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CHAPTER 1

Introduction and main results

1.1. INTRODUCTION

1.1.1. Random graphs. Starting with their series of seminal papers [40, 41, 42,
43], Erdés and Rényi studied asymptotic stochastic properties of graphs chosen
according to a certain probability distribution. Their approach laid the founda-
tions for the classical theory of random graphs. The main questions considered by
Erd6s, Rényi, and many others are of the following type: consider the so-called
Erdés—Rényi random graph G(n,m), a graph chosen uniformly at random from the
class G(n,m) of all graphs on vertex set [n] := {1,...,n} with m = m(n) edges.
What structural properties does G(n, m) have with high probability (commonly ab-
breviated as whp), that is, with probability tending to one as n tends to infinity?

In general, such structural properties are heavily dependent on the parameters
involved and small changes in even one parameter can result in tremendous dif-
ferences in the results. In particular, changing the number m of edges in G(n,m)
minimally can result in very different behaviour. Such a change is called a phase
transition. Since the initial papers of Erdés and Rényi, many such phase transitions
have been observed, for instance in one of the most extensively studied properties
of random graphs: the component structure.

Erdés and Rényi [41] proved that the order (which is the number of vertices)
of the components of G(n, m) undergoes such a phase transition when m is around
5, i.e. when the average degree is around one. The result of Erdés and Rényi states
that whp:

e if the average degree p := 2™ of G/(n,m) is smaller than one, then all
components have at most logarithmic order;

e if s =1, the largest component has order n?/3;

e if 4 > 1, then there is a unique component of linear order, while the order
of all other components is at most logarithmic.

This phenomenon became known as the emergence of the giant component and was
considered by Erdds and Rényi to be ‘one of the most striking facts concerning
random graphs’.

While the result of Erdés and Rényi seems to indicate a ‘double jump’ in the or-
der of the largest component from logarithmic to order n%/3 to linear, Bollobas [22]
proved that the phase transition is actually ‘smooth’ when we look more closely
at the range of p being around one, that is, when s := m — & is sublinear. Bol-
lobds’ result, which was later improved by Luczak [75], shows that the order of the
largest component changes gradually, depending on whether s has order at most
n?/3 (known as the critical regime) or if s has larger order and s > 0 (the super-
critical regime) or s < 0 (the subcritical regime). Subsequently, Aldous [1] further
improved the result for the critical regime using multiplicative coalescent processes
and inhomogeneous Brownian motion.

In the supercritical regime and in the regime p > 1, central limit theorems and
local limit theorems provide stronger concentration results for the order and the size
(which is, the number of edges) of the largest component. The methods used for
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these results range from counting techniques [94, 101] over Fourier analysis [5] to
probabilistic methods such as Galton-Watson branching processes [25], two-round
exposure [4], or random walks and martingales [24].

For the order of the largest component of G(n, m), the critical behaviour is de-
scribed by the results of Bollobds [22] and Luczak [75] mentioned above. In order
to formally state their results, we need to introduce some notation. A connected
graph is called a tree if it has no cycles, unicyclic if it contains precisely one cycle,
and complex (or multicyclic) otherwise. Given a graph G, we enumerate its compo-
nents as H; = H;(G), i = 1,2,..., in such a way that they are ordered from large
to small, that is, the orders |Hi|,|Hz|,... of the components satisfy |H;| > |H;|
whenever i < j. We say that H; is the i-th-largest component of G.

The results of Bollobds and Luczak can now be described as follows (for all order

notation in the following, see Definition 2.1.6). If m is smaller than & and satisfies

2 — m = w(n*?), then whp all components of G(n,m) have order o(n?/3). Once
2 — m| = O(n?/3), several components of order ©,(n?/3) appear simultaneously.
Finally, if m becomes even larger, i.e. m > 2 and m — 2 = w(n??), then the
largest component H; whp has order w(nQ/ 3), while every other component has
order 0(n2/ 3) whp. If we view this development as a process (increasing m one
at a time), this means that all components of order @p(n2/ 3) that appeared when
Im — 2| = O(n?/?) later merge into a single component which is then the unique
component of order w(n2/ 3). This component is usually referred to as the giant

component.

THEOREM 1.1.1 ([22, 75]). Let m = (1 +An~Y/3)2 where A = o(n!/?), and
let Hy=H;(G),i=1,2,..., be the i-th-largest component of G = G(n,m).
(i) If X\ = —o0, then for every i € N\ {0} whp H; is a tree and has order

(2+wmn)bg(xﬁ)7;?.

(i) If X\ — ¢ for a constant ¢ € R, then the probability that G has complex
components is bounded away both from 0 and 1. For every i € N\ {0}

the order of H; is
0, (n2/3) .

Furthermore, the probability that H; is complez is bounded away from 0.
(iii) If X — oo, then whp the largest component Hy of G is complex and has
order
(2 + 0(1)) An?/3.
Fori > 2, whp H; is a tree of order o(n*/?).

Even more exact structural properties of G(n,m) in the critical regime have
been shown by Luczak, Pittel, and Wierman [79]. For an overview on further
properties, see e.g. [23, 64].

Since the pioneering work of Erdés and Rényi, various random graph models
have been introduced and studied, for example the binomial random graph model
G(n,p), where each edge is present with probability p. In this thesis, we focus on
another very interesting model, that is, on random planar graphs or, more generally,
random graphs that are embeddable on a fixed two-dimensional orientable surface.

1.1.2. Random graphs on surfaces. Frieze [70] was arguably the first to ask
about properties of random planar graphs. Analogously to the Erdés—Rényi random
graph G(n, m), we denote by G4(n, m) a graph chosen uniformly at random among
all graphs from the class G,(n, m) of graphs embeddable on the orientable surface
of genus g with vertex set [n] and m edges. In particular, a random planar graph is
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denoted by Go(n,m). An important part of studying random embeddable graphs is
enumerating them. Determining the numbers of graphs embeddable on surfaces and
maps, which are graphs embedded on surfaces, have been one of the main objectives
of enumerative combinatorics for the last 60 years. Compared to that, the use of
enumerative results for random embeddable graphs is comparably recent.

Starting from the enumeration of planar maps by Tutte [104], various types
of maps on the sphere were counted. Planar cubic maps were counted by Gao and
Wormald [54]. Additionally, Tutte’s methods were generalised to enumerate maps
on surfaces of higher genus, in particular by Bender and Canfield [7, 8] and Bender
and Wormald [13].

An important subclass of maps are triangulations, that is, maps where each
face is a triangle. Brown [29] determined the number of triangulations of a disc,
and Tutte enumerated planar triangulations [103]. Triangulations on other surfaces
have since been considered as well. Gao enumerated 2-connected triangulations on
the projective plane [50] as well as connected [51], 2-connected [52] and 3-connected
[63] triangulations on surfaces of arbitrary genus.

In addition, planar graphs were also studied, although they are arguably harder
to enumerate. A first breakthrough result was achieved by McDiarmid, Steger, and
Welsh proving the existence of a growth constant [82] for the class Gy(n) of planar
graphs with vertex set [n]. That is, they proved that the limit

i (So1)

n— 00 n!

exists and is finite. Giménez and Noy [59] then calculated this growth constant and
proved various local and global limit laws, for example for the number of planar
graphs with a given number of vertices and edges, obtaining the number of graphs
in Go(n,m) when m = |p%| with 4 € (2,6). These results were generalised to
arbitrary non-negative genus g by Chapuy, Fusy, Giménez, Mohar and Noy [30]
and independently by Bender and Gao [9].

An interesting subclass of planar graphs is the class of cubic planar graphs,
which were counted by Bodirsky, Kang, Loffler and McDiarmid [20]. Cubic planar
graphs occur as substructures of sparse planar graphs and were thus one of the
essential ingredients in the study of sparse random planar graphs by Kang and
Buczak [66]. One main result of this thesis is to determine the number of cubic
graphs embeddable on a surface of genus g (see Theorem 1.3.1).

Maps and embeddable graphs also have various applications in other fields.
For example in algebra and geometry (see e.g. [74] for an overview) and statistical
physics [27, 65, 72]. In some of these applications (e.g. [72]) phase transitions
play a crucial role, thus it is of interest to consider random graphs embeddable on
surfaces.

Returning to random embeddable graphs, Kang and Luczak [66] proved that
the random planar graph Gy(n,m) features a similar phase transition to G(n, m),
that is, the giant component emerges at m = 2 + O(n?/?).

THEOREM 1.1.2 ([66]). Let m = (1+An~1/3)2 where A = A(n) = o(n'/?),
and let H; = H;(G), i = 1,2,..., be the i-th-largest component of G = Go(n,m).
For every i € N\ {0} whp

2+ o(1)log(IA°) 55 if A — —ox,

Hy| = O (n%?) if A= c€eR,
(14 o0(1)) An?/3 if A\ > oo andi=1,
@(n2/3) if X\— o0 andi> 2.



The main difference to the Erd6s—Rényi random graph lies in the case A —
oo. In this regime, the largest component of Go(n,m) is roughly half as large as
the largest component of G(n,m). In contrast, the order of the second largest
component (or more generally, of the i-th-largest component for every fixed i > 2)
is much larger in Go(n,m) than in G(n,m).

This behaviour, however, is not the most surprising feature of random planar
graphs. Indeed, Kang and Luczak [66] discovered that there is a second phase
transition at m = n + O(n®/®), which occurs when the giant component covers
almost all vertices. Such a behaviour is not observed for Erdés—Rényi random
graphs, where the number of vertices outside the giant component is linear in n as
long as m is linear.

THEOREM 1.1.3 ([66]). Let m = (24 (n=2/°)2, where ¢ = ((n) = o(n?*?).
Then whp the largest component Hy of Go(n, m) is complex and

(1+o(1)[¢[n*® if ¢ = —o0,
n—|Hy| = { ©(n*") if (> ceR,
@(C_?’/Q n3/5) if ¢ = 0o and ¢ = o(n'/1%).

Given that this second phase transition has only been observed for random
planar graphs, the fundamental question that is raised by Theorem 1.1.3 is whether
this is an intrinsic phenomenon of planar graphs or whether this phenomenon can
be observed elsewhere as well.

For m even larger, i.e. m = |p% ] with 1 € (2,6), Giménez and Noy [59] showed,
among several other results, that whp Go(n,m) has a component that covers all
but a constant number of vertices. Observe that Theorem 1.1.3 leaves a gap of
order ©(n'/?) to the ‘dense’ regime considered by Giménez and Noy. Subsequently,
Chapuy, Fusy, Giménez, Mohar, and Noy [30] and independently Bender and Gao
[9] proved analogous results in the dense regime for G4(n,m).

In this thesis, we derive results analogous to Theorems 1.1.2 and 1.1.3 for gen-
eral (constant) genus g. We shall prove that G4(n, m) features two phase transitions
similar to the planar case, improving the results of Kang and Luczak [66] at vari-
ous places. In particular, we reduce the gap of @(nl/ 3) between Theorem 1.1.3 and
results of Giménez and Noy [59], Chapuy, Fusy, Giménez, Mohar, and Noy [30],
and Bender and Gao [9].

1.1.3. Cubic graphs. In the study of component structures of random graphs,
cubic graphs emerge at various points as important substructures. Enumerating
various classes of graphs and multigraphs has been a main topic of enumerative
combinatorics for a long time [21, 59, 61, 84, 85, 96, 97]. In particular, the
problem of enumerating all cubic graphs was successfully solved in 1978 by Bender
and Canfield [6] and it was shown that for the class S(2n) of cubic graphs with 2n
vertices and 3n edges we have

672 o n). "
|S(2n)| = ( Q;HE;Z()G *_ (62\1/% +0(1)> (i) (2n)In"1/2, (1.1)

Furthermore, they showed that the probability of a cubic multigraph being simple is
positive. As we will see in Section 2.2.2, the number of weighted cubic multigraphs
is also an important tool for enumerating general graphs and determining their
structure.

Introducing the additional condition that the graph is also planar makes the
enumeration more complicated. Results for planar cubic graphs were first presented
by Bodirsky, Kang, Loffler, and McDiarmid [20], proving that

|So(2n)| = (co + 0(1))n_7/2fyg(2n)!. (1.2)
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Later, Noy, Requilé, and Rué [88] extended these results to the class Vy(2n) of cubic
planar multigraphs, showing a similar formula with a different constant vy > ~s.
In particular, this proves that cubic planar multigraphs are with high probability
not simple, in contrast to the general case.

1.2. TWO PHASE TRANSITIONS

The first group of main results of this thesis concerns the order and structure
of the components of G4(n,m) for (3 —o(1))n < m < (1 + o(1))n. We prove
the existence of two phase transitions, the first being the emergence of the giant
component and the second being that the number of vertices outside the giant
component changes from linear to sublinear. We thus extend the corresponding
results for random planar graphs [66]. Additionally, we improve the error bounds
of the planar case and show more precise bounds regarding the order and size of
the components in a slightly larger regime. Furthermore, we prove that for g > 1
the giant component is the unique non-planar component and is not embeddable
on a surface of smaller genus. This section is split into three different parts, each
dealing with a different regime of m = m(n).

Section 1.2.1 deals with the case m = (3 + o(1))n, i.e. the analogue of The-
orem 1.1.1 for random embeddable graphs G4(n,m). The special case g = 0 was
already shown by Kang and Luczak (see Theorem 1.1.2). We show that for em-
beddable graphs there are various differences in the behaviour to G(n,m), most
notably that the giant component is only half as large and that, in order to com-
pensate for this difference, the second largest component (and even the k-th-largest
component for any fixed k > 2) is of larger order than in G(n, m). Additionally, we
show that for positive genus g, the giant component is not only complex, but is also
the unique non-planar component, which clearly distinguishes the case of positive
genus from the planar case.

Section 1.2.2 focuses on the regime m = (1 + o(1))n. In this regime, Kang and
Luczak [66] observed a second phase transition for Go(n,m). They showed that
in contrast to G(n,m), Go(n, m) admits yet another phase transition after which
the number of vertices outside the giant component is sublinear. While it is known
that in G(n,m), as long as m is linear in n, the number of vertices outside the giant
component will remain linear, this is not the case for planar graphs. For m = |5 ]
with u € (2,6), it was shown by Giménez and Noy [59] that only a constant number
of vertices remain outside the giant component. This bound (x = 2) was shown
by Kang and Luczak to be the point of the phase transition for the number of
vertices outside the giant component. The second main result of this thesis is that
the second phase transition occurs for arbitrary constant genus g. Furthermore, we
improve the error terms given in [66].

Section 1.2.3 closes the gap left by the previous two regimes and focuses on
Gy(n,m) when m = [p 5 | with p € (1,2). We show that the behaviour of Gy (n,m)
with respect to the order and the structure of the components coincides at both
ends of the interval with the respective behaviour in the first two main results.
Thus we prove a ’smooth’ transition between the different phases.

1.2.1. The first phase transition. For this section, suppose that m is given as
m = (1+An~Y3)2 with A = o(n!/?). For m in this regime various phase transitions
in G(n,m) have been observed, the most well-known is the emergence of the giant
component (see Theorem 1.1.1). That is the order of the largest component changes
from o(n?/3) for A\ = —oo to (2 + o(1)) An?/3 for A — co. Additionally, all other
components are of smaller order. Moreover, the giant component H; is whp the
unique complex component. In comparison, for planar graphs (see Theorem 1.1.2)
H, is with positive probability not the unique complex component, but still whp
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by a factor of A larger than the second-largest component. The first result of this
thesis states that for constant genus these differences to G(n, m) still occur.

THEOREM 1.2.1. Let m = (1+An~Y/3)2 where A = A(n) = o(n'/3), and
denote by H; = H;(G), i =1,2,..., the i-th-largest component of G = G4(n, m).
(i) If A — —o0, then for every i > 1 whp H; is a tree of order

(2+0(1))10g()\|3>n>\223.

(i) If X — ¢ for a constant ¢ € R, then the probability that G has com-
plex components is bounded away both from 0 and 1. The i-th-largest
component has order

0, (n2/3>.

(iii) If X — oo, then whp Hy is complex and has order
A% 4+ 0,(n%?).

The rest G\ Hy of the graph has O,(1) complex components, each of
which has order O,(n??).

For i > 2, we have |H;| = ©,(n?/3). The probability that G has at
least i complex components is bounded away both from 0 and 1.

This theorem states that the order of the giant component in G4(n, m) develops
in the same way as for Go(n, m). This also means that the differences to G(n,m)
regarding the order of the components still occurs for any fixed positive genus.
Comparing to Theorem 1.1.1(iii), the order of H; is still only half as large, whereas
the order of further components is larger. On the other hand, we also show distinctly
more that in the planar case. Not only are we giving estimates on the order of the
giant component, but we also determine the genus of the components.

THEOREM 1.2.2. Let m = (1+An~1/3)2, where A = A(n) = o(n'/?) and
A — oo. Then, for g > 1, whp Hy is not embeddable on S,_1, while all other

components of G are planar.

In some sense this theorem can be seen as a bridge between Gy(n,m) and
G(n,m), as while the giant component is still not the unique complex component,
it is at least the unique non-planar component and there is a way of identifying
the giant component without comparing its order to that of other components.
Such a method exists for G(n,m) (the giant component is the unique complex
component), but does not exist for planar graphs (with positive probability there
are multiple complex components and it is not clear, a priori, which of them is the
giant component without comparing orders).

We prove Theorems 1.2.1 and 1.2.2 in Chapter 3.

1.2.2. The second phase transition. When Kang and Luczak first published
their result on random planar graphs [66], they described a new phase transition
not observed in the Erdés-Rényi random graph model G(n,m). While in G(n,m)
the number of vertices outside the giant component remains linear in n as long as
m = |p% ], p € R, this is not the case for planar graphs. In particular, it was shown
by Giménez and Noy [59] that the number of vertices outside the giant component
is O(1) for m = W%J with p > 2. The bound p > 2 was due to their methods, as
for smaller p, their error terms grew too fast. Kang and Luczak showed that this
is not just a problem in the method, but Go(n,m) indeed behaves differently at
m = (14-0(1))n. More precisely, the number of vertices outside the giant component
undergoes a phase transition from there being ©(n) vertices outside when p < 2 to
sublinearly many vertices when p = 2 (see Theorem 1.1.3).
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With the methods used, there still remained the gap for m between m =
n+o0(n??) and m = n+ o(n) where no result was known. In addition to extending
the result to arbitrary positive genus, we improve on this gap. We extend the
results of Theorem 1.1.3 for the random graph G,(n,m) of arbitrary genus to all
m=n+ 0((10g n)*2/3n). Additionally, we derive estimates for the i-th-largest
component for any fixed i > 2.

THEOREM 1.2.3. Let m = (2+(n=2/5)2, where ¢ = {(n) = o(n?/®). Then
whp the largest component Hy = H1(G) of G = G4(n,m) is complex and

(1 +o(1)[¢[n*> if ¢ = —oo,
n—|Hy| = {O(n"") if (—+ceR,
@(C_3/2 n3/5> if ¢ = o0, but ¢ = o((logn)~2/3n2/%).
For i > 2, we have
0, (IC*n%) if ¢ o0,

[Hil = | 0, (n*"*) if ¢ ceR,
O,(C n5%) if ¢ — o0, but ¢ = o((logn)~2/*n?/%).

Observe that these results are stronger than the results by Kang and Luczak
for the planar case (see Theorem 1.1.3). Not only hold our results for a wider range
of ¢ (up to ¢ = o((logn)~2/3n?/?) instead of ( = o(n'/1?)), but we also improve
on the order of the i-th-largest component for all 7 > 2.

As in the planar case, corresponding results for m = |u 5| with g > 2 were
already shown by Bender and Gao [9] and by Chapuy, Fusy, Giménez, Mohar, and
Noy [30]. In this case it is known that, as in the planar case, the number of vertices
outside the giant component is O(1). Also, as in the first phase transition, we can
determine the genus of the components.

THEOREM 1.2.4. Let m = (2+(n~%°)2, where {( = {(n) = o(n®/°) and if
A — oo then ¢ = o((logn)~2/3n?/5). Then, for g > 1, whp H; is not embeddable
on Sy—1, while all other components of G are planar.

That is, as in the first phase transition, the genus of G4(n,m) is concentrated
on the giant component and it is the unique non-planar component.
We prove Theorems 1.2.3 and 1.2.4 in Chapter 3.

1.2.3. Between the phase transitions. Considering the previous two sections,
there are three regimes left when m = |p 5], ie. p<1,1 <p <2, and p > 2.

For p < 1, it was already shown by Erdés and Rényi [40] that for such m,
G(n,m) is planar with high probability and thus all results for G(n,m) also hold
in this regime.

For p > 2, Chapuy, Fusy, Giménez, Mohar, and Noy [30] proved local and
global limit laws showing that all but a constant number of vertices are in the giant
component, that the giant component is not embeddable on S,_;, and that the
probability that Gy (n,m) is connected is bounded away from zero and one.

The case 1 < p < 2 was shown for the planar case by Kang and Luczak. We
extend this to arbitrary genus g.

THEOREM 1.2.5. Let m = |[u % |, where p = p(n) converges to a constant in
(1,2), and let H; = H;(G), i = 1,2,..., be the i-th-largest component of G =
Ggy(n,m). Then whp Hy is complex and has order

\Hi| = (u—1)n+ 0, <n2/3>.

For i > 2, we have |H;| = ©,(n%/3).



Theorem 1.2.5 covers the ground between the supercritical regime of Theo-
rem 1.2.1 and the subcritical regime of Theorem 1.2.3 in a ‘smooth’ manner in the
sense that

e if we set 4 = 1+ An~'/3 in Theorem 1.2.5, the order of H; coincides
with the supercritical case of Theorem 1.2.1;

e for y =2+ ¢n"%/% in Theorem 1.2.5, we get the same value for n — | H||
as in the subcritical case of Theorem 1.2.3.

As in Theorems 1.2.2 and 1.2.4, we also show that the giant component uses
the complete genus.

THEOREM 1.2.6. Let m = [ %5 ]. Then, for g > 1, whp Hy is not embeddable
on Sy—1, while all other components of G are planar.

Thus, we have determined the order of the largest component for all m (except
for the small gap in the second supercritical phase). In Figure 1.1, we compare this
order with the order of the largest component of G(n,m).

|Hy|/n |Hy|/n
1+ 1
0.5 0.5
0 | T T O 1 T T
0 1 2 3 H 0 1 2 3 H
G(n,m) Ggy(n,m)

FIGURE 1.1. Rescaled order of the largest component of G(n, m)
and of Gy4(n,m).

Whereas the graph for G4(n,m) is a piecewise linear function, this is not the
case for G(n,m). For m = [p 5] with p > 1, the giant component of G(n,m) whp
has order (1 4 o(1))Sn, where § is the unique positive solution of the equation

1—B=e 1P,

This formula for G(n, m) corresponds to the survival probability in a related Galton-
Watson process (see e.g. [64]). In particular, as long as p > 1 is a constant, the
largest component of G(n, m) will leave a linear number of vertices uncovered, see
Figure 3.1.

We prove Theorem 1.2.5 in Chapter 3.

1.3. ENUMERATION OF CUBIC GRAPHS

The second set of main results of this thesis concerns cubic graphs. We derive
the number of cubic graphs embeddable on orientable surfaces of arbitrary genus.
When the genus is constant, we prove asymptotic values for the number of cubic
graphs and multigraphs. For the non-constant genus case, we prove coarser bounds
and show at which growth rates of the genus major changes in the enumeration
formula occur, in particular, for which growth rate of the genus the class of cubic
graphs no longer has a growth constant.

More precisely, in the constant genus case (Section 1.3.1), we provide enumer-
ative and structural results on cubic graphs and multigraphs embeddable on the
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surface Sy for general g. The number of all cubic graphs and multigraphs has been
shown by Bender and Canfield [6]. Bodirsky, Kang, Loffler, and McDiarmid [20]
showed the number of planar cubic graphs, and Kang and Luczak [66] obtained the
number of weighted cubic multigraphs. We extend these results to arbitrary genus.
This result is a main ingredient in the proof of the phase transitions in Section 1.2.

When g = g(n) is allowed to be a function in the number of vertices of the graph
(Section 1.3.2), we provide upper and lower bounds for the number of cubic graphs
embeddable on the corresponding surface. These bounds will show a transition for
the number of cubic graphs on S, from behaving like in the constant genus case
from the previous main result (for g = o((logn) >n)) to behaving like the general
cubic graph case provided by Bender and Canfield [6] (for linear genus).

1.3.1. Constant genus. When comparing the number of planar cubic graphs (1.2)
and general cubic graphs (1.1), we observe a wide discrepancy between these values.
In the first main result of this section, we prove that the number of cubic graphs
embeddable on a fixed orientable surface is much closer to the planar case than the
general case.

THEOREM 1.3.1. Let g be fixed. Then the number of cubic graphs embeddable
on the orientable surface of genus g is given by

[S5(2n)] = (¢q + 0(1))n =D 25 (2n), (1.3)

where cg is a constant only depending on g and s is an algebraic constant with
first digits 3.133.

Interestingly, the constant g does not depend on the genus and is the same
constant as for the planar case. We derive the number of cubic multigraphs in a
similar fashion.

THEOREM 1.3.2. Let g be fized. Then the number of cubic multigraphs embed-
dable on the orientable surface of genus g is given by

Vy(2n)] = (dg + 0(1))n®4~ D253 (201, (1.4)

where dg is a constant only depending on g and v is an algebraic constant with
first digits 3.986.

Again, the constant -y does not depend on the genus.

As a key intermediate step for the proofs of Theorems 1.2.1, 1.2.3 and 1.2.5,
we need weighted cubic multigraphs. That is, we want to enumerate the class
of cubic multigraphs, weighted by their compensation factor. The compensation
factor of a graph was first introduced by Janson, Knuth, Luczak and Pittel [62].
This factor is defined as the number of ways to orient and order all edges of the
multigraph divided by 2"r!, which is equal to the number of such oriented orderings
if all edges were distinguishable. For example, a double edge results in a factor %
and simple graphs are the only multigraphs with compensation factor one. For an
exact definition, see Definition 2.1.1.

THEOREM 1.3.3. Let g be fized. Then the number of cubic multigraphs embed-
dable on the orientable surface of genus g weighted by their compensation factor is
given by

[W,(2n)] = (eg + o(1))n® =D 25 (2n)!, (1.5)

where eq4 is a constant only depending on g and yw = ;91‘%;;1 ~ 3.606.

The constants cg4, dg4, and e4 from Theorems 1.3.1 to 1.3.3 can be obtained with
arbitrary precision starting from the recursion (with respect to the genus) given by
Bender, Gao, and Richmond [11] for the corresponding constant for simple maps.
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Furthermore, the results on enumeration imply some interesting structural re-
sults as well.

THEOREM 1.3.4. Let G be a graph chosen uniformly at random from all cubic
(multi)graphs with 2n vertices embeddable on S,.

(i) The probability that G is connected is bounded away from both zero and
one.

(ii) The largest component Hi of G has order 2n — Op(1).

i11) For g > 1, whp Hy is not embeddable on S,_1, while 1 18 planar.

jii) Fl 1, whp Hy i beddabl Sq hile G\ Hy is pl

This result is in contrast to the fact that a graph chosen uniformly at random
from S(2n) is connected with high probability, as proved by Wormald [107]. An-
other difference between S(2n) and embeddable graphs S,4(2n) is that the latter
has a growth constant whereas S(2n) does not. All theorems in this section are
proved in Chapter 4.

1.3.2. Growing genus. Comparing the formula (1.1) for general cubic graphs with
the formula (1.3) for cubic graphs embeddable on S,, we observe that the number
of general cubic graphs is larger by a factor of order n™ and this does not change
for any fixed genus g. We prove bounds on the number of cubic graphs on vertex
set [2n] embeddable on a surface of genus g = g(n) for any growing function. These
bounds give a characterisation of how fast the genus has to grow in order to deduce
formulas similar either to the constant genus case or the unrestricted case.

THEOREM 1.3.5. Let g = g(n) and let S4(2n) be the class of cubic graphs
embeddable on the surface Sy(ny. Then the following statements hold.
(i) If g = o((logn)~2n), S;(2n) has the same growth constant vs as Sp(2n),

i.e€. N

n-roo (2n)!
(i) for g < %71, there exist constants 0 < a; < ag such that
atn?9(2n)! < |S,(2n)| < afg™*n% (2n)!.
(iii) If g > 5% all graphs are embeddable and |Sy(2n)| = |S(2n)].

Moreover, S4(2n) does not have a growth constant if g = w((log n)*ln),

We see from these results that as long as g = o((logn)~2n), the number of
cubic graphs is closely related to the planar case. On the other hand, for g close to
5, the results of Theorem 1.3.5(ii) coincide up to a factor o™ with the general case.

The proof of this theorem is provided in Chapter 5.

1.4. OVERVIEW

The main results of the thesis were stated in Sections 1.2 and 1.3. In Chapter 2
we provide some general definitions and introduce the methods utilised to prove
the various results. Chapter 3 is based on [67, 68|, proving the results stated in
Section 1.2. Chapter 4 is based on [44, 45], proving the results on the constant
genus case stated in Section 1.3. The proofs for non-constant genus are in Chapter 5,
which will lead to results on component structures of random graphs on surfaces
of non-constant genus [34]. The initial ideas for this proof stem from the author’s
research stay at the University of Oxford.

10



CHAPTER 2

Preliminaries and methods

2.1. DEFINITIONS AND NOTATIONS

A graph G is simple if it does not contain loops or multi-edges and is a multi-
graph otherwise. If in a multigraph there are more than two edges connecting the
same pair of vertices, we call each pair of those edges a double edge. Therefore,
every multi-edge consisting of r edges between the same two vertices contains (g)
double edges. If e is a loop incident to a vertex v, we say that v is the base of e.
Similarly, we say that e is based at v. An edge that is neither a loop nor part of
a double edge is a single edge. An edge e of a connected multigraph G is called a
bridge if deleting e disconnects G.

A multigraph is called cubic if each vertex has degree three. By convention, we
count a loop twice in the degree of its base. By ® we denote the cubic multigraph
with two vertices u,v and three edges between v and v (i.e. a triple edge). At
various points, we will work with multigraphs weighted by the compensation factor
introduced by Janson, Knuth, Luczak, and Pittel [62], which is defined as follows.

Definition 2.1.1 (Compensation factor). Given a multigraph M and an integer
i > 1, denote by e;(M) the number of (unordered) pairs {u, v} of vertices for which
there are exactly i edges between u and v. Analogously, let ¢;(M) denote the
number of vertices x for which there are precisely i loops based at x. Finally, let
(M) =3, il;(M) be the number of loops of M. The compensation factor of M is
defined to be

oo
w(M) =27 O T ()~ (M =6OD, (2.1)
i=1
The compensation factor of a general graph is the product of the compensation
factors of its connected components.

Given a connected cubic multigraph G, the compensation factor reduces to

w(G):{ if G = @,

6
2~ (e2(G)+HUE)  otherwise.
This is used to avoid double counting in the construction in Section 2.2.2.

Definition 2.1.2 (Complex part, core, kernel, excess, deficiency). Let H be a
connected graph. We say that H is unicyclic if it contains precisely one cycle and
we call H complex (also known as multicyclic) if it contains at least two cycles; the
latter is the case if and only if H has more edges than vertices. If H is complex,
we call
ex(H) := [E(H)| - |V (H)|

the excess of H. For a non-connected graph G, we define ex(G) to be the sum of
the excesses of its complex components (and set ex(G) = 0 as a convention if G has
no complex components). G is called complez if all its components are complex.

Let G be any graph. The union Q¢ of all complex components of G is called
the complex part of G. The core Cg of G is defined as the maximal subgraph of Q¢
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of minimum degree at least two and the kernel K¢ of G is a multigraph constructed

from the core C¢ by replacing all vertices of degree two in the following way. Every

maximal path P in Cg consisting of vertices of degree two is replaced by an edge

between the vertices of degree at least three that are adjacent to the end vertices

of P. Given a graph G with n vertices, we denote the number of vertices of the

complex part Q, the core Cg, and the kernel K¢ by ng, nc, and ng, respectively.
The deficiency of G is defined as

d(G) :=2|E(K¢g)| — 3nk = 2ex(G) — nk.

Definition 2.1.3 (Embeddings, genus of a graph, planarising and separating sets).
Let N be the set of non-negative integers. For g € N, we denote by S, the orientable
surface of genus g. An embedding of a multigraph G on S, is a drawing of G' on
Sy without crossing edges. We consider G as a subset of Sy, and therefore Sy \ G
consists of connected components called faces. An embedding where additionally
all faces are homeomorphic to open discs, or equivalently, where all faces are simply
connected, is called a 2-cell embedding. Multigraphs that have an embedding are
called embeddable on S, and multigraphs that have a 2-cell embedding are called
strongly embeddable.

By the genus of a given graph G we denote the smallest g € N for which G is
embeddable on S,;. Graphs with genus zero are also called planar. For a graph G,
we call a set E/ C E(G) such that G’ = (V(G), E(G) \ E’) is planar a planarising
edge set.

A 2-cell embedding of a strongly embeddable multigraph is also called a map.
A triangulation is a map where each face is bounded by a triangle. These triangles
might be degenerate, i.e., three loops with the same base, or a double edge and a
loop based at one of the end vertices of the double edge, or a loop and an edge from
the base of the loop to a vertex of degree one.

If S is the disjoint union of Sy, ,...,S,, for non-negative integers g1, ..., g, and
M; is a 2-cell embedding of a graph G; on Sy, for each ¢ = 1,...,r, then the induced
function N : (G U---UGy,) — S is called a map on S. Triangulations on S are
defined analogously. We denote by V(M), E(M), and F(M) the set of all vertices,
edges, and faces of an embedding M, respectively.

We call a set E' C E(M) separating, if the map M’ = (V(M), E’) has at least
two faces, i.e. if M’ separates the surface.

Definition 2.1.4 (Dual maps, rooting a map, facewidth). Let M be a map on
a surface S. We construct the dual map of M by first putting a vertex in each
face of M, then for each edge e in M we draw an edge between the two (possibly
coincident) vertices inside the faces on both sides of e while crossing e exactly once
(and do not cross any other edges of M). The newly drawn edges should only
intersect at their end points. Note that the dual map has multi-edges if two faces
of the original (primal) map have more than one edge in common. It is well known
that the dual of a map is also a map, see e.g. [86].

For each vertex v € V(M) of a map M, the edges and faces incident to v
have a canonical cyclic order eg, fo,e1, f1,...,€4-1, fa—1 according to the way they
are arranged around v (in counterclockwise direction). Note that faces can appear
multiple times here and that a loop based at v will appear twice in this sequence. To
avoid ambiguities, we distinguish the two ends of the loop in this sequence (e.g. by
using half-edges or by orienting each loop). A triple (v, €;, €(i+1) mod 4) Of a vertex
v and two consecutive edges e;, €;+1 mod ¢ i the cyclic sequence is called a corner
(at v). We also say that (v,e;,€(+1) mod a) 18 a corner of the face f;. When we
enumerate maps, we always work with maps with one distinguished corner, called
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the root of the map. If (v, e;,e;41) is the root corner, we will call v the root vertez,
e; the root edge, and f; the root face.

An essential circle on S, is a circle that is not contractible to a point on S,.
Let M be an embedding of a multigraph on Sy. An essential cycle of M is a cycle
of M which is an essential circle on the surface. The facewidth fw(M) of M is the
minimal number of intersections of M with an essential circle on S,;. The edgewidth
ew(M) of M is defined as the minimal number of edges of an essential cycle of
M. If g = 0, there are neither essential circles nor essential cycles and we use the
convention fw(M) = ew(M) = oo. The facewidth fw,(G) of a multigraph G which
is embeddable on Sy is defined as the mazimal facewidth of all its embeddings on
Sq. If the genus is clear from the context we omit it and write fw(G). When we
count multigraphs with restrictions on their facewidth we indicate the restriction
by a superscript to the corresponding generating function, e.g. G22(x) for the
generating function of all multigraphs with facewidth at least two.

Definition 2.1.5 (Notations for special classes). Throughout the thesis various
classes of graphs and maps will appear at various points. These classes are defined
here. For the proofs of Theorems 1.2.1, 1.2.3 and 1.2.5 in Chapter 3 we use:

e G, the class of all graphs embeddable on Sg;

e 9, the class of all complex graphs in Gg;

o C, the class of all cores of graphs in Gg;

e /C4 the class of all kernels of graphs in Gg;

e U the class of all graphs without complex components.

In other words, Q, is the class of all complex graphs embeddable on Sy; C, consists
of all complex graphs embeddable on S, with minimum degree at least two; and
K4 comprises all (weighted) multigraphs embeddable on S, with minimum degree
at least three. The empty graph lies in all the classes above by convention.

In the sections concerning cubic graphs and multigraphs, we use the following
notations:

e S,(n) the class of vertex-labelled cubic graphs on n vertices and m edges
embeddable on Sg;

e V,(n) the class of vertex-labelled cubic multigraphs on n vertices and m
edges embeddable on Sg;

e W,(n) the class of vertex-labelled weighted cubic multigraphs on n ver-
tices and m edges embeddable on S,.

For a class A of (multi)graphs, we denote by A the subclass of A of connected
(multi)graphs.

In order to express orders of components in a random graph when n tends
to infinity, we use the following notation. Recall that an event holds with high
probability, or whp for short, if it holds with probability tending to one as n tends
to infinity.

Definition 2.1.6 (Landau notation). Let X = (X,,)nen be a sequence of random
variables and let f: N — R>g be a function. For ¢ € R* and n € N, consider the
inequalities
[ Xn| < cf(n), (2.2
[ Xn| = cf(n).

w
= =

We say that

(i) X,, = O(f) whp, if there exists ¢ € RT such that (2.2) holds whp;
(i) X, = o(f) whp, if for every ¢ € RT, (2.2) holds whp;
(iii) X, = Q(f) whp, if there exists ¢ € R such that (2.3) holds whp;
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(iv) X, = w(f) whp, if for every ¢ € RT, (2.3) holds whp;

(v) X, =06(f) whp, if both X,, = O(f) and X,, = Q(f) whp;

(vi) X, = Op(f), if for every § > 0, there exist ¢5 € RT and N5 € N such
that (2.2) holds for ¢ = ¢s and n > Ny with probability at least 1 — d;

(vii) X, = O,(f), if for every § > 0, there exist ¢f,c; € RT and N; € N
such that for n > N5 with probability at least 1 — 4, both (2.2) holds for
c=cf and (2.3) holds for ¢ = cj .

The special case of X = O,(1) is also known as X being bounded in probability.

Definition 2.1.7 (Generating functions, dominant singularities, A-analyticity). If
A is a class of maps, we write .A4(m) for the subclass of A containing all maps with
exactly m edges. The generating function ), |A(m)|y™ will be denoted by A(y).
If B is a class of (multi)graphs, we write B(n) for the subclass of B containing all

(multi)graphs with exactly n vertices. The generating function Z )‘ ™ will be
denoted by B(x). For an ordinary generating function F'(z) =) fn , we use the

h

notation [2"]F(z) := f,. For an exponential generating function H(z) = ) 252"

we write [2"]H (z) := }:T’}

If two generating functions F'(z), H(z) satisfy 0 < [z"]F(z) < [2"]H (%) for all
n, we say that F is coefficient-wise smaller than H, denoted by FF < H. The
singularities of F'(z) with the smallest modulus are called dominant singularities
of F(z). As every generating function we consider in this paper always has non-
negative coefficients [2"]F'(z), there is a dominant singularity located on the positive
real axis by Pringsheim’s Theorem [102, pp. 214 ff.]. We denote this dominant
singularity by pp. If an arbitrary function F : C — C has a unique singularity
with smallest modulus and this singularity lies on the positive real axis, then we
also denote it by pr. The function F converges on the open disc of radius pg
and thus corresponds to a holomorphic function on this disc. In many cases, this
function can be holomorphically extended to a larger domain. Given p, R € R with
0<p<Rand#@e(0,r/2),

A(p,R,0):={z€C||z| <R A |arg(z — p)| > 6}

is called a A-domain. Here, arg(z) denotes the argument of a complex number,
i.e. arg(0) := 0 and arg(re'’) := t for r > 0 and t € (—m,n]. We say that F is
A-analytic if it is holomorphically extendable to some A-domain A(pp, R, 0).

Definition 2.1.8 (Dominant terms and functions). A function F' is subdominant
to a function H if either pr > py or pr = pg and lim,_, 5, 11;((2)) = 0. In the latter
case, if both F and H are A-analytic, then in the above limit, z is taken from
some fixed A-domain to which both F' and H are holomorphically extendable. If
F is subdominant to H, we also write F(z) = o(H(z)). Analogously we write

F(z) = O(H(2)) if either pr > pg or pr = pg and limsup, , ,, \‘IP;EE%'I < 00

Given a function F(z) with a dominant singularity ppr, we say that a function
H(z) =c(1- p}lz)_a with a € R\ Z<o,c € R\ {0} or H(z) = clog(1 — pz'2) is
the dominant term of F if there is a decomposition

F(z) = P(z) + H(z) + o(H(2)),

where P(z) is a polynomial. The dominant term, if it exists, is uniquely defined
and A-analytic. If H(z) = ¢(1 — pp'2)~%, the exponent —a is called the dominant
exponent of F. If H(z) = clog(1 — pr'z), then we say that I has the dominant
exponent 0.

If we are counting rooted maps or multigraphs, the roots will be counted in the
generating function unless stated otherwise. We will often mark vertices or edges of
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multigraphs or maps, which corresponds to applying the differential operator z%
to the generating functions (with z = x if vertices are marked and z = y if edges
are marked). To simplify notation we write §, for zd% and 67 for applying the
operator zd% repeatedly n times, which corresponds to marking n vertices or edges,
while allowing multiple marks. We use the notation F’(z) = 9£ for the standard
differential operator. Vice versa, we say that F' is a primitive of F”.

2.2. METHODS

To prove the main results stated in Sections 1.2 and 1.3 we utilise a variety of
methods. In particular, we use combinatoric methods like double counting argu-
ments and constructive decompositions, analytic methods (e.g. singularity analysis),
maximising techniques, and probabilistic arguments (e.g. first moment method and
Chernoff bounds).

More precisely, the main idea of the proofs of Theorems 1.2.1 and 1.2.3 is to
enumerate all graphs embeddable on the surface S, and determine the order of
various parameters along the way. In order to enumerate Gq4(n, m) we will give a
constructive decomposition to cubic graphs. Starting from Theorem 1.3.1, we use
maximising techniques (Section 2.2.4) and concentration results from probability
theory (Section 2.2.5) to derive bounds for various parameters occurring in the
decomposition. With the help of these parameters, the theorems are proved by
double counting arguments (Section 2.2.1).

To show Theorem 1.3.1, we also use a constructive decomposition in order
to relate cubic graphs to a special class of triangulations. These triangulations are
enumerated via singularity analysis and the quadratic method. Singularity analysis
is also used to prove parts of Theorem 1.3.1.

2.2.1. Double counting. Let A and 5 be combinatorial classes. Double counting
is a method to prove bounds on |A| in terms of |B|. In general, this is done in two
steps. First, we provide a (family of) construction(s) from an element A € A to at
least a elements B € B. Second, we provide a construction in the reverse direction,
showing that every element B € B is obtained at most from b elements in A. Then
one can conclude that

b
Al < —[B.
a

By exchanging the roles of A4 and B in the constructions, we also derive lower
bounds for |AJ.

This basic idea is a very powerful tool and can be applied in various different
ways. Throughout the thesis, we use it mainly in two different ways. The first is
to show that |A| is of smaller order than |B|, by giving such constructions with
2 = o(1). The other is to show upper and lower bounds for |A| which are close
together. This yields good bounds on the exact value of |A|.

One can also argue that the constructive decompositions in Section 2.2.2 are
a special case of double counting. In that case we have exact values for a and b

instead of upper and lower bounds resulting in
b
Al = 18] (2.4)

For examples of this, see Section 2.2.2.

Proving properties from enumeration results. When proving the phase transi-
tions for embeddable graphs, we use double counting arguments to prove various
structural results throughout the second phase transition. As input, we use the
enumerative and concentration results for the number of vertices and edges in the
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complex part, the core, and the kernel deduced by the maximising techniques dis-
cussed in Section 2.2.4. With these values, we prove tight bounds on the number of
bad graphs, which are graphs not having the property we want, showing that whp
a random graph is not bad. The specifics differ slightly for each property (seen in
more detail in the proofs in Chapter 3). In the following, let B be the class of bad
graphs (the details differ from case to case). The main construction from a graph
B € B to G, is as follows.

