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Abstract

Vascular smooth muscle cells are one of the functional key constituents in the human
abdominal aorta, located in the medial layer and forming twohelices similar to collagen
fibers. During development, angiogenesis and vascular remodeling, smooth muscle cells
experience changes in their orientation and alignment as well as reorganization of their
intracellular filament structure. In order to study the so far not so well-known interrelation
between smooth muscle cell orientation and the intracellular filament structure in the hu-
man abdominal aorta a recently proposed chemo-mechanical coupled model was modified
by introducing two families of muscle fibers and a non-symmetric filament overlap beha-
vior, and implemented into a three-dimensional finite element framework. Active material
parameters were obtained by fitting the model behavior to experimental data for different
muscle fiber orientations. Fitting results highlighted that the non-symmetry of the filament
overlap behavior depends on the muscle fiber orientation. Modifications of the smooth
muscle fiber orientations and the intracellular filament structure, and their effects on the
human abdominal aorta were investigated using a realistic finite element model of the aorta
applyingin vivoboundary conditions. We showed how changes in the arterial wall behavi-
or due to alteration in smooth muscle fiber orientation can bereduced, and even prevented
by adjusting the filament overlap behavior or the smooth muscle contractile unit densi-
ty. Thus, modifying the intracellular filament structure orthe smooth muscle cell content
could be used as a therapeutic approach in response to pathological vascular adaptation
processes where changes in smooth muscle fiber orientation is involved. But this would
require further experimental and analytical studies.
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Zusammenfassung

Glatte Muskelzellen sind mitunter einer der wichtigsten funktionellen Bestandteile der
menschlichen Bauchaorta. In der Tunica Media gelegen formen sie zwei Helices ähnlich
jener Struktur, wie sie Kollagenfasern vorweisen. Während der Gefäßentwicklung, An-
giogenese und Remodellierung erfahren glatte Muskelzellen Veränderungen in ihrer Ori-
entierung sowie eine strukturelle Umgestaltung ihrer intrazellulären Filamente. Um die
bisher weitgehend unbekannten Wechselwirkungen zwischender Orientierung der Mus-
kelzellen und ihrer intrazellulären Struktur in der menschlichen abdominellen Aorta zu un-
tersuchen, wurde ein kürzlich publiziertes chemo-mechanisch gekoppeltes Materialmodell
modifiziert und in ein Finite Elemente Programm implementiert. Das Modell ermöglicht
nun die Berücksichtigung zweier Muskelfaserfamilien, sowie ein unsymmetrisches̈Uber-
lappungsverhalten der beteiligten Filamente. Zugehörige Materialparameter wurden aus
experimentellen Daten für unterschiedliche vorgegebeneMuskelfaserorientierungen be-
stimmt. Ergebnisse dieser Parameterbestimmung haben gezeigt, dass die Unsymmetrie
desÜberlappungsverhaltens von der Muskelfaserorientierungabhängig ist. Auswirkungen
von Modifikationen der Muskelfaserorientierung sowie Ver¨anderungen der intrazellulären
Struktur auf die menschliche Bauchaorta wurden unter Verwendung eines realistischen
Finite Elemente Modells der Aorta anhand vonin vivo Randbedingungen numerisch un-
tersucht. Es konnte gezeigt werden, dass Veränderungen immechanischen Verhalten der
Aortenwand, hervorgerufen durch eine Veränderung der Orientierung von Muskelzellen,
kompensiert und unter Umständen sogar verhindert werden können. Dies kann durch ei-
ne entsprechende Anpassung desÜberlappungsverhalten von beteiligten Filamenten bzw.
durch eine Adaptierung der Dichte an kontraktilen Einheiten innerhalb einer Muskelzelle
erfolgen. Eine herbeigeführte Modifikation der intrazellulären Struktur oder Muskelmas-
se könnte somit als ein möglicher therapeutischer Ansatzzur Reaktion auf pathologische
Veränderungsprozesse von Gefäßen verwendet werden, in denen eine Umorientierung von
glatten Muskelzellen involviert ist. Dies erfordert jedoch die Durchführung zahlreicher
weiterer experimenteller als auch analytischer Untersuchungen.
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1. Introduction

Vascular smooth muscle cells play a significant role in short-term as well as long-term
changes of the human abdominal aorta (Cox, 1975; Li et al., 1998). During development,
angiogenesis and vascular remodeling, smooth muscle cellsexperience changes in their
orientation and alignment (Mantella et al., 2015). A time dependent reorganization of vas-
cular smooth muscle cells perpendicular to the axis of the applied cyclic stretch duringin
vitro experiments has been reported (Chen et al., 2003; Standley et al., 2002) where the re-
orientation was dependent on the applied cyclic stretch frequency (Liu et al., 2008).In vivo
experiments performed on basilar arteries of normotensiverats revealed an almost uniform
circumferential alignment of vascular smooth muscle cells. In contrast, spontaneously
hypertensive rats showed a significantly altered pattern ofarrangement (distribution) and
main orientation of contractile smooth muscle cells (Arribas et al., 1996). Numerous fac-
tors such as the frequency, direction and of course the amount of applied stretch have been
shown to play a major role in the reorientation of vascular smooth muscle cellsin vivo as
well asin vitro (Mantella et al., 2015).

The healthy human abdominal aorta is a large elastic artery and consists of three distinct
layers: tunica intima, tunica media and tunica adventitia.The tunica intima is the innermost
layer of the abdominal aorta and composed of a single layer ofendothelial cells. Endothe-
lial cells are integrated into several important physiological processes such as regulating
the exchange of substances between blood and the underlyingcells, inhibition and activa-
tion of blood coagulation mechanisms (Butcher and Nerem, 2007) and most importantly
production of important substances such as nitric oxide (NO) and endothelin-1 (ET-1) be-
ing responsible for the modulation of the vascular tone. Themedial layer of the abdominal
aorta (tunica media) is made up of40 to 70 alternating layers of spindle-shaped smooth
muscle cells and elastic lamellae, composed of the extra-cellular matrix proteins elastin,
collagen (30% of type I and type III of70%, Holzapfel et al. (2000)) and proteoglycans.
The adventitia is the outermost layer of the arterial wall and comprises elastin, fibrob-
lasts (responsible for elastin and collagen production) and thick bundles of wavy collagen
fibrils which prevent the artery from overstretching and rupture at high blood pressure lev-
els. Smooth muscle cells in the human abdominal aorta have been reported to be oriented
symmetrically with a direction in the circumferential - axial plane forming of two fibrous
helices in the medial layer (Holzapfel et al., 2002; Horný et al., 2010). Findings of Horný
et al. (2010) suggest that the collagen fiber orientation andthe orientation of smooth muscle
nuclei correlate.

Smooth muscle cells are able to produce active tension over alarge range of muscle
lengths in the circumferential direction which can be described through a length-tension
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2 1 Introduction

relationship (Cox, 1975, 1978; Dobrin, 1973). This length-tension relationship, which
also can be described as a stretch-active stress relationship, has been modeled previously
(Carlson and Secomb, 2005; Gleason et al., 2008; Rachev and Hayashi, 1999; Zulliger
et al., 2004), and described as a rearrangement of the intracellular filament structure, more
specifically the filament overlap between the actin and myosin filaments (Murtada et al.,
2012). The filament overlap set the maximal number of attached cross-bridges in an aver-
age contractile unit.

Smooth muscle cells are known to be able to adapt their length-tension behavior as a
relatively quick response when being subjected to a sustained changed loading condition
(Gunst et al., 2003; Herrera et al., 2005; Syyong et al., 2008; Wang et al., 2001; Yamin and
Morgan, 2012). This adaption process is partly directed by areorganization of the intra-
cellular filaments such as the actin and myosin filaments affect the filament overlap (Gunst
et al., 2003; Herrera et al., 2005; Yamin and Morgan, 2012) and the number of contractile
units (Herrera et al., 2005). However, most filament overlapfunction studies have been
conducted for smooth muscle cells aligned in the circumferential direction and no detailed
analysis has been made investigating the relationship and link between the extracellular
smooth muscle cell orientation and the intracellular filament structure. The relationship
between the smooth muscle cell orientation and the intracellular filament structure has not
yet been addressed and the effect and the role of their relationship is not well known. In the
present study we address this structural connection ranging between different length-scales
to better understand the role of smooth muscle contraction during vascular adaptation. We
use a modified version of a chemo-mechanical coupled model proposed by Murtada et al.
(2010a, 2012) and Stålhand et al. (2011) that we implement into a three-dimensional finite
element framework. This framework is used to study how changes in the smooth muscle
cell orientation and intracellular filament structure affect the active behavior in the human
abdominal aorta.



