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ABSTRACT

This thesis deals with RF pulse optimization for chemical exchange saturation
transfer by optimal control.

Chemical exchange effects, which can arise from off-resonant RF irradiation, are
described by the Bloch-McConnell equation. An analytical and two numerical
solvers based on operator splitting are introduced and compared. A fast forward
approximate numerical solution is possible with high accuracy due to second or-
der convergence with respect to the time step together with exact solutions of the
subsystems. Due to the special form of the Bloch-McConnell equation, part of said
numerical solution can be described using fast rotation matrices. The accuracy of
the numerical solution method is shown in various numerical experiments.

For the optimization of RF pulses, a reasonable cost functional is modeled and ana-
lyzed regarding various aspects. Including physical limitations, an optimal control
problem is derived. For every suitable RF pulse, existence and uniqueness of a so-
lution of the Bloch-McConnell equation are shown. The corresponding adjoint
equation and linearized state equation are introduced and a connection between
them is established. The Fréchet differentiability of the control-to-state-operator is
derived. Finally, for the optimal control problem, first order necessary conditions
for optimality are derived. These form the basis for numerical optimization.
Numerical experiments are performed with a two pool model, where magneti-
zation exchange arises between a water proton pool and a solute proton pool.
Optimization runs are performed regarding various aspects. Different functionals
are compared. Since standard tracking turns out to be infeasible, a second dy-
namical system is added where the chemical exchange is turned off. A combined
L*°—tracking of both dynamical systems is proposed. It is reformulated with in-
equality constraints and solved approximately by penalization techniques. Since
sparsity of the RF pulse is important for the application, numerical optimization
results are presented both for given sparsity and sparse control. In postoptimal
simulation studies, the stability of input parameters, especially of the magnetiza-
tion exchange rates, is investigated. Another two pool problem is analyzed, which
allows for validation by phantom experiments on a 3T MR—hardware.

There is increasing interest in chemical exchange saturation transfer contrast,
as several metabolites have been reported to be detectable by this approach
in vivo, including amide protons in proteins, creatine, glutamate and glu-
cose. [24]



ZUSAMMENFASSUNG

Diese Arbeit befasst sich mit der RF Puls Optimierung fiir Sdttigungsiibertragung
durch chemischen Austausch mittels optimaler Steuerung.

Auswirkungen des chemischen Austausches auf die Magnetisierung der Proto-
nen im Wasser, welcher durch off-resonante RF Anregung entstehen kann, werden
durch die Bloch-McConnell Gleichung beschrieben. Ein analytischer und zwei nu-
merische Loser, basierend auf einem Operatorsplitting, werden eingefiihrt und ver-
glichen. Quadratisches konvergentes symmetrisches Splitting in Verbindung mit
exakter Losung der Subsysteme erlaubt eine genaue und effiziente numerische
Losung der Vorwértsgleichung. Wegen der speziellen Form der Bloch-McConnell
Gleichung kann ein Teil der numerischen Losung giinstig mit Rotationsmatrizen
beschrieben werden. Die Genauigkeit der numerischen Loser wird durch verschie-
dene numerische Beispiele untermauert.

Fiir die Optimierung eines RF Pulses wird ein geeignetes Kostenfunktional mod-
elliert und unter verschiedenen Aspekten analysiert. Das Optimalsteuerungsprob-
lem wird aufgestellt unter Berticksichtigung der technischen Beschrankungen der
MR—Hardware. Fiir jeden geeigneten RF Puls wird die Existenz und Eindeutigkeit
einer Losung der Bloch-McConnell Gleichung gezeigt. Die zugehorige adjungierte
Gleichung und die linearisierte Zustandsgleichung werden eingefiihrt und es wird
eine Verbindung zwischen diesen aufgebaut. Die Fréchet Differenzierbarkeit des
Steuerungs-Zustands-Operator wird gezeigt. Alles zusammen erlaubt schlieflich die
notwendigen Optimalitdtsbedingungen erster Ordnung herzuleiten. Diese bilden
die Basis fiir numerische Optimierung.

Numerische Experimente konzentrieren sich zunédchst auf ein Beispiel mit zwei
Pools von Protonen, von Wasser und von einem darin geldsten Stoff. Verschiedene
Optimierungsstudien werden présentiert. Zuerst wird das Kostenfunktional ndher
untersucht. Ein sinnvoller Sollzustand wird hergeleitet. Da ein standard Track-
ing sich als nicht zielfithrend herausstellt, wird ein zweites dynamisches System
hinzugefiigt, wobei der chemische Austausch auf Null gesetzt wird. Ein kom-
biniertes L°°—Tracking beider dynamischen Systeme ermdglicht das Design guter
RF Pulse fiir CEST. Nach Umformulierung mittels Ungleichungen kann es approx-
imativ iiber Penalisierung geldost werden. Numerische Optimierungsergebnisse
werden prasentiert, auch mit Fokus auf diinn besetzte Steuerungen. Im Anschluss
an die Optimierung wird die Robustheit des optimierten RF Pulses beziiglich der
Input Parameter, im besonderen der Austauschraten, untersucht. Ein zweites zwei
Pool Modell wird untersucht, welches speziell fiir Phantom Messungen an einer
3T MR—Hardware definiert wurde.

Es besteht erhohtes Interesse in Kontrasten durch chemischen Austausch und
Sittiqungsiibertragung, da einige Stoffwechselvorgiinge durch diesen Ansatz
in vivo sichtbar werden, eingeschlossen Amid Protonen in Proteinen, Kreatin,
Glutamat und Glucose. [24]
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1 ANALYTICAL AND NUMERICAL SOLUTION OF THE BLOCH
AND BLOCH-MCCONNELL EQUATIONS

For the Bloch and Bloch-McConnell equations three solvers - an analytical one
and two fast numerical ones - are introduced. The analytical solvers are based
on eigenvalues and eigenvectors and yield exact solutions at the cost of an in-
creased runtime. However, in case of RF pulse optimization, the Bloch and the
Bloch-McConnell equations need to be simulated frequently. Therefore, two fast
numerical solvers are derived for the Bloch equation. One is based on an asym-
metric operator splitting and is first order accurate, while the other one is based
on a symmetric operator splitting and is second order accurate. The theory based
on the asymmetric solver is already used in the well known solver of Brian Har-
greaves, see [2]. Additional literature can be found in [8] and [9]. Afterwards, the
numerical solvers are extended to the Bloch-McConnell equation.

1.1 Bloch’s equation

The temporal evolution of the magnetization vector M in external fields can be
modeled by the Bloch equation. In 1946, the physicist Felix Bloch stated the as-
sumption, that individual nuclei in a sample can be described by a single vector
M, called the net magnetization. Joseph Lamor investigated, that an external field
B produces a "twisting force" on M resulting in its precession at frequency yB.
Bloch recognized that the signal quickly decays to zero, where the decay time is
based on the studied material. Said signal decay arises from the interaction of the
individual spins with each other and the environment. Therefore, M returns to its
initial position parallel to the static magnetic field B with magnitude M, by re-
leasing energy to its environment. This process is called relaxation. The relaxation
times Ty and T, reflect the regrowth of longitudinal magnetization M, on the one
hand, and the decay of transverse magnetization (M, My) on the other hand.
During returning to the equilibrium after a 90° pulse, the magnetization vector M
performs as

M, (t) = Mpe V12 cos(wt),
My (t) = Moe ¥ sin(wt),
M (t) = Mo(1—e™/T),
which describes a spiraling precession around B with frequency w = yB. w is

called Lamor frequency and y gyromagnetic ratio. Out of it, Bloch described this
phenomena by the Bloch equation

Yy mce) B, — Vot

dt T ’
dMy(t) - My(t)

pra Y(M(t) x B(t))y T,
dM, (1) M. (t) — My

.~ Y(MY) xB(t) — T,



This is a macroscopic description which is a sufficient description for a large num-
ber of spins. They describe the motion of the sum of all nuclear magnetic moment
in the sample. A microscopic description is governed by laws of quantum mechan-
ics.

The full time dependent Bloch equation with relaxation in the rotating frame is
therefore given as

-1 YGs(t)z  —vyByy(t) 0
Q2= =Gtz —f YBix(t) | M(t,z)+ ]| 0 |,

VBiy(t) —vBikt)  —f Mo @
M(0,z) = M°(z),

where M(t,z) = (Mx(t,z), My(t, z), M,(t, z))" is the magnetization vector, y the
gyromagnetic ratio, M® € IR3 the initial magnetization, M, the equilibrium mag-
netization and Ty, T, are the relaxation times. By(t) = (Byx(t), By y (t))7 is the radio
frequency (RF) pulse and G;(t) is the slice-selective gradient, see [11].

For fixed position z, (1) is a linear ordinary differential equation system with non-
constant coefficients. Therefore, a full analytical solution is not possible in general,
e.g. [15]. It is possible for the special case of free induction decay, where the RF pulse
B; is zero. Furthermore, for piecewise constant RF pulse By and gradient G, (1)
is per time step a linear system with constant coefficients. Therefore, an analytic
solution with eigenvalues and eigenvectors is possible, e.g. [15]. Hence, the time
interval [0, T] is uniformly discretized with step length T using N steps

O=t<ty<---<tn=T

leading to piecewise constant matrices Ay, - - - AN, where

_T]_2 YGs(tho1)z _‘YBLy (th—1)
An=| —YGs(tn 1)z —Tiz YBix(th-1)
YBLy (tn1)  —vBix(tn1) _T]_1

Now the piecewise constant Bloch equation in each time step [t,_1, tn] reads

{ M — A,-M+bB on (0,71), (2)
M(0,z) = M™(z2),

where M1 is given from the previous time step with MO being the initial condi-

tion. We set M"(z) = M(T, z).

1.1.1 Analytical solution based on eigenvalues and eigenvectors

Below an analytical solution for the piecewise constant Bloch equation (2) is de-
signed based on eigenvalues and eigenvectors. Calculating the characteristic poly-
nomial of the system matrix A, leads to the problem

XA) =N +pA2+ qA+1=0 (3)
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for some coefficients p, q, r € R. The three roots of (3) are A, A; and A3, where
Ai € C/R is a root if and only if the complex conjugate A; is a root. Now the so-
lution behavior of (2) can be characterized using the properties of geometric and
algebraic multiplicity of the eigenvalues. For doing so, the definition of general-
ized eigenvectors shall be introduced.

Definition 1. [15] v € C™\{0} is called generalized eigenvector of order 1 € IN corre-
sponding to the eigenvalue A of the matrix A € C™*™, if

(A—ADWVv=0 and (A—ADY"'v#0,
where [ is the identity matrix in C™*™.

With this definition, the general solution of the homogenous equation

dMy
dt

=AMy, (4)

is now given for different cases.
Case 1: A1 has algebraic multiplicity 3. Therefore A = A = A3 € R.

Case 1a: A1 has geometric multiplicity 1. Let v; be the eigenvector corre-
sponding to Aj. The corresponding generalized eigenvectors of order 2 and
3 are uy and u3. Now the general solution of the homogenous equation (4)
is given as

My (t) = c1eMtvy + et (ug + t(An — A Dw)
2

t
+czeMtus + t(An — MDus + ?(An —AMD%u).

with constants ¢, ¢y, c3 in R.
Case 1b: A1 has geometric multiplicity 2. Let v; and v, the corresponding

linearly independent eigenvectors. Let u; be the generalized eigenvector of
order 2. Then the homogenous solution is

Mn(t) = c1eMtvy + ety + ezt (uy + t(An — A Duy).

Case 1c: A1 has geometric multiplicity 3. Therefore we can choose three lin-
early independent eigenvectors vy, v, and vz and the homogenous solution
is given as

M (t) = ¢; eA‘tw + cze7“tvz + 03eMtv3.
Case 2: A1 has algebraic multiplicity T and A, # A7 has algebraic multiplicity 2, i.e.
A=A R

Case 2a: Ay has geometric multiplicity 1. Let v; the be eigenvector corre-
sponding to A7 and v, the one corresponding to A;. Let the generalized
eigenvector of order 2 associated with A; be u;. Now the homogenous so-
lution is

My (t) = creM vy + 2™,y + ezt (wy + t(AL — M Duy).

8



Case 2b: A1 has geometric multiplicity 1 with eigenvector v; and A; has geo-
metric multiplicity 2 with linearly independent eigenvectors v, and vz which
leads to

M (t) = c1eMtvy + ce*2tyy + czet2ty;.

Case 3: Three different eigenvalues A1, A; and A3. Therefore, the geometric multi-
plicity of each eigenvalue is 1.

Case 3a: The eigenvalues are real, which means that the corresponding eigen-
vectors vy, Vv, and v3 are real as well and the homogenous solution is

My (t) = creMtvy + ceMtyy + cze™3tys.

Case 3b: A is real, but A; is not, i.e. A\y3 = « +1ip3 with corresponding eigen-
vectors vi and v, 3 = a = ib. Here the homogenous solution is

M (t) = civiet+cre™ (cos(Bt) - a —sin(pt) - b)
+cze™ (sin(pt) - a+cos(pt) - b).

