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Ein kinetisches Transportmodell fiir die gekoppelte Dynamik
von Elektronen und Phononen in eindimensionalen Systemen
und dessen Anwendung auf metallische

Kohlenstoffnanorohrchen

Ziel dieser Arbeit ist die Entwicklung eines kinetischen Transportmodells fiir die gekop-
pelte Dynamik von Elektronen und Phonon in eindimensionalen Systemen, wobei keine
Information iiber die Bandstruktur des Elektronen und Phononen Sytems vorausgeset-
zt wird. Um die Transportgleichungen zu lésen, wird ein numerisches Modell entwick-
elt, fiir welches die Teilchenzahlerhaltung der Elektronen sowie die Energie- und Im-
pulserhaltung gezeigt wird. Zur Uberwindung der numerische Problem bei der Berech-
nung der Stofintegrale wird eine spezielle Abtastmethode entwicket, welche ebenfalls
die Erhaltungsséitze erfiillt. Die Diskretisierung der Verteilungsfunktionen erfolgt iiber
den k-Raum, entgegen der iiblichen Energiedisketisierung, sodass auch flache Elektro-
nenbénder behandelt werden kénnen. Fiir das numerische Modell ist nur die Kentniss der
Dispersionsrelation an den Gitterpunkten notwendig, weshalb auch mit Bandstrukturen
geabeitet werden kann, die nicht in analytischer Form gegeben sind. Abschlielend wird

das Modell an metallischen Kohlenstoffnanoréhrchen erprobt.



A kinetic transport model for the coupled dynamics of
electrons and phonons in one-dimensional systems and its

application to metallic carbon nanotubes

The aim of this work is the development of a kinetic transport model for the coupled
dynamics of electrons and phonons in one-dimensional systems without using prior in-
formation on the band structure of the electron and phonon system. A numerical model
is developed to solve the transport equations for which the conservation of electron num-
ber, energy and momentum is proved. To overcome numerical sampling problems, when
calculating the collision integrals, a supersampling method that fulfills the conserva-
tion laws, is introduced. To be able to deal with flat electron bands, all distribution
functions are discretized in k-space as opposed to the common energy discretization.
The numerical model is designed to work with dispersion relations only known at the
discretization grid points, therefore, no analytical expression for the band structure is

explicitly needed. Finally, the model is tested for metallic carbon nanotubes.
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1 Introduction

Carbon nanotubes have been extensively studied since their discovery [I]. They represent
a very interasting functional material due to their unique electrical, thermal and mechan-
ical properties. For a detailed description of carbon nanotube properties we refer to the
review articles of M.S. Dresselhaus et al. [2], E. Thune et. al. [3], J.-C. Charlier et. al.
[4] and the book of S. Reich et al.[5]. Carbon nanotubes can exhibit either a metallic or
semiconducting behavior, depending on their atomic structure. Metallic nanotubes can
be seen as one-dimensional conductors. Their ability to carry very high current densities
and ballistic transport properties in the low bias regime [6] makes them attractive can-
didates for interconnections in future electronic devices. Consequently, they have been
investigated thoroughly both experimentally [0l [7] and theoretically [8, @, [10] 11 12].
Semiconducting nanotubes, on the other hand, can be used in field-effect transistors
(FETs) [13 [14]. New developments show that they can be also utilized as sense-FET's
[15] for instance by immobilizing functional groups along the nanotube [16] and, thus,
changing the band structure [17]. To effectivley describe such a system one needs to
develop a kinetic transtport model that does not depend on the specific form of the
band structure. Furthermore, as opposed to the common energy discretization of the
electron bands, one needs to employ a k-space discetization in order to be able to work
with very flat bands. The focus of this thesis is to develop such a model to describe the
coupled dynamics of electrons and phonons in one-dimensional systems.
Chapter [2| presents an analytical description of the carrier transport in one-dimensional
systems that does not rely on any specific band structure. This idea is further pursued in
the development of the numerical model, in Chapter |3} Conservation of electron number,
energy and momentum is proved for arbitrary band structures, where the dispersion
relation only needs to be known at the grid points. Therefore, even band structures
obtained by DFT calculations can be used. To overcome sampling problems, when
calculating the collision integrals, a supersampling method is presented in Section
which retains the conservational properties of the original method. In Chapter {4 the
properties of metallic carbon nanotubes are discussed and used to test the transport

model. The results are presented in Chapter



2 The kinetic transport model

In this chapter we develop the kinetic transport model that describes the flow of elec-
trons and phonons throughout the device. Since the main focus of this thesis aims at
one-dimensional systems, we will start with the one-dimensional semi-classical Boltz-
mann equation for electrons. Subsequently, we need to formulate the collision operator.
Thereafter, the same steps are repeated for phonons. Finally, we will check if the cor-
responding conservation laws are still fulfilled within the framework of the obtained

equations. These steps are crucial to develop a fully discretized model.

2.1 Moments of the distribution function

The semi-classical Boltzmann equation is an evolution equation for distribution func-
tions. In our case we will calculate the time evolution of the electron and phonon
distributions. Evaluated distribution functions, however, are difficult to verify experi-
mentally. Moments of the distribution function, like the electron, current or the energy
densities are macroscopic quantities and can be measured easily. Hence, these quantities
need to be defined before we start with the development of our model.

In order to calculate local densities, a summation over all electron states needs to be
performed. Since we are using the classical limit, this summation will be replaced by an
integral over the first Brillouin zone. In the d-dimensional case by assuming an equal

extension L of the crystal in all directions this transformation is of the form

> = <21;r>d/62dk (2.1)

k

according to [I8], where k denotes the wave vector also called quasi momentum. The
d . .
constant (%) accounts for the density of states in k-space.
Consequently, we can define the electron density for a band « in a one-dimensional

system following [19] as

1
— falz, k,t)dk with z,k € R, tcR", (2.2)
21 Jpz

Nty = 73 falar k1) =
k
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where fo(z,k,t) denotes the electron distribution function of band «.

The distribution function f,(z,k,t) is the probability density of finding a carrier at
position x with quasi momentum k at time ¢. The number of carriers at this point in
the infinitesimal phase space volume dxdk is therefore (L/27) fq(x, k,t)dxdk [18].

The total carrier density is then given by the sum over all electron bands:
N(z,t) = ZNa(x,t). (2.3)

Similarly, the current density reads

€ €0

ja(li,t) = _Ii)zk:va(k)fa(xak7t) = Ton /BZ er(k)fa('rak7t)dk7 (2‘4)

™

with the elementary charge ey and the group velocity v, (k). Finally, the energy density

is defined as

1

Ealm,t) = izk:Ea(k)fa(kavt) = 27T/BZ Eo (k) fo(z, k. t)dk, (2.5)

where E(k) denotes the dispersion relation. The total current and energy densities are

then again given by a sum over all relevant bands:
\-7(1'775) = Zja(‘rat)’ (26)

Emt) =) Ealz,t)+ > EMa,t). (2.7)

While J comprises the sum over all electron bands, the total energy density consists of
the energy stored in the electron as well as in the phonon system. Therefore, the second

sum represents the phonon energy density of band n defined likewise as

1
£ t) = 5 | WIa)N(r.q,0)da (2.8)

Here, Wy (q) stands for the phonon dispersion relation, N"(x,q,t) is the phonon dis-
tribution function and ¢ the phonon quasi momentum. The total momentum density,

consequently, reads

Kz, t) = Kalz,t)+ > Qx,1), (2.9)
e U]
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with
Ka(z,t) = 1/ kfo(x,k, t)dk and (2.10)
27'[' BZ
@(w.t) = 5= [ aN(w.q.)da, (2.11)
27T BZ

Adhering to this pattern generalized moments M of the electron and phonon distri-

bution functions can be defined as

Mo (2,1) = ;ﬂ/BZ U (k) fu(z, b )dk and (2.12)
Mz, t) = % /BZ U (q)N"(z,q,t)dq. (2.13)

with arbitrary functions ¥ of the quasi momenta k and g, respectively. Therefore, the

total generalized moment reads

M@, t) =3 Ma(z,t) + > M (z,t). (2.14)
o 7

2.2 Electron collision operator

The one-dimensional semi-classical Boltzmann equation is given by [18]

Ofalz, k,t)
ot

Ofa(z, k,t) n el Ofa(w,k,t) _ Ofa(z, k,t)

+ v (k)

(2.15)
where f,(z, k,t) denotes the distribution function of the electrons for the band «, v, (k) =
OrEqo(k)/h the group velocity, E the electric field strength and e the electric charge
(e = —eg for electrons, where ey denotes the elementary charge). We can express the
rate of change of the distribution function due to collisions, in summing over all relevant
collision operators C’ B(k) Each one takes into account interactions of electrons in the

bands «,8 with phonons of the branch #:

0fa(k)
ot

=Co(k) =) "Cly(k), a,BEILs nE Iy (2.16)
Coll n 8

Here, I.; and I, stands for the set of electron and phonon band indices. Since scattering
events are local and instantaneous, the time and position dependency is omitted for
the sake of a compact notation f,(k) = fa(z,k,t). Note that only electron-phonon

scattering is accounted for. No electron-electron or impurity scattering is included, since
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phonon scattering events plays the dominant role in limiting the conductivity in our
systems under investigation. This is especially true for phonon distributions far from
equilibrium, which we will see later. Following [20] the collision operator for electrons

can now be expressed as

Clly (k) = S {WE K ) fa(k) [1 = fa(k)] = Wk k) falk) [1 = f5(B)] - (217)

k./

where £’ runs over the whole Brillouin zone and Wg (K, k) is the probability for processes
that transfer electrons from state k’ to k and from band 3 to a due to a scattering event.
It, therefore, contributes to the gain term of the collision operator, whereas Wgﬂ(k, K"
is part of the loss term and describes the inverse processes. The total scattering rate is
proportional to the probability of the occurrence of the scattering process, the occupation
probability of the initial states f’ and the Pauli-blocking factor (1 — f), which denotes
the probability that the final state is free. The scattering probability Wgﬁ(kl, k2) can

be expressed as
Wzﬁ(kl,kg) = Waﬁn(k17k2) +Wa5n (kl,kg) (2.18)

with WEM and WABS being the probabilities for emission and absorption of phonons.
These quantities can be calculated by time-dependent, first-order perturbation theory,
which leads to

Woi (ky, k) = Z sug(k1, k2) [NT(q) + 1] 6(Ea (k1) — Eg(k2) — W(q))0g k1 ks (2:19)

WA,BBnS kla k2 Z S kl, k2 NU( )5(Eﬁ(k2) - Ea(kl) - Wn(q))éq,k‘z—k’la (220)

[0}

where s 5(k1, k2) denotes the matrix element of the scattering potential [18], N"(g) the
phonon distribution function, E, (k1) and Eg(k2) the electron and W"(q) the phonon
dispersion relation. The delta function stems from Fermi’s golden rule and ensures
energy conservation. The Kronecker delta ensures conservation of quasi momentum.

It should be noted that this formulation is not completely general. In principle, we
also need to account for the reciprocity of the Brillouin zone which would modify the

conservation condition of quasi momentum to
ki—kotq=G (2.21)

with G being the reciprocal lattice constant. Since we do not deal with Umklapp pro-
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cesses, or rather circumvent this problem by choosing a convenient collision geometry
the more simple condition

kl - kQ + q = 0 (2.22)

suffices. Note that this simplification does not affect the generality of the later proofs of
conservation laws.

The matrix element s 5(k1, k2) still needs to be evaluated. It depends on the phonon
type n (acoustical or optical) involved and is symmetric with respect to the exchange of

electron bands a and § and the exchange of quasi momenta k1 and k.
Inserting everything back into (2.17)) yields

k)= {sia(k, k) [N"(q) + 1 8(Es(K') — Ealk) = W(a))8q -1 S5 (k') [L = fa(k)]
k' q

+sag(k, KYN(q)0(Ea (k) — Eg(K') = W(q))dqk—k f3(K') [1 = fa (k)]

— 53k, k') [IN"(q) + 1] 6(Ea (k) — Eg(K") — W"(q))dq -k fa (k) [1 — fa(K)]

—s05(k, K)YN"(@)8(Es(K') — Ea(k) = W"()8q -k fa(k) [L = fs(k)] }.
(2.23)

Examining (2.23), we can identify gain (G) and loss (L) terms via emission (EM) and
absorption (ABS)(see Figure [2.1):

Ghan(K' k) = 6(Es(K') — Ea(k) = W(K' — k)

x 85 (k, K INT(K k) + 1] fa (k)1 = fa(k)], (2.24)

LEZ3(K k) = 6(Ba(K) — Eo(k) = W(K — k)
x 505 (k, K YN (K — k) fo(R)[1 = f5(K)], (2.25)

Ghay (K k) = 6(Eq <k:> — Bp(K') = W"(k — k')
1ok K YN (k — K) fa(K)[1 = fa(k)], (2.26)

L5 (K k) = 8(Ea(k) — Eg(K') = W"(k — k')
X szﬁ(kz, ENINT(k — K + 1] fa(k)[1 — fﬁ(kz’)]. (2.27)

Consequently, we can express the collision operator by these four elementary processes

Z{Gﬁan — LgPS(K k) + GEZS (K k) — LEM, (K k). (2.28)
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V; k % ff

g N
q (a) (0)

N 7

s N
' (©) (d)

Figure 2.1: Hlustration of gain and loss terms by absorption and emission of a phonon:
gain by absorption (a), or emission (b) and loss by absorption (c), or emission (d)

This form is not suitable for our further investigations, but gives a good overview of
the physical processes involved. If we, however, rearrange ([2.23)),

Cly(k) =3 > {6(Ep(K) — Ealk) — W"(q))dq—r
k' q
n

x sug(k, K{N(q) + 1] f3(K') [1 = fa (k)] = N"(q) fa(k) [1 — f5(K))]}
+0(Ea(k) — Eg(K') — W(q))dq 5k
x spg(k, K){N"(q) fo(K') [L = fa(k)] = [N"(q) + 1] fa(k) [1 = f5(K)]}}
(2.29)

and then sum over the phonon wave number ¢ by evaluating the Kronecker delta, we
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get:
Clg(k) = kZ {8(Bs(K) — Ba(k) = WK — k))sh (K, k)
X {IN(K = k) + 1] f5(K)[1 = fa(k)] = N"(K = k) falk)[1 = fo(K)]}
+0(Ea(k) — Eg(K') = W"(k — K'))s].5(k, k)
X ANk = ) fa(K)[1 = fa(k)] = [N"(k — k) + 1) fa(k)[1 = fo(K)]}}.
(2.30)

The first term in the sum represents scattering events that involve interactions with
higher energies than the current state k under consideration, which is represented by
Eg(K') — Eq(k) — WT(E' — k). The second term accounts for scattering processes that
involve lower energies E, (k) — Eg(k’) — W"(k — k). Therefore, we can define symbols
leading to a compact notation of the collision operator. The symbol “+” denotes higher

and “—”" lower energies than the current state k. For this purpose we define
(K, k) =+(K — k) (2.31)
and the following statistic terms:

o' (K k) = {[N"(¢7) +1] fa(K) [1 = fa(K)] = N"(¢") fa(k) [1 = fo(K)]},  (2.32)
9pa (K k) = {N"(q") fa (k') [L = fa(k)] = [N"(q7) + 1] fa(k) [1 = fo(K)]}. (2.33)