2. Methods

2.1. Continuum Mechanical Framework

In this section the basic continuum mechanical relationships associated with the con-
stitutive models of the arterial wall presented in this thesis are summarized. These are in
particular the finite deformation kinematics, the hyperelastic stress response, and the elas-
ticity tensor required for an implementation into a finite element program. The interested
reader is referred to Ogden (1997) and Holzapfel (2000) for more detailed information.

2.1.1. Kinematics

At time t0 we assume a solid body being in a load- and stress-free reference configura-
tion Ω0 ⊂ R3. By means of the motionχt a material pointX ∈ Ω0 can be transformed to
a positionx = χt(X) in the deformed (current, spatial) configuration, defined asΩ ⊂ R

3

at the current timet. In order to describe the deformation of a solid body the deformation
gradient, defined asF = ∂χt(X)/∂X is mainly used in continuum mechanics. According
to the numerical issues reported in Flory (1961); Ogden (1978); Zienkiewicz and Taylor
(2000) regarding incompressibility we consider a multiplicative decomposition of the de-
formation gradient into a volume-changing partFvol = J1/3I and a volume-preserving part
F = J−1/3F so thatF = FvolF, whereJ is the volume ratio defined asJ(X) = detF > 0,
anddetF = 1. Further,C andb are the right and left Cauchy-Green tensors, respectively,
together with their corresponding unimodular counterpartsC andb, defined in terms of the
deformation gradient as

C = FTF = J 2/3C, C = FTF,
b = FFT = J 2/3b, b = FFT. (2.1)

The three principal strain invariantsIi and the corresponding modified principal strain
invariantsĪi, i = 1, 2, 3, can be defined in terms of the right Cauchy-Green tensor as

I1 = trC = C : I = J2/3Ī1, Ī1 = trC = C : I , (2.2)

I2 =
1

2

[

I1
2 − tr

(

C2
)]

= J4/3Ī2, Ī2 =
1

2

[

Ī1
2
− tr

(

C
2
)]

, (2.3)

and
I3 = detC = (detF)2 , Ī3 = detC =

(

detF
)2

= 1. (2.4)
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4 2 Methods

Finally, let us assume the existence of a vectorM defined in the reference configuration,
with |M | = 1. The motionχt maps this vector into its current configuration, characterized
by m = FM , where|m|2 = λ2

m = Im4 denotes the square of the stretch in the directionm,
with the pseudo-invariantIm4 = C : M ⊗ M . The push-forward ofM via the unimodular
part of the deformation gradientF gives the vectorm = FM , with the unimodular form of
the pseudo-invariant, i.e.Im4 = C : M ⊗ M .

2.1.2. Hyperelastic Stress Response

In the context of finite hyperelasticity we assume the existence of a Helmholtz free-
energy functionΨ, defined per unit reference volume, which we additively decompose into
its volumetric (dilational) partU(J) and isochoric (distortional) partΨ(C) as (Holzapfel,
2000)

Ψ = U(J) + Ψ(C). (2.5)

From the Clausius-Planck inequality (assuming a reversible isothermal process) and by
applying the standard Coleman-Noll procedure, we receive the constitutive equation for
the second Piola-Kirchhoff stress tensor as

S= 2
∂Ψ(C)

∂C
= Svol + S, (2.6)

using the volumetric-isochoric split from Eq. (2.5). The purely volumetric stress contribu-
tion of Eq. (2.6) is specified as

Svol = 2
∂U(J)

∂C
= 2

∂U(J)

∂J

∂J

∂C
= pJC−1, (2.7)

with the hydrostatic pressurep(J) = dU(J)/dJ and the derivative ofJ with respect to the
symmetric tensorC, which isJC−1. The purely isochoric part of Eq. (2.6) reads

S = 2
∂Ψ(C)

∂C
= J−2/3

P : 2
∂Ψ(C)

∂C
= J−2/3DevS̃, (2.8)

where we define the fictitious isochoric contribution of the second Piola-Kirchhoff stress
tensor as

S̃= 2
∂Ψ(C)

∂C
, (2.9)

and the fourth-order projection tensor with respect to the reference configuration as

P = I−
1

3
C−1 ⊗ C. (2.10)

A detailed derivation of Eqs. (2.7) and (2.8) can be found in the Appendix A.
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2.1.3. Elasticity Tensor

In order to obtain results with reasonable accuracy for nonlinear problems in the field
of computational finite elasticity an incremental or iterative solution method (of Newton’s
type) in combination with an adequate convergence criterion is required (Wriggers, 2008).
Therefore, a consistent linearization of the constitutiveequation is needed, which yields
the so-called elasticity tensor. The material representation of the elasticity tensor can be
obtained from the total differentialdS= C : 1/2 dC, in which the symmetric fourth-order
elasticity tensor in decoupled form is introduced as

C = 2
∂S(C)

∂C
= 4

∂2Ψ(C)

∂C∂C
= Cvol + C, (2.11)

where we have used Eqs. (2.5) and (2.6). The purely volumetric contribution of the elas-
ticity tensor in the Lagrangian description of Eq. (2.11) reads

Cvol = 2
∂Svol(C)

∂C
= 2

∂
(

pJC−1
)

∂C
(2.12)

=

(

pJ + J2 dp

dJ

)

C−1 ⊗ C−1 − 2pJC−1 ⊙ C−1, (2.13)

with dp/dJ = d2U(J)/dJ2. A comprehensive derivation of Eq. (2.12) as well as the
definition of⊙ is given in Appendix A. The purely isochoric contribution ofEq. (2.11) is
defined as (Holzapfel, 2000)

C = P : C̃ : PT +
2

3
Tr
(

J−2/3S̃
)

P̃−
2

3

(

C−1 ⊗ S+ S⊗ C−1
)

, (2.14)

where the fourth-order fictitious elasticity tensor in the material description is

C̃ = 4J−4/3∂
2Ψ(C)

∂C∂C
, (2.15)

the modified Lagrangian projection tensor of fourth-order is

P̃ =
(

C−1 ⊙ C−1
)

: PT = C−1 ⊙ C−1 −
1

3
C−1 ⊗ C−1, (2.16)

and the trace isTr (•) = (•) : C, together with

P
T = I−

1

3
C ⊗ C−1, (2.17)

according to Eq. (2.10).
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2.2. Constitutive Models

As already mentioned in the continuum mechanical frameworkand shown in Eq. (2.5),
we assume a possible split of the free-energy functionΨ characterizing the arterial wall
into two parts, a purely volumetric contribution, particularized as

U (J) =
κ

2
(ln J)2 , (2.18)

and a layer specific isochoric partΨ which reflects the micro-structure and mechanical
properties of the arterial wall. Note thatκ > 0, denoting the bulk modulus, serves here
as a penalty parameter, where an increase ofκ reduces violation of the incompressibility
constraint. In the limiting caseκ → ∞ the constraint is exactly enforced and the free-
energy functionΨ represents a functional for an incompressible material with J = 1. For
numerical reasons the penalty parameter is chosen to beκ = 105 kPa for all subsequent
simulations.

Since it is only the medial layer of a healthy arterial wall that contains smooth mus-
cle cells, we additively decompose the isochoric partΨ of the free-energy function for
the media into an active part considering smooth muscle contractility and into a passive
contribution representing the structural and mechanical properties of passive components
(ground matrix and collagen fibers), i.e.Ψ = Ψa + Ψp. Hence, the isochoric part of the
second Piola-Kirchhoff stress tensorS and elasticity tensor in the material descriptionC

together with their corresponding fictitious expressions denoted bỹS and C̃ can also be
split into an active and passive part, according to

S= Sa + Sp, S̃= S̃a + S̃p (2.19)

and
C = Ca + Cp, C̃ = C̃a + C̃p. (2.20)

2.2.1. Constitutive Model of the Active Medial Smooth Muscle Cells

We assumed the existence of active smooth muscle fibers consisting of spindle-shaped
smooth muscle cells oriented with their longest axis along the muscle fiber direction de-
noted in the reference configuration by the orientation vector M cu, as illustrated in Fig. 2.1.
The medial layer was modeled as two helically arranged families of smooth muscle fibers
embedded in an extra-cellular matrix. The smooth muscle fiber families were oriented
symmetrically in the circumferential-axial plane, definedby an angleαcu with respect to
the circumferential directioneθ, see Fig. 2.1. No dispersion of the smooth muscle fibers in
each family was considered.