In all cases, the particular solution My (t) of (2) is given as My (t) = —A;]B and
therefore the full solution reads

M(t) = Mp(t) + My (t).
The constants ¢, ¢, and c¢3 shall be calculated out of the initial condition

M(0) = MM,

1.1.2  Numerical solution based on operator splitting

The idea of operator splitting methods is to decompose the problem into simpler
subproblems and solve them individually using specific solvers. In this thesis,
an asymmetric and a symmetric operator splitting scheme are used. Therefore,
the Bloch matrix A, in each time step and for fixed position z is decomposed
additively into

An =Rn+ C;

where

0 YGs(tn1)z _YBLy (tn1)

Rn = _VGs(tn—l)Z 0 VBLx(tn—l)
YBLy (tn-1) _VB1,x(tn—1 ) 0
describes the rotation and
_1
T 1
C= -5
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the relaxation effects. Note that C does not depend on the time t. Now an asym-
metric operator splitting scheme is defined as

erot

dt = Rn - Myot, M‘rot(o) = Mn_1’ (5a)
dM =
Wy, M) =Maale), o

where M™ is defined as
M™ = M;e(T).
In contrast, a symmetric operator splitting scheme is defined as

erot,]

dt - Rn : Mrot,b Mrot,] (O) = Mﬂi]/ (6a)
dM ~ 1
rel =C- Mrel + b/ Mrel(o) = Mrot,1 3T/, (6b)
dt 2
dM
d1;£0t,2 =Rp - Mrot,Z/ Mrot,l(o) = Mqel(T), (6¢)

where M" is given as
M™ = Moot,2(T).

The three rotation parts (5a), (6a) and (6¢c) can be solved easily using rotation
matrices Dy, o5y and Dy, sy, see [7] and [5], so that

Mrot = Dn,asy : Mrot(o)/
Mrot,l = Dn,sy : Mrot,l (O)/
Mrot,z = Dn,sy : Mrot,Z(O)-

The rotation matrices D underly the following definition.

Definition 2 (Rotation Matrices). [5] The rotation by an angle « about an axis in
the mathematical positive sense in the direction of n = (ny,ny,n3) with [n| =1 is
given as

niny (1 —cos )+ n3sinx n%ﬂ—coscx)—kcoscx n%ﬂ—coscx)—n] sin o

n%(]—cosoc)+cosoc niny (1 —cosa) —n3sinax nynz(1—cos )+ nysin
D(e,n) =
ninz(l —cosa) —nysinax nynz(1—cos o) +mnqsin o n%(]—cosoc)—l—cosoc

Since C is a diagonal matrix, equations (5b) and (6b) can be solved as

Mo = exp(CT)(Mrel(O) - 6) +b

where

exp(—T]—ZT)
1

exp(Ct) = exp(—ﬂﬁc)
exp(—T1—1T)

10
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1.2  Bloch-McConnell’s equation

Suppose you have two proton pools A and B. For each pool, magnetization can
be described individually via the Bloch equation, each of them having individual
relaxation times, equilibrium magnetization and initial magnetization. Through
various physical processes, the individual Bloch equations are coupled and the
two pools can exchange magnetization with rates ka g and kg A, respectively, see
Figure 1. This exchange can be modeled by adding exchange rates to the Bloch

equation.
m “

Figure 1: Magnetization exchange between pool A and pool B.

Expanding the Bloch equation (1) with magnetization transfer terms for a water
proton pool w and two solute proton pools s; and s; yields the Bloch-McConnell
equation

(7)

Therein the system matrix A(t, z) is given as a block matrix

At z) ks1,wI ksz,wI
A(t/ Z) = kW,S] I AZZ(t/ Z) k52,51 I (8)
kvw,szl ksl,szl A3z3(t, z)

where I € R3*3 is the identity matrix. The submatrices Aj;(t,z), Ax(t,z) and
A33(t, z) are given as

_-['217 - kw,s1 - kw,sz Awqy(2) _VBl,y (1)
An (t, Z) = —Aww (z) _ﬁ - kw,s1 - kw,sz ] YBl,x(t) ,
‘VBLy (t) _'YBI,X (1) TTiw kw,s1 - kw,sz
_-|—21T1_ks1,w_ks1,sz Awm(z) _YBLy (t)
Azz(t, Z) = _Aws1 (z) _TZ]T - ks1,w - ks1,sz YBl,x(t) ,
YBLy (t) _'YB],x(t) _T]]T_]_km,w _ks1,sz
*T;TZ — ksz,w - ksz,s1 Awsz (z) *'YBLy (t)
Az (t, z) = —Aws,(z) _TZ]TZ —Kks;w —Ksy, s YB1 x(t)

'YBLy (t) _'YBLx(t) _T11T2 —Kksyw — Ksy 54

11



The inhomogeneity reads

T
~ MO MO, MO,
b= <O/ O/ T ;:V/ 0/ O/ T :11 ’ O/ 0/ T :22) . (9)

The Bloch-McConnell equation (7) describes the magnetization of three proton
pools during RF irradiation.

T
M = (MX,W/ My,W/ MZ,W/ MX,S] 7 My,S1 7 MZ,S] 7 MX,SZI My,SZ/ MZ,Sz)

is the vector describing the magnetization of the water proton pool w and the
solute proton pools s; and s, respectively, y the gyromagnetic ratio, M° € R? the
initial magnetization, My ,, the equilibrium magnetization corresponding to pool
w and My, the one corresponding to pool si, i =1, 2.
Tiw, Ths, and Ty 5, are the longitudinal relaxation times, T, T s, and T, 5, are the
transversal relaxation times. Bq(t) = (Byx(t), By (t))7 is the radio frequency (RF)
pulse. The frequency offset of the RF irradiation relative to the Larmor frequency
of the water proton pool w and the solute proton pools si,i = 1,2, is described
by Awy(z) and Aws,;(z) and can be computed through z — wy, and z — ws;. kj;
are the magnetization transfer rates from pool i to pool j. The Bloch-McConnell
equation for another number of solute proton pools is defined analogously. In the
following, the theory and methods are derived for two solute proton pools s; and
s2. It is obviously valid also for only one solute proton pool by simply setting all
the transfer rates corresponding to s; to zero.
Again, for fixed z, the time interval [0, T] is uniformly discretized using a step
length T into

O=to<ty<---<tn=T
yielding piecewise constant matrices

Aj,- - AN. (10)

1.2.1  Analytical solution based on diagonalization

A calculation of the analytical solution for Bloch-McConnell’s equation in time
step [tn_1, tn] would result in

M(t) = (M™ T+ AL TB) exp(Ant) — A, 'D.

The matrix exponential exp(Ant) can be calculated analytically only if the system
matrix Ay is diagonalizable, which is not the case here in general. A fast solution
can be found in using Matlab’s matrix exponential function expm, if A, is not diag-
onalizable. However, this results in an approximate numerical solution which has
been shown to yield large errors in some examples, especially for small relaxation
times, see [12]. Therefore, a more robust numerical solution method is introduced
below.

12
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1.2.2  Numerical solution based on operator splitting

As in Section 1.1.2 the numerical solvers for the Bloch-McConnell equation are
based on an asymmetric and a symmetric operator splitting scheme. Consider a
splitting of the discretized Bloch-McConnell matrices (10) of the form

where
Riin
Rn - RZZ,n (11)
R33n
with
0 Aww (z) —YBi,y(tn—1)
R]] n= —Aww (2) 0 YB1 x(tn—1) ’
/ YBiy(tn—1) —VvBix(tn_1) 0
R ( 0 Aws, (2) —YBiy(tn 1)
e —Aws, (2) 0 YBi,x(tn 1)
22n YB1y(tn 1) —YBi(tn 1) 0 ’
R ( 0 Aws, (2) 7’}/B1/y[tn71)>
= —Aws, (z) 0 YBix(tn—1)
33n yB],g(tzn—]J —YB1,x(tn—1) 0

describes the rotation of each pool independently. The other part

CH ks1,wI ksz,wI
C — kW,S] I sz k'52151 I (12)
kw,szI ks1,szl C33

with
T, 7kw,5] *kw,sz
Cn = Mo Rwar Tkwss ,
*T:' *kw,s1 *kW,sz
Tz’]51 —ksyw —Ksysy
C22: To s —Kksy,w —Ksq,sy p
7T1fs1 —ksy,a —Ksq,s5
7ﬁ7k52/w7k52/5]
C33 - 7ﬁ7k52,wfk52,31

1
7ﬁ7k52f""7k52'51

models the relaxation effects and the exchange. These matrices are constant in
time. Similarly to chapter 1.1.2 an asymmetric operator splitting scheme is defined
as

dM
% = Rn - Myot, Miot(0) = Mn_]' (130)
dMm -
dtfe‘ =C-Me +b, Mie1(0) = Myt (T), (13b)

where T is the step length and M" is given as

M" = Mrot(T)-

13
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Again, the symmetric operator splitting scheme is defined as

dM _
thOt,] - Rn : Mrot,h Mrot,l (O) =M" 1/ (14a)
dM ~ 1
d—trel =C- Mrel + b/ Mrel(o) - Mrot,1 (ET)/ (14b)
dM; ot 2
drtot, = Rn . Mrot,Zr Mrot,Z(O) = Mrel(T)z (14C)

where
M" = Mrot,Z(T)-

Since Ry, is a blockdiagonal matrix of Bloch rotation matrices, one can use rotation
matrices Dy o5y and Dy gy so that

Mrot = Dn,asy : Mrot(o);
Mrot,] - Dn,sy : Mrot,] (0)/
Mrot,Z = Dn,sy : Mrot,Z(O)-

The calculation of (13b) and (14b) is done using eigenvalues and eigenvectors and
the theory deduced in 1.1.1. The following Lemma shows that a reduction to three
smaller independent eigenvalue problems is possible by posing separate problems
for the x, y and z components.

Lemma 1 (Calculation of the eigenvalues). The eigenvalues of matrix (12) are the
eigenvalues of the three submatrices

1
_m - kw,s1 - kW,Sz : kS1,W kSz,w
C] - C2 == kW/S1 _TZ,S1 - kS1IW - kS]/SZ k52131
k k —— — kg, w—k
W,82 $1,82 TZ,SZ S$2,W $2,81
and
1
_T1,w kw S1 kw,sz ] ks1,w ksz w
C3 = kW S1 _T1s1 k51,W_kS1,52 kSZ S1
1
kW S2 kS1,Sz _T1 S, W kSZ S1
/52
of C.

Proof. The idea of the proof is to transform the submatrix C into a blockdiagonal
matrix using similarity transformations.
Preliminary Remark Let Q be a unitary matrix, i.e. QQT = Q'Q = I and assume

that (A, x) is an eigenpair of C. Let w := Q'x, then
QTCOW=0"CQQx =Q"Cx = Q"TAx =AQ"x = Aw

which means that (), x) is an eigenpair of C if and only if (A, Q"x) is an eigenpair
of QTCQ. With that, define a unitary matrix Q as

Q=(e1 es €7 e e5 ey e3 e e9),

14



where e; denotes the i—th unit vector and note that

G
Q'CQ = C
Cs

Since the eigenvalues of a blockdiagonal matrix are the eigenvalues of the blocks,
the assertion follows. O

Now (13b) and (14b) can be solved using the theory of chapter 1.1.1 for each block
of QTCQ.

1.3 Numerical experiments

The error behavior of the asymmetric operator splitting solver, abbreviated with
ASY, and the symmetric operator splitting solver, abbreviated with SY, is analyzed
using an example with a water proton pool w at 0 ppm and a solute proton pool
s at 3.5 ppm. The input data used for this comparison coincides with the model
problem which was used in [23], where the parameters originate from an amide
proton system in white matter. Various tests with different relaxation times and
zero or non-zero exchange rates are performed. For the comparisons, three differ-
ent real RF pulses with a pulse length of 2.1s are used, see Figure 2. The first one
is block pulse, named BL, the other two are smoother Gaussian pulses, named G1
and G2. The z-spectrum Q = [-5,5] ppm is discretized using 101 steps, whereas
the time interval is discretized using a step length of 5e —4s in the first experi-
ments. Afterwards, a convergence analysis is done with step lengths starting at
le — 3s refining up to Te — 5s. Finally, the run-time of the analytical solver and
both operator splitting solvers is analyzed using a small scale and two large scale
examples.

