BOMP for a sparsity of up to

d||x]20 < <\/§— 1+ 2(L1_1)> ;B (3.19)

Since up < w it can be possible to recover signals with a higher sparsity by L-OPT
and BOMP than by BP and OMP if the block-sparsity assumption is applicable.

Example 3.1. Consider the dictionary D = [I, F®I;] € CM>*2M yhere F denotes
the DFT-matriz of size (M /d) x (M/d) and ® the Kronecker product. This dictio-
nary has block-coherence ug = 1/v/Md and coherence p = 1/v/M. Hence, (3.17)
allows for a sparsity that is larger by a factor of \/d than (3.18).

Advantage over Recovery Conditions for Arbitrary Dictionaries

Some similar comments as in this section were made in [14].
Comparing the Condition (3.17) to the condition for arbitrary dictionaries in
the block-sparse case (see Section C.3 in the Appendix), i.e., to

1 1
k<14 — 3.20
=2 < i d,UB>7 (3:20)

reveals that our condition is not better for all numbers of dictionaries L.
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Figure 3.5: Comparison of Condition (3.17) and (3.20). For a dictionary
consisting of L orthonormal bases with block-size d and block-coherence g
the former condition, i.e., the condition derived for dictionaries consisting
of orthonormal bases, allows for a higher block-sparsity if the number of
orthonormal bases L in the dictionary is below the value corresponding to
the intersection of a vertical line drawn at d g with the curve. For example,
for a dictionary with block-coherence pp and block-size d such that dug =
0.2 Condition (3.17) is better if the number of orthonormal bases in the
dictionary is at most 3 (green lines in the plot).
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Figure 3.6: Schematic sketch of the gap between the maximal block-sparsity
allowed by Condition (3.17) and Condition (3.11).

It is only better, whenever

1
<
3—2v2+dpug

Since d pup is bounded below by 0, Condition (3.17) can only be better than Con-
dition (3.20) for L < 6. This is illustrated in Figure 3.5.

Observe that there is a gap between the block-sparsity allowed by Condi-
tion (3.17) and Condition (3.11)—which both were derived taking the special
structure of a dictionary consisting of the union of L orthonormal bases into ac-
count. This means that there is a region of the block-sparsity k for which any
block k-sparse vector x is the unique block-sparsest representation of some signal
y = Dx but for which we have no guarantee that we can recover x by L-OPT
and BOMP. This is schematically shown in Figure 3.6. However, note that other
conditions, e.g., Condition (3.20), may guarantee successful recovery by L-OPT or
BOMP .

+1. (3.21)
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3.2.3 Simulation Results

The presented simulations demonstrate some of the possible advantages discussed
in the previous section.

For our simulations we created random matrices Aq, Ao, ... of size M x LM
with entries drawn from an i.i.d. Gaussian distribution. L is the number of or-
thonormal bases and M = @Qd their dimension, where M, Q, d are integers and d
is the block-size. From each of these matrices A; we created a random dictionary
D; as follows: For [ =1,..., L we set the [th M columns of D; to the orthonormal
basis created from the Ith M columns of A; by the MATLAB command orth.

For these dictionaries we compared the recovery success rate of L-OPT, BOMP
and BP. That is, we created block k-sparse vectors x1, X2, ... of length LM, where
the k nonzero blocks were selected uniformly at random and the entries within
the blocks are i.i.d. Gaussian. For these vectors we calculated y; = D;x;. Then,
we provided D; and y; to L-OPT, BOMP and BP. All three algorithms produce
an estimate X; s of the representation x;. The recovery was successful if ||x; —
Xiest|l2 < €, where € = 1076 is a small positive constant that allows for calculation
inaccuracies. For each considered value of the block-sparsity k we averaged over
100 pairs of realizations of the dictionary and the block-sparse vector. The success
rate is the number of successful recoveries out of 100.

The results of these simulations for a varying number of orthonormal bases L
and dictionary dimensions M are shown in Figure 3.7. The block-size d = 8 is
fixed. There are some observations to make:

e L-OPT clearly outperforms BP, which itself is outperformed by BOMP.

e For any of the plots: Let &’ be the minimal block-sparsity for which L-OPT
failed at least once in recovering the underlying representation and let k be
the maximum block-sparsity allowed by Condition (3.17) or (3.20) (rounded
down to the nearest integer). Then £’ is at least larger by two than k. That
is, we observed a 100 percent success rate in recovering the representations
with a block-sparsity of up to ¥’ — 1 by L-OPT. This implies that

— the highest possible block-sparsity k such that the block-sparsest rep-
resentation of any y € )i can be recovered by L-OPT is larger than
the block-sparsity allowed by the considered conditions, or

— that the equivalence of the ¢ /¢y and ¢5 /¢ minimization problems holds
with high probability for the generated random signals even if their
block-sparsity is between k and &’

Also a combination of the above implications is possible.

Maximum Block-Incoherent Dictionary. We repeated the previous ex-
periment but instead of the random dictionaries used the fixed dictionary D =
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Figure 3.7: Comparison of the recovery success rate of BP, L-OPT and
BOMP in random dictionaries with block-size d consisting of the union
of L orthonormal bases against the block-sparsity of the representation to
recover. The vertical solid green line is the maximal sparsity allowed by
Condition (3.18) (guaranteed recovery with BP in arbitrary dictionaries),
the vertical dashed blue line shows the maximal block-sparsity allowed by
Condition (3.20) (guaranteed recovery with BOMP and L-OPT in arbitrary
dictionaries) and the vertical solid blue line is the maximal block-sparsity al-
lowed by Condition (3.17) (guaranteed recovery with BOMP and L-OPT in
dictionaries that are the unions of orthonormal bases)—these lines were ob-
tained through averaging. The vertical red line is the minimal block-sparsity
for which L-OPT failed at least once.
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[Iar, Far/qg ® Ig). In this case L = 2. This dictionary achieves the lowest possible
block-coherence for a dictionary consisting of two orthonormal bases, i.e., it has
block-coherence pp = 1/ M d (see [16]). For every considered value of the block-
sparsity we averaged over 100 realizations of the random block-sparse vector. The
results of this experiment are shown in figure 3.8. In contrast to before L-OPT
sometimes outperforms BOMP.
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Figure 3.8: Comparison of the recovery success rate of BP, L-OPT and
BOMP in the dictionary D = [T, Fp/q ® 14] with block-size d against the
block-sparsity of the representation to recover. The vertical solid green line
is the maximal sparsity allowed by Condition (3.18) (guaranteed recovery
with BP in arbitrary dictionaries), the vertical dashed blue line shows the
maximal block-sparsity allowed by Condition (3.20) (guaranteed recovery
with BOMP and L-OPT in arbitrary dictionaries) and the vertical solid blue
line is the maximal block-sparsity allowed by Condition (3.17) (guaranteed
recovery with BOMP and L-OPT in dictionaries that are the unions of or-
thonormal bases)—these lines were obtained through averaging. The vertical
red line is the minimal block-sparsity for which L-OPT failed at least once.
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Chapter 4

Block-Sparse Approximation

Consider the problem of representing an arbitrary signal y € CM in a fixed dictio-
nary D by a block k-sparse vector x € CV such that y = Dx. This is in general
not possible because the atoms within any selection of k£ blocks from the dictionary
do not necessarily span the space CM.