(i) Delete an edge in the non-complex part U of B;
(ii) add an edge between the largest component and one other component
(chosen by some specific rules).
For the reverse direction we
(iii) delete a bridge;
(iv) add an edge between any two vertices outside the complex part.

The exact rules on the choice in step (ii) and thus also the estimates in step
(iii) change for the different uses, but the main construction is used multiple times
for various claims in the second phase transition. Thus, for the remainder of this
argument let m = (2 +n~2/5()2.

The first and most important application of this double counting scheme is to
show the existence and size of the giant component. That is, we prove that the
number of vertices outside the largest component is of the same order as the number
ny of vertices outside the complex part in the graph. In other words, the number
of vertices that are in complex components but not in the giant component, is of at
most the same order as the number of vertices outside the complex part. Together
with the number of vertices outside the complex part, derived in Theorem 3.5.2,
this will show the existence of the giant component.

We determine the order of vertices outside the largest component by the above
double counting argument. Let o = a(n) such that a = w(ny), but a = o(n), and
let B be the class of graphs where the largest component is too small, i.e. where
|[Hi| < n —a. We use the above scheme. In step (ii) we connect the largest
component to any other component. There are a > mya(n — «) possibilities for
the construction from B to G,. For the reverse direction we delete any bridge from
H;. As all bridges are part of a spanning tree of Hy, there are at most b = nn%
choices for the reverse direction. Therefore, with double counting we deduce that
nEn

1B| < |Gg(n, m)].

mya(n — a)
Because o = w(ny ), we have
|B] = o(|Gy(n, m)|)

and thus the order of the giant component follows.

The second application of the scheme is to show that throughout the second
phase transition in G = G4(n,m) all components except the giant component are
planar whp.

To show this, let B be the class of graphs G € G,(n,m) where G \ H1(G) is
not planar. When inserting the edge between the giant component and another
component in step (ii) in the construction above, we choose the edge in such a way
that it connects a vertex in the giant component with a vertex in a non-planar two-
connected component. Because of this, there are only at most g possible bridges to
choose to delete in step (iii) instead of n as before. With this improved factor we
deduce strong enough bounds to show that

2
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proving that indeed all components except the giant component are planar.

With this knowledge we use the third application of the scheme to show that
the giant component indeed has genus g. To achieve this, we choose the class B
of bad graphs to be graphs where the giant component does not have genus g,
i.e. where the giant component is embeddable on S,_;, and where the rest of the
graph is planar. In this case, we insert the edge in step (ii) between any two vertices
of the giant component. Since by adding one edge, the genus increases by at most
one, this construction is feasible. In step (iii) we now delete any edge in the giant
component that is not a bridge. There are still at most m = (14 0(1))n such edges.
We thus have
mn,

v(n—O0(ny))

proving that the giant component indeed has genus g.

Kernels and cubic kernels. Relating general kernels and cubic kernels is one of
the central arguments of the proof. By two double counting arguments, we provide
upper and lower bounds for the number of kernels (Lemma 3.4.5).

Let I,d € N and let £C4(2] — d,3] — d) be the class of all kernels with 2] — d
vertices and 3! — d edges. Then

Ky (20— d, 31— d)| _ 6
KK,02030  —dl

Bl < 5199(n, m)| = o(|Gy(n, m)]),

If in addition d < %l, then also

Ko(2—d,3L—d) _ 1
K, (20,30 = 2169d!"

For the exact details of the proof, see Section 3.7.1. Here is an overview of the
construction.

For the upper bound we start with a cubic multigraph K € KCy4(2(,3!). To
construct a kernel in Ky(2] — d, 3] — d), we iteratively contract d edges of K. That
is, we iteratively choose and delete an edge and identify its two end vertices. For
the reverse construction, we iteratively take vertices of degree larger than three,
split them into two vertices, add an edge between those vertices and distribute the
edges to the new vertices in such a way that the graph is still embeddable on the
same surface. The addition of the d new vertices is responsible for the factor d!.
All other bounds can be shown to be of the form a?, proving the upper bound.

The lower bound is a bit more intricate. For this construction we give construc-
tions only between /Cy (21, 3!) and the subclass of ICy(21 — d, 3] — d) consisting of all
graphs with maximal degree four. The construction of all cubic kernels from this
subclass is achieved by splitting all vertices of degree four into two vertices of degree
three, as for the upper bound. The upper bound on the degree is necessary in order
to prove a bound on the change in the compensation factor in this construction.
For the reverse direction we still contract edges. In order for the resulting graph to
have maximal degree at most four, the chosen edges have to be a matching. Thus
we need a bound on the number of such matchings, but again, we deduce such
bounds showing the claimed result.

Cubic graphs with non-constant genus. All of the bounds in Chapter 5 are
proved by double counting between various classes of graphs and maps. The main
idea is to start with a class with a known number of elements and compare that class
to the goal. In our case, this goal is the class of cubic graphs (or multigraphs) with
2n vertices embeddable on a surface of genus g = g(n). We use two such starting
points. On the one hand, we compare Sy(,,)(2n, 3n) with planar cubic graphs. This
works while the genus is not growing too fast and results in tight bounds. For a
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genus growing faster than this, we compare to the class of unicellular maps with
given degree sequence enumerated by Walsh and Lehman [105]. The advantage of
this class is that it is even enumerated for non-constant genus. Comparing cubic
graphs to this class requires various intermediate steps which in turn results in
weaker bounds than the first construction, but for a larger range of the genus.

With these initial classes and constructions between these classes and cubic
graphs, we derive the claimed bounds for cubic graphs with the help of (2.4) by
plugging in the corresponding values.

2.2.2. Constructive decomposition. Let A and By, Bs, . .., By be combinatorial
classes. A constructive decomposition between A and the classes Bq,..., B is a
reversible construction from elements A € A to elements B € By X -+ x Bg. In
general, with such constructions, either one of two things might be derived — either
we derive an equation relating the generating functions A(z) and B;(z) of A and
B;, respectively, or an equation directly relating |.A(n)| and |B;(n)]. We use both
possibilities, the first to enumerate cubic multigraphs, and the second to derive the
number of all graphs from cubic multigraphs.

One can argue that a constructive decomposition is a special case of double
counting. By providing constructions in a double counting argument such that
equality holds in (2.4), the double counting argument becomes a constructive de-
composition. Nonetheless, we treat it as two separate methods, as they are in
general used for different things and the arguments change slightly depending on
whether the goal is (asymptotic) equality or not.

Cubic graphs and triangulations. The constructive decomposition used to de-
rive equations for the generating function of cubic graphs has already been used
multiple times. The idea is to use Whitney’s Theorem (or a variation of it) to
relate 3-connected graphs to corresponding maps. Whitney’s Theorem states that
a 3-connected planar graph has a unique embedding on the sphere up to orientation
(see [106]). That is, there is a 1-to-2 relation between 3-connected planar graphs
and 3-connected maps. As additionally the dual maps of 3-connected maps on the
sphere are exactly the simple triangulations of the sphere, this step is very easy
in the planar case. In the non-planar case, Whitney’s Theorem does not hold and
thus additional constraints are required. The construction therefore consists of the
following steps:

(i) Construct all graphs as a set of connected graphs;

(ii) Construct all connected graphs from 2-connected blocks;
(iii) Construct 2-connected graphs from 3-connected graphs;
(iv) Relate 3-connected graphs and 3-connected maps.

In [20], this construction was used in order to enumerate planar cubic graphs.
In order to adapt this scheme for arbitrary (constant) genus, every step of the con-
struction has to be altered. In step (i), we have to consider that the resulting graph
has as genus the sum of the genera of all its connected components. Thus we have
to sum over all possible genus partitions on the connected components, which in
turn relate to integer partitions of all integers ¢’ < g. Doing the calculations shows
also that the dominant term in this sum is from the graphs where one component
has genus ¢ and all other components are planar (see Section 4.4.4).

For the other steps in the construction we use the facewidth of a graph as an
additional parameter. There are various helpful results regarding the structure of
embeddable graphs with respect to their facewidth. In step (ii), we use the fact
that if the facewidth of a connected (non-planar) graph is not too small, it has a
unique non-planar 2-connected component (see Lemma 4.2.8, [99]). Together with
the fact that almost all graphs have large facewidth (see Lemma 4.4.7), we infer a
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valid construction, namely taking this one 2-connected component of genus g and
replacing its edges by a sequence of pendant planar connected components (see
Figure 4.3). These planar components are already known and equations for their
generating functions are given in Proposition 4.4.9.

Similarly, for step (iii), we have a theorem stating that if the facewidth of a
2-connected graph is too large, it has a unique non-planar 3-connected component.
Again almost all cubic graphs have large enough facewidth (Lemma 4.4.7) and we
construct 2-connected graphs by replacing the edges in a 3-connected graph of genus
g by 2-connected planar networks (see Lemma 4.4.4).

Step (iv) is a bit more intricate. We use an extension of Whitney’s Theorem by
Robertson and Vitray stating that there exists a unique embedding (up to orienta-
tion) of a 3-connected graph on S, if its facewidth is at least 29 + 3 (Lemma 4.2.8).
Again we show that almost all graphs satisfy this condition (see Section 4.4.1). In
order to enumerate the resulting cubic maps, we use their dual map, which is a
triangulation. In contrast to the planar case, these triangulations are not (just) all
simple triangulations. Nonetheless, a simple description of these triangulations is
possible, see Proposition 4.3.1. Enumerating these triangulations is done by a mix-
ture of decompositions, singularity analysis and the quadratic method (for details,
see Section 4.5), following the approach of Bender and Canfield for enumerating
simple triangulations on surfaces of arbitrary genus [7].

Reducing graphs to cubic multigraphs. The first part of the construction reduces
a graph G € G,(n, m) to its kernel. This is done via the following intermediate steps:

(B1) Divide G into its complex components Q¢ and its tree and unicyclic
components Ug;

(B2) recursively delete vertices of degree one from Q¢ to obtain the 2-core Cg
of G

(B3) remove vertices of degree two in Cg, i.e. replace paths where all internal
vertices have degree two by a single edge to obtain the kernel K¢ of G.

Comparing general kernels and cubic kernels is done by a double counting argument
(see Section 2.2.1).

Vice versa, we can construct a graph on S, by performing the reverse construc-
tions.

(C1) Pick a kernel, i.e. a multigraph with minimum degree at least three that
is embeddable on S, and subdivide its edges to obtain a core;

(C2) to every vertex v of the core, attach a rooted tree T, (possibly only
consisting of one vertex) by identifying v with the root of T, so as to
obtain a complex graph;

(C3) add trees and unicyclic components to obtain a general graph embeddable
on S,.

The steps (C2) and (C3) are exactly reversing the steps (B2) and (B1), respec-
tively, and we thus derive exact equations. In the third step we have to account for
overcounting. This happens when the construction yields loops or multiple edges,
as there are multiple ways in the reverse direction to end up at the same result. To
avoid this overcounting, we use multigraphs weighted by the compensation factor
given in Definition 2.1.1. Recall that for a multigraph M the compensation factor
of M is defined to be

w(M) = 27100 T[ (i)~ @D-6:(0)
i=1
where e;(M) denotes the number of pairs {u,v} of vertices for which there are
exactly ¢ edges between u and v, £;(M) denotes the number of vertices x for which
there are precisely ¢ loops at x, and ¢(M) = ), il;(M) denotes the number of
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loops of M. In (B3), the compensation factor enables us to distinguish multiple
edges and loops at the same vertex (because of the factors 1/i!) as well as the
different orientations of loops (because of the factor 27¢(M)). This fact ensures
that there is no overcounting in (B3). Indeed, if a core C' has kernel K, then C can
be constructed from K by subdividing edges in precisely ﬁ different ways; thus,
assigning weight w(K) to K prevents overcounting.

The construction of graphs in G, from their kernel via the core and complex part
as described in (C1)-(C3) can be translated to relations between the numbers of
graphs in the previously defined classes. Starting from G,(n,m), (C3) immediately
gives rise to the identity

n
G )l = 3 (1)1 Qu(ng.na + O [, mo), (25)
nQ,l
where ny = n —ng and my = m —ng — I. Indeed, for each fixed number ng of
vertices in the complex part and each fixed excess [,

e the binomial coefficient counts the possibilities for which vertices lie in
the complex part,

e |Q,(ng,ng +1)| counts the complex part s with ng vertices and ng + 1
edges, and

e |U(ny,my)| counts all possible arrangements of non-complex compo-
nents.

If |Q4(ng, ng + )| and |U(ny, my)| are known, then we can use (2.5) to deter-
mine |Gy(n, m)|. Determining |Q,4(ng,ng + )| turns out to be quite a challenging
task, to which we devote a substantial part of this thesis. The number [U(ny, my)],
on the other hand, can be determined using known results (see Lemma 3.3.1).

2.2.3. Generating functions. Let A be a class of combinatorial objects, A(n) its
subclass of all elements of size n, and a,, = |.A(n)|. The generating function A(z) =
> aij.—: of A is a useful tool for finding asymptotic values of a,,. Methods to derive
these asymptotics include e.g. singularity analysis, the quadratic method, both used
in this thesis, the saddle-point method (as an alternative to singularity analysis; see
e.g. [47] for a general overview or [3] for an application in map enumeration), or local
and global limit theorems (used to enumerate G4(n, m) in the case m = (1 + p)n;
see e.g. [59]).

Triangulations and the quadratic method. From the constructive decomposition
in Section 2.2.2 we see that in order to enumerate cubic multigraphs, we first want
to derive the number of triangulations in the class Mg(n) of triangulations on Sy
with no separating double edge and no separating pair of loops. Indeed, we show
in Proposition 4.3.4 that

Mg(2> = cg(l — pJT;Z) —5g/2+3/2 I O((l B P]T;Z) —5g/2+7/4).

We prove this in Section 4.5 for simple triangulations and triangulations with-
out separating loops and double edges. The statement for M,(z) then follows, as
it is sandwiched between the other two classes. In order to prove these results, we
follow an idea of Bender and Canfield [7], who showed an asymptotic enumeration
result for simple triangulations, albeit not in the form stated here.

The main idea is to add additional classes of maps and connect them using
equations deduced by decomposing maps into one another. For these additional
classes, we allow markings in some faces and we allow one face (the root face)
to not necessarily be a triangle (see Section 4.5.2 for the exact definitions). In
order to keep track of this, we also use additional parameters and thus additional
variables in the generating function. Then we use induction on the genus g to prove
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asymptotic results for the generating functions. In order to do this, we inductively
plug in asymptotic properties we already know, and determine which terms in the
equations contribute significantly and which do not. That is, we determine the
terms that are dominating and derive the desired asymptotic properties for these.
For the base case of ¢ = 0 we use what is known as the quadratic method (see
e.g. [60]).

Suppose one has two generating functions A(z), B(z,u) with

(fl(zvuvA(Z))B(zvu) + fQ(Zv U7A(Z)))2 = f3(zvu’ A(z))7

where f1, fa, f3 are given functions. Then the quadratic method is a way to prove
asymptotic estimates for the coefficients of A(z) and B(z,u). The idea is to choose
u = u(z) in such a way that f3(z,u(z), A(z)) = 0. As the left hand side is a square,
that means that also a%fg,(z, u(z), A(z)) = 0. From these two equations, one then
determines the functions u(z) and A(z) (with methods depending on the function
f3) and from there also B(z,u). We use this in Lemma 4.5.2 on the generating
functions of simple planar triangulations and planar quasi-triangulations, where
the second variable is the number of vertices on the root face.

Cubic graphs and singularity analysis. Singularity analysis is a method to de-
rive asymptotic estimates on a,, from A(z), even if A(z) is given implicitly (e.g. in
Flajolet and Sedgewick [47]) or as one function in a system of equations for various
generating functions simultaneously (e.g. shown by Drmota [35]). The central the-
orem of the method is the so-called transfer theorem, which allows the evaluation
of coefficients of generating functions.

THEOREM 2.2.1 ([46, 47]). Let A(z) be a A-analytic generating function and
let a, B € R such that

Alz) = o<<10g : i Z>5(1 _Z)—C*).

("] A(z) = O((log n)ﬂna*).

The same statement is also true when replacing O by o throughout the theorem.

Then

This statement holds, when the dominant singularity of A(z) is one. Otherwise
this theorem can be used after rescaling the function (B(z) = A(pz) and [z"]A(z) =
p~"[2"]B(z), where p is the dominant singularity of A(z)).

We use a refined version of this method given in Theorem 4.2.3 in order to deal
with the generating functions of various graph classes used in the construction from
triangulations to cubic graphs. Additionally, we also use methods of dealing with
additionally differentiated or integrated functions (see Lemma 4.2.4). For more
details on these methods, see e.g. [36, 47].

The constructive decomposition described in Section 2.2.2 results in equations
for the generating function of cubic multigraphs embeddable on S, in terms of the
corresponding generating functions for 2- and 3-connected multigraphs, which in
turn are given by equations containing the generating functions for triangulations.
From the quadratic method and the results in Section 4.3, we deduce important
properties of the generating functions of triangulations and thus of 3-connected
maps on S,. We then work backwards step-by-step through the construction de-
scribed in Section 2.2.2 to transfer the properties from maps via 3- and 2-connected
graphs to connected and general cubic graphs. We describe all these construction
steps in terms of generating functions (for the exact details, see Section 4.4.2). From
those equations, we use singularity analysis to derive the results of Theorem 1.3.1.
Analogous arguments also work for Theorems 1.3.2 and 1.3.3.
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2.2.4. Maximising techniques. Suppose we have a sum A(n) = >, a;(n) of
non-negative values a;(n) and we want to prove good upper and lower bounds on
this sum. We use the following method. Let ig = ig(n) € I be the index at which
a;(n) is maximised. This value is calculated (approximately) by deriving a root of
the derivative of a;(n) with respect to i. Thus we provide a first trivial bound:

aio(n) < A(n) < Iag, (n).

In some cases, these bounds are already very good, in particular when |I| is small.
Otherwise, we reparametrise i = ig + r and write

A(n) = agy(n) 3 rtio (1) (2.6)

rel’ ai() (n) 7

where I' = {i : i +1ip € I}, and analyse this sum. This analysis is different from
case to case, but in general it is possible to derive bounds by splitting the sum into
two parts. Omne part I; C I’ consists of summands far away from the optimum,
such that

n1 S et o).

rely

Then this part only contributes a factor (1 + o(1)) to the total result.
For the second part Iy = I'\ I1, a,+;,(n) and a;,(n) are in general close to each
other. Thus we write

Ar+ig (n)

o (1) =1-—1b.(n) = exp(log(l — b,.(n)))

and then use a Taylor expansion on log(l — b.(n)). By the choice of iy as the
maximal value, the linear term in this expansion will be negligible. Additionally,
as the b.(n) are close to 0, the error bounds are good and the sum only depends
on the leading exponent « in the expansion (in our case two or three). Therefore,
it remains to bound a sum of the form

> exp(—r7),

rels

which is very well known. This method is in a way a discrete version of the saddle-
point method for integrals.

In this thesis, the constructive decomposition of graphs in Sy(n,m) to cubic
kernels (see Section 2.2.2) results in a quadruple sum, the parameters being the
number of vertices in the complex part, the number of vertices in the core, the
excess and the deficiency (ng, nc, !, and d, respectively). For these sums, the
above method is used for n¢ (see Lemma 3.4.8) and [ (see Lemma 3.4.15) directly
with a = 2. ng uses the same general idea, but as we calculate that a = 3, the
details are a bit more intricate (see Lemmas 3.4.13 and 3.4.14). Finally, for the
sum over d this method is not necessary, as we bound the sum over d directly by
binomial sums for which explicit formulas are known (see Lemma 3.4.9).

2.2.5. Probabilistic bounds. In this thesis, arguments from probability theory
are used in two different ways. First, we use first moment methods in order to extend
properties known for the kernel to general graphs. Secondly, we use concentration
results on various probability distributions in order to derive good bounds for the
sums during the maximisation process described in Section 2.2.4.
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First moment method. The first moment method is a simple but powerful
method using probability theory to show the existence or non-existence of com-
binatorial objects. The main idea is to define a probability distribution on the set
of all possible objects (in our case the uniform model on all embeddable graphs),
calculating the expectation of the property we want and then using Markov’s in-
equality to show the (non)-existence of that property. This is one of the initial
methods used in what is nowadays known as the probabilistic method first used by
Erdés [39].

Markov’s inequality states that for a random variable X only taking non-
negative values, the probability that X is large is bounded from above

E[X]

P[X >a] <
a

(2.7)

Suppose now we have a sequence X, of such random variables with expectations
E[X,] = f(n). Then (2.7) shows immediately that X,, = O,(f(n)). Indeed, for
a = csf(n), (2.7) shows that P[X > ¢sf(n)] < % and thus the definition of O, is
satisfied with § = é We will use this fact throughout the thesis.

The main use of this method in our case is in the first supercritical regime and
in the regime between the two phase transitions. There we use it to derive estimates
for the order of the giant component of the core and the complex part of the graph.
From the results shown in Chapter 4, we already know that cubic kernels have
one giant component of genus g and all other components are planar. Throughout
the first phase transition and the intermediate regime we know that the kernel of
an embeddable graph is cubic with positive probability (with high probability in
the first supercritical regime), see Theorem 3.5.1. Thus we know that with high
probability the kernel of G4(n, m) has one component of order nx —O(1) and genus
g, where ng is the number of vertices in the kernel. In order to derive bounds for
the order of the largest component of the core and the complex part, we use a
random construction and then the bounds from Markov’s inequality above. We
construct the core from the kernel by adding vertices at random to the edges in
the kernel. We show in Theorem 3.5.4 that this does indeed yield a valid core.

Then all of the ng — nx new vertices have a probability of O(i) of not lying in

the largest component. Therefore, the expected combined order of all components
except the largest component is % By Markov’s inequality and the above
argument, this leads to the claimed order of the core. Similarly, by constructing
the complex part from the core by attaching a random forest to the vertices in the
core, we deduce the claimed order of the complex part in the same way. For more
details, see Theorem 3.5.4.

Concentration. Returning to the four sums discussed in Section 2.2.4, we not
only want to calculate the value of the sum, but also the indices giving the main
contribution to the corresponding sums. That is, for a sum ), ; a;(n) we want to
find an index set I’ C I (as small as possible) such that

> ai(n) = (1-0(1)) ) ai(n).

iel’ iel

That is, we want to find the part of the sum where the sum is concentrated. We do
this by using known concentration results from various probability distributions, in
particular the normal distribution and the binomial distribution. The correspond-
ing inequalities are known as Chernoff bounds (e.g. [2]).
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Lemma 2.2.2. Let X be a Gaussian random variable with expectation E[X] and
variance o2, then

PX -EX]| >t < QeXp(—;;)

If X is a Binomial random variable, then

2(E[X]+ 1

2
P|X -Elx]| 2| < 2exp<—)>.
The first of these bounds is used to derive concentration results for the sum
over n¢ and the second bound for the sum over d.

As discussed already in Section 2.2.4, we reduce the sum over ng to a sum of

the form

S a(nine) = a(n;7e) 3 exp(—a(ne —mc)?).

nc€l nc€l
Normalising this sum results in an integral over a density function of a Gaussian
random variable. Thus the corresponding Chernoff bound shows that the contri-
bution of summands far from the mean is negligible (see Lemma 3.4.8(iii) for more
details).

Similarly, the sum over all possible deficiencies is bounded from above and

below by sums of the form

> (?) ai(l,n)? < Zd:sd(l,n) < Zd: (QD an(l, ).

d
Normalising results in this sum over the density function of a binomial random vari-
able and again the stated Chernoff bound proves the range of the main contribution
(see Lemma 3.4.9(iii)).
The main contributions of the other sums are derived by directly comparing
upper and lower bounds without the help of probability density functions.
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CHAPTER 3

Phase transitions

3.1. INTRODUCTION AND RESULTS

3.1.1. Background and motivation. In their seminal work [40, 41], Erdés and
Rényi introduced the uniform random graph model G(n,m) (often called Erd8s—
Rényi random graph), thus laying the foundations for the classical theory of random
graphs. Amongst other results, Erdés and Rényi described the emergence of the
giant component in G(n,m), a phenomenon that subsequently became one of the
most extensively studied properties of random graphs. Erdds and Rényi [41] proved
that for constant average degree p, the largest component of G(n, 1 %) has logarith-
mically many vertices for 4 < 1, order n?/3 vertices when p = 1, and linearly many
vertices when p > 1. Erd6s and Rényi interpreted this behaviour as a ‘double jump’
of the order (that is, the number of vertices in) the largest component of G(n, 1 5)
as the average degree increases from g < 1 to ¢ = 1 and further to g > 1. This
phenomenon was considered by Erdés and Rényi to be ‘one of the most striking
facts concerning random graphs’.

Bollobds [22] refined the result of Erdés and Rényi by considering the range
‘close to’ the point of the phase transition, that is, when s := m — % is sublinear.
Bollobds’ result, which was later improved by Luczak [75], shows that the order
of the largest component changes gradually, depending on whether s has order at
most n%/? (known as the critical regime) or if s has larger order and s > 0 (the
supercritical regime) or s < 0 (the subcritical regime). In the subcritical regime,
whp (that is, with probability tending to 1 as n — co) all components of G(n,m)
have order o(n?/3). In the critical regime, several components of order ©,(n?/3)
appear simultaneously (see Definition 2.1.6 for a definition of ©,). Finally, in the
supercritical regime, a giant component of order w(n2/ 3) appears, and every other
component has order o(n?/?).

In addition to the order of connected components, the results of Bollobds [22]
and Luczak [75] also state whether these components are trees, unicyclic, or com-
plex. Here, a connected graph is called complex (or multicyclic) if it contains at
least two cycles.

THEOREM 3.1.1 ([22, 75]). Let m = (1+An~Y/3)2 where A = o(n'/3), and
let H; = H;(G), i =1,2,..., be the i-th largest component of G = G(n, m).

(i) If X » —o0, then for every i > 1 whp H; is a tree and has order
2/3
2+ c)(l))”A—2 log(— A?).

(i) If X\ — ¢ for a constant ¢ € R, then the probability that G has complex
components is bounded away both from 0 and 1. For everyi > 1 the order

of H; is
0, (nQ/?’).

Furthermore, the probability that H; is complex is bounded away both from
0 and 1.
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(i1i) If X — oo, then whp the largest component Hy of G is complex and has
order

(24 0(1)) An?/3.
Fori > 2, whp H; is a tree of order o(n*/?).

Subsequently, Aldous [1] further improved the result for the critical regime
using multiplicative coalescent processes and inhomogeneous Brownian motion. In
the supercritical regime and in the regime p > 1, central limit theorems and local
limit theorems provide stronger concentration results for the order and the size
(that is, the number of edges) of the largest component. The methods used for
these results range from counting techniques [94, 101] over Fourier analysis [5] to
probabilistic methods such as Galton-Watson branching processes [25], two-round
exposure [4], or random walks and martingales [24].

Since the pioneering work of Erdés and Rényi, various random graph models
have been introduced and studied. A particularly interesting model are random
planar graphs or, more generally, random graphs that are embeddable on a fixed
two-dimensional surface. Here, a graph G is called embeddable on a surface S if G
can be drawn on S without crossing edges.

Graphs embeddable on a surface and graphs embedded on a surface—also known
as maps—have been studied extensively since the pioneering work of Tutte (see
e.g. [104]) in view of asymptotic properties [15, 19, 20, 30, 37, 38, 48, 55, 56,
57, 59, 66, 80, 81, 82, 90, 91], random sampling [16, 17, 18, 19, 49, 100], and
enumeration [30, 59, 82].

We call a graph planar if it is embeddable on the sphere and denote by P(n,m)
the graph chosen uniformly at random from the class P(n,m) of all planar graphs
with vertex set [n] = {1,...,n} and m edges. Kang and Luczak [66] proved that
P(n,m) features a similar phase transition as G(n, m), that is, the giant component
emerges at m = 2 + O(n?/3).

THEOREM 3.1.2 ([66]). Let m = (1+ )\n_l/3)%, where X = \(n) = o(n'/?),
and let H; = H;(G), i = 1,2,..., be the i-th largest component of G = P(n,m).

For everyi=1,2,... whp

(24 o(1)) %2 log (— A%) if A — —oo,

O(n?/3 if A\ =>ceR,
|Hy| =
’ (1+o0(1)) An?/3 if A= o0andi=1,
O(n?/?) if A — oo andi > 2.

The main difference to the Erdos—Rényi random graph lies in the case A — oco.
In this regime, the largest component of P(n,m) is roughly half as large as the
largest component of G(n,m). On the other hand, the order of the second largest
component (or more generally, of the i-th largest component for every fixed i > 2)
is much larger in P(n,m) than in G(n,m).

This behaviour, however, is not the most surprising feature of random planar
graphs. In fact, Kang and Luczak [66] discovered that there is a second phase
transition at m = n + O(n3/ %), which is when the giant component covers almost
all vertices. Such a behaviour is not observed for Erd6s—Rényi random graphs,
where the number of vertices outside the giant component is linear in n as long as
m is linear.
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THEOREM 3.1.3 ([66]). Let m = (24 (n=2/°)%, where ( = ((n) = o(n*?).

Then whp the largest component Hy of P(n,m) is complex and

(1+o(1)[¢[n*/> if ¢ = —o0,
n—|H| =0 if (> ceR,
@(C_3/2 n3/5) if ¢ = 0o and ¢ = o(n'/1?).

Given that this second phase transition has only been observed for random
planar graphs, the fundamental question that is raised by Theorem 3.1.3 is whether
this is an intrinsic phenomenon of planar graphs.

Question 3.1.4. Which other classes of graphs feature a phase transition analogous
to Theorem 3.1.37

Canonical candidates for classes that lie ‘between’ P(n,m) and G(n,m) are
graphs that are embeddable on a surface of fixed positive genus. In this chapter,
we consider graphs embeddable on the orientable surface S, with genus g > 0. Let
Gy(n,m) be the class of graphs with vertex set [n] and m edges that are embeddable
on S4. (Of course, Go(n,m) = P(n,m).) One of the main results of this chapter is
that for every fixed g, the answer to Question 3.1.4 is positive for the class G4(n, m).

Form = L/‘%J with p € (2,6), that is, when the average degree is bounded away
both from 2 and 6, Giménez and Noy [59] showed, among several other results, that
whp P(n,m) has a component that covers all but finitely many vertices. Observe
that Theorem 3.1.3 leaves a gap of order @(nl/ 3) to the ‘dense’ regime considered
by Giménez and Noy. Subsequently, Chapuy, Fusy, Giménez, Mohar, and Noy [30]
proved analogous results in the dense regime for G4(n, m).

3.1.2. Main results. In this chapter we determine the component structure of
Gg4(n,m) for arbitrary g > 0 in the ‘sparse’ regime m < (1 + o(1))n. In terms of
phase transitions, the component structure of G4(n, m) features particularly inter-
esting phenomena in this regime, similar to P(n, m). To derive these phenomena,
we use a wide range of complementary methods from various fields (see Section 3.1.4
for more details).

The main results of this chapter are fourfold. We determine the order and
structure of the largest components of a graph G4(n, m) chosen uniformly at random
from Gy(n,m), where the number m of edges is a) around %, b) around n, or
¢) in between the previous two regimes. Lastly, similar to the ‘symmetry rule’
for G(n,m), we derive d) the relation between the numbers of edges and vertices
outside the giant component.

Our first main result describes the appearance of the unique giant component
in Gg4(n,m) when the average degree is around one. Similar to various random
graph models including Erdés-Rényi random graphs and random planar graphs
(see Theorems 3.1.1 and 3.1.2), the critical range for the number of edges for the
appearance of the giant component is m = § + O(nz/g). Below this range, the
i-th largest component (for each i > 1) of G,(n,m) whp is a tree of order o(n?/3).
In the critical range, several components of order @p(n2/ 3) appear simultaneously.
After the critical range, G,(n,m) whp has a unique component of order w(n?/3)
which in addition is complex and has genus g, that is, it is embeddable on Sy, but
not on Sy_1.

THEOREM 3.1.5. Let m = (1+An~Y/3)2 where A = A(n) = o(n'/3), and
denote by H; = H;,(G), i =1,2,..., the i-th largest component of G = G4(n, m).
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(i) If X » —oo, then for every i > 1 whp H; is a tree of order

n2/3
2+ 0(1))7 log(— A%).

(i) If X — ¢ for a constant ¢ € R, then the probability that G has com-
plex components is bounded away both from 0 and 1. The i-th largest
component has order

O, (ng/?’).

(iii) If X — oo, then whp Hy has genus g, is complex, and has order
An?3 4+ 0,(n%?3).

The rest G\ Hy of the graph is planar whp and has O, (1) complex com-
ponents, each of which has order O,(n?/3).

For i > 2, we have |H;| = ©,(n?/3). The probability that G has at
least © complex components is bounded away both from 0 and 1.

Comparing the special case of g = 0 in Theorem 3.1.5 with Theorem 3.1.2, the
following discrepancies are apparent. Firstly, in the critical regime A — ¢ € R,
Theorem 3.1.5(ii) yields components of order ©,(n?/3) compared to ©(n??) in
Theorem 3.1.2. The same holds for the orders of H; for ¢ > 2 in the supercritical
regime A — co. Both points are due to minor mistakes in [66]; the proofs given
there in fact give order ©,(n?/?) instead of the claimed ©(n?/3). Secondly, the error
term in the order of the giant component given in Theorem 3.1.5(iii) is stronger than
the one from Theorem 3.1.2. Finally, Theorem 3.1.5(iii) tells us that for positive
genus, the giant component is not only the unique largest component but also the
unique non-planar one.

Our second main result describes the time when the giant component covers
almost all vertices. This happens when the average degree is around two; or more
precisely, when the number of edges is m = n + O(n®/%). Here, the number of
vertices outside the giant component changes from w(n3/ %) for m below the critical
range to ©(n®/®) within the critical range to o(n/) beyond the critical range.

THEOREM 3.1.6. Let m = (2+ (n=2/%)2, where ( = ((n) = o(n?/®). Then
whp the largest component Hy = Hi(G) of G = G4(n,m) has genus g, is complez,
and

(1+0(1)[¢[n*5 if ¢ = —oo,
n—|Hy| = ¢ O(n*?) if (= ceR,
@(4—3/2 n3/5> if ¢ = 00, but ¢ = o((logn)~2/3n/5).

Whp all other components of G are planar. For i > 2, we have

O, (¢[*3n?/%) if ¢ = —oo,
|H;| = ¢ ©,(n%?) if (= ceR,
0,(¢CT /%) if ¢ = oo, but ¢ = of(logn)~2/3n?/%).

The main improvement of Theorem 3.1.6 in comparison to Theorem 3.1.3 (the
corresponding result for ¢ = 0) is that Theorem 3.1.3 only deals with the case
¢ = o(n'/1®) and therefore leaves a gap to the dense regime m = |un| with u € (1,3)
that has been covered in [30, 59]. Theorem 3.1.6 closes this gap up to a factor
(log n)2/ 3. Moreover, we show that the giant component is the unique non-planar
component (in fact, it even has the maximal possible genus) and derive the order
of the i-th largest component.
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Additionally, Theorem 3.1.6 provides a correction of the proof given in [66]
for the number of vertices outside the giant component. In [66], the upper bound
on this number was obtained with the help of an intermediate result (Theorem
2(iv) in [66]) about the structure of the complex part (see Definition 2.1.2 for a
definition). However, this intermediate result does not apply in the regime m ~ n.

In the dense regime, that is, when the average degree is strictly larger than two,
the giant component covers all but finitely many vertices [30, 59]. This coincides
with Theorem 3.1.6 when ¢ — n?/5.

Our third main result covers the case when the number of edges is between
the regimes of the two phase transitions, that is, the average degree of the graph
is between one and two. In this ‘intermediate’ regime, the largest component is
complex, has genus g, and its order is linear both in n and in the average degree of
the graph.

THEOREM 3.1.7. Letm = p %, where u = p(n) converges to a constant in (1,2),
and let H; = H;(G), i = 1,2,..., be the i-th largest component of G = Gg4(n,m).
Then whp Hy has genus g, is complex, and has order

\Hy| = (u—1)n + Op<n2/3>.
Whp all other components of G are planar. Fori > 2, we have |H;| = ©,(n%/?).

Theorem 3.1.7 covers the ground between the supercritical regime of Theo-
rem 3.1.5 and the subcritical regime of Theorem 3.1.6 in a ‘smooth’ manner in
the sense that (a) if we set 4 = 1 + An~'/3 in Theorem 3.1.7, the order of H;
coincides with the supercritical case of Theorem 3.1.5 and (b) for p = 2+ Cn=2/5
in Theorem 3.1.7, we get the same value for n — |Hy| as in the subcritical case of
Theorem 3.1.6.

In the intermediate regime, or more generally, for m = p g with p > 1, the
classical Erdés—Rényi random graph G(n, m) whp has a largest component of order
(14 o(1))Bn, where § is the unique positive solution of the equation

1—8=e"

In particular, as long as ;1 > 1 is a constant, the largest component of G(n, m) will
leave a linear number of vertices uncovered, see Figure 3.1. Indeed, Karp [71] proved
that the components of G(n,m) can be explored via a Galton-Watson branching
process with offspring distribution Po(u); the survival property of such a process is
given by [ above, yielding order (14 o(1))5n of the largest component. For graphs
on surfaces, however, there is no such simple approach to explore components.

|Hy|/n |Hy|/n
1+ 1
0.5 0.5 -
O | T T O 1 T T
0 1 2 3 H 0 1 2 3 H
G(n,m) Ggy(n,m)

FIGURE 3.1. Rescaled order of the largest component of G(n, m)
and of Gy4(n,m).
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Another well-known phenomenon in terms of the emergence of the giant com-
ponent is the so-called symmetry rule. This rule states that for G = G(n,m) in
the supercritical regime m = (1 + )\n_l/3)% with A — oo (but A = 0(n1/3)), the
graph R(G) = G\ H1(G) obtained by deleting the giant component behaves like

G(ngr,mpg) with mg = (1 —|—)\Rn1}1/3)”7ﬂ, where Ap — —oo, that is, like in the

subcritical regime. For even larger m, the fraction mg/ng is bounded by a constant
smaller than %

For G = G4(n,m), such a result does not hold. In fact, throughout the ranges
covered by Theorems 3.1.5 to 3.1.7, the graph R(G) behaves like in the critical
regime of Theorem 3.1.5. Roughly speaking, the fraction of edges that could not
be ‘inserted’ into the giant component due to the embeddability causes yet another
interesting phenomenon outside the giant component, resulting in making R(QG)
‘critical’.

THEOREM 3.1.8. Suppose that
g + O<n2/3) <m<n-+ 0((10gn)*2/3n)

(i.e. m is at least as big as in the critical regime of Theorem 3.1.5 and at most as
big as in Theorem 3.1.6). For G = G4(n,m), we denote by ng and mp the number
of vertices and edges in R(G) = G\ H1(G), respectively. Then
n
mi =5+ O (nil").

A central ingredient in the proof of Theorem 3.1.8 will be the size of the gi-
ant component (that is, the number of its edges), which we determine in Corol-
lary 3.5.8. At the same time, we shall derive in Section 3.5 various other parameters
of G4(n,m), such as the order of its complex part, core, and kernel, as well as its
excess and deficiency. See Section 3.2.2 for definitions of these concepts.

3.1.3. Related work. The order of the largest component of the Erdés—Rényi
random graph G(n,m) at the time of the phase transition has been extensively
studied [22, 24, 75, 79, 94]. Most of the results have been proved using purely
probabilistic arguments (e.g. random walks, martingales, Galton-Watson branching
processes), leading to even stronger results than the ones stated in Theorem 3.1.1,
e.g. about the limiting distribution of the order and size of the largest component [4,
5, 24, 26]. In the case of Gy4(n,m), the additional condition of the graph being
embeddable on S, makes it virtually impossible to use the same techniques in order
to derive such strong results.

In the case of G(n,m), several results have been proved via the random graph
process that adds one new edge at a time. In the case of G4(n,m), a similar
process can be defined that ‘rejects’ prospective new edges if adding them violates
embeddability (see [58] for the planar case). However, the probability distribution
of the graphs appearing in this process differs from that of G4 (n, m); for instance,
the planar graph process is connected whp for m = (1 4 ¢)n, while Go(n, m) has a
positive probability to be disconnected.

Comparing Theorems 3.1.1 and 3.1.5, the main differences appear when the
giant component arises in the supercritical regime, that is, when A — oco. Firstly,
the order of the giant component is only about half as large in G4(n,m) as it is
in G(n,m). Secondly, the i-th largest component H; for fixed ¢ > 2 is much larger
in Gg(n,m) than in G(n,m). These two differences are closely related for the
following reason. In G(n,m), the number ng of vertices and mp of edges outside
the giant component lie in the subcritical regime due to the symmetry rule; thus
G(ng, mp) only has small components. In G4(n, m) on the other hand, the smaller
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order (and size) of the giant component enforces mp to be in the critical regime by
Theorem 3.1.8, thus resulting in larger orders for H; with ¢ > 2. Lastly, while each
such H; is a tree whp for the Erdés—Rényi random graph, this is not necessarily
the case for G4(n, m).

Planar graphs and graphs embeddable on S, have been investigated separately
for the ‘sparse’ regime m < n+o(n) [66] and for the ‘dense’ regime m = |un| with
w € (1,3) [30, 59]. From a random graph point of view, in particular when the giant
component is considered, the sparse regime is more interesting. In this regime, Kang
and Luczak [66] supplied new resourceful proof methods—some of which we apply
in a somewhat similar fashion in this chapter—combining probabilistic and graph
theoretic methods with techniques from enumerative and analytic combinatorics.
On the other hand, minor mistakes in [66] led to results that featured order terms
that claimed to be stronger than what has actually been proved. One contribution
of this chapter is to correct and strengthen these results from [66].

In the dense regime, Giménez and Noy [59] and Chapuy, Fusy, Giménez, Mohar,
and Noy [30] use techniques from analytic combinatorics to prove various limit laws
for graphs embeddable on S, e.g. regarding the number of components, the order
of the largest component, and the chromatic and list-chromatic number. Their
main method is to define a generating function that describes the graph parameter
in question and to apply so-called Quasi-powers theorems (see [47, Chapter IX]
for an overview) to these functions in order to prove that the random variable
corresponding to the graph parameter converges in distribution to a Poisson or to
a Gaussian random variable.

The advantage of this technique is that it can be applied to derive limit laws
for various graph parameters. However, this particular technique is limited to a)
the class G4(n) of n-vertex graphs embeddable on Sy, in other words, graphs with n
vertices and an arbitrary number of edges, and b) the class G4(n, |un]), where 1 is
a constant (and p > 1 in [30, 59]). A random graph chosen from the class G4(n) is
averaged over all graphs with an arbitrary number of edges and thus not appropriate
when we look at a specific range of m.! Furthermore, the class G,(n, [un]) scales
the number |un| of edges as a linear function in n—this is not fine enough in
order to capture the changes that take place within the critical windows, which
have length ©(n?/3) for Theorem 3.1.5 and ©(n®/®) for Theorem 3.1.6. In terms of
critical behaviour these techniques are therefore not applicable.

3.1.4. Proof techniques and outline. The techniques used in this chapter are
novel in comparison to the vast majority of papers on random graphs. Classical
random graph results are usually proved with the help of probabilistic arguments
such as first and second moment methods, independence of random variables, or
martingales. On the other hand, papers about random graphs on surfaces, e.g. [30,
59], use singularity analysis of generating functions. In contrast, we combine various
complementary methods to prove our results.

The starting point of our proofs are constructive decompositions of graphs, a
method mostly used in enumerative combinatorics. Every graph in G,(n,m) can
be decomposed into its complex components and non-complex components, which
then can further be decomposed into smaller parts. The most important structures
occurring in this decomposition are the so-called core and kernel of the graph. The
decomposition is constructive in the sense that every graph can be constructed in
a unique way starting from its kernel via its core and complex components (see
Section 3.3.1).

Un fact, the properties of a random graph chosen from G4(n) are dominated by the graphs
whose edge density is quite large, more precisely, when p = 2.21 [30, 59].
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We interpret the aforementioned constructive decomposition in terms of com-
binatorial counting, in other words, we represent the number of graphs in the class
Gg(n,m) as a sum of subclasses that are involved in the decomposition. We proceed
by determining the main contributions to the sum using a combinatorial variant
of Laplace’s method from complex analysis, a technique to derive asymptotic esti-
mates of integrals that depend on a parameter n tending to infinity. To illustrate
how we apply this approach, assume that we want to analyse a sum of the form

A(n) =Y _ B(H)C(n—1),
il
where 7 is a parameter related to one of the substructures occurring in the con-
structive decomposition, e.g. the order of the core, say. We rewrite A(n) as

Am) = 3 exp(f(i))
icl
with f(i) = log(B(¢)C(n — i)) and then estimate the exponent f(i) in order to
determine the main contribution to A(n) in the following sense. We determine a
set J C I so that the partial sum over all ¢ € I\ J (the tail of the sum) is of
smaller order than the total sum (see Definition 3.3.3 for a formal definition). The
probabilistic interpretation of this main contribution is that G4(n, m) whp has its
corresponding parameter ¢ in the set J. In our example, this will tell us the ‘typical’
order of the core of Gy4(n, m).