Every coordinate of the magnetization vector M is compared at the terminal time
T against the analytical solver, abbreviated with ANA, using specific relative errors

H Ma,x,w (Z/ T) - MH,X,W (Z/ T) H 12(Q)

€ = ,
B Maxw(z T2y
M ,T)—M ST
i - ilelg| axw(z,T) nxw(z, Tl - IMam(z T) — Mn,x,k(zz T) ||L°°(Q)
o sup [Maxw(z, T [Maxw(z, T)HLOO(Q)
zeQ)

Here Mg, denotes the x—coordinate of the water magnetization calculated us-
ing the analytic solver, whereas My, x was calculated using one of the numerical
solvers. The errors corresponding to the y— and z—coordinate and the solute pro-
ton pool s are defined analogously. For the tests with relaxation, not only the ana-
lytic solver and the two operator splitting solvers are compared, but the numerical
solver which was used in [24], abbreviated with E3, as well. The numerical exper-
iments were performed on a MacBook Pro (2GHz Intel Core i5, 8 GB RAM).

15
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Figure 2: Initial RF pulses using a block type pulse train BL and two Gaussian type pulse
trains G1 and G2.

1.3.1  Comparison without relaxation and without exchange rates

For the first comparison, no relaxation is assumed, which means setting both the
longitudinal relaxation times and the transversal relaxation times to infinity. The
exchange rates k,, s and ks,, are set to zero. Therefore, the resulting problem is
to solve the Bloch equation two times individually without relaxation. Table 1
shows six error components in both error norms for the two different solvers SY
and ASY, and for three different RF pulses BL, G1 and G2. It can be seen that
all relative errors are nearly in machine precession. The excellent error behavior
did not occur unexpectedly. Since the example is performed without relaxation
and without transfer rates, both operator splitting solvers perform with rotation
matrices only, which yield an exact solution in this case, as it was shown for the
Bloch case we have here, see [7].

16
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Table 1: Error study for block pulse BL and Gaussian pulses G1 and G2 with
Tih =T, = 00,k =0.

RF ‘ Solver ‘ Error €1, x,w Ei,y,w Eizw €ix,s Eiy,s €i,z,s
Sy i=2 29e—13 32e—13 49e—13 37e—13 39e—13 52e—13
BL i=oc0 28e—13 52¢e—13 42e—12 63e—13 44e—13 43e—12
ASY i=2 27e—13 32e—13 49e—13 34e—13 39e—13 53e—13
i=o0 35e—13 64e—13 43e—12 49e—13 51e—13 43e—12
Sy i=2 14e—13 86e—13 42e—13 14e—13 92e—13 4.8e—13
C1 i=o00 17e—13 T.le—12 41e—12 17e—13 12e—12 4.1e—12
ASY i=2 26e—13 87e—13 43e—13 21e—13 80e—13 4.8e—13
i=o0c0 24e—13 T1.le—12 41e—12 21e—13 1.0e—12 42e—12
Sy i=2 37e—13 42e—13 42e—13 35e—13 50e—13 4.7e—13
Co i=o00 37e—13 T1.le—12 4.1e—12 37e—13 85e—13 4.2e—12
ASY i=2 47e—13 67e—13 43e—13 45e—13 6.1e—13 4.8e—13
i=o00 44e—13 1le—12 42e—12 47e—13 1.0e—12 42e—12

1.3.2 Comparison without relaxation and with exchange rates

Both relaxation times for the water proton pool and the solute proton pool are
set to infinity, but the exchange rates are assumed to be k,, s = 0.25Hz and
ksw = 25Hz. Now, the numerical solution with operator splitting is not exact and

Table 2: Error study for block pulse BL and Gaussian pulses G1 and G2 with
T1 =T, = oo, k#0.

RF ‘ Solver ‘ Error Eixw Eiyw Eizw Eixs Eiy,s €izs
Sy i=2 37¢e—4 38¢—4 75e—5 95e—4 70e—3 6.1e—5
BL i=0c0 42e—4 35e—4 28¢—4 1.0e—3 25e—3 24e—4
ASY i=2 38¢—4 38¢—4 78¢—5 92¢e—3 62¢e—2 19e¢—3
i=o00 44e—4 39e—4 28e—4 72e—3 30e—2 52e—3
Sy i=2 19%—4 26e—4 19e—5 20e—3 23e—3 87e—6
G1 i=00 17¢e—4 23e—4 13e—4 21e—3 19e—3 64e—5
ASY i=2 20e—4 27e—4 22¢e—5 18e—2 20e—2 99¢e—4
i=0c0 18¢—4 25e—4 14e—4 17¢e—2 17e¢—2 3.6e—3
Sy i=2 62e—4 12e—4 32¢e—5 23e—3 88e—4 79e¢e—6
Co i=00 46e—4 1.0e—4 22e—4 19e—3 86e—4 48e—5
ASY i=2 63e—4 l4e—4 33e—5 1.0e—2 2le—2 1.1e—3
i=oc0 5le—4 15e—4 22¢e—4 87¢e—3 18e¢—2 39e—-3

the splitting errors can be observed in Table 2. It can be seen that the symmetric
operator splitting solver SY shows in general smaller errors through all examples
than the asymmetric operator splitting solver ASY, especially for the solute. The
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error of the z—coordinate of both the water pool and the solute proton pool is

observed to be slightly smaller than the one of the others.

1.3.3 Comparison with relaxation and without exchange rates

The longitudinal relaxation times are set to Ty ,, = Ty ; = 1.048s and the transversal
relaxation times to T, ,, = 0.069s and T, ; = 0.015s with zero exchange. The solver

E3 of [24] can be included in the comparison.

Table 3: Error study for block pulse BL and Gaussian pulses G1 and G2 with

Ty # 00, Ty # 00, k=0.

RF | Solver | Error  &ixw Eiyw Ei 2w Eixs Eiy,s Eizs
sy i=2 45e—5 1.0e—3 47e—6 46e—5 41le—2 15e—5
i=oc0 43e—5 35e—4 87¢e—6 47¢e—5 18e—2 23e—5
BL ASY i=2 36e—3 41e—3 1lle—4 1.7e—2 84e—2 13e—4
i=o0c0 36e—3 37¢e—3 25e—4 17e—2 32e—2 24e—4
E i=2 15e—1 52e—1 13e—2 26e—1 27¢e—1 1.le—2
3 i=o00 15e—1 18e—1 17e—2 26e—1 25e—1 13e—-2
Sy i=2 26e—5 69¢e—5 68¢c—6 16e—4 27¢e—3 26e—5
i=oc0 22¢e—5 18¢e—5 12¢e—5 20e—4 48e—4 35e—5
G1 ASY i=2 36e—3 36e—3 94e—5 17e—2 17e—2 1l.6e—4
i=00 36e—3 36e—3 23¢e—4 17¢e—2 17¢—2 24e—4
E i=2 6Je—2 59¢e—2 26e—1 26e—1 26e—1 1le—2
3 i=o00 60e—2 58e—2 13e—2 26e—1 26e—1 13e—2
sy i=2 27e—5 31e—5 5.le—6 47¢e—4 51le—4 23e—5
i=o0c0 17¢e—5 2.1e—5 96e—6 1l4e—4 32¢e—4 33e—5
G2 ASY i=2 36e—2 36e—2 91e—5 17e—2 17e—2 15e—4
i=o00 36e—2 36e—2 24e—4 17¢e—2 17e—2 24e—4
E i=2 59 -2 60e—2 12e—2 26e—1 26e—1 1le—2
3 |i=c0 60e—2 60e—2 13e—2 26e—1 26e—1 13e—2

In contrast to the case without relaxation, the symmetric operator splitting solver
SY shows to have significantly improved accuracy compared to the asymmetric
operator splitting solver ASY through all RF pulses, see Table 3. Both splitting
schemes outperform E3 in accuracy. Figure 3 shows the absolute pointwise dif-
ference of the z—spectra of the different numerical solvers to the analytical solver.
It can be seen, that the numerical solver E3 performs fine around the water pro-
ton pool at 0 ppm, it’s difference to the analytical solution increases outside the
neighborhood of the water proton pool, where the used RF pulse was the Gaussian

G1.

18
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Figure 3: z—magnetization of water pool with Ty # oo, T; # oo, k = 0 with G1. Full view,
difference between analytical solution and numerical solution and two zoom
pictures.

1.3.4 Comparison with relaxation and with exchange rates

This last comparison works with typical longitudinal relaxation times Ty ,, =Ty s =
1.048s and the transversal relaxation times T,,, = 0.069s and T, ; = 0.015s. The ex-
change rates are set to ks = 0.25Hz and k,,, = 25 Hz, which are the values
from [24]. The symmetric operator splitting solver SY has the best error perfor-
mance, the asymmetric operator splitting solver ASY is just between E3 and SY,
see Table 4. SY shows a reduced L*°—error compared to ASY of up to factor 1000
and of up to factor 2500 compared to E3. Again, the z—spectra in full view, zoom
and difference view are depicted in Figure 4, 5 and 6 for the RF pulses under in-
vestigation. The highest absolute errors are observed in Figure 4 in the difference
plot, where E3 yields large oscillating error. Obviously, the nonsmooth RF pulse,
more precise the block pulse train BL, leads to increased numerical error here. The
behavior among the two Gaussian pulses G1 and G2 is about the same, see Figure
5 and 6.
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Table 4: Error study for block pulse BL and Gaussian pulses G1 and G2 with
T1 # o0, T2 # o0, k#0.

RF ‘ Solver ‘ Error Eixw Eiy,w €z w Eixs Eiy,s Eizs
sy i=2 44e—-5 1.1e—3 51le—6 22e—4 60e—3 19e—-5
i=oc0 45e—5 37e—4 10e—5 44e—4 34e—3 3.2e—5
BL ASY i=2 37e—3 42¢e—3 1le—4 24e—2 31e—2 25e—3
i=0c0 3.7¢—3 38¢e—3 26e—4 23e—2 26e—2 57e—3
E i=2 15e—1 52e—1 13e—2 36e—1 36e—1 4le—-2
3 i=o00 1l4e—1 18e—1 34e—1 34e—1 36e—1 96e—2
Sy i=2 23e—5 7.1e—5 75e—6 13e—3 19e—3 2.1e—-5
i=oc0 27¢—5 22e—5 12¢e—5 21e—3 14e—3 33e—-5
G1 ASY i=2 37e—3 37e—3 94e—5 26e—2 26e—2 1.6e—3
i=o0c0 3.7¢—3 37¢e—3 23e—4 22e—2 23e—2 37e—3
E i=2 62e—2 60e—2 12e—2 39e—1 39%—1 24e-—-2
3 iz 61e—2 59e—2 13e—2 34e—1 35e—1 58e—2
Sy i=2 29—-5 34e—5 59e—6 12¢e—3 14e—3 2.1e—5
i=o0c0 20e—5 28e—5 97¢e—6 18¢—3 13e—3 3.2e—-5
G2 ASY i=2 37e—3 37e—3 92e—5 25e—2 25e—2 17e—3
i=o00 3.7¢e—3 37e—3 24e—2 22e—2 40e—3 4.0e—3
E i=2 6le—2 6de—2 12e—2 38¢—1 38—1 26e—2
3 i=oc 61le—2 6.le—2 13e—2 35e—1 35e—1 65e—-2
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Figure 4: z—magnetization of water pool calculated with BL, where T; %

z-spectrum in ppm

oo,

T2 # oo, k # 0. Full view, difference between analytical and numerical solution
and two zoom pictures.
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Figure 5: z—magnetization of water pool calculated with G2, where T; # oo, T2 # oo,

k # 0. Full view, difference between analytical and numerical solution and two
zoom pictures.

1.3.5 Comparison with various time discretizations

In this series of tests, the block pulse BL is analyzed with relaxation and with ex-
change rates for time discretizations with different resolutions. The specific norm
used for this comparison is the relative L2—norm over all coordinates of the mag-
netization evaluated at the terminal time T, defined as

] [Ma(z, T) = Ma(z, )| 2(q)
2 = 7
IMa(z, T)ll2(q)

where M, is the magnetization which is calculated with the analytical solver and
M,, the magnetization out of one of the numerical solvers, namely the symmet-
ric and the asymmetric operator splitting solver. For a further investigation, the
experimental order of convergence EOC is calculated, which is defined as

This approach for a different length of time steps T results in errors printed in Table
5. From theory one expects a quadratic order of convergence for the symmetric
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operator splitting solver SY and a linear order of convergence for the asymmetric
operator splitting solver ASY. The numerical results in Table 5 verify both orders
over a wide range of step sizes.

Table 5: Errors for different time discretizations.

SY ASY

T &2 EOC &2 EOC
le—3 | 22e—4 1.2e—3
5e—4 | 44e—5 218 | 59e—4 1.02
le—4 | 17e—6 202 | 1.2e—4 0.99
5e—5|42e—7 202 |[5%9e—5 1.02
le—5|17e—8 199 | 1.2e—5 0.99
5e—6|42e—9 202 |59e—6 1.02

1.3.6 Runtime

Since runtime is a vital point of RF pulse optimization, a study is done for the
analytic, symmetric and asymmetric operator splitting solvers. For both operator
splitting solvers, a vectorized and a non-vectorized implementation is considered.
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The RF pulse used for this comparison is the block pulse BL. Relaxation is assumed
with Ty, = Ty s = 1.048s, T, = 0.069s and T, = 0.015s. The exchange rates are
set to ky,s = 0.25Hz and ks, = 25Hz, [24]. At first, a small scale example is
executed using 4.2e3 time points and a time step length of T = 5e —4s. The z-
spectrum Q) = [-5,5] ppm is discretized using a step length of 0.1 into 101 parts.
For the second example the time discretization is refined to 4.2e5 time points and
a time step length of T = 5e — 6s. For the third example only the z-spectrum is
refined instead using a step length of 0.01 into 1001 steps.