We are then interested in finding a k-block approximation a of y. The quality
of such an approximation is measured by an error criterion. We use the £s-norm of
y —a, i.e., ||y — al|2, as the error criterion because it gives rise to simple algebraic
results. The lower the error criterion, the better is the approximation.

4.1 BOMP as an Approximation Algorithm

In this section we investigate the performance of BOMP as an approximation
algorithm. That is, how well the algorithm solves the block-sparse approximation
problem described in Section 2.2.2.

We briefly restate the problem: For an arbitrary signal y € CM, a dictionary
D of size M x N with block-size d, find a block k-sparse vector x as the solution
to the problem

arg min ||y — Dx|j2  s.t.||x|[20 < k. (4.1)
xeCN

We associate the approximation a(x’) = Dx’ with x’. An approximation a(x’)
is optimal if x’ is a solution to (4.1). The approzimation error of a for y is
ly — all2. Whenever it is clear which x’ we refer to, we write a instead of a(x’).
Note that the above minimization problem can in general have many solutions.
This is demonstrated by the following example.

Example 4.1 (Optimal k-Block Approximation). Let d = 2 be the block-size.
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Consider the dictionary

1 0|0 0|0 1/V5
0 1[0 0[0 1/v/5
D=|0 0|1 0[]0 1/V5 |,
0 0/0 1[0 1/v/5
0 0[0 0[1 1/\/5

and the signal
y =10,1,1,0,0]".
The optimal 1-block approximations fory in D are

opty (x1) = [0,1,0,0,01" with x; = [0,1,0,0,0,0]",
Aopty(X2) = [0,0,1,0,0]" with x, = [0,0,1,0,0,0]", and

T
Aoprg(x3) = [0.5,0.5,0.5,0.5,0]7 with x5 = |0,0,0,0, —0.5,\/5/2] .

Now fix an arbitrary signal y. For this signal we obtain a k-block approxi-
mation a; by BOMP in k-steps. To measure the approximation performance of
BOMP we compare the approximation error of a; for y to the approximation er-
ror of an optimal k-block approximation a,,; for the same signal y. We relate the
approximation errors by

”y - akHQ <c Hy - aoptH?a

where ¢ > 1 is a real number. The smaller c is, the closer a; is to an optimal
k-block approximation and the better is the obtained approximation.

Our main result, that quantifies the quality of the approximation a; with
respect to the quality of an optimal approximation, is summarized in the following
Proposition:

Proposition 4.1 (Adopted from [19], Corollary 4.3). Let D be a dictionary of
size M x N with orthonormal blocks of block-size d and a block Babel function
such that d upg,(k) < 1/2, where k is a fived positive integer, and let y € CM be a
completely arbitrary signal. BOMP will then recover a k-block approximation ay,
of y in k-steps that satisfies

k[1—dpp, (k)]
_ <1 — agpela, 4.2
ly —agll2 < \/ = 2d s (B [y — aopt|2 (4.2)

where aqp: 15 an optimal k-block approximation of y.
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4.1.1 Derivation

We start our analysis by deriving a condition similar to the Exact Recovery Con-
dition given by Lemma 2.2 and later conclude how close we get to an optimal
approximation when using BOMP as an approximation algorithm.

Lemma 4.1 (General Recovery, adopted from [19], Theorem 4.2). Let D be a
dictionary of size M x N with orthonormal blocks of block-size d and a block Babel
function such that d up,(k) < 1/2, where k is a fized positive integer. Further, let
y € CM be an arbitrary signal. Suppose that the approzimation aj_1 consists only
of blocks from an optimal k-block approximation a,y. Then, at step j, BOMP will
recover another block from asp:, whenever

\y—%;mm>¢r+f[2jmﬂﬁﬁuy—amm. (1.3

Proof. The proof follows the arguments in [19].

We associate to Xp; the vector a,p; = DXopt. Let Dy, be a matrix that consists
of the blocks in D that correspond to the nonzero blocks of x,,. Furthermore,
ﬁopt consists of all blocks in D that do not participate in Dpy;.

According to the description of BOMP in Section 2.2.5, the algorithm selects
another block from D, if

=H
HDoptrJ'*lHZOO

Z(I‘j_1> = < 1. (44)

IDEr; 1l2,00

We now introduce the quantities a;_; and a,y into the inequality above and
bound the ratio. Note, that the mixed f2/¢+ norm is a matrix norm according to
Lemma B.1. Thus,

=H
||Doptrj*1 ||2700

) D
D5y = aj-1) 200
HDopt( —a;j-1)|l2,00
_ Doy — 20p) + Dol — 1)
||D (Y — aopt) + Dgyt(aopt —aj1)
Doy = om)llzce (D@t = 2j-0lzce
B ”Dopt(aOpt aj_1)2 ||Dopt(aopt a;j—1)l2,00 .
:Zzer:?rj—l) =2opt(rj—1)
where Dopt( — a,pt) disappeared from the denominator because y — agpy is or-

thogonal to the subspace spanned by the columns of D,;.
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We continue by bounding ze,,(rj—1):

Zerr(Tj-1) = ’?Ig)t(y ~ Aopt)ll2c
Doyt (aopt — @j-1)l|2,00
_ maxq||(Dope[i]) ™ (v — aopt) 2
D2 (a0pt — aj-1)ll2,00
max; || (Dopt i) [l2lly — aoptll2
||D£>t(30pt —aj-1)l2,00
|y — aoptl2
HDgyt(aOPt —aj_1)

3
‘2,00

because all blocks of D are orthonormal by assumption. Then

ly — aOPt”2
Z (I"_l) <
o DS (aopt — aj-1)|l2,00
\/EHY — agpt |2

HDgat(aOPt - aj—l)”2’

where the last inequality follows from Lemma B.3.
Continuing we find that

Zerr(Tj—1) < \}{Euy_aOptHQ
||Dopt(a0pt —aj_1)2
\/EHY — aopt|l2
= omin(Dopt) [|aopt — aj—1l|2
\/EHY — aoptl2
T V1= dppi(k = 1) |ap — aj-1l2’

(4.6)

where 0in(Dopt) is the minimum singular value of D,y and the last step is due
to Lemma B.4. Note that oyin(Dopt) is nonzero, since Dy, has full column rank.
This is the case due to the assumption d up,(k) < 1/2. By the properties of the
Babel function we have d up;(2k) < 1 and thus by Proposition 2.5 that the vectors
within any k-blocks of D are linearly independent-thus the columns in D, are

linearly independent.

