TU

Grazm

Markus Holzmann, BSc

Approximation of Schrodinger operators with
d-interactions supported on hypersurfaces

MASTERARBEIT

zur Erlangung des akademischen Grades
Diplom-Ingenieur

Masterstudium Technomathematik

eingereicht an der
Technischen Universitat Graz
Betreuer:
Univ.-Prof. Dr.rer.nat. Jussi Behrndt

Dr.techn. Vladimir Lotoreichik

Institut flir Numerische Mathematik
Graz, Oktober 2014



Contents

1 Introduction 4
2 Basic concepts of operator theory 8
2.1 Linear operators in Hilbert spaces . . . . . . . . . . .. .. ... ... ... 8
2.2 Compact operators . . . . . . . ... 11
2.3 Convergence of unbounded operators . . . . . . . . ... ... ... ... 12

3 Compact hypersurfaces and their basic properties 15
3.1 Hypersurfaces and their basic properties . . . . . . .. .. ... ... ... 15
3.2 Integration on hypersurfaces . . . . . . .. ... ... ... ... .. ... 21
3.3 Tubes around hypersurfaces . . . . . . . . ... 24

4 Function spaces 30
4.1 Classical function spaces . . . . . . . . . ... 30
4.1.1 Continuous and continuously differentiable functions . . . . . . .. 30

4.1.2  The function spaces LP(X, ) . . . . . . ... 30

4.2 Sobolev spaces . . . . ... 32
4.2.1 Sobolev spaces - definition via weak derivatives . . . .. .. .. .. 32

4.2.2  Sobolev spaces - definition via the Fourier transform . . . . . . .. 34

423 Thespace HA(Q) . . . . . ..o 35

4.3 Sobolev spaces on hypersurfaces . . . . . .. .. ... ... ... ... 36
4.3.1 Thespace H*(X) . . . . . .. o e 36

4.3.2 Trace operators . . . . . . . . ..o o 37

5 Some classes of auxiliary operators 40
5.1 Multiplication operators in L2(X, 1) . . . . . . . .o 40
5.2 Integral operators . . . . . . . . ... 41
5.3 Schrodinger operators —A +V in R? . . . ... 43
5.4 The single layer potential associated to —A+1 . . . .. .. ... ... .. 48

6 Differential operators As, with /-interactions supported on compact hy-
persurfaces 52

7 Approximation of A5, by Hamiltonians with local scaled short-range po-
tentials 59

A Estimates for integrals containing modified Bessel functions 74



Acknowledgement

At this place, I would like to thank the people who supported me during my studies and
in writing this thesis. First of all, I thank Prof. Dr. Jussi Behrndt for giving me the
interesting topic of this work and for the excellent supervision of this thesis. Furthermore,
I would like to thank him for giving me the possibility to take part at the 3rd Najman
Conference on spectral problems for operators and matrices in Biograd in September 2013
and at the 85th Annual Meeting of the International Association of Applied Mathematics
and Mechanics in Erlangen in March 2014. Here, I also thank the Austrian Science Fund
(FWF) for financial support for the travel and accommodation costs.

Furthermore, I gratefully thank my second advisor Dr.tech. Vladimir Lotoreichik for
always taking time for debates on the thesis. Moreover, I would like to thank the other
members of the group of Prof. Dr. Jussi Behrndt, Dipl.-Math. Christian Kiithn and Dipl.-
Math. Dr.rer.nat. Jonathan Rohleder, who helped me in some questions with useful hints.
I also thank Prof. Dr. Pavel Exner, who discussed the main ideas of this thesis with me
during his stay in Graz in December 2013, and Dr. Alessandro Michelangeli and the Center
for Advanced Studies in Munich for inviting me to a workshop in Munich in February 2014.

Finally, I thank Thomas Holzmann and Christine Dollinger for proof-reading my thesis
and my parents Roswitha and Christian Holzmann for supporting me during the whole
studies.



1 Introduction

In this thesis, we show that a Schrodinger operator A;, with a d-interaction of strength a
supported on a hypersurface ¥ can be approximated by a family of Hamiltonians with local
scaled short-range potentials. Here, the differential operator As, is viewed as a self-adjoint
realization of the formal differential expression —A — a(dyx, -)dy and ¥ C R? is a compact
and closed C2-hypersurface.

Schrodinger operators with singular d-interactions provide an important concept in the
field of mathematical physics and have gained a lot of attention in the last decades. Such
operators are formally given as

Ea,z =—-A— CY<527 '>527

where ¥ is generally a subset of R? of Lebesgue measure zero, s, is the J-distribution sup-
ported on X and « : X — R is called the strength of the interaction. Differential operators
associated to L, 5, are used as idealized models to solve approximately the spectral problem
for classical Hamiltonians H = —A — V', where the potentials V' are real-valued, supported
in a small neighborhood of ¥ and have relatively large values. Such operators appear in
quantum mechanics in the description of many body systems or in models for so-called
leaky quantum graphs that describe the motion of a particle confined to a graph ¥ in a
way such that quantum tunnelling effects between different parts of it are allowed. More-
over, such operators arise in the theory of sound and electromagnetic wave propagation,
where d-potentials are used to model high contrast objects in dielectric media.

The first time, when a differential operator with d-interactions was treated in the litera-
ture, was in 1931. In [40] de Kronig and Penney constructed a simple model for the motion
of a nonrelativistic electron in a one-dimensional crystal using the differential expression
Los with ¥ = Z and a = const. In the subsequent decades Hamiltonians with point
interactions (i.e. X is a set of points) were treated in various dimensions in a heuristic
way. Then in 1961, Berezin and Faddeev published the first rigorous mathematical work
on a differential operator associated to the formal differential expression L, 5. In [13] these
authors considered the case d = 3 and ¥ = {0} and they constructed a differential operator
in the Hilbert space L?(IR?) associated to L, s, which will be denoted from now on by A;,,
as a self-adjoint extension of —A restricted to C=°(R?\ {0}). In the following decades,
differential operators with d-interactions supported on a finite or an infinite set of points in
space dimension d = 1,2, 3 were investigated extensively in the literature, see for instance
the textbook [3] or [2, 4, 6, 19, 33, 36, 37, 39].

In numerous applications it is required to consider operators associated to L,y in the
case that ¥ is a curve in R? or R?, a surface in R? or more generally a submanifold in R? with
codimension 1,2 or 3. The analysis of such operators is more complicated as for operators
with point interactions, as the spectral properties of these Hamiltonians are connected to
the geometrical properties of 3. Hence, the available results are less complete as in the
point interaction case, see the review paper [20] and for instance [12, 15, 21, 24, 38|.



From the mathematical point of view, it requires a justification that the spectral prop-
erties of the Hamiltonian As, corresponding to the formal differential expression L,y are
close to those of a classical Schrodinger operator of the form H = —A — V', where V is
a real-valued potential supported in a neighborhood of ¥ with relatively large values, and
thus that As, can be used as an idealized model for . One way to justify this is to show
that A;, can be approximated in the norm resolvent sense by a family of Hamiltonians of
the form

H&g = —A—‘/g (11)

for an appropriately constructed family of potentials V;, as the spectral properties of H, 5,
are then close to those of As,.

The approximation of Hamiltonians with singular interactions supported on a set of
points was intensively studied in the past. Already in 1935 Thomas published an influential
paper [47] that contained an approximation procedure of a Schrodinger operator with a
d-point interaction in R?. Starting in the 1970s, the approximation of differential operators
with §-interactions supported on a finite or an infinite set of points in R¢, d € {1,2, 3}, was
treated systematically in the literature, see the textbook [3] or [2, 4, 5, 10, 16, 27, 34, 35];
the available results can be seen as quite complete. There are also several recent results
available for the approximation of models with more singular point interactions in R, for
instance of §’-type, that yield more realistic models in some applications, cf. [7, 17, 23, 29,
30, 31, 32, 48].

Concerning Hamiltonians with d-interactions supported on manifolds in R, d > 2,
the literature on approximation results is not that complete. Whereas to the best of our
knowledge there are no results on the approximation of Schrodinger operators with 6-
potentials supported on manifolds with codimension larger than one available, there exist
a few results in the case that the interaction is supported on a hypersurface (i.e. a manifold
with codimension 1) in R? and R3. The first work in this context was published in 1992 by
Shimada [46]. He proved the convergence of operators H. . of the form (1.1) to As, in the
norm resolvent sense, if ¥ is a sphere in R? and « is continuous. Popov extended this result
for hypersurfaces ¥ C R?, d € {2, 3}, that can be parametrized by polar coordinates [44].
Figotin and Kuchment investigated the convergence of operators H, s in the case that X
is an unbounded and periodic hypersurface in R?. Their motivation came from the theory
of electromagnetic waves and they used a different notion of convergence which employs
the periodicity of X, cf. [25, 26]. Finally, Exner, Ichinose and Kondej considered the
case of unbounded hypersurfaces in R? and R? with a global parametrization and constant
strength a € R in [21, 22].

Nevertheless, the available literature on the approximation of A;, is not complete,
since the known results were obtained under restrictions on the space dimension d, the
hypersurface ¥ or the strength «. It is our main objective in this thesis to extend the
established results. More precisely, we prove that A;, can be approximated by a family of
Hamiltonians with local scaled short-range potentials in the norm resolvent sense for any
space dimension d > 2, for any compact and closed C?-smooth hypersurface ¥ C R? and
for any strength av € L>*(X).



In what follows, we give a short description of our approximation procedure and we
state our main result. Let d > 2 and let ¥ C R? be a closed, connected, compact and
C?-smooth hypersurface that separates R? into a bounded part € and an unbounded part
Q. (i.e. X is the boundary of the bounded C?-domain ;). It is known from [12] that for
a strength o € L>(X) the operator A;, has the explicit form

Aé,af = _Af>

1.2
dom Ajo = {f € Hi/Q(Rd \X): filz = fels, afils = Ou fels + auifi’2}7 (12

where f; and f. stand for the restrictions of a function f on R? onto €); and €2, respectively,
and 0, fi|s and 0,, fo|s denote the derivatives in direction of the unit outward normal v; and
ve of O and €, respectively.! Observe that self-adjoint Hamiltonians with d-interactions
supported on non-closed surfaces are naturally contained in the above scheme as a may be
zero on subsets of . This is one of the main reasons to allow general strength coefficients
a € L>*(X). The following approximation procedure of As, is inspired by [3, 21, 22]. For
a small 5 > 0 we set

Qp = {zx +tu(zx) 1 zx € Xt € (—5,0)} (1.3)

and we choose a fixed real-valued potential V' € L>°(R?) supported in Q3. Moreover, we
define for € € (0, 8] the scaled potential V. € L=(R?) as

Vi(z) = {%V (:L‘g + gtl/i(l'g)) , if v =ay +ty(zx) with g € X, t € (—¢,¢), (1.4)

0, else.

Note, that V. is well-defined; this follows from a theorem in Section 3.3. Then our main
result, which is proved in Chapter 7, reads as follows:

Theorem 1. Let d > 2, let V € L®(R?) be real-valued such that the support of V is
contained in Qg, let V. be given as in (1.4), let H. 5, be given as in (1.1) and let A € C\ R.
Moreover, define the coupling o € L*>(X) as

a(rs) 3:/_ V(zs + Bsyi(xx))ds

1

for almost all x5, € ¥ and As, as in (1.2). Then there exists a constant ¢ > 0 such that
[(Hes = N7 = (Apa — M) 7| < cem

holds for all sufficiently small ¢ > 0. In particular, H.x converges to Aso in the norm
resolvent sense as € — 04.

!The space Hi/Q(Rd \ ¥) in (1.2) consists of functions f = (f;, fo) ", where the components f; and f.

belong to the fractional order Sobolev spaces H*/2(Q;) and H3/2(€,), respectively, and satisfy Af; € L((;)
and Af, € L?(Q.).



Let us provide an overview of the content of this thesis. In Chapter 2, the basic notions
and notations of the spectral theory of linear operators are introduced. In particular, we
discuss convergence in the norm resolvent sense, a notion which is appropriate to investigate
the convergence of a sequence of unbounded self-adjoint operators.

In Chapter 3, we discuss closed connected hypersurfaces in a form that is convenient for
our purposes. In Section 3.1, we define hypersurfaces and various geometrical properties
of them. Then in Section 3.2, we introduce integration on hypersurfaces with respect to
the Hausdorff measure. Finally, in Section 3.3, we investigate tubes €23 of the form (1.3)
around closed compact C*-hypersurfaces.

Then, in Chapter 4, we discuss the function spaces which are required for the defini-
tion and the analysis of our differential operators. We consider classical function spaces
of continuously differentiable and Lebesgue measurable functions and introduce Sobolev
spaces of weakly differentiable functions defined in open domains and on hypersurfaces.
Furthermore, we introduce the Dirichlet and the Neumann trace of a weakly differentiable
function and we state a generalized version of Green’s identity.

In Chapter 5, we state several results about auxiliary operators which will play an im-
portant part in our considerations. In Section 5.1, we introduce multiplication operators in
L*(X, ut). Then, in Section 5.2, we discuss integral operators and we give upper bounds for
the operator norms of such operators assuming that the integral kernels of these operators
fulfill suitable conditions. In particular, we prove the Schur-Holmgren bound for the norm
of an integral operator - this is one of the main tools for our proof of the convergence of
H. 5, to As, in the norm resolvent sense. In Section 5.3, we state some well-known results
about the spectral properties of classical Schrodinger operators. Finally, in Section 5.4, we
introduce the single layer potential associated to the differential expression —A + 1 and
the hypersurface .

In Chapter 6, we introduce Hamiltonians A;, with a J-interaction supported on a
hypersurface ¥ of strength o € L>°(¥) in a mathematically rigorous way. Here, we follow
an extension theoretic approach from [12]. In particular, we derive a suitable resolvent
formula for As,,.

Finally, in Chapter 7, we prove the main result of this thesis, namely Theorem I. For
this purpose, we derive a suitable resolvent formula for the Hamiltonians H, s, given by
(1.1) and we show the convergence of this family of resolvents. Since the proof of the
convergence is very technical and long, we outsource some parts of it into Appendix A.



2 Basic concepts of operator theory

The main aim in this thesis is to analyze the convergence of a certain family of self-adjoint
Hamiltonians to a Schrédinger operator with a d-interaction supported on a hypersurface in
R?. In this chapter, we introduce the basic concepts of the operator theory which are needed
for this purpose. In particular, we have to define an appropriate notion of convergence of a
sequence of (unbounded) self-adjoint operators. But initially, we constitute some notations,
introduce linear operators in Hilbert spaces and state some important basic results of the
spectral theory of linear operators in Hilbert spaces.

2.1 Linear operators in Hilbert spaces

Let ‘H and K be separable Hilbert spaces over C. The inner product is denoted by (-, )y
and (-, ). If it is clear, which Hilbert space is meant, we drop the subindex and write just
(+,-). The Cartesian product of these Hilbert spaces is denoted by H @ K and the inner
product in H & K is given by (-, )y + (+, ).

A mapping S : dom S — K, which is defined on a linear subspace dom S of H and
which satisfies S(ax+ fy) = aSz+ Sy for all z,y € dom S and «, § € C, is called a linear
operator from H to IC. If K = H, we will also say that S is a linear operator in H. We will
often omit the term linear, as we are only considering linear operators. An operator S from
H to K is said to be everywhere defined, if dom .S = H, and it is called densely defined,
if dom S = H. The graph of a linear operator S is given by {( fx) cx € dom S } and is a
linear subset of H ® K. In the following we will identify the graph of a linear operator with
the operator itself, so we will also write S for the graph. In this context, for two linear
operators S and T from H to K the notation S C T is understood as dom S C dom T and
Sx =Tz for all x € dom S.

The range and the kernel of a linear operator S from H to K are defined as

ran S :={y € K: 3z € dom S : Sz = y},
ker S :={z € dom S : Sz = 0}.

A linear operator S is said to be closed, if the graph of S is a closed subspace of H @ K.
Moreover, an operator S is called bounded, if

SZE}C
15 = sup 15
0#x€dom S ||$||H

(2.1)

Recall, that the space of all bounded and everywhere defined linear operators equipped
with the operator norm (2.1) is a Banach space [50, Satz 2.12] and that a linear operator
is continuous, if and only if it is bounded [50, Satz 2.1]. An important connection of closed
and bounded operators is stated in the following theorem, which is known as the closed
graph theorem [50, Satz 4.4]:

Theorem 2.1. Let H and K be Hilbert spaces and let S be a closed operator from H to KC.
If dom S C H s closed, then S is bounded.



Next we define, what is understood by the spectrum and the resolvent set of a linear
operator.

Definition 2.2. Let H be a Hilbert space and let S be a closed linear operator in H.

(i) A € C belongs to the resolvent set p(S) of S if and only if S — X\ is injective and
(S — A7t is bounded and everywhere defined. In this case, the operator (S — \)~! is
called "resolvent”.

(ii) The spectrum of S is defined as o(S) := C\ p(S).

(iii) A number X € o(S) is called an eigenvalue of S, if S — X\ is not injective, so if
there exists an eigenvector 0 # x € dom S such that Sx = Ax holds. The set of all
eigenvalues of S will be denoted by o, (S).

In the following step we define the adjoint of a linear operator S.

Definition 2.3. Let ‘H and K be Hilbert spaces and let S be a densely defined linear
operator from H to K. We define the adjoint operator S* of S, which is a linear operator
from K to H, via

dom S*:={yeK:3y e H : Ve edom S : (Sz,y)c = (,y)n}
and S*y =1y .

We remark that S* is a well-defined linear operator from K to H, as .S is densely defined.
If S is a bounded and everywhere defined operator, one can show that also S* is bounded
and everywhere defined, see for example [50, Satz 2.36]. Some properties of the adjoint
operator are summarized in the next corollary.

Corollary 2.4. Let H and KC be Hilbert spaces and let S and T be densely defined linear
operators from H to K. Then the following holds:

(i) S* is a closed linear operator;
(ii) S C T implies T* C S*;

(iii) of S+ T is densely defined, then S* +T* C (S+T)*. Further, if T is bounded and
everywhere defined, then S* +T1* = (S +T)*.

The proof of assertion (i) and (ii) can be found in [50, Satz 2.48] and item (iii) is shown
in [50, Satz 2.45]. Very important classes of operators are symmetric and self-adjoint
operators:

Definition 2.5. Let H be a Hilbert space and let S be a densely defined linear operator in
H. Then S is called

(i) symmetric, if S C S*;



(i) self-adjoint, if S = S*.

In what follows we state numerous properties of symmetric and self-adjoint operators.
The first proposition treats an equivalent condition to the symmetry of a linear operator.
The simple proof of this statement is left to the reader.

Proposition 2.6. Let H be a Hilbert space and let S be a densely defined linear operator
in H. Then the following are equivalent:

(i) S is symmetric;
(ii) (Sx,y) = (x,Sy) holds for all x,y € dom S.

Next, we mention some equivalent conditions to the self-adjointness of a symmetric
operator. The proof of this statement can be found in [50, Satz 5.14 a)].

Theorem 2.7. Let H be a Hilbert space and let S be a symmetric operator in H. Then
the following are equivalent:

(i) S is self-adjoint;
(ii) ran(S — \) = H =ran(S — \) holds for one, and hence for all, A € C \ R;
(iii) C\ R C p(S5).

Now, we want to investigate the spectrum of a self-adjoint operator in a more detailed
way:

Definition 2.8. Let A be a self-adjoint operator in a Hilbert space H.

(i) The essential spectrum oess(A) of A is defined as the set of all eigenvalues A of A
with dimker(A — \) = oo and all accumulation points of o(A).

(ii) A number \ € o(A) is contained in the discrete spectrum ogisc(A) of A, if and only
if X is an eigenvalue of A, which satisfies dimker(A — \) < oo and additionally is
isolated in o(A).

Note, that it holds o(A) = gess(A) U 0qisc(A) for any self-adjoint operator A. Next, we
introduce another important class of linear operators, the unitary operators:

Definition 2.9. Let H be a Hilbert space and let U be a linear operator in H. Then U is
called unitary, if dlom U =ran U = H and ||Uz|| = ||z|| holds for all z € H.

Observe that each unitary operator is bounded and bijective. One property of unitary
operators, which will result to be important for our considerations, is stated in the following
proposition. The simple proof of this statement is left to the reader.
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Proposition 2.10. Let H be a Hilbert space and let T be a closed operator in H. Further,
let U be a unitary operator in H. Then it holds

o(T)=o(UTU).

Finally, the following proposition describes a way, in which the domain of definition of
an extension 7T of a linear operator A can be decomposed. Here, we use the notation + for
the direct sum of two sets.

Proposition 2.11. Let H be a Hilbert space and let T be a linear operator in H. Moreover,
let A be a closed linear operator in H such that A C T and p(A) # O are fulfilled. Then it
holds

dom T = ker(T — A\)+ dom A

for all X € p(A).

Proof. Let A € p(A) be fixed. The inclusion dom 7" D ker(7 — A) + dom A is trivial. In
order to show dom T" C ker(T'— \) + dom A, let € dom T" be arbitrary. Since A € p(A),
there exists y € dom A such that (T"— X\)z = (A — \)y holds. If we define now z := z — v,
we see

(T=Nz=(T =M@ —y) = (T = Na— (A= Ny =0,

where we used A C T and the definition of y. Hence, we find z € ker(T" — X), which
shows that © = z + y € ker(T' — \) + dom A is true. Thus, we also proved dom T' C
ker(T"— \) + dom A, which implies now

dom T' = ker(T — \) 4+ dom A.

It remains to verify, that the sum is direct. For this purpose, let = € ker(7"— \) N dom A.
Then it holds
0=(T—- Nz =(A—- Nz,

as A C T and x € dom A. Since we have A € p(A) by assumption, the operator A — \ is
bijective and thus x = 0 must be true. Hence, we find ker(7"— A) N dom A = {0}, which
finishes the proof of this proposition. ]

2.2 Compact operators

In this section, we discuss compact operators. The set of all compact operators is a subclass
of the set of the bounded operators. Compact operators are important, as they will help
us in the following chapters in the spectral analysis of Schrodinger operators.

In order to define compact operators, recall that a set M is said to be relatively compact,
if its closure M is compact.

Definition 2.12. Let ‘H be a Hilbert space. A linear operator K : H — H is called
compact, if it maps bounded sets onto relatively compact sets.

11



Note, that any compact operator is bounded, as it maps the unit ball B(0,1) C H onto
a relatively compact set, which is also bounded. Moreover, we mention that the set of all
compact operators is obviously linear.

The next theorem is the famous Fredholm’s alternative - a result about (1 — K)~! for
a compact operator K. This result follows for instance from [51, Satz V1.2.4].

Theorem 2.13. Let H be a Hilbert space and let K be a compact operator in H. Then
either the operator (1 — K)™1 exists and is bounded and everywhere defined or ker(1 — K)
s a finite dimensional subspace of H.

In the next proposition, we collect some useful facts about compact operators. The
proofs of these statements can be found in [50, Satz 3.2 and Satz 3.3].

Proposition 2.14. Let ‘H be a Hilbert space. Then the following assertions are true:

(i) Let K be compact and let T be a bounded and everywhere defined operator in H.
Then the operators K'T' and T'K are compact.

(ii) Let (K,) be a sequence of compact operators and let K be bounded and everywhere
defined in H. If | K,, — K|| = 0 in the operator norm (2.1), then K is also compact.

Note, that Proposition 2.14 brings us to the following result: the set of all compact
operators is a closed ideal in the set of all bounded and everywhere defined operators.

The next result is an important tool in the perturbation theory of linear operators. It
allows us to compare the essential spectra of two self-adjoint operators, if they are close to
each other in a certain sense [50, Satz 9.15]:

Proposition 2.15. Let H be a Hilbert space and let A and B be self-adjoint operators in
H. If there exists X € p(A) N p(B) such that (A — \)~' — (B — \)~! is compact, then it
holds Cess(A) = Oess(B).

