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Zusammenfassung

In der Kombinatorik treten Gitterprobleme sehr hiufig auf. Dabei bezeichnet ein Gitter
die Menge der ganzzahligen Punkte eines Hyperwiirfels beliebiger Dimension. Im zwei-
dimensionalen entspricht das den ganzzahligen Punkten in einem Quadrat. Wir werden
darauf spezielle Klassen von Linien betrachten. Schlussendlich wollen wir dann eine Aus-
wahl der Gitterpunkte finden, so dass diese keine Linien einer Klasse enthélt und dabei
aber grofitmoglich ist. Im ersten Teil der Arbeit werden wir dazu einige allgemeine Re-
sultate, darunter Schranken und optimale Konstruktionen fiir niedrige Dimensionen geben
und danach diese auf hohere Dimensionen verallgemeinern. Im zweiten Teil verwenden wir

ganzzahlige, lineare Optimierung um damit dieses Extremwertproblem zu 16sen.



Abstract

In combinatorics lattice problems occur rather frequently. Here lattice is the name for a
set of integral points of a hypercube in an arbitrary dimension. In the two dimensional
case this corresponds to the integral points of a square. We will look at special classes
of lines in this lattice. Finally we want a sub set of these lattice points such that there
exists no line of one class and that it is as large as possible. In the first part of this thesis
we will give some general results such as bounds and constructions for optimal sets in low
dimensions. Then we generalize them to higher dimensions. In the second part we will use

integer linear programming to solve this extremal problem.
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Chapter 1
Introduction

Some of the readers may know the card game SET® ' Tt is played with a special deck of
81 cards. Each card has four attributes and each attribute can take one of three values.
The game is played by shuffling the deck, turning 12 cards face up and finding a SET
which is a special combination of three cards: For each kind of attribute the three cards
must either be all the same or all different in this attribute. After finding a SET the
corresponding cards are taken away and new cards are dealt until there are 12 cards again.
It can sometimes be quite hard to find such SETs and it is also possible that there are no
SETs at all in the 12 cards face up. In this case 3 more cards are dealt. Now the question
may arise: Is there a set of 15 cards within the whole deck such that there exists no SET
in these cards? The answer is yes. In fact it is possible that one can deal up to 20 cards
and there is no SET in it. But after the 215 card there is guaranteed to be a SET. This
has a mathematical connection.

We can express the card game by looking at [n]d with d = 4 (the four attributes) and
n = 3 (the three values which every attribute can take). Here [n] is the integral interval
from 1 to n, so [n] := {1,2,3,....,n} and [n]* := {(n1,...,n4)|n; € [n]}. If zero is also
included then we write [n]o. A SET is represented by a so called algebraic line which is a
set of three points where for each coordinate the values of the three points are either all the
same or all different. This is essentially the definition we saw above. In the first chapter
we will see an equivalent definition for arbitrary n and d. Now we are looking for the
largest set of points such that there is no algebraic line in it. This problem has two sister

problems where we look at combinatorial lines or geometric lines instead of algebraic lines.

1@©1988, 1991 Cannei, LLC. All rights reserved. SET® and all associated logos and taglines are
registered trademarks of Cannei, LLC. Used with permission from Set Enterprises, Inc.



For geometric lines the set of three points has to fulfil the following condition: There exists
a sorting of the points such that for each coordinate the values are all the same or are all
different and in ascending order or are all different and in descending order. Combinatorial
lines are slightly more restrictive since for them the last option is not possible.

In this thesis we are looking into these three problems. A lot of work has been done in
the case n = 3 (See [17] and more recently [8]) but we will mainly involve ourselves with
the cases d = 2 and d = 3 and use some results from them for use in higher dimensions.

For further insight in the card game SET and its mathematical connections one may

refer to the paper of Davis and Maclagan [6].



Chapter 2

Problem Definition

At first we define three classes of lines in [n]d and then look at some examples.

The most crucial definition is the definition of an arithmetic progression.

Definition 1 (Arithmetic Progression). An arithmetic progression of length n is a sequence
of n integral points where the difference between two consecutive members is constant. This
means for the sequence vi,vs, ..., v, € Z we have v, — v; = ¢ for ¢ € Z% and for all

i€n—1].

An arithmetic progression has essentially the form {v; + tc|t € [n — 1]o}.

From this we can define three different types of lines. First the geometric lines:

Definition 2 (Geometric Line). In [n]d we call an arithmetic progression of length n a

geometric line.

Note that we do not reduce modulo n here.

In another equivalent definition we can take a starting point v € [n]* which lies on
the boundary ( v; = 1 or v; = n for at least one i € [d]) and a vector r € {—1,0,1}4
then the geometric line is the set {v + tr|t € [n — 1]} if for every i € [d] it holds that if
r; = 1 then v; = 1 and if r; = —1 then v; = n. One may see that the ¢ in the definition
for arithmetic progressions and the r in this definition are the same. For example in [3]5
the sequence {(1,1,2,3,3),(2,2,2,2,2), (3,3,2,1,1)} is a geometric line. Here the starting
point is v = (1,1,2,3,3) and r = (1,1,0,—1, —1).

We define a Moser set A C [n]d to be a set without geometric lines. With g, 4 we will
denote the cardinality of a largest Moser set in [n]”.

If the difference ¢ has only non-negative entries it leads to the following definition.



Definition 3 (Combinatorial Line). An arithmetic progression of length n in [n]” is called

a combinatorial line if the difference between two consecutive elements lies in N?.

A second definition can be made analogously to the second definition of the geometric
lines. For a starting vector v € [n]? with v; = 1 for at least one i € [d] and a vector
r € {0,1}¢ the combinatorial line is {v + tr|t € [n — 1]} if for every ¢ € [d] it holds that if
r; = 1 then v; = 1.

We will call a set without any combinatorial line line-free and the cardinality of a largest
line-free set in [n]* is denoted by ¢, 4.

From the geometric line we can also go the other way and look at a more general case.

Definition 4 (Algebraic Line). An algebraic line is an arithmetic progression of length n

in Z¢ instead of [n]”.

Throughout this thesis we will always assume that the canonical representatives of
the equivalence classes of Z, are [n — 1]o but we will frequently use the transformation
((k —1) mod n) + 1 for k € Z so that we are in [n|. This does not interfere with our
observations and it also yields a more natural connection between our problems. We will
also use the notation v mod n where v is a vector, i.e. that we look at the reduction modulo
n on all components of v.

For n composite we will not consider an arithmetic progression as an algebraic line

where two elements are the same. Given the arithmetic progression vy, ..., v, € [n]¢ we

forbid v; = v; for any pair (4,7) € [d]?

is not allowed for t € [n — 1], ¢ € Z% and (0) € Z? is the vector with all entries being

, @ < j. This means v; —v; = tc¢ = (0) mod n

zero. For all coordinates k € [d],tcy; = 0 mod n and so ged(ex,n) # 1 is not allowed to
hold simultaneously. (gcd(a,b) is the greatest common divisor of a and b.) Therefor the
arithmetic progression has the form {((v+tc— (1)) mod n)+ (1)|t € [n—1]o} with v € [n]?
and ¢ € [n]?\ {(c1,...,cq) € [n]? ged(ci,n) # 1,Vi € [d]} and (1) € Z% is the vector with
all entries being one. For example in [4]* we get ¢ € [4]*\ {(2,2),(2,4), (4,2), (4,4)}.

Sets without any algebraic lines are called cap sets and the cardinality of a largest cap
set in Z< is denoted by A d-

From the definitions we see that every combinatorial line is a geometric line and every
geometric line is an algebraic line but not vice versa. Thus we get that every cap set is

a Moser set and every Moser set is a line-free set and therefore the following inequalities

hold.
Qnp,d S 9n,d S Cn,d (21)



We can also further generalize the problems if we are not only looking at lines with n

points but less than n points.

Definition 5. For k € [n — 1]y we will define cflvd,g,ﬁ,d and afhd to be the cardinality of a

largest set without combinatorial, geometric and algebraic lines of length n — k respectively.

Note that for £ = 0 we have our original problems.

Now we can look at some examples of line-free, Moser and cap sets and how to represent
them.

In the two-dimensional case we can look at n X n matrices where each entry represents
a point of [n]d. The crosses x (or alternatively write 1) mark points which are in our
considered set and the circles o (alternatively 0) mark the ones which are not a part of
the set. Since the different lines have nice properties one can easily identify them in this
representation. For example geometric lines are either a row , a column or a diagonal of
the n x n matrix. The construction can be expanded to higher dimensions d by looking at
an n¢ matrix (tensor).

In figure 2.1 there are three sets in the two-dimensional representation.

1 2 3 1 2 3 1 2
1lo]|x 1|x|x]|o 1] x| X
2| X|X|o 2| X|]o|X 2| x| x|o
3| X|o|X 310 |X|X 3|lo]o]|o

Figure 2.1: Examples in [3]

The first one of these sets reaches the maximum under all line-free sets through ex-
haustive search and therefore ¢35 = 6. But since {(1,3),(2,2), (3,1)} is a geometric line,
it only shows that g3 < 6.

The second one looks quite similar to the first one but it has an additional property:
It is a Moser set and in fact a largest one, so gs» = 6. {(1,2),(2,1),(3,3)} is an algebraic
line here and therefore az o < 6.

The last one is a cap set. It is one of the configurations where the maximum is reached
and agzo = 4.

For a representation in three dimensions we look at figure 2.2. Here the values in the
corner of each 3 x 3 matrix represent the third dimension. This example shows an optimal

configuration for gs 3 which is 16.



e}

311 2 3

1| X|X

211 2 3

o

11 2 3

3| XX

Figure 2.2: Example in [3]*



Chapter 3
General Observations

We start this chapter by proving an upper and a lower bound for all values of n and d
and then move on to the special cases d = 2 and d = 3. We then use a method from the
three-dimensional case in higher dimensions. The last thing in this chapter will be the case

n = 3.

Theorem 1. For every n,d € N: ¢, 4 <n? —n~1.

Proof. The proof is by induction on d.

For d = 1 our hypercube is just a line with n points. To get a line-free set we just need
to remove one point, so ¢, =n — 1.

For the induction step we go from d — 1 to d. So suppose ¢, 41 < né 1 —nd=2 (x)

We can divide [n]* into n disjoint slices of dimension d — 1. Now we will look at this
division on the set where we reach c, 4. In every slice we have at most ¢, 41 points. If
there was one with more points then we would have a combinatorial line in this sub-cube
which would lead to a combinatorial line in the original set. So we get:

(*)
Cnd <M Cpg1 <N+ (n® ! — %) = n? — pit

]

From the proof we also get ¢, 4 < n-cpq-1 and ¢,; = n — 1. Since the argument for

d =1 also holds for g, ; and a,; we have g,1 =a,1 =n — 1.

Theorem 2. For everyn,d € N: a4 > (n —1)4.



Proof. We show the following observation: The set A = {(z1,...,xq)|z; # n Vi € [d]} does
not contain any algebraic lines. We have already seen that every algebraic line has the
form £ = {(v+tc— (1)) mod n+ (1)|t € [n—1]o} with v € [n]¢ and ¢ € [n]?\{(c1,...,cq) €
[n]¢] ged(c;,n) # 1,Vi € [d]}. Because of this there exists an index i € [d] where ¢; # n
and therefore the i-th coordinates of the points in £ go through every value in [n], i.e.
{l;|l € L} = [n]. Thus every line must contain an element where at least one coordinate is

n which is excluded in our set A. And hence we get: |A| = (n — 1)? < a,4. O

3.1 Problems in two dimensions

In the two-dimensional case the solution for the problem is fairly easy for c¢,2 and g2
but needs a little more work for a, . In all three cases we can only choose n — 1 points
per row and column since otherwise we would have lines. This follows directly from the

one-dimensional problem.

3.1.1 Combinatorial Lines

For the case ¢, the main diagonal {(k,k)|k € [n]} is the only additional combinatorial
line besides the rows and columns. Now we will construct a set where we reach the upper
bound ¢, » < n? — n from Theorem 1. We will look at [n]2 and delete points until there is
no more combinatorial line left. At first we will exclude one of the points from the main
diagonal. For the remaining rows we observe one at a time and take a column where an
element was not already deleted. This always works since we have n — 1 columns left for
n — 1 rows.

We can also express this in another way: The function 7 : [n] — [n] with 7(z) =y for
every (z,y) which was not chosen in the desired set, has to be a permutation. Since the
first element was taken from the main diagonal we have at least one fixed point.

With this construction which does not contain a combinatorial line we get ¢, » > n®>—n

and with the upper bound we have:
Theorem 3. ¢, 5 =n? —n holds for alln € N\ {0}.

Figure 3.1 shows an optimal set for ¢4 5 = 12. Note how the diagonal is not a combina-

torial line by not taking (1, 1).



1 2 3 4
1]o|X|X]|X
21X |X]|X|o
3| X|o]X
4| X|X|o

Figure 3.1: Optimal configuration in [4]*

3.1.2 Geometric Lines

For g, » we can proceed similarly but now we also have to be careful about the anti-diagonal
{(k,n — k4 1)|k € [n]} which is the only other geometric line besides the combinatorial
lines.

The optimal set is constructed as above by excluding points from the whole set. We
at first choose one element from the main diagonal and then one from the anti-diagonal
which is not in the same row or column as the first one. Then for the rest we continue as
above. This construction works for every value of n except n = 2. Because if we choose an
element from the diagonal we cannot choose an element on the anti-diagonal which is not

in the same row or column. See also figure 3.2. Therefore goo = 1.

1 2
olo
210 x

Figure 3.2: Optimal configuration in [2]*

This yields the following theorem.
Theorem 4. For alln € N\ {0,2}: g,o = n®> —n.

As in the combinatorial case we can express this as a permutation 7 : [n] — [n] with
7(x) = y for every (z,y) which was not chosen. In addition to the fixed point we need an

anti-fixed point.
Definition 6. Let m be a permutation on n. We call i € [n] an anti-fived point of 7 if
(i) =n—i+1.

The anti-fixed point ensures that the anti-diagonal {(k,n —k + 1)|k € [n]} is not a
geometric line in the set. Such permutations with exactly one fixed point and one anti-

fixed point will play a major role in section 3.3.



3.1.3 Algebraic Lines

As above mentioned for a,» the problem gets a little more involved. In [13], Jamison
proved that if n is a prime, a,» = (n — 1)? by showing a more general result. We will
present a shorter proof by Alon [1]. For all composite values of n nothing is known in
general but we can compute some solutions for small n as seen in chapter 4.

We first note that Z, = F, where F, is the finite field with ¢ elements and every
algebraic line is an affine line in [Fy, i.e. we can write them with equations of the form
a1x1 + asxs = b with (a, as) # (0,0) in two dimensions (This can of course also be done
in higher dimensions). We also need the following theorem which we will not prove (For a

proof see [19]).

Theorem (Chevalley - Warning). Let I, be the finite field with q elements and f(z1, ..., x,)
Fylz1,...,2,] be of degree smaller than n with f(0,...,0) = 0. Then there exists a

non-trivial zero of the polynomial f, i.e. I(aq,...,a,) € F, not all a; are zero and
flag,...,a,) =0.

Theorem 5. For every prime n: ano = (n — 1),

Proof. We have already shown the lower bound in Theorem 2. So all we need to prove is
ano < (n—1)%

Let A C Z2 be a set such that A contains at least one element of every algebraic line. We
can assume that (0,0) € A by translating the whole set if necessary. Let B = A\ {(0,0)},
then every element in Z2\ {(0,0)} must be on a line intersected by B. Since every algebraic
line is an affine line we have that for every (a1, as) € Z2 \ {(0,0)} there exists (b, bs) € B
such that a;b; + asbs = 1.

f(xy,22) = H (1 = b1x1 — boxs)

(b1,b2)eB

vields f(ay,as) = 0 for all (ay,as) € Z2 \ {(0,0)} and f(0,0) = 1.

We then look at the following equation with a polynomial in the 2(n — 1) variables

1,2 n—1 1,2 n—1,
1,27, .. .,27 and xg, x5, ..., x5

n—1
=1

We can now use the theorem of Chevalley and Warning since the only solution of the

above equation is i = 0 and z = 0 for all 4 € [n — 1]. Therefore the theorem states

10
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that the number of variables is at most as big as the degree of the polynomial on the
left hand side which is |B|. So we get |B| < 2(n —1) = |A| < 2(n —1)+ 1 and every
A C 7?2 intersecting all algebraic lines must have cardinality at least 2(n—1)+1. Therefore
ano <n?—2(n—1)—1=(n—1)>2~

O

3.2 Problems in three dimensions

In this section the cases for ¢, 3 and g, 3 are dealt with. A method is developed with which

optimal sets can be constructed.

3.2.1 Combinatorial Lines

At first we look at ¢, 3. We show that the upper bound in Theorem 1 is tight. First we
identify all combinatorial lines in three dimensions. A combinatorial line lying in a plane
with some fixed coordinate, is also a combinatorial line in [n]?. Additionally the diagonal
{(k,k,k)|k € [n]} is also a combinatorial line.

For the construction we define a mapping from special Latin squares to configurations
which have no combinatorial lines and reach the desired optimum. In the last step we then
use a result from Latin squares that show that there always exists such configurations. We

recall the definition of a Latin square.

Definition 7. A Latin square of order n is an n x n array filled with the numbers from 1
to n such that in each column and row every number shows up exactly once.
We call a Latin square diagonal if additionally the main diagonal contains every number

once.
We also need the following result:

Theorem 6. For every positive integer n > 3 there exists at least one diagonal Latin

square of order n.

For a proof of this see [14].

Now we can prove:

Theorem 7. For every integer n > 3: ¢,3 =n* — n?.