The contractile apparatus in the smooth muscle cell responsible for the active contraction
was modeled by contractile units (CUs), consisting of the actin and myosin filaments,
arranged in series oriented to the smooth muscle fiber direction M cu. The shortening of a
CU during activation was caused by ‘cross-bridges’ (CBs) between the actin and myosin
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HmedHadv Ri

β

L
Media

Adventitia

Mn

MfibM cu ez
eθ 2αfib2αcu

Mn

Mfibez
eθ 2αfib

Figure 2.1 Schematic illustration of an abdominal aorta having two layers (modified from
Holzapfel et al. (2000)): collagen and smooth muscle fibers form two helically
arranged families of fibers each represented by a corresponding direction vec-
tor Mfib andM cu, making anglesαfib andαcu with the circumferential direc-
tion eθ. Note, that collagen fibers have a large non-rotationally symmetric
dispersion around the mean direction vectorMfib, which is laying in the tan-
gential plane (circumferential/axial plane). The normal direction to that plane
is denoted byMn.

filaments causing relative sliding between the filaments. The constitutive model of the
smooth muscle cells is based on the work of Murtada and Holzapfel (2014) and Murtada
et al. (2010a, 2012) but modified in order to study the effectsof the smooth muscle fiber
family orientation in the medial layer of the abdominal aorta. In the next sections, a brief
summary of the smooth muscle constitutive model is given.

The Chemical Model – Cross-Bridge Kinetics

The activation and kinetics of the CBs was described throughthe latch-state model pro-
posed by Hai and Murphy (1988). In the latch-state model the CBs were defined through
four different functional states, denoted by their corresponding chemical fractionsni ≥ 0:
(A) dephosphorylated and unattached CBs (nM), (B) phosphorylated and unattached CBs
(nMp), (C) phosphorylated and attached CBs (nAMp) and (D) dephosphorylated and at-
tached CBs (nAM), which is the so-called latch state, cf. Fig. 2.2. Note thatonly attached
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CBs are able to bear loads. Hai and Murphy (1988) are modelingthe CB kinetics through

A B

CD

e

f

ADP

ADP

P
ADP

Pi

Pi

P

Pi
ADP

P

ATP

ATP

P

Ca
2+

CaM

MLCK ATP

ATP

k1

k2

k3 k4

k6 = k1

k5 = k2

k7

Figure 2.2 Structure of the model by Hai and Murphy (1988). Modified from Murtada
et al. (2010a).

a set of ordinary differential equations, which is summarized here in matrix notation








ṅM

ṅMp

ṅAMp

ṅAM









=









−k1 k2 0 k7
k1 −(k2 + k3) k4 0
0 k3 −(k4 + k2) k1
0 0 k2 −(k1 + k7)

















nM

nMp

nAMp

nAM









, (2.21)

wherek1, . . . , k4 andk7 are parameters describing the rate of transition between functional
states and the superimposed dots denote time derivatives. The conditionnM(t)+nMp(t)+
nAMp(t) + nAM(t) = 1 needs to be satisfied at any timet. According to Hai and Murphy
(1988) we assumed that at timet0 = 0 all CBs are in state A, hencenM(t0) = 1 and
nMp(t0) = nAMp(t0) = nAM(t0) = 0. The activating rate parameterk1 is related to the
intracellular calcium concentration

[

Ca2+
]

and expressed as

k1 = η

[

Ca2+
]h

i
[

Ca2+
]h

i
+ [ED50]

h
, (2.22)

whereED50 is the half-activation constant for calcium, andη andh are fitting parameters.
For a more detailed description regarding the CB kinetics model see Hai and Murphy
(1988) and Murtada et al. (2010a). The intracellular calcium transient is defined as

[

Ca2+
]

i
=











0 if ti < t1,

b+ [c (ti − t1) + (a− b)−1 − c t2]
−1 if ti > (t1 + t2),

a (ti − t1) t
−1
2 else,

(2.23)
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wheret1 defines the temporal starting point of the transient,t2 is the duration until
[

Ca2+
]

i

reaches the maximuma, andc defines the rate at which
[

Ca2+
]

i
decreases to the steady

state valueb.

The Mechanical Model

The mechanical model of the CBs is based on the smooth muscle CU model proposed
by Murtada et al. (2012). In that model, the attached load-bearing CBs are modeled as
elastic springs with a stiffness constantEcb. Thereby the average elastic elongationue of
the CBs is defined as

ue = λcu − ufs − 1, (2.24)

whereλcu = lcu/Lcu is the stretch of a CU andufs is the relative filament sliding between
actin and myosin filaments, see Fig. 2.3.

Dense body
Actin filament

Myosin filament

Lcu

ufs+ue
2

lcu

Figure 2.3 Schematic image of a contractile unit (CU). Adopted from Murtada et al.
(2012).

The free energy stored in two symmetric families of smooth muscle fibers oriented along
the unit vectorsM cui

in the reference configuration, as depicted in Fig. 2.1, can be ex-
pressed as

Ψa

(

Īcu4 , Īcu6
)

=
∑

i=4,6

µaLfoi

2
(nAMp + nAM)

(

√

Īcui
− ufsi − 1

)2

, (2.25)

where the modified pseudo-invariants are

Īcui = C : M cui ⊗ M cui
= λ

2

cui
i = 4, 6. (2.26)

The averaged total stiffness of all attached CBsµa is thereby proportional to the referential
length of a single CULcu, the elastic stiffness of a phosphorylated/dephosphorylated CB
Ecb and the number of CUs per unit area in the reference configuration Ncu. The active
force generated within a CU is proportional to the filament overlapLfo and the relative
number of attached load-bearing CBs(nAMp + nAM).

The relative filament sliding between actin and myosin is described through an evolution
law based on Hill’s equation for tetanized muscle contraction (Hill, 1938), where the rela-
tionship between the shortening velocity and the after-load of an isotonic quick-release test
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is described through a hyperbolic function. By assuming that the shortening velocity cor-
relates with the behavior of filament sliding (Guilford and Warshaw, 1998), the evolution
law for the relative filament sliding can be expressed by

u̇fsi = β
Pai − Pci

Pai + α
, (2.27)

whereα andβ are fitting parameters,Pai is the external active first Piola-Kirchhoff stress
of one family of smooth muscle fibers in its local direction, i.e.

Pai =
∂Ψa

∂λcui

= µaLfoi (nAMp + nAM)

(

√

Īcui − ufsi − 1

)

, (2.28)

andPci is the internal driving stress from the CBs, which depends onthe mechanical state
of the contractile unit. The internal driving stress is onlydependent on the attached cycling
CBs (nAMp) during contraction and dependent on both attached cyclingand non-cycling
CBs (nAMp, nAM) during relaxation. The internal stress of one family of muscle fibers in
its local direction is quantified as

Pci =











LfoiκAMpnAMp if Pmed
ai

< LfoiκAMpnAMp,

Lfoi (κAMpnAMp + κAMnAM) if Pmed
ai

> Lfoi (κAMpnAMp + κAMnAM) ,

Pai else,

(2.29)

with the stiffness-like material parametersκAMp andκAM. Note that according to Murtada
et al. (2016b) we setκAM = 0.3κAMp, implying that cycling CBs determine a stronger con-
tractility than non-cycling CBs. For the relative filament sliding we consider both filament
sliding due to any external mechanical loading or deformation, and filament sliding linked
to the active cycling CBs. In the case for no attached CBsufs = λcu − 1.

Filament Overlap

The intracellular structure and organization of the actin and myosin filaments in the
smooth muscle CUs are modeled by using a filament overlap function (Murtada et al.,
2012). The relative filament overlapLfoi between actin and myosin filaments has previ-
ously been described using a Gaussian function, which is dependent on the relative filament
slidingufsi (Murtada et al., 2016b; Stålhand et al., 2011). We model thefilament overlap
function using a similar Gaussian function, i.e.

Lfoi (ufsi) = exp

[

−

(

ufsi − uopt
fs

)2

2 (sfo)
2

]

, (2.30)

whereuopt
fs is the optimal relative filament sliding value for maximal filament overlap, see

Fig. 2.4, andsfo defines the width of the filament overlap behavior. We model a non-
symmetric filament overlap function by adjusting the width parametersfo as

sfo =

{

sfo1 if ufsi < uopt
fs ,

sfo2 else.
(2.31)
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Lfo (ufs = 0)

Lfo

(

uoptfs

)

= 1

Figure 2.4 Filament overlap behaviorLfo: schematic image (modified from Murtada et al.
(2012)) shows the initial filament overlap atufs = 0 and the maximum fila-
ment overlap atufs = uopt

fs .