2.3 Convergence of unbounded operators

In this section, we introduce a notion for the convergence of a sequence of unbounded
operators, which is needed to analyze the approximation of a differential operator with a
d-interaction supported on a hypersurface by a family of self-adjoint Schrodinger operators
with regular potentials. Note, that for the set of all bounded and everywhere defined
operators we have a topology which is induced by the operator norm

TI H
7= sup L
ozoen ||T|n

So, a sequence of bounded and everywhere defined operators (7},) converges to 7', if and
only if lim, . |7, — T'|| = 0.

On the other hand, for a sequence of unbounded operators, as it is considered in this
thesis, a convergence as above does not make sense. An appropriate notion of convergence

12



for a sequence of self-adjoint operators (7},) is the convergence in the norm resolvent sense,
which will be discussed now in detail in this section following [50, Section 9.3].

Throughout this section, let H always be a Hilbert space and let (A,,) be a sequence of
self-adjoint, in general unbounded operators in H. Moreover, let A be another self-adjoint
operator in H. We define the set M C C as

A«=(ﬂmm0mmm (22)

neN

and observe C\ R C M. Now, we define the notion of convergence in the norm resolvent
sense.

Definition 2.16. Let H be a Hilbert space and let A be a self-adjoint operator in H. Then
a sequence of self-adjoint operators (A,) in H converges to A in the norm resolvent sense,
if there exists a complex number X € M with M as above, such that

[(An =X =A=MY =0
as n — Q.

At first glance, Definition 2.16 seems to depend on a special choice of A € M. In fact,
the following proposition shows that this is not true.

Proposition 2.17. Let H be a Hilbert space, let A be a self-adjoint operator in H, let (A,,)
be a sequence of self-adjoint operators in H and let M be given as in (2.2). If there exists
a complex number \g € M such that

(A0 = 20) ™" = (A= 20) 7] = 0,
then. it holds for all A € M
1Ay =2 = (A= 2)7"| =0
as n — .

The proof of this proposition is given in [50, Satz 9.20]. The following result indicates,
that a sequence (7},) of bounded and everywhere defined, but not necessarily self-adjoint
operators, which converges in the operator norm, also converges in the norm resolvent sense.
Therefore, the concept of convergence in the norm resolvent sense is a generalization of the
usual convergence notion for bounded operators.

Proposition 2.18. Let H be a Hilbert space and let T,, and T be bounded and everywhere
defined operators in H such that ||T,, — T|| — 0. Then it holds for all sufficiently large n

and all X € (,en P(T0)) N p(T)

(7 = V)~

[T =N =T =N S s =

||!T—Tn||-

In particular,

(T, =N = (T =X = 0asn— oo

13



Proof. Let A € (N,en 2(T0)) N p(T) and set R(X) := (T — A)~' and R, (A) := (T, — A\) ™.
Using the resolvent identity [50, Satz 5.4]

R,(A) — R(A\) = R,(\)(T —T,)R(N), (2.3)
we find
[Rn(A) = RO = [[Ro(M(T = T) RN < [[RBa(M)| - |77 = Tl - | ROV

So it remains to show, that || R, ()\)] is bounded. Using the resolvent identity (2.3) again,
we see

[Bn (M < TR+ [Ba(M] - I = Tl - IR
Choosing n sufficiently large, such that [|T"— T, || - || R(N\)|| < 1 is satisfied, we find 1 — ||T"—
T.| - IR(N)|| > 0 and hence, we conclude from the above calculation
B
17 =Tl - [IR(A)]

IR I < —

This yields finally

IR

1708) = B < 1B 1T = Tull N B < 1= 1T

||T_Tn||a

which is the claimed result. O

Finally, we state a result on the connection of the spectra of A, and A, if A,, converges
to A in the norm resolvent sense [50, Satz 9.24].

Proposition 2.19. Let H be a Hilbert space and let A be a self-adjoint operator in H. If
(Ay) is a sequence of self-adjoint operators in H converging to A in the norm resolvent
sense, it follows that o(A,) converges to o(A). This means that A\ € o(A) if and only if
there exists a sequence (\,) with A, € o(A,) such that \, converges to A.
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3 Compact hypersurfaces and their basic properties

In this chapter, we introduce hypersurfaces ¥ in a form which is suitable for our application,
namely as the support of a d-interaction of a Schrodinger operator As, associated to the
formal differential expression —A — (s, -)dx. Moreover, we introduce various notations
and discuss some properties of hypersurfaces, which are needed for our main purpose,
the approximation of As;, by a family of Schrédinger operators —A — V. with regular
potentials V. that have support in a suitable neighborhood of . In this chapter, we follow
the presentation of [41, Kapitel 3], but we generalize the notations and some proofs from
the three- to the d-dimensional case and adapt numerous notions to our needs.

3.1 Hypersurfaces and their basic properties

In the following section we investigate hypersurfaces in the Euclidean space R? equipped
with the inner product (-,-). First, we give a definition of a closed hypersurface, which is
suitable for our needs. For this purpose, we need the notion of a C*-hypograph:

Definition 3.1. Let d > 2 and let k € N. A set Q C R? is called a C*-hypograph, if there
exists U C R and a C*-smooth function ¢q: U — R such that

0= {(xl,...,xd) ERY: (z1,...,24.1) € U,xd<g0d(:t1,...,xd_1)}.

Now, we introduce hypersurfaces in the form that is suitable for our purposes.

Definition 3.2. Let d > 2 and let k € N. We call a set ¥ C R¢ a closed connected
C*-hypersurface or a closed connected hypersurface of C*-smoothness, if the following con-
ditions are satisfied:

(i) there exists a bounded, open and connected set Q C RY such that Y is the boundary
of Q, i.e. X =08;

(i) there exists a finite index set I and {@;,U;, Vi}tier such that

(a) U; C R and V; € R are open sets and p; : Uy — Vi is a C*-smooth function
foranyi € I;

(b) rank Dy;(u) = d — 1 holds for all u € U;;

(c) wi(U;) =VinY and ¢; : Uy — V; N 3 is a homeomorphism;

(d> E - UZEI ‘/;’

(e) For any i € I there exists a set ; C RY, which can be transformed to a C*-

hypograph by a rotation and a translation, such that Q NV, = Q; NV, holds.

{0, Ui, Vi }ier is called a parametrization of X.

Remark 3.3. Let ¥ C R? be a hypersurface in the sense of Definition 3.2 and let
{¢i,U;, Vi}ier be a parametrization of X.
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(i) ¥ is compact, as X is obviously bounded and closed.

(ii) Condition (e) in Definition 3.2 requires that ¢;(U;) has, up to a rotation and a
translation, the form

{(xl,...,xd) €RY: %= (11,...,24.1) € V, g = w(i’)} (3.1)

for a set V . R ! and a C*-smooth function ¢ : V — R. We would like to point
out that this is no restriction on ¢;.

In fact, if an arbitrary parametrization {¢;, U;, V;}ier of ¥ is given, the graph of ¢;
has locally the form (3.1) up to a rotation and a translation. In order to see this,
let u € U;. Since rank Dy;(u) = d — 1 by requirement, there exists a coordinate j,
such that the mapping @; : U; — R9! consisting of all coordinates except coordinate
Ju of ¢; is differentiable and has a full rank Jacobian in u and by continuity also in
a neighborhood U, of u. We set V,; := @-(Uu). Now, it follows from the inverse
function theorem, see for instance [49, Satz 4.6], that ¢; has locally a k-times dif-
ferentiable inverse ¢, L. Va2 — U; defined in a neighborhood V,, 2 of ¢;(u). We set
Vi = V,1NV, 2 and note that @; ! is bijective on V,,. Setting B, 1= ¢ (@Z_l(%)) and
Yy = i, © i v, we find

graph ¢; N B, = {:B eR?: 7= (1, oy X1, Tty - - s a) € Vi, ), = ¢u(3§)}

and thus, graph ¢; is locally the boundary of a C*-hypograph up to a rotation and
a translation.

From the above considerations it follows that {y;, U;, V;}icr can be replaced by an-
other parametrization, where the graphs of the corresponding functions ¢; have the
form (3.1) up to a rotation and a translation. In fact, since ¥ is compact, there exist
finitely many points u;; € U; such that ¥ C |J B,, ;, where B,, ; is given as above.
Replacing now the original parametrization {¢;, U;, V;}icr by

-1

we get a new parametrization where the graphs of ¢;| -1 ) have the form (3.1)
i Ug,j

up to a rotation and a translation.

(iii) In view of the previous considerations in this remark, condition (e) in Definition 3.2
means that €2 lies locally on one side of .

Suppose that we have two parametrizations {;, Uy, Vi Yier and {@;, U, Vi } e of a closed
hypersurface X as in the definition above. An interesting relation between the mappings
¢; and @; is contained in the following proposition, which follows the ideas of a theorem
in [49, § 8.3].
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Proposition 3.4. Let k € N, let U, Uy C R¥ and let o1 : U — RY and @y : Uy — R? be
C*-smooth homeomorphisms satisfying p1(Uy) = @o(Us) and rank Dy, = rank Dy, = d—1
everywhere in Uy and Us, respectively. Then there exists a diffeomorphism 1 : Uy — Us
(i.e. 1 is bijective and v and 1~ are continuously differentiable), such that @, = @y 0
holds.

Proof. We define 1) := ¢, 0 ;. Then 1 is by definition a homeomorphism, so it remains
to show that ¢ and ¢ ~! are differentiable. Here, it is sufficient to verify the statement for
1), the statement for 1! follows then by symmetry.

Since differentiability is a local property, it is sufficient to show that ¢ is differentiable
for any u. Let u € Uy, x = ¢1(u) and v = ¢, (z). Since rank Dyy(v) = d — 1, there
exists a coordinate, say w.l.o.g. coordinate d, such that the mapping @, : Uy — R97!
consisting of the first d — 1 coordinates of s is differentiable and has a full rank Jacobian
in v. Hence, it follows from the inverse function theorem, see for instance [49, Satz 4.6],
that @9 has locally a differentiable inverse. Defining ¢, also as the function consisting of
the first d — 1 coordinates of (1, it follows 1 = @, ' o @; in a neighborhood of u, implying
that v is differentiable in u. ]

Remark 3.5. Let {¢;,U;, V;}ier and {@;, ﬁj, ‘7j}j€J be two parametrizations of a closed
hypersurface ¥ in the sense of Definition 3.2. Then Proposition 3.4 has two important
consequences:

(i) If glol(U,) N ;(U;) # 0, then there exists a diffeomorphism v, : ;' (Vi N'V;) —
¢; (VinV;) such that ‘Pi|go;1(vimvj) = 30j|go;1(vmvj) o 1);; holds.

(ii) Foranyi € [ and j € J th~ere exists a diffeomorphism 1;; : gpi_l(Viﬂf/j) — @;1(\@(]‘/})
satisfying 90i|go;1(VmVj) = 90'@;1(%0\@) o Py

Next, we define the tangential space and the normal vector field associated to a hyper-
surface ¥. Here, we use the notation 9, f := aa—fj for j e {1,...,d—1}.

Definition 3.6. Let k € N, let X C R? be a closed connected CF-hypersurface in the sense
of Definition 3.2 and let {¢;, U;, Vi }ier be a parametrization of .

(i) Forx € ¥ with x = p;(u), u € U;, the tangential space T, of ¥ in x is defined as

T, = span {O1p;(u),...,04-10:i(u)}.

Note that T, is a vector space of dimension d — 1, as the Jacobian Dy;(u) has full
rank by definition.

(ii) For © € X, the normal vector field of ¥ at = is defined as the one-dimensional
orthogonal complement of T,. Moreover, the unit normal vector of ¥ at x, which
points outwards of the bounded part Q C R* with ¥ = 9%, will be denoted by v(x).
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Note that Proposition 3.4 and the chain rule imply that the tangential space T, at
x € X is well-defined and independent from the parametrization of 3. Next, we show that
the normal vector v is differentiable, if the hypersurface ¥ has at least C?-smoothness:

Proposition 3.7. Let ¥ C R? be a closed connected hypersurface that is at least C?-smooth
and let {p;, U, Vi}ier be a parametrization of . Then the following assertions are true:

(i) The mapping U; > u — v(p;(u)) is continuously differentiable for any i € I.
(ii) It holds O;v(pi(u)) € Ty, for anyu e Uy, j € {1,...,d =1} andi € I.

Proof. (i) Let i € I and u € U; be fixed. Note that there exists a canonical basis vector
e, € R? such that (e, t) # 0 is true for any ¢ € T, and by continuity also for any
t € Ty, (v for all v in a small neighborhood U, of u. Then a normal vector at ¢;(v) with
v € U, is given by

~ _ < {ex, 3801 v)) (v
)= Z Breue), o) P

and the normal unit vector v(p;(v)) is then

L o)
Vo) = EE T

where the sign has to be chosen in such a way that v(p;(v)) points outwards of the bounded
domain €2 with 3 = 99 and it is the same for all v € U,, as 2 is on one side of ¥ by
definition. Hence, due to our assumptions on the smoothness of ¥ and of ¢; the mapping
U; o u— v(p;(u)) is evidently continuously differentiable.

(ii) Since
1= [[v(ei(w))] (3.2)
holds by the definition of v(y;(u)) for any i € I and u € U;, a differentiation of (3.2)
implies immediately 0 = (9;v(pi(u)), v(pi(w))) and hence O;v(p;(u)) € Ty, w).- O

Next, we introduce the first fundamental form associated to a hypersurface ¥. This
mapping will be essential for the definition of an integral over X in Section 3.2.

Definition 3.8. Let ¥ C R? be a closed connected hypersurface. Then the first fundamental
form I, associated to Y is a mapping defined on X that acts for any x € ¥ as a bilinear
form operating on the tangential space T, and it is pointwise defined as

I.(a,b) = {a,b)

for a,b € T,. If {;, Ui, Vitier is a parametrization of 3, © = p;(u) with u € U; and a,b
are represented via the basis {0;pi(u)} of Ty, then the representing matriz G;(u) of I, is
given by

Gi(u) = ((Oppi(u), Orp; (U»)Z_l;
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The next proposition, together with Proposition 3.4, describes the connection of the
representing matrices of the first fundamental form associated to different parametrizations:

Proposition 3.9. Let U,V C R* Y, et ¢ : V — R? be continuously differentiable and let
YU —V be a diffeomorphism. Let ¢ := @ o and set foru e U andv € V

1 d—1

Gu) = ((Orp(w), D)) L, and  G(v) = ((Oxp(v), AP())) 1L,y
Then it holds G(u) = (D (u))T G(¢(u)) D (u) for all u € U.
Proof. An easy calculation verifies G(u) = (Dy(u))" Do(u) and G(v) = (D@(v)) " D@(v)
for any u € U and v € V. Hence, according to the chain rule it follows
G(u) = (Dyi(u)) " Dp(u) = (D(¢ 0 9)(u)) " D(¢ 0 ¥)(u)
= (D@((w)) - Do(u))" (DG((u)) - Dij(u)
= (Dv(u) (D@((w)) " D(e(u)) D (u) = (Do(w)) ' G (v(w)) Db (u)

for any u € U, which shows the claimed result. ]

S

Finally, we introduce the notion of the Weingarten map, which is also known as shape
operator. This map is essential to describe a suitable integral transform onto a neighbor-
hood of a hypersurface that is necessary later in our approximation procedure. In order
to analyze the properties of the Weingarten map, we also need the notion of the second
fundamental form associated to a hypersurface X.

Definition 3.10. Let ¥ C R? be a closed connected hypersurface that is at least C?-smooth
and let {p;, U, Vi}ier be a parametrization of X.

(i) The Weingarten map W defines for any x € ¥ a linear operator W(x) : T, =~
R — R which acts for pi(u) = z, u € Uy, on basis vectors 9;p:(u) of T,
as W(z)0;pi(u) = —0;v(pi(u)). The matriz associated to the linear mapping W (x)
corresponding to the basis {0;pi(u)} of T, will be denoted by L;(u).

(ii) The second fundamental form I1, associated to 3 is for any x € ¥ a bilinear form
acting on the tangential space T, and it is defined as

11;(a,b) = (W(z)a,b)
fora,beT,. If v = p;(u) withu € U; and a,b are represented via the basis {0;¢;(u)}
of T, then the representing matriz H;(u) of I1, is given by
d—1

H;(u) = —((9rv(ei(w)), Oi(w))), -

From the definition it is not obvious that the Weingarten map W (x) is independent
from the parametrization and how the representing matrices L; and Z]- corresponding to
different parametrizations are connected. These points, and the fact that the eigenvalues of
the matrix of the Weingarten map are bounded, are discussed in the following proposition:
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Proposition 3.11. Let ¥ C RY be a closed connected hypersurface that is at least C?-
smooth. Then the following holds:

(i) The Weingarten map W is well-defined and independent from the parametrization.

(ii) Let U;,Uy C R4 be such that there exists a diffeomorphism 1 : Uy — Uy, let
1: U — X and set o = @1 0. Further, let Ly and Lo be the matrices of the

Weingarten map associated to the two “parametrizations” 1 and o, respectively, of
a subset of 3. Then it holds

= (DY) L1 Dy.

(i) Let py(x), ..., ua—1(x) be the eigenvalues of L;, which are independent from the
parametrization of ¥ by (ii). Then the mapping x — p;(z) is continuous for any
Jje{l,....,d=1}. In particular, ui(x), ..., pa—1(x) are uniformly bounded in x € 3.

Proof. (i) Let x € Y andlet Uy, Uy CRYL ) : Uy = %, 0o : Uy — S and uy € Uy, up € Uy
be such that ¢;(u1) = @a(uz) = x. Then according to Proposition 3.4 there exist subsets
U1 C Uy and Uy C U, with u; € U1 and uy € U2 and a dlffeomorphlsm (N U1 — Ug
such that ¢1|g5, = @a|g, 0 ¥. W.lo.g. we assume U = U, and Uy, = U,. Let W, and
W5 be the Weingarten maps corresponding to 1 and ¢, respectively, for the part of X
parametrized by ¢; and ;. Because of the chain rule, any basis vector 9;¢1(u;) of T, with
x = p1(u1) = p2(ug) can be represented as

djpr1(ur) = Dpa(uz) - 951 (us).
Hence, we find

Wa0;01(ur) = WaDpa(uz) - 0j¢p(ur) = —D(v o p2)(uz) - 953 (u1)
—0;(v o p1)(u1) = Wi0;01(uy),

where we used again the chain rule. Thus, W; = W5.

(ii) This result follows from basic linear algebra facts, because the matrices L; and Loy
represent the same linear mapping in the tangential space T, corresponding to the basis
{0j1} and {0;¢2}, respectively, with the transformation matrix Di.

(iii) Let {@i, U;, Vi}ier be a parametrization of X, let z € ¥ and let u € U; such that
@;(u) = x. We prove that the entries l;;,(u) of the matrix L;(u) depend locally continuous on
x, which implies then the claimed result, as the eigenvalues of a matrix depend continuously
on its entries. For this purpose, it is sufficient to prove that [;;(u) is continuous in u, as
©; is a homeomorphism by definition.

In order to prove that the entries of L;(u) depend continuously on u, we write g;; =
(0;0i(u), Okpi(u)) for the entries of the matrix of the first fundamental form and hj, =
—(0;v(pi(u)), Okpi(u)) for the entries of the matrix of the second fundamental form. Note
that G;(u) is positive definite and hence invertible and that the entries of G;(u)~! depend

20



continuously on g;; and hence on u. Now, by the definition of the second fundamental
form, it holds

hjk = =(03v(pi(w), Orpi(u)) = (W (pi(u))d;pi(u), Oppi(u))

-y b () (Omepi(u), Opspi(u)) = ) b () G = y Ghmlmg (),

1 m=1 m=1

U

3
Il

where we used the symmetry of G;(u) in the last step, and hence H;(u) = G;(u)L;(u).
This implies L;(u) = G;(u)"'H;(u), which shows that the entries l;;, are continuous in wu,
because the entries of G;(u)~' and H;(u) are continuous, as 3 is sufficiently smooth by
requirement. O]

Finally, we make a short remark about the geometrical interpretation of the Weingarten
map, cf. [41, Definition 3.12]:

Remark 3.12. Let a C%-smooth hypersurface ¥ be given and let x € ¥. Moreover, let ¢
be a curve that is contained in ¥ such that € ran ¢ and let ¢ := ¢/(z) be the tangential
vector of ¢ at x, where the derivative is taken with respect to the arc-length. Then the
curvature of ¢ at z is given by k = |¢’(x)|. Now, one can show that the orthogonal
projection (¢”’(z),v(z))v(z) of ¢’(x) onto the normal space is independent from the curve
c and it depends just on the tangential vector . Moreover, it holds (¢’(x),v(x)) = I1(t,t)
and this value is called normal curvature.

Now, the d — 1 eigenvalues of the matrix of the Weingarten map, that are independent
from the parametrization of ¥ by the last proposition, are the so-called principal curvatures
and describe the geometrical properties of ¥ around z. In particular, the biggest and the
largest eigenvalue are the maximal and the minimal value of the normal curvature for
any possible curve ¢ with € ran c and the corresponding tangential vectors are the
corresponding eigenvectors of W.

3.2 Integration on hypersurfaces

Our goal in this section is to discuss a suitable notion of an integral for functions defined
on a closed hypersurface ¥ C R? The main idea behind this is as follows: given a
parametrization {p;, U;, Vi }ics of 3, one defines the integral locally in ¥ NV, via a suitably
weighted (d — 1)-dimensional integral over U;. In order to do this, we need an appropriate
decomposition of a function f defined on ¥ into parts f; with support contained in >NV},
which is done via a so-called partition of unity. This concept is introduced in the following
lemma, which can be found in a more general form for instance in [8, Section 2.20]:

Lemma 3.13. Let k € N, let ¥ C R? be a closed connected C*-hypersurface in the sense
of Definition 3.2 and let {Vi}icr be a finite cover of open sets V; C R? of X2 Then there
exists a neighborhood V' of 3 and a family of functions {x;}icr C C*(V') with the following
properties:
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(i) x; = 0 holds for any i € I;

(ii) supp x; N3 C V; N3 and supp x; NY is compact in 3;
(iii) > ;e; xi(x) = 1 holds for any x € 3.
The family {x;}icr is called a partition of unity for {V;}icr.

Proof. W.l.o.g. we assume that the index set [ has the form I = {1,...,n} and that all
sets V; are bounded (otherwise, choose R > 0 such that ¥ C B(0, R) and replace V; by
V;nN B(0,R)).

Step 1: First, we construct via induction a family of open sets {W;};c; such that

W; C Wi C V; holds for any i € T and X C W

iel
For m > 1, we assume that it holds
scJwmulUw,
<m i>m
which is true for m = 1, as {V;} is an open cover of ¥ by assumption. This implies
ovinzc | Jmwu v
<m i>m

and hence, there exists 9, > 0 sufficiently small such that

ueRdm%@m/%wMﬂECLHVUUV

<m >m

(dvm )
Defining then W,, := V,, \ B(9V;,d,,), we find W,,, # 0 for 4, sufficiently small and

chWuWuBmm v vi=UwulJw,

<m V >m i<m i>m
—V¥m

which finishes the induction.
Step 2: According to [8, Section 2.19] there exists for any i € I a function n; € C°(R?)
such that

0<m <1, suppn, CV; and

hold. Since X C (J,c; Wi, it holds > .., m; > 0 on ¥ and by continuity also on a neighbor-
hood V of 3. Setting

Xi = =
Zie YUl 7
we have constructed the desired partition of unity:. ]
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Now, we are prepared to define a suitable notion of integration on a hypersurface X:

Definition 3.14. Let k € N, let ¥ C R? be a closed connected C*-hypersurface with
parametrization {@;, U;, Vi Yier and let {x;}icr be a partition of unity for {V;}ier.

