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Abstract

As oil reservoirs are being depleted, new energy sources are needed in order to guarantee

the mobility of future generations. From the current point of view, electric energy seems

to be the most appropriate energy form to be used in vehicles. Furthermore, due to the

new design possibilities that can be opened by using in-wheel motors, they are seen as a

promising and visionary technology toward the electrification of vehicles. Nevertheless,

in-wheel motors are related with a series of open questions that need to be solved before

this technology can go into series production.

This thesis offers a systematic, founded and wide analysis of in-wheel motors for ap-

plications in electric passenger vehicles with the aim of giving answer to some of the

open questions related with this technology. With the objective to determine the main

characteristics of the battery as well as of induction and synchronous electric motors,

an approach based on performance requirements given for different vehicle classes is

introduced. Furthermore, the potentials and limitations of in-wheel motors to enhance

the lateral vehicle dynamics are determined, and the effect of the related increased non-

suspended masses on ride comfort and driving safety are extensively analyzed. Therefor,

a theoretical approach complemented by the subjective perception of normal drivers

and experienced test drivers while driving with a vehicle with increased non-suspended

masses is introduced. Finally, a novel automated approach for the mechanical integra-

tion of in-wheel motors in modern single wheel suspension systems is presented.
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Nomenclature

To facilitate reading this work, it was written using a self explaining text, i.e. the used

variables are directly explained where they are defined. Nevertheless, the abbreviations,

indexes and symbols have the meaning presented in the following unless something else

is indicated directly where they are defined in the document body.

It must be highlighted, that, in this work, all variables are expressed in the international

system of units unless something else is specified.

Notation

In this work, a logical structure to designate each variable was used. To determine

the meaning of a certain variable, it would be necessary to search for the meaning of

its symbol and of its index(es) separately. Furthermore, following notation is used to

identify a single variable V :

5

V
1 4

2 3 ,

where the variable can be

V ... a scalar magnitude or

V ... a vector or a matrix.

Additionally, the indexes are used for:

1 ... Maximum (max) or minimum (min); also used to refer to a specific

xv



Nomenclature

system (e.g. semi for the semi-active suspension system) or to a

specific variable characteristic (e.g. nominal or infinity).

2 ... Coordinate system in which V is defined.

3 ... Used to indicate the instance (e.g. body, direction, distance from a

point P1 to a point P2 (dP1→P2) or position) to which V is related

4 ... Exponent, transposition mark T , inversion mark −1 or characteristics

like static S .

5 ... Reserved to e.g. derivative marks, mean values.

In the case two or more variables Vk...Vn differ only in the instance they are referring

to (i.e. k or n), only one variable is written using the notation Vk/.../n.

Abbreviations

Abbreviation Meaning

ABS Anti-lock Braking System

AC Assessment Criterium, or Alternating Current (depending on

context)

ARTEMIS Assessment and Reliability of Transport Emission Models and

Investory Systems

AWD All Wheel Drive

CAD Computer Aided Design

CG Center of Gravity

CNG Compressed Natural Gas

CRG Curved Regular Grid

CSP Characteristic Suspension Parameter

DC Direct Current

DP Desired Driving Performance Parameter

EM Electric Motor

EV Electric Vehicle

ESP Electronic Stability Program

FTP Federal Test Procedure

FWD Four Wheel Drive

GPS Global Positioning System

xvi



Nomenclature

Abbreviation Meaning

GUI Graphical User Interface

ICR Instantaneous Center of Rotation

HYZEM HYbrid Zero Emission Mobility

ICE Internal Combustion Engine

IM Induction Motor

INRETS Institut National de Recherche sur les Transports et leur

Sécurité

KOS Suspension Kinematics Optimization System

MOVES2 MOdular Vehicle Simulation System

NEDC New Eropean Driving Cycle

PC Personal Computer

OEM Original Equipment Manufacturer

RAM Random Access Memory

RWD Rear Wheel Drive

SM Synchronous Motor with permanent magnets

SOC State Of Charge

TRFE Tire Road Friction Estimator

TVS Torque Vectoring System

VDC Vehicle Dynamics Controller

Frequently used indexes

Index Meaning

0 Initial value

aero Aerodynamic

act Relative to the active mass of an electric motor, or relative to an

active suspension system (depending on context)

air Relative to the air

assum Assumed quantity

A Relative to the suspended mass

Add Additional

AP Attachment point

Aq Relative to the quarter vehicle

Aux Relative to the auxiliaries

xvii



Nomenclature

Index Meaning

b Relative to the body or suspended mass

b0 Relative to the limit of the linear behavior of the suspension spring

in bound

B Body or Braking action (depending on context)

Batt Relative to the battery

charge Relative to a situation in which the battery is charging

clash Relative to a collision situation

climb Relative to the climbing resistance

comp Quantity to be compared

cycle Relative to a driving cycle

C Wheel center axis system

C0 Relative to the limit of the region for low deflection speeds of the

shock absorber in compression

discharge Relative to a situation in which the battery is discharging

dyn Dynamic

d Relative to the shock absorber, or desired quantity (depending on

context)

demand Demanded quantity

driving Relative to a driving condition

D Driving action or dynamic (depending on context)

DM Relative to the damping mass suspension system

e Ellipse

energy Relative to a variable determined based on energy considerations

eq Equivalent

ex Excess quantity

E Earth-fixed axis system

EM Relative to an electric motor

f Relative to the front

gearbox Relative to the gearbox

generator Relative to a condition in which an electric motor is working as

generator

h Horizontal

hs Relative to the distance from the vehicle’s center of gravity to the

position of the optic speed sensor

h load Half loaded condition
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Nomenclature

Index Meaning

i Counter for the wheels (unless something else is indicated)

init Initial value

inverter Relative to the inverter or the power electronics

IM Relative to an induction motor

I0 Relative to the lower limit of the linear region of the suspension

spring

III0 Relative to the upper limit of the linear region of the suspension

spring

j Counter

k Counter, or relative to the kinetic energy (depending on context)

l Relative to the left

lat Relative to the lateral dynamics or to the lateral direction

linear Linear behavior

load Relative to a certain loaded condition

loss Relative to energetic losses

L Leveled axis system

m Counter

max Maximum

mean Mean value

min Minimum

motor Relative to a condition in which an electric motor is driving

mtvv Maximum transient vibration value

n Counter, relative to the electric motor in nominal service, or

normalized quantity (depending on context)

needed Relative to a needed quantity

nom Nominal or relative to nominal conditions

nc Relative to the exponential coefficient of suspension spring

offer Offered quantity

ol Relative to the electric motor in overload service

om Order of magnitude

p Counter

peak Relative to a peak value

pert Relative to a perturbation

power Relative to a variable determined based on power considerations

proj Projected

xix



Nomenclature

Index Meaning

r Relative to the rear or to the right (depending on context)

recuperating Relative to a condition with energy recuperation

or rec

red Reduced

ref Reference quantity

res Reserve

rmf Relative to the rotatory magnetic field

rms Root mean square

road Relative to the road

roll Relative to the rolling resistance

rot Relative to the rotor of an electric motor

rrms Running root mean square

r0 Relative to the limit of the linear behavior of the suspension spring

in rebound

R Random reference system

RC Relative to the instantaneous roll center

semi Relative to a semi-active suspension system

sky Relative to the sky-hook control strategy

specific Relative to a specific quantity

stat Relative to the stator of an electric motor

supp Relative to the power supply

susp Relative to the suspension system

syn Relative to the synchronous speed

S Steady state or static (depending on context)

SM Relative to a synchronous motor

t Relative to the trajectory

th Theoretical quantity

tires Relative to the tires

T Tire or relative to it

TA Relative to the trailing arm

T0 Relative to the limit of the region for low deflection speeds of the

shock absorber in tension

u Counter

v Relative to the vehicle

V Vehicle axis system

xx



Nomenclature

Index Meaning

w Wheel or frequency weighted quantity (depending on context)

ws Relative to the suspension system of a wheel

W Wheel contact point

W Road tangential axis system

x Longitudinal direction

y Lateral direction

z Vertical direction

∞ Saturation value

Latin characters

Variable Meaning

ae Parameter of the tire enveloping model

A TMsimple coefficient related to the initial slope of the tire force,

or area (depending on context)

be Parameter of the tire enveloping model

broad Distance from middle road track to another one

B TMsimple coefficient related to the saturation value of the tire

force

c Stiffness

c∗b Equivalent spring coefficient

Cd Drag coefficient

Cl Lift coefficient

Cmw→p Proportionality factor used for the equivalence between tire

inflation pressure and increased non-suspended mass

Cs Lateral drag coefficient

CTω Function considering the tire hardening with the rotational speed

d Distance or damping (depending on context)

dY0 Initial slope of the tire force

e Mass factor

E Energy

f Temporal frequency, or temporal natural frequency (depending on

context)

fcu Cumulative frequency

xxi
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Variable Meaning

fOL Overload factor for an electric motor

froll Rolling resistance coefficient

fκd Force factor in the non-linear region of the shock absorber

F Function

F̂V A, x Reference control longitudinal force at the center of gravity of the

suspended mass

G Transfer function

G Conversion factor for the slip angle

I Inertia moment

j Imaginary unit

J Fitness function

K TMsimple coefficient related to the maximum of the tire force

KFx Gain parameter for the total longitudinal force F̂V A, x

KI Integral control parameter

KP Proportional control parameter

lf , lr Distance from the vehicle’s center of gravity to the front (f) and

the rear (r) axle

l Length

ls Length of the tire contact patch

∆Lsusp Wheel base alteration

m Mass

mvrunning order
Vehicle mass in running order according to [Com92]

mEM total Mass of all electric motors installed in a vehicle

M Moment or torque

Mb Breakdown torque of an electric motor

MN Total torque acting at the wheel hub

M̂V A, z Reference control yaw moment around the vertical axis of the

suspended mass

np Pneumatic trail

nc Exponential coefficient of the suspension spring

nd Exponential coefficient of the shock absorber

nFWR Exponential factor for the torque of the electric motor in the field

weakening region

NEM Number of installed electric motors

O Origin of a coordinate system
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Variable Meaning

O Overshoot

p Road inclination in [%]

pEM Number of pole-pairs of an electric motor

pT Tire pressure

P Arbitrary point, or power (depending on context)

P Coefficient related to the vertical tire model

Q∆β Weighting factor to prioritize the driving stability
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1. Introduction

The essential components for the use of electrical energy as driving energy source in vehi-

cles were developed in the 19th century. The electric battery was invented by Alessandro

Volta in the year 1800. The battery technology was then improved by Gaston Planté

and Camille Faure in 1859 and 1881 respectively leading to the lead-acid battery [KS09].

Furthermore, the direct current motor (DC-motor) was invented by Joseph Henry in

1831. Using this inventions, Gustave Trouvé presented the first electric vehicle at the

international exhibition of electricity in Paris in 1881 [Høy08] with a driving range of

26 km and a maximum speed of 12 km/h. One year later, W. E. Ayrton and J. Perry

presented an electric tricycle (see figure 1.1) with a driving range of 40 km and a maxi-

mum speed of 14 km/h [Geo08].

Figure 1.1.: Electric tricycle presented by W. E. Ayrton and J. Perry in 1882 [Geo08].

At the turn from the 19th to the 20th century approximately 38 % of all motorized

vehicles in the United States of America were powered by electrical energy [Sov09] (see

figure 1.2). They were highly valuated because of its cleanliness (no emissions), low noise

and vibration levels, simplicity and easy operation compared with vehicles powered

by internal combustion or steam engines. Nevertheless, economical, political, socio-

cultural and technical factors, particularly the huge amount of energy content of the

1



1. Introduction

used fuels rather than the associated technology itself, inclined the balance toward the

internal combustion engines. They became the most significant power source technology

worldwide by the beginning of the 1940s. Furthermore, modern studies [She09, dB09]

show that vehicles using only internal combustion engines as power source will account

for just about 40 % of all vehicles worldwide in the year 2030. As can be seen in figure

1.2, all other vehicles will use electrical energy as primary or secondary driving energy

source for the powertrain.
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Figure 1.2.: Market share by technology at the turn from the 19th to the 20th century
(see [Sov09]) and in the coming decades (see [She09] and [dB09]).

As can be deduced from figure 1.2, the internal combustion engine has been continu-

ously developed for over hundred years. Since its invention, its efficiency has been nearly

doubled and the specific fuel consumption1 has, therefore, been reduced. Nevertheless,

further efficiency improvements and fuel consumption reductions can be hardly antici-

pated since they are related with exponentially growing technological efforts that are

getting closer to the economically reasonable limits. Moreover, as can be seen in figure

1.3, even according to the most optimistic scenarios the crude oil production world wide

will reach its maximum somewhen in the next two decades. These facts together with

volatile oil prices, increased environmental sensitivity and political concerns have moved

the attention of governments, automobile manufacturers and customers to alternative

powertrains. Some of the most promising concepts for future vehicles are based on the

conversion of electrical into mechanical energy [WFO09].

Since there are several technical, political and economical aspects that must be cleared

1Defined as the fuel consumption per unit of power [l/kW] (see e.g. [Pis04]).
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Figure 1.3.: Oil production forecast worldwide (see [MC09] and [Kon09]).

on the way toward the ”re”-electrification of vehicles, hybrid technologies comprising an

internal combustion engine working together with one or more electric machines (as mo-

tor or generator) have been being developed since several decades. Depending on how

the internal combustion engine and the electric motor(s) are connected and how they

provide the power to move the vehicle, hybrid powertrains can be classified in series,

parallel or mixed. Additionally, depending on the relation between the power provided

by the internal combustion engine and the power provided by the electric motor(s),

it can be distinguished between micro, mild and full hybrids. Further information on

these classifications can be found in [Hof09] and [Kel10]. Furthermore, as schematically

presented in figure 1.4, hybrids can be seen as an intermediate step between the ma-

ture internal combustion engine technology and the upcoming clean2 and more efficient

electric vehicles. Nevertheless, as shown in figure 1.2, it can be expected that internal

combustion engines, hybrids and electric vehicles will coexist in the future to cope with

the different mobility demands of the coming generations.

There are different powertrain configurations for pure electric vehicles (see also [KSS11]).

The most representative ones are presented schematically in figure 1.5. With one electric

central motor, a differential is used to transmit the power to the wheels of an axle. If

more than one electric motor is considered, two alternatives arise. On the one hand, it

is possible to place the electric motors directly on the suspended mass and use shafts

to transmit the power to the wheels. On the other hand, the electric motors can be

placed directly within the wheel. This leads to the concept of in-wheel motors this work

focuses on.

2Based on a tank-to-wheel analysis. In comparison, in a well-to-wheel analysis, the emissions of electric
vehicles depend on the mixture of primary energy sources used to generate the electric energy [Wei08].
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Figure 1.5.: Electric powertrain architectures (rear wheel drive is shown exemplarily).

1.1. Motivation

In-wheel motors are an old idea as well as a visionary solution for future powertrains and

an interesting concept toward vehicle electrification that provides also high potentials

to improve vehicle dynamics and handling (see e.g. [RNH11], [RNW11a], [HEG11]

and [LSW00]). Nevertheless they are related with a series of open questions needing

further research and technical development to be answered (see e.g. [RNH11], [RNW10],

[RNW11a], [RA11], [GFH10] [GHKP12]). A summary of both advantages and open

questions is presented in table 1.1 (see also [RNH11] and [RNW11a]).

In-wheel motors constitute the shortest possible powertrain. In comparison with a con-
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1.1. Motivation

Table 1.1.: Advantages and open questions related with in-wheel motors in com-
parison with a traditional powertrain architecture with internal com-
bustion engine.

Advantages Open questions

Visionary solution for future powertrains Higher non-suspended massesa

Shortest possible powertrain Packaging within the rimb

Less mechanical components Fail safe behaviorc

New passenger cell design possibilities Cooling systemd

Higher powertrain efficiency Difficult operation environment for motor

More degrees of freedom for design Complex control of individual motorse

Well suited for additional functionalitiesf Higher production costs at present
a Dealt with in chapter 5.
b Dealt with in chapter 6.
c See e.g. [NDR11], [NDR11].
d See e.g. [Wil11].
e Dealt with in section 4.2 of chapter 4.
f For example Torque Vectoring (see section 4.2 of chapter 4 and also section 5.4 of chapter

5) or All-Wheel Drive.

ventional powertrain architecture with central motor (see figure 1.5), less mechanical

components are needed and some electric components are added (battery, inverter, elec-

tric motors). Due to the higher efficiency of the used components (see chapter 3), the

entire efficiency of the powertrain can be improved. While the tank to wheel efficiency

of a conventional powertrain is about 20 % [Gös08], that of an electric vehicle with

in-wheel motors amounts approximately 80 % [NBW06] (depending on the driving cy-

cle and driving conditions). Furthermore, since much less mechanical components are

needed to connect the power source with the wheels, new possibilities for the design of

the passenger cell and for placing the electric components are opened. In addition, by

integrating the propulsion system and maybe other functions (e.g. steering system as

presented in [Nie11], [Nie10], [NR10b] and [NDR11]) in the wheel, some simplifications

in the assembly line can be expected. It must be also noticed, that since the mechanical

connection between the wheels of an axle disappears, in-wheel motors introduce addi-

tional degrees of freedom into the system vehicle. This makes concepts using in-wheel

motors well suited to implement functionalities like torque vectoring (see section 4.2

and also e.g. [RND11], [NLER11] and [Nie11]; compared with a mechanical system e.g.

in [SBRH11]), all-wheel-drive, electronic stability control, ABS (see e.g. [RKuML11])
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1. Introduction

or hill start aid.

However, in-wheel motors are also related with some open questions like the effect of the

increased non-suspended masses on ride comfort (see chapter 5 and also e.g. [RNW10]

and [RNH11]) and driving safety (see chapter 5 and also e.g. [RND11]), the mechani-

cal integration of the components in the wheel (see chapter 6 and also e.g. [RNA11a],

[RN11], [RNA11b] and [Apo10]) and the fail-safe behavior (see e.g. [RND11], [Nie10],

[NDR11], [EBMG10], [JW06] and [KTSY07]). Moreover, since in-wheel motors are

placed directly within the rim, they are exposed to strong environmental working con-

ditions comprising, for example, mechanical vibrations induced by the road unevenness,

an abrasive atmosphere (e.g. dust and water) or difficult cooling conditions for the

electric components (see e.g. [Wil11]). Furthermore, complex algorithms are needed to

control the additional degrees of freedom introduced by in-wheel motors3 and effectively

profit from their advantages (see section 4.2 in chapter 4 as well as e.g. [Nie11], [JA08],

[JAJT10], [AB06], [And07], [BA06] and [FAL04] and [AKB06]). Finally, due to the fact

that in-wheel motors and other components needed for their operation (e.g. battery)

are still being developed, they are related with high production costs. Nevertheless, cost

reductions can be expected if the production rises. However, to provide beneficial con-

ditions for series production, the open questions related in table 1.1 must be answered.

Some of these aspects are analyzed in this work and some solutions are presented (see

section 1.3).

1.2. In-wheel motors: State of the art

In-wheel motors were widespread at the beginning of the automotive history. In 1889,

Ferdinand Porsche developed a pure electric vehicle with two in-wheel motors mounted

on the front wheels (see figure 1.6). This vehicle was able to reach a maximum speed of

50 km/h and the used lead-acid battery provided a range of approximately 50 km (see

e.g. [Hof09]). Porsche’s technology was applied in different vehicle concepts ranging

from series hybrid racing cars (see [Gom07]) over series hybrid four-wheel drive vehicles

(see e.g. the ”Mixte” in [Hof09]) up to commercial vehicles (see e.g. [KA10]). Because

of the degrees of freedom in-wheel motors introduce into the system vehicle, they were

also selected as main components for the powertrain of the lunar roving vehicle used by

the NASA for the lunar missions at the beginning of the 1970s [WJ02]. A summary of

3Wheels of an axle are not mechanically connected any more.
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recent concepts and research activities in the field of in-wheel motors for automotive ap-

plications is presented in tables 1.2 and 1.3, from which the Advanced Dynamic Damper

Motor prototype of Bridgestone, the Active Wheel prototype of Michelin, the eCorner

concept of Siemens VDO, and the Autonomous Corner Module concept of Volvo can

be highlighted (see figure 1.7). As presented in tables 1.2 and 1.3, some of these men-

tioned concepts not only include the traction and electric braking support functions

made possible by the in-wheel motors but also additional functions that arise through

the integration of other mechatronic systems within the wheel (like the steering, the

brake and/or suspension system). The wheel acquires a new meaning, for which the

term corner module is used (see e.g. [Zet02], [Jon07] and [Nie11]).

Figure 1.6.: Lohner-Porsche ”Semper Vivus”: Pure electric vehicle with two DC-in-wheel
motors mounted on the front wheels.

The Advanced Dynamic Damper Motor prototype of Bridgestone (see e.g. [MTI+06]

and [NIT08]) represent the simplest stage of a mechatronic corner module. With the

aim of enhancing riding comfort and driving safety, the in-wheel motor is suspended

on the wheel carrier by a spring and damper suspension system (see the damping mass

concept in section 5.3.1). The torque is transmitted to the wheel through a flexible

coupling.

In contrast, the in-wheel motor is coupled rigidly with the wheel in the Active Wheel

prototype of Michelin (see [BDD+06], and [LSW00]). Aiming to improve ride comfort

and driving safety, this prototype additionally integrates an active suspension system

(see also section 5.3.3).
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(a) (b)

(c) (d)

Figure 1.7.: Representative research and development projects in the field of electro-
mechanical corner modules: (a) the Advanced Dynamic Damper Motor pro-
totype of Bridgestone (see [MTI+06] and [NIT08]), (b) the Active Wheel
prototype of Michelin (see [BDD+06], and [LSW00]), (c) the eCorner con-
cept of Siemens VDO (see [Gom07] and [Gom10]), and (d) the Autonomous
Corner Module concept of Volvo (see [Zet02] and [Jon07]).

The eCorner of Siemens VDO (see [Gom07] and [Gom10]) additionally includes an

electric single wheel steering system and a mechatronic brake (Electronic Wedge Brake

[GG06]). Nevertheless, it is still in the concept stage and only the in-wheel motor and

the mechatronic brake system have been presented as prototypes.

Additionally to the functions integrated by the approaches outlined before, the Au-

tonomous Corner Module concept of Volvo (see [Zet02] and [Jon07]) further includes a

mechatronic system to actively change the camber angle. This concept constitutes the

upmost stage within the corner module family.

As can be observed in tables 1.2 and 1.3 (see also [Gom07]), not only several Original

Equipment Manufacturers (referred in the following as OEMs) are investing efforts in

the research and development of in-wheel motors. Due to the multiple advantages of

this technology (see table 1.1), also scientists at different universities and research in-

stitutions throughout the world are interested in giving answer to the open questions
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related with it. The Japanese Keio University as well as the German Fraunhofer In-

stitute, German Aerospace Center (DLR), University of Applied Sciences Offenburg

and University of Paderborn have developed research prototypes. The North American

Massachusetts Institute of Technology goes a little bit further and develops a whole new

idea of mobility for the 21st century based on vehicles with in-wheel motors including

rational use of materials, intelligent car sharing concepts, innovative traffic solutions

and ownership models.

This huge landscape of recent research activities reflects the high potentials of in-wheel

motors. Nevertheless, the fact that there is still no series production evidences, at the

same time, a big lack on knowledge regarding in-wheel motors.

1.3. Outline and objectives of this work

The approaches presented in this work aim to give a founded answer to some of the

open questions summarized in table 1.1 that are directly related with the mechanical

integration of in-wheel motors in electric passenger vehicles. The advantages and limi-

tations related with in-wheel motors are analyzed based on simulations. In the case of

the effect of increased non-suspended masses on ride comfort, the simulation results are

complemented and compared with field experiments. As result of the presented analysis,

fundamental knowledge as well as some practical solutions are offered as basis for the

further development of in-wheel motors for passenger vehicles on the way toward series

production. Due to the different physical effects that characterize commercial vehicles

(see e.g. [HSA+08]), a direct extrapolation of the approaches and results presented in

this work is not recommended.

After this introductory chapter, the simulation environment developed as basis for the

analysis of vehicles with in-wheel motors is presented in chapter 2. The modeling

approach used for the vehicle, the tire, the road and the passive suspension system as

well as the model validation is presented in detail.

In chapter 3, the longitudinal dynamics of vehicles with in-wheel motors is analyzed.

The key aspect in this chapter is the definition of the characteristics of the electric

motors and the battery as main electric components of a vehicle with in-wheel motors.

Therefor, two optimization approaches are presented and used to determine the motor

and battery characteristics for vehicles belonging to different vehicle classes. Further-
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more, the estimated weight of the electric motors is used as basis for the analysis of the

effects of the increased non-suspended masses presented in chapter 5.

Chapter 4 focuses on the vehicle lateral dynamics of electric vehicles with in-wheel

motors. A control strategy for a torque vectoring system for vehicles with in-wheel

motors is presented. The potentials and limitations of this system to enhance handling

and safety of vehicles with in-wheel motors are analyzed.

The effect of the increased non-suspended masses is analyzed in chapter 5 both from

the theoretical objective and the subjective point of view. This analysis gives a founded

insight into what is considered to be the most critical and criticized aspect related with

the in-wheel motors, i.e. the effect of increased non-suspended masses on ride comfort

and driving safety. Moreover, selected alternative passive suspension systems as well as

semi-active and active ones are analyzed with the aim of giving a basis for the decision

making regarding possible measurements to enhance driving safety and ride comfort

of vehicles with in-wheel motors. Finally, the potentials and limitations of the torque

vectoring system introduced in chapter 4 to enhance the driving safety of vehicles with

in-wheel motors are presented.

Before presenting the summary and conclusions in chapter 7, an approach for the me-

chanical integration of in-wheel motors in different single wheel suspension systems is

introduced in chapter 6. This approach changes the position of the suspension hard-

points aiming, on the one hand, to keep the driving behavior of the vehicle in which the

in-wheel motors must be integrated, and to avoid collisions between the components,

on the other hand. The integration of in-wheel motors into a control blade suspension

system and into a double wishbone suspension system for rear axles is presented as

representative application scenario.
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Table 1.2.: Recent concepts and research activities in the field of in-wheel motors for
automotive applications in Asia and North America.

Company or institution Project namea P
ow

er
tr

a
in

b

E
-C

o
m

p
o
n
en

ts
c

S
ta

te
d

Source

A
si

a

Mitsubishi MIEVe (2005) EV P Pt [TYSS06]

Bridgestone ADMf (2004) n.a. P, B Pt [MTI+06]

[NIT08]

Nissan Pivo (2005) EV P, St Pt [Aso08]

[Nis]

KIA Fuel Cell EV Platform FC P Pt [KIA]

Honda FCX (2005) FC P Pt [Hon]

Toyota Fine N (2005) FC P, St C [Gom07]

Supra HR-V (2007) PH P Pt [Hof09]

Keio University Luciole, Eliica EV P Pt [Shi05]

(1997, 2004) [KTSY07]

N
o
rt

h
A

m
e
ri

c
a General Motors Autonomy, Hy-wire, FC P, Su, St, B C, C, Pt [BBS08]

Sequel

(2002, 2002, 2005)

TM4 Wheel motor n.a. P Pt [TM4]

MITg Hiriko CityCar (2006) EV P, St Pt [MBBB10]

a If known, date of introduction of initial concept is indicated.
b EV: Electric vehicle, SH: Series hybrid, PH: Parallel hybrid, XH: Mixed hybrid, FC: Fuel

cell, FH: Full hybrid, -: Classification criterium does not apply.
c Mechatronic components included, as P: Powertrain, Su: Suspension system, St: Steering

system, B: Brake system.
d Development state indicated as Pt: Prototype, C: Concept, s-ft: Small series production or

fleet tests.
e Mitsubishi Innovative Electric Vehicle.
f Advanced Dynamic Damper Motor.
g Massachusetts Institute of Technology.
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Table 1.3.: Recent concepts and research activities in the field of in-wheel motors for
automotive applications in Europe.

Company or institution Project namea P
ow

er
tr

a
in

b

E
-C

o
m

p
o
n
en

ts
c

S
ta

te
d

Source

KTH Royal Institute Autonomous Corner n.a. P, Su, St, B C [Zet02]

of Technology / Module (2002) [Jon07]

Volvo Recharge (2007) SH, FH P Pt [Vol]

Michelin Active wheel, Hy-Light n.a., EV P, Su s-ft [BDD+06]

(2004) [LSW00]

PML Flightlink Hi-Pa Drive n.a. P s-ft [Pro]

Fiat Downtown (1993) FC P C [Cor08]

Siemens VDO eCorner (2006) n.a. P, Su, St, B C [Gom07]

[Gom10]

Volkswagen twinDRIVE (2008) XH P Pt [HLSB08]

[Hof09]

ZF Friedrichshafen Axle AVE 130 for buses n.a. P s-ft [Hof09]

Fraunhofer-Institute Frecc0 (2010) EV P Pt [GHKP12]

[KH11]

Schaeffler eWheelDrive (2010) n.a. P C [GFH10]

Industrie-service Just Scheibenläufermotor (2008) n.a. P C [Bes09]

Hochshule Offenburg In-wheel motors (2006) n.a. P Pt [KWLH10]

eTraction TheWheelTM n.a. P, Su, St, B Pt [Hei01]

[eTr]

DLRe Romo EV P, St Pt [BHS+11]

[SBBH11]

TU Paderborn X-by-Wire Demonstrator EV P, Su, St, B Pt [NJT08]

a If known, date of introduction of initial concept is indicated.
b EV: Electric vehicle, SH: Series hybrid, PH: Parallel hybrid, XH: Mixed hybrid, FC: Fuel cell,
FH: Full hybrid, -: Classification criterium does not apply.

c Mechatronic components included, as P: Powertrain, Su: Suspension system, St: Steering system,
B: Brake system.

d Development state indicated as Pt: Prototype, C: Concept, s-ft: Small series production or fleet
tests.

e German Aerospace Center (Deutsches Zentrum für Luft und Raumfahrt).
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2. Simulation environment

2.1. Driver-vehicle-environment

The simulation environment MOdular Vehicle Simulation System - MOVES2 - has

been developed at the Institute of Automotive Engineering of Graz University of Tech-

nology in the frame of the present research project. It is a modular and flexible platform

to model and simulate the entire driver-vehicle-environment system (see figure 2.1) with

different model complexities and modeling depths according to the task being currently

analyzed (see [RNFD11]). Models with different complexity at component (see e.g.