Active Isochoric Stress and Elasticity Tensor

Since stress and elasticity tensors have already been derived within the continuum me-
chanical framework section, we focus here on the specific expressions for the active iso-
choric stress and elasticity tensor, more precisely the fictitious active contributions of
the second Piola-Kirchhoff stress tensor and Lagrangian elasticity tensor, see Eqs. (2.19)
and (2.20). Therefore, with the use of Eq. (2.26) we obtain

S̃a = 2
∂Ψa

∂C
= 2

∑

i=4, 6

Ψ
′

a

(

Īcui

) ∂Īcui

∂C
= 2

∑

i=4, 6

Ψ
′

a

(

Īcui

)

M cui ⊗ M cui (2.32)

and

C̃a = 4
∂2Ψa

∂C ∂C
= 4

∑

i=4, 6

Ψ
′′

a

(

Īcui
) Īcui

∂C
⊗

Īcui

∂C

= 4
∑

i=4, 6

Ψ
′′

a

(

Īcui

)

M cui ⊗ M cui ⊗ M cui
⊗ M cui

, (2.33)

with the derivativesΨ
′

a

(

Īcui
)

andΨ
′′

a

(

Īcui
)

of Eq. (2.25) having the definitions

Ψ
′

a

(

Īcui

)

=
∂Ψa

∂Īcui

=
µaLfoi

2
(nAMp + nAM)

(

√

Īcui − ufsi − 1
)

√

Īcui

(2.34)

and

Ψ
′′

a

(

Īcui

)

=
∂2Ψa

∂Ī2cui

=
µaLfoi

4
(nAMp + nAM)

ufsi + 1
√

(

Īcui
)3
. (2.35)
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2.2.2. Layer Specific Constitutive Model for the Passive Arterial Wall

To capture the layer-specific passive mechanical response of the human abdominal aorta
a micro-structural constitutive model recently proposed by Holzapfel et al. (2015) was
used, with published mechanical and structural parameters(Niestrawska et al., in press).
Briefly, the arterial wall is treated as a thick-walled composite material, i.e. an isotropic
groundmatrix containing elastin which is reinforced by twosymmetric families of colla-
gen fibers that form a helical structure along the axial direction of the vessel, see Fig. 2.1.
Its free-energy functionΨp can be additively decomposed into an isotropic partΨg repre-
senting the ground matrix and an anisotropic partΨfib characterizing the collagen fibers,
i.e.

Ψp = Ψg + Ψfib. (2.36)

We consider the arterial wall as a two-layered structure, representing the media and the
adventitia. The intimal layer is neglected due to its mechanical insignificance compared
with the media and the adventitia (Humphrey, 2002). Media and adventitia are character-
ized by the same form of the free-energy function but with different structural and material
parameters. The contribution of the ground substance in Eq.(2.36) is modeled with a
neo-Hookean material, i.e.

Ψg

(

Ī1
)

= µp/2
(

Ī1 − 3
)

, (2.37)

whereµp is the shear modulus and̄I1 the modified principal strain invariant introduced
in Eq. (2.2). A second-order structure tensor for each collagen fiber familyHi, i = 4, 6,
is introduced in the material description, which is defined in terms of the mean (in-plane)
direction vectorMfibi lying in the tangential plane, the out-of-plane direction vectorMn

and the second-order identity tensorI . Thus,

Hi = AI +BMfibi
⊗ Mfibi + (1− 3A−B)Mn ⊗ Mn, (2.38)

whereA = 2κopκip andB = 2κop (1− 2κip) contain the in-plane dispersion parameter
κip and the out-of-plane dispersion parameterκop. The anisotropic part of the free-energy
function as given in Eq. (2.36) is reflecting the mechanical behavior of collagen fibers.
Thus,

Ψfib

(

Ī⋆fibi
)

=
C1

2C2

∑

i=4,6

{

exp
[

C2

(

Ī⋆fibi − 1
)2
]

− 1
}

, i = 4, 6, (2.39)

whereC1 is a positive stress-like material parameter andC2 is a positive dimensionless
material parameter. Further, the unimodular generalized invariants are defined as

Ī⋆fibi
= C : Hi = AĪ1 +BĪfibi + (1− 3A− B) Īn, (2.40)

together with the unimodular pseudo-invariantsĪfibi = C : Mfibi ⊗ Mfibi = λ
2

fibi
andĪn =

C : Mn ⊗ Mn = λ
2

n, i = 4, 6, representing the squares of the unimodular stretches in the
mean fiber direction and the out-of-plane direction, respectively.
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Note that according to Holzapfel et al. (2000) it is assumed that the anisotropic term, as
shown in Eq. (2.39), only contributes toΨp if the corresponding fibers are under tension.

The fictitious passive contributions of the second Piola-Kirchhoff stress tensor̃Sp and
the Lagrangian elasticity tensorC̃p, as shown in Eqs. (2.19) and (2.20), can be expressed
with the use of Eqs. (2.2), (2.38) and (2.40) as

S̃p = 2
∂Ψp

∂C
= 2

(

∂Ψg

∂Ī1

∂Ī1

∂C
+
∑

i=4, 6

Ψ
′

fib

(

Ī⋆fibi

) ∂Ī⋆fibi

∂C

)

= 2

(

µp

2
I +

∑

i=4, 6

Ψ
′

fib

(

Ī⋆fibi

)

Hi

)

(2.41)

and

C̃p = 4
∂2Ψp

∂C ∂C
= 4

∑

i=4, 6

Ψ
′′

fib

(

Ī⋆fibi

) ∂Ī⋆fibi

∂C
⊗

∂Ī⋆fibi

∂C

= 4
∑

i=4, 6

Ψ
′′

fib

(

Ī⋆fibi
)

Hi ⊗ Hi, (2.42)

with the derivativesΨ
′

fib

(

Ī⋆fibi
)

andΨ
′′

fib

(

Ī⋆fibi
)

of Eq. (2.39) with respect tōI⋆fibi defined as

Ψ
′

fib

(

Ī⋆fibi
)

=
∂Ψfib

∂Ī⋆fibi

= C1

(

Ī⋆fibi − 1
)

exp
[

C2

(

Ī⋆fibi
− 1
)2
]

(2.43)

and

Ψ
′′

fib

(

Ī⋆fibi

)

=
∂2Ψfib

∂Ī⋆2fibi

= C1

[

1 + 2C2

(

Ī⋆fibi
− 1
)2
]

exp
[

C2

(

Ī⋆fibi − 1
)2
]

. (2.44)

2.3. Parameter Identification

The stiffness parameterκAMp is expressed in terms ofµa through the relationship be-
tween the external mechanical force and the internal driving force from the evolution law
at steady state, i.e.u̇fs = 0. Therefore,

κAMp (µa) = µa

(

nAMp,ss + nAM,ss

nAMp,ss

)

ue,ss, (2.45)

wherenAMp,ss andnAM,ss are the corresponding chemical fractions at steady state. The
active material parametersµa, u

opt
fs , sfo1 andsfo2 for a given smooth muscle fiber orienta-

tion are obtained from the modified experimental tension-time and length-tension behavior
using a nonlinear least-squares minimization of the errore, defined as

e
(

µa, u
opt
fs , sfo1 , sfo2

)

=
m
∑

i=1

(

Pmod
θθ,i − P exp

θθ,i

P̂ exp
θθ

)2

+
n
∑

j=1

(

Pmod,ss
θθ,j − P exp,ss

θθ,j

P̂ exp,ss
θθ

)2

, (2.46)
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wherePmod
θθ,i , P exp

θθ,i denote the first Piola-Kirchhoff stress in the circumferential direction as
a function of time for the model and experimental value, respectively, (m is the number
of data points),Pmod,ss

θθ,j , P exp,ss
θθ,j are the first Piola-Kirchhoff stress in the circumferential

direction at steady state for different stretches for the model and experimental value (n
is the number of length-tension data points, i.e. experiments using different pre-stretches
λθ = [1.0, 1.56]). The hat on the experimental stress values stands for the mean values
over all data pointsi and j. Explicit analytical expressions are used for the fitting and
summarized in the Appendix B. A regression analysis is performed inMATLAB using the
built-in function lsqnonlinand assigning random initial guesses and appropriate physical
constraints on the parameters. A minimum of six minimization cycles ensured that best-fit
parameters are independent of initial guesses (Ferruzzi etal., 2015). The accuracy of the
experimental data fit of the proposed model is illustrated bydetermining a squared residual
parameter (coefficient of determination), denoted by

R2 = 1−
SSres

SStot
= 1−

∑(m+n)
k=1

(

fmod
k − f exp

k

)2

∑(m+n)
k=1

(

f exp
k − 1

(m+n)

∑n
k=1 f

exp
k

)2 , (2.47)

with 0 ≤ R2 ≤ 1, where a value of one indicates a perfect fit to the experimental data and
the more it tends towards zero the poorer the fit gets. Note that fk includes the data points
Pθθ andP ss

θθ, as used in Eq. (2.46).