Furthermore, we introduce

H; (K k) = Eg(K') — Ea(k) — W7(q"), (2.34)

H, (K 0) = Ea(k) = Eg(K) = W(g) (2:35)

expressing the energy dependences. By means of this abbreviations, the collision oper-

ator can be written as

crik) =Y [5(Hga"(k/, k))s? 5 (k, K)g 3 (K k) + 6(H (K k) s o (k, K ) g5, (K, k)] .
-
(2.36)

We are dealing with a macroscopic system. Therefore, the k-states are very dense,
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H(K ko)

e VIR
ad \/

‘ v K
(k) "
’ﬁ(y (k) 3

Figure 2.2: Tllustration of finding the roots k' = fi(k) of H(k', k) with respect to k' and
the construction of bijective functions and the corresponding partition into subintervals.

which justifies our semi-classical approach of describing the charge carrier transport.
Consequently, the sum over all k-states can be expressed as an integral over the first

Brillouin zone:

L
- = / dk, (2.37)
A 2T BZ

where L denotes the spatial extension of our one-dimensional system. Using this trans-

formation yields

L _ _
Cly(k) = o / dk’ [5(H;a"7(k’,k))sgﬁ(k,k’)gga"(k’,k) + O(H g, (K k))sh 5 (k, K ) gz, (K F)| -

(2.38)

The integral in (2.38]) over the Brillouin zone now needs to be evaluated. To that end,

we need the relation

9(xo) (2.39)

T=x0

/ 3 (@) gla)dz = 3 | f,zx”

with zy being the roots of the function f(x). Furthermore, we start by considering the

elementary expression
C(k) = /5 (H(k’, k:)) F(K' k)dk' (2.40)

to understand the implications of the evaluating ([2.38)).
At a given k = kg we are searching for the roots of H(k', ko) with respect to k’. The
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result is a set of f* roots, with 4 € {1,..., N} as depicted in Figure Remembering
that k is not a fixed parameter, we see that each root defines implicitly the function
k' = § (k) within a certain interval k € (k% ,k};). This function, as illustrated in Figure
is not necessarily bijective and we, therefore, partition it into N* smaller subintervals
and label the function within this interval by &’ = f;(k:) = fi(k) for k € (k; I k; U)-

During our previous calculations we have eliminated the phonon quasi momentum
g by using . For the sake of argument, let us now consider g;(k) = f;(k:) +
k, corresponding to ¢ (k’,k) in the first term of . Since for each subinterval
this is still not necessarily a bijective function, we further split the N‘-th interval into
N]Z: subintervals and use the notation f;l(k:) = fz(k:) and gél(k) = f;l(k:) —k for k €
(131 ).

Let us elaborate on this interim result. We have found a partition for k € (k:;lL, k:;lU)
and corresponding partitions for &’ € (k;Z b k;”U) and ¢ € (qglL7 q;lU) These partitions
for k, k' and ¢ as well as the corresponding bijective functions are not unique. They can,
however, always be constructed for the given set of equations H (K, k) = 0 and ¢ = k' —k,
by using the rules outlined above, resulting in a total number of ZZJ\; 1 Z;V:Z N ]’ intervals
and functions. Furthermore, we can define the function k' = h;l(q) as the function
composition h;l = f;lgj71 il
Finally, we need to define a set of functions in order to extend fi(k), f;(k) and f;l(k)

over the whole domain:
1 Vke (kb k) 1 VEke (k. k)

X' (k) = ; Xj(k) = ;o (241
0 otherwise 0 otherwise

. 1 Vke (kib kL)
Xel (k) = qLRIus (2.42)

0 otherwise

Consequently, we can write

N [Nt [N
aw=3 % ;(W”‘*“)Wf;_l(k)X?’(k) G | ) (@24

and since X;l(k:)xé(k)xz(k) = Xé-l(k:) this turns into:

N Ni N ) |
=32 (I&«H(Wﬂkl’ k)x}’(k)> : (2.44)

i=1 j=1 =1 k=it (k)

10
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Now, we collect all bijective partitions into one sum by defining the sets

(k) e {1 (k)i € {1,...,NYAje{l,...,N}IALe{l,...,N}}}, (2.45)
g’(k) e {gjl (k)i € {1,...,N}Anje{l,....N}Ale{l,....N}}}, (2.46)
bP(k) € {05 (k)i € {1,...,N}Aje{l,...,N}AL€{l,...,N}}}, (247)
X e{xik)lie{t,...,N}Aje{l,....N}ALe{l,...,N}}} (2.48)
and the index set
N N? '
I,={1,...,Niotat}  With Niggal = ZZN;. (2.49)
i=1 j=1
Replacing the indices ¢, j and [ with a single index p € I, leads to

Ntotal

1 S
Clk)=Y_ <WIMF(I<:,I<:)X (k:))k/:fp(k). (2.50)

p=1

Consequently, we can apply the same analysis to evaluate (2.38)). Doing so, leaves us
with N g a" bijective functions and corresponding intervals for k, k' and ¢:

H;a" (k/ = f;a”p(k),k> =0, g;a’?p(k) —q" (f+’7 (k),k) Cptn gt gl

Bap Bap = 1pa pBpap
(2.51)
= {itnm) . Agnwb . {pih@} withp =1, NG (2.52)
where
Fral (k) s k= K with ke (k3" 1 k5" 1), (2.53)
g;a"p(k) :k—qwith ke (k:;a”pL, kga"p o) (2.54)
Daay(@) g = K with g € (43" 1, 4ga ) (2.55)
and
ke (k,/é;;?? L~ fganp(k;anp L)v k;;z U= f;anp(k;anp U))7 (2.56)
0 € (a2, 1 = O (k5" 1) @iy 1 = 8haly (KA 1)) (257)

11
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Repeating this procedure for H/;a”(k’ , k) leads to

H" (f;a"p(k), k) —0 = {f;a”p(k)} withp =1,..., N5, (2.58)
where
ol (k) :k — K with ke (k3" k5" 1) (2.59)
and
K e (k,/b’;Z L= fganp(kf;anp L)’ k,IB;TI]D U= fgocnp(k,g’anp U)) (2.60)

Furthermore, we introduce the functions Xga”p, X/ga”p, Xga’;, XgaZ and ¢;a"p defined by

1 Vke (K7 kET Y L Yk € (kg Koy )

+n _ Bap L>VBapU -n _
Xgap(k) = , Xgap(k) =
pap 0 otherwise pocp 0 otherwise
(2.61)
I+ /4 /— /—
o 1 VK e (kﬁa’;L, k/BaZ)U) —n oy 1 VK e (kﬁa’;L,k:ﬂaZ) U)
XBa p( - . ’ Ba p( )= .
0 otherwise 0 otherwise

(2.62)

1 Vg€ (g3, 1 am v)
Dpat (q) = P Lo Spep : (2.63)
0 otherwise

It is usually sufficient to determine the distribution functions within a small region of
the Brillouin zone. Therefore, we need to limit the collision operator in a way, so that
electrons are not scattered out of the physical domain of interest. This can be done by
choosing the intervals (k;a"p s k:ganp ) and (kg ;. kg,", ;) accordingly. Of course, this
implies that outside these interval scattering rates need to be sufficiently small as to be
neglected. Otherwise this would yield unphysical solutions.

Consequently, we can define C;rﬁn(k:) as a sum of collision operators each representing

12



2 The kinetic transport model

one bijective partition p. The final general representation reads

-1

I 8H+an(k’, k)
Ciﬁnp(k) - ot 6@7 X;anp(k)szﬁ(k7 K )gga (K, k) , (2.64)
fﬁa p( ), k=k
np L GH[;a”(k’,k) - o . ,
Co ) = = (|2 G sl kK )5 O ) (265)
k=i, (), k=k
N
Cogl(k) =" Ca 1P (k), (2.66)
p=1
=D Cog"(k), (2.67)
p=1
Cly(k) = [CE k) + C' ()] (2.68)

where ¢t = ¢t (k/, k) = £(k' — k) denotes the phonon quasi momentum. Inserting our

result back into (2.16)), the total collision operator now reads:

6%5@ ZZ [C*’? Co k)] . (2.69)

Coll

2.3 Phonon Collision Operator

The time evolution of the phonon distribution function is given by

ON"(x,q,t) ON"(z,q,t)  ON"(z,q,t)
TR ey v

(2.70)

Coll

where N7 is the distribution function of the phonons of band n and ¢ denotes the
quasi momentum of the phonons. The group velocity of the phonons is determined by
vy(q) = 0,Wy(q)/h, where W, (q) stands for the dispersion relation of band 7. There is
no force acting on the phonons, as they are uncharged particles, and, therefore, move

freely through the device. The collision term can be written as

ON"(x,q,t)

ot = Ce,ph(£a‘]at) + Cph,ph($7Q7t)7 (271)
Coll

where C, ,;, describes the interaction of phonons with electrons and Cyy, pp, represents

the phonon-phonon interaction, which can be expressed by the relaxation time approxi-
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2 The kinetic transport model

mation [I§]

1 ~
Cpnn(@,0,8) = == | N"(z.0,6) = N"(@) (2.72)

rel
with 77, being the relaxation time and N"(q) the equilibrium distribution function of
the phonon system 7 at system temperature 7. The electron-phonon collision operator is

the sum of all interactions C}; p , each involving two electron bands(c,3) and one phonon

band(n):
Ceph(d Z Z P (g (2.73)

The position and time variables are again dropped due to the local and instantaneous
nature of scattering events. Following [19], a general form of the electron-phonon collision
operator reads

O (@) = {Wyhala) [1+ N"(@)] = W35 (@ N"(a) } (2.74)

with WT7 B0 being the emission probability which is also the gain term and Wffﬂs the

absorption probability or loss term. Both can be further expressed as

WEM(q) = S5 sl g (kr ko) fs(ka) [1 = fu(k0)] 8(Bs(ka) — Ea(kr) = W(g))5, ks

k1 ko
(2.75)
Wi (@) =Y > stg(ki ka) fa(kr) [L = fo(ka)] 6(Ep(k2) — Ealkr) = W(0))0k, +q,ks-

k1 ko
(2.76)

Comparing (2.75) and ) to and ((2.20) - ) reveals that
Z (g (q) + ZZ Wit (ke k) f(ka) [1 = fa(k1)], (2.77)
k1 ko
wafg =D WP (k1 ko) fa (k) [1 = fa(k2)]. (2.78)
q ki ko
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2 The kinetic transport model

By using our previously introduced notation we obtain

Ci(q Z Z O(Es(K) = Ea(k) = W(@))d s
x sk, K){[N"(q) + 1) fa(K)[1 = fa(k)] = N"(q) fa(k)[1 — fo(K))]}

(2.79)
= Z Z §(H )) Skt g g (ks K ) gao (K k). (2.80)

We can now further analyze this result, starting by evaluating the sum over k:
CP(a) = D (SCHA, (K kst (kKGRI B)) (2.81)

k/
Again using , we turn the sum into an integral resulting in
Co(q) = L / (5(H+ "KL k)T (k, K ) gt (K, k)) dk’ (2.82)
2 A R k=k'—q

Finally, we integrate using (2.51)) (2.52)) (2.54) (2.55) and (2.63)), leading us to the final

representation

N+77
Ba
CpPlg) =Y CyPP(g), (2.83)
p=1
with
—1
. L (|0HZ" (KK —q)
CyPP(q) = o= ' o oD sig (kK )gg," (K k)

K=b1" (a), k=g, | "(q)
(2.84)

2.4 Collision operator in thermal equilibrium

In thermal equilibrium the collision operators C” 5(1{) vanish for all k, due to the structure
of the statistic terms g;a"(k’ k) and g,,'(K', k) and the equilibrium distribution func-
tions. For phonons (N) and electrons (f, and fg) they are given by the Bose-Einstein

(phonons) and Fermi-Dirac (electrons) distribution, respectively. The Fermi-Dirac dis-
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2 The kinetic transport model

tribution function is defined as

; 1
k) = .
f(k) oxp(BEE) 1 1 (2.85)

where F(k) is the electron dispersion relation, y is the chemical potential, kp the Boltz-
mann constant and T the temperature of the system under investigation. The Bose-

Einstein distribution function is given by

V % (2.86)

N@)=— 5
exp(F4) — 1

with W(q) being the phonon dispersion relation.
We will now proof that C’;a"(k) vanishes for an arbitrary partition p, k' = f;a"i(k) of
Hg"(K, k):

Es(f5 (k) = Ea(k) = W(F5,1 (k) — k) = 0. (2.87)

We will continue to use the symbol k" instead of fga"p(k) for the sake of a compact nota-
tion, bearing in mind that &’ is now an dependent variable of k. Rewriting consequently

yields:
Es(K') = WK — k) + Eq (k). (2.88)

As stated before the statistics term, which is given by (2.32)), must vanish:

!

[INT(K = k) + 1] f5(K)[1 = fa(R)] = NT(K = k) fa(R)[1 = f(K)] = 0 (2.89)

One can now search for distribution functions f and IV satisfying this condition which
would lead to the already mentioned equilibrium functions. For our purpose it suffices to
show that the collision operator vanishes in thermal equilibrium. Therefore, we rearrange
(12.89)

[NT(K' = k) + 1] fo(K)[1 = fa (k)] = N'(K — k) fa(K)[1 = f5(K)] (2.90)

and then insert the equilibrium electron and phonon distribution functions:

falk) _ N(K —K)+ 1 fa(k)
1 — fa(k) Nk —k) 1-— f/g(kz’)'

(2.91)
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2 The kinetic transport model

First, we evaluate the left hand side of this equation:

-1

1= fa(k) exp <7E"k(:2f_“> +1 exp (E“k(g:”) +1
1
— m. (292)
exp | =7
Similar considerations by taking into account (2.88]) lead to
fs(k) 1
L= fs(K)  exp (Eﬁ]il;,%—ﬂ>
1
= - , (2.93)
exp (Ea(k)w;/;;k —k)—u>
Subsequently, we evaluate the expression dependent on the phonon distribution:
-1
Nk —k)+1 1 1 1
! - (k! _ ;T )
N1 (k' — k) exp (W;C(QT k)) 1 exp (W”k(;fT k)) 1
Wk — k)
= — ). 2.94
e (M (2.94)
Finally, we insert (2.92)) (2.93]) and (2.94)) into (2.91)
1 exp (W’v(kuk)) .
kT
Eo(k)—p - 1 . Eo(k)+Wn(k'—k)—p (2-95)
exp (D}fT) exp( kT )
and after canceling we obtain
1 1
(2.96)

Ealk)—p) Ea(k)—p\ "
exp ( k(B)T u) exp ( k(B)T u)
which proves that the collision operator vanishes.