(i) A function f: ¥ — C is said to be measurable (or integrable), if

Ui 2w xi(pi(w)) fpi(w))
is measurable (or integrable, respectively) for any i € I.

(ii) If f : ¥ — C is integrable, we define the integral of f over ¥ as

[ 1@ = 3 [ vt o) VAT Gluan

el

where du := dAg—1(u) denotes the (d — 1)-dimensional Lebesque measure and G;(u)
1s the matriz of the first fundamental form associated to ¥ and its parametrization
{¢i, Ui, Vitier. The measure o is called ”Hausdorff measure” on X.

It is not obvious that [, f(x)do(z) given as in Definition 3.14 is independent from the
parametrization. This will be shown in the following proposition:

Proposition 3.15. Let k € N and let ¥ C R? be a closed connected C*-hypersurface.
Then

[ 1@yaota)

)

1s independent from the parametrization of X and the partition of unity.

Proof. Let {p;, Uy, Vi}ier and {@;, U;, V;}jes be two parametrizations of ¥ with correspond-
ing matrices G;(u) and Gj(u), respectively, of the first fundamental form. Moreover,
let {xi}icr and {Y;}jes be two partitions of unity for {Vi}ic; and {V;},cs, respectively.
According to Proposition 3.4, there exists for any ¢« € [ and j € J a diffeomorphism
bij 1 (VinVy) = @7 (ViN'Vj) such that @il 105 = Bila-1 (v © Yij holds. Note
that the matrix of the first fundamental form transforms as

Gi(u) = (Dt (u)) "G (35 (u)) Dapij (w)
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for any u € ¢;*(V; NVj), cf. Proposition 3.9. Hence, we find

> / Yalpi () (i) /et Grlu)du

= / S % (i) (i u w))y/det Gy(w)du
el Ui jeJ

= 22/1 (@5(¥i () xi (@ (Vi (w))) f (2 (i ()
- ¢det (Dt (w)) TG (1 () Dy (w)) du

= Z / - G (i (1)) xi (@5 (Vi () f (@5 (i (u))
- | det Dby ()] det G5 (15 (u)du

-y / . (0))X(35(0)) £ (35(0))y det G (v)

3 / %(8,(0) £ (0))y/det G, (v},

which proves the statement of this proposition. O

Remark 3.16. According to our assumptions on the hypersurface ¥, the Hausdorff mea-
sure o, which is well-defined by the previous proposition, is obviously a finite measure.

3.3 Tubes around hypersurfaces

Let ¥ be a closed connected hypersurface which is at least C?-smooth and let us write
throughout this section elements of ¥ with a subscript 3. Our goal in this section is to
discuss neighborhoods €23 of X of the form

Qg = {SL’E + tl/(mg) txy € Xt € (—ﬁ,ﬁ)}, (33)

where 8 > 0. In particular, we are going to prove that for § > 0 sufficiently small the
mapping

tnpg B X (=6,8) = Qs, (x,t) = s +tr(ry) (3.4)
is bijective. This will allow us to identify functions supported on {25 with functions defined
on X x (=4, ) via )

f(x) = flzs + tv(zs)) = flas,t)

for = zy + tv(zg). Finally, we will derive a transformation formula for integrals of f
defined in 3 with respect to the d-dimensional Lebesgue measure Ay and of functions f

defined in ¥ x (—f, 8) with respect to the measure o x A; with f and f as above. In the
following proposition, we collect the basic properties of ¢5 g:
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Proposition 3.17. Let ¥ C R%, d > 2, be a closed connected hypersurface in the sense of
Definition 8.2 with parametrization {p;, Us, Vi}icr, which is at least C*-smooth. Further,
let 8 > 0 and define the mapping t; 3 as

Lig: Ui x (=B,8) = R (u,t) = p;(u) + tr(pi(u)).
Then the following hold:
(i) For any i € I the mapping v; s is differentiable and its Jacobian is given by
Duip(u,t) = (Dugpi(u)(1 — tLi(w)) v(pi(u))),
where L; denotes the matriz of the Weingarten map W .

(ii) It holds

|det Du; 5(u, t)] = ‘det(l — tLy(u))\/det Gy (u)

where G; denotes the matriz of the first fundamental form associated to % and the
given parametrization.

Proof. (i) The fact that ¢, g is differentiable follows from the smoothness of ¥ and from
Proposition 3.7. In order to compute the derivatives of ¢; 3 a simple calculation shows

Ehiﬁ . ‘
= vleiw)
nd iy Opiu) | Ov(pi(w) dpi(u)
Li,B Pilu vigi\u PilU
u = = 1 —
an (9uj _'_t an ( tW) an

for j € {1,...,d — 1}, where we used just the definition of the Weingarten map W, cf.
Definition 3.10. Denoting the entries of the matrix of the Weingarten map L;(u) by l;(u)
and its j-th column by [.;(u), we find

which implies finally 852‘3 = Dypi(u)(1 — tL;(u)).

(ii) In order to compute the determinant of Dt; s(u,t), we mention first

1/2

[det Du; g (u, )] = (det(Deg p(u,1))?)""* = (det ((Dess(u, 1)) Di g(u, 1) )

=:5

To compute the entries s;; of the symmetric matrix .S, we find first
saa = (V(pi(u)), v(pi(u)) =1
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and, using the result from assertion (i),

sua = s = { (1= W (@) 50 () ) =0

Uy

for k € {1,...,d — 1}, as the Weingarten map maps any vector from the tangential space
Ty, () into T, (). Since it holds

T

(Dupi(u)(1 = tLi(w))) " Dusps(u)(1 — tLi(w))

— (1= tLi(u) ") (Dupi(u)) " Dugpi(w) (1 — tLi(u))
— (1= tLi(u) ") Gi(u) (1 — tLi(u)),

we find

1 — tLi(w)T)Gi(u)(1 — tLi(w)) 0
5= (-G, .

This implies finally

|det D ()] = Vet S = /det (1 — tLi(u) ) Gi(u)(1 — tLi(w)))
- ‘det(l 1L ((w)))/det G,-(u)‘ .

]

Remark 3.18. According to Proposition 3.11, the mapping det(1 —¢L;(u)) is independent
from the parametrization of 3, as the eigenvalues of L;(u) have this property. Hence, we
will denote for xsx = ¢;(u) from now on det(1 — tL;(u)) by det(1 — tW (zx)) and we regard
it as a function in zx, € X.

Using the results from Proposition 3.17, we are now able to prove that ¢ty 5 is bijective
for 5 > 0 sufficiently small:

Theorem 3.19. Let ¥ C RY, d > 2, be a closed connected hypersurface in the sense of
Definition 3.2, which is at least C*-smooth. Further, let for > 0 the set Qg be defined as
in (3.3) and let 1y p be given by (3.4). Then there exists By > 0 such that i g is injective

for all B € (0, 5o).

Proof. We prove the claimed result by a reduction to a contradiction. So we assume that
for any n € N there exist x,,vy, € ¥ and a,,b, € (— %, %) with (2, a,) # (Yn, by) such
that

Ty + any(xn) = LEﬁ(xn: an) = LZ,ﬂ(ynv bn) = Yn + an(Z/ﬂ) (3-5)

holds. Since ¥ is compact, there exist convergent subsequences of (x,,) and (y,). W.l.o.g.
we assume that these subsequences are (z,) and (y,) and we set z = lim,_,,, x, and
y = lim,, o y,. Note that (3.5) implies immediately = = y.
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Let {¢i, Ui, Vi}icr be a parametrization of ¥ and let the mapping ¢; 5 be defined as in
Proposition 3.17. Since z, — z and y, — y = xz, it follows that there exists N € N
and ¢ € I such that x, € V; and y, € V; hold for all n > N. Therefore, the sequences
Uy, 1= p; *(z,) and @, = ©; *(y,), n > N, are well-defined and they fulfill

Liﬁ(una an) = Pi(Un) + anV(@i(un)) = Tn + A (Tn) = Yn + by (Yn)
= @i(tn) + buv(0i(Un)) = tip(Un, bn).

Hence, ¢; 5 is not injective for any 8 > 0. On the other hand, it holds by Proposition 3.17,
statement (ii), for a sufficiently small 5y > 0

| det D g(u,t)| = det(1 — tLi(u))y/det Gi(u) > 0

for all t € (—fo, fp) and all B < [y, as the entries of L;(u) are bounded and thus det(1 —
tL;(u)) ~ 1 is true in this case. This is now a contradiction. Hence, 5 5 is injective for all

B < Po. O

In the following proposition, we show that the inverse of ¢; g, which exists for sufficiently
small 8 by Theorem 3.19, is locally Lipschitz continuous.

Proposition 3.20. Let ¥ C RY, d > 2, be a closed connected hypersurface in the sense of
Definition 3.2 with parametrization {p;,Us, V;}ier, which is at least C*-smooth. Further,
let 1; g be given as in Proposition 3.17 and let B > 0 be sufficiently small, such that det(1 —
tL;(w)) is uniformly positive for all t € (—f, ). Finally, let K C V; "% be compact in 3.
Then there exists a positive constant C' depending on v and K, such that

i, t) = ip(v,8)] > C (ju— v + [t — 5?) "

holds for all u,v € ¢; ' (K) and all s,t € (— g, g)

Proof. Since K C V; N X is compact, there exists a constant ¢ > 0 such that
{zgeX:Tys € K :|zs —ys| <2c}N{zg € X:ax ¢ V;} = 0.
We set

26 2
Q.= {a:g—l—ru(xg):xgez, Jys € K i |jzg —ys| < candr € {—?ﬁ,?ﬁ]} C Qg,

where ()5 is defined as in (3.3), and we choose 3; > 0 such that B, := B(x, ;) is contained
in Q for any z = xx + tv(xy) with 2y € K and t € ( — §,§)
Let (u,t) € ¢; "(K) x (— g,g) be fixed, let (v,s) € ¢; ' (K) x ( — §,§) and set
r=1;p(u,t) and y = 1; (v, s). We distinguish two cases: |z —y| < 8 and |z —y| > Bi.
Note that in the first case y is contained in the convex set B,. Since {2 is a compact

subset of ran ¢; g, it follows from our assumptions that
| det De; g(u, t)] = det(1 — ¢tL;(u))+/det Gi(u)
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is uniformly bounded from below on L;Bl(ﬁ) and hence, there exists a constant C; > 0 such
that

DG = [[((Pupiien ™| < o

is true for all z € Q. Since B, is convex, it holds = + &(y — x) € B, for all £ € [0,1] and
thus, we find

(1) — (0,5) = 1)) — i72(y) = /d§Zﬁ<x+s< )

- / DM e+ €y — 1)) - (y — ),

where we used the chain rule in the last step. This implies

1
(= 1t =) = 13@) = B < [ [Dedo+ sl —a)) - (= )lde
< maX{HDLi_ﬁl(z)H 12 € By} |z —yl < Cilup(u,t) — 50, 8)|,

so the claimed assertion holds in this case.
In the second case, we use the fact that Ll._ﬁl is continuously differentiable by the inverse

function theorem [49, Satz 4.6] and hence L;é is uniformly bounded on the compact set K.
Setting Cy := max {|; 5(z)| : z € K}, we find

1/2 _ _ 2C5 205
(lu = + ]t = s[?) 2= L) — 1 sy)| < ﬁ!ﬂﬁ -yl < — 2 2 uip(u,t) = ig(v, 5)],

which is the claimed result in the second case.

Setting finally
B 1 B
C :=min { A }

the result of this proposition follows. ]

From Proposition 3.17, we conclude also the following corollary about integration in a
tube QBI

Corollary 3.21. Let ¥ C RY, 15,5 and Qs be as in Theorem 3.19 and let 3 > 0 be suffi-
ciently small. Then a function f : Qg — C s integrable with respect to the d-dimensional
Lebesgue measure Ag if and only if f : £ x (=8, 8) — C defined as f(xs,t) = flesp(zs,t))
18 integrable with respect to the measure o x Ay. In this case, it holds

B
0. f(x)dx = /Z /B f(zs,t) det(1 — tW (xx))dtdo,

where W is the Weingarten map associated to 33, and there exist positive constants ¢; and
¢y such that

5o
“f, |f(x)|da:§/E/_ﬂ|f(x2,t)\dtda§02 [ @l

18 true.
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Proof. Let {;,U;, Vi}ier be a parametrization of 3 and let {x;};c; be a partition of unity
for {V;}icr. Note that it is sufficient to consider functions f : Q3 — [0,00) to prove the
statement of this corollary, as an arbitrary complex-valued function g can be decomposed
as

9 = (Reg)+ — (Reg)- +i(Img), — i(Img)_

with nonnegative functions (Reg)y, (Reg)_, (Img), and (Img)_. Using the transformation
t;,p defined as in Proposition 3.17 and setting x;(zx +tv(zx)) = xi(zx) for t € (=4, 5), we
find with x = zx + tv(zs) = @i(u) + tr(p;(u))

dx—/ sz i 5(7s, 1)) f(is p(rs, t))de
Q

B el
/ sz (tig(u,t)) f(eip(u,t))de
Qs g
—Z/ /xz wi(w) f(pi(u),t)det(1 — tL;(u))+/det G;(u)dudt
i€l

:/_ﬁ/zf(:cg,t)det(l—tW(a:E))dadt

due to the definition of the Hausdorff measure o, cf. Definition 3.14. Note that it holds
det(1 — tW(zyx)) =~ 1 for sufficiently small ¢, as the eigenvalues of L;(u) are bounded by
Proposition 3.11, in particular det(1 —¢tW (zy)) is uniformly bounded from above and from
below. Hence, all claimed results from this corollary follow from the above calculation. [J
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4 Function spaces

In this chapter, we introduce some notations and the function spaces, in which our operators
act and which are essential for the definition of differential operators with d-interactions
in a suitable Hilbert space setting. In particular, in Section 4.1 we provide our notations
for differentiable and Lebesgue measurable functions. Then in Section 4.2 we introduce
the concept of weak differentiability and Sobolev spaces defined on open subsets of R
Finally, in Section 4.3 we define various function spaces on hypersurfaces and we state a
generalized version of Green’s first integral formula.

4.1 Classical function spaces

In the following section, we introduce classical function spaces of continuously differentiable
and Lebesgue measurable functions and we provide numerous notations connected to these
function spaces. Furthermore, we collect some well-known results which will be needed for
our further investigations.

4.1.1 Continuous and continuously differentiable functions

Let d € N and let 2 be an open subset of R?. The set of all continuous functions u :  — C
is denoted by C'(£2), the set of all k times continuously differentiable functions is denoted by
C*(2). For a continuous function w its support is defined by supp u := {z € Q | u(x) # 0}.
Furthermore, we set

Ce(Q) :=={u € C(Q) : supp u is compact }

and for k € N we write C*(Q) := C.(Q) N C*(Q). Finally, we define the space C>°(Q) of
test functions in §2 by
C(9) = () CAQ)
keN
and we set

C(Q) = {ulg : u € CXRY}.

4.1.2 The function spaces L*(X, u)

Let (X, u) be a o-finite measure space, i.e. there exists an at most countable family of sets
{ X, }nen such that
X = UX” and u(X,) < oo
neN

hold. In what follows, we introduce the Banach spaces LP(X, i) for p € [1,00]. For this,
we set

N = {f:X%C:fismeasurableand / |f|du:O}.
X

Then the spaces LP(X, i) are defined as follows:
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Definition 4.1. Let (X, u) be a o-finite measure space and let N be given as above.

(i) Forp € [1,00) the function space LP(X, ) is defined as
LP(X, p) = {f : X — C: f is measurable, / |fIPdp < oo} /N
X

(ii) The function space L*>°(X, i) is given by
L>®(X, p) = {f : X — C: f is measurable, ess sup f < oo}/N

with
ess sup f:=inf {a >0:p({z € X : |f(z)] > a}) =0}.

Let us mention that the elements of LP(X, ) are actually equivalence classes of func-
tions, but we will identify functions with their equivalence classes and vice versa and we
will calculate with the elements of LP(X, u) as with usual functions. Moreover, we will call
the elements of LP(X, i) functions. In this sense, we say that a function f € LP(X, p) is
supported on a set Y C X, if f = 0 holds almost everywhere in X \ Y. In particular, we
say that f is compactly supported, if this is true for a compact set Y.

The next theorem contains the well-known facts that LP(X, i) is a Banach space and
that in particular L?(X, i) is a Hilbert space [50, Satz 1.38 and Satz 1.41].

Theorem 4.2. Let (X, pu) be a o-finite measure space. Moreover, define the norms

1/p
1l = ( /X |f|pdu)

forp € [1,00) and ||f||p~ := ess sup f. Then the following assertions are true:
(i) (LP(X, ), || - llee) ,, is a Banach space for any p € [1,00].

(i) L*(X, u), equipped with the inner product

(f.9)e = /X fadu for f.g € L3(X, p),

18 a Hilbert space.

Let us have a look on the special case that X =  is a subset of R? and p is the
d-dimensional Lebesgue measure, which will be denoted by A, in this thesis. Since most of
the integrals appearing in this thesis are integrals with respect to the Lebesgue measure, we
simply write dx instead of dA4(x). Furthermore, we just write LP(2) instead of LP(£2, Ay).
The following theorem contains the important result that the set of test functions C2°(2)
is dense in LP(Q) for p € [1, 00), see for instance [43, Theorem 3.4].
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Theorem 4.3. Let d € N, let  be an open subset of R? and let p € [1,00). Then C=(Q)
is dense in LP ().

Finally, we introduce the Fourier transform in L?(R%). For this purpose, we define first
the Fourier transform for integrable functions and using the fact that L*(R?) N L*(R?) is
dense in L*(R%), we extend this definition to the whole space L*(R?). For the definition of
the Fourier transform for integrable functions, recall that the Euclidean scalar product in
R? is denoted by (-, -).

Definition 4.4. For f € LY(R?) the Fourier transform F,f : R4 — C is defined as

FE) = s [ F)

In the next theorem, which is known as the theorem of Plancherel, we extend the
definition of the Fourier F; to the whole space L*(R?), cf. [50, Satz 11.9].

Theorem 4.5. The Fourier transform Fy given as in Definition 4.4 can be extended
uniquely from LY(R?) N L2(RY) to a unitary operator F : L*(R?) — L*(R?). Moreover, it
holds (F~Lf)(x) = (Ff)(—x) for almost all x € R and all f € L*(R?).

4.2 Sobolev spaces

In the following section, we introduce the Sobolev spaces H*(2). This concept contains a
generalization of differentiation which will allow us to define differential operators in the
Hilbert space L?(£2) for Q € RY. We introduce Sobolev spaces in two different ways: on the
one hand via weak derivatives, and on the other hand via the Fourier transform. Finally,
we provide the function spaces H3 (). For f € HX () there exists Af € L?(Q) in a weak
sense, and for such functions we will generalize in Section 4.3 Green’s first identity in a
setting that is appropriate for our needs. In this section, we follow the presentation from
[43].

4.2.1 Sobolev spaces - definition via weak derivatives

Throughout this section, let 2 be a nonempty open subset of R?. Let us arrange some
notations for multi-indices: for (aj,...,aq)" = a € Nd and z € R? we write |a| =

S g, 2 =[]0, 2% and Dag = P aal‘a‘g = for ¢ € C(Q). In particular, we denote
Dy := .

Definition 4.6. Let Q C R? be open, let a € N3 and let f € L*(Q). Assume that there
exists a function g € L*(Q) such that

Aﬂ@%M@MZF®WAM@MWM

holds for all ¢ € C(Q2). Then f is said to be weakly differentiable of order o and Do f := g
is called the weak a-th derivative of f.
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Let us give a few remarks on the definition of weak differentiation:
Remark 4.7.
(i) Let f be weakly differentiable with respect to the multi-index o € N¢. Then it follows

from Theorem 4.3 that the weak derivative D, f is unique as an element of L?((2).

(ii) If f is k times continuously differentiable and D, f € L?(2) holds for |a| < k, then
D, f also exists in the weak sense and the weak and the classical derivative coincide.
Hence, differentiation in the weak sense is a generalization of classical differentiation.

Now, we are already prepared to give a first definition of Sobolev spaces via weak
derivatives:

Definition 4.8. Let Q C R? be open and let k € N. Then the Sobolev space W*(Q) of
order k s defined as

WHQ) = {f € L*(Q) : Dof € L*(Q) V|a| < k}.

Here it is contained that for f € W¥(Q) the weak derivatives Dof exist for |a] < k.
Furthermore, we define for f,g € W*(Q)

(fa g)W’C = Z (Daf7 Docg)L2

jal <k

[fllw = v/ Pl

and

Remark 4.9.
(i) By definition it holds L*(Q) > W*(Q) D W2(Q2) D ... and for [ < k the embedding
from W*(Q) to W'(Q) is continuous.
(ii) Set W°(Q2) = L*(Q). Then the Sobolev spaces W*(Q) can be introduced recursively
in the following way:
WEQ) = {f e WHQ): D f € WFIQ) V) e {1,....d}},
where e; is a canonical basis vector in R?.

The next theorem contains the well-known result that W#(Q) is a Hilbert space, see
[14, Theorem 2.15.1].

Theorem 4.10. Let Q C R? be open and let k € N. Then W¥*(Q), equipped with (-, )y,
15 a Hilbert space.

Finally, we state a result on the Fourier transform of the weak derivatives of a function
belonging to W*(R?), cf. [9, Satz 6.45):

Proposition 4.11. Let k € N and let the Fourier transform F : L*(R?) — L?*(R%) be
defined as in Theorem 4.5. Then it holds

(FDaf)(x) = (iz)*(F f) ()
for all f € WFR?), all multi-indices |a| < k and almost all v € RY,
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4.2.2 Sobolev spaces - definition via the Fourier transform

In this subsection, we give a second definition of Sobolev spaces H*(2) via the Fourier
transform, which is motivated by Proposition 4.11 and which can be extended in a natural
way to any real s > 0. Furthermore, we will show that under some weak assumptions on
) the spaces H*(Q2) and W*(Q2) coincide for any s € N. First, let us state the definition of
H*(RY):

Definition 4.12. Let d € N, let s € [0,00) and let the Fourier transform F be defined as
in Theorem 4.5. Then the Sobolev space H*(RY) of order s is defined as

H*(RY) := {f € L*(RY) : / (1 + |2*)%|F f(x)|*dx < oo} :
R4
Moreover, we define on H*(R?) the inner product (-,-) gs(ray via

9w = [+ PP Fo@is, fg € HR)

Note that it holds by definition H*'(R%) c H*®*2(R%), if 0 < s, < sp, as it holds
in this case (1 + |z|?)® < (1 + |z|*)® for any # € RY. Moreover, we see immediately
HO(R?) = L2(R%). It is not difficult to see that H*(R?) is a Hilbert space for any s > 0,
cf. the discussion in [50, Section 11.4]:

Corollary 4.13. Let d € N and let s € [0,00). Then (H*(R?), (-,)gs(ray) is a Hilbert
space.

Next, we extend the definition of H*(Q) from Q = R? to any open set  C R%.

Definition 4.14. Letd € N, let s € [0,00), let H*(R?) be constituted as in Definition 4.12
and let Q C R? be open. Then H*(Q)) is defined as

H(Q):={f € L*(Q) : f = Flq for some F € H*(R?)}.

In order to get a Hilbert space structure on H*({2), we need numerous preparations.
Let  C R? be open, set M := R? \ © and let s > 0. We set

Hy ={feHR" :supp f C M}.