2.4. Implementation into a Finite Element Program

The proposed constitutive models to describe the passive and active arterial wall behav-
ior are implemented into the multipurpose finite element programFEAP (Taylor, 2013).
For each time step (∆t = const.) and at each integration point the update algorithm, as
shown in Table 2.1, is performed.
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Table 2.1 Update algorithm performed for each time step and integration point

1. Read history variables:nM, nMp, nAMp, nAM, ue4 , ue6 , ufs4, ufs6

2. Update the calcium concentration
[

Ca2+
]

from Eq. (2.23) and calculate the current
rate constantk1 using Eq. (2.22)

3. Compute new fractions of attached cross-bridges (nAMp, nAM) by solving the sys-
tem of ODEs given in Eq. (2.21), using an Euler scheme.

4. Calculate the current unimodular pseudo-invariantsĪcu4
andĪcu6

from Eq. (2.26)

5. Mechanical update of the relative filament slidingsufs4 andufs6 according to step
(3) by means of Eq. (2.24) using the average elastic elongations from the previous
time step (history variablesue4 andue6)

6. Calculate the filament overlapsLfo4 andLfo6 , the active external stressesPa4 and
Pa6 , the internal driving stressesPc4 andPc6 , using Eqs. (2.30), (2.31), (2.28) and
(2.29)

7. Chemical update of the relative filament slidingsufs4 andufs6 by solving the evolu-
tion law (2.27) using an Euler scheme

8. Update the average elastic elongationsue4 andue6 , the filament overlapsLfo4 and
Lfo6 , using Eqs. (2.24), (2.30) and (2.31)

9. Compute the stress tensorSand the elasticity tensorC, using Eqs. (2.6) and (2.11)

8. Store updated history variables:nM, nMp, nAMp, nAM, ue4 , ue6 , ufs4, ufs6

2.5. Representative Finite Element Simulations

Two representative examples are simulated and analyzed using the finite element imple-
mentation of the proposed smooth muscle fiber model, and are subsequently described.

2.5.1. Uniaxial Isometric Contraction of an Aortic Medial Strip

The isometric contraction of smooth muscles in a medial strip of the human abdominal
aorta, activated through a calcium transient is simulated in the first example. The main
purpose of this numerical example is a validation of the model implementation. There-
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fore, finite element results are compared with the one-dimensional simulation solved with
MATLAB. Due to symmetry, only one half of the medial strip is modeled. We use1000
eight-node hexahedral elements, applying the mixed Q1/P0 element formulation through-
out the computation, to avoid locking phenomena. All nodes are constrained in all direc-
tions at one end of the strip and constrained only in the circumferential direction at the other
end of the modeled strip. A linearly increasing circumferential stretch is initially applied
to the modeled strip, and subsequently contracted through arealistic calcium concentration
transient. The calcium transient is identical to that used for fitting, see Eq. (2.23).

2.5.2. Inflation and Contraction of an Arterial Ring

In the second example the pressure-radius relationship andthe transmural stress distribu-
tions of a residually stressed arterial ring with two layers(media and adventitia), subjected
to axial pre-stretch, internal pressure and smooth muscle contraction are studied. The im-
pact of the smooth muscle fiber orientationαcu on the mechanical behavior of the human
abdominal aorta is investigated for different sets of smooth muscle material parameters.
In particular the effects of the smooth muscle stiffnessµa and the filament overlap func-
tion (uopt

fs , sfo1, sfo2) on the pressure-radius relationship and the transmural wall stresses
are analyzed. In order to consider residual stresses (and strains), the stress-free reference
configuration of the arterial ring is modeled with an openingangleβ, see Fig. 2.1. The
symmetrical boundary conditions constrained the cross-sectional surfaces of the arterial
ring in the circumferential direction. The axial stretch iskept constant during inflation and
contraction.



3. Results

3.1. Parameter Identification

Parameters for the chemical model (see Eqs. (2.21) and (2.22)) are taken from Mur-
tada and Holzapfel (2014) and summarized in Table 3.1. In order to estimate the material
parameters for the proposed active constitutive model, experimental active length-tension
data of the pig common carotid arteries presented in Murtadaet al. (2012) are adopted. Due
to the fact that there are no suitable experimental data available on the contractile behavior
of human aortic tissue so far the active length-tension and tension-time data are chosen and
modified slightly, see Appendix C.

Table 3.1 Parameters for the chemical model, taken from Murtada and Holzapfel (2014)

Kinetics model
η [s−1] h [-] ED50 [µMol] k2 [s−1] k3 [s−1] k4 [s−1] k7 [s−1]
0.35917 4 0.37 0.16267 0.06667 0.00083 0.00667

Calcium transient
t1 [s] t2 [s] a [nMol] b [nMol] c [(µMol s)−1]
60 6 400 300 1

The average elastic elongation at steady state is set toue,ss = 0.02, according to Arner
(1982), and the parametersα andβ used in Eq. (2.27) are set to values which are taken from
Murtada et al. (2012), i.e.α = 26.68 kPa andβ = 0.00833 s−1. Material and structural pa-
rameters for the proposed passive constitutive model were taken from Niestrawska et al. (in
press), and are summarized in Table 3.2. Micro-structural investigations (second-harmonic
generation imaging) as well as biaxial mechanical tensile tests of healthy abdominal aortas
are performed, and the experimental data are fitted to the same non-symmetric collagen
fiber dispersion model used in this work.

17
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Table 3.2 Passive material and structural parameters for the media and adventitia of the
healthy abdominal aorta (median), taken from Niestrawska et al. (in press)

Layer
Material parameters Structural parameters

µp [kPa] C1 [kPa] C2 [-] κip [-] κop [-] αfib [◦]
Media 16.08 11.68 7.18 0.208 0.487 6.91
Adventitia 3.77 0.36 45.88 0.232 0.466 77.53

3.2. The Impact of Smooth Muscle Fiber Orientation and
Filament Overlap Behavior on the Fitting of Active
Material Parameters

The relationship between the filament overlap function and the smooth muscle cell orien-
tation was investigated by studying the squared residual parameterR2 of the stretch-active
stress behavior for different smooth muscle cell orientation anglesαcu. The non-symmetric
filament overlap function resulted in a better fit for smallervalues of the smooth muscle
fiber orientation. However, no difference in the simulated length-tension behavior using
the symmetric and non-symmetric filament overlap function was observed forαcu ≥ 30◦,
see Fig. 3.1(a). Figure 3.1(b) shows that for a smooth musclefiber orientation ofαcu = 0◦

a non-symmetric filament overlap function (solid curve) wasable to simulate a better fit to
the experimental active length-tension behavior (circles) than a symmetric filament overlap
function (dashed curve), especially at higher stretches.

The fitted active material parameters for different smooth muscle fiber orientations are
presented in Fig. 3.2. An increase in the stiffness parameter µa was estimated with in-
creasing muscle fiber orientationαcu in order to maintain the same circumferential iso-
metric contractile tension as observed for the circumferentially aligned smooth muscle
fibers. Figure 3.2(b) illustrates the behavior of the material parameters used in the filament
overlap function, Eq. (2.30). All three parametersuopt

fs , sfo1 and sfo2 decreased with an
increasing smooth muscle fiber orientationαcu. The filament overlap function parameters
decreased with increasingαcu where the width parameters reached equivalent values for
smooth muscle fiber angles larger than30◦. Interestingly, the optimal filament parame-
teruopt

fs decreased for increasing values of smooth muscle fiber orientationαcu suggesting
that the optimal stretch for maximal filament overlap was reached closer to resting muscle
length for smooth muscle fiber orientation values nearαcu = 40◦. In Tab. 3.3 material
parameters for the proposed active constitutive model are summarized for several different
smooth muscle fiber orientationsαcu.
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Table 3.3 Set of active material parameters for different smooth muscle orientations

αcu
Fitted parameters Related and fixed parameters

µa [MPa] uopt
fs [-] sfo1 [-] sfo2 [-] κAMp [kPa] α [kPa] β [s−1]

0◦ 6.768 0.260 0.305 0.402 319.995

26.68 0.00833

6.91◦ 6.895 0.256 0.302 0.380 326.010
10◦ 7.026 0.250 0.299 0.362 332.221
20◦ 7.683 0.211 0.284 0.305 363.262
30◦ 8.671 0.136 0.268 0.268 409.976
40◦ 10.126 0.014 0.238 0.238 478.776

3.3. Uniaxial Isometric Contraction of an Aortic Medial
Strip – Validation of Model Implementation

A medial strip is modeled with a referential lengthL = 15.0mm (circ. direction), ref-
erential widthW = 3.0mm (axial direction) and referential thicknessHmed = 0.8467mm
(Niestrawska et al., in press). All finite element results are taken from a central node lo-
cated at the end of the modeled strip, where only one degree offreedom is constrained,
and then they are compared with the one-dimensional solution calculated inMATLAB.
The implementation of the cross-bridge kinetics model is verified by comparing the fi-
nite element analysis with the one-dimensional simulationtriggered by one specific cal-
cium concentration, see Fig. 3.3(a). The circumferential Cauchy stress is also compared
and verified between the two simulations of a strip with smooth muscle fiber orientation
αcu = 30◦, see Fig. 3.3(b). The relative error between the finite element simulation and the
one-dimensional solution for all smooth muscle fiber orientations was less than1 percent.