2.5 Conservation laws

Since our transport model is now complete, we need to check if all conservation laws

still hold. First, we will concentrate on the conservation of the electron number and
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2 The kinetic transport model

thereafter verify that energy and quasi momentum conservation are still valid within
our system of equations.
2.5.1 Conservation of electron number

A very important property of electron-phonon scattering events is the conservation of
the electron number, since no electron is created or destroyed. Note, however, that this
is not true for phonons , since a phonon is absorbed or emitted in this process. After
formulating the main transport equations, we need to check if the property of electron
conservation holds. The total electron density is given by and :

QWZ fola, k, t)dk.

The quantity N(x,t) must be constant under collisions, which means that the time

derivative needs to vanish:

ON 8fa:zk:t)
Zf)t famktdk—%Z/BZ

ot
Since collisions are local and instantaneous events, we can neglect the z and ¢ dependence,

dk =0. (2.97)
Coll

Coll

because the condition needs to be satisfied independently of = for all times ¢. In the

second step, we exchanged the differential and the integral operation. Now, we insert

the collision operator, (2.69), into and get
0;;:[ Z Z Z/ C+ ! (k) + ngn(k)} dk;, (2.98)
1 _
ZZZ/ i dk+%;zﬁ:za:/gzca"(k)dk, (2.99)
1 _
ZZZ/ CE (k) dk + %zn:za:zﬁ: . Co5'(k)dk,  (2.100)
Z Z Z/ C+ (k) + ng(k)} dk = 0. (2.101)

Coll
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2 The kinetic transport model

We will now show that each term in (2.101)) vanishes independently. To that end, we

split the integral and rename the integration variable k for the second term:

/ (CEk) + Cp (k)| e = 0
BZ
/ C21 (k) + / C (KK = 0
BZ BZ
Equation (2.34]) transforms into ([2.35)) if we swap « for 5 and k for k'
H (K k) = Hof'(k,K') = Eg(K) — Ea(k) — W(K — k) =0.
This is also true for the quasi momenta (2.31)):

at (K. k) =q (k,K) =K — k.

(2.102)

(2.103)

(2.104)

(2.105)

Therefore, we use (2.34)), (2.35), (2.51)), (2.52), (2.58) and by choosing the a certain

partition into subintervals for (2.53)) and a corresponding one for (2.59)) to construct

bijective functions we see:

H*”( = fhaty(k), k) = Eg(Fha, (k) = Ea(k) = W(55," (k) — k),
—E,

o (kK =55 (k) = Ep(f 5, "(k)) (k) = W(iag, "(k) — k)

By comparing (2.106) to (2.107)) we conclude that

= Fharp (k) =g, (),
and also
b= gy (K) = oo, "(K).
We use corresponding intervals for fga"p(k‘) and f;B"p(k’ ) and, therefore,

+
N, =N

Furthermore, the limits of the intervals need to coincide:

+n I +n _ .~
kﬁapL kaﬁpL’ kﬁapU ka,@pU’
+n -7 +n -7
kﬁapL kaﬁpL’ kﬁapU kaﬁpU’

(2.106)
(2.107)

(2.108)

(2.109)

(2.110)

(2.111)
(2.112)
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2 The kinetic transport model

W = 37 (k) = b (k)

I+ n _ 3=
kﬁapU kcxﬁpU

+n g l=n
kﬂapL kaﬁpL

— k0

+
N aBpU

+ —
ki o=k ) Bap U

BapL — YaBplL k

Figure 2.3: Illustration of one interval and its limits for which fﬁ o p(k) = f;é; (k)

which is illustrated in Figure
Since H;a"(k’ k) and H_g"(k, k'), are equal we conclude that

OH, ' (k,k')  OHJ(K k)

= 2.113
8k ok ( )

If we then compare (2.32)) to (2.33]), we notice that the relation
gﬁa YK k) = —g,4"(k,K) (2.114)

holds. We can now evaluate the second integral by using (2.65)), (2.67)) (2.104)), (2.105]),
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2 The kinetic transport model

(]2.110[),(]2.109[), (]2.113'), (]2.114[) and the symmetry of the matrix element SZB

C, dkl / C' np dk/ 2.115
Bz " Z Bz ( )

T Xap p(K st g (ky K )g g (B, K) | dK

ZQB:/ZQW

OH )" (k,k')
8
k=f, 5 (k'), k'=k’
(2.116)
[ ! " (kK )g (kK |k, (2.117
Z/ m%g( ) )gaﬁ( ) ;o (2.117)
aﬁpL _—
5k —1+7
k=fgo (k) k'=k’
,Ba /+”I
a 1
e Z/‘* T e s (R K g (K K) [ (2.118)
+n OHZ " (K k)
fpav L ok )
K=k k=f50 ¥ (k)

For every p-th interval of k € (k;anp I k;anp y) and k' € (kg;l s kE;Z ) we know that

(2.34)
H (K k) = Eg(K') — Ea(k) = W'(K — k) =0 (2.119)

is an implicit definition of k¥ = fﬁa p( ) or k = fg, 1+77(k:’ ). Applying the rules for

differentiation of implicit functions we get

OHL (K, k) dk' OHgZ,"(K k)

— = 2.12
ok’ dk ok 0 ( 0)
which we can transform into
OHT (K k)
dk’' —Lfe— 5%
@&~ "\ omwen ' (2.121)
oK K =f5 " (k)
Consequently, we can express the total derivative dk’ as
dk’'
dk' = | ——|dk 2.122
T (2.122)
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2 The kinetic transport model

with dk’/dk in (2.121]) being the Jacobian of the coordinate transformation.
Finally, we perform a variable transformation & — k by using (2.121]) and (2.122])

| e -
BZ
N3 Trap " K5ap ) 1 y
R T 2aa (b K (K ) A
T 0,
- f;;;"(k;;’;L) BT k=K' k—f71 (k) +
R =Tga p k/:fﬁanp(k)
(2.123)
Nt .
1Ee kT 1 . N a
G |onz, | - 2.124
271— Z A+n 8H+ n(k/7k) Saﬁ(k7k )gﬂa <k 7k) ‘dk dk ( )
p=1 “"BapL B(JT

K=fa1 (k) k=fgn =" (A" (k)

N+"7
= [ | e X Bt g5
- 2 = BZ 8H;an(k‘/,k‘) Xﬁap Saﬁ ’ gﬁa )
— — S5

k=g (k), k=k
OH} (K k)

ok
“\ Tortrwwm| | % (2.125)
Wl
K=f5 0 (k), k=k
NG I .
== [ 3 | Tommma i R0 K100 (2.126)
p=1 %
k=g (k) k=k
P
== /BZ Cog' P (k)dk, (2.127)
p=1

where we have taken into account (2.64). By comparing (2.115) to (2.127) and remem-
bering (2.110) we see that

/ P ()l = — / 5P (') (2.128)
BZ BZ
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2 The kinetic transport model

Inserting (2.66|) and (2.115) into (2.103) yields

+
Nﬁan

S| CliP(k) dk+z c TP (KK = 0. (2.129)

We use (2.110]) and interchange sum and integral to obtain

+ 7

Ba
+ —
> ( CJ"P (k)dk + Cﬁa”p(k:’)dk/) =0. (2.130)
= \/Bz BZ

This equation is fulfilled due to (2.128)), which implies that the electron number is in-
deed conserved. This is a very important result for two reasons: First of all, it is a
good indicator that our equations are correct. Second, we see that the collision inte-
grals for each bijective partition cancel independently. Furthermore, we have shown that
fBZ C’+ "P(k)dk can be transformed into — IBZ C’ 77 P(K")dk' by the variable transforma-
tion k — k’ .

2.5.2 Conservation of energy and momentum

Now we will show that our model also conserves energy and momentum. Thus we will
consider a generalized moment M defined in (2.14) by using the definitions (2.12)) and
(2.13)):

M = ZM +ZM
Z/ k) folk, t)dk + Z/ qQ)N"(q,t)dq. (2.131)

The sum is taken over all electron and phonon bands to get the total momentum. The

moment M is a conserved quantity under collisions if its time derivative vanishes:

oM
ot

=0. (2.132)
Coll

If we insert (2.131) into (2.132) and interchange differentiation and integration we get

g7 2 o o B B 2

dq = 0. (2.133)

Coll Coll
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2 The kinetic transport model

The arbitrary function ¥ is assumed to have no time dependence. Consequently we

can now insert the definitions of the collision operators (2.16]), (2.68)) and (2.71)), (2.73)

which leads to

+ 7 a,@
Z/BZ [ + dk+z/ OO (Q)dg=0.  (2.134)

afin apfn

The phonon-phonon interaction Cpp, pn(x,q,t) in (2.71) needs to be neglected in this
case, since it violates the energy and momentum conservation. We then split up the first

term, exchange o and 8 and rename the integration variable, as we did before in Section

25T

Z/ k)CES (k dk:+2/ Caa( dk’+2/ q)Cy’(g)dq = 0.
afn apn
(2.135)

Again combining the three sums yields

> /BZ \ya(k)cgﬁn(k)dm/g Wa(k)Ca, (K )dk:: /BZ U(q)CoP (q)dg | = 0.

afn z ~
I 11 111
(2.136)
Now, we evaluate each integral separately. From (2.66|) and (2.127)) we obtain
NG
I: Z / (k)Cig" P (k)dk, (2.137)
BZ
ﬁa
II: Z / Ua(Fha, () Cog P (k) dk, (2.138)

where C;rﬁ"p (k) is given by li Term I still needs some further investigation.
Inserting the definition of the phonon collision operator (2.80)) yields

/ UI(q)CoP(q)dg = | D N W q)5(Hg, (K, k))0k hyqsng (ks K )gga (K, k)dg.
BZ BZ E K

(2.139)
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2 The kinetic transport model

The sum over k' is calculated by evaluating the Kronecker delta resulting in
K =k+q, (2.140)

which is now a dependent variable of k and ¢:

/ ¥(q)C5" () dQ—/ D W q)S(HG (K k))sl (k, K ) g, (K k)dg.  (2.141)
BZ Bz

In the next step we transform the sum over k into an integral by using ([2.1))
/ (q)Co" (q) // U (q)d(Hg," (K, k))sl (k, k) ga, (K k)dkdg. (2.142)
Bz BZ

It is now useful to perform a variable transformation from ¢ again to k' using (2.140)):

/BZ ( )Caﬁ //BZ \1177 H+77(k/ k)) (k ]{Z) (k/ k)dkdk/
(2.143)

Finally, we integrate over k’ as we have done in (2.38) by using (2.51)), (2.52)), (2.53),
(2.64)) resulting in

N+”7

Ba
/ U(q)CP (q dq_Z/ U(gg (k)Cog' " (k)dk. (2.144)
BZ

By comparing (2.144)) for ¥" = const to (2.83]) and (2.128)]), we get the important relation
that

CaPP(q)dg= | CLP(k Ca" P (k") dk'. (2.145)
BZ BZ BZ

Again we see that each collision integral can be transformed into the other by performing

a variable transformation.

Inserting (2.137]), (2.138)) and (2.144)) back into (2.136) yields
NE

Z 000 = (53,0 + 075, 0 ) Lo (2.146)

This is the final result. The conservation of the total generalized moment M depends

only on ¥ and must be fulfilled by each addend independently. We will now search for
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2 The kinetic transport model

functions fulfilling this relation. If we choose ¥ to be the dispersion relation of the given
bands, with ¥, (k) = Eq(k), ¥3(k) = Eg(k) and ¥"(q) = W"(q) we get

[ Eald) = B30 + W@, ()G ke 0. (2147)

This is valid according to (2.34) and (2.51)), which represents the energy conservation in

each collision:
Ea(k) — Eg(f3a (k) +W"(as," (k) = 0. (2.148)

We can also choose ¥ to be equal to the quasi momentum, with W, (k) =k, Vg(k) =k
and ¥"(q) = q resulting in

+np L
/BZ( fﬁap( )+ gﬂap(k))C’aB (k)dk = 0. (2.149)

Again wee see that this is valid because of (2.31]), (2.51)) which represents the conservation

of quasi momentum in each collision:

o (k) = Fhot (k) = k. (2.150)
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3 Numerical treatment

In the previous chapter we have defined all necessary equations representing the transport
model. Since it is not possible to find analytical solutions to this system, one needs to

turn to numerical simulations. Hence we need to develop a fully discretized model.

3.1 Conservation laws and finite volume methods

A special class of homogeneous hyperbolic partial differential equations (PDEs) are called
conservation laws. Conservation laws usually arise from physical principles expressed in
their integral form and represent physical properties like conservation of mass, energy
and momentum.

A general form of conservation laws for a one-dimnsional system reads

ou(z,t)  Oh(u(zx,t))
ot + Oz

=0, (3.1)
where h(u(z,t)) is the so called flux function. If we use a linear flux function
h(u(z,t)) = au(z,t) with a € R, (3.2)

and insert (3.2)) back into (3.1)) we get the so called advection equation:

ou(z,t) ou(z,t)
ot ta Oox

=0 (3.3)

The Boltzmann-equation for electrons is obviously of that type although mult-
dimensional. It is therefore possible to apply an approach called dimensional splitting or
fractional step [21] based on one-dimensional advection equations for z- and k-directions.
Hence we will concentrate on solving the one-dimensional hyperbolic PDEs.

As mentioned before conservation laws lead to conserved quantities, therefore, we need
to employ numerical schemes which are designed to preserve these physical quantities as
well. To this end, finite volume methods have been developed which are closely related

to finite difference schemes but based on the integral form of the PDE. The basic idea is
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n+1
u.
tn+1 v
n n
i—1/2 > i+1/2 >
tn
ul — 1 ul ui +1

Figure 3.1: Illustration of finite volume methods update process. The cell average u?“

is determined by the value of u}' and the numerical fluxes h?—i—l /2 h? /2 at the cell
boundaries.

to divide the physical domain into grid cells C; and approximate the unknown function

at time ¢,, via its cell average:

(TS Alx /CZ u(z, ty)dx. (3.4)
The derivative of the flux function can be expressed as numerical fluxes at the cell
boundaries: O (u, . t) _ hivi/2 — hi—1)2 (3.5)
Oz o A, ' ’
Consequently, the cell averages are then updated by these fluxes:
W =l = T W) (3:6)

The challenge is to find a good approximation for these numerical fluxes. Figure [3.1
illustrates the basic idea behind this method. Please note that in a simple forward
Euler time stepping method is used.