Table 6: Runtime in seconds for a different number of points in space N and time Nj.

not vectorized vectorized
Example ‘ Ny Ny ‘ ANA ‘ SY ASY ‘ SY ASY

Small scale 101 42e3 | 275 | 2.1 1.9 0.34 0.24
Large scale 1 | 101  4.2e5 | ~ 3000 | 225 218 100 91
Large scale 2 | 1001 4.2e3 | ~300 | 20 18 1.82 1.77

Increasing the number of points in time Ny yields a linear increase of runtime
of the analytical solver ANA and both non-vectorized numerical solvers SY and
ASY. Comparing the runtimes of the small scale example and the first large scale
example for the vectorized implementations, see Table 6, a greater than linear in-
crease in runtime can be investigated. However, when we compare the runtime
for a different number of points in space Ny, the vectorized solvers SY and ASY
show a less than linear increase, and not a linear increase as for the non-vectorized
implementations and the analytical solver ANA.

SY is only slightly slower than ASY, and both are much faster than working with
the analytical solution. Especially the vectorized implementations of the operator
splitting solvers are quite fast and would be a good option for optimization.

Conclusion

For the Bloch equation and the Bloch-McConnell equation, three solvers were de-
rived, an analytical one and two numerical ones. The analytical one allows to
investigate the error properties of any numerical solver, but is not suitable for op-
timization due to an increased runtime.

In contrast, both numerical solvers SY and ASY are quite fast, whereby the asym-
metric operator splitting solver is slightly faster. However, the results show that
SY prevails with a quadratic order of convergence as well as reduced numerical
error.

Therefore, the symmetric operator splitting solver SY is the preferred forward
solver for optimal control and is used in the following chapters.
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2 OPTIMAL CONTROL MODELING AND THEORY

The following problem, known as the Problem of the Rocket Car, see [22] demon-
strates the goal of optimal control: Optimizing a certain behavior, where the gov-
erning equations are typically differential equations.

Suppose you are driving a car with maximal acceleration 1 and maximal negative
acceleration —1, i.e. —1 < u(t) < 1, where u(t) is the thrust of the car at time t.
Your goal is to drive in shortest time from point A to point B. y(t) € R denotes the
position of the car at time t, m is the mass of the car. yo, yr € R are the known and
desired positions of the car according to point A and point B. Furthermore, the car
should be at rest at t = 0 and t = T and reach the desired position in minimum
time.

min =T,
ueuad
subject to mdz—y(t) =u(t) in (0,T)
] dtz - 7 7
d d
y(0)=yo, 2(0)=0, yM=yr, =HT)=0,

dt dt
Ugg = {u € L2(0,T)|lu(t)| < 1fora. a.t € [0, T]}.

This depicts a standard optimal control problem. ] is called the objective functional,
u is called the control variable and describes the essential degrees of freedom in
the optimization. In contrast, y is given as solution of the differential equation. It
is called the state variable. Accordingly, u(t)| < 1 is usually referred to as control
constraints. Ugg is called the admissible set of controls.

Now, a reasonable cost functional | for chemical exchange saturation transfer is
introduced, an admissible set U4 is constructed, which models technical limitations
of the MR—scanner and as constraint, the Bloch-McConnell equation is chosen.

2.1 The optimal control problem for CEST RF pulse design

2.1.1  Derivation of the objective function

Preliminary Remark: The modeling of the objective function is demonstrated for a
water proton pool w at Oppm and a solute proton pool s at 3.5ppm with exchange
rates ks, = 25Hz and k., s = 0.25Hz. The external magnetic field is chosen to be
Bo = 3T and the gyromagnetic ratio y is set to y = 267.513MHz - T~'. Those values
correspond to [24]. However, the modeling approach is not restricted to two pool
models and can be generalized comfortably to models with more than two pools.
It is requested, that the peak of the solute proton pool in the z-spectrum is thin,
but deep in order to separate it from the water proton pool and prevent a spill-
over effect, which means that the peaks of the water proton pool and the solute
proton pool merge. An example of a good z-spectrum is given in Figure 7. It
was created using a 0.9s continuous wave RF pulse. However, such a long pulse
cannot be implemented in the scanner due to duty cycle constraints of the RF
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Figure 7: Desired z-spectrum.

amplifiers, which means that the RF pulse cannot be turned on for such a long
time. Therefore, an optimization goal is to find a RF pulse, which rebuilds the
z—spectrum in Figure 7 as good as possible while fulfilling all scanner limitations.
In particular we require the RF pulse to be sparse in time, i.e. it should be zero for
some points in time.

Let M;,, be the z—magnetization of the water proton pool, M, ges the desired
z— magnetization of the water proton pool as in Figure 7, where the exchange
rates are included. A component J; of the full cost functional ] reads

]1=E

0 ,[ ’MZ,W(T/ s) — Mz,w,des(3)|q] ds,

Q

where 3 > 0 is a weighting parameter and q; € IN specifies the norm used to
measure the distance to the target. J; should be evaluated at the terminal time T.
This approach faces some difficulties, though. Numerical experiments have shown
that with this objective it can not be guaranteed, that the RF pulse created rebuilds
the CEST—peak through magnetization transfer and not through saturation of the
RF pulse itself, see Section 3.1.2.

As remedy, not only the magnetization calculated with exchange rates should be
tracked, but also the one without as well to guarantee that the desired z—spectrum
is generated by CEST—effect only, and not by direct saturation of the water magne-

tization around the CEST peak. Let M, be the z—magnetization of the water pro-

ton pool calculated without exchange rates and M, ,, q¢s the desired z—magnetization

of the water proton pool without exchange rates. Now another part J, of the full
cost functional ] is given as

]22@

= J Mo (T,5) — Mamaes(s)| 2 ds,

Q
where 3y > 0 and q; € IN.
The RF pulse By = (uy,u;) is given in polar coordinates, i.e.

u; =rcos(g), u; =rsin().
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An advantage of this definition is that the control constraints transform into stan-
dard box constraints, see (15). Next, the RF pule undergoes some limitations. First,
the pulse power shall be not too large, so

)
5 = %‘jr(t)zdt,
0

where & > 0. Second, the RF pulse is desired to be zero for some points in time
in order to fulfill the duty cycle constraints of the RF amplifiers. One method of
ensuring this is given by sparse control [10]

)
Ja = nJIr(t)l at,
0

where 1 > 0. Another possible solution of this task is to set 1 = 0 on a given
tixed subset of the time interval. Both variants are presented in the numerical
experiments below. For the following theory part we set 1 = 0. Now the full
objective function | reads

)
X
Jr,0) = 5 [ P02t L | [ManT,8) = Mapes) " ds
0 Q
+ 20 [T, ) = Mo asl9)] s
Q

2.1.2 Modeling of the constraints

Due to scanner limitations and physical limits, the RF amplitude is restricted with

a maximum amplitude Tmax
A/ LL% + U% < Tmax- (15)

Clearly, a transformation of the pulse into polar coordinates r and ¢ is useful since
it transforms this constraint into box constraints

0<T<Thax, 0< @ <2
Therefore, the admissible set U4 is given as

Ugg ={reL*=(0,T), ¢ € L*(0,T) |
0 <1< Tax 0 < @ <2t for almost allt € (0, T)}

Note that as we only consider finite RF pulse duration times, L*°(0, T) — L2(0,T).
Therefore, a f € L>°(0, T) fulfills not only |[[f||{(o1) < oo, but also [|f[[;2( 1) < co.
Finally, the Bloch-McConnell equation from Section 1.2 has to be fulfilled. Alto-
gether, the optimal control problem can now be defined.



27

Definition 1 (Optimal control problem for CEST RF pulse design). Let U = [L*°(0, T)]?
be the control space, (1, ) € U the control,

M = (Mx,w/ My,w/ Mz,w; Mx,s/ My,s/ MZ,S)T € [H1 (O/ T)]G

the state with exchange, and analogously M the state without exchange. Then
define the objective function ] : U x H'(0,T) x H'(0,T) — R,

;
— x
I 0, M Mo) = 5 1028+ 2 | [ManlT,8) = Mapaes)] " ds
0 Q
+ q_;) J ‘m(TI s) — Mz,w,des(5)|q2d3-
Q

Let
Ugqa ={re L0, T), € L(0,T) |
0 <1< Tax 0 < @ <2t for almost allt € (0,T)}
Then the optimal control problem for RF pulse design for CEST imaging is given as

min  J(r, @, Mz, Mz)
(r,0)eUqq

M_A M+b,  M_A.M+b,
s.t —
M(0,z) = M°(2), M(0,z) =M°z), zeQ

(16)

with A, b given by the Bloch-McConnell equation, see (7). A is A with exchange
rates replaced by zero.

2.2 Existence and uniqueness of solutions of the Bloch-McConnell equation

Before having a closer look on the solution of the optimal control problem (16),
existence and uniqueness of solutions of the forward Bloch-McConnell equation
(7) are shown. For simplicity of representation, this section is written for two pools.
Due to the pointwise nature of the Bloch-McConnell equation in spatial direction,
it suffices to discuss most of the theory for a fixed spatial position.
We equip the space [1.%(0, T)]® with the usual norm

T

2 2
MR e = | IMB at,
0

where |-|, is the euclidean norm in R®. The norms in [L2(0, T)]?, [L*°(0, T)]? and
H! (0, T)]® are defined analogously.

Theorem 1 (Existence and uniqueness of solutions of the state equation).
Let M® € R®, b € [L>(0, T)°. Let A be defined as in (8), but with w = wy € Q fixed
and for 2 pools. The full Bloch-McConnell equation only dependent on the time
M) =A-M(t)+b,
M(0) = M°,

admits for every RF pulse By € [L*°(0, T)]% a unique solution M(t) € [H'(0, T)J°.

(17)



Before proving this essential theorem, we note that ||A(t)|« is bounded, since all
coefficients therein are bounded due to By € [L*®(0, T)]?, so

sup [|A(t)|leo < 0.
te(0,T)

It futher holds that ||b]|cc < co. Therefore, assuming M € [L2(0,T)]®, from (17)
it can be inferred that % € [LZ(O,T)]6, too. Hence, M € [H! (O,T)]6 immediately
follows. However, we first show the existence M e [C([0, T])]® with Banach’s fixed
point theorem.

Theorem 2 (Banach’s fixed point theorem). [18]

Let (X, d) be a complete metric space, M C X non-empty and closed. Let ¢ : M — M be
a contraction with contraction constant smaller than 1. Then, ¢ admits exactly one fixed
point.

Based on that, Theorem 1 can now be proven.

Proof. H'(0,T) is densly embedded in C([0, T]) and (C([0, T]), || - ||co) is complete.

In order to simplify the proof of existence, find solutions in [C([0, T in the first
place and extend them to [H'(0, T)]® afterwards. From (7) it follows that

M(1) = J (ARM(t) +B) dt+M® Ve [0,1], (18)
0

with ¢ : [C([0, 11])]6 — [C([0, 11])]6. Therefore, (18) yields a fixed point problem
M = ¢(M) on [0,71]. The fixed point theorem of Banach is applicable, since
(C([0, T, || - lloo)® is complete. What we have to show is, that ¢ is a contraction
with contraction number K smaller than 1, i.e.

[d(M1) — d(M2) || ¢ 6 <K My —Malligqor,per K< 1.

OT1

In the first place, the contraction is shown in a small interval [0, T1]. Afterwards, it
is extended to [0, T]. For [0, T1] we get

[d(M7) — d(M2)le

elioml) =1, 6’1‘60’[1

j6 = max  sup JA (Mj(t) — My(t))dt];

< max  sup JHA(t)Hoo M1 (t) — M (t)];] dt
1:1"“6’56[0,T1] 5

< | max sup [[M;—Mylil | ety .
=16 e 01y ~

Therein, we would like to get K < 1. Note that ¢ < co for any fixed time horizon.

Therefore, choose the endpoint T of the first interval as 11 < % It holds Ty > 0
since ¢ > 0. Since ||A(t)]|c < c holds for all times, we can repeat the step with the
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same step length 11, such that for every interval [tin, Ti(n+1)], ¢ is a contraction.
As the interval [0, T] is finite, there exists a finite N € IN, such that

N
0, T c |Jmry, (n+ 1)l

n=0

So ¢ has a unique fixed point in every time interval, yielding a unique solution
M of the Bloch-McConnell equation. The continuity of the decomposed solution
at the interval transitions is given by construction. Therefore, the full solution,
denoted again by M, belongs to [C([0, T])]°. But as [C([0, T])]® is continuously em-
bedded in [L?(0,T)]°, M belongs to [L2(0,T)]° as well. In the end, M € [H'(0, T)]°
as noted above. O

Now we know that the Bloch-McConnell equation (17) has a unique solution for
a given RF pulse Bj.