11



Proof. We take a diagonal Latin square of order n (due to Theorem 6 there always exists
at least one) where w.l.o.g. the elements on the diagonal are in ascending order. Now
we define a set of points S C [n]?’: (x,y) has the entry z in the Latin square if and only
if (z,y,2z) € S. Our desired set is T := [n]> \ S. What needs to be shown is that T is
line-free. Since we chose the diagonal in the Latin square in ascending order we have that
the diagonal {(k,k, k)|k € [n]} is a subset of S and is therefore not in 7. Next for fixed
z the permutation 7 formed by m(x) = y with (z,y,2) € S is a permutation with exactly
one fixed point because every number appears exactly once in a column and row in the
Latin square. For fixed x we have the same for every (z,y,2) € S because in every row
every number shows up once. And an analogous argument holds for fixed y. So in every
two-dimensional sub-slice we have a permutation with exactly one fixed point. So we get

cng > n® —n? And with equation (2.1) we get the statement. H

Figure 3.3 shows a small example how the construction in the proof works.

111 2 3 211 2 3 311 2 3
1132 E i 1]o]|X 1|X o 1| X|o|X
312 2|Ix|x|o 2| % X 2 10| x|X
21113 3| x|o|x 3o |x|x 3| x|x]|o

Figure 3.3: Conversion to Latin square in [3]*

3.2.2 Geometric Lines

In this section we want to apply the construction used in the proof of Theorem 7 to get
a similar result for the geometric lines. We will show that for n prime we can actually do
this.

For the geometric lines in addition to all the combinatorial lines we need to look at all the
diagonals in the two-dimensional sub-slices and the three other three-dimensional diagonals
{(k,k,n—k+1)|k € [n]}, {(k,n—Fk+1,k)|k €[n]} and {(n —k+1,k,k)|k € [n]}. For

this reason we use special permutations.

Definition 8. We call a permutation m : [n] — [n| circular fized, if every circular shift
has a fized point, i.e. for every k € [n] define the k-th circular shift permutation to be
k(i) = ((i + k —1) mod n) + 1 for alli € [n] and 7o o has a fixed point.

12



Because o, is the identity 7 itself must also have a fixed point. This definition yields
that every circular shift must have exactly one fixed point since every element can only

become a fixed point once. For example:

1 2 3
m =
1 3 2
is a circular fixed permutation since

12 3 1 2 3 1 23
mTOo o] = s TO 09 = s mToo3 =T =
3 21 213 1 3 2

all have one fixed point: 2, 3 and 1 respectively.

For our purpose these permutations have the property that if we line up the circular
shifts in a grid properly (what that means will be explained later) we get a Latin square.
If we use the transformation from the combinatorial case we then get a Moser set which
reaches the upper bound of Theorem 1. So we want to find such permutations and for all

odd primes n we can give some explicitly.

Definition 9. Let n be an odd prime, j € [n] and m € {2,...,n — 2}. Define 7;,, as
follows: 7, (1) = j and 7j,(i) = (mjm(t —1) +m—1) mod n) +1 for alli € {2,...,n}.

So the 7, ,,, are functions which start with value j and the next element is the previous
element plus m reduced modulo n.

This construction has very nice properties.

Lemma 1. Let 7}, be a function as above. Then the following holds:
1. mim(i) = ((j —1+ (¢ = 1)m) mod n) + 1 for all i € [n].
2. Tjm 15 a circular fized permutation.

3. T, m(n)n—m 1S the reverse order of the permutation ;,, and is therefore also a circular

fized permutation.
Proof. 1. Follows directly from the definition by inserting 7;,, (i — 1) recursively.

2. We see that m € Z; (the set of invertible elements modulo n) because n is prime. In
fact Z; contains all elements of Z,, except 0 = n. Also Z; is cyclic so there exists a

generating element g and Z* = {g*|k € [n—2]o}. We have m = ¢' for some [ € [n—2]

13



and get mZ: = ¢'Z* = Z* and especially mZ, = Z,. Because of property 1 and the
fact that j — 1 is just an offset we get that each element in [n] is visited exactly once

in 7;,,. Therefore it is a permutation.

Now we have to show that it is circular fixed. We see that the circular shifts of m; ,,
are the m;,, with j € {2,...,n}. So if we show that 7y ,, is circular fixed then the
7;m are circular fixed. We observe that {(my,,(i) — ) mod nl|i € [n|} = [n]. This
loosely means that the distances between an element ¢ and its image is different for

all 7. Therefore every circular shift has only one fixed point.

The observation is true because (71, (1) — ) mod n = ((((¢ — 1)m) mod n) + 1 —
i)modn = ((i —1)m— (i —1)) mod n = (i — 1)(m — 1) mod n. We have m €
{2,....n—2} = m—1€{l,...,n—3} CZ and as before we can argue that all

distances appear exactly once. So the 7;,, are circular fixed.

3. Since 7j,(n) is the last element of 7;,, it must be the first element of the reverse
order. Additionally we have 7, (i) = ((7jm(t —1)+m — 1) mod n)+ 1 and so if we
add n — m instead of m we get the reverse order.

O

We excluded the values 1 and n — 1 for m in our definition because for them 7;,, does
not have these properties. From property 3 we get that ;,, has exactly one fixed point and
one anti-fixed point due to the fact that the fixed points of the reverse order are exactly
the anti-fixed points of the original order.

If we look at

<7T7rk,z(j),m<i)> i€[n]
J€[n]

with fixed k£ € [n] and I,m € {2,...,n — 2} we get a Latin square because for j fixed
Tr(7) is also fixed and so Trea(j),m 18 @ circular fixed permutation. The rest follows from

the following lemma.

Lemma 2. The transpose of (Wfrk,z(j)m(i))ie[n} is (Wﬂk’m(nl(i))ie[n].
Jjeln] Jj€ln]

14



Proof. We have to show that for every 4,7 € [n]: 7r, ,(i)m(J) = Ty, ()0 (4)-

ka,l(i),m(j) = T((k—1+(i—1)!) mod n)+1,m(j)
(k=1+(G—1)modn)+1—14(j—1)m)) mod n) +1
(k=1+@G@—-1)I+(j—1)m)) mod n)+1

((k=1+ (U —1)m)modn)+1—14(i—1))) mod n) +1

= M((k—1+(—1)m) mod n)+1,1() = Ty ()1 (%)

[

If we want to look at the columns of the matrix we can simply transpose it and use the
same argument from the rows to prove that the columns are circular fixed permutations.
So this matrix is a Latin square and in every row and column there exists exactly one fixed
point and one anti-fixed point. The only lines left are the diagonal and anti-diagonal of
the Latin square. Both of them need to have exactly one fixed point and one anti-fixed
point. This makes sure that the three-dimensional diagonals in our transformed set are
not geometric lines. The diagonal has the form Trpi(1),mt1 and the anti-diagonal has the

form 77, ,(n).min—1- The following properties have to be met:
1. (m+1) modn¢{0,1,n—1}
2. (m+n—10)modn¢{0,l,n—1} < mmodn¢ {l—1,I,l+1}

This ensures that mr, ,(1),m+1 and Tr,  (n).min—i are circular fixed and therefore have one
fixed and one anti-fixed point.

To sum everything up we must find m,l € {2,...,n — 2} with the above restrictions.
For n > 9 we can find such numbers. For example we can always take m = 2 and [ = 4.
In the cases n = 2, 3,5, 7 the restrictions cannot be fulfiled. If we use an arbitrary k& then

the Latin square

(a%]) ’LE[TL} = (Trﬂ-k,l(J)vm(z)> Ze[n]

j€ln] j€ln]
yields an optimal configuration with the transformation described in Theorem 7: (i, j,q) ¢
T if and only if ¢ = a; ; where T' is our desired set.
For fixed ¢ the Latin square property ensures that each row and column in the two-
dimensional sub-slices (i, 7, ¢) with 7,5 € [n] has exactly one element which is not chosen.

Additionally the diagonals in the Latin square contain every number exactly once and
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therefore the diagonals in these sub-slices cannot form a line. The rows and the columns
of the Latin square are circular-fixed and thus have exactly one fixed and one anti-fixed
point. So for fixed ¢ (and equivalently for fixed j) the two-dimensional sub-slices (i, j, q)
with j, ¢ € [n] do not contain a geometric line.

For n = 7 we can also explicitly state a Latin square which transforms into an optimal

configuration which is depicted in figure 3.4.

w oo e |o|—
Sl |w|lo|~|o|
ORI Yo N (TS YU Y B IS
Rlwlo || |o

N (N[ =D =W

O R W o N
N (N ||| W] ot

Figure 3.4: Latin square for n =7

This proves the following theorem.

Theorem 8. For every prime n > 7: g,3 = n® —n.

The diagonals in the Latin square do not have to be circular-fixed permutations neces-
sarily since there are only one of each kind of diagonal. They just have to contain exactly
one fixed point and one anti-fixed point. So in our case m + 1 =1 mod n. With £ = 1 this
yields the identity permutation which fulfils the requirement if n is odd. We can use this
for all n. So we set kK = 1 and we need to find m,l € {2,...,n — 2} such that:

1. (m+1l)=1modn

2. m # [ mod n.

3.3 Problems in higher dimensions

Latin squares can be generalized to higher dimensions. We take a definition based on [3].

Definition 10. A Latin d-cube of order n is a d-dimensional array of length n filled with
the numbers from 1 to n such that if we fix d — 1 coordinates the one-dimensional sub-slice

contains every number exactly once.
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For simplicity we will use the following notation.

Definition 11. Wli%l)(i) =T, (7) and

7T(d) (Zl Zd) =T _(d-1)
k7l17~..7ld rrro : T U1,y 1(11,...,id,1),ld

(iq) for all d > 2.

The generalization of the construction for Latin d-cubes is done as in section 3.2.2 for

Latin squares. With the above notation this yields:

(Wz(f(,iz)l,...,zd (i1, . .- ,id)>i16[n]
i2€[n]
ia€ln]
with d € N, k € [n] and [y,...,l; € {2,...,n — 2}
But there are more restrictions needed than in 3.2.2. We need that every diagonal is
circular-fixed. Therefore the sums of the ; over every set I C [d], I # () must not lie in
{0,1,n — 1} modulo n, i.e. for every I C [d]

(Zzi mod n) ¢ {0,1,n —1}. (3.1)
iel
These restrictions suffice for line-free sets. For Moser sets there are more diagonals.
Every disjoint pair of non-empty sets of indices I, J C [d], I # 0, J # @ and INJ =0
must fulfil

(X t=>"n—1;) modn) ¢ {0.1,n —1}. (3.2

iel jeJ
This ensures that every diagonal is circular fixed and therefore has a fixed point and an
anti-fixed point.

For every d the number of restrictions is constant. So n can always be made large
enough such that we can find such [;s. k can be chosen arbitrarily. The following two

theorems summarize this.

Theorem 9. For every d € N there exists a Ny € N such that for every n > Ny with n

prime: Cpq = n® —nd-t,

Theorem 10. For every d € N there exists a Ny € N such that for every n > Ny with n

prime: gnq=n®—nL.

Proof. Let T C [n]? be defined as follows:

(its e vigorvia) T & da=mo 2, (i, ia)
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with k € [n] and 4, ..., l4_1 €{2,...,n — 2} where [1,...,l4_1 satisfy the set of equations
in 3.1 for Theorem 9 and they satisfy the set of equations in 3.1 and 3.2 for Theorem 10.

For Theorem 9 if we can find [y, ...,l;_1 such that

d—1

d li<n-2

i=1

then every subset I C [d — 1] has the property

. This satisfies the restrictions in 3.1. Since [; > 2,Vi € [d — 1] we can use [; = 2 and get:

d—1
Y 2<n-2&2d-1)<n-2s2d<n
i=1
This shows that if we take N; = 2d Theorem 9 holds.
For Theorem 10 we choose Ny = 2¢ and [; = 2°,Vi € [d — 1], the reason being the

following: For the equations in 3.1 we have

which is true because
d—1

ZziZQd—z.

i=1
For the restrictions in 3.2 since the ;s and n are both even the resulting values of the
reduction modulo n can never take the odd values 1 or 2¢ — 1. So we only have to show

that we never get 0 which results in the restriction being

do2AY W

iel jeJ

where we can omit the reduction modulo 2¢ because 2¢ is bigger than any sum of 2° with
i € [d—1]. And since any natural number has a unique binary representation the above
inequality holds for every pair I,J C[d—1], I #0, J# 0 and INJ = 0. O
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3.4 Problems for n =3

A lot of research has been done for the case n = 3. Especially for the cases of combinatorial
and geometric lines many results are known ([17]). But recently also a lot of development
has been done in the direction of algebraic lines and cap sets.

In Theorem 6 it was proven that as, > 2¢ which is a trivial lower bound. In [7] the
best known lower bound so far was proven with az 4 = (2.2174¢) by Edel, Ferret, Landjev
and Storme. The best known upper bound until May 2016 was as 4 = O(%) by Bateman
and Hawk Katz (See [4]). In May 2016 Ellenberg and Gijswijt independently conducted
and then jointly released (See [8]) a proof for a new upper bound az 4 = 0(2.756%). This is
quite an improvement over the previous upper bound. For their approach they used the
polynomial method and in particular the one developed by Croot, Lev, and Pach in [5].
We will not go into the details of this thesis but for further interest in this topic see the

corresponding papers.

3.5 Related Problems

In this section we discuss some related problems. First we will look at the zero sum problem

and then we will discuss the Hales-Jewett theorem.

3.5.1 Zero Sums

Definition 12 (Zero Sum). Let xy,...,x, € Z2 be a sequence of n vectors. They are called

a zero sum if Y . x; = (0) mod n.

Now the question arises what the minimal number f(n,d) is such that every set of
f(n,d) not necessarily distinct vectors x; € Z¢ contains a subset of cardinality n which is
a zero sum. This problem was first proposed by Harborth [11] and was based on the idea
of generalizing a theorem by Erdos, Ginzburg and Ziv [9] which states that for any given
sequence of 2n — 1 integers one may choose n out of them such that there sum equals 0

modulo n. Harborth proved
(n—12"+1< f(n,d) < (n—1n’+1.

Now the reference to our problem is that every algebraic line [ is a zero sum if n is an

odd prime, i.e. > ., v =0 mod n. This follows from the fact that every algebraic line has
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the form {v + tr|t € [n — 1]o} with v € [n]? and r € [n]¢\ (n,...,n) for odd primes. If we

take the sum of this set we get

n—1 n—1
(n—1)
E v+ tr nv—l—rg nv+rn 5 mod n

Since n is odd we get that "T_l € N and so the last equivalence holds.

The reverse that every zero sum of length n is an algebraic line is true for Z$. In
Zs the only options to get a zero sum with 3 valuesare 1 +1+1,2+2+2, 34+3+3
and 1+ 2 + 3. So if we take three distinct vectors in Z¢ which are a zero sum, in every
coordinate one of the above combinations (or any permutation of the last one) must occur.
Since all of these combinations are possible in an algebraic line we are finished. For
larger n the above statement does not hold anymore. For example in Zs the zero sum

1+414+143+4=10=0 mod n is not an algebraic line.

3.5.2 Hales-Jewett theorem

This section is based on [16].

Our problems always dealt with the question for fixed n and d to find a largest possible
set such that there is no line in it. Now we want to ask for fixed n how large we have to
make d such that there always exists at least one line.

The Hales-Jewett theorem gives an upper bound for the dimension d = d(r,n) for
which there exists a monochromatic combinatorial line in [r]” for any given colouring with
r colours. We will provide a proof by Sharon Shelah which was proven in 1988. The
original proof by Hales and Jewett also gives an upper bound but a much worse one than
the one from Shelah. With the Hales-Jewett theorem one can prove many other results
such as the Van der Warden theorem. There also exists a density version which we state
at the end of this section.

We will now look at a different approach to combinatorial lines to make things easier
for us to prove.

Let [n] be an alphabet of n symbols and * ¢ [n] be a new symbol. Words are strings
(or equivalently vectors) over [n] without % and roots are strings with at least one *. For
aroot t € ([n] U {x})? and a symbol a € [n] we define t(a) € [n] as the word obtained by

substituting * with a.

Definition 13 (Combinatorial Line, second definition). For t a root we call the set of n
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words {t(i)|i € [n]} a combinatorial line rooted at t.

The root (1,%,2,%,3) € ([3] U {*})° becomes the combinatorial line {(1,1,2,1,3),
(1,2,2,2,3), (1,3,2,3,3)} for example.

The next result shows how many combinatorial lines there are.

Theorem 11. The number of combinatorial lines in [n]* is (n + 1)% — n?

Proof.

|{combinatorial lines in [n]*}| = |{roots in ([n] U {x})?}|
= |{strings in ([n] U {x})*}|
— |{strings in ([n] U {x})? without *}|
=(n+1)*—n

So now we look at the colouring Hales-Jewett theorem.

Definition 14 (r-colouring). Let r € N be a number of colours and n € N. An r-colouring

of [n]* is a mapping x : [n]* — [r].

Theorem 12 (Hales-Jewett theorem). Let r € N be a number of colours and n € N. There
exists a dimension d = d(r,n) such that every r-colouring of [n]* has a monochromatic

combinatorial line.

Proof. We perform induction on n. r is fixed but arbitrary. For n = 1 we get d(r,1) = 1
since [1]1 consists of only one point which whatever colour it has yields a monochromatic
combinatorial line of length 1. Now suppose the theorem holds for n—1, i.e. d :=d(r,n—1)

exists. Let Dy < ... < Dy be a sequence of d integers with

and set D := Zle D;.

We want to show that for any r-colouring x of [n]D there exists a monochromatic
combinatorial line.

For this we need the following definitions and auxiliary theorem which we will prove

later.
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Definition 15 (Neighbours). Two words a,b € [n]* are neighbours if they differ in ezactly

one coordinate with 1 being the value in a and n being the value in b.

Two neighbours which differ in the i-th coordinate are a = ay...a;-11a;41...a4 and

b=ai...a;_1na; ...aq for example.

Definition 16 (Concatenation). Suppose ti,...,t, are m roots over [n| which need not
be of the same length. Let t := ty...t,, denote the concatenation of these roots. Let
a:=ay...any € [n]™ be aword. t(a) :=ti(a1)...tm(ay,) is the word obtained by inserting
a; instead of x in t; for all i € [m].

Theorem 13 (auxiliary). Let x be an r-colouring of [n)”. Then there exists a root t =
t1 ... tq with |t;| = D; for alli € [d] and x(t(a)) = x(t(b)) for all neighbours a,b € [n]".