For the simple advection equation with the constant coefficient a € R, a first order

approximation of the numerical fluxes read
h?—1/2 = auj’ ;. (3.7)
Inserting (3.7)) back into (3.6 yields:

A
upth = uf — aA ~[uf i) =0, (3.8)
xr

28



3 Numerical treatment

This is called the upwind scheme. If we choose the time and position discretization in a
way that a = A, /A; the result of the numerical scheme will be equal to the analytical
solution. This is due to the fact that information in the advection equation travels at
the speed of a. Lets consider an infinitely long system —oo < x < oo. The solution is
the uniquely defined by the initial condition u,(x) at time ¢ = 0. Using the method of
characteristics, we can find characteristic curves on which the solution is constant and
find the solution to be

u(z,t) = uo(x — at) for t>0. (3.9)

Because we have chosen our grid and step size exactly to coincide with the characteristic
of the equation all the information contained in one cell can travel to the next within one
time step. If the information moves faster than one cell per time step i.e. A,/A; < a

this method becomes unstable. This is expressed by CFL condition

aAt

xT

<1, (3.10)

named after Courant, Friedrichs, and Lewy, which is an necessary condition for conver-
gence. The symbol v is also referred to as the Courant number. This obviously limits
the maximal time step width that can be achieved, given a certain x discretization and

advection constant a. For a system of equations the time step size is limited by:
max(v;) <1 or Ay < min(a;Ag;). (3.11)

The symbols v;, a; and A, ; denote the Courant number, the advection constant and the
position discretization size of the i*? equation, respectively.

If v is smaller than one, the numerical solution differs from the analytical one due
to numerical diffusion. Figure shows the numerical diffusion caused by the upwind
scheme. This effect is especially pronounced if u(x,t) varies rapidly in the presence of
shock waves. We will therefore turn to higher order schemes to be able to handle smooth
regions as well as capture shock waves properly. Although we face strong numerical
diffusion, upwind is still useful for the mere fact that it is, being a first order accurate
scheme, the fastest one available. It is also non oscillatory, which is a very desired
property, since distribution functions with values larger than one, or smaller than zero

are unphysical.
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Figure 3.2: Comparison of the numerical diffusion caused by upwind and WENO scheme:
analytical solution (A), upwind (U) and WENO method (W). Simulation parameters:
A, =1m, A; = 0.1s, advection constant a = 1m/s, left boundary condition f;, = 1 and
simulation time teng = 258

3.1.1 The WENO reconstruction

Having discussed the upwind method, let us turn to a far more advanced numerical
scheme. As mentioned before, to capture shocks we need a numerical method that
can calculate the numerical fluxes accurately to a higher order than one. Some higher
order schemes, however, create oscillations at strong discontinuities and therefore tend
to over- and under-shoot. This is due the fact that higher-order polynomials are used for
function interpolation, which is oscillatory near discontinuities, a behavior called Gibbs
phenomena. This is especially unfavorable concerning the calculation of the statistic
terms of the collision operator, as they are designed to operate with electron distribution
functions within the limits [0, 1], which can lead to divergence of the system.

In order to prevent unwanted oscillations and still be able to use a higher order scheme,
weighted essentially non oscillatory schemes or short WENO schemes have been devel-
oped. They were first introduced by Liu, Osher and Chan [22] and are an extension of
the very successful ENO schemes developed by Harten et al. [23] 24]. We will use a fifth
order accurate WENO scheme presented in [25, 26]. The basic idea behind ENO and
WENO is to choose an appropriate stencil, instead of a fixed one, based on a smooth-
ness indicator. ENO just uses the best indicated stencil. WENO on the other hand uses
the results of all stencils and combines them via a convex sum, which leads to a higher
accuracy, while still maintaining the desired non oscillatory behavior.

Let us turn to the actual scheme and see how the numerical flux is calculated, a
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3 Numerical treatment

process, which is called reconstruction within this terminology. To calculate the flux at
point x; /5 one might consider to use the stencil S = {i —2,i— 1,1}, which leads to
(1) 1 7 11

—hi—o — =hi—1 + —h;, (3.12)

hi+1/2 = 3 6 6

which is a third-order accurate approximation. We could, however, use S2 = {i —
1,7,i4 1} and SG) = {i,i+ 1,7+ 2} as well. This leads to

@ 1 5 1
h’z‘+1/2 = _ghi—l + ghi + ghi—i-l (3.13)
and . . .
2  _
hilip = ghi + 6hi+1 - éhi+2> (3.14)

again both are third-order accurate approximations. For the choice of stencils we as-
sumed a > 0. To obtain a polynomial of fourth degree one could use the union of these
three stencils S = {i — 2,7 —1,4,i + 1,7+ 2}. The formula for the flux now reads:

1 13 47 9 1

hi+1/2 == %hi_Q - @hi_l + %hz + +270hi+1 - %h“_g. (315)

This flux can also be constructed by linear combination, using the smaller stencils

SM 53 and G
hivija = 71’%(}31/2 T 72’%('-231/2 T 73h§?1/2v (3.16)

with the linear weights:

M= S5 V2= ¢ Yo = (3.17)

Figure (3.3) illustrates this concept.
The idea behind WENO now is to modify these weights according to the smoothness

of the function. To this end, we introduce a new set of linear weights wi, wy and ws:

1 2 3
hiv1/2 = w1h1(;+)1/2 + thEJr)l/z + w3hz<+)1/2’ (3.18)
with normalized _
Wy = = (3.19)

=3
dim1 Wi

This ensures that the weights yield a convex combination of fluxes. The weights @, in
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LD

i+1/2 é‘?
(2)

hz’+1 /2 %{>
(3)

hity /2 éﬁ>

Figure 3.3: Illustration of stencils and linear weights used to construct the numerical

hivi/2

¥ & =
4@,

fluxes.

turn are calculated by using the original weights ,,:

where [, is called the smoothness indicator and ¢ is a small constant preventing division

by zero. For each stencil the indicators read

13 1

B = T2 (hi—o — 2hi_1 + h;)? + 1 (hi—a — 4hi_1 + 3h;)?, (3.21)
13 1

P2 = B (hi—1 — 2hi + hit1)? + 1 (hie1 — hi)?, (3.22)
13 , 1 )

B2 = 2 (hi — 2hit1 + hiz2)” + 1 (3hi — 4hit1 + hit2)”. (3.23)

3.1.2 The dimensional splitting method and time interagtion

To solve the Boltzmann equation using the previously discussed upwind and WENO
methods for one-dimensional system we need to employ a so called splitting or fractional
step method. For a detailed description of splitting schemes please referre to the book
of E. Toro [2I]. This enables us to use the high order WENO scheme as well as to
incorporate the source term. The idea is to split, for a time A;, the problem into the
advection and the source part. We further solve the advection problem for each direction

seperately. Let us considern an initilal-value problem (IVP) of the form

PDE: Ou + az0ru + apdpu = C(u),
IC: u(z, k, t") = uo(x, k) = u™.

(3.24)
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where a; and aj denote the advection constants for the z- and k-direction and C(u)
denotes the source term. The initial condition (IC) at time ¢, is uw”. This partial
differential equation (PDE) is is of the same form as (2.15). To apply the splitting

method we start by solving

PDE: Oiu + az0,u =0
1C: u™

B s, (3.25)

where we use the initial condition (IC) of the original IPV ™. The solution after time
Ay is called uts Susquently, we use this as IC for the k-direction IPV

PDE: Osu + apdru = 0

. ok s} (3.26)
: u

where u"*3 denotes the solution after time Ay. Finally, u™3 is used as the IC for the
ordinary differential equation (ODE):

ODE:  4u=C(u)

o 2 B gt (3.27)
. u

The solution u™*! is regarded as the solution to the full problem (3.24) after time A,.
To solve the IVP of (3.27)) we use the Euler Method. For a first-order ODE

Zult) = O(t,u(t)) (3.28)

and an IC u", the Euler method reads

"t ="+ A u™) (3.29)

where A; again denotes the time step. We also use the forward euler as the time

inetragtion scheme to solve (3.25) and (3.26]) as discussed in (3.6]).

3.2 The simulation grid and discrete moments of the

distribution function

The starting point of our numerical model is the discretization of distribution functions

for phonons and electrons. For this purpose we need to introduce a two-dimensional
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grid on which the functions will be defined. The physical domain we are interested in is
the whole length (L) of the device I, = [0, L] in the z-direction and the first Brillouin
zone Iy = [—7/a,7/a] in the k-direction, where a denotes the lattice constant of the
one-dimensional system.

A uniform grid is used, with grid points centered at each cell. Hence, we introduce
the set Z, = {xp|n =0,..., N, — 1} for the interval I, with

1
Tn = (n+ Q)Agc for nel, ={0,...,N, — 1} (3.30)

that will spread grid points equally over the whole length of the device. The cell size
can be calculated from A, = L/N, where N, is a simulation parameter.
Similar, we introduce the set Z, = {kp|n =0,... 2N, — 1}

kn, = (n — Nk)Ak for nel, = {0, - 2N — 1}, (331)

which will cover the whole Brillouin zone uniformly. This time the discretization size
Ay is the simulation parameter. One can, therefore, calculate the number of grid points

needed

Ny = EAlkJ . (3.32)

Although each band extends over the whole k-space it is usually sufficient, to consider
a smaller section that covers all important physical processes. This saves computation
time and memory and allows us to use a finer discretization of k. Hence, we introduce
the subsets Zp¥ = {kn|kn, € If An € I} and I = {n|n € I, Nk, € I3} for each electron
band « € I and interval I = [k%; , kS .. Since we are using the same grid to discretize
the electron and phonon distribution function, we can use the large sets I, Z; and
I;; again to define subsets for the phonon bands n € Ion: I = [—@hax, Gax], Zg =
{gnlgn €0 An € I}, I = {n|n € Iy A g, € [J}. Tt is important to mention that one
needs to choose gqnax as large as not to limit possible scattering events.

We can now define the simulation grids with grid points centered at each cell. For an
electron band « this reads Z, x Zj* and for phonon band 7, Z, x I}

Finally, we need to define the distribution functions on that grid. Although we are
using finite volume methods to calculate numerical fluxes we can assume the values at
the cell midpoints to be a good approximation for the cell averages [27]. We therefore

set
faij == falxs, kj) (3.33)
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for the electron distribution function of band « and
N} o= N2, 45) (3:34)

for the phonon distribution of branch 7.
Consequently, we are now able to define the discretized moments of the distribution

function. The electron density of band « reads

A
Noi= 27’: > faig (3.35)

JeIg
and the total carrier density is defined as:

Ni=> Nai. (336)

Similarly, the current density of band « and the total current density read

[IYAV
Toi=— o Zvajfaijv (3'37)
jel;j
G- Tu (3.39)

where v, j = vo(k;) denotes the discretized group velocity of the electrons in band «a.

xT

We can also use the numerical fluxes in z-direction, ha T to calculate the current
2

density, resulting in

YAV -
Toint == D ey (3.39)

Furthermore, the discrete energy densities of the electrons in band « and the phonons

in branch n can be written as

Eai = 5 Eo jfaij, (3.40)
jere
U] Ay AT
Wi=- > WINT, (3.41)
JEIL]

with E, j = Eq(k;) and an = W"(g;) being the discrete electron and phonon dispersion
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relations. Consequently, the total energy density is given by
Ei=) Eait P Wi, (3.42)
o n

Similarly, the momentum densities of electrons in band « and phonons in branch n and

the total momentum density read

Koi= o Z ki foijs (3.43)
JEIY
Ay
n _ v
Ql = o N, (3.44)
Jjely
Ki=> Kait+y Q. (3.45)
o n

Finally, we can define a general moment of the electron and phonon distribution function,

as we have done it in the analytical case, that consequently read

Ag
Mai=5— > W ifais (3.46)
JEI
A
M = 27’: UINT. (3.47)
Jjely

The total momentum is therefore given by:

Mi=> Mai+> M. (3.48)
o n

3.3 Partial derivatives and boundary conditions

Having discretized the distribution functions we turn to the Boltzmann transport equa-

tion. For electrons it can be written as

O(fasij) + Ou (Ml i) + On(hl i) = Cayij, (3.49)
with hgij = Va,jfa,ij and hloi,ij = _?Efa,ij being the discretized flux functions at the

grid points in z- and k-direction, respectively. The symbol C, ;; denotes the discrete
electron collision operator, which we will further discuss in Section (3.4). In the context

of finite volume methods we can approximate the partial derivative of the flux functions
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via the numerical fluxes at the cell boundaries, which leads to

27 1. hfﬂ 1 k 1 k 1
- 1] .

8t(f047ij) + Ax Ax

where hz i+l and h’; il denote the numerical fluxes in z- and k-direction, respectively.
These numerical fluxes can be calculated using either the upwind or WENO method.

Subsequently, we need to specify the boundary conditions for the system. To that end,
we need to define so-called ghost cells extending the simulation grid used to calculate
the numerical fluxes at the grid boundaries. The number of ghost points needed depends
on the numerical scheme used to calculate the fluxes. For the upwind scheme only one
ghost cell is needed, whereas for the WENO scheme, described before, we need to provide
three ghost cells.

Let us start, by treating the boundary condition in z-direction. Requiring the contacts
to be in thermal equilibrium, the Fermi-Dirac distribution function can be used

to calculate the cell values. This leads to

fo(x =0,k;) for i={-3,-2—1
faij = f~ ( 3) { J (3.51)
falzx =L, k;) for i={N,, Ny+1, N+ 2}

extending the grid for i ¢ Z, = {z,]0,..., N; — 1}. These boundary conditions represent
perfect contacts, since they provide a constant flow of electrons and absorb all outgoing
electrons [19].

To model more realistic contacts one can additionally modify the flux of electrons, so
that a certain percentage of electrons is reflected at the junction using a transmission
coefficient # [9]. These reflected electrons stay within their band but flip their quasi
momentum from k to —k. For the left boundary condition at z = 0 this can be expressed
as
=th

h +(1—t2)ha,_%l, with 1:k = —k;j. (3.52)

1 1
a,—3J) a,=3]

Now, we will turn to the boundary conditions in k-direction. Due to the periodicity
of the Brillouin zone, one would be inclined to impose periodic boundary conditions
along the k-axis. This is, however, only valid if the simulation grid covers the whole
k-space. As mentioned before we will focus only on small sections of the Brillouin zone.

Therefore, we will use the same approach as for the z-direction and will set the ghost
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cell values to corresponding Fermi-Dirac distribution function. This now reads

fa(miv k= kmm) for .7 = {]mm - 37]mm - 27jmin - 1}
Jaij =94 . T _ . (3.53)
foc(xiv k= kmax) for J= {]max + 17]maz + 27]max + 3}

where j;n denotes the lower and j,q. the upper bound for the index j within the set
It ={jlj € I ANk, € I}, It should be noted that this definition is only valid far away
from the Fermi-surface. Therefore, we need to define the upper and lower limit of each
section with extreme caution, since the Fermi-surface will be shifted and deformed along
the device due to the applied electric field and scattering events. If we choose our section
to be too narrow, electrons will be lost along the boundaries, which leads to a wrong
current. A possibility to circumvent this problem is to set the outgoing electron flow at
the k-boundries to zero.