It is not difficult to see that H3, is a closed subspace of H*(R?). Hence, there exists an
orthogonal projection P ¢ acting in H*(R?) onto Hj,. Clearly, Pq ¢ satisfies

Posflo=0 and (1— Pos)fla= fla
for any f € H*(R?). Now, we set for f,g € H*()
(fa g)HS(Q) = ((1 - PQ,S)F7 (1 - PQ,S)G)HS(Rd)7 (41)

where F,G € H*(R?) are given in such a way that f = F|q and g = GJq hold. One can
show that (-,-)gsq) is a well-defined inner product on H*(2), cf. [43, page 77]. If it is
clear, which set 2 is meant, we just write (-, )y instead of (-, -)gsq). Now, the following
result holds [43]:
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Theorem 4.15. Let d € N, let Q@ C R? be open and let s > 0. Then (H*(Q), (-, ") us(e)) i
a Hilbert space. Moreover, it holds

£l ey =/ (f, Prs( = inf {||F|

for any f € H*(Q).

Ho(ray 1 F € H*(RY), f = Flo}

Let us continue with a density result that can be found in [43, page 77):
Proposition 4.16. Let Q C R? be open. Then C°(Q) is dense in H*(Q2) for any s > 0.

Finally, we give a condition on €2, which will always be fulfilled in our applications,
under which H*(Q) and W*(Q) given as in Section 4.2.1 coincide for any k& € N. This
result follows from [43, Theorem 3.18 and Theorem A.4].

Theorem 4.17. Let 2 < d € N, let k € N and let Q C R? be open. Moreover, let W*(Q)
be constituted as in Definition 4.8 and let H*(Q)) be given as in Definition 4.12. If OS2 is
a Cl-smooth hypersurface in the sense of Definition 3.2, then W*(Q) = H*(Q) holds and
the norms || - |lw+ and || - || g+ are equivalent.

4.2.3 The space HX(?)

In this section, we investigate specific subspaces of H*(2). A functions f belonging to
H3 () has the property that Af exists in a weak sense and belongs to L?(£2). For such
functions we will state in Section 4.3 a version of Green’s integral identity - a generalization
of classical integration by parts. Let us start with the definition of HJ (€2):

Definition 4.18. Let Q C R? be open and let s > 0. Then the function space Hx(Q) is
defined as

HA(Q) = {f € H5(Q): IAf =g € L*(Q) : / fApdr = / gpdx Yo € C’é’o(Q)} :
Q Q
Moreover, we equip HX(2) with the inner product

(f,Dus@ = (f, @)@ + (Af, Ag)r2()-

Note that for s > 2 the spaces HX(2) and H*(Q2) coincide. Next, we state the fact that
H} () is a Hilbert space. This can be shown in a similar way as Theorem 4.10, see also
[14, Theorem 2.15.1]. The details of this simple proof are left to the reader.

Proposition 4.19. Let Q@ C R? be open and let s > 0. Then (HA(Q), (-, )uy ) s a
Hilbert space.

Finally, we state that C'° (ﬁ) is dense in H3 (€2). This fact will be needed later to prove
an appropriate version of Green’s formula.
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Proposition 4.20. Let Q) C RY be open such that 09 is a C'-smooth hypersurface in the
sense of Definition 3.2, and let s > 0. Then C° (Q) is dense in (HZ(Q), (-, ’)HZ(Q)).

Proof. For s € [0,2) the statement is mentioned in the proof of Lemma 2.4 in [28]; see
also [18], where the statement is shown for space dimension d = 2,3, and [42, Section
6.4], where a proof is given for a C*°-smooth boundary 02 and s = 0. For s > 2 there
is nothing to show, as it holds HX(2) = H*(Q2) in this case and the associated norms are
equivalent. O

4.3 Sobolev spaces on hypersurfaces

In this section, we introduce Sobolev spaces H®(X) consisting of functions defined on a
hypersurface ¥. Throughout this section, we assume that € is an open subset of R? and
that its boundary X := 02 is a hypersurface in the sense of Definition 3.2. The importance
of functions in H*(X) is the fact that they are the boundary values of functions in H*(2).

4.3.1 The space H*(Y)

Let d > 2 be a natural number and let ¥ C R? be a hypersurface as in Definition 3.2
with parametrization {U;, V;, ¢; }ier. Further, recall the idea of a partition of unity from
Lemma 3.13 and the definition of the Hausdorff measure ¢ and the induced integral notion
on X from Section 3.2. In what follows, we construct the Sobolev spaces H*(X), s > 0, as
subspaces of L*(X) := L*(X, 0):

Definition 4.21. Let k € N and let X C R be a hypersurface that is C*-smooth. Moreover,
let {U;, Vi, pitier be a parametrization of X and let {x; }ier be a partition of unity for {V;}icr.
For ¢ € L*(2) and i € I we define the functions & € L*(U;) as

§: Ui = C, o &Gi(u) = xilei(u)) - E(pi(u).
Then for 0 < s < k the Sobolev space H*(X) is defined as
H¥(S):={(e’X):&e H(U;) Viel}.

Moreover, we define on H*(X) the inner product

(& Qs = Z(&,Q)HS(UH

icl
for &, ¢ € H¥ ().
We would like to point out, that H*(X) can only be defined for s < k, if ¥ is C*-smooth.
The definition of the inner product in H*(X) depends on the choice of the parametrization
of ¥ and on the choice of the partition of unity. Nevertheless, the definition of H*(X) is

independent from these quantities and it is a Hilbert space [14, Remark 8.13.1 and Theorem
8.13.4]:
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Proposition 4.22. Let k € N, let ¥ C R? be a C*-smooth hypersurface, let s € [0,k] and
let H*(X) be given as in Definition 4.21. Then the following assertions are true:

(i) The definition of H*(X) does not depend on the choice of the parametrization of ¥ and
the partition of unity. Moreover, given two parametrizations of ¥ with corresponding
partitions of unity, the induced inner products in Definition 4.21 yield equivalent
norms.

(i) (H*(2), (-, -)ms(s)) is a Hilbert space.

In the next proposition, we state that H*(¥) is compactly embedded in L*(X) for s > 0.
This statement can be found in [28, Appendix A].

Proposition 4.23. Let ¥ C R? be a hypersurface in the sense of Definition 3.2 which is
at least C*-smooth. Then the embedding H*(X) — L*(X) is compact for any s € (0,1].

4.3.2 'Trace operators

In this subsection, we introduce the trace operators, that generalize the boundary values of
continuously differentiable functions to weakly differentiable functions. Further, we discuss
the connection of the Sobolev spaces H*(X) and H*(2). Using these trace operators, we
state a generalized version of the classical integration by parts formula. Let us start with
the definition and the properties of the Dirichlet trace operator [43, Theorem 3.37]:

Theorem 4.24. Let k € N, let Q C R? be an open set such that ¥ := 0% is a C*-smooth
hypersurface and let s € (%,k + %] Then there exists a unique bounded and surjective

linear operator vps : H*(Q) — H*~Y2(3) such that
DsP = Pls
holds for all ¢ € C(9Q).

We would like to point out that the statement of Theorem 4.24 is only true for s > %,
for s = % the result does not hold, i.e. there is no continuous trace operator

7D71/2 . H1/2(Q) — L2(Z)

Later, we will use the notation f|y for the trace of f € H*(Q2), so f|x = vp.sf-
Next, we are going to introduce a generalized Neumann trace, i.e. an operator vy that
satisfies

d
Iy
= —— 4.2
,}/NSO Z V] axj . ( )
7j=1
for any ¢ € C (ﬁ), where v = (v4,...,14) denotes the unit normal vector pointing

outwards of 2. We are going to do this in two different ways, namely once as an operator
v @ H*(Q) — L*(X), where we use the Dirichlet trace for the definition, and once as

TN - Hi/ ?(Q) — L*(X), which is more important for our applications and which requires
some more involved ideas for the construction. Let us start with the definition of Jy:

37



Proposition 4.25. Let Q C R? be an open set such that ¥ := 98 is a C*-smooth hyper-
surface, let v = (v1,...,vq) be the unit normal vector pointing outwards of 2 and let yp
be given as in Theorem 4.2/. Moreover, define the linear operator y : H*()) — X as

d
NS :ZVﬂD,lDejfy fe H*Q),
j=1

where ey, . .., eq denote the canonical basis vectors of R?. Then Ay is bounded.

Proof. First, we mention that Jy is well-defined, as D, f belongs to H'(Q2) for any f €
H?(Q) because of our assumptions on Q and Theorem 4.17.
In order to prove that 7y is bounded, we observe first that

D, : H*(Q) — H'(Q;), [~ D.,f

is continuous for any canonical basis vector e; of R?, which can be seen by the definition
of the norm || - ||yx, that is equivalent to || - ||z« by Theorem 4.17, in Definition 4.8.

Moreover, by Theorem 4.24 and Proposition 4.23 the mapping ~yp; is continuous from
H(Q;) to L*(X). Hence, we find

15 fllz2 ) =

d d
Z VjWD,lDejf < Z HVjVD,lD%fHLQ(Z)
Jj=1 J=1

L2(%)

J 1/2 J 1/2
S ||V|| (Z HW/D,lDeiji%E)) S 8] (Z ||D6Jin[1(Q)> S CQHfHHQ(Qj)
j=1

j=1

for any f € H?(Q), where we used the Cauchy-Schwarz inequality for sums and the fact
that v is normed by definition. This shows that 7y is bounded. ]

In what follows, we introduce the Neumann trace operator vy : Hi/ 2(Q) — L*(89).
This operator will allow us to derive a version of Green’s identity for functions belonging
to HZ/ 2(9) that is needed in our applications. This non-standard construction of vy can
be found for instance in [28, Lemma 2.4].

Theorem 4.26. Let Q) C R? be a bounded open set such that ¥ := 09 is a C'-smooth hyper-
surface. Then there exists a unique bounded and surjective linear operator yy : Him(ﬂ) —
L3(X) such that (4.2) holds for all ¢ € C°(%2).

Theorem 4.26 gives only a definition of v, when € is a bounded domain with a smooth
boundary » = 9€). But in our applications, we also need the Neumann trace of functions
fe HZ/Q(Q) in the case that R?\ Q is bounded. We are going to extend the definition of
vy to this case:

Let Q C R be open such that R?\ Q fulfills the assumptions of Theorem 4.26. Hence,
Y := 00 is compact and there exists R > 0 such that ¥ C B(0,R). If we define the
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set Qg == QN B(0, R), we see that Qg satisfies the assumptions of Theorem 4.26 and
00g = X UOB(0, R) and thus, there exists a Neumann trace yy g : H2/2(QR) — L?(00R).
In order to define the Neumann trace vy on HZ/ 2(9), we introduce the projections

Pp: HY?(Q) — HY*(QR), Prf = flo,
and
Py i L*(0Qg) — L*(%), Peé=¢ls.

Now, we define vy := Pyyny pPr and see that vy : Hi/Q(Q) — L*(¥) is bounded and that
(4.2) is fulfilled for any ¢ € C2°(Q). Hence, vy is the desired Neumann trace-operator for
Q). Later, we will use the notation 0, f|s, = yn f for the Neumann trace.

Using the operators vp s from Theorem 4.24 and vy from Theorem 4.26, we are going
to state a generalized version of Green’s first integral formula:

Theorem 4.27. Let ) C R? be an open set such that ¥ := 9 is a C*-smooth hypersurface,
let vp = ~yp1 be defined as in Theorem 4.24 and let vy be given as in Theorem 4.26.
Moreover, let e; be the canonical basis vectors of R%. Then it holds

/de:Deijejgdx‘F/Q(Af)gdﬁz/z’VNf’Ynga

j=1
for all f € HY*(Q) and g € H(S).

Proof. Let f € Hz/Q(Q) and g € H'(Q) be fixed. According to Proposition 4.16, there
exists a sequence (g,) C CX (ﬁ) such that g, converges to g in H'(Q). Hence, it holds
gn — g and D, g, — D, g in L?(Q2). Furthermore, by Proposition 4.20, there exists a
sequence (f,) C CX (ﬁ) such that f, — f in Hi/ Q(Q) This implies Af, — Af and
D, fn — D, f in L?(Q). Note furthermore that it holds vpg, — vpg and Vv f, — I f
in L?(X), as vp and vy are continuous by Theorem 4.24 and Theorem 4.26. Using the
classical integral formula of Green which is valid for C2°(Q)-functions, we find

d
/ZDe]anngndx"i_/(Afn)gndm:/rnyn’yDgndo-
Q =1 Q b

Thus, we get finally

d
/ I~ frpgdo = lim / I faYpgndo = lim ( / > De, fuDegnd + / (Afn)gndx)
n n—00 [s n—00 Qj:l Q

d
= [0, 1D, g0+ [ (Bpgas

Jj=1

which is the claimed result. ]
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5 Some classes of auxiliary operators

In this chapter, we study several special types of operators that act between Hilbert spaces
of the form L?(X,p) introduced in Section 4.1 and that will appear frequently in our
applications. First, we discuss multiplication operators which act as f — uf for a fixed
function u, then we introduce integral operators of the form

f s /X k() f () dp(y)

for a fixed integral kernel k& and we consider classical Schrodinger operators —A + V' for
a potential V € L*(R?). Finally, we investigate the single layer potential associated to
the differential expression —A + 1, which is essential in the investigation of the d-operator

Asa-

5.1 Multiplication operators in L*(X, z1)

In the following section, we discuss operators that act formally as f + uf, where u is a
fixed function. To be more precise, let (X, 1) be a o-finite measure space and let v : X — C
be a measurable function. Then the associated, maximal multiplication operator M, in

L*(X, ) is defined as
M,f =uf, dom M, :={f¢eL*X,p):ufcl*X,p)}. (5.1)

The main properties of this operator are summarized in the following theorem, cf. [50,
Satz 6.1 and Satz 6.2]:

Theorem 5.1. Let (X, u) be a o-finite measure space, let u : X — C be a measurable
function and let M, be the associated multiplication operator given by (5.1). Then the
following assertions are true:

(i) M, is a densely defined and closed operator and its adjoint is given by M} = M.
(ii) M, is bounded, if and only if u € L>°(X, ). In this case, it holds ||M,|| = ||u||ze-
(iii) A € C belongs to the spectrum of M,, if and only if

p({z € X :fu(z) — A <e}) >0

holds for all € > 0. In particular, if u is continuous and p is the Lebesque measure,
it holds o(M,) = Tan u.
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5.2 Integral operators

Let (X1, u1) and (Xa, pg) be two o-finite measure spaces. We want to study operators K
defined in L?(X1, 1) and mapping into L*(Xs, ps), which act formally as

(K ) = [ Koo a)
1

for almost all zo € X5. Here, the function k£ : X; x Xy — C, which is assumed to be

11 X pg-measurable, is called the integral kernel of K. In particular, we are going to give

some criteria on k, such that the operator K is well-defined on the whole space L*( X1, )

and bounded or even compact and we are going to give various upper bounds for the norm

of K.

A first result is stated in the following theorem, which will be the main tool to prove the
convergence of a family of Schrédinger operators with regular potentials to a Hamiltonian
with a d-interaction supported on a hypersurface. Since this result is very important for
our purposes, we give a proof of it which follows [50, Satz 6.9].

Theorem 5.2. Let (X1, 1) and (Xa, pe) be two o-finite measure spaces and let k = X; X
Xy — C be py x ps measurable. Assume that there exist constants Cp,Cy > 0 such that

/ (s, ) dpn (21) < €
X1

is true for pg-almost all xo € Xy and

/ k(s 22) | dpsa(a) < Co
X2

holds for ui-almost all x; € X,. Then the operator K : L*(Xy, uy) — L*(Xo, po), which
acts as

() = [ blaonm) fa)dp (o)

X1
for almost all x5 € X5 and all f € L*(X1, 1), is well-defined and bounded. Moreover, it
holds ||f(||2 S 0102.

Remark 5.3. Let K,C; and C5 be as in Theorem 5.2. Then /C;C5 is called ”Schur-
Holmgren bound” for ||K]].

Proof of Theorem 5.2. Step 1: Let f € L?(Xy,u;) be fixed. We prove that K f(xy) is
finite for almost all zo € X5 and that K f is a ps-measurable function in X5,. Since Xs is
o-finite by assumption, there exist countably many sets X,,, such that X, = U, X, and
4o (Xn) < oo are satisfied. Hence, it is sufficient to prove for any n € N that K f(xs) is

finite for almost any z, € X,, and that K fl%, is measurable. According to the theorem of
Fubini-Tonelli [50, Satz A.21] this is true, if
[ k@1, 2) f(21)|d(p2 X p) (22, 21) < 00.
Xn><Xl

41



In order to prove this, we use that
a<2ai<1+ad?

holds for any a > 0, which yields

/X k@) )l % )z, m) = / Ik, 22) £ () g () o)

Xn J X1

< /X <1 + ( . Vf(mh332)f($1)\dul<$1)>2> dpia(2)

= 112(X5,) +/f<n ( . |k($17Iz)f($1)|dul($1)>2dﬂz(@)-

Now, we need to look for an estimate for the second integral. For this purpose, we use the
Cauchy-Schwarz inequality, our assumptions on k and the theorem of Fubini-Tonelli and

find
| ( X1|k($1,xz)f(wl)ldul(x1)>gduz(@)

< /X2 ( . Vf(wla1’2)’1/2“?(951»$2)!1/2!f(331)\d/i1($1)>2duz(fﬂz)

< /X [ bl [ kol PG dpate)

X3

-~

<Ci

< Cl/ k21, m2)|dpg(z2) | f (1) [Pdp (z1) < C1Co| f1[7-
X1 J X

-~

<Cs

Hence, we find

/X k(s ) )l d(es x )z, )

< 112(X,,) +[ ( i |k($1,$2)f(371)\du1(3€1)> dpia(22) < pa(Xn) + CrCol| f172,

which is finite, as po (Xn) < 0.
Step 2: Let f € L*(Xy,u1) be fixed. It remains to prove that K f is an element
of L*(Xy, i) and that K is bounded with ||K|| < +/C;C,. Using the Cauchy-Schwarz
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inequality, our assumptions on k and the theorem of Fubini-Tonelli, we find

/ @) () = / 2
<[ ( [ |k<x1,x2>rl/2\k<x1,x2>|1/21f<x1>\du1<x1>)2du2<x2>

= /)(2 A1 ‘k(xlsz)’dul(xl),/xl (1, w2) || f () P (1) dpa (2)

-~

<Cq

<o / / (k(n, 2) [ dpa() | (21) Py (1) < GGl 1
X1 J X

-~

<Cs

2
dpo(2)

/X (w1, 22) f(21)dpu (1)

Hence, it follows K f € L*(Xs, uo), so K is well-defined, and ||K|| < y/C1C,. Thus, all
claimed statements of this theorem are true. O]

Finally, we give a criterion on the integral kernel k£ under that the corresponding integral
operator K is compact [50, Satz 3.19]:

Proposition 5.4. Let (X1, 1) and (X, o) be two o-finite measure spaces and let k €
L2(X1 x Xo, pty X po). Then the operator K : L*(Xy, ) — L?(Xa, po), which acts as

(K)w) = [ blon) fa)d (o)
X3

for almost all Ty € Xy and all f € L*(Xy, 1), is well-defined and compact. Moreover, it

holds || K|| < [|k||zz2-

5.3 Schrodinger operators —A + V in R?

In this section, we introduce Schrodinger operators of the form —A + V' for a compactly
supported and real-valued potential V € L*>°(R?) and discuss their basic properties. First,
we are going to investigate the free Laplace operator —A in R? which is defined on the
Sobolev space H?(R?).

Remark 5.5. If the symbol —A is used for an operator in this thesis, then it is always
meant with the domain of definition H?(R?).

In the following proposition we summarize various basic facts about modified Bessel
functions of the second kind K, that are needed for the analysis of —A and that can
be found in [1, Chapter 9.6 and 9.7]. For the definition and a detailed discussion of the
properties of K, we refer to [1].

Proposition 5.6. Let v > 0 and let K, be a modified Bessel function of the second kind.
Then the following assertions are true:
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(i) The mapping C\ (—00,0] 3 z — K, (2) is holomorphic.
(i) K0(2) = Kyin(2) + 25, (2).
(iii) For z — 0 it holds

—Inz V=
KV(Z) ~ ’ 2\ —V ’
{%F(V) (5) , v>0.

(iv) For |z| — oo with |arg z| < 3 it holds

T 1
K, (2)~|—e*1+0(-]]).
For our considerations on —A, we need the following notation for the square root of a

complex number:

Definition 5.7. Let A € C\ [0,00). Then v\ is defined as the complex number satisfying

(\/X)2 =\ and Imv/)\ > 0.

In the following lemma we introduce the function G. It will turn out that this function
is the integral kernel of (—A — \)™!.

Lemma 5.8. Let d > 2 and let A € C\ [0,00). Moreover, define the function G as

Ga(z) == (27r1)d/2 (_L@X)l_dm Kaj 1 (—@'mxy) . zeR\ {0}

Then it holds G € L'(R%).

Proof. In order to prove the statement of this lemma, we note first that

|G,\(x)\dx:/ |GA(x)\d$—|—/ |GA(z)|dz
Rd B(0,1/2)

R4\ B(0,1/2)

holds and we show that both integrals on the right hand side are bounded.
According to Proposition 5.6 (iv), there exists a constant ¢; > 0 such that

|G,\(5L’)| < Clefhnﬁlsd

holds for any = ¢ B(0,1/2) and hence we find [pa\ 51 9 |Ga(2)|dz < oo.
In order to prove fB(O 1/2) |Ga(z)|dz < oo, we consider first the case d = 2. Here, it
holds by Proposition 5.6, item (iii),

|Ga(2)] < caf In ]
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for all x € B(0,1/2) with a constant ¢; > 0. Hence, we find

1/2
/ |Ga(z)|dz < cg/ |In|z||dz = —27rc2/ Inr - rdr < oo,
B(0,1/2) B(0,1/2) 0

where we used a substitution to polar coordinates.
In the case d > 3 it holds
|GA(@)] < sl

for all € B(0,1/2) with a constant ¢z > 0. Thus, we get

1/2
/ |Gx(x)|dx < 03/ 2> de = c4/ rd . ldr < oo,
B(0,1/2) B(0,1/2) 0

where we used again a substitution to spherical coordinates. So, we get in all cases

|Gy (2)|dz = / |GA(z)|dz +/ |GA(z)|dz < 00
Rd B(0,1/2) R4\ B(0,1/2)
and thus, G € L'(RY). O

Basic properties of the free Laplacian are stated in the following theorem:

Theorem 5.9. Consider for d > 2 the Laplacian —A with dom(—A) = H*(R?). Then
the following assertions are true:

(i) —A is an unbounded, self-adjoint linear operator in L*(R?) and its spectrum is given
by
0(—A) = 0ess(—A) = [0, 00).

(i) Let A € p(—A) =C\ [0,00) and let Gy be defined as in Lemma 5.8. Then it holds

(A=N"= [ Gy =y)f(y)dy
R
for all f € L*(R?).
Proof. (i) Let q(x) = |x|* and define in L*(R?) the multiplication operator M, as
M,f =qf, domM,={feL*R?:qf € L*(R)}.

Then by Theorem 5.1 the operator M, is unbounded, self-adjoint and it holds o(M,) =
0, 00).

Let F be the Fourier transform given as in Theorem 4.5. Then, using the definition
of H*(R?) and Proposition 4.11 it is easy to see that —A = F~'M,F. Hence, —A is
self-adjoint and it follows immediately from Proposition 2.10 that o(—A) = [0,000), as F
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is unitary in the space L?(R?). Finally, recalling the definition of the essential spectrum
from Section 2.1 we find o(—A) = gess(—A) = [0, 00).