I as x'(a) =
x(t(a)). Since we now have n — 1 symbols we get by induction assumption that there

So we take a root t as above and define a new colouring x’ for [n —1

exists a root s = s1...54 € ([n — 1] U {*})¢ such that the combinatorial line rooted at s
is monochromatic with respect to x’. t(s) yields yet another root and we show that the
combinatorial line rooted at ¢(s) is monochromatic with respect to x. By the definition of
X' we have x/(s(1)) = ... = x/(s(n — 1)) and therefore x(t(s(1)) = ... = x(t(s(n — 1))).
Now we only need to show that x(¢(s(n))) is the same colour.

If ¢(s) has exactly one * then t(s(n)) is a neighbour of #(s(1)) and therefore has the
same colour.

If ¢(s) has more than one * then #(s(n)) still has the same colour because we can pass
through a chain of neighbours. For example assume we have three * in the i-th, j-th and

k-th position than we get:

x(t(s(n)))

iy
;—t 3 3 .:<—s.
— 3 S
— = = Se

= x(t(s(1)))

So now the only thing left to do is prove the auxiliary Theorem 13.

Proof. We will provide a backwards induction on ¢ to prove that there exist roots t; with
the desired property. The root t; can be trivially constructed through the choice of .

Suppose we now have roots t;,1,...,ts. Now we want to construct t;. We will set C;_; :=
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22;11 D;. (This is the length of the roots ti,...,t;_1 which have to be constructed.) For
k€ {0,...,D;} we define
Wie=1...1n...n .
—— ——

k D;—k

[n] Ci_1+d—i

Let xi be an r-colouring of as follows:

xk(I1 < X Yl - -yd) = X(% . -xci_lwktwl(ywl) . -td(yd)) .

The z; have length 1 for j € [C;_;] whereas the y; have length D, for l € {i+1,...,d}. We

now have D; + 1 colourings. The total number of r-colourings for the words in [n]<" =+~

nCim1+d—i nCim1+d

isr <r = D,;. Therefore by the pigeonhole principle two colourings must

be the same. Suppose x, = x4 and p < g. We can now define our desired root:

t = ty...tq satisfies the length condition so we only have to show the condition for the
neighbours.

For this first observe that t;,(1) = W, and t;(n) = W,. Now suppose a and b are two
neighbours that differ in the i-th coordinate:

a:al...ai_llaiﬂ...ad

b= ag...a;—1NA;4q1-..0a4

then
t(a) = tl(al) e ti_l(ai_l)ti(l)tiﬂ (ai—l—l) e td(ad)

t(b) = tl (al) e ti_l(ai_l)ti(n)tiﬂ (ai—l—l) e td(ad) .

23



With the definition of our colourings we get:

x(t(a)) = x(ti(ar) ... tici(ai)ti(Dtivi(aiva) - - - ta(aa))
= x(ti(ar) ...t

tl aq . i_l(ai_l)thi+1(ai+1) e td((ld))

= Xq(t1(ar) .. . tii(ai—1)@iv1 - . . aq)

= Xp(ti(ar) ... ti—1(@i—1)@is1 - .. aq)

= x(ti(ar) ... tici(@im)Wytiy1(aiy1) - - - ta(aaq))
= x(t1(ay) ... ti1(a;—1)ti(n)tir1(air) - . - ta(aq))
= x(£(b))

]

There also exists the stronger density version of the Hales-Jewett theorem which we
will not prove here. It was first proven by Furstenberg and Katznelson ([10]) in 1989 and

in 2009 the Polymath project revealed a simpler and more elementary proof ([18]).
Definition 17 (Density). Let A C [n]%. The density § of A is defined as 6 := %.

Theorem 14 (Density Hales-Jewett theorem). For every n € N and 6 € RT there exists
a dimension d := d(n,d) such that every subset of [n]* with density at least § contains a

combinatorial line.
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Chapter 4

Another Approach: Integer

Programming

As we have seen in the previous chapters there are many ways to express the problems
we are looking at. In this chapter we will look at the approach through integer linear

programming following [15].

4.1 Preliminaries

At first we look at integer programming (IP) in general.

A standard integer linear programme has the form:

maximize cx
subject to Az < b,
r e N

where ¢ € Z", A € Z™*" and b € Z™. The relaxation of the problem is:

maximize cx

subject to Az < b,
r € R",
z > 0.

Linear programmes without the integer restriction for x are solvable in polynomial time

through interior-point methods. In practice the simplex method of Dantzig is often used
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which is fast in general but can take exponential time for special cases.

Integer linear programming on the other side is N P-hard. This means that the corre-
sponding decision problem is N P-complete which is the question if for a fixed value k € Z
the maximum is smaller than k. So integer linear programming is rather time consuming

but there are some techniques which systematically can solve this problem.

4.2 Optimization concepts

In this section we will explain two large concepts which are often used in integer linear

programming.

4.2.1 Branch-and-Bound

The first and most frequently used concept in integer linear programming is the idea of
Branch-and-Bound.

The idea which can also be used for other problems is the following: If we look at
an optimization problem max,cp f(x) where D is the space of feasible solutions then it
is often too time consuming to try every x € D. Therefore we divide D gradually into
several subsets (Branches). With suitable bounds we should identify suboptimal solutions
early and eliminate them to keep the solution space small. In the worst case we have to
enumerate all solutions anyway.

Given a standard integer linear programme:

maximize f= cx
subject to Ax <b,
r eN"?

By omitting the integer restriction we get the continuous relaxation which can be solved
with the simplex method. (Because of the required integrity we cannot use the simplex
method on our original problem.) We will now use Branch-and-Bound. At first we will set
our best objective value so far f to be a large negative value (For example we could use
the smallest obtainable objective value with regards only to the value restrictions for the
variables.) and look at the relaxation. In general the so obtained solution is not integral.
This means not all of z1, z,, ..., z, are integral. Without loss of generality we assume that

this is true for ;. Now we try to find an integral solution for x;. Let s; be the largest
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integer smaller than z;. We can formulate two new optimization problems such that the

previous solution is excluded:

maximize f= cx
subject to Az < b, (41)
x>0
1 < 571.
maximize f= cx
subject to Ax <b, (4.2)
x>0
Ty 2> s+ 1.

This is called the branching step.
Now we can again solve these problems with the simplex method and the following

three cases can occur:

1. The space of feasible solutions becomes empty.
2. An integral optimal solution f is found.

3. x1 becomes integral but another z; is not (it does not matter if it was integral in the

beginning. )

In case 1 the subproblem is not relevant anymore. This applies also to the other cases if
f< f . Otherwise in case 2 we use the computed objective value as our new best objective
value so far and substitute f by f. And in case 3 we have to further split our problem.

Thus the whole solution space is scanned and an optimal solution is found if there exists
one. It is possible there are no suitable solution then the original problem has no feasible

one.

4.2.2 Cutting Planes

The concept of cutting planes is also frequently used.

The idea is to look at the continuous relaxation of our integer programme and by adding
further inequalities to get an integral solution. At first we look at the relaxation. In general
the solution obtained is not integral but it is an upper bound for our problem because every

optimal solution of our original problem is a feasible solution for the relaxation. This can
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be used to measure the quality of a solution of the integral problem. This bound will be
tightened by subsequently adding so called cutting planes. A cutting plane (in general a
hyper plane) is an additional inequality which every solution of the integral programme
fulfils but not the current solution of the relaxation. So if we add this inequality to the
relaxation it will lead to another optimal solution. This procedure is continued until an
integral solution is obtained (which is then an optimal solution for our problem) or no

further inequality can be added.

4.2.3 Branch-and-Cut

The two concepts above can also be combined.

Before we use the Branch-and-Bound method we can add cutting planes and get a
solution for the relaxation faster in most cases. In addition further cutting planes can
be calculated during the branching process which would not have been found without the
restrictions in the sub-problems. These planes can be valid globally, so they are feasible for
the original problem, or just locally, here the inequality is only feasible for the current sub-
tree. Furthermore we can use heuristics in the sub-problems to obtain feasible solutions

faster and then eventually cut off additional sub-trees.

4.3 Integer programming for our problems

We model our problems by taking a d-dimensional tensor x of length n which represents
every point in [n]¢. (This corresponds directly to how we represent our sets.) All entries
of z take values in {0,1} with a zero in entry z, with v € [n]® meaning that we do
not take the vector v and a one that we take it. (We are abusing notation by writing
T(ay,az,..an) ‘= Tayas,..an) S0 What else do we need to specify the problems? We need
special restrictions to handle every line, may it be combinatorial, geometric or algebraic.

So the programme looks like this.

maximize Z Ty
veln]?
subject to Ax < b,
2, €{0,1}, ve[n]®
Here A and b are unspecified. Since z is an n? tensor Az is a tensor product with

A e {0,1Y where m € N is the number of possible lines in our set. So in the m-th
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sub-tensor we have a set of n vectors S C [n]? where A,,, = 1 for all v € S (Here A,,,

means that we concatenate m and v into one vector, i.e Ay, (4;.00,....an) = Aparas,.an)- And

b is an m x 1 vector where all entries are n — 1. So we will have the following equations in

the m-th line:

Z Aoty <n—1.

veln]?

For further insight we look at some examples in [2}2:

maximize g Ty =211+ T12+ To1 + Too

subject to

For line-free sets we get:

maximize o

subject to

T11

T1,1

)

T11

vel2)?

Ax < b,

T, %12, T21, %22 € {0, 1}.

+ Tip

+ T1,2

+
Z1,2
+

y  T1,2

+ o1

T21

T21

y  L21

+

Y

X292

X292

X292
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X292
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For Moser sets and in this case also cap sets there is an additional restriction:

maximize Ty

subject to x4

)

T1,1
T1,1

)

T1,1

+
+

+

X1,2

x1,2

X1,2

x1,2

X1,2

+ T21

T21

T21
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Chapter 5
Computational Values

In this chapter we present the computational values for our problems where we use the soft-
ware IBM® ILOG® CPLEX® Optimization Studio [12] for optimizing and the modelling
language AMPL [2]. All of these values have been computed on a PC with 4 Intel® Core™
i5-6500 @3.20 Ghz processors and 8 GB RAM. At the beginning of each section we will
also show the optimization programme for the corresponding problems. The tables show
the computed values, the time taken and the maximum size of the decision tree used by
the Branch-and-Bound method which is a good indicator for how much space was needed.
In appendix A all configurations are listed which were computed this way. Additionally
we give the statistics for them which provides us with additional information about the

structure.

Definition 18. A g-dimensional statistic in direction(s) D C [d] with |D| = d — g for a
set A C [n]? is a n'Pl-tuple (43) jeyor with iy = [AO{(ky, ..., ka) € [n]|(k)iep = 7}

For cap sets we also allow affine transformations before making the statistic. We will
mainly list d — 1-dimensional statistics for d > 3. Another statistic for cap sets with n =4

is to look at the number of points in sub-hypercubes of length 2.

5.1 Computational values for d = 2

5.1.1 Algebraic lines

In the two-dimensional case for cap sets we have to specify every algebraic line in our re-

strictions. At first we take the lines which represent each row and column (one-dimensional
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slices) of the variable matrix. This is the case when either k& or m in the restriction below
is equal to n. Then we need to specify the remaining lines. For n prime this is fairly easy
because every line is a permutation. For n composite we already said that we only look at

lines where no coordinate is repeated amongst the points. So we have similar restrictions.

maximize Z Tij
i,j€[n]
subject to Zx((j—f—(i—l)k—l) mod n)+1,((I+(G—1)m—1) mod n)+1 <1 — 1
1€[n]
Vj,L € [n] and (k,m) € ({il ged(i, n) = 1} U {n})?\ {(n, )},
zjr €{0,1} Vi, k € [n].

Note how for n prime Table 5.1 shows the values we have proven in Theorem 5.

’ n \ p,2 \ CPU time \ max. size of decision tree ‘
3 |4 < 0.01 sec | < 0.01 MB
4 10 < 0.01 sec | < 0.01 MB
5 116 | 0.1875sec | < 0.01 MB
6 |28 |[0.09375sec | < 0.01 MB
7 136 | 93.9062 sec | 9.27 MB
8 |52 | 4.46875 sec | < 0.01 MB
9 |66 |673.781 sec | 12.72 MB
10 | 86 | 27.2344 sec | 0.46 MB
12 | 130 | 12.9531 sec | 0.4 MB

Table 5.1: Table of computational values for a,, o

For n = 11 the program aborted after two hours of computation with an out of memory
error.

The following sets in figure 5.1 are the two solutions computed by our programme for
n=4and n=>5:
{(1,1), (1,2), (1,3), (2,1), (2,3), (2,4), (3,2), (4,1), (4,3), (4,4)}
{(1,1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (2,4), 3,1), (3,2), (3,3),

(4,1), (4,2), (4,3), (4,4)}
Whilst the solution for the case n =5 (and especially for every other prime computed)

(ln’4l

an75:

looks like the solution proven by Jamison [13] and Alon [1], for n = 4 the point set does

not exhibit any particular structure.
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1 2 3 4 5

1 2 3 4 1| X |X|X|X]|o
1|x|x|o 2| X |X|X|X|o0
21 X|o|x]|o JIX|X|X|X|o
J|X|X|0o]|X 4| X|X|X]|X]|o
4|o|X]|0o|X 5lo|ojo|o|o

Figure 5.1: Configurations for as and a5

5.2 Computational values for d =3

5.2.1 Combinatorial lines

We have already proven these values but for completeness we have computed them anyway.
To specify the lines we need all one-dimensional slices which are the top three restriction
sets in the second column below. Then we need the main diagonal in every two-dimensional
slice (top three in the first column) and the overall main diagonal (fourth line below). As
we have shown in the proof of Theorem 7 in section 2 we can assume that all elements on

the main diagonal are zero, which speeds up the computation time.

maximize g Tij ke

i,j,k€[n]

subject to Zx“] <n-—1 Vjé€]ln], Zx”k <n-—1 Vjk€[n],
i€[n] i€[n]
quz <n-1 Vje€]|n], Z%zk <n-1 Vjkeln],
i€[n] i€[n]
ij” <n-1 Vje|n], Za:];“ <n-—1 Vjke€[n],
icln] i€ln]
sz” <n-—1 T =0 Vi € [n],
i€[n]

zips € {0,1} Vj, k1 € [n].

Table 5.2 shows exactly the values provided by Theorem 7.

5.2.2 Geometric lines

For the geometric lines we need all the combinatorial lines which are listed in the first four

rows below. The other three lines represent the diagonals in the two-dimensional slices
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| n | cos | CPU time | max. size of decision tree

3 |18 < 0.0l sec | < 0.01 MB
4 |48 0.03125 sec | < 0.01 MB
5 [ 100 | 0.046875 sec | < 0.01 MB
6 | 180 | 0.15625 sec | < 0.01 MB
7 1294 |0.65625 sec | < 0.01 MB
8 | 448 | 0.34375 sec | < 0.01 MB
9 | 648 | 7.10938 sec | 1.70 MB
10 | 900 | 5.10938 sec | 0.17 MB
11 | 1210 | 5.20312 sec | 0.14 MB
12 | 1584 | 1.96875 sec | < 0.01 MB
13 | 2028 | 21.5781 sec | 1.06 MB
14 | 2548 | 8.46875 sec | < 0.01 MB
15 | 3150 | 5.89062 sec | < 0.01 MB
16 | 3840 | 8.59375 sec | < 0.01 MB
17 | 4624 | 260.188 sec | 17.26 MB
18 | 5508 | 14.3906 sec | < 0.01 MB
19 | 6498 | 1978.83 sec | 76.09 MB
20 | 7600 | 761.375 sec | 30.10 MB

Table 5.2: Table of computational values for ¢, 3

(second column) and the other diagonals in the third dimension (first column).
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maximize g xi gk
,5,kE€n
subject to g :E,” <n-—1,

megn—l Vi € [n], injkgn—l Vi, k € [n],

» wigi<n—1 Vj € [n), iﬂx“k<n_1 Vi, k € [n],

meign—l Vi € [n], %x]klgn—l Vi, k € [n],

in’z‘7n_i+1 <n-—1, lezn]xm i+1;, <n—1 Vje€n],

in7n_i+1’i <n-—1, Zefxn i+1 <n—1 Vj€[n],

an_HLM <n-1, Zin]a:],m i1 <n—1 Vje€n],
zjks €{0,1} Vi, k,l € [n]. o

As we can see in Table 5.3 for the prime values larger than 6 we get the values we have

proven in Theorem 8. Also note that the composite values have the form n3 — n?.

5.2.3 Algebraic lines

The three-dimensional case for algebraic lines is very similar to the two-dimensional case.
maximize Z ik

i,5,k€[n]

subject to Zx((j+(i_1)k_1) mod n)+1,((I+(i—1)m—1) mod n)+1,((p+(i—1)g—1) mod n)+1 < 71 — 1
i€[n]

Vj,1,p € [n] and (k,m, q) € [n]*\ {i € [n]| ged(i, n) # 1},
zjk € {0,1} Vi, k,l € [n].