We now derive an upper bound on the term zyp(r;j—1) in (4.5). Observe that
(aopt —aj—1) € span(Dyy;) and DOpt(DZpt) is an orthogonal projector on the range
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of the columns of D;. Because Dopt(Dipt) is Hermitian, we get

—H
HDopt(aOPt _ aj—l) H2voo

1D (a0t — aj-1)]|2,00

Zopt(Tj—1) =
HDopt( opt)HDoHpt(aOPt B aj—l)H2,OO
HDopt(aOPt - ajfl)

opt\ M opt 2,00 (| Hopt\Qopt — Aj—1
D5y (D}, 2,00 D2 (20pe — 2-1)

HDopt(aOPt - aj—l)HZOO

_HDopt( opt) H2700'

Now, we expand the pseudo inverse as Dopt = (DX, Dop) 'DI,, which is valid

since D,y has full column rank because of the arguments from above. We get

Zopt(Tj—1) < ||Dopt[(DH Dopt) ™~ 1Dgot]H||2,00

opt
- ”DoptDOPt(DgatDOpt)_ H2oo
< D", Doyt (D2, Do) ! (47)
=:Zopt (rj—1) =¢Zop;2r(rj—1)
We can bound zgp, (rj—1) above by
2opty(€5-1) = D Dopel2.00
< pr (DoptDOPt>
= maxz ( optll]” Dopt [r])
< dumk), (45)

where the first inequality is due to Lemma 1.1. The last step follows from the
definition of the block Babel function.

Now, consider the term zpto(rj—1). Define the partial Gram matrix Gy :=
Dg,tDopt. Due to orthonormality of the blocks in Dy, it has the form

I, Gopt[1,2] Gopt[1, k] |
Gopt[2,1] I; Gopt[2,3] . Gopt[2, k]
Gopt = : . :
| Gopt[k, 1] e Goptlk, k — 1] 1, |
=1+A,

with Gope[l, 7] = (Dopell]) T Dope[r].
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Whenever |A| < 1, where ||| is some matrix norm, the von Neumann series
>0 (—A)? converges to the inverse of (I+A) [25]. In our case, consider the mixed
matrix norm [|A||2,. which is bounded above by dpup;(k —1) < dpp;(k) < 1/2.
Hence, the von Neumann series converges and we get

Zopto(Tj—1) = || (DgotDOPt)_l 2,00

= 1D (A [l2.00
i=0
<D A 2,00
i=0
1
S -
1—[[All2,00
<
T 1- p?"(A‘)
< 1
T 1—dppi(k—-1)
1
< 4.9
=T dun ) -
Putting (4.8) and (4.9) together yields
Zopt(Tj—1) < Zopty (15-1) * Zopta (¥j-1)
1
<d k) —————
= T )
dpp, (k)
= 4.10
T dus, () 0
Thus by combining (4.6) and (4.10) we obtain
2(rj-1) < Zerr(rj—1) + Zopt(rj-1)
VE |y — aop2 d pp (k)
S V= (k1) oo —ay1ls 1 dpsi(b)
k - do
VELly ~ ol Gn®

< +
1 —dpupi(k) llage —aj-1ll 1 —dupi(k)

We manipulate this to get

VE[L—dpp, (k)]
1—=2dpp (k)

Note that the vectors (y — agpt) € ker(Dgp:) and (agp — aj—1) € span(Dgy) are
orthogonal by definition. If they were not orthogonal, a,,; would not be an optimal

1y = aoptll2 < llagpr — aj-1ll2.

48



approximation. We can thus apply Pythagoras’ Theorem, that is

Iy = a1ll2 = 1/ ly — optl3 + laop — 2113

\/k [1 _ duBl(k)} : || —a ”2
1—2dpp (k) Y otz

_ k[l —dpp, (k)]
= \/1—|— [1 —QduBll(k)]Q Hy_aopt||2, (4.12)

> ||y_30pt||%+ <

which is exactly the statement of the lemma. O

Proof of Proposition 4.1. From Lemma 4.1 we know that BOMP will select an-
other block from an optimal k-block approximation, whenever dup(k) < 1/2
and (4.3) holds. Thus, in this case we get into the vicinity of an optimal k-block
approximation. That is, the obtained approximation by BOMP after k steps will
satisfy

k(1 —dpp, (k)]
— < 1 — a, .
Hy ak:||2 = \/ + [1 — 2dMBl(k)]2 ||y a ptHQ

4.1.2 Theoretical Discussion
BOMP as an Approximation Algorithm

The main result of the previous section is that BOMP can be used as an approxi-
mation algorithm to the block-sparse approximation problem.

Let D be a dictionary with block-size d and block Babel function pup,(-). We
want to approximate the signal y = Dx by a block k-sparse vector x; in D.
Then, by Corollary 4.1, BOMP is an approximation algorithm to the block-sparse
approximation problem for block-sparsity & if d up, (k) < 1/2 (compare this to the
results for OMP in [19]). Assume this condition to be in force. Then, BOMP will
always recover a block k-sparse vector xj such that the approximation error of the
corresponding approximation a(xy) for y is at most larger by a constant factor
than the approximation error of an optimal k-block approximation agut(xept) for
y. The actual value of this factor depends on the block-sparsity k and the block
Babel function of the dictionary.

As BOMP approximates y = Dx by a(xy) if the condition in Lemma 4.1 is
satisfied it also approximates x by xp.

To quantify the quality of this approximation note that for two vectors u,v €
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CN we have
|Du—Dv|3 = |[D(u-v)|
= (D(u—v))" (D(u-v))
= (u—v)HDHD(u—V), (4.13)

where the matrix DD is positive semidefinite [17]. From (4.2) we get with the
above equation that

V/(x =3 DD (x — x1) < ¢/ (x — X0t T DD (x — Xepe). (4.14)
where
_ k[l —dup, (k)]
c_\/1+ T s dnm P (4.15)

Thus the vector x;, recovered by BOMP will always be such that

V/(x —x0) DD (x - x)

is at most larger by a constant factor ¢ than

\/(X — Xopt) TDHD (X — Xopt).
Note however that the mapping f : CN — R such that
f(z) — VzHDHDz

in general defines a semi-norm and a not a norm.

Comparison to the Sparse Case

In this section we make some comments on signal approximation with OMP and
BOMP and on the relation of Proposition 4.1 to the corresponding result for OMP
(see Section 2.1.5 for details, originally from [19]).

For this assume that we want to approximate some signal y by a k-block
approximation a(xpomp) or a kd-term approximation a’(xoymp) in the dictionary
D with block-size d. The dictionary has Babel function p;(-) and block Babel
function ppq(-).

We obtain the block k-sparse vector xponmp by BOMP in k-steps and the kd-
sparse vector xomp by OMP in kd-steps. It is then interesting to compare the
approximation errors of the approximations a(xpomp) and a’(xomp) for y. For
this we make use of Proposition 4.1 and 2.3. That is, we compare the equations

|y — a(xBomp)ll2 < clly — agpll2, (4.16)
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where

_ k[1—dpup, (k)]
°= \/ Y2 )7 e
and
ly — a(xomp)[l2 < ¢ [ly — agll2, (4.18)
where
r_ kd[1 — p(kd)]
c \/1+[1_2M1(kd)]2. (4.19)

An optimal k-block approximation of y is a,p, while aﬁ,pt is an optimal kd-term
approximation of y. We say c and ¢ are the approzimation error constants for a
given dictionary D, block-size d and block-sparsity k.