The exact method how we estimate the value of the tail and compare it to
the total value of the sum will differ from case to case. In some cases, rough
bounds provided by maximising techniques will suffice; in other cases, we need
better bounds, which we derive by using Chernoff bounds or by bounding the sums
via integrals. Systematic applications of these techniques enable us to derive the
exact ranges of the main contributions. From the main contributions, we deduce
the orders of components, component structure, and other structural properties of
Gg4(n,m) by applying both combinatorial methods (e.g. double counting) and basic
probabilistic techniques (e.g. Markov’s inequality).

This chapter is organised as follows. After presenting the necessary notation
and definitions in Section 3.2, we give an overview of the proof strategy in Sec-
tion 3.3; in particular, we derive the aforementioned representation of |G,(n, m)| as
a sum. In Section 3.4, we determine the main contributions to this sum using the
techniques mentioned above. From these results, we derive structural properties
of G4(n,m) in Section 3.5. Sections 3.6 and 3.7 are devoted to the proofs of the
main results and the auxiliary results, respectively. Finally, we discuss various open
questions in Section 3.8.

3.2. PRELIMINARIES

3.2.1. Graphs on surfaces. Given a graph G, we denote its vertex set and its
edge set by V(G) and E(G), respectively, and call |V (G)| its order and |E(G)| its
size. All graphs in this chapter are vertex-labelled, that is, V(G) = [n] for some
n € N. Let g € N be fixed. An embedding of a graph G on Sy, the orientable surface
of genus g, is a drawing of G' on S, without crossing edges. If G has an embedding
on S, we call G embeddable on S,. Clearly, embeddability is monotone in g, i.e.
every graph that is embeddable on S, is also embeddable on S,1. By the genus
of a given graph G we denote the smallest g € N for which G is embeddable on S,,.
Graphs with genus zero are also called planar.

Let H be a connected graph embeddable on S,. We say that H is unicyclic if
it contains precisely one cycle and we call H complez (also known as multicyclic)
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if it contains at least two cycles; the latter is the case if and only if H has more
edges than vertices. If H is complex, we call

ex(H) := |E(H)| - |V(H)|

the excess of H. For a non-connected graph G, we define ex(G) to be the sum of
the excesses of its complex components (and set ex(G) = 0 as a convention if G has
no complex components). G is called complez if all its components are complex.

3.2.2. Complex part, core, and kernel. Let G be any graph. The union Q¢ of
all complex components of G is called the complex part of G. The core Cg of G
is defined as the maximal subgraph of minimum degree at least two of Q. The
core can also be obtained from the complex part by recursively deleting vertices of
degree one (in an arbitrary order). Vice versa, the complex part can be constructed
from the core by attaching trees to the vertices of the core. Finally, the kernel Kq
of GG is constructed from the core C by replacing all vertices of degree two in the
following way. Every maximal path P in Cg consisting of vertices of degree two is
replaced by an edge between the vertices of degree at least three that are adjacent
to the end vertices of P. By this construction, loops and multiple edges can occur.
Reversing the construction, the core arises from the kernel by subdividing edges.

It is important to note that K¢ is non-empty as soon as Q)¢ is, because each
component of the complex graph (¢ contains a non-empty core with at least one
vertex of degree at least three. Furthermore, K has minimum degree at least three
and might contain loops and multiple edges. Observe that G is embeddable on S,
if and only if K¢ is. In particular, G and K have the same genus. Also observe
that ex(G) = ex(Qg) by definition and ex(Kg) = ex(Cg) = ex(Qg), because
subdividing edges and attaching trees changes the number of vertices and edges by
the same amount.

Given a graph G with n vertices, we denote the number of vertices of the
complex part Qg, the core C¢, and the kernel K¢ by ng, nc, and ng, respectively.
The number of edges of Q¢g, Cq, and K¢ satisfy

|E(Qa)| = ng + ex(G), |E(Cq)| = nc + ex(G), |E(Ka)| = nk + ex(G).

The kernel has minimum degree at least three by definition and thus has at least
%n x edges. A kernel is called cubic if all its vertices have degree three; in that case,
it has precisely %nK edges. The deficiency of G is defined as

d(G) :=2|E(Kg)| — 3nkg = 2ex(G) — ngk.
Clearly, the deficiency is always non-negative and d(G) = 0 if and only if the kernel
K¢ is either empty or cubic. The definition of the excess and deficiency of a graph
immediately implies the following relation between the deficiency, the excess, and

the number of vertices and edges of the kernel.

Lemma 3.2.1. Given a graph G, the numbers ni of vertices and my of edges in
the kernel K of G are

ng = 2ex(G) — d(G) and mg = 3ex(G) — d(G).
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3.2.3. Useful bounds. We will frequently use the following widely known formu-
las.

z? s
1+:E:exp(x— 7—1— 3+O(:c4)) if z = o(1), (3.1)
1+ 2 <exp(z), (3.2)
22
1+x2exp(x—2> if x >0, (3.3)

To derive bounds for the factorial n! and the falling factorial (k); := k!/(k —i)! we
shall use the inequalities
27m(ﬁ) <nl< e\/ﬁ(@) , (3.4)
e e
Z'Q

ki exp<—2(k_i)> < (k); <k exp(—i(g;l)). (3.5)

For 1 < k < n —1 we will also use refined bounds for the binomial coefficient
obtained by applying (3.4) thrice.

n+1/2 n+1/2
. V2mn < n < en . (3.6)
e2kFH1/2(pn — )n—hk+1/2 k kR H1/2(n — f)n—k+1/2
We shall also use the inequality
1 1 b
> — — if b>0. 3.7
a+b " a a? ifa70,a+b> (37)

Finally, we need some well known inequalities from probability theory. Given a
random variable X, we denote by E [X] its expectation and by o? its variance. For
a non-negative random variable X and any ¢ > 0, Markov’s inequality states that

E[X]
Tt

PIX >t < (3.8)

In terms of Chernoff bounds, we shall need the two special cases of normal distri-
butions and binomial distributions. For a Gaussian random variable X, we have,
for any given t > 0,

t2
— > < - . .
PﬂX E[X]|_t}_2exp( 202) (3.9)
If X is a binomial random variable, then
t2
PlIIX —E[X]| >t <2exp| —————~|. 3.10
X -EX 2] <200 | 3 (3.10)

3.3. PROOF STRATEGY

3.3.1. Decomposition and construction. Throughout the chapter, let g € N be
fixed. We have seen in Section 3.2.2 that any graph that is embeddable on S, can
be decomposed into a) its complex part and b) trees and unicyclic components.
The complex part can then further be decomposed so as to obtain the core and
the kernel. Vice versa, we can construct a graph on S; by performing the reverse
constructions.

CoNsTRUCTION. The following steps construct every graph embeddable on S,,.

(C1) Pick a kernel, i.e. a multigraph with minimum degree at least three that
is embeddable on S, and subdivide its edges to obtain a core;

(C2) to every vertex v of the core, attach a rooted tree T, (possibly only
consisting of one vertex) by identifying v with the root of Ty, so as to
obtain a complex graph;
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(C3) add trees and unicyclic components to obtain a general graph embeddable
on Sg.

To avoid overcounting in (C1) if the kernel has loops or multiple edges, multi-
graphs will always be weighted by the compensation factor introduced by Janson,
Knuth, Luczak, and Pittel [62], which is defined as follows. Given a multigraph
M and an integer ¢ > 1, denote by e;(M) the number of (unordered) pairs {u, v}
of vertices for which there are exactly i edges between u and v. Analogously, let
£;(M) denote the number of vertices = for which there are precisely ¢ loops at .
Finally, let (M) = >, il;(M) be the number of loops of M. The compensation
factor of M is defined to be

w(M) =2~ OO T ()~ (M =6OD, (3.11)
=1

In (C1), the compensation factor enables us to distinguish multiple edges and loops
at the same vertex (because of the factors 1/i!) as well as the different orientations of
loops (because of the factor 2~ ¢(M)). This fact ensures that there is no overcounting
in (C1). Indeed, if a core C' has kernel K, then C' can be constructed from K by
subdividing edges in precisely ﬁ different ways; thus, assigning weight w(K) to
K prevents overcounting.

We denote by

G, the class of all graphs embeddable on Sg;

Q, the class of all complex parts of graphs in Gg;

Cy the class of all cores of graphs in Gg;

K4 the class of all kernels of graphs in Gg;

U the class of all graphs without complex components.

In other words, Q, is the class of all complex graphs embeddable on Sy; C, consists
of all complex graphs embeddable on S, with minimum degree at least two; and
ICq comprises all (weighted) multigraphs embeddable on S, with minimum degree
at least three. The empty graph lies in all the classes above by convention.

If n,m € N are fixed, we write Gy4(n,m) for the subclass of G, containing
all graphs with exactly n vertices and m edges. By G,4(n,m) we denote a graph
chosen uniformly at random from all graphs in G,(n, m). We use the corresponding
notation also for the other classes defined above.

The construction of graphs in G, from their kernel via the core and complex part
as described in (C1)—(C3) can be translated to relations between the numbers of
graphs in the previously defined classes. Starting from G,4(n,m), (C3) immediately
gives rise to the identity

Gl = 3 (2 )10snaume + 01 Moo, (32

ng,l

where ny = n —ng and my = m —ng — I. Indeed, for each fixed number ng of
vertices in the complex part and each fixed excess [

e the binomial coefficient counts the possibilities which vertices lie in the
complex part,

o |Q4(ng,ng + )| counts the complex parts with ng vertices and ng + 1
edges, and

e [U(ny,my)| counts all possible arrangements of non-complex compo-
nents.
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If |Q4(ng,ng + 1)| and [U(ny, my)| are known, then we can use (3.12) to
determine |G4(n, m)|. Determining |Q4(ng,ng + {)| turns out to be quite a chal-
lenging task, to which we devote a substantial part of this chapter. The number
|U(ny,my)|, on the other hand, can be determined using known results.

3.3.2. Graphs without complex components. The class U of graphs without
complex components (i.e. each component is either a tree or unicyclic) has been
studied by Britikov [28] and by Janson, Knuth, Luczak, and Pittel [62], who de-
termined the number of graphs in U(n, m) for different regimes of m.

Lemma 3.3.1. Let m = (1+ An~'/3)2 with A = A(n) < n!'/3 and let p(n,m) be
such that

(n>

U(n, =2 ,m).
[U(n,m)| ( )p(n m)

There exists a constant ¢ > 0 such that for

2>2m—n mm+1/2nn—2m+l/2

f(n,m) = C(e (n— m)n—m+1/2

we have
(i) p(n,m) =14 o(1), if A\ = —o0;
(ii) for each a € R, there exists a constant b = b(a) > 0 such that p(n,m) > b
whenever A < a;
(iii) p(n,m) <n=2f(n,m) if A >0 and X\ = o(n'/*?);
() p(n,m) < f(n,m) if A > 0.

Lemma 3.3.1(i), (ii), and (iii) are proven in [28] and [62], but (iv) is a slight
extension of the results in [62] which we prove in Section 3.7 along the following
lines. Inspired by the proof of (iii) in [62], we bound p(n,m) by a contour integral
and prove that this integral has value at most f(n,m) for all A > 0.

Clearly, every graph in U/ is planar and thus also embeddable on S,. This fact,
together with Lemma 3.3.1 and Theorem 3.1.1(i) and (ii) will be enough to prove
Theorem 3.1.5(1) and (ii). For all other regimes, Lemma 3.3.1 will provide a very
useful way to bound the number |U(n, m)| in (3.12).

3.3.3. Complex parts. For the number |Q4(ng,ng + )|, we analyse (C1)-(C2)
in order to derive an identity similar to (3.12). Firstly, we need to sum over all
possible numbers ne of vertices in the core; the number of edges in the core is then

given by nc + (. For fixed ng, nc, and [, we have
° (22) choices for which vertices of the complex part lie in the core,
o |Cy(nc,nc +1)| ways to choose a core, and
° ncngQ7n071 possibilities to attach nc rooted trees with ng vertices in
total to the vertices of the core.

By (C2), we thus deduce that

|Qq(ng,ng +1)| = Z <Zi> |Cqy(nc, nc + l)|ncngQ*nc—1 ) (3.13)
nc

In order to determine |Cy4(nc, ne +1)|, recall that by Lemma 3.2.1, the number

of vertices and edges in the kernel depend only on the excess and deficiency of the
graph. Thus, we choose the deficiency d as the summation index. The number of
ways to construct a core from a kernel according to (C1) cannot be described in
an easy fashion like the constructions in (C2) and (C3). We will investigate this
construction step in more detail in Lemma 3.4.9. For a kernel K € IC;(21—d, 3l —d),
consider the number of different ways to subdivide its edges that result in a core
with nc vertices and nc + [ edges. Denote by ¢y, 1,4 the average of this number,
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taken over all kernels in K4(20 —d, 3l —d). With this notation, we deduce from (C1)
that

ne
ICq(nc,ne +1)| = Zd: (21 © d) IKy(20 — d, 31 — d)|one 1.a- (3.14)
Recall that the multigraphs in ICy are weighted. Accordingly, |K4(20 — d, 3l — d)|
does not denote the number of these multigraphs, but the sum of their weights.

3.3.4. Analysing the sums. In each of (3.12), (3.13), and (3.14), we may assume
that the parameters ng,nc,!, d of the sums only take those values for which the
summands are non-zero.

Definition 3.3.2. We call values for a parameter (or a set of parameters) admis-
sible, if there exists at least one graph satisfying these values for the corresponding
parameters.

The definition of the parameters, together with Lemma 3.2.1, directly yield the
following necessary conditions for admissibility.

(A1) 0<ng <m;

) 0 <nc < ng;

) 0<I<m—ng;

) 1 =0if and only if ng = 0;
) 1 <2ne+6(g—1);

(A6) 0 <d <2l
Inequality (A5) is due to Euler’s formula applied to the core. These bounds will
frequently be used; if we use other bounds, we will state them explicitly.

On the first glance, the sole application of (3.12), (3.13), and (3.14) seems to be
to determine the number of graphs with given numbers of vertices and edges in the
classes G4, Qg, and C,. However, we shall use these sums to derive typical structural
properties of graphs chosen uniformly at random from one of these classes.

Our plan to derive such properties from the sums (3.12), (3.13), and (3.14) is
as follows. Once we have determined the values |Ky4(2] — d,3] — d)| and @nq 1.4,
we consider the parameters ng,nc,l,d of the sums one after another. For each
parameter ¢, we seek to determine which range for ¢ provides the ‘most important’
summands. To make this more precise, let us introduce the following notation.

Definition 3.3.3. For every n € N, let I(n), Io(n) C N be finite index sets with
Iy(n) C I(n). For each i € I(n), let A;(n) > 0. We say that Iy(n) provides the
main contribution to the sum

> Ai(n)

i€l(n)

Yo Ay =ol Y A |,

i€I(n)\Io(n) i€l(n)
where n — co. The sum over i € I(n) \ Io(n) is then called the tail of > A;(n).

We shall determine index sets Ig(n), Ic(n), I;(n), Is(n) that provide the main
contributions to the sums in (3.12)—(3.14) over ng, nc, I, and d, respectively. This
will yield statements about the size of these values in the following way. For fixed
m = m(n), the index set Ic(n), for example, will be of the type [c1 f(n), caf(n)] for
certain constants 0 < ¢ < ¢g and a certain function f = f(n). This implies that if
G = G4(n,m), then whp no € Ic(n) and thus nc = O(f).

The main challenge is to find the ‘optimal’ intervals Ig(n), Ic(n), I;(n), I4(n)
in view of Definition 3.3.3 in the sense that they should be a) large enough so
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as to provide the main contribution and b) as small as possible so as to yield
stronger concentration results. To achieve these two antipodal goals is a difficult
task whose solution will differ from case to case. In order to prove that a given
interval indeed provides the main contribution to a sum, we bound the tail of
the sum using various complementary methods including maximising techniques
(e.g. Lemmas 3.4.8, 3.4.13, 3.4.16 and 3.4.17), Chernoff bounds (Lemmas 3.4.8
and 3.4.9), and approximations by integrals (Lemmas 3.4.14 and 3.4.19).

Determining the main contributions to (3.12), (3.13), and (3.14) will yield
structural statements like the typical order of the complex part, the core, and
the kernel of G = G4(n,m). In order to derive the component structure of G, we
further apply combinatorial techniques like double counting (e.g. Theorem 3.1.6
and Lemma 3.4.5) and probabilistic methods such as Markov’s inequality (Theo-
rem 3.5.4).

3.4. KERNELS, CORES, AND COMPLEX PARTS

For the remainder of the chapter, let n,m,ng,nc,l,d € N be such that m =
m(n) < (1+ o(1))n and such that ng, nc, I, and d are admissible (in terms of
Definition 3.3.2). Furthermore, set ny =n —ng and my =m —ng — [.

The aim of this section is to determine the main contributions (in the sense of
Definition 3.3.3) to the sums in (3.12), (3.13), and (3.14). In other words, we derive
the typical orders of the complex part and the core of G = G4(n,m), as well as the
excess and the deficiency of G. These orders will be the main ingredients for the
proofs of Theorems 3.1.5-3.1.7. For all results in this section, we defer the proofs
to Section 3.7.

3.4.1. Kernels. Throughout this section, we assume [ > 1. As a basis of our
analysis of (3.12), (3.13), and (3.14), we first have to determine the sum |K4(2] —
d, 3l —d)| of weights of the multigraphs in K4(20 —d, 3l —d). We start with the case
when the kernel is cubic (or equivalently, d = 0). The number of cubic kernels was
determined in [45] by Fang, Kang, Spriissel, and the author of this thesis.

THEOREM 3.4.1 ([45]). The number of cubic multigraphs with 21 vertices and
3l edges embeddable on S,, weighted by their compensation factor, is given by

1K, (21,31)] = (1 + o(1—1/4))69559/2—7/27%(25)! :

where yg = ;Z% ~ 3.606 and e, > 0 is a constant depending only on g.

The number of connected cubic kernels will be of interest as well.

THEOREM 3.4.2 ([45]). The number of connected multigraphs in K4(21,31),
weighted by their compensation factor, is

(1 ¥ O(l_1/4>)cgl59/2_7/2’y§(l(2l)! ,
where vk is as in Theorem 3.4.1 and cg > 0 is a constant depending only on g.

In particular, Theorems 3.4.1 and 3.4.2 imply that K,(2{,3!) is connected with
probability tending to z—g > (; in other words, the probability that a random cubic

g
(planar) kernel is connected is bounded away from zero, in contrast to the well-

known fact that a random cubic general (not necessarily planar) kernel is connected
whp (see e.g. [77, Lemma 1(i)]).

Before we consider kernels with non-zero deficiency, we shall look at the struc-
ture of cubic kernels. We aim to find the giant component of G4(n, m) and prove
that it is complex, hence finding the giant component of the kernel would be a
basis for a complex giant component in Gg4(n,m). Moreover, we would like this
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giant component to have genus g. The following result from [45] provides us with
a component of genus ¢ in a cubic kernel.

Lemma 3.4.3 ([45]). If g > 1, then K 4(2l,3l) whp has one component of genus g
and all its other components are planar.

Intuitively, the non-planar component provided by Lemma 3.4.3 should be the
largest component of the kernel, ideally even large enough to be the giant com-
ponent. The following result shows that this component indeed covers almost all
vertices in the kernel.

Lemma 3.4.4. Let g > 1. Denote by pl(G) the subgraph of G = K4(21,3l) consist-
ing of all planar components. Then |pl(G)| = O,(1). Furthermore, |pl(G)| is even
and there exist constants ¢, c” € RY such that for every fived integer i > 1 and
sufficiently large [,

.\ 5g/2—T/2 .\ 5g/2—T/2
c=i~? (1 - ;) < P[Ipl(G)] = 2i] < T~/ (1 - Z) (3.15)
For the case g = 0, [66, Lemma 2] provides an analogous statement to (3.15)
for the number of vertices outside the giant component of Ky (21, 31).
Let us now look at general (not necessarily cubic) kernels. For such kernels,
we are not able to give a precise formula for their number, but we can bound their
number by comparing them to cubic kernels via a double counting argument.

Lemma 3.4.5. Let k € N be fizred. For K € K4, denote by

(i) Py the property that K has precisely k components;
(i) P2 the property that, if g > 1, then each component of K has genus
strictly smaller than g.

For i =1,2, denote by Kg(ni, mg;P;) the subclass of Kg(nk,mg) of kernels that
have property P;. Then

IKy(20 —d, 31— d)| _ 67 Ky(20 —d, 31— d;Pi)| _ 64,
<> <> =1,2.
KoL = a K, 3P S a it
If in addition d < %l, then also
Ky(20 — d, 31 — d)| 1 KCy(20 — d, 31 — d; P;)| 1 .
> > =1,2.
K230 = 2ietar ™ K, 2L 36 P = 2ieia T = b

Lemma 3.4.5 has two main applications. On one hand, together with Theo-
rem 3.4.1, Lemma 3.4.5 provides a way to bound the value [IC4(2] — d,3l — d)| in
(3.14). On the other hand, Lemma 3.4.5 will also enable us to extend the structural
results from Lemmas 3.4.3 and 3.4.4 to kernels with a fixed constant deficiency d
(see Theorem 3.5.4).

3.4.2. Core and deficiency. We first determine the main contributions to the
sums in (3.13) and (3.14). By definition, |Q4(0,0)] = 1. Thus, throughout this
section we will assume that both ng > 1 and I > 1 (recall that [ = 0 if and only if
ng = 0). Observe that (3.13), (3.14), and the identity

(:i) (2lnf d) T @- dﬁfﬁ T d)!

(nQ)nc‘Kg(Ql - d, 3l — d)|<p7lc,l,d ncngQ*ncfl
(20 = d)!(nc — 21+ d)!

imply that

1Qy(ng.ng + 1)l = (3.16)

nc,d
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The factor |KCy(20 — d, 3l — d)| in (3.16) can be bounded using Theorem 3.4.1
and Lemma 3.4.5. The term ¢, ; 4, however, is still unknown. Recall that this
value denotes the average number, over all K € ICg(2] —d, 31 — d), of different ways
to subdivide the edges of K that result in a core with no vertices and no +1 edges.

Lemma 3.4.6. There exists a function v = v(ng,l,d) such that
ne+vl—1
n = — 20+ d)!
Pnctd = (nc + )<3ld )
and -5 <v <1.

Let us now determine the value of the sum in (3.16) over n¢c, as well as its
main contribution. To this end, we apply Lemmas 3.4.5 and 3.4.6 to (3.16), gather
all parts of the equation that depend on n¢, and denote the sum over these values
by Ec.

Lemma 3. 4 7. There exists a function 7 = 7(l,d) such that
(i) 75 <T<6 forall0<d< |Z];
(i) 0< 7 <6 forall |2] <d <2l

and
no—1|Kq(21,30)] 21 3l| 21 rd
1Qq¢(ng,nq +1)| =ng?™ Z CEr %, (3.17)
where (no)
nQ)n
Yo =Bo(ng,ld) =Y n%c Sne(ne + vl —1)31_g-1. (3.18)
nc

The strategy to determine the main contribution to X is roughly as follows.
Using inequalities from Section 3.2.3, we bound ¥¢(ng, !, d) from above by a sum
of the type

Zexp(A(nQ,nc,l,d)).

The derivative of A(ng,nc,l,d) with respect to nc will show to have a zero at
ne = (1+ o(1))nc, where

ne = nQ(3l —d).

We then substitute nc = ¢ + r and prove that the resulting sum—up to a scaling
factor—corresponds to a normally distributed random variable to which the Cher-
noff bound (3.9) applies. Finally, for nc from the range of the main contribution
to the upper bound, we derive a similar lower bound, which will enable us to derive
the main contribution to ¥¢.

Lemma 3.4.8. Let fo = fo(ng,l,d) be such that

ng (3l — d)>(31d)/2

. exp(fo)- (3.19)

Ec(nQ, l, d) =\ NQ (

(i) There exist constants al, b € R such that
I3

fo <al +bf | —.
nQ

(i1) For every function e(nq) = o(1), there exist constants Ng € N, as, b €

R such that whenever ng > Ng and 2d <1< eng, then
3
fC > aC + b
nQ
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(11i) For every 0 < § < %, whenever ng,l — oo and %d <1 < eng, where

e = €(ng) = o(1) is given, the main contribution to X is provided by
IB(ng,l,d) = {k e N||k—nc| < dnc}.

Our next aim is to analyse the sum over d in (3.17). To this end, observe that
for

Zd = Ed(nQ,l) = Z

d

9  NBl—d+2)/2,d/2..d
( l) (3l —d) ed/2r exp(fo), (3.20)

d (31 — d)lngy?

(3.17) and (3.19) yield

ng? T2 K, (21, 31)]
172 (21)!

We determine the value of ¥, as well as its main contribution, in a similar
fashion as for Y.

|Qg(nQ,nQ +l)‘ = Ya. (321)

Lemma 3.4.9. Let f; = fq(ng,l) be such that
a = (31) "G 23 exp(fy). (3.22)
(i) There exist constants af € R and b} € R such that

l3
fdéaijij—.
nQ

(i1) For every function €(ng) = o(1), there exist constants Ng € N and
ay,b; € R such that

whenever ng > Ng and | < eng.
i) There exists a constant B € Rt such that for ng,l — oo and | = o(ng),
d Q Q
the main contribution to ¥g is provided by

(a) Ta(ng.1) = {0} if 1 = o(ng");
(b) I"(ng,l) = {k € N | k < h(ng)} for any fived function h =
hng) = w(1) if 1 = O(ng");

(¢) La(ng,1) := {k eN|k<aF ﬁ} il =wnlf?).

nQ
Interpreted in a probabilistic sense, Lemmas 3.4.8 and 3.4.9 immediately yield
the typical order of a core of a complex graph, as well as the typical deficiency.

Corollary 3.4.10. For every function e(ng) = o(1), if ng,l — oo and I < eng,
then whp Q = Q4(ng,ng+1) has a core with /3ngl(1+0(1)) vertices. Furthermore,
the deficiency of @ is given by

0 whp if l = o(ng3),
d(Q) = (1) if1=0(ng"),

O(\/%) whp ifl = w(ngg).

Observe that Corollary 3.4.10 requires ng and ! to be growing and [ to be of
smaller order than ng. We shall later see that this will whp be the case for the
complex part of G4(n,m).

In addition to Corollary 3.4.10, which tells us the deficiency and the order of
the core of Q4(ng,ng + 1), Lemma 3.4.9 also enables us to express the number of
complex graphs that are embeddable on S,.
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Corollary 3.4.11. For all positive admissible values ng,l, we have
ng? TETR K (21, 31) 312
(31) G- /2(21)]

This finalises our analysis of (3.13) and (3.14).

1Qq(nq,nq +1)| = exp(fa)-

3.4.3. Complex part and excess. In this section we derive the main contribution
to the double sum (3.12) (with respect to the summation indices ng and {). In
the previous section, we had to distinguish the cases ng = 0 and ng > 0 in
order to determine the number of complex graphs. Similarly, it will turn out that
our asymptotic formulas will be quite different depending on whether the number
my = m —ng — | of edges outside the complex part is zero or not. In order to
keep expressions simple, we will deal with the special cases ng = 0 and my =0
separately.

To this end, define G;(n,m) to be the subclass of G,(n,m) consisting of all
graphs for which the complex part is non-empty and the non-complex part has at
least one edge. After bounding |G;(n,m)|, we shall see that the two special cases
ng = 0 and my = 0 are ‘rare’ in the sense that almost all graphs in G, (n, m) are
also in G;(n,m).

Lemma 3.4.12. For every m = m(n) as in Theorem 8.1.5(iii), Theorem 3.1.6, or
Theorem 3.1.7 we have

|Gg(n,m) \ G5 (n,m)| = o(|Gy (n,m)]).

By Lemma 3.4.12, we can determine the main contribution to (3.12) by deriving
the main contribution to the corresponding sum for |G (n, m)|, namely

Gnmi =3 (" )1utngung +01- tnwme). (329
nQ,l
where ng and [ take all admissible values with ng > 0 and my > 0.

In order to analyse (3.23), we derive an upper bound for the sum over ng and
subsequently also for the sum over [. These upper bounds indicate which intervals
Io(n) and Ij(n) for ng and I, respectively, ‘should’ provide the main contribution

0 (3.23). For ng and ! from these intervals, we then derive lower bounds and prove
that the lower bound for the sum over ng € Ig(n) and I € I;(n) is much larger than
the tails of the upper bound, thus proving that the main contribution to (3.23) is
indeed provided by Ig(n) and I;(n).

Applying (3.6), Corollary 3.4.11, Lemma 3.3.1, and Theorem 3.4.1 to (3.23),
we have

1G5 (n.m)| = ()" (£)" Zf‘" - “¢lzp (o, mu)p(ng, D), (3.24)
where ¢ = 2,/e7237% and

2 e 7—1 2my — YLU—* —mU—%
¥(ng,l) = - ng ny my; exp(fa)- (3.25)

Consider the sum

Yo =%0(n,m,l) Zp (ny, mu)Y(ng,l),

where we sum over all values of ng that are admissible in G (n,m). We shall see in
Lemma 3.4.19 that for fixed [ > 0, the main contribution to g is centred around

ng =2m —n — 2L
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The corresponding numbers of vertices and edges in the non-complex components
are given by

ny =2(n—m+1) and  my=n—-m+lL
The bounds for g will depend on whether [ is ‘small’ or ‘large’, more precisely,
whether

5 (3l .
9 (2 - 1> <my (3.26)
is satisfied (if so, [ is considered small) or not (if so, ! is large).

Lemma 3.4.13. Define Mg = Mg(n,m,l) by

9 2m nf%—li_ml]_l .
- ng my if (3.26) holds,
Mg =

2 2m7nl L TS
L_1_—m -3 .
() [27smy, v 3 otherwise.
e

Then

Yo < n? exp(O(1)) M. (3.27)
Furthermore, for every fized positive valued function ¢ = e(n) = o(1) and every
0 > 0, there exists N € N such that for alln > N

3 7e\ 2!
Yo < 6(1)nt (5) (1 +6)' Mo, (3.28)
whenever

5 (3l _
9z, (2 — 1) < eng. (3.29)

For the case that m is larger than % by only a small margin, we prove a stronger
bound with the help of Lemma 3.3.1(iii) and a more careful analysis of the sums
involved.

Lemma 3.4.14. Let m = (1+ An~Y3)2 with A = o(n'/'?) and A — co. Then we
have

Yo < Ans exp(O(1))Mg. (3.30)

In Lemmas 3.4.13 and 3.4.14, the exact bound depends on whether (3.26) is
satisfied or violated. Correspondingly, we set

Sp= Y UET TR 9N (n,m, ),
l

where [ takes all admissible values for which (3.26) holds, and
S= Y 1 s (n,my ),
1

where [ takes all admissible values for which (3.26) is violated. Heuristically, ¥,
should be the larger of the two sums, because =% should be the dominating term
and this term is small when [ is large (which is the case when (3.26) is violated).
We shall see in Lemma 3.4.17 that 3; is indeed negligible.

Accordingly, we focus on ¥; for the moment. Applying the bound (3.27), we
have ¥; < Z?‘, where

2 2m—n Sg g a g 81—
= <e) Zl 533 qﬁlné 1mU Y exp(O(1)).
1

The main contribution to Zf should be centred around its largest summand. We
approximate the largest summand by ignoring polynomial terms and replacing the
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term exp(O(1)) by (e/2)? (which we saw in Lemma 3.4.13 to be a good approxi-
mation when (3.29) holds). The remaining terms attain their largest value at the
unique solution [y of the equation
2/3(2m —n — 2l n
o = 617;24/(3(71”1”0))2/3, m-n<l<m-S.  (331)
Before we proceed to prove that the main contribution to [G;(n,m)| is indeed
provided by [ ‘close to’ lp (and thus the ‘typical excess’ of a graph in G;(n,m) is
close to lp), let us take a closer look at the value ly. We introduce the following
notation for the seven different cases of m(n) from our main results.
1SuB: m(n) = (1 + /\n_l/?’)f with A = A(n) = o(n'/3) and A\ — —oo, the first
subcritical regime;
1CRIT: m(n) = (1 + An~1/3)
1SupP: m(n) = (1+ An~1/3)2
ical regzme
INT: m(n) = p 5 with g = p(n) — c, € (1,2), the intermediate regime;
2SUB: m(n) = (2+(n"2/%)2 with ¢ = {(n) = o(n*®) and { — —oo, the second
subcritical regime;
2CRIT: m(n) = (2+ Cn*2/5)% with ¢ = ¢¢ € R, the second critical regime;
2SuP: m(n) = (2 + (n"2/%)2 with ¢ = o((logn)~?*n?/°) and ¢ — oo, the
second supercritical regime.

with A — ¢\ € R, the first critical regime;
with A = o(n'/3) and A\ — oo, the first supercrit-

n
2
n

The union of the first three cases will also be referred to as the first phase tran-
sition, while the union of the last three cases is called the second phase transition.
In 1SuB and 1CRIT, our main results will follow from well-known results. Thus,
for the rest of this section, we assume that we are in one of the other five cases.

The definition of [y immediately yields its asymptotic order.

Lemma 3.4.15. The value ly defined in (3.31) is positive and whp satisfies
o(N) in 1SuUP,
O(n'/3) in INT,
O(|¢[72/3n3/7) in 2SUB,
(n3/9) in 2CRIT,
—3/2 .
%C 3/5 4 9(( / n3/5> in 2SUP.

I
®

Furthermore, in 2CRIT, we have 0 < ly — 5 <n3/5 @(n3/5).

In general, [y will not be an integer and thus in particular not admissible. Set
Iy :=[lo].
Now (3.31) and Lemma 3.4.15 yield
#*3(2m —n — 20y)
el/324/3(n —m +17)2/3 "

From Lemma 3.4.15 we deduce that all [ ‘close to’ [; are admissible and use this
fact to derive a lower bound on |G} (n,m)|.

I = (1+o(1)) (3.32)

Lemma 3.4.16. Let ¢ > 1 be given and suppose that | € N with %" <l<cly and

0o 0(n?/?) in 2CRIT,
< mu= @(§73/2 n3/5) in 2SUP.

Then [ is admissible. Furthermore, there exists
nQ =ng + O(72/3)
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such that

e

So(n,m1) > 0() () T exp(falg, D) Ma(n,m. 1)

In particular, for every 6 > 0 and n large enough,

6)m+2l1 34

Gy )| 2 O (5) " F 6 1) (1 8) Mol m,m)

The bound in Lemma 3.4.16 enables us to show that %; is negligible.

Lemma 3.4.17. For n — oo, we have
nt+i (€ Me *
n"re (5> ¥ = 0(|gg(n,m)|).

Lemma 3.4.17 implies that the main contribution to |Gy (n,m)| is provided by
the same intervals that provide the main contribution to ¥;. After determining
lower bounds for the summands in (3.23), our aim is to determine the ‘optimal’
intervals in view of Definition 3.3.3. In other words, we are looking for intervals
Ig(n) and I;(n) such that a) the lower bound, summed over Ig(n) and I;(n), is
much larger than the ‘tail’ of the upper bound and b) Ig(n) and I;(n) are as small
as possible. To that end, in the second phase transition, we need an auxiliary result
that tells us that f; (defined in Lemma 3.4.9) does not change ‘too much’ if we fix
I and change ng by a small fraction.

Lemma 3.4.18. Suppose that m(n) lies in 2SUB, 2CRIT, or 2SUP. Let positive
valued functions h = h(n) = w(1) and € = e(n) = o(1) satisfying he = w(1) be given.
Then for all 6 > 0, there exists N € N such that for alln > N, ng = (1 + o(1))n,
and h <[ < "TQ, we have

|fa((1 = e)ng, 1) — fa(ng, )| < del.

With this auxiliary result, we can now determine the desired intervals Ig(n)
and I;(n) that provide the main contribution to |G (n,m)|.

Lemma 3.4.19. There exist constants Bﬁ',ﬁl— € R* and functions 19?',191_: R —
R*, and ", n; : (1,2) — R with

B> B, " (x) >y (2), 9 () > 0; (x) >

N8

for all x € R such that the following holds.
For every fized function h = h(n) = w(1), the main contribution to (3.24) is
provided by Ij(n) (for the sum over 1) and I1(5(n,1) (for the sum over ng), where

{keN|B A<k<B A} in 1SUP,

{k e N|n (cy)n? <k < (c,)n'/3} in INT,
L(n) := { {k € N| B [¢|72/3n3/5 <k < BF[¢|72/3n3/5} in 2SUB,

{keN| 9 (cc)n®/® <k < ﬁf(cc)n3/5} in 2CRIT,

{k EN| B¢ n3/5 <k— L¢nd/5 < g ¢ n3/5} in 2SuP,

and

(1) = {k; eN| |k —T7g| < hsz/S} .
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3.5. INTERNAL STRUCTURE

In the Section 3.4, we have determined the main contributions to |G (n,m)|
and thus, by Lemma 3.4.12, also the main contributions to |G4(n, m)|. Interpreting
these results in a probabilistic sense, we deduce the typical orders ng,nc of the
complex part and the core of G = G4(n, m), respectively, as well as its typical excess
ex(G) and deficiency d(G). All results in this section are proved in Section 3.6.

The complex part, for instance, grows from order An?/3 in the first supercritical
regime to linear order in the intermediate regime. The number my of edges outside
the complex part is about half the number ng; of vertices outside the complex part.

THEOREM 3.5.1. Let G = G4(n,m). Then ng, nc, ex(G), and d(G) whp lie
in the following ranges.

| ng ne eX(G) d(G)
1SuP | An?? 4+ 0,(n*?)  ©(An'/?) ( 0
INT | (u—D)n+ 0, (n2%)  ©(n?3) ©(n’/?) o
Furthermore,
my = 7 + Op(n 2/3)

Observe that the ranges for ng, nc, and ex(G) in 1SUP can be translated to the
ones in INT by the substitution A = (u —1)n'/3 (or, equivalently, u = 1 + An=1/3).
In the second phase transition, the complex part covers almost all vertices and
thus, it is more convenient to consider the parameter nyy = n — ng instead of ng.

THEOREM 3.5.2. Let G = Gy4(n,m). Then nec, ex(G), and d(G) whp lie in the
following ranges.

| ne ex(G) d(@)
2SUB | O©(|¢|7/3n?/5) (|¢\ 2/3n3/°) O([¢]7'n?/?)
2CRIT O (n*/?) O(n®/5 O(n¥

2Sup @(g1/2n4/5> %<n3/5+@(< 3/2n3/5) O(C3/2n2/5)

Furthermore, we have

ny = 2ex(G) — ¢n®/° + Op(<2 ex(G) — Cn3/5)2/3>

[¢n/® + ©(I¢17/3n%/°) + O, (I¢[*/3n?/%) in 2SUB,
={0(n*") in 2CRIT,
@<C73/2 n3/5) in 2SUP,

and

me%WO( n?/?).

More generally than stated in Theorem 3.5.2, the formula
ny =2(n—m+ex(G)) + Op<(n -—m+ eX(G))2/3)7

which corresponds to the first expression for ny in Theorem 3.5.2, holds for all
ranges of m. In 1SUP, INT, and 2SUB, this formula for ny consists of the main
term 2(n — m), a shift by a lower order term 2ex(G), and an error term. In 1SUP
and INT, the excess is much smaller than the error term, which is why we could omit
the corresponding summand in Theorem 3.5.1. In 2SUB, the excess becomes larger
than the error term when ¢ = o(n3/2°) (or, equivalently, for m = n —o(n**)). For
the same reason, the error term is negligible in 2CRIT and 2SUP.

Observe that if we substitute ¢ by a constant in the cases 2SUB and 2SUP
of Theorem 3.5.2, we obtain the corresponding ranges in 2CRIT. Moreover, the
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ranges in the case 2SUB can be translated to those in INT (see Theorem 3.5.1) by
the substitution ¢ = (1 —2)n?/® (or, equivalently, u = 2 4+ (n=2/%).

As an immediate corollary of Theorems 3.5.1 and 3.5.2, we deduce the typical
order and size of the kernel of G = G4(n, m).

Corollary 3.5.3. The number nx of vertices and myg = %nK + % d(Q) of edges of
the kernel of G = G4(n,m) lie in the following ranges whp.

1Sup O(\) 0

INT O(n'/?) 0,(1)
2SUB O(|¢|=¥3n3/?) O(|¢|7*n?/?)
2CRIT O(n3/?) O(n?/®)
2Sup | ¢(n3/5 +@(C73/2 n3/5) —i—O(CS/Q n2/5) O((3/2 n2/5)

Theorems 3.5.1 and 3.5.2 and Corollary 3.5.3 tell us the orders of the complex
part, the core, and the kernel. What we are ultimately looking for, however, are
orders of components. Lemmas 3.4.3 and 3.4.4 cover the case of cubic kernels, which
are precisely the kernels of G4(n,m) in 1SuP. However, we are not interested in
the properties a kernel has if we pick it uniformly at random from the class of all
kernels. We are rather looking for properties of the kernel of G4(n, m), where the
randomness lies in G4(n, m). Clearly, we cannot expect the probability distribution
on the class of kernels given by this construction to be uniform.

However, by a double counting argument, we prove that the aforementioned
probability distribution does not differ ‘too much’ from the uniform distribution
if we are in 1SUP or INT. From this, we use Markov’s inequality (3.8) to deduce
that in these regimes, the kernel K¢, the core Cg, and the complex part Qg of
G = G4(n, m) have a component of genus g that covers almost all vertices, while all
other components are planar. Recall that H;(G’) denotes the i-th largest component
of a graph G’. Denote by R(G’) the graph G’ \ H1(G").

THEOREM 3.5.4. Let G = G4(n,m), where m = m(n) lies in 1SUP or INT.

(i) Ka, Ca, and Qg have the same number k = Op(1) of components;
(ii) for every i > 2, the probability that Kg, Cq, and Qg have at least i
components is bounded away both from 0 and 1;
(iii) whp Hi(Kg) is the kernel of H1(Cgq), which in turn is the core of H1(Qg),
and all three have genus g;
(iv) whp R(Kqg), R(Cg), and R(Qg) are planar;
(v) [R(Kg)| = Op(1);
(vi) |R(Cg)| = Op(n'/?);
(vii) |R(Qc)] = Op(n??).

From Theorem 3.5.4, we deduce the typical order of the largest components of

the complex part, the core, and the kernel of G4(n, m), respectively.

Corollary 3.5.5. For G = G4(n,m), the largest components of the complex part
Qqa, the core Cqg, and the kernel Kg, respectively, have the following order.
| [H1(Qc)| [H1(Cq)|  |Hi(Kq)|
1Sup | An?34+0,(n*3)  ©(An'/3) o)
INT | (u=1)n+O0,(n?3)  ©(n¥3)  O(n/3)
For the second phase transition, the proof method of Theorem 3.5.4 fails. For

these cases, we prove the existence of the giant component by using double counting
arguments.

THEOREM 3.5.6. Let G = G4(n,m), where m = m(n) lies in 25UB, 2CRIT, or
2Sup.
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(i) The number of vertices in H1(Qg) is
O, (|¢[**n2/5)  in 2Sus,
|H1(Qg)| = ng — O, (n2U/3> — ng — { 0,(n2/%) in 2CRIT,
Op((71 n2/5) in 2SUP;
(i) whp H1(Qg) has genus g, while all other complex components are planar.

In addition to the order of H1(Q¢), we can also determine its size, which plays
a key role in the proof of Theorem 3.1.8. In the first phase transition and in the
intermediate regime, this is an easy corollary of Theorems 3.5.1 and 3.5.4. In the
second phase transition, we need an additional double counting argument.

Corollary 3.5.7. For G = G4(n,m), the size of the largest complex component
H1(Qg) is

[Hy1(Qa)| + ex(G) —1(G),
where r(G) > 0 and whp

r(G) = o(ex(G))  and T(G)zOp(n2U/3>.