2.3 Auxiliary results for adjoint operators

We introduce the adjoint equation pointwise in space for w = wy

{—%1% —ATp = ag in (0,T),

p(T) = aq, (9)

where ag € [L*(0, T)]® and ag € R®. Note that the matrix A is the Bloch-McConnell
matrix (8). Further note that the equation is backward-in-time. The following
Lemma guarantees that (19) has a solution in H! (O,T)]6, too.

Lemma 2 (Solution of the adjoint equation). Under the prerequisites of Theorem 1,
the adjoint equation (19) admits a unique solution p € [H'(0, T)I°.

Proof. Introduce the inverse time T € (0,T), T =T —t, and define

p(T) = p(T_T)/
Alt) = A(T—1),
ag(t) = ag(T—1).
Due to pr = dg(:) = dpg; L —p/(T —1), (19) is equivalent to the forward differ-
ential equation

{m—K(T)Tﬁ(T) — dg(t) for T€(0,T), -

For this equation, Theorem 1 guarantees a unique solution p € [H'(0, T)]®. Retrans-
forming the time again yields the solution p € [H'(0,T)1® of (19). O

For ease of representation, the full Bloch-McConnell matrix A is split into a con-
stant part A and two pulse-dependent parts A,,, and A, such that

A = AC + Au] w + AuzuZI
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where we denote the RF pulse as B; = u = (uy,u;). Then the directional derivative
(see Definition 3 below), of A in direction du = (0w, duy) is

OA = Ay, du; + Ay, Ouy.

In the following, we introduce the linearized state equation and draw a connection
to the adjoint equation.

Theorem 3 (Auxiliary result). Let 9M € [H'(0, T)]® be a solution of

M —dAM — AIM =0,
(21)

oM(0) = 0.
(21) is called linearized state equation in direction (0w, dM). Then there holds for all
an € R, ag € [L°°(0, T)1® and corresponding p € [H'(0, T)]° defined by (19)
T

ahoM(T) + JaQaMdt—J TdOAM t.

Proof. A variational formulation for 9M with a testfunction p yields

T T T
JpTaMtdt — JpTaAMdt — JpTAaMdt =0,
0 0 0

dM(0) = 0.

On the other hand, a variational formulation for p with a testfunction M results
in

T T T
th IMdt — J[ATp]TaMdt = J andOMdt,
0 0 0

a

p(T) =

Partial integration of the first variational formulation leads to

Q-

T T T
p J proMdt — JpTaAMdt— J pTAdMdt
0 0
T T T
—aboM(T) — thaMdt JpTaAMdt—JpTAaMdt:O.
0 0 0

With inserting the corresponding terms of the second variational formulation, it
follows that

T T
ahoM(T) + J anOMdt — JpTaAMdt = 0.
0 0

]

Later on, we use this result to obtain a simpler description of the first order opti-
mality conditions.



2.4 First order necessary conditions

Numerical optimization methods are usually based on first order necessary con-
ditions. For the derivation of such optimality conditions, we first need to become
acquainted with some generalization of differentiation. Therefore, the concepts of
Gateaux and Fréchet differentiation are introduced.

Let X and Y be Banach spaces, U C X openand F: U — Y.

Definition 3 (First variation). [22] If for u € U and h € U the limit
1
OF(uw, h) :=lim —(F(u+ th) — F(u))
t—0t

exists in Y, then it is called directional derivative of F at u in direction h. If this
limits exists for all h € U, then the mapping h — 8F(u, h) is called first variation
of F at u.

Here we don not require linearity of the mapping. On the basis of above definition,
we introduce the following.

Definition 4 (Gateaux differentiability). [22] If the first variation 6F(u, h) exists at
u and is linear, i.e. a linear continuous operator A : X — Y exists, such that

5F(w,h) = Ah

for all h € U, then F is called Gateaux differentiable and A Gateaux derivative of
F at u. We write A = F/(u).

Definition 5 (Fréchet differentiability). [22] F is called Fréchet differentiable at
u € U, if there exist an operator A € £(X,Y) and a mapping r(u,-) : X — Y with
the following properties. For all h € X with u+h € U it holds

F(lu+h) =F(u)+Ah+7r(u,h)
and for r it holds that

[[r(w, N[l
I |x

A is called Fréchet derivative of F at u. We write A = F/(u).

—0 for |[h|x—0.

The definition of Fréchet differentiability is equivalent to

[F(i+h) — F(u) — Ahlly
[Mlx

— 0 for |hl|x—0.

If F is Fréchet differentiable, it is Gateaux differentiable as well and the differentials
coincide. The next Lemma is the last piece of groundwork we need before we can
derive optimality conditions.

Lemma 3 (Chain rule). [22] Let X, Y and Z be Banach spaces, U C X, V C Y open
and F: U — Vaswellas G:V — Z atu € U and F(u) € V Fréchet differentiable
mappings. Then E = G o F defined by E(u) = G(F(u)) is Fréchet differentiable at
uand

E'(u) = G'(F(w))F'(w).
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The following Theorem is the basis for the derivation of optimality conditions.

Theorem 4. [22] Let X be a real Banach space, U C X a convex set and f a real Giteaux
differentiable functional on an open subset of X, which encloses U. 1 € U shall be a
solution to

min f(u),
uel

so
f(u) < f(u), vuel
Then the following variational inequality holds:
ffli)(u—u) >0 Yuel. (22)

On the other hand, let 1t € U be a solution to the variational inequality (22) and f addi-
tionally convex, then U is a global solution of min, ey f(u).

Now, a line to the optimal control problem (16) is drawn. First, the solution oper-
ator is defined. Afterwards, it is shown that this operator is Fréchet differentiable,
which allows the use of the chain rule. Last, Theorem 4 is applied.

Remark 1. Due to Theorem 1, there exists for every control u € [L*(0, T)]? a solu-
tion M € [H'(0,T)]® of (7). Therefore, define the solution operator G as

o [0 T2 = HO, T,
' u — M.

Notation 1. In the following, A(u) denotes the Bloch-McConnell matrix (8) which
contains the RF pulse u. M(u) is the magnetization satisfying the Bloch-McConnell
equation (7) with the coefficient matrix A(u).

Theorem 5. The operator G is Fréchet differentiable.

Before starting with proving Theorem 5, we repeat the linearized state equation in a
point (M, u) in direction ou

{ M = A(u)dM + dA(du)M (), (23

oM(0) =0,

where 9A(0u) is the directional derivative of A with respect to u in direction ou.
For ou = u— 1 it holds 0A(ou) = A(u) — A(i).

Lemma 4. The solution 0M,, of the linearized state equation (23) fulfills
[OM(@) 147 (0,176 < cllu— 120,12

with ¢ > 0. Here u and 1 are in [L*(0, T)]?, ¢ = u —1L.

Before proving Lemma 4, we repeat the Lemma of Gronwall in its integral form.
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Theorem 6 (Gronwall’s Lemma). [71]
Let ¢, @ and x be real, continuous functions, x(t) > 0 for all t € [a, b]. If

t
(1) < o(t) +jx(s)as)ds, t € [ab]
then

t t
(1) < olt) +JX(S)<P(S)eXp (Jx(u)du) ds, telabl

S

Proof of Lemma 4. Step 1.
Testing the linearized state equation (23) with 0M(¢) itself and integrating yields
fort e [0, T]

ddM (@)

t
JaM(cp) Tt
0

Note that

t t
doM(¢) 1Jd 2 1 2
T— = — —_— = —

[[omio T as = 3 [ om0 ds = 5 oM@ V-

0 0

|-|, is the euclidean vector norm in R®. With a generic constant ¢ > 0 it follows that
t t

OM()(t)]3 = aM(cp)TA(u)aM(cdes+JaM(cp)T(A(u)—A(ﬁ))M(u)ds

0 0

t t
< aM(cp)TA(u)aM(cp)\zds+JaM(<p)T(A(u)—A(ﬁ))M(u)ds
0 0

t t
< [ 1OM(@)f3 A (W) [2ds + J M ()T (A(w) — A(T))M(u)ds
0 0

t t
< e AW (o me) J M) ds+JaM(<p)T(A(u) — A[@)M(w)ds.
0 0

<c

Note that as u € [L*°(0, T)]? it holds that [|A(w)]| e ¢re) < ¢

33
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Using Young’s inequality [6] with p = q = 2 yields,
t t
J OM (@) [A(1) — A(W)IM(w)ds < | [dM(@)l; [(A(w) — A(W)M(w)l, ds
0

0
o [|aM(<p)|§ L AW - A@MwE]
2 2
0
Altogether we obtain

t t
OM(@)(1)f5 < cj|aM(<p)(s)|% ds + J (AW —ARIMW)Fds.  (24)

0 0

Step 2. The Lemma of Gronwall (Theorem ) is now applied to (24), so

(25)

t
2 1OMI@)(08 < [ A®) ~ AG)IM@IE as
0

t
+CJ
0

t t
< JI(A(u) CA@IMWE ds + ¢ J
0 0

P —

I(A(u) — A(W)M () drexp ( cdr) ds
~———

C

o

N

(A(w) — ARL))M(u)]3 dT ds

o

-~

<}\(A(u)—A(ﬁ))M(u)|§d’t as s<t

t
<c J (A(w) — A@)M(W)R ds (26)
0

with a generic constant ¢ > 0.
Step 3. Equation (26) is further estimated. Therefore define

0 0 (u—ﬁh
N; =Ny = ( 0 0 (uﬁ)2>
—(u—u); —(u—u) 0
and
N:i=Au) —A{) = (N‘ Nz).

1
2
is compatible with the L>~—norm and

The Frobenius norm [|Al[f = | > Y ’Aij |2>
i

it can be easily evaluated that
INJIF =41 (=101 +4](w—)f =4 u—15.
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Therefore,
T
(A0~ AGIM Rz =INME Rz e = | INM(wI e
0
T T
< [INBIMEwB e < sup G0 | NJRar
te(0,T)
0 0
T
= sup [M(u)(t)l5 J4u u!z dt < cflu— U'HLZOT)] .
te(0,T)
A ~~ jO
<c
So
[oM (@) H [L2(0,T)] CHu_aHﬁ_l(olT)}Z-
Step 4.

The estimation for %GM(([)) is derived from the following.

d

l4zoM

O 220 1p6 = IAWIM(@ )+[A(u)—A(ﬁ)]M(u)H[ZLZ(o,T)]G

< JAWIM(@)][T 20 1y + A = ARIM(W) 1720 16

y
_ J AWM (@) dt + [[IA (W) — A@IMWE 20 76 -
0 ) Step 3 ’

We investigate that
T T
[ awemieIat < [ janw M)} et
0 0

Step3
2 ~
< S},lp) A (t)[[Fl[oM(e H [L2(0,T)] < C||u_u||%]_2(o,ﬂ]2-
te(0,T

The matrix A(u) is not only bounded in || - ||oo, but in || - || as well, which allowed
the last inequality. Therefore,

4, ~12

Step 5. Finally, everything is put together yielding

~112
IOM(@) 141016 = 1OM@) T2 0.6 + Il 3o )llitziomye < el =2 -

Now Theorem 5 can be proven.
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Proof of Theorem 5. Let u € U and U C [L>°(0,T)]? a suitable open neighborhood
<4, @ :=u—uand d > 0. Let 0M(¢@) be the

Let u € U with [ —ul2(07)2
solution to the linearized state equatlon

IM(@) = A(W)OM(@) + dA(du)M(u), (27)
oM(@)(0) =0,
where 0A(0u) = A(t) — A(u).
The solution 9M () exists in [H' (0, T)]® due to Theorem 1. Then
%(M(ﬁ) —M(u) —oM(¢)) = A(WM(u) — Alu)M(u)
~
A(w)oM(e) — (A(u) — A(u))M(u)
= AW)(M(w) —M(u) —oM(g))
=S
+ (A1) — A(u))oM(¢)
=b
Therefore we consider the problem
(28)

dt

B — AWS+Db,
S(0) = 0.