The distribution of the circumferential Cauchy stress obtained from the finite element
analysis for half the volume of a medial strip is presented with relaxed smooth muscle fibers
(Fig. 3.4(a)), and with contracted smooth muscle fibers having fiber orientationsαcu = 0◦

(Fig. 3.4(b)) andαcu = 30◦ (Fig. 3.4(c)). Note that for both simulations (αcu = 0◦ and
αcu = 30◦) different active material parameters are used, see Table 3.3. The medial strip
simulation with a smooth muscle fiber orientation ofαcu = 30◦ resulted in a larger change
in width and increased thickness at the contracted state compared with the simulation with
smooth muscle fiber orientationαcu = 0◦.
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Figure 3.4 Three-dimensional Cauchy stress distribution in the circumferential direction
of the medial strip with two symmetric families of collagen and smooth mus-
cle fibers. Results are shown at the end of the passive pre-stretch phase: (a)
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3.4. Inflation and Contraction of an Arterial Ring

For this numerical investigation the abdominal aorta was modeled as a half ring under
plane strain conditions with an opening angleβ = 60◦. The inner radius of the ring was set
to Ri = 6.8375mm (Holzapfel and Ogden, 2010; Holzapfel et al., 2007), the medial wall
thicknesses isHmed = 0.8467mm and the adventitial wall thickness isHadv = 0.5884mm
(Niestrawska et al., in press) in the reference configuration. Due to symmetry only one
half of the whole arterial ring was simulated and discretized by 640 eight-node hexahe-
dral elements (320 elements per layer), applying the mixedQ1/P0 element formulation
throughout the simulation. All nodes at the media/adventitia interface were linked together.
The collagen and smooth muscle fiber orientations were defined in the unloaded and stress-
free reference configuration, and the values are provided inTables 3.2 and 3.4.

Table 3.4 Set of active material parameters used for the simulations

Set αcu µa [MPa] κAMp [kPa] uopt
fs [-] sfo1 [-] sfo2 [-]

1

0◦
6.8 320

0.26 0.30 0.40
2 0.14 0.27 0.27
2a 0.14 0.27 0.80
2b 0.14 0.80 0.27
2c 0.07 0.27 0.27
3 8.7 410 0.26 0.30 0.40
4

30◦
6.8 320

0.26 0.30 0.40
5 0.14 0.27 0.27
6 8.7 410 0.26 0.30 0.40

The meshed arterial ring in the load- and stress free reference configuration is presented
in Fig. 3.5(a). The opening angle of the arterial ring was initially closed and then the
ring was pre-stretched with1.0675 in the axial direction (Horný et al., 2014) (Fig. 3.5(b)),
pressurized to a certain level (Fig. 3.5(c)), and contracted (Fig. 3.5(d)). The contraction
was triggered with a constant calcium concentration of170nMol. This procedure was
repeated for different pressure values. The circumferential stress distribution of the arterial
wall at different simulation states is presented in Fig. 3.5.

The internal pressure-inner radius relationship of an arterial ring at the relaxed and the
contracted states was analyzed for different structural and mechanical smooth muscle prop-
erties as defined in Tab. 3.4, see Fig. 3.6(a). Eight different cases were studied: two passive
pressure-radius relationships with and without residual stresses and six active pressure-
radius relationships with different smooth muscle fiber orientations and sets of material
parameters. A change in the smooth muscle fiber orientation without changing the material
parameters resulted in a reduced contraction in the circumferential direction, and hence a
larger inner radius compared to simulations with circumferentially aligned smooth muscle
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Figure 3.5 Contour plots representing the circumferentialCauchy stress distribution of
the human abdominal aortic ring at different simulation states: (a) the load-
and stress-free reference configuration; (b) the residually stressed and axially
pre-stretched state; (c) at an internal blood pressure of90mmHg; (d) when
smooth muscle cells are fully contracted. Note that in (a) and (b) as well as in
(c) and (d) the same stress legend is used.

fibers. A decrease in the filament overlap parameteruopt
fs resulted in a stronger contraction

at the low pressure domain (≤ 90mmHg), and the filament overlap width parameterssfo1
andsfo2 had a significant effect on the shape of the pressure-radius relationship.

Figure 3.6(b) shows corresponding transmural circumferential and axial Cauchy stress
distributions of the medial layer at an internal pressure of90mmHg. The negative trans-
mural circumferential stress gradient, with larger stressvalues closer to the lumen was
reduced after inclusion of residual stresses in the ring, and it completely vanished by in-
cluding the active tone contributed by the smooth muscle cells. With increasing active tone,
the transmural stress gradient could even turn positive, with smaller stress values closer to
the lumen. The residually stressed and axially pre-stretched inflated arterial ring had a
slightly negative axial stress gradient with a positive averaged axial stress value, i.e. axial
tensile stress. This stress gradient is again smaller than the gradient of the arterial ring that
does not consider residual stresses. After smooth muscle contraction it becomes marginally
positive. The arterial ring simulations with a muscle fiber orientation ofαcu = 30◦ showed
an averaged axial stress similar to that of the relaxed statein contrast to the arterial rings
having circumferentially aligned muscle fibers.
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Figure 3.6 Influence of changes in smooth muscle orientationand active material parame-
ters on the mechanical behavior: (a) blood pressure as a function of the current
inner radius for the relaxed and contracted state; (b) distribution of the cir-
cumferential (circles) and axial (asterisks) Cauchy stress over the normalized
medial wall thickness at an internal blood pressure of90mmHg. Curves of the
same color are based on the same material parameters, but different smooth
muscle orientations, i.e.αcu = 0◦ (solid), αcu = 30◦ (dashed). The solid
black curve represents the passive mechanical response considering residual
stresses, while the dash-dotted black curve does not consider them.

Figures 3.7 and 3.8 highlight the influence of alterations ofthe filament overlap param-
eters on the filament overlap behavior and the pressure-radius relationship. A significantly
increased non-symmetry of the filament overlap function caused by an increase ofsfo2
shows a slightly stronger contractile behavior at the pressure domain above90mmHg,
while the increasedsfo1 resulted in a very strong muscle contraction at the pressuredomain
below90mmHg. Whenuopt

fs was reduced the active length-tension behavior was shifted
towards smaller stretches and a stronger contractile behavior at the low pressure domain
together with a weaker contraction at the high pressure domain was observed.

Using the arterial ring model, the change of the average circumferential wall stress of
the media was studied for different values of smooth muscle fiber orientation, and how the
smooth muscle parameterNcu and the filament overlap behavior could reverse this change
at different pressures. The smooth muscle fibers were initially modeled to be oriented in
the circumferential direction. It is assumed that the artery is in a homeostatic stress state.
A change in the smooth muscle fiber orientation led to a weakercontractile behavior at
all pressure domains compared to this healthyin vivo case and therefore to an increasing
wall stress, as shown in Fig. 3.9. The stress increase was reversed by a30% increase of
the smooth muscle parameterNcu or by modifying the filament overlap parameters (50%
decrease ofuopt

fs and a switch to a symmetric filament overlap behavior). At an internal
pressure of60mmHg, the smooth muscle parameterNcu and the filament overlap parame-
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Figure 3.7 Influence of filament overlap parametersuopt
fs , sfo1 and sfo2 on the pressure-

radius relationship of the arterial ring.
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Figure 3.8 Filament overlapLfo as a function of relative filament slidingufs for different
sets of filament overlap parameters, corresponding to Fig. 3.7.

ter were able to reduce the increase in the wall stress. However, at90 and120mmHg only
the smooth muscle parameterNcu was able to reduce the increase in the circumferential
wall stress, see Fig. 3.9.
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Figure 3.9 Effects of the interrelation between the extracellular smooth muscle orienta-
tion and the intra-cellular filament structure on the averaged circumferential
Cauchy stressσθθ at three different blood pressure levels. Numbers inside
the bars denote used material parameter sets, as defined in Table 3.4: (1) the
healthyin vivo situation, (4) the reoriented smooth muscle fibers, (5) the de-
creased filament overlap parameter set (uopt

fs , sfo1 , sfo2), (6) the increasedNcu.