We will now perform the same analysis for the phonon transport equation and
corresponding boundary conditions. As before, we approximate the partial derivative in
z-direction with numerical fluxes, h?f%j and h?_z%j, over the cell boundaries resulting in
RE — R

it5d i—3J

8t(Ninj) + A,

= Cephij + Cpnphij- (3.54)

We will assume perfect contacts for phonons and, therefore, use the same boundary
condition as before in z-direction. In this case we use the Bose-Einstein distribution
(2.86]) as equilibrium distribution function, which leads to

N'(z=0,q;) for i={-3,-2, -1
NZZ _ ) ( QJ) { } (3‘55)
Nz =L,q;) for i={Ny Ny+1,N,+2}

As before the boundary condition for phonons in k-direction reads

NZZ _ ]S[’?(x“ q= Qmin) for ] = {]mm - 37jmln - 27]mm - 1} (356)
Nn(l'i, q= Qmax) for Jj= {jmax + 1, Jmaz + 2, Jmaz + 3}

with Jmin and jmee again beeing the lower and upper bound for the index j.
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3.4 Electron collision operator

We will now discuss the electron collision operator and its discretization. At the grid
points k; (2.64) reads

-1

X (k)52 5k K gg, (K, k) ,

L [|oH! (K k)
+ _ Ba
Cozﬁnp(ki) - | Bap

o ok’

k=fh 0 (ki) k=k;
(3.57)

We are searching for an approximation: C’;rﬁ”i R~ C’;rﬁn(k‘i). The function f;anp(ki) obeys

the equation

H (K = §5.0 (ki) ki) = 0. (3.58)
A direct discretization of 1} H;a"l = H;a”(ké-, k;), at the grid points reads
Hj " = Eg(k)) — Eo(ki) = W(K} — ki) = 0. (3.59)

The solution &' = fganp(kzi) does not necessarily fall on a grid point and is, therefore, not

part of the set I,f . We can, however, find two indices (u’,u’ + 1) with

Kl < o (ki) < Kliyy- (3.60)

In order to safe CPU time, we approximate f;anp(ki) and define
Kiiya = Fhar (ki) (3.61)

with € [0,1]. We can describe k’, . to be the convex sum of the linear weights (rj, r?)
ut+x

i = TRl + ki (3.62)

where 7§ and 7¢ need to satisfy:
ri=1-r (3.63)

The goal is to find these weights, which can be done by a linear interpolation of H p

Baij
within the interval (k!;, k!, +1). This process is illustrated in Figure 1} We can find
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+n
Baviut
Ak 7’6
+n kl
Baiui+x ui+1
|
/ . /
kui fﬁa p( ) ~ kulJr:Jc

Ak T’i

Hﬂa,iui—i-l

Figure 3.4: Illustration of root-finding using linear interpolation of energy.

the root by setting up a linear equation over the normalized interval that reads

_ gt +
f(O) o Hﬁaniui’ f( ) Hﬁoanzul-i—l’ (364)
+n +n +n
f( ) (Hﬂa dut+1 - Hﬂoc Zuz) T+ Hﬁa P O (365)
The root is given by
+n
T = — Baiut — (366)
Hﬁa wi+l Hﬁoz jut
and with
ro=1-=z, ri=uz, (3.67)

the linear weights finally read

+7n . H+ no
i Baiut+1 i Ba,iu?
To = H+ n _ H+ n = H+ n _ H+ no (368)
Ba,iui+1 Ba,iul Ba,iui+1 Ba,iul

These weights can now be used to interpolate the electron and the phonon quasi

+
momentum k; ~ fﬁap( i) :H ~ annp(ki)

Gyira = Ry = Fi (3.69)

and N =~ N'(q

and their distribution functions fg iy, ~ fa(k, ) it

q,: Jrac) , Tespec-
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tively. The statistics term g;a"(kz; k;) can thus be approximated by

i_;'_a:J
g;anmwrx = (N:Ur:p + 1)f5,ui+x(1 - faﬂ') - Nq?uzfavi (1 - fﬁ,ui-&-x) (3.70)

Where fg 4, and NZ . still need to be determined, see Section

OH} " (K k) .
Furthermore, —>%;—— needs to be approximated. We start from ({2.34)):
+ -1 _
‘fmﬁa"(k’, k) _ 1 ! @71)
/ N — 9, ’_ :
ok k/:f;—anp(ki)7k:ki ak/Eﬂ(k: ) Ok W”(k‘ k‘) k’=f;ra"p(ki),k=ki
an by using (2.31)
oW (K —k)  OW"(q")dgt oW (q") 3.79
ok’  9qt  dk Ogt (3.72)
we obtain
+mp0 -1 -t
aHBa (k 7k) ~ 1 (3 73)
lo)% T (i ] i i '
K=" (), k=k; <T6E23’ui + riElg,uiﬂ — oW — riWUiH)
where E/B i and W:] denote the derivatives of the electron and phonon dispersion rela-
tion with respect to k&’ and g™, respectively, at the grid points. By defining SZ Biui =
szﬁ(ki, k! ;) we can approximate szﬂ(ki, ki) by:
n T n
SaBiuita — 05ap iui + "1508 iui+1 (3.74)

We further define X;a"ip = Xz)fa"p(ki). Consequently, the final approximation C;rﬁ"ip at a
grid point k; reads:

L 1
i = 21 | (i g i i i (3.75)
(rOEﬁ’Ui + TlEﬁ,U“rl o TOW@" - TIWUi+1>
+np.n +n
X Xﬁa,i saﬁ,iui+mgﬁa,iui+x' (3‘76)
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3.5 Interpolation methods for electron and phonon distribution

functions

To evaluate the statistics term g;a"mi 4, We need to find fg 4, and N, Lo A straight

forward way of doing so is by linear interpolation. For the electron distribution function

this reads

fowive =100 + T fo0i115 (3.77)

by using again the set of linear weights (r{,r?). Furthermore, by taking {' into

account we obtain

fﬁ:ui"‘w = (1 - ’:C)fﬁ,uI + ‘Tfﬁ,ui—o—lv (378)
= foui + & (fpuit1 = foui)- (3.79)

Similar considerations lead us to

N =N +4x (N" ~ N, (3.80)

vidx vi+l vl> :

3.5.1 Exponential interpolation of the electron distribution function:

We can exploit the knowledge of the distribution functions in thermal equilibrium to
construct a better interpolation technique. For electron distribution functions it is based

on the interpolation of the expression

f,B w4z i fﬁ u? i f,B ui~41
log ———— =r{log ——=— + rilog ————. (3.81)
1- fﬁ,ui—&-x 0 1- fﬁ,ui ! 1- fﬁ,ui—l—l
By using the symbol
7 fB ultx
[ (3.82)
1- fB,ui+z
we can transform (3.81)) into

(1= fau) (1 = fauiz1)™
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Again, using (3.67) yields:

(f,@,ui)(l_x) (fauit1)®

f= . (3.84)

(1 - fﬂ,u’)(l_x)(l - fﬁ,u“rl)x
(3.85)

By inserting it back into (3.82)) we get the final result:
f
it = ——, 3.86
fﬁ, +x 1+ F ( )
(fﬁyui)(17z>(f5’ui+1)z

1— i (1-z)(1— i T

) (I1=f5 4it1) (3.87)

(fg,ui)(17z>(f3,ui+1)z

L e [ SO E

If we inspect , we see that its calculation involves a large amount of computation
effort since it is based heavily on exponentiation. The solution fg i, of this interpola-
tion technique, however, represents a linear interpolation in energy space for Fermi-Dirac
distribution functions. If the dispersion relation is linear the result coincides with the
exact solution fg(kyi11). To proof this we will start with (3.83):

: JBui >T6< JBuit1 )1{ 3.88
/ (1_f,8,ui (1—f,8,ui7;+1) ' (3.88)

Using the Fermi-Dirac distribution function (2.85)) and (2.92)) we subsequently get:

) 1
f= : : : (3.89)
L (Eg(kyi)— HEZICEIE
exp <’"0( ﬂk(BuT) “)> exp (Tl( g<k3f1) F‘))
rEs i +11Eg i —
= exp (_ 0= .u k;T@" t “) . (3.90)
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Inserting it back into (3.82) finally yields:

riE, i+riE, i . —p
exp <_ 078t T uitl )

kT

iy = 3.91

Ltexp | ——" 7,7

1

= 0 , (3.92)

T i+l i~

eXp < 0~B,u k;TB,u +1 /"L> + 1
1

_ (3.93)

B, i :
exp () + 1

The final result shows that we have indeed accomplished a linear interpolation in energy

space.

3.5.2 Exponential interpolation of phonon distribution function:

The starting point for the exponential interpolation of the phonon distribution function

reads:
N%, +1  N'4+1 . N’ _+1
log 2 — = 7 log SR log% (3.94)
Vi v? Vi1

Similar to (3.82)) we can define:

. N’ +1

N = N*,?i"” (3.95)

v+

Inserting it into (3.94) and transforming yields:

vl (3.96)

(3.97)

Subsequently we can plug our result back into (3.95) to get the final result:

1
n —
Nvi+m - (N:i+1)(1—z)(N:i+1+1)ac (398)

nMyY(1—2a n T
ERALCR IOy
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Again we see that this interpolation method demands a lot of computational effort. The

result again represents a linear interpolation in energy space as can be easily shown.

3.6 Discrete conservation laws

3.6.1 Conservation of the electron number

In the previous section we have discussed the numerical approximation of C’;rﬁzp . This
section deals with the problem of calculating the corresponding collision term Cgazp and
how to ensure electron conservation numerically. We will construct C[;le at each grid
point via the weighted sum over appropriate C;rﬁ?ip . To proof that this is possible, we

start with the expression

[ wawics whaw = - [ (it m)c (. (3.99)

which can be derived similarly to the transformation (2.128)) by including an arbitrary

function ¥: We then approximate both integrals by using the midpoint rule:
/q/g(k’)c/;anp K')dk' ~ Akz Uy, CoP (3.100)

[ et Ct s wan ~ NS 01 (3.101)

As we know that k' = fﬁa p( ;) does not necessarily coincide with a grid point, we,

therefore, approximate Wg( fﬁ o p( ;)) by using the linear weights 7

Ua(fa (ki) = Y ri W (3.102)

n
Plugging this back into (3.101)) yields:

R R SRE OIS 3 WL AC A TS

This can be expressed as a sum over all ¥g; by introducing d; ,;

[RZACTLCEED 3 3 WA AL (3.100)
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and rearanging yields
/ ST (k) CET (k) AkZ\IfﬂlZZr CHP8, (3.105)
Finally, by comparing this result to and we conclude that
Cpat” = ZZT Capi’ O1u, (3.106)

This is the desired result. We can construct Cj " via corresponding C;Lﬁ”zp )

Consequently, we can ensure conservation of electron number numerically by imposing
appropriate linear weights. To this end, we start again with (2.128)) including two test

function so that the expression
/ o (k)OS (k) dk + / Ws(K)Cp,"P (K )dk' = 0. (3.107)
vanishes, similar to (2.136)). Approximating both integrals as done before leads to:

AEY W, CTIP L AR W00 P =0 (3.108)
af,i B, Ba,l
i l

By inserting (3.106) we subsequently get
Z Wo CFP =3 "5 SN Ol P6, i = 0. (3.109)
l i on

By rearranging it we obtain

> Cr ZC;rﬁnszZr U507, = 0. (3.110)

i

Consequently, we can equate the coeflicients
Toi— Y Y riWsi0,: =0 (3.111)
l n

and eliminating the Kronecker delta results in

Ui — Y iU, =0. (3.112)

n

For the last step, we need to choose our test function. Equation (3.99) represents con-
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servation of electron number, if we choose ¥, = ¥z = const. Pluging this back into

(13.112]) leads to
1= ri1=0 (3.113)

n

and

=1 (3.114)

n
Consequently, we conclude that the linear weights r, need to form a convex sum in order
to ensure electron conservation.
3.6.2 Conservation of energy and momentum:

We have seen that the linear weights 7 needed to construct Cgazp must form a convex
sum in order to ensure the conservation of the number of electrons. We will now derive
further restrictions for these weights based on the conservation of energy and momen-
tum. The starting point is the relation as condition for the conservation of the
generalized moment M of the electrons and phonons. As we have seen, holds

for all partitions p. Consequently, we demand
/\Ila(k)C’;rﬁnp(k)dk + / \Ifg(k')CB_a"p(k’)dk’ + / \Il”(q)Cgap(q)dq = 0. (3.115)
We can approximate the third integral by
[ vraci e~ oy v, (3.116)
t
Performing the same analysis as in Section and using leads to

CReP =" "sh,CHIP5, (3.117)
m

7

Consequently, the integrals in (3.115]) are approximated by using (3.100)), (3.106)), (3.116])
and (3.117)):

D ClWai =Y CIPY Y i Vpibiu + ) Cagi® Y D s V0., =0.
l n ) t m

) %

(3.118)
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Finally, equating the coefficients leads to
Toi— D > i Uaibs + 3> 50,006, =0 (3.119)
l n t m

and, therefore

Wai =Y i Wg + D sk Ul =0, (3.120)
m

n

Conservation of the total momentum is given by setting
Uoi=ki Vg =k, U =g, (3.121)

in (3.120). We further know (see (3.60)) that u can be decomposed into a starting

index u’ plus an incremental index n. The same applies to v; and m and we, therefore

set
vh =o' +m — Qvi = Qg (3.123)

Inserting (3.121)), (3.122)) and (3.123]) into (3.120)) leads to

ki — Z T;k;wn + Z 8t Quiym = 0. (3.124)
n m

For the discrete conservation of momentum to hold, we need to impose r, = s, upon
the linear weights. We will proof this by inserting this condition into ([3.124)):

kit Y 1 (Quign — ki p,) =0 (3.125)

Remembering that ¢,i, = ¢, + Akn and k; =k, + Ak n leads to
ki + > ri(gu + Akn — kL, — Ak n) =0, (3.126)
ki + zn: 7 (g — ki) = 0. (3.127)
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3 Numerical treatment

Finally, we know that the linear weights need to satisfy 3 ri =1
ki + (qu — ki)Ym= 0, (3.128)
ki +qui — ki = g. (3.129)
Rearranging reveals that the discretized momenta are indeed conserved
Qi = ki — ki, (3.130)
by demanding
Tn = Snp. (3.131)
We will now perform the same analysis by inserting the discrete energies

Voi=FBai  Vguy, =B, Yy =Wy

1
Umn

(3.132)
Further, we restrict ourselves to n = 0, 1. Consequently, (3.120) reads by using (|3.131))
Eoi = 0By = 1By + oWy + WL =0. (3.133)

For only two indices n, >, 7i =1 can simply be written as r} =1 — 7“6 and we get

Eoji —10Eg i — (1= 10)Eg iy + oW + (1 —rg)W) | =0, (3.134)
Eoi—BEgyiv1 + W +70(Eg it — Egpui + W =W/ ) =0. (3.135)

Rearranging leads to

Epis1 — Eaji— W

. "
Ty = e (3.136)
Epuitr = Epui + Wy = Wiy
We can transform this expression using
o = . . "
Hy i = Epuivr = Eai = Wi, (3.137)
o , : "
Hy i = Bt = Boji = W, (3.138)
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Figure 3.5: Illustration of the approximation process to calulate C’ﬁ_ a"lp . Possible values
K = f;a"p(ki) for ki1, k; and k;_ 1 are shown along with corresponding collision operators

C;rﬂnp . Since the &’ fall into an interval adjacent to k;, all three collsion operators

: —np _ i—1~+np it NP il
contribute to the value C,Ba,l =7 Ca,@,ui—l + TOCaﬁ’ui + 70 Caﬁ,ui-&-l'

+np —np +np
Copui Chal Copuitt
k! ° k’ k(? l?’ k(? K ° k9 K
1—2 Fuirz Rl 1 141 RFyiviig Rigo

Figure 3.6: Again the approximation of C’ﬁ_ a"lp is illustrated. In this case the values of
K = f;oj'p(ki) are widespread and since &, and ky; 1, ; ¢ (ki—1,ki41), the collision
operator at kj reads Cg a"lp = 0 This is a sampling problem since we need to have at

least one data point for each interval (k;, &, ;) in order to approximate Cga"lp correctly.

according to (3.59). Subsequently the final result reads

+n

ro = bogutl (3.139)

+n _gtn
Hﬁa,iui+1 Hﬁa,iui

This exactly the same relation as (3.68]). We, therefore, conclude that the restrictions
derived in this section represent the linear interpolation used to find f;anp(ki) in Section
Consequently, we can now interpret the construction of Cga”lp via the corresponding
terms C;;BZP. Figure illustrates this process. All C’;BZP with k7, € (kj_1, k1)

contribute to Cg\P. If k| < k|, < k; we need to use the linear weight 7t if on the

other hand k; = &, < k;,, the weight 78 is used to calculate the contribution.