Now test (28) with S itself and integrate

t t t
JST%Sds = JSTA(ﬁ)Sds +J5des.
0 0 0

Note that
t
1

t
d 1
T_ _ . 2 _ ! 2
Js dsas ZJ IsBds = I(08,
0

where we used the euclidean vector norm. With a generic constant ¢ > 0 it follows

t t
SR < A ||20<,0HR6J|3|2 ds+JSdes
0 0

N —

t t
<c|ISBds+ |ISl,/bl,ds
¢ 0

0

¢ t 2 2

2 IS[5 . Ibl3

< 2, P2

<c ISlzderd<2 + 5 ds,
0

0
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where in the last line Young’s inequality [6] was applied. Therefore

t t
NGRS CJ S13 ds +J|b|§ ds.
0 0

The Lemma of Gronwall yields

o —

t t s
IS(t)Iﬁ < Jlb(s)lé ds—l—Jchb(v)l% dvexp ( cdv) ds
0 0 0

| S ———
¢

N

t t
<J|b(s)|§ds—|—cj b(v)l3dv ds
0 0

o

—_—

t
<ﬂb(v)|§dv as s<t

Now we resubstitute and get

IM(T)(t) — M(w)(t) — OM (@) (t)5 < ¢ | [(A(@) — A(w)dM(o)]3 ds

'

<c| AR —A)[FloM (@) ds

'

<c|4u—oM(e);.
0

Those steps were done analogously to Step 3, Proof of Lemma 4. We further inves-
tigate that

t
Jru T OM () < cOM(0) |2 g 1yl — T2 2072
0

< cAM(@) 17110, rys v — T2 0,12

The last inequality is a consequence of Morrey’s Theorem [3]. With the result of
Lemma 4 it finally follows that

IM(T) (t) — M (u) (t) — OM (@) (1)[3 < e[& = [z o 12
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Putting everything together yields

IM(@)(t) = M) (t) = M) (t) |41 (g,

= [IM(@)(t) = M(w)(t) = OM(@) (1) I Fi2 (g 16
1 (MU0 — MA(0) — M) () g 1y
< cl|ﬁ—ull‘&z o -+ IIAG (M) (8) = M(w)(t) = 9M(0) (1)) 220
+ (A — Alu )220
S clu= ullmmﬁt:};pTJm JOIR M) — M) (1) — M) ()2 76

-~

<c

2
+ [[oM (e H 0 (0,T)] 6 llu— uHLZ (0,T)12"

<[[oM(¢ ||2 M1 (0,T)]6
With the previous step and Lemma 4 it follows that
IM{E)(£) = M(w) () = d3M(@) ()[[F11 0 e < €llT— 2o 2
In conclusion,
16— 6(w) — 6 (W) — w1 e < ellT— w2y < eli—wlEagmer

due to L*(0,T) < L*(0,T). As [t —u]/? <5,

% (0,T)]
IG(W) — G(w) — G’ (w) (& —w) [ 1 o,ry6 < €O
This implies the claimed Fréchet differentiability. O
Now, the first order necessary conditions for (16) can be derived. Let p be the
solution to the adjoint equation (19) with
aQ =0, ag = (0,0, B(Mzw(T,s) — My des(s))417,0,0,0)".

Let analogously p be the solution to the adjoint equation (19) with

ag =0, @ = (0,0, Bo(Marw(T,s) — My aes(s))9271,0,0,0)"

and zero exchange rates. Then, Theorem 3 yields

.
p (TOM(T) = | pToAMaL,
0
T
PI(TIOM(T) = | pTOAMALt.
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Therein, 0M is the tangent state defined with zero exchange rates. We rewrite the
L2~ regularization of the RF pulse in Cartesian coordinates as

X
- t_
5 |w®dt+ 3

N KR

.
Jr(t)zdt =
0

O%q

;
2
i w(t)2dt.

Using the chain rule Lemma 3, differentiation of the cost functional

T T
J(wy, w2, Mz, l\//l\z/ % Jm )2dt + = > J ,(t)2dt

0 0

+ q_B] J ‘MZ,W(T/ 5) - Mz,w,des(5)|q] ds
Q

Bo [ x5 T d2

+ E J |MZ,W(TI s) — Mz,w,des(s)} ds

Q

in direction h = (0uy, du,) yields

—_~—

T
]/(U] s U2, MZ,WI MZ,W)h =&l 6u1 dt + OCJuzauzdt
0

o

—1
+ B J |MZ,W(T/S) - I\/lz,y\),des(s)‘q1 oMds
Q

— —~ ]~
BO J' ‘MZ,W(T/ S) - MZ,W,deS(S) ‘qz aMdS
Q

_|_

T
= o | woudt+ ocJuzauzdt

.
+ J p OAMdtds + J JﬁTa/i’z\Zdtds,
Qo

where in the last line the auxiliary result 3 was used. Now we define as before
0A = Ay, 0u; + Ay,0u; and 0A = Ay, 0uy + Ay, 0uy and note, that A and oA
are equal.
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Using that, we further investigate

T T

' (w1, w2, Mz, Mzpw)h = OCJLL1 owdt + « uzauzdt
0

+

;
JpT Ay, Oug + Ay, dy, )Mdtds +J P Ay, 0up + Ay, 0y, )Mdtds
0 Q

)
(]

+ [ owz + | pTAL,Mds + JﬁTAuzﬁds> 6u2> dt.
Q

0%4

JﬁTAm Mds) ouy
Q

Therefore, we can identify the reduced gradient g(uy,u;) of J as

oy + J‘ pTAy, Mds + J‘ pT Ay, Mds
afur, ) = (91) - (29)

92 ouy + f pTAw,Mds + prAuszs
Q Q

Now we assume the existence of a minimizer (i1, ;). Then, according to Theorem
4, it must satisfy
g
Uy, u >0 VvV € Ugg.
g(wy, uz) <u2_u2> ( 2) ad

In practice, we have to start with transforming the RF pulse (r, ) into cartesian
coordinates (uj,u;). Then the gradient should be calculated as above. Afterwards,

retransformation of the RF pulse into polar coordinates yields the reduced gradient
in polar coordinates

A ~( 9g1cos(@) + gzsin(@)
670) = (g1t » oreonto)
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3 NUMERICAL OPTIMIZATION AND EXPERIMENTS

In the preceding chapter, the fundament for numerical optimization was laid. An
optimal control model was designed and analyzed. First order optimality condi-
tions were derived, that form the basis for numerical optimization. Therefore, this
chapter can now proceed with the numerical solution of different application prob-
lems. First, a sophisticated desired state is derived for a 2 pool model from liter-
ature. The cost functional is further analyzed and adapted compared to Section
2.1 and different initializations for optimization are compared. Optimization runs
using the optimization method of [17] are performed, see Section 3.1.3. The re-
sults are discussed. Then, after the optimization, the robustness of the optimized
RF pulse with respect to relaxation times, exchange rates and frequency offsets is
investigated in numerical experiments. Afterwards, the optimization model and
method are applied to a second 2 pool model with values that are directly related
to an experiment on an MR scanner, and allow for phantom measurements.

3.1 Optimization of a 2 pool model

The input data used for this comparison coincides with the model problem which
was used in [24], where the parameters originate from an amide proton system
in white matter. Due to the specifications of the MR scanner (Magnetom Skyra,
Siemens Healthcare, Erlangen, Germany), the external magnetic field was chosen
to be By = 3T. The longitudinal relaxation times are Ty,, = T; ; = 1.048s and the
transversal relaxations times are T,,, = 0.069s and T, = 0.015s. Magnetization
exchange is modeled by the frequency offset of the RF irradiation w,, = Oppm and
ws = 3.5ppm and exchange rates k,,s = 0.25Hz and ks,, = 25Hz. The normalized
equilibrium magnetizations are set to My,, = 1 and My ¢ = 0.01. The z—spectrum
Q = [-15,15]ppm is discretized into 601 parts using a step length of 0.05ppm. The
duration of the RF—pulse is 0.9s.

3.1.1  Determination of a desired state

As already mentioned in Section 2.1, the peak of the solute proton pool in the
z—spectrum is required to be thin, but deep. A good candidate RF pulse for gener-
ating such a z— spectrum is a continuous wave RF pulse with a long duration, here
0.9s. What needs to be calibrated is the amplitude of this pulse. Due to limitations
of the RF amplifiers, it is generally restricted with 2.5uT. Therefore, several pulses
varying in amplitude are compared. The comparison was done using a step length
of At =1le—4s.

Figure 8 shows several z—spectra calculated with different values of B;. While the
yellow curve with By = 0.25uT shows a very thin and distinct CEST—peak in the
z—spectrum (left picture), the larger Byj—amplitude of 0.58uT prevails clearly in the
difference between z—magnetization of the water proton pool with and without
exchange Mgis. Therefore, the latter value is chosen as amplitude for generation
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Figure 8: Desired z-spectrum and magnetization difference Mgirr = Mz — Mz

for different values of Bi, where Mgiss arises from the difference of the
z—magnetization of the water proton pool w with and without exchange rates.

of the desired state. This value was experimentally determined and corresponds
with the value derived in [21].

Time discretization

For model validity, and also for accurate numerical solutions with the symmetric
operator splitting solver, see Section 1.3.5, a minimum sampling rate (correspond-
ing to a maximum time step size) has to be prescribed and met. In particular,
the Nyquist-Shannon sampling theorem must be regarded for practical application of
results.

Theorem 7 (Nyquist-Shannon sampling theorem). [4] If a function x(t) contains no
frequencies higher than B hertz, it is completely determined by giving its ordinates at a
series of points spaced 1/(2B) seconds apart.

Reformulating this theorem for our problem yields a minimum sampling rate of

1
2 max BoL
zSpec D071

At <

to guarantee good reconstruction, where max;spec = |Q|. For our proposed exam-
ple, this leads to

1

s~ 1.30-10"%.
267.5129:106
23032557

At <

However, such a short sampling rate results in time-consuming optimization runs.
Therefore, we use a sampling rate of At = Te — 3s for analyzing the cost functional,
where some moderate irregularities within the z-spectrum can be expected due to
the Nyquist Theorem 7. After the deduction of the right functional and optimiza-
tion parameters, the sampling rate is reduced to At = le —4s and optimal RF
pulses for practical application are generated.
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3.1.2 Investigation of different cost functionals

In the following, we take a closer look on the cost functional and explain its form.
Three different cost functionals are investigated. First, only a simpler version of
the full functional ], which only uses tracking of the z—magnetization of the water
proton pool and [?—regularization of the RF pulse is considered. Second, tracking
is applied to the difference between z—magnetization of the water proton pool
with and without exchange Mgi¢s. Third, the full cost functional J, which was de-
rived in Section 2.1 is utilized in a slightly modified form. It is shown, that this
choice fulfills the needs of Chemical Exchange Saturation Transfer problems best.
For the first two cases a block-type pulse train is chosen as initial for optimization
with an amplitude of B; = 0.58uT. The terminal time is set to 0.9s with a step
length of At = Te — 3s yielding 900 time discretization points.

Tracking of water magnetization with exchange

We consider the cost functional | as

‘
x
N 0) = 5 [r2ate L | [Man(T,8) = Mapges)| " ds.
0 Q

Typical regularization parameters are chosen as o = 1072 and B = 102. Optimiza-
tion with ¢ = 2 yields an RF pulse, which results in the z—spectra in Figure 9.
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Figure 9: z—spectra using J; calculated with and without exchange rates.

In the left plot of Figure 9, the optimized z—magnetization of the water proton pool
w calculated with exchange rates seems to be excellent, the desired magnetization
was rebuild almost perfectly. However, the z—magnetization calculated without
exchange, see the right plot, is perturbed around the solute proton pool at 3.5ppm.
This behavior is undesired, the water magnetization without exchange should not
deviate from its desired magnetization. Otherwise, it can not be guaranteed, that
the CEST—peak created with exchange stems from magnetization exchange and
not from saturation.

To overcome this issue, a modified cost functional is presented below, which uses
tracking of the difference of the z—magnetization of the water proton pool calcu-
lated with and without magnetization exchange in order to prevent this undesired
direct saturation.
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Tracking of a difference

For the next two objectives, the dynamical system is doubled in its size. Addition-
ally to the Bloch-McConnell equation, also the system with zero exchange rates
(corresponding to the Bloch equation per pool) is included. The difference of the
z—magnetization of the water proton pool, which was calculated with exchange
rates and the one without exchange rates, named Mj¢y, is then defined as

—_—~—

Maitf(T,s) = Mgw(T,s) — My, 2(T,s), s € Q.

In Section 3.1.1 it is mentioned, why this value is important for Chemical Exchange.
Intuitively, one would assume that tracking of the Mgi¢s towards a desired differ-
ence Mgiff des 1S a reasonable task for optimization and prevents the problems,
which occurred with the previous cost functional. Therefore, define a cost func-
tional J; as

.
x d
Ja(r @) = 5 Jf(t)zd’t + © J |Mairt(T, s) — Maisr,aes (s)| * ds.

N

Again, [?—regularization is included. The norm is defined with q; = 2, the weight-
ing parameters are set to « = 1072 and & = 10%. Then optimization results in
the z—spectra in Figure 10.
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Figure 10: z—spectra using J, calculated with and without exchange rates.

What we can conclude is that all the instabilities occur in both the z—spectra with
and without exchange simultaneously, since the cost functional J, does not penal-
ize a gap between the desired magnetizations, but only between the differences,
which cancel away here. Therefore, tracking of Mgi¢s alone is also not a suitable
optimization task.