There is no obvious way to relate (4.16) and (4.18). However, we can make
some comments:

e OMP does not approximate a solution to the block-sparse approximation
problem but it approximates a solution to the sparse approximation problem.

e Whenever there is no optimal kd-term approximation that exhibits a block
structure in the dictionary D, then the minimal approximation error ||y —
ag,/|2 in the sparse case is smaller than the minimal approximation error
|y — @gptl|2 in the block-sparse case, i.e., [y — ajll2 < [y — aopl2-

Proof. Assume a,,; is an optimal k-block approximation for y and ai)pt is an
optimal kd-term approximation for y. Further, assume that ||y — ag, /|2 >
|y — aopt|l2. But then af,,, cannot be an optimal kd-term approximation
since apt is also a kd-term approximation but has a smaller approximation
error. Hence, there is a contradiction. ]

e For a fixed number of blocks k, and the corresponding number of terms kd to
recover, the approximation error constant ¢ can be smaller than ¢’ in some
cases. Assume now that ¢ < ¢’. Then we are guaranteed to get within the
smaller factor, namely the factor ¢, to an optimal k-block approximation
when using BOMP to recover k blocks. On the other hand, when using
OMP to recover kd coefficients we are guaranteed to get within the factor
c to an optimal kd-term approximation.

Comparing the approximation error constants ¢ and ¢’ resorts mainly to the
comparison of the Babel function and the block Babel function, respectively.
Unfortunately, there seems to be no obvious relation between the block Babel
function and the Babel function of a dictionary.
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Another fact to take into account when comparing the approximation error
constants for OMP and BOMP in the previous described environment is
the following: Despite the difference of the block Babel function and the
Babel function, the approximation error constants depend on k and kd,
respectively. But k < kd in our scenario, whenever d > 1.

4.1.3 Simulation Results

The aim of this section is to demonstrate that BOMP can be used as an ap-
proximation algorithm to the block-sparse approximation problem. We show that
signal approximation by BOMP can be advantageous over signal approximation
by OMP when the signal to recover exhibits block-structure and is observed by
noisy measurements.

Signal Recovery from Noisy Measurements

Consider the experiment of recovering an unknown block k-sparse vector x from
noisy measurements y in the dictionary D with block-size d. That is,

y =Dx+ z,

where z is a noise vector. With BOMP we recover a block k-sparse representation
xgomp in k-steps and with OMP we recover a kd-sparse representation xoymp in
kd-steps from y and D. To relate the quality of the obtained representations we
compare | x—xpomp||2 and ||x—xowmp||2, i-€., the mismatch energy of the obtained
representations and the real representation. For a fair comparison over multiple
experiments we normalized the mismatch energy by the energy of x, i.e., by ||x]|2.

We carried out this experiment for fixed and random dictionaries of varying
dimensions and with a varying number of contained blocks. In all cases we chose
the block-sparsity k of x as the maximum possible value such that the condition
in Proposition 4.1 is satisfied. Then we created x by selecting k blocks uniformly
at random and drawing the coefficients within these blocks from an i.i.d. Gaussian
distribution. All other coefficients of the vector are set to zero.

The coefficients of the noise vector z are drawn from an i.i.d. Gaussian distri-
bution with zero mean. The variance of this noise vector is chosen such that the
Signal to Noise Ratio (SNR), given as

_ E(I/Dx|l2)
SNR := E(lalla) (4.20)

where E(-) is the expectation operator, takes some specific value.

In the experiments performed with random dictionaries, we created the dic-
tionaries as described in Section 3.2.3 with a slight modification: The random
dictionary D; is created from the random matrix A; by setting the /th block of
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Figure 4.1: Recovery performance of OMP and BOMP for signals embedded
in noise against the SNR. The plots show the normalized mismatch energy for
the fixed dictionary D = I, Far/q ®14], where M = 1024 and the block-size
d=8.

D; to the orthonormal block created from the [th block of A; by the MATLAB
command orth, for [ =1,..., R.

For each considered value of the SNR we averaged the mismatch energy of the
obtained representations over 100 pairs of realizations of the random dictionary
(or fixed dictionary) and the unknown random vector.

The results of these experiments are shown in Figures 4.1 and 4.2. Observe
that BOMP obtains representations that are closer, in the £5-norm, to the original
representation than the representations obtained by OMP.
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normalized mismatch energy

SNR

Figure 4.2: Recovery performance of OMP and BOMP for signals embedded
in noise against the SNR. The plots show the normalized mismatch energy
for random dictionaries of size M x N, where M = 1024, N = 2048 and the
block-size d = 8.
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Chapter 5

Conclusions

In this thesis we gave an overview of compressed sensing for the regular sparse
case and of compressed sensing under the block-sparsity model assumption. We
covered topics like dictionary analysis, unique sparse representation and recovery
methods.

As our contributions we generalized some results from the regular sparse case
to the block-sparse case and showed that we can achieve better results in this
way—in detail:

e Unique Block-Sparse Representation. We derived a sufficient condition
for unique block-sparse representation of signals in dictionaries comprised of
orthonormal bases. This condition can guarantee unique block-sparse rep-
resentation for higher block-sparsities than similar conditions for arbitrary
dictionaries. Furthermore, it is advantageous over similar conditions for the
regular sparse case if the block-sparsity model is applicable.

e Signal Recovery. In Section 3.2 we derived a sufficient condition for ex-
act signal recovery with L-OPT and BOMP in dictionaries comprised of
orthonormal bases. This condition can guarantee the recovery of signals
with a higher block-sparsity than ensured by similar conditions for arbitrary
dictionaries.

e Block-Sparse Approximation. We justified the usage of BOMP as an
approximation algorithm to the block-sparse approximation problem. Fur-
thermore, we showed by simulations that signal recovery with BOMP can
be advantageous over signal recovery with OMP if the nonzero coefficients
of the signal to be recovered occur in clusters (blocks) and the signal is
observed through noisy measurements.
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Appendix A
Symbols Used

For a list of symbols used throughout this thesis see Table A.1.

Symbol ‘ Description
C The set of complex numbers.
R The set of real numbers.
R The set of nonnegative real numbers.
Xy Set of block k-sparse vectors of given length N.
Vi Set of signals that have a block k-sparse representation

in a given dictionary D.

supp(x) Support of the vector x.

suppp(x) Block-support of the vector x.
(7] Kronecker Delta.
|al Absolute value of a.
|S| Cardinality of the set S.
Fy DFT-matrix of size N x N.
Iy Identity matrix of size N x N.
On All zero matrix of size N x N or all zero vector of length

Ly dxkods Ira

N.
For k, k1, ko, d integers with d the block-size, ik1d><k2d de-
notes the matrix

of size kid x kod. The matrix ikd = ikdxkd-

1ig For k, d integers with d the block-size, 14 = Tidxd-
span(A) Column space of the matrix A.
A®B Kronecker product of the matrices A and B.

Continued on next page
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Description

Spectral norm of the square matrix A.

Inner product of x and y.

Number of nonzero coefficients of the vector x; sparsity
of the vector x.

¢p-norm of the vector x.

Block-sparsity of the vector x, i.e., the number of nonzero
blocks in x.

Mixed 3 /¢,-norm of the vector x.

Induced £),-norm of the matrix A.

Mixed f3/¢,-norm of the matrix A.

Elementwise norm with p = o0, i.e., [|A||max = max |A4; ;|.
Conjugate transpose of the vector x.

Conjugate transpose of the matrix A.

Pseudo-inverse of the matrix A.

Block-spark of the matrix A.

Kernel of the matrix A.

Coherence of the dictionary D.

Babel function of the dictionary D.

Block-Coherence of the dictionary D.

Block Babel function of the dictionary D.