[NDR11], [RNW10] or [RNW11b]), system see e.g. ([Mar09] and [Nie11]) and vehicle

level (see e.g. [KK12]) can be simulated.

The vehicle is assumed to be composed of a suspended and non-suspended bodies

(wheels). As a central element between the vehicle and the road, the horizontal and

vertical dynamics of the tires are also modeled (see [RNW10] and [RND11]). It is

also possible to consider several bodies attached directly or via a suspension system

(spring and/or damper) to the suspended mass (see [Mar09]). The effect of the axle

kinematics on the vehicle dynamics for different axle systems can be taken into account

thanks to the Kinematics Optimization System - KOS - module (see chapter 6 as well

as [RNA11b], [RNH11], [RNA11a] and [RN11]). Furthermore, several subordinated con-

trol systems (e.g. ABS, ESP or a Vehicle Dynamics Control System [Nie11]) as well

as different sensors and actuators (see e.g. [RNW10], [RND11], [NLER11], [NDR11],

[NRD11], [RNW11b], [NR10a] and [LEH11]) can be implemented.

Within the simulation environment, it is possible to simulate standardized open-loop and

closed-loop maneuvers (e.g. double lane change, step steer, constant radius cornering,

J-turn) as well as to create new maneuvers using an implemented maneuver builder (see

[Fer11]). This maneuvers are characterized by speed and trajectory profiles as functions

of time or displacement. To follow these profiles, a flexible driver model structure split in
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Figure 2.1.: Driver-vehicle-environment system (control loop).

different longitudinal and lateral controls as well as in a shifting strategy is implemented

(see [Nie11], [MW04], [PE07] and [EPRT07]).

The road is the most important aspect concerning the environment. It is composed

by a series of straight and curved elements with certain roughness, friction coefficients

and road obstacles (e.g. bumps or sinusoidal perturbations) as well as different slope

and banking attributes (see [RNW10], [Fer11]). Furthermore, using the implemented

scenario builder, it is also possible to place static objects (e.g. cones, trees, houses or

other static vehicles) on or beside the road [Fer11].

The results can be visualized during and/or after the simulation in a virtual reality

environment (see [Fer11]). Due to the real-time capability of the models, they are

suitable to be used, for example, in driving simulators or for rapid control prototyping.

Furthermore, since the entire driver-vehicle-environment can be simulated, it is also

possible to analyze the effectiveness of driver assistance systems (see e.g. [NLER11]).

Co-simulation with other simulation environments is also possible (see [NDR11]).

14



2.2. Coordinate systems

Due to the high relevance for this work, the vehicle, tire and road model will be described

more in detail in the following sections. For other topics mentioned to be related with

the driver-vehicle-environment system, the reader is referred to the literature. The

presented models have been validated based on measured data obtained with the test

vehicle (Opel Combo 1.6 CNG) and are presented in [Dür11], [RNW10] and [Mar09].

2.2. Coordinate systems

Figure 2.2 shows the different orthogonal right-handed coordinate systems, based on

the German standard DIN 70000 [fN94], used to describe the vehicle movement. The

left subscript indicates the coordinate system to which an axis is referred to or on which

a variable is defined.

Wx
Wy

Wz

Cx Cy

Cz

α

γ

CO

WORoad tangential
plane

mw, Iw

Lz Vz

Vy
Ly

Vx

Lx

Ez

Ex
EyVehicle center of gravity

L/VO

EO

θ

ψ

φ

Vehicle coordinate systemsWheel coordinate systems

 

 

 

mA, ICGA

Figure 2.2.: Vehicle and wheel coordinate systems (based on the German standard
[fN94]).

Earth-fixed axis system { OE ; xE , yE , zE }
Inertial coordinate system. The zE axis is directed upwards.

Leveled axis system { OL ; xL , yL , zL }
This coordinate system moves with the vehicle body. Its origin OL is placed on

the vehicle center of gravity CG, its zL axis is parallel to the zE axis and its xL
is directed to the front of the vehicle, so that xL and xV (see vehicle axis system)

are always in a vertical plane.
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2. Simulation environment

Vehicle axis system { OV ; xV , yV , zV }
Coordinate system fixed to the suspended mass. The origin OV is placed at the

vehicle center of gravity CG, the xV axis is directed to the vehicle front and the

zV axis upwards. The angular position of the vehicle axis system results from the

successive (ordered) partial rotations around the zE axis (yaw movement), the yL
axis (pitch movement) and xV axis (roll movement), which result in the Cardan

angles with modified sequence of rotation ψ, θ, φ (see [Hir09a] and [fN94]).

Wheel center axis system { OC ; xC , yC , zC }
Non-rotating coordinate system whose origin OC is placed on the center of the

wheel and whose xC − zC plane is parallel to the wheel circumference.

Wheel axis system { OW ; xW , yW , zW }
Non-rotating coordinate system whose origin OW is placed at the contact point

W between the tire and the road and whose xW − yW plane is parallel to the road

tangential plane (see figure 2.7).

Road tangential plane axis system { O
W

; x
W

, y
W

, z
W
} (not depicted in figure 2.2)

Non-rotating coordinate system whose origin O
W

is always located on the road

tangential plane1 (see figure 2.7), its x
W

axis is parallel to the xW axis and its

z
W

axis is collinear with the zW axis. This axis system is mainly used by the model

for the vertical tire dynamics (see chapter 2.5.2).

Assumption 2.1: In this work, the camber angle is neglected. Consequently, the axes

zW and zC are assumed as collinear and yW and yC as parallel.

2.3. General principles of linear and angular momentum for a

moving body

The general principles of linear and angular momentum for a body B describing both a

translational and a rotational movement in space under the influence of external forces

and moments can be written respectively as:

1In this work, the road tangential plane is assumed to be the base flat road without any unevenness
(see figure 2.7).
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2.3. General principles of linear and angular momentum for a moving body

∑
FR = mB · aR OB

, (2.1)∑
MB = IB · ω̇B + ωB × IB · ωB , (2.2)

where the equation for the linear momentum is written in a general form in an arbitrary

reference coordinate system { OR ; xR , yR , zR }, and the sum of moments in the equation

of angular momentum is referred to the origin of the body coordinate system OB . More-

over, mB is the mass of the body and IB denotes the moment of inertia tensor of the

body in the coordinate system B attached to it. The angular velocity and angular

acceleration of the body correspond to ωB and ω̇B respectively. The acceleration of

the center of gravity CG of the body in the reference coordinate system is indicated

with a
R OB

, since it is assumed, that the origin of the coordinate system of the body

OB coincides its center of gravity.

Furthermore, the acceleration aR P of any static or moving2 point P of the body can be

described in the reference coordinate system in a general way as (see [BJ88]):

aR P = a
R OB

+ ω̇R × r
R OB →P + ωR × ωR × r

R OB →P︸ ︷︷ ︸
aR P ∗

+

2 · ωR × ṙ
R OB →P︸ ︷︷ ︸
aR cor

+ r̈
R OB →P︸ ︷︷ ︸
aR P\B

, (2.3)

where a
R OB

indicates the acceleration of the origin of the body coordinate system OB
(coincident with the center of gravity of the body) in the reference coordinate system

OR , aR P\B represents the acceleration of the point P as seen from the body coordinate

system OB but described in the reference coordinate system OR , aR cor is the Coriolis

acceleration and aR P ∗ stands for the acceleration (described in the reference coordinate

system) of a point P ∗ belonging to the body that, at the considered instant, coincides

with the point P moving relative to the body B. Furthermore, r
R OB →P , ṙ

R OB →P and

r̈
R OB →P correspond to the position, velocity and acceleration vectors of the point P as

seen from the body coordinate system OB but described in the reference coordinate

system OR .

2The movement of the point P can also be described in its own coordinate system OP .
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2. Simulation environment

2.4. Vehicle model

In this chapter, the equations of motion of the suspended body, the non-suspended bod-

ies (wheels) and the additional bodies attached to the suspended one by a suspension

system are presented. In the following, the word mass is used to refer to the differ-

ent bodies body for a better understanding throughout this work. Details regarding,

for example, the influence of the suspension kinematics are presented by Dürnberger

[Dür11].

2.4.1. Equations of motion for the suspended mass

In this section, the equations of motion for the suspended mass are presented. It must

be mentioned, that in this work, the expression suspended mass can be used to refer

to the chassis wherever it is advantageous. The right subscript A is used to refer to

variables belonging to the suspended mass. Furthermore, since the angular velocity

ωV A and the angular acceleration ω̇V A of the suspended mass appear in the equations of

linear momentum (implicitly in the acceleration a
V OV

of the vehicle center of gravity)

and angular momentum (explicitly), and since their definition is not straightforward,

they are going to be presented separately.

Equation of linear momentum for the suspended mass

According to equations 2.1 and 2.3, the equation of linear momentum for the suspended

mass (mass mA) referred to coordinate system { OV ; xV , yV , zV } can be written as∑
FV A = mA ·

(
ω̇V A × r

V OE → OV
+ ωV A × ωV A × r

V OE → OV

)
, (2.4)

since the first and the last two terms of equation 2.3 vanish. The term on the right side of

equation 2.4 is a function of the angular velocity ωV A (see equation 2.9) and the angular

acceleration ω̇V A (see equation 2.11). The sum of forces
∑

FV A comprises all external

forces acting on the suspended mass, i.e. the reaction forces FV wsi
induced by the n

wheels on the suspended mass through the suspension system3, the aerodynamic force

3It groups the forces on the linkages of the suspension system as well as applied forces of any passive,
semi-active or active element belonging to it.
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2.4. Vehicle model

FV aero, the forces FV Addj
induced by k additional devices attached to the suspended

mass as well as the gravitational force GV A = mA · g:

∑
FV A =

n∑
i=1

FV wsi + FV aero +
k∑
j=1

FV Addj
+ GV A . (2.5)

Equation of angular momentum for the suspended mass

According to equation 2.2, the equation of angular momentum for the suspended mass

can be written as:∑
MV A = IV CGA

· ω̇V A + ωV A × IV CGA
· ωV A , (2.6)

where the angular velocity ωV A and the angular acceleration ω̇V A are given by the

equations 2.9 and 2.11 respectively, the moment of inertia tensor IV CGA
can be written

as a function of the principal moments of inertia ( IV CGA x, IV CGA y and IV CGA z)

IV CGA
=

 IV CGA x 0 0

0 IV CGA y 0

0 IV CGA z

 , (2.7)

when the coordinate system of the vehicle { OV ; xV , yV , zV } coincides with the principal

axes, and the sum
∑

MV A comprises all external moments acting on the suspended

mass:

∑
MV A =

n∑
i=1

(
r

C OV →APwi
× FV wsi

)
︸ ︷︷ ︸

MV wsi

+ r
V OV →Paero

× FV aero︸ ︷︷ ︸
MV aero

+

k∑
j=1

(
r

V j, OV →Addj
× FV Addj

)
︸ ︷︷ ︸

MV Add

. (2.8)

The terms in equation 2.8 correspond to the sum of the cross products of the individual
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2. Simulation environment

forces of equation 2.5 with the position vectors4 rV m from the vehicle coordinate system

to the application point of the corresponding force FV m.

Angular acceleration, velocity and position of the suspended mass

The angular velocity ωV A of the suspended mass can be written as:

ωV A =
[
ωx ωy ωz

]T
V A

= JV ·
[
ψ̇ θ̇ φ̇

]T
, (2.9)

where JV is the Jacobian matrix used to express the angular velocity ωV A as a function

of the time derivatives of the Cardan angles (ψ for the yaw movement, θ for the pitch

movement and φ for roll movement) and is given by (see [Hir09a]):

JV =

 − sin θ 0 1

cos θ · sinφ cosφ 0

cos θ · cosφ − sinφ 0

 . (2.10)

Taking the time derivative of equation 2.9 yields to

ω̇V A =
[
ω̇x ω̇y ω̇z

]T
V A

= J̇V ·
[
ψ̇ θ̇ φ̇

]T
+ JV ·

[
ψ̈ θ̈ φ̈

]T
, (2.11)

with the time derivative of the Jacobian matrix J̇V given by:

J̇V =

 −θ̇ · cos θ 0 0

−θ̇ · sin θ · sinφ+ φ̇ · cos θ · cosφ −φ̇ · sinφ 0

−θ̇ · sin θ · cosφ− φ̇ · cos θ · sinφ −φ̇ · cosφ 0

 . (2.12)

Finally, the position angles ψ, θ and φ, needed to describe the orientation of the sus-

pended mass in space, are determined using numerical methods (see e.g. [Sim06] and

[Sch03]) to solve the system of nonlinear differential equations[
ψ̇ θ̇ φ̇

]T
= J−1

V ·
[
ωx ωy ωz

]T
V A

, (2.13)

4Here APwi corresponds to the attachment point of the wheel i, Paero to the application point of the
aerodynamical force, and Addj to the attachment point of the j additional mass.
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2.4. Vehicle model

which is obtained by inverting equation 2.9. In equation 2.13, J−1
V corresponds to the

inverse matrix of the Jacobian matrix of equation 2.10:

J−1
V =

1

cos θ
·

 0 sinφ cosφ

0 cos θ · cosφ − cos θ · sinφ
cos θ sin θ · sinφ sin θ · cosφ

 . (2.14)

It is evident from equation 2.14 that there is a singularity for θ = π/2, i.e. when the

vehicle is rolling over by turning around the transversal axis yL . This can be easily

solved by setting a threshold a little bit smaller than π/2 when θ is reaching this value

and changing to the complementary angle when θ > π/2. An alternatively solution is

to use quaternions instead of Cardan angles (see e.g. [Wil07]).

2.4.2. Equations of motion for the non-suspended masses

In this section, the equations of linear and angular momentum for the non-suspended

masses are presented. The non-suspended mass includes not only the wheel, the tire,

the brake disc and the calliper but also part of the mass of the suspension linkages.

Nevertheless, the expressions wheel and non-suspended mass are used indistinctly in

this work unless something else is explicitly indicated.

Equation of linear momentum for the non-suspended masses

According to equation 2.1, the equation of linear momentum for a non-suspended mass

mwi can be written as: ∑
FC wi = mwi · aC OC

, (2.15)

where the sum FC wi
comprises all external forces acting on the analyzed wheel, i.e.

the tire forces FC Ti
, the reaction forces FC wsi

induced by the suspended mass on the

wheel through the suspension system (as mentioned before, it groups the forces on the

linkages of the suspension system as well as forces of any passive, semi-active or active

element belonging to it) and the gravitational force GC wi
= mwi · g:∑

FC wi = FC Ti − FC wsi + GC wi . (2.16)
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2. Simulation environment

Assumption 2.2: In the simulation environment MOVES2, it is assumed, as simpli-

fication, that the non-suspended masses can move only parallel to zE .

According to assumption 2.2, equations 2.15 and 2.16 simplify to:

FC Ti, z − FC wsi, z + GC wi, z = mwi · a
C OC , z

. (2.17)

Furthermore, the horizontal components of the acceleration of the wheel are correspond-

ingly the same as the acceleration for the attachment point APwi of the wheel to the

suspended mass, which, according to equation 2.3, is given by:

aC APwi = a
C OV

+ ω̇C A × r
C OV →APwi

+ ωC A × ωC A × r
C OV →APwi

. (2.18)

The acceleration vector of the wheel wi can then be written as:

a
C OC

=
[
aC APwi, x

aC APwi, y
a

C OC , z

]T
. (2.19)

Equation of angular momentum for the non-suspended masses

Additionally to the vertical movement relative to the suspended mass, a wheel is con-

sidered to have also a rotational freedom degree around its yC axis. Thus, according to

equation 2.2, the equation of angular momentum for a wheel can then be written as:∑
MC wi = IC CGwi × ω̇C wi . (2.20)

The sum
∑

MC wi
comprises all external moments acting on the wheel:∑
MC wi = MC D/B, i + r

C OC →APwi
× FC wsi︸ ︷︷ ︸

MC wsi

+ MC Ti , (2.21)

where MC wsi
is the moment vector due to the reaction forces induced by the suspended

mass on the wheel through the suspension, MC Ti
correspond to the tire moments (see

chapter 2.5 and take into account assumption 2.1, from which follows that zC becomes
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2.4. Vehicle model

parallel to zW ) and the driving/braking moment vector MC D/B, i is given by

MC D/B, i =
[
0 MD/B, i 0

]T
C

. (2.22)

The driving (subscript D) and braking (subscript B) are supposed to act only in the yC
axis with MD, i > 0 and MB, i < 0. Furthermore, the moment of inertia tensor IC CGwi

for a wheel, present on the right side of equation 2.20, can be approximated as:

IC CGwi =

 IC CGwi, x
0 0

0 IC CGwi, y
0

0 0 Ired
C CGwi, z

 , (2.23)

where Ired
C CGwi, z

corresponds the reduced moment of inertia including the powertrain

components considered to be connected to the wheel i (see appendix C.2).

2.4.3. Equations of motion for additional masses

It is considered that j additional masses mAddj (e.g. combustion engine, occupants or a

battery) can be attached to the suspended mass using a rigid connection or a suspension

system composed of a spring and a damper in parallel (see [Mar09]). Furthermore, it

is assumed that these masses have only one degree of freedom, i.e. a relative vertical

movement with respect to the suspended mass. For example, modeling the vertical

vibration behavior of the internal combustion engine improves the simulation results

of the overall vertical vibration behavior of the vehicle (see e.g. [Mar09], [RNW10],

[MK98]). Additionally, since the moment of inertia of the suspended devices is neglected,

they are modeled as punctual masses and not as bodies.

Equation of linear momentum for the additional masses

According to equation 2.1, the equation of linear momentum for an additional mass

mAddj attached to the suspended mass can be written as:∑
FV Addj

= mAddj · aV Addj
, (2.24)

23



2. Simulation environment

where the sum
∑

FV Addj
correspond to the forces of the joint between the additional

mass and the suspended mass5. Moreover, the acceleration aV Addj
of the additional

mass is given by:

aV Addj
= a

V OV
+ ω̇V × r

V OV →PAddj
+ ωV ×

(
ωV × r

V OV →PAddj

)
︸ ︷︷ ︸

a
V P∗

Addj

+

2 · ωV × ṙ
V OV →PAddj︸ ︷︷ ︸
aV cor

+ r̈
V OV →PAddj︸ ︷︷ ︸
aV PAddj\V

. (2.25)

The sum of forces
∑

FV Addj
acting on the suspended mass causes a moment on it as

indicated by the last term on the right hand side of equation 2.6.

2.5. Tire model

There are several models used in the automotive industry for different applications

to represent the behavior of a pneumatic tire. An overview can be found in [Hir09c]

and [HW06]. According to the framework used to model the tire, these models range

from physical over semi-physical up to empirical ones. The physical models are very

accurate, use generally a large number of model parameters and are time consuming

and computationally intensive. Some examples are RMOD-K (see [Oer11] and [OF01]),

FTire (see [Gip05]) and CDTire (see [GB07] [GCDB05]). The empirical models use

often parameters without or with only a minor physical meaning to approximate the

tire behavior by means of mathematical equations. The high computing efficiency is a

big advantage of this kind of models. The most widespread empirical model is based on

the so-called magic formula (see e.g. [Pac06] and [PB97]). The semi-physical tire models

combine the advantages of the physical and empirical ones. They can be as computing

efficient as the empirical models while using fewer still meaningful parameters as the

physical tire models. TMeasy [HRW07], TMsimple [Hir09b], MF-Tyre (see e.g. [Pac06])

and MF-SWIFT (see [SBJ07], [Sch04] and [Sch01]) are examples of semi-physical tire

models.

5As mentioned before, the additional mass can be rigidly attached to the suspended mass or over a
spring and damper system with one degree of freedom, i.e. the relative vertical movement with
respect to the suspended mass (see [Mar09]).
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2.5. Tire model

In order to fulfill the specific requirements of the present research work and be able to

simulate the horizontal and vertical tire dynamics needed to investigate the potential

and limits as well as the advantages and disadvantages of vehicles with in-wheel motors,

a tire model was developed and implemented. Special attention was paid to minimize

the number of model parameters and required computational resources to be able to use

the model in real time applications. While for the horizontal dynamics a model based on

the TMsimple (see [Hir09b]) and the TMeasy (see [HRW07] and [HRW02]) tire models

of Hirschberg et al. was implemented, the semi-physical approach of Schmeitz (see

[Sch04] and [Sch01]) used in the MF-SWIFT tire model was used as basis to depict

the tire vertical dynamics. Thus, the limits of conventional tire models for horizontal

dynamics and handling were extended for rough road applications.

Figure 2.3 presents a schematic representation of the interaction between the imple-

mented vehicle, road and tire models. The model of the vertical tire dynamics takes

two inputs: on the one hand, the coordinates [x, y, z]TE road of the grid of points defining

the road; on the other hand, the position [x, y]TE wi
and the speed [ẋ, ẏ]TE wi

as well as

the steering angle δst of each wheel wi. The output comprises the vertical contact force

FW Ti, z
, the vertical position zE wi

( xE , yE )road of the tire contact point Wi, the dynamic

length of the tire contact patch lsdyni and the dynamic tire radius rdyni . These outputs

are transferred to the model of the horizontal tire dynamics together with the horizontal

speed [ẋ, ẏ]TW wi
of the tire contact point6 W and the angular speed ωC wi,y

around the

yC axis of each wheel wi. The outputs of the model of the horizontal tire dynamics are

the tire forces FW Ti
and torques MW Ti

at the tire contact point Wi, which are, in turn,

inputs to the vehicle model (see chapter 2.4.2).

The values of the tire model parameters are presented in appendix B.2.

2.5.1. Model for the horizontal tire dynamics

For a considered tire i, the steady state values of the combined longitudinal FSW Ti, x
and

the lateral FSW Ti, y
tire forces for a certain vertical contact force FW Ti, z

between tire

and ground are approximated based on the TMsimple tire model [Hir09b]. According

to this model, the individual7 longitudinal FS∗W Ti, x
and lateral tire forces FS∗W Ti, y

(both

6From assumption 2.1, it follows that ẋW wi
≈ ẋC wi

and ẏW wi
≈ ẏC wi

(see also chapter 2.4.2).
7In contrast to the individual longitudinal FS∗W Ti, x

and lateral FS∗W Ti, y
tire forces, the combined

longitudinal FSW Ti, x
and lateral FSW Ti, y

tire forces act simultaneously at the W point. They are
correspondingly equal for pure longitudinal or transversal motion of the tire.
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Figure 2.3.: Schematic representation of the interaction between implemented vehicle,
road and tire models.

designated as Y ) for a constant contact force FW Ti, z
, can be expressed as a function

of the (longitudinal or lateral) slip quantity X as:

Y = K · sin
[
B ·
(

1− e−|X|/A
)
· sign (X)

]
. (2.26)

The coefficients A, B and K are functions of the maximum or peak value Ymax , the

saturation value Y∞ and the initial stiffness dY0 as shown in equations 2.27:

K = Ymax , (2.27a)

B = π − arcsin

(
Y∞

Ymax

)
, (2.27b)

A =
1

dY0
·K ·B . (2.27c)

With equations 2.26 and 2.27, the tire force Y can be obtained as a function of the

relating slip quantity X as presented in figure 2.4.

In the TMsimple model, the polynomial

D
(

FW Ti, z

)
= d1 ·

(
FW Ti, z

FW Ti, z nom

)
+ d2 ·

(
FW Ti, z

FW Ti, z nom

)2

(2.28)
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dY0
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Figure 2.4.: Individual tire force vs. slip; approach according to TMsimple [Hir09b].

is used to account for the declining influence of the vertical contact force8 FW Ti, z
,

where D
(

FW Ti, z

)
correspond to Ymax

(
FW Ti, z

)
, dY0

(
FW Ti, z

)
or Y∞

(
FW Ti, z

)
. The

coefficients d1 and d2 are calculated for Ymax , dY0 and Y∞ according to:

d1 = 2 ·D1 − 0.5 ·D2 , (2.29a)

d2 = 0.5 ·D2 −D1 , (2.29b)

for given values D1 and D2 for FW Ti, z nom
and 2 · FW Ti, z nom

respectively, where

FW Ti, z nom
correspond to the nominal vertical contact force. The values D1 and D2

are determined experimentally based on measurements (see e.g. [HBWH11], [Hir09a],

[HEG11] and [HW06]).

The slip quantity X of equation 2.26 correspond to the longitudinal slxi or to the lateral

slyi slip for each tire i as given by:

slxi =
rdyn · ωC wi, y

− ẋC wi

v∗ + vN
, (2.30a)

slyi = arctan

(
ẏW wi

v∗ + vN

)
· 1

G
, (2.30b)

with the transport speed v∗ given by:

v∗ =

rdyn ·
∣∣∣ ωC wi, y

∣∣∣ ; for driving,∣∣ ẋC wi

∣∣ ; for braking.
(2.31)

8The vertical contact force FW Ti, z
is determined by the model for the vertical tire dynamics (see

chapter 2.5.2).
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The artificial velocity9 vN is added in the denominator of equations 2.30 to avoid nu-

merical problems when the wheel locks (i.e. ωC wi, y
= 0) or when the vehicle stops (i.e.

ẋC wi
= 0). Additionally, the conversion factor

G =
dY0x

dY0y
=
Ay ·Kx ·Bx
Ax ·Ky ·By

(2.32)

in equation 2.30b transforms the slip angle

αwi = arctan

(
ẏW wi

v∗ + vN

)
(2.33)

into the lateral slip slyi , which is a quantity comparable with the longitudinal slip slxi .

The slip vector sl = [slxi , slyi ]
T , acting in the direction given by the angle

βsl = arctan

(
slyi
slxi

)
, (2.34)

is the basis for the calculation of the steady state value of the combined tire forces;

i.e. the longitudinal and lateral tire forces ( FSW Ti, x
and FSW Ti, y

respectively) acting

simultaneously at the contact point W (for example, when driving or braking in a

curve). The steady state value of the resulting horizontal force FSW Ti, h
assumed to act

in the opposite direction of the slip vector sl can be approximated using the following

interpolation function (see also figure 2.5):

FSW Ti, h
= FS∗W Ti, x · sin2 (βsl) + FS∗W Ti, y · cos2 (βsl) . (2.35)

sly [%]
slx [%]

slyi

S∗
WFTi, y

slxi

Interpolation

βslsl

S
WFTi, h

S∗
WFTi, x

S|F  [N]|

SF 

Figure 2.5.: Interpolation of the combined tire forces in steady state [Hir09b].

9A suited value for the artificial velocity is e.g. vN = 0.01 m/s
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2.5. Tire model

Finally, the steady state value of the combined longitudinal FSW Ti, x
and lateral FSW Ti, y

forces can be expressed as:

FSW Ti, x = FSW Ti, h
· cos (βsl) , (2.36a)

FSW Ti, y = FSW Ti, h
· sin (βsl) . (2.36b)

Following model extensions are based on the TMeasy tire model presented by Hirschberg

et al. (see [HRW02] and [HRW07]):

First order tire dynamics

Tire dynamics can be approximated by a first order system (see [HRW07], [HWJ00]

and [Hir09c]) given by the following differential equation or by the transfer function

Gx/y(s):

τx/y · Ḟ
D

W Ti, x/y(t) = FSW Ti, x/y
− FDW Ti, x/y

c sGx/y(s) =
FDW Ti, x/y

FSW Ti, x/y

=
1

1 + τx/y · s
.

(2.37)

These equations describe the dynamical tire force FDW Ti, x/y
as a function of its steady

state value FSW Ti, x/y
(given by equations 2.36) and the time constant

τx/y =
1

rdyn · | ωC wi, x/y
| ·

1

cTi, x/y
·
∂ FSW Ti, x/y

∂slx/y
. (2.38)

The right subscript x/y denotes the considered direction ( xW or yW axis respectively)

and the term cTi, x/y corresponds to the tire stiffness in the respective direction. In order

to avoid numerical overflow, the partial derivative of the steady state tire forces with

respect to the slip (the third term on the right in equation 2.38) can be approximated

by their global derivatives:

∂ FSW Ti, x/y

∂slx/y
≈

FSW Ti, x/y

slx/y
. (2.39)
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Thus, no specific fitting parameters are necessary except the known ones.

Friction coefficient

As mentioned before, the tire parameters Ymax , dY0 or Y∞ are determined experimen-

tally based on measurements, which can be obtained using different devices such as

a roller drum or a flat band test rig as well as a tire measurement vehicle (see e.g.