By definition, the excess of a graph is the difference between the size and the
order of its complex part. Consequently, one would expect the excess 7(G) of R(Q¢)
to be around

|R(QG)‘ eX(G),
nQ
which is O,(1) in all regimes. In 1SUP and INT, Theorem 3.5.4 indeed yields this
expected bound 7(G) = Op(1). In the second phase transition, our proof method
only provides the weaker bounds from Corollary 3.5.7. However, together with
the fact that H;(Q¢) is indeed the giant component of G (which will follow from
Theorems 3.1.5 to 3.1.7), these weaker bounds suffice to derive the size of Hi(G).

Corollary 3.5.8. For G = G4(n,m), the size of the giant component H1(G) is

O(N) in 1SUP,

@(n1/3) in INT,
|H,(G)| + { O(I¢I7/3n3/5) in 2SUB,

@(n3/5) in 2CRIT,

Lend+ @(C_3/2 n3/5) in 2SUP.

3.6. PROOFS OF MAIN RESULTS

In this section, we prove the main results (Theorems 3.1.5 to 3.1.8) of this
chapter, as well as the structural results from Section 3.5.

3.6.1. Proof of Theorem 3.1.5. In 1SuUB, i.e. m = (1 + )\n_l/g)% with A =
o(n'/3) and A\ — —oo, the Erdés-Rényi random graph G(n,m) whp is embed-
dable on S, by Lemma 3.3.1. Thus, Theorem 3.1.5(i) follows immediately from
Theorem 3.1.1(i).

In 1CRIT, i.e. A — ¢y € R, Lemma 3.3.1(ii) implies that G(n,m) has no
complex components with positive probability. Thus, Theorem 3.1.1(ii) yields the
second statement of Theorem 3.1.5(ii). By [79, Theorem 5], the probability that
G(n,m) is planar, and thus in particular embeddable on S, is larger than the
probability that G(n, m) has no complex components. Hence the first statement of
Theorem 3.1.5(ii) follows as well.

Finally, consider 1SuP, i.e. A = o(n'/3) and A — oco. By Corollary 3.5.5,
the largest component H;(Q¢) of the complex part of G = Gy4(n,m) has order
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An?/34+0,(n?/?). Moreover, by Theorem 3.5.4(iii), (iv), and (vii), H;(Qg) whp has
genus g, while all other complex components are planar and have order O,(n?/3).
By Theorem 3.5.4(i) and (ii), it remains to show that for each & > 1, the k-th
largest non-complex component has order 0, (n2/ 3). By Lemma 3.3.1(ii) and the

fact that my = “% + O, (n?/s) by Theorem 3.5.1, there is a positive probability

that G(ny,my) has no complex component and therefore the claim follows from
Theorem 3.1.1(ii). O

3.6.2. Proof of Theorem 3.1.6. All statements about H; (i.e. that it has genus
g, is complex, and has the claimed order), as well as the planarity of all other
components, follow directly from Theorems 3.5.2 and 3.5.6. For the order of Hj,
i > 2, observe that

(by Theorem 3.5.2) and Theorem 3.1.1(ii) imply that the k-th largest non-complex

component (for fixed &k > 1) has order 0, (n?]/ 3). Now all complex components

apart from H; have order O, (n?]/ 3) by Theorem 3.5.6(i) and thus, the claimed
order of H; follows by inserting the value of ny from Theorem 3.5.2. O

3.6.3. Proof of Theorem 3.1.7. Analogously to the proof of the case 1SUP of
Theorem 3.1.5, Theorem 3.1.7 follows from Theorem 3.1.1(ii), Lemma 3.3.1(ii),
Theorem 3.5.4, and Corollary 3.5.5. ]

Proof of Theorem 3.1.8. In 1CRIT (that is, m = (1 + )\n_l/?’)% with A = ¢y €
R), the claim follows from the fact that

mp = %3” —I—Op(n;/:g)

holds for G(n,m), because G(n, m) is embeddable on S, with positive probability
(see Theorem 3.1.1(ii)).

For all other regimes, Theorem 3.1.8 follows from the order of H;(G) given in
Theorems 3.1.5 to 3.1.7, the bound for its size in Corollary 3.5.7, and the values of
ex(G) and ny from Theorems 3.5.1 and 3.5.2. O

3.6.4. Proof of Theorems 3.5.1 and 3.5.2. The results on the excess and the
order of the complex part follow from Lemma 3.4.19. Observe that ex(G) = o(ng)
for all regimes and thus Corollary 3.4.10 is applicable, yielding the order n¢ of the
core and the deficiency d(G). Finally, by Lemma 3.4.19 we know that

ny =2(n —m+ex(G)) + O, ((n —m+ eX(G))Q/S)
and
my =n—m+ex(G) + Op((n —m+ eX(G))2/3),
which yields the last statements of Theorems 3.5.1 and 3.5.2. (]

Proof of Corollary 3.5.3. Corollary 3.5.3 follows directly from Lemma 3.2.1 and
the values of ex(G) and d(G) stated in Theorems 3.5.1 and 3.5.2. O
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Proof of Theorem 3.5.4. Given a fixed kernel K, call a subdivision of K good
if it is a simple graph (and thus a valid core). We first prove that the fraction of
good subdivisions among all subdivisions of K is bounded away from zero.

To this end, suppose that K is a kernel with 2] —d vertices and 3] —d edges and
that we want to subdivide its edges k times (with & > 6/ —2d) in order to construct
a core C with k + 2l — d vertices. We subdivide K in the following way. First,
decide which labels the vertices of K should have in C; there are (k;ﬁ;d) choices
for this. Let I be the set of the remaining k labels. We recursively subdivide edges
of K and assign the smallest remaining label in I to the new vertex. The number
of choices increases by one in each recursion step and thus we have (k431 —d—1);
choices in total. This way, we construct each subdivision precisely once. Hence the
total number of subdivisions of K is

20-d+k

( 20—d

In order to give a lower bound on the number of good subdivisions, we change our
construction slightly by introducing a preliminary step. After choosing the labels
for the vertices in K, we subdivide each edge of K twice and then choose labels
from I for the new vertices; there are (k)g;—24 choices for this. After this step, we
proceed as before, with the additional rule that an edge may only be subdivided
if none of its end vertices is a vertex of K. Similar to our first construction, there
are (k — 3l + d — 1)k_g1+24 choices for this part of the construction. Every graph
obtained by this type of subdivision is simple and no graph is constructed more
than once. Thus, the total number of good subdivisions is at least

20-d+k
20 —d

The fraction of good subdivisions among all subdivisions of K is thus at least

(K)oi-2a(k =3l +d = Di—ory2a _ (k=31+d —6l+2d 32) 2(31 — d)?

(k+3l—d— 1) _(k—6l+2d> eXp( k—61+2d)'
Substituting | = ex(G), d = d(G), and k = n¢ — 31 + d from Theorem 3.5.1 (and
observing that these values satisfy k > 6] — 2d whp) yields that the fraction of good
subdivisions is bounded away from zero.

To make this more precise, denote by s(K¢) the proportion of subdivisions of
K¢ that lie in Cy(nc, ne +1). We have shown that for every 6 > 0 there exists an
€ > 0 such that

1 -0 <s(K¢g) <1 whpin 1Sup,

e < s8(Kg) <1 with probability at least 1 — § in INT.

)(k+3l—d—1)k.

) (k)o1—2a(k — 3l +d — 1)k 61424 -

(3.33)

Recall the construction steps (C1)—(C3): the core Cg is constructed from K¢ by
subdividing edges; the complex part Q¢ is obtained from Cg by attaching rooted
trees to all vertices; adding trees and unicyclic components to Q¢ yields G. Let X
be an event that depends on the choice of K € K;. From the above construction,
(3.33), and the fact that the kernel of G = G4(n,m) has a growing number of
vertices by Theorem 3.5.1, we deduce that

. < P[X holds for K = K¢
~ P[X holds for K = K,(2l — d, 3l — d)]

provided that the denominator is non-zero.

To prove (i), observe that the kernel, the core, and the complex part of a graph
have the same number k of components by construction. Lemmas 3.4.3 and 3.4.4
(for g > 1) and [66, Lemma 2| (for g = 0) tell us that the cubic kernel K, (21, 31)
has O, (1) components. Thus by (3.34), we have k = O,(1) if the kernel is cubic,

1
<= .34
3 (334
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which is the case whp in 1SUP by Theorem 3.5.1. In INT, we have d(G) = O,(1).
Thus, we apply Lemma 3.4.5 and deduce that kK = O,(1). By analogous arguments,
we deduce (ii), (v), and the genus statements about K¢ from (iii) and (iv).

The observation that subdividing edges (when constructing C¢) and attaching
trees (constructing Q) does not change the genus of any component proves the
remaining statements of (iv).

In order to prove (iii), (vi) and (vii), let Ax be any fixed component of K.
Denote by Ac and Ag the corresponding components of C¢ and Q¢, respectively.
Observe that

e in arandom (not necessarily good) subdivision of the kernel, the expected
number of subdivisions of any given edge e is ZTC; -1
e if we attach a rooted forest to the core in order to construct the complex
part, the expected order of the tree attached to any given vertex v is Z—g.
By Theorem 3.5.1, we have 1< = O(n'/3) and :—2 = O(n'/3) whp. Therefore,
(3.33) and Markov’s inequality (3.8), applied to the random variables |A¢| and
|Ag|, imply that

[Ac| = 0p(n'/*)| Ak and  |Ag| = Op(n'/?)|Ac]

for every fized component Ax. On the other hand, there are Op,(1) components,
which proves (vi) and (vii). Together with the observation that Ax, Ac, and Ag
have the same genus, (iii) follows as well. O

Proof of Corollary 3.5.5. Corollary 3.5.5 is an immediate consequence of The-
orems 3.5.1 and 3.5.4. O

Proof of Theorem 3.5.6. Let m(n) be a function from the second phase tran-
sition, that is, m(n) = (2 + (n~=2/%)2 with ¢ = ((n) = o(n*®). As usual, we
denote the number n — ng of vertices outside the complex part of a given graph
G € G4(n,m) by ny and the number of edges outside the complex part by my.

We first prove (i). To that end, for every > 0, we need to find a constant c;s
so that ng — |H1(Qg)| < c(;n?]/ ® with probability greater than 1 — & for sufficiently
large n. Fix 6 > 0 and denote by & (n, m) the subclass of G,4(n, m) of those graphs
G for which ng — |H1(Qg)| > c(;n?/g with some (sufficiently large) ¢s. We have to
prove that |£1(n, m)| < 0|G,4(n, m)| for sufficiently large n.

Suppose that there exists an infinite set I C N such that |E1(n, m)| > 6|G4(n, m)|
for all n € I. We use double counting in order to derive a contradiction from this
assumption. Let n € T be fixed and pick a graph G € &;(n,m). Theorem 3.5.2
together with the assumption |&;(n, m)| > §|G4(n, m)| yields that

my =m—mg = %] +0, (n?]/g). (3.35)
By definition, |H1(Qg)| < ng — c(;n?]/?). Thus, there is a partition (A, B) of the
vertices in Q¢ such that each component is contained either in A or in B and that
|A| > %2 and |B| > C5TL2U/3. Now we perform the following operation. We delete
one edge from the non-complex components and instead add an edge between some
vertex a € A and a vertex b € B. The resulting graph G’ is still embeddable on S,
and thus lies in G,(n, m). The number of choices for this construction is therefore

¢
mulA]-1B| = (1+o(1)) e/ *ng.

Observe that the core Cq of G’ is obtained from the core Cg of G by adding ab and
paths from a and b to Cg, respectively. In order to determine the number of vertices
added to Cg, recall that the complex part of G is obtained from the core of G by
attaching a rooted forest with ng vertices and nc components. By [92, Theorem 3],

51



which is applicable since nc = o(ng) and ng = o(nZ) by Theorem 3.5.2, we know
that a random forest with this many vertices and components has height (that is,
the maximum distance of a vertex from the root of the tree it is contained in)

log(n%anC) n n?
n=0, = = OP(Q log(c)). (3.36)
log(l + e ) nc ngQ

nQ

From Theorem 3.5.2, we deduce that in particular 7 = o(n¢) whp. Therefore, we
have |Cq| = ne + o(ne).

The reverse construction is to delete the edge ab (which lies in the core) and
add an edge outside the complex part (not creating any new complex components).
There are at most (1 + o(1))nc choices for ab. Thus, there are less than n#nc
possibilities for the reverse direction, yielding

(L + o(1)) e/ *nl€1(n, m)| < nfmc|Gy(n, m)|

and thus

1/3
dng; “ne

|€1(n, m)[ < (14 0(1)) |Gy (12, m)].

CsTQ
1/3
Now % = O(1) by Theorem 3.5.2 and thus we can choose ¢s so that
|E1(n, m)| < 6|Gg(n, m)|

for sufficiently large n € I, a contradiction. This finishes the proof of (i).

In order to prove (ii), we first show that Qg — H1(Q¢) is planar whp. We
already know that G whp satisfies (i) as well as (3.35). In particular, we have
|H1(Qc)| > 5 and my > % whp. Denote by £ (n,m) the class of graphs G' with
these two properties for which G — H1(Q¢) is not planar. We use a double counting
argument to show that |E2(n, m)| = o(|G4(n, m|).

To that end, suppose that G € E(n,m) and let H # H1(Q¢) be a non-planar
(and thus in particular complex) component of G. We construct a new graph from
G by deleting an edge outside the complex part and inserting an edge between an
arbitrary vertex u in H1(Q¢) and a vertex v in a maximal non-planar 2-connected
subgraph H’ of H. The number of choices for this construction is larger than

nny

my|H1(Qa)| > 5

The reverse construction is to delete an edge uv from the largest complex
component that separates v and v and add an edge outside the complex part (not
creating any new complex components). Moreover, the edge uv has to be chosen
in such a way so that a) v lies in a maximal non-planar 2-connected subgraph H’
and b) the component (after deleting uv) containing « has more than % vertices.
It is well known that the genus of a graph is the sum of genera of its maximal
2-connected subgraphs and thus, there are at most g choices for H'. Given H’,
there might be several edges uv with v € H' and u ¢ H’, and each such edge will
separate u and v. However, for at most one such edge, its deletion can result in the
component containing v having more than & vertices, because these components
are pairwise disjoint for different choices for uv. Thus, there are at most g edges
that satisfy both a) and b) above. In total, there are at most gn?, choices for the
reverse construction. Therefore, we conclude that

6g

2
n
Ea(mm)| < 201G, (n.m)|

and thus |E2(n, m)| = o(|G4(n,m)]|), since ny = o(n).
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We thus know that Qg — H1(Qg) is planar whp. Now let £5(n,m) denote
the class of graphs G € G,(n,m) for which |H;(Qg)| > § and my > = hold,
Q¢ — H1(Qg) is planar, but Hi(Qg) has genus smaller than g. Given a graph
G € &(n,m), delete an edge outside the complex part and add an edge between
two non-adjacent vertices in Hy(Qg) to obtain a graph G’. Observe that adding
this edge cannot increase the genus by more than one and thus, G’ € Gy(n,m).
The number of choices for this construction is at least

mU<(|H1(2QG)|> —m> = O(nyn?).

For the reverse direction, we delete an edge from the largest component (at most
m = ©O(n) possibilities) and add an edge outside the complex part (less than n?
possibilities) without creating any new complex components. Therefore,

Ea(n.m)| = O(2) Gy (n,m)],

implying that H1(Q¢) has genus g whp. This finishes the proof of Theorem 3.5.6.
O

Proof of Corollary 3.5.7. The size of the complex part is ng + ex(G) and thus
H1(Qg) has size

[H1(Qq)| + ex(G) — r(G),
where 7(G) is the difference between the size and the order of R(Qg) = Qg —
Hi(Q¢), which is non-negative by the definition of a complex graph (and zero only

it R(Q¢) is empty).
The property
"G) =0 (n?/3)
follows immediately from Theorem 3.5.4 and the fact that ny = ©(n) in 1SUP and
INT, and from Theorem 3.5.6(i) in 2SUB, 2CRIT, and 2SUP.

Denote by Kp the kernel of R(Qg) = Q¢ — H1(Q¢). By construction, r(G)
equals the difference between the size and the order of Kz and thus by the Euler
formula

r(G) < 2|Kg|+2(g—1).
In 1Sup and INT, we have |Kgr| = Op(1) by Theorem 3.5.4(iii) and (v), while
ex(G) = w(1) by Theorem 3.5.1. Thus, r( ) = o(ex(@G)) in these regimes.

It remains to show that r(G) = o(ex(G)) also holds in the second phase tran-

sition. In 2CRIT and 2SUP, we have nU/3 o(ex(G)) by Theorem 3.5.2 and thus
r(G) = o(ex(G)) follows from r(G) = O, (n[2J/3> We may thus assume that m

lies in 2SUB. For fixed ¢ > 0, let F.(n,m) denote the class of all G € Gy4(n,m)
for which r(G) > eex(G). We shall prove by a double counting argument that
| Fe(n,m)| = o(|Gg(n, m)]).

Suppose, for contradiction, that |F.(n,m)| > §|G4(n,m)| for some 6 > 0
and arbitrarily large n. Let G € F.(n,m) be fixed. First observe that we have

|R(Qs)| = O ( 2/‘3) by Theorem 3.5.6(i) and my = %% + O ( 2/3) by Theo-

rem 3.5.2 and hence there exists a constant ¢ > 0 such that

IR(Qa)| <en?®  and  |my — ”7U| <enil® (3.37)

with probability at least %. Suppose that my lies in that range. Then G(ny, my)
has no complex components with positive probability. On the other hand, the

largest unicyclic component of G(ny, my) has order ©,, (n2U/3) (see e.g. [78]). Thus,

we may assume that the constant ¢ above is large enough such that G satisfies
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(3.37) and its largest unicyclic component has order between “ny 2/3 and cn?/ ? with
probability at least 1

Delete an edge from R(Q¢) that does not separate its component; there are at
least r(G) > eex(G) choices for this edge. Then we add an edge between H;(Q¢g)
and a component in R(Q¢) or a unicyclic component. Let k > 1 2/ % be the number
of vertices in R(Q¢) and all unicyclic components. Then the number of possibilities
for this construction is at least

(14 0(1))eex(@)kng,

because |H1(Qa)| = (1 + o(1))ng by Theorem 3.5.6.
Observe that by Theorem 3.1.1(ii) and Theorem 3.5.2, the largest non-complex
component has order O, (n?]/ 3). Analogously to the proof of Theorem 3.5.6, using
n2U/3 = o(n¢), we see that the core Cg of the resulting graph G’ contains the edge

uwv and has order (1 + o(1))nc.

For the reverse direction, we delete a separating edge from the core of the

largest complex component, cutting off a component of order at most cn?]/ 3 (at

most (1 + o(1))ne possibilities), and add an edge uv between two vertices in a
complex or unicyclic component (but not in the largest complex component). In
order to bound the number of possibilities for uv, observe that the total number of
vertices in such components is at most

k+cn2/3 < (4 1)k,

We thus have at most (c? + 1)k possibilities to choose u. The component that
contains u has at most cn?]/ 3 vertices, implying that we have at most

(14 o(1))(c® + 1)enPkne
possibilities for the reverse direction. In total, this yields that

2(c? + l)cnU/3nc

<(1 1 .
“Fﬁ(n’m” — ( +0( )) EeX(G)TLQ ‘gg(n7m)|
By Theorem 3.5.2, we have
2/3
ny “ne <]
= = 1

x(Gng @<n2/5) o0

contracting |F.(n,m)| > 6|Gy(n, m)|, as desired. O

Proof of Corollary 3.5.8. By Theorems 3.1.5 to 3.1.7, the largest component

H1(Qg) of the complex part of G is the giant component Hi(G) of G. Now the

statement follows directly from Theorems 3.5.1 and 3.5.2, and Corollary 3.5.7. O
3.7. PROOFS OF AUXILIARY RESULTS

In this section we prove all results from Sections 3.3 and 3.4.

3.7.1. Proof of Lemma 3.3.1. It remains to prove (iv). From Lemma 3, (10.11),
and (10.12) in [62], we deduce that

22m=nenimin|
(n — m)In?m2mi

dz
pln,m) =

74 VI=Zexp(nk(2)

where the contour of the integral is a closed curve around the origin with |z| <1
and

k(z)=2z—-1-— % log(z) + (1 - —) log(2 — 2).
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We use the contour consisting of a) the line segment from 1 to ¢, b) the semicircle
of radius one with negative real value, and ¢) the line segment from —i to 1. Along
this contour we have |exp(k(z))| < 1 and thus

22m—nenminl |% V1

(n —m)In?m27

(3 6) e*(m +2v2) (2 2m=n o m41/2,n—2m+1/2
fﬂz e (n _ m)n7m+1/2

proving the lemma. O

p(n,m) <

)

Proof of Lemma 3.4.4. We abbreviate the class of cubic kernels embeddable on
Sy by Ay and the subclass of A, of connected cubic kernels by B,. Clearly, every
graph in Ay has an even number of vertices. We first prove (3.15).

By Theorems 3.4.1 and 3.4.2 there exist positive constants a, ag ,bg ,b; such
that for all [

[Ag(20)] + - |B,(20)] +
= (21)p9/2-7/242L(20)] S 4 and by (21)5g/2 7/242(21)! < by
By Lemma 3.4.3, the elements of A;(2]) whp have a unique non-planar com-
ponent. Therefore the probability that pl(G) has exactly 2¢ vertices is given by

and we can therefore conclude that (3.15) holds.

It remains to show that for every § > 0 there exists a constant c¢s such that
P[|pl(G)| > 2¢5] < ¢ for sufficiently large I. By Lemma 3.4.3, (3.15), and the fact
that ¢ > 1, we have for any ¢5 € Nyg

P[Ipl(G)] > 2¢5] < (14 o(1 Z c 27/2( ;)

1=c5+1

The summand (as a function in i) has a unique minimum at ¢ = Z'. Therefore,

-2 —
P [[PUG)| = 2¢5] < (14 o(1)) ;/ 57/2(1*%) e

= <§ + 0(1))cg+cg5/2(1 +0(17V?) <9

for ¢5 and [ large enough, as desired. U

Proof of Lemma 3.4.5. For K € K,(21,3l) and K € K,(2l — d, 3l — d), we say
that K contracts to K if for each vertex in K with label i € {2l —d + 1,...,2l}
we can choose an edge e; = {i,v;} so that contracting these edges results in
K (the contracted vertices obtain the smaller of the two labels). We say that
€21—d+1s - - -, € are the contracted edges. Denote by ICgA:4(2l —d, 3l — d) the sub-
class of KCg (2] —d, 3] — d) consisting of multigraphs with maximum degree four. We
say that a contraction of K to K has degree four if K € ICgA:‘L(Zl —d, 3l —d).

If K contracts to K, then the compensation factor defined in (2.1) satisfies

w(K) < w(K) < 6%w(K). (3.38)
Each K € K,(21,3l) contracts in at most 3¢ ways, because K is cubic and
hence there are at most 3¢ choices for the edges ea;_q+1,-..,€2. Vice versa, we

claim that every fixed K € K, (2] — d, 3l — d) is obtained by at least d!2~¢ different
contractions from graphs in K,4(21,3l). By recursively splitting vertices of K of
degree at least four into two new adjacent vertices of degree at least three each,
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not increasing the genus throughout the process, we obtain a weighted multigraph
K € K,(21,31) that contracts to K. The new vertices can be labelled in d! ways,
of which at least 27¢d! result in distinct multigraphs in K,4(21,3l). Together with
(3.38), this proves the upper bound

|Kq(2L —d, 31— d)| _ 67
K421, 30)] = d

The corresponding bound for |K, (2] — d, 3l — d; P;)| follows analogously observing
that the two constructions above do neither change the number of components nor
increase the genus of any component.

For the lower bound, we claim that the elements of Ky(2l, 31) have at least 6~¢
contractions of degree four on average. Indeed, first observe that K € KC;(21,30)
contracts to K € ICgA:4(2l —d,3l — d) if and only if the contracted edges form a
matching in K. By choosing the edges of the matching recursively, we see that K
contains at least (de!)fl H?;é(?l — 65) matchings of size d.

Denote by A(K) the class of all weighted multigraphs that are isomorphic to
K. If we choose A € A(K) and a matching M of size d in A uniformly at random,
then the probability that every edge in M has precisely one end vertex with label in
{20—d+1,...,2l}is % Therefore, the average number of contractions of degree

d

four of graphs in A(K) is at least

d—1 - d
[T[5=o (2l = 65) 24 S (2[—6d> > 64

2l ()

20 —d

where the last inequality uses the fact that d < %. The fact that the classes

A(K) partition K,(2l,31) proves that K € K (2, 3l) has at least 6=¢ contractions
of degree four on average.
Vice versa, let K € ngA=4(2l —d, 3l — d). By recursively splitting the d vertices

of degree four in K, we see that K can be obtained by at most (;l)dd! = 6%!
contractions of degree four. Together with (3.38), we deduce that
IICq(20 — d, 31 — d)| S 1
|1Cq(2L,30)] 21644l

The corresponding bound for |KCy4 (21 — d, 3] — d; P;)| follows analogously. O

3.7.2. Remark. Observe that the proof of Lemma 3.4.5 applies to any class F of
(multi-) graphs that is a) closed under taking minors and b) weakly addable, that
is, if G is obtained by adding an edge between two distinct components of F' € F,
then also G € F. For more details, see Section 3.8.

Proof of Lemma 3.4.6. Let K € K (2] — d, 3l — d). We subdivide the edges of
K by inserting nc — 21 + d vertices and then assign labels to these new vertices in
one of (nc — 21 4 d)! possible ways so as to obtain a core with n¢ vertices.

Call a distribution of ng — 2 + d new vertices to the edges of K feasible if
the resulting graph has no loops or multiple edges. The number (glc:il:ll) of all
distributions is clearly an upper bound for the number of feasible distributions. On
the other hand, a distribution is feasible if and only if each loop is subdivided at
least twice and for every multiple edge, at most one of its edges is not subdivided.
Denote by sx the minimal number of times that we need to subdivide the edges of
K in order to obtain a simple graph. Then ("C;l':lsfl_l) is a lower bound on the
number of feasible distributions.
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By construction, sx < 2(31 — d) < 6] and we thus deduce that
. no+vl—1 nc+10—-1
— ! < < — ! .
_?_éingl((”c 2 +d) ( 3l—d—1 )) S $neda < (no =20+ d) <3z —d- 1)
Now the lemma follows from the intermediate value theorem and the fact that the
function (i) for fixed k € N is continuous for z € R. O

Proof of Lemma 3.4.7. Lemma 3.4.7 follows directly from (3.16), Lemmas 3.4.5
and 3.4.6, the intermediate value theorem, and the fact that z¢ is continuous. [0

Proof of Lemma 3.4.8. We first derive an upper bound for ¥, as well as the
main contribution to this upper bound. We substitute nc = Tic + r (recall that
nc = v/no(3l —d)). Applying (3.5) to (3.18), and then using (3.2) and (3.7) we
deduce that

2
Yo < »t= Zexp <27’LQ +rA; + A2> , (339)
where
1-2nc 3l—-d-1 @Bl—-d-1)3l-d-2)
A1: + — — 2 )
2ng nc 2Mec+1-1)
1 3l —d -1 3l —d—2
Ay =(3l — d) [ log(ne) — = l—d-1 — .
2 =(3 )<°g(”0) 2>+ g )(nc 2(nc+l—1)>

Evaluating the ‘Gaussian’ sum in (3.39) we obtain

AQ
Eg < /2mng exp(AQ + nQ21>

The existence of the constants ag;, bl from (i) now follows from

(31—d)/2
ot < (522)" oo 1)

and the observation that ngAf = O(%), which is O(1 /%), because [ = O(ng).

In order to prove (ii), suppose that 2d <1 < eng = o(ng); then also | = o(n¢).
In (3.18), we set nc =Tic —vl+ 1+ s. If we let the parameter s = r + vl — 1 take
only values for which n¢ € Ig(nQ, I, d) with fixed 0 < § < %, then

(nQ)n _
o= ze: ney’ “nc(fic +8)g_ g 1
The interval Ig(nQ, l,d) has length 26mc > 2d,/ng and hence we can choose for s
an interval I, of length ¢,/ng in which |s| < é7i¢ holds.
We use (3.5) for both falling factorials and obtain

3l—d—1
1+ vl
S > i (1 + S) (1 + w) exp(By), (3.40)
- ng nc
where
5 (e —vl+1+s)? (31 —d —1)2
1=-

2(ng —mic+vli—1—25) B 2nc —3l+d+1+s)
Observe that 1+ == = ©(1) and 1+ ==+ = ©(1). Using (3.3), we deduce that

3l—d
(1 + S) exp(By) > exp (—?’ld + O( lg) + O(l)). (3.41)
ngo 2 nQ

Now (3.40) and (3.41), together with |I,| = 6,/mg prove (ii).
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It remains to prove (iii). First observe that if we take the sum (3.39) over
all r € Z and normalise, we obtain a Gaussian random variable X with mean
ngA; = O(l) and variance ng. Applying the Chernoff bound (3.9) to X, we

deduce
2 3l—d
Z exp(—r +rA; —|—A2> < 2exp<—62>2'g.
271@ 8

|T—77,QA1‘>%HC

Note that |r —ngA;| < $nc implies that nc € I&(ng, 1, d) for sufficiently large ng
and [ = o(ng), because then ngA; = o(ng). Therefore,

—e—nc(ne + vl —1)3_4-1

n s Q 3
CWC(” ) Sexp( 523l8d+@()+@( l ))
Y e (ng + vl Da—aa e

Now §23=4 = (1), 1/% = o(l), and the fact that | — oo finish the proof of

(iif). O
Proof of Lemma 3.4.9. We start by proving (i). We apply
_ \BI—d+2)/2 (3.4) 3l1—d 31—4
(31 d) (3§4) (& (31 _ d) 3l 2d 1 (3§2) € ( )_3175171
(31 —d)! V2w Vo

and Lemmas 3.4.7 and 3.4.8 to deduce that

Zd<exp(ac+b+\r) e ( )(msz)

Ver

proving (i) with a] = af, — 3log(27) and b} = b+ ~+ 2v/108.

For (ii), first note that We have a lower bound for ¥4 if we restrict the sum
(3.20)to0<d < L%ZJ By analogous arguments as for the upper bound, we deduce
that

.. exp(ac +bo \/>) (30~ dzz:: (ZZ) <3l>§

e 216%eng

The sum above can be extended to a sum Y = ZZLO (ZZ) y? with y = o(1). Normal—

ising this sum results in a binomial random variable X = Bi(2[, p) with p = - +y and

6(\/13/71 ) If E[X] — 0, then the main contribution to Y is provided

by the index d = 0. Otherw1se7 the Chernoff bound (3.10) yields that the main
contribution to X—and thus also to Y—is provided by an interval contained in the
range 0 < d < 2—1. Thus, with (3.3) we deduce that

e R o 2

- e(1+0(1)) 108y/e\| ng  216y/eng
Observing that 12/ng = o(y/I3/ng), we have thus proved (ii) for any choice of
a;<a5—1andb;<b6+w‘/§/@

In order to prove (iii), it remains to show that the tail of ¥, has smaller order
than its total value, that is

EROE AT e
¢l
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Write o o
Z‘Z@(FQ)

For , /Z—Q — 0, the exponential terms in (3.42) are both 1+ o(1) and the sum on

n
the left hand side is o(1), because its range does not include the main contribution
to the binomial sum Z, which is located at d = 0.

If ,/% — ¢ € RT, then both exponential terms in (3.42) are ©(1). For any
fixed h = h(ng) = w(1), we deduce from (3.10), applied to the normalised sum Z,

9 6\/§>d<
—— | <exp(—ch)
> (3)(55) <o

for some constant ¢ > 0, which proves (3.42).
Finally, if , /% — 00, we can choose 5; sufficiently large so that (3.10) yields

(21) 631 ‘ I3
2. <W ) <exp<—<b;—bd+1> n)
d>5j,/% N N

which proves (3.42) also in this last case. O

Proof of Corollary 3.4.10. The typical range for d(G) follows directly from
Lemma 3.4.9(iii). Substituting this deficiency in the formulas for the main contri-
bution for ne from Lemma 3.4.8 yields the typical order of the core. O

Proof of Corollary 3.4.11. This follows directly from (3.21) and (3.22). O

Proof of Lemma 3.4.12. We prove Lemma 3.4.12 using the lower bound on
|G (n,m)| from Lemma 3.4.16. It is important to note that vice versa, the proof of
Lemma 3.4.16 does not rely on Lemma 3.4.12.

Suppose first ng = 0, i.e. the complex part is empty and the graph only consists
of trees and unicyclic components. In this case Lemma 3.3.1(iv) implies that the
number of such graphs satisfies

[U(n,m)| < O(1)n™2m e .
Comparing this to the lower bound from Lemma 3.4.16 shows that

U(n,m)|
G (mom)] =

The remaining case is my = 0, i.e. m = ng +1 > ng + 1 (recall that ng > 0
implies [ > 0). The number of such graphs is given by

> (2 )iengm

ng<m-—1

el = o(1).

The case ng = m — 1 in the sum above is of smaller order than the lower bound
for [G¥(n, m)| from Lemma 3.4.16. For every ng < m — 1, Corollary 3.4.11 implies
that

() 1Qg (g m = DI("75?)

— O()nd(m—ng) #(n—ng) 2 (3.43)
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In 1SuP and INT, the right hand side of (3.43) is O(n~'/2). Observing that the
denominator is a summand of |Gy (n,m)|, we deduce that

Z (an> |Qq(ng, m)| = 0(|g;‘(n,m)\) in 1SuP and INT.

ng<m—1

Suppose now that we are in the second phase transition and write I; = [p;, ¢;]. For
ng < m — py, the right hand side of (3.43) is o(1) and thus

n
5 () 10stngml = ofig; nml).
nQ<m-—pi Q@
For ng > m — py, or equivalently I < p;, we have

m—2

> (7 )iutngm—0i("7,"?) < expl— (w5

nQ=m-—p

where f = w(logn) is a positive valued function. From this, we deduce that

m—2
n (3.43) R § §
> (0 )1ungm)| < ©(nd) exp(—f ()G (n.m)| = o(1G; (n.m))).
nQg=m-—p Q
This concludes the proof of Lemma 3.4.12. O

Proof of Lemma 3.4.13. In ¥ = ZnQ pv (see (3.25) for the definition of 1),
we substitute ng = fig + . We then have ny = n —ng = ny —r and my =
m—ng—l=my —r.

With this substitution, we obtain

2 nQ+r 31 1 ™, 1
o= (2)7 o ¥ ) - ()

Because ng,! are admissible, we have | = O(ng) and thus

3

fa<al +bi/— =0(). (3.44)
nQ
If in addition (3.29) holds, then ! = o(7ig) and thus, for every fixed h(n) = w(1),
fa < af +o(1)1, (3.45)

whenever r > —ng + hl. In either case, we distinguish whether » > 0 or r < 0.
Let ;¢ be the part of ¥ consisting of the summands with » > 0. We bound
p(ny, my) from above by 1. Additionally we claim that

(2)7'(% —r) "y — )T <™ exp (— - ) (3.46)

e 24W2U

Indeed, for r > 0, the quotient of the two sides in (3.46) has a unique maximum at
r = 0, where we have equality. Furthermore, there exists a constant ¢ > 0 with

1 1 3
(g —r) "2 (my —r)"2 < cm,’ eXp<21Z;mI2J>. (3.47)
Now (3.44), (3.46), and (3.47) yield
2 ﬁfomel _ 3L_q r?
Yrs0 < o) ™y exp(O(1)) Z(nQ +7r)2 exp| — e )’ (3.48)

T

60



If in addition (3.29) holds, we can replace exp(O(1)) by (1 + o(1))!. The summand
above is maximised at the (not necessarily integral) unique positive solution rg of

3l
7’0 + ’I"O’ILQ = 9mU (2 — 1)
Suppose first that (3.26) holds, that is, 7§y > 9m¢ (2 — 1). Then

—2 ﬂfl St
LjmeE oy oo oG ol (3.49)
2 nQ nQ

r(E-1) )

and thus
2 _
nQ 27%%]

3 (3.2) a_
(ﬁQ —i—ro)%_l exp<—27:312 ) < ﬁé 1eXp<
U

(3.26),(3.49) a1
< RE exp(O(1)).

Summing over 1 < r <y — 1, we deduce that

2 ﬁQiﬂ_1i_m
Er>0 S (e) 77,5 mU v eXp(O(l)),

If the stronger condition (3.29) is

which proves (3.27) for X,5¢ if (3.26) holds.
satisfied, the factor exp(O(1)) improves to exp(O(+/€l)) = exp(o(1)l), proving (3.28)

for Err>0
Now consider the case nQ < 9mU(3 . Then

1. 3l N 3
239m2U(2—1 <rg<2¢ 9*2 ——1 (3.50)

(nQ+ro)§1exp< 277;;)121]>_(31"0) Lexp(O(1)).

Summing over less than my values for r, we deduce that

2\ " 3
Yrso < (6) rg  my Y exp(O(1)).

Together with (3.50), this proves (3.27) for 3,~¢ in the case that (3.26) is violated

Finally, consider the part ¥,<o of ¥ consisting of the summands with » < 0.
Observe that —ng + 1 < r < 0; in particular, the case r < 0 only occurs if g > 0.
We use Lemma 3.3.1(iv) as an upper bound for p = p(fiy — r,my — r) to deduce

nQ o 1
p < C<§> (g +7)% "1, "2 exp(fa). (3.51)

and hence

We bound the factor exp(fy) by (3.44). Furthermore, (mg+7)% ! < nQ ' because
r < 0. Summing over r, we deduce that

2 ﬁQiﬁi_ﬁU_l
Yr<0 < C(e) ng my 2 exp(O(1)).

This proves (3.27) for X, <o, independent of whether (3.26) is satisfied
Finally, suppose that (3.29) holds. Then in (3.51), we bound the factor exp(fy)
—ng + hl and deduce by analogous arguments as above that

by (3.45) for r > 1y :=
me TR (14 o(1))

0 9\ 7@
Z pb < O(1) <e> ng My
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For r < r1, observe that Euler’s formula yields r > ry := —Tig + ©O(l). In this range,
the summand pv is maximised at the upper bound r = r; — 1; this yields
Tl 2 nQ 3 L
> ov<om)(2) o0 ¥m ™ ko).
T=T2
If we choose h to be growing slowly enough so that hi = o(7ig), then this proves
(3.28) for X, <.
The trivial observation Xg = 3,0 + X,<¢ finishes the proof. O

Proof of Lemma 3.4.14. Like in the proof of Lemma 3.4.13, we distinguish the
cases 7 > 0 and r < 0 as well as whether (3.26) holds or not.

First consider ¥,~¢ when (3.26) holds. Then (3.49) implies ry < Tig, which
yields

& 3l r3 g (q, 1o F-1 re
E = p) _ <7 9 _
(g +1) eXp( 27m(2j) ="Q < 3 ) eXp( 27m2)

r=1

The sum over the remaining values for r is bounded by the integral

[e’e} . 3 l
/ (2r) % Lexp (- 27’;2 ) dr < mlUF(2) exp(O(1)) = 7k 12 exp(O(1)).
nQ mU

Now (3.26), (3.48), and the fact that g = 2m — n — 21 < An?/3 prove (3.30) for

2r>0-
If (3.26) is violated, we split ¥, into the sums for 1 < r < ry and rg < 7.
Observe that (3.50) implies ng < 2rg. Thus, the sum for 1 < r < r( is smaller than

mlUl% exp(O(1)), while the sum for ro < r is bounded by the integral

3l

o) 3
/ (3r)2 ! exp<— - > dr < mk 12 exp(O(1)) < k125 exp(O(I)).
o 27my;
Now (3.30) for X, follows from (3.48) and the trivial fact that my = O(n).

For » < 0, observe that my = &% — £. Furthermore, we have ng < ng =

2 2
O(An?/3) and thus
r=0(An?3) and ny = (14 o(1))n.

By the assumption A = o(n'/!?), Lemma 3.3.1(iii) applies to p(ny, my) and sum-
ming over —ng + 1 < r < 0 yields

1

nQ 3L 1,1
0 < c(e) mE g Ty Y2 exp(O(1).
Now (3.30) follows for ¥,<¢ analogously to the proof of Lemma 3.4.13, with the
additional fact g = O(An?/3). O

Proof of Lemma 3.4.15. By (3.31), Iy is positive. We prove the order of I
separately for each of the five regimes.
1Sup: In this regime, we have

¢?/3(An2/3 — 2ly)
e1/324/3(% —A\n2/3 4+ lo)
The denominator is of order ©(n?/3). Thus, in order for the equality to be true,
the numerator must be of order An?/? and thus Iy = O(\).

INT: Here, the denominator is still of order n2/3 and the numerator is of order
O(n) and thus Iy = O(n'/3).

lp =

2/3"
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2SUB: The numerator is of order ©(n) and thus

6(n)
(lo — 3 CniTora

lo=

If I = Q(|¢|n3/?), then we have [y = @(l;}g) and thus Iy = O(n?/®) = o(|¢|n?/?),

0
a contradiction. Therefore, Iy = o(|¢|n?/®) and

o =0 e ) =0 ().

2CRIT: The numerator has order ©(n). For the denominator we have a con-
tradiction similar to the previous case if Iy is not ©(n?/®). Furthermore, the de-
nominator has order © (n3/%).

2SuP: The numerator is ©(n) and we obtain a contradiction if there is no
cancellation in the denominator. Thus we set [y = %Cn3/5 + 7 with r = o({ n%/%)

and deduce that r = @(C73/2 n3/5). O

Proof of Lemma 3.4.16. By Lemma 3.4.15, we have 0 < I = o(fig) and 0 < g <
n. Thus, iy and my are also positive. Therefore, we have Qg(nig, g +1) # 0 and
U(Tiy, my) # 0, showing that the given value [ and ng = Tig are admissible. Recall
that

Sq =Y p(nu,mu)(ng, ).
nQ
Observe that (at least) all ng with g < ng < fg + My — 1 are admissible in this
sum. For each such ng, we have my < % and thus Lemma 3.3.1(ii) yields

o +my —1

Se>001) Y t(ngl).

nQ=nqg

Set ng =ng + r. There exists a ¢ > 0 such that

3L _
2

holds for 0 < r < ¢my. The factor (g + )

the unique positive solution ry of
3l
re 4 ring = 4my (2 - 1).

The assumptions on the size of [ imply that [ satisfies (3.26), which in turn yields
ro = G(W?]/ 3). Therefore, for 1 < r < rg, we have

1 3 . . .
exp(—l;??j) is increasing until

2\"?_sq_ 1
Y(ng +1,1) > () ﬁg 1%5’"”_1 exp <fd(nQ +rl)— >
e

12m%

Let ng = Tig + r be the value that minimises fy(7ig + 7,1) for 1 < r < rg; then
ng =ng + O(sz/g), since r < rg. This proves the lower bound for ¥g. The lower
bound for |G} (n,m)| follows directly from (3.24), the bound for ¥q, and the fact

that [ is admissible. O
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Proof of Lemma 3.4.17. First observe that there exists [, > 0 such that (3.26) is
violated precisely when [ > [,. In the first supercritical regime, we have [, = @()\3),
in all other regimes I, = O(n).

By Lemma 3.4.13, we have

S < Y nr R (0 —m )m Eep(0(),
l

where the sum is taken over all [ > [,. The sum on the right hand side is bounded
from above by a geometric sum ), exp(—cl) with ¢ > 0 and thus

S < (L4 o(1)nd 1, "7 75 (0 — m+ 1,)™ "5 exp(O(Iy)).

Comparing this with the lower bound for |G} (n,m)| from Lemma 3.4.16 and im-
plementing (3.32), we deduce that

nnt1/2 (%)mil

_lb+57-‘7_% n_m+lb
G5 (n,m)]

< (2mfn7211)n%lb 7
n—m 1

)mn exp(O(lp)).