Table A.1: List of used symbols
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Appendix B

Mathematical Background

B.1 Mixed Norm Properties
Lemma B.1. The mized norms for matrices, defined as

|2,p

1All2p = max = ==
T [Ixlap

are submultiplicative. That is, for any two matrices A and B (of appropriate
dimensions for matriz multiplication) we have

|ABl2p < [|All2,p[IBl2,-

Proof. 1f AB = 0 the statement trivially follows. Hence, consider the case AB #
0. Then, submultiplicity follows from the following calculation:

[ABx|,,  ABX),, [Bx],,
X, x0Bx0
L L
0 Bxl,, =[x,
. s B,
VA0 ¥l %0 [l
= 1Al B,

AB|, =
|AB[5, max

<

where we used the substitution y := Bx in the second last step. O
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B.1.1 Inequalities

Lemma B.2. Let A € CM*N pe g matriz, where M = md, m, d and N are
integers. This matrix can be partitioned as

A
A=| |,
A,

where A; € CN e, A; is the ith d-row block of matriz A. Then

A

200 > |Aill2 fori=1,...,m. (B.1)

Proof. By the definition of the mixed matrix norm we have

[A]l2,00 = max {{|Ax|[2.00 : [[%[[2.00 < 1}

= max {max; || A;x||2 : [[x[l2,00 < 1}

> max {||A;x|2 : [|X][2,00 <1} fori=1,...,m,
> max {||Aix||2: [|x]l2 < 1} fori=1,...,m,
= ||Aj]j2 fori=1,...,m.

The last inequality follows from the fact that the constraint [x|[[, ., < 1 is less
restrictive than the constraint ||x||, <1, i.e.,

{Ax: [x]s <1} € {Ax: [x]200 < 1}.

O]

Lemma B.3. Let A € CM*N be o matriz, where M = md, m, d, and N are
integers. Then

1
[All2,00 > —=

> \/mHAHz- (B.2)

Proof. The matrix A can be partitioned as

Ay

Ay,

with A; € CN for i =1,...,m, i.e., A; is the ith d-row block of A.
Then, there is some index j such that

a:=[|Ajll2 > ||Ail2, fori=1,...,m.

62



Due to the definition of the induced matrix norm ||-||2, there is some x with ||x||s =
1 such that [|A;x||2 = a. We thus have
A1X/ «
1Allz = max |- < || =Vma=vm|Ajl.. (B.3)
x'||o= ,

mX ||y @ g

On the other hand, consider the mixed f3/fs-norm of A, that, by Lemma B.2,
bounds the fs>-norm of any d-row block A;, i.e.,

[All200 = a = [|Aj]2. (B.4)

Thus by combining inequality (B.3) and (B.4) we have

A

1
2,00 = Q2> ﬁHAHQ (B.5)

and the statement follows. O

B.2 Gershgorin Disc Theorem

In this section we prove a block version of the Gershgorin disc theorem (compare
to [17] for the classical version of theorem).

Lemma B.4 (Adopted from [19], Lemma 2.3). Let D be a matriz consisting of m
orthonormal blocks of size d. Then, the singular values of D exceed [1 —d pup;(m—
1)], where pup,(-) is the block Babel function of D.

Proof. This proof closelfy follows the proof of the Gershgorin Theorem in [17].
Consider the generalized gram matrix G = D D. Then the eigenvalues of G are
the squared singular values of D.

Now, let A be any of the eigenvalues of G and x # 0 the corresponding nor-
malized eigenvector. We then have Gx = Ax and for each block (Gx)[j] = Ax[j].

We choose i such that ||x[i]||2 > ||x[]||2 for any possible index j, i.e., i is the
index of the block of x with the largest fo-norm. Then we rewrite (Gx)[i] = Ax[{]
as

Z Gli, j] x[j] = Mx[i],

where G[i, j] = DJi]" D[j].
Then we subtract G[i, ] x[i] to get

™ Gli, ] x[j] = Axil - Gli.i] x[i]
J#i
= (ML — GJi,])x[i] .
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Now take the f2-norm of both sides and divide by ||x[é]||2. This yields

154 Glid)xlille _ 0T - G, Dx(ll
EIIE Rl

Applying the triangle inequality and the submultiplicity of the f5-norm to the
left side of the above equation yields

AL = Gi, iDxi]ll2 _ 22l Gl 5] %1]l2
[1x[i]l2 - [[x[d]]2
> i2illGl A2 l1x (5]
- [1x[i]l2
<Y G Al
J#i
<dppi(m—1),

where the second last inequality is because of the selection of the index i.

Now consider the left hand side of the above inequality. Since the blocks of D
are orthonormal by assumption (see Section 2.1), G[i, 7] is an identity matrix of size
d x d. Thus the expression ||(AI — G, i])x[i]||2 can be simplified as |A — 1|||x[i]]2.
Hence the above equation can be rewritten as

A=1]= 1=\ < dppy(m —1)

and the statement follows. O
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Appendix C

Block-Sparsity in Arbitrary
Dictionaries

C.1 Block-Coherence Inequality

Lemma C.1. Let D be a dictionary comprised of orthogonal blocks of size d with
coherence . and block-coherence pp. The block-coherence then satisfies

I

g S < (C.1)

Proof. The upper bound is due to [16].

To derive the lower bound, consider the generalized gram matrix G = DYD.
There is a d x d submatrix G[l,7] = D[I]” D[r], with I # r, with an entry of abso-
lute value p because of the orthogonal blocks in the dictionary and the definition
of the coherence.

By the matrix norm inequality

HAHmar < p(A),

where A is a square matrix and ||A|/max is the maximum absolute value of any
matrix element of A [26], we thus have

”G[lar]Hmaz = U < P(G[Z,T]) < uB d.

Hence, p/d < up. O

C.2 Proof of Proposition 2.5

Before stating the proof of Proposition 2.5 we present the following helpful lemma.
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Lemma C.2 (Similar to Theorem 4 in [27]). Let D be a dictionary consisting of
orthonormal blocks of size d and with block Babel function pupy(m). A necessary
condition for some nonzero vector z with ||z||2,0 = m' to be in the kernel of D is

m' > min{m : dup;(m —1) > 1}. (C.2)
Consequently, the block-spark of D obeys
Zp(D) > min{m :dpupg;(m—1) > 1}.

Proof. Assume z € ker(D)\{0} and ||z||20 = m’. Let Z be the block-support of z,
i.e., T = supppg(z). Further, let ig be any element of Z and let J = Z\{io}. Then
|Z| =m/ and |J| =m' — 1.

Since z € ker(D) we have 0 = Dz. Thus, we can rewrite this as

—> " Dlig)"" D] zi].
ieJ
Applying the £5-norm, the triangle inequality and the submultiplicity yields
Iz[io]ll2 < > [IDio] " DIi]|l2|2[i] 2.
ieJ

We add ||D[io] Dlio]|l2|z[io]||2 = ||z[io]||2 (as the blocks are orthonormal) to both
sides to get

2||zio]ll2 < > [Dlio]" DI]||2]1z[i]]l2-
€T
Now, we sum over all possible ig € Z, that is
2[zflo1 < > D [IDfio]” DIilla]|z[]|2-
i0€L 1€T

From this, we obtain

2l|zll20 < Y > IDlio]” DIi]|l2/l=[]]l-

i0€ZL €L
= llz[illl2 > [Dio}" D] 2.
1€l 10€L

Bounding the right hand side of the above equation by the block Babel function

yields
2lzllo < 3 lizlillls 3 IIDlio) DIl
i€l i0€L
<Y lzlilllald ppy (m’ — 1) + 1]
1€

= [dpup (m’ = 1) +1]|1z]2.,
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where the term D[ig]? Dig] is treated separately.
We simplify this to

1<dpp,(m' —1).