[HBWH11], [Hir09a], [HEG11] and [HW06]). In any case, the tire is in contact either

with a surface simulating a given road or with the road itself. In both cases, a certain

nominal friction coefficient µ0 is present in the contact area. Nevertheless, different fric-

tion conditions could be of interest. To account for different local friction coefficients

µwi along a given road and for a considered wheel i and since the friction coefficient

mainly influences the maximum Ymax and the sliding force Y∞ values while leaving the

initial slope dY0 nearly unchanged, Ymax and Y∞ can be modified according to

Ymax
(

FW Ti, z

)
→ Ymax

(
FW Ti, z

)
· µwi
µ0

, (2.40a)

Y∞
(

FW Ti, z

)
→ Y∞

(
FW Ti, z

)
· µwi
µ0

. (2.40b)

Rolling resistance torque

Due to the asymmetrical pressure distribution in the tire latch, the resultant vertical

contact force FW Ti, z
does not act at the contact point W but ahead, for ẋC > 0, or

behind it, for ẋC < 0 (see e.g. [Hir09a], [Wal06] or [MW04]). This results in a rolling

resistance torque given by

MW Ti, y = rdyn · FW Ti, z · froll · sign
(
ωC wi, y

)
, (2.41)

where froll represents the rolling resistance coefficient and rdyn the dynamic tire radius

(see [Wal04]).
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Self aligning torque and pneumatic trail

During cornering, a lateral shear stress distribution arises in the tire contact patch (see

e.g. [Hir09a], [Wal06] or [MW04]). The resultant lateral tire force FDW Ti, y
is situated

in the centroid of this distribution. The distance between this force and the tire contact

point W along the xW axis is called pneumatic trail10 npi . The shear stress distribution

and hence the pneumatic trail are influenced by the lateral slip slyi (see figure 2.6).

For small values of the lateral slip, most tire particles in the latch are adhered to the

ground and the application point of the lateral force lies behind the W point, i.e. the

pneumatic trail is positive. For increasing values of the lateral slip, this point moves

forward. As the shear stress increases with the lateral slip, more tire particles in the

latch start to slide and the application point can even move ahead the W point. In the

limit situation, when all particles are sliding in the lateral direction (along the yW axis),

the pneumatic trail becomes zero. The self aligning torque, i.e. the torque around the

zW axis, is related with the resultant lateral tire force FDW Ti, y
and the pneumatic trail

npi by:

MW Ti, z (slyi) = −npi (slyi) · FDW Ti, y (slyi) . (2.42)

The pneumatic trail npi can be approximated by [Ril94]:

npi =



(
npi
lsi

)
0
·
(

1− |slyi |
sl0yi

)
; for |slyi | ≤ sl0yi ,

−
(
npi
lsi

)
0
·
(
|slyi |−sl

0
yi

sl0yi

)
·
(
slSyi−|slyi |

slSyi−sl
0
yi

)
; for sl0yi < |slyi | ≤ slSyi ,

0; for |slyi | > slSyi ,

(2.43)

where lsi denotes the length of the tire contact patch, and the slip values sl0yi and slSyi
indicate the limits between the adhesion, transition and sliding zones mentioned before

(see figure 2.6). The term (npi/lsi)0 correspond to the value of the pneumatic trail for

|slyi | = 0 %.

To depict the dependency of the characteristic parameters sl0yi , sl
S
yi and (npi/LTi)0 from

the vertical contact force FW Ti, z
, Rill [Ril94] proposes the following interpolation ap-

10Must not be mistaken with the mechanical trail.
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0

npi/lsi
(npi/lsi)0

slyi

0slyi
Sslyi

0

WMTi, z

slyi

Adhesion Transition Sliding

Figure 2.6.: Pneumatic trail npi/lsi and self aligning torque MW Ti, z
as a function of the

lateral slip slyi .

proach

E
(

FW Ti, z

)
= E1 + (E2 −E1) ·

(
FW Ti, z

FW Ti, z nom

− 1

)
, (2.44)

where the desired parameter E (sl0yi , sl
S
yi or (npi/LTi)0) for a given vertical contact force

FW Ti, z
can be calculated given values E1 for the nominal force FW Ti, z nom

and E2 for

2 · FW Ti, z nom
respectively.

2.5.2. Model for the vertical tire dynamics

As mentioned before, the inputs for the vertical tire dynamics model are the coordinates

of the road points, the position [ xE wi
, yE wi

] and the speed [ ẋE wi
, ẏE wi

] of the tire contact

point W in the earth-fixed coordinate system { OE ; xE , yE , zE }, as well as the steering

angle δst,wi for each wheel i. Based on this information, the contact force between tire

and ground FW Ti, z
, the vertical position zW wi

of the contact point W as well as the

dynamic value of the tire radius rdyni and the latch length lsi are calculated.

The model for the vertical tire dynamics is composed of three modules interacting

continuously between each other, as presented in figure 2.7. The location algorithm

is used to correlate the position [ xE wi, p
, yE wi, p

] of a given point P∗p with the grid of

points defining the road in order to establish the corresponding road height zE wi, p
.

The enveloping model is based on the approach proposed by Schmeitz (see [Sch01] and

[Sch04]) and is used to scan the road and determine the vertical movement of the wheel
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2.5. Tire model

while driving over an uneven road. Finally, a simple single-mass oscillator model is

used to depict the vertical tyre dynamics. These modules are going to be explained in

more detail in the following sections.

.
Cx

Enveloping model

Elliptical
cams

Effective
road surface

Latch
length lsi

Wx

Wy

Wz

Wx

Wz, Cz

Non-suspended
mass mwi)

Tire vertical
stiffness cTi, z

Ez

Ey
Ex EO

Cy

Wy

.
Cx Cx

Latch
length lsi

Single-mass oscillator
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Effective
road surface

Base flat road
(Road tangential plane)

Lowest point rear ellipse Peri

Lowest point front ellipse Pefi

W-Point of tire i

Search
area

Location algorithm

x

Polygon containing the point Pp*

Projected polygon     on the road
x Point Pp of tire i

[Exwi+∆xp, Eywi+∆yp, 0]
Point Pp of tire i
[Exwi+∆xp, Eywi+∆yp, Ezwi, p]

*

Effective
road surface

Contact
patch dimensions

Ellipse
points heigth

Figure 2.7.: Schematic representation of the tire model for the vertical tire dynamics
consisting of the location algorithm, the enveloping model and the single-
mass oscillator model.

Location algorithm

In this work, a simple and efficient approach to correlate the position [ xE wi, p
, yE wi, p

]

of a given point P∗p with the grid of points [x, y, z]TE road defining the road in order to

establish the corresponding road height zE wi, p
is proposed. The road can be seen,

in a mathematical context, as a three-dimensional matrix containing the coordinates

[x, y, z]E road of the knot points defining the road. An interpolation method seems to be the

easiest way to determine the height of the road zE road, p at any given position [ xE p, yE p].
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Nevertheless, the open question is related with the road points [x, y]E road to be used

to perform this interpolation. This can be translated into the task of determining the

polygon within which [ xE p, yE p] is found.

Consider the point P∗p = [ xE p, yE p, 0] belonging to the base flat road, i.e. the road on

which the tire is moving but with zero vertical component ( zE road = 0). To determine if

the point P∗p lies within a polygon defined by the points [P1, P2, P3, P4]road, each point

is connected with P∗p building triangles (see figure 2.8-a). The point P∗p is within the

polygon if and only if the sum
∑4

u=1Au of the area of the single triangles is the same

as the area of the polygon A[P1,P2,P3,P4]road plus a term εA introduced to account for the

numerical rounding:

Point is within polygon↔
4∑

u=1

Au = A[P1,P2,P3,P4]road + εA . (2.45)

Proad, 4
x

A2

A3

A1 A4

Proad, 1

Proad, 2

Proad, 3*Pp
Proad, 4

x

Proad, 1

Proad, 2

Proad, 3*Pp

Proad, 5

( a ) ( b )

Figure 2.8.: Triangulation method to determine whether a point is within a polygon or
not.

To improve the computational efficiency of the algorithm, a search area around the point

P∗p can be defined depending on its velocity. Once the polygon containing the point

P∗p has been found, it is divided in two triangles as shown in figure 2.8-b. Using the

fictitious point Proad, 5 (midpoint between Proad, 1 and Proad, 3) and with the help of the

algorithm described by equation 2.45, the triangle containing the point P∗p is determined.

The vertical coordinate zE wi, p
of the point Pp can finally be found projecting the point

P∗p on the corresponding triangle belonging to the road:

zE wi, p = zE 4P1
+(

yE wi, p
− yE 4P1

)
· [ax · bz − az · bx]−

(
xE wi, p

− xE 4P1

)
· [ay · bz − az · by]

ax · by − ay · bx
, (2.46)
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with

ac = cE 4P2
− cE 4P1

, (2.47a)

bc = cE 4P3
− cE 4P1

, (2.47b)

as the difference of the corresponding coordinate c (where c correspond to x, y or z) of

the vertices 4P1, 4P2 and 4P3 of the triangle containing Pp.

Furthermore, it is worth noting that any other arbitrary quantity, like the friction

coefficient µ (see also chapter 2.5.1), can be determined analogously using the presented

algorithm.

Enveloping model

A tire acts as a low-pass filter on road excitations, as expressed by equation 2.38. Those

excitations with short wavelengths are filtered out. Roughly speaking, wavelengths

shorter than the length of the contact area (i.e. approximately 0.1 m) have little influ-

ence on the vertical movement of a vehicle and excitations with a wavelength greater

than 100 m do not produce any appreciable effect on the vehicle suspension [Fia06]. It

means, that only those excitations with wavelengths between approximately 0.1 m and

100 m are relevant for the analysis of the vertical vehicle dynamics. Nevertheless, even

those excitations are somehow filtered by a real pneumatic (deformable) tire. This is

called enveloping behavior.

To depict the enveloping behavior of a tire, several approaches are proposed in the

literature. A summary of them are presented by Schmeitz [Sch04]. He presents also a

semi-physical approach based on several cams used to scan the road (see [Sch04] and

[Sch01]). This approach constitutes the basis for the enveloping model with two cams

implemented in this work and shown in figure 2.9-a. It filters the road signal zE road by

transforming it in the excitation z
W wi

(defined in the road tangential plane axis system

{ O
W

; x
W

, y
W

, z
W
} - see chapter 2.2) acting on the spring representing the (statical)

tire vertical stiffness cSTi, z, as can be seen in figure 2.9-b.

The two elliptical cams are contained in the xW − zW -plane and have only one degree

of freedom, i.e. to move in the vertical direction. Furthermore, their lowest points Pefi
(front ellipsis) and Peri (rear ellipsis) are connected through a fictitious extensible bar

symbolizing the length lsdyni of the contact patch, which is given as a function of the
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Figure 2.9.: Enveloping model: Two cams model (a) and movement of the W point (b).

spring force11 FW Ti, z
:

lsdyni = 2 · Pls0 ·
(
Pls1 · FW Ti, z + Pls2 ·

√
FW Ti, z

)
, (2.48)

where the parameters Pls0/1/2 are specific for each tire type (see appendix B.2).

The front and rear ellipses (the subscript f/r is used to refer to any of them) are math-

ematically described by ( xef/er e

ae

)Pc
+

( zef/er e

be

)Pc
= 1 , (2.49)

with the tire specific exponent parameter Pc (see appendix B.2) and the minor ae and

the major be semiaxes given as functions of the unloaded tire radius r0:

ae = Pa · r0 , (2.50a)

be = Pb · r0 . (2.50b)

Solving equation 2.49 for the distance zef/er e from any point on the ellipsis to the local

11According to assumption 2.1, the magnitude of the spring force is equal to the magnitude of the tire
contact force, i.e. FC wi, z

= FW Ti, z
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longitudinal axis xef/er results in:

zef/er e =

∣∣∣∣∣∣∣∣be ·
1−


∣∣∣ xef/er e

∣∣∣
ae

Pc


1/Pc
∣∣∣∣∣∣∣∣ . (2.51)

The vertical position O
W ef/er, z

of the front or rear ellipsis center is given by

O
W ef/er, z

= max
[
zE road

(
Pef/eri, x

W
+ xef/er

)
+ zef/er e

(
xef/er

)]
, (2.52)

where the height of the road zE road at the position Pef/eri, x
W

+ xef/er of each point

of the considered ellipsis in the earth-fixed coordinate system can be determined with

the algorithm described in chapter 2.5.2 and zef/er e( xef/er ) is given by equation 2.51

for the position xef/er of the considered point on the ellipsis’ own coordinate system.

Equation 2.52 indicates that the point at which an ellipsis contacts the road is given by

the maximum of the sum of the point’s vertical coordinate zef/er e and the road height

zE road under each ellipsis point Pe =
[

xef/er , zef/er e

]
. Therefore, this condition must be

evaluated for at least all points Pe on the lower half-ellipse.

Having determined the positions O
W ef/er, z

of the centers of the ellipses, the effective

height z
W wi

= zE wi
(see definition of the coordinate systems in chapter 2.2) of the

contact point W corresponding to the height of the midpoint of the fictitious extensible

bar connecting the points Pefi and Peri can be expressed as:

zE wi =
O

W ef, z
+ O
W er, z

2
− be . (2.53)

According to Schmeitz [Sch04], the dynamic tire radius rdyni can be expressed in terms of

the vertical contact force FW Ti, z
and the tire specific parameters Pr0/1/2/3 (see appendix

B.2 for the parameter values) as:

rdyni = Pr3 ·
(

FW Ti, z

)3/2
+ Pr2 · FW Ti, z + Pr1 ·

(
FW Ti, z

)1/2
+ Pr0+

rdyni, 0 ·
[
cos
(
β yW

)
− 1
]
− ρzi · rdyni, 0 ·

dβ yW

d xW

. (2.54)

The initial dynamic radius rdyni, 0 (given for the simulation time t = 0) is given for the
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nominal load FW Ti, z nom
as a function of the unloaded tire radius r0 and the initial

static tire radius rstat, 0 [Hir09c]:

rdyni, 0 =
2

3
· r0 +

1

3
· rstat, 0 . (2.55)

The effective deflection ρzi of the spring representing the (statical) tire vertical stiffness

cSTi, z is calculated as a function of the absolute road height zE road at the considered

point
[
xE wi

, yE wi

]
, the absolute vertical position zE wi

of the tire contact point and the

absolute vertical position of the center of the considered wheel zE Ci
according to:

ρzi = zE road

(
xE wi , yE wi

)
+ zE wi − zE Ci . (2.56)

The effective forward slope β yW
of the effective road surface (see figure 2.7) is given by:

β yW
= arctan

(
O

W er, z
+ O
W ef, z

lsdyni + ls∗

)
, (2.57)

where the small fictitious term ls∗ is introduced to avoid numerical instabilities when

lsdyni becomes zero (i.e. when FW Ti, z
= 0).

Finally, the last term in equation 2.54, i.e. the variation of the effective forward slope

with respect to the traveled distance, can be approximated for two consecutive integra-

tion steps t−∆t and t with ∆t→ 0 as:

dβ yW

d xW

≈ lim
∆ xW →0

∆β yW
(t)

∆ xW (t)
=
β y,W

(t)− β yW
(t−∆t)

xW (t)− xW (t−∆t)
, (2.58)

with the initial condition
dβ yW

d xW

∣∣∣∣
t=0

= 0 . (2.59)

Single-mass oscillator model

The implemented model consists of a single-mass oscillator composed by the non-suspended

mass mwi of each wheel i, and by a spring representing the statical tire vertical stiffness

cSTi, z. The tire damping was neglected since it is more than one order of magnitude

lower than that of the shock absorber of the suspension system and therefore has a
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marginal effect on the vibration behavior of the vehicle (see e.g. [RS86]). While rolling

over the effective road surface determined by the enveloping model (see chapter 2.5.2),

the movement of the tire contact point Wi excites the spring resulting in the tire con-

tact force given as a function F ∗cT of the effective deflection ρzi (see equation 2.56), the

rotational speed of the wheel ωC wi, y
and the tire inflation pressure pTi :

FW Ti, z = F ∗cT
(
ρzi , ωC wi, y, pTi

)
. (2.60)

Considering the tire lifting as the most important nonlinear effect (see figure 2.10),

equation 2.60 can be written as:

FW Ti, z =

FcT

(
ρzi , ωC wi, y

, pTi

)
; if pTi ≥ 0 (tire in contact with the ground)

0; otherwise (tire lifting).

(2.61)

While for most preliminary analyses the effect of the rotational speed of the wheel

ωC wi, y
and the tire inflation pressure pTi are neglected and the function FcT (and some

times even F ∗cT ) is taken as a linear function of the effective deflection ρzi and the

statical tire vertical stiffness cSTi, z

Flinear
W Ti, z = cSTi, z · ρzi , (2.62)

for more accurate results the following polynomial

FW Ti, z = CTω

(
ωC wi, y

)
·
[
cSTi, z (pTi) · ρzi + cDTi, z (pTi) · ρz2i

]
, (2.63)

is proposed in this work based on the approach according to Hirschberg and Waser

[HW09], which considers the force FW Ti
to be a function of a statical cSTi, z and a

dynamical cDTi, z tire stiffness coefficient. This approach is modified by introducing

the term CTω, which considers the tire hardening due to the effect of the centrifugal

force on the carcass, the belt and tread of the tire when the rotational speed ωC wi, y

increases (see [RSB01] and [Wal06]). Additionally, in the approach presented in this

work, the tire stiffness coefficients cSTi, z and cDTi, z are supposed to be pressure dependent.

The behavior of the proposed functions CTω

(
ωC wi, y

)
, cSTi, z (pTi) and cDTi, z (pTi) is

presented in appendix B.4 (see also [Mar09]).
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Figure 2.10.: Model of the tire vertical contact force FW Ti, z
.

2.5.3. Outputs of the tire model

Taking into account the dynamic horizontal tire forces (see chapter 2.5.1) and the ver-

tical contact force FW Ti, z
between tire and ground (see chapter 2.5.2) as well as the

self aligning torque MW Ti, z
the output vectors corresponding to the tire forces and

moments defined in the wheel axis system { OW ; xW , yW , zW } are given by:

FW Ti =
[

FDW Ti, x
FDW Ti, y

FW Ti, z

]T
, (2.64a)

MW Ti =
[

MW Ti, x
MW Ti, y

MW Ti, z

]T
, (2.64b)

where MW Ti, x
= 0 in the implemented model.

2.6. Road model

In the implemented simulation environment MOVES2, a road can be seen as a super-

position of a three-dimensional road with banking, slope and obstacles (e.g. bumps or

sinusoidal perturbations) and a grid of points with stochastic height (road roughness)

and a certain friction coefficient.

2.6.1. Curved regular grid road with obstacles

A three-dimensional road without obstacles is defined in the present work as a group of

straight and curved segments with certain slope and banking. In general, there are sev-
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eral tools to generate the group of straight and curved segments without obstacles, like

Cosin/3Droad [ss10], RoadXML c© [Duc04] or OpenCRG R© (see [Gmb10] and [Rau08]).

This last option was integrated in the simulation environment MOVES2 due to follow-

ing reasons (see [RNFD11] and [Fer11]): it is open source, it is developed in the same

language as the environment itself (MATLAB), its development is supported by many

original equipment manufacturers - OEMs, and it is compatible with several tire mod-

els (e.g. MF-Tyre and MF-SWIFT [VS10], FTire [GH10], RMOD-K [FS10]) and other

road generation tools and formats - even with measured road data - (see e.g. [GH10]

and [Grä10]). With OpenCRG R©, roads are generated based on a Curved Regular Grid -

CRG, i.e. a grid of points regularly spaced and defined in a cartesian coordinate system

that is afterwards stretched along a curved line defining the road center line (see e.g.

[RMB08], [Ma95] and [Atk02]). This approach enhances the computational efficiency

while running simulations and reduces the amount of information needed to describe

a road [RMB08]. With the integration of OpenCRG R© in the simulation environment

MOVES2, obstacles (e.g. ramps, potholes, bumps or sinusoidal perturbations) can be

added to the three-dimensional generated roads, as can be seen in figure 2.11.

Ez

Ex

Ey

Bump
Pothole

Sinusoidal
perturbation

Road
center line

Figure 2.11.: Three-dimensional road with obstacles generated with the Curved Regular
Grid approach of OpenCRG R© and the simulation environment MOVES2.

2.6.2. Road roughness

In the first part of this chapter, a short introduction to the description of road surfaces

based on its power spectral density Φroad is given. Afterwards, a method to generate a

three-dimensional grid of points from a given spectral density is presented. This grid of

points can be used in the simulation environment together with the vehicle and the tire

models (see chapters 2.4 and 2.5 respectively) to simulate driving maneuvers on roads

with a certain superficial roughness.
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2. Simulation environment

Power spectral density of a road

Isotropic road surfaces can be seen as stochastic signals described by stationary, nor-

mally distributed, ergodic random processes [Hir09a]. In turn, these processes can be

seen as a superposition of an infinite number of harmonic signals with different am-

plitudes, frequencies and phase angles. The power spectral density12 Φroad is used to

describe the distribution of amplitudes of the harmonic signals zE road composing a given

random process (in this case, a road surface zE road) with respect to the frequency. It

specifies the square of the effective value13 zE road, rms of the amplitude of the expected

harmonic signal in a considered frequency range ∆f

Φroad(f) =
( zE road, rms)

2

∆f
=

( ẑE road)
2

2 ·∆f , (2.65)

where ẑE road =
√

2 · zE road, rms corresponds to the amplitude of an individual harmonic

signal zE road considered.

Since the time frequency f [Hz] depends on the vehicle speed ẋV when driving over a

harmonic signal, the angular spatial frequency Ω [rad/m], given by

Ω =
2 · π
ẋV
· f , (2.66)

is used instead. The units of the spectral density Φroad depend only on the units of

the considered signal. In case of the road unevenness zE road [m], called displacement

spectral density, it is then given in14 [m2·m/cycle]. The classification and characterization

of roads is specified in the international standard ISO 8608:1995(E) [fSI95]. In figure

2.12 the power spectral density of some typical roads is shown.

In the mentioned international standard, following method to approximate real displace-

ment spectral densities is proposed:

Φroad(Ω) = Φroad (Ω0) ·
(

Ω0

Ω

)w
, (2.67)

where Ω0 is the reference angular spatial frequency and is equal to 1 rad/m. The displace-

12Strictly speaking it corresponds to the one sided power spectral density; nevertheless the term power
spectral density will be used to refer to the two sided case.

13Also known as root mean square - rms - in mathematics.
14The description in [m3] or [cm3] is also widespread (see for example [MW04]).
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Figure 2.12.: Power spectral density of some common road types and approximation
according to the international standard ISO 8608:1995(E) [fSI95] and to
J. G. Parchilowskij (see [MW04]).

ment spectral density Φroad (Ω0) and the waviness exponent w are used to characterize

the road (the value of w oscillates around 2 [MW04]). Furthermore, roads can be clas-

sified from A (e.g. good paved road) to H (e.g. rough gravel road) according to the

value of Φroad (Ω0), which can be determined according to (see also [fSI95]):

Φroad (Ω0) = 4R , (2.68)

where the exponent R corresponds to the position of the letter representing the consid-

ered road type within the alphabet (e.g. R = 1 for road type A and R = 3 for road type

C).

Nevertheless, the approximation given by equation 2.67 results in Φroad(Ω) → ∞ for

Ω → 0, i.e. for wave lengths λroad → ∞. Since this does not correspond to the reality,

J. G. Parchilowskij introduced the shape coefficient βP in equation 2.65

Φroad(Ω) = Φroad (Ω0) ·
(

Ωw
0

Ωw + βwP

)
, (2.69)

which results in finite values for infinite wave lengths (see figure 2.12).
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Reconstruction of a road based on a given power spectral density

In this section a computationally efficient method to reconstruct an uneven road de-

scribed as a stationary, normally distributed and ergodic random process is presented.

Stationary means that the statistical values (e.g. mean value or standard deviation) of

the road are time independent, the normal distribution concerns the height of the road

points and the ergodic character indicates that it is possible to deduce the properties

and characteristic values of every road belonging to certain road class (see [fSI95] based

on only one of them. In the first part of this section, the two dimensional approach to

reconstruct roads is presented; afterwards, it is extended to the three dimensional case.

Two dimensional method There are several methods to reconstruct the excitation sig-

nal zE road from the displacement spectral density Φroad(Ω) approximated by equation

2.69 (see for example [Hir09a], [Dór06], [BPR0] and [Bog06]). A computationally effi-

cient method was proposed by S. O. Rice in 1952 [Ric52] (see also [Hir09a] and [Bau87]).

According to this method, the given power spectral density is divided in n frequency

bands with identical area Ac (see figure 2.13).

f [Hz]

Φ
ro

ad
 [c

m
2 . c

m
/c
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le

]

fc

Ac

fcf0 fn

Figure 2.13.: Rice method to reconstruct a road based on a given power spectral density.

A signal z(t) in the time domain characterized by the power spectral density Φ(f) given

by15

Φ(f) =
2 · π
ẋV
· Φ(Ω) (2.70)

15Analogously, the power spectral density can be expressed as a function of the angular frequency
ω = 2 · π · f as Φ(ω) = ẋ−1

V · Φ(Ω).

44



2.6. Road model

can be approximated as the sum of n cosine functions

z(t) =

n∑
c=1

Cc · cos
(
2 · π · f c − ϕc

)
, (2.71)

where f c corresponds to the central frequency of the considered frequency band c and

the coefficients Cc are expressed as:

Cc =
√

2 ·Ac , (2.72)

with the area of each frequency band generally calculated as

Ac =

∫ fc

fc−1

Φ(f) df . (2.73)

Nevertheless, since frequency bands with equal area are assumed, Ac correspond to a

constant value and the equation 2.73 simplifies to:

Ac =
1

n
·
∫ fn

f0

Φ(f) df . (2.74)

Since the information about the phase angle ϕ is not contained in the power spectral

density Φ(f), the individual values ϕc in equation 2.71 can be obtained with a random

generator with uniform distribution in the range [0, 2 · π).

Three dimensional method The approach of J. F. Parkhilowskij is used to generate

a three dimensional road (see figure 2.14). According to this approach, there is no

correlation between the pure lifting and the pure rolling excitation signals of a real road

(see [MW04] and [Bau87]) and the entire road can be described based on the power

spectral density of the middle track Φzm(Ω) and the angle Φδroad(Ω):

Φzm(Ω) =
1

1 + κroad
· Φroad(Ω0) ·

(
Ωw

0

Ωw + βwP1

)
, (2.75a)

Φδroad(Ω) =
κroad

b2road · (1 + κroad)
· Φroad(Ω0) ·

(
Ωw

0

Ωw + βwP2

)
, (2.75b)

where broad represents the distance from the middle track to the considered track to be

reconstructed, βP1 and βP2 are analogous to the shape coefficient βP introduced by J. G.
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Parchilowskij in equation 2.69 to avoid infinite values of Φroad for λroad →∞, and the

parameter κroad is a measure of the correlation between the track on the left zE road, l

and the corresponding (i.e. at the same distance broad) track on the right zE road, r.

Ezroad

Eyroad

Exroad

Ezroad, r

Ezroad, m

Ezroad, l

δroadbroad

broad

Figure 2.14.: Three-dimensional road model according to J. F. Parkhilowskij (see
[Hir09a] and [Bau87]).

The correlation parameter κroad is related with the coherence function γroad, which is a

widespread measure for the relation between a track to the left and a track to the right

of the middle track, by (for details see [Bau87]):

γroad =
Φzm(Ω)− b2road · Φδroad

Φzm(Ω) + b2road · Φδroad

=
(1− κroad) · Ωw − κroad · βwP1

+ βwP2

(1 + κroad) · Ωw + κroad · βwP1
+ βwP2

. (2.76)

From equation 2.76 it is clear, that the far two tracks are from each other (i.e. the greater

broad), the lower is their correlation for all values of the angular spatial frequency Ω and

for a constant κroad. Furthermore, for κroad = 0 is the coherence function γroad = 1

for all values of Ω, i.e. the tracks on both sides of the middle track correlate totally.

Additionally, increasing κroad results in lower values of γroad for a constant Ω. Other

models relating the coherence function with the distance broad from any track to the

middle track and the angular spatial frequency Ω can be found in [Bog08].

Using the method explained in section 2.6.2, it is possible to reconstruct the signals for

the middle track zm(t) and for the angle δroad(t) and use them to reconstruct any track

at the left zE road, l or at the right zE road, r of the middle track:

zE road, l(t) = zm(t)− broad · δroad(t) , (2.77a)

zE road, r(t) = zm(t) + broad · δroad(t) . (2.77b)
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2.7. Passive suspension system model

By varying the distance broad from zero to the desired road width, a regular grid of

points representing a straight road with the roughness described by the given power

spectral density Φroad is obtained. This grid can be overlapped with a curved regular

grid generated with OpenCRG R© (see chapter 2.6.1) to obtain any curved road with a

desired roughness (some examples are presented in [Fer11]).

2.7. Passive suspension system model

In this section, the models for the suspension spring and the shock absorber belonging to

a passive suspension system, as those of the test vehicle (see appendix B), are presented

(see also [RNW10]). Special attention was given to the balance of the complexity

and accuracy between the different components. The goal was to model the different

components in the simplest way assuring an acceptable correspondence with the reality

at the same time. The values of all model parameters are presented in chapter B.5 of

appendix B. Furthermore, following assumption was made:

Assumption 2.3: In the assumption 2.2 was stated, that only the vertical movement

of the non-suspended masses is considered. Accordingly, it is assumed here that the

forces induced by the suspension spring and by the shock absorber are only functions

of the relative vertical displacement and relative vertical speed between the considered

wheel (non-suspended mass) and the suspension attachment point at the suspended mass

respectively (see also chapter 2.4.2).