3.7 Supersampling

In the previous section we demonstared the construction of C’g a"lp using linear weights
and corresponding terms C’;rﬁnip . This method might lead to sapling probems as illus-

trated in Figure[3.6] Therefore, an oversampling or supersampling method is introduced

50



3 Numerical treatment

= Faup ()

/

E O-0—0—O—00—0—0—>
| @ k/ Iy - k!

VT vitd g

Figure 3.7: Illustration of the supersampling method. In the upper figure the problem
of the previously introduced sampling method is highlited. Depending on the function
K = fﬁ o p( ;) the positions of corresponding k' values are either dense or sparse, since
we only sample at the k; gridpoints. We therefore introduce an additial set of grid points
k; that is more dense and allows us to sample k' = fﬁ o p( ) in a way, so that for every

interval (kj, k) exists at least one k;; = fﬁ N p(A ). It should be noted that none of
the supersampling gridpoints needs to commde with the normal gridpoints.
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3 Numerical treatment

(see Figure . The idea is to oversample C;rﬁ?i by introducing a finer supersampling
grid in order to ensure that a C’g a?l can be calculated correctly for every grid point. Since
all functions are only defined at the normal grid points, we need to be able to calculate
C’iﬁnl at the supersampling grid points k;. Furthermore, we need to reconstruct C’iﬂf’j as
well as C’ga?l at the normal grid points. To this end, we need to derive new constraints
for the linear weights from the discrete conservation laws as before.

We start by introducing an additial finer grid to the initial grid (see Section ) by
defining the set 7, = {I;:n\n =0,...2N;, — 1}

~

hn=(n—No)A,  for nely= {0, 2N — 1} , (3.140)

covering the Brillouin zone uniformly, where A; denotes the supersampling discretization

width and Nj, = . {ng For every electron band a and interval I? = [k%. k% | we in-
k

min’ "Vmax
troduce the corresponding subsets 1o = {l%n\l%n € ]T% An € fk} and & = {n|n €l Nk, € f[g}

Subsequently, we can approximate the integral over the collision operator by

/ Vo (k)OS (k) dk ~ A Y o ;CHT, (3.141)
j
/ o (R)CH P ()~ Ay S Wa () CE 7, (3.142)
where
CIP =Cr (), with i€y (3.143)

denotes the collision operator evaluated at the supersampling grid points. Since all

moments of the distribution functions are defined at the original grid points, we need to

~

approximate W, (k;) at the supersampling grid points by
Uo(k) =D i (3.144)
n

Inserting this back into (3.142) yields

Alfc Z \Ifa(]%i)éiﬁt]ip = A]AC Z \I/a,j Z Z T;é;_ﬁt]ip(gj,u%' (3145)
i i i n
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3 Numerical treatment

Finally, we can use the the equality of and , leading to
Ay, Z U, ,Cagl = A Z U, Z Z rhCoaP 0, i (3.146)
Equating coefficients and subsequent rearranging yields the final result
AR : SOS T CEPS; (3.147)
i on

We will no perform the same analysis for Cﬁ_a"lp starting with the approximation of the

integrals
[ wat1Cwa ~ B Uy (3.148)
/%(fﬁap( N)Cag' P (k)dk ~ Ay Z‘I’B (Faap(Ri))Cagl” (3.149)

Please note that this time we did not restrict the k&’ discretization width of band S (Ag/)
to be equal to Ag. Repeating all steps as before leads to:

Coat? = — Ak/ Zzsm Crg' PO (3.150)

with a new set of linear weights s’ . Finally, we can peform the same analysis for the

phonon collision operator leading to
coiv = _ S0 Hetrs 3.151
ho! = Ry 2 2 05 Do (3.151)
) l

where we again used a different discretization width A, for the phonon branch 7 and

introduced the linear weights tf.

3.7.1 Conservation laws

As before, restrictions for the linear weights arise from discrete conservation laws, and
we start our analysis, as done before, with the conservation of the electron number.

Consequently, we use (3.107]) and approximating the integrals by applying the midpoint
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3 Numerical treatment

rule, like in (3.108)), yields

AkZ\IJW v +Ak/Z\I/5l Gat? = 0. (3.152)

Subsequently, we can use (3.147)) and (3.150)), leading to
AkZ\Pa]A’“ er CagiP6; i — A k ZZS Clgl01 =0 (3.153)

and by further rearrangement we get
NS 30 SETNONENY S(EiEH 3p SEL A PIEURNNCELY
% % I m

Please note that the different discretization widths Ay and Aj have dropped out. Con-
sequently, by equating the coefficients, we get

Z Z a0, — Z Z 505161 = 0. (3.155)
Jj n I m

Further simplification finally leads to

S iV =Y sh¥g =0 (3.156)

n m

We again choose ¥ to be constant thus representing electron number, and get
o= s, =0. (3.157)
n m
We have chosen the linear weights 77, to satisfy > r% =1, which leads to

1= sl =0. (3.158)
m

Finally, we see that in order for the electron number to be conserved, the weights s,
need to form a convex sum as well > st = 1.

Now, we turn to the conservation of energy and momentum. We start with (3.115)) and

approximate the integrals by using (3.147)), (3.150) and (3.151]), equating the coefficients
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3 Numerical treatment

and finally eliminating the Kronecker delta we get
DU = s Us . + > U7 ;=0 (3.159)
n m l

We will first investigate the conservation of momentum leading to:

D o riku, =Y skl + Dt =0. (3.160)
m l

n

As before, we will use only two linear weights and assume that t% also forms a convex

sum leading to
Wi =1- r[i), sﬁ =1- sé, t’i =1- 756- (3.161)
By plugging this into , and using
ul = u' +n, vl =o' +m, wi = w' 41 (3.162)

n m =

according to (3.60) and
ku% = Akuz, k:ﬂ = Ak/’l}fn, qwlz = Aqwliy (3163)
we consequently get by imposing Ay, = Ap = A,

A’ + (1= 76) Mg’ +1) = (s6AR0" + (1= 5) Ag(v' +1))
+ to Ak’ + (1= 1) Ap(w' + 1) = 0. (3.164)

We can then simplify this to

riut 4+ (1 —rd)(u® + 1) — (sho' + (1 — sh) (v + 1)) + thw’ + (1 — ) (w' + 1) = 0,

(3.165)
which results in
w1l —ri— (W1 =) Fw +1—th=0. (3.166)
By demanding
s+t =0 (3.167)
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we retain the conservation of momentum, since by multiplying v’ — v* + w’ = 0 with A,

we get ki — k; ; + qui = 0. Therefore, we see that we need to impose
L =rh—sh (3.168)

on the linear weights. We can check this result by setting rg to one which means that

the supersampling grid point coincides which the grid point k;:
l=1-s) (3.169)
=5t (3.170)

We see that this indeed transforms ([3.168]) back into (3.131)).
In the last step, we will consider the conservation of energy by using (3.159) and

(3.161) leading to

T(i]Eoz,ui + (1 - Té)Ea,ui—l—l - (S%)Eﬁ,vi + (1 - 56)E5,0i+1) + (1 - tz)Wn + tz an+1 0.

(3.171)

By rearranging

r%‘)(Ea,ui - Eoe,ui-l—l) + Ea,ui—i—l - (SB(E,B vt T Eﬂ,vi—f—l) + EB,U”H—I) (3.172)
+t! Wiy = W)+ W =0 (3.173)

and defining the short notations
AFE, i = Eqyiz1 — By i, (3.174)
AEB,UZ — EB,U1+1 Eﬂvz, (3175)
AW" = I/V”url WZZZ (3.176)

we get

Epuiv1 — Egpiz1 + W = 16AE, i + $4AEg i + 1AW, = 0. (3.177)

Subsequently using (3.168|) yields

Epuiv1 — Egyig1 + W) = 16AE, i + S4AEg i + (1 — s5) AW, =0, (3.178)
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3 Numerical treatment

and further
Epuiv1 — Egyigs + W —1(AE, o — AW) + s§(AEg o — AW) =0.  (3.179)

Therefore, we get the final result:

i Powinn = Bgaipa + W, —rh(AE, i — AW (3.150)
0 AEg i — AW, ' '

We can again check this by setting ro = 1, which means that

i  Bauivr = Egpivn + Wi = (Bauigr = Bagi = Woiy + W) (3.181)
0 Eguiv1 = Egpi — (szi—i—l — W)

Consequently, canceling yields

Ea7ui - Eﬁ7vi+1 + ‘/I/,77

witl (3.182)
Eg ity = Egpi = Wiy + Wy

s) = —

and by using (3.137) and (3.138) we get

+n

sh = Bo i +1 (3.183)

+n gyt m
HBa jut41 Hﬁa jut

where we remeber that u’ = i since rp = 1 and rename v* — u’, w* — v*. This result is
equal to (3.139) which shows that we retain the original conditions for the linear weight

if a supersampling grid point coincides with an original grid point.
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4 Single walled carbon nanotubes

In the previous chapters we have developed the transport model for one-dimensional
systems and its discretized version. We test it by applying it to an actual physical prob-
lem. Carbon nanotubes (CNT) are a very well understood system from its morphology
and, therefore, are very well suited for that purpose. They comprise a hollow cylinder
formed by carbon atoms with a diameter in the order of nanometer and a length rang-
ing up to several hundred micrometers. CNTs can therefore be looked at as essentially

one-dimension systems with translational periodicity along its tube axis.

4.1 Structure and electron band structure

This chapter is mainly based on the book of S. Reich et al.[5] and review atricle of M.S.
Dresselhaus et al. [2]. For additional summarization of carbon nanotube properties
please refer to the following review papers [3] and [4].

Single walled carbon nanotubes can be thought of as a single sheet of graphite, which
is commonly referred to as graphene, rolled up into a tube.

Graphene has a two-dimensional hexagonal, also called honeycomb, lattice structure.
The primitive cell is spanned by the two vectors a; and as forming an angle of 60°, both
having the length ag = v3ac = 2.461 A where ac = 1.42 A denotes the carbon-carbon
bond length.

The vector around the circumference of the nanotube C = nja; + nsas, called chiral
vector, is given by the set of integers n1, no, called chiral indices, and defines the nanotube
uniquely. Nanotubes with chiral indices of the form (n,0) are called zig-zag, whereas

the ones with (n,n) are called armchair tubes. The diameter d; of a tube is given by

IC| a0
di = — = — 2 2, 4.1
p= 7T\/ 2 4+ ning + n3 (4.1)

The translational vector T is the shortest lattice vector perpendicular to the chiral vector
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4 Single walled carbon nanotubes

(17,0) (10,10)

Figure 4.1: Illustration of the structure of a (17, 0) zig-zag, (10, 10) armchair and (12, 8)
chiral tube taken from the book of S. Reich et al. [5]. It should be noted that in this
figure a denotes the length of the translational vector.

and given by

2no +nq 2n1 + na
— a; +

T —
nR R

(4.2)
with n the greatest common divisor of (ni,n2) and

3 if (ni—n9)/3neN
1 otherwise

The translational period T is then given by

\/3(n% +ning + n3)
nR

T =|T| = ag. (4.4)

Zig-zag and armchair tubes are achiral and for both (4.1) and (4.4]) can be simplified to

Tz = \/3ao, |Cz| = nao (zig-zag), (4.5)
T4 = ap, |C4| = V/3nag (armchair), (4.6)

following [5]. We see that achiral tubes have a very high translational periodicity, whereas

for chiral tubes the unit cell can be very long depending on the chiral indices.
Subsequently, we can now construct the Brillouin zone for the nanotube. Graphene

and nanotubes are closely related. Figure shows the Brillouin zone of graphene.

For nanotubes we define the z-axis to be along the tube axis and, consequently, the
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4 Single walled carbon nanotubes

Figure 4.2: Illustration of the Brillouin zone of graphene with the high symmetry points
I', K and M as well as the important dimensions following [5].

reciprocal lattice vector reads

_27r

k. T (4.7)

The nanotube is assumed to have a macroscopic length and, therefore, k. can be assumed

to be continuous. Consequently, the first Brillouin zone in z-direction spans the interval

(=%, 7). The wave vector k| along the circumference is quantized according to
2
ki m=—m, (4.8)
’ dt

with the integer m € [—n,n] for achiral tubes. Consequently, we see that the first
Brillouin zone consists of 2n equally spaced lines parallel to k.. Figures and
illustrate the construction of the Brillouin zone for a zig-zag and armchair nanotube,
respectively. It should be noted that the position of the line m = 0, crossing the I' point,
and m = n is the same for all zig-zag and all armchair tubes, respectively, independet
of the diameter. The spacing between all other lines decreases with increasing radius.

We are now able to derive the electronic band structure of nanotubes from graphene
using the so called zone-folding approximation. The basic idea is that the band struc-
ture is given by the graphene band structure along the allowed k lines. This is a very
good approximation for nanotubes with sufficiently large diameters, since in this case
confinement effects can be neglected.

A nanotube is metallic if an allowed k line crosses the K point. This is obviously true

for all armchair tubes since the position of the n-th line is independent of n and crosses
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4 Single walled carbon nanotubes

both the K and K’ point. Furthermore, one can derive the relation
3m =nj — na, (4.9)

stating n; — ns needs to be a multiple of three in order for a nanotube to be metallic.
This is obviously true for all armchair and for 1/3 of all zig-zag tubes. Nanotubes not
fulfilling this relation are semiconducting with a varying band gap depending on the
chiral indices. The band structure of a (4,0) and a (4,4) tube is illustrated in the

subplots [4.3f(c)] and [£.3}(d)]

E (V)
E (V)

N b

Figure 4.3: Brillouin zone of a (4,0) zig-zag nanotube @ and a (4,4) armchair tube
@ The backgound is a contour plot of the graphene conduction band calculated with
a first neighbour thight-binding approximation (TB). The subplots and @ show the
corresponding band structure of the (4,0) and (4, 4), respectively, using the zone folding
approximation. The graphene conduction and valence band again were calculated using
first neighbour TB. These plots were created using Mathematica and [28].