Hence, any nonzero vector in the kernel of the dictionary must have at least
min{m : d up;(m — 1) > 1} nonzero blocks. That is, the block-spark of D obeys

Zp(D) > min{m :dupg,;(m—1) > 1}.
O

Proof of Proposition 2.5. Use Lemma C.2 and apply Lemma 3.2 to obtain the
statement. O

C.3 Proof of Proposition 2.6

This proof closely follows the path taken in [14].
Before stating the proof, we need to extend parts of the program laid out in
Section 3.1. Therefore, we state a lemma similar to Lemma 3.1.

Lemma C.3 (Adopted from [14], Lemma 1). Let D be a dictionary and S C
Ap ={1,...,R} be a set of block-indices. Define

2 [lz{]l2
les

R les ©3
5.1(5,D) zer%écD) 2 lI=z[]l2 “
z l

If Pp1(S,D) < 1/2, then, for all x such that y = Dx and suppg(x) C S, x is the
unique solution to the problem (2.34).

Proof. The proof is analogous to the proof of Lemma 3.1. O
The next lemma will be helpful in proving Proposition 2.6.

Lemma C.4 (Adopted from [14], Lemma 2). If |S| < k is a sufficient condition
for Pp1(S,D) < 1/2, then it is also a sufficient condition for Pgpo(S,D) < 1/2.

Proof. Refer to the proof of Lemma 2 in [14]. O
Now we have all prerequisites to prove Proposition 2.6.

Proof of Proposition 2.6. This proof closely follows the proof of Theorem 1 in [14].
We first show that |S| < 1/2[1+1/(d up)] is a sufficient condition for Pg 1 (S, D) <
1/2 and then conclude the statement by applying Lemma C.3 and Lemma C.4.
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For any z € ker(D) we have 0 = Dz. Hence, for some fixed [
D[l] z[l] = - ) D[k] z[k].
k£l

We multiply this from the left with D[I]”. Since the blocks of D are orthonormal
by assumption, we get

z[l] = = D[l]" D[] z[k].

k£l
Taking the fo-norm of both sides and applying the triangle inequality yields
lz[l]ll2 < Y ID[1" DIK] 2[k]]2.
k£l

By using the submultiplicity of the fo-norm and the fact that the spectral norm
of D[I]¥ D[k] is bounded above by d i we obtain

Iz[ll2 < dpp > ||z[k]l2.
k£l
It follows that

(1+dup) ||zll)ll2 < dpp > ||2[k]]2-
k

Now we sum over all [ € S, where S is any set of block-indices, to get
(1+dup) Y _llzllllla < [S|dpus Y |2[k][l2-
les k

Hence,

dps

Pp1(S,D) < |S] (+dup)

We need the right hand side of above equation to be less than 1/2 to ensure that
Pp1(S,D) < 1/2. This is guaranteed if

1 1
Sl<=(14+-—).
o1<5 < " dMB)
Hence, if we have some y = Dx with ||x|l20 < 1/2[1+1/(d ppg)], then x uniquely
solves the minimization problem (2.34).

By Lemma C.4 and Lemma C.3 we know that ||x[[20 < 1/2[1 4 1/(dpg)] is
also sufficient for x to uniquely solve the problem (2.27). O]
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Appendix D

Proof of Proposition 3.2

The proof of Proposition 3.2 (or actually the proof of Lemma D.2 which we need
as an intermediate step) is long and cumbersome. Before stating the proof we will
derive two helpful lemmas.

Further, there is Lemma D.3 which we will need to guarantee the convergence
of some von Neumann series in our derivation. To not distract the reader too much
from our goal of proving Proposition 3.2 the lemma and its proof are postponed
to the end of this section.

At some points in the derivation we will require a matrix A of size Ed x Fd,
where E, F,d are integers and d is the block-size, to have the following form:

a1A711d e a‘{A’FId

A A
aEJId - ozEypId

with aﬁn eR.
We will also make use of the following Lemma:

Lemma D.1. Let A € CFKd gnd B € CEF pe arbitrary matrices, where
E.F,K,d are integers and d is the block-size. Then

p((AB)[1,7]) < p((A'B))[1,7]) (D.2)
forall1 <1< E and 1 <r < F, where A', B’ are of form (D.1), a® > p(A[l,r])

lr
B/
l,r

and ap. > p(BJl,r]). Consequently,

pe(AB) < p.(A'B'). (D.3)

Proof. The (I,7)-th d x d submatrix of the matrix AB is given by

K
(AB)[l,r] = > A[l, k| B[k,].
k=1

69



We can upper bound the spectral norm of each of this blocks by

K
p((AB)[L,]) = p<z AL,k Bl r])

k=1

Mw

(Blk,7]),
k=1

where we used the triangle inequality and submultiplicity of the spectral norm.
But

K

K
>~ p(ALLE]) o <> p(A[LR]) p(B'E,7])

k=1 k=1

because of the construction of A’ and B’.
To conclude the proof observe that

K

p(AlLK]) p(B'[k,1]) = iﬁ(aﬁéld) p(of 1)

kol
—
Eonl
Il

—

O]

The following lemma generalizes a result from [19] (originally from [14]) to the
block-sparse case.

Lemma D.2 (Adopted from [19], Theorem 3.7). Let the dictionary D consist of
L > 2 orthonormal bases and let d be the block-size. The dictionary has block-
coherence pup. Assume the signal y to have a unique block-sparsest representation
x with block-sparsity k = n1 + --- + ng. The numbers n; denote the number of
blocks from basis | corresponding to the nonzero blocks in x. Assume them to be
ordered, that is 0 <nqi <...<np. If

L

dupng 1
< , D4
lz;l+duBnl 2(1+d,u3n1) ( )

then the Exact Recovery Condition (2.37) is obeyed and x can be recovered by
L-OPT and BOMP.
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Proof of Lemma D.2. This proof closely follows the path taken in [19].

By assumption y = Dx, where x is block k-sparse. Let D, consist of the
blocks of D corresponding to the nonzero blocks of x, and let D,y consist of the
blocks of D that are not in D,,;. Further, let the blocks within D,,; be arranged

such that Dyy; = [Dopt; ... Dopt; ], where the n; blocks of the matrix Dy, are
from the Ith basis. We develop an upper bound on the quantity
Pe (Dlptﬁopt>

occurring in the Exact Recovery Condition and then conclude the statement from
it.

We start by expanding the pseudo inverse of D, in the above expression, that
is

Pe (Dj)ptﬁopt> = Pc ([DOHptDopt] 71Dgytﬁopt)

H “IH T

= mlax pC([DoptDOPt] DoptDOPt [l]) (D5)

This expansion is valid since D¢ has full column rank—this is the case because
of x being the unique sparsest representation of y.