Additionally, the forces induced in the suspension elements are considered to act directly

over the tire wheel contact point W . Therefore, all suspension model parameters must

be taken as wheel-related. To determine the corresponding values at element level, the

suspension geometry must be taken into account (see e.g. [Wal06]). Based on this, total

force of the passive suspension system FC wsi
(see chapter 2.4) is given by the sum of

the (vertical) forces of the suspension spring FC ci
and the shock absorber FC di

:

FC wsi = FC ci + FC di
. (2.78)
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2.7.1. Suspension spring

The suspension spring can be considered as a force element characterized by a continu-

ously derivable function Fc of the spring deformation ∆zci = zC Ci
− zC APwi

:

FC ci = Fc (∆zci) = Fc

(
zC Ci − zC APwi

)
, (2.79)

where zC Ci
corresponds to the vertical position of the center point of the considered

wheel and zC APwi
stands for the vertical position of the attachment point APwi of the

corresponding suspension spring to the suspended mass (see also equation 2.18). The

function Fc is taken as linear

Flinear
C ci = cSbi ·∆zci = cSbi ·

(
zC Ci − zC APwi

)
(2.80)

in most of the preliminary investigations (with cSbi as suspension spring static coefficient

- see also equation 2.83) and the results approximate quite well the behavior of a cylin-

drical coil spring with constant wire diameter and constant coil distance. However, even

in the case of such a simple spring, it is reasonable to take into account the effect of

other elastic elements used in real vehicle suspensions, such as additional rubber springs

(bump stops) and elastic mountings if strong vertical acceleration values (shocks) are

expected (e.g. while simulating a driving over potholes, square-edged bumps or curbs).

On the other side, the consideration of the influence of all elastic elements of the vehicle

suspension would lead to a complex model and increased simulation times. Therefore,

a compromise between model simplicity and complexity is normally made. In this work,

all the influences mentioned before are assumed to be summarized in a spring having

a characteristic line divided in three regions, as can be seen in figure 2.15. In the ap-

proach used here, hysteresis effects are neglected. A description of some suspension

springs with continuously nonlinear behavior like those with variable coil and wire di-

ameter or variable coil distance as well as the gas and hydro-pneumatic springs can be

found in [MW04] and [Wal06].

Furthermore, the design of the dynamic behavior of a spring must comply with three

criteria: first, the deflection range (approximately the range covered by the region II

in figure 2.15) must correspond to the available space in the wheel housing. Second,

the static ground clearance ∆zSci should be enough to overcome obstacles present on

the road under normal driving conditions. And third, a comfortable vehicle vibration

behavior should be assured. To fulfill these conditions, a computationally efficient semi-
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Figure 2.15.: Characteristic deformation-force curve of the suspension spring according
to the developed model.

physical spring model is proposed in this work. The parameter values corresponding to

the suspension springs at the front and the rear axle of the test vehicle as well as the

obtained characteristic force-displacement curves are presented in appendix B.5.

Region II: Considering a quarter vehicle model (see section E.2 in appendix E), the

natural frequency fAq of the vertical movement of the suspended mass16 mAq can be

expressed as (see also [HW09]):

fAq =
1

2 · π ·
√

c∗b
mAq

, (2.81)

where 1.0 Hz ≤ fAq ≤ 1.2 Hz (see e.g. [HW09] and [Wal06]), and c∗b corresponds to the

equivalent spring coefficient which considers the suspension spring (characterized by its

static value cSbi) and the statical tire vertical stiffness (cSTi, z) in series:

c∗b =
cSbi · c

S
Ti, z

cSbi + cSTi, z
. (2.82)

As can be seen in equation 2.81, the natural frequency fAq varies with the suspended

mass mAq. Since large variations in the natural frequency are related with low com-

fort levels (see e.g. [MW04]), the mass mAq,h load corresponding to a quarter of the

half loaded vehicle is employed to determine the value of the suspension spring static

coefficient (see also [Hir09a]):

cSbi =
mAq,h load · (2 · π · fAq)2 · cSTi, z
cSTi, z −mAq,h load · (2 · π · fAq)2 . (2.83)

16A quarter of the total suspended mass is considered by the quarter vehicle model. To indicate variables
related with this model, the right subscript q is used.
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The linear relationship

FC ci, II = cSbi ·∆zci, II + FC ci, I0 (2.84)

between suspension spring force FC ci, II
and the spring deflection

∆zci, II = ∆zci −∆zci, I0 (2.85)

in this region leads to linear changes in the acceleration induced in the suspended mass,

where FC ci, I0
corresponds to the spring force at the limit ∆zci, I0

FC ci, I0 = FSC ci − cSbi ·
(
∆zSci −∆zci, I0

)
. (2.86)

In the regions I and III, nonlinear changes in the body acceleration are induced. Since

there is evidence showing that linear changes in the induced vertical acceleration yields

to a better comfort perception (see e.g. [ST06]), the limits ∆zci, I0 and ∆zci, III0 of

the region II must be set to account for most of the working conditions in the life of the

suspension spring.

Region III: The effect of the additional rubber spring or bump stop on the suspension

spring force FC ci, III
in this region can be modeled using an exponential coefficient

nc,III

FC ci, III = cSbi · (∆zci, III)
nc,III + FC ci, III0 , (2.87)

as a function of the spring deflection

∆zci, III = ∆zci −∆zci, III0 + ∆zci, nc,III (2.88)

in this region and the spring force at the limit ∆zci, III0

FC ci, III0 = FSC ci + cSbi ·
(
∆zci, III0 − ∆zSci

)
, (2.89)

where

∆zci, nc,III =
∆zci
|∆zci |

·
(

1

nc,III

)(nc,III − 1)−1

(2.90)

is a correction term to guarantee the same gradient at the limit between the regions II

and III.
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2.7. Passive suspension system model

Region I: A similar approach as in the region III is used. The spring force in this

region is expressed as

FC ci, I = FC ci, I0 − cSbi · (∆zci, I0 −∆zci)
nc,I , (2.91)

where the spring force FC ci, I0
at the limit ∆zci, I0 is given by equation 2.86. Nev-

ertheless, the exponent nc,I must be selected in such a way that FC ci, I
= 0 N for

∆zci, I = 0 m, i.e. when the suspension spring is not deflected, which leads to

nc,I =
log10

(
FC ci, I0

/ cSbi
)

log10 (∆zci, I0)
. (2.92)

Total suspension spring force: The total suspension spring force can be expressed

as:

FC ci =


FC ci, I

; if ∆zci ≤ ∆zci, I0 ,

FC ci, II
; if ∆zci, I0 < ∆zci ≤ ∆zci, III0 ,

FC ci, III
; if ∆zci, III0 < ∆zci .

(2.93)

2.7.2. Shock absorber

Modeling the shock absorber behavior is a challenging task since it is characterized

by a nonlinear and time-variant behavior [DSR97]. Several physical, semi-physical and

empirical modeling approaches are presented in the literature (an overview can be found

in [AHG06]). In this work, the computationally efficient semi-physical model presented

schematically in figure 2.16 is proposed. The parameter values corresponding to the

shock absorbers at the front and the rear axle of the test vehicle as well as the obtained

characteristic speed-force curves are presented in appendix B.5.

In this model, the characteristic speed-force curve of the shock absorber is a continuously

derivable function Fd of its deformation speed ∆żdi = żC Ci
− żC APwi

:

FC di
= Fd (∆żdi) = Fd

(
żC Ci − żC APwi

)
, (2.94)

where żC Ci
corresponds to the vertical speed of the center point of the considered

wheel and żC APwi
stands for the vertical speed of the attachment point APwi of the

corresponding shock absorber to the suspended mass (see also equation 2.18). The
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Figure 2.16.: Model of the shock absorber: characteristic speed-force curve divided in a
region I of low and a region II of high deflection speeds (a) and behavior
of the deviation ∆dbi within the region I with respect to the value of the
static damping coefficient dSbi (b).

function Fd is taken as linear

Flinear
C di

= dSbi ·∆żdi = dSbi ·
(
żC Ci − żC APwi

)
(2.95)

in most of the preliminary investigations (with dSbi as linear damping coefficient - see

also equation 2.105) and the results can be used to explain fundamental phenomena.

However, to obtain more accurate results, it is reasonable to take into account both

the different behavior of the speed-force curve in tension and compression, and the

behavior of this curve after the relief mechanisms of the damper (e.g. relief valves) are

activated (see e.g. [HEG11]). To account for this, a shock absorber model consisting of

two deflection speed regions is proposed. The two regions are limited by the deflection

speeds ∆żdi, C0 and ∆żdi, T0 for which the relief valves open in bound and rebound

respectively (see figure 2.16-a).

Region I: In this region, the different behavior of the shock absorber in tension and

compression is depicted. When driving over a non-flat road, certain amount of energy is

introduced into the vibrating system consisting of the suspended and the non-suspended

masses. The function of the shock absorber is to dissipate this introduced energy reduc-

ing the oscillations and enhancing (primarily) hereby the riding comfort. The force of
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2.7. Passive suspension system model

the shock absorber in this region can be considered to be given as:

FC di, I
=

 FC di, C
; during compression, i.e. if ∆żdi, C0 < ∆żdi ≤ 0,

FC di, T
; during tension, i.e. if 0 < ∆żdi ≤ ∆żdi, T0 .

(2.96)

During compression, it is desired to reduce the force FC di, C
transmitted from the road

excitation signal over the shock absorber into the suspended mass in order to avoid high

vertical acceleration values and therefore to enhance the ride comfort perception. This

can be observed in figure 2.16-a when comparing the characteristic curves of a shock

absorber with linear and nonlinear behavior during compression. Nevertheless, a lower

force during compression reduces the amount of dissipated energy from the vibrating

system, extending, therefore, the period of time during which the suspended mass is

oscillating. This would lead to a worse ride comfort perception. To avoid this undesired

effect, more energy is dissipated during tension by introducing a higher shock absorber

force FC di, T
for a certain deflection speed ∆żdi (compare linear and nonlinear behavior

during tension in figure 2.16-a). Wallentowitz [Wal06] defines the relation between the

shock absorber force during compression FC di, C
and tension FC di, T

in this region as:

γd =

∣∣ FC di, T

∣∣∣∣ FC di, T
+ FC di, C

∣∣ . (2.97)

Assuming that the forces FC di, C
and FC di, T

can be expressed in a similar way as in

equation 2.95 as a linear function of the deflection speed of the shock absorber ∆żdi
and a damping coefficient for compression dbi, C and tension dbi, T respectively

FC di, C
= dbi, C ·∆żdi , (2.98a)

FC di, T
= dbi, T ·∆żdi , (2.98b)

equation 2.97 can be rewritten as:

γd =
dbi, T

dbi, T + dbi, C
. (2.99)

Furthermore, assuming that the damping coefficient during compression dbi, C and ten-

sion dbi, T can be written in terms of their difference ∆dbi with respect to the linear
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damping coefficient dSbi as

dbi, C = dSbi − ∆dbi , (2.100a)

dbi, T = dSbi + ∆dbi , (2.100b)

the difference ∆dbi (see also figure 2.16-b) can be expressed as:

∆dbi = dSbi · (2 · γd − 1) . (2.101)

In this work, a similar function to that used in the horizontal tire model TMsimple (see

equation 2.26 in chapter 2.5.1) is proposed to model the behavior of the difference ∆dbi
within the region I:

∆dbi = Kd · sin
[
Bd ·

(
1− e−|∆żdi |/Ad

)
· sign(∆żdi)

]
, (2.102)

with the coefficients Kd, Bd and Ad given by:

Kd = ∆dbi , (2.103a)

Bd = π − arcsin

(
∆d∞

bi

∆dmax
bi

)
= π − arcsin(1) =

π

2
, (2.103b)

Ad =
1

d
(
∆dbi

)
0

·Kd ·Bd , (2.103c)

where d
(
∆dbi

)
0

is defined in terms of the limit speeds ∆żdi, C0 and ∆żdi, T0 as:

d
(
∆dbi

)
0

= min (∆żdi, C0 ,∆żdi, T0)−1 . (2.104)

Finally, considering a quarter vehicle model (see chapter E.2 in appendix E), the linear

damping coefficient dSbi can be written as a function of the desired damping ratio ξd, the

value of the suspension spring static coefficient17 cSbi (see equation 2.83) and the mass

of the quarter vehicle mAq as:

dSbi = 2 · ξd ·
√
cSbi ·mAq . (2.105)

17It is assumed that the value of the statical tire vertical stiffness cSTi, z
is much larger than the static

value of the suspension spring coefficient cSbi , i.e. cSTi, z
� cSbi (see also [HW09] and appendix B).
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Since dSbi depends on the vehicle mass which changes with the load situation, a suitable

compromise is to assume the half loaded vehicle mass, i.e. mAq ≈ mAq,h load (see e.g.

[HW09]).

Region II: This region is characterized by faster shock absorber deflections as those

present in region I. To avoid cavitation and damage of the shock absorber, additional re-

lief devices (e.g. relief valves) can be opened (see e.g. [AHG06], [GWL11] and [HEG11])

at certain deflection speeds ∆żdi, C0 and ∆żdi, T0 , which define the limits between re-

gions I and II. To determine the force of the shock absorber in this region during com-

pression and tension (see figure 2.16-a) an exponential model similar to that presented

in chapter 2.7.1 for the suspension spring is proposed in this work:

FC di, II
= fκd · dbi, C/T ·

∆żdi − δ∆żdi
|∆żdi − δ∆żdi |

· (∆żdi − δ∆żdi)nd,T + δ FC di, II
. (2.106)

The exponent nd,T defines the behavior of the shock absorber force during tension.

A progressive, linear or degressive behavior can be adjusted depending whether the

value of nd,T is positive, negative or equal 1 (see also [Wal06]). Furthermore, since the

behavior of the shock absorber force during compression and tension normally differs

from each other in this region (see e.g. [GWL11]), the factor κd

κd =

∣∣ FC di, T, II

∣∣∣∣ FC di, T, II
+ FC di, C, II

∣∣ (2.107)

can be defined. Based on this factor, the term fκd accounting for the mentioned dif-

ference between the shock absorber force in compression and tension can be expressed

as:

fκd =


1− κd
κd

; during compression, i.e. if ∆żdi ≤ ∆żdi, C0 ,

1; during tension, i.e. if ∆żdi, T0 < ∆żdi .
(2.108)

The term dbi, C/T accounts for the different damping coefficients at the deflection speed

limits ∆żdi, C0 and ∆żdi, T0 and can be obtained from equations 2.100 and 2.101 as:

dbi, C/T =

2 · dSbi · (1− γd) ; during compression, i.e. if ∆żdi ≤ ∆żdi, C0 ,

2 · dSbi · γd; during tension, i.e. if ∆żdi, T0 < ∆żdi .
(2.109)

The terms δ∆żdi and δ FC di, II
correspond to correction factors to guarantee the same

gradient at the limits between the regions I and II. δ∆żdi is defined as a function of the

55



2. Simulation environment

deflection speed18 ∆żdi, nd , with

∆żdi, nd =
∆żdi
|∆żdi |

·
(
fκd · nd,T

)− (nd,T − 1)−1

, (2.110)

for which the exponential function proposed for region II has the same gradient as for

the function defining the shock absorber force in region I, as:

δ∆żdi = ∆ż
di, C0/T0

−∆żdi, nd (2.111)

Finally, the correction term δ FC di, II
accounting for different force values given by the

models proposed for the regions I and II is defined as the difference between the force

FC di, nd
= fκd · dbi, C/T ·

∆żdi, nd
|∆żdi, nd |

· (∆żdi, nd)nd,T (2.112)

given by the exponential model in region II, and the force

F
C di, C0/T0

= dSbi ·∆żdi, C0/T0
(2.113)

given by the model in the region I at the limits ∆żdi, C0 and ∆żdi, T0 between the

regions I and II as:

δ FC di, II
= F

C di, C0/T0
− FC di, nd

. (2.114)

2.8. Model validation

To validate the different models presented in this chapter, the model parameters shown

in appendix B corresponding to the test vehicle Opel Combo 1.6 CNG were used. As

shown schematically in figure 2.17, the test vehicle was equipped with a wheel vector

system to measure the wheel position and orientation, acceleration sensors at the front

left and the rear right wheel as well as at all wheel housings, a measurement steering

wheel, a three-dimensional fibre-optic gyroscope, an incremental GPS-Sensor19 and an

optic speed over ground sensor. With this last sensor, the sideslip angle β can be

determined as

β = β0 + ∆β = arctan

(
ẏV
ẋV

)
, (2.115)

18The variable ∆żdi, nd is defined analogously to ∆zci, nc,III in equation 2.90.
19Global Positioning System.
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2.8. Model validation

where ∆β corresponds to the difference sideslip angle, which is obtained as a sensor

output and is an approximation for the slip angle at the rear axle (see also equation

2.33 and [Hir09a]), and the base sideslip angle β0

β0 ≈
lhs
Rt

, (2.116)

which is a function of the longitudinal sensor position lhs and the trajectory radius Rt.

Optic
speed
sensor

VOVx

Vy

Vx

Vz

Gyroscope

GPS-antenna

GPS-antenna

Gyroscope

Wheel vector sensor

Wheel vector sensor

Measurement
steering wheel

Wheel acceleration sensorChassis acceleration sensor

Measurement
steering wheel

Optic
speed
sensor

lhs

Figure 2.17.: Measurement system used for the model validation with the test vehicle
(Opel Combo 1.6 CNG).

Different maneuvers were carried out to validate the stationary and the transient behav-

ior of the vehicle as well as its oscillatory response when driving over a non-flat road.

The filtered signals of the steering wheel angle δst and the longitudinal vehicle speed ẋV
were used as inputs for the vehicle model in all considered maneuvers. Further details

regarding the validation of the different model components are presented in [Dür11],

[Nie11] and [Mar09].

The validation of the stationary response of the vehicle model was carried out based on
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2. Simulation environment

a standardized steady state circular driving maneuver according to the International

Standard ISO 4138 [fSI04]. Thereby and corresponding to the second method described

in the mentioned standard, the trajectory radius Rt = 44 m was kept as constant as

possible by varying the steering wheel angle δst while increasing the vehicle longitudinal

speed ẋV from a value corresponding to approximately zero lateral acceleration ÿV until

reaching the maximum steady state value of it ÿmax
V . Figure 2.18 shows the comparison

between the measured data obtained with the test vehicle and the simulation results

for this maneuver.
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Figure 2.18.: Comparison between simulation results and measured data obtained with
the test vehicle for the steady state circular driving maneuver with a con-
stant reference trajectory radius Rt = 44 m and increasing longitudinal
speed ẋV : absolute position yE vs. xE of the center of gravity of the vehi-
cle (a), longitudinal vehicle speed ẋV (b), steering wheel angle δst (c), roll
angle φ (d), difference sideslip angle ∆β (e), and yaw rate ψ̇ (f). Figures
(d), (e) and (f) are plotted against the lateral acceleration ÿV (see also
[Dür11] and [Nie11]).

The understeering tendency of the test vehicle can be recognized observing the increas-

ing deviation of the actual trajectory from the reference trajectory characterized by the

constant radius Rt = 44 m (figure 2.18-a), while the value of the steering wheel an-
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2.8. Model validation

gle δst increases at the same time (figure 2.18-c). For the maximum achievable steady

state value of the lateral acceleration ÿmax S
V ≈ 7.4 m/s2, the roll angle corresponds to

φ ≈ 3.5◦. The results in this figure show a very good correlation between the measured

data an the simulated results.

For the validation of the transient response of the vehicle, a dynamic maneuver with

varying vehicle longitudinal speed ẋV and an unsteady steering wheel angle input δst was

selected. As can be seen in figure 2.19, the simulation results present a high correlation

with the measured data both in amplitude and in phase angle.
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Figure 2.19.: Comparison between simulation results and measured data obtained with
the test vehicle for a dynamic maneuver: vehicle longitudinal speed ẋV
(a), steering wheel angle δst (b), sideslip angle β (c) and yaw rate ψ̇ (d)
over the time t (see also [Dür11] and [Nie11]).

To validate the vertical dynamic behavior of the vehicle model, measurements with the

test vehicle were taken by driving on the test track schematically presented in figure

2.20 consisting in a curb followed by a pothole with a height of zE road = 27 mm. During

these measurements, a longitudinal speed ẋV = 11.11 m/s, a wheel mass mwi = 40 kg,

a tire inflation pressure pTi = 2.6 bar and no additional load mass (mload = 0 kg) were

used. These conditions were reproduced in the simulation environment MOVES2 using

the parameters presented in appendix B.
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Figure 2.20.: Schematic representation of the test track consisting in a curb followed by
a pothole with a height of zE road = 27 mm which was used to obtain the
measured data taken as basis for the validation of the vertical dynamics
behavior of the developed vehicle model (a), and corresponding road profile
height zE road (b).

Furthermore, the acceleration of both the suspended z̈V A and the non-suspended mass

z̈C C at the front left (right subscript fl) and rear right (right subscript rr) vehicle cor-

ners was taken as basis for the validation (see also figure 2.17 for the position of the

acceleration sensors). Figure 2.21 shows the comparison between the measured data

and the simulation results. It can be seen that the simulation model reproduces the

vertical vehicle dynamics with good accuracy. A similar correlation level was found for

different values of the suspended mass mwi (in the range from 40 kg to 70 kg - see also

the device to simulate additional non-suspended masses on chapter E.3.1 in appendix

E), the longitudinal vehicle speed (20 km/h and 40 km/h), the tire inflation pressure

(2.6 bar and 3.6 bar) and for and additional load mass mload = 400 kg (corresponding to

approximately two thirds of the maximum authorized additional load mass - see table

B.1 in appendix B) [Mar09]. The correlation between measured data and simulation re-

sults is strongly influenced by the vertical tire model, the consideration of the vibration

behavior of both the engine and the gearbox, as well as by the modeling approach used

for the suspension spring and the shock absorber [RNFD11].

Summary chapter 2: Simulation environment The developed simulation environment

MOVES2 involving the modular modeling of the driver-vehicle-environment system was

introduced. The developed models of the vehicle, the tire, the road and the passive sus-

pension system were described in detail. The vehicle model is considered to be composed

of the suspended body and the non-suspended masses as well as of additional masses

positioned on the suspended body via a spring-damper system. The tire model is di-

vided into two sub-models: an extended model based on the tire models presented by
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Figure 2.21.: Comparison between simulation results and measured data obtained with
the test vehicle for driving over the synthetic road (figure 2.20) consisting
in a curb followed by a pothole with a height of zE road = 27 mm: Sus-
pended z̈V A and non-suspended mass z̈C C acceleration at the front left (a
and c respectively - right subscript fl) and rear right (b and d respectively
- right subscript rr) corners of the vehicle over the time t. Vehicle lon-
gitudinal speed ẋV = 11.11 m/s, wheel mass mwi = 40 kg, tire inflation
pressure pTi = 2.6 bar and no additional load mass mload = 0 kg (see also
[Mar09]).

Hirschberg et al. (see [Hir09b], [HRW02] and [HRW02]) was implemented for the hor-

izontal tire dynamics. For the vertical tire dynamics, a complex tire model including

a location algorithm, an enveloping model and a single-mass oscillator model was de-

veloped. The tire model is divided into two sub-models depicting the horizontal and

vertical tire dynamics. To model the uneven road, the widespread open source program

OpenCRG R©, which is based on a Curved Regular Grid and is still being developed by

several original equipment manufacturers, was implemented and extended. The road

roughness was implemented additionally based on the approach of S. O. Rice [Ric52]

and can be used to generate uneven roads with any given power spectral density (e.g.

as proposed in the international standard ISO 8608:1995(E) [fSI95]).

The developed passive suspension system model is considered to be composed of a

suspension spring and a shock absorber. For modeling the suspension spring, a nonlinear

approach based on five physically meaningful parameters (e.g. desired natural frequency
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2. Simulation environment

of the suspended mass, or static ground clearance) was presented. To model the shock

absorber, a nonlinear complex model based on the basic exponential trigonometrical

function of the tire model TMsimple and adapted to depict the behavior of the damping

coefficient was developed. The entire model was validated using measured data obtained

with the test vehicle Opel Combo 1.6 CNG.
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3. Longitudinal dynamics

Several aspects concerning the vehicle longitudinal dynamics, like the maximum longi-

tudinal acceleration, the maximum speed or the climbing ability, play a very important

role for the quality perception of vehicles by final customers. Beside these aspects, the

fuel or energy efficiency has become more and more important in the last time. Upcom-

ing technologies should fulfill the traditional customer’s expectations at least until the

driving and transportation culture changes toward a more environmentally conscious

one.

In an electric vehicle, the requirements imposed on the vehicle longitudinal dynamics

directly influence the characteristics of the entire electric powertrain. In this chapter,

the analysis of the longitudinal vehicle dynamics of vehicles with in-wheel motors is

focused on the determination of the main characteristics of the electric motors and the

battery to fulfill given performance requirements. Furthermore, an overview of driving

cycles used for longitudinal dynamics analysis as well as the energy consumption for

some of them are presented.

3.1. Equations of motion

In this chapter, the simplified vehicle model presented in appendix C.1, which neglects

the tire slip, is used to describe the quasi-stationary total resistance force Fxresistance that

should be overcome in the quasi-stationary equilibrium in order to produce a certain

instantaneous driving movement characterized by a given longitudinal vehicle speed ẋV
and acceleration ẍV :

Fxresistance = F ẍV
+ Froll + Faero + Fclimb . (3.1)
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3. Longitudinal dynamics

The inertial force F ẍV
is given by

F ẍV
= ei ·mv · ẍV (3.2)

as a function of the total vehicle mass in running order1

mv = mA +mwf +mwr (3.3)

and the mass factor2 ei for each gear i of the gearbox

ei = 1 +
Ired

mv · r2
dyn

, (3.4)

where Ired corresponds to the total reduced moment of inertia of the front and rear

axles (see [Wal04] and equations C.14 and C.15 in chapter C.2) and rdyn stands for the

dynamic tire radius.

The rolling resistance force3 (see also equation 2.41 in chapter 2.5.1)

Froll = Gv · cos (αroad) · froll · sign ( ẋV ) (3.5)

depends on the inclination angle of the road αroad, on the rolling resistance factor froll

and on the gravitational force of the entire vehicle Gv, which can be expressed as a

function of the vehicle mass in running order mv, any additional load mass mload and

the gravity g as:

Gv = (mv +mload) · g . (3.6)

The aerodynamic resistance force Faero is a function of the air density ρair, the drag

coefficient Cd, the projected frontal area of the vehicle Aw and the longitudinal vehicle

speed ẋV (see table B.1 in appendix B for the value of the vehicle parameters):

Faero(t) = 0.5 · ρair · Cd ·Aw · | ẋV | · ẋV . (3.7)

1Vehicle mass definitions according to the Council Directive 92/21/EEC of 31 March 1992 of the
European Union [Com92].

2The mass factor comprises the translatory and rotatory inertia of the vehicle and the powertrain
[Wal04]. Exemplarily values of the mass factor for vehicles with a powertrain with internal combus-
tion engine can be found in [Hir09a] and [Wal04].

3The effect of the vehicle speed on the rolling resistance is neglected in this work.
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3.1. Equations of motion

Here, the term | ẋV | · ẋV is used instead of ẋ2
v to account for driving forwards or

backwards. Furthermore, the wind speed is neglected.

For a given road inclination angle αroad, the corresponding resistance force Fclimb is

given by:

Fclimb = Gv · sin(αroad) . (3.8)

At this point, it is worth noting that the road inclination is often given in percentage

proad, which is related with the road inclination angle αroad by:

proad = tan(αroad) · 100 % . (3.9)

These resistance forces are schematically shown in figure 3.1 for a subcompact electric

vehicle with a single stage gearbox (see tables 3.3 and 3.5) as a function of the longitu-

dinal speed ẋV . It can be seen, that, even for relative small values of the longitudinal

acceleration, the inertial force F ẍV
is of high importance at low speeds. However, the

aerodynamic resistance force Faero becomes more relevant at higher speeds due to the

quadratic influence of the longitudinal speed.

Longitudinal speed v .Longitudinal speed vx
 

 

F x
re

sis
ta

nc
e

Froll

Fclimb

Faero

Fv..Fvx

max .
     VX

Figure 3.1.: Quasi-stationary total longitudinal resistance force Fxresistance for a sub-
compact electric vehicle with a single stage gearbox (see tables 3.3 and
3.5) as function of the longitudinal speed ẋV while driving on a road with
constant inclination (αroad = const.) and with a longitudinal acceleration
ẍV = 0.5 m/s2.
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3.2. Approaches toward the electrification of the vehicle

powertrain

There are two ways to electrify a vehicle (figure 3.2). The electric components (electric

motors, battery, inverters) are the starting point of the first way, called analysis . Based

on the characteristics of these components, the achievable driving performance can be

determined in a simulation or in field tests using a prototype. The other possibility is to

firstly set the performance requirements and then use them to derive the characteristics

of the electric components. This process is called synthesis. In this work, a synthesis

approach is presented, since this is probably the most interesting approach from the

engineering point of view.
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Figure 3.2.: Two different approaches toward the electrification of vehicles.

In the presented approach, the general characteristics of the battery and in-wheel motors

are determined based on the desired driving performance. It can be described based on

maximum speed ẋmax
V and desired acceleration values (expressed as the time ∆t needed

from standstill to a certain speed ẋV 1 or ẋV 2) as well as on climbing ability (expressed

as the maximum road inclination to overcome αmax
road), elasticity (time to accelerate

from a certain speed ẋV e1 different from zero to another one ẋV e2) and driving range

smax . The maximum speed can be specified for driving on a plain terrain ẋmax
V αroad1=0◦

or on a street with a certain inclination ẋmax
V αroad2 6=0◦ . Furthermore, since, in general,

the performance of electric motors depends on the operating condition (continuous or

overload service mode), it is important to specify in which condition a given performance
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3.3. Driving cycles

requirement shall be reached. The aspects considered in this work to describe the desired

driving performance can be seen in figure 3.3 (see also [Cho02]).