Table 5.4 shows the values as 3, as3 and as 3.
For n = 5 the program already took more than two hours before it stopped with an

out of memory error therefore we unfortunately have not many values here.
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‘ gn,S

\ CPU time \ max. size of decision tree

16

< 0.01 sec

< 0.01 MB

45

0.09375 sec

< 0.01 MB

97

1.89062 sec

< 0.01 MB

177

35.0625 sec

1.73 MB

294

0.21875 sec

< 0.01 MB

448

246.906 sec

83.4 MB

©| o| 1| | | x| wof| 3

648

293.625 sec

54.1 MB

—_
=}

900

1164.19 sec

214.28 MB

—_
—_

1210

285.594 sec

84.45 MB

—_
[\

1584

486.766 sec

57.73 MB

—_
w

2028

795.875 sec

44.3 MB

—_
S

2548

478.5 sec

36.57 MB

—_
ot

3150

2953.58 sec

97.26 MB

—_
D

3840

2606.14 sec

33.06 MB

—_
EN|

4624

2254.72 sec

31.14 MB

—_
oo

9508

890.328 sec

18.86 MB

—_
Ne}

6498

1475.55 sec

18.46 MB

DO
(@)

7600

1529.52 sec

19.52 MB

Table 5.3: Table of computational values for g, 3

’ n ‘ an3 ‘ CPU time
319 0.078125 sec
4 1 36 0.40625 sec

\ max. size of decision tree ‘

< 0.01 MB
< 0.01 MB

Table 5.4: Table of computational values for a3

5.3 Computational values for d =4

5.4 Combinatorial lines

The four-dimensional case for combinatorial lines is also similar to the three-dimensional
case. We have to take care of all one-dimensional slices and all diagonals in two-dimensional

and three-dimensional slices.
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maximize

subject to

: : xi7j7k7l

i,5,k,1€[n]

d Tigig <n—1

1€[n]
D wiiji<n—1
1€[n]
Y wiga<n—1
i€[n]
Y wias<n—1
i€[n]
szz]k <n-1
i€[n]
Z%gm <n-1
1€[n]
Z%zm <n-—1
1€[n]
quu <n-1,
i€[n]

vj € [n],
vj € [n],
vj € [n],
vj € [n],
Vi, k € [n),
Vi, k € [n],

Vi, k € [n],

xj,k,l,m € {07 1} Vj,k,l,m € [n]

E Tijeg <n—1

ic[n]
ij,i,kl <n-1
ic[n]
ijvkvll <n-1
ie[n]
ij,k,l,l <n-—1
i[n]
me%k <n-1
i€[n]
ij’kﬂz <n-1
i€[n]
Zl‘jﬂ'ﬂk <n-1
ic[n]

Vi, k,l € [n],
Vi, k1€ [n],
Vi, k,l € [n],
Vi, k, 1 € [n],
Vi, k € [n],
Vi, k € [n],

Vi, k € [n],

In Table 5.5 we have some values for the 4-dimensional case of combinatorial lines.

’ n ‘ Cn,a ‘ CPU time ‘ max. size of decision tree ‘
3|52 | 0.046875 < 0.01 MB
4 | 183 | 761.656 sec | 102.21 MB
5 | 500 | 0.984375 sec | < 0.01 MB

Table 5.5: Table of computational values for ¢, 4

For n = 6 and n = 7 there occurred an out of memory error.

5.5 Computational values for d = 3 and n — 1 progres-

sions

5.5.1 Combinatorial lines

Now we remember the definition of ¢}, 5: It is the largest set without a combinatorial line

of length n — 1 in [n]®.

3
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length n — 1 at most n — 2 points are chosen. For n = 3 we have additional restrictions

since for example (1,1,1) and (3,3, 3) is also a progression of length 2 in [3]3.

maximize

subject to

i,5,k€[n]

Z Tijivhin <n—2 Yy, k,1€{0,1},

1€[n—1]

E Tiphyily <M — 2

i€[n—1]

E Titkjitt <N — 2

i€[n—1]

E Tjivkitl <N — 2

1€[n—1]
Z Tjipihe <N —2
1€[n—1]
Z Tt < —2
1€[n—1]
Tkl € {0, 1}

Vj € [n] and k,l € {0,1},
Vj € [n] and k,1 € {0, 1},
Vj € [n] and k,1 € {0, 1},
Vi, k € [n] and [ € {0,1},
Vi, k € [n] and [ € {0,1},
Vi, k € [n] and [ € {0,1},

Vi, k,l € [n].

Table 5.6 shows computational values for n < 8.

] n \ Cns \ CPU time \ max. size of decision tree ‘
3|7 0.015625 sec | < 0.01 MB
4139 |0.15625 sec | < 0.01 MB
5190 | 0.96875 sec | < 0.01 MB
6 | 173 | 0.109375 sec | < 0.01 MB
7 | 283 | 242.344 sec | 38.63 MB
8 1439 | 1.70312 sec | < 0.01 MB

Table 5.6: Table of computational values for ¢, 5

5.5.2 Geometric lines

We need all geometric lines of length n — 1. Therefore we can add all restrictions from the

combinatorial lines of length n — 1 and some other which are similar to the restrictions in

the case of geometric lines of length n.

37



maximize g Tijk

1,j,k€[n]
subject to Z Tigjivkitl <M —2 Vi, k1 €{0,1},
i€[n—1]
Z Tigkitl; <N —2 Vj € [n] and k,1 € {0, 1},
i€[n—1]
Z Tigh it <N —2 Vj € [n] and k,1 € {0, 1},
1€[n—1]
Z Tjivkitl <M —2 V7 € [n] and k, 1 € {0, 1},
1€[n—1]
Z Tigrje <n—2 Vi, k € [n] and [ € {0,1},
i€[n—1]
Z Tjivip <n—2 Vi, k € [n] and [ € {0,1},
i€[n—1]
Z Tjgir <n—2 Vi, k € [n] and [ € {0, 1},
i€[n—1]
> T jirkin <n—2 Vi k1€ {0,1},
1€[n—1]
Z Tigjn—iti—kit <n—2 Vj k1 €{0,1},
1€[n—1]
Z Tipjithm—ivia <N —2 Vi k1€{0,1},
i€[n—1]
Z Tithp—itl—lj SN — 2 Vj e [n] and k,[ € {0, 1},
1€[n—1]
Z Tp—ivi-ljivk <n—2 Vj€[n]and k,l € {0,1},
i€[n—1]
Z Tjitkn—iti—l <n—2 Vjé€[n]and k,l € {0,1},
1€[n—1]
zjk € {0,1} Vi, k,l € [n].

Table 5.7 shows computational values for n < 6.

|

‘ gl ‘ CPU time ‘ max. size of decision tree ‘

4 < 0.0l sec | < 0.01 MB
32 | 0.125 sec < 0.01 MB
82 257.531 sec | 0.88 MB

o | ol 3

Table 5.7: Table of computational values for g}%g

38



5.6 Computational values for d = 3 and n — 2 progres-

sions

5.6.1 Combinatorial lines

Here we need all combinatorial lines of length n — 2. The restrictions are nearly identical

to the ones we had in the (n — 1)-length case.

We have to be careful for n = 4 and

n = 5 because for both we need additional restrictions. For n =4 (1,1,1) and (4,4,4) is
a two-progression and for n = 5 (1,1,1), (3,3,3) and (5,5,5) is a three-progression not

considered by the restrictions below.

maximize

subject to

: : xz?.]?k

i,5,k€[n]

E Titjithkirt <N —3

1€[n—2]

E sz—l—kz—i—l]én_g

1€[n—2]

§ $z+k]z+l<n_3

1€[n—2]

E x]z+k1+l<n_3

1€[n—2]

Z x2+ljk<n_3

1€[n—2]
Z Lj itk <n-—3
1€[n—2]
Z Tjk,i+l <n-—3
1€[n—2]
ikt € {0, 1}

Vi, k.1 €{0,1,2},

Vj € [n] and k,1 € {0,1, 2},
Vj € [n] and k,1 € {0,1, 2},
Vj € [n] and k,1 € {0, 1,2},
Vi, k € [n] and [ € {0, 1,2},
Vi, k € [n] and [ € {0, 1,2},
Vi, k € [n] and [ € {0, 1,2},

Vi, k1 € [n].

Table 5.8 shows computational values for n < 9.

] n \ 2, \ CPU time \ max. size of decision tree
4113 | 0.046875 sec | < 0.01 MB
5|75 |0.40625 sec | < 0.01 MB
6 | 152 | 143.109 sec | 43.41 MB
7| 276 | 0.046875 sec | < 0.01 MB
8 | 423 | 312.562 sec | 41.75 MB
91626 | 1.73438 sec | < 0.01 MB

Table 5.8: Table of computational values for ¢; 4
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The programme could not complete with n = 10, due to memory constraints.

5.6.2 Geometric lines

As in the case of length n — 1 for length n — 2 we have similar restrictions and need to be

careful as in the combinatorial case.

maximize E Tij ke

1,J,k€[n]
subject to Y Tipjitkis <1 —3 Vi, k1€ {0,1,2},
1€[n—2]
Z Titkitl; <N —3 Vj € [n] and k,1 € {0, 1,2},
1€[n—2]
Z Titkjitt <N —3 Vj € [n] and k,1 € {0,1, 2},
1€[n—2]
Z Tjitkitl <N —3 Vj € [n] and k,1 € {0,1, 2},
1€[n—2]
> Tige<n-—3 Vi, k € [n] and I € {0,1,2},
1€[n—2]
ijz+lk<n—3 Vi, k € [n] and [ € {0, 1,2},
1€[n—2]
Zx]k1+l<n—3 Vi, k € [n] and [ € {0, 1,2},
1€[n—2]
Z Tp—it1—jit+k,i+l <n-—3 VJ, kal € {07 17 2}7
1€[n—2]
Z Titjn—iti-kit <n—3 Vi, k1€{0,1,2},
1€[n—2]
Z Titjitkn—itl-1 <n-—-3 Vjkle {O, 1, 2},
1€[n—2]
Z Tigtkp—itl-lj SN — 3 Vi € [n] and k,l € {O, 172},
1€[n—2]
Z Tp—ivi—ljivk <n—3 Vj€[n]and k1 €{0,1,2},
1€[n—2]
Z Tjitkn—itio <n—3 Vje€[n]and k[ €{0,1,2},
1€[n—2]
zjk € {0,1} Vi, k,l € [n].

Table 5.9 shows computational values for n =4 and n = 5.

Here for n = 6 and n = 7 an out of memory error occurred.
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] n \ g%, \ CPU time \ max. size of decision tree

4 |8 < 0.0l sec | < 0.1 MB
5164 | 12.4531 sec | < 0.1 MB

Table 5.9: Table of computational values for 9273

5.7 Computational values for n = 4 and 3 progressions

5.7.1 Algebraic lines

In this section we computed ay 4 for different d. We show how the programme looks for

d = 3. For the other values the programmes look similar.

maximize E Tkl
Jik,l€[n]

subject to Z T((j4(i—1)xk—1) mod 4)+1,((I+(i—1)*m—1) mod 4)+1,((n+(i—1)xo—1) mod 4)+1 <= 2,
1€{1,2,3}

Z T((j+(i—1)%k—1) mod 4)+1,((I+(i—1)*m—1) mod 4)+1,((n+(i—1)x0—1) mod 4)+1 <= 2,
ie{2,3,4)

Z T((j+(i—1)xk—1) mod 4)+1,((I+(i—1)*m—1) mod 4)+1,((n+(i—1)x0—1) mod 4)+1 <= 2,
1€{1,3,4}

Z T((j4(i—1)%k—1) mod 4)+1,((I+(i—1)*m—1) mod 4)+1,((n+(i—1)xo—1) mod 4)+1 <= 2,
i€{1,2,4}
Vj,l,n € [4] and (k,m,0) € [4]° \ {2,4}?,
zjk €{0,1} Vi, k,l € [n].
Table 5.10 shows values for d < 4.

|

d | aj, | CPU time | max. size of decision tree
216 0.0625 sec < 0.01 MB
3
4

16 | 0.546875 sec | < 0.01 MB
42 | 1057.81 sec | 7.49 MB

Table 5.10: Table of computational values for aj ,;
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Chapter 6
Conclusion

In chapter 3 we at first explored the case d = 2. It resulted in the fact that we could
reach the trivial upper bound for almost every value of n in the cases of combinatorial and
geometric lines. For algebraic lines we showed that the trivial lower bound is the actual
value in the case of n prime.

We then moved on to the case d = 3 and developed a construction for combinatorial
lines with diagonal Latin squares to show that we can also reach the upper bound for
almost every n. We then used a similar approach for geometric lines to show the same for
n prime but invested some more time in developing permutations to fit into a Latin square.

We could then use these permutations also in higher dimensions and show that for
every d there exists a threshold such that for every prime n over this threshold we reach
the upper bound. This can be shown in both combinatorial and geometric cases.

After this we used the opportunity to look at similar problems and proved a weaker
version of the Hales-Jewett theorem which is very crucial in Ramsey theory.

For chapter 4 we showed that our problems could also be explained in integer linear

programmes and used this to compute several values which are shown in chapter 5.
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Appendix A

Configurations and Statistics

Note that all configurations and statistics here are just the ones computed by our pro-

gramme. There are possibly other optimal configurations where the statistics differ.

A.1 Configurations for d =2

A.1.1 Algebraic lines

Al111 n=3

123
1[X[X]|o
2[X|X]|o
3|olo|o

Figure A.1: Configuration for ags = 4

Al112 n=4

1234
1|X|X|o|X
21X |o|X|o
JIX|X|o|X
4|o|x|o|X

Figure A.2: Configuration for as o = 10
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Al113 n=5

12345
1[x[x[x[x]o

2IX|X|X|X|0o

J|X|X|X]|X|o

4|X|X|X|X|o

5lolo|o|o|o

16

72_

Figure A.3: Configuration for as

Al114 n=6

123456
1|X[X]o[X|X]|X
2 X |X|o|X]|X]|X
JIX|X|X|x|o|o

4| X|0[X[X]|X]|X
5IX|X|X|o|X]|X
OO X|X|X|X|0o

28

727

Figure A.4: Configuration for ag

n=7

A.1.1.5

1234567
1 [X[X]X[X][X][x]o

2| X | X[ X|X|X|X]|o

3| X | X[ X|X|X|X]|o

4IX[X|X|X|X|x]|o

DX | X[ X|X|X|X]|o

6| X |X|X|X|X|X]|o

7lolo|lo|lo|lo|o|o

= 36

72_

Figure A.5: Configuration for a;
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A11.6 n=38

12345678
1Ix|x|o[x|x|x]o[x
2IX|O|X[X|X|X]|X]|X
3IX|o|X|X]|X]|o|X]|X
4IX[X|0[X|X]|X]|X]|X

5lo|X|X|X]|o|X|X]|X
O [ X|X|X|X|X[X]|X]|o
TIX|X|X|o[X|X|X|0o

8| X | X[ X]|X|0o|[X]|X|X

52

?2—

Figure A.6: Configuration for ag

A1.1.7 n=9

123456789
1|X|X|o|X|x|o|lo|o|o

20| X|X|X|X|X|X|X]|X
S| X | XXX | X[ X]|0o|X]|X

4| X|X|X|X|X|X|0o|o|X

HX|X|X|X |0 X|X|X]|X

6| X | X|X|X|X|0o|X|X]|X

TIX|X[X|X]|X|X]|o]|o|X

KX |0 | X|X|X[X|X[X|X
Q| X |X|X]|O|X[X]|X|X]|X

= 66

72—

Figure A.7: Configuration for ag
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A.1.1.8 n=10

12345678910
1IX|X|X|[X|X|X[X[x]|0o|x

2 X[ X|X[X]|O[X|X|X]|X]|X

JIX|Oo|X|X|X|X|X|X]0]|X
4| X|X[|X|O|X|X|0O|X]|X]|X

HIX|X|IX|X|X[X|X|0]X]|X

O X|[X|O|X|X|[X|X|[X]|X]|X

TIX|O|X|X|X|X|X|X|0]|X

SIO[X|X|X|X[X|X|X]|X]|X
O IX|X|IX|X|X[X|X|X]|X]|o
10| X | X|X|o|X|o|X|X|X]|X

= 86

72_

Figure A.8: Configuration for aq

n =12

A.1.1.9

12345678 9101112

1| XX [X|X|X|X|X]0o|X]|X|X]|X

DIXIX|IX|O[X|X|X|X[X|X|X]|X
FIX[X|IX|X|X[X|X[|X|X|X|X]|o0

4 IX|X[O|X[X|X[X|X|X]|X]|X]|X
HBIX|X|IX|[X|X]|O|X[X|0O|X|X]|X

O|X|O|IX|X|X|X[|X|X|X|X|X|X
TIXIX|IX|X[X|X|X|[X[X]|0|X]|X

IO X|X[X|O|[X|X|X[|X]|X]|X]|X
QIX|X|IX|X|X[X|O|X[|X]|X]|X]|X
10| X [ X[ X |0 | X|X|[X|X|X|X|X]|X
T X[ X[ X|X|X|X|[X|X|X|X|0]|X

12| X [ X[ XX | X|X|[X|X|X|X|X]|o0

130

72—

Figure A.9: Configuration for aqo
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A.2 Configurations for d =3

A.2.1 Combinatorial lines

We will only list the configurations until n = 9 because it would take too much space to list
all larger values. The statistics in this section are all the same in every direction because

3

of Theorem 7. The optimal values have the form n® —n? and so in every two-dimensional

sub-slice the number of points must be n? — n.