(ii) Let A € p(—A) = C\ [0,00). In order to prove a resolvent formula for (—A — X\)™!
we use [45, Theorem IX.29]. This result says that

(FA=NT = | K =w )y
holds for any f € L*(RY), if the function K, satisfies K € L}(R?) and F, K = ((~)2—)\)_1,
where F; is the Fourier transform constituted as in Definition 4.4, see also Example 2 in
[45, Section IX.7].
Let us consider the function G defined as in Lemma 5.8. Then, it holds G\ € L*(R?).
Moreover, using formula 9.6.4 from [1}, we find

where HWY

/21 is a Hankel function of the first kind and order %l — 1. Using now the last
representation of G\ and [43, Theorem 9.4 and (6.12)], we get

FiGy = (()? =)
Thus, we find K, = G, and hence, the claimed result is true. O
In the rest of this section, we discuss the operator
Hyf=—-Af+Vf, dom Hy = H*R?), (5.2)

where the potential V € L>(R?) is compactly supported and real-valued. Note that it
follows immediately from Corollary 2.4 that Hy is self-adjoint, as —A is self-adjoint by
Theorem 5.9 and the multiplication operator associated with V' is bounded, everywhere
defined and self-adjoint, see Theorem 5.1. In order to find more properties of Hy, we need
the following lemma:

Lemma 5.10. Let u € L®(RY) be compactly supported, let M, be the associated multipli-
cation operator and let X € C\ [0,00). Then the operator M,(—A — X\)™! is compact.

Proof. Let . be the characteristic function for R%\ B(0,¢), let Gy be as in Lemma 5.8
and let G5 := x.G\. Due to the asymptotic properties of

ot ()b ().

cf. Proposition 5.6, items (iii) and (iv), it holds G5 € L*°(R?) N L*(R?%). Hence, the
operator K., which acts as

K.f=u g G5(- —y) f(y)dy,
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is compact in L?(R?) for any & > 0, see Proposition 5.4. Since

() (G5 (x — ) — Galw — 9) |dy < [lull s /

Ga(y)|dy
B(0,e)

R4

holds for any x € R? due to the translation invariance of the Lebesgue measure,

|u(z) (G3(z —y) — Ga(z — ) |do < [|ufp~ /B(O ) |G(2)|dz

R4

is fulfilled for any y € R% and
/ |GA(z)|dz — 0, & — 0+,
B(0,¢)

is true by the dominated convergence theorem, as G € L'(R?) by Lemma 5.8, we find,
using a Schur-Holmgren bound, see Theorem 5.2,

[ 5. = My(=A =07 < sup | Jul(@) (G5(x —y) — Galz —y))| dy

z€RI JRd

-sup | u(z) (Gi(x —y) — Ga(z —y))|dz

yeRd J R4

2
< Jlull2- ( /B ) )|GA(Z)|dZ) S

Therefore, M, (—A — \)~! is the limit of a sequence of compact operators and hence, it is
also compact by Proposition 2.14 (ii). O

Using the result from Lemma 5.10, we can prove a detailed result about the spectrum
of Hv.

Theorem 5.11. Let V € L*®(R?) be real-valued and compactly supported and let Hy be
defined as in (5.2). Moreover, set

w:=|V|"? and v:=signV -|V|"/?

and let M, and M, be the associated multiplication operators. Then the following assertions
hold:

(1) Uess<HV) = [O, OO)

(ii)) A € (—00,0) is a discrete eigenvalue of Hy, if and only if —1 is an eigenvalue of
M, (—A — N)7'M,. Otherwise, the operator (1 + M, (—A — A)_le)fl is bounded
and everywhere defined.
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Proof. (i) Let A € C\ R and let My be the multiplication operator associated to V. Using
a resolvent identity from [50, Satz 5.4], which can be shown by a simple calculation, we
find

(A =N""=(Hy =N =Hy =N (Hy — (A) (=A='
— (Hy = A) "My (—A — A) .

Since My (—A —\)~! is compact by Lemma 5.10, it follows that (—A —X\)™' — (Hy — A\)~!
is compact, cf. Proposition 2.14. Using this and the results from Proposition 2.15 and
Theorem 5.9, we find 0ess(Hy ) = 0ess(—A) = [0, 00).

(ii)) Let A € (—00,0) be an eigenvalue of Hy, i.e. there exists 0 # f € dom Hy such
that Hy f = Af. Note that V f # 0, as otherwise A would be an eigenvalue of —A, which
is not possible. Hence, it follows from Hy f = \f

(_A - )‘)f - _M'UMuf = f - _(_A - A)_leMuf
= —M,f = M,(—A — \)'M,M,f,

ie. 0 # M,f € L?*(RY) is an eigenfunction of M,(—A — X\)~!M, corresponding to the
eigenvalue —1.

Conversely, if 0 # f € L?(R?) is an eigenfunction corresponding to the eigenvalue —1
of My,(=A — \)"tM, for A € (—o0,0), then 0 # (=A — \)"'M,f € H?*(R?) = dom Hy
satisfies

(Hy = A=A = N My f = Myf + My(—A — N~ M,f = 0.

=—M,f

Hence, (—A — X\)"'M, f is an eigenfunction of Hy corresponding to the eigenvalue .
Finally, if —1 is not an eigenvalue of M,(—A — \)7!1M,, it follows from Fredholm’s

alternative, cf. Theorem 2.13, that (1 + M,(—A — A)*le)_l is bounded and everywhere

defined, as M,(—A — X\)"'M, is compact by Lemma 5.10. O

5.4 The single layer potential associated to —A + 1

In this section, we introduce the single layer potential associated to the differential expres-
sion —A 4 1 and a hypersurface ¥. This operator has some properties that are essential
in the investigation of the d-operator As,. Here, we follow the presentation of [43].

Let us fix some general assumptions for the whole section. Let d > 2 and let ¥ C R?
be a hypersurface in the sense of Definition 3.2 that is at least C?-smooth and that splits
R? into a bounded interior part €); and an unbounded exterior part Q.. Moreover, we fix a
cutoff function n € C°(R?) which satisfies n = 1 in a neighborhood of €);; note that such
a function 7 exists, see for instance [8, Section 2.19].

In order to define the single layer potential, we recall the definition of the Dirichlet
trace yp; = ypo : H*(Q) — H3?(X) for j € {i,e}. According to Theorem 4.24, vp ;
is bounded and everywhere defined and thus its adjoint v}, ; : H3/?(X) — H?(£);) is also
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bounded and everywhere defined. Furthermore, we set H*(R?\ ¥) := H*() & H*(Q)
and H3(R?\ X) := HX (%) ® HL () for s > 0 and we define

v HYAR) - HA(RT\ D), ~*¢= D& © Vp.eS-

Finally, recall that —1 € p(—A) is true. Now, we are prepared to introduce the single layer
potential for sufficiently smooth functions:

Definition 5.12. Let the adjoint trace v* be defined as above. Then the single layer
potential SL : H3?(X) — H3/2(R?) associated to the differential expression —A + 1 and
the hypersurface ¥ is defined as

SLE == (—A+ 1)1y, € e HY2(R).

In the next step, we extend the definition of the single layer potential from H3/?(%) to
L*(%), cf. [43, Corollary 6.14]:

Theorem 5.13. Let SL be constituted as in Definition 5.12 and let x € C=°(R?). Then
the operator xSL can be extended to a bounded linear operator

XSL : LA(Z) — H32(R?\ ).

In what follows, we investigate the jump relations of nSLE for € € L2(X), ie. we
consider

[nSLE]s == (nSLE

o) Iz — (SLe,) |=

and
[0,nSLE]s; := 0,, (nSLE|ey) | + Ou. (nSLEa.) |5

Here, v; denotes the unit normal vector of ¥ pointing outwards of ; for j € {i,e}. Note
that it holds 1y = —v,. In order to apply the Neumann trace defined as in Theorem 4.26
to nSLE € H3/?(R%\ ¥), we have to show 7SLE € Hy *(R%\ X), i.e. A(nSLE)|a, € L2(y).

Qi)

Proposition 5.14. Let the single layer potential SL be defined as in Theorem 5.13. Then
it holds nSLE € Hz/Q(Rd \ %) for any £ € L*(D).

Proof. Let £ € L*(X) be fixed. According to Theorem 5.13, it holds nSLE € H3/2(R?\ X2).

Hence, it remains to show that there exists for j € {i,e} a function f; € L*(£;) such that

/nSLﬁAgpdx:/ fipdx
. Q;

Q;

is true for any ¢ € C2°(£2;). Let ¢ € C°(€);) be fixed. We consider the term

/Q_(nSLg)(—A + 1)pdr = / | SLE(n(—A + 1)) da.

J QJ
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Using the product rule, it is easy to verify that —nAp = —A(np) + 2(Vn, V) + @An is
true. Hence, we find

/Q.(nSLf)(—A + 1)pdr = / SLS((—A + 1)(ne) + 2(Vn, V) + @An)dx.

J QJ

First, we mention that it holds AnpSL¢ € H3/2(Q;) C L*(2;) by Theorem 5.13, as An €
C>(R%). Next, we consider the term

/ SLE - 2(Vn, Vp)dz.
Q.

J

Note that it holds %SLS € H3?(;) by Theorem 5.13, in particular %SL& is weakly
differentiable and hence it holds

J

with div (VnSLE) € L*(Q;), where the divergence is understood in the weak sense. It
remains to analyze

J,

where 77 € C2°(R?) is chosen in such a way that 7|supp, = 1 is satisfied. By Theorem 5.13
the operator 7iSL : L?(X) — H3/2(€);) is bounded and everywhere defined. Therefore, also
7SL : L*(X) — L*(2;) is bounded and everywhere defined and hence, it has a bounded
and everywhere defined adjoint (7SL)" : L?(€2;) — L*(X) satisfying

SLE - 2(Vn, Vp)dr = —2/ div (VnSLE) pdx

J QJ

| SLE(—A + 1) (np)dx = /

F Q

SLE(-A + 1) (ng)da.

| sLe-a+ 1) = [ €L A+ D

J

Recall that the single layer potential acts as SL{ = (—A + 1)719*¢, if ¢ is sufficiently
smooth. Thus, as (—A 4 1)(ny) € C°(R?), the adjoint acts as

(SL)" (A +1)(ng) = 10,3 (=A + 1)7'ij(=A + 1) ().
Using 7|supp = 1, we find
(SL)" (=A +1)(n¢) = 10,3 (=A + )7 (=A + 1) () = p,77% = 0,

as p € C(Q;) is compactly supported. Therefore, we get

/Q‘ SLE(—A + 1) (ne)dz = 0.

7
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Putting together these observations, we find

/Q.(nSLg)(—A +1)pdz = /Q SLE((—A + 1) (ne) + 2(Vn, V) + ¢An)dz

_ / (AnSLE — 2div (VSLE)) pda.
Q.

J

Hence, A(nSLE) = (nSLE) — AnSLE + 2div (VnSLE) exists in a weak sense and belongs to
L*(€);), which implies nSLE € HY?(€2;). 0

Since the Dirichlet and the Neumann trace of nSLE are well-defined for £ € L*(X) by
the previous proposition, we can investigate the jump properties of nSLE now. This result
is stated in [43, Theorem 6.11].

Theorem 5.15. Let the single layer potential SL be defined as in Theorem 5.13. Then it
holds for any £ € L*(X)

[mSLE]s = (nSLE

= — (nSLE

) 2)le=0

and
[0,nSLE]s = 0., (nSLE

b + 8Vc (USLé

) o)z =¢
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6 Differential operators A;, with ¢-interactions sup-
ported on compact hypersurfaces

In this chapter, we introduce Schrodinger operators As, in L?(RY) with d-interactions
supported on a closed compact hypersurface ¥ that are formally given as

—A — Oé<52, >6E

with a real-valued function o € L>(X), which is often called the strength of the interaction,
in a mathematical rigorous way. Here, we follow an extension-theoretic approach from
[12], where the abstract tool of quasi boundary triples is used to construct As,. Since it is
sufficient for our purposes to prove the required results directly in a similar way as in [12],
we will not discuss the general theory of quasi boundary triples here. We mention that
As o, can also be defined via quadratic forms [15].

Let d > 2 and let ¥ C R? be a closed and compact hypersurface in the sense of
Definition 3.2, which is C?-smooth and which separates R? into a bounded interior domain
; and an unbounded exterior domain ), implying R? = Q;UXUQ,. Hence, it holds
L*(RY) = L*() & L*(.) and according to this decomposition we write for f € L*(R?)
also f = fi ® f. with f; := flo, € L*(€4) and f, := flo. € L*(Qe). As in Section 4.3.2
we use for f; € Hi/z(Qj), j € {i,e}, the notation f;|s for the Dirichlet trace and 9,, f;|s
for the Neumann trace with the unit normal vector v; pointing outwards of €2;. Note that
vy = —V,. Finally, we define

HY?(R\ 2) = HY () @ HY*(Q0).

With these notations in hands, we introduce the operator T in L?(R?) via

Tf = (~Af) ® (-AL), domTi={f =i fo € HP®RN\D): fils = fels}. (6.1)

This operator 7' is essential in the construction of A;s,. Moreover, we define the operators
Fo,rl cdom T — L2(2) as

FOf = aVifi|Z+al/cfe|Z and Flf = f’E? f:fi@fe € dom 7. (62)

Some basic properties of T, I'y and I'y that are needed for the construction of A;, are
stated in the following proposition:

Proposition 6.1. Let T, I'y and I'y be defined as above. Then the following assertions are
true:

(i) ran Ty = L*(X).
(ii) The identity
(Tf,9)r2@ay — (f, T9) 2mey = (T'1f, Tog) ey — (Lo f, T1g) 2w
holds for all f,g € dom T'.
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Proof. (i) First, we mention that it holds d,, f;|x € L*(X) for any f; € Hi/z(Qj), j €{ie},
by Theorem 4.26 and thus ran 'y C L?*(X). So, it remains to prove that Iy is surjective.
For this, we consider for an arbitrary, but fixed £ € L?(X) the function f := npSLE, where
n € C(RY) is chosen such that 7 = 1 holds in a neighborhood of Q; and SL is the single
layer potential associated to —A + 1 constituted as in Theorem 5.13. Then, according to
Proposition 5.14 the function f belongs to HZ/ Q(Rd \ ¥) and by Theorem 5.15 it fulfills
fils = fe|s and hence, we have f € dom T'. Moreover, f satisfies

1_‘Of = auifi‘E + auefe‘E = 5
again by Theorem 5.15, which shows that 'y is surjective.

(ii) Let f,g € dom T and let j € {i,e}. We write f; := fl|o, and g; := g|o,. Using
Theorem 4.27 and the facts that f;, g, € Hz/z(Qj), (Tf)lo, = —Afj and (T'g)|a, = —Ag,
hold, we find

((Tf)|ﬂj79j)L2(Qj) = (=Af, 920 = (V5. Vo) ey — (00, file 9ile) s,

and

(15 (T9)la,) 1oy = (Fis =Bg) 2y = (V5 Vi) 12y — (file: 0, 9ils) o) -

i
Putting together these results and using f,¢g € dom 7', which implies fi|s = fo|z = f|s
and gi|s = gels =: g|x, we get
(Tf. 9)r2@ey — (f, T9) reway = (fls, O fils + aucfe‘E)B(z) = Onfils + aucfe’Eag‘Z)B(z)
= (T f,Tog) 2y — Lo f, T19) 2(x)
which is the desired result. O]

With the help of the boundary mappings 'y and I'; we are now able to introduce the
d-operator As,:

Definition 6.2. Let o € L>®(X) be real-valued, let M, be the associated multiplication
operator in L*(X), let T be defined as in (6.1) and let Ty and Ty be given by (6.2). Then
the Schrodinger operator As, with a d-interaction supported on X of strength « is defined
as

A5,a = T|ker(MaF1—ro).
This can be written in a more explicit way as
Asof = (=Af) & (=Af),
dom Aso = {f = fi® f. € HYPRI\E): fils = fols, 0ufils + Oufels = afln)
Proving self-adjointness of A;,, which will be done in Theorem 6.7 at the end of this

chapter, is non-trivial and requires numerous preparations. One of these is showing sym-
metry of As,, which is done in the following lemma:
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Lemma 6.3. Let a € L>(X) be real-valued and let As o be constituted as in Definition 6.2.
Then As o is symmetric.

Proof. Let f,g € dom As,. Using Proposition 6.1, assertion (ii), the definition of As,
and the fact that the multiplication operator M, associated to o € L*(X) is bounded,
everywhere defined and self-adjoint in L?*(X), cf. Theorem 5.1, we find

(A5,af79)L2(Rd) - (f> Aé,aﬁ)L?(Rd) = (F1f, FOQ)LQ(E) - (Fof, Flg)m(z)
= ([ f, MoT'1g)2s) — (MoI'1f,T1g)2(s) = 0.

Therefore, As, is symmetric by Proposition 2.6. ]

The operator As that is a d-operator with strength ”0” will be of special importance for
our considerations. In the following corollary, we prove that Asp is just the free Laplacian
in R%.

Corollary 6.4. Let Asg be given as in Definition 6.2. Then As;o = —A, i.e.
Asof = —Af, dom Aso = H*(R?).

Proof. 1t is sufficient to verify —A C As, as in this case the self-adjoint operator —A is
contained in the symmetric operator As;, and hence, they must coincide. Let 7" be defined
as in (6.1) and let Ty be defined as in (6.2). Note that it holds H?*(R?) C dom T. We claim
[o(H?(R?)) = 0. For this purpose, we define for j € {i,e} the mapping

d
Loj: H () = L*(%), Toif =0y, fls =Y vix(De, f)ls,
k=1

where v; = (vj1,...,¥;4) is the unit normal vector of ¥ pointing outwards of €; and
e1,...,eq are the canonical basis vectors of R?. We observe that I'g; is bounded, cf.
Proposition 4.25. Using this, we find

Lof = fO,ifi + fO,efe =0y fils + Oufeln =0

for any f € CZ®(R?). Since C(R?) is dense in H*(R?) by Proposition 4.16, the last

equation is also true for all f € H%(RY), as fo,i and I'y are continuous. Therefore, we find
dom (—A) = H?(RY) C ker 'y and hence —A C T'|yerr, = Aso- O

In order to prove self-adjointness of A;, and to derive a suitable resolvent formula for
this operator, we need the following technical lemma:

Lemma 6.5. Let T be defined as in (6.1) and let Ty and T’y be defined as in (6.2). Moreover,
let A € C\ [0,00), denote the integral kernel of (—A — X\)™! by G, ¢f. Theorem 5.9, and
write N\(T) := ker(T — X). Then the following assertions hold:
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(i) The operator
YN L(8) = LP(RY), (V& = (Tolwn) €= /EGA(' —y)é(y)da(y)

1s well-defined and bounded.
(i) The adjoint y(A\)* : L*(R?) — L2(X) of v(A) is given by y(A\)* =T (— A —X)_l and

it has the explicit representation

YN f= | Gx(- —y)f(y)dy.

R4
(iii) The operator

M(\) : LA(Z) = LX(2), MO)E:=T1 (Do) €= /EGA(' —y)€(y)da(y)

1s well-defined and compact.
(iv) For any f € N\(T) it holds M(MN)Tof =T1f.
(v) M*(A) = M(X) is true for any A € C\ [0, 00).
Proof. Let A € C\ [0,00) be fixed. First, we mention that the decomposition
dom T = ker(T — \)+ dom (—A)

holds for any A € p(—A) = C\ [0,00) by Proposition 2.11. Since kerI'y = dom(—A),
cf. Corollary 6.4, it follows that the mapping I'o|u, () is bijective and that the operator

Y(A) i= (Tolnymy) = LA(E) = L2(RY) is well defined.
Next, we prove y(A\)* =T (— A — X)_l. For this, let £ € L?(X) and f € L*(R?). Note
that a simple calculation shows

“A(=A-N) T f=fHA(-A-N)F

Using this, dom(—A) = kerT'g, —A C T, v(A\)¢ € N,\(T') and Proposition 6.1, assertion
(i), we find

YNE L+ (= 2 =) 7) )
NET(=8-077),,.,
(A& T (=4 =2) 7))

en(-3-0),,,,

(1N ey = oy~ (MO (=2 =5)7'F)
- (roe (-a-71),,

— (Ty& To( - A =X)7'f)

L2(R4)

L3(%) L(%)

I
/N 77 N 7N N
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Since this is true for any £ € L?(X), it follows y(\)* = Fl( - A — X)_l. Moreover, as f
was allowed to be any function in L*(R?) in the above calculation, we find that y(\)* is
everywhere defined in L?(R?), and since v()\)* is closed by Corollary 2.4, v(\)* is bounded
by the closed graph theorem, see Theorem 2.1. Thus, it follows that also y(\) = y(\)** is
bounded and everywhere defined and that the representations of y(\) and v(A)* in (i) and
(ii) hold.

It remains to verify the claimed assertions on M (A). From our previous considerations
in this proof, it follows that M (\) is well-defined and that the representation in (iii) is true.
Moreover, the formula M(ANof =Ty f for f € N\(T) follows directly from the definition
of M(\).

In what follows, we prove that M*(\) = M () is true for any A € C\ [0, c0). For this
purpose, let £,¢ € L*(X) and define the functions f,g € dom T C L*(RY) as f := v(X)¢
and g := v(\)(. We observe that f € N5(T') and g € N,(T') are satisfied. Based on this,
the definition of 7(-), the result from assertion (iv) and Proposition 6.1, assertion (ii), we
find

(M) sy = (M ()Tof. o)

= (M(NTof, F09) — (Do f, M(A>F09)L2(Z) + (Tof, M<)\)Fog)L2(z)
(F1f7 1—\Og) L2(%) (FOf Flg)LQ(E) + (FOfu M(A)FOQ)LQ(E)

(Tf7 g) L2(R4) - (f> Tg)LQ(Rd) (F0f7 M()‘)Fog) L2(%)

(

Xf> g) L2(R4) - <f> )\g)LZ(Rd) (57 M(A)C)LQ(E) - (57 M()\)C)LZ(E)

Since ¢ € L*(X) was arbitrary, it follows & € dom M (X)* and M (A)*¢ = M (X)€. Hence,
M(X\)* = M(X) is true and also statement (v) is shown.

It remains to prove that M () is compact. For this, we note first that M(\) is every-
where defined and because of M(A) = M(X)" and Corollary 2.4, assertion (i), it follows
that M(\) is closed. Therefore, Theorem 2.1 implies that M () is a bounded operator in
LA(X).

Next, we note that by the definition of M(\) and Theorem 4.24 it holds ran M (\) C
H'(X). We also claim that M()) : L*(X) — H(X) is bounded. Since M ()) is everywhere
defined, the closed graph theorem implies that it is sufficient to show that M (\) is closed
as a mapping from L*(X) to H'(X). In order to show this, we consider a sequence (&,) C
dom M(A\) = L*(X) such that &, — £ holds in L*(X) and M(\)¢, — ¢ in H(X). Since
M(\) is continuous as an operator in L?(X), we get M(\)E, — M(N)E in L*(X) and as
convergence in H'(X) implies convergence in L*(X), we get M(A\)¢ = (. Hence, M()) is
a closed operator from L*(X) to H'(X) and thus, by the above considerations, it is also
bounded.

Now, as the embedding ¢« : H'(X) — L?*(X) is compact by Proposition 4.23, we find
that M()) regarded as a linear operator in L*(X) is compact. This concludes the proof of
this proposition. O

In the next theorem, which is inspired by [11, Theorem 2.8|, we state an appropriate
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resolvent formula for As,:

Theorem 6.6. Let a € L>®(X) be real-valued, let M, be the associated multiplication
operator m_LQ(Z), let Aso be given as in Definition 6.2 and let A € C\ [0,00). Moreover,
let v(A), ’y()\)* and M(X) be defined as in Lemma 6.5. Then the following assertions hold:

(i) A€ 0p(Asa) \ [0,00) if and only if ker(1 — MM (X)) # {0}.
(i) If A ¢ (0p(Asa) U0,00)), then A € p(Asa) and it holds

(Apa = N7 = (=B = N+ 7)1 = Mu M) Moy ()

Proof. (i) Assume first that A € C\ [0,00) is an eigenvalue of As,, i.e. there exists
0 # f € dom As, such that (As, — A)f = 0. Note that I'gf # 0, as otherwise it would
hold f € dom As9 = dom(—A), which implies f = 0, as A € C\ [0,00) = p(—A), cf.
Theorem 5.9. Using f € N,(T), Lemma 6.5, assertion (iv), and the fact f € dom As,, we
find

(1 =M MN\)lof =Tof = MMM f =Tof — M It f = 0.