4. Discussion

In the present work we performed finite element analyses in order to study the quasi-
static effects of smooth muscle remodeling, as reported in Gunst et al. (2003); Herrera
et al. (2005); Syyong et al. (2008); Wang et al. (2001); Yaminand Morgan (2012) on the
mechanical behavior of the human abdominal aorta. In particular, the influence of different
smooth muscle fiber orientations, muscle contents (number of CUs) and different filament
overlap behaviors on the pressure-radius relationship andthe transmural stress distribution
of the arterial wall was investigated. The recently proposed mechano-chemical constitutive
model by Murtada et al. (2012) was modified in order to capturethe mechanical behavior of
two individual smooth muscle fiber families with a certain orientation and combined with
a non-symmetric bell-shaped function in order to take the active length-tension behavior
into account (Murtada et al., 2012). Active material parameters were obtained by fitting the
model behavior to experimental data published by Murtada etal. (2012) and Niestrawska
et al. (in press), for different smooth muscle fiber orientations. Due to the lack of available
human active length-tension data sets, data from pig carotid arteries were scaled so as
to represent the human active behavior. Fitting results highlighted trends for all active
model parameters with respect to the smooth muscle orientation. Hence, an increasing
αcu led to monotonically increasing stiffness parameters (µa andκAMp) and monotonically
decreasing filament overlap parameters (uopt

fs , sfo1 andsfo2), because of decreasing muscle
fiber stretches.

A non-symmetric filament overlap function was necessary forsmooth muscle fibers
aligned in the circumferential direction to capture the stretch-active stress behavior, sug-
gesting a non-symmetry in the experimental stretch-activestress behavior. When fitting
the model for different smooth muscle fiber orientations to the experimental stretch-active
stress behavior, the non-symmetry in the filament overlap behavior decreased with increas-
ing αcu, and finally vanished forαcu = 30◦ and above. We also found that simulations
with higher values ofαcu undergo a larger rotation of the smooth muscle fibers for applied
stretches in the circumferential direction than in simulations with smaller values ofαcu.
These findings agree well with data presented by Chen et al. (2013), where they measured
the current orientation of vascular smooth muscle cells as afunction of the internal pres-
sure. These results suggest that the non-symmetric behavior observed in the stretch-active
stress behavior is more driven by the reorientation of smooth muscle fibers forαcu ≥ 30◦,
and more driven by a non-symmetric filament overlap functionfor αcu ≤ 30◦. Based on the
stretch-active stress behavior which we kept constant, a matching combination of smooth
muscle fiber orientation and filament overlap behavior for best fit could be determined.
Results suggest a symmetric-like filament overlap behaviorand an optimal stretch value

27
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closer to the resting stretch for smooth muscle fiber orientations deviating further away
from the circumferential direction. Based on these resultsand the assumption that smooth
muscle cells work close to its optimal stretch, vascular tissue with smooth muscle fiber ori-
entation not aligned in the circumferential direction could be less pre-stretched. The active
force produced by these smooth muscle cells would also behave more in a symmetric-like
manner as a function of the applied stretch.

In the FE simulation of the medial strip, different smooth muscle fiber orientations
were simulated. Medial strips with two symmetric muscle fibers with orientation of±30◦

showed a significantly increased wall thickness compared toa medial strip with muscle
fibers aligned in the circumferential direction as a result of the active contraction in the
axial direction and the incompressibility condition. Thisillustrates the importance of the
smooth muscle fiber orientation on the contractile responseof the arterial tissue. There
have been several reports of the existence of active stresses in both circumferential and
axial directions in arteries indicating that smooth musclecontraction is responsible for a
multiaxial response in the vascular wall (Agianniotis et al., 2012; Chen et al., 2013; Mur-
tada et al., 2016a; Takamizawa et al., 1992). Structural investigations performed by Chen
et al. (2013) and Holzapfel et al. (2002) also suggest that smooth muscle cells form two
symmetric helically arranged fiber families in the artery with a orientation distribution sim-
ilar to that of collagen fibers. A statistical orientation distribution of smooth muscle fibers
has been addressed previously (Murtada et al., 2010b) but not using a FE implementation
to study the three-dimensional effects of the orientation distribution.

The interrelation between extracellular smooth muscle fiber orientation and intracellu-
lar filament structure, and their influence on the human abdominal aorta was investigated
using an analytical approach. By using the proposed model wehave shown the influence
of the smooth muscle fiber orientation on the mechanical integrity of the arterial wall. But
also, how changes in the arterial wall behavior due to alteration in smooth muscle fiber
orientation can be reduced, and even prevented by adjustingthe filament overlap behavior
or the smooth muscle contractile unit density. Thus, modifying the intracellular filament
structure or the smooth muscle cell content could be used as atherapeutic approach in
response to pathological vascular adaptation processes where changes in smooth muscle
fiber orientation is involved. However, this would require further experimental and analyt-
ical studies.

Reports have suggested that an increase in smooth muscle cell content, here presented
by an increase in numbers of CUs, is a part of a response due to vascular adaptation such
as hypertension (Cox, 1981; Delbosc et al., 2008; Fridez et al., 2001; Zulliger et al., 2004).
However, only a few studies have investigated if a coupled change in the smooth muscle
orientation and intra-cellular structure occurred duringthis adaptive changes of the smooth
muscle cells. Studying the orientation of smooth muscle cells during vascular adaptive
processes could provide additional information and could also be used as a precursor for
changes in smooth muscle cell content and intracellular changes in the myofilament struc-
ture.

In general, the incorporation of residual stresses in the abdominal aorta does not only
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effect the pressure-radius relationship it also reduces the transmural stress gradients, a find-
ing which is in agreement with, e.g., Holzapfel et al. (2000)and Humphrey (1995). The
transmural circumferential stress distribution within the medial layer showed an almost
horizontal line at the fully contracted state of smooth muscle cells compared to the relaxed
state. Humphrey and Na (2002); Murtada and Holzapfel (2014)and Rachev and Hayashi
(1999), for example, reported that a combination of residual stresses and basal smooth
muscle contraction is responsible for a more homogeneous transmural stress distribution
along the wall thickness, which also our results predict. Further, Humphrey and Na (2002)
suggested that continuous adaptation processes of intramural constituents may seek to ho-
mogenize the stresses through the arterial wall thickness so that cells sense the same stress
value independent of the radial location. That means, whenever loading conditions sig-
nificantly alter, stress gradients change so that cells sense different stresses along the wall
thickness, and remodeling mechanisms are triggered. Fung (1997) states that at homeosta-
sis the strain energy, and hence the strain of every vascularsmooth muscle cell is uniform,
known as the principle of optimal operation. In contrast to our results, several studies which
also considered residual stresses as well as vascular smooth muscle tone (Huo et al., 2013;
Zulliger et al., 2004) predicted a positive stress gradient, i.e. an increase of the transmural
stress from the inner to the outer surfaces at a physiological blood pressure level. However,
in their models smooth muscle contraction also leads to a reduced averaged wall stress in
the circumferential direction as well as a slightly reducedstress gradient compared to the
fully relaxed state, which is in agreement with our results.