Now we construct a matrix E from Gy = Dg)tDopt such that E~1 is of

form (D.1) and that

p(GT'[1.7]) < p(BE7'[1,7]) (D.6)

for all [,r. Further, we construct a matrix F from Gy := D{};tﬁopt [l] such that F
is of form (D.1) and such that

p(Gall,r]) < p(F[I,7]) (D.7)

for all I,r. Then, by Lemma D.1,
pe(G1'Ga) < po(E7'F).

Construction of E. The term G = D/}, D,; can be written as

Inld —ALQ . _Al,L
—A271 I?’Lgd . _AQyL
G = ) . ) = Ipg — A,
-Ar1 ... SApr Lyg
with A, ; = —Doptf[Doptj € Cridxnid T more detail, we have

Ai,j[l, 1] e Ai’j[l, nj]

A= : : ;
Ai,j [ni, 1] . A@j [ni, nj]
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where A, [k, 1] = —Dopi[(n1 4 ... + ni_1) + K Dope[(n1 + ... +nj1) + 1.
Every d x d submatrix A;;[k,l] of A has a spectral norm that is less than or
equal to d up due to the definition of the block-coherence.
Now we define E := I, — A’, where

Onld A/172 e A-€|-7L
/
A A’Q,1 (LS . A27L
/ /
AL,1 AL7L_1 0,4
with
Al =dppTydxn;d
and
I, ... 1
inidxnjd — : c Cmdxnjd.
I, ... I

To see that by the above definition inequality (D.6) is obeyed and that E~!
is of form (D.1) we rewrite the inverses of G and E as von Neumann series [17].
This is valid since p.(-) is a matrix norm, p.(A) < p.(A') < (k—n1)dpp < kdupg
and by Lemma D.3. Hence,

Gl_l =1+ ZAi, and
=1

00
El= I+ Z A"
=1

By this

p(GTHL, 7)) = p<5[l =1+ (Z Ai) [, r])

i=1

< p(8[l — r] L) + p((Z Ai) [, 7"]>
< p(8[1 — 7] L) + p((Z A”) [M)

:p((E_l)[lﬂn]) ’ :

where the inequalities follow from the triangle inequality and the submultiplicity
of the spectral norm.

72



We now evaluate E~!. For this, note that we can rewrite E = I, — A’ as

E = (Iys+dupB) — (A" +dupB),

where B is constructed as

I,q O 0
B — 0 Tnya e Chdxkd
0 0 1,4

with the definition inid = inidxnid-

Note that A’ + dup B = d up Iq. Hence,

-1 T -1
E™ = <(Ikd +dupB) —dpup Ilcd)

~ —1
= (Ikd —dpp (Igg +dpp B)illkd> (I +dpupB)71,

(D.8)

where the last step is because (CD)~! = D~!C~! for invertible matrices C and

D.

We continue by working out the inverse of (Ig + dupB)~! with the von
Neumann series—this is valid since p.(dpupB) = dupny < dupk < 1 which

guarantees convergence of the series. In this way,

™D 0 ... O

. o T, ... 0
(Tea +dppB)™" = | . _— : ;

0 0 Ty

where
dup = .

T, =1, ,————1,.4 f =1,...,L
i n;d 1+dMB ng n;d 10T 1 ) y Ly
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because

o
T, =In4+ Z(—d 15 Ina)

=1

=14+ Z(—d R

i=1
- 1 .
=Tna+Ina > (—dppny)’
vi=1
- 1 1 -
=Tpa+Tog— Y (—dppni) — —Tna
n; i—o n;
~ 1 1 1+dugn;
=1, IL,.g— —
mid nldnz‘ <1+d/ABm 1+dppn;
dup =
=1, —— 1, .
n;d 1+dﬂBni n;d

We now investigate the first term in (D.8). Note that we can again rewrite this

as a von Neumann series, i.e.,
15 -1
(Ikd —dpp (Iga +dpp B) Ikd) =

00 R
Ikd""z (dMB (Ikd—l-dMB B)i Ikd) . (Dg)
=1
This is valid since

-17 dupn
a1 = o o (1= 20 )

2,2 2
d= ppng

=d _ 2 "BTL
HBTL 1+duBnL

<1.

Now we compute the term dpup (Ixq + dpug B)™! I in (D.9) with the von
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Neumann series as
dppny

dpp (Tpa+dppB) ' Ty = dpug

dupng

Lnpaxkd = Txdupng

dpp 7
Trdie iy Inidxkd

dup
L 1+d,UfB nr, ITLLka’d

dpp g
1+dup n1 1"1d

= [ iZLd
L Hc(liu% inLd
= V]N'Zdv
with
,=[1; ... I;]eC™

Hence, (D.9) becomes

o0 .
Imr+§:<duB(hﬂ%-duBfﬁ_lhﬂ>
i=1

0o
=Ipq+ Z (V igd)
=1

(o)
—_—— ——

=1 ..
7 times

—hﬂ+§: MV i%

Lnidxkd = Trangny

L dxkd

|



We have now evaluated both terms occurring in the inverse of the matrix E. By
this

El=|Lgy+ vil, | Mg+ dppB)™ (D.10)

dppmn
I+dup ny

T
M=

=1

Construction of F.  We construct the matrix F from the term Go = D, Dy [1].
Assume that the block Dgy[l] is from basis z. Then

~ —_ T
Gy = [ Do Dope[l)T ... 07 1q - (Dopt Do [INT ],

because the block D,,[l] is orthogonal to all other blocks of the same basis.
Define

ol T
=[dpp1l, ... O 44 - dppll ;] . (D.11)

With this F is of form (D.1) and
p(GQ[l7 T]) < p(F[l, T])

for all I, r.

Putting things together. As mentioned before, for the matrices E and F we
have

pe(G1'Ga) < po(E7'F).

Now we investigate the product E7'F in detail.
From the last term of E! and F we get

-1 T T
(Ikd+dMBB) [d#Blmd Onzdxd d#BlnLd]
T
_ dpp T T dup 1T
- [ 1+dpupni 1n1d T Onzdxd v 1+dpupng 1nLd : (DIZ)
Hence,
r dpup g 7 i dpup g 7
1+dﬂB n1 Lnd L 1+dppm Lnd
dppmny :
. 1+dppn .
-1 =1 l;é d
EF= Onzdxd 1+dﬁ§ . 1nzd
. Z _dupng .
. 1+dupn
_dup dpup 3
- ltdupngp Lusa | L 1+dupng Lipd A
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With this, we finally get

(DlptD0pt> < pe (E_lF)

L
. Z ldgsnz
+
N Z d,LLBnl 1+ l*ll#z B
1211¢Zl+d“3nl 1 _dppng
’ a Z 1+dpup ny
L
dppn
1+d
dugn, z—1z;s s
1—|—du3nz

_ Z _dpupmng
1+dppny

L dppng
. Z dugmny 1 . 1+duB ns
o L
l=1,l7521+d'u3m 1-— ZM Z _dupmg
— 1+dMBnl 1+d/J,B ng
L
Z dppn
1+dppn

dupn, =1 l;éz

+
1+dMBnZ d
ugn
Z 1+dlljB§n

L
dupn

1+d n
_ =i l;éz pB T

Z _dupmng
I+dppn

The bound on p, (D:r)ptDopt) is weakest for z = 1, since the corresponding basis
contributes the fewest blocks to the optimal representation.