Continuous service Battery relevantOverload service

AccelerationAcceleration
 .∆t0 → VX1

Climbing ability
max αroad

Elasticity

Max. speed Max. speed

Driving range

 .∆t0 → VX2

.       .∆tVX1 → VX2

max .
     VXαroad1

max .
     VXαroad2

max s

Figure 3.3.: Aspects considered to describe the desired driving performance.

3.3. Driving cycles

Basically, driving cycles describe the vehicle speed as a function of the cycle time. From

this so-called speed profile, an acceleration profile can be derived. For additional fuel

consumption considerations the gear shift information has to be taken into account in

order to get comparable and reproducible results. Although many of them are used

in the automotive industry, only few of them are mandatory or standardized (NEDC,

FTP-75, Japan-10-15). There are several other driving cycles representing more realistic

load requirements. These driving cycles have been stored in large databases ([And04],

[And06]).

A simple way to classify driving cycles is based on their individual vehicle speed behav-

ior. Cycles representing constant acceleration and constant speed sections are called

modal cycles. Thus, cycles having unsteady acceleration and speed sections are gener-

ally known as transient cycles. Modal cycles do not effectively represent the driving

behavior of common on-road use. As a consequence, transient cycles have been created

representing modern driving patterns. Widely used standardized driving cycles are the

New European Driving Cycle - NEDC, the North-American driving cycle FTP-75 and

the Japanese cycle Japan-10-15. The ARTEMIS, HYZEM or INRETS (see [And04],
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[And06]) are examples of groups of non-standardized transient driving cycles. A further

classification scheme makes the distinction between standardized or non-standardized

driving cycles. Moreover, some authors use classification criteria like mass-to-power-

ratio or an analysis of parameters, like stop duration and stop rate, highest and average

acceleration and highest and average speed (see e.g. [NBW06]). Driving cycles can be

classified according to their application domain, which means cycles representing typi-

cal driving patterns of urban (city), road or highway cycles [And04], [And06], [NBW06],

[AJV+06].

The standardized driving cycles NEDC, FTP-75 and Japan-10-15 as well as the non-

standardized ARTEMIS, HYZEM and INRETS (as shown in figure 3.4) are used in this

work as basis for further calculations regarding energy demand and determination of

the electric components characteristics and will be described more in detail.

Table 3.1 presents an overview of the characteristic kinematic parameters of the con-

sidered driving cycles. Compared with the non-standardized driving cycles (ARTEMIS,

HYZEM and INRETS), the standardized ones (NEDC, FTP-75 and Japan-10-15) are

shorter, present lower speeds and accelerations and are characterized by more stops

and longer distances between them. This points out the fact, that the non-standardized

driving cycles represent more realistic driving patterns, as will be explained in the fol-

lowing sections. Among the standardized driving cycles, while the NEDC shows the

highest maximum speed (120.0 km/h), the FTP-75 presents a higher value of the max-

imum acceleration (1.72 m/s2). Observing the non-standardized driving cycles, while

the HYZEM driving cycle has the highest maximum speed (138.1 km/h) and maxi-

mum positive acceleration (3.19 m/s2) the INRETS driving cycle shows the strongest

deceleration (−3.94 m/s2).

For a constant road inclination, the quasi-stationary total resistance force Fxresistance
and therefore the demanded energy Ecycle tires (see chapter 3.4.2) depend on the lon-

gitudinal speed ẋV and longitudinal acceleration ẍV . It can be expected that driving

cycles characterized by higher accelerations at higher speeds demand higher amounts

of energy. Figure 3.5 shows the maximum longitudinal acceleration ẍmax
V as a func-

tion of the longitudinal speed ẋV for the different driving cycles considered. It can be

seen that non-standardized driving cycles (dotted and/or dashed lines) present higher

longitudinal acceleration values along the entire speed range as the standardized ones

(continuous lines). Some authors consider the low dynamic behavior as one of the

biggest disadvantages of the standardized driving cycles [And04]. Among the standard-
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Figure 3.4.: Considered driving cycles: ARTEMIS, HYZEM, INRETS, NEDC, FTP-75
and Japan-10-15.

ized driving cycles, the NEDC presents the highest longitudinal accelerations at higher

speeds. Based on this, it can be expected that higher amounts of energy and therefore

a bigger battery is needed for the NEDC as for the FTP-75 or Japan-10-15 for the same

driving range. Nevertheless, the highest amounts of required energy and therefore the

heaviest batteries can be expected for the non-standardized and more realistic driving

cycles ARTEMIS and HYZEM, which present the highest longitudinal accelerations at

the highest longitudinal speeds among all considered driving cycles. More details of

kinematic parameters of the selected driving cycles can be found in [And04], [NBW06]

and [WRN09]. General information about the considered driving cycles is presented in

69



3. Longitudinal dynamics

Table 3.1.: Characteristic kinematic parameters of the considered driving cycles.
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33.9 34.5 24.2 57.3 69.0 35.5

Maximum 120.0 91.2 70.0 133.9 138.1 113.9

A
cc

el
er

at
io

n

D
ri

ve Mean [m

s2

] 0.534 0.483 0.527 0.434 0.427 0.586

Max. 1.04 1.72 0.79 2.50 3.19 2.83

B
ra

ke Mean -0.725 -0.530 -0.605 -0.483 -0.498 -0.576

Min. -1.39 -1.50 -0.83 -3.36 -4.61 -3.94
a Mean distance between stops.

section C.3 in appendix C.

3.4. Energy storage

In the first part of this chapter, a short overview of different energy storage devices

is given (see chapter 3.4.1). Afterwards, it is presented how the energy and power

demands to drive a given cycle can be determined (see chapter 3.4.2). Finally, the

developed approach to determine the battery characteristics based on any driving cycle

is presented (see 3.4.3).
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Figure 3.5.: Maximum longitudinal acceleration as function of the longitudinal speed
for the different standardized (dotted and/or dashed lines) and non-
standardized (continuous lines) driving cycles considered.

3.4.1. Energy storage device

The energy to move a vehicle must be stored properly to guarantee not only its move-

ment but also a harmonic an adequate operation according to the requested performance

(see also chapter 3.3). An overview of the different ways to store this energy in a vehicle

is presented in section C.3.7 of appendix C. Beside the energy-to-mass and power-to-

mass values, the state of charge SOCBatt is an important characteristic parameter that

must be taken into account to determine the battery dimensions and its operating con-

ditions. It indicates the amount of energy stored in the battery EBatt, ti at a certain

time ti in relation to the nominal storable energy Enom
Batt of the battery:

SOCBatt =
EBatt, ti

Enom
Batt

· 100 % . (3.10)

The state of charge SOCBatt strongly influences the lifetime of batteries undergoing

frequently load cycles (for example in electric and hybrid vehicles). While very narrow

ranges of batteries for hybrid vehicles are used (e.g. 10 % of the battery capacity) to

increase or at least maintain its lifetime, up to 80 % of the battery capacity of batteries

for electric vehicles is used [Hof09]. This usable fraction of the total energy stored in the

battery is known as SOC-Range (SOCBatt range). Further information about batteries

and energy storage devices in general is presented in section C.3.7 of appendix C.
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3. Longitudinal dynamics

3.4.2. Energy and power demand in a driving cycle

The energy Ecycle tires needed at the tires to drive a certain cycle, characterized by a

longitudinal speed profile ẋV (t) over the time, is given by the integral of the driving

power P (t) over the cycle duration tcycle:

Ecycle tires =

∫ tcycle

0
P (t) dt =

∫ tcycle

0
Fxresistance(t) · ẋV (t) dt , (3.11)

where Fxresistance(t) corresponds to the quasi-stationary total resistance force given by

equation 3.1.

If it is assumed that the kinetic energy can be recuperated during braking (see chapter

3.5.3), it is important to take into account the efficiency of the chain not only from the

battery to the wheels (driving) but also in the opposite direction (recuperation while

braking) since the efficiency values are, in general, different in each case. Based on this,

without considering any energy consuming aggregates like the air conditioning system,

electric steering system or active/semi-active suspension systems (see also chapter 3.6),

the total energy consumption for a given cycle Ecycle is given by:

Ecycle = Edriving − Erecuperation , (3.12)

where the energy amounts while driving Edriving and recuperating Erecuperating are given

by:

Edriving =
Ecycle tires, ẍV ≥0

ηgearbox · ηEM motor · ηinverter · ηBattery discharge
, (3.13)

Erecuperation =
Ecycle tires, ẍV ≤0

ηgearbox · ηEM generator · ηinverter · ηBattery charge
. (3.14)

It is assumed here, that electric motors have different nominal efficiencies while work-

ing as motor ηEM motor or as generator ηEM generator. Moreover, also different nominal

efficiencies are considered for the electric battery while charging ηBattery charge and dis-

charging ηBattery discharge. Additionally, the nominal efficiencies of the gearbox ηgearbox

and of the inverter ηinverter are taken as constant. The used values are presented in table
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3.4. Energy storage

3.4. Moreover, it is supposed in this approach, that braking is carried out completely

by the electric motors and the intervention of the friction braking system is neglected.

Furthermore, to determine the energy while driving Edriving, driving phases with ẍV ≥ 0

are considered. The recuperated energy Erecuperation is related with negative accelera-

tions ẍV < 0.

3.4.3. Battery capacity and mass estimation

In an early development phase of an electric vehicle, it is of high importance to estimate

the battery capacity (amount of stored energy) needed to achieve a certain driving range

under the consideration of a defined driving cycle (see [NBW06],[WRN09],[And04] and

[FJM+98], and also section 3.3). Two facts must be taken into account to determine

the battery capacity: On the one hand, the battery capacity is related with the battery

mass and the battery mass depends on the energy needed to drive the cycle. On the

other, the energy consumption on a given driving cycle depends on the total vehicle mass

including the battery. Based on this, it is clear that the battery capacity depends on

its own mass and in turn the battery mass depends on the battery capacity. Therefore,

an iterative process must be used to determine the battery capacity and mass. The

developed approach is presented in figure 3.6 and can be used to determine the battery

characteristics based on any driving cycle (see also [RNH11]).

The starting point is an assumed battery mass mBatt assum. In the first step of the

iterative process, the power and energy demands needed to drive a given cycle can be

determined in the section 3.4.2. Taking into account the energy-to-mass EBatt specific

and the power-to-mass PBatt specific ratios (see e.g. [vdBVvM+06], and chapter 3.4.1),

the needed battery mass to drive the cycle can then be calculated as:

mBatt needed = max(mBatt power,mBatt energy) , (3.15)

where the needed battery mass to cope with the power mBatt power and with the energy

requirements mBatt energy of the driving cycle is given by:

mBatt energy =
Ecycle

EBatt specific
(3.16)
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Figure 3.6.: Flow diagram of the iterative process used to determine the characteristics
of the needed battery for a certain driving cycle (battery mass as well as
power and energy capacities).

and

mBatt power =
Ppeak

PBatt specific
. (3.17)

Assuming that the battery can deliver as much power during discharging as it can store

during charging, the maximum value Ppeak of the needed power can be expressed as:

Ppeak = max(|P (t)|) . (3.18)

The battery massmBatt cycle to drive a certain cycle is found if the difference between the

needed battery mass mBatt needed and the assumed battery mass mBatt assum is smaller

than a specified threshold em. Otherwise, the algorithm must change the assumed value

and start the iteration again.

The battery mass needed to travel a given maximum distance smax can be finally ap-
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3.5. Electric motors

proximated based on the cycle distance scycle according to:

mBatt, s = mBatt cycle ·
smax

scycle

. (3.19)

3.5. Electric motors

In this chapter, the synchronous motor with permanent magnets and the induction

motor are described and analyzed since they seem to be the most attractive electric

motor types for the automotive industry on the way toward the electrification of the

powertrain of passenger vehicles (see e.g. [Wil11]). It must be pointed out that the

expression synchronous motor is used in this work to refer to the synchronous motor

with permanent magnets. The selection of most suitable electric motor technology for

the electrification of the powertrain of a passenger vehicle depends not only on the

general characteristics of the electric motor type (as presented in chapters C.4.1, C.4.2

and C.4.3) and its nominal efficiency (see chapter C.4.4) but also on the application

scenario and the applied control strategy (see also [Wil11] and [WH10]). In appendix C,

detailed information about these motor types (see section C.4) as well as an introduction

to the power electronics needed to control them (see section C.5) is presented.

3.5.1. Torque-speed diagram of induction and synchronous motors

The achievable driving performance depends mainly on the full load curve of the con-

sidered electric motor. In comparison with internal combustion engines, electric motors

can be overloaded for short periods of time. Nevertheless, the overload factor and the

amount of time in which an electric motor can work in overload service depend mainly

on the system’s heat dissipation conditions, i.e. on the cooling system.

Figure 3.7 shows the torque-speed curves in nominal and overload service for the two

motor types considered in this work. The curves of both motor types are character-

ized by a region of constant torque up to the nominal rotational speed ωn . For higher

rotational speeds up to the maximum rotational speed ωmax , i.e. in the field weaken-

ing region, the maximum torque in nominal and overload service is a function of the

considered rotational speed ω. To describe the behavior of the torque in the entire

speed range, following semi-phenomenological approach is proposed (see [Wil11] for a

75



3. Longitudinal dynamics

 

 

To
rq

ue
 M Nominal service (n)

Overload service (ol)

Torque-speed curve

Rotational speed ω

Field weakening
region

Constant torque
region

maxM

nM

nω

maxω

Synchronous
motor (ol)

Induction and Synchronous
motor (n)

Induction
  motor (ol)

Figure 3.7.: Schematic steady state torque-speed curves for induction and synchronous
motors in nominal and overload service.

phenomenological description):

M =


M0 ; if ω ≤ ωn (constant torque region),

M0 ·
(

ωn

ω

)nFWR

; if ω > ωn (field weakening region),
(3.20)

where M0 corresponds to the to the torque ( Mmax for overload and Mn for nominal

service) at nominal speed ωn , and the exponent nFWR depends on the motor type and

the operating condition according to:

nFWR =

1; for IMn and SMn and ol,

2; for IMol.
(3.21)

Here stands IM for induction motor, SM for synchronous motor, n for nominal service

and ol for overload service.

An important aspect of electric machines concerns their ability to be operated (depend-

ing on the power electronics) to deliver positive and negative torque values in both

rotation directions. This leads to the so called four-quadrants operation in which elec-

tric machines can be used to drive and brake in both rotational directions, as can be

seen in figure 3.8. During braking, electric machines can work as generators to recuper-

ate the kinetic energy of the vehicle they are installed on. In this work, a symmetric
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field4 is assumed.
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Figure 3.8.: Steady state four-quadrants operation of induction (IM) and synchronous
motors (SM).

A comparison between the traction force diagrams 5 of a vehicle with internal combus-

tion engine and a vehicle with electric motor(s) is presented in section C.4.5 in appendix

C.

3.5.2. Weight of electric motors

Since in-wheel motors increase the non-suspended mass and it tends to worsen ride

comfort and driving safety, the weight of the electric motors for this kind of application

is an important aspect to be considered (see e.g. [MW04] and chapter 5.2). Figure

3.9 presents the active mass 6 of induction and synchronous motors as a function of its

nominal torque Mn for two different values of its nominal power Pn . A tendency line for

each case is also shown. The values were approximated using the approach presented

by [Wil11].

It can be seen on this figure, that the weight of synchronous and induction motors

depends mainly on its nominal torque Mn rather than on its nominal power Pn (see

also [RNW10] and [Wil11]). Furthermore, due to the weight of the windings in the

rotor, induction motors tend to be heavier than the synchronous ones.

4With the same absolute value of the maximum torque while braking and driving.
5See traction force diagram in chapter 3.5.4.
6Mass of all electromagnetic parts (see [Wil11]).
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Figure 3.9.: Active mass mEMact of induction and synchronous motors as function of
the nominal torque Mn and the nominal power Pn .

3.5.3. Energy recuperation

As mentioned before, electric machines can be operated as generators while braking to

recuperate kinetic energy. This energy can then be stored (see chapter 3.4) to be used

later, for example, to drive the vehicle. This reduces the overall energy consumption.

Nevertheless and regardless of the storage technology used (e.g. battery or capacitors),

only a certain amount of the kinetic energy can be recuperated. Observing the equation

3.1, it is possible to notice that the rolling Froll, climbing Fclimb and aerodynamic Faero

forces still act on the moving vehicle while braking.

By multiplying the different force components Fxi of equation 3.1 (i.e. Froll, Faero, Fclimb

and the inertial force F ẍV
) with the longitudinal speed ẋV , it is possible to express

the theoretical maximum recuperable kinetic power while braking Pth,max

rec, ẋV j
for

a given longitudinal speed ẋV j as (without considering losses in the powertrain while

recuperating due to reduced mechanical and electrical efficiencies):

Pth,max

rec, ẋV j
=


∣∣∣P ẍV

∣∣∣− P
loss, ẋV j

; if ẍV < 0 and
∣∣∣P ẍV

∣∣∣ > P
loss, ẋV j

,

0; otherwise,
(3.22)

where the total losses at the considered given speed are given by

Ploss, ẋV j
= (Proll + Pclimb + Paero) ẋV j

(3.23)
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3.5. Electric motors

and, as stated before, the different power components can be expressed as:

Pj = Fxi · ẋV j . (3.24)

If there were no rolling Froll, climbing Fclimb and aerodynamic Faero forces acting during

braking, the total power P ẍV
related to the vehicle inertia could be recuperated. Never-

theless and as mentioned before, as this forces remain active, the theoretical maximum

recuperable kinetic power Pmax
th rec is just a part of the power P ẍV

. This is shown

in figure 3.10 for a given longitudinal speed ẋV j (see also [WFO09]) and two different

deceleration values ẍV 1 and ẍV 2. While there is only a small speed range where energy

can be recuperated while braking with ẍV 1, energy can be recuperated in the entire

speed range shown in figure 3.10 when braking with ẍV 2.

 

 

Po
w

er
 P

j

.Longitudinal speed Vx

..|PVx2|

.
Vxj

..|PVx1|

.th,maxPrec, Vxj

.Ploss, Vxj

Proll+Pclimb+Paero

Figure 3.10.: Theoretical maximum recuperable kinetic energy while braking (steady
state diagram).

3.5.4. Power balance

By considering the number NEM of installed electric motors and the torque produced

by each electric motor MEM as well as the transmission ratio igearbox and the efficiency

ηgearbox (assumed as constant) of the considered gearbox between the in-wheel motor

and the wheel hub, the driving/braking force defined in the appendix C.1 can be ex-

pressed as:

MD/B

rdyn
=
NEM ·MEM · ηgearbox · igearbox

rdyn
. (3.25)
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This force can be expressed as a function of the vehicle longitudinal speed by considering

the characteristic torque-speed curve of the installed electric motors (see chapter 3.5.1).

Plotting this force together with the demanded traction force (see equation 3.1) leads to

the so-called steady state7 traction force diagram. Figure 3.11 (a) shows, in a schematic

way, the traction force diagram of both a synchronous and an induction motor for

nominal and overload service. The quasi-stationary total resistance force Fxresistance is

plotted as dashed lines for different road inclinations p. Due to the fact, that in the field

weakening region, the torque of the induction motor in overload service decreases faster

than the torque of the synchronous motor (see e.g. [Wil11] for a detailed explanation),

the offered traction force of the synchronous motor in this region is greater than that

of the induction motor.
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Figure 3.11.: Steady state traction force (a) and power (b) diagrams of a synchronous
(SM) and an induction (IM) motor with an overspeed limited maximum
speed on flat road ẋmax

V lim nom p=0%. The theoretical maximum speed on

flat road in nominal service is also indicated ẋmax
V th nom p=0%.

The resistance Presistance as well as the offered Poffer power can be obtained based

on equations 3.1 and 3.25 as a function of the vehicle longitudinal speed ẋV and the

7In this work, the expression ”traction force diagram” is used to indicate the corresponding diagrams
in steady state.
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rotational speed ωC wf/r, y
of the wheels as:

Presistance = Fxresistance · ẋV , (3.26)

Poffer = MD/B,f · ωC wf , y
+MD/B,r · ωC wr, y . (3.27)

In this way, the driving performance diagram presented in figure 3.11-b can be obtained

based on the traction force diagram. In this figure, the excess power Pex is also indicated.

It can be obtained as the difference between the demanded and offered power for a

certain longitudinal speed and strongly influences the driving performance.

It should be remarked, that both diagrams are influenced by the transmission ratio

igearbox of the gearbox as indicated in the equation 3.25.

3.5.5. Maximum speed

In general, the higher the offered power, the higher the maximum speed that can be

reached. This would suggest to design or select an electric motor (considering also the

corresponding transmission) to reach the maximum desired speed in overload service.

Nevertheless, due to the fact that an electric motor can be overloaded for a limited period

of time because of thermic reasons (see e.g. [Wil11]), the maximum desired speed must

be reached in nominal service if it must be hold for longer time periods. The excess

power in overload service can then be used to overcome a higher demanded traction

force (e.g. master a steeper road or drive against stronger headwind) during short time

intervals. The maximum theoretical longitudinal speed on a flat road ẋmax
V th nom p=0%

for an electric motor working on nominal service is given by the intersection between

the demanded traction force for a flat road (p = 0%) and the offered traction force. It

can also be expressed as the intersection between the lines of offered and demanded

power.

Figure 3.12 presents different electric motor - gearbox layouts leading to different per-

formance conditions. These three layouts are defined analogously as for vehicles with

internal combustion engines (see e.g. [Wal04]). The same maximum offered power in

nominal service is considered for each case. The three cases differ on the position of the

overspeed point of the electric motor compared with the maximum theoretical longitu-

dinal speed ẋmax
V th nom p=0% (over the hyperbola of constant power for nominal service
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in the traction force diagram).
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a) Layout for maximum theoretical longitudinal speed

The maximum theoretical longitudinal speed ẋmax
V th nom p=0% on a flat road can be

reached for long periods of time. Nevertheless, the power excess immediately before

the maximum speed available for acceleration climbing or driving against headwind is

relatively small.

b) Electric motor overspeed limiting layout

If due to the combination of electric motor and gearbox, there are no intersection be-

tween the lines of offered and demanded power, the maximum achievable longitudinal

driving speed is limited by the overspeed of the electric motor. In this case, the maxi-

mum theoretical longitudinal speed ẋmax
V th nom p=0% cannot be reached. However, the

total area between the curves of offered and demanded power is greater than in the case
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3.5. Electric motors

of the layout for ẋmax
V th. This leads to higher excess traction force values and therefore

to a higher acceleration or climbing ability (see 3.5.6 chapter acceleration ability).

c) Underspeeding layout

In this case, the maximum desired longitudinal speed is reached by a rotational speed

below the overspeed point of the electric motor. The maximum theoretical longitudinal

speed ẋmax
V th nom p=0% can be reached slower than in the other two cases because of

the smaller area between the offer and demand curves. This fact represents a difference

with the internal combustion engines, by which ẋmax
V th nom p=0% cannot be reached with

an underspeeding layout. Furthermore, the electric motor can be operated in a region

of higher efficiency values, which leads to lower energy consumptions.

If a given desired maximum speed should be reached (as exposed in chapter 3.2), then

the electric motor and the gearbox transmission design or selection should lead to one

of the first two options discussed above.

3.5.6. Power defined climbing and acceleration ability

Based on the traction force diagram, the excess traction force Fx,ex can be determined

for a given longitudinal speed ẋV i as the difference between the demanded and the

offered traction force (see figure 3.13):

Fx,ex =
MD/B

rdyn
− Fdemand . (3.28)

This excess traction force can be used to overcome a higher demanded traction force

(e.g. reach a higher speed, master a steeper road or drive against stronger headwind).

Assuming a driving with constant speed ( ẍV = 0 m/s2) and neglecting the influence of

the road inclination on the rolling resistance (e.g. αroad → 0◦ ⇒ cos(αroad) → 1), the

maximum road inclination that can be mastered for a given longitudinal speed ẋV i is

given by (see e.g. [Wal04]):
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αmax
road,P = arcsin

(
Fx,ex, ẋV i

(mv +mload +mbattery) · g

)
. (3.29)

Analogously, the maximum acceleration on a flat road is given by (see e.g. [Wal04]):

ẍmax
V P =

Fx,ex, ẋV i

ei ·mv +mload +mbattery
. (3.30)

According to the torque-speed curve of electric motors (see figure 3.7), both the max-

imum road inclination and the maximum acceleration are available for ẋV = 0 km/h

(compare with figure 3.13).
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Influence of the vehicle mass on the power defined climbing and acceleration

ability

According to equations 3.29 and 3.30 and observing the traction force diagram 3.13, it

is evident that the power defined climbing and acceleration ability as well as the excess

traction force Fx,ex depend nonlinearly on the vehicle mass8 mv (see also [Hir09a]). This

nonlinear relation is shown exemplarily for a synchronous motor in Figure 3.14, which

adds a new dimension to the traction force diagram presented in figure 3.11.
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Figure 3.14.: Influence of the vehicle mass on the steady state power defined climbing
and acceleration ability. The example is based on a synchronous motor.
Vehicle mass definitions according to the Council Directive 92/21/EEC of
31 March 1992 of the European Union [Com92].

The excess traction force and therefore the climbing and acceleration ability decreases

with increasing speed ẋV and increasing vehicle mass mv. While the influence of the

vehicle speed depends mainly on the torque-speed curve of the considered electric motor,

the effect of the vehicle mass is independent from the motor type.

3.5.7. Elasticity

The elasticity can be defined as the needed time to pass from a certain speed ẋV 1

to a higher one ẋV 2. This is related with the acceleration ability of the vehicle and

8Vehicle mass definitions according to the Council Directive 92/21/EEC of 31 March 1992 of the
European Union [Com92].
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therefore with the excess traction force Fx,ex. Since Fx,ex varies with the vehicle speed,

the elasticity depends directly from the area limited by the offered force (see equation

3.25) and the quasi-stationary total resistance force Fxresistance between the two given

speed values (see hatched area in figure 3.13). Furthermore, while the elasticity and

therefore the speed development within the torque constant region depends on the

nominal torque of the electric motor Mn , in the field weakening region they depend on

the nominal power Pn .

3.5.8. Determination of the electric motor torque and power characteristics

To determine the suitable motor torque and power characteristics, an optimization pro-

cess based on the simplex algorithm was developed. The flow diagram of the presented

approach can be seen in figure 3.15. The desired performance requirements as well as

initial values for the nominal torque Mn,init , nominal power Pn,init , number of electric

motors NEM and overload factor fOL serve as inputs. Based on Mn,init and Pn,init , the

achievable driving performance is determined as described before. The values of Mn

and Pn are varied by the optimization algorithm until the desired driving performance

can be reached with the minimum Mn and Pn . Therefor, following fitness function to

be minimized is proposed:

JEM =

DPi∑
1

bi ·∆DPi︸ ︷︷ ︸
Performance
parameters

+ b Mn · Mn︸ ︷︷ ︸
Nominal
torque

+ b Pn · Pn︸ ︷︷ ︸
Nominal
power

. (3.31)

The first term on the right side of this equation accounts for the difference between

the desired driving performance parameters DPi (see figure 3.3) and the obtained ones.

Weighting factors bi are introduced to be able to vary the relative importance of the

considered performance parameters. The second term punishing the nominal torque

Mn is introduced since the torque is related with the weight of the electric motor and it

influences directly the non-suspended masses tending to negatively affect ride comfort

and driving safety (see chapter 5.2). The third term accounts for the minimization of

the nominal power Pn .

It must be pointed out, that while minimizing the nominal torque (weight) and installed

power, the proposed fitness function allows the fulfillment of all desired performance
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3.6. Power demand of auxiliaries for electric vehicles

parameters or only some of them depending on the weighting factors bi and on the

threshold eEM introduced in the algorithm. The torque and power characteristics of

the electric motor are iteratively varied until the value JEM of the fitness function

is smaller than the threshold eEM . The electric motor (or a group of them) with

the obtained torque-speed curve fulfills the driving performance requirements for the

analyzed vehicle as described before.
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Figure 3.15.: Flow diagram of the optimization process used to determine the torque
and power characteristics of an electric motor.

3.6. Power demand of auxiliaries for electric vehicles

In electric vehicles, traditional mechanical auxiliaries (e.g. the air conditioning com-

pressor, the booster vacuum pump of the brake system and the power steering system)

that are directly driven by the engine in vehicles with ICE, are normally replaced by

electrical components. Among other aspects, this is due to the fact that they cannot

be powered during standstill phases in which the electric motor used for traction is not

moving. Wallentowitz et al. [WFO09] summarize the maximum power demand of these

components as presented in table 3.2.

The operating factor introduced in table 3.2 is based on the experience of the automotive

companies and accounts for the fact that auxiliaries are neither permanently working

nor demanding the maximum power. More information about the power demand of
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Table 3.2.: Average power demand of auxiliaries for an electric vehicle [WFO09].

Minicompact to compact Midsize to large

Air conditioning system
[kW]

4.0 6.0

Power steering system 1.0 1.2

Brake booster 0.2

Operating factor [%] 10.0

Average power demand PAux [kW] 0.52 0.74

auxiliaries can be found in [Lun09] and [Gös08]. Moreover, Niederkofler [Nie11] presents

the power demand of a novel electrical single wheel steering system.