In contrast, the cost functional | introduced in Section 2.1 overcomes these prob-
lems and that is exactly why it was proposed.
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Best approximation in L>*°-norm

Due to the preceding results, compared to Section 2.1, a slightly modified cost func-
tional ] is introduced, which includes L*°—tracking of the water proton pool, as this
approach allows to set taylored boundaries for the solution. Also L2—regularization
of the RF pulse is included. This approach will overcome the issues that occurred
in the previous cost functionals. On the one hand, L*°—tracking of the desired
z—spectrum with exchange will guarantee a visible CEST—peak after optimiza-
tion. On the other hand, L*°—tracking of the z—spectrum without exchange as well
will prevent unwanted magnetization saturation around the CEST—peak. Also, the
presented tracking of Mgi¢f is implicitly included in this approach, but without al-
lowing to rebuild the instabilities which we faced above.

Due to [22], Section 6.1.2, we know that the problem of pure minimization
min|jy — o0 +lly— o0
min 1y —yallieay) + 11V —Yadllieqy)
is equivalent to the problem with pointwise state constraints
min &1+ ¢y,

uell,eq,e0>0

st [[y—yallieqy)
Yy —yallreq,)

< €,
< &

In this spirit, we define the optimal control problem below and the solution theory
of Section 2 can be applied.

T
x
min Jir,o)=¢14+ = Jr(t)zdt,
(T/(p)euad/£'|>0 2

0

dM ~ dM 3T T
M(0,s) =M%(s), M(0,s) =MO(s), seQ,

[Myw(T) — Mw,desHLOO(QC) < ey (30)

[Myw(T) — Mw,desHLOO(QO) < €,

—~——

||MW(T) - Mw,des”LOO(QC) < €3,

—_—

1My (T) = Moy des[lLo(000) < €4,

where ¢, €3 and ¢4 are given error parameters. Therein, the main objective is
to approach the CEST—peak in an environment ()¢ as close as possible in the
L*—norm, i.e. the most important task is to reduce ¢;. Simultaneously, certain
error bounds ¢, for the z—spectrum with exchange within Qy = Q\Q¢, as well as
€3, €4 for the z—spectrum without exchange are prescribed.
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Inspired by [17], the state constraints are treated with a L9i—penalization, where
qi € N,1 = 1,---4, and the q; are even. With parameters p;, i = 1,---4, the
optimal control problem (30) is modified to

min r,@)=](r,
W)euadlpen( ¢) =], ¢)

L J (MW(T);MW,des)q’ ds+ﬁj (MW(T)—Mw,des)qz ds
1

qi qz2 €2
C Qo

— 3 — —~—— \ W
4 H3 J (MW(T) - Mw,des) ds & Hq J (MW(T) E_ Mw,des) ds, (31)
Qc !

q3 €3

dM = dM _ x A ©
, M — AM +b, dM — AM + b,
M(0,s) = M%(s), M(0,s) = MOs), scQ.

3.1.3 About the optimization method

The penalized optimal control problem (31) has a similar form to the one in [17].
Therefore, the optimization method and software of [17] are used for all optimiza-
tion within this thesis. A short description of the underlying methods is given
here. For the extension of the software to sparse control, see [14]. The optimiza-
tion method is a matrix-free second-order method with exact discrete derivative
using adjoint calculus based on equation (29). The core of the optimization method
is a combination of semismooth Newton method for the box control constraints
(as well as the sparsity) with a quasi-Newton method for the smooth parts given
by the tracking term. The method is analyzed in [14]. For robustness, the method
is embedded into a trust-region framework build on Steihaug-cg [20]. The semis-
mooth Newton method is based on the reformulation of the first-order necessary
condition with Robinson’s normal map, confer [16]. In this work the proximal map
of the box constraints, and of sparsity with box constraints are applied here. As
quasi-Newton method, the BFGS method is used, in compact limited-memory im-
plementation and with a limit of 100. The objective parameters u are calibrated
automatically with the techniques from [17].

3.1.4 Reduction of the error band

In the cost functional (31), four different error bounds ¢;, i =1, - - - 4 for reproduc-
ing the desired magnetization are defined. The task is to minimize ¢7. Algorithmi-
cally, this is done in an outer homotopy loop, so that all ¢;, 1 =1, -4, are fixed in
the optimization. This allows to apply the optimization method of [17]. As soon
as the optimization method finds an admissible point, ¢; is reduced and the op-
timization is continued. Within this framework, it is also possible to reduce the
other parameters ¢;, €3 and ¢4. Therefore, we compare two different strategies, a
uniform reduction of those values €1 = ¢; = €3 = &4, with a version, where only
the error bounds around the CEST—peak with and without exchange are reduced.
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Due to the duty-cycle constraint in the RF amplifiers, we aim at RF pulses that are
sparse in time. Two different scenarios will be investigated. First, the sparsity is
given and fixed. Later, the sparsity will be optimized by sparse control. The fixed
sparsity is prescribed as

0 < T(t) < Tmax for te Ton/
r(t) =0 for te& Tos,

with I = Ton UTor, Ton N Toer = 0 and T = [0, T]. Here we would like the RF to
be 100ms on and 100ms off alternating. As initialization for optimization, a 0.9s
Gaussian pulse with a mean amplitude of 0.58uT and Tmax = 2.5uT is used which
tulfills the mentioned box constraints, see Figure 11. The step length is chosen to
be At = le — 3s, while the z—spectrum Q = [-15,15]ppm is discretized with a
step size of 0.05ppm. The optimization is done with on the one hand fixed values

Initial RF pulse

15r

[y

amplitude in o T

o
3

0
0 200 400 600 800
time points
Figure 11: Initial RF pulse for optimization using a Gaussian type pulse train, where

u=r- cos @andv=r-sin@.

of i, and on the other hand with a homotopy loop for increasing q; around the
optimization.

UNIFORM REDUCTION The error bounds are initially set to ¢, =0.03,1=1,---4
and they are uniformly reduced by 1%, with regularization parameters p; = 10,
andi = 1,---4. This study of optimization is done with the [2— norm for each
boundary part,so q; =2, i =1, --4. We require a uniform reduction of all bounds
and a maximum iteration number of 10000.

NON-UNIFORM REDUCTION The parameters ¢;, u; and q; are initialized with the
same values as above and a maximum iteration number of 10000. But we require a
non-uniform reduction, tightening only the error bounds around the CEST—peak
specified by ¢1 and €3, by reducing stepwise by 1%.

In Table 7 we see the optimization results, where DE denotes the outcome using
the desired RF pulse, IN the initial and UN and NON — UN are the two optimized
pulses corresponding to the description above. The optimization runs indicated
by H, SC and SCL will be discussed in Section 3.1.5 and 3.1.6. Here, the value
CEST describes the difference of the water magnetization in the CEST—peak with
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Table 7: Optimization results from different studies. The rows show the desired RF pulse
DE, the initial IN and the optimized UN, NON — UN, H and SC with its finer
version SCL. The columns depict the CEST—peak with its increase, the duty cycle,
the SAR and the error parameters.

RF CEST increasein % duty cycle SAR €1 € €3 €4
DE 0.123 100% 0.3028
IN 0.079 55.56% 0.6792
UN 0.0893 23.4% 55.56% 0.2934 | 0.0197 0.0197 0.0197 0.0197
NON — UN | 0.0897 24.3% 55.56% 0.2169 | 0.0083 0.0300 0.0083 0.0300
H 0.0900 25.0% 55.56% 0.2799 | 0.0158 0.0158 0.0158 0.0158
SC 0.0954 37.3% 56.22% 0.2394 | 0.0130 0.0130 0.0130 0.0130
SCL 0.0930 31.8% 57.72% 0.2259 | 0.0142 0.0142 0.0142 0.0142

Table 8: Optimization results from different studies. The rows show the initial RF pulse
IN and the optimized UN, NON — UN, H and SC with its finer version SCL. The
columns depict the relative L — and L?—errors to the desired magnetization DE.

RF | oo, €00,2 €c0,3 €cod | €21 €22 €23 €2,4
IN  [60e—2 T.6e—1 50e—2 l6e—2|33e—2 48e—2 32e—2 47e—2
UN 51e—3 20e—2 13e—2 20e—2|63e—3 33e—3 43e—3 34e—3
NON—UN | 49e—3 3.0e—2 13e—2 3le—2|6.0e—3 51e—3 42e—3 52e—3
H 89e—3 l6e—2 l6e—2 l6e—2|66e—3 48e—3 68—3 51le—3
SC 94e—3 13e—2 13e—2 13e—2|70e—3 39e—3 75e—3 4.2e—3

SCL 53¢e—3 13e—2 14e—2 14e—2|58¢—3 30e—3 57e—3 33e—3

and without exchange at the CEST—peak, here at 3.5ppm. Compared to the initial
value, the CEST—peak increases 23.4% for the uniform reduction UN and 24.3%
for the non-uniform reduction NON — UN. The value obtained by the desired
magnetization DE is unreachable, which was expected since it was created with a
pulse that does not fulfill the enforced sparsity pattern.

The duty cycle depicts the number of points in time, where the RF pulse is turned
on. As we applied the same fixed sparsity pattern for the initial RF pulse IN and
the two optimized pulses UN and NON — UN, this value is obviously the same
for all of them. The next column monitors the global RF pulse power

.
SAR(r) = Jr(t)zdt,
0

where r(t) is the amplitude of the pulse during a specific point in time. Due to
application reasons, the SAR is wished to be limited, therefore it was also included
in the cost functional, see Section 2.1. The SAR of the initial pulse IN was in both
optimization runs UN and NON — UN reduced to less than a half that value, and
now admits a lower SAR than the desired RF pulse DE.
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Figure 12: Uniform reduction of the bounds resulting in ¢ = 0.0197 with a maximum iter-
ation number of 10000 and q; = 2, i = 1,---4. Plots of z—magnetization (left)
and the difference to the desired magnetization (right) of the water proton pool
with (row one) and without (row two) exchange. Row three shows the differ-
ence between magnetization with and without exchange and the optimized RF
pulse, where u =1-cos @, v =r1-sin @.

The values e i, i=1,---4 and €34, i = 1,-- -4 in Table 8 define the relative max-
imum error and the L2—error of the optimized and initial magnetizations com-
pared to the magnetization DE in all four tracking regions. Now we see that both
optimized pulses NON — UN and UN dramatically reduce those values, where the
one with a uniform reduction UN has a better overall error, while the non-uniform
one NON — UN is slightly better in the regions around the CEST—peak, but not
so good outside.

Due to the better overall error and only a slightly worse CEST—peak, the following
optimization runs should consider a uniform reduction of the error parameters.
Figure 12 shows the graphical results of the optimization run with the resulting RF
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pulse UN. Both in the magnetization with and without exchange rates, we see that
the optimized magnetization scratches the lower bound at 7.5ppm and —7.5ppm,
respectively. This phenomena is a result of the Nyquist-Theorem 7, as the sampling
rate was chosen too small. We expect to overcome this instabilities when using a
smaller time step length At. Moreover, the magnetization without exchange rates
still shows some direct saturation of the water proton pool at 3.5ppm. A further
drive of optimization should reduce this undesired behavior. The optimized RF
pulse has left its initial Gaussian shape to a slightly oscillating one.

3.1.5 Homotopy loop

Next, optimization with a fixed set of values qi,i = 1, ---4 is compared with a
version, where these experiments are increased in a homotopy loop around the
optimization in order to approach the L*°—tracking. The expected outcome of this
comparison is, that the homotopy loop can drive optimization further towards the
desired state (in an L*°—sense).

OPTIMIZATION WITH FIXED EXPONENTS First, optimization of above problem
is done without a homotopy loop, i.e. without increasing the values q;. We set
qgi=2and py =2,i=1---4and ¢ = 0.03,i =1, --4 in the first place. This case
corresponds to the uniform reduction with optimized RF pulse UN from above.

OPTIMIZATION WITH INCREASING EXPONENTS We perform optimization for
tixed exponents to some maximal iteration number. Then the exponents q; are
increased and optimization is started again, where this time the initial RF is the
optimized RF pulse of the last optimization, see Algorithm 1.

Algorithm 1 Homotopy loop

Data: Initial RF pulse (19, @), initial parameters q;, allowed maximum number of
iterations maxIter, number of homotopy runs n
Result: Optimized RF pulse (r, )
for i=1 to number homotopy runs n do
optimize yielding RF pulse (1, @)
increase g
set (o, @o) = (v, @)

In particular, optimization is here done with increasing the q; from 2 to 10 in steps
of 2, allowing a maximum number of iterations 2000 for every q;. Again, all p; are
settol0and ¢; = --- = g4 = 0.03. As before we require a uniform reduction of
the bound. During optimization, the ¢; were decreased to ¢; = 0.0158, i =1,---4.
The p; are recalibrated within the optimization method of [17] automatically. Table
7 shows that the optimized RF pulse H has an increasing CEST—peak of 25%,
where the SAR as about the same as for the other optimized pulses. The errors
towards the desired state DE are about the same as for UN, see Table 8.
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Figure 13: Uniform reduction of the bounds resulting in ¢ = 0.0158, where q; = 2 to 10
with a maximum iteration number of 2000. Plots of z—magnetization (left) and
the difference to the desired magnetization (right) of the water proton pool
with (row one) and without (row two) exchange. Row three shows the differ-
ence between magnetization with and without exchange and the optimized RF
pulse, where uw =1-cos @, v =1-sin @.