For our further investigations we will only consider metallic armchair tubes. In sub-
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plot we see that in a small region around the K and K’, where the conduction
and valence band touch, the dispersion relation is to a good approximation linear. The
group velocity can be approximated by vg. Furthermore, we see that for sufficiently
small energies, we can neglect all other bands and concentrate on a small region around
the K K’ points. It is convenient to use continuous bands of left and right moving elec-
trons crossing each other instead of conduction and valence bands. The corresponding

dispersion relations read
Epy 1, (K + k) = Ep, 1, (K' + k) = £hvpk, (4.10)

where vp denotes the Fermi velocity. The reduced electron band structure used for the

transport calculation is illustrated in Figure [4.4]

E
By, Ep, A} By, Er,
: —
_m r E
ag K K ag

Figure 4.4: Illustration of the reduced band structure with two continuous dispersion
relations for left and right moving electrons, respectively.

We will see later on that the electron distributions for left and right moving electrons
within each valleys evolves identically. It is, therefore, sufficient to consider just a single

region around the K point for the transport calculations.

4.2 Phonon band structure and electron phonon coupling

Similar to the electron band structure, the band structure for the phonon system can
be calculated using zone folding, which gives rise to a multitude of phonon branches.
Fortunately, only a few phonon branches exhibit a sufficiently large electron phonon
coupling (EPC) for certain wave vectors leading to electron scattering. There are only
three optical phonon types of interest for the transport model: K-phonons and I't,o /10~
phonons [9, 11}, 29]. The most important branch causing back-scattering is the A; branch

for ¢ ~ + K, therefore, commonly referred to as K or zone boundary phonons, with an
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energy of Wi = 161 meV. Because of the large wave vector involved, this phonon branch
causes only intravalley scattering. Transversal optical (TO) and longitudinal optical
(LO) phonons with small quasi momentum, thus called I' phonons, and an energy of
Wro = Wiro = 196 meV cause intervalley forward- and back-scattering. A process is
called forward scattering if the electron retains its direction of motion after the scattering
event, otherwise it is called back-scattering.
The matrix element for the scattering of elecrons with optical phonons in nanotubes
has the same form as in graphen and reads following [19]
2
o h’D;’ﬁ(’ﬁ,/%)‘

1k ks) = X 411
Sag(ki k2) = 7 2N mew, (ki k)’ (4.11)

where N denotes the number of unit cells along the device, m¢ the mass of a carbon
atom and w;, the phonon vibration frequency. The quasi momenta k; and k3 in this case
are measured from the corresponding K-points. The vector notation for the wave vectors

k1 and ko can be dropped for nanotubes since they are one-dimensional quantities. The

2
electron phonon coupling (EPC) ‘Dgﬁ‘ in nanotubes can be derived from the graphene

EPC ’DZ IB’Q. For optical phonons we can use the Einstein approximation

W' (q) = W' = const. (4.12)
and therefore

wy(k1, k2) = wy = g (4.13)

In graphene the electron phonon coupling is symmetric with respect to k; and kg and
depends on the angle spanned by the two vectors. It should be noted that for graphene
we need to used the vector notation for the quasi momenta and both are measured from
the corresponding K point. For the I' phonons the EPC (see [19, [11]) reads

~ 2

IDEOL Ok k)| = DR [1 4 cos(0+ )], (4.14)
~ 2

DO (k1 ka)| = DR [1 % cos(0 + )] (4.15)

where 04 (ky,ka — k1) and 6'4(ka, ke — ky). Here o and 8 denote the graphene con-
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duction and valence band 7* and w. For K phonons the relation is given by

K 2 _ 2 "
Dgyp(ky, ka)| = Di [14cos(6")], (4.16)

‘Dgf:ﬁ(kl,kz)‘2 = D% [1— cos(6")] , (4.17)

where 0”4 (ka,ky).
Considering nanotubes, being one-dimensional systems, this angles can only take the

values 7 or 0 [11]. As a result back-scattering is only possible for I'-LLO and K phonons
and the EPC reads

~ 2

’DIISso(khb)’ = 2Df, (4.18)
~ 2

‘fos(kl,kg)‘ = 2D%. (4.19)

Forward scattering on the other hand is only possible for I'TO phonons with an EPC
of

. 2
’DfTSO(kl, /@)‘ —2D2, (4.20)
Finally, the EPC derived from graphene needs to be scaled (see [11]) according to

SIDY 4> = S|DY,1%, (4.21)

where S = |C4 x T| denotes the surface of the nanotube unit-cell and S = aZv/3/2 the
one of the graphene unit-cell. With S = nd,T we see that
\/3@% 1

2 I 2
sl = W|DZ,3’~ (4.22)

D4

By considering (4.18)), (4.19), (4.20]) and using (4.13]) and (4.22)), expression (4.11f) con-

sequently reads

& _2j h \@ag 1
B h 2Nmew, 2 wdT

D77, (4.23)

where we can drop the k1 and ks dependence. We see that the scattering matrix element
is a constant and only depends on the electron bands «, 8 and the phonon branch 7

involved.
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4.3 Scaling law and electron/phonon collision operator

We can now derive an expression for the scattering length of optical phonons, which is

proportional to the nanotube diameter by collecting all prefactors. We start with the
known relations (2.64)), (2.65))

-1
L
+ 7 o n
Cos (k) = 27 5a8

OHj," (K, k)
ﬂaﬁ X (B) g5 (K k) (4.24)

+
k/:fﬁanp (k)z k:k

for the electron collision operator where we used that sg 5 is a constant. We dropped the

index p since H ia"(fg:a"p(k), k) = 0 is an amplicit definition for just one bijective function

f?;a”p(k) if we use the approximations 1D and 1} This can also be expressed as

Cogl (k) = iQ/B‘La"(fﬁan(k), k), (4.25)

where 7, denotes the mean scattering time and we dropped X;an(k‘) for simplicity. Con-

sequently, we see that

-1
1 L,

= —s
Ty oo

OH " (k' k)

o (4.26)

k'=i5, (k)

We first evaluate the partial derivative using (2.34]), (2.35]), the linear approximation of
the electron bands (4.10)) and the Einstein approximation (4.12) for phonons:

-1

OH " (K' k) , , .

— | = |+0w Eg(K') F O Ea(k) — O W (£(K — k)|, (4.27)
1 1
= = ) 4.28
‘6k_/Eﬁ(k‘/)| hUF ( )
Inserting this back into (4.26)) yields
1 L 1

—=_——3 (4.29)

T T o1 hop P

and by using (4.23)), (4.29) consequently reads

1 L 12 I 3a2 1 -
1_L 12 V'3aj D7, (4.30)
T,  2mhvp h 2Nmcew, 2 wd/T
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By canceling and remembering that the length of the nanotube can be expressed as
L = NT (see Section we get

1 \[a0|D ,3‘2 UR

il 4.31
T 47Th’UFma77 d; ( )
Finally, we define the scattering frequency
1 VR
=—=— 4.32
T dy (4.32)

as done in [9] where [, is a scaling constant and /,d; denotes the scattering length. An

expression for the scaling constant can be found by comparing (4.32) to (4.31):

47rhvlzpmccu¢7

p = — 20 (4.33)
\/ga%\DZﬁP

To match the result of [I1I] we now introduce the symbol 5 = hvp and rewrite (4.33)

into

B 47Tmcwnﬂ2

ly = m (4.34)
It should be noted that in [I1] wg r is given in meV suggesting that the wg p is an
energy which might lead to confusion. It should of course read Aiwr = 196 meV and
fwg = 161.2meV instead. The values for electron phonon coupling following [I1] is
given by D2 = 45.60 (eV/A)? and D2 = 92.05 (eV/A)2. If we further use 8 = 5,52 AeV,
me = 12,0107u = 1.6605 x 10726 kg, where u = 1,66 x 102" kg denotes the atomic
mass unit and ag = 2.461 A we get

Ik =92.0, Ip=2256. (4.35)

which matches the values chosen for the transport model in [9] and in this work. Using

(4.32), the collision terms for the electron interaction with optical phonons finally reads

CEJ(k) = 7 X5 (k) g5 (5.0 (k). k). (4.36)

Subsequently, we now derive the collision operator of K and I'-LLO phonons starting
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with (2:34)

C327(@) = o] '

= %Saﬁ

OHL (K, K —q)|
ok

1
Dhar (D95, (K, )

k=11 (q), k=g, + "(q)
(4.37)

where we again used that szﬁ = const and dropped the index p. Evaluating the partial

derivative yields

-1
= }o”’k/EB(k:’) — 8k/Ea(kl - Q) - 8k’Wn(Q)‘_1 :

(4.38)

OH,"(K K — q)
ok

We can now use (4.10)), (4.12)) and by remembering that for back-scattering the dispersion

relations Eg and E, have always opposite slopes, we get

-1
1

NETE

OHZ"(K K — q)
ok’

(4.39)

Again we can combine all prefactors using (4.39) and by comparing this to (4.29) and
(4.32]) we see that

L 1 , 1

= = =" 4.40
27 2hvp Sa 27, 2 ( )
Therefore, the collision operator for K and I'-LO phonons finally reads
i + + ’
CsP(a) = 2 (65.Ma)gk (K F)) . 4.41
7 (0) = 5 (950 (950" (K, ) K=h% 7(q), h=g3. * "(q) (4.41)

We can not derive the same expression for forward-scattering I'-LLO phonons due to
the approximations we chose for the electron and phonon band structure. If we consider
(12.34))

Hg"(K K — q) = Eg(K') — Eo(K — q) = W"(q) (4.42)

we see that by using (4.10]), (4.12) and remebering that for forward scattering of I'-L.O
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phonons a = 3, (2.34) reads

Hi'(K K — q) = thopk! F hop(K — q) — W', (4.43)
= thvpqg — W". (4.44)

This expression is independent of &’.

1
diverges and

Therefore, we can not use (2.84]) because the term ‘E)k/H;a"(k’, K — q)‘

we need to start at the integral form (2.82)) where we again use the partition into bijective

subintervals introduced in ([2.51) [2.52) [2.55). For g, € (¢5." 1. a5.", 1), (2.82) for the
p-th interval reads

. L klfa’é U
Cyr(a) = g [ " SUTLI0 K = )sagd (K = )k, (445)
aap L

where we remebered that si, = const. Using the approximations (4.10)), (4.12) there
is only one interval and we again drop the index p. Since the delta distribution is

independent of k' we can write

I 'l
C3(0) = 5 stad(ehor(a = a) [ shaghd K — gk, (140)
aa L
by defining
0 = i;_g;. (4.47)
Using d(ax) = 1/|ald(z) yields
"+
Co(q) = 2L7rh;sg‘°‘5(q — ) /k;;:y gEM (K K — q)dk . (4.48)

Subsequently we use (4.29)) and (4.32)) to get the final representation

'+
kaa U

C3(a) =mdla—an) [, gD K — g (1.49)
aa L

Numerically the delta distribution does not cause any problems since the integral of the
collision operator over the grid cell is used in solving the Boltzmann equation by means

of the finite volume method.
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4.4 Collision geometry and transport model

As we have seen in Section the band structure necessary for the simulation of the
electron transport in armchair nanotubes consists of two one-dimensional cones around
the K and K’ points. It suffices, however, to calculate the evolution of the distribution
functions around just one cone by using a local coordinate system. Since for both cones

the dispersion relation of the left and right moving bands are identical, one can define:

fr(k,t) == fr, (K + k,t) = fr,(K' + k,t), (4.50)
fr(k,t) == fr, (K + k,t) = fry(K' +k,t). (4.51)

This is, however, only true if the phonon distribution evolves in an equally symmetric

way. We assume
N¥(q,t) := N¥(K +q,t) = N¥(K' + ¢, 1), (4.52)

where NX (K +¢q) and N¥ (K’ +¢q) denotes the phonon distribution function of branch K
around the K and K’ point and N*(g) the phonon distribution function in the reduced
coordinate system. We will now show that the time evolution of the phonon distribution

function satisfies

ON(q,t)  ON®(4,t) ONK(g,t)
ot T ot N ot

(4.53)

with § = K 4+ ¢ and § = K’ + ¢, then, (4.52)) holds for all times. The starting point to
do so is the collision operator derived for back-scattering (4.41])

CaPla) = Lok, (@) {IN"(@) + 1] falhka) [1 = falkn)] = N() fulk) [1 = fo(k)]}
(4.54)

where we used (2.32) and dropped the time dependence ¢ for simplicity. We also in-
troduced the short notation ky = h;anp(q) and k| = ggi;n(q) to emphasis that these

two functions represent electron quasi momenta. The collision operator for K phonons

following ([2.73|) reads
Ck=Y.Y C¥, (4.55)
a g

= Ol 4 Ol g glaRi | oRile) (4.56)
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where we dropped all terms where 525 = 0 like CIL(lRl. We will now consider the two
quasi momenta § and ¢ around the K and K’ point, respectively, for (4.56]) If we look
at Figure we see that only a process C [L(1R2 can affect phonons with quasi momenta
around K. Similarly only C’IL(QR1 affects phonons around K’. The analysis perfomed
in Figure can be repeated for C[]?lh and C’I]?QLl and we similarly find that process
C’IIEILQ only affect phonons with quasi momenta around K and C’II?L ! those around K'.

Therefore, we conclude that

Cr(§) = C™(q) + C"2(q), (4.57)
Cx(q) = CR™(@) + CR2" (). (4.58)
By inserting and subsequently into C’[L(lRQ(cj) we get
CRM2 (@) = g, (K + ho, K + k), (4.59)
= TCLINE(K +q) 4+ 1] oK+ ) (1= fr, (K + k)] (460)
—N"™(K +q) f1, (K + k1) [1 = fry (K" + k2)] }, (4.61)

where we used Figure [4.5] to construct the corresponding electron quasi momenta. Con-
sequently, we us (4.50)), (4.51)), (4.52])

CR2(@) = T[N (@) + 1] frlke) [L = fulk)] = N¥(@)fr (k) [L = fr(k2)]} (4.62)

and define

CRMq) == AV (@) + 1] frlk2) [L = fulk)]) = NN (@) fr (k) [L = fr(k2)]}, (4.63)

= C™ (). (4.64)

Now, we turn to expression C?Rl (¢) and us again , 1) and Figure
Cie™ (@) = Lrgh K, (K + ko, K + k), (4.65)
= AN+ q) 4 1] i (K 4 Ro) [1- fra (K740 (466)
~NE(K' + ) fro (K" + k1) [1 = fr, (K + k2)]} . (4.67)
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Finally inserting (4.50)), (4.51)), (4.52) yields

O™ (@) = ZAN (@) + 1] Jrlk) [L = fr(k)] = N(q)fuk) [L = Sr(k)]} (468)

and we see that
Cil(q) = C™(§) = O™ (9). (4.69)
Using the same analysis we can show that

CRE(q) = CR2(q) = C2M(q). (4.70)

Using (4.57)), (4.58)), (4.69) and (4.70) we conclude that

Cx () = Ok (@) = Cx(9) = CK(q) + CE (a)- (4.71)
Therefore, we get the desired result

ON(q) ONE(q) ONE(q)
o~ ot Ot

= 2Ck(q), (4.72)

by using (2.71)) where we included a factor two to account for the spin degeneracy of the
electron system.
Consequently, we need to derive a similar relation for I'-LLO phonons. Since they cause

intravalley scattering we do not need to use a local coordinate system. The collision
operator for I'-LO phonons following (2.73) reads:

Crig) =Y > C¥(q), (4.73)
« B
= CF M (q) + O (g) + CF 2 (g) + CF2 P2 (g). (4.74)

For a small quasi momentum ¢ the intravalley scattering operator for left to right moving
electron band around the K point reads (see |4.54))

Clf(g) = %F {INT(q) + 1] fr (K + ko) [1 = fr, (K + k1)]

~NT () fr, (K + k) [L = fry (K + k2)]} (4.75)
= Z{INT(@) + 1] frlka) [ = fr(kn)] = NT(@) o 0) [1 = falka)]}, (4.76)
= Cr'(a). (4.77)
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A similar expression can be derived for le 2B2 ().