The energy for the auxiliaries is supplied from the main battery used to provide the

energy to the electric traction motors. Since the voltage in the battery is normally

higher than the needed one for the auxiliaries, a DC-DC-converter is needed. Assuming

the same efficiency for the DC-DC-converters as for the DC-AC-converters (ηinverter)

used for the electric traction motors (see chapter C.5) and based on the total power

demand of auxiliaries PAux, the additional battery mass ∆mBattAux needed to cover

their energy demand for a certain maximum range smax can be calculated based on the

the energy-to-mass ratio EBatt specific and for the different driving cycles considered as:

∆mBattAux = PAux ·
tcycle

EBatt specific
· smax

scycle

· 1

ηinverter · ηBattery discharge · SOCBatt range
.

(3.32)

The SOC-Range SOCBatt range must be introduced in equation 3.32 to account for the

fact that there is always a non-usable energy capacity in the battery, as stated before

in chapter 3.4.1.

3.7. Results

In this chapter, the applicability of the approaches proposed in this work is discussed.

Therefor, the considered vehicles and powertrain architectures as well as the general

characteristics of the battery and electric motor(s) are presented in the first part of

this chapter. Afterwards, the battery characteristics are determined for each vehicle

based on the driving cycles presented in chapter 3.3 and according to the methodology
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proposed in chapter 3.4.3. Finally, the electric motor characteristics are identified based

on the approach proposed in chapter 3.5.8.

It must be pointed out, that the assumed values in chapters 3.7.1 and 3.7.3 are just

representative examples of the technology available nowadays and are used only to

discuss the applicability of the design methodology proposed in the mentioned chapters.

They can be easily modified to consider any other scenario.

3.7.1. Considered vehicle classes

To analyze the influence of different vehicle characteristics on the dimensioning of bat-

tery and electric motors, different vehicle classes are considered. Since it can be expected,

that electrified powertrains will become more common in small vehicles in the near fea-

ture (see e.g. [WFO09]), three vehicles belonging to the minicompact (A−), subcompact

(A) and compact (B) classes9 are taken into account. The assumed characteristics of

these vehicles can be observed in the table 3.3 and correspond to representative vehicles

available in the market nowadays.

Table 3.3.: Assumed parameters of the considered vehicle classes.

Minicompact Subcompact Compact

A− A B

Vehicle mass

In running ordera mv

[kg]

850 1050 1200

Max. authorizeda mmax
v 1050 1550 1800

Mean (design) mmean
v 950 1300 1500

Rolling resistance coefficienta froll
[−]

0.01

Drag coefficientb Cd 0.26 0.27 0.28

Frontal areab Aw [m2] 2.0 2.2 2.3

Dynamic radiusa rdyn [m] 0.26 0.28 0.30

Inertia moment of one wheela Iw [kg ·m2] 0.8 0.9 1.0

Air densitya ρ [kg/m3] 1.293
a Based on [BS07].
b Based on [Huc05].

9Vehicle classes definition according to [oE11].
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In table 3.3, the mean value

mmean
v =

mv + mmax
v

2
(3.33)

of the vehicle mass in running order mv and maximum authorized mass mmax
v is pre-

sented (see [Com92] for the definition of these concepts). This value will be used for

further calculations since the total vehicle mass influences both longitudinal force and

energy demands (see chapter 3.4.2).

3.7.2. Powertrain architectures

Figure 3.16 shows a schematic representation of the powertrain architectures considered.

Two electric powertrain architectures are taken into account to analyze the advantages

and limitations of in-wheel motors: a rear-wheel drive and a four-wheel drive powertrain.

It must be mentioned, that the electric powertrain corresponding to the rear-wheel drive

architecture can be used as add-on alternative to hybridize a vehicle with an internal

combustion engine driving the front wheels. A comparison between rear-wheel and four-

wheel drive mechanical powertrain architectures can be found in [HEG11] and [Sto04].

Four-wheel driveRear-wheel drive

Electric motor Power electronics Battery Electric connection

Figure 3.16.: Schematic representation of the considered powertrain architectures.

3.7.3. General properties of the electric powertrain components

The general properties of the electric powertrain components (battery, power electronics

and electric motors) are presented in table 3.4.

The Energy-to-mass EBatt specific, the Power-to-mass PBatt specific and the SOC-Range

SOCBatt range values correspond to a modern Li-ion battery with a high specific energy

content for electric vehicles. The indicated efficiency values are lower than the nominal
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Table 3.4.: General properties of the electric powertrain components.

Battery

Energy-to-mass ratioa EBatt specific [Wh/kg] 150

Power-to-mass ratioa PBatt specific [W/kg] 300

State of charge hubb SOCBatt range

[%]

70

Efficiencyb
Charge ηBattery charge 85

Discharge ηBattery discharge 88

Power electronics Efficiencyc ηinverter [%] 95

Electric motor(s)

Max. rotational speedd ωmax [rad/s] 11000 rpm· 2·π60

Red. moment of inertiae I∗EM Wheel [kg ·m2] 0.75

Efficiencyd
As motor ηEM motor

[%]
85

As generator ηEM generator 82
a See figure C.3.
b See e.g. [Hof09].
c See e.g. [WFO09].
d See e.g. [Wil11].
e Estimated reduced moment of inertia of each electric motor and its transmission at wheel level as

stated in appendix C.2 (see also [Wil11]).

ones indicated in chapter 3.4.1 to account for the efficiency reduction when the battery

is working in a real driving cycle.

As indicated in chapter C.5, the efficiency of the power electronics is very high and

around a value of 93 %. For further calculations, highly efficient power electronics are

considered, as shown in table 3.4.

Based on the maximum rotational speed of the electric motor(s) ωmax and on the desired

maximum speed of the vehicle ẋmax (see table 3.5), the transmission ratio igearbox of the

gearbox used between each electric motor and the wheel hub can be found as a function

of the dynamic radius rdyn according to:

igearbox =
ωmax · rdyn

ẋmax . (3.34)

To take into account the moment of inertia of the electric motor on the energy require-

ments, a reduced moment of inertia at wheel level I∗EM Wheel (see section C.2) was
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estimated for the assembly group consisting of electric motor and transmission10. Fur-

thermore, as in the case of the battery, efficiency values lower than the nominal ones

(see chapters C.4.1 and C.4.2) were assumed to account for efficiency reduction during

real driving cycles away of the nominal point (see also [Wil11]).

3.7.4. Performance requirements

Table 3.5 shows the performance requirements for the different vehicle classes defined

in chapter 3.7.1. The maximum speed ẋmax is defined for flat road (p = 0 %) and for a

road with an inclination of p = 4 % 11. Two acceleration values ẍV 0→50 and ẍV 0→100

(from standstill to 50 km/h and 100 km/h respectively) are considered. To be able to

overtake trucks on a highway, an elasticity ẍV 80→100 is also specified. For all vehicles,

the same climbing ability pmax from standstill is required and the same overload factor

fOL is considered. Furthermore, since it is assumed that the considered vehicles are not

going to be used to drive very long distances in one single trip, driving ranges up to

150 km (depending on the vehicle class) are set as requirement. The values presented in

table 3.5 correspond to rational real world performance requirements (see also [Cho02],

[BH11] and [Hir11]).

3.7.5. Energy demand and needed battery mass

According to chapter 3.6, table 3.6 presents the additional battery mass ∆mBattAux for

the different driving cycles considered (see chapter 3.3) while taking into account the

information on tables 3.1, 3.4 and 3.5.

Based on the methodology proposed in chapter 3.4.3 and on the information of tables

3.3, 3.4, 3.5 and 3.6, the energy and power demands as well as the needed battery for

the different considered driving cycles were determined and are presented in table 3.7.

As it was expected (see chapter 3.3), the energy demand of non-standardized driv-

ing cycles (ARTEMIS, HYZEM and INRETS) is higher than for standardized ones

10The inertia moment of the rotor of synchronous and induction motors used for in-wheel applications
is lower than 10−2 (see e.g. [Wil11]).

11According to the German Federal Ministry of Transportation, the maximum inclination of roads
designed for maximum speeds between 120 km/h and 130 km/h (maximum speed for the different
considered vehicle classes) is 4 % (see [Wal04]).
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Table 3.5.: Driving performance requirements.
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Maximum speed
Flat road ẋmax

αroad=0◦
[

km

h

]
n

mmean
v

120 130 130

Inclined road ẋmax
αroad=4◦ 90

Climbing ability pmax [%]

ol

25

Acceleration
0 to 50 km/h ∆t0→50

[s]

8 7 7

0 to 100 km/h ∆t0→100 16 16 15

Elasticity 80 to 110 km/h ∆t80→110 15 12 12

Driving range s
max [km]

-
100 120 150

Overload factorb fOL [−] - 2
a Service modi of electric motor(s): nominal (n) and overload (ol) service.
b Based on [Wil11].

(NEDC, FTP-75 and Japan-10-15) independently from the vehicle class. While the

NEDC present the highest energy demand among all standardized cycles, the ARTEMIS

and HYZEM driving cycles show the highest demand among all considered cycles. As

discussed in chapter 3.3, this behavior is due because of the highest accelerations at

higher speeds.

For given battery specifications (see table 3.4), the dominant factor for the battery

dimensioning depends mainly on the driving cycle. For example, if the determined

energy content of the battery is equal to the energy demand in the considered driving

cycle, it can be said that the dominant factor corresponds to the energy capacity of

the battery. In such a case, both values are highlighted in table 3.7. The same occurs

for the power demand of the considered driving cycle and the power of the battery. It

can be seen that while the dominant factor for standardized driving cycles correspond

to the battery energy capacity, the power demand tend to be the dominant factor for

non-standardized driving cycles. This comes from the higher accelerations of the non-

standardized driving cycles. The results agree with those presented in the literature

(see e.g. [WFO09] and [Gös08]).
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Table 3.6.: Additional battery mass ∆mBattAux needed to cover the energy demand of
electric auxiliaries for an electric vehicle belonging to the vehicle classes
minicompact to compact in the different driving cycles.

Additional battery mass ∆mBattAux
[kg]

Minicompact Subcompact Compact
A− A B

NEDC 0.60 0.72 0.90

FTP-75 0.44 0.53 0.66

Japan-10-15 0.98 1.18 1.47

ARTEMIS 0.16 0.19 0.24

HYZEM 0.10 0.12 0.15

INRETS 0.40 0.48 0.60

It must be mentioned at this point, that only the maximum power while driving was

considered in the presented methodology (see chapter 3.4.3) for the dimensioning of

the battery. Taking the maximum power while braking would lead to higher battery

masses (around the double). Furthermore, the appearance of high decelerations while

braking is very seldom with 98 % of all deceleration values being smaller than the

maximum of the acceleration ones. This can be seen in figure 3.17, which shows the

relative cumulative frequency (see appendix A.1) of the power while braking for the

most extreme case, i.e. compact vehicle (B) in the HYZEM driving cycle. In this case,

around 99.9 % of all cases concerning the power while braking can be covered with the

maximum power while driving. Dimensioning the battery according to the maximum

power while braking would thus lead to an overdimensioned battery. Correspondingly,

the maximum power cannot be recovered but this is compensated with the energy saving

arising from transporting a lighter battery all the time.

Table 3.8 summarizes the battery mass mBatt needed for the considered vehicles based

on the results of all analyzed driving cycles and to fulfill the driving range defined in

table 3.5 (see battery properties in table 3.4). It must be remarked, that the results

were obtained taking into account the mean value of the vehicle mass mmean
v and thus

a lower or a higher energy demand (lighter or heavier battery) can be obtained for the

mass in running order mv and with the maximum authorized mass mmax
v respectively.
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Table 3.7.: Energy and power demands as well as the needed battery mass for the
different considered driving cycles. Highlighted background cells correspond
to the dominant factor in the considered driving cycle.
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[kWh/100 km] [kW] [kWh] [kW] [kg]

N
E

D
C

A− 12.6 10.8 11.6 1.8 26.2 20.6 11.6 33.0 110.0 110.0 110.6

A 16.0 13.7 14.7 2.4 32.6 27.8 14.7 41.9 139.6 167.5 168.2

B 18.1 15.4 16.5 2.7 36.4 31.8 16.5 47.1 157.1 235.6 236.5

F
T

P
-7

5 A− 11.6 9.2 9.3 2.5 23.5 19.6 9.3 26.5 88.4 88.4 88.8

A 15.2 11.9 12.0 3.3 31.0 26.2 12.0 34.4 114.5 137.4 137.9

B 17.2 13.4 13.6 3.8 35.3 29.9 13.6 38.9 129.7 194.5 195.1

J
ap

an
-1

0-
15 A− 11.8 9.2 9.9 2.6 13.7 8.6 9.9 28.2 94.1 94.1 95.1

A 15.4 12.0 12.9 3.5 18.1 11.5 12.9 36.8 122.8 147.4 148.6

B 17.5 13.6 14.6 4.0 20.6 13.2 14.6 41.8 139.4 209.1 210.6

A
R

T
E

M
IS A− 15.0 13.1 13.2 1.9 40.0 83.8 14.0 40.0 133.2 133.2 133.3

A 19.0 16.4 16.5 2.6 51.5 111.6 18.0 51.5 171.7 206.0 206.2

B 21.4 18.4 18.5 3.0 58.2 127.3 20.4 58.2 193.9 290.9 291.1

H
Y

Z
E

M

A− 15.2 13.6 13.6 1.6 40.4 111.5 14.1 40.4 134.7 134.7 134.8

A 19.0 16.9 16.9 2.2 51.3 147.9 17.9 51.3 170.9 205.1 205.2

B 21.3 18.8 18.9 2.5 57.6 168.5 20.2 57.6 192.1 288.1 288.3

IN
R

E
T

S A− 16.1 12.9 13.1 3.3 35.9 65.2 13.1 37.4 124.8 124.8 125.2

A 20.7 16.4 16.7 4.4 47.3 86.3 16.7 47.7 158.9 190.7 191.1

B 23.4 18.4 18.8 5.0 53.8 98.4 18.8 53.8 179.3 269.0 269.6
a Total energy required for the driving cycle without recuperation.
b Energy required for the driving cycle with recuperation.
c Measured at the end of the driving cycle.
d Usable energy capacity according to the defined SOCBatt range (see table 3.4).
e Battery mass required to reach the desired range (see table 3.5).
f Total battery mass required to reach the desired range (see table 3.5) and considering the

additional battery mass ∆mBattAux needed to cover the energy demand of electric auxiliaries (see
table 3.6). 95
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Figure 3.17.: Cumulative frequency of the power while braking Pẍ<0 for a compact
vehicle (B) during the HYZEM driving cycle (most extreme case from
those presented in table 3.7).

Table 3.8.: Battery mass mBatt needed for the considered vehicles in order to fulfill the
driving range specified in table 3.5 (see battery properties in table 3.4).

Battery mass mBatt

[kg]

Minicompact A− 135

Subcompact A 205

Compact B 290

3.7.6. Dimensioning of electric motors

According to equation 3.34 and taking into account the specified maximum rotational

speed of the electric motors ωmax (see table 3.4), the dynamic radius rdyn (see table

3.3) as well as the maximum desired speed on flat road ẋmax
α=0◦ (see table 3.5), the

transmission ratio igearbox of the gearbox used between each electric motor and the

wheel hub was determined and is presented in table 3.9.

Table 3.9.: Transmission ratio of the gearbox used between the electric in-wheel motors
and the wheel hub for the different vehicles considered.

Transmission ratio
igearbox [−]

Minicompact A− 8.99

Subcompact A 8.93

Compact B 9.57

To determine the power and torque characteristics of the electric motors needed for
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the different vehicle classes defined in table 3.3 to fulfill the performance requirements

established in table 3.5, the weighting factors shown in table 3.10 were used for the

fitness function of equation 3.31.

Table 3.10.: Weighting factors used to determine the power and torque characteristics
of the electric motor(s).

Weighting factor Weighting factor
[−] [−]

Nominal torque b Mn 0.5 Nominal power b Pn 0.5

Maximum speed b ẋmax 2.0 Climbing ability b αmax 0.4

Acceleration b∆t0→ẋi
2.0 Elasticity b∆tẋ1→ẋ2

2.0

Applying the proposed methodology presented in chapter 3.5.8, the torque and power

characteristics as well as the achieved performance parameters presented in table 3.11

were obtained. In this table, the reserve pres , i.e. the inclination angle that can still be

overcome at maximum speed ( ẋV i = ẋmax in equation 3.29), is also shown.

Comparing the results of table 3.11 with the performance requirements presented in

table 3.5, it can be seen, that all performance requirements were achieved. The nominal

torque and power of the electric in-wheel motors in a four-wheel drive architecture are

more or less the half of those in a rear-wheel drive one. In the proposed methodology,

even though the same vehicle mass was assumed for both powertrain architectures, the

moment inertia of the additional electric motors and the transmission ratio of their

corresponding gearboxes increase particularly the power demand.

To fulfill the requested performance requirements, while the nominal torque for the

induction motors is almost the same as for the synchronous ones, the nominal power is

higher. This can be explained using the traction force diagram presented in figure 3.18

for the case of vehicles with two in-wheel motors. It is required that the vehicles achieve

certain acceleration and elasticity characteristics with the electric motors working in

overload service. In the proposed methodology, it is assumed that the overload service

corresponds to the curve of breakdown torque. Since the acceleration is related with

the area between the demanded and offered force (see also chapter 3.5.6), and due to

the fact that the curve of breakdown torque declines more rapidly for induction than

for synchronous motors in the field weakening area (see chapter 3.5.1), a higher power

is needed to achieve the required acceleration. As approximately the same driving

performance is achieved with the presented induction and synchronous motors, it can
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Table 3.11.: Electric motor characteristics for vehicles with two and four in-wheel mo-
tors.
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[Nm] [kW] [km/h] [%] [s] [%]

2
x

IM
a A− 17.0 11.2 120 105 28 25 22.5 6.3 16 9.9 3.2

A 25.2 14.8 130 108 32 25 20.5 6.2 16 10.1 1.6

B 29.1 17.9 130 112 32 25 20.5 6.1 15 8.6 2.5

2
x

S
M

a A− 17.0 9.1 120 93 28 25 22.5 6.3 16 8.1 6.7

A 25.2 11.8 130 93 32 25 20.5 6.2 16 8.2 5.3

B 29.2 14.8 130 99 32 25 20.5 6.1 15 7.3 6.4

4
x

IM
a A− 8.5 5.7 120 106 28 25 22.5 6.5 16 9.7 3.5

A 12.6 7.5 130 110 32 25 20.5 6.2 16 10 1.8

B 14.6 9.1 130 114 32 25 20.5 6.2 15 8.6 2.7

4
x

S
M

a A− 8.5 4.7 120 95 28 25 22.5 6.5 16 8.1 7.1

A 12.6 6.0 130 94 32 25 20.5 6.2 16 8.1 5.6

B 14.6 7.5 130 101 32 25 20.5 6.2 15 7.2 6.6
a IM: Induction motor - SM: Synchronous motor
b To be fulfilled with electric motor(s) working in nominal service.
c To be fulfilled with electric motor(s) working in overload service.
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be seen in figure 3.18 how the curves for the overload service are crossed in the field

weakening area and more or less the same area arises between them and the total

resistance force for a flat road (p = 0 %). The traction force diagrams for the vehicles

with four in-wheel motors are very similar to those for the vehicles with two electric

motors and can be found in appendix C.6. It must be pointed out, that the obtained

results agree with those presented recently by Gombert et al. [GFH10].
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Figure 3.18.: Steady state traction force diagrams for the different vehicles considered
with two in-wheel motors.

Figure 3.19 exemplarily shows, the operation points of the electric motors of a minicom-

pact vehicle (A−) with a rear-wheel drive powertrain architecture for different driving

cycles. The pictures for the other vehicle classes considered are quite similar and are
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3. Longitudinal dynamics

therefore omitted. As presented in figure 3.19, while the electric motors obtained with

the proposed approach (see chapter 3.5.8) cover all the operating points for the stan-

dardized driving cycles (NEDC, FTP-75 and Japan-10-15), there are some operating

points of the non-standardized cycles (ARTEMIS, HYZEM and INRETS) that cannot

be covered. Some operating conditions demand higher traction forces and some other

higher speeds. It must be taken into account, that the maximum speed defined for the

minicompact segment (120 km/h) is lower than the highest speed of the ARTEMIS and

HYZEM driving cycles, since it is assumed, that this kind of vehicle is mainly used in

the city where those high speeds are normally not found. Nevertheless, the results show

that over 95 % of all operating points corresponding to the non-standardized driving

cycles can be covered for all considered vehicles (minicompact A−, subcompact A and

compact B). This fact agrees with the results of Wallentowitz [WFO09]. Additional

aspects regarding the performance of electric motors in different driving cycles can be

found in [WARN10].

All presented analyses are based on the assumption that the mass in running order of

an electric vehicle mv, EV is the same as for a vehicle with internal combustion engine

mv, ICE . To validate this assumption, a short analysis was made for the case of a

rear-wheel drive electric vehicle with two synchronous motors and is presented in table

3.12.

In the first part of table 3.12, the mass in running order of a vehicle with internal

combustion engine mv, ICE is taken as basis to calculate the mass mv0 of a vehicle

without mechanical powertrain or fuel tank. The term powertrain considers here not

only the engine, the gearbox and the drive shafts but also the exhaust system. In the

second part, the mass of the electric motors mEM total, the power electronics mPE total

and the battery mBatt is added to mv0 to estimate the mass in running order mv, EV of

an electric vehicle belonging to the different vehicle classes considered. To approximate

the mass of the electric motors, the mass of one electric motor for the subcompact vehicle

A was estimated as 25 kg based on chapter 3.5.2. The mass of one electric motor for

the other vehicle classes considered was approximated proportionally to its individual

nominal torque (see table 3.11). The values of the battery mass correspond to those

presented in table 3.8. Following the same approach, the relative weight change for rear-

wheel and four-wheel drive electric vehicles using also induction motors were determined

(see table C.2 in appendix C.7). The results show only small changes (|∆mv| ≤ 6.1 %).

Similar results were presented by Eckstein et al. [EGW11], who compared the weight of

the Mitsubishi i-MiEV as the first series electric vehicle of a big automotive company
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Figure 3.19.: Steady state operation points of the electric motors of a minicompact
vehicle (A−) with a rear-wheel drive powertrain architecture for different
driving cycles.

(see [HY07]) with a traditional vehicle with internal combustion engine and similar

driving performance. Based on this approach and taking the different operation ranges

of both vehicles with ICE and electric vehicles into account, it can be concluded, that

no appreciable weight change for an electric vehicle in comparison with its counterpart

with internal combustion engine is to be expected. Therefore, the assumption made

in this chapter concerning similar masses for these kind of vehicles can be assumed as

valid for the presented calculations.
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3. Longitudinal dynamics

Table 3.12.: Comparison of the weight of a vehicle with internal combustion engine
(ICE) and an electric vehicle (EV) with a rear-wheel drive powertrain ar-
chitecture for the different vehicle classes considered.

Vehicle with internal combustion engine

A− A B

Vehicle mass in running order a mv, ICE

[kg]

850 1050 1200

Mechanical powertrain b 210 300 360

Fuel tank b 35 50 60

Base vehicle mass c mv0 605 700 780

Electric rear-wheel drive vehicle with two synchronous in-wheel motors

A− A B

Electric motors
Individual mass d mEM

[kg]

16.9 25.0 28.9

Total mass mEM total 33.7 50.0 57.8

Power electronics e
Individual mass mPE 15

Total mass mPE total 30

Battery mass mBatt 135 205 290

Approx. mass EV in running order f mv, EV 803.7 985.0 1157.8

Relative weight change g ∆mv [%] -5.4 -6.2 -3.5
a See table 3.3 for the characteristics of the different vehicle classes considered and [Com92] for the

terminology concerning the vehicle mass.
b See [HEG11] for approximated weights of powertrain components and fuel tank.
c Vehicle mass without mechanical powertrain and fuel tank.
d The mass of an electric motor for the subcompact vehicle class was approximated to 25 kg taking

into account the active mass of the electric motor (see chapter 3.5.2), bearings and housing. The
mass of the electric motors for the other vehicle classes was obtained proportionally based on
their nominal torque Mn .

e The same number of inverters as electric motors is assumed (see also chapter 3.7.2). The
individual mass was approximated.

f mv, EV = mv0 +mEM total +mPE total +mBatt
g ∆mv = (mv, EV −mv, ICE)/mv, EV
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3.7. Results

Summary chapter 3: Longitudinal dynamics This chapter focused on the determina-

tion of the battery and electric motor characteristics for vehicles with in-wheel motors

on the basis of given performance requirements (e.g. maximum speed for different road

inclinations, driving range or acceleration and climbing ability). Therefor, optimiza-

tion approaches using the Nelder-Mead simplex algorithm (see [NM65]) were developed

and presented. In the first part of the chapter, the simplified equations of motion

for the longitudinal vehicle dynamics were deduced from those corresponding to the

three-dimensional vehicle model presented in chapter 2. Afterwards three standardized

(NEDC, FTP-75 and Japan-10-15) and three non-standardized (ARTEMIS, HYZEM

and INRETS) driving cycles were presented and analyzed. In the third part, a simpli-

fied approach was introduced to determine the battery mass based on the presented

driving cycles and taking into account the theoretical recuperable kinetic energy as well

as the power demand of auxiliaries for electric vehicles. After having analyzed the main

aspects and boundary conditions that must be taken into account, an optimization ap-

proach to determine the nominal torque and power of induction and synchronous motors

is presented hereafter. It corresponds to a synthesis process leading to the fulfilment of

the driving performance requirements imposed.

The presented approaches were used to determine the characteristics of the mentioned

electric components for vehicles belonging to three different vehicle classes: minicom-

pact, subcompact and compact. Therefor two pure electric powertrain architectures (i.e.

a rear-wheel and a four-wheel powertrain) were considered. In order to guarantee the

customer acceptance of the synthesized vehicles with in-wheel motors, performance re-

quirements corresponding to those present in modern vehicles with traditional internal

combustion engine were assumed. Furthermore, a half loaded condition was considered

to account for changing demands with the vehicle mass.

The results corresponding to the dimensioning of the battery showed that, while stan-

dardized cycles can be used to determine the energy capacity, the more dynamic non-

standardized cycles determine the power capacity. Based on a regular modern Li-ion bat-

tery with an energy-to-mass ratio of 150 Wh/kg and a power-to-mass ratio of 300 W/kg

a battery mass of 135 kg for the minicompact, 205 kg for the subcompact and 290 kg

for the compact vehicle class were obtained.

Assuming a maximum rotational speed of 11000 rpm for the electric motors and based

on the required maximum longitudinal speed for the different vehicle classes, transmis-

sion ratios around 9 were defined for the different vehicle classes considered. Induction
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3. Longitudinal dynamics

and electric motors were assumed to be able to work both in the region of constant

torque and in the field weakening region. Due to the fact that the torque curve of induc-

tion motors is inversely proportional to the square of the rotational speed in the field

weakening region, higher values of the nominal power are needed than for synchronous

motors for which the torque is inversely proportional to its rotational speed. The nomi-

nal torque needed to fulfill the driving performance requirements was found to be almost

the same for both electric motor technologies. Exemplarily, the results showed that two

electric motors with about 17.0 Nm and 11.2 kW are needed to meet the driving perfor-

mance requirements of a vehicle belonging to the minicompact class and a rear-wheel

drive powertrain architecture. Although the driving cycles are not explicitly considered

in the presented approach to synthesize electric motors, it was shown that the obtained

motor characteristics do not only fulfill the imposed performance requirements but also

the demands of all driving cycles described in this chapter.

Finally, a comparison between the weight of vehicles with internal combustion engines

and vehicles with in-wheel motors belonging to the three different vehicle classes con-

sidered was presented. The results showed that a weight reduction of about (6 %) can

be expected under the consideration of rational real world performance requirements

covering most of the daily necessities of average drivers.
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4. Lateral dynamics

In this chapter, the potential of in-wheel motors to improve the vehicle lateral dynamics

is analyzed. The in-wheel motors are considered to be part of an electric torque vec-

toring system, which can allocate longitudinal tire forces wheel individually. Therefor,

different driving maneuvers are simulated and characteristic lateral dynamics parame-

ters evaluated. In the first part of the chapter, the driving maneuvers as well as the

corresponding evaluation parameters are presented. Afterwards, the control system for

the torque-vectoring system is presented. In the final part, results are presented and

the potentials of in-wheel motors to improve lateral vehicle dynamics discussed.

4.1. Driving maneuvers

There are several standardized and non-standardized driving maneuvers used to assess

the driving behavior of vehicles (see e.g. [fSI03] and [RH84]). They can be grouped in

open-loop and closed-loop maneuvers (see e.g. [Hir09a] and [MW04]). The difference

between them relies in the structure of the control loop considered (see also figure

2.1). While closed-loop maneuvers consider the driver as controller within the control

loop, open-loop maneuvers exclude him. In this last group of maneuvers, it is not

necessary to model and simulate the driver and the maneuver is reproducible and totally

driven by the inputs corresponding to the steering wheel angle δst and the desired

vehicle longitudinal speed ẋdV . In the maneuvers considered in this chapter, while the

steering wheel angle δst is given as input and treated as in an open-loop maneuver, a

controller (see section 4.2.2) is used to follow a desired profile of the longitudinal vehicle

speed ẋdV as in a closed-loop one. Time series corresponding to the steering wheel

angle δst(t) are used directly in the simulations. A proportional-integral controller is

used to regulate the longitudinal vehicle speed based on the corresponding input time

series ẋdV (t) (see chapter 4.2.2). In the following sections, the open-loop maneuvers

considered in this chapter, i.e. step steer, open-loop sinusoidal steering input and open-
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4. Lateral dynamics

loop frequency response, are described. They are based on the recommendations of

International Standard 7401:1988 [fSI03] but are adapted to the specific demands of

the present work. Further information on driving maneuvers used to determine the

dynamic behavior of vehicles are presented by Rosinger [Ros09].