A211 n=3

11123 2|1 23 [3]1 23
1lo[x|X| 1[|X|x|o 1|x|o[x
21X[X|o 21X]0|X 210|X|X
3Ix|o|X| 3lo|X|x| 3|X|X]|o

Figure A.10: Configuration for cs3 = 18

‘ direction ‘ statistic ‘

x (1) (6,6,6)
y (2) (6,6,6)
7 (3) (6,6,6)

Table A.1: 2-dimensional statistics for c; 3

A212 n=14

111 2 3 4 211 2 34 311 234 411 2 3 4
1lo|X|X]|X 1|x|x|o|X 1|X|X|X]|o 1Ix|o|x|X
2[X|x|x|o 2[X|o|X]|X 210X |X]|X 21X |x|o|X
3IX|o|X]|X 3IX|X|X|o 3IX|X|o|X 30X |X]|X
4IX|X|o|xX 410X |X]|X 4IX[o|X|X| 4|X|X|X]|o

Figure A.11: Configuration for ¢, 3 = 48

‘ direction ‘ statistic ‘

x (1) (12,12,12,12)
v (2) (12,12,12,12)
z (3) (12,12,12,12)

Table A.2: 2-dimensional statistics for c4 3

20



A213 n=5

ol1 2345
1[Xx|x[x]o][X

2IX|X|o|X|[X

3| X|o|X|X|X
40| X|X|X]|X
HIX|X|X]|X|o

412345
1[X[X[x[X]o

2IX|X|X|0o|X

3| X|[X]o|X|X

4|X|o|X|X|X
5o X|X]|X]|X

3]1 2345
1lo|X|X|X]|X
2IX|X|X]|X |0

3 IX[X|X]|0o|X

4|X|X|0o|X|X

HX|o[X|X|X

2112345
1[Xx[o[x[X[x
2 [o[x|x[x]x
3 [x[Xx|x[x]o

1112345
1[X[x[o[Xx]x

4|X|X|X|o|X

5 X |x|o|X]|X

21X|o|X|X|[X
3o [X|X|X]|X
4IX|X[X|x|0

HX|[X|x]|o|X

100

Figure A.12: Configuration for cs 3

’ direction ‘ statistic

||
o|loo
S
o |loo
NN |
oo o
NN |
o|lo|o
NN
o|loo
NN N
S— | [—
) e e S
— AN
~—— |~
W s N

Table A.3: 2-dimensional statistics for ¢ 3

A2.14 n=6

O X | X[ X|X|X]|0O OIX |0 [ X|X|X|X
LO| X | X[ O [ X|X|X O X X[ X| X0 | X
<H| X[ O | X|X|X]|X <F| O | X| X| X |X|X
MNX X[ X|X|0 X | X | X|X|0 [ X]|X
A O | X[ X | X|X|X A XX X[ X|X]|0O
[ X[ X[ X]O | X|X —| X | X]O | X|X|X
N AN <F1OO Nel LuNa\ Eaal il iniNe)
OO0 | X[ X | X|X|X O X | X|0|X|X]|X
1O X | X[ X[ X|X]|0 O X | X[ X]O | X|X
<H| X | X| X |0 | X]|X < X | X|X|X|0|X
MN[X]O [ X|X|X|X M| O | X|X|X|X|X
A X | X[O | X|X|X A X0 [ X | X|X|X
[ X[ X[ X|X|0|X —i| X| X[ X|X|X]|0
AN AN <10 WO AN < 10O
OIX| X[ X|X|0|X O X | X|X]|0 | X]|X
O X O | X| X | X|X 010 | X[ X| X | X|X
< X | X]0O [ X|X]|X < X | X[ X| X |X|0O
X[ X[ X[ X|X]|0 | X | X|0 [ X|X]|X
A X[ X[ X0 | X|X A X[ X[ X|X|0O X
—[ O | X | X| X|X|X [ X]O [ X| X |X|X
AN <10 O i lam e\ Eanl ol i iNe)

Figure A.13: Configuration for cs3 = 180
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’ direction \ statistic

||
[en) len Nl faw)
N (N |™
olo|o
M ||
olo|o
™ | [
[en) len Nl faw)
N (N |0
olo|o
M ||
olo|o
NN
S— | | —
| —
— | [
~— — |
X eS| N

Table A.4: 2-dimensional statistics for cg 3

n=7

A.2.1.5

711234567
T [X[X[X[X[X]o]X

2 [X|X|o|X]|X]|X]|X
JIX|0|X]|X|X]|X]|X
410X |X|X|X]|X]|X
HIX[X|X]|o|X|X|X

6 | X|X|X|X]|o|X|X

TIX|X[X|X|X|X]|0o

611234567
1[X[X[o|X]|X|X]|X
2| X|o|X]|X|X]|X]|X
30 [X|X]|X]|X]|X]|X
4| X|X[X[X[X]|0o|X

DX|X|X|X|X]|X|0o

6| X|X|X]|o|X]|X|X

TIX|X|X|X]0o|X]|X

D= X | X|O| X |[X|X]|X
OIX | X| X[ X|X|0|X
OO | X | X | X[ X[ XX
< X|O | X| X | X|X]|X
| X | X| X | X|X|X]|O
AN X | X|X]|0O [X|X]|X
—| X | X[ X| X |0 | X]|X
<fl—= AN <H 1O O~
D= X | X[ X| X |[X]0|X
O X | X| X | X[ X|X]|O
LO| X | X[ X]O [ X|X]|X
< O | X | X| X | X|X]|X
M| X | X|O|X|[X]|X]|X
A X | X[ X| X [0 | X]|X
—| X|O | X| X | X|X]|X
el Lo e\ aal B IniNaN o
D~ O | X| X | X[ X|X]|X
O X|O | X| X[ X|X]|X
LO| X | X[ O | X[ X|X|X
< | X | X[ X]0O [ X|X]|X
X | X[ X| X |0 | X]|X
A X | X[ X| X[ X]0O|X
—| X | X| X | X|X|X]|O
AN AN <H 1O O D~
D~ X | X[ X]0O [ X|X]|X
O X | X|X| X |0 |X]|X
1O X[ O | X | X | X | X|X
<P X | X|O|X|[X|X]|X
X | X[ X| X[ X]0O|X
AN X | X| X | X|X]|X]|O
—| O | X | X| X |X|X]|X
= AN < 1O O -

0|1 234567
T[X[o [X[X[X]x[X
2 X[ X[X[x|x[x][o

3| X|X|X]|X|X]0o|X

4 [X|X|0[X|X[X|X
HX|X|X|X|o|X|X

6|0 | X|X|X|X|X|X
TIX|X[X]0o|X|X]|X

294

Figure A.14: Configuration for cz3

’ direction \ statistic

||
|| e
<~ ==
[ N2 s\
A A
[ BIa B[N
~ =
[ Ba BN
<~ ==
[ B2 s\
S A
(S BIa Bl
~
[ B2 BaN
< [ | <
S— | | —
| —
— | [
~— | — [
w| eS| N

Table A.5: 2-dimensional statistics for c7 3
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A21.6 n=38

8|1 2345678

7112345678

1 [X|X|0o [ X|X]|X|X]|X
2| X|X|X]|0o|X[X]|X|X

JIX|IX|X|X|X|X]o]|X
4|IX|X|X|X|0|X|X]|X

5 X|X|X|X|X[0o]|X|X

60X [X|X[X]|X[X|X
TIX[O XX |X]|X[X|X
SIX|X|X|X|X[X]|X]|o

1 [X|X|X|X|X]|o|X]|X
2| X|X|X|X|X|X]|X]|o0

5O X[ X|X|X|X]|X|X

TIX|X|X|X|X]|x]|0o|X

Q0| O | X | X | X| X[ X|X|X OO X | X|X|X|X|X]|0O|X
D~ X | X[ X|X|X|0O|X]|X D= X | X| X[ X|X|X]|X]|O
O X|O | X|X| X[ X|X][X O X | X|X|X|X]|0|X][|X
LO| X | X | X | X | X[ X[ X]|O LOIX|O [ XX | X[ X[ X]|X
<H| X | X | X|X|O [ X|X|X <H| O | X | X | X | X|X|X|X
| X|X|O | X| X[ X|X|X XX |X|X|O | X|X|X
AN X | X[ X[O|X|X|X]|X AN X | X|O|X|X|X|X]|X
X | X[ X[ X|X|X]|0]|X —i| X | X | X0 | X|X|X|X
N AN N <FLO O D~ 00 O AN < 1O O D~ 00
QO X | X |X|O | X[ X|X|X QO X | X|X|X|X|0O|X|X
D= X | X[ X[ X|O|X|X]|X D~ X | X|X[O|X|[X]|X]|X
O X| X |0 | X| X[ X|X|X QO XX |X|X|X|X|X]|O
OO | X | X | X | X[ X|X|X O X | X | X | X|O | X|X|X
<H[ X | X[ X|X|X|X|0O|X <H| X | X|O | X|X|X|X|X
X[ X|X|X|X][0 | X[|X XX |X|X|X|X]|0 [ X
AN X|O | X|X| X[ X|X][X AN O | X | X|X|X|X|X|X
| X | X | X[ X| X[ X|X]|O —i| X |O | X|X|X|X|X|X
AN AN M <HLOOD~-00 WO AN ) <H 1O O =00
OO X | X |0 | X| X[ X|X|X OO X | X|X|X|O | X|X|X
D~ X|O [ X|X|X|X|X]|X D~ O | X | X[ X|X|[X]|X]|X
OIX | X[ X[O|X|X|X]|X O X | X|X|X|X|X]|0O[X
LO| X | X | X | X | X[ X|0O [ X LOX | X[ XX | X [0 [ X]|X
<H[ X | X[ X|X|X]|0|X]|X <A X | X[ X|O|X|X[X|X
| X | X|X|X| X[ X|X]|O | X|O | X|X|X|X|X|X
AN X | X|X|X|O[X|X|X AN X[ X|X|X|X|X]|X]|O
O | X[ X[ X|X|X|X]|X [ X | X|[O [ X|X|[X]|X]|X
=AM <10 ©D-00 </ AN <F OO D~-00

3 IX[X|X|X|o|X]|X|X

4|X[X|O[X|X[X]|X]|X

6 | X |0 X|X[X|X]|X|X

SIX|[X|X|0o|X|X]|X]|X

448

73_

Figure A.15: Configuration for cg

’ direction ‘ statistic

||
Nell NelNe)
5a5757
NelNe}l Ne]
575757
Nell NelNe)
575757
Nell NelNe)
5a5757
NelNo}l Ne
575757
Nell NelNe)
575757
Nell NelNe)
5a5757
NelNo} Ne]
1O O O
S— | N [ —
||~
|
W > N

Table A.6: 2-dimensional statistics for cg 3
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A21.7 n=9

3|1 23456789
T[X[X]X[X[o[X[X[X]x

DIX XX |X[X[X]|X]|0o|X

3| X | O [ X|X|X|X|X|X]|X
4| X|X|X|X|X|X|0|X|X

DX XXX |X|X]|X|X]|0o

O [ X|X|X|X[X|0o]|X]|X]|X

T IX|X]| 0| X|X|X|X|X|X
10| X[ X|X|X|X|X|X]|X
Q| X |X[X]|0|X|X|X|X]|X

6]1 23456789
T[XX]XX X[ X[ o [X]x

20| X[ X|X|X|X|X|X]|X
3| XX X|X|X|X|X|X]|0o

4|X[X|O[X|X[X]|X][X|X
BIX|X|X|X]|o[X[X[X|X

6| X | X[ X|X|X|X]|X|0o|X

TIXIX|X]|0o[X|X|X|X]|X
SIX[O|X|X|X[X]|X]|X]|X
Q| X|X|X|X|X|o|X|x]|X

21123456789
TIX|O[X|X|X]|X]|X]|X]|X
2IX|X|X|X|0o[X]|X]|x]|x

11123456789
T[X[X]XX[X[X[X][X]o

J|X|X|X| 0| X|X|X|X]|X
40| X|X|X|X|X|X]|X]|X
HIX|X[X|X|X|o|X|x]|X

O | X[ X|X|X|X|X]|X]|x]|0o

T XX X|X|X]|X]|0o|X]|X

8| X|X] 0| X |X|X|X|X]|X
Q| X | X|X|X|X|X]|X|0o]|X

DIX|X|X|O[X|X[X|X]|X
SIX[X|X|X]|X]|o|X]|X[X

4| X|X|X|X]|0|X|X|X]|X

Blo X |X|X|X|X|X|x]|X
O XX |0 |X|X]|X]|X]|x|X

T IX| 0| X|X|X]|X|X|X|X
8 X[ X|X|X|X|X]|X|0o|X

9 | X|X|X|X|X]|X]|0o|X]|X

5|1 23456789
T[X[X]X[X[X]o[X[X]x

41123456789
T [XX]XXX]X][X]o[x

2| X | X|X|X|X|X]|0o|X]|X

30| X|X|X|X[X|X][X|X
4|X[O X[ X|X[X|X]|X|X
BIX|X|O|X|X[X|X[X|X
O X |X|X|o|X|X|X[X|X

T XXX | X|X]|X]|X]|0o]|X

SIX|X|X|X]|o[X|X][X|X

9| X | X|X|X|X|X|X|X]|0o

9]1 23456789

TIX[X[X]O[X|X]|X|X]|X
DIX[X| XXX [X[X]|X]|0

3| X | X[ O X |X|X|X|X]|X
4| X|X|X|X|X|X|X|0|X

DX X[ X|X|X|X]0o|X]|X

O [ X|O|X|X|X[X]|X]|X]|X
TIXIX|X|X[o|X|X|X]|X

| X |X|X|X|X|o|X|X]|X

9|0 | X|X|X|X|X|X|X]|X

2| X|X[X|X]|X|0o]|X]|X|X

3 IX XXX |X]|X]|0o|X]|X

4|IX[IX|X[O|X[X]|X[X]|X
BIX|O|X|X[X[X[X|X]|X
O [ X[ X|X|X]|o|X|X][X|X

T1O XXX |X|X|X|X]|X
QXX |X|X|X|X]|X]|x]|0o

9 [ X[ X] 0| X|X|X]|X|X]|X

81123456789
TIX|[X[O|X|X]|X]|X]|X]|X
2IX|O|X[X|X|X]|X[X]|x
SIX|X|X|X|X[X]|X]0[X

71123456789
1O [X[X|X|X|X]|X]|X]|X
DIX|X|O|X[X|X[X|X]|X
SIX[X|X|X]|o|X|X]|X[X

4| X|X|X|X|X]|0[X|X]|X

HIX|X|X]| 0| X|X]|X|X]|X
OO X[ X|X|X|X]|X|X]|X
T XXX XX X]|X]|X]|o

8| X | X|X|X|X|X]|0o|X]|X

Q| X | X|X|X|0o|X|X|X]|X

4| X|X|X|X|X|X|X|X|o0

DX X[ X|X|X[X]|X]|0o|X

O X|X|X|X|X|X]o]|x|X

T IX|X|X|X]|X]|0o|X]|X]|X

8| X|X|X]| 0| X|X|X|X]|X
Q| X |0 X|X|X|X]|X|X]|X
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Figure A.16: Configuration for cgy

’ direction \ statistic

e L e
[\ ia\Ra\
777777
NN
777777
[ Bla\Ra\
I~ D= D=
[a Bl Ra\
777777
(SNl Ra\
777777
[ Bla\Ra\
I~ D= D=
[a B la\Ra\
777777
NN e
777777
[ Bla\Ra\
I~ [P~ [P~
S— | | —
| —
— | |
~— | — [~
w| eS| N

Table A.7: 2-dimensional statistics for cg 3
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A.2.2 Geometric lines

We will only list the configurations until n = 9 because it would take too much space to list
all larger values. The statistics in this section for n > 7 are all the same in every direction

because the optimal values have the form n

the number of points must be n? — n.

A221 n=3

3 —n? and so in every two-dimensional sub-slice

11123 121123 31123
1lo|xX|x| 1[x|o|X| 1[|X|X]|o
2|X|o|X 2|olo|o 2|1X|0o|X
JIX|X]|o] 3J|X|o|X| 3|o|X]|X

Figure A.17: Configuration for gs; 3 = 16

\ direction \ statistic \

x (1) (6,4,6)
y (2) (6,4,6)
z (3) (6,4,6)

Table A.8: 2-dimensional statistics for gs 3

A222 n=14

111 2 3 4 211 2 34 311 234 411 2 3 4
1IX|o|Xx]|X 1IX|X|o|X 110X |X]|X 1IX|x|x|o
2IX|X|X|0o 210]0|X]|X 21X|X|o|x 2X|o|X]|X
JIX|X|o|X 3|X|o|o|X JIX|X|X|o 30| X|X|X
4o XXX 4|X|X|x|o 4|X|o|x|X 4|o|x|o|X

Figure A.18: Configuration for g, 3 = 45

’ direction \ statistic

x (1)

(12,11,11,11)

y (2)

(11,11,11,12)

z (3)

(12,10,12,11)

Table A.9: 2-dimensional statistics for g, 3
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A223 n=5

ol1 2345
1[X[X[o[X[x

210X |X|X]|X
3 |X[X|X]|o|X

4|X|o|X|X]|X
HIX|X|X]|X|o

412345
1[X[X[x[X]o

21X|x|o|x|o

3|0 [X|X]|X|X
41X |X|X|o|X

5X|o|x|xX]|X

3]1 2345
1IX|o[X|Xx|x
21X |X|X]|o|[X

3 IX[X]o|X|X

4|X|X|X]|x]|o

Hlo|X|X|X]|X

2112345
1[x|x[x]o][x

1112345
1lo|X|X|X|X
2IX|X|x|0o|X

21X 0| XXX
3IX|X|X|X]|o

4|o|o|X|X]|X
5IX|x|o|x]|X

3IX|o[X]|X]|X
4X|X|o|x|o

HX|[X|x]|o|X

97

Figure A.19: Configuration for gs s

’ direction ‘ statistic

|~
oo o
N |~
0 | [
| [
oo o
NN |
[ e Nl
[ |
oo (o
NN | —
S— | [—
) e e S
— AN |
~—— |~
W s N

Table A.10: 2-dimensional statistics for gs s

A224 n==6

OIX |0 [ X|X|X|X OO0 | X[ X|X|X]|O
1O X | X[ X[ X|X]|0 O X | X[ X]O | X|X
<H| X | X]|0O [ X|X]|X < X | X|X|X|0|X
MNX X[ X|X|0 X M| O | X|X|X|X|X
A X[ X[ X0 | X|X A X | X[O | X|X|X
O | X | X|X|X|X [ X]O [ X|X|X|X
N AN <F1OO Nel LuNa\ Eaal il iniNe)
OIX| X0 | X|X|X O X | X[ X| X |X|0
O X X[ X| X0 | X O X | X0 | X| XX
<H| O | X| X | X|X]|X <H| X|O | X|X|X|X
MN[X]O [ X|X|X|X | X | X|X]|0 | X|X
A X |0 | X[ X]|X]|O A O | X[ X| X |X|X
—[ X[ X[ X]0|X|0O —i| X | X[ X|X]0|X
AN AN <10 WO AN < 10O
OIX| X[ X|0|X|X O X | X|X|X|0|X
OO | X | X| X | X|X O X O [ X| X | X|X
< X | X| X[ X|X|0 <F| X | X|X]|0 | X]|X
M| X |X]O [ X|X|X X | X[ X[ X|X]|0
A X[ X[ X|X|0|X A O | X[ X| X |X|X
[ X O | X|X|X|X [ X[ X]O | X|X|X
AN <10 O i lam e\ Eanl ol i iNe)