Thus, ker (1 — MM (X)) # {0}.

Conversely, if ker(1 — M,M()\)) # {0}, there exists 0 # ¢ € L?(X) such that (1 —
M,M(N)E = 0. Defining 0 # f := y(N\)E, we find T'gf = € and f € Ny(T). Moreover, it
holds

Lof = MoI'yf = € = Mo M(A)E = (1 — Mo M(X)§ =0

and hence f € dom As,. Therefore, f € dom As, NN, (T) implies that A is an eigenvalue
of A57a.

(ii) Let A ¢ (0p(Asa)U[0,00)). From (i), we know that As, — A is injective. We prove
that this operator is also surjective and then that the inverse (As, — A)~! is bounded.

Let g € L?*(R?) be arbitrary. In order to prove that As;, — X is surjective, we mention
first that the operator M,M()) is compact in L?(X), as M(\) is compact by Lemma 6.5
and M, is bounded, see Theorem 5.1. Hence, the operator (1 — M,M()\))~! is bounded
and everywhere defined in L?*(X) by Fredholm’s alternative (Theorem 2.13) and item (i)
of this theorem. Thus, the function

Fr=(=A=2)g+ (N1 = MaM(X) " May(X) g
is well-defined in L*(R?). We show f € dom As,. For this, we compute

Fof = To(=A = 1) g +Tor (M) (1 = MaM() " My (X) g = (1= MoM(X) " Mr (V) g,

-~
=0

which is true by the definition of the ~-field, and

D1 f =Ti(=A =X ""g+Try(\) (1 = MoM(A) " Moy (X) g
=7(A) g+ M) (1 = MoaM(A)™ Moy (N) g,
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where we used Lemma 6.5 (ii). Hence, we find

M1 f = Tof = May(N) g + MaM(A) (1 — MoM(A) ™ May(X) g
— (1= Mo M(\) ' May (V) g
= M,y (3) g — (1 = MoMON) (1 — MoM(N) My (3) g =0

and thus f € dom As,. Now, using the facts A5 C T, —A C T and y(A)(1 = MaM (X))~
Moy (X)" g € NA(T), we find

(Asa = Nf=(T-=Nf
= (T =N (=A=N)""g+ (T =AM = MoMN) " May(X) g =g
and hence g € ran A;,. Therefore, A;, is surjective and also the formula
(Ao =N = (A =)+ 9N (1 = Mo M (X)) May(A)

for the inverse holds. Finally, since all operators on the right hand side of the above formula
are bounded and everywhere defined, we conclude that also (Asq — A)_l is bounded and
everywhere defined, which shows A € p(As4). O

Using the result from Theorem 6.6, we finally can prove self-adjointness of As,:

Theorem 6.7. Let o € L>(X) be real-valued and let As,, be defined as in Definition 6.2.
Then Aj o 1s self-adjoint.

Proof. We mention first that As, is symmetric by Lemma 6.3. In order to prove that As,
is self-adjoint, we use Theorem 2.7 and verify that ran(As, — A) = L?*(R?) holds for any
A € C\R. For this purpose, we note that X is not an eigenvalue of A ,, as A;, is symmetric
and thus all of its eigenvalues are real-valued. Hence, we conclude from Theorem 6.6 (ii),
that A\ € p(As.) and thus ran(As, — \) = L*(RY). O
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7 Approximation of A;, by Hamiltonians with local
scaled short-range potentials

In this chapter, we prove the main result of this thesis, namely that the Schrodinger
operator A;, with a d-interaction supported on a hypersurface ¥ of strength «, which was
introduced in Chapter 6, can be approximated in the norm resolvent sense by a family of
Hamiltonians H. 5, = —A — V., ¢ > 0, where {V.}.~¢ is a set of suitably scaled potentials.
Note that results of a similar type are known in the one-dimensional case, cf. [3] and the
references therein, and in the two- and three-dimensional case, when ¥ can be parametrized
by polar coordinates [44, 46] and when X is unbounded and the strength « is constant
[21, 22]. In our considerations, we follow the approach of [21, 22].

Let d > 2 and let ¥ C R? be a compact, closed and connected C?-smooth hypersurface
in the sense of Definition 3.2. Moreover, we denote by v(zy) the unit normal vector of 3
at o, € ¥ which points outwards of the bounded part of R? with boundary ¥. Recall that
according to Theorem 3.19 there exists § > 0 such that the mapping

Y x (=6,0) 3 (zx,t) — oy + tv(zyx)
is injective. For ¢ € (0, 5] we set
Q.= {zs +tv(zs) :ax € Bt € (—¢,¢)}. (7.1)

Let V € L*(R%) be fixed such that V is real-valued and the support of V is contained in
Q5. Then we define the scaled potential V. € L>®(R?) as

Vi(x) ==

%V (xg + gtl/(l’z)) , ifr=xy +tr(zy) €,
0, else,

and the associated Schrodinger operator H. 5 as
H.xf=-Af=V.f, dom H.s = H*(R"). (7.2)

Note that H.y is a self-adjoint operator in L?(RY), as —A is self-adjoint by Theorem 5.9
and the multiplication operator corresponding to V. is bounded, everywhere defined and
self-adjoint, cf. Theorem 5.1.

With these preparatory considerations we are already able to formulate the main result
of this thesis:

Theorem 7.1. Let d > 2, let V € L®(R?) be real-valued such that the support of V is
contained in Qg, let H.x be given as in (7.2) and let X € C\ R. Define the coupling
a € L>®(X) as

a(zy) ::/ V(zs + Bsv(zy))ds

1
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for almost all x5, € ¥ and As, as in Definition 6.2. Then there exists a constant ¢ > 0
depending on X, the space dimension d, the potential V' and ¥ such that

[(Hex = A7t = (Aga — A)7Y| < cea

holds for all sufficiently small € > 0. In particular, H.y, converges to As, in the norm
resolvent sense as € — 0+.

Remark 7.2. Let V € L°(R?) be as in the above theorem. In the end of this chapter it
will turn out that

o= /1 V(- + Bsv(-)ds

1

is a well-defined element of L>*(X), i.e. for different representatives of V' we get functions
that have the same values on X up to a set of Hausdorfl measure 0. This follows from
Lemma 7.8 by considering Vw with w(zs, s) = |V (zx + Bsv(zs))|V2.

The aim of this chapter is to prove Theorem 7.1, for what we need some preparations.
First, we need to derive a suitable resolvent formula for H.y. For this purpose, we start
deriving an auxiliary resolvent formula and then we transform it to another one which is
convenient for the investigation of the convergence. To get the first resolvent formula, we
introduce the functions

ue = |Vi[Y? and . = sign V. - V|2 (7.3)

and we denote the associated multiplication operators in L?(R?) by M, and M, . Note
that M,_ and M, are everywhere defined and bounded, as u.,v. € L*°(R?), see Theorem
5.1. Moreover, we define the projections

P, : L2(Rd) — L2<Qa)7 P.f = lee (74)

and
h in Q.
0 in R?\ Q..

Note that it holds M,,, = M,_P*P. and M, = PXP.M,_, as supp u. C §2. and supp v. C €2..

Pr o LA() — LA(RY), Prh= { (7.5)

Proposition 7.3. Let H.x be defined as in (7.2) and let u.,v., P. and P} be given as
above. Then it holds o(H.x) = [0,00) U ogisc(Hex) and (1 — P-M,_(—A — X)~' M, P~

Ve® g

is a bounded and everywhere defined operator in L*(Q.) for all X € p(H.x). Moreover,

(Hes =A) = (A=)
(A =AM, P (1= PM, (=A = X) 7'M, P PAM, (—A = \)7!

Ve €

is true for all X € p(H.y).
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Proof. Let A € p(Hcx). We note that it holds oe(H.x) = [0,00) by Theorem 5.11 and
thus A € C\ [0,00). We set R(\) := (—A — \)™!

Step 1: First, we prove the formula
(H.x — A\~ = R(\) + RO)M,, (1 — M, RO\)M,,)~" M, R()\).

Note that according to Theorem 5.11 the operator (1 — M, R(A\)M, )~ exists and is
bounded and everywhere defined in L?(R%), as A € C \ [0, 00) is not an eigenvalue of H. s
by assumption. Moreover, it holds
(Hes = A) (R(A) + RA)M,, (1 = My R(M,,) ™ M, R(N)) f
= (=A = A= M, M,) (R(\) + RA)M,, (1 — M, R(\)M, )" M, R(\)) f
w.) My R(N)

- f + Mv (1 - M R( ) Mvg f - MuansR()‘>f
’Us(l -1+ MusR( )Mvs) (1 - MUER()\)MUS)_l MveR<)‘)f
! MvaR()\)f - MuEMvsR()‘)f

- f + M'Ue (1 ( ) 5)
for any f € L*(R?), which implies the claimed result.

Step 2: Tt remains to transform the resolvent formula which was shown in Step 1 into
the formula stated in the proposition. For this purpose, recall that it holds M, = M, PP
and M, = P*P.M,.. Hence, considering the operator (1 — M, R(A\)M,.)”" with respect
to the orthogonal decomposition L*(RY) = L?(Q.) & L*(R4\ €.), we find

(1 - M, RO)M,)™" = (“ — P-M, R(\)M,.P?)™! 0) '

0 1
Therefore, it holds

P.(1—M,R\M,) ' P:=(1- P.M, R\)M,P)™"

Vet g

and we find that (1 — P.M, R(A\)M,,P*)"" is a bounded and everywhere defined operator

Vet €

in L?(€).). Putting all these observations together, we finally get

(Hes — A" = R(\) + ROA)M,, (1 — M, R(\)M,,)™" M, R(\)
() + ROA)M,, P2 P- (1 = M, RO)M,,) ™ P*PEM%R(M

(A) + RON)M,, P (1 = P-My RO\M, P2)™" P-M, R(N).

Ve” €

R
R

]

In order to transform the resolvent formula from Proposition 7.3 into another one,
which is more convenient to investigate the convergence of (H. sz — \)~!, we need numerous
preparations. First, we introduce for € € (0, 5] the embedding operator

Ty : LA(Z x (—¢,8),0 x A1) = L*(Q.), (Z.x®)(zs +tv(rs)) = O(ax, 1), (7.6)
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where o X A; is the product measure of the Hausdorff measure ¢ and the one-dimensional
Lebesgue measure A;, and the scaling operator
=Ty, — )
€

(7.7)

S, LA(X x (—1,1),0 x Ay) = L*(X x (—&,¢),0 x A1),  (S.B)(ax,t) =

B

The basic properties of Z. 5; and S. are stated in the following proposition:

Proposition 7.4. Let Z. 5, and S, be defined as above and let ¢ > 0 be sufficiently small.
Then the following assertions are true:

(i) Z.x is bounded and bijective. Furthermore, its inverse is bounded and given by
Ig: () = L*(X x (—e,e),0 x \y),  (Z_gh)(ws,t) = h(zs +tv(zs))
for almost all s, € ¥ and t € (—¢,¢).
(ii) S. is unitary and its inverse is given by
ST LAY x (—e,6),0 x A) = LA x (—=1,1),0 x Ay),
(S71®) (2, t) = Ve®(ax, et)
for almost all s, € ¥ and t € (—1,1).
Proof. (i) Since the embedding
Y x (—¢g,8) 3 (zx,t) = zx + tr(zg) € S

is invertible for all ¢ < 8 by our general assumptions, the operator Z. y; is also invertible.

Moreover, as the norms in L?*(3 x (—¢,¢),0 x Ay) and L?*(£2.) are equivalent by Corollary

3.21 for sufficiently small € > 0, it follows immediately that Z. s, and Z_ é are bounded.
(i) First, we show that S; is isometric. For this, we compute for = € L*(X x (—1,1), 0 x

Ay)
1S:ElI72s :/ 8 S E(iﬁzat)’2dtd<7://€ LE SCZ,E
(Ex(=ee) »J—e ¥ J—e \/g €

1
— [ [ B s o) asds = 2w

where we used the substitution s = é This calculation also implies that S is everywhere
defined and bounded. A similar computation shows that for an arbitrary ® € L*(X x
(—e,€),0 x Ay) the function ©, which is defined as

O(ry,t) == Veb(xx, t)

for almost all zx € ¥ and t € (—1,1), belongs to L*(X x (—1,1),0 x A;). Moreover, it
holds

2

dtdo

Sa@(QTE,t) = Sg\/gq)(l’z,&“t) = q)(l‘z,t)

in the sense of L*(X x (—¢,¢),0 X A;), which proves that S. is surjective and that the
claimed formula for S=! holds. Hence, S is unitary. O
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The next lemma contains the main factors for the transformation of the resolvent
formula for H, s from Proposition 7.3 into another one that is more convenient for the
investigation of its convergence. In order to define several needed operators, we introduce
the functions u,v € L®(X x (—=1,1),0 x Ay) as

u(xs,t) = |V(rs+Btv(rs))|? and v(ws,t) :=sign (V(vs+Btv(zs))) u(zs, t). (7.8)
Lemma 7.5. Let P. be defined as in (7.4), P* asin (7.5), Z.x as in (7.6), S. as in (7.7),

£

I_s and St as in Proposition 7.4 and w and v as in (7.8). Moreover, let A € C\ [0, o0)
and let

. 1-d/2
Gi(z —y) = <2ﬂ.1)d/2 (l_l\/%l) Kd/2—1( - 1\/X|x - y|)

be the integral kernel of (—=A — N\)™t, ¢f. Theorem 5.9. Finally, let € > 0 be sufficiently

small, let W be the Weingarten map corresponding to 3, cf. Definition 3.10, and regard
det(1 —esW (ys)) in the sense of Remark 3.18. Then the following assertions are true:

(i) Define the operator A.(\) as
AN LA(Z x (=1,1),0 x Ay) = L*(RY),
1

AWB@ = [ [ Gro == csvim)otos. o)
~det(1 — esW (yx))=(ys, s)dsdo(ys).

If € > 0, then
AN = (A= N)"'M, PT.5S.

is fulfilled and A-(\) is bounded and everywhere defined.
(ii) Define the operator B:(\) as
B.(\) : LA(Z x (=1,1),0 x Ay) = L*(Z x (=1,1),0 x Ay),

(B:(N)E)(zx,t) = u(xs, ) /2 /1 Gi(zs + etv(zs) — ys — esv(ys))

-v(ys, s) det(1 — esW(ys))E(ys, s)dsdo(ys).

If e > 0, then
B.(\) = SglI;éPEMuE(—A —N)7'M, P 5S.

is fulfilled and B.(\) is bounded and everywhere defined. Moreover, if A ¢ o,(H:x),
then the operator (1 — B.(\))™! emists and is bounded and everywhere defined in
LAY x (=1,1),0 x Ay).

(iii) Define the operator C.(X\) as
C.(\) : L*(RY) — L*(Z x (=1,1),0 x Ay),

(CcN)f)(xs,t) = ulzs,t) | Ga(zs +etv(zs) —y) f(y)dy.

R4
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If e > 0, then
C.(N) = ST I g P.M, (—A =)~

is fulfilled and C.(\) is bounded and everywhere defined.
Proof. Let 0 < ¢ < 8 be sufficiently small, such that Z, 5; is boundedly invertible. Note
that such e exist by Proposition 7.4. Moreover, let A € C\ [0, c0) be fixed.

(i) We prove the statement A (\) = (—A — A)_legP T. 5 S., which implies then that

A.()\) is bounded and everywhere defined, as (—A — X\)~!, M,_, P*,Z. s and S. have this
property. Let = € L*(X x (—=1,1),0 x A;). By the definition of I&g, Se, v. and v, it holds

(Ze5:E) (ys + sv(ys)) = %E <y2’ g)

and
1/2 1

Ve (yz + §8V(yz)) =7 (yz, g)

for almost all ys; € ¥ and s € (—¢,¢). Using the transformation €. 3 y = ys + sv(ys) —
(ys, ) € ¥ X (—e¢,¢), that is bijective, since ¢ < /3, and the transformation formula from
Corollary 3.21 we find

(= = N My, PP 5.5.5) (1) = / Gala = ()P (T.58.2)(y)dy

o s+ svlas)) = zsimn V (s + Zovtos) )

Gx(ﬂf— Y)ve(y)(Ze 25:2) (y)dy

://_gGw— z—SV(yz»\i[v (yz, )\1[ (yz, >det(1—sW(yz))dsdo(yz)

— /2/—1 Gi(x —ys —erv(ys))v (ys, r) det(1 — erW (ys))= (ys, r) drdo(ys)
= (A:(ME)(2),

where we used the substitution r = = : in the last step. Since this is true for almost all
r € R? the statement of assertion (i) is shown.

(i) Let 2 € L*(X x (—1,1),0 x A;). First, we mention that it holds analogously as in
(i) for almost all ys; € ¥ and s € (—¢,¢)

(Ze 2 S:E) (ys + sv(ys)) = %E (yz, ;) and v (yz + sv(ys)) = %U (yz, §> :

Moreover, it holds for any g € L?(R?) and almost all x5, € ¥ and t € (—1,1)
(ST'IogP-M,.g) (w5, t) = Ve(I 5 P-M, g) (w5, et)
= \/Eug(:vg +etv(zy))g(xs + etv(zy))

\/_ ‘ (332 + —etl/(yz)) "

g(xs + etv(xy))
= u(zy, t)g(zy + ctv(zy)).
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Using these facts, the transformation y = ys, + sv(ys), Corollary 3.21 and the substitution
r =2, we get

(S:' T4 P-My (—A = X\) 7'M, P15 S.E) (w5, t)
_ (5'T2LP) [u€<~> Crl = )ou(y) PH(LosS.E) () y} (e9.1)
]Rd

= u(xyg,t) /Q Gi(zs +ctv(zs) — y)v-(y)(Ze 5:2) (y)dy

= u(zy,t) /2 /i Gi(zs +etv(xg) — ys — sy(yg))%v (yg, f)

% (yz, )det(l—sW(yz))deU(yz)

1
= u(xyg,t) / / Gi(zs + etv(xs) —ys — erv(ys))v (ys, 1)
nJ-1
~det(1 — erW (ys))= (ys, r) drdo(ys)
= (B:(A)E) (s, 1)
Therefore, we obtain the desired formula
B.(\) = ST\ T AP.M, (—A — \) 7'M, P T. 5. (7.9)

This implies that B.(\) is bounded and everywhere defined. Assume now additionally
A ¢ o,(H. ). Note that (7.9) is equivalent to

Z.5S-B-(\)S-'I_§ = P.M, . (—=A — X\)"' M, P;.
This, together with Proposition 7.3, implies that the operator

(1= P-My, (=& = N)7'M, PY) ' = (1 - L.5S.B.(\)S:'Z:2)

Vet €

-1

exists and is bounded and everywhere defined. Hence, also the operator
ST (1= Z.nS.Bo(N)ST T L) T LsS. = (1 - B.(\) ™
is bounded and everywhere defined, which finishes the proof of statement (ii).
(iii) In order to prove the last statement of this lemma, we mention first that it holds

1/2
g(rs + etv(xy))

(ST P M, g)(xs,t) = \/— ‘ (332 + —etu(yz))
= u(xyg,t)g(zs + etv(zy))

for any g € L?(R%) and for almost all zy € ¥ and t € (—1,1). Therefore, we find

(SIS PeMy (—A = X) 7' f) (s, t) = u(as, t) / Gi(zs +etv(zs) — y) f(y)dy

Rd

for all f € L?(R%) and almost all zx € ¥ and ¢t € (—1, 1) which shows assertion (iii). O
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After all these preparations, it is easy to transform the resolvent formula for H, x
from Proposition 7.3 into another one which is more convenient for an investigation of its
convergence:

Theorem 7.6. Let H.x be defined as in (7.2), let X € p(H.x) and let Ac(\), B-(\) and
C.(\) be defined as in Lemma 7.5. Then it holds for ¢ sufficiently small

(Hex — N7t = (A =N+ A (V)1 = B.(A)HC(N).

Proof. Let A € p(H.x) C C\ [0,00), set R(\) := (—A — X)~! and recall the results and
the notations from Proposition 7.3 and Lemma 7.5. Thus, (1 — P.M, R(\)M, P*)~" and

Vet g

(1 — B-(\))™! exist and are bounded and everywhere defined. Moreover, we find that

(HE,Z - )‘)_1 = R()‘) + R()\)MUEP* (1 - PEMuaR(/\)M P*) PEM’UER(A)

= R(\) + A.(N)S Tk (1 - ZosS.B.(N)SZ2E) ™ ZnS.Co(N)
R(N) +

A (1= B-(\) C(\)
holds, which proves the statement of this theorem. O

Ac(
Ac(

Since we have derived a suitable resolvent formula for H, y., we are prepared to inves-
tigate its convergence, which is done in the following proposition:

Proposition 7.7. Let A € C\ [0,00), let € > 0 be sufficiently small and let A.()\), Bz(\)
and C.(X\) be defined as in Lemma 7.5. Then there exist constants ca,cg,cc > 0 depending
on A, the dimension d, the potential V' and the geometry of ¥ such that

1

14:(0) = AgW)[| < cas®,  [|B-(A) = Bo(W)|| < cpe®

and s
[C(A) = Co(N)|| < cce 2a

hold as ¢ — 0+.
Proof. Let A € C\ [0,00) be fixed. In order to find an estimate for ||A-(A) — Ag(N)]], we

introduce for € > 0 the auxiliary operator AE(/\) via
AN L2(2 x Lo x Ay) — LA(RY),
A= (z / / Gi(x —ys — esv(yx))v(ys, s)Z(ys, s)dsdo (ys).
-1

We show that || A.(A) — A-(V)|| < €4 D/CD and [|A.(N) — Ay(N)|| < eac@+D/CD hold,
which imply then the claimed result.
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Let us start with the estimate of HAE()\) — A.(N)||- According to Theorem 5.2, it holds
14:0 — A- )

1
< sup / ‘G,\(x —ys —esv(ys))v(ys, s) (1 — det(1 — esW (ys)) ‘dsda ys)
nJ-1

r€R4

sup )/d |Ga(z — ys — esv(ys))v(ys, s) (1 — det(1 — esW (yg))) |da.
R

(yzhs)ezx(il 1

Let u1(ys),- .-, tta—1(ys) be the eigenvalues of the matrix of the Weingarten map W (ys),
which are independent from the parametrization of ¥ by Proposition 3.11. Then again
by Proposition 3.11 these eigenvalues are uniformly bounded in yy, € ¥ which implies for
s € (—1,1) and ¢ € (0, 1) the existence of a constant ¢; > 0 such that

d—1

1 - H(l —esp(ys))| < ae (7.10)

k=1

11 —det(l — esW(ys))| =

holds for any ys, € 3. Using this, Proposition A.2 and Proposition A.4, we find
A 2

1
< sup / ‘GA(x —yy —esv(ys))v(ys, s) (1 — det(1 — esW (yx)) ‘dsdo ys)
J-1

zeR4

Sup /d ‘GA(QZ —ys —esv(ys))v(ys, s) (1 — det(1 —esW (ys)) ‘dx
R

(ys,8)€XX

(-1.1)
< (c18)* sup / |Ga(z — ys — esv(ys))v(ys, s)|dsdo(ys)
z€R4 -1

sup( )/d ‘GA(a: —ys —esv(ys))v(ys, s)|dx
R

(ys,8)€XX(—

2.2 J1/d-1

< e ~2 _1/d+1

:CAg

with a constant ¢4 which depends on A, v, d and ¥ and thus, the claimed estimate holds.
In order to show A.(\) — Ap(\), we use again an estimate with the Schur-Holmgren-
bound, cf. Theorem 5.2, of the following form:

HAE()\) - Ao(/\)| < sup / / ‘ (Ga(z —ys —esv(ys)) — Ga(z — ys))v(ys, s ‘dsda ys)

z€R4

sup |(Ga(z — ys — esv(ys)) — Galz — ys))v(ys, s)| dz.
(ys,8)€Xx(—1,1) JR

Using the result from Proposition A.7 we get

sup / /1 |(Ga(z — ys — esv(ys)) — Galz — ys))v(ys, s)| dsdo(ys) < e et

z€RJY J—
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with a constant c4; which depends on A, d, ¥ and v. Analogously, it follows from Propo-
sition A.5

sup / !(G,\(aﬁ —ys —esv(ys)) — Ga(z — ys))v(ys, 3)| do < cq 96,

(ys,5)€Xx(—1,1) JR4
where cy 2 depends on d, A and v. Thus, we find

40 = A < sup [ [ 1(Gate = s = zsv) = Galer = )l )| oo

zcRd

sup ’(G)\<-T —ys —esv(ys)) — Ga(x — yg))v(yz, 5)| dx
(ys,8)€Tx(=1,1) JRd

< CA,1€1/dCA,2€ = CA,1CA2 gldtb/d,
—ZCA

Thus, we have shown the estimates H/Ala()\)—As()\)H < Geld+D/2d) and HfAlg()\)—Ao(/\)H <
eaett)/24d) and using the triangle inequality, we get

14:00 = Ao < [[A4(0) = A + [[A-0) = (V]| < eas@ /e,

Next, we show the statement on the convergence of B.()). For this, we introduce for
e > 0 the linear operators B.(\) and B.(\) as

B.(\): L*(Z x (=1,1),0 x Ay) = L*(Z x (=1,1),0 x Ay),
B.(\)E(xg,t) = u(xs,t) /2 /1 Gi(zy + ctv(zy) — ys — esv(ys))v(ys, $)=(ys, s)dsdo(ys)

and

B.(\): L*(Z x (=1,1),0 x Ay) = L*(Z x (—=1,1),0 x Ay),

B.(\)E(xs, t) = u(xs, t / / Ga(rs —ys —esv(ys))v(ys, $)E(yz, s)dsdo(ys).
-1
We are going to prove the estimates HB H = 1/d B || = 1/d)
and “Ba()\) H = 1/ 2d Wthh yleld then the Clalmed convergence result.
First, we look for an estlmate of ||B5 (AN) — Be( H Using a Schur-Holmgren bound and
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equation (7.10), we find
|1B-() = B-WIf

1
< sup / |u(xg, )G (xs + etv(zs) — ys — esv(ys))v(ys, )
(zs,t)enx(-1,1) Jx J 1

(1 —det(1 — esW(ys))) |dsdo(ys)

1
sup / ‘U($z, Zf)G)\(iEz + EtV(:EE) — Yy — ESV(QE))U(yE, 3)
(ys,8)€Xx(-11) J J -1

(1 —det(1 — esW(ys))) |dtdo(zs)

1
< (c1e)? sup / ‘U,(Iz, HGy(rs + etv(zy) — ys — esv(ys))v(ys, s)}dsda(yg)
(zs.t)esx(-1,1) Jx J -1

1
sup / [u(zs, t)Ga(zs + etv(zs) — ys — esv(ys))v(ys, s)|dido (zx).
(ys,8)eTx(—1,1) Jx J -1

Applying now Proposition A.4, we find that

1
/ / [u(zs, )Ga(zs + etv(zs) — ys — esv(ys))v(ys, s)|dsdo(ys) < cp et/
wJ-1

holds independent from zy, and ¢, where cp; depends on A, d,u,v and ¥. By symmetry a
similar estimate is true for the second integral. Thus, we find

1B.(A) = B.OV)|)?

1
< (c1e)? sup / ‘u(wz, HGy(rs + etv(zy) — ys — esv(ys))v(ys, s)}dsda(yg)
(zs,t)esx(-1,1) Jx J -1

1
sup / [u(zs, t)Ga(zs + etv(zs) — ys — esv(ys))v(ys, s)|dtdo (zx).
(ys,8)eTx(—1,1) J¥ J -1

< &,

Next, we look for an estimate for HBE()‘) — BE()\) H Applying Proposition A.7, we find

1
sup / |u(zs, t) (Galzs + etv(zs) — ys — esv(ys))
(ys,9)esx(-1,1) Jx J -1

—Gy(ry —ys — esu(yg)))v(yg, s)‘dtda(xg) < 637381/d.

Moreover, Proposition A.8 gives us

1
sup / |u(1’g, ) (Gal(zs + etv(zs) — ys — esv(ys))
(@s)enx(—1,1) J= J -1

— Gy —ys — 5su(yg)))v(yg, 3)|dsda(yg) < 03,451/d
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for e sufficiently small. Note that the constants cp 3 and cp 4 depend again on A, d, u, v and
Y. Hence, using an estimate with a Schur-Holmgren bound, we find

}|E€(A) - BE(A)H2 < sup / /_1 }u(xg, t) (G,\(:Ug + etv(zy) — ys — esv(ys))

(zs,£)eSx(~1,1) Jx
— Gi(z2 —ys — 55”(3/2)))”(:‘/27 S)‘deU(Z/E)
1
sup / / ‘U(.’Il'z, t)(G,\(:Eg +etv(zy) — ys — esv(ys))
(ys.8)€nx(~1,1) Jx J 1
— Gi(zz —ys — esv(yx)))v(ys, s)|dtdo(2x)
< CB,3€1/dCB,4€1/d = CB3CB4 2/,

=ich 5

Analogously, using Proposition A.7 and Proposition A.9, we find

||BE()\) —BO()\)H2 < sup o //1 (25, t) (Gr(zs — ys — esv(ys))

xz t GEX

— Ga(zs — yx))v(ys, s)|dsdo(ys)
sup )/ / u(zs, t)(Gr(zs — ys — esv(ys))
—-1,1

(yz S EEX
— Ga(zs — ys))v(ys, s)|dtdo(zx)

< 037651/%377 = 023’851/‘1.

Here, the constants cp g and cp 7 depend on A, d, u,v and X. Putting together all previous
estimates, we get eventually

1B-(A) = BoW)| < [|B-(A) = B-V)|| + [|Bo(A) = BeW|[ + [ B-A) = Bo (V)|

< CB,2€1/d + 637551/51 + 03’851/(261) < CBEI/(Qd).

Finally, we prove the statement on the convergence of C.()). Using again an estimate
with a Schur-Holmgren bound and applying Proposition A.5 and Proposition A.7, we find

|Co(N) — ? < s;lﬂgi/ / u(zs, t)(Galzs + etv(zs) — y) — Ga(zs — y)) | dsdo(ys)
sup ‘u(azg, t)(G,\(a:g +etv(xs) —y) — Ga(zy — y)) ‘ dy

((Ez,t)EEX(—Ll) R4

< co1eVlcoge = coicog eI/

—.n2
—ACO

with a constant c¢c that depends on A, d, v and 3. This is already the desired estimate. [
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So far, we know from Theorem 7.6 and Proposition 7.7 that the sequence of resolvents
((Hex— )\)_1)€>0 converges for any A € C\R as ¢ — 04 and we have a first representation
of the limit operator. In order to show that this limit operator is equal to the resolvent of
As o, we need the following technical lemma:

Lemma 7.8. Let v be defined as in (7.8). Then the following assertions are true:

(i) The embedding operator J : L*(X) — L*(X x (=1,1),0 x Ay), which acts as

(TE) (s, t) = E(as)
for almost all x5, € ¥ and all t € (—1,1), is well-defined and bounded.

(i) The operator V : L2(X x (=1,1),0 x Ay) — L2(X) that acts as

1

(VE)(xZ) :—/ v(zy, s)=(zy, s)ds

-1
for almost all xs, € 3, is well-defined and continuous.

Proof. (i) First, we prove that J is well-defined. For this, let ; and & be two representa-
tives of £ € L*(X). Then there exists a set N' C ¥ with Hausdorff measure zero such that
& and & coincide on ¥\ NV. Hence, J& and J& coincide on ¥ x (—1,1) except the zero
set N x (—1,1) and thus, J is well-defined.

In order to prove the boundedness of 7, we compute for £ € L*(X)

1 1
NTE 11y = / / (TE)(as.5)dsdo = / / [elas)dsda = 20€l s

which shows that J is continuous.

(i) In order to show that V is well-defined, let v, and v, be two representatives of v and
let Z; and =, be two representatives of Z € L*(X X (—1,1),0 x Ay). Then the measurable
functions v1Z; and v,Z5 coincide on ¥ x (—1,1) except a zero set. Defining for ¢ € {1,2}
the function ‘71($2) = f_ll vi(zs, $)Z;(rs, s)ds and using the Cauchy-Schwarz inequality,

we find
2
do = /
b

J
1
< 2/ [v1 (25, 8)Z1 (15, 8) — va(75, 8)Za (s, 8)|*dsda = 0.
=

-1

2

1
/ (v1(zs, )21 (25, 5) — va(@s, $)Ea(2s, 5))ds| do
-1

Vi =V,

Thus, it holds Vi = V, almost everywhere in Y, which implies that the operator V is
well-defined.
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It remains to show the boundedness of V. For this, we consider for = € L*(X x
(_17 1)70- X AI)

1
HVEH;(E) :/Z /_lv(xg,s)E(:Cg,s)ds

< 2/l Z 1= N Ze (e -1y

2 1

do < 2/ lv(zy, 5)Z(2yg, s)[*dsdo
>

-1

where we used the Cauchy-Schwarz inequality. Thus, V is bounded. [
Finally, we are prepared to prove the main result of this thesis, namely Theorem 7.1:

Proof of Theorem 7.1. Let A € C\ R and let for ¢ > 0 the operators A.(A), B.(\) and
C.()\) be defined as in Lemma 7.5. Then, according to Theorem 7.6, Proposition 7.7 and
Proposition 2.18, it holds
[(Hex = )70 = (A = )7+ A (V)1 = Bo(N) Co(W)) |
= [[A: )1 = B=(A) 7' Co(A) = Ao(N) (1 = Bo(N)) ' Co(V)|| < e/

with a constant ¢ > 0 depending on A, d, V and ¥. Hence, it remains to verify
(Asa —A) 7= (=A = X)7" + Ag(A)(1 = Bo(N) ' Co(A)

for a suitable strength o € L*(3). In order to prove this, recall the definition of the
bounded operators [J and V from Lemma 7.8 and define U := M, J, where M, is the
multiplication operator associated to u € L*(3 x (—1,1),0 x Ay) given by (7.8). Note
that M, and hence also U is bounded and everywhere defined. Furthermore, recall the
definition of the bounded operators v(\), 7(X)* and M ()A) from Lemma 6.5. Then we see
that

42w = [ [ G = yslotos, 92 0s, sdo (v
= [en =) ([ vlom 02105 ) dotos) = GOV

holds for any = € L*(X x (=1,1),0 x A;) and almost all 2 € R?. Thus, we conclude
Ap(A) = v(A)V. In a similar way, one finds

(Bo(NE) (s, 1) = ulzs, 1) / / G =)ol )20 5)dsdo(ys)

= u(zy,t) /z Gi(zs — ys) (/_1 v(ys, $)E(ys, s)ds) do(ys)

1

= (UM(\)VE) (s, t)
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for all = € L*(X x (=1,1),0 x Ay) and almost all (z5,t) € ¥ x (—1,1), which implies
Bo(A) = UMMV, and

(G = ulas,t) [ Gatas =) )y = (7)) o)

for all f € L*(R?) and almost all (zx,t) € ¥ x (—1,1) implying Co(\) = U’y(X)*. Thus,
we get

Ao~ Bo(N) " ColN) = vV (1= TV ) T7()"

Because of
V(1 oM7) - (1- VOM() ¥
= (L-vomw) (1= VoM V- (1= oM7) (1-TMP) T =0,
we find
Ao~ BoN) ' ColN) =20 (1= VIM() VTA(R)"

Setting a(ry) = f_llV(xg + Bsv(zx))ds in the sense of L™(X), we find VUM(N) =

M,M(X\) and V[A]fy(X) = M,v(X)" and hence, using Theorem 6.6,

lim (Hes — A) 7' = (A = A)™ 4 Ag(A\)(1 = Bo(\) ™' Co(N)

e—0+

(A =N+ 71— M M) Moy () = (Age — N7
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A Estimates for integrals containing modified Bessel
functions

In this appendix, we prove some estimates for integrals, which are essential to show con-
vergence of a sequence of Schrodinger operators with local scaled short-range potentials to
a Hamiltonian with a d-interaction supported on a hypersurface ¥ C RY.

Let d > 2. Recall that for A € C\ [0, 00) the function G, which is the integral kernel
of the resolvent of the free Laplacian in R¢, is given by

where Kg/»_1 is a modified Bessel function of the second kind, cf. Section 5.3. It is our
goal in this appendix to prove some estimates for integrals that contain this function G.

Let us formulate several general assumptions on the hypersurface Y that should be
fulfilled for all results in this appendix:

Hypothesis A.1. Let d > 2. We assume that ¥ C R is a closed C?-smooth hypersurface
in the sense of Definition 3.2. Moreover, we denote by v(xs) the unit normal vector of ¥
at Ts, € X that points outwards of the bounded part of R® with boundary ¥.

Let us start with a rather simple estimate:

Proposition A.2. Let d > 2, assume that ¥ C R? fulfills Hypothesis A.1, let ¢ € L>®(X x
(—=1,1),0 x Ay) and let A € C\ [0,00). Then there exists a constant C' > 0 depending on
d, A and 1 such that

sup / G — s — esv(y) (s, 5)| e < O

(ys,5)€Xx(—1,1)

15 true.

Proof. Let ys € ¥ and s € (—1,1) be fixed. Using the translation invariance of the
Lebesgue measure, we find

1Ga(z — s —esv(ye))P(ys, s)| dz < ||| /d Ga(z)| dz = [[¢]| oo | Gall L1

R R

The last integral is finite, as G, € L'(R?) by Lemma 5.8. This is already the claimed

result. [
The following estimate is needed for several results in this appendix:

Lemma A.3. Let d > 2, let ¥ be a closed hypersurface in the sense of Definition 3.2 and
let v(xx) be the unit normal vector of ¥ at xy, € 3 that points outwards of the bounded
part of R with boundary . Moreover, let

Q. = {372 +tv(zy) xy € Xt € (—5,5)}
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and let o(X) be the Hausdorff measure of ¥. Then there exists a constant C' > 0 such that

/ dz < Ceo (%)

£

holds for all sufficiently small € > 0.
Proof. Let € > 0 be sufficiently small. Then, according to Corollary 3.21, it holds

/d:c:/E/_idet(l—tW(xz))dtdo,

where W is the Weingarten-map associated to ¥ and det(1 — tW (zy)) is understood in
the sense of Remark 3.18. Since the eigenvalues of the matrix of the Weingarten-map are
bounded by Proposition 3.11, it follows that there exists a constant C' > 0 such that

det(1 —tW(zy)) < —

holds for all zy, € ¥ and all t € (—¢,¢), if € is small enough. Hence, we get
/dx—//detl—thg dtda<—//dtda—060 Y)
and thus the claimed result. [

Proposition A.4. Let d > 2, assume that ¥ C R? fulfills Hypothesis A.1, let X C R? and
let u be a measure on X . Furthermore, let p € L®(X x (—1,1),0 x Ay), let p € L=(X, 1)
and let A € C\ [0,00). Then it holds for any sufficiently small € > 0

—Cilne, ifd=2,

1
sup/z lo(x)Ga(r — ys — esv(ys))Y(ys, )| dsdo(ys) < {0252/4—1, if d >3,

zeX —1

with constants Cy,Cy > 0 that depend on d, X\, and . In particular, the estimate
1
sup [ [ le(@)Gae — g — 50l (s, )] dsdr(y) < OV
€ ¥J-1
18 true for any space dimension d > 2.

Proof. Let x € X be fixed and assume that ¢ is sufficiently small. Since the eigenvalues of
the matrix of the Weingarten map W associated to ¥ are bounded by Proposition 3.11, it
follows that there exists a constant ¢; > 0 such that 1 < ¢; det(1 — esW (ys)) holds for all

€ (—1,1) and all y» € ¥. Here, the term det(1 — esW (ysx)) is regarded in the sense of
Remark 3.18. Hence, we get

[ [ 1e@Gste s = esvlus))otas o) dsdotas)
<o / [ Ie@)Gata = s = esvlas)las. )] det(1 = s () dsdo ()

< / |G — e — roys))] det( — W (ys))drdo (),
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where we used the substitution » = €s. Thus, by applying the transformation formula from
Corollary 3.21, we get

! C
[ [ 1606 - s — csvlus)tus. o) dsdotys) < 2 [ 1Gata =l dy
¥J-1 Qe
with the tube 2. given as

Q= {ys +rv(ys) 1 ys € X, € (—¢,8) }.

~ In order to get an estimate for the last integral, we split the integration area into
Q== B(z,e) N Q. and Oy := .\ B(z,e"9), so Q. = 0UQy, and we distinguish the
cases d = 2 and d > 2. Recall that GG, is defined as

Let us start with the case d = 2. Due to the asymptotics of the modified Bessel function
Ky, see Proposition 5.6, there exists a constants ¢ > 0 such that

‘KO( — iV |z — y|)‘ < —clnlz —y|
holds for y — x. Hence, we find
|Ga(z —y)| < —csInfz —y|

forally € B (x, g/ 2) and we conclude that the integral over € can be estimated as

1/2

/ |Gx(x —y)|dy < —03/ In|z —y|dy = —2#03/ Inr-rdr
o B(z,e1/2) 0

€
= —2%031 (2lne —1) < —cyelne
independent from x, where we used a substitution to polar coordinates. Moreover, since
K is differentiable and bounded, if the argument is not in a neighborhood of zero, we find
for y € Q. \ B(z,e'/?)

|Ga(z — y)| < max{é¢, —cIn|z — y|} < —csIne

because of the asymptotic behavior of K for small arguments. Hence, using Lemma A.3
we get

/ |G(z — y)|dy < —05/ Inedy < —cgelneo(X)
Qs QE\B($,€1/2)
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with the Hausdorff-measure o(X) of ¥, again independent from x. Therefore, we find

Ga(z —y)|dy = [ |Ga(z —y)|dy+ [ [Gi(z —y)|dy < —crelne.
Qe 2 Qo

This implies

| [ 1e@Gato = i = sl o)l dsdotys) < 2 [ 1Gato— )y

< — ey Ine,
~
=:C1

which is the claimed result in the case d = 2.
In the case d > 2, it holds by Proposition 5.6 (iii)

[y (= iVAz = yl)| < el =y

for y — x. Hence, we find

. 1-d/2
g () o (3l

for all y € Oy and we conclude that the integral over Q; can be estimated as

< cglz — y|*?

Gz —y)| =

1/d

€
|Ga(z —y)|dy < 08/ |z — y|2_ddy = 09/ P2 dpd=1dy = ¢)pe?/?
N B(x,el/d) 0

independent from x, where we used a substitution to spherical coordinates. Moreover,
since Kg/o—; is differentiable and bounded, if the argument is not in a neighborhood of
zero, we find for y ¢ B(m, 51/d)

|Ga(z —y)| < culz—y? < c11e? D/
because of the asymptotic behavior of K;/5_;. Hence, using Lemma A.3 we conclude
‘G,\(:U — y)‘dy < 011/ g@=d/dqy < 01262/d0(2)
Qo Qg\B(I,El/d)
with the Hausdorff-measure o(X) of ¥, again independent from x. Thus, we find

Gr(z—y)ldy = [ [Gr(z—y)ldy+ [ [Gi(z —y)[dy < crze™.
Qe Q1 Qo

Therefore, we proved

1 C
/ 0(2)Ca( — s — es0(ys)(ys, )| dsdo(ys) < 2 / Gz — y)] dy < ey 2/
vJ-1 € Ja. :6'2’

for d > 2 and thus, the claimed assertion is true. O
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The following estimates are slightly more involved as the previous ones, as here also
the derivatives of G have to be considered:

Proposition A.5. Let d > 2, assume that ¥ C R fulfills Hypothesis A.1, let ¢ € L>°(3 x
(—1,1),0 x Ay) and let A € C\ [0,00). Then there exists a constant C' > 0 depending on
d, \ and v such that

sup |(G,\($ —ys —esv(ys)) — Ga(r — yz))¢(y2’ S)| dz < Ce
(ys,5)€Tx(—1,1) JRE

holds as € — 0+.

Proof. Letys; € ¥ and s € (—1,1) be fixed. Since the mapping C\(—00,0] 3 2z +— Ky/5_1(2)
is analytic by Proposition 5.6, it follows that

0,1] 3 0 — Ga(z — ys, — es0v(ys))

B 1 |z — ys — esOv(ys)| far K (—z’\/ﬂx — — esty( )’)
~ (2m)dr —ivVA v " "

is differentiable for almost all € R?. For these z it holds

d

Ga(a—ps: = esv() = Galr =) = | 56 = = sty 0

L1 d
- i W@\x—yg—es&/(yg)\

(A —

€T — — 8891/ 1=d/2 . / ;
(b )y (g st oo

Note that a simple calculation yields

. 1/2

d d

aglt vz —estvlys)l = - (Z(ﬂﬁk — Yk — 689Vk(y2))2>
k=1

= —|z —ys —esOv(ys)| es(v(ys), @ — ys — es6v(ys)))

and using the Cauchy-Schwarz inequality and s € (—1, 1), it follows

< les| < e.

d
‘@\x —yx — esbv(ys)|
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Hence, we find

/ (Gl — ys — esv(y)) — Gala — ys))lys, 5)] da

<l [, [ vl

. < (1 B _) |z — ys — esOv(ys)|Y? Koy <—i\/X|ZB — s — 539V(yz)\>

—ys —estv(ys)|

2 (—iv/A)1-d/2
_ (\x —~ yz_—i\e;s_eu(yz)\ ) 1-d/2 IVAKY, (—z'\/X]x s — 5301/(yz)|> ) ‘dgdx
< e /Rd/O < <1 _ _> |z — y(z_;\jf?f(ziﬂ d/QKd/Q_l <—i\/X|x — s — 53.9,/(y2)|>
_ (|ZE — yz_—ijs;u(yzH)ld/Z i\/XKc,l/z_l <—Z\/X|:L’ — Uy — 530y(y2)|) ) ‘d@dx.

In order to become independent from ys, and s, we consider the bijective transformation
T:R?x (0,1) — R x (0,1) which acts as

(9 -7() (=)

Note that T is differentiable and that its Jacobian is given by

DT — (é —Esq(yz)> |

where [ is the identity matrix in R¥?. Hence, it holds | det DT| = 1 and we conclude

/ |(Ga( — 4z — esv(ys)) — Gz — ys))¥lys, )| dz

< ¢ /Rd/O ( < > |z — ys — esOv(ys)|” d/QKd/Q_l <_¢\/X|x — Y5 — 6897/(y2)|>

(—iv/ )1/
_ <|SB — yE_—i\g/S_QV(yZ)‘)ld/Qi\/XK:i/Q_l (—z'\/X|x — s — 539,/(y2)|> ) ‘d@dx
I ( El) Jf‘rf o Kase- 1( iV |€|)

—ivA
—d/2
(1 - g) (—Jf/’X)l—d/z 4/2-1 ( “/_|§|>

() g () o

B ( €] )1 d/Qi\/Xchl/M (—z'\/X|£\> 'dqﬁdﬁ

= 1€
Rd
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where we used in the last step that the integrand was independent from ¢. It remains to
show that the last integral is finite. For this, we decompose the area of integration in the
following way: R? = B(0,1) U (R?\ B(0,1)). Since the mapping

(1—%) (_Jf/lx;liz_dﬂ a/2- 1( Z\/_|f|> <_L§\|/X>ld/2z'\/if<(;/2_l (—z'\/X|§|>

is differentiable and bounded, if £ is not in a neighborhood of zero, and due to the asymp-
totic behavior

’Kd/zq( - Z\/X|§|)‘ < ce ™VNEL and ‘Kfm_l( — z\/x|f|)‘ < ce VA

for [£] — oo, cf. Proposition 5.6 (iv), it follows

Cd\ g
/Rd\B(o,l) <1 2) [EVNEE Hajz- 1( “/_|5|>

[
_ (—iﬁ) iVAK ) (—NX|§|) ‘dg < 0.