Cr2e(q) = T {NT(@) + 1] fro (K + ko) [L = fra (K + h)]

~NU @) 1o (K" + k) [1 = fro (K + k2)] } (4.78)
= %F {IN"(q) + 1] fr(k2) [1 — fr(k1)] = N" (@) fr(k1) [1 — fr(k2)]}, (4.79)
=0t (a). (4.80)

Using (4.77) and (4.80) we conclude that

CER(q) = CE M (q) = CF212(g), (4.81)
Cit(q) = Cf P (q) = CF2™(g), (4.82)

where (4.82)) can be derived similar to (4.81)). Consequently, inserting (4.82)) and (4.81))
into (4.74) yields

Cr(q) = 20E%(q) + 20EE(g). (4.83)

We see that an additional factor two appears if we use the reduced coordinate system.
This accounts for the fact that each scattering event happens in both cones simultane-
ously. The rate of change caused by collisions due to (2.71)), therefore, reads

ONT(q)

5 = 2Cr(q) = 4C"(q) + 4C1"(0), (4.84)

where we again need to included the factor two to account for the spin degeneracy of
the electron system.

Finally, the interaction of electrons with acoustic phonons is modeled in agreement to
[9] as

8a(k) = 1 (Fa(—k) — falk) (4.85)
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5 Tests, results and conclusion

We will now discuss several tests and results for the numerical model based on the phys-
ical system outlined in Chapter For the numerical simulations we use the following
parameters if not stated otherwise, which are in agreement with [9]: The discretiza-
tion width in z-direction is A, = L/25, where L denotes tube length. We use a k-
space discretization width of Ay = Ag/hvp with A = 40meV and the Fermi velocity
vp = 8.4 x 10°m/s. Since A o Ag it suffices to specify either the k-space or energy
discretization width. The transmission constant for ohmic contacts is set to t> = 0.95.
Regarding the phonon energies we use Wy = 160 meV and Wr_,0/70 = 200 meV. The
relaxation time for the decay of optical phonons is assumed to be 7, = 3.5 ps for all
phonon branches. Although we use the Einstein approximation to calculate the collision
integrals, we use a group velocity for backscattering phonons in the advection term and
set v = 5000m/s, vp.po = 2950 m/s and vp.po = 0m/s. Acoustic phonons are assumed
to be at room temperature T,. = 300K with an elastic mean free path for electrons
of l;e = 700nm. Finally, the nanotube diameter is used as a fitting parameter and we
choose I = 92.0 and Ip.,0/70 = 225.6 for the coupling coefficient .

5.1 Ballistic transport

Transport without the influence of scattering processes is called ballistic transport. For
metallic nanotubes a very simple formula (see [9]) can be derived describing the corre-

lation of current density and applied electric field

_ 4ejU
-~ 2mh’

(5.1)

where eg denotes the elementary charge and U the applied voltage. This result can be
easily derived by evaluating for the reduced model derived in at the right
contact and zero temperature. The distribution function of the left moving electrons
distribution function equals the equilibrium distribution function whereas for the right

moving electrons the Fermi surface is shifted along the device due to the applied electric
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Figure 5.1: Plot of the steady state distribution functions for right and left propa-
gating electrons @ in the ballistic transport case.

field. Again the factor four needs to be included due to the spin degeneracy and the two
equal cones. It should be noted that perfect contacts are assumed.

By excluding electron-phonon interaction entirely, the calculation of the numerical
fluxes as well as the dimensional splitting method and the time integration scheme can
be tested. We thus compare the numerical results to the expected physical behavior of
the system. First of all, we consider the distribution functions of left and right moving
electrons f; and fr. Figure clearly shows the shift of the Fermi surface along the
device, as expected. This is a good indicator that the right side of the Boltzmann
equation is modeled correctly. Furthermore, we can compare the calculated electron
current density to the theoretical predicted value (5.1). Figure shows the result for
various applied voltages. The simulation result matches the theoretical result remarkably

well.

75



5 Tests, results and conclusion

250

--- analytical
200l| X % numerical
/x,
<€ x
g 150 )
c /X
., 100 x
/x,
50 ,
’X
’X
8o 0z 07 06 08 1.0 1.2 14 16
UinV

Figure 5.2: Electron current density versus applied voltage in the ballistic case. Com-
parison of analytical to numerical results.

5.2 Collision operator

In the next step we check the calculation of the collision operator. To this end, we will
consider electron and phonon equilibrium distribution functions at different tempera-
tures. This allows us to calculate the exact values for the collision operator and compare
them to the numerical results. We assume the electron temperature to be T, = 300K
and Tk = 1500K for the K-phonon branch. To see the influence of discretization and

supersampling we will vary the grid spacing.

Electron collision operator:

Afg = 20meV - supersampling=off: Figure [5.3a
In this test case the phonon energy is a multiple of Ag. Consequently &' = szK (ki)
coincides with a grid point and, therefore, the collision operator (N) must
be exactly equal to the analytical expression evaluated at grid points k; (A).
We can see that the error = C{%(LN — C’gLA is of the order of the numerical precision
( max(CEN) = 0.0851/ts, max(error) = 2.7 x 107171/t )

Afg = 16,58 meV - supersampling=off: Figure
For arbitrary discretization widths the numerical and analytical solution still match.
We, however, observe a numerical error caused by the construction of CER{E using
linear weights outlined in Sections |3.6.1| and |3.6.2l It should be noted that C’ZFRI;-

is still equal to the analytical solution if the exponential interpolation method is

used.
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Afg = 16,58 meV - supersampling=on (Nss = 2): Figure
Considering this test case, we can now conclude that supersampling indeed works
and gives the correct result. The error is of the same order of magnitude as in[5.3c

but slightly higher since both CELKZ. and CELKi need to be constructed.

Phonon collision operator:

AEg = 20meV - supersampling=off: Figure
Choosing this discretization width q:; L 88 well as k:; . coincides with a grid
point. We can, however, observe that the resulting phonon collision operator is
not constructed correctly. The resulting values are twice as big as expected and
every other collision operator vanishes. This is obviously a sampling problem
similar to the one illustrated in Figure [3.6

Afg = 16,58 meV - supersampling=off: Figure
We see that using an arbitrary discretization width yields the same problem.

Ag =~ 16,58 meV - supersampling=on (Ng; = 2): Figure
Finally using supersampling solves this problem and the K-phonon collision oper-
ator is calculated correctly.
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Figure 5.3: Illustration of the electron collision operator and its error = C]I%{LN — C’II%(LA
for different sampling widths and supersamping turned off and on. On the right hand
side the corresponding values of the K-phonon collision operators are plotted.
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5.3 Bulk simulations

Now, we consider bulk simulations for electrons and K-phonons , respec-
tively, by disregarding any x dependence without an electric field applied to check if
the time evolution approaches the thermal equilibrium. Consequently, we fix either the
electron distribution at T, = 300 K or K-phonon distribution 7}, = 1500 K and calculate
the time evolution of the other system. The simulation result for electrons is shown in
Figure We can see that the electron system heats up to the phonon temperature.
For comparison the corresponding Fermi-Dirac distribution functions at 7' = 1500 K for
left and right moving electron has been included. Similarly, we observe in Figure [5.4b
that the phonon system cools down. Compared to electrons this process takes a very
long time and only small wave vector are affected since for large wave vectors k the
Fermi-Dirac functions for T'= 300 K and 7" = 1500 K differ only slightly. It should also
be noted that it is important to choose the time step very carefully in this test case since

for to too large time steps the phonon distribution function can take on negative values.

0.8 0.25
0.20
0.6
X
S 0.15
Z
0.4
0.10
0.2 0.05
0.0 0.00
=4 -3 4 -2.0 -1.5 -1.0 -0.5 00 05 1.0 15 2.0

k in 1/nm

(b)

Figure 5.4: Bulk simulations: Plot @ illustrates the heating of electron system where
the dashed line shows the initial and the solid line shows final distribution. Plot @
illustrates the phonon distribution function N¥ for various time steps while cooling to
the electron temperature. The solid green line shows the initial, the blue line the final
(ty = 3ps) and the red line the equilibrium distribution function. The dashed blue
lines denote intermediate timesteps at t; = 0.075ps, to = 0.15ps and t3 = 0.225ps. As
we can see the calculated phonon distribution function approaches slowly the thermal
equilibrium.

79



5 Tests, results and conclusion
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Figure 5.5: Device simulations, steady state current density versus applied voltage. Plot
@ compares simulations including dynamic phonons out of equilibrium also called hot-
phonons (HP) to experimental data (exp.) as well as to current densities calculated
using phonons at room temperature (RT) and the ballistic limit (ball.) for a 150 nm
nanotube with d; = 1.75 nm diameter. Plot [(b)] compares the results (solid lines)
for different carbon nanotube lengths using the tube diameter as a fitting parameter
to the corresponding experimental data (dashed lines) taken from [7]: Red: 85 nm
d¢ = 1.45 nm, Blue: 150 nm d; = 1.75 nm, Green: 300 nm d; = 1.6 nm

5.4 Device simulations

Finally, we turn to device simulations for electrons (2.15)) and K-phonons ([2.70f) including

electron-phonon interaction by using static phonon distribution functions and dynami-

cally calculated ones. As boundary conditions we use (3.52)) and (3.53)) for electrons and

(3.55)) and ({3.56)) for phonons, respectively.

Experimental data provided in [7] are compared to calculated current densities in Fig-

ure [5.5] The simulation results are in good agreement with measurements by including
dynamically calculated phonons (hot-phonons) as predicted in [§]. Figure shows
that static phonon distributions at room temperature can not account for the severe
drop of the conductance at about 0.2V in the the experimental data. This, however,
can be correctly reproduced by including hot phonons. Furthermore, the decrease of the
conductance for increasing nanotube lengths is modeled properly as seen Figure [5.5b
The steady state distribution functions for electrons and phonons, respectively, are
illustrated in Figure If we consider the K-phonon distribution function in Figure
and compare it to the findings in [§], [9] and [I0] we notice that the peaks in our

calculations are significantly lower. Since for K-phonons the rate of change caused by

80



5 Tests, results and conclusion

collisions differs by a factor of two (see compared to above mentioned works,
this was expected. As a consequence, we see that the NT=FO peaks are slightly higher
than in the works of Auer et. al. see Figure [5.6c0 Consequently, if the same scaling
constants are used as in [9] the nanotube diameter used as a fitting parameter needs to
be lower compared to [9] to match the experimental data as shown in Figure This
accounts for the smaller out of equilibrium K-phonon distribution function. One could
also conclude that the electron phonon coupling implicitly assumed in [9] via the scaling

constant is underestimated.
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Figure 5.6: Device simulation using dynamic phonons for a nanotube of length L =
150 nm with an applied voltage of U = 1V and d; = 1.75nm. Plot l@] and [@] show
the steady state distributions for right and left propagating electrons whereas in |(c)| -
phonon steady state distribution functions are depicted.
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5.4.1 Comparison of the upwind to the WENO method

Finally, we compare the effect of using the upwind or WENO method to the device
simulations.

We start by considering ballistic transport. Figure shows the steady state dis-
tribution function of right moving electrons obtained by using the upwind method to
calculate the numerical fluxes. If we compare this plot to Figure we notice strong
numerical diffusion. Figure compares the calculated distribution functions fr at
the right contact by using upwind and WENO schemes. Both distribution functions are
shifted correctly but by using the upwind method the distribution appears to have a
much higher temperature due to the spreading caused by numerical diffusion along the
device. For comparison, a Fermi-Dirac distribution at the temperature of T, = 1900 K
has been included. It should be noted that in this setup the numerical diffusion has no

impact on the calculated current density since the Fermi surface is shifted correctly.

ind
flt?/pwrn L

A 1.0 —
WENO
3 0.9 1.0 fr
0.8 S fupwind
€ 2 0.7 08 R
7, =1900
e 1 06 - £
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Figure 5.7: Figure @ shows the electron distribution function for right propagating elec-
trons for ballistic transport calulated by using the upwind scheme. Figure @ compares
fr at the right contact in the ballistic transport case. The blue line was calculated by
using the WENO scheme and the red line by using the upwind scheme. The dashed line
shows a shifted Fermi-Dirac distribution function at T, = 1500 K.

This is however not the case for device simulations, see Figure The resulting
conductance is lower if an upwind scheme is used. The emission of phonons along the
device starts earlier due to the apparent higher temperature. This might be a good
explanation for this phenomenon. The resulting steady state distribution functions are

compared in Figure [5.9
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Figure 5.8: Illustration of the electron current density versus the applied voltage calcu-
lated by using the WENO (blue) or upwind scheme (green) for the simulation parameters:

L =150nm, U =1V and d; = 1.75nm. The dashed lines represents the corresponding
experimental data.
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Figure 5.9: Comparison of the steady state distribution functions including dynamically
calculated phonons using the upwind @ or WENO @ scheme. Simulation parameters:
L =150nm, U =1V and d; = 1.75nm.
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5 Tests, results and conclusion

5.4.2 Conclusion

In this thesis a kinetic transport model for the coupled dynamics of electrons and phonons
in one-dimensional systems has been developed without using prior information on the
band structure of the electron and phonon system. Subsequently, a numerical model has
been presented to solve the transport equations for which the conservation of electron
number, energy and moment was proved. To overcome numerical sampling problems, a
supersampling algorithm was proposed. Furthermore, as opposed to the common energy
discretization of the electron bands, a k-space discetization was used in order to be able
to work with very flat bands. Based on the model the algorithm was implemented and
successfully tested on metallic carbon nanotubes. The results are in accordance to the

findings of Auer et al. [9, [10] and the measurements presented in [7]
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