Figure A.20: Configuration for gs3 = 177
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’ direction \ statistic

||
| [
AN |
olo|o
M ||
olo|o
™ | [
[en) len Nl faw)
N (N |0
||
AN | N
o oo
N[N [»
S— | | —
| —
— | [
~— — |
X eS| N

Table A.11: 2-dimensional statistics for ge s

n=717

A.2.2.5

41234567
T[X[X[o[X[X][x[X
2 X[ X[X[x|x[x]o

30| X|X|X|X[X]|X
4| X|X[X[0[X]|X]|x

5| X|X|X|X|X]o|X

0| X|X|X]|X|o|X|X

T 1X| 0 X|X]|X|X]|X

3|11 234567
1lo|x|x[x[x|x]|x
2IX[IX[X|X[o|X]|X

3IX|o|X|X|X[X|X
4| X|X[X[X|X]|X]|0o

5| X|X|0o|X|X|X]|X
6| X|X|X]|0o|X]|X]|X

T XX X|X]|X]|0o|X

211234567
1[X|X[X[x]o[x]|x

2| X|X|o|X|X]|X]|X
3| X|X|X|X|X]o|X

410 | XX |X[X|X]|X
5 [ X[ X|X]|o|X]|X]|X

6| X |0 X|X|X]|X]|X
T IX|X|X|X]|X]|x]|o

111234567
T [X[X[X[X[Xx][o]X

2| X |X[X]|0o|X]|X]|X

JIX[X|0o|X|X]|X]|X
4 X|X|X|X[0o]|X]|X

9| X|O [ X|X|X]|X]|X
6 | X|X|X|X|X]|X]|o

T10|X|X|X|X]|X]|X

D~[O [ X|X|X|X|X]|X
OIX|X|X]|0o | X|X]|X
LO| X | X | X[ X | X|X|O
<H[ X |X|O|X|X|X]|X
X | X| X[ X|X]|0|X
AN X[ O | X[ X|X|X|X
—| X[ X| X[ X|O|X|X
D~— AN <1 O D~
D~ X|X|O|X|X|X]|X
OIX|O | X[ X|X|X|X
WO X[ X | X[ X |0 |X|X
<H| X[ X| X[ X|X]|X|0O
NX|X|X]|O | X|X]|X
AN O [ X|X|X|X|X|X
| X | X|X|X|X[0]|X
Of— AN <H 10D O -
D~ X[ X| X[ X|0|X|X
OIX|X|X|X|X|0|X
WO X[ X|O | X|X|X]|X
<H| O [ X | X[ X|X|X|X
X[ X| X[ X|X]|X|0
A X[ X|X]|O |X|X]|X
—[X|O | X|X|X|X]|X
LO|— AN D <H 10D O -

294

Figure A.21: Configuration for g7 s

’ direction \ statistic

||
A | e
<~ ==
[ N2 s\
< =
[\ BIa B[
~
[ B2 BN
<~ =
[ B2 s\
< =
[ BIa B[
~
[ Ba BN
< [ | <
S— | | —
|| —
— | [
~— | — [
“o| eS| N

Table A.12: 2-dimensional statistics for g7 s
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A226 n=38

8|1 2345678

1 [X|X|X[X]|o|X|X]|X

2| X|X|X|X|X[0o]|X|X

30| X|X|X|X|X]|X]|X
4 X|X[X[X[X]|X]|0o|X

5| X|X]O|X|X[X]|X|X
6| X |X|X]|0o|X[X]|X|X

TIX[O[X|X|X]|X[X|X
SIX|X|X|X[X[X]|X]|o

1 [X|X|X|X|X]|X|o|X

QO X | X | X|X|O [ X|X|X OO X | X|O | X|X|X|X|X
D~ X | X[O | X|X|X|X]|X D= X | X|X|X|0O | X|X|X
OO | X | X|X| X[ X|X][|X O X | X|X|X|X|X]|0O|[X
LO| X | X | X | X | X[ X|0 [ X LO| X [ X | X[ X[ X]O | X[ X
<H[ X | X[ X]O | X|X]|X]|X <H| O | X | X | X | X|X|X|X
DX | X|X|X|X][O|X][|X N X |X|X[O | X|[X]|X]|X
AN X | X|X|X|X[X]|X]|O AN X|O | X|X|X|X|X][|X
—i| X | O | X | X| X[ X|X]|X | X | X | X[ X| X[ X|X]|O
N AN N <FLO O D~ 00 O AN < 1O O D~ 00
QOO | X | X|X| X[ X|X|X QO X | X|X|X|X|X]|0O|[X
D= X[ X | X|X| X[ X]|0 [ X P~ X[ X | X[ X| X[ X]|X]|O
O X| X |X|X|0 [ X|X][|X O X | X|X|X|X]|0|X]|X
LO| X | X|O | X | X[ X|X|X LO|I X | O | X | X | X | X|X|X
<H[ X | X[ X|X|X|X|X]|O <H| X | X|X|X|O | X|X|X
X0 | X|X| X[ X|X][|X O | X|X|X|X|X|X|X
AN X | X[ X[O|X|X[|X]|X AN X[ X|O | X|X|X|X]|X
| X | X | X|X|X]0O|X|X X | X[ X[O | X|[X]|X]|X
AN AN M <HLOOD~-00 WO AN ) <H 1O O =00
OO X | O | X| X | X[ X|X|X OO X | X|X|X|X]|0|X|X
D= X[ X | X[ X|X]O [ X]|X D= X |O | X| X | X|X|X|X
O X | X|X|X|X[X]|X]|O O X | X|X[O|X|[X][|X]|X
O XXX |0 | X[ X[X|X LO| X | X | X[ X | X[ X|X]|O
<F [ X | X[ X|X|X|X|0|X <A X | X|O [ X|X|[X]|X]|X
| X|X|O | X| X[ X|X]|X X | X|X|X|X|X]|0O[X
AN O | X | X|X| X[ X|X][X AN X[ X|X|X|O|X|X][|X
X | X[ X[ X|O| X[ X]|X O | X | X[ X| X[ X]|X]|X
=AM <10 © - 00 </ AN <F OO D~-00

7112345678

2| X|X|X]|o|X|X]|X|X

JIX[X|X|X|X|0o|X]|X
4| X|X|X|X[X]|X]|X]|0o

X |X|X|X|o|X]|X|X

O [X]O[X]|X|X|X|X|X
T1O[X|X|X|X|X|X|X
S XX |0 |X[X]|X]|X]|x

448

73_

Figure A.22: Configuration for gg

’ direction ‘ statistic

||
Nell NelNe)
5a5757
NelNe}l Ne]
575757
Nell NelNe)
575757
Nell NelNe)
5a5757
NelNo}l Ne
575757
Nell NelNe)
575757
Nell NelNe)
5a5757
NelNo} Ne]
1O O O
S— | N [ —
||~
|
W > N

Table A.13: 2-dimensional statistics for gs s
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A227 n=9

31123456789
TIX|X|X]0o|X]|X]|X|X|X
2IX|X|O[X|X|X]X[X]|X
3IX|O|X|X|X[X[X[X|X
4IX[X|X|[X|X]|0o|X]|X]|X

DX XXX |X|X]|X|X]|0o

O [ X|X|X|X|X[X]|X]|0o|X

TIX|X|X|X|X]|X]|0o|X|X

10| X[ X|X|X|X|X|X]|X
Q| X |X[X]|X|0|X|X|X]|X

21123456789
Lo X[X|X|X]|X|X]|X]|X
DIXX XXX [X|X]|X]|0o

J|X | XXX |X|X]|X|0o|X

4| X|X|X|X|X|X|0o]|X]|X

HIX|X[X|X|X|o|X|x]|X

O [ X|X|O|X|X[X]|X]|X]|X

T XX X|X]|0o|X]|X]|X]|X

8| X| 0| X|X|X|X|X|X]|X
Q| X|X|X]| 0| X|X|X|X]|X

6]1 23456789
T[X[X[o [X[X]X[X[X]x
2 [X[X[X[o [X[X[X]x[X
3 XX [X[X[X[X][o]x[X

4 X|X|X[X]0o|X]|X|X|X

DX X[ X|X|X|X]|X|0o|X

6| X | X|X|X|X|0o|X|X]|X

T1OIX|X|X[X|X|X[X]|X
SIX[X|X|X|X[X|X]|X]|o

QX |0 [ X|X|X|X|X|X]|X

9]1 23456789
T[X[X]X[X[X[x[X][o]x

DIX[X|X|X[0[X]|X]|X]|x

3| X | XXX |X|X|X|X]|0o

4[X| XX O X[X]|X]|X|X
BIX]o|X|X[X|X|X|X]|X
O [ X|X|X|X[X[X]0o]|X]|X

TIX XXX | X[ 0| X|X]|X

X | X[ 0| X |X|X|X|X]|X
9|0 | X|X|X|X|X|X|X]|X

11123456789
T [X[X]X[X[X[x[o[x][x

2 IX[X|X|X|X[0o[X]|X]|X

3 XXX X|o|X]|X|X]|X

4| X|X|X|X|X|X|X|X|o0

Blo X |X|X|X|X|X|x]|X
O X|X|X|o|X]|X]|X]|X|X
TIX]O XX |X|X|X|X]|X
S [X|X[X|X|X|X]|X|o]|X

9 | X|X]O|X|X|X]|X|X]|X

5|1 23456789
T[X[X]X[X[ o[ X[X[X]x

2| X | X|X|X|X|X]|X|0o|X

JIX|X|O|X|X[X|X][X|X
4|X[O X[ X|X[X|X]|X|X
BIX|X|X|o|X[X|X[X|X
OO | X|X|X|X|X|X[X|X
TIX|X|X|X|X[X[X|X|0

SIX|X|X|X|X[X]|o|X]|X

QX | X|X|X|X|0o|X|X]|X

8|1 23456789

1| X[ X]|X|X|X]o|X]|X]|X

2O X[X|X|X|X]|X|X]|X
J|X|X|X| 0| X|X|X|X]|X
4| X|X|X|X|X|X[X]|0o|X

HIX|X|X|X|X|X]|0o|X]|X

O X|O|X|X|X|X]|X|[X]|Xx
TIX|X|O[X[X[X[X|X]|X
S[X|X|X|X]|o[X|X[X|X

Q| X | X|X|X|X]|X|X|X]|0o

41123456789
T [X[o [XX[X]X[X][X][x
2 XX [X[X[X[x]o]Xx]x

310X |X|X|X|X|X]|X[X
4|X[X|O[X|X[X]|X[X]|X
BIX|X|X|X]0o[X[X|X]|X

6 | X[ X|X|X|X]|X|X|X]|o

TIX|IX|X]o|X|X|X|X]|X
S XX |X|X[X]|o]|X]|X|X

9 [ X[ X|X|X|X|X]|X|o|X

71123456789
T[X[X]X[X[X[X[X][X]o

DIX|O[X|X[X|X[X|X][X
SIX[X|X|X]|X]|o|X]|X[X

4O X[X|X[X|X]|X[X]|X
BIX[X|o|X|X|X|X|X]|X
O [ X|[X|X|X]|o|X|X]|X[X

TIX|X|X|X|X]|X|X|0o|X

8| X|X|X]| 0| X|X|X|X]|X
Q| X|[X|X|X|X]|X]|0o|X]|X

648
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Figure A.23: Configuration for gg

’ direction \ statistic

e L e
[\ ia\Ra\
777777
NN
777777
[ Bla\Ra\
I~ D= D=
[a Bl Ra\
777777
(SNl Ra\
777777
[ Bla\Ra\
I~ D= D=
[a B la\Ra\
777777
NN e
777777
[ Bla\Ra\
I~ [P~ [P~
S— | | —
| —
— | |
~— | — [~
w| eS| N

Table A.14: 2-dimensional statistics for gg 3
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A.2.3 Algebraic lines

A231 n=3

olo|o|—
X|olo|ho
o|o|o|w
X|o|[XI[po
o|o|o|w
O X[ X[
olo|X|[bo
o|X|o|w

X[ X|O|—
[SCN NS (V)

W DN ==
W N o

Figure A.24: Configuration for ags =9

’ direction \ statistic ‘

x (1) (3,3,3)
y (2) (4,4,1)
z (3) (1,4,4)

Table A.15: 2-dimensional statistics for as s

A232 n=4

111234 (211234 13l11234 411234
1| X|X|X]|o l|o|o|o|o 1|X|X|X]|o 1IX|o|X|X
2IX|o|X|x| 2[x|o|x[x| 2|X|X|x|o|] 2|o|o|o|x
3lo|x|o|xX| 3lo|x|o|X| J[X|o|X|X]| 3J|X|X]|xX]|o
4lo|X|o|X 4X|o|X|X 4lo|X|o|o 4lo|o|o|x

Figure A.25: Configuration for as3 = 36

’ direction ‘ statistic ‘
x (1) (9,10,10,7)
y (2) (9,8,9,10)

z (3) (10,8,10,8)

Table A.16: 2-dimensional statistics for a4 s
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A.3 Configurations for d =4

A.3.1 Combinatorial lines

A311 n=3

111 23 2|11 23 [3]l1 23
1|o|x]|o 1|x|o|xX 1|o|X|x
2[x[o[x] 2[o[x[x] 2[x[x[o
310[X]|X JIX|X]|o 3IX|o|X
111 23 2|11 23 [3]l1 23
1Ix|o|x| 1lo[x|x| 1[x|X]|o
2o|x[x| 2[xlolo]| 2[x[o[x
JIX|X|o JIX|0o|X 310|X|X
111 23 2|11 23 [3]l1 23
1|o|X|X 1|x|x|o 1|X|o|x
2[x[x[o] 2[x[olx| 2[ox[x
3IX|o|x| 3lo|X|X| 3J|X|X|o

Figure A.26: Configuration for cs4 = 52

’ direction \ statistic ‘

1 (17,17,18)
2 (17,17,18)
3 (17,17,18)
1 (17,17,18)

Table A.17: 3-dimensional statistics for c; 4
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A312 n=14

411 2 3 4

1lo[X|X|X

21X |X|o|X
3IX|X|X|o
4X|o|X]|X

31234

211234

1IX|o|x|X
21X|X|x|o

3| X|[X]|o|X
4]0 |X|X|X

411 2 3 4

1[X|o|X|X
2|X|X|x]|o
3lo|x|x|o
4|X|x|o]|o

1[X|X|o|X

2% |o|x|X

3|0 |X|X]|X
4|X|X]|x|o

31234

2|11 234
1[x[x[x]o

1|X|x]|o|X

210 [X|X|X
3| x|o|x]|X
4 X |X|X|o

2IX|o|X|x

JIX|X|o|X

4|0|X]|X|X

111 23 4

1lo|X|X]|o
210 [X|X|X
3X|o|X]|X

4lo|X|o|X

<tH| O | X|X]|X <H| X | X|X|O
| X[ X|0 X o | X|X]|X
A X |0 |X|X A X[ X|0[X
—| X | X|X|O —| X |0 |X|X
= N < <Fl— N <+
<H| X[ X|0 [ X <H| O | X|X|X
M| X[ X|X|0 onjo|o|o|X
A X |0 |X]|X A X |X|X]|0O
—| O | X|X|X —| X |X|0O|X
)= N < N~ N <H
<H| X |0 |X|X <H| X | X|0 | X
| X |0 |X]|X | X | X|X|0
Qo |o|o|o AN X |0 |X|X
—| X |0 |X|X —| 0 [ X|X|X
N|— N < AN~ o <H
<H| X | X|X|O <H| X |0 |X|X
O X |X]|X X | X|0 | X
A X |0 |X]|X AN O | X | XX
—| X|X|0|X —| X | X|X|O
—— AN oD < —— N oD <H

111 23 4

1o |X|X|X
2| X|X|o]|X
JIX|X|x|o

4|X|o|X|X

183

Figure A.27: Configuration for ¢, 4

’ direction \ statistic

|||
NeliNe} NejNe}
RN
NellNo} Ne} Ne}
S
O O O O
<<=
NeliNe} Nej Ne}
<t | < || <
S [ [ — [ ~—
— || <f

Table A.18: 3-dimensional statistics for c44
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A3.13 n=5

ol1 2345
1[x|x[x]o]x

21X|o|X|X|X
3IX[X|X|X]|o

410 |X|X|X|X
HX[X]o|X|X

412345
1[X[Xx[x[x]o

2IX|X|o|X|X

3 IX|o|X]|X|X
4|X|X|X|0o|X

Hlo|X|X|X]|X

312345
1[X[x[o]X[x

211 2345
1lo|X|X|X|X
2IX|X|X|X|0o

2IX|X]|X|o[X

30| X[ X]|X|X
4|X|o|X|X|X
DX |X|X]|X|0o

0|1 2345
T[X[X[o]X[x

2IX|X|X|0o|X

3|0 [X|X]|X|X
41X |0 |X|X|X
HIX|X|X]|X|o

J|X|X|X]|o|X

4|X|X|0o|X]|X

5[X|o|x|xX]|X

112345
T[X[o]x[X[x
2 [o[x[X[x]x
3 [x[Xx[o]x]X

4]1 2345
1lo|Xx|X|X]|X
2IX|X|X]|Xx |0

3 IX[X|X]|0o|X

4|X|Xx|0o|X|X

H|X|o[X|X|X

4|X|X|X]|x]|o

DX |X[X]o|X

3|1 2345
1[X[X[x[x]o

2112345
1[X[o[X][X]X
2 [o[x|x[x]|x
3 [X[x]o[x]x

21X |X]|o XX

3| X|o[X]|X|X
4|X|X|X|o|X

Hlo|X|X|X|X

4|X|X|X|X|o

HIX|X|x]|o|X

O XX | X|0 | X OO0 | X | X | X | X O X0 | X| XX
<P X | X[ X|X|0O < X | X|X]0|X <P X | X|O | X|X
M| X|X|0 | X|X M| X |0 | X[ X]|X M| X|X|X|0 | X
A O | X| X |X|X A X | X|O | X|X AN X | X[ X|X |0
—i | X0 | X|X|X — [ X | X|X|X|0O —| O | X | X|X]|X
WO AN < 1O WO AN < 1O WO AN <10
O X | X[ X|X]|0 O X | X | X0 | X O X | X|O | XX
<H| X |0 | X|X|X | X | X|X|X|0O < O | X| X[ X|X
M| O | X | X|X|X MX|X]0 | X|X M| X | X|X| X |0
A X | X|X|0|X AN O | X| X | X|X AN X |0 | X[ X|X
—| X | X]O | X|X —i| X |0 | X|X]|X —| X | X|X|0|X
| AN <O | AN <O | AN <O
O X | X|O | XX O X | O | X[ X]|X O X | X[ X|0 | X
< O | X| X | X|X <H| X | X |0 | X]|X < X | X|X|X |0
| X | X|X|X |0 X[ X|X|0|X M| X|X|0 | XX
A X|O | X|X|X A X | X|X|X|0O A O | X|X|X|X
—| X | X|X|0|X —| O | X | X|X|X —i| X |0 | X|X|X
D AN <O D= AN <O N AN <H O
010 | X | X| X | X O X | X0 | XX O X | X[ X|X]|0
<P X | X|X|0|X <f| O | X | X|X|X <H| X |0 | X[ X|X
X0 | X[ X|X MIX|X|X]|X]|0 M| O | X|X|X|X
A X | X|0 | XX AN X |0 | X[ X]|X A X | X|X|0 X
—| X | X|X|X|0O — | X | X|X|0|X —| X | X]|O | X|X
A AN <O A= AN <O AN AN <O
1O X |0 | X | X|X O X | X | X|X|0 O[O0 | X[ X| X | X
| X | X|0 [ X|X | X0 | X|X|X | X | X|X|0 | X
M| X|X|X|0 | X MO | X| X | X|X M| X|O | X[ X|X
AN X | X|X|X |0 A X | X|X|0 X A X | X|0|X|X
—|O | X | X|X|X —i| X | X |0 [ X]|X —| X | X[ X|X]|O
—— A <O =AM <O —— M <O