The presented results show that the proposed constitutive model is able to predict the
expected mechanical behavior, in particular the stress distributions throughout the medial
wall thickness, and it is therefore well suited for studyingmore complex physiological
boundary-value problems in vascular mechanics. The presented results show that the pro-
posed constitutive model is able to predict the expected mechanical behavior, in particular
the stress distributions throughout the medial wall thickness, and is therefore well suited
for studying more complex physiological boundary value problems in vascular mechanics.
Furthermore, it allows a detailed quasi-static analysis ofthe effects of morphological and
functional smooth muscle and collagen fiber alterations occurring during a disease devel-
opment on thein vivo mechanical behavior of the human abdominal aorta, e.g., as seen in
hypertension and abdominal aortic aneurysms. Nevertheless, exact triggering mechanisms
of these diseases as well as corresponding complex correlations of alterations between ac-
tive and passive constituents of the arterial wall with respect to the disease development
are still objects of investigation.
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A. Detailed Derivation of the Stress and
Elasticity Tensors

The purely volumetric stress contributionSvol is specified by Eq. (2.7), where the deriva-
tive of J with respect to the symmetric tensorC is
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where we have used Eq. (2.4).
In order to derive the isochoric stress tensorS, as shown in Eq. (2.8), it is necessary

to introduce the derivative of the modified right Cauchy-Green tensorC relative to the
symmetric tensorC, in which we use the fourth-order projection tensorP in the reference
configuration. Thus, the projection tensorP and its properties are
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together with the fourth-order identity tensor

(I)ABCD = (δACδBD + δADδBC) /2, (A.3)

whereδAC , δBD, δAD andδBC denote the Kronecker delta. By means of Eqs. (A.1)-(A.3),
the standard result of the derivative ofC with respect toC is
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P
T, (A.4)

in whichPT defines the transpose of the fourth-order tensorP. With the use of Eqs. (A.1)-
(A.4), the purely isochoric stress contribution can be derived as

S = 2
∂Ψ(C)

∂C
= 2

∂Ψ(C)

∂C
:
∂C
∂C

= 2
∂Ψ(C)

∂C
: J−2/3

P
T = J−2/3

P : 2
∂Ψ(C)

∂C

= J−2/3

[

2
∂Ψ(C)

∂C
−

1

3

(

C : 2
∂Ψ(C)

∂C

)

C
−1
]

. (A.5)

39



40 A Detailed Derivation of the Stress and Elasticity Tensors

Finally, by introducing the deviatoric operator in the Lagrangian description, defined as

Dev [•] = (•)−
1

3

[

(•) : C
]

C
−1

= (•)−
1

3

[

C : (•)
]

C
−1

= P : (•) = (•) : PT, (A.6)

a rather convenient short-hand notation can be used for the isochoric contribution of the
second Piola-Kirchhoff stress, as shown in Eq. (2.8).

The purely volumetric contribution of the elasticity tensor in the Lagrangian description
of Eq. (2.12) can be derivated as

Cvol = 2

(

C−1 ⊗
∂ (pJ)

∂C
+ pJ

∂C−1

∂C

)

= 2C−1 ⊗

(

p+ J
dp

dJ

)

∂J

∂C
− 2pJC−1 ⊙ C−1, (A.7)

where the definition for the fourth-order tensor
(

∂C−1

∂C

)

ABCD

= −
(

C−1 ⊙ C−1
)

ABCD

= −
1

2

(

C−1
ACC

−1
BD + C−1

ADC
−1
BC

)

=
∂C−1

AB

∂CCD
(A.8)

has been used.



B. Analytical Expressions for Fitting

As already mentioned the proposed active model is fitted to modified experimental
data obtained from uniaxial isometric contraction tests performed on circumferential strips
which are cut out from the dissected medial layer. Hence, analytical expressions are pre-
sented which are required for the subsequent fitting procedure. Therefore, the purely in-
compressible formulation of a hyperelastic material is considered where the free-energy
functionΨ for the medial layer is characterized byΨ = Ψa + Ψp, with the active contri-
bution according to Eq. (2.25) (without bars on the variables) and the passive contribution
according to Eqs. (2.36)-(2.40) (again without bars on the variables). The incompressible
formulation of the analytical expression for the second Piola-Kirchhoff stress tensorS then
reads

S = 2
∂Ψ

∂C
− pC−1

= 2

{

Ψ′

p (I1) I +
∑

i=4, 6

[

Ψ′

p

(

I⋆fibi
)

Hi +Ψ′

a (Icui)M cui
⊗ M cui

]

}

− pC−1, (B.1)

wherep is a Lagrange multiplier to enforce incompressibility. TheCauchy stress tensorσ
can then be computed byσ = FSFT.

We consider now a circumferential specimen (medial layer) with two symmetric fiber
families and with mean fiber directions in the reference configuration denoted by

[

Mfib4

]

=
[

0, cosαfib, sinαfib

]T
,
[

Mfib6

]

=
[

0, cosαfib, − sinαfib

]T
, (B.2)

while the normal direction to the circumferential/axial plane coincides with the radial di-
rection vectorer given by

[

Mn

]

=
[

1, 0, 0
]T

, see Fig. 2.1. Further, two symmetric smooth
muscle fiber families are oriented along the direction vectors and characterized by

[

M cu4

]

=
[

0, cosαcu, sinαcu

]T
,
[

M cu6

]

=
[

0, cosαcu, − sinαcu

]T
, (B.3)

defined in the reference configuration, see also Fig. 2.1. Note that the anglesαfib and
αcu are always measured with respect to the circumferential direction. The corresponding
deformation gradientF for uniaxial extension or compression as well as the right and left
Cauchy-Green tensors(C, b) can be expressed in terms of the principal stretches by (shear
is neglected)

[

F
]

= diag
[

λr, λθ, λz

]

,
[

C
]

= diag
[

λ2
r, λ

2
θ, λ

2
z

]

=
[

b
]

. (B.4)
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The required invariants are also expressed in terms of principal stretches, and read

I1 = λ2
r + λ2

θ + λ2
z, In = C : Mn ⊗ Mn = λ2

r , (B.5)
Ifibi = C : Mfibi

⊗ Mfibi = λ2
θ cos

2 αfib + λ2
z sin

2 αfib, (B.6)
Icui = C : M cui

⊗ M cui
= λ2

θ cos
2 αcu + λ2

z sin
2 αcu, (B.7)

with i = 4, 6. The derivatives of the free-energy functions relative to the defined invariants
necessary for Eq. (B.1) are then given by

Ψ′

a (Icui
) =

∂Ψa

∂Icui

=
µaLfoi

2
(nAMp + nAM)

√

Icui − ufsi − 1
√

Icui
, i = 4, 6, (B.8)

Ψ′

p (I1) =
∂Ψp

∂I1
=

µp

2
, (B.9)

Ψ′

p

(

I⋆fibi

)

=
∂Ψp

∂I⋆fibi

= C1

(

I⋆fibi − 1
)

exp
[

C2

(

I⋆fibi − 1
)2
]

, i = 4, 6. (B.10)

Hence, the non-zero components of the Cauchy stress matrix[σ] read

σrr = −p + 2

[

Ψ′

p (I1) +
∑

i=4, 6

(1− 2A−B) Ψ′

p

(

I⋆fibi

)

]

λ2
r, (B.11)

σθθ = −p + 2

[

Ψ′

p (I1) +
∑

i=4, 6

(

A+B cos2 αfib

)

Ψ′

p

(

I⋆fibi
)

+
∑

i=4, 6

Ψ′

a (Icui
) cos2 αcu)

]

λ2
θ, (B.12)

σzz = −p + 2

[

Ψ′

p (I1) +
∑

i=4, 6

(

A+B sin2 αfib

)

Ψ′

p

(

I⋆fibi
)

+
∑

i=4, 6

Ψ′

a (Icui
) sin2 αcu

]

λ2
z. (B.13)

By solving this system of equations, so that the boundary condition σrr = σzz = 0 and
the incompressibility conditionJ = 1 = λrλθλz are satisfied, the normal stress in the
circumferential direction of the tested medial specimenσθθ can be expressed as a function
of the principal stretch in the circumferential directionλθ. The first Piola-Kirchhoff stress
Pθθ can then be calculated fromPθθ = σθθ/λθ.



C. Experimental Data Scaling

According to Murtada et al. (2012) we assume that the maximumcontractility is ex-
pected to be within the physiological blood pressure range,i.e. around90 mmHg. Numer-
ical investigations (see arterial ring example) indicateda circumferential stretch of1.28 at
the inner radius of a healthy abdominal aorta under an internal pressure of90mmHg and an
axial pre-stretch of1.0675 (Horný et al., 2014) without considering smooth muscle contrac-
tion. This result is in good agreement with experimental data presented in Labrosse et al.
(2009). Thus, the original length-tension behavior is scaled in the horizontal direction so
that the maximum is situated at this obtained circumferential stretch. Further, it is assumed
that the ratio between the active stress peak and the corresponding passive stress is the
same for both pig carotid artery and human abdominal aorta, and therefore the experimen-
tal length-tension behavior is scaled in the vertical direction accordingly, see Fig. 3.1(a).
Moreover, we also scale the corresponding active tension-time behavior, as shown in Mur-
tada et al. (2012), according to the latter assumption. Both, modified length-tension and
tension-time data of a medial strip are used for the parameter identification.
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