The right hand side is o(1), unless we are in the first supercritical regime and A
(and thus also l3) is too small for the term [, b to compensate the polynomial terms
in n. For this to be the case, we would in particular have A = o(n!/12). For such

A, we have the stronger upper bound for 3; provided by Lemma 3.4.14, which is
smaller than the one from Lemma 3.4.13 by a factor of A™'n®/6. Thus, for these
A, we have

2 (£)S

_2, L4310 —m+L\""
<A2m—n—2)n i TE S (”m) exp(O(ly))
G (s ) R )

n—m+1

< N1 exp(O(l)),
which is o(1), because I, = ©(\?). O

Proof of Lemma 3.4.18. We first show that for d = o(l) we have
|fc(d7(1 —E)TLQ,I) —fc(nQ,l7d)| = O(El). (3.52)
By (3.19), we have

EC(d7 (1 - 6)7’1(27 l)
EC(nQal7d)

We can also compare the summands of the two terms Y (d, (1 — €)ng,!) and
Yc(ng,l, d) separately. Denote the summands by

3l—d+1

=1 —¢ = exp(fold, (1 - €)ng,l) — fe(ng,l,d)). (3.53)

nQ)n
S(’I’Lc, d, nQg, l) = %nc(nc + vl — 1)3l—d—1 .
Q
Then we have for 1 < n¢ = o(ng)
l—€e)n
S(’I’LC,d,(l-E)’I’LQ,l) — (( ngv Q)
s(nc,d,nq,1) L =e)me(72)
(1—e)ng—nc eng

Womy(1e—LC 1- ¢
(1 — e)nQ — Nng¢ nQ

@D 9(1) exp (_(1 + 0(1));”71;).
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There exists an interval I that contains the ranges of the main contribution to both
Yc(ng,l,d) and Ec(d, (1 — €)ng, 1), such that nc = (1 + o(1))/ng (3l — d), and
thus in particular nc = o(ng), for all nc € I. Then for ng € I and d = o(1),

s(no,d, (1 —€)ng, 1) _ o(1) exp<— <g + o(l))el).

s(ne,d,ng,1)

Summing over ng € I, we deduce that

Se(d, (1= g, 1) = O(1) exp (- (; + 0(1))61) S (no, 1, d).

Combining this with (3.53) and the condition e/ = w(1) yields (3.52).
Lemma 3.4.9 yields
Ed((l — e)nQ, l)
2d<nQ7 l)

Suppose that J is an interval that contains the ranges of the main contributions to

both ¥4(ng,!) and X4((1 — €)ng, 1), such that d < dy = o(l) for all d € J. Denote
the summands of ¥4(ng,!) by

2l (3l _ d)(3l_d+2)/2€d/27'd

Sd(nle) = (d) (31 — d)'nd/2
R
Recall that 7 = 7(d, 1) does not depend on ng. With (3.52), we have

sa((1 — €e)ng, 1)
sa(n@,1)
for d € J. Summing over J and comparing with (3.54) proves the lemma. O

= exp(fa((1 76)71@,1) *fd(nQvl))' (3.54)

exp(fc(n@ L d))

— (1- ) explo(el))

Proof of Lemma 3.4.19. Let us write I;(n) = [pi(n),q(n)] and Ig (n,1) =
[po(n,l),qq(n,1)]. Without loss of generality p; < I3 < ¢;. We first prove that
the main contribution to the sum over [ is provided by I;(n). To that end, we
bound the tail of the sum (the part with I ¢ I;(n)) from above and prove that this
upper bound has smaller order than the lower bound from Lemma 3.4.16.
Observe that for [ € I;(n), we have
im?
nQ
For this proof, let s;(n, m) be the summand of the sum ¥;, i.e. ¥; = >, 5;(n, m),
and sg(n,m,l) be the summand of ¥g = ZnQ sg(n,m,l). We need to show that

> sin,m) = o(|G; (n,m)]).
11, (n)

By Lemma 3.4.17, we may take our sum only over [ that satisfy (3.26). If Iy
denotes the index where s;(n,m) takes its maximal value outside I;(n), then

Z si(n,m) < nsy,(n,m). (3.56)
1g1(n)

In 1SuP, (3.26) is violated for all I > I, = ©()\*) and thus we have the stronger
bound

= o(1). (3.55)

1 /7e\N™
T:=n""2(=

Z si(n,m) < O sy, (n,m). (3.57)
€1 (n)
By Lemma 3.4.13, there exists a constant a > 1 such that
2m—n
2
si(n,m) < ns () M(l,n,m;a), (3.58)
e
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where

2\ ! .

M(l,n,m;a) =1"% (ef) 2m—n+ 2l)%_1(n —m A4 )"
By choosing ;" (respectively 7, or ¥; ) small enough and B;r (respectively nf
or ¥;") large enough, we may assume that M (I, n,m; ) is strictly increasing (with
respect to l) for I < p; and strictly decreasing for I > ¢;. For [ < p;, (3.29) is satisfied
and thus (3.58) holds for every o = 1+ 6, where § > 0 is any given constant. Thus,

2 2m—n
sutmm) <0t (2) (MG ns 1+, Mo} (359

In 1SUP, when A = o(n!/'?), Lemma 3.4.14 together with analogous arguments
gives us an upper bound
2

2m—n
sip(n,m) < A n3 (e) max{M (p;,n,m; ), M(q,n,m;a)}. (3.60)

If m is such that (3.60) applies and if the maximum in (3.60) is M (q;, n, m; o),
then (3.57) and (3.60) yield (for large enough 3;")

T
G5 (n,m)]|

which is o(1) by Lemma 3.4.15 and the fact that A — oco. If (3.60) does not apply
and the maximum in (3.59) is M (q;, n, m, @), then (3.56), (3.59), and Lemma 3.4.16
imply that if we choose ﬂl'" , nf, or 191+ large enough, respectively, then

<Meh,

T < 3ol
= <nZe !,
G5 (n,m)]
which is o(1).
If the maximum in (3.59) or (3.60) is M (p;,n,m,1 + ) or M(p;,n,m,a), re-
spectively, then analogous considerations show that we can choose 3;", i, and 9,
so that for every m = m(n) there exists a constant ¢ > 0 such that

A exp(—cly) in 1SUP for A = o(n!/12),

T
<{ns eXp(—cC73/2n3/5) in 2SuP,

G5 (n,m)]

n3 exp(—cly) otherwise.

In 2CRIT and 2SUP, the fact that we have « = 1 + § is essential for deducing
the above bound. In all regimes—using that ¢ = o((log n)_2/3n3/5) in 2SuP—we
deduce that this upper bound is o(1). This proves that the main contribution to
¥ is indeed provided by I;(n).

It remains to prove that for each | € I;(n), the main contribution to g is
provided by Ify(n,m,1). We substitute ng = ng + r.

2/3 2/3

First consider the case ng < pg = ng — hmy; ~, i.e. v < —hmy . We shall
split the sum into the three parts —vm?/d <r< —hm2U/3, —wmf/“ <r< —vm?/d,

__9/3
and r < —me/ , where

— i/ and w = {)\1/2 in 1SuP,

lﬁ;z/ 9 otherwise.
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Observe that the interval —wm2/3 <r< —vmz/?’ is empty in 1SUP if A < m1/12.
U U Yy

Furthermore,
3 ng |\ (3.55)
w=wiy/—— and w=ol =z | = o(l). (3.61)
Q my;

By (3.51) and Lemma 3.4.16, in each of the three intervals,

> -1
SotnmD) < O(1)my Zsr(n,m,l) (3.62)
with
31
or(nm, 1) = (1 n nQ) exp(faliq +1.1) — faliign D).

Recall that for (3.51), Lemma 3.3.1(iv) was used to bound p. Observe that for
—vm? <r < —hmy!?, Lemuma. 3.3.1(i) is applicable and thus (3.62) holds with

factor of m mU g

instead of T mU . Furthermore, we claim that fy(Rg+r,1)—fa(ng,l) =
o(%). Indeed, in 1SUP and INT, the left hand side is O(1) and the claim follows

by observing that % = Q(h) by (3.55). In the second phase transition, such r
satisfy the conditions of Lemma 3.4.18 with e = © (%) and thus the claim follows.

Therefore, there exists a constant ¢ > 0 such that
—2/3

Z hmiz/z py 2 7hm%7/3 3 rl
ST oy 3 )t
e =Wt > ew((5-o0)5)

"2 o) /h e dy = (1) exp(—ch) = o1).

Observe that in 1Sup, if A = o(n'/?4), then r > —7g > —vm?/?’ and thus the
interval —uvimy; 2/3 <r< —hmf/ 3 covers all cases for negative r. From now on, we
may thus assume that A = Q(n'/2*), which implies w = Q(n!/4%).

Now consider the interval waQU/?’ <r< ’Um?]/ In this regime, we still have

fafg +1,1) — fa(ig, 1) = 0(%) and thus

_ 2/3
Z UmeQ/s pY

r=—wmg; < 1 71/2 . _ )
—EQ(n,m,l) < O(1)m;}” exp(—cv) = o(1)

Finally, suppose that r < —wmz/ 3

l / [ 13
sr<exp<<—1>log<1—|— +c o T nQ>

The right hand side has its maximum (with respect to r) at r = —me . For
this 7, the first summand is negative and has order w by (3.55). The other two
summands are o(w) by (3.61). Thus, there exists a constant ¢ > 0 such that

Zr< wmQ/‘s pw
Eq(n,m,l)

. In this regime,

< O(1)nexp(—cw),

which is o(1), because w = Q(n'/4®). This finishes the proof for r < 0.
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Suppose now that ng > gg = ng + hm?/s, ie. r> hmf/g. By (3.46), (3.47),
and Lemma 3.4.16 we conclude that

3lr _ - r?
22/3 eXp(QnQ + fd(nQ +r,l) — fd(nQvl) - 27m%]).
r>hmy;

> oY -2
Lg(n,m,l) < eM)my

Note that for all r in this sum, % = o(%—i). We claim that additionally
U
- rs
fd(ﬁQ + 7, l) - fd(nQ, l) = 0(2).
my

Indeed, this difference is O(1) in 1SuP and INT, while %—z > h3 = w(1). In the
U

second phase transition, the claim follows immediately if r > ﬂmf/d If hWZU/ 3 <
r < ﬂmQU/B, the conditions of Lemma 3.4.18 are satisfied with ¢ = @(%) and

thus fq(fg +7,1) — fa(Rg,l) = o(%) = 0(%—%). Therefore, we deduce that

oY 2 ( r )
— =" < O(1 3 _
So(nm,p) = WM }m: P\ 30my;

<0(1) /hoo exp(—2®) dz < ©(1) exp(—h).

This finishes the proof also for r > 0. O

3.8. DISCUSSION AND OPEN PROBLEMS

Comparing the range for m that we cover in Theorems 3.1.5-3.1.8 with the
‘dense’ regime m = |un] for 1 < p < 3 considered in [30, 59], a gap of order
(logn)?/3 becomes apparent—a significant improvement of [66], where the gap
had order n'/3. The order term (_3/2 n?/% in Theorems 3.1.6 and 3.1.8 becomes
constant when ¢ = ©(n?/%), which matches the results from [30, 59] that the giant
component covers all but finitely many vertices in the dense regime. Therefore, we
expect Theorems 3.1.6 and 3.1.8 to hold for all m = (1 + o(1))n.

The gap of order (log n)2/ 3 originates from the fact that we can only determine
the number of cores up to an exponential error term in the second phase transition.
This error term has two causes. On one hand, the bounds for the number of kernels
differ by an exponential factor (see Lemma 3.4.5). On the other hand, a second
exponential error term appears when we construct the core from the kernel by
subdividing edges (see Lemma 3.4.6). We thus believe that the key to closing the
gap would be to determine the number of cores more precisely.

Problem 3.8.1. Find the ezact value of |Cy(nc,ne +1)| for any nc,l € N.

Solving Problem 3.8.1 would pave the way to prove Theorem 3.1.6 for all m =
(I1+0(1))n. Moreover, it might open the possibility to prove an analogous version of
Theorem 3.5.4 in the second phase transition, thus rendering the additional double
counting argument in the proof of Theorem 3.1.6 unnecessary.

Conjecture 3.8.2. Let m = (2+(n~/°)2, where ¢ = ((n) = o(n?/®) tends to
oo with n. Then whp the largest component Hy of G4(n,m) is complex, has genus
g, and satisfies

n—|Hy| = @(C73/2n3/5).
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It is important to note that the results in this chapter apply to more general
graph classes than G,(n,m). Indeed, the constructive decomposition that yields
(3.12), (3.13), and (3.14) relies on the fact that a graph is in G, if and only if its
kernel is in the corresponding class K4 of multigraphs. The only other ingredients of
the proof that are specifically tailored for graphs on S, are Theorems 3.4.1 and 3.4.2,
and Lemmas 3.4.3 to 3.4.5. Recall that we saw in Section 3.7.2 that Lemma 3.4.5
holds for any class of multigraphs that is weakly addable (that is, closed under
adding an edge between two components; see e.g. [83] for some results) and closed
under taking minors.

Remark 3.8.3. Let X be a graph class and Y be a class of (weighted) multigraphs
of minimum degree at least three. Suppose that

(i) a graph lies in X if and only if its kernel is in Y;

(ii) there are constants ¢,y > 0 and k € R such that

V21, 30)] = (1+ o(1))el*y* (20);
(iii) there is a constant 0 < g < 1 with

P[Y(21,31) is connected] =5 ¢;

() |H1(Y(21,31))| = 20l — O,(1) and for each fized i € N\ {0}, the probability
that |Hy (Y (21,31))| = 21 — 2i is bounded away from both 0 and 1;
(v) Y is weakly addable and closed under taking minors.

Then analogous statements to Theorems 3.1.5-3.1.8 hold for X.

Obvious candidates for the classes X and Y would be (multi)graphs on non-
orientable surfaces. For such classes, (i) and (v) in Remark 3.8.3 are automatically
satisfied, (ii) and (iii) would follow if Theorems 3.4.1 and 3.4.2 also hold for non-
orientable surfaces, and (iv) holds if Lemma 3.4.3 is true for non-orientable surfaces.

Problem 3.8.4. Prove analogous versions of Theorems 3.4.1 and 3.4.2 as well as
Lemma 8.4.3 for non-orientable surfaces.

One striking difference between Gy(n,m) and G(n,m) is the order and the
structure of the i-th largest component for ¢ > 2. In G,4(n,m), the second largest
component is much larger than in G(n,m); in 1SUP for instance, the order is
0,(n?/?) versus o(n?/?). Moreover, the i-th largest component of G(n,m) is a tree
whp. In contrast, the largest tree components of G ,(n, m) have order ©,(n?/3), and
it can also contain complex components of that order. It would thus be interesting
to know whether there is a hierarchy in the size of the largest tree component and
the second largest complex component.

Question 3.8.5. Given i > 2, what is the probability that the i-th largest component
of G4(n,m) is a tree?

For G(n,m), the giant component is in fact far better understood than it is
stated in Theorem 3.1.1. Central and local limit theorems provide much stronger
concentration results about the order (i.e. the number of vertices) and the size (i.e.
the number of edges) of the giant component [4, 5, 24, 25, 94, 101] and give more
insight into the global and local structure of the giant component and its core.

Problem 3.8.6. Derive central and local limit theorems for the giant component
of Gg(n,m).

As mentioned in Section 3.1, the component structure of G(n,m) is closely
related to a Galton-Watson branching process. More precisely, the local structure
of G(n,a%) converges to that of a Galton-Watson tree with offspring distribution
Po(a) in the sense of Benjamini-Schramm local weak convergence [14, 71]. For
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Gg4(n,m), the additional constraint of the graph being embeddable on Sy, explo-
ration via a simple Galton-Watson type process is not possible. This naturally
raises the question if the local structure of G4(n,m) can be described in terms of
the Benjamini-Schramm local weak convergence.

Question 3.8.7. What is the limit of the local structure of Gg4(n, m) in the sense
of the Benjamini-Schramm local weak convergence?

The core, which plays a central role in our constructive decomposition, is also
known as the 2-core. More generally, given k > 2, the k-core of a graph G is the
largest subgraph of G of minimum degree at least k. Like the core, the k-core
can be constructed by a peeling process that recursively removes vertices of degree
less than k. The order and size of the k-core of G(n,m) has been determined in
a seminal paper by Pittel, Spencer, and Wormald [93]. Following Pittel, Spencer,
and Wormald, the k-core has been extensively studied [31, 32, 63, 73, 76, 98|.
The most striking results in this area are the astonishing theorem by Luczak [76]
that the k-core for k& > 3 jumps to linear order at the very moment it becomes
non-empty, the central limit theorem by Janson and Luczak [63], and the local
limit theorem by Coja-Oghlan, Cooley, Kang, and Skubch [31] that described—in
addition to the order and size—several other parameters of the k-core of G(n, m).
In [32], the same authors used a 5-type branching process in order to determine
the local structure of the k-core. In terms of global structure, [31] provides a
randomised algorithm that constructs a random graph with given order and size of
the k-core.

Question 3.8.8. What are the local and global structure of the k-core of G4(n,m)?

One of the main difficulties regarding G4(n, m) is that while graph properties
such as having a component of a certain order are monotone for G(n,m) (that is,
for every fixed n, the probability that G(n,m) has this property is monotone for
0<m< (g)), this is not necessarily the case for G4(n,m). Indeed, monotonicity
of graph properties in G(n, m) usually follows immediately from the equivalence
between G(n,m) and the random graph process, where we add one random edge
at a time. For graphs on surfaces, however, not all edges are allowed to be added
in the corresponding process. Thus, the process is fundamentally different from
Gg4(n,m). For instance, in the dense regime m = |un| with x> 1, we know by [59]
that the probability that P(n,m) is connected is bounded away from both 0 and 1.
The planar graph process, however, is connected whp in that regime [58]. Know-
ing which graph properties are monotone for G4(n,m) would yield a significant
improvement to the complexity of the arguments.

Question 3.8.9. Which graph properties are monotone for Ggy(n,m)?

The constructive decomposition and generating functions of cubic planar graphs
and their relation to the core of sparse planar graphs by Kang and Luczak [66] have
been strengthened by Noy, Ravelomanana, and Rué [87] to yield an answer to a
challenging open question of Erdés and Rényi [41] about the limiting probability of
G(n,m) being planar at the critical phase 1CRIT, that is, for every constant A € R,
the limit p(A) of the probability that G(n, (1 + )\nfl/?’)g) is planar. For graphs
embeddable on a surface of positive genus, they gave a general strategy of how to
determine the corresponding probability. However, determining the exact limiting
probability for g > 1 is still an open problem.

Furthermore, for m beyond 1CRIT, we know that G(n,m) whp is not embed-
dable on any surface of fixed genus. This immediately raises the question what
genus g we need in order to embed G(n,m) on S,.

Question 3.8.10. Let m = m(n) and g = g(n) be given.
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(1) When is the limiting probability of G(n,m) being embeddable on S, posi-
tive?
(i) When is G(n,m) embeddable on S, whp?
(i1i) What is the expected genus of G(n,m)?

Another interesting direction, which might provide insight into the answer of
Question 3.8.10, is to consider Gy4(n,m) for genus g = g(n) that tends to infinity
with n. If g grows ‘fast enough’ (e.g. as (3)), then Gy(n,m) will coincide with
G(n,m) and will thus exhibit the emergence of the giant component, but not the
second phase transition described in Theorem 3.1.6. For ‘slowly’ growing g, on the

other hand, it is to be expected that the second phase transition does take place.

Question 3.8.11. For which functions g = g(n) does G4(n,m) feature two phase
transitions analogous to Theorems 3.1.5 and 3.1.69
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CHAPTER 4

Cubic graphs with constant genus

4.1. INTRODUCTION

Determining the numbers of maps and graphs embeddable on surfaces have
been one of the main objectives of enumerative combinatorics for the last 50 years.
Starting from the enumeration of planar maps by Tutte [104] various types of maps
on the sphere were counted, e.g. planar cubic maps by Gao and Wormald [54].
Furthermore, Tutte’s methods were generalised to enumerate maps on surfaces of
higher genus [7, 8, 13].

An important subclass of maps are triangulations. Brown [29] determined the
number of triangulations of a disc, and Tutte [103] enumerated planar triangula-
tions. Later, Rathie [95] enumerated simple planar triangulations. Triangulations
on other surfaces have been considered as well. Gao enumerated 2-connected tri-
angulations on the projective plane [50] as well as connected [51], 2-connected [52]
and 3-connected [53] triangulations on surfaces of arbitrary genus.

Frieze [70] was arguably the first to ask about properties of random planar
graphs. McDiarmid, Steger, and Welsh [82] showed the existence of an exponential
growth constant for the number of vertex-labelled planar graphs with n vertices.
This growth constant and the asymptotic number of planar graphs were determined
by Giménezand Noy [59], while the corresponding results for the higher genus case
were derived by Chapuy, Fusy, Giménez, Mohar and Noy [30] and independently
by Bender and Gao [9]. Since then various other classes of planar graphs were
counted [12, 19, 20, 64, 66, 69, 89].

An interesting subclass of planar graphs is the class of cubic planar graphs,
which have been counted by Bodirsky, Kang, Loffler and McDiarmid [20]. Cubic
planar graphs occur as substructures of sparse planar graphs and have thus been
one of the essential ingredients in the study of sparse random planar graphs [66].
For surfaces of higher genus, the number of embeddable cubic graphs has not been
studied.

Throughout the paper, let g be a fixed non-negative integer and let S, be the
orientable! surface of genus ¢g. In this paper, we study cubic graphs embeddable
on S, in particular their asymptotic number. Similar to the case of planar graphs,
cubic graphs embeddable on S, appear as essential substructures of sparse graphs
embeddable on S,. Therefore, the results of this paper pave the way to the study
of sparse random graphs embeddable on S, [67].

4.1.1. Main results. The main contributions of this paper are fourfold. We de-
termine the asymptotic number of cubic multigraphs embeddable on S,. We also
determine the asymptotic number of weighted cubic multigraphs and cubic simple
graphs embeddable on S;. Finally we prove that almost all (multi)graphs from
either of the three classes have exactly one non-planar component.

The first main result provides the exact asymptotic expression of the number
of cubic multigraphs embeddable on S,.

e believe that one can also prove the main results for multigraphs embeddable on non-
orientable surfaces, but with considerably more effort and case distinctions.
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THEOREM 4.1.1. The number mgy(n) of vertexz-labelled cubic multigraphs em-
beddable on S, with 2n vertices is given by

mg(n) = (1 + O<n71/4))dgn5g/2*7/27%"(2n)! ,

where 1 is an algebraic constant independent of the genus g and dy is a constant
depending only on g. The first digits of v1 are 3.986.

Our next main result concerns multigraphs weighted by the so-called compen-
sation factor introduced by Janson, Knuth, Luczak and Pittel [62]. This factor
is defined as the number of ways to orient and order all edges of the multigraph
divided by 277!, which is equal to the number of such oriented orderings if all edges
were distinguishable. For example, a double edge results in a factor % and simple
graphs are the only multigraphs with compensation factor one.

THEOREM 4.1.2. The number wy(n) of vertez-labelled cubic multigraphs em-
beddable on S, with 2n vertices weighted by their compensation factor is given by

wyn) = (1+0(n1/%) ) egn®/2-7/2930 (2m)),

where v5 = % and e, is a constant depending only on the genus g. The first
digits of 2 are 3.606

Theorem 4.1.2 can be used to derive the asymptotic number and structural
properties of graphs embeddable on S, [67]. Planar cubic multigraphs weighted by
the compensation factor were counted by Kang and Luczak [66]. The discrepancy
to their exponential growth constant v ~ 3.38 is due to incorrect initial conditions
in [66], as pointed out by Noy, Ravelomanana and Rué [87]. While the explicit
value of the correct exponential growth constant v was not determined in [87], the
implicit equations given there yield the same exponential growth constant ~» as in
Theorem 4.1.2.

Our methods also allow us to count cubic simple graphs (graphs without loops
and multi-edges) embeddable on S,.

THEOREM 4.1.3. The number s4(n) of vertez-labelled cubic simple graphs em-
beddable on S, with 2n vertices is given by

54(n) = (1 + O(n’l/‘l)) FnP9/2=T/220 ()1

where 73 is an algebraic constant independent of the genus g and f, is a constant
depending only on g. The first digits of 3 are 3.133.

The exponential growth constant 3 coincides with the growth constant calcu-
lated for vertex-labelled cubic simple planar graphs by Bodirsky, Kang, Loffler and
McDiarmid [20].

The final result describes the structure of cubic multigraphs embeddable on S,.

THEOREM 4.1.4. Let g > 1 and let G be a graph chosen uniformly at random
from the class of vertex-labelled cubic multigraphs, cubic weighted multigraphs, or
cubic simple graphs embeddable on S, with n vertices, respectively. Then with prob-
ability 1 —O(n=2), G has one component that is embeddable on'S,, but not on S,_1,
while all other components of G are planar.

4.1.2. Proof techniques. To derive our results we will use topological manipu-
lations of surfaces called surgeryies, constructive decomposition of graphs along
connectivity, and singularity analysis of generating functions.

More precisely, in order to enumerate cubic multigraphs we apply constructive
decompositions along connectivity. The basic building blocks in the decomposition
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are 3-connected cubic graphs, which we will then relate to their corresponding cubic
maps. Note that, due to Whitney’s Theorem [106], 3-connected planar graphs have
a unique embedding on the sphere. Therefore, we can directly relate 3-connected
planar graphs to the corresponding maps. For surfaces of positive genus, however,
embeddings of 3-connected graphs are not unique. Following an idea from [30], we
circumvent this problem by using the concept of the facewidth of a graph and by
applying results of Robertson and Vitray [99] which relate 3-connected graphs and
maps.

Counting 3-connected cubic maps on S, is a challenging task. We shall use
the dual of cubic maps, triangulations, in order to overcome this challenge. In
fact, Gao [50, 52, 53] enumerated triangulations on S, with various restrictions
on the existence of loops and multi-edges. However, it turns out that the duals
of 3-connected cubic maps on S, have very specific constraints that have not been
considered by Gao. In this paper we therefore investigate such triangulations by
relating them to simple triangulations counted by Gao [52] (see Propositions 4.3.2
to 4.3.4). We strengthen Gao’s result and derive very precise singular expansions
of generating functions. These expansions are obtained from recursive formulas
for the generating functions, which we derive by applying surgeries to the surfaces
on which the respective triangulations are embedded. This enables us to apply
singularity analysis to the generating functions of these triangulations, as well as
to the generating functions of all other classes of maps and graphs considered in
this paper.

This paper is organised as follows. In Section 4.2 we introduce some basic no-
tions and notations. In Section 4.3 we enumerate the triangulations that are duals
of 3-connected cubic maps and in Section 4.4 we prove the main results (Theo-
rems 4.1.1 to 4.1.4) after giving a constructive decomposition along connectivity.
Our strengthening of Gao’s results and proofs, as well as other proofs for similar
theorems from Section 4.3, are given in the appendix.

4.2. PRELIMINARIES

A graph G is simple if it does not contain loops or multi-edges. If in a multi-
graph there are more than two edges connecting the same pair of vertices, we call
each pair of those edges a double edge. Therefore, every multi-edge consisting of r
edges between the same two vertices contains (g) double edges. If e is a loop and
incident to a vertex v, we say that v is the base of e. Similarly, we say that e is
based at its base. An edge that is neither a loop nor part of a double edge is a
single edge. An edge e of a connected multigraph G is called a bridge if deleting e
disconnects G.

A multigraph is called cubic if each vertex has degree three. We adopt the
convention that a loop counts as two in the degree of its base. By ® we denote the
cubic multigraph with two distinguished vertices u,v and three edges between u
and v (i.e. a triple edge). Given a connected cubic multigraph G, let k and [ denote
the number of double edges and loops of G, respectively. We define the weight of
G to be

1 if G=a,
W) = {;-(kﬂ)

If G is not connected, we define W(G) as the product of weights of its components.
For cubic multigraphs, this weight coincides with the compensation factor intro-
duced in [62]. Throughout this paper, when we refer to a weighted cubic multigraph
G, the weight in consideration will always be W (G).

otherwise.
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Definition 4.2.1. An embedding of a multigraph G on S, is a drawing of G on
Sy without crossing edges. We consider G as a subset of Sy, and therefore Sy \ G
consists of connected components called faces. An embedding where additionally
all faces are homeomorphic to open discs, or equivalently, where all faces are simply
connected, is called a 2-cell embedding. Multigraphs that have an embedding are
called embeddable on S, and multigraphs that have a 2-cell embedding are called
strongly embeddable.

A 2-cell embedding of a strongly embeddable multigraph is also called map. A
triangulation is a map where each face is bounded by a triangle. These triangles
might be degenerated, i.e., being three loops with the same base, or a double edge
and a loop based at one of the end vertices of the double edge, or a loop and an
edge from the base of the loop to a vertex of degree one.

If S is the disjoint union of Sy, ,...,S,, for non-negative integers g1, ..., g, and
M; is a 2-cell embedding of a graph G; on Sy, for each ¢ = 1,...,r, then the induced
function N : (G U---UG,) — S is called a map on S. Triangulations on S are
defined analogously. We denote by V(M), E(M), and F(M) the set of all vertices,
edges, and faces of an embedding M, respectively.

We call a set E' C E(M) separating, if the map M’ = (V(M), E’) has at least
two faces, i.e. if M’ separates the surface.

From results of Mohar and Thomassen [86] we obtain some initial properties
of embeddable graphs.

Proposition 4.2.2. [86] Let G be a multigraph.

(1) If G is connected and g is minimal such that G is embeddable on Sy, then
every embedding of G on S, is a 2-cell embedding. In particular, G is
strongly embeddable on S,.

(i1) G is embeddable on Sy if and only if each connected component C; of G
is strongly embeddable on a surface Sy, such that ), g; < g.

Let M be a map on a surface S. We construct the dual map of M by first
putting a vertex in each face of M, then for each edge e in M, we draw an edge
between the two (possibly coincident) vertices inside the faces on both side of e
while crossing e exactly once. The newly drawn edges should only intersect at their
end points. Note that the dual map has multi-edges if two faces of the original
(primal) map have more than one edge in common. It is well known that the dual
of a map is again a map, see e.g. [86].

For each vertex v € V(M) of a map M, the edges and faces incident to v have
a canonical cyclic order eq, fo,e1, f1,-..,€4—1, fa—1 by the way they are arranged
around v (in counterclockwise direction). Note that faces can appear multiple
times here and that a loop based at v will appear twice in this sequence. To avoid
ambiguities, we distinguish the two ends of the loop in this sequence (e.g. by using
half-edges or by orienting each loop). A triple (v, €;, €(i+1) mod 4) Of & vertex v and
two consecutive edges €;, €;+1 mod 4 i1t the cyclic sequence is called a corner (at v).
We also say that (v, e, €(i11) mod ¢) is a corner of the face f;. When we enumerate
maps, we always work with maps with one distinguished corner, called the root of
the map. If (v, e;, e;41) is the root corner, we will call v the root vertez, e; the root
edge, and f; the root face.

4.2.1. Generating functions and singularity analysis. We will use generating
functions to enumerate the various classes of maps, graphs and multigraphs we
consider. Unless stated otherwise, the formal variables x and y will always mark
vertices and edges respectively. Generating functions for classes of maps will be
ordinary unless stated otherwise. Generating functions for multigraphs will be
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exponential in x, because we always consider vertex-labelled multigraphs. If A is a
class of maps, we write A(m) for the subclass of A containing all maps with exactly
m edges. The generating function ) | A(m)|y™ will be denoted by A(y). If B is a
class of multigraphs, we write B(n) for the subclass of B containing all multigraphs

with exactly n vertices. The generating function ) %x" will be denoted by
B(xz). For an ordinary generating function F(z) = > fn,2", we use the notation
[2"]F(2) := fn. For an exponential generating function G(z) = ) 242", we write
[2"]G(2) == 4.

If two generating functions F(z),G(2) satisfy 0 < [2"]F(z) < [2"]G(z) for all
n, we say that F is coefficient-wise smaller than G, denoted by F' < G. The
singularities of F'(z) with the smallest modulus are called dominant singularities
of F(z). Because every generating function we consider in this paper always has
non-negative coefficients [2"]F(z), there is a dominant singularity located on the
positive real axis by Pringsheim’s Theorem [102, pp. 214 ff.]. We denote this
dominant singularity by pp. If an arbitrary function F' : C — C has a unique
singularity with smallest modulus and this singularity lies on the positive real axis,
then we also denote it by pr. The function F' converges on the open disc of radius
pr and thus corresponds to a holomorphic function on this disc. In many cases,
this function can be holomorphically extended to a larger domain. Given p, R € R

with 0 < p < R and 0 € (0,7/2),
A(p,R,0) == {= € C | |s] < R A arg(= — p)| > 0}

is called a A-domain. Here, arg(z) denotes the argument of a complex number,
i.e. arg(0) := 0 and arg(re'’) := ¢ for r > 0 and t € (—m,n]. We say that F is
A-analytic if it is holomorphically extendable to some A-domain A(pr, R, 0).

A function F' is subdominant to a function G if either pr > pg or pr = pa
and lim,_,,, % = 0. In the latter case, if both F' and G are A-analytic, then
in the above limit, z is taken from some fixed A-domain to which both F and G
are holomorphically extendable. If F' is subdominant to G, we also write F(z) =
0o(G(2)). Analogously we write F'(z) = O(G(z)) if either pr > pg or pr = pe and

limSupz%pG }gggl < o0

Given a function F'(z) with a dominant singularity pg, we say that a function
G(z) = c(1- ,ol;lz)f(l with & € R\ Z<o,c € R\ {0} or G(z) = clog(1 — pp'2) is
the dominant term of F if there is a decomposition

F(z) = P(2) + G(2) + o(G(z2)),

where P(z) is a polynomial. The dominant term, if it exists, is uniquely defined
and A-analytic. If G(2) = ¢(1 — pp'2)™®, the exponent —a is called the dominant
exponent of F. If G(z) = clog(l — p}lz), then we say that F' has the dominant
exponent 0.

The number of edges in cubic multigraphs and triangulations is always a mul-
tiple of three. In terms of generating functions, this is reflected by the existence
of three different dominant singularities, all of which differ only by a third root of
unity. The corresponding dominant terms will also be the same up to a third root
of unity. Analogously, the number of vertices in cubic multigraphs is always even,
resulting in two dominant singularities pp and —pp. Again, the dominant terms
differ only by a factor of —1. In either case, the terms for the coefficients coming
from the different dominant singularities will also differ only by the corresponding
root of unity. Therefore, we will state our results only for the singularity pp. With
a slight abuse of notation, we will also refer to pr as the dominant singularity.

Singularity analysis allows us to derive an asymptotic expression for the coeffi-
cients of a generating function F(z) with help of the dominant singularity and the
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dominant term of F(z). We state the well-known ‘transfer theorem’ for the specific
cases we will need.

THEOREM 4.2.3 ([46]). Let A(z) be a A-analytic generating function.
(1) If
—1 \—« 1 \1/4—«
A(z) = P(2) + ¢(1 — p3'2) —|—O((1—pA z) )
with a polynomial P(z) and constants ¢ # 0, a € R\ Z<y, then
n _ —1/4\\_¢ _a-1_—n
2"A() = (1+0(n"1)) Ty
Here, T'(a) := fooo 2%~ le=%dz is the gamma function.
(i) If
A(z) = P(2) +c-log(1—py'z) + O((l —pa'2) 1/4),

"] A(z) = (1 + O<n71/4))(fc)n71p2".

We use the standard notation v4 = pzl for the exponential growth constant of
[2"]A(z). If we are counting rooted maps or multigraphs, the roots will be counted
in the generating function unless stated otherwise. We will often mark vertices
or edges of multigraphs or maps, which corresponds to applying the differential
operator zd% to the generating functions (with z = z if vertices are marked and
z = y if edges are marked). To simplify notation we write ¢, for z% and 07 for
repeatedly applying n times the operator zd%, which corresponds to marking n
vertices or edges, while allowing multiple marks. We use the notation F’(z) = ‘fl—f
for the standard differential operator.Vice versa, we say that I is a primitive of .

The dominant terms of derivatives and primitives of A-analytic functions can
be determined using Theorems VI.8 and VL9 from [47]. Again, we state these
results in a slightly different way tailored for our specific needs.

Lemma 4.2.4 ([47]). Let A(z) be a A-analytic generating function with the dom-
inant term Aq(z). Suppose that there exists 5 € R with

A(z) = P(z) + Aa(z) + O((l —pa'2) _B),

where P(2) is a polynomial and (1 — p,'2) - o(Aq(2)).
(i) We have
A'(2) = P'(2) + Aly(2) + O((l - pz‘lz)_ﬁ_l).
(i) If in addition Aq(z) = c(1—p,'z) ~% for some a € R\ Z<y, then for any
primitive A(z) of A(z) there exists a primitive P(z) of P(z) such that
A(z) =P(2) + Ag(2) + O(R(2))
with
cpa -1 —a+1 .
Ayz) = LA (1= py Z)—1 Z'fo‘#l’
—cpa log(l —pa z) ifa=1,

and

R(:z) = {<1 —pate) i A,

log(1—py'z) ifB=1
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Theorem 4.2.3 and Lemma 4.2.4 are very helpful when the generating functions
in question are A-analytic. However, for many of our generating functions we will
not be able to guarantee A-analyticity. In order to utilise the results of this section
also for generating functions that are not necessarily A-analytic, we introduce the
following concept and notation.

Definition 4.2.5. Given a generating function F(z) and A-analytic functions A(z)
and B(z), we say that F'(z) is congruent to A(z) + O(B(z)) and write

F(z) 2 A(z) + O(B(2))

if there exist A-analytic functions F7(z), F~(z) and polynomials P¥(2), P~ (2)
such that

e [T XF<FT;
o FH(z) =P*(z) + A(2) + O(B(2));
o F7(2) =P (2) + A(z) + O(B(2)).

Here we allow A(z) = 0.

With Definition 4.2.5, we are able to apply the transfer theorem even if F
itself is not A-analytic. The following lemma is an immediate consequence of The-
orem 4.2.3 and the fact that F~ < F < Ft.

Lemma 4.2.6. If F(z) = A(z), where A(z) is as in Theorem 4.2.3, then
[2"|F(2) = (1 n o(n—1/4)) ("] A(z).

In this paper we will often encounter sums, products, differentials and integrals
of generating functions. The following lemma states that these operations are com-
patible with the notion of congruence. We will frequently use this lemma without
explicitly mentioning it.

Lemma 4.2.7. Let A, A1, A, By, By be A-analytic functions with finitely many
negative coefficients. Let Fy, Fy be generating functions such that

Fi(z) 2 A1(2) + O(B1(2)) and Fy(z) 2 As(2) + O(Ba(2))
and let F(z) be a generating function with

F(z) = A(z) + O((l — p;ﬂlz)75>,
B

where B € R and the dominant term Aq(z) of A(z) satisfies (1 —p}lz)7 =
0(A4(z)). Then the following holds.

Fi(2) £ Fo(2) = Ay (2) £ As(2) + O (Bl(z)) + 0(32(z)),
Fi(2)Fa(2) 2 A1 (2)Ag(2) + O(Al(z)BQ(z) + By(2)As(2) + Bl(z)Bg(z)),
Fl(z) = A'(z) + O((l - p;lz)_ﬁ_1>.

Furthermore, if Ag(z) = c¢(1— pg'2) ~ for a € R\ Z<o, then for any primitive
F(z) of F(z) we have

F(z) = Aq(2) + O(R(2)),
where Aq and R are as in Lemma 4.2.4(ii).

PROOF. The first congruence follows immediately from

Fyi+F, <=F+F<Ft+F and FJ —Ff <F -F=<F —F;.
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For the product Fj(z)-Fa(z), we may assume that F| and F,; have nonnegative
coefficients, since A; and As have only finitely many negative coefficients. Hence

Ff-Fy <F -F, < F-Fjf

and the second congruence follows.
The last two congruences follow from Lemma 4.2.4 and the fact that

(F7)Y = F < (F) and F- <F=<FT

where F~, FT are primitives of F~, F't, respectively, with F~(0) < F(0) < F*(0).
O

4.2.2. Maps with large facewidth. An essential circle on Sy is a circle that is
not contractible to a point on S,;. Let M be an embedding of a multigraph on S,,.
An essential cycle of M is a cycle of M that is an essential circle on the surface.
The facewidth fw(M) of M is the minimal number of intersections of M with an
essential circle on Sy. The edgewidth ew (M) of M is defined as the minimal number
of edges of an essential cycle of M. If g = 0, there are neither essential circles nor
essential cycles and we use the convention fw(M) = ew(M) = oco. Observe that if
M is connected and not a 2-cell embedding, then fw(M) = 0, as an essential circle
can be found in any face that is not simply connected. The facewidth fw,(G) of
a multigraph G that is embeddable on S, is defined as the mazimal facewidth of
all its embeddings on S,;. If the genus is clear from the context, we omit it and
write fw(G). When we count multigraphs with restrictions to their facewidth, we
indicate the restriction by a superscript to the corresponding generating function,
e.g. G™22(z) for the generating function of all multigraphs with facewidth at least
two.

Having large facewidth proves to be a very helpful property, because it allows us
to derive a constructive decomposition along connectivity as well as the existence of
a unique embedding for 3-connected multigraphs. The following lemma was applied
in a similar way in [30] as later in this paper.

Lemma 4.2.8. [99] Let g > 0 and let M be an embedding of a connected multigraph
G on S,.

(i) M has facewidth ftw(M) = k > 2 if and only if M has a unique 2-
connected component embedded on Sy with facewidth k and all other 2-
connected components of M are planar.

(ii) If G is 2-connected, M has facewidth ftw(M) = k > 3 if and only if M
has a unique 3-connected component embedded on S, with facewidth k
and all other 3-connected components of M are planar.

(111) Let My, My be embeddings of a 3-connected multigraph on S, and suppose
that fw(M) > 29 + 3. Then there is a homeomorphism of Sy that maps
M1 to Mg.

Lemma 4.2.8(iii) is a generalisation of Whitney’s theorem [106] that all 3-
connected planar multigraphs have a unique embedding up to orientation on the
sphere. Because we will need Lemma 4.2.8 for multigraphs rather than for embed-
dings, we shall use the following easy corollary.

Corollary 4.2.9. Let ¢ > 0 and let G be a non-planar connected multigraph
strongly embeddable on S, .

(i) If twy(G) > 2, then G has a unique 2-connected non-planar compo-
nent strongly embeddable on Sy, with facewidth fw,(G) and all other 2-
connected components are planar.
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(it) If G is 2-connected and fwy(G) > 3, then G has a unique 3-connected
non-planar component strongly embeddable on S, with facewidth fw,(G)
and all other 3-connected components are planar.

(111) If G is 3-connected and fwy(G) > 2g + 3, then G has a unique 2-cell
embedding on Sy up to orientation.

PRrROOF. By Lemma 4.2.8(i), for any fixed embedding of G all but one compo-
nents are planar. As G itself is not planar, that exceptional component has to be
non-planar. As the component structure is the same for all embeddings, the non-
planar component I is independent of the embedding. Therefore, I is the unique
component described in (i). Part (ii) is proved analogously and (iii) is a direct
consequence of Lemma 4.2.8(iii). O

4.3. MAPS AND TRIANGULATIONS

The goal of this section is to enumerate cubic 3-connected maps on S;. The
duals of these maps are triangulations, which are characterised in the following
proposition.

Proposition 4.3.1. Let M be a 2-cell embedding of a cubic multigraph on S, and
let M* be its dual map. Then M is 3-connected if and only if M* is a triangulation
with at least sixz edges and without separating loops, separating double edges, or
separating pairs of loops.

PRrROOF. For cubic graphs with at least four vertices (and thus at least six
edges), 3-connectivity and 3-edge-connectivity coincide. This can be seen by a
simple case analysis. We thus use 3-edge-connectivity hereafter. Since a vertex
in M corresponds to a face in M*, deleting edges in the primal M has the same
effect as cutting the surface along the dual edges of M* (for a formal definition
of “cutting” see Section 4.5.1), and a set of edges is a separator in M if and only
if cutting along the dual edges in M* separates the surface. Thus, a bridge in
M corresponds to a separating loop in M™*. A 2-edge-separator in M corresponds
either to a separating double edge or a pair of loops in M* which together separate
the surface. O

In order to enumerate the triangulations described in Proposition 4.3.1, we will
relate them to simple triangulations that have been studied by Bender and Canfield
[7]. To this end we will use the following classes of triangulations.

Let M, be the class of triangulations on S, without separating loops, separating
double edges, and separating pairs of loops and let My(y) be its ordinary gener-
ating function. Note that these triangulations are either the duals of 3-connected
cubic maps on S, by Proposition 4.3.1 or a triangulation with exactly three edges.
Furthermore, let Sy be the class of simple triangulations on S, (i.e. without loops
or double edges) and let 7; be the class of triangulations on S, without separating
loops or separating double edges. Let T (y) and Tg(y) be their generating functions,
respectively.