In Figure 13 we see that compared to the run without homotopy, the optimized RF
pulse has a similar shape. But magnetization with and without exchange is now
significantly closer to the desired one which is a consequence of the smaller value
of £1.

Comparing these two approaches, performing with a homotopy loop prevails here.
The effort for both optimization tasks was the same, as we have chosen the total
number of iterations being the same, but the optimized RF pulse with homotopy

loop yields a better z—spectrum both with and without exchange than the one
without homotopy.



3.1.6  Sparsity

In this section, motivated by the fact, that the RF amplifiers underly a certain duty
cycle constraint, a comparison regarding two different methods for obtaining spar-
sity is done. The first one allows the control only to work on a certain set of
time points Ton, whereas on Ty it is forced to be zero. The second one includes
L' —regularization of the RF amplitude in the cost functional, the points in time
where the RF should be zero are not prescribed here.

FIXED SPARSITY Analogously to Section 3.1.2, we define a region T, of the time
set and a counterpart T, such that [0, T| = Ton U Tofs. Both controls u and v are
allowed to work on Ty, but are forced to be zero on Ty¢¢. The initial Gaussian pulse,
see Figure 11 fulfills this requirements with T, = [0, 100] U [200, 300] - - - U [800, 900]
and To¢r = [0, T\Ton, where T = 900ms. All regularization parameters correspond
to Section 3.1.4. This case was already analyzed within the RF pulse UN, yielding
a defined sparsity of 44.44%.

SPARSITY cONTROL [t is well known, that sparsity of the optimal control can be
achieved by adding a L'—cost of the optimal control to the objective, confer [19].
This task is performed using a two step approach.

Step 1. The cost functional ] is enhanced with additional L' —regularization, so

-
]sparse =J+n J Ir(t)[ dt,
0

with a regularization parameter > 0, see Section 2.1. During this part of opti-
mization it is detected, where the RF pulse is switched on and off, i.e. certain sets
Ton and Ty¢ can be defined. The exponents are fixed to qi, i = 1,---4, the ¢; are
tixed to 0.03. In contrast to the case of fixed sparsity, optimization is started with
the desired RF pulse as initial pulse. Therefore, the duty cycle in the beginning
is 100% and the error of the initial towards the desired is zero in all regions of
interest. The regularization parameters were set in a way, that a similar sparsity to
the case with fixed sparsity was obtained, see Table 7.

The implementation is based on an extension of [17] to sparsity by using Robin-
son’s normal map, [16].

Step 2. Optimization with the original cost functional ] is done analogously to the
case of fixed sparsity with the sets Ty, and Ty¢r, which were examined in Step 1.
As initial RF pulse, the optimized one of Step 1 is used. Table 7 shows that the
CEST—peak was increased by 37.3%, which is by far the best of all results. The
SAR is in the order of the others. Also the e—bounds are reduced far more than
the others with uniform reduction. In Table 8 we see that the the errors around
all regions of interest are in the order of the others. The interesting form of the
optimized RF pulse can be seen in Figure 14.
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Figure 14: Two step approach including sparse control resulting in ¢ = 0.013. Plots of
z—magnetization (left) and the difference to the desired magnetization (right)
of the water proton pool with (row one) and without (row two) exchange. Row
three shows the difference between magnetization with and without exchange
and the optimized RF pulse, where u =1-cos @, v="1-sin .

We compared different method of performing optimization. First, a uniform re-
duction of the error bounds was identified to be more stable compared to the non-
uniform one. Second, the homotopy loop around the q; was presented as method
to drive optimization further towards the desired state. In the end, we introduced
L' —sparsity and showed that it is possible to also optimize the sparsity pattern
itself, together with the RF pulse. These first runs with sparsity optimization yield
promising results.
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3.1.7 Optimized RT pulse

Now we turn to the optimization with fine time step size At = le —4s. As this
value is a correct discretization choice by means of the Nyquist Theorem 7, we ex-
pect that the instabilities around 7.5 and —7.5ppm vanish. This behavior occurred
indeed, see Figure 15.

The optimized sparse RF pulse is depicted in the lower right plot. Similarly to the
case with the larger step length, the optimized RF pulse is after a first amplitude
zero for quite a long time and then gains an oscillating behavior with some addi-
tional zero parts. The optimized z—spectrum stays always inside the box around
the desired spectrum and is active at the CEST peak, see the upper right plot.
Other results are summarized in Table 7, line SCL. There it can be seen that the
optimized error bound ends up slightly larger than in the coarse discretization SC.
The fine solution is slightly sparser and exhibits a smaller SAR value. The increase
in CEST—peak is 31.8%. The relative errors are depicted in Table 8, line SCL. Here,
lower values than in the coarse case SC are observed.

Robustness

In this last series of comparison, robustness of the optimized RF pulse with respect
to slight changes of relaxation times, exchange rates and frequency offsets is exam-
ined. Again, as desired state, the output of a 0.9s continuous wave pulse is used.
The values ¢4, and &, denote the relative L°— and [?—errors of the optimized
z—magnetization of the water proton pool with CSL towards the desired one DE
with exchange. In contrast, €., and €, denote the relative errors without exchange
rates.

Table 9: Robustness regarding a change of relaxation times Ty ,,, T1,s and To, T2 s.

Example ‘ RF ‘ CEST €00 €00 € €

: DE | 0.123
SCL| 0.093 13e—2 14e—2 35e—3 37e—3

, DE | 0.125
SCL| 0.095 12e—2 14e—2 38e¢e—3 38e—3
DE | 0.122

3 SCL| 0.094 19e—2 19e—2 44e—3 4.7e—3
DE | 0.126

4 SCL| 0.096 19e—2 20e—2 47e—3 49e-—3
DE | 0.116

5 SCL | 0.089 86e—3 14e—2 3.0e—3 32e—3
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First, we analyze the behavior regarding a change of relaxation times Ty, and T,

see Table 9.
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Figure 15: Two step approach including sparse control resulting in ¢ = 0.0142. Time
step length of At = le —4s. Plots of z—magnetization (left) and the differ-
ence to the desired magnetization (right) of the water proton pool with (row
one) and without (row two) exchange. Row three shows the difference between
magnetization with and without exchange and the optimized RF pulse, where

U=T-COSQ,V=T-sin Q.

The first example describes the original parameter set. In the second respective
the third example, the longitudinal respective the transverse relaxation times are
increased by 10%. During the fourth example, all relaxation times are increased
by 10%. In contrast, the relaxation times are reduced by 10% in the fifth example.
In Table 9 wee see that CEST and the four errors change only slightly with the
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changed relaxation times. Note that the relative errors are always related to the
continuous waver pulse using the corresponding changed relaxation times.

Next, the behavior among changes of magnetization exchange rates is analyzed.
Again, the first example uses the initial parameter set to have a certain reference.
During the second and the third one, the exchange rates k,,s and ks, are increased
by 10% and 20%, while in the fourth, they are decreased by 10%. In the fifth one,
only the exchange rate from solute to water ks, is increased by 30%. The sixth one
reduced ks by 50% and increases ks, by 50%.

Table 10: Robustness regarding a change of magnetization exchange rates k,,s and kg.,.

Example ‘ RF ‘ CEST €00 €00 € €2

i DE | 0.123
SCL| 0.093 13e—2 14e—2 35e—3 37e—3

. DE | 0.131
SCL| 0100 13e—2 14e—2 37e—3 37e—3
DE | 0.140

3 SCL| 0106 13e—2 14e—2 39¢e—3 37e—3
DE | 0.111

4 SCL| 0.086 13e—2 14e—2 34e—3 37e—3
DE | 0.117

> SCL| 0.088 13e—2 14e—2 35e—3 37e—3

6 DE | 0.055
SCL| 0.040 13e—2 14e—2 32e—3 37e—3

In Table 10 we see that although a change of exchange rates has a significant
influence on the CEST—peak, the behavior of the optimized RF pulse compared
to the desired one is about the same. The values specified by €, and €, are in all
examples the same, as those are calculated without exchange rates.

Table 11: Robustness regarding a change of the frequency offset of the solute wys.

Example ‘ RF ‘ CEST €00 €00 € €2

: DE | 0.123
SCL| 0.093 13e—2 14e—2 35e—3 37e¢e—3

) DE | 0.122
SCL| 0.095 13e—2 14e—2 41e—3 37¢e—3
DE | 0.123

3 SCL| 0.096 13e—2 14e—2 45e—3 37e¢e—3
DE | 0.120

4 SCL| 0.093 13e—2 14e—2 41e—3 37¢e—3
DE | 0.117

> SCL| 0.091 13e—2 14e—2 44e—3 37e¢e—3

56



NUMERICAL OPTIMIZATION AND EXPERIMENTS |

Last, robustness of the CEST effect with respect to change in the frequency offset
of the solute proton pool ws is regarded. For the second and the third example,
it is set to 4ppm and 4.5ppm, while for the fourth and fifth they are reduced to 3
and 2.5ppm. As can be seen in Table 11, both the performance of the continuous
wave pulse DE and the optimized pulse SCL are nearly not influenced by altered
frequency offsets.

3.2 Optimization of 2 pool problem for phantom measurements

Another two pool model, which was designed to be measured on the MR scanner
is presented and optimized here. The parameters originate from creatine in mus-
cle and correspond to [13]. Due to the specification of the MR—scanner, By = 3T.
The longitudinal relaxation times are set to T;,, = 1.3s and Ty = 0.5s, where
the transversal relaxation times are T,,, = 0.18s and T, s = 0.011s. The frequency
offsets are described with w,, = Oppm and ws; = 1.9ppm, where the exchange
rates between the water proton pool and the solute proton pool are specified by
kws = 0.702Hz and kg, = 389Hz. As normalized initial magnetization, Mg,, = 1
and My = 0.0018 are used. We require a pulse duration of 0.9s, where corre-
sponding to Nyquist's Theorem 7, a time step length of At = Te —4s is applied.
The z—spectrum Q = [—15, 15]ppm is discretized into 601 steps using a step length
of 0.05. As desired state for optimization, the magnetization calculated with a 0.9s
continuous wave RF pulse with an amplitude of 0.58uT was used.

Optimization was done analogously to Section 3.1.7, i.e. a uniform reduction of
the error bands, a homotopy loop and sparsity via L' —regularization were used.

Table 12: Optimization results from different studies. The rows show the desired RF pulse
DE and the optimized OP. The columns depict the CEST—peak, the duty cycle,
the SAR and the error parameters.

RF ‘ CEST dutycycle SAR ‘ €1 € €3 €4

DE | 0.048 100% 0.3028
OP | 0.029 33.6% 0.1796 | 0.0102 0.0102 0.0102 0.0102

Table 13: Optimization results for the second two pool model with the optimized OP.
Optimization results from different studies. The row shows the optimized RF
pulse OP. The columns depict the relative L*°— and L?—errors to the desired
magnetization DE.

RF | oo, €00,2 €00,3 Ecod | €2 €2,2 €23 €2,4
OP [ 37¢—3 59e—3 10e—2 95e—3|52—3 15e—3 5le—3 15e—3

With a duty cycle of only 33.6%, the error of the e—bands could be reduced to
eg = 0.0102, see Table 12. Additionally, the SAR was reduced by about 41%
compared to the continuous wave pulse. The desired state is reached closely, the
relative errors are depicted in Table 13. Figure 16 shows the visualized results,
especially the interesting shape of the optimized RF pulse.
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CONCLUSION AND OUTLOOK

A numerical forward solver for the Bloch-McConnell equation was presented which
is second order accurate and provides solutions in short time. The optimal control

problem for Chemical Exchange Saturation Transfer was modeled and analyzed.
First order necessary conditions were derived. The next section covered compre-
hensive numerical optimization studies for a selected 2 pool model, including nu-
merical experiments with different objective functions, sparse control, and robust-
ness studies. Afterwards, optimization was done for a second two pool model,
yielding a RF pulse which will be implemented on the scanner for performing

phantom measurements.

In the future, the sparse control for CEST should be further investigated, especially
the joint optimization of sparsity and L*°—tracking in one step is expected to fur-
ther increase the quality of the solutions. Furthermore, weighting or penalization
terms should be added in order to more evenly distribute the sparsity pattern.
Besides, the investigation of other homotopy strategies for the ¢; and q; might ad-
ditionally improve the CEST effect of the optimized pulses. However, the state and
the adjoint solvers should be parallelized first using C++ with OpenMP, or using
graphic cards. Besides, also RF pulse design for models with three or more pools
needs to be investigated for improving the practical realization of CEST imaging.
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