4.1.1. Step steer

In relation with the control theory, it is a widespread praxis to analyze the response

of a system to a fast change in one of its inputs in order to obtain information about

the system dynamics [Abe04]. This is called step response. In the case of a vehicle,

the maneuver starts with the vehicle driving straight ahead with constant speed of

normally 100 km/h [RH84]. At a certain time t0, the steering wheel angle is changed to

its stationary value δSst with a high steering rate (Rompe et al. recommend a steering

rate between 200 ◦/s and 500 ◦/s) in such a way that the vehicle lateral acceleration

ÿV reaches a value between 3 m/s2 and 4 m/s2. Figure 4.1 shows schematically the

step response of a state variable v (e.g. yaw rate ψ̇, sideslip angle β or vehicle lateral

acceleration ÿV ).

  Sδst

δst

        S0.5.δst

Time t

Time tt0

v
maxv
vS

vS0.9.

T  ,maxv

Tv

Response
Input

Figure 4.1.: Some assessment criteria and schematic representation of the step response
of a considered state variable v to a step input of the steering angle δst.

Based on the control theory (see e.g. [Abe04]), the time point at which the steering

wheel angle δst reaches 50 % of its stationary value δSst is taken as reference to determine

two of the assessment criteria related with this maneuver, i.e. the reaction time Tv and

the time delay Tv,max. Small values of Tv and Tv,max mean lower phase delay values and

influence therefore the vehicle driving behavior positively. Additionally, the transient

106



4.1. Driving maneuvers

overshoot Ov can be calculated based on the maximum vmax and the steady state vS

values of the considered variable v as follows:

Ov =
vmax − vS

vS
· 100 % . (4.1)

Small overshoot values as well as small values of the maximum sideslip angle | βmax |
are related with a better driving safety. Furthermore, the vehicle factor TBψ̇β can be

determined as a function of the time delay of the yaw rate Tψ̇,max and the steady state

value of the sideslip angle βS as:

TBψ̇β = Tψ̇,max ·
∣∣βS∣∣ . (4.2)

According to Mitschke et al. [MW04], low values of the vehicle factor TBψ̇β are sub-

jectively related with a better dynamic response of the vehicle by the driver. Table 4.1

summarizes the assessment criteria related with the maneuver step steer that are used

in the present work.

Table 4.1.: Assessment criteria related with the maneuver step steer [Ros09].

Assessment criteria Symbol Units Requirement

Y
aw

ra
te Reaction time Tψ̇ s

small

Time delay Tψ̇,max

Overshoot Oψ̇ %

L
at

.
ac

c. Reaction time T ÿV s

Time delay T ÿV ,max

Overshoot O ÿV
%

Maximum of sideslip angle | βmax | ◦

Vehicle factor TBψ̇β s · ◦

4.1.2. Open-loop sinusoidal steering input

The open-loop sinusoidal steering input is a relevant driving maneuver simulating a col-

lision avoidance situation that can be simulated easily by means of a sinusoidal steering

wheel movement with a duration of one period Tδst = 1/fδst , as shown schematically in

figure 4.2.
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max       δst

t0

vmax

Tv

Time t

Tδst=1/fδst

Response
Input

Figure 4.2.: Some assessment criteria and schematic representation of the open-loop
sinusoidal steering input of a considered state variable v.

The time T̂v delay between the maximum of the steering wheel angle δmax
st and the

maximum of the considered state variable v is a measure of the dynamic behavior of the

system and is used in the present work as assessment criteria. In general, lower values of

T̂v are related with a good vehicle driving behavior. Furthermore, the maximum values

of the sideslip angle | βmax | and the vehicle lateral acceleration | ÿmax
V | are taken as

additional assessment criteria since small values of the sideslip angle β are an indication

of proper driving stability and high values of the vehicle lateral acceleration ÿV are a

sign of the vehicle’s capability to avoid obstacles in critical driving situations. Table

4.2 summarizes the assessment criteria related with the maneuver open-loop sinusoidal

steering input that are used in the present work.

Table 4.2.: Assessment criteria related with the maneuver open-loop sinusoidal steering
input [Ros09].

Assessment criteria Symbol Units Requirement

Time delay of yaw rate T̂ψ̇
s small

L
at

.a
cc

.

Time delay T̂ ÿV

Maximum | ÿmax
V | m/s2 high

Maximum sideslip angle | βmax | ◦ small

4.1.3. Open-loop frequency response

Based on the maneuver open-loop frequency response it is possible to determine the

dynamic vehicle behavior as a function of the steering wheel angle excitation. As in

the control theory, it is based on the fact, that the response of a vibration capable

linear system to a harmonic input signal is also a harmonic output. Nevertheless, the

magnitude and phase delay of the response is a function of the frequency and magnitude
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of the input signal. Although this theory holds for linear systems, it is widespread used

in the automotive industry to analyze the vehicle dynamic behavior taking the speed

influence into consideration (see e.g. [RH84]).

The gain Gv(f), i.e. the relation between the magnitudes of the input (steering wheel

angle δ̂st) and the output (considered state variable v̂), is given in decibel and can be

calculated as [RH84] (see also figure 4.3):

Gv(f) =
v̂(f)

δ̂st(f)
= 20 · log10

(
v(f)

δst(f)
· 1

Gv,0

)
. (4.3)

By scaling with the steady state gain Gv,0 (i.e. f = 0 Hz), the curve of the gain starts

by Gv(f = 0 Hz) = 0 dB. This is advantageous since then the gain of different systems

(vehicles) can be directly compared [RH84]. Moreover, the phase delay ϕv(f) can be

expressed as [Abe04]:

ϕv(f) = −Tϕv
(f) · f · 360 ◦ , (4.4)

where the frequency f corresponds to the frequency of the steering wheel angle fδst , i.e.

f = fδst .

v

Tδst=1/fδst

Time t

Tϕv
δst

Response
Input

Figure 4.3.: Some assessment criteria and schematic representation of the open-loop
frequency response of a considered state variable v.

Mitschke et al. as well as Rompe et al. propose following assessment criteria for this

maneuver (see also [Ros09]):

• The vehicle controllability can be improved by minimizing the maximum value

of the yaw rate gain Gψ̇
max and increasing the frequency f Gψ̇

max for which this

maximum takes place.

• To guarantee a fast (direct) response of the vehicle over a large frequency range
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and therefore to improve the vehicle driving behavior, the equivalent time delay

Teq =
1

2 · π · fψ̇−45◦
(4.5)

must be minimized. This can be also expressed as a maximization of the frequency

fψ̇−45◦ for which the phase delay of the yaw rate ψ̇ becomes smaller than -45◦.

• The subjective vehicle handling behavior can be improved by maximizing the

frequency fG ÿV
−3 dB by which the gain G ÿV

of the vehicle lateral acceleration ÿV

becomes smaller than -3 dB.

• Large values of the phase delay ϕ ÿV
(f) of the lateral acceleration are characteristic

of hardly controllable vehicles. Therefore, this phase delay should be minimized.

The value ϕ ÿV 1 Hz by a frequency of f = 1 Hz is proposed as assessment criteria.

Table 4.3 summarizes the assessment criteria related with the maneuver open-loop fre-

quency response that are used in the present work.

Table 4.3.: Assessment criteria related with the maneuver open-loop frequency response
[Ros09].

Assessment criteria Symbol Units Requirement

Y
aw

ra
te

Maximum gain Gψ̇(f)
max

dB small

Frequency for maximum gain f Gψ̇
max Hz high

Equivalent time delay Teq s small

L
at

.a
cc

.

Frequency for gain smaller than -3 dB fG ÿV

−3 dB Hz high

Phase delay by f = 1 Hz ϕ ÿV 1 Hz
◦ small

4.2. Control concept of a torque vectoring system for vehicles

with in-wheel motors

In this chapter, the control concept of a torque vectoring system for vehicles with

in-wheel motors is presented. The introduced approach is a simplified version of the

Vehicle Dynamics Controller - VDC presented by Niederkofler [Nie11] and is based on

the individual allocation of longitudinal tire forces FW Ti, x
(driving and braking) at
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4.2. Control concept of a torque vectoring system for vehicles with in-wheel motors

all four wheels to influence the yaw motion of the vehicle (see also [RND11]). Since

the reaction forces and torques induced by the different longitudinal tire forces at the

wheels of one axle are not transmitted to the steering system, as in torque vectoring

systems with central motor or engine (see e.g. [HW09]), the presented approach can be

applied both to two-wheel as well as to four-wheel powertrain architectures with torque

vectoring on both axles (see also chapter 3.7.2).

Figure 4.4 presents an overview of the implemented control concept and its interaction

with the other elements of the driver-vehicle-environment system (see also 2.1). The

reference values r̂ are determined by the reference values generator based on the driver

inputs

ê =
[
δst ẋdV

]T
(4.6)

corresponding to the steering wheel angle δst and the desired vehicle longitudinal speed1

ẋdV . Afterwards, the reference control inputs û for the optimal longitudinal force allo-

cation algorithm are calculated by the horizontal dynamics controller based on the

reference r̂ and the current values ŷ. Finally, the optimal longitudinal force allocation

algorithm determines the control inputs u corresponding to the longitudinal forces at

each individual wheel to be supplied by the electric motors. The individual components

of the Vehicle Dynamics Controller are presented in detail in the following sections.

Horizontal
dynamics
controller

Optimal long.
force allocation

Reference
values

generator

Vehicle Dynamics Controller - VDC Vehicle model

D
ri

ve
r EM1

...

EMn

Road and environment

Chassis
&

Wheels
e r u u

δst

 .
Vxd

y

Figure 4.4.: Overview of the control concept implemented for the torque vectoring sys-
tem with in-wheel motors [Nie11] (see also [RND11]).

4.2.1. Reference values generator

The main task of the reference values generator is to determine the reference values r̂

based on the driver inputs ê (see equation 4.6) to be used by the horizontal dynamics

1In this work, it is assumed that the desired longitudinal speed ẋdV is known or can be determined
(e.g. as reference value of a cruise control system). It can also be interpreted as maneuver input or
determined with a simplified vehicle model based on the accelerator pedal position (see [Nie11]).
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controller. This is a challenging task that has become more important since the intro-

duction of mechatronic systems in vehicles and is current focus of research in the field

of vehicle dynamics (see e.g. [Nie11], [Ros09], [REH07] and [RHELS08]). According to

the literature (see [Ore06], [And07] and [Raj06]), a combination of the desired values

of the sideslip angle βd, the yaw rate ψ̇d and the vehicle longitudinal speed ẋdV has

been found to be appropriate to be used to control the horizontal vehicle dynamics.

Therefore, the reference values vector r̂ is given by:

r̂ =
[
βd ψ̇d ẋdV

]T
, (4.7)

where the desired vehicle longitudinal speed ẋdV is assumed to be already contained

in the driver inputs ê. The value of the other two reference variables βd and ψ̇d are

assumed to correspond to their steady state values βS and ψ̇S respectively. Model based

approaches have proven to be efficient to determine them (see e.g. [RND11], [Nie11]

and [Ros09]). Therefor, vehicle models with different complexities are used to obtain

the corresponding steady state response for different values of the driver inputs δst and

ẋdV . The result are three-dimensional maps

R̂β = F1

(
δst, ẋdV

)
, (4.8a)

R̂ψ̇ = F2

(
δst, ẋdV

)
, (4.8b)

having δst and ẋdV as inputs and steady state values βS or ψ̇S as output, as shown

schematically in figure 4.5. The driving behavior of a vehicle can be influenced (within

the physical limits) by varying these three-dimensional maps (see e.g. [Ros09]). In all

application cases using the torque vectoring system presented, R̂β = 0 is chosen and

R̂ψ̇ is determined through simulations using the nonlinear vehicle model introduced in

chapter 2 with the model parameters given in the appendix B while driving on a flat road.

This setup has evidenced good results to highlight the advantages and limitations of

torque vectoring systems (see [RND11] and [Nie11]). An optimization of the mentioned

of R̂β is chosen and R̂ψ̇ goes beyond the scope of this work. Finally, the chosen setup

can be interpreted as a reduction of the transient response of the yaw rate ψ̇ and a

simultaneous minimization of the sideslip angle β.
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Figure 4.5.: Schematic representation of the reference values generator used to deter-
mine of the reference values r̂ based on steady state maps obtained with a
reference vehicle model.

4.2.2. Horizontal dynamics controller

The main task of the horizontal dynamics controller is to determine the reference control

inputs

û =
[
F̂V A, x M̂V A, z

]T
(4.9)

needed to produce the desired horizontal vehicle movement specified by the reference

values in r̂, where F̂V A, x corresponds to the reference control longitudinal force and

M̂V A, z represents the reference control yaw moment around the vertical axis zV of the

vehicle coordinate system (see coordinate systems in chapter 2.2). This task can be

mathematically expressed as the minimization of the difference

∆e = r̂ − ŷ (4.10)

between the reference value vector r̂ and the current state vector ŷ and is carried out

by a longitudinal and by a lateral dynamics controller working in parallel, as can be

seen in figure 4.6. These controllers are described in detail in the following sections.

Reference
values

generator
e r

y

 .∆Vx
∆e ∆β

.
∆ψ

Longitudinal dyn.
controller

Lateral dyn.
controller

VFA, x

VMA, z

u

δst

Horizontal Dynamics Controller

 .
Vx

Figure 4.6.: Structure of the horizontal dynamics controller.
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Longitudinal dynamics controller

The longitudinal dynamics controller (see figure 4.7) determines the reference control

input F̂V A, x, corresponding to the control longitudinal force, based on the difference

∆ ẋV = ẋdV − ẋV (4.11)

between the desired ẋdV and the current ẋV longitudinal speed. Therefor, a proportional-

integral controller with constant parameters KP and KI is used. The reference control

input F̂V A, x is obtained with a constant gain KFx . Furthermore, since the output

power of the electric motors is limited (see chapter 3.7.6), an anti-wind-up strategy is

implemented to optimize the controller efficiency (see [HD04] and [Abe04]). The differ-

ence between the signals after and before the saturation element is added to the input

of the integrative element KI . The parameter values can be found in [Nie11].

 .∆Vx KP

KI

Saturation
KFx

VFA, x

Longitudinal Dynamics Controller

x, x,,

Figure 4.7.: Structure of the longitudinal dynamics controller.

Lateral dynamics controller

The main task of the lateral dynamics controller is to determine the reference control

input M̂V A, z based on the current errors of the sideslip angle ∆β and the yaw rate ∆ψ̇,

where M̂V A, z corresponds to the reference control yaw moment around the vertical axis

zV of the vehicle coordinate system (see coordinate systems in chapter 2.2). Niederkofler

[Nie11] proposes a model based approach in which an extended linearized single track

vehicle model, represented in the state space as

ẋ = A · x+B · u+Bc · uc , (4.12)

with the state vector x composed by the sideslip angle β and the yaw rate ψ̇

x =
[
β ψ̇

]T
, (4.13)
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4.2. Control concept of a torque vectoring system for vehicles with in-wheel motors

is used as basis. Here, the basic single track vehicle model has been extended by in-

troducing the controllable input matrix Bc and the controllable (driver independent)

input uc, as presented in appendix D.1. Based on this extended vehicle model and

according to the approach presented by Niederkofler [Nie11] and Rosinger [Ros09], a

state controller (see figure 4.8) can be developed to regulate the error

∆elat =
[
∆β ∆ψ̇

]T
(4.14)

in the control variables β and ψ̇ relevant for the lateral dynamics, where ∆elat is defined

analogously to equation 4.10 as2

∆elat = r̂lat − ŷlat → ŷlat = r̂lat −∆elat . (4.15)

 .
∆elat = A.∆elat + Bc.uc

∆elat

Kc

∆elat, ref 
=0 uc

Figure 4.8.: Structure of the error controller for the lateral dynamics.

Based on this, equation 4.12 can be written as:

˙̂rlat − ∆̇elat = A · r̂lat −A ·∆elat +B · u+Bc · uc . (4.16)

Since
˙̂rlat = 0 (4.17)

is valid for a given working point, equation 4.16 is reduced to:

− ∆̇elat = A · r̂lat −A ·∆elat +B · u+Bc · uc . (4.18)

Furthermore, since a reference error ∆elat, ref = 0 is requested (see figure 4.8), it can

be assumed that in steady state the state vector ŷlat correspond to the reference vector

r̂lat, i.e. ŷlat = r̂lat and therefore

∆̇elat = ∆elat = 0 , (4.19a)

uc = 0 . (4.19b)

2The subscript lat is used to refer only to the control variables β and ψ̇ relevant for the lateral dynamics.
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4. Lateral dynamics

With this equations 4.18 results in

0 = A · r̂lat +B · u . (4.20)

Finally, the steady state representation of the state controller can be found by introduc-

ing equation 4.20 in equation 4.18 and rearranging terms:

∆̇elat = A ·∆elat −Bc · uc . (4.21)

According to figure 4.8, the controllable input uc is given as a function of the matrix

Kc of the proportional state controller and the error ∆elat by:

uc(t) = −Kc(t) ·∆elat(t) . (4.22)

The goal is to determine the controllable input uc(t) and therefore the controller matrix

Kc(t) needed to take the system 4.12 from an initial state characterized by ∆elat(t0)

at the initial time t0 into a rest position. Nevertheless, on the way from the initial

state to the rest position, it is desired not only to minimize the error ∆elat(t) but also

to minimize the effort to do it, i.e. to minimize uc(t). This can be mathematically

formulated as to minimize the objective function [Nie11]

Jlat =

∫ ∞
0

(
∆T
elat

(t) ·Qlat ·∆elat(t) + uTc (t) ·Rlat · uc(t)
)

dt , (4.23)

where the symmetric and positive semi-definite matrix Qlat and the positive definite

matrix Rlat are introduced as weighting factors indicating the relative importance of

the error ∆elat(t) and the controllable input3 uc(t). The process can be expressed as

an optimization problem given by:

min
Kc

Jlat . (4.24)

For completely controllable plants, the solution of this problem is given by:

Kc = R−1
lat ·Bc · Plat , (4.25)

where the symmetric and positive definite matrix Plat corresponds to the solution of

3Although uc, Kc and ∆elat are all time-dependent variables, the explicitly indication of the time
dependency will be avoided in the rest of the chapter for simplification reasons.
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4.2. Control concept of a torque vectoring system for vehicles with in-wheel motors

the matrix Riccati equation (see [Nie11] and [Ros09])

AT · Plat + Plat ·A− Plat ·Bc ·R−1
lat ·BT

c · Plat +Qlat = 0 . (4.26)

Niederkofler defines the matrix Qlat as a diagonal matrix

Qlat =

[
Q∆β 0

0 Q∆ψ̇

]
(4.27)

with non-negative diagonal elements Q∆β and Q∆ψ̇ used to prioritize driving stability

and vehicle driving behavior respectively. Additionally, for the case of the control yaw

moment M̂V A, z as the only reference control input, the matrix Rlat (in general a

diagonal matrix with positive diagonal elements) is reduced to a single element

Rlat :=
[
RMz

]
. (4.28)

With this, the output of the lateral dynamics controller is given by:

uc :=
[
M̂V A, z

]
. (4.29)

The values of the controller parameters can be found in [Nie11].

4.2.3. Optimal longitudinal force allocation algorithm

The main task of this module of the torque vectoring control system is to optimally

distribute the longitudinal tire forces4 FW Ti, x
in order to fulfill the requirements defined

by the horizontal dynamics controller. Assuming small steering wheel angles δi → 0 as

well as small pitch θ → 0 and roll angles φ→ 0 leads to FW Tfl, x/y
≈ FV Tfl, x/y

. With

this assumption and taking figure 4.9, the mentioned task of the optimal longitudinal

4While the right subscripts fl and fr are used to indicate the left and right wheels at the front axle,
the right subscripts rl and rr correspond to the respectively wheels at the rear axle.
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4. Lateral dynamics

force allocation algorithm can be written as:

1

2
·
[

2 2 2 2

−sf sf −sr sr

]

︸ ︷︷ ︸
γq

·


FTfl, x

FTfr, x

FTrl, x
FTrr, x


W︸ ︷︷ ︸

fq

=

[
F̂A, x

M̂A, z −Mz, Fy

]
V

︸ ︷︷ ︸
f̂q

, (4.30)

where sf and sr represent the front and rear track respectively and MV z, Fy correspond

to the yaw moment

MV z, Fy = lf ·
(

FW Tfl, y
+ FW Tfr, y

)
− lr ·

(
FW Trl, y

+ FW Trr, y

)
(4.31)

due to the lateral tire forces FW Ti, y
(it is assumed that the lateral tire forces FW Ti, y

can be measured or observed with enough accuracy).

WFTfl, y

WFTfr, y

WFTrr, y

WFTrl, y

WFTfl, x

WFTfr, x

WFTrr, x

WFTrl, x CG

sf

sr

VxVy

VMA, z

VFA, z

Figure 4.9.: Diagram depicting the task of the optimal force allocation algorithm (small
steering angles δst are assumed). Turn to the left is exemplarily shown.

To fulfill this task, Niederkofler [Nie11] proposes the quadratic programming problem

min
fq

q (fq) (4.32)

subject to the restrictions

Aq · fq ≤ bq , (4.33)

118



4.2. Control concept of a torque vectoring system for vehicles with in-wheel motors

where q (fq) correspond to the quadratic objective function

q (fq) =
1

2
· fTq ·Hq · fq + sTq · fq . (4.34)

Solving this problem, the output of the optimal longitudinal force allocation algorithm,

i.e. the vector of the controlled inputs corresponding to MC wi, y, c
, can be expressed

as a function of the dynamic tire radius rdyni as:

u = MC wi, y, c = rdyni · FW Ti, x . (4.35)

The elements of this vector can be used afterwards as reference values for a subordinated

electric motor controller based on the tire longitudinal slip as control variable (see e.g.

[Wil11] and [Nie11]).

Quadratic objective function

It seems logical to involve the system of equations given by 4.30 in the objective function

q (fq). Nevertheless, it is possible to notice that 4.30 is an under-determined system

of equations, i.e. it has more unknown quantities than equations. Therefore, following

changes are introduced (see [Nie11] and [RND11]):

Transformation in an over-determined system of equations: In a first step, the ref-

erence control input F̂V A, x is considered to be distributed equally to all four wheels:

∣∣ FW Ti, x

∣∣ =
1

4
· F̂V A, x . (4.36)

Nevertheless, higher horizontal tire forces can be transmitted at wheels with higher

vertical contact forces FW Ti, z
between the tire and the ground (as indicated in chapter

2.5.1) and with higher friction coefficients µwi . Therefore and assuming that the friction

coefficient µwi can be estimated accurately enough (see e.g. [NLER11] and also [LEH11])

equation 4.36 is modified as proposed in [RND11] as follows:

∣∣ FW Ti, x

∣∣ =
F̂V A, x

4
·

FW Ti, z∑4
i=1 FW Ti, z

· µwi∑4
i=1 µwi︸ ︷︷ ︸

Ωq

. (4.37)
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4. Lateral dynamics

This system of four additional equations can be introduced in 4.30 to obtain the over-

determined system of equations:[
γq

I(4×4)

]
· fq =

[
f̂q

Ωq

]
, (4.38)

where I(4×4) corresponds to a 4× 4 identity matrix.

Formulation as a minimization problem: The system of equations 4.38 is over-determined,

i.e. there are more equations than unknowns and there are thus multiple solutions. To

find the solution for which the individual longitudinal forces FW Ti, x
are minimized, the

system of equations 4.38 is transformed into the least squares problem

q (fq) =

∣∣∣∣∣
∣∣∣∣∣Wq ·

[
γq

I(4×4)

]
· fq −Wq ·

[
f̂q

Ωq

]∣∣∣∣∣
∣∣∣∣∣
2

2

, (4.39)

where the diagonal 8×8 weighting matrix Wq with non-negative elements W1,1 to W8,8

is introduced to prioritize the individual implicit optimization tasks. Observing the

systems of equations 4.30 and 4.39 it can be concluded, that the first two elements on

the diagonal of Wq, i.e. W1,1 and W2,2, can be used to prioritize the longitudinal and

the lateral vehicle dynamics respectively.

Finally, the objective quadratic function 4.39 can be written in the standard form of

equation 4.34 with the Hessian matrix Hq given by

Hq = ∇2q (fq) =


∂2q (fq)

∂fq,1∂fq,1
· · · ∂2q (fq)

∂fq,1∂fq,4
...

. . .
...

∂2q (fq)

∂fq,4∂fq,1
· · · ∂2q (fq)

∂fq,4∂fq,4

 , (4.40)

and the vector sq expressed as

sq = ∇q (fq)−Hq · fq =


∂q (fq)

∂fq,1
...

∂q (fq)

∂fq,4

−Hq · fq . (4.41)
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4.2. Control concept of a torque vectoring system for vehicles with in-wheel motors

Restrictions formulation

The maximum Fmax
W Ti, x

and minimum Fmin
W Ti, x

available longitudinal tire forces that

can be transmitted depend on the currently transmitted lateral tire force FW Ti, y, in
, on

the current values of the vertical contact force FW Ti, z
, and on the friction coefficient

µwi between tire and ground. Furthermore, they are limited by the maximum available

torque of the electric motor(s). To account for these physical limitations, following

restriction in the standard form of equation 4.33 is proposed (see also [RND11]):[
I(4×4)

−I(4×4)

]
︸ ︷︷ ︸

Aq

·fq ≤
[

Fmax
Ti, x

Fmin
Ti, x

]
W︸ ︷︷ ︸

bq

, (4.42)

where the value of the maximum Fmax
W Ti, x

and the minimum Fmin
W Ti, x

transmittable

longitudinal tire force is given by:

max
(

Fmax
W Ti, x, ke

, FW Ti, x, MEM

)
, (4.43a)

min
(

Fmin
W Ti, x, ke

, − FW Ti, x, MEM

)
. (4.43b)

In equations 4.43, the tire dependant transmittable longitudinal forces ( Fmax
W Ti, x, ke

and Fmin
W Ti, x, ke

) can be determined based on the Krempel’s friction ellipse [Kre65]

(see figure 4.10). Taking the extreme values of the longitudinal Xmax
i and the lateral

Ymax
i tire forces (see model for the horizontal tire dynamics in chapter 2.5.1) and the value

of the currently transmitted lateral tire force FW Ti, y, in
(assumed to be measured or

estimated accurately enough), the tire dependant transmittable longitudinal forces are

given by:

[
Fmax
Ti, x, ke

Fmin
Ti, x, ke

]
W

=

[
1

−1

]
·

√√√√[1−
(

FW Ti, y, in

Ymax
i

)2
]
· Xmax 2

i . (4.44)

Finally, neglecting the actuator dynamics5, the actuator limited force FW Ti, x, MEM
can

be approximated as a function of dynamic tire radius rdyn and the maximum value of

5An approach accounting for the electric motor dynamics is presented by Niederkofler in [Nie11].
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the electric motor torque Mmax
EM currently available as:

FW Ti, x, MEM
= Mmax

EM · rdyn . (4.45)

FTi,y,in

maxYi

Long. force
WFTi, x

maxXi

Lat. force
WFTi, y

Krempel´s
friction ellipse

WFTi, x, ke
min

Long. force
limit due to
elect. motor

WFTi, x, ke
max

(WFTi, x, MEM)

TMsimple
tire model

maxYimaxXi[ ]µwi

WFTi, z

FTy,in [ ]    
FTi, x

max

    
FTi, x

min

W

Figure 4.10.: Maximum available longitudinal tire force that can be transmitted.

4.3. Results

To highlight the advantages and limitations of the presented torque vectoring system

(TVS) to improve the vehicle lateral dynamics, the two electric powertrain architectures

with in-wheel motors (rear-wheel drive and four-wheel drive) and TVS (as shown in

chapter 3.7.2) are compared with an electric four-wheel drive vehicle without TVS and

an equally distributed torque to all four wheels (reference vehicle). A vehicle belonging

to the subcompact vehicle class is considered (see chapter 3.7.1) and synchronous electric

motors (see power and torque characteristics in table 3.11) are assumed. In the first part

of this section, the general maneuver conditions (i.e. longitudinal speed, steering wheel

angle and lateral acceleration) are defined. Therefor, the effect of the torque vectoring

system on the individual tire forces is analyzed. Afterwards, the results corresponding

to the driving maneuvers described in section 4.1 are presented.

4.3.1. General maneuver conditions

To determine the general maneuver conditions, i.e. longitudinal speed, steering wheel

angle and lateral acceleration used for the simulations, two aspects are analyzed: on

the one hand, the behavior of the horizontal forces with increasing lateral acceleration
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ÿV , and on the other hand, the effect of the presented torque vectoring system on the

horizontal tire forces. As mentioned before, an electric vehicle with a four-wheel drive

powertrain and equally distributed torque to all four wheels (without torque vectoring

system) is taken as reference. Furthermore, the steering wheel angle δst for each maneu-

ver is determined based on the steady state maps of this reference vehicle depending on

the desired values of the vehicle longitudinal speed ẋdV and lateral acceleration ÿdV (cf.

chapter 4.2.1).