112345
1[x[x|x]o]x

2IX|0|X|X|X
3IX[X|X]|X]|o

4|0|X|X]|X]|X
DX |X|o|X]|X

500

Figure A.28: Configuration for cs 4
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’ direction \ statistic ‘

1 (100,100,100,100,100)
2 (100,100,100,100,100)
3 (100,100,100,100,100)
1 (100,100,100,100,100)

Table A.19: 3-dimensional statistics for cs 4

The statistics are all the same in every direction because the optimal value has the form

n* —n3 and so in every two-dimensional sub-slice the number of points must be n? — n?.
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A.4 Configurations for d = 3 and n — 1 progressions

A.4.1 Combinatorial lines

A41.1 n=3

11123 121123 |3]123
1[x|o|o 1lo|o|x 1lo|x]|o
2lo|o|X 2|lo|o|o 2|x|o|o
3|o|X]|o 3|X|o|o 3lo|o|X

Figure A.29: Configuration for cj 5 =7

’ direction ‘ statistic ‘

x (1) (3,2,3)
y (2) (3,2,3)
z (3) (3,2,3)

Table A.20: 2-dimensional statistics for ¢34

A41.2 n=4

111234 (211234 |3]11234 [4]1 234
1|X|o|X|X l1|o|x|x|o 1|X|X|o|X 1|X|o|X|X
2lolo|x|o 21X |X|o|X 2|x|o|o|X 210 |x|x]|o
JIX|X|o|X 3IX|o|X]|X 3|lojojo|o 3 x|[x]o|x
4X|o[X|X 4lo|X|X|o 4IX[X|o[X| 4|X|o|X]|X

Figure A.30: Configuration for ¢} 5 = 39

’ direction ‘ statistic ‘

x (1) (11,8,9,11)
v (2) (11,8,9,11)
z (3) (10,10,8,11)

Table A.21: 2-dimensional statistics for ¢ 4
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A413 n=5

511 2345
1lo|X|X|X|o
2IX|X|o|X|[X

3| X|o|X|X|X
4|X|X|X|o]|X

5lo|X|X|X]|o

412345
T[X[X[o]X[X

2IX|o|X|X|X
3l0|X|X|o[X

4X|X|o|x|o

HX|[X|X]|o|X

312345
1[x[x|x]o][X

21X |X|o|x|o

3[x|o|X|X]|X
4lo[X|x|o|X

HX|o[X|X|X

211 2345
1IX|o|X|X]|X
210 |X|X|0o]|X

1112345
l1|lo|X|X|X]|o
21X|o|X|X|[X
JIX|X|X|o|[X

JIX|X|o|x|o

4|X|o|X|X]|X
5 X |x|o|X]|X

4|X|X|o|X|X

5lo|X|X|X]|o

=90

1

Figure A.31: Configuration for ¢
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’ direction \ statistic

o Lol ion
o0 |00 [CO
— | [
o0 |00 |00
— | [
o0 |00 |00
— | [~
o0 |00 [CO
— | [
o0 |00 |00
— | [
S— [ | —
e e S
— [N [
~— | — [
X eS| N

Table A.22: 2-dimensional statistics for cj

n==~6

A.4.1.4

OO0 | X|X|X|X|O O X| X[ X[ X|0[|X
LOIX| O | X | X | XX OO0 | X | X|X|X|0O
<F| X | X|O | X|X]|X <[ X]O | X|X|X|X
X | X|X|0 | X|X M X[ X|0 | X|X|X
A X | X|X|X|0|X A X | X[ X0 | X|X
—| O | X|X|X|X|0O —| X | X[ X[ X]|0|X
[ap] LemNa\ Eanl B iniNe) Nel LoNa\ Eaal s\ BiaiNe)
O X | X|O|X|X|X O X0 | X|X|X|X
O X | X | X0 | XX LOIX | X[ O | X | X | X
<f| X | X[ X[ X]0 | X <f| X[ X| X0 | X|X
MO | X|X|X|X|0 X[ X[ X[ X|0[|X
A X|O | X|X|X|X A O | X|X|X|X|O
[ X | X]|O | X|X|X [ X]O | X | X|X|X
[a\| LuNa\ Eaal B iniNe) Iee] LnNa Haal s\ BiaiNe)
O X | X|X|X|0|X O X | X| X0 |X|X
OO0 | X | X| X| X |0 O X | X[ X[ X0 X
<F| X|O | X|X|X|X <f| O | X|X|X]|X|0O
M X | X|O | X|X|X M X]O | X|X|X|X
AN X | X|X|O|X|X AN X | X|O|X|X|X
—| X | X| X[ X]0 | X —i| X[ X[ X]0 [ X]|X
AN <O O i iamEa sl BiniNe)

Figure A.32: Configuration for ¢, = 173
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’ direction \ statistic

||
| [
AN |
o0 |00 [
AN |
oo
AN |
S |OY |00
AN |
=N =)
AN |
=N {=)
N (N[N
S— | | —
| —
— [N |
~— — |
X eS| N

Table A.23: 2-dimensional statistics for 0(1573

n=7

A.4.1.5

411234567
TIX|IX[X]|o|X]|X|X

2| X|X|X]|o|X|X|X

JIX|X|X|o|o|X]|X

4|o|o|[X[X|X]|X|0o
H5IX|X|X|o|X|X]|X

O X|X|o|X|X|0o]|X

T IX|X|X]|o|X]|X]|X

311 234567
1| X|X[X|X]|0o|X|X

2 X |0 X|X|X][X|X
SO [X|X|X[X]|X]|0

4 |X|[X]|0o|X|X]|X]|X
HIX|X|X|X|X]o|X

0| X|X|X]|o|X|X]|X

TIX|X|X|X]|o|X|X

711234567
1IX|X|X[X]|X]|0o|X

2 XX |X|X]|o|X]|X

3 X [X|o|X|X]|X|X
4 |X|X|X]|0o|X]|X|X

BIX[O|X|X|X|X|X
60X |X|X|X]|X]|0o

TIX|X|X|X]|x]|0o|X

211 234567
TIX[O|X|X|X]|X|X
2 X |X|0o|X]|X]|X]|X
3IX|X|X|X]|X]|o]|X

4 |X|X|X|0o|X]|X|X

5lo|[X|X|X[X|X]|o

6| x| x[x[x]o]x]x

TIX| 0| X]|X]|X]|X]|X

6]1 234567
1]o[x|x[x[x]|x]o
2 [ XX [X[X][x[o][X

3Ix|o|x|x|x|x|x
4 X |X|X|x]|o[Xx|x

5IX|x|o|X|X|X]|X
O X|X|X|o|X]|X]|X

TI1o|X|X|X|X|X]|o

111234567
1[X[X[X][x[x]o]X

2| X|X|X|X|o|X|X

3 X |X| 0| X|X]|X|X
4 |X|X|X]|0o|X]|X|X

BlIX|o|X|X]|X|X]|Xx
60X |X|X|X]|X]|0o

TIX|X|X|X]|x]|0o|X

511 234567
TIX[X|o[X|[X|x|x
210X |X|X[X|X]|0

I X|X|X]|o|X]|X|X

4| X|X|X|X[X]o|X

HIX|X|X|X|o|X]|X

6| X]| O | X|X|X|X]|X
T IX|X|o|X|X]|X]|X

Figure A.33: Configuration for ¢} ; = 283

’ direction \ statistic

|~
— | [
~ =
ol i=}{=)
M= =
| [
~ =
O |00 |00
< ||
O |
RSN
| [
~
| [
< < | <
S— [ | —
|| —~
— | [
~— [ — |
K|S N

Table A.24: 2-dimensional statistics for ¢ 4

67



A41.6 n=38

8|1 2345678

1[x[x[x]o[x[x]x]x
2 [xlo|x|x[x]x|x|x
3IxIx|x]|x]ox|x|x
4lo|x|x|x|x|x|x]|o

5 X|X]O|X|X[X]|X|X
6| X |X|X|X|X[X]0o|X

T XX X|X|X]|0o|X]|X

SIX|X|X|o|X|X]|X]|X

1 [X|X|X|X|X]|o|X]|X

QO X | X | X|X|O [ X|X|X OO X | X|X|X|X|X]|0O|X
D~ X | X[ X|O | X[X|X|X D~ O [ X|X|X|X|X]|X]|O
O X|X|X|X|X[0O|X][|X O X|X|O|X|X|X|X][|X
OO | X | X[ X| X[ X|X]|O LO| X | X | X | X|0 | X|X|X
<H| X | X | X|X| X[ X]|0O [ X <H| X |O | X| X | X|X|X|X
| X|O | X|X| X[ X|X|X XX |X|X|X]|0|X]|X
AN X | X|O | X| X[ X|X][X AN X | X|X[O|X|[X]|X]|X
X | X[ X[ X|O|X|X]|X —i| X | X|X|X|X|X]|0 [ X
N AN N <FLO O D~ 00 O AN < 1O O D~ 00
QO X|O | X|X| X[ X|X|X O X | X|O | X|X|X|X]|X
D= X | X[ X[ X|O|X|X]|X D= X |O [ X[ X| X[ X]|X]|X
OIX| X[ X[O|X|X[X]|X QO X | X|X|X|0 | X|X|X
LO| X | X | X | X | X[ X]|0O [ X O X | X | X | X|X]|0 | X|X
<H[ X | X[ X|X|X|0O|X]|X <H[ X | X|X]O | X|[X]|X]|X
AN X | X|O [ X|X| X[ X]|X N0 [ X|X|X|X|X]|X]|O
AN O | X|X|X|X[X|X]|O AN X[ X|X|X|X|X]|0|X
—i| X | O | X|X| X[ X|X|X | X | X|O | X|X|X|X|X
AN AN M <HLOOD~-00 WO AN ) <H 1O O =00
QO X | X | X0 | X|X|X]|X 00| O | X|X|X|X|X|X]|O
D= X | X | X[ X|X]O [ X]|X D= X | X|O | X|X|X|X|X
O X|X|X|X|X[X]|0O[X O X|O | X|X|X|X|X][|X
LOIX | X |[O [ X | X | X[ X]|X O X | X[ X0 | X[ X]|X]|X
<O | X[ X|X|X|X|X]|O <A X | X[ X[ X]|O [ X]|X]|X
DX | X|X|X|O [ X|X|X X | X|X|X|X|X]|0O[X
AN X|O | X|X| X[ X|X][|X AN X[ X|X|X|X]|0O|X][|X
[ X | X[ X]O | X|X|X]|X O | X | X[ X|X|[X]|X]|O
=AM <10 ©D-00 </ AN <F OO D~-00

7112345678

2| X|X|X|X|0o|X]|X|X

3 IX[X|X]|o|[X|X]|X|X

4|X[X|O[X|X[X]|X]|X
5IX|o|X|X|X[X[X|X
OO0 [X|X|X|X|X|X]|o

TIX|X|X|X|X]|x]|0o|X

S IX[X|X|X|X|0o|X]|X

Figure A.34: Configuration for cj 5 = 439

’ direction \ statistic

VY e S
1O O O
575757
10O O O
575757
1O O O
575757
1O O O
575757
<t < |
575757
1O O O
575757
1O O O
575757
10O O O
1O O O
S [N | —
||~
D
W > N

Table A.25: 2-dimensional statistics for cg 4
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A.4.2 Geometric lines

A.4.2.1

A.4.2.2

n=3

n=4

O|O0|X|—
O|0|0(N
OX|O|Ww

WD

W N o

X|o|lo|—

O|0|0|ND
O|O0|O0|W

W N

O|O|O|—
OO0 | XN
O|O|O|Ww

Figure A.35: Configuration for 931)73 =4

’ direction ‘ statistic ‘

x (1) (2,1,1)
y (2) (2,1,1)
z (3) (2,1,1)

Table A.26: 2-dimensional statistics for g; ,

IEGLE N [

O|X|[X|O|—

X1 O X[ XD
X|X|o|o|w
O X| O X |~
INGJCR NCRT [N
X|X|O|X |
X|o|o|[X[bo
o|o|o|ofw
X|X|o|0O |k~

B 00 DD o
OO |X|X]|—
ojojo|o|no
X|Oo|Oo|X|Ww
X[ O XX |~

QO DN

X|O|X| O

OO XX

X|X|o[X]|w

OX|[X|O|~

Figure A.36: Configuration for gi73 =32

’ direction ‘ statistic ‘

x (1)

(9,7,7,9)

y (2)

(9,7,7,9)

z (3)

(9,7,7,9)

Table A.27: 2-dimensional statistics for g} ,
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A423 n=>5

1112345 211 2345 3112345 511 2345
1Ix[x|xlo[x] 1lolo|x|x|x| 1Ix|x[=|x|=| 1|x|o[x]|x]|x
2IX|0|X]|X|[X 21X [X|X|o]|X 21| X|0o|X|x 210]0|X|X|[X
3IX[X|o|X|X| 3|X|olo|x]|o JI||o|X|X| 3J|X|X|o|X]|X
4lo[X|X|X|o 4IX|X[0o|X]|X 4 X[ == |=|X 4lo|X|X|o|o
5IX|o|x|o|[X 5lo|X|X|X]|o 5 |X|® || X 5IX|o|X|X|[X

Figure A.37: Configuration for gj , = 82

’ direction \ statistic

|

x (1)

(18,17,14,16,17)

y (2)

(17,16,14,17,13)

z (3)

(18,16,15,16,17)

Table A.28: 2-dimensional statistics for gég
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A.5 Configurations for d = 3 and n — 2 progressions

A.5.1 Combinatorial lines

Ab511 n=4

111234 (211234 [3]11234 (4]1234
1ix|olo|o llolo|X]|o llo|X|o|o l1lolo|o|o
2lolo|x|o 2lolo|o]|o 2(x|olo|o 2|o|o|o|X
3|o|X|o|o 3|X|o|o|o 3|olo|o|X 3lojo|X|o
4|olo|o|o 4lolo|o|X 4|olo|x|o 4|o|x|o|o

Figure A.38: Configuration for ¢j 5 = 13

’ direction \ statistic ‘

x (1) (3,3,4,3)
y (2) (3,3,4,3)
z (3) (3,3,4,3)

Table A.29: 2-dimensional statistics for cj 5

Ab51.2 n=5

1112345 [2]112345 (8112345 |5]112345
l1|lo|x|X|o|X 1|X|X|o|X|X 1= [X[X]|X 1Ix|x|o|X]|X
2IX|X|o|X|X 2IX|X|o|X|X 2| ®|o|X|X 2IX|X|o|X|X
3|X|o|x|X|o 3lo|o|o|o|o 3IX|o|x|x|o 3|o|o|olo|o
4lo[X|X|o|X| 4|X[|X|o|X]|X 42| X || 4X[X|o|X]|X
HIX|X|o|x|[X HIX|X|o|X[X 5IX|®|o|x|x HIX|X|o|X|[X

Figure A.39: Configuration for ¢z 5 = 75

’ direction \ statistic ‘

x (1) (18,16,11,17,17)
v (2) (18,16,11,17,17)
z (3) (17,16,11,17,16)

Table A.30: 2-dimensional statistics for c§73
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A51.3 n=6

OO0 |X|X|X]|O O X | X|0 [ X|X]|X
WO X |0 |0 | X|X|X O X | X[ X [0 | X|X
<F| X | X |0 [X|X|X <H| X | X|X|0|0|X
o | X|X|Oo|O|O N[O |0 | X|[X|X]|O
AN X|O | X|X]|O[X A X|X|0O | X|X]|X
—| X |X|0O [X]|X|X | X |X]O [X]|X|X
N— AN <F 1O O Ol AN ™M <F 10O O
OIX|X |0 |X|X|X O X | X[ X|[0O|X|X
O X | X |0 [ X|X|X O X | X[ X [0 | X|X
<F|O | X|X|O|X]|O <H| O | X|X|X|O|O
N[ X|O [ X[X]|0O|X N[ X|0 |0 [ X]|X]|X
A X | X |0 | X|X]|X A X | X|0 | X|X]|X
—| X | X|X|[0O|X|X —| X | X|X]|0|X|X
ANf— AN <F 1D O WOI— AN <F 1D O
O X | X |0 [X|X|X O|X|X|X|[0o]|0|X
O X | X | X [0 | XX 10| 0 | X|X|[X]|O |0
<H|O|O |X|X]|O|X <t X|O|X|O|X]|X
| X |X|0o [ X]|X]|0 M| X |X]0 [X]|X|X
AN X | X|X|[O|X|X AN O [ X|X|O|X]|O
—| X | X|X|[0O|X|X —|O0|O0|X|X]|O|O
=N 0 © <H|— N0 <+ 10O ©