The starting point in obtaining an asymptotic expansion for M,(y) will be
results on simple triangulations which were obtained by Gao [51] and (in the planar
case) by Tutte [103]. However, the results obtained by Gao are not strong enough
in order to apply the theory of singularity analysis (developed in Section 4.2.1). We
obtain more refined versions of their results by following the ideas of Bender and
Canfield [7].
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Proposition 4.3.2. The dominant singularity of T,(y) is given by pr = 28% The
generating function Ty(y) is A-analytic and satisfies

1 9

To(y) = 3 T6(1 - P;Fly) + %(1 — p}ly)i;/2 + O((l - p;ly)z). (4.1)

For g > 1 we have

T, (y) = cg<1 _ p;ly) —5g/2+3/2 (1 i O((l _ p;ly)1/4>)7 (4.2)

where cg is a constant depending only on g.
Furthermore, for g > 0, the asymptotic number of simple triangulations on Sy
with m edges is given by

Tym)| = (14 0(m ™)) g gy g™ 20n™

where ¢y = 25%

The exact values of ¢, can be found in [53].
Along the same lines we obtain similar results for T (y).

Proposition 4.3.3. We have To(y) = To(y) and for g > 1,

~ —1_\—59/2+3/2 1 \1/4
Ty(y) = co(1 = p1'y) (1+o(-r'n)")), (4.3)
where ¢4 15 the same constant depending only on g as in Proposition 4.3.2.
Furthermore, for g > 0, the asymptotic number of triangulations without sepa-
rating loops or separating double edges on S, with m edges is given by

. c
S ‘ - (1 O( —1/4)>—9 59/2-5/2 )=m_
Satm| = (1 0(m ™)) g g™ e
The proofs of Propositions 4.3.2 and 4.3.3 can be found in Section 4.5.
From these two results and the fact that S, € M, C 7, we obtain immediately
our results for the number of triangulations in Mg, i.e. triangulations on S, without
separating loops, separating double edges, and separating pairs of loops.

Proposition 4.3.4. The dominant singularity of My(y) is given by pyr = pr =
28%. The generating function My(y) is A-analytic and satisfies

1 9 _ 3 _ _
Mo(y) = 3~ T6(1 —Pay) + W(l - p]\/}y)g/2 + O((l - ley)Q). (4.4)

For g > 1 we have

My (y) = cq (1 - P&ly)75g/2+3/2 <1 * O(<1 - p&ly) 1/4))7 (4.5)

where cg4 is the same constant depending only on g as in Proposition 4.5.2.
Furthermore, for g > 0, the asymptotic number of triangulations in Mgy(m) is
given by

My (m)] = (1+ o(wlﬂ))Wﬁgﬂ*%;ﬁ

Observe that from Propositions 4.3.2 and 4.3.4 it follows immediately that the
dual of a cubic map on S, is simple with high probability, i.e. with probability
tending to one as m tends to infinity.
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4.4. CUBIC GRAPHS

Unless stated otherwise, graphs are unrooted. Recall that, in our generating
functions, x marks vertices and y marks edges. Additionally, we will distinguish
whether edges are single edges, double edges or loops because they will be treated
differently when obtaining relations between graph classes. We will use the variable
z to mark double edges and the variable w to mark loops. It is easy to see that
3-connected cubic graphs are simple and that 2-connected cubic multigraphs do
not contain loops. The generating functions for these classes will only feature the
variables of edges that can occur.

In order to derive asymptotic results we shall deal with univariate generating
functions F(v). As cubic (multi)graphs always have 2n vertices and 3n edges, where
n € N, the coefficient (2n)![v"]F(v) will denote the number of graphs (or multi-
graphs or weighted multigraphs) in the corresponding class with 2n vertices and
3n edges. Such a univariate generating function can be obtained by the following
substitution.

Definition 4.4.1. Let F be a class of connected cubic vertex-labelled multigraphs
without triple edges and let

fn,m7k7l n, m_k, Il
F(z,y,z,w) = g =y
n,m,k,1>0 :

be its exponential generating function. We define functions F'(v), F*(v), and F*(v)
as follows.

1/3 1/6
P = P(o40, e ;)

Fu(’U) — F(v1/471}1/6,’01/3,1}1/6),
F*(v) := F(v'/*,0%/6,0,0).

If the generating function of F involves only two or three variables, we define F'(v),
F“(v), and F*(v) analogously, only using the substitutions of those variables that
occur.

We claim that (2n)![v™]F(v) is the number of weighted multigraphs in F(2n),
i.e. the sum of W(QG) for all G € F with 2n vertices (and thus with 3n edges).
For, if G € F(2n) has k double edges, ! loops, and m single edges, then there
are 2k + 1+ m = 3n edges in total and the substitution transforms the monomial
2y 2kt into 27 (KHDyn/24m/6Hk/3H/6 — T (GYy™. Similarly, (2n)![v™]F*(v) is
the number of (unweighted) multigraphs in F(2n). Finally, (2n)![v"]F*(v) is the
number of simple graphs in F(2n), since replacing z and w by 0 ensures that no
graphs with double edges or loops are counted in F*(v).

4.4.1. From maps to graphs. Let D, be the class of 3-connected cubic vertex-
labelled graphs strongly embeddable on S, and let Dy(x,y) be its generating func-
tion. In this section we provide some necessary properties of Dy(v). We will use the
auxiliary classes 59 of 3-connected cubic edge-labelled graphs strongly embeddable
on Sy, and ﬂg of edge-labelled, unrooted triangulations where the triangulations
are in M,.
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27

556 and we

Proposition 4.4.2. The dominant singularity of Dy(v) is pp = P =
have the following congruences.

Dy(v) 2 ¢ (1 - pBlv)5/2 + O((l — pBlv)3),

D;(v) & ¢ log (1 — pBlv) + O((l — pBlv)l/4),

Dy(v) = ¢, (1 — pl_)lv) P9/ + O((l - pBlv)isg/HHM) for g > 2,
where cq4 s the same constant depending only on g as in Proposition 4.5.2.

Applying Theorem 4.2.3, we immediately obtain the coefficients of Dg4(v).
Corollary 4.4.3. The coefficients of Dy(v) satisfy
(V"] Dgy(v) = (1 + O(n_1/4>)EgnS(g_l)/Q_lpB”,
where €4 s a constant depending only on g.

PROOF OF PROPOSITION 4.4.2. First we compare M, and Mg. For each tri-
angulation M € M, with m edges, there are m! possibilities of labelling its edges.
Conversely, for a triangulation M € ﬂg, there are 2m possibilities of rooting.
Therefore, the exponential generating function M,(y) of M, satisfies

[y My (y) = 2mly™|M(y)
and thus
My(y) = 20,M4(y).

Every graph G € 59 has at least two (edge-labelled) 2-cell embeddings. By
Proposition 4.3.1, the maps obtained in this way are precisely the duals of triangu-
lations in M,. As y marks the number of edges in M,(v'/?) and v marks a third
of the number of edges in D, (v), we obtain

2D, (v) < 7, (v"/%).

We claim that, for a cubic map M on S, its facewidth fw(M) is exactly the
edgewidth ew(M™*) of the triangulation M* that is the dual of M. To see this, we
observe that an essential cycle of M* witnessing the edgewidth of M™* corresponds
to an essential circle on S, that meets M in ew(M™*) edges and no vertices, resulting
in fw(M) < ew(M*). On the other hand, any two faces of M that share a vertex
also share an edge, as M is cubic. Thus, there is an essential circle witnessing
the facewidth of M that meets M only at edges. As this circle corresponds to an
essential cycle of M*, we have fw(M) > ew(M*).

Since by Lemma 4.2.8(iii) a 3-connected graph embeddable on S, with facewidth
at least 2g + 3 has exactly two embeddings, we have

—fw>2g+3 ——ew>2g+3

2D, (v) =M, (v1/3).

. —fw>2g+3
As obviously D,

M, @) = 2D ) 2 2D, (0) S LMY, (46)

Since there are no double edges in a 3-connected cubic graph, we know that

the two generating functions Dy(v) and D,(v) are closely related. To be precise,

(2n)![v™]Dy(v) is the number of vertex-labelled graphs in Dy(2n). Since every such

graph has 3n edges, (3n)!(2n)![v"]Dg4(v) is the number of 3-connected cubic graphs

with 2n vertices embeddable on S, with both vertices and edges labelled. As this
number is equal to (2n)!(3n)![v"]D,(v) by an analogous argument, we have

[0"]Dg(v) = [v"]Dg(v).

(v) < Dgy(v), we obtain the following relations:
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Therefore, we can replace D4(v) by Dy(v) in (4.6) to obtain

Dy0) % 37,01 = 1 [ ¢ 0, 0)a

t=v1/3
By Lemma 4.2.4 we obtain an upper bound for D4(v) as claimed. To finish the
proof we will show the following claim.

Claim 1. The generating functions My (y)®V=29+3 and M, (y) have the same dom-
inant singularity and

My(y) — M5W22g+3(y) = 0(( _ pgly)_5g/2+7/4).

Before we prove the claim, let us note that Proposition 4.4.2 follows immediately
from Claim 1, Lemma 4.2.7, and Proposition 4.3.4.

A statement more general than Claim 1 was proven in [10] for a variety of map
classes. Although we believe that the proof in [10] generalises to M, which was

not considered in [10], we give a slightly different proof here for completeness.

The generating function of M, \ 7, is congruent to O((l — pgly) _5g/2+7/4>

by Propositions 4.3.2 to 4.3.4. It thus suffices to show that
w - _1 \—5g/2+7/4
Ters2e = o((1- pgty) ).

For i > 3, let '7;0:1' be the class of triangulations in 7, where one non-contractible
cycle C' of length 7 is marked, and we denote its generating function by Tgc =i(y).
Clearly TgV="(y) = TgC:i(y). Let M € 7;C:i and let C' be the marked cycle of
M. Consider the surface S, on which M embeds. We cut S, along the cycle
C, and duplicate the vertices and edges of C' so that the map structure in the
neighbourhood on the two sides of C' is preserved (for a precise definition of “cut”,
see Section 4.5.1 in the appendix). We then close the two resulting holes by inserting
disks to them in S,. This operation is also called “cutting along C' on S,”, and a
more general and rigorous definition of such topological surgeries can be found in
Section 4.5. For each of the two disks, we then add a new vertex inside the disk and
use it to triangulate the disk (see Figure 4.1). If C' was separating, we mark one of
the corners at the inserted vertex in the component that contains the original root
face of M. For the other component, we choose one of the corners at the inserted
vertex to be its root. If C' was not separating, then we mark one corner at each of
the two inserted vertices. In total we add 3¢ edges to the map. These operations
result in

e two triangulations M), M) where M) contains the original root face

of M and a marked corner;

e or one triangulation M™* with two marked corners.
All resulting triangulations are in T, for some g’ < g, because the surgery does
not create loops or double edges. Thus, disregarding markings, in the first case
M® e T, and M® € T,, with g; + g2 = g and g1, g2 > 1, and then in the second
case M* € Ty_1.

Since a corner (vg,e,€e’) is uniquely defined once vy and e are given, mark-
ing a corner is equivalent to marking an edge and choosing one of its end ver-
tices. In terms of generating functions, this corresponds to applying the operator
20, = 2y8%. As in previous proofs, we will mark repeatedly, which will result
in overcounting. Since we added 3i edges to M by our construction, we have to
compensate by a factor of y3*. Therefore, we obtain the relation

YIS y) 24Ty )+ D 260,(Ty, () Toa (y).

g1+92=g
91,9221
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FIGURE 4.1. Cutting along C' and triangulating the inserted disc.

By Proposition 4.3.2, we know that
~ _1 \—bg/2+7/4
12T+ Y 28,(T5 ) Ta() = O((1—p5'y) ™),

g1+92=g
g;j=>1
Because
2g+2 2g+2
TSR ) = 30 T < Y0 1O ),
i=3 i=3
we complete the proof of the claim. O

4.4.2. From 3-connected graphs to connected multigraphs. In this section
we derive dominance relations between different classes of cubic multigraphs. In the
end we will relate connected cubic multigraphs via 2-connected cubic multigraphs
to 3-connected cubic graphs enumerated in the previous section.

Denote by Dy, By, and Wg the classes of 3-connected, 2-connected, and con-
nected vertex-labelled cubic multigraphs strongly embeddable on S, respectively.
Let Dy(z,y) =Y, d’;—’!’”x”ym, By(z,y,2) = b”ni”,”‘ nymzk and Wy (z,y, z,w) =
> fmmklgnymzkw!, be the corresponding generating functions. In the generating
function W, (x,y, z,w), the graph @ consisting of two vertices connected by three
edges will not be taken into account. This graph will be treated separately at the
end.

First we give a relation between a subclass of D, and a subclass of B,. To do
this we need the class A of edge-rooted 2-connected vertex-labelled cubic planar
multigraphs, called networks. In the exponential generating function N(z,y, z) of
N we mark the root always with y as a single edge, and with z marking double
edges not including the root edge.

Lemma 4.4.4. For g > 1, the generating functions of Dy and By satisfy
Dy (2,) — Do(x,7) < By"=*(x,y,2) = D= (2,7), (47)
where § = y(1 + N(z,y, 2)).

PROOF. Let B be a multigraph in BEWZ?’ . We show that it is counted at least
once on the right-hand side and at most once on the left-hand side of (4.7).

First, suppose that B is not planar. Then Corollary 4.2.9(ii) states that B
has a unique 3-connected component 7" strongly embeddable on S, with the same
facewidth. T is in Dngg and therefore counted once in DEWZS(:c, y). To get B from
T, we have to attach 2-connected components along the edges (see Figure 4.2).
That means, either we leave an edge as it is (obtaining a summand of y) or we
replace it by two edges (obtaining a factor of y?) and one multigraph in A/ without
its root edge (obtaining a factor of éN ). Thus, B is counted exactly once on the
right-hand side of (4.7).

If B is planar, then it might be counted more than once on the right-hand side.
Indeed, in this case the 2-connected components carrying the facewidth might be
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FIGURE 4.2. Obtaining 2-connected graphs from 3-connected
graphs by substituting edges with networks.

different for different embeddings. Therefore, Dng:)’(ac7 y+yN(z,y,z)) is an upper
bound. To get a lower bound we have to subtract all multigraphs we overcounted.
This is achieved by subtracting Dg(x,y + yN(z,y, 2)), as only planar multigraphs
are overcounted and each such multigraph is subtracted once for each of its 3-
connected components. O

In the same spirit we can relate connected and 2-connected multigraphs, us-
ing the auxiliary class Q of all edge-rooted connected vertex-labelled cubic planar
multigraphs whose root edge is a loop. To simplify the formulas later on, the root
will be marked by y in the generating function Q(z, y, z, w) and only non-root loops
are marked by w.

Lemma 4.4.5. For g > 1 the generating functions of W, and By, satisfy the fol-
lowing relation:

BM22(2,5,7) — Bo(2,3,2) =W, (29,2 w) = BN=*(2,7,%), (4.8)

T = y > _ 1 y 2 _ ¢
where § = gaymw 9472 = 5(tgnymm) — 7 T4

PROOF. Let C € W;WZQ. We shall show that C'is counted at least once on the
right-hand side and at most once on the left-hand side of (4.8).

First, suppose that C is not planar. Then Corollary 4.2.9(i) states that C
has a unique 2-connected component B strongly embeddable on S, with the same
facewidth, i.e., B € BSWZQ. To construct C' from B we have to replace each edge
by a sequence of edges and multigraphs in Q, which means we replace one edge
by a sequence of alternating edges and multigraphs in Q without the root, starting
and ending with an edge. Therefore, the replacement leads to the substitution
Y ym (see Figure 4.3).

This results in a 1-to-1 correspondence between the two generating functions
—f
Wng2(x,y,z,w) and Bf]WZ?(:p,y, Z) for non-planar multigraphs. The replacement

for double edges results from replacing a set of two edges each as above, except
when the two edges are left intact, then they should still be treated as a double
edge instead of two simple edges. We thus have the correction term —% + z.

As in Lemma 4.4.4, if C is planar, the above argument does not necessarily
result in a bijection. We thus have to subtract all corresponding planar multigraphs
again in order to avoid overcounting on the left-hand side. Therefore, we get the
claimed result analogously to Lemma 4.4.4. O

Combining Lemmas 4.4.4 and 4.4.5, we have the following upper and lower
bounds for the generating function Cy(z,y, z,w).
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FIGURE 4.3. Obtaining connected graphs from 2-connected graphs
by substituting edges with sequences of QQ-graphs.

Corollary 4.4.6. For g > 1, the generating function Cy(z,y,z,w) satisfies
Dg"=?* (2,5 (1 + N(,7,%))) = Do (2,5 (1 + N(2,7.%)))
— —fw=
+ By 2(2,3,%) — Bo(e.5,2) + W, (2,9,2,w)

_ (4.9)
j Wg($7yaz,w)
] _ — fw—=
=< DY (@, (14 N(2,5.9) + By (2,5.2) + W, (2,5, 2,w),
where § = m and Z = % (m) - % + 2z as in Lemma 4.4.5.

We note that the upper and lower bounds of Wg(:r, Y, z,w) differ only by terms
involving generating functions of planar graphs. In Section 4.4.3 we will show that
those generating functions are subdominant. Therefore, the two bounds match in
asymptotics. We will also provide the asymptotic expressions for the other terms
in Section 4.4.3. In order to do that, we first establish bounds on the generating
functions for multigraph classes with fixed facewidth.

Lemma 4.4.7. For g > 1 the following relations hold.

2 2
fw=2 z 1y 2 [ Hfw>2
Bg (xvyaz) j 2<y+ y) (y + Z) ((521 +5z) (Bg—l (17,y,2’)>

+ gi (6, +02) (B = (2.9,2)) (6, + 6) By 32 (., z))> (4.10)

fw

Wg :1(I,y, va) j (zyw)Q <; + Z) (5'31 (Wg—l(xvyv Z7w))
+ Z Ow (Wg/ (x,y,z,w))éw (ng/(x,y,z,w))) (4.11)

PROOF. In order to show (4.10), let B be a multigraph in Bg‘”:z. Consider a
fixed 2-cell embedding M of B on S, with facewidth two and let {e; = {v1,w1},e2 =
{va2,wa}} be two edges such that there exists an essential circle C' on S, meeting
M only in e; and es. Note that eq, es do not share vertices, because otherwise the
facewidth would have been one. Then we delete e; and es, cut the surface along
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C and close both holes with a disk® (see Figure 4.4). By this surgery we either
disconnect the surface or we reduce its genus by one.

FIGURE 4.4. Surgery along an essential circle.

Case 1: Cutting along C' disconnects the surface. As C was an essential loop,
both components have genus at least one. Therefore, we obtain two multigraphs
Bi and Bj, strongly embeddable on S,, and Sg, respectively, with gi,g2 > 1 and
g1 + g2 = g. Without loss of generality, we can assume that v;,ve € B and
wy,we € Bj. Furthermore, {e1,e2} was a 2-edge-separator in B. Thus, B} and B}
are connected as B is 2-edge-connected. Let B; be obtained from Bj by adding
an edge e3 = {v1,v2} and marking e3. Note that B; is also strongly embeddable
on Sy, . We claim that B, is 2-connected. Indeed, any path in B between vertices
in By gives rise to a path in B; between the same vertices by replacing any sub-
path in B\ By by the edge e3. Thus, B; is 2-connected as B is. Analogously, we
add the edge e4 = {wy, w2} to B3 to obtain a 2-connected multigraph By strongly
embeddable on S;,. We also mark e;. Furthermore, we claim that both B; and
B cannot have facewidth 1. Indeed, suppose that By has facewidth 1 for a certain
embedding M7, then we can perform the reverse direction of the surgery to get an
embedding of B. Since B is of facewidth at least 2, the only possibility is that the
face containing the essential circle of length 1 in M; is one of those created in the
surgery from B to By and Bs, which is not possible by construction. Therefore, By
has facewidth at least 2, and analogously, Bs has facewidth at least two as well.
Therefore, in this case, we can conclude that a multigraph B can be constructed
from a 2-connected multigraph embeddable on S, with one marked edge and a
2-connected multigraph embeddable on S,_, with one marked edge, with both
multigraphs of facewidth at least 2, resulting in the term

g—1
3 (6, +62) (Bg‘,”zz(:c, y,z)) (6, + 02) (Bgvg?(x,y, z)).
g’'=1

Note that ez and e4 might be single edges or part of double edges. Therefore,
differentiating with respect to both possibilities results in an upper bound. The

2
factor (% + g) accounts for the deletion of e; and es, each of which might have

been a single edge or part of a double edge (hence deleting it turns a double edge

2
into a single edge). The factor (y + 5) represents the insertion of ez and ey, each

of which either adds a single edge or turns a single edge into a double edge. Both
factors contribute to the the upper bound as they overcount. Furthermore, we
obtain a factor of two for the ways to obtain the original multigraph from B; and
Bs.

Case 2: Cutting along C does not disconnect the surface. As the embedding
after cutting is still a 2-cell embedding, B\ {e1, e} is connected. We can connect vy,

2For a formal definition of this operation see Section 4.5.1
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vg, w1, we in B\ {e1, ez} by two edges (without loss of generality e3 = {v1,v2} and
es = {wy,wa}) s0 as to obtain a multigraph B*. The graph B = B U {e3,e4} has a
2-cell embedding M on Sy such that e; Uea UezUey bounds a face. Indeed, starting
from M, e3 and e4 can be embedded so that they run close to ey, es, and C. Let M*
be the embedding of B* induced by M. Suppose that B* is not 2-connected, that
is, it has a bridge e. Note that e cannot be e3 or e4 as B* \ {eg,es} = B\ {e1,e2}
is connected.

There is a (not necessarily essential) circle C’ on S, hitting M* only in e. As
e has not been a bridge in B, C’ has to meet e; and ey as well. If it met neither
€1 nor eg, it would either contradict B having facewidth two (if C” is essential) or
the 2-connectivity of B (if C’ is not essential). If it met only one of them, it would
have to meet one of es, es, because e;, es, es and es bound a disk in M. This
contradicts the fact that C' meets M* only in e.

We now construct the circle C” as follows. First, we follow C’ from e to ey
without traversing it. Then, we follow e; until reaching C' and switch to C' to reach
es without crossing e; and e;. Finally, we return to C’ along ey and then return
to e (see Figure 4.5). C” meets M only in e. Either C” is an essential circle,
contradicting the fact that B has facewidth two, or it is planar, contradicting the
2-connectivity of B. Similarly, we can also prove that B* has facewidth at least
2. Thus we conclude that every multigraph B, where the surgery does not result
in disconnecting the surface, can be constructed from a 2-connected multigraph
embeddable on S,_; with two marked edges and facewidth at least two, which
results in the term

(0 + 5.)? By_1(z,y, 2).

2 2
The factor 2(y + i) (% + %) follows as in Case 1. We thus conclude (4.10).

?
|
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FIGURE 4.5. Finding an essential circle witnessing small facewidth

To prove (4.11), let G be a multigraph in W;W:1. We fix a 2-cell embedding M
of G on S, of facewidth one and let e; = {v1,v2} be an edge such that there exists
an essential circle C' on S; meeting G only in e;. Then we perform the following
surgery: we delete e, cut the surface along C, close both holes with a disk, and
attach an edge, an additional vertex and a loop to both v; and vs. Remark that

the edge deleted may be a single edge or part of a double edge. Thus, we have a
factor of (zyw)? (% + %)7 overcounting all possibilities. The deleted edge cannot be
a loop, since in cubic maps on orientable surfaces loops are always on the boundary
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of two different faces, and as such cannot be the only intersection of an embedding
of a multigraph with an essential circle. This can easily be seen, as there is only
one other edge at the base of the loop. Thus, the boundary of the face of the
loop without this additional edge consists only of traversing the loop once. By this
surgery, we either disconnect the surface or we reduce its genus by one.

If we separate the surface, we obtain two connected multigraphs each with one
marked loop. These multigraphs are counted by &, (W) and by &,(W,_4), as
the genera of the two parts sum up to g and the embeddings resulting from the
surgery are still 2-cell embeddings.

If the surface is not separated, the resulting embedding is a 2-cell embedding
and hence the multigraph remains connected. Therefore, we obtain a multigraph
counted by 6% (W ,_1). The factor in front of the generating function is once again
obtained by marking two loops. This proves (4.11). O

In subsequent calculations, it will be more convenient to change the differential
operators to operators with respect to z instead of y, z, and w.

Corollary 4.4.8. For g > 1, we have

st <o 2) (52) (20

+ gi: 5y (B;‘jVZQ(x,y,z))éx (Bgvg?(x,y, z))> (4.12)
g'=1
and
fw=1

5 0,2, 0) = (ay)? (; ) (2071 zw)

+ Z 62 (Wy (z,y,2,w))08, (Wg_g/(m,y,z,w))). (4.13)

PROOF. Since the generating function Bf¥=? counts cubic graphs, it is the

sum of monomials of the form x2¥y3*~2¢2¢ for some nonnegative integers k, ¢ with
2] < 3k. We thus have

5 .Z‘2k 3k— QKZE_ka2k 3k—2¢ é g(?)k? E) 2k 3k 20 @ ((5 +(5) 2k 3k 20 é

Therefore, we have %6132‘”22 > (6y +62) B;WZQ. Combinlng this with (4.10) proves
(4.12).

To show (4.13), we note that a cubic graph has at most as many loops as
vertices, and thus replacing §,, by J, increases each coefficient. Thus, we still have
an upper bound when replacing §,, by ¢, in (4.11). O

\}

Corollary 4.4.8 will be used to show that the number of multigraphs with small
facewidth in Corollary 4.4.6 is negligible. Additionally, we need equations for the
generating functions of the auxiliary classes N' and Q. Recall that N is the class
of edge-rooted 2-connected vertex-labelled cubic planar multigraphs, and Q is the
class of all edge-rooted connected vertex-labelled cubic planar multigraphs whose

root edge is a loop.

Proposition 4.4.9. The generating function N(z,y,z) of N satisfies the system

of equations

u(l —2u) — 2%y(1 + N(2,y,2))(y* — 22)

N =
($7y?2) 2 b) (4.14)

y’(1+ N(z,y,2))° = u(l —u)®,
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and the generating function Q(z,y, z,w) of Q satisfies

2 22,3 .
Q= %—F 2y (A+ Q) + 2%y w,
A=Q+S+P+H,
A2
A+ (4.15)

P= #AZ + 223 A + 2%yz,
2H(14 A) = u(1l — 2u) — u(l —u)?,
22yP A3 = u(l — u)?,
where

—Q for simple graphs,

Q=40 for weighted multigraphs,
Q  for multigraphs.

PrROOF. We obtain (4.15) by following the lines of Section 3 in [66] or Section
3 in [87]. The only difference is that we account for loops and double edges in the
initial conditions. In order to derive the system for (), one starts with an edge-
rooted connected cubic planar graph and recursively decomposes it depending on
the placement of the root. One of the following mutually exclusive cases occurs:

(i) the root is a loop;
(ii) the root is a bridge;

(iii) the root is part of a minimal separating edge set of size two;
(iv) the end vertices of the root separate the graph; or

(v) the root is part of a 3-connected component.

In Case (i) we obtain an equation for @, while Case (ii) results in an equation
that can immediately be eliminated from the system, Case (iii) in the equation
for S, Case (iv) in the equation for P and Case (v) in the parametric equations
for H in terms of w. It is shown in [66] that these cases are indeed exhaustive.
For each of these cases, there is a decomposition of the graph resulting in the
corresponding equation in the system. The difference for the three values of Q
is due to the difference of how to deal with loops and double edges in the three
different weightings. The only difference in the systems of all three weightings
comes from Case (i), when the third edge at the root vertex is incident to a double
edge (see Figure 4.6). While this case cannot happen for simple graphs (and thus
it is not possible to obtain a loop as a root in this case), the difference regarding
weighted and unweighted multigraphs is due to the weighting of % of the double
edge.

Cy— >

FIGURE 4.6. The exceptional case which has to be dealt with dif-
ferently for simple graphs, weighted and unweighted multigraphs.

To obtain the equations for N(z,y, z), we start with (4.15). Because N (z,y, 2)
enumerates edge-rooted 2-connected planar cubic multigraphs, setting w = 0 and
Q(z,y, z,w) = 0 results in a system of equations for N(z,y,z) =1+ A. The given
equations follow by eliminating S, P, and H from the new system. O
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4.4.3. Asymptotics. The goal of this section is to obtain asymptotics for Wy (v)
via Corollary 4.4.6. The analysis for W;(v) and W; (v) are analogous; we will point
out the differences when they occur.

To use Corollary 4.4.6, we will prove asymptotic formulas for each of the oc-
curring terms. In order to simplify notations, we define

Dy(z,y, z,w) = Dy (2,5 (1 + N(2,7,2))),

where
2

y= A and 521 Yy _yi_t'_z_
lfQ(Z',y,Z,’U_))7 2 1 *Q(l’,]J,Z,U/) 2

This change of variables comes from Lemma 4.4.5. Facewidth conditions can be
added in the usual way. Additionally, we define

N(m,y,z,w) = N (x,7,%)

By(z,y,z,w) = By (2,7,%) .
Furthermore, when writing v as the sole variable, we are always using the corre-
sponding substitution from Definition 4.4.1.

In order to determine the dominant singularity of ngzg’(v), one of the sum-
mands in Corollary 4.4.6, we first analyse the dominant singularity of Q(v). The
numerical values of the dominant singularities and other constants are different for
Qv), Q*(v), and Q*(v), but the analysis works in exactly the same way.

Lemma 4.4.10. The dominant singularity of Q(v) is pg = %. Furthermore,
Q(v) is A-analytic and
Qo) = ao(1 - pg'v)2 + 0((1 = pg'v)?),

where qq is a constant and we have Q(pg) =1 — ==

2479 °

PROOF. Substituting v as in Definition 4.4.1 in (4.15) and eliminating S, P,
H, u, and A in this order from (4.15), we get the following implicit equation for Q.

0 =256Q% — 512Q° + 384Q°% — 128Q" + 16Q°
+0(—320Q% — 224Q* + 2352Q° — 3304Q° 4 2008Q" — 576Q° + 64Q°)
+02(144Q% + 136Q° — 384Q* 4 210Q° — 35Q°)
+03(—28Q + 42Q% — 14Q%) + 2v™.

Using standard methods for implicitly defined functions (see for example [47,
VIL.7.1]), we determine the dominant singularity to be at pg = % and obtain
the stated expression for Q(v) and the value of Q(v) at pg. O

(4.16)

This lemma is already strong enough to deal with the planar case. By unrooting
the classes in Lemma 4.4.10, we obtain the asymptotic expansion of Wq(v) as a
corollary.

Corollary 4.4.11. The dominant singularity of the generating function Wo(v) of
planar connected cubic vertez-labelled weighted multigraphs is pg = 795%. Further-

more, the generating function Wo(v) is A-analytic and
_ 2
Wo(v) =ag + a4 (1 — p%v) + as (1 - p%v)
L \%/2 IR
+ co (1_/)WU) +0 (1—pWU) ,
where cg, ag, a1, as are constants.
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PrOOF. The class of planar connected cubic multigraphs is given by unrooting
the sum of the classes used in Lemma 4.4.10. It is easy to see that all those classes
have the same dominant singularity as Q(v), see [20, 66, 88] for more details. [

Similar results also hold for unweighted multigraphs and simple graphs with
the same dominant singularities as Q" (v) and Q*(v), respectively.

Next we determine the asymptotic behaviour of networks in N (v). The only
difference to the other two cases are the numerical values of ng and N (pn).

Lemma 4.4.12. The dominant singularity of N(v) occurs at pN = po = %;1/2.

Furthermore, N(v) is A-analytic, and
N(w) = no((1 = px'0)?) + O((1 = p0)?),
where ng is a constant and N(py) = 1/16.

PROOF. Starting from (4.14), we obtain a system of equations that is satisfied
by N (v) by performing the appropriate substitutions on y and z in (4.14): first
y = y and z = Z, then the substitutions from Definition 4.4.1. We thus obtain
a system of two equations involving N(v), u, v and Q(v). We then add (4.16),
relating Q(v) and v, and obtain a determined system. Eliminating Q(v) and u
from this system results in an implicit equation in N (v) and v.

Using standard methods (see for example [47, VII.7.1]) to deal with implicitly
defined functions we determine the dominant singularity to be at py = pg and
derive the claimed properties of N (v). O

With the help of these two lemmas we obtain the singularity and singular
expansion of the main term Dg‘”z?’(v) in Corollary 4.4.6.

Lemma 4.4.13. The generating function 5?@3(1}) has its dominant singularity

at pp = pg = 7§T4ﬂ. Furthermore, we have

Do(v) = co(1 = pg)** + O((1 = pg)*),
DMZ3(1) = ¢ log(1 — pélv) + O((l - pélv)1/4),

Div23(v)

1

cy(1— pélv)—t')g/2+5/2 n O((l _ pélv)—59/2+11/4) for g > 2.

Analogous results to Lemma 4.4.13 also hold for unweighted multigraphs and
simple graphs. The only difference are the numerical values of the constants and the
dominant singularities, where the latter coincide with the dominant singularities of
Q*(v) and Q*(v), respectively.

PROOF. The dominant singularity of 5;""23(1)) is given either by the singularity
of Q(v) and N(v), or by a solution of WEN@DS 8 here YAEN@)® oo,
PQ » OF by 1-Qw)* —_Ps (I-Q)?
tained by substituting v in 22(y(1+ N (,7,%)))?, and p is the dominant singularity
of Dy(v). By Proposition 4.3.2 and Lemma 4.4.12 we verify that 21N (p))* _ p3.

N (1-Q(p@))?
This is the only solution of this equation, as % is a power series with posi-

tive coeflicients, and thus monotone on the interval [0, pg). Therefore, the dominant
singularity of l~)_f]W23(v) is pg, and the composition is critical (in the sense of [47,
pp. 411ff]). We thus conclude the proof by Proposition 4.4.2, and noting that
D=3(v) has same asymptotic behaviour as Dy (v). O

The next lemma shows the asymptotic behaviour of E;WZQ(U)7 which is the
next term occurring in the bounds of Corollary 4.4.6.
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Lemma 4.4.14. For g > 1, we have
~ e N _1 \—bg/2+11/4
Bfv=2(y) 0((1 e ) (4.17)

PrOOF. First we observe that by Lemmas 4.4.4 and 4.4. 13 the generating

function ngz?’(v) has its dominant singularity at pp = pg = 793 /2 Furthermore,

BM23(1) = ¢ log(1 — pélv) + O((l - pélv)1/4),
Eé""z?’(v) =c,(1— pélv)_59/2+5/2 + O((l - pélv)_59/2+11/4> for g > 2.

We prove the claim by induction on g. Suppose that our claim is correct for all
g’ < g. By Corollary 4.4.8 and the fact that both 7 and Zz are formal power series
with positive coefficients, we have

., 9 2\2/1 7\° " L
By = (2,7,2 )_2<y+ ) (y+i) (5§B§ "3 ,y,Z))

fw>2 R fw>2 _
+ Z 6: By = (2,9,2)0. B, 7 (¢,9,%).

(4.18)

We now perform the substitutions as in Definition 4.4.1. Note that z is substi-
tuted by v/, while § and Z are formal power series in z,y, z, w, all substituted by
positive powers of v. Therefore, we can replace §, by 46, while keeping an upper
bound. We thus have

B=2(v) < 648 | 62(BMZ2(v +Z5 B2 (v)6,(BI5 (0) | . (4.19)

The precise coefficient may change for unweighted multigraphs or simple graphs.
By Lemma 4.2.4 and the fact that all generating functions on the right-hand side
of (4.19) are for genus smaller than g, we deduce by induction that

52(§fw>2 ((1 P lv) 59/2+3>
5, (Bfw>2 ((1 P —5g' /2+3/2)
S (Bfw>2 ((1 o5 5(g— g)/2+3/2)
v B
Substituting these congruences into (4.19) results in

= fwe 1 \—59/2+3
B; 2(v)j0<(1—p310) I +),

which immediately implies (4.17).

For the base case g = 1, the computation is the same, except that we have
a term 62By(v), which is 62W(v), since By(z,%,%) = Wo(z,y, z,w). By Corol-
lary 4.4.11, we have

53.§0(’l}) = a9 + O((]. — pB'I})l/2)7
completing the proof. O
We use the asymptotic results in Corollary 4.4.11 and Lemmas 4.4.13 and 4.4.14

to examine the bounds in Corollary 4.4.6 and determine the dominant term of
connected cubic multigraphs embeddable on S,.
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THEOREM 4.4.15. For g > 1, the dominant singularity of the generating func-
tion W 4(v) of connected cubic vertez-labelled weighted multigraphs that are strongly
embeddable on Sy is pyr = pg = 75’74/2. Furthermore, we have

Wi(v) 2 ¢y log (1 — p_le) + O((l — p_le> 1/4)7

_ —5g/2+5/2 —5g/24+11/4
Wy(v) = ¢y (1 - p%v) + O((l — /lev) ) for g > 2,

where cg is a constant depending only on g.

PROOF. We first do the substitution of Definition 4.4.1 in (4.9), which leads to
~fw ~ ~ e ~ —fw=1
D; 23(v) — Do(v) + B; 2(v) — By(v) + W, (v)

< Wy(v) < D3 (0) + BNV=2(v) + W

(v).
Comparing the terms other than Cf*=!(v) in these bounds, we obtain by Corol-

lary 4.4.11, Lemma 4.4.13, and Lemma 4.4.14 that the dominant term is 52“’23(1)),
which has the claimed singularity and decomposition.
To conclude the proof, it remains to show that

— fw1 .\ —5g/2+11/4
w, = O((l —pwlv) ) (4.20)

By Corollary 4.4.8 and the fact that by replacing J, by 44,,, the coefficients do not
decrease, we have the relation

Wi ) = 280y 0) + 23 6Wy )5 Wy (). (421)

By the fact that all generating functions on the right-hand side of (4.21) are
for genus smaller than g, we can use induction on g as in the proof of Lemma 4.4.14
to deduce (4.20), concluding the proof. O

From Theorem 4.4.15 and Lemma 4.2.6, we can immediately evaluate the co-
efficients of W, (v).

Corollary 4.4.16. The asymptotic number of connected cubic vertex-labelled multi-
graphs that are weighted by their compensation factor and are strongly embeddable
on Sq is given by

[V ]W 4 (v) = (1 + O(n_1/4))cgn5g/2_7/2p_wn.

Here pyr = pg = 7957\;1% and cq 1s a constant only depending on g.
Again, both Theorem 4.4.15 and Corollary 4.4.16 work analogously for un-

weighted multigraphs and simple graphs with different constants and dominant
singularities of Q" (v) and Q*®(v), respectively.

4.4.4. Proof of Theorem 4.1.2. Using the results from Section 4.4.3 we can now
prove Theorem 4.1.2. Recall that a cubic multigraph embeddable on S, is given by
a set of connected cubic multigraphs embeddable on S,, such that »" g; < g (see
Proposition 4.2.2). Therefore, we have the relation

(es) k
AOEDID %H(Wg (v) + %) (4.22)

k=137g;<g  i=1
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The summand § accounts for the fact that a component might also be a triple edge,
which is not taken into account in W, (v) (this additional summand will differ
when proving Theorems 4.1.1 and 4.1.3). We only get an upper bound, because we
overcount if a multigraph is strongly embeddable on surfaces of multiple genera.
Later we will also obtain a lower bound with the same asymptotics to complete the
proof.

If g = 0, the relation (4.22) simplifies to Gy = exp(Wo + ), as there is no
overcounting in this case. This coincides with Theorem 1 of [66] and therefore we
can conclude our statement in this case. (Although it is not directly shown there,
the same arguments can be used for unweighted planar cubic multigraphs. For
simple graphs, see [20].)

Now suppose g > 1. The first step to obtain asymptotics from (4.22) is to
rearrange the sum in such a way that all planar components are singled out. This
results in

g k - e’} ' . j
OEDIDY %H(ng(v) + %) 3 (k _kF —(Wo(v) + %) . (423)
k=0 g <g  i=1 im (B!
gi>1

By the dominant term and the value of Wy (v) at the singularity pyr from
Corollary 4.4.11, we observe that the last sum contributes only a constant factor.
Thus, it remains to derive the dominant term of 5 [T(W, (v) + 2). As the first sum
consists only of a constant number of summands, the dominant term of the right-

hand side of (4.23) will be the (sum of the) dominant terms from 2 [T(Wy, (v) + %)

up to the constant obtained from the planar components. That is, we shall compute
the dominant term of

= F (o0 +2).

where the g; are positive and sum up to g’ < g.
For g =1, either k =¢' =0 or k = ¢ = 1. By Theorem 4.4.15, we have

_ U~ -1 v 1\ V4
A(v) = Ci(v) + ke log(1 — p7v) + 5 + O((l - va) )
and thus
) L\ /4
A(v) 2 Pi(v) + crlog(1 — p-v) + O((l - p_WU> )

with P;(v) a polynomial and ¢; a constant.
Suppose now g > 2. Without loss of generality let g1,...,9; = 1 and let
Ji+1,---,9k > 1. Then

a0y = (10 (1) ")) B (tos (1)) TT en (1 i)

i=l+1

<c + O<(1 - p;vlp)l/4>) (log (1 _ p%v))l (1 B p_le) —5g’ /2+5k/2 .

(4.24)

5(1—g;)
2

12

For k =1 and ¢’ = g (and hence [ = 0) we thus have

1
1 — v L L
1 H (ng + 8) = ¢y(1 ,pwlv) 59/2+5/2 JrO((l 7/)W1”) 5g/2+11/4>. (4.25)

’

g'=1
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For k > 2 or ¢’ < g, (4.24) yields

Aﬁ]ﬁ[ = 0((1— pyyto)~20/2+5/2+2) (4.26)

and thus
Gy(v) < cy(1— p—le)ng/erS/z + O((l _ p—le)f5g/2+11/4>'

We derive a lower bound for g > 1 as follows. Let ég be the class of graphs in
G, with one component of genus g and all other components planar. Then

pIOHCINRIE 0 N JUET sl

(j+1)! g+1 (+ 1)

j=0 j=0 7=0

Indeed, if the component of genus g is also planar, then the graph might be counted
up to j+ 1 times (once for each component) on the left-hand side. Substituting the
corresponding summands thus yields a lower bound of Gy(v).

oo

. 1 — J
G,(v) = G,(v) = . = 4.27
9( ) g( ) prd (] + 1) g ] ( )
Applying Theorem 4.2.3 to the upper and lower bounds and setting vo = p;[/l
completes the proof. O

4.4.5. Proofs of Theorems 4.1.1, 4.1.3 and 4.1.4. Theorems 4.1.1 and 4.1.3
can be proven in a similar way as Theorem 4.1.2. We obtain p; = 7 ! as the square
root of the smallest positive solution of

0 = 46656 — 279936u — 7293760u? — 513216u> + 148716u* — 174694 + 72945
and p3 =5 1 as the square root of the smallest positive solution of
0 = 46656 + 279936u — 7293760u’ + 513216u> + 148716u* + 17469u° + 729u°.

Theorem 1.3.3 follows immediately from (4.25), (4.26), and Theorem 4.2.3.
Indeed, (4.25) and Theorem 4.2.3 imply that the number of weighted multigraphs
in G4(n) that have a unique non-planar component that is not embeddable on S,_;
is

(1 + O<n71/4))egn59/2*5/27§”(2n)! .

On the other hand, (4.26) and Theorem 4.2.3 imply that the number of weighted
multigraphs in G4(n) that do not have such a component is

9] (n59/2—5/2—2,)/22n (2”)') ]

Thus, Theorem 4.1.4 follows. Observe that the probability 1 —O(n~2) is not sharp.
Indeed, the exponent in (4.26) could be improved to —5g/2 + 5 — ¢ for every € > 0,
which would yield a probability 1 — O(n~%/2*¢). The statements of Theorem 4.1.4
for unweighted multigraphs and simple graphs are proved analogously. O

Remark 4.4.17. Observe that the polynomials p1(u), p3(u) whose smallest pos-
itive zeroes uy and ug give rise to the exponential growth constants vy, for cu-
bic multigraphs and 3 for simple cubic graphs, respectively, satisfy the relation
p1(u) = p3(—u). It would be interesting to know whether this fact has a combina-
torial meaning.
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4.5. TRIANGULATIONS

In this appendix, we compute the asymptotic numbers of triangulations in 7,
and 7y, as stated in Propositions 4.3.2 and 4.3.3, respectively. Our proof follows
the approach of [7].

4.5.1. Surgeries. When dealing with maps on S, we will perform operations on
the surfaces that are commonly known as cutting and gluing. In the course of
these operations we will encounter surfaces with holes. A surface with k holes is
a surface S; from which the disjoint interiors Dq,..., Dy of k closed disks have
been deleted. Each D; is called a hole. Let S be the disjoint union of finitely
many orientable surfaces, at least one of them with holes, and suppose that X and
Y are homeomorphic subsets of the boundary of S. By gluing S along X and Y
we mean the operation of identifying every point € X with f(z) for any fixed
homeomorphism f: X — Y. The identification of X and Y induces a surjection o
from S onto the resulting space S. We write X for the subset o(X) = o(Y) of S.
We will glue along subsets in two particular situations: when X and Y are

(i) disjoint boundaries of holes of S, or
(ii) sub-arcs of the boundary of the same hole that meet precisely in their
endpoints.