In order to prove the boundedness of

/B(o,l) (1 N ‘f) %K‘W L <_iﬁ’5‘>

(Y Ky (i) e

we mention

[Kapa (= iVAg))| < clel* 2 for Je[ =0,
if d > 3, and
(Kl (= Vg | < clel ™2 for [ =0,

see Proposition 5.6 (iii). Hence, we find

‘ (1 B g) (_J%jﬁd/? 4/2-1 ( Z\/_m)

- (£ )“W VARG s (~iVA]) | < ol
“i/x ) dja—1 | —1 <y )

Therefore, using a substitution to spherical coordinates, we get

/B(O,U (1_5)% a/2- 1( ZV_Iﬁl)

~ (%)l_d/ziﬁfq&_l (~ivXiel) ‘dg

1
< cz/ €| de = 03/ ri=t Tl dr < oo
B(0,1) 0
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Thus, it follows finally

J.

—dj2
(1 — g) (_f)xmKd/Q—l <—Z\/X|§|>

g\
_ (—NX) iV (—iVE) ‘dg < o0,

which yields the claimed result due to our preliminary considerations. ]

The following lemma contains the main estimate for the next two results:

Lemma A.6. Let d > 2, assume that ¥ C RY fulfills Hypothesis A.1 and let A € C\ [0, 00).
Then there exists a constant C' > 0 depending on d, A and X such that

L] (=) s (= st

B (|$ - yi:/;y(yz”)l_dﬂ i\/XKé/Z—l (—zﬁ\x — Yy — SV(yz:)’)

dsdo(ys)

holds independent from x € R? for sufficiently small € > 0.

Proof. Let x € R? be fixed. Since the eigenvalues of the matrix of the Weingarten map
W associated to the hypersurface ¥ are bounded by Proposition 3.11, it follows that there
exists a constant ¢; > 0 independent from e such that 1 < ¢; det(1 — sW (yg)) holds for all
s € (—e,¢e) and all yy € 3, if € is sufficiently small. Here, det(1 — sW (yx)) is regarded in
the sense of Remark 3.18. Hence, we get

/Z/i <1 - ‘_l> 2 — ys — su(ys)| -2

9 (_Z'\/X)l—d/Q
B (|33 —Ys — 3’/(3/2)|)1d/2 i\/XK;/2_1 <—i\/xla? —Ys — SV(@/E)|>

5 —iv
<o ).

Kaja1 <—@\/X|17 —Ys — SV(?JZ)|>

dsdo(ys)

(g

B (|9€ - yii—\/t;’/(yE”)l_dﬂ Z'\/XK&/Z?1 (—zﬁ\x —Ys — Sv(y2)|>

d .
S C2/ (‘ (1 — 5) |Z’ — y|7d/2Kd/2_1 <—Z\/X‘ZIZ' — y‘) ‘

i ‘\x _ y‘kd/ZKQ/Q_l (—Zﬁ\x — y\) Ddy,

Kaja1 <—Z\/X’37 — Yz — SV(Z/E)D

-det(1 — sW(ys))dsdo(ys)
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where we used the transformation formula from Corollary 3.21 for integrals over the tube
Q. that is given as

Q. ={ys +sv(ys) :ys € X, s € (—¢,¢)}.
In order to get an estimate for the last integral, we split the integration area into O :=
B(z,"%) N Q. and Qy == Q. \ B(z,e'?), so Q. = Q1 U Qy. Due to the asymptotic
behavior of the modified Bessel function and its derivative, see Proposition 5.6, there
exists a constant ¢ > 0 such that

‘Kd/g,l(i\/ﬂx - y|)’ <cz—y¥* ford>2andy— =z

and
‘Kél/bl (l\/X\x - Z/D‘ < clr — y|*d/2 for y—ux

hold. Hence, there exists a constant c3 > 0 such that
d _ .
' (]_ — 5) |:L' — y| d/2Kd/2_1 (—Z\/X|I' — y|> ‘
+ |l =yl 2 Ky (=22 = y1) | < ol —

holds for all y € Q;. Therefore, we conclude that the integral over Q; can be estimated as

(| (1= 8) 1o = s (i3 ) |

+ ‘|x - ?J|1_d/2K[/1/2—1 (—2\/X|x - ?J|> Ddy

1/d

£
< 03/ ly|' My = 64/ dr = c4e'/?
B(0,e1/4) 0

independent from z, where we used a substitution to spherical coordinates. Moreover, since
Kqjo—1 and K, /o1 are differentiable and bounded, if the argument is not in a neighborhood

of zero, we find for y ¢ B(z,e"/?)

d - .
‘ (1 - 5) |z —y| d/QKd/%l <—Z\/X|:E — y|> '
+ ‘Ix —y[" P KG, (—iﬁ\x - y\) ( < eslw — g < epeliD/d

because of the asymptotic behavior of Kg/5_1 and K, -1 for small arguments. Thus, using
Lemma A.3 we get

(| (1= 5) 1o =8 (i3 =) |

+ ‘|$ - y|1_d/2Kc/1/2—1 <_Z\/X|37 - y|> Ddy

< 05/ e1=D/dqy < eV 26(8) = ¢go(X)e?
QE\B(x,sl/’i)
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with the Hausdorff-measure o(X) of ¥, again independent from x. Hence, we find finally

/E/_E6 (1 — d) |z — ys — sv(ys)|~Y?

Kaa (—z\/X\x —Ys — 5V<3JZ>|>

9 (—iv/\)1—d/2
|z —ys — sv(ys)] e VK v\ dsd
-5 WAl (=i =y = su(yo)]) |dsdo(ys)
d .
< 02/ <‘ (1 — 5) |q; —_ y|_d/2Kd/2—1 (—Z\/Xll’ — yl) ’
+ ‘|x - y|1_d/2Kél/271 (_Z\/Xlx - y!) Ddy
d ao »
=c | 1—5 |z — y Kajaa (—z /\|x—y|>
Q
ol = 2K (<3l ol | )
d —d/2 :
+c [ 1-— B |z — y Ky (—z\/X]x - y!)
Q
+ ‘|a: - ?J|1_d/2K¢/1/2—1 <_“/X|33 - ?J|> Ddy
< rel/d
and thus, the statement of this lemma. O

Using Lemma A.6, we can prove the next two estimates that are needed in Chapter 7
to show the main results of this thesis:

Proposition A.7. Let d > 2, let ¥ C R be such that Hypothesis A.1 is fulfilled, let
X C R? and let u be a measure on X. Furthermore, let ¢ € L®(X x (=1,1),0 x A1), let
p € L®(X,pn) and let X € C\ [0,00). Then there exists a constant C' > 0 depending on
d,\,p,Y and X such that

sup/Z /_1 |o(2) (Ga(z — ys — esv(ys)) — Gz — ys))¥(ys, 8)| dsdo < O/

zeX

holds as € — 0+.

Proof. Let v € X be fixed. Since the mapping C\ (—00,0] 3 2z — Kg/2_1(2) is analytic by
Proposition 5.6 (i), it follows that

[0,1] 2 0 — Gi(z — ys — es0v(ys))

1 (|r—ys —esOr(ys) Y K (_¢\/X|x — ys — esby( )|)
~ (2n)in —ivA v " "
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is differentiable for almost all yx, € ¥. Hence, using the main theorem of calculus, we find

1
d
G(a—ys — esv(ys)) — Cal — ys) = / 0w — s — estulys))do
0

L1 d
— i W@u—yg—gseu(gjg)\
/2

( (1 — 5) — (E_;jffly(f/i)' Kapr (‘WXI@“ — s — 8591/(y2)|>

e el 1-d/2
- (|x yz_if/sX V(yz)l) VARG (—z'\/X|a: ke 889V(yz)|> )dQ-

Note that a simple calculation yields

d

1/2
d
|x —ys —estv(ys)| = 0 (Z(xk —Ysk — 63«9yk(y2))2>

k=1

d

= —|r —ys —esOu(ys)|es(v(ys), @ — ys — esOV(yx)))
and using the Cauchy-Schwarz inequality, it follows

d

@]x —ys —eshv(ys)|| < els|.

Hence, we find

/ |o(2) (Galx — yz — esv(ys)) — Ga(z — ys)) ¥ (ys, s)| dsdo(ys)

d
<ol [ [ | [ amagle -~ esbulun)

/2

( (1 B §> |lx — y(z_;jf?f(ziﬂ Kaj s (_Z\/Xp[; — Yy — 5501/(yz)|>
B (|x — Yy — 630V(y2)|>1_d/2 Z'\/XKQ/Q,l (_zﬁ\x — s — gs@y<y2)|> )d9

Ziva
/ ( ( ) o — g — esOv(ys)| /2

( Z\/_)1 d/2

[~y — eseu<yz>|)l‘d/2 SRK .
— IVAK) )y (—Z\/Xl‘— — esbv )
( iV d/2—1 | Ys (ys)]
In order to find a suitable estimate for the double integral in the large brackets in the last
line above, we introduce the transformation 7' : (—1,1) x (0,1) = M :={(r,¢) e R? : r €
(—=1,1),¢ =erf for 6 € (0,1)} via

(;) - @ . (ie)
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and we note that the Jacobian of T is given by
1 0
DT = (56 55) '
Thus, it holds | det DT'| = ¢|s| which implies
1

[ 19 (@ate = = esvlus) = Gate = ) (s, )| dsdoas)

2

x —yy —esbv d/2 ,
< cl/ ( ( ) | Y= (=) Kaja-1 <—Z\/X’$C — Y5 — gsﬁu(yg)])

( Z\/_)l d/2

_ (|x —Ys _.\5/3_0”( )|>1_d/2 z’\/XKé,/Qfl (—iﬁlx —Ys — gseu(yz)!)

(- e )

g j;”@ﬂ')l_d/z WAKYor (=Y = g5 — 6v(s)) ]d¢dr> do(ys).

Note that it holds M C (—1,1) x (—¢,¢). Hence, going on with the above computation,
we get

5|5|d9ds> do(ys)

/ 1 |o(2) (Gl — s — es(ys)) — Ga(z — y5))Y(ys, 5)| dsdo(ys)
<af / [0=5) = N N )
_ (|x - ﬁ/(yzﬂ)ld/ CVAKD ENCTE———" ‘d(bdrdg(yz)
- / / < ) E _éj Ez_ﬁ;@fﬁ' e (=ivAlz = g5 = ov(ys)])

B (|5L“ —ys — ov(ys)|
—ivA

where we used in the last step that the integrand was independent from r. Using now the

1-d/2
) VKL (<Al = s = ovtan)]) [dscts).
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statement of Lemma A.6, we find

/E [t} (Gt = s = esv(y)) = Gale = ) U, )| dsdr ()

o - y
< CQ// (1 _ g) [z —ys — dr(ys)|~"?
¥ J—e

(_Z'\/X)l—dﬂ

B (]a: — ?Jii—\/?’/(yz)’>ld/2 i\/XK(Ii/Z—l (—1\/X|$ —Ys — ¢V(?JZ)|> ‘dgbda(yg)

Kapa1 <—Z\/X|$ —Ys — gby(yg)|>

with a constant C' which depends on d, A, ¢, ¥ and Y. Thus, the assertion of this propo-
sition is true. O

The next estimate is quite similar as the one of Proposition A.7:

Proposition A.8. Let d > 2, assume that ¥ C R? fulfills Hypothesis A.1, let 1, ¢ €
L>®(X x (=1,1),0 x Ay) and let A € C\ [0,00). Then there exists a constant C" > 0
depending on d, \, , and X such that

sup / / ol 1) (Gaas +etvlas)  vs — esv(ys)

(z5,1)€Sx(—1,1)
— Ga(as =y — esv(yn))) Y (ys, 5)|dsdo (ys) < Ce'/?

holds as € — 0+.

Proof. Let xs; € ¥ and t € (—1,1) be fixed. Since the mapping C\(—00,0] 3 2z — Kz/2-1(2)
is analytic, cf. Proposition 5.6, it follows that
[0,1] 2 0 — Gy(zx + ctbv(zs) — ys — esv(ys))

1 |z + etbv(zs) — ys — esv(ys)| 1-d/2
(2m)d/2 —ivA
- Kqoa (—z’\/X|xg + etv(zs) — ys — €SV(y2)|)
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is differentiable for almost all yx, € ¥. Hence, using the main theorem of calculus, we get
Gi(zy + ctv(xg)—ys —esv(ys)) — Ga(zs — ys — esv(ys))

1
d
— / @G/\(,[L‘E +etbv(xs) — ys — esv(yx))dod
0
1 d
— / Wﬁlxz + etlv(ry) — ys — esv(ys)|
0
d\ |rs +etfr(as) — ys — esv(ys)| "
9 (_Z'\/X>1—d/2

- Kajo1 (—i\/X|xg + etbv(ry) — ys — 5sy(yg)|>

_ (Ixz + etfv(zs) — ys — esv(ys)] ) e
—iv/A
. @'\/XK(;/Q_l (—i\/X|xg + etv(zs) — ys — ssy(yg)|> )d@.

Now, a straightforward calculation shows

J 1/2
d d
@|LE2 + etbv(zy) — ys — esv(ys)| = W (;(xk + et (zy) — ysi — 551/k(yg))2>

= |zx + etlv(zs) — ys — esv(ys)| et (v(ax), 2 + etbr(xs) — ys — esv(ys)))

and using the Cauchy-Schwarz inequality and ¢ € (—1, 1) we find

d
— oy + etbv(zs) — ys —esv(ys)|| < elt] <e.

dé
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Hence, it follows

/z ’90(552, t><G>\($2 +etv(zy) — ys — esv(ys))

-1

— GA xg — yg — 5su(yg)))z/1(yg, s)|dsda(yg)

< H@HLO@WHLO@ !952 + etbv(zs) — ys — esv(ys)|

d/2 a0
(1 |xg + 515(91/(952) — ys — esv(ys)| Y2
2 (_Z'\/X)l—dm

- Kqjo—1 (—i\/XL’I:g + etbv(zs) — ys — asu(yg)\)

- (|mg + etbu(zs) — ys — asy(yg)|)1_d/2
—iv/A
: i\/XKél/%l (—i\/ﬂxg +etbv(zy) — ys — 5su(yg)]> >d9
( ( ) |25 + etbv(rs) — ys — rv(ys)| "2
( Z\/—)l d/2
- Kaja-1 (—i\/X]xg + etbv(xs) — ys — ry(yg)o

_ (|l‘z +etbv(zy) — ys — Ty(y2)|)1—d/2
—i\/X
) i\/XKél/zﬂ <—z'\/X\xg + etbv(zy) — ys — ru(yg)D ) 'dﬁdrda(yz)7

dsdo(ys)

—&

where we used the substitution r = es. Therefore, using Lemma A.6 we find

— Ga(zs — ys — esv(yx))) ¥ (ys, s)|dsdo (ys)

/E |S0($E> t) (G/\(IEZ +ctv(zy) — ys —esv(ys))
< < ) |$2 + Etﬁy@E) Uy — ry(y2)|*d/2
(— Z\/X)l—d/Q

<[ L] ]
Kap (—imxz + et (rs) — ys — ry(yg)|>

B (|a:g + etbv(zy) — ys — ru(yg)|>1d/2

—ivVA
) Z'\/XKC’l/Q_l <—i\/X|:Eg +etbv(xs) — ys — ry(yg)\) )

drdo(ys)do

1
< cz/ el/dqp = o'/
0
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with a constant C' > 0 that depends on d, A, 3, ¢ and . This is the claimed result of the
above proposition. O

The following proposition contains the last estimate that is needed for our approxima-
tion procedure:

Proposition A.9. Let d > 2, assume that ¥ C R? fulfills Hypothesis A.1, let 1, ¢ €
L>*(X x (=1,1),0 x Ay) and let X € C\ [0,00). Then there exists a constant C > 0
depending on d, \, 0, and X such that

1
sup / / |5, t) (Gr(zs — ys — esv(ys))
(ys,s)esx(-1,1) Jx J -1
—Gi(zs = ys))U(ys, 5)|dtdo(zs) < C
holds for all sufficiently small € > 0.

Proof. Let ys; € ¥ and s € (—1,1) be fixed. First, it follows from
[ [ otas.0(Gates - o~ csvlum)) ~ Galas — ) (s, ) (as)
< lollzee [|¥0]| o /z /_11 (|Gr(zs — ys —esv(yx))| + |Galzs — yx)|)dtdo(zs)
= 2[|| L 1Yl oo /E (}GA(JUE —Ys — 55V(Z/2))| + |GA($2 - y2)|d)0(5€2),

that it is sufficient to prove that there exists a constant C' > 0 such that

/2 }G,\(l"z —Ys — TEV(yz))‘da(xg) <C

holds for r € {0,s} independent from ys and s. In order to show this estimate, let
{¢s, Ui, Vi }ier be a parametrization of ¥ in the sense of Definition 3.2 and let {x;}ic; be a
partition of unity for {V;};c; as in Lemma 3.13. Then by Definition 3.14 the above integral
is given by

/E Gy — s — rev(ys)|do(as)

— Z /U Xi((pi(u)ﬂG,\(goi(u) —ys — rau(yg))’\/det Gi(u)du,

iel

where G;(u) is the matrix of the first fundamental form associated to ¥. Thus, it is
sufficient to prove that for any ¢ € I there exists a constant C; > 0 such that

[ x| Gateite) = v = revlys)) |V Gl <

7
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holds. Let ¢ € I be fixed. Note that det G; is bounded on the compact set go;l(supp Xi), as
the mapping u — G;(u) is continuous due to our assumptions in X. Moreover, as supp y;
is compact in V; N X, there exists a constant ¢; > 0 such that dist (supp x;, 0V; N X) > 2¢;.
We define

K; :={zy € ¥ : dist(zx,supp xi) < ¢}

and note that K; is compact in ¥ N V;. We distinguish two cases, namely ys», € K; and

Ys ¢ Kl
If ys ¢ K;, it holds for all zx, € supp x;

&
lzs —ys —rev(ys)| > |lzs —ys| —€lr| > 2

if ¢ is chosen sufficiently small. Therefore, since G, has only a singularity at zero, cf.
Theorem 5.9 and Proposition 5.6, Gy(rs — ys — rev(ys)) is uniformly bounded in zy €
supp x; independent from ysy, and s and we find

/ Xi(@i(w)|Ga(pi(u) = ys — rev(ys))|v/det Gi(u)du < Ci .
U’L

Let now yx, € K; and set v := ¢; ' (ys;). Note that v belongs to the compact set o 1K),
Then by Proposition 3.20 there exists a constant C; > 0 such that

i) — ys: — rev(ys)| = |i(u) — @i(v) — rev(p(v)] = Ci (Ju — o + |er?)"* > Cilu — o]

holds for all u € ¢; ! (K;).
We consider first the case d = 2. Here, the differentiable function G has the asymp-
totics

1
G,\(x)w—%ln(—i\/ﬂx]) for x—0

ot ™ (0 (b)) w1

cf. Proposition 5.6. So, if |¢;(u) — ¢i(v) — erv(p;(v))] > 3, then |Gi(pi(u) — @i(v) —
erv(g;(v)))| is uniformly bounded and we find

Xi(0i (1)) |Ga(i(u) — ys — rev(ys))|v/det Gi(u)du

and

/{ueUi:@i(u)—@i(v)—srzj(goz(’u \>é }

< c/ du < cAg-1 (o7 ' (K7)),
{uep; (K)ilpi (W) —pi (0)—ervipi())] 24 }

2

where Ay_q (ip; ' (K;)) is the Lebesgue measure of ¢; '(K;). On the other hand, if |p;(u) —
@i(v) — erv(g;(v))| < 3, it holds

Ga(pi(u) — ys — rev(ys))| < e/ Inpi(u) — ys — rev(ys)|| < ¢/ In(Cilu — v))]

90



by the above considerations. Now, choose R > 0 such that the bounded set {u € ¢;'(K;) :
lpi(u) — pi(v) — erv(pi(v))| < 1} is contained in B(v, R). Then using a transformation to
polar coordinates we get

/ 3o ()| G (i(w) — ys — rev(ys))| Vet Gr (w)du
{wetilgitw—git)—erv(eio)I<i }

<c/ |lnC’|u—v| |du
{uew;  (Kilpi(w)—pi ) —erv(oi )<

< c/ | In(C;|u — v)|du = 2770/ | ln(é’ir)|rdr
B(v,R) 0

< Ci2

independent from ys, and s. Thus, we find

/ Xi(pi(u }GA wi(u) —ys — r&u(yg))h/det Gi(u)du
Xi (i (1)) |Ga(i(w) — ys — rev(ys))|v/det Gi(u)du
Xi (i (1)) |Ga(i(w) — ys — rev(ys))|V/det Gi(u)du

[{ueU Toi(w)—gi(0)—ern(ei )23 |
)
{ueviipi—gi)—ervipini<t }

<Cigs.
In the case d > 3, the asymptotics of G are

_ 1—d/2
1 d iz " [ —ivA|z|
~——T(1-2 — f
Gi(7) S2n )i ( 2) (—Z\/X) 5 or z—0
and

see Proposition 5.6. So, if [p;(u) — ¢;(v) — erv(p;(v))| > 3, then |G)\(g0i(u) — @i(v) —
ST’I/(QOi(’U)))‘ is uniformly bounded and we find

Xi(#i()|Ga(wi(u) — ys: = rev(ys))|v/det Gi(u)du

/{ueUi:|w<u>—%<v>—aw<mv))>1 }

/ du < cAg-1 (95 1 (K7)),
{ueer (Korlpi(w)—pi(o)—ervig ()21 }

where again Ag_ 1( ) is the Lebesgue measure of the compact set ;' (K;). On the
other hand, if |¢;(u ) gp (v) —erv(p;(v))| < 4, it holds

|Ga(@i(u) = ys — rev(ys))| < clpi(u) — ys — rev(ys)|? < e(Colu — o)) ™
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and thus, using a transformation to spherical coordinates, we find

Xi(0i(w))|Ga(i(u) — ys — rev(ys))|v/det Gi(u)du

/{uevi:m(u)mv)ewm(v)>|<;}
(Cilu — v|)1_ddu

< /
{uep; (K lpi(w—pi(v)—ervipi ()1 < 1 }

R
< 6/ =ty < Cia
0

independent from yy, and s, where R > 0 is chosen in such a way that {u c o Y(K;) -
lpi(u) — @i(v) — erv(pi(v))| < 1} € B(v, R). Thus, we find

/U Xi(pi(w)|Galpi(u) — ys — rev(ys))|v/det G;(u)du
Xi(i(u)|Ga(@i(w) — ys — rev(ys))|v/det Gi(u)du

Xi(@i(w))|Ga(pi(uw) — ys — rev(ys))|v/det Gi(u)du

\/{UGUZ- i (u)—pi(v)—erv(pi(v))|> % }
o
{wetiiloi(w)—pi(o)—erv(ei))l<} }

< Cis.

Hence, we have shown in all cases

/ Xi(4pi (u ’G)\ wi(u) —ys — TEV(QE))’\/ det G;(u)du < max{C;;,C;3,C 5} =: C
Uz

and thus, the statement of this proposition follows from the considerations at the beginning
of this proof. O
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