Figure A.40: Configuration for ¢j 5 = 152

’ direction \ statistic

| —~|—
~ |~ |t~
||
D~ b= |D=
AL [
N |
AN [
NN
Bl [
I~ b= |D=
L[ [
D~ b~ D=
AN
S— | | —
||
— [N [
~— | — [
X eS| N

Table A.31: 2-dimensional statistics for 0273
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Ab514 n=7

411234567
1|X[o|X|x[x]|X|o
21o[x|x|x|x|o|x

J|X|X|X|X|o|X|X

4 |X|X|X|0o|X]|X|X

BIX|X|o|X|X|X]|X
6| X|Oo|X|X|X|X]|o

T1o|X|X|X]|X]0o]|X

311234567
1IX[X|o[X|X|x]|x
2IX|0|X|X[X]|X]|0

SO0 |X|X|X|X|0o]|X

4 X [X|X|X]o|X|x

H5IX[X|X|o|X|X]|X

OX|X|o|X|X|X|X
7Ix[o|x|x]|x[x]|o

711234567
TIX|X|X|o]|X]|x]|X

2IX[X|o|X|X|X|X
3x|o|x|x|x|x|o

410X |X|X|X]|o]|X

DX |X|X|X|0o|X]|X

O X|[X|X|o|X]|X]|X

T IX|X|o|X]|X]|X]|X

211234567
TIX|X|X]|o|X]|x]|X

2IX[X|0o|X|X|X|X
3Ix|o[x|x[x]|x]o

410 [X|X|X|X]|0o]|X

DX |X|X]|X|0o|X]|X

O X |X|X|o|X|X]|X

TIX|X|0o|X]|X]|X]|X

611234567
1IX|X|X[X]0o]|X]|X

X [X|X|o|X|X|X

3IX|X[o|X|X|x]|X
4IX|o[X|[X|X|X|0o

Hlo|X|X|X]|X|o|X

O X|X|X|X|0o|X]|X

TIX|X|X]|o|X]|X]|X

111234567
1IX|X[X[X]|0o]|X]|X

2IX[X|X]|o|X|X|X

3IX|X[o|X|X|x]|X
4IX|o|X|X|X]|X]|o

Hlo|X|X|X|x|o|X

6| X|X|X|X[0o]|X]|X

T IX|X|X]|0o|X]|X]|X

511 234567
1]o|X|[X|X|x]|o|X
2IX|X|X|X|0o|X]|X

J|X|X|X]|o|X|X|X

4 x[x]o|x|x]x]x
5lix|o|x|x[x]|x|o

6|o[x[x[x[x|o|x

T IX|X|X|X]|0o|X]|X

= 276

2

Figure A.41: Configuration for ¢

73 =

’ direction ‘ statistic

||
oo O
~ ==
olo|o
A A
o =)=
M| [
o0 |00 |00
|
=)=
N[ |
olo|o
~ =
olo|o
< < | <
S— [ | —
||
— | [en
~— [ — |
W eS| N

Table A.32: 2-dimensional statistics for ¢Z
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A515 n=38

8|1 2345678

1 [X|X|X[X|X]|0o|X]|X

2| X|X|X]|0o|X[X]|X|X

3Ix[x]o|x|x|x|x|x
4X[o|X|X|X|X|x]|o

HX|X|X|X|0o|[X]|X|X

6|0 |X|X|X|X|[X]|0o|X

T XX X|X|X]|0o|X]|X

SIX|X|X|o|X|X]|X]|X

Tlo[X|X|X[X|X|o|X

QO X | X|O | X| X[ X|X|X 00| O | X|X|X|X|X]|0O|X
D~ X | X[ X|O | X[X|X|X D= X O | X|X|X|X]|X]|O
O X|X|X|X|X[0O|X][|X OIX | X000 |X|[X]|X]|X
LOIX | X [O [ X | X | X[ X]|X LOIX | X[ X[ X|O [ X[ X]|X
<H| O | X | X|X| X[ X]|0O|[X <H| X | X | X|X|X]|0|X|X
N X|O|X|X|O[X|X]|O X[ X| X[ X|X]O|X]|X
AN X | X|O | X| X[ X|X][X AN O [ X|X|X|X|X]|0O|[X
—i| X | X | X0 | X[ X|X[|X —i| X|O | X|X|X|X]|X]|O
N AN N <FLO O D~ 00 O AN < 1O O D~ 00
O X | X |X|O | X[ X|X|X QO X | X|X|X|O|X|X|X
D= X[ X | X|X|X]0 | X|X D= X | X[ X[ X|O [ X]|X]|X
Q|0 | X|X|X|X[X]|0|[X QO X | X|X|X|0 | X|X|X
LO| X | X | X | X|O [ X|X|X OO0 O | X|X|X|O|O|O
<H[ X |O [ X|X|X|X|X]|O <H[ X | X|X]O | X|[X]|X]|X
AN X | X|O [ X|X| X[ X]|X AN X | X|O [ X| X[ X]|X]|X
AN X | X[ X[O|X|X[|X]|X AN X[ X|X|X|O | X|X][|X
| X | X | X|X|X]0O|X|X X | X[ X[ X]|O [ X]|X]|X
AN AN M <HLOOD~-00 WO AN ) <H 1O O =00
OO X | X | X|X|X[0|X|X OO X |0 | X|X|X|X|X]|O
D~ O | X|X|X|X|X|O]|X D= X | X|O | X|X|X|X|X
O X|O | X|X|X[X]|X]|O O X | X| X[ X|X]O|X]|X
LOIX | X[ X[ X0 | X[ X]|X O X | X[ X0 | X[ X]|X]|X
<H[ X | X[O | X|X|X|X]|X <A X | X[ X[ X|O [ X]|X]|X
AN X| X[ X[O | X|X[X]|X O [ X|X|X|X|X]|0O|[X
AN X | X|X|X|X[O|X][|X AN X|O | X|X|X|X]|X]|O
O | X | X[ X|X|X]|0O|X [ X | X|[O [ X|X|[X]|X]|X
=AM <10 © - 00 </ AN <F OO D~-00

7112345678

2| X|X|X|X|X]o|X|X

3 IX[X|X]|o|[X|X]|X|X

4|X[X|O[X|X[X|X]|X
5IX|X|X|X]|o[X][X|X
O |X|O|X|X|X|X|X]|o

T10|X|X|X|X|X]|0o|X

S IX[X|X|X|X|0o|X]|X

Figure A.42: Configuration for c§ 5 = 423

’ direction \ statistic

||
< <<
575757
[ap R IanN lap]
575757
| [
575757
[a\ BIa\RIaN
575757
[ap R IanN lap]
575757
[ap R Iap R ap]
575757
< <<
575757
[ap R IanN lap]
1O O O
S [N | —
||~
D
W > N

Table A.33: 2-dimensional statistics for ¢ 5
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A516 n=9

3|1 23456789
T[X[X]X[X[o[X[X[X]x

2IX|X|O[X|X|X]X[X]|X
30| X|X|X|X[X[X]0[X

4| X|X|X|X|X|0|X|X|X

5IX|X|X|o|X[X[X[X|X
O X|O|X|X|X|X|X]|X]|0o

TIX|X|X|X|X]|X]|0o|X|X

X |X|X|X |0 X|X|X]|X

QX |X|O|X|X|X]|X|X]|X

611 23456789
1[X|o|X[X|X|X|x]|X|o
2IX|X[X|X|X[x]o|x]|x

3| X | X[ X|X |0 X|X|X]|X

4|X[X|O[X|X[X]|X][X|X
5lo|X|X|X|X[X[X]o[X

6| X | X|X|X|X|0o|X|X]|X

TIXIX|X]|0o[X|X|X|X]|X
SIX[O|X|X|X|X|X]|X]|0o

Q| X | X[ X|X|X|X]0|X]|X

21123456789
1 [X[X]X]X[X[o[X][X]X

11123456789
T [X[X]X[X[X[x[o[x][x

2IX|X|X[O|X|X]|X[X]|X
3IX|o|X|X|X|X]|X]|X]|0o

4| X|X|X|X|X|X|0o]|X]|X

HIX|X|X|X]|0o[X|X]|X|X

O [ X|X|O|X|X[X]|X]|X]|X

T10[X|X|X|X|X]|X]|0o]|X

8| X|X|X|X|X|0o|X|X]|X

Q| X|X|X]| 0| X|X|X|X]|X

D IX[X|X|X|0[X][X]|X]|x

3Ix[x[o|x[x[x]x|x]x
4o|x|x|x|x|x|x|o|x

HIX|X|X|X|X]|o|X|X]|X

O X|X|X|o|X]|X]|X]|X|X
TIX]OoX|X|X|X|X|x]|0

8 X[ X|X|X|X]|X]|0o|X]|X

9 | X|X|X]|X|o|X]|X|X]|X

511 23456789
1Ix|x[o|[x|x|x[x[x]x
210X [X|X|X[X]|X|o|x

411 23456789
1IX[X|X|o[X|X|x][X]|X
2 X0 X|X|X|X|X|x]|o

S| XX [X|X|X|o|X|x]|X

4|X[IX|X]|O|X[X|X]|X|X

5| X|o|X|X|X|X|X|X]|0o

O | X | X|X|X|X|X]|0o|X]|X

T XX X|X]|0o|X]|X]|X]|X

SIX[X |0 X |X[X]|X]|X]|X
9|o|X|X|X|X|X]|X|o]|X

9]1 23456789

1 [X|X|X|X|X]|o|X]|X]|X

DIX X[ X[O|X|X[X[X]|X
3IX|o|X|X|X|X|X]|X]|0o

4| X|X|X|X|X|X|0|X]|X

DX XXX |0 X|X|X]|X

O [ X|X]|O|X|X[X]|X]|X]|X
TIOIX|X|X|X|X|X|0o]|X

| X |X|X|X|X|o|X|X]|X

Q| X | X[ X]|0|X|X|X|X]|X

3 IX XXX |X]|X]|0o|X]|X

4| X|X|X|X|0o]|X]|x]|x|X

X X[ O X|X|X|X]|X|X
6|0 [ X|X|X|X|X]|X|0o]|X

TIX|X[X|X|X]|o|X]|X|X

S XX |X|o|X]|X]|X]|X|X
9 [X]|o[X|X|X|X|X|x]|o

8|1 23456789
1 [ X[X[X]X][X[X]o[X]X

71123456789
1o [X|X|X[X|X|x]o|xX
DIX X[ X|X[X|O[X|X]|X

2IX|X|X|X|0o[X]|X]|x]|x

3Ix|x[o|x[x|x]x|x]x
4lo|X|x|x|x|x|x|o|x

HIX|X|X|X|X|o|X|X]|X

O X|X|X[Oo|X|X]|X|[X]|X
TIX|O|X|X|X[X[X|X|0

8| X |X|X|X|X|X]|0o|X]|X

Q| X | X|X|X|0o|X|X|X]|X

3x[Xx[x]o|x|x|x|x|x
4|X[o[X|X|xX|X|X[x]|o

DX X[ X|X|X|X]|o|X|X

O [ X|[X|X|X]|o|X|X]|X[X

T IX|X|o|X|X|X|X|X]|X
80 [ X|X|X|X|X]|X|0o]|X

Q| X|[X|X|X|X]|0o|X|X]|X

Figure A.43: Configuration for cj 5 = 626

’ direction \ statistic

e e Can
ololo
777777
OO O
777777
==
OO O
ololo
~|© |
o oo
N i=i=)
DD D
=l =g =)
o o|o
O = =
olo|o
77777a
[en) vl faw)
I~ [~ [~
S— | | —
NN~
— | [
~— | — |
X s N

Table A.34: 2-dimensional statistics for 0373
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A.5.2 Geometric lines

Ab521 n=14

Ab522 n=5

111234 (211234 |3]1234 (41234
1iX|o|o|o llolo|o|o l1lo|X|o|o llolo|o|o
2|olo|X|o 2|/olo|o|o 2lolojo|o 2|o|olo|o
3|o|o|o|o 3lo|o|o|o 3lo|o|o|X 3lo|o|o|o
4lo|X|o|o 4lolo|o|X 4|X|olo|o 4lolo|X|o
Figure A.44: Configuration for g3 ; = 8

’direction \ statistic‘

x (1) (2,1,1,4)

y (2) (2,2,2,2)

z (3) (3,1,3,1)

Table A.35: 2-dimensional statistics for gi3
1112345 |2]12345 |8]12345 [5]12345
1 IX|X|o|X[X| 1[X[X|o|X|X| 1[Xx|o|x|x| 1[X|X|o[X|X
2IX|X[o|X|X] 2|X|X|o|X|X| 2[®|x|o[x|¥| 2|X|X|o|X|X
3J|ojo|o|o|o 3lojo|o|o|o 3lojo|o|o|o 3|olo|o|o|o
4|X|x]o|X|X 4|X|X|0o|X]|X 4|%|®|0o|”|X 4|X|x]o|X|X
HIX|X[o|X|X] BHIX|X|o|X|X] HE[XE[o[X[X¥X| b|X|X|o|X|X

Figure A.45: Configuration for g2 ; = 64

’ direction \ statistic ‘

x (1) (16,16,0,16,16)
v (2) (16,16,0,16,16)
z (3) (16,16,0,16,16)

Table A.36: 2-dimensional statistics for g§73
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A.6 Configurations for n =4 and 3 progressions

A.6.1 Algebraic lines

A6.1.1 d=2

1234
1[X|o]o|X
2/olo|o|o
3IX|X|o|o
4|0|X|o|X

Figure A.46: Configuration for aj, = 6

A6.1.2 d=3

111234 (211234 |3]11234 (41234
1lojo|x|x| 1lo|x|o|lx| 1|o|x|X|o 1|lojofo]o
2|lo|o|o|o 2|o|olo|o 2|/o|o|o|o 2|o|o|ofo
3|olo|X|X 3|ojo|o|o 3|o|X|X|o 3|o|X|o|X
4|olo|o|o 4|o|x|o|xX 4|olo|o|o 4|o|x|o|X

Figure A.47: Configuration for a}m =16

’ direction \ statistic ‘

x (1) (6,0,6,4)
y (2) (0,6,4,6)
z (3) (4,4,4,4)

Table A.37: 2-dimensional statistics for a}h?,

For the statistics of sub-cubes we count the points which are contained in every sub-
cube of length two. For this reason we count the occurrences of the number of points in
all possible pairs of two-dimensional sub-slices in the z direction (pages). This means we

fix two z values and look at every sub-cube of length two in there and count the points.
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’ number of points in sub-cube \ occurrences

0 2
1 14
2 8
3 8
4 2
5 2

Table A.38: sub-cube statistics for a; 5 where z = 1 and z = 2

’ number of points in sub-cube \ occurrences ‘

0 6
1 8
2 10
3 8
4 2
6 2

Table A.39: sub-cube statistics for a; ; where z = 1 and z =3

’ number of points in sub-cube ‘ occurrences ‘

0 2
14

QU = W DN
N DO CO| OO

Table A.40: sub-cube statistics for a; 5 where z =1 and z = 4
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’ number of points in sub-cube \ occurrences

0 2
1 14
2 8
3 8
4 2
5 2

Table A.41: sub-cube statistics for a; 5 where z =2 and z =3

’ number of points in sub-cube \ occurrences ‘

0 6
1 8
2 10
3 8
4 2
6 2

Table A.42: sub-cube statistics for ay 5 where z =2 and z = 4

’ number of points in sub-cube ‘ occurrences ‘

0 2
14

QU = W DN
N DO CO| OO

Table A.43: sub-cube statistics for a; 5 where z = 3 and z = 4
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A6.1.3 d=4

<f{X|o|Oo|O
on|jo|o|o|o
A X|o|o|o
—|o|o|o|0o
<t]— o <H
<t|O|X|0O|O
o |X|o|Oo
Ao |o|o|X
—|O|O0|O|X
N|— N <
<f{X|o|Oo|O
on|jo|o|o|o
A X|o|o|o
—|o|o|o|0
N~ N <
<f{o|X|O|O
om|o|o|o|X
Ao |o|0o|X
—|o|X|o|0o
—l— e <

<tH|o|Oo|0O|X <t#{o|Oo|O|O
oo |X|o|o onjo|o|o|X
o |[X|olo ajo|o|o|o
—|Oo|O|O|O —|o|o|0o|X
H|— N < <t|— AN oD <#
<t#|o|Oo|O|O <t#{o|o|O|O
ow|o|o|o|o onjo|o|o|o
A X|o|o|X ajo|o|o|o
—i| O |X|X]|O —|o|o|o|0o
N— AN oD < Nf— AN oD <t
<H|X|o|o|O <t#{o|Oo|O|O
on|jo|o|o|o oo |X|o|o
| X|ololo ajo|o|o|o
—|o|o|o|0 —|O|X]|O|O
N|— N < ANf— Ao <H
< X |X|0O |0 <H|O0 |0 |0 |0
ow|ojo|o|o Mo |o|0|0
Ao |o|o|o ajo|o|o|o
—|0|0|X|X —|o|o|o|0o
—l— A <H —l— N <H

<f| X |0 |0 |X
on|jo|o|o|o
A X |X|O |0
—|O0|X|O|O
<t|— e <+
<t#{o |X|o|O
anjo|o|o|X
A X|o|o |0
—|o|o|X|O
M= N <A
<t#{o|o|O |0
on|jo|o|o|o
Ao |O|O |0
—|o|o|Oo |0
ANf— N <
<t#{X|o|O|O
m|o|X|0|0
Ao |o|0|X
—|o|Oo|X|O
—l— e <

=42

1

Figure A.48: Configuration for a

44 =

(12,14,4,12)

(11,12,7,12)

(12,6,12,12)
(12,13,4,13)

] direction \ statistic

Table A.44: 3-dimensional statistics for ay,
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