For (ii), we shall additionally assume that the homeomorphism f: X — Y induces
the identity on X NY. In either case, the space S resulting from gluing along X and
Y is again the disjoint union of finitely many orientable surfaces with holes, with
the number of components being either the same or one less than that for S. The
subset X of S is a circle in Case (1) and homeomorphic to the closed unit interval
in Case (ii). If S has k holes, then S has k — 2 holes in Case (i) and k — 1 holes in
Case (ii). A special case of (i) is when one of the components of S is a disk (i.e. a
sphere with one hole) and Y is its boundary. In this case, we say that we close the
hole bounded by X by inserting a disk.

If in addition we are given a map M on S, then we will glue along X and Y
only if either both of them are contained in a face (not necessarily the same face for
X and Y) or both are unions of the same number of vertices and the same number
of edges of M. We also assume the homeomorphism f: X — Y to map vertices to
vertices and edges to edges. Under these conditions, we obtain a map M on S. The
subset X of S is then either a subgraph of M or a subset of a face of M. Observe
that the surjection o: S — S induces a bijection between the sets of corners of M
and of corners of M. We will refer to this bijection by saying that every corner of
M corresponds to a corner of M.

If S is obtained from S by gluing along X and Y, we also say that vice versa,
S is obtained from S by cutting along X. The operation of cutting along a circle
or interval is well defined in the sense that if S and X are given, then S, X, and
Y are unique up to homeomorphism. If S has more components than S, we call X
separating. Cutting along a separating circle on S, and closing the resulting holes
by inserting disks will yield two surfaces Sy, ,S,, with g1 + g2 = g. Cutting along a
non-separating circle and closing the holes by inserting disks reduces the genus by
one.

A combination of cutting and gluing surfaces along some subsets of their bound-
aries is called a surgery. Again, if a map M results from performing surgeries on a
map M, then every corner of M corresponds to a corner of M.

4.5.2. Quasi-triangulations. We begin with some notations. The wvalency of a
face f in a map is the number of corners of f. We call a rooted map M a quasi-
triangulation if all faces except the root face f, are bounded by triangles. Let P, be
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the class of simple quasi-triangulations and P,(y,u) its generating function, where
y marks the number of edges, and u marks the valency of f.. Given an index set I
and an injective function h: I — F(M)\ {f.}, we call M an I-quasi-triangulation
with respect to h if all faces in F(M) \ (h(I) U{f,}) are bounded by triangles. If
in addition f, is also bounded by a triangle, we say that M is an I-triangulation
(with respect to k). Let 7, ; and Py 1 be the classes of simple I-triangulations and
simple I-quasi-triangulations, respectively, with their generating functions denoted
by Ty(y,zr) and Py(y,u, zr), respectively. Here u again marks the valency of the
root face f,. and z; = (2;)ics is a set of variables indexed by I, where z; marks the
valency of h(i). Additionally, let 759, '7;7 1, and 759, 1 be the analogous classes for
triangulations without separating loops or separating double edges and Pg(y,u),
Tg(y, zr), and Pg(y, u, zy) their generating functions, respectively.

Note that 7y = T, 9 and Py = Py g. In the case I = ), we will therefore always
use the generating functions T,(y) and Py(y,u) without mentioning variables z;.
To simplify notations, the one-vertex map is put into Py, although it is not a quasi-
triangulation, since it does not have any corners and thus cannot be rooted. We
say that a face f is marked if f € h(I) and that we are marking a face f if we
add a new index 4 to the set T with h(i) = f. We use the same convention also for
the corresponding classes and generating functions for triangulations without loops
and double edges.

To prove Propositions 4.3.2 and 4.3.3, we first derive a recursive formula relating
Py.1 (and P, ;) for different genera and different sizes of the set I. We then prove
Propositions 4.3.2 and 4.3.3 by applying this formula inductively. In order to derive
the recursive formula, we delete the root edge of a given quasi-triangulation and
then perform surgeries that either separate the given surface or decrease its genus.
One part of the reverse operation then consists of adding a new edge to a map.
Let S be a map and ¢; = (v1,e],ef) and ca = (v, e5, €5 ) be two (not necessarily
distinct) corners of the same face f of S. For T is a map with V(T') = V(S) and
E(T) = E(S) U {énew}, we say that epey is an edge from ¢ to cq if

® chew 1s contained in f and its end vertices are v; and wvo;
e in the cyclic order of edges of T at vy, enew is the predecessor of ef; and
e in the cyclic order of edges of T" at v, enew is the successor of e; .

If ¢1 = co =: ¢, we also say that epey is a loop at c.

4.5.3. The planar case. Before we derive the recursive formula, we study the base
case of planar quasi-triangulations.

Proposition 4.5.1. The generating functions of planar quasi-triangulations satisfy
PO(yvu) = PO(yvu) and

y(P0<y’u) _ 1)

— y*uPo(y,u) — To(y) (Poly,u) — 1).
(4.28)

Poly,u) = 1+ yu® P (y,u) +

PRrROOF. As planar quasi-triangulations cannot have non-separating loops or
double edges, Po(y, u) = Py(y, u) follows immediately.

The first summand in (4.28) corresponds to the one-vertex map. Let S € Py
be a planar quasi-triangulation with at least one edge. We distinguish two cases.

First, suppose that the root edge e, is a bridge; then the only face incident
with e, is the root face f,.. The union f,.Ue, is not a disk and thus contains a non-
contractible circle C. We delete e,., cut along C, and close the two resulting holes
by inserting disks. By this surgery, S is separated into two quasi-triangulations Sy,
So. Let v1 and vo be the end vertices of e, in S; and S5 respectively. One of these
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two vertices is the root vertex of S; by renaming S7,.S; we may assume that v; is
the root vertex of S. In the cyclic order of the edges of S at vy, let e and e be
the predecessor and successor of e, respectively. Define e, and ej analogously at
vy. We let (v1,e;,ef) and (vg, €5, e5) be the roots of S; and Sy respectively. We
thus have S1, S2 € Py. Furthermore, S; and S, together have one edge less than S
and the sum of the valencies of their root faces is two less than the valency of f,.
Thus, we obtain yu? P (z,u), the second term of the right-hand side of (4.28).

Now suppose that e, is not a bridge. Then it lies on the boundary of the
root face and of another face, which is bounded by a triangle. In the cyclic order
of edges at the root vertex vy, let e, and e} be the predecessor and successor of
e, respectively. We delete e, and obtain a quasi triangulation S’ that we root at
ch. = (vr,er,et). The valency of the root face of S’ is larger by one than the valency
of f.. This is reflected by £(Py(y,u) — 1), the third term of the right-hand side
of (4.28), because S’ cannot be the quasi-triangulation consisting only of a single
vertex. However, with this summand we have overcounted. Indeed, the reverse
construction is as follows. Let f be the root face of S’. Then the corners of f] can
be ordered by walking along the boundary of f/ in counterclockwise direction. In
this order, starting from ¢/, let ¢ = (v,e,e’) be the corner after the next; then S
is obtained from S’ by inserting an edge from ¢, to ¢/. If v, = v this results in a
loop; if v, and v are adjacent, we obtain a double edge (see Figure 4.7).

v

Ur

FIGURE 4.7. Obtaining a loop or a double edge by inserting an edge.

These cases have to be subtracted again in order to obtain a valid formula.
First suppose that v, = v. As we do not have double edges in S’, this is only
possible if the corner between ¢ and ¢’ is at a vertex of degree one. We have to
subtract y?uPy(y,u), i.e. the fourth term of the right-hand side of (4.28), for this
case (we add one vertex and two edges to a quasi-triangulation and increase the
root face valency by one). Now suppose that v, and v are adjacent, i.e. inserting
an edge between them creates a double edge. In this case zipping the double edge
separates the quasi-triangulation into two quasi-triangulations S, S3. For one of
them, without loss of generality for Sp, the root face valency is the same as for .5,
while the root face of Sy has valency three. Thus, Sy is in Py but not the one-vertex
map, while Sy € 7. Summing up we have to subtract Tp(y)(Po(y, u) — 1), the fifth
term of the right-hand side of (4.28). O

We can use the quadratic method (see e.g. [60]) to obtain the main result
for planar triangulations from Proposition 4.5.1. Those were already obtained by
Tutte [103] with slightly different parameters.

Lemma 4.5.2. It holds that Ty(y) = To(y). The dominant singularity of To(y) is
pr = 28%, To(y) is A-analytic and satisfies

9 _ 3 _ -
To(y) = 5 — E(l —pr'y) + 25T(l - ple)3/2 + O((l - ple)Q). (4.29)

| =

100



Furthermore, for u = f(y) with

tl/S 1/3
= =t 1-—
Fly) =1 7 oy (1-1),
the equations
5 3 1 N\1/2 _
Poly, f) = 5 = 555 (L= pr'y) "+ 01 = pr'y),

9 75 125 - 33/4 L \1/4 L \1)2
<8uPO(y’u)> 208 T2 (L=pr'y) "+ O((l ~rr'y) )
u=f(y

hold and Po(y, f(y)) is A-analytic. Let n > 2 be an integer. Then
am 1 \-n/2+3/4 _1 \—n/2+1
(aunp‘)(y’ U)) = c(n)(1 - pp'y) + O((l - p7'y) )
u=f(y)

where c¢(n) is a positive constant depending only on n.

PROOF. As that planar quasi-triangulations cannot have non-separating loops
or double edges, Ty(y) = To(y) follows immediately.
Multiplying (4.28) by 4yu* and rearranging the terms yields

(200 Poly,w) + aly, w)” = qly, u)? + dy%u® — dyu® — 4yu'To(y),  (4.30)
where ¢(z,u) =y — y*u? — u — uTp(y). Let
Q(y, u) = 2yu’ Po(y, u) + q(y, u) and

R(z,u) = q(y,u)* + 4y*u® — dyu* — dyu? Ty (y).

Then (4.30) reduces to Q*(y,u) = R(y,u). To obtain the claimed asymptotic
behaviour one chooses u = f(y) in such a way that Q(y, f(y)) = 0. This u is a
double zero of Q?(y,u) and therefore both R(y,u) and B%R(y7 u) are 0 at u = f(y),
giving

0 = q(y, u)* + 4y*u® — dyu® — dyu* Ty (),

0 = 2q(y, w)(1 + To(y) + 2y%u) + 16yu® + 16yuTy(y) — 12y%u>.
By eliminating f(y) from this system we obtain the implicit equation

To(y)" +3To(y)* + To(y)*(3 + 8y*) + To(y)(L — 20y°) = (1 — 16y°)y°.

By standard methods for implicitly given functions (e.g. [47, VIL.7.1]) we obtain
the dominant singularity and the singular expansion of Ty(y) as stated in (4.29).

Conversely, by eliminating Ty(y) and substituting y = t'/3(1 — t) we obtain
fly) = tilﬁ = %7 and Ty(y) = t(1 — 2t). Since ;2 has only nonnegative
coefficients in ¢ and ¢ = t(y) has only nonnegative coefficients by Lagrange Inversion,
f(y) has only nonnegative coefficients as well. From the implicit equation for f(y)
we deduce that

24/3 211/6

fly) == - 0-rr )01 - prly). (4.31)

From 2yf(y)*Po(y, f(y)) + aly. f(v)) = Q(y, f(y)) = 0, (4.29), (4.31), and y =
pr — pr(1 — pp'y) we derive the claimed expression

5 3 1 1/2 -1
Po(y: f(y) =7 = 5z (L —pr'y) " +0(1=pr'y).
Given n € Ny, let us write R (y,u) = 667;; R(y,u). By the choice of f(y) we
know that R (y, f(y)) = RM(y, f(y)) = 0. As R(y,u) is a polynomial of degree
four in u, we have R (y,u) = 0 for all n > 5. For n € {2,3,4}, we obtain the
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dominant term of R (y, f(y)) by first differentiating R(y, u) with respect to u and
then substituting u = f(y), (4.29), (4.31), and y = pr — pr(1 — p;'y). This yields

27 _ _
.R(Q)(y7 f(y)) 27/2 (1 - pr ly) 1/2 -+ O(l — ple)’

Ry, £(0) = —gres + O((1 = o7'9) %),

ROy, £(0)) = —gm + 0((1 = ') "),

We define Q™ (y,u) and Pé )(y,u) analogously to R (y,u). From the facts
that Q(y, f(y)) = 0 and 2= (Q*(y,u)) = R™(y,u) we deduce that

oun

QM (y, )R (y, f(y)) =R™ (y, f(y))
—Z() b, )R Py, £(y)

for every n € N. For n = 2, this implies that
QW (y. f) =21 - pz'y)"/* +0((1 = pr'y)*"),

where ¢ = :l:z?’u//4 By differentiating Q(y,u) = 2yu®Po(y, u) + q(y,u) with respect
to u, we deduce that

(4.32)

75 125 _ 1 N\1/2
By (4, f(4) = 913/3 T C559/1233/4 (1 —ple) +O(( Pr'y) )

Since Pél)(y,u) is a generating function of a combinatorial class, its coefficients

[ykul]Pél)(y, u) are nonnegative. As f(y) has only nonnegative coefficients as well,

all coefficients of Pél)(y, u)|u—f(y) are nonnegative, implying that ¢ = —2313%.
For n = 3, we deduce from (4.32) that
675
QP (v, f()) = —gsros (L — o' w) 4+ 0((0 = p7'w)*).

For n > 4, the term R (y, f(y)) is constant, while the sum on the right-hand side
is nonempty. Since the sum only involves terms QW) (y, f(y)) with 2 < j < n — 2,
we deduce by induction that

QU (y, () =em) (1= pp'y) " 0((1-pp'y) ) (33

where ¢(n) is a constant depending only on n and ¢(n) > 0 for n > 2.
The claimed expressions of Po(n) (y, f(y)) are now obtained by differentiating

Q(y,u) = 2y*u’ Po(y, u) + q(y, u)
n times and by (4.29), (4.31), (4.33), and induction.

As all generating functions in this proof are given by a system of algebraic
equations, they are A-analytic. O

4.5.4. Recurrence for higher genus. Our next aim is to derive a recursion for-
mula for P,(y,u,zr) and P,(y,u,z;). Using the planar case in Lemma 4.5.2 as
the base case, inductively applying the recursion formula allows us to derive similar
statements as Lemma 4.5.2 for all g and I. In order to derive the recursion formula,
we will perform different surgeries on the surface depending on the placement of
the root. We distinguish four cases.

(A) The root edge e, is only incident with the root face f, and is a bridge;
(B) e, is only incident with f, and is not a bridge;
(C) e, is incident with f,. and one marked face; and
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(D) e, is incident with f, and one unmarked face.

The recursion formula is then of the form
Pg(yv u, ZI) = Ag(yv u, ZI) + Bg(% u, ZI) + Cg(y, u, ZI) + Dg(ya u, Zl)a (434)

where Ag(y,u, 21), Bg(y,u,zr), Cy(y,u,2r), and Dy(y,u,zr) are the generating
functions of the sub-classes Ay 1, By 1, Cg,1, and Dy 1 of Py 1 corresponding to the
four cases (A), (B), (C), and (D) respectively. Each of the generating functions can
be further decomposed as

Ag(y,u, 21) = aly, u)Py(y, u, 21) + Malg;y,u, 21) — Ea(g; y, u, 21),
(yvu ZI) ( 7U)Pg(y I)+MB(g;y,Usz)_EB(g;y,'UqZ[),
(y,’U, ZI) C(y?u)Pg(y u ZI) + MC(gay7 u, ZI) - EC(g7ya ’LL,Z[),
Dy(y,u, z1) = d(y,u)Py(y,u, 1) + Mp(g;y,u, z1) — Ep(g;y, u, 21),
where a(y,u), b(y,u), c(y,u), and d(y, u) are functions only involving the generating
functions Py and Sy of the planar case, while the other functions involve terms of the
type Py (y,u, zp/) for ¢’ < gor I’ C I. This will enable us to use (4.34) to recursively
determme the dominant terms of P,(y,u, zr). In this recursion, the functions M,
Mg, Mg, and Mp will contribute to the dominant term; the functions E4, Ep,

E¢c, and Ep turn out to be of smaller order.
The classes Ag 1, By, 1, Cg 1, and Dg ; together with the functions A (Y, u, 21),

(4.35)

aly,u), MA(g, y,u,zr), and EA(g, y,u,zr) (and similarly for B, C, and D) are
defined analogously.

We start by determining the functions for Case (A). In this case, after deleting
the root edge we can split the map into two maps whose genera add up to g.

Lemma 4.5.3. The three functions a(y,u, zr), Ma(g;y,u, z1), and EA(g;y,u, z1)
in (4.35) are given by

a(yv u, ZI) = 2yu2P0(y7 U),

MA(Q’ Y, u, ZI) = y’U,2 ZPt(y7ua ZJ)Pg—t(Z/a U, ZI\J)7
t,J

EA(QL%U’ZI) =0.
The sum is overt =0,...,g and J C I such that (t,J) # (0,0) and (t,J) # (g,1).

Proor. Let S be an I-quasi-triangulation in Ag 7, with respect to h: I —
F(S), say. By (A), the union f. Ue, is not a disk and thus contains a non-
contractible circle C. We delete e,., cut along C, and close the two resulting holes
by inserting disks. Since e, was a bridge, this surgery results in two components
S1 and Ss. We define the roots of S and Sy like in Proposition 4.5.1: let v; and
vg be the end vertices of e, in S7 and Sy respectively. Without loss of generality
we may assume that vy is the root vertex of S. In the cyclic order of the edges of
S at vy, let e; and e be the predecessor and successor of e, respectively Define
e5 and ej analogously at vo. We let (v1, ey ,el) and (v, €5 ,e5) be the root of Sy
and Ss respectively. Denote the root faces by f1 and fs respectively. These are the
faces of 57 and Ss into which the disks were inserted.

Since every face in F(S) \ {fr} corresponds to a face in F'(Sy) \ {f1} or in
F(85)\ {f2}, h induces a function h: I — (F(S1) U F(S2)) \ {f1, f2}. If we write
J = hY(F(Sy)), then Sy is a J-quasi-triangulation on a surface of genus t < g;
consequently, Sy is an (I \ J)-quasi-triangulation on a surface of genus g — t. By
deleting e,, we decreased the number of corners of f,. by two; the surgery then
distributed the remaining corners of f,. to f; and f5. Therefore, the sum of valencies
of f1 and f5 is smaller by two than the valency of f.. On the other hand, we clearly
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have |E(S1)| + |E(S2)| = |E(S)| — 1. The reverse operation of the surgery is to
delete an open disk from each of fi, fa, glue the surfaces along the boundaries of
these disks, and add an edge from the root corner of S; to the root corner of Ss.
As this operation is uniquely defined, we deduce that

g9
Ag(y7 U, ZI) = yu2 Z Z Pt(y7 U, ZJ)ngt (97 U, ZZ\])
t=0 JCI

Extracting the terms for (¢, J) = (0,0) and (¢, J) = (g, ) finishes the proof. O
Remark 4.5.4. Analogously to Lemma 4.5.3, we have

d(ya u, ZI) = 2yu2p0(y7 u)a

MA(ga Y, u, ZI) = ZUU2 Zpt(y7ua ZJ)ngt(ZUa% ZI\.]>>
t,J

EA(g;yvua ZI) = Oa

where the sum is over t =0,...,g9 and J C I such that (t,J) # (0,0) and (¢, J) #
(9,1).

This follows by the same proof as for Lemma 4.5.3, because no loops or double
edges occur in that construction.

For Case (B), we will cut the surface along a circle contained in f,.Ue, and close
the holes by inserting disks. However, because the surface will not be separated by
this surgery, one needs to keep track of where to cut and glue to reverse the surgery.
To this end we have to mark faces. Therefore, the index set I will increase.

Lemma 4.5.5. The three functions b(y,u,zr), Mp(g;y,u,zr), and Eg(g;y,u, z1)
in (4.35) are given by

b<y7 u, Z]) = 07

MB(g; Y, u, ZI) - yu25z7:0 (Pg—l(ya U, ZIU{io}))
0= EB(ga Y, u, Z]) = (1 + yu2)6u(Pg—1(yaU’7 ZI))

PROOF. Let S be an I-quasi-triangulation in By 7, with respect to h: I — F(.5).
We use the analogous surgery as in Lemma 4.5.3, with the difference that S is not
separated by cutting along the circle C. Therefore we only obtain one map 7. One
of the end vertices of e, is the root vertex v, of S. Let e, and e be the predecessor
and successor of e, in the cyclic order of edges of S at v,., respectively. Then we
define the root of T to be (v, e, el). Denote the root face of T' by f.; this is one
of the two faces into which we inserted disks to close the holes during our surgery.
Denote the other such face by fo. We mark f; by adding a new index iy to the
index set I and extend the function h to I U {ig} by setting h(ig) := fo. Then T is
an (I U {io})-quasi-triangulation on S,_;.

To reverse the surgery, we delete an open disk from each of f/, fo, glue the
surface along the boundaries of these disks, add a new edge eney from the root
corner of T to a corner cy of fo, and let (vy,€new,€e,) be the new root corner.
We thus have to mark a corner of fs, which corresponds to applying the operator
0, to the generating function. After gluing, the corners of f; become corners of
the new root face; we thus have to remove ip from the index set and replace z;,
by u in the generating function. Like in the previous cases, adding ey increases
the total number of edges by one and the valency of the root face by two, as
énew lies only on the boundary of the new root face. This results in the term

yu262i0 (ngl(y7 u7 ZIU{Z()}))

Zig=u’

zi(] =Uu-



However, by this construction we have overcounted. If the vertex v of the corner
co is adjacent to v,., then ey Will be part of a double edge; if v = v;., epeyw Will be
a loop. We want to subtract all resulting maps S for which epey is a loop or part of
a double edge. Suppose first that ey is part of a double edge. Since eyey lies only
on the boundary of the root face of S, the double edge is not separating. Thus,
zipping it results in an I-quasi-triangulation 7' on Sg—1. One of the two zipped
edges is the root edge e/, of T, denote the other zipped edge by €’. Both ¢/. and ¢’
lie on the boundary of the root face (see Figure 4.8). Let v!. be the root vertex of
T; then v, is one of the two copies of v,.. If we denote the other copy by v/, then
v’ is an end vertex of €’ and thus there is a corner ¢ = (v, e”,¢€’) of the root face
of T. We can reconstruct S from T in the following way: cut along el and €’ and
glue the surface along the boundaries of the resulting holes in the unique way that
identifies v). and v’. Identifying the corner ¢ is bounded by marking an arbitrary
corner of the root face of T. This corresponds to applying the operator §,, to the
generating function Py_i(y,u, zr). As zipping a double edge does neither change
the number of edges nor the valencies of faces, 6, (Py—1(y, u, zr)) is an upper bound
in this case.

Suppose now that epey is a loop and recall that (v,., €pey, €;7) is the root corner
of S. Since epeyw lies only on the boundary of the root face of S, there is a unique
edge es # e such that (v,, €new, €2) is a corner of the root face. We cut along eyey,
close the two resulting holes by inserting disks, and delete the two copies of epey-
Again, cutting does not separate the surface. Thus, we obtain a map T on Sg-1
that does not have loops or double edges. Let v, be the copy of v, in T that is
incident with e and let v/, be the other copy. Then the root of T is (v., €, e;) for
some edge ¢’. Furthermore, the root face of T has a corner (v, €5, e2). Now S can
be reconstructed from 7' in the following way (see Figure 4.8).

(i) Add a loop at each of (v.,¢/,el) and (v}, eh, e2);
(ii) delete the resulting two faces of valency one;
(iii) identify the two loops.

v! v vl

~

FIGURE 4.8. Deriving an upper bound for Ep.

In order to identify the corner (v, e, e2), we mark an arbitrary corner of the
root face, which is again overcounting. Since we have to add one edge to T and
increase the valency of the root face by two to reconstruct S, we have an additional
factor of yu?, resulting in the claimed upper bound for Ejp. O

Similar arguments also show the corresponding result for Bg.

Lemma 4.5.6. The functions ?)(y,u,zj), MB(g;y,u,zI), and EB(g;y,u,zI) are
given by

b(yvua ZI) =0,
MB(ga Y, u, ZI) = yU25zio (pgfl(:'% u, ZIU{io})) }Zqi():u’

EB(QL%“JI) =0.
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The only difference to the proof of Lemma 4.5.5 is that we do not need to
compensate for overcounting in FEpg, as all loops and double edges occurring in the
proof are non-separating and thus allowed.

In Case (C), the root edge is not a bridge. Therefore, we will not be able to
find a circle C like in the previous two cases. On the other hand, deleting the root
edge does not produce any faces that are not disks. Our construction in this case
will thus start without cutting the surface.

Lemma 4.5.7. The three functions c(y,u,zr), Mc(g;y,u,z1), and Ec(g;y,u, zr)
in (4.35) are given by
C(yaua ZI) = 07
B(T)+1

Mc(g;y,u,21) = yz Z y\E(T)I szﬁj(T) Z ukZ?(T)+2fk’
k=1

i€l TePy(I\{i}) e

0= Ec(giy,u21) 2 Y ((1 + yuz)d., (Pyg—1(y, u, 21))
el

g
+ (1 + yuz) Z Z Py(y,u, z5) Py—t(y, zi, ZI\(JU{i})))a
t=0 JCI\{i}
where B(T) and 5;(T) denote the valencies of the root face of T and of the face
with index j in T, respectively.

Note that the sum in M¢ is over all ¢ € I and all I\ {i}-quasi-triangulations.
As such, Mg can be written as

Mo =y Z UQZz'Pg(”y, U, ZI\{i}) - Wing(y, Zi) ZI\{i}) _
° U— 2z
i€l
However, similarly to Lemma 4.5.2, we shall replace v and z; by f(y) in order
to derive the desired asymptotic formulas, which would result in a division by 0.
For that reason we will use My as stated in Lemma 4.5.7. We will derive a more
convenient formulation in Proposition 4.5.11.

Proor oF LEMMA 4.5.7. Let S be an I-quasi-triangulation in C,; with re-
spect to h: I — F(S). We delete the root edge e,, thus obtaining a map 7" on S,.
The root of T is defined as follows. Let e, and e;} be the predecessor and successor
of e, at vy, respectively; then (v, e, e) is the root of T. By (C), e, was incident
with a marked face h(i). The root face of T is f] := f, Ue, Uh(i) and T is an
(I'\ {i})-quasi-triangulation with respect to h|p 4}-

Let ¢ be a corner of f/ and let S be obtained from T by adding an edge enew
from (v, e, ,el) to ¢ and let the root of S be

r o
o (U, enew, € ) if ¢ # (v, e, ,€}) and

e cither (vy, €new, €, ) O (Vr, Enew, Enew) Otherwise.
These cases are illustrated in Figure 4.9. Adding epew divides f/ into two faces.
One of these faces is the root face of S; we mark the other face with the index i
and denote the corresponding function I — F (5’) by h. Clearly, there is a unique
choice of ¢ # (v,,e;,el) such that S = S. If ¢ is a corner at v, (in particular if
c = (v, e, ,ef)), then epey will be a loop. If ¢ is a corner at a vertex adjacent to
vy, then epeyw will be part of a double edge. In either case, S will not be simple
and thus not an I-quasi triangulation. Although the case ¢ = (v, e, e}) is clearly
one of the cases when S is not simple, it is slightly easier to derive the formulas

including this case.
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lfIGURE 4.9. Adding the edge epew from (v,, e
S.Ife= (v e

e}) to ¢ to obtain
e,"), then each of the two faces can either be the

roer

root face or h(i).

ro

As f! has valency S(T), there are B(T) + 1 choices for S. The valency of
the root face of S is one if ¢ = (vr e, ,e) and the root face is (v, €news Enew)-
If ¢ = (vr,e,,€e) and the root face is (vy,€new, €, ), the valency is B(T) + 1.
Depending on which corner is chosen as ¢, the valency of the root face can take
any value k between 1 and 5(T) + 1; the face h(i) then has valency 5(T) + 2 — k.
The generating function of maps that can occur as S from this particular (I'\ {i})-

quasi-triangulation 7" is thus given by

B(T)+1
y\E(T)+1\ H zfj(T) Z ukzZ_B(T)ka_
jen{i} k=1

This holds as the number of edges is increased by one and the valencies of all other
marked faces do not change. After summing over all possible marked faces and all
possible T, we obtain M¢.

As already mentioned, we overcount whenever the chosen corner c is at v, or at
a vertex adjacent to v,, making eyey & loop or part of a double edge, respectively.
Suppose first that e,y is part of a double edge. We zip the double edge. If it does
not separate the surface, we have an upper bound 9., (P;—1(y, u, zr)) analogous to
Lemma 4.5.5. Indeed, the only difference to the corresponding case in Lemma 4.5.5
is that we mark a corner of (the face corresponding to) h(i) instead of a corner of
the root face, because eyey was incident with both the root face and h(i). If the
double edge separates the surface, we obtain two maps 77 on S; for 0 < ¢ < g and
T, on Sy—;. One of the two maps, without loss of generality T5, contains (the face
corresponding to) h(i). As Tj is rooted at a corner of that face and the root face
is never marked, the number of marks decreases by one. Thus, T} is a J-quasi-
triangulation on S; and 75 is a (I \ (J U {i}))-quasi-triangulation on S,_;, where
J C I\ {i}. Going back, all corners of the root face of To become corners of the
face with index 7, meaning that we have to replace u by z; in Py_+(, i, 21\ (sugi}))-
This gives us an upper bound of

g
Z Z Py(z,u, J)Py_t(x, 25, 21\ (Jugi}))-
t=0 JCI\{i}

If enew i a loop, then we proceed the same way as in Lemma 4.5.5: we cut along
énew, Close the two resulting holes by inserting disks, and delete the two copies of
énew- Like in Lemma 4.5.5, the reverse construction yields the same bounds as in
the case of epeyw being part of a double edge; the additional factor yuz; is due to
the fact that we add one edge and increase the valencies of the root face and of h(7)
by one. O

Similar to Lemmas 4.5.5 and 4.5.6, the only difference when using triangulations
without separating loops or separating double edges instead of simple triangulations
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is in the calculation of E¢. The corresponding results are obtained by only keeping
the terms in which separating loops or separating double edges are involved.

Lemma 4.5.8. The functions é(y,u, zr), Mc(g;y,u,zj), and Ec(g;y,u,zf) are
given by

é(y7 u, ZI) = 07

B(T)+1
Mc(g;y,u,2) = yz Z yl B HZJ[?]' (T) Z usz(T)Jr%k’
el TePy(1\{i}) iz k=1

g

0= Eo(giysu,zr) = D 2(0+yuz) > > Pily,w,20)Poie(y, 20, 20 (augin)s
icl t=0 JCI\{i}

where B(T) and B;(T) denote the valencies of the root face of T and of the face

with index j in T, respectively.

The difference between Lemma 4.5.7 and Lemma 4.5.8 is that we do not need
to compensate for the case where non-separating loops and double edges appear,
since they are allowed in 75!], I

The construction in Case (D) is similar to Case (C). The fact that the second
face incident to e, is not marked makes the analysis easier.

Lemma 4.5.9. The functions d(y,u,zr), Mp(g;y,u,zr), and Ep(g;y,u,zr) in
(4.35) are given by

d(yv u, ZI) = yu—l - y2u - TO(y)a
MD(Q??JvUvZI) = _Tg(yvzf)PO(y’u)7

0 = Ep(g;y,u,21r) 2 3P;—1(y,u, 210{i0}) |2y =u + ZTt(y’ J)Py—t(y,u, 21\ 1),
P

where the sum is taken over all 0 < t < g and J C I with (¢t,J) # (0,0) and
(t,J) # (g,1).

ProoF. Let S be an I-quasi-triangulation in D4 ;. We delete e, and choose
the root of the resulting map T to be ¢ := (v,, e, e;) like in Lemma 4.5.7. As the
second face f incident with e, is not marked and S is an I-quasi-triangulation, f is
bounded by a triangle. Thus, T is also an I-quasi-triangulation and the valency of
its root face f. is larger by one than the valency of f,.. For the reverse construction,
consider the ordering of the corners of f/ in clockwise direction along its boundary
and let ¢ be the corner after the next, starting from c.. We add an edge eyey from
c.. to ¢ and let (v,, enew, €;) be the root of the resulting I-quasi-triangulation S. If
T was obtained from S by deleting e,, then S = S. However, if T is an arbitrary
I-quasi-triangulation on S, then ene, might be a loop or part of a double edge.
Thus,

yu~ ' Py(y, u, 21) (4.36)
is only an upper bound for Dy(y, u, zr). Again, we have to subtract the cases when
S is not simple.

The case when epey is a loop yields a term of

—y*uPy(z,u, 21) (4.37)

analogously to Proposition 4.5.1. When e is part of a double edge, we need to
distinguish whether this double edge separates the surface. If it does separate, we
obtain

=D Ty ) Poiely,u, 219) (4.38)

t=0 JCI
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by zipping the double edge, similar to Lemma 4.5.3. The only differences are that
the number of edges and the valencies of the faces do not change and that one of the
two components is a J-triangulation, since its root face is f and thus has valency
three. Finally, if the double edge does not separate, then after zipping it we have
to mark f with a new index iy like in Lemma 4.5.5. However, since the valency
of f is three, we only have three possible ways to reverse the construction. As the
number of edges and all valencies remain unchanged, we have a summand

S (4.39)

_3Pg71(ya u, ZIU{iU})

Note that (4.39) is overcounting as the reverse construction can lead to additional
loops or double edges.

Combining (4.36), (4.37), and the term from (4.38) with (¢, J) = (0,0), we de-
duce the claimed expression for d(y, u, z7). The term from (4.38) with (¢, J) = (g, 1)
yields Mp(g;y,u, zr); the remaining terms form the upper bound for Ep(g;y,u, z5).

O

Throughout the proof of Lemma 4.5.9, we do not encounter loops or multiple
edges. Thus, the corresponding result for D follows immediately.

Lemma 4.5.10. The functions ci(y,u,zl), MD(g;y,u,zI), and E’D(g;y,u,zl) are
given by

J(y7 u, ZI) = y’LL_1 - y2u - TO(y)7

MD(Q?Z/JMZI) = _Tg(yazf)PO(y7u)7

Zig=U + Z Tt(y, J)pgft(y, u, ZI\J)»
t,J

where the sum is taken over all 0 < t < g and J C I with (¢t,J) # (0,0) and
(t,J) # (9, 1).

4.5.5. Asymptotics. We now compute the asymptotics of all generating functions
involved. Among the generating functions of all cases, the only one with a different
structure than the others is M which cannot be easily expressed in terms of
Py (y,u,zr) and Ty (y,I") with some genus ¢’ and set I’. From Mp and Ep we
observe that we need to calculate derivatives with respect to v and z;, and that
we want to set z;, = u in the end. We will be interested in the dominant term of
Py(y,u, zr) when we set v = f(y) and z; = f(y) for all i € I; we will abbreviate this
by u = zr = f(y). Observe that setting u = z; = f(y) does not have any influence
on the functions T,(y), as they only depend on the variable y.

The following proposition enables us to express arbitrary derivatives of Mg
(and M) at u = z; = f(y) in terms of derivatives of P, (or P,).

0= ED(g;yauwZI) = Sngl(yauale{io})

Proposition 4.5.11. Let |y| < pr, n € Ny, and a; € Ny for all i € 1. Write |ag]|
for > ;. Then

gntlarl o ( ) (4 40)
anTT 9% g Y, u, 21 .
our 1. . 9z% e}

u HZEI Z; w=zr=f(y)
n'ozl' an+1+\o¢1\ 3
-y Z n a; aj (u Pg(y’uazl\{z}))
<iel (n+ i + D durtttes [T p 5y 0757 u=z1=F(y)

PROOF. The generating function yu® P, (y, u, Zp\{4}) is given by
yi Py(y,uongy) =y y PO T B0
TEPy(I\{i}) Jen{i}
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By comparing this term with the summand in

MC(Q;Q,U,Z[) = yz Z |E(T)\ Hzﬂ (T) Z uk E(T)+27k

i€l TePy(I\{i}) J#i
for a fixed index i € I, one sees that the difference between them is that the factor
P13 is replaced by ZB(T )+1 kziﬁ(T)Jr%k. Taking the derivatives with respect
to u and z; the given number of times and comparing the coefficients yields factors
(B(T) + 3)! BT F2-n—a
BT)+2—n—a;)!

k! (B(T) +2 - k)' uB(T)+2fn7ai
F—m\(BT) + 2~k — o] ’

respectively, when n + a; + 1 < B(T') + 3 and factors 0 otherwise. The quotient of

these two coefficients equals % by a binomial identity. Summing over i € I

finishes the proof. O

and

B(T)+2—a;

k=n

Remark 4.5.12. With the same proof, the analogous result for M and 139 holds
as well.

The only other term where differentiating is not straight forward is M. By
using the chain rule n times we obtain

an+\a1|
———F—aMgB(g;y,u, 2 4.41
un Hiel azio” B(g, Y, u, I) ( )

grtlal (. 0,
~ Oun Hiel 821‘% . <Zi0 azio o (y7 U, ZIU{iO})) Zig=u

n n an—k—&-logl ak—H 3
=y < ) n— o u”Py_q Y, U, Z1u{i
3 (1) (G g s (o5

Using (4.40) and (4.41) we can now determine the dominant terms of the deriva-
tives of T, and P, (and analogously the derivatives of T, and Fy).

THEOREM 4.5.13. Let o; € No, i € I, and |af| := > o;. If (g,1) # (0,0), then

ol e
o Ty (Y, 21) ag+cg(1—pply)” +O((1-pr
[o= =1() o (

where ag and ¢y = cq(i, i € I) are positive constants and
5 5l el 3
2 4 2 2
%Po(y,uﬂu:f(y) is given as in Lemma 4.5.2. If (g,I,n) # (0,0,0), then

Zio =Uu

_1 61+1/4 442

ot (y, u, 2r) ~ (1 - pp )62+o((1— —1 )”*”4) (4.43)
6u”H32’ZaL g u=zr=f(y) Py Py ’ .
where ¢ = ¢(g, |I],n, |as]) is a positive constant and
n 3
€y = €1 — 5 — Z

PrROOF. We show Theorem 4.5.13 by induction on (g, |I|,n) in lexicographic
order. Lemma 4.5.2 shows that (4.43) is true for (g,I) = (0,0) and n > 0. Note
that |az| =0 for I =0.

Suppose now that (4.43) is true for all (g, |I|,n) < (go,|lo|,0) and (4.42) is
true for all (g,|I]) < (go,|lo|) with (g,I) # (0,0). We first prove that (4.42) holds
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for (go, |[Ip|). By multiplying (4.34) by u and applying Lemmas 4.5.3, 4.5.5, 4.5.7
and 4.5.9 we obtain

u(l—a—d)Py(y,u,z1,) = u(Ma + Mp + Mc) — uTy, (y, 21,) Po(y, v) — uE,
where £ = Eg + Ec + Ep. The term
uw(l—a—d) =u—2yuPy(y,u) — uTo(y) —y + y°u?
is equal to —Q(y,u) in (4.30) and thus
—Q(y,u) Py, (y,u, 21,) = w(Ma + Mp + Mc) — uTy, (y, 21,) Po(y, u) — uE. (4.44)

Therefore, the left-hand side is zero when replacing w by f(y). As this factor is
independent of zj,, this does also hold when differentiating the equation «; times
with respect to z;. Thus we obtain
ol T, ol (My + Mg + Mc — E
upo(%u)% —u ol ( AJFaBO:F c—E) .
[10z u=z1y=F(y) [0z u=z1y=1(y)

By inspecting the formulas for M4 to Ep in Lemmas 4.5.3, 4.5.5, 4.5.7 and 4.5.9,
one sees that all occurring terms are lexicographically smaller than (go, |Io],0) ,and
the induction hypothesis can thus be used. Inspection of the exponents of (1 —p}ly)
in all those terms shows the following.

M 4: The summands have the form

Hleug |
HTZO'(“ (Pt(y7 u, ZJ)PQO—t (ya Uu, ZIO\J))
7

for (¢,J) # (0,0) and (¢,J) # (go,Lo). Thus, for go + |Iy] < 1, we have
M, = 0. For all other values of (go, |lo|), each summand is of the form
ca(l = pp'y)™ +O((1 = ppty)mat/4) with

5t 5| lagl 3 5(go—1t) 5L\ J| lag\l +§

MATTY T T T T 2 1 2 1 9

by induction. Furthermore, all coefficients are positive by induction.

Mp: We have Mp = yu25zi0 (Pgo_l(y,u,zlu{io})) |2;,=u- Thus, for go = 0
we have Mp = 0 and Mp = cp(l — pply)"® + O((1 — pply)meti/t)
otherwise with

5(9o—1) 5llgUfio}| Jar|+1 3
mp = D) 1 5 + 1 e
by induction. Again, the coefficient is positive by induction.

Me: We determine the expression for Mo by Proposition 4.5.11. For gg = 0
and |Io| = 1 we have Mc 2 cc1(1— p7'y)V/4+ O((1 — py'y)'/?), which
is of the desired order, since e; = 1/4 in this case. For all other (go, Io),
induction yields that Mc = coa(l — p7'y)™e + O((1 — pg'y)meti/4)
with

590 5(lIo|=1) oz, 13
e =" A 5 gty Ta

Like in the previous cases, the coefficient is positive by induction.

Ep: The function Ej is bounded from above by (yu® + 1), (Pgy—1(y, u, 21,)).-
For go = 0, we thus have Eg = 0 and otherwise Eg = O((1 — p7'y)°?)
with

590 —1) 5|l] Jaz,| 1 3 1
- - 4> =,
2 1 5 gti=aty

e = —



E¢: The first summand in the expression of Ec from Lemma 4.5.7 is 0 if
go = 0 and otherwise O((1 — py'y)ect) with

5(9o —1) 5|l oz |+1 3 1
= — —_ —_ - > —.
2 4 5 Tgp=aTty

€c,1

The second summand is ag + O((1 — p7'y)/2) if go = 0 and |Iy| = 1.
Suppose (go, |Io]) # (0,1). Then every term

(1 + yuzi) Py(y, u, 27) Pyt (Y, 2i5 21\ (JU{i}))
with (¢, J) # (0,0) and (¢, J) # (go, Lo \ {i}) is O((1 — py'y)¢?) with

e ,7§,M,|O‘J|+§75(90—t)75(|—’0\J|—1)7|04I0\J|*ai+§
c.2 2 4 2 4 2 4 2 4

>el—|—Z

by induction. The corresponding terms for (¢,J) = (0,0) and (¢,J) =
(90, 1o \ {i}) are O((1 — py'y)°=*) with
590 _ 5(lo[ = 1) _ lag|—a

i 3
=—— — — - >
ec,3 9 1 5 +4_

(9]

1+

] =

In total, we have Eg = O((l — p;ly)el"”l/ﬁl).

Ep: The first summand in the expression of Ep from Lemma 4.5.9 is 0 if
go + |[Io] < 1 and otherwise each of its summands is O((1 — py'y)*P1)
with

er =0t B _lasl 3 Slgo=t) Sl \J|_ |amil 3
b1 2 4 2 3 2 4 2 4

1
> e+ 1
by induction. The second term is 0 for gy = 0 and O((1 — py'y)*P2)
otherwise with
5(go—1) _5(lol+1) o,

1
= — — >
D2 2 4 2 4= “ 4

Note that for ﬁg the only difference is in the formulas of Ep and E’c, both of which
satisfy the same inequalities as Fg and E¢ above. Thus the following conclusions
also hold for ]59.

Combining these results, we have proved (4.42), where a9 = ap — ag for
go = 0 and |Ip] = 1. As this constant is the value of the generating function
To(ys 210) |2, =f () at its singularity pr, ao is positive. For |ay,| > 0 or (go, [lo]) #
(0,1), the exponent e; is negative and (4.42) is thus true with the same value for
ao. Finally, ¢4 is positive, since it is the sum of positive numbers.