We derive the original statement of the proof since the Exact Recovery Con-

dition requires p. (DZptDOpt) < 1 and we just apply this bound to the above

inequality. Hence we end up with

L dupn 1
BN
< D.13
gl—l-d,uBnl 2(14+dpupn) ( )

as a sufficient condition for successful signal recovery with L-OPT and BOMP. [

Proof of Proposition 3.2. Follow the arguments in [14]. O
Lemma D.3. Let D, L, ny,...,nr and k be as in Lemma D.2. If

L dugn 1
BN
< , D.14
;14‘03#3”1 2(1+dupn) ( )
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then kdup < 1.

Proof. We split this proof into two parts. First, we consider the case L > 3 and
then the case L = 2.

More than two orthonormal bases (L > 3). In this case we get the
statement directly from Condition (D.14). Rewrite the condition as
L

Z dMBTLl _ 1 <0
“1+dpupn  2(1+dpgni)

and multiply it by (1 4+ dugng) to get

L

ZduBnl(leruBnL)_ l+dupng -0
= 1—|—duBnl 2(1+d,u3n1) .
Observe that
L L
dupn;(14+dugng,
Y Qe B EAUBIL) 5§
1=2 KB 1=2
since ny, > n; for [ =1,..., L, to obtain

L
1+dugnyg
dugn — —CHBRL
IZ; HEM = 90+ dppn)

Now, multiply this with 2 (1 4+ dugn1) to get

L L
QZd,u,Bnl +2Z(d,u,]3)2n1nl —1—dupng <0.
1=2 1=2

Hence, by splitting the term d up ny, from the first sum and subtracting the positive
quantity Zlez(d pp)?nin; from the left hand side of the above inequality, we get

L -1
(Z dppmn + ZduB nl) +(dppny —dpgng) <1,
1—2 1—2

and, finally, with ZlL:_zl dugn; > dugny,

L
Zd,U,B n; < 1.
=1

Hence, for L > 3, Condition (D.14) implies that kdup < 1.
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Two orthonormal bases (L =2). We have to show that
dup (n1 + n2) < 1.

For this, consider the following maximization problem:

max f(ny,n2) :=dpup (n1 + n2) (D.15)
dpupnso 1

t. = — <0 D.16

st g1, nz) 1+ dupng 2(1+duBn1)+S_ ’ ( )

gg(nl,ng) =nNni1 — N2 S 0, (D17)

g3(n1,n2) == —ny <0, (D.18)

g4(n1,n2) = —no+1<0, (D.lg)

where s > 0 is a positive constant, that allows us to restate the strict inequality
constraint (D.14) as an inequality. The second constraint ensures n; < mg, while
the third and fourth constraints guarantee ny > 0 and no > 1. Note, we excluded
the trivial case ni,ne = 0.

We now state the Lagrangian function corresponding to the above maximiza-
tion problem and the Karush-Kuhn-Tucker (KKT) conditions that are necessary
conditions for some pair of numbers n; and ny to be maximizers (local or global
ones) of the objective function [28]. The Lagrangian function is

4
L(n1,ng, 01,02, a3, a4) :=f (n1,m9) + Y _ aigi(n1,na), (D.20)

=1

where the o; are constants.
The necessary KKT conditions for the pair of numbers 777 and 175 to be local
maximizers of the objective function f(ni,ng) are:

e There exist oy, such that

4
V f(ny, ng) + Z angi(n], Tig) =0, (D.21)
=1

where Va(ni,ng2) is the gradient of the function a with respect to n; and

no, i.e.,
Oa_
Va(ni,ng) = % .
ons
e gi(n1,m2) < 0 for ¢ = 1,...,4, i.e., the constraints of the maximization

problem are fulfilled.
e «a;g;(n1,m2) =0fori=1,...,4.

e o; <0,fori=1,...,4.
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By calculating the gradient of the Lagrangian function, (D.21) becomes

d L g 1 1 0
|:d'UB:|+a1 2(1+§lﬁgm) +a2|:_1]+043|: 0 :|+a4|:_1]=0.
1B (1+dpp n2)?

(D.22)

We now search for all local maximizers of the maximization problem by identi-
fying points that satisfy the KKT conditions and show that the objective function
is smaller than 1. Thus, the global maximizer is also less than 1. For this we
consider the settings

ny =0,n9 > 1, and
niy,ng > O,
that cover all possible values of n; and ns, case by case.

Case 1: n1 = 0,n9 > 1. In this case we do not need the KKT conditions.
Observe that (D.14) implies

duBTlQ 1
1+dupne 21 +dupni)

Hence, with n; = 0, we have

d,uBnQ 1
i < —
l+dupny 2
Thus
1 1
dpupng < 5t §dﬂBn2,
and hence

dupng < 1.

This proves that for n; = 0 the objective function d pup (n1 +n2) is bounded above
by 1.

Case 2: ni,nz > 0. We immediately get az = 0 from a3zgs(ri1,12) = 0 and
ay = 0 or 1y = 1 from aygq(riy, n2) = 0.

o a4 = 0. From agga(1n1,12) = 0 we get that either ap = 0 or 177 = na.

— ag = 0. In this case Equation (D.22) becomes

[ d ] +ar | 20Em ] =0,
1B (+djip n2)

This can not hold for any a; and hence we cannot find a maximum
here.
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- ’ril = N9g = n. From algl(ﬁl,ﬁg) =0 we get

dupgn 1 _
a1<1+du3ﬁ 2(1+dMBﬁ)+S>_O A

2dupn 1 B
m(uLHmBm‘za+m@m*”>‘o =

o (2dpph—14§") =0,
where s’ =25 (1 + dpupn) and is thus positive.
We can deduce that either a; = 0 or
1—4
2dpp’
In the case that oy = 0, (D.22) becomes

dpp Ly
|:dMB:|+a2|:_1:|_O’

which cannot hold—hence in this case we will not find a maximum. In
the other case, i.e., n = (1 —s')/(2d up), we have

n =

dpp DT T 1
[d ]—1-041 (tlul;Bn) —I-OéQ[_l]:O.
HB (THdupn)?

The above equation holds for

4
o) = —3 (1+dugp n)Q, and

1
g = —g d,uB.

Observe that g;(n,n) = 0 for i« = 1,...,4, and thus all the necessary
KKT conditions for a local maximum are satisfied at the point given
by 11 = 15 = n. The objective value at this point is

ﬂmm=dm{2“”q
KB

e 755 = 1. We already considered the case r7 = 0 and 7y = 1 before, so we
now assume that 777 = 1. Consider the constraint gy (r1,72) = ¢1(1,1) < 0
and follow the calculation:

d uB 1
1+dup B 21 +dup)
2dpug —1+5 <0
2dpup <1-+¢,

+s<0 <=
e
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where s’ = 25 (14d up) is a positive number. Observe that the left hand side
of the above equation is the objective function for the setting 17 = 1o = 1.
Since s’ is positive we can only get f(1,1) < 1.

We have shown that all maxima of the objective function in (D.15) are smaller
than 1. This implies kdup < 1 for L = 2. O
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