To prove (4.43), recall that we assume that (4.43) is true for (g,|I|,n) <
(90, |10, 0) and we have already shown that (4.42) is true for (g, |I]) < (go, [Io]). Let
ng € Ng and assume that (4.43) is also true for (go, |Io|,n) with n < ng. Consider

the derivative % of (4.44) and set u = f(y); as Q(y, f(y)) = 0, this yields

n n+1 gnti-—k
< k > Pgo(yauaZIo)WQ(%U)

"M

u=zr,=1(y)
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for the left-hand side of (4.44). For the derivatives of M4, Mp, and M¢, we obtain
My = ea(l = pr'y)™* + O((1 = pply)++1/1),
Mp = (1 — pp'y)™” + O((1 — p;1y>m3+1/4)’
Me = co(1 = pply)™e + O((l — p;ly)mc+1/4>

with positive constants c4,cp,cc and maqa = mp = me =e; — nT—i-l — ey + i' For

the derivatives of Ep, Fc, and Ep, the exponents eg, ec 1, ... in the considerations

above reduces by ”gl as well. By (4.33) and the induction hypothesis, each term

ak an+1—k
W‘PQO (y7 u, ZIU)WQ(?% u)

u=zr,=f(y)

. _ _ =1, \e1—(n+1)/2 — plyer—(nt1)/2+1/4
for k < n is of the form ¢(k)(1 — p7'y) +0((1 = p7'y) )
with ¢(k) > 0. Since ZQ(y,u)|u—r) = (1 — p7'y)/* + O((1 — p7'y)1/?) with
¢ <0, (4.43) follows. O

An analogous proof yields the corresponding result for ’f} and 75g7 with identical
constants ag, ¢g, ¢, €1, €. By Lemma 4.5.2 and setting I = ) in (4.42) we deduce
Proposition 4.3.2 and, from the corresponding result for Ty, also Proposition 4.3.3.
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CHAPTER 5

Cubic graphs with non-constant genus

In this section we prove Theorem 1.3.5. Therefore, we derive upper and lower
bounds for |Sy(2n)| for general g = g(n) via some double counting arguments.
Throughout this section, let ¢ = g(n) be a function. Theorem 1.3.5 distinguishes
three cases for the range of ¢:

(i) 9> "5+
(i) g < 251,
(iii) g = o(nlog(n)~?).
We will prove the statement in these three regimes in different ways. Throughout
these proofs, we will use Euler’s formula at various points

V= |E[+|F| =2 - 2g, (5.1)

where |V|,|E|, |F| are the vertices, edges, and faces of a map on S, respectively.

5.1. FAST-GROWING GENUS

We start with the fast growing regime, that is, with g > ”T_l In this case we
want to show that all cubic graphs are embeddable on S,. We even prove a slightly
stronger result. Let M, (2n) be the class of all cubic maps on S,. We show that if
the genus is too large, then no such maps exist. Furthermore, we state that in this
case indeed all graphs are embeddable on S,. Recall that in a map, all faces are
homeomorphic to discs.

Proposition 5.1.1. Suppose that g > "5*. Then Mgyi1(2n) = 0 and all cubic

graphs are embeddable on Sy, i.e. S4(2n) = S(2n).

PRrOOF. The statement M,1(2n) = () is a simple consequence of Euler’s for-
mula (5.1), which states that for a cubic map on S,y1 with 2n vertices and 3n
edges, we have |F| =n+2—2(g+ 1) < 1 faces, which is clearly a contradiction.

For the second statement, let G € §(2n). We have to show that G is em-
beddable on S,. Let M be any embedding of G on some surface Sy (that is,
M € My (2n)). As Mgix(2n) = 0 for £ > 1 by the first part of the proposition,
we have ¢’ < g. Therefore G € S4(2n), proving Proposition 5.1.1. O

5.2. INTERMEDIATE REGIME

Next we prove the intermediate regime g < %71 In this case, we use double
counting. Via various intermediate steps, we will deduce upper and lower bounds
in terms of unicellular maps. More precisely, we use four different classes of graphs

and maps and prove bounds between them by multiple double counting arguments.

e We show upper and lower bounds for cubic graphs in Sg(2n) in terms of
connected cubic graphs embeddable on the same surface S, denoted by
S,(2n).

e We bound the number of connected cubic graphs in 39(211) by cubic maps
on Sy, denoted by My(2n).



e We bound the number of cubic maps in Mgy(2n) by maps on S, with
exactly one face and maximum degree three. We denote this class by
Ey(2n).
The maps in £;(2n) are also called unicellular maps. For convenience, we will show
the bounds starting from one-faced maps in the reverse order of this list.

As we only bound the maximum degree of maps in £;(2n), we further subdivide
this class. For a > 0, we denote by &£,(2n, a) the subclass of £,(2n) with exactly a
vertices of degree three. Note that all maps in £;(2n, a) have the same number of
vertices of degree two and one.

Lemma 5.2.1. Every graph G € £;,(2n,a) has exactly a — 4g + 2 vertices of degree
one and 2n — 2a + 4g — 2 vertices of degree two.

PROOF. Let b be the number of vertices of degree one and ¢ be the number of
vertices of degree two. Then
3a+ b+ 2c

a+b+c=2n and — = |E(G)].

Additionally we have by Euler’s formula that
|E(G)| =2n+2g — 1.
Substituting this and solving the linear system of equations for b and ¢ proves the

lemma. O

This lemma gives some bounds on possible values of a, as all of the values a,
a— 49+ 2, and 2n — 2a + 49 — 2 have to be non negative. We denote by

A={a€Z: max{0,4g -2} <a<n+2g—1}

the set of all possible values of a. Note that for g < ”T_l, A is not empty. In order
to simplify notation we assume for the remainder of this section that g > 0.

As a starting point, the number of unicellular maps with given degree sequence
was determined by Walsh and Lehman [105]. In our special case with a vertices of
degree three we have the following formula.

Lemma 5.2.2 ([105]). Let a € A. Then the number of unicellular maps in
Ey(2n,a) is given by
|E4(2n, a)| = 22" 20292309 (a) (2n +2g —2)\. (5.2)
)

By summing over all possible values for a, where the numbers of vertices of
degree one and two are not negative, we derive bounds for the number of unicellular
maps in &,;(2n).

Lemma 5.2.3. There exist constants bg, cg such that for all a € A, the number of
unicellular maps in E4(2n) satisfies

b%+g(2n +29)! < |E5(2n,a)| < |E4(2n)] < C%Jrg(?n + 2g)\. (5.3)

PROOF. As &,(2n) is the disjoint union of £4(2n, a) over all a € A, we have

|€4(2n)| = Z |€q(2n, ).

a€A

Substituting (5.2) and sorting the terms results in

1€,(2n)| = (§>g4”1(2n +2g -2y (Z) (i)
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Next we calculate bounds for the sum. We use the bounds (3.6) for the binomial

coefficient and derive
>(O)(3) -ew X awh.

acA a€A

- iy o= (2 (52 (22

In order to prove the upper bound, first note that fi(a) is strictly decreasing
for a € A. To derive the maximum of f3(a) we calculate the derivative and observe
that it is zero at a = 4¢. In addition, as the second derivative at a = 4g¢ is negative,
this is indeed a maximum. Therefore, we deduce an upper bound for |,(2n)| of

ez =0 (3) en+ 2014109 - 2 0a0)).

The claimed upper bound follows by noting that f2(4g) = 39 and choosing suitable
exponential bounds for the polynomial terms.
To show the lower bound, note that for a > 4g — 2, we have a—;g > 2 and

ﬁ > 1. Therefore, fo(a) > (%)GQQ and
_ fi(a) 8\ 3\ sn
1€,(2n, a)] _Q<<2n+29)(12n+291) (3) (4) 4 (2n+2g)!). (5.4)

Choosing suitable exponential bounds for the fraction and choosing the constants
as in a = n + 2g — 2 for the exponential terms in (5.4) proves the lemma. (]

where

For the next step, we prove bounds for the class My(2n) of all vertex-labelled
cubic maps on S,.

Lemma 5.2.4. Let g < ”Tfl Then

27°0€,(2n)| < [My(2n)] < donp" " HH9IE, (2n)),

where 7y, = 5.828 is the growth constant of dissections, i.e. 2-connected outerplanar
graphs, and dg is a constant.

PrOOF. We will prove both inequalities by a double counting argument.

For the upper bound, let M € M4(2n). As the map is vertex-labelled, there is
a canonical order on the edges. We go through the edges in order and if the edge is
in the boundary of two different faces we delete it. By this construction we obtain
a unicellular map U. As we did not delete any vertices, U has exactly 2n — 2g + 1
edges by Euler’s formula. For the reverse direction, we need an upper bound for
the number of maps where the construction results in U. First note that both M
and U are labelled, have the same number of vertices and during the construction
no labels change. Therefore the only possible ambiguity in the construction is in
how to delete edges of M in the unique face of U. This has to be done in such a
way that no intersections occur. Therefore we need an upper bound on the number
of ways to insert 2n — 2¢g + 1 non-intersecting diagonals into a face with 2n +4g —2
vertices (some vertices are on the face multiple times). This is bounded from above
by the number of dissections of such a polygon and thus bounded from above by
d07§n+4g_2'

To show the lower bound we will construct a map in M,(2n) from a map
N € &,(2n,4g — 2). Note that N has no vertices of degree one and, as g < ”T’l,
at least four vertices of degree two. We have to construct a cubic map in such a
way that we do not generate any double edges. Therefore we cannot connect two
adjacent vertices of degree two. In order to ensure this, for each vertex v of degree
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two we denote by f(v) the number of vertices of degree two (itself included) that
can be reached from v on a path where all internal vertices have degree two as well.
That is, on a maximal path of vertices of degree two, all vertices have the same
value 5(v) and this value is the number of vertices of degree two on this path.

Suppose first there are no vertices v with S(v) = 2. Then we use the following
construction for vertices with 8(v) > 3. If 5(v) is odd, we iteratively add edges
between the outermost degree two vertices until only one degree two vertex is
left. All these edges are on the same side of the path. Which side is chosen will
be determined later by the edge to the central vertex. If S(v) is even, we again
iteratively add edges between the outermost vertices of degree two until exactly four
vertices are left. All those edges are on the left side of the path. For the final four
vertices we connect the first and third vertex and the second and fourth vertex as
in Figure 5.1 . Finally, we connect all vertices that are left (vertices with g(v) =1
or central vertices of paths with §(v) odd), to the next one along the boundary of
the one face of N, starting from the root corner.

FI1GURE 5.1. How to connect multiple vertices along a path: g =4
on the left hand side; 8 > 3 odd in the centre; 8 > 6 even on the
right hand side.

Suppose now that we have vertices with S(v) = 2. Then we iteratively reduce
the size of the problem. Let vi, vs be the lexicographically smallest such pair of
connected vertices of degree two. As the number of vertices is at least four, there
exists another vertex vz, where vs is adjacent (i.e. the next vertex of degree two,
disregarding possible vertices of degree three in between, see Figure 5.2) to one of
the two copies of v1 along the boundary of the face (if there are two such vertices,
choose the one with smaller label). We connect v3 with v; along the boundary of
the face where there are on other vertices of degree two. Note that if there are still
pairs of vertices with S(v) = 2 in the newly constructed graph, there are still at
least four vertices of degree two left, as S(ve) = 1 in the new graph and the number
of vertices of degree two has to be even. We now iterate this construction.

As no edge connects neighbouring vertices, the resulting map is simple. We
deduce an upper bound for the number of unicellular maps resulting in the same
map by stating that the underlying graph of the unicellular map has to be a sub-
graph of the underlying graph of the resulting map. As every graph has at most
212 many subgraphs, we prove the claimed bound. O

By substituting the bounds of Lemma 5.2.3 in the bounds of Lemma 5.2.4, we
derive bounds on the number of all vertex labelled cubic maps with 2n vertices on

Sy for any g = g(n).
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FIGURE 5.2. The construction for § = 2.

Corollary 5.2.5. Let g < ”T_l Then there exist constants byr, cpr such that
Vi (2n 4 29)! < |IM,(2n)| < 39(2n + 29)!.
O

Next we compare the classes M, (2n) of vertex-labelled cubic maps and S,(2n)
of connected cubic graphs. As we do not have any analogues to Whitney’s theorem
as in the constant genus case, we only have very general bounds.

Lemma 5.2.6. Let g < %71 Then

|[My(2n +4g)|

(49)t

Proor. To prove the lower bound observe first that the underlying graph
of each map in M,(2n) is in S,(2n). For a given graph G, all possible 2-cell
embeddings of G can be described using so-called rotation systems (see e.g. [86]).
This means that the embedding is uniquely defined as soon as, for each vertex v, the
cyclic order is fixed in which the three edges incident with v are arranged around
v. For cubic G we have two possibilities for each vertex and thus at most (not all
such choices will result in maps on Sy, the genus may vary) 227 9_cell embeddings
on S,.

To show the upper bound we give an injection from S,(2n) to the class A
of cubic maps on S, with 2n 4 4¢ vertices, n of which are labelled. Therefore

V| = Malr29)l and the upper bound will follow.

272n|M9(2”)‘ < |§g(2n73”)‘ <

Let G € S§4(2n). We will construct a map in N as follows. Let M be a 2-cell
embedding of G on a surface of genus go < g. As G is embeddable on S, such an
embedding exists. Use a canonical way to choose a root vertex, a root face and
root edge (together defining a root corner) on the vertex-labelled map M. Let ¥
be one (canonically chosen) map from the class £;_4,(4(g — g0),4(g — go) — 1), that
is, a one-faced map of genus g — gy with one vertex of degree one and 4(g — go) — 1
vertices of degree three. Replace the root face with the unique face of ¥, and insert
the one vertex of degree one in the root edge. That is, we delete the root edge
and instead connect its two end vertices with the vertex of degree one. In this way
we construct a cubic map on the surface S, with 2n + 4g — 4go¢ vertices. In order
to construct a map with 2n 4 4g vertices, we subdivide the two non-root edges
attached to the root vertex 2gg times and connect them in pairs (see Figure 5.3).

This results in a cubic 2-cell embedding on S, with 2n 4 4g vertices and thus in
a map in N. This is an injection as G' can uniquely be determined from the result
of this construction. Indeed, there are exactly three labelled vertices connected to
the root vertex via a path where all intermediate vertices are unlabelled. These
were the original neighbours of the root vertex. U
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4 4

FI1GURE 5.3. Constructing a map with the correct number of ver-
tices and genus.

Again, we derive bounds for |S,(2n)| from Lemma 5.2.6 and Corollary 5.2.5.
Corollary 5.2.7. Let g < ”T_l Then there exist constants bg, cg such that

= 2n + 6g)!
< n+g(
S¢(2n,3n)| < s 7(49)!

n+g
b ¥ (2n +2g)! <

O

Finally, we prove bounds for general cubic graphs embeddable on S, via con-
nected cubic graphs on S,.

Lemma 5.2.8. Let g < ”Tfl Then

Sy(4n —2,6n — 3)|
(2n — 2)!

|Sg(2n, 3n)| < |Sy(2n,3n)| < |

PRrROOF. Let K € S4(2n,3n) be a graph and let ¢ be the number of its compo-
nents. To prove Lemma 5.2.8 we construct (2n—2)! graphs in S,(4n—2,6n—3) from
K such that for different graphs K, K, all resulting graphs are pairwise different.

We sort the components by the vertex with the smallest label occurring in
each component and call them Cj,...,C.. For a component C; let e; 1 and e; 2 be
the lexicographically smallest and largest edge adjacent to the vertex with smallest
label in C}, respectively. For 1 < i < ¢— 2 we subdivide e; 2 and e;y; 1 and connect
the new vertices. Then we subdivide e.—1 2 and e.;; both n — ¢ times and connect
these vertices in order (see Figure 5.3).

/"\ /"\ /"\ /"\ /'\\ /'\\ /'\\ /'\\
\ / \ / \ \ / \ / \ / \ / \
Vo Vo Vo v/ (N (N \
Iy Iy Iy )l )l ! l
\

// / \ ,
| | I

FIGURE 5.4. Constructing a connected graph from multiple con-
nected components.

Labelling the new vertices from 2n + 1 to 4n — 2 results in (2n — 2)! different

graphs.
Conversely, there is a unique way to reconstruct the original graph from a graph
constructed in this way, completing the proof. O
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5.3. SLOWLY GROWING GENUS

In this section we prove Theorem 1.3.5(1). We do this via a double counting
argument comparing S,(2n) to cubic planar graphs via planarising edge sets.

Djidjev and Venkatesan [33] proved an upper bound on the size of the smallest
planarising edge set.

Lemma 5.3.1. [33] For any m-edge graph with mazimum degree d embeddable on
Sy, there exists a planarising set of at most 4\/dgm edges.

Deleting such a planarising set will be one direction of the double counting
argument.

Lemma 5.3.2. For g = o((logn)~'n), there exists a constant ¢ such that
|S(2n)] < [So(2n)|cos V™.

PRrROOF. Let K € S;(2n) and let E be a minimal planarising edge set of K
with |E| := k < 12,/gn, which exists by Lemma 5.3.1. We construct a cubic planar
graph from K as follows. First we delete all edges in F to obtain a graph K’. Note
that K’ does not have isolated vertices as that would contradict the minimality of
E. Let ¢ be the graph in Figure 5.5.

FI1GURE 5.5. The graph 1 used as a building block in the construction.

We now attach one copy of 1 to each vertex of degree two in K’ and two
copies of ¥ to each vertex of degree one. In this way, we attach two copies of ¥
for each deleted edge and therefore have 10k new vertices. Furthermore, we label
these new vertices with labels 2n + 1 to 2n + 10k (with five consecutive labels in
the correct order for each of the copies of 1) starting from the neighbouring vertex
with smallest label. In this way, we construct a unique graph in Sp(2(n + 5k)).

Conversely, in order to construct the original graph, we have to delete the
pending copies of ¥ with labels 2n+1 to 2n+5k. Then we have to add k new edges
such that all vertices have degree three. An upper bound for this construction is to
add the correct number of half edges at each vertex and choose a perfect matching
among these half edges. There are at most (2k)(2k—2)(2k—4)---2 = (;kkk)!! possible
matchings.

Summing up over all possible values of k results in

12,/gm
[Sg(2n) < Y So(2(n + 5k)))|
k=0

(2k)!
2 k]

iyl

< 12,/gn|So(2n + 120,/gn) WH\/W’
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as we have

|S0(2n + 120, /g7)| \/5 2 a0 ygm (2n + 120, /gn)!
< = A
Som) S OW{IHE0 T @n)!

(3.4),(3.2)
<  exp(aglogn,/gn)
and also ( ) (3,52
24,/gn)! 3.4),(3.2
m S eXp(CEQ log nwgn).
For suitable constants a1, as, the lemma follows. O

5.4. PROOF OF THE FINAL MAIN RESULT

By Lemma 5.3.2, we know that

(5" = (52) " - vt

which, together with the trivial fact that Sp(2n) € Sy(2n) proves Theorem 1.3.5(i).
Secondly, Theorem 1.3.5(ii) follows by substituting the bounds of Lemma 5.2.3
in the bounds of Lemma 5.2.4, deducing

i n_o4q (4n 4+ 6g — 2)!
b (204 29)! < 1S,(2n,30)] < S o

Using the bounds in (3.4) for the factorials results in the claimed bounds.
Finally, Theorem 1.3.5(iii) follows immediately from Proposition 5.1.1.



CHAPTER 6

Discussion

6.1. COMPARISONS

Let us first compare Gg4(n,m) to the Erdés-Rényi random graph G(n,m). In
the first phase transition, the main differences between Theorems 1.1.1 and 1.2.1 are
observed in the supercritical regime, which is when A — oo. Firstly, the order of the
giant component is only about half as large in G4(n, m) as it is in G(n, m). Secondly,
the i-th-largest component H; for fixed ¢ > 2 is much larger in G4(n,m) than in
G(n,m). This second difference is only the outward visible difference stemming
from a much deeper and more interesting distinction. If one deletes the giant
component from G(n,m) in the supercritical regime, the remaining graph behaves
as if it were a graph drawn uniformly at random from the subcritical regime and
thus only small components occur. In contrast, in Gg(n,m), deleting the giant
component results in a graph in the critical regime, thus resulting in larger orders
for H; with ¢ > 2. Finally, while each such H; is a tree whp for the Erdés—Rényi
random graph, this is not necessarily the case for G, (n, m).

The other major difference between G4(n,m) and G(n,m) is the appearance
of the second phase transition. While for G(n,m), the number of vertices outside
the giant component remains linear as long as m is linear, this is not the case
for G4(n,m) for any fixed g. To understand this phenomenon better, even larger
classes of graphs have to be studied, for example classes with non-constant genus.

Comparing the results of this thesis with the results on Go(n, m) by Kang and
Luczak[66], the main improvement is in the second phase transition. Whereas Kang
and Luczak only proved their results up to m = n + O(n?/?), we improved that
bound to m = n+ O(n(log n)_2/3). Additionally, in this thesis we improved on the
order and structure of the i-th-largest component (i > 2) and showed that the giant
component is also the unique non-planar component and cannot be embedded on
a surface of smaller genus.

6.2. TWO PHASE TRANSITIONS

Although we obtained a multitude of results regarding the component structure
of sparse random graphs embeddable on orientable surfaces in Theorems 1.2.1, 1.2.3
and 1.2.5, there are still many unsolved problems.

Even in the first critical regime, that is, for m = (1 + An~1/3)2 with constant
A € R, there are still open questions. Noy, Ravelomanana, and Rué [87] answered
a challenging open question of Erdés and Rényi [41] about the limiting probability
of G(n,m) being planar at the critical phase 1CRIT, the limit p(\) of the proba-
bility that G(n, (1 +An~1/ 3) %) is planar. For graphs embeddable on a surface of
positive genus, they gave a general strategy for how to determine the corresponding
probability up to a given error. However, determining the exact limiting probability
for g > 1 is still an open problem.

Other open questions appear in the second phase transition. Comparing the
range for m that we cover in Theorem 1.2.3 with the ‘dense’ regime m = |un| for
1 < p < 3 considered in [30, 59], a gap of order (logn)?/? becomes apparent—a
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significant improvement over the planar case in [66], where the gap had order nt/3.
The order term ¢~*/213/5 in Theorem 1.2.3 becomes constant when ¢ = O(n2/5),
which matches the results from [30, 59] that the giant component covers all but
finitely many vertices in the dense regime. Therefore, we expect Theorem 1.2.3 to
hold for all m = (14 o(1))n.

The gap of order (logn)?/3 originates from the fact that we can only determine
the number of cores up to an exponential error term in the second phase transition.
The cause of this gap is the fact that we determine the number of cores of embed-
dable graphs only up to an exponential error (see Lemma 3.4.5 and Lemma 3.4.6).
Obtaining better bounds for the number of cores should therefore close this gap
and the results of Theorem 1.2.3 should hold for all m = (1 + o(1))n. Moreover,
such better enumeration results could show a similar strong relation between the
complex part and the kernel of the graph, as in the first phase transition and the
intermediate regime. It might therefore open the possibility of proving an analo-
gous version of Theorem 3.5.4 in the second phase transition. This would further
improve the understanding of the second phase transition.

6.3. CHANGING THE MODEL

Throughout this thesis, we have always considered graphs embeddable on ori-
entable surfaces, as a way to understand the differences between planar graphs and
the Erdés-Rényi random graphs. This is by far not the only feasible graph class. An
obvious generalisation is the class of graphs embeddable on non-orientable surfaces.
The calculations done in Chapter 3 would still work even for that case, provided we
obtain an analogous result to Theorem 1.3.3 for weighted multigraphs embeddable
on non-orientable surfaces. The main problem is that there is no easy analogue to
Whitney’s theorem or Lemma 4.2.8 for non-orientable surfaces. Thus, connecting
embeddable graphs and maps is much harder.

Another possible expansion of the model is to let the genus also be dependent
on n. As seen when comparing Theorem 1.1.1 and Theorems 1.2.1 and 1.2.3,
there are various differences in the behaviour of graphs in G(n,m) and G4(n,m).
Investigating graphs embeddable on surfaces where the genus may depend on n
is one idea to deduce the reason. Those classes are intermediate steps between
G(n,m) and G4(n, m). Intuitively, the faster the genus is allowed to grow, the more
the graph will behave like a graph from G(n,m). Indeed, as soon as the genus
is bigger than the expected excess in G(n,m), such graphs are embeddable with
high probability. This is due to the fact that any graph has the same genus as its
kernel. If the genus is larger than the number of edges in the kernel, such a graph
is therefore embeddable.

On the other hand, heuristically, if the genus is so small that the kernel of
G(n,m) is not embeddable on S, there should not be much difference between
growing and non-growing genus. The methods provided in this thesis should also
work for the case of non-constant genus. The main starting point for this is the
number of cubic graphs embeddable on a surface of growing genus. We proved
first results in this direction in Chapter 5. The results in Theorem 1.3.5 about
cubic graphs are relatively weak compared to the results of the constant genus case
in Theorem 1.3.1. Nonetheless, we believe that they are strong enough to prove
phase transition results for graphs embeddable on surfaces with non-constant genus
similar to the results in this thesis. On the other hand, more exact enumeration
results for cubic graphs would be of interest in themselves, as, until now, very few
classes of graphs or maps on surfaces of non-constant genus have been studied.

Another interesting problem emerges for m beyond 1CRIT. There we know that
whp G(n,m) is not embeddable on any surface of fixed genus. This immediately
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raises the question of what genus g = g(n) is needed in order to embed G(n,m) on
Sy. That is, given m = m(n), for what functions g = g(n) is G(n, m) embeddable
on S, with high probability? Or given m = m(n), what is the expected genus of
G(n,m)?

Another interesting direction, which might provide insight into the behaviour
of G(n,m), is to reverse these questions. Suppose we are given g = g(n) that tends
to infinity with n. Does G4(n, m) admit a second phase transition? Is its behaviour
more closely related to the constant genus case or to G(n,m)?

Heuristically, if g grows ‘fast enough’ (e.g. as (72’)), then G4(n, m) will coincide
with G(n, m) and will therefore not exhibit the second phase transition described in
Theorem 1.2.3. For ‘slowly’ growing g, on the other hand, it is to be expected that
the second phase transition does take place. The interesting question therefore is,
where this change takes place and whether there is a ‘phase transition phenomenon’
occurring for the appearance of the second phase transition.



CHAPTER 7

Acknowledgements

I want to thank my supervisor, Mihyun Kang, for supporting me throughout
my Ph.D. and for always providing very helpful comments and suggestions for my
studies. I appreciate her honesty and patience in guiding me towards this thesis.

I also want to thank my colleagues and collaborators for providing a friendly
and productive environment in which to do research. In particular, I want to thank
my mentor, Philipp Spriissel, for his help and advice while working on this thesis.

Furthermore, I want to thank the TU Graz and the doctoral school 'Discrete
Mathematics’ for providing me with great opportunities throughout my Ph.D. stud-
ies, such as a research stay at the University of Oxford and the chance to participate
at various renowned conferences.

Finally, I am deeply grateful to my family and friends for supporting and mo-
tivating me throughout the production of this thesis.

125



(1]

(2]
(3]

[4]

(5]

Bibliography

D. Aldous. Brownian excursions, critical random graphs and the multiplicative coalescent.
Ann. Probab., 25(2):812-854, 1997.

N. Alon and J. H. Spencer. The Probabilistic Method. Wiley Publishing, 4th edition, 2016.
C. Banderier, P. Flajolet, G. Schaeffer, and M. Soria. Random maps, coalescing saddles,
singularity analysis, and Airy phenomena. Random Structures Algorithms, 19(3-4):194—246,
2001.

M. Behrisch, A. Coja-Oghlan, and M. Kang. The order of the giant component of random
hypergraphs. Random Structures Algorithms, 36(2):149-184, 2010.

M. Behrisch, A. Coja-Oghlan, and M. Kang. Local limit theorems for the giant component
of random hypergraphs. Combin. Probab. Comput., 23(3):331-366, 2014.

E. A. Bender and E. R. Canfield. The asymptotic number of labeled graphs with given
degree sequences. J. Combin. Theory Ser. A, 24(3):296-307, 1978.

E. A. Bender and E. R. Canfield. The asymptotic number of rooted maps on a surface. J.
Combin. Theory Ser. A, 43(2):244-257, 1986.

E. A. Bender, E. R. Canfield, and L. B. Richmond. The asymptotic number of rooted maps
on a surface. II. Enumeration by vertices and faces. J. Combin. Theory Ser. A, 63(2):318—
329, 1993.

E. A. Bender and Z. Gao. Asymptotic enumeration of labelled graphs by genus. Electron.
J. Combin., 18(1):#P13, 2011.

E. A. Bender, Z. Gao, and L. B. Richmond. Almost all rooted maps have large representa-
tivity. J. Graph Theory, 18(6):545-555, 1994.

E. A. Bender, Z. Gao, and L. B. Richmond. The map asymptotics constant ty4. Electron. J.
Combin., 15(1):#R51, 2008.

E. A. Bender, Z. Gao, and N. C. Wormald. The number of labeled 2-connected planar
graphs. Electron. J. Combin., 9(1):#R43, 2002.

E. A. Bender and N. C. Wormald. The asymptotic number of rooted nonseparable maps on
a surface. J. Combin. Theory Ser. A, 49(2):370-380, 1988.

I. Benjamini and O. Schramm. Recurrence of distributional limits of finite planar graphs.
Electron. J. Probab., 6:#P23, 2001.

N. Bernasconi, K. Panagiotou, and A. Steger. On the degree sequences of random outer-
planar and series-parallel graphs. In Approzimation, randomization and combinatorial op-
timization, volume 5171 of Lecture Notes in Comput. Sci., pages 303-316. Springer, Berlin,
2008.

N. Bernasconi, K. Panagiotou, and A. Steger. On properties of random dissections and
triangulations. Combinatorica, 30(6):627—-654, 2010.

M. Bodirsky, E. Fusy, M. Kang, and S. Vigerske. Boltzmann samplers, Pélya theory, and
cycle pointing. SIAM J. Comput., 40(3):721-769, 2011.

M. Bodirsky, C. Gropl, and M. Kang. Generating labeled planar graphs uniformly at random.
Theoret. Comput. Sci., 379(3):377-386, 2007.

M. Bodirsky, C. Gropl, and M. Kang. Generating unlabeled connected cubic planar graphs
uniformly at random. Random Structures Algorithms, 32(2):157-180, 2008.

M. Bodirsky, M. Kang, M. Loffler, and C. McDiarmid. Random cubic planar graphs. Random
Structures Algorithms, 30(1-2):78-94, 2007.

B. Bollobas. A probabilistic proof of an asymptotic formula for the number of labelled regular
graphs. Furopean J. Combin., 1(4):311-316, 1980.

B. Bollobds. The evolution of random graphs. Trans. Amer. Math. Soc., 286(1):257-274,
1984.

B. Bollobas. Random graphs, volume 73 of Cambridge Studies in Advanced Mathematics.
Cambridge University Press, Cambridge, second edition, 2001.

B. Bollobéas and O. Riordan. Asymptotic normality of the size of the giant component via a
random walk. J. Combin. Theory Ser. B, 102(1):53-61, 2012.

126



[25]
[26]
27]
28]
[29]
30]
31]
32]
(33]
34]
[35]
[36]
37]

[38]

B. Bollobas and O. Riordan. A simple branching process approach to the phase transition
in Gn,p. Electron. J. Combin., 19(4):#P21, 2012.

B. Bollobas and O. Riordan. Exploring hypergraphs with martingales. Random Structures
Algorithms, 50(3):325-352, 2017.

E. Brézin, C. Itzykson, G. Parisi, and J. B. Zuber. Planar diagrams. Comm. Math. Phys.,
59(1):35-51, 1978.

V. E. Britikov. The structure of a random graph near a critical point. Diskret. Mat., 1(3):121—
128, 1989.

W. G. Brown. Enumeration of triangulations of the disk. Proc. London Math. Soc. (8),
14:746-768, 1964.

G. Chapuy, E. Fusy, O. Giménez, B. Mohar, and M. Noy. Asymptotic enumeration and limit
laws for graphs of fixed genus. J. Combin. Theory Ser. A, 118(3):748-777, 2011.

A. Coja-Oghlan, O. Cooley, M. Kang, and K. Skubch. Core forging and local limit theorems
for the k-core of random graphs. arXiv:1707.03556.

A. Coja-Oghlan, O. Cooley, M. Kang, and K. Skubch. How does the core sit inside the
mantle? Random Structures Algorithms, 51(3):459-482, 2017.

H. N. Djidjev and S. M. Venkatesan. Planarization of graphs embedded on surfaces, pages
62—72. Springer Berlin Heidelberg, Berlin, Heidelberg, 1995.

C. Dowden, M. Kang, M. MofShammer, and P. Spriissel. Phase transitions in graphs on
orientable surfaces: non-constant genus. Work in progress.

M. Drmota. Systems of functional equations. Random Structures Algorithms, 10(1-2):103—
124, 1997. Average-case analysis of algorithms (Dagstuhl, 1995).

M. Drmota. Random trees. SpringerWienNewYork, Vienna, 2009. An interplay between
combinatorics and probability.

M. Drmota, O. Giménez, and M. Noy. Degree distribution in random planar graphs. J.
Combin. Theory Ser. A, 118(7):2102-2130, 2011.

M. Drmota, O. Giménez, M. Noy, K. Panagiotou, and A. Steger. The maximum degree of
random planar graphs. In Proceedings of the Twenty-Third Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 281-287. ACM, New York, 2012.

P. Erdés. Some remarks on the theory of graphs. Bull. Amer. Math. Soc., 53:292-294, 1947.
P. Erdés and A. Rényi. On random graphs. I. Publ. Math. Debrecen, 6:290-297, 1959.

P. Erdds and A. Rényi. On the evolution of random graphs. Magyar Tud. Akad. Mat. Kutaté
Int. Kézl., 5:17-61, 1960.

P. Erd8s and A. Rényi. On the strength of connectedness of a random graph. Acta Math.
Acad. Sci. Hungar., 12:261-267, 1961.

P. Erd8s and A. Rényi. On the existence of a factor of degree one of a connected random
graph. Acta Math. Acad. Sci. Hungar., 17:359-368, 1966.

W. Fang, M. Kang, M. Mohammer, and P. Spriissel. Enumeration of cubic multigraphs
on orientable surfaces. Electronic Notes in Discrete Mathematics, 49:603—610, 2015. Pro-
ceedings of the European Conference on Combinatorics, Graph Theory and Applications
(EuroComb 2015).

W. Fang, M. Kang, M. Moflhammer, and P. Spriissel. Cubic graphs and related triangula-
tions on orientable surfaces. Electron. J. Combin., 25(1):#P1.30, 2018.

P. Flajolet and A. Odlyzko. Singularity analysis of generating functions. SIAM J. Discrete
Math., 3(2):216-240, 1990.

P. Flajolet and R. Sedgewick. Analytic combinatorics. Cambridge University Press, Cam-
bridge, 2009.

N. Fountoulakis and K. Panagiotou. 3-connected cores in random planar graphs. Combin.
Probab. Comput., 20(3):381-412, 2011.

E. Fusy. Uniform random sampling of planar graphs in linear time. Random Structures
Algorithms, 35(4):464-522, 2009.

Z. Gao. The number of rooted 2-connected triangular maps on the projective plane. J.
Combin. Theory Ser. B, 53(1):130-142, 1991.

Z. Gao. The number of rooted triangular maps on a surface. J. Combin. Theory Ser. B,
52(2):236-249, 1991.

Z. Gao. The asymptotic number of rooted 2-connected triangular maps on a surface. J.
Combin. Theory Ser. B, 54(1):102-112, 1992.

Z. Gao. A pattern for the asymptotic number of rooted maps on surfaces. J. Combin. Theory
Ser. A, 64(2):246-264, 1993.

Z. Gao and N. C. Wormald. Enumeration of rooted cubic planar maps. Ann. Comb., 6(3-
4):313-325, 2002.

S. Gerke and C. McDiarmid. On the number of edges in random planar graphs. Combin.
Probab. Comput., 13(2):165-183, 2004.

127



[56]

[57]

(58]

[59]

[69]

[70]

S. Gerke, C. McDiarmid, A. Steger, and A. Weifl. Random planar graphs with n nodes and
a fixed number of edges. In Proceedings of the Sizteenth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 999-1007. ACM, New York, 2005.

S. Gerke, C. McDiarmid, A. Steger, and A. Weifll. Random planar graphs with given average
degree. In Combinatorics, complexity, and chance, volume 34 of Ozford Lecture Ser. Math.
Appl., pages 83-102. Oxford Univ. Press, Oxford, 2007.

S. Gerke, D. Schlatter, A. Steger, and A. Taraz. The random planar graph process. Random
Structures Algorithms, 32(2):236-261, 2008.

O. Giménez and M. Noy. Asymptotic enumeration and limit laws of planar graphs. J. Amer.
Math. Soc., 22(2):309-329, 2009.

I. P. Goulden and D. M. Jackson. Combinatorial enumeration. A Wiley-Interscience Pub-
lication. John Wiley & Sons, Inc., New York, 1983. With a foreword by Gian-Carlo Rota,
Wiley-Interscience Series in Discrete Mathematics.

F. Harary and E. Palmer. Enumeration of mixed graphs. Proc. Amer. Math. Soc., 17(3):682—
687, 1966.

S. Janson, D. E. Knuth, T. Luczak, and B. Pittel. The birth of the giant component. Random
Structures Algorithms, 4(3):231-358, 1993.

S. Janson and M. Luczak. Asymptotic normality of the k-core in random graphs. Ann. Appl.
Probab., 18(3):1085-1137, 2008.

S. Janson, T. Luczak, and A. Rucinski. Random graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley-Interscience, New York, 2000.

M. Kang and M. Loebl. The enumeration of planar graphs via Wick’s theorem. Adv. Math.,
221(5):1703-1724, 2009.

M. Kang and T. Luczak. Two critical periods in the evolution of random planar graphs.
Trans. Amer. Math. Soc., 364(8):4239-4265, 2012.

M. Kang, M. Molhammer, and P. Spriissel. Phase transitions in graphs on orientable sur-
faces. arXiv:1708.07671.

M. Kang, M. MoShammer, and P. Spriissel. Evolution of the giant component in graphs
on orientable surfaces. FElectronic Notes in Discrete Mathematics, 61:687 — 693, 2017. Pro-
ceedings of the European Conference on Combinatorics, Graph Theory and Applications
(EuroComb 2017).

M. Kang and P. Spriissel. Symmetries of unlabelled planar triangulations. Electron. J. Com-
bin., 25(1):#P1.34, 2018.

M. Karonski and Z. Palka, editors. Random graphs ’85, volume 144 of North-Holland Math-
ematics Studies. North-Holland Publishing Co., Amsterdam, 1987. Papers from the second
international seminar on random graphs and probabilistic methods in combinatorics held at
Adam Mickiewicz University, Poznan, August 5-9, 1985, Annals of Discrete Mathematics,
33.

R. M. Karp. The transitive closure of a random digraph. Random Structures Algorithms,
1(1):73-93, 1990.

P. W. Kasteleyn. Dimer statistics and phase transitions. J. Mathematical Phys., 4:287-293,
1963.

J. H. Kim. Poisson cloning model for random graphs. In International Congress of Mathe-
maticians. Vol. III, pages 873-897. Eur. Math. Soc., Ziirich, 2006.

S. K. Lando and A. K. Zvonkin. Graphs on surfaces and their applications, volume 141 of
Encyclopaedia of Mathematical Sciences. Springer-Verlag, Berlin, 2004. With an appendix
by Don B. Zagier, Low-Dimensional Topology, II.

T. Luczak. Component behavior near the critical point of the random graph process. Random
Structures Algorithms, 1(3):287-310, 1990.

T. Luczak. Size and connectivity of the k-core of a random graph. Discrete Math., 91(1):61—
68, 1991.

T. Luczak. Sparse random graphs with a given degree sequence. In Random graphs, Vol. 2
(Poznar, 1989), Wiley-Intersci. Publ., pages 165-182. Wiley, New York, 1992.

T. Luczak. The phase transition in a random graph. In Combinatorics, Paul Erdds is eighty,
Vol. 2 (Keszthely, 1993), volume 2 of Bolyai Soc. Math. Stud., pages 399-422. Janos Bolyai
Math. Soc., Budapest, 1996.

T. Luczak, B. Pittel, and J. C. Wierman. The structure of a random graph at the point of
the phase transition. Trans. Amer. Math. Soc., 341(2):721-748, 1994.

C. McDiarmid. Random graphs on surfaces. J. Combin. Theory Ser. B, 98(4):778-797, 2008.
C. McDiarmid and B. Reed. On the maximum degree of a random planar graph. Combin.
Probab. Comput., 17(4):591-601, 2008.

C. McDiarmid, A. Steger, and D. J. A. Welsh. Random planar graphs. J. Combin. Theory
Ser. B, 93(2):187-205, 2005.

128



[83]
[84]
(85]
[86]
[87]
[88]
(89]
[90]

[91]

[92]
(93]

[94]

[100]

[101]
[102]
[103]
[104]
[105]
[106]

[107]

C. McDiarmid, A. Steger, and D. J. A. Welsh. Random graphs from planar and other addable
classes, volume 26 of Algorithms Combin., pages 231-246. Springer, Berlin, 2006.

B. D. McKay and N. C. Wormald. Asymptotic enumeration by degree sequence of graphs
of high degree. European J. Combin., 11(6):565-580, 1990.

B. D. McKay and N. C. Wormald. Asymptotic enumeration by degree sequence of graphs
with degrees o(n!/2). Combinatorica, 11(4):369-382, 1991.

B. Mohar and C. Thomassen. Graphs on surfaces. Johns Hopkins Studies in the Mathemat-
ical Sciences. Johns Hopkins University Press, Baltimore, MD, 2001.

M. Noy, V. Ravelomanana, and J. Rué. On the probability of planarity of a random graph
near the critical point. Proc. Amer. Math. Soc., 143(3):925-936, 2015.

M. Noy, C. Requilé, and J. Rué. Random cubic planar graphs revisited. Electronic Notes in
Discrete Mathematics, 54:211-216, 2016.

D. Osthus, H. J. Promel, and A. Taraz. On random planar graphs, the number of planar
graphs and their triangulations. J. Combin. Theory Ser. B, 88(1):119-134, 2003.

K. Panagiotou and A. Steger. Maximal biconnected subgraphs of random planar graphs.
ACM Trans. Algorithms, 6(2):Art. 31, 21, 2010.

K. Panagiotou and A. Steger. On the degree distribution of random planar graphs. In Pro-
ceedings of the Twenty-Second Annual ACM-SIAM Symposium on Discrete Algorithms,
pages 1198-1210. STAM, Philadelphia, PA, 2011.

Y. L. Pavlov. Limit distributions of the height of a random forest. Theory Probab. Appl.,
28(3):471-480, 1983.

B. Pittel, J. Spencer, and N. Wormald. Sudden emergence of a giant k-core in a random
graph. J. Combin. Theory Ser. B, 67(1):111-151, 1996.

B. Pittel and N. C. Wormald. Counting connected graphs inside-out. J. Combin. Theory
Ser. B, 93(2):127-172, 2005.

P. N. Rathie. A census of simple planar triangulations. J. Combin. Theory Ser. B, 16:134—
138, 1974.

R. C. Read. The enumeration of locally restricted graphs (i). J. London Math. Soc., sl-
34(4):417-436, 1959.

R. C. Read. The enumeration of locally restricted graphs (ii). J. London Math. Soc., s1-
35(3):344-351, 1960.

O. Riordan. The k-core and branching processes. Combin. Probab. Comput., 17(1):111-136,
2008.

N. Robertson and R. Vitray. Representativity of surface embeddings. In Paths, flows, and
VLSI-layout (Bonn, 1988), volume 9 of Algorithms Combin., pages 293-328. Springer,
Berlin, 1990.

G. Schaeffer. Random sampling of large planar maps and convex polyhedra. In Annual ACM
Symposium on Theory of Computing (Atlanta, GA, 1999), pages 760-769. ACM, New York,
1999.

V. E. Stepanov. The probability of the connectedness of a random graph G, (t). Teor.
Verojatnost. i Primenen, 15:58—68, 1970.

E. C. Titchmarsh. The theory of functions. Oxford University Press, Oxford, 1958. Reprint
of the second (1939) edition.

W. T. Tutte. A census of planar triangulations. Canad. J. Math., 14:21-38, 1962.

W. T. Tutte. A census of planar maps. Canad. J. Math., 15:249-271, 1963.

T.R.S Walsh and A.B. Lehman. Counting rooted maps by genus. i. J. Combin. Theory Ser.
B, 13(3):192 — 218, 1972.

H. Whitney. Congruent Graphs and the Connectivity of Graphs. Amer. J. Math., 54(1):150—
168, 1932.

N. C. Wormald. The asymptotic connectivity of labelled regular graphs. J. Combin. Theory
Ser. B, 31(2):156-167, 1981.

129