Lateral acceleration

Figure 4.11 shows the behavior of the normalized horizontal tire forces FW Ti, x/y
for

50 %, 75 % and 100 % of the maximum steady state value of the lateral acceleration

ÿmax S
V ≈ 7.4 m/s2 for a step steer maneuver with a longitudinal speed of 100 km/h. The

normalized horizontal tire forces are given as a function of the maximum horizontal tire

forces Xmax
i, z nom and Ymax

i, z nom for the nominal vertical contact force FW Ti, z nom
,

and the maximum horizontal tire forces Xmax
i, z and Ymax

i, z for the current vertical

contact force FW Ti, z
:

Fn xi = FW Ti, x ·
Xmax
i, z nom

Xmax
i, z

, (4.46a)

Fn yi = FW Ti, y ·
Ymax
i, z nom

Ymax
i, z

, (4.46b)

where FW Ti, x
and FW Ti, y

correspond, respectively, to the current longitudinal and

lateral tire forces for the current vertical contact force FW Ti, z
. Additionally, the relation

χFzi =
FW Ti, z

FW Ti, z nom

(4.47)

between the average FW Ti, z and the nominal FW Ti, z nom
vertical contact force is

indicated.

As can be seen in this figure, the combined normalized horizontal tire force

Fn i =
√

Fn 2
xi + Fn 2

yi (4.48)

approximates to the physical limit given by the Krempel’s friction ellipse while increas-
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Figure 4.11.: Behavior of the horizontal tire forces during step steer maneuvers turning
to the left at 100 km/h and different lateral accelerations ÿV for the refer-
ence electric vehicle with a four-wheel drive powertrain architecture and
no torque vectoring system (maximum steady state value of the lateral
acceleration corresponds to ÿmax S

V ≈ 7.4 m/s2).

ing the lateral acceleration. At the limit, i.e. when the lateral acceleration ÿV equals the

maximum steady state value ÿmax S
V , this force lies on the ellipse and the corresponding

tire slides (see left front wheel for ÿV = ÿmax S
V ). Based on this and to guarantee a large

operating range for the torque vectoring system (see also chapter 4.2.3), a maximum

lateral acceleration corresponding to 50 % of its maximum steady state value is selected

for the simulations.

Effect of the torque vectoring system on the horizontal tire forces

Figure 4.12 shows the behavior of the normalized horizontal tire forces for the different

powertrain architectures considered. The results presented in this figure correspond to

a step steer maneuver with a longitudinal speed of 100 km/h and the maximum steady

state value of the lateral acceleration of the reference vehicle ( ÿmax S
V ≈ 7.4 m/s2).

As can be seen in figure 4.12, the force reserve, i.e. the distance to the Krempel’s friction

ellipse, of all tires is low. The total normalized horizontal tire force Fn i (see equation

4.48) of the front left tire lies actually on the Krempel’s friction ellipse. Due to the

declining influence of the vertical contact force FW Ti, z
on the horizontal tire forces (see

[Wal06] and [MW04] as well as chapter 2.5.1), a reduction in the force reserve of a tire

belonging to the front axle results in an increment of the understeering tendency.
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Figure 4.12.: Effect of the presented torque vectoring system (TVS) on the horizontal
tire horizontal forces for the different powertrain configurations considered.
The presented results correspond to a step steer maneuver turning to the
left at ẋV = 100 km/h and the maximum steady state value of the lateral
acceleration for the reference vehicle ÿmax S

V ≈ 7.4 m/s2.

In the case of the vehicle with a rear-wheel drive powertrain, the presented torque vec-

toring system reduces the force demand at the front axle by varying the longitudinal

tire forces at the rear. A reduction in the force demand means, in other words, an

increase in the force reserve, which results in a reduction of the understeering tendency

and therefore in a better cornering performance and a better driving behavior. Fur-

thermore, the torque vectoring systems helps to minimize the reduction of the vertical

contact force at the front left tire due to the force shifting during cornering. As a

result, the understeering tendency of the vehicle is further reduced and the cornering

performance further enhanced. Additionally, by varying the longitudinal tire forces, the

torque vectoring system introduces a correcting yaw moment Mcorr
V A, z around the vehi-

cle center of gravity to try to achieve the goals imposed by the control concept presented

in chapter 4.2, i.e. minimize the sideslip angle β and reduce the transient response of

the yaw rate ψ̇. As can be seen in figure 4.13, the reference vehicle is characterized by

a negative sideslip angle. Therefore, a negative correcting yaw moment is needed to

minimize it (see also figure D.1 in appendix D.1). It can be also seen, that while the

transient response of the yaw rate can be reduced (i.e. the goal of the control strategy

can be achieved), the sideslip angle does not vanish. This is due, on the one side to

limitations in the torque and power of the considered motors, and on the other side to
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the fact that the tire forces are approaching the physical limits. As can be appreciated

in figure 4.12, in the case of the electric vehicle with two in-wheel motors at the rear

axle, the rear right tire has practically no force reserve. In the case of the vehicle with

four in-wheel motors, also the front left tire has almost no reserve.
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FWD with TVS
βS

Time [s]

0 2 4 6 8 10

0

0.1

0.2

0.3
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Figure 4.13.: Behavior of the sideslip angle β and the yaw rate ψ̇ for the different pow-
ertrain configurations considered. The presented results correspond to a
step steer maneuver turning to the left at ẋV = 100 km/h and the maxi-
mum steady state value of the lateral acceleration for the reference vehicle
ÿmax S

V ≈ 7.4 m/s2.

The presented results agree with those published in the literature for a mechanical

torque vectoring system (see [SUM06]). The advantage of the presented torque vector-

ing system based on in-wheel motors is the avoidance of the complicated mechanical

components and the totally free allocation of the longitudinal tire forces.

Since it is assumed, that the total sum of the power and torque of the motors used in

the considered electric powertrain architectures is approximately the same (see chapter

3.7.6), the results obtained for both configurations are not far away from each other (as

can be deduced by taking a look at figures 4.12 and 4.13). Therefore, in the following

sections, the results corresponding to the reference vehicle are compared with those of
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the electric vehicle with a rear-wheel drive powertrain architecture.

Evaluation schema

To determine the performance of the presented torque vectoring system, the percentage

of change

Change =


ACTV S−ACref
|ACref | · 100 %; if criteria should be maximized,

ACref−ACTV S
|ACref | · 100 %; if criteria should be minimized,

(4.49)

is calculated based on the value of the considered assessment criteria ACref and ACTV S

of the reference vehicle and the electric vehicle with a rear-wheel drive powertrain

architecture respectively.

4.3.2. Step steer

This maneuver was carried out as follows: For a certain longitudinal vehicle speed and

based on the steady state maps (see chapter 4.2.1), the steering wheel angle δst was

adjusted to reach the desired steady state value of the lateral acceleration based on

the steady state maps of the reference vehicle. According to the recommendations in

the literature, a steering rate of 200 ◦/s was used for the simulations. As mentioned

in chapter 4.3.1, approximately 50 % of the maximum lateral acceleration ( ÿmax S
V ≈

7.4 m/s2) was sought for. Furthermore, with the aim to analyze the performance of the

presented torque vectoring system for different speed conditions, longitudinal vehicle

speeds ranging from 60 km/h to 120 km/h were used for the simulations.

Figure 4.14 shows exemplarily the behavior of the yaw rate ψ̇, the sideslip angle β

and the lateral acceleration ÿV for a step steer maneuver turning to the left at ẋV =

100 km/h and approximately 50 % of the maximum steady state value of the lateral

acceleration.

It can be seen that the torque vectoring system tries to minimize the sideslip angle

β. For the presented maneuver, a reduction of the sideslip angle of about 50 % is

achieved. This is desirable, since a reduction in the sideslip angle β by increasing

lateral acceleration ÿSV would be perceived by a normal driver as a safety enhancement
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Figure 4.14.: Assessment variables for the step steer maneuver turning to the left at
ẋV = 100 km/h and approximately 50 % of the maximum steady state
value of the lateral acceleration ÿmax S

V ≈ 7.4 m/s2.

(see e.g. [Wal06]). Additionally, the characteristic initial peak of the sideslip angle in

the counter direction can be minimized. Furthermore, the reaction time and the time

delay of both the yaw rate ψ̇ and the lateral acceleration ÿV can be reduced. This

would be perceived by the driver as a driver performance enhancement. Nevertheless,

the yaw rate present a higher overshoot by this longitudinal speed. As can be deduced

from figure 4.15, a lower overshoot is obtained for speeds different than ẋV = 100 km/h.

A fine tuning of the controller parameters could improve this situation; however this

would go beyond the scope of the present work.

Figure 4.15 presents the behavior of the considered assessment criteria (see table 4.1)

with the vehicle longitudinal speed.

It can be seen, that the assessment criteria corresponding to the vehicle with the pre-

sented torque vectoring system behave better than for the reference vehicle in the entire

considered longitudinal speed range. Based on this results and under the considered

assessment criteria, it can be said that the presented torque vectoring system based on

in-wheel motors enhance the overall driving performance of the considered vehicle in

the step steer maneuver.
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Figure 4.15.: Assessment variables for the step steer maneuver turning to the left at
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steady state value of the lateral acceleration ÿmax S

V ≈ 7.4 m/s2.

4.3.3. Open-loop sinusoidal steering input

To carry out this maneuver for a certain longitudinal vehicle speed, the maximum of

the sinusoidal steering wheel angle signal was adjusted to reach the desired steady state

value of the lateral acceleration based on the steady state maps of the reference vehicle.

As mentioned in chapter 4.3.1, approximately 50 % of the maximum lateral accelera-

tion ( ÿmax S
V ≈ 7.4 m/s2) was sought for. Furthermore, with the aim to analyze the

performance of the presented torque vectoring system for different speed conditions,

longitudinal vehicle speeds ranging from 60 km/h to 120 km/h were used for the simu-

lations.
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4. Lateral dynamics

Figure 4.16 shows exemplarily the behavior of the yaw rate ψ̇, the sideslip angle β

and the lateral acceleration ÿV for an open-loop sinusoidal steering input maneuver at

ẋV = 100 km/h and approximately 50 % of the maximum steady state value of the lateral

acceleration.
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Figure 4.16.: Assessment variables for the open-loop sinusoidal steering input maneuver
at ẋV = 100 km/h and maximum lateral acceleration corresponding to
approximately 50 % of the maximum steady state value ÿmax S

V ≈ 7.4 m/s2.

It can be seen in this figure, that the torque vectoring system reduces both the sideslip

angle β and the transient response of the yaw rate ψ̇. Furthermore, the maximum

value of the achievable lateral acceleration is increased. This characteristics improve

the subjective vehicle driving behavior.

Figure 4.17 presents the behavior of the considered assessment criteria (see table 4.2)

with the vehicle longitudinal speed. It can be seen, that the assessment criteria corre-

sponding to the vehicle with the presented torque vectoring system behave better than

for the reference vehicle in the entire considered longitudinal speed range. Based on this

results and under the considered assessment criteria, it can be said that the presented

torque vectoring system based on in-wheel motors enhance the overall driving perfor-

mance of the considered vehicle in the open-loop sinusoidal steering input maneuver.
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V ≈ 7.4 m/s2.

4.3.4. Open-loop frequency response

To analyze the frequency response of the vehicles with the two considered powertrain

architectures presented in chapter 4.3.1, a sinus sweep signal with a frequency rate of

dfδst/dt = 0.05Hz/s was used for the steering wheel angle δst. The frequency was varied

from 0 Hz to 2 Hz to cover the relevant frequency range around 1 Hz for the lateral

dynamics (see e.g. [MW04], [Wal06] and [Ros09]). The amplitude of this signal was

chosen in such a way, so that the maximum achievable lateral acceleration corresponds

to approximately 50 % of the maximum steady state value of this variable for the

reference vehicle. Based on the results, the bode plot was determined.

Figure 4.18 shows a comparison of the bode plots for the yaw rate and the lateral

acceleration for both the reference electric vehicle with a four-wheel drive powertrain

and no torque vectoring system, and the electric vehicle with in-wheel motors at the rear

axle and the presented torque vectoring system. In this figure, a longitudinal speed of

ẋV = 100 km/h was simulated. It can be seen that it is possible to improve all considered

criteria for this maneuver under the simulated conditions except for the maximum gain

of the yaw rate.

Figure 4.19 presents the behavior of the considered assessment criteria (see table 4.3)

with the longitudinal speed. It can be seen, that the assessment criteria corresponding

to the vehicle with the presented torque vectoring system behave better than for the

reference vehicle in the entire considered longitudinal speed range except for the maxi-
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V ≈ 7.4 m/s2.

mum gain of the yaw rate. Since all the other criteria behave better, it can be said that

the presented torque vectoring system based on in-wheel motors helps to enhance the

overall driving performance of the considered vehicle in the analyzed maneuver.

Summary chapter 4: Lateral dynamics To analyze the advantages and limitations

of in-wheel motors regarding the vehicle lateral dynamics, three different open-loop

driving maneuvers were analyzed: step steer, open-loop sinusoidal steering input and

open-loop frequency response. Based on the literature, different assessment criteria were

presented to evaluate the performance of a given vehicle configuration in each of the an-

alyzed driving maneuvers. Three different powertrain architectures were analyzed: an

electric vehicle with a four-wheel drive powertrain and no torque vectoring system was

taken as reference. This reference vehicle was compared with two electric vehicles with

in-wheel motors and a rear-wheel drive and a four-wheel drive powertrain architecture

respectively. A control concept for a torque vectoring system for these electric vehicles

was presented. This concept consists of three components: The reference values genera-

tor, the horizontal dynamics controller and the optimal force allocation algorithm. The
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reference values generator determines the reference values of the sideslip angle β, the

yaw rate ψ̇ and the vehicle longitudinal speed ẋdV based on steady state maps of the

vehicle to be controlled. These values are used as reference by the horizontal dynamics

controller to build up the reference control inputs corresponding to the reference con-

trol longitudinal force F̂V A, x and the reference control yaw moment around the vertical

axis M̂V A, z. This values are taken by the third component, i.e. the optimal force allo-

cation algorithm, to generate the control inputs corresponding to the longitudinal forces

FW Ti, x
at each of the wheels. This information can be used afterwards, for example, by

a subordinated motor controller based on the tire longitudinal slip as control variable.

The obtained results showed that in-wheel motors in association with the presented

torque vectoring system have substantial potential to enhance the lateral dynamics

performance beyond the level of vehicles with a conventional four-wheel drive powertrain

architecture without torque vectoring.
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5. Vertical dynamics

Regarding the vehicle vertical dynamics, the influence of in-wheel motors is reflected

mainly on the ride comfort and the driving safety. As presented in chapter 3.5.2, the in-

wheel motors can add between 10 kg and 40 kg to the non-suspended mass. This changes,

in first instance, the vibration behavior of the non-suspended mass itself. This leads

to an alteration of the response of the tire vertical contact force FW Ti,z
and therefore

on the horizontal tire forces FW Ti,x/y
(see chapter 2.5) to a certain road excitation.

Since the horizontal tire forces are responsible for the vehicle driveability, it can be then

concluded, that a variation on the non-suspended mass may influence the driving safety

during safety relevant maneuvers (e.g. while driving in a curve on a bumpy road near

the maximum lateral acceleration). Furthermore, the change on the vibration behavior

of the non-suspended mass modifies the forces transmitted to the suspended mass and

therefore also its vibration behavior. This influences correspondingly the vehicle ride

comfort (see e.g. [RNW10] and [MK98]).

To analyze these effects this chapter is divided as follows: In the first part, different

methods to assess the vehicle ride comfort and driving safety are presented. Afterwards,

the influence of the increased non-suspended mass is presented and analyzed. In the

final section, some methods to enhance the vehicle ride comfort and driving safety are

presented.

5.1. Assessment of ride comfort and driving safety

Optimizing ride comfort and driving safety is one of the biggest trade-offs in vehicle

design. In this section, some methods to evaluate the ride comfort level and the driving

safety are presented. Afterwards, the trade-off between ride comfort and driving safety

is explained based on the selected assessment criteria.
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5.1.1. Ride comfort assessment

Perception of vibrations by human beings is influenced by several factors like age, state

of health, mood, use of psychoactive substances and body position as well as by the

application location, frequency and amplitude of the excitation signal. Moreover, vibra-

tions are differently perceived from person to person, which makes the task of comfort

assessing quite difficult. However, a lot of effort has been made to understand the in-

fluence of vibrations on human beings and to deduce guidelines to assess their effects.

Although authors do not agree about the validity of the widespread used methods to

assess ride comfort (see e.g. [Gri98]), there are, at present, three standards in Europe to

assess comfort when the entire body is subjected to mechanical vibration (whole-body

vibration): International Standard 2631-1:1997(E) [fSI97], British Standard 6841:1987

[Sta87] and the German Standard VDI 2057 (2002) [eV02]. An overview and a com-

parison of the standards can be seen in [Gri98], [LG98] and [PG02]. Moreover, some

alternative methods to evaluate the ride comfort are presented in [Kna10], [Moh04],

[Mar09] and [ST06].

Since it is widely used and alternative methods are not studied exhaustively, in this

work, the International Standard 2631-1 is taken as basis. This standard takes the

vehicle body acceleration as starting point for the comfort evaluation. Furthermore, it

states, that the human perception of vibrations strongly depends on the frequency of

excitation. Therefore, a series of filters Wi with different transfer functions are suggested

to weight the magnitude of vibration depending on its frequency (or frequency content

in the case of non harmonic signals), direction and application location (see figure 5.1).

Since human beings seem to be more sensitive to vibrations in the vertical direction

zV (see [MG08], [Kna10] and [Len09]), the acceleration z̈V in this direction is taken as

basis to evaluate the ride comfort in this work. Based on this, the frequency filter

Wk is used to obtain the frequency weighted acceleration in order to evaluate the ride

comfort (the mathematical description of this filter can be found in appendix E.1). It

must be noticed in figure 5.1, that this filter present values higher than the unity in the

frequency region in which the natural frequency of the internal organs as well as the head

of average human beings is located, i.e. approximately between 4 Hz and 10 Hz (see

e.g. [HEG11] and [Kna10]). According to this filter function, signals with a frequency

(or frequency content) outside this region are considered to have a lower influence on

the ride comfort. Therefore, many efforts during the design of a vehicle concentrate
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Figure 5.1.: Some frequency weighting curves for different directions and application lo-
cations according to the International Standard 2631-1:1997(E) [fSI97]: Wk:
On seat surface in vertical direction zV , Wd: On seat surface in horizontal
directions xV and yV , Wc: On seat-back in horizontal direction xV .

in lowering the vertical acceleration in this non-advantageous frequency region (see e.g.

[MW04]).

To avoid the big influence of the seat material on the vibration perceived by vehicle

passengers (see e.g. [PG02]) and as usual in practical testing, the acceleration mea-

sured directly at the seat frame is considered. Additionally, due to the fact that road

excitations in a range up to approximately 20 Hz are perceived as vibrations by human

beings (see [MW04] and [Kna10]), the evaluation of ride comfort (while driving roads

with harmonic excitation signals) is restricted to the frequency range (0 20] Hz in this

work.

Depending on the nature of the excitation signal, different assessment criteria based on

the measured (or simulated) vertical acceleration z̈V P of a point P (e.g. at the seat

frame) are defined in the International Standard 2631-1 to evaluate the comfort level.

For harmonic or stochastic excitation signals without shocks, the root mean square (rms)

given by

z̈rms
V P (t) =

√
1

To
·
∫ To

0
z̈w 2

V P (t) dt , (5.1)

is proposed, where To is the observation time and z̈wV P (t) correspond to the frequency

weighted acceleration of the considered point P expressed as:

z̈wV P (t) = Wk(t) · z̈V P (t) . (5.2)
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For signals with shocks, the International Standard 2631-1 defines the maximum tran-

sient vibration value (mtvv) as:

z̈mtvv
V P = max ( z̈rrms

V P (t)) , (5.3)

for a considered point P as the maximum of the running root mean square (rrms)

z̈rrms
V P (t) =

√
1

τ
·
∫ t

t−τ
z̈w 2

V P (t) dt , (5.4)

which corresponds to a series of rms-values calculated for each time t within a window

of width τ along the entire observation time To.

5.1.2. Driving safety assessment

The effect of a changing vibration behavior of the non-suspended mass on the vehicle

driving safety has not been exhaustively investigated in the literature and therefore

there are no standardized or unified methods to evaluate it (see e.g. [RND11] and

section 5.4). Nevertheless, the vertical movement of the center of the non-suspended

masses zE Ci
(see also equation 2.56 in chapter 2.5.2) is used by some authors to assess

the vehicle driving safety since it affects the tire vertical contact force FW Ti,z
which

determines the horizontal tire forces FW Ti,x/y
(see chapter 2.5) and hence the vehicle

driving behavior and stability (see also [Hir09a], [Wal06] and [MW04]).

Another possibility to assess the vehicle driving safety is given by the wheel load factor

(see e.g. [MW04])

χwli =
Frms

W Ti,z

FSW Ti,z

, (5.5)

which defines the variation of the dynamical contact force FW Ti,z
between the tire and

the ground as a function of the root mean square of the dynamic tire vertical contact

force

Frms
W Ti,z =

√
1

To
·
∫ To

0
FW Ti,z

(t) dt (5.6)

and its static value FSW Ti,z
during the considered observation time To. Strong oscillations

of a considered non-suspended mass i lead to strong variations of the tire vertical contact

force FW Ti,z
and therefore to high values of the wheel load factor χwli . Moreover, values
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of χwli near to 1 indicate a possible tire lifting.

While the wheel load factor χwli can be used to explain fundamental phenomena, differ-

ent criteria must be taken into account to analyze realistic driving maneuvers (see e.g.

[Ott87]). Some alternative criteria to assess the driving safety are presented in section

5.4, where the combined vehicle dynamics is analyzed.

5.1.3. Trade-off between ride comfort and driving safety

As explained in chapters 5.1.1 and 5.1.2, the root mean square value z̈rms
V A of the

frequency weighted vertical acceleration of the suspended mass and the wheel load

factor χwli can be used to assess the ride comfort and the driving safety respectively.

The quarter vehicle model presented in chapter E.2 of appendix E is taken as basis for

the following fundamental analysis.

When driving on a road being described as a stochastic process characterized by a cer-

tain power spectral density Φ(ω) (see chapter 2.6), the root mean square value of the

frequency weighted vertical acceleration of the suspended mass z̈rms
V A can be expressed

in terms of the transfer function Wk(ω) of weighting filter proposed in the Interna-

tional standard 2631-1 [fSI97] (see chapters 5.1.1 and E.1) and the transfer function

Gz̈A/zroad
(ω) for of the vertical acceleration of the suspended mass (see equation E.8 in

chapter E.2) as1 (see also [MW04]):

z̈rms
V A =

[∫ ∞
0

(Wk(ω))2 ·
(
Gz̈A/zroad

(ω)
)2
· Φ(ω) dω

]1/2

. (5.7)

Analogously, the root mean square value Frms
W Ti,z

of the dynamic contact force be-

tween tire and ground can be expressed in terms of the corresponding transfer function

G FW Ti,z/zroad
(ω) as (see equation E.11 in chapter E.2 for the transfer function):

Frms
W Ti,z =

[∫ ∞
0

(
G FW Ti,z/zroad

(ω)

)2

· Φ(ω) dω

]1/2

. (5.8)

1Strictly speaking, the right term in equation 5.7 corresponds to the standard deviation of the frequency
weighted acceleration z̈σV A, which is related with its root mean square value z̈rms

V A by z̈rms
V A =

z̈V A+ z̈σV A. Nevertheless, since the mean value z̈V A is zero for normally distributed stochastic processes
(as assumed in chapter 2.6.2 for the road roughness), then z̈rms

V A = z̈σV A.
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The wheel load factor χwli can be then obtained inserting equation 5.8 in equation 5.5.

The trade-off between ride comfort and driving safety can be explained using the so-

called conflict diagram shown in figure 5.2. This diagram relates the driving safety and

the ride comfort levels (here expressed in terms of the wheel load factor χwli and the

root mean square z̈rms
V A of the frequency weighted vertical acceleration of the suspended

mass respectively) for different values of the static suspension spring stiffness cSbi and

the linear damping coefficient dSbi of the shock absorber while driving with constant

longitudinal speed ẋV on a road characterized by a certain power spectral density Φ(ω).
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Figure 5.2.: Conflict diagram showing the trade-off between ride comfort and driving
safety for a variation of the static suspension spring stiffness cSbi and the

linear damping coefficient dSbi of the shock absorber while driving with con-
stant longitudinal speed ẋV on a road characterized by a certain power
spectral density Φ(ω). The ride comfort is evaluated based on the root
mean square value of the frequency weighted vertical acceleration z̈rms

V A of
the suspended mass mA, and the wheel load factor χwli is used to evaluate
the driving safety. The boundary lines for unmodified mwi and increased
mwi + ∆mwi non-suspended masses are depicted.

Starting at a point P on a line of constant static suspension spring stiffness cSbi and

increasing the linear damping coefficient dSbi of the shock absorber, the driving safety

level can be improved, i.e. the wheel load factor χwli can be reduced. However, the root

mean square z̈rms
V A of the frequency weighted vertical acceleration of the suspended

mass increases resulting in a worse ride comfort level at the same time. This is the well

known trade-off between ride comfort and driving safety (see e.g. [RNH11], [GM01],

[Hir09a] and [MW04]). Nevertheless, there is a region called optimal region (see red

region in figure 5.2) in which either the ride comfort level or the driving safety level

140



5.2. Influence of increased non-suspended mass on ride comfort and driving safety

can be improved by changing cSbi and/or dSbi . Outside this region, both ride comfort and

driving level get worse.

Furthermore, it can be shown, that for a given value of the non-suspended mass mwi , the

ride comfort and the driving safety levels cannot be improved beyond a boundary line

by changing the static suspension spring stiffness cSbi or the linear damping coefficient

dSbi .

It is worth mentioning, that the selection of the static suspension spring stiffness cSbi
and the linear damping coefficient dSbi is not always driven by the aim of optimizing ride

comfort and driving safety but it is rather a matter of the philosophy of the vehicle

manufacturing company and its desire to confer a distinctive flair to its product. While

some companies producing sports cars give more importance to driving safety aspects,

others related with large-scale production vehicles look after a more balanced relation

between ride comfort and driving safety. It can be expected that the same philosophy

will be kept in case of changing conditions, as increased non-suspended masses. Nev-

ertheless, the validation of this hypothesis goes beyond the scope of the present work.

Additionally, to account for the damping coefficient decrease over the life time, it is

advisable to select a higher value during the early vehicle development phase.

5.2. Influence of increased non-suspended mass on ride

comfort and driving safety

In this section, the influence of increased non-suspended masses on the ride comfort

and the driving safety as a result of including an in-wheel motor (see also chapter

3.5.2) is presented. In the first part, the influence of the increased non-suspended

masses mwi and their relation mA/mwi with the suspended mass mA on the objective

evaluation criteria presented in chapters 5.1.1 and 5.1.2 are analyzed. Afterwards the

results of test drives involving normal drivers and experienced test drivers are used as

basis to establish the correlation between objective evaluation criteria and subjective

perception. Furthermore, with the aim to identify a more ”intuitive” variable producing

similar effects on the subjective ride comfort perception of drivers and passengers as

increased non-suspended masses, an approach based on the tire inflation pressure pTi is

presented in the third part of this section.
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5.2.1. Influence of the relation of the suspended to the non-suspended

mass on the assessment criteria

As can be seen in figure 5.2, by increasing the non-suspended mass to mwi + ∆mwi ,

both ride comfort and driving safety get worse. The boundary line characterizing the

best ride comfort and driving safety levels achievable with a certain combination of the

static suspension spring stiffness cSbi and the linear damping coefficient dSbi is shifted in

a direction of worse ride comfort and driving safety levels. Since different performance

requirements lead to different electric motor torques (see chapter 3.5.8) and therefore

to different increments of the non-suspended mass (see chapter 3.5.2), the effect of the

increased non-suspended masses on different vehicle segments (characterized by different

suspended masses mA and related with different performance requirements) is analyzed

in this section (see also [RNH11]). Therefor, the quarter vehicle model presented in

chapter E.2 of appendix E is taken as basis.

Table 5.1 presents the three different vehicle classes taken into account to analyze the

effect of the relation mA/mwi between the suspended mass mA and the non-suspended

mass mwi . Since the presented analysis is based on the quarter vehicle model2 presented

in chapter E.2, the relation mAq/mwi is used instead of mA/mwi . Furthermore, it

is assumed, that the suspended mass corresponding to the quarter vehicle mAq can

be expressed as mAq ≈ mA/4, where mA is given in terms of the vehicle mass in

running order mv by mA = mv − (4 ·mwi). The relation mAq/mwi is indicated in table

5.1 together with the standard non-suspended mass3 mwi for each analyzed vehicle

class, and the considered additional non-suspended mass ∆mwi . In comparison to the

vehicle classes presented in table 3.3 of chapter 3.7.1, the additional vehicle class D

corresponding to large sedans4 is also considered.

Figure 5.3 shows the conflict diagram for the three different vehicle classes listed in

table 5.1. Additionally, the comfort bands specified in the international standard 2631-

1:1997(E) [fSI97] are presented. It can be seen, that according to the considered eval-

uation criteria, the lower the relation mAq/mwi (i.e. for lower vehicle segments), the

stronger is the effect of the increased non-suspended masses on ride comfort and driv-

ing safety. Nevertheless, based on the assumption that the effect of the increased non-

2The right subscript q is used to identify variables related with the quarter vehicle model.
3Measured or estimated value of non-suspended mass as corresponding to the series product without

any additional weight.
4Vehicle classes definition according to [oE11].
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Table 5.1.: Considered vehicle segments for the analysis of the influence of increased non-
suspended masses on ride comfort and driving safety.

Minicompact a Subcompact a Large

A− B D

Vehicle mass in running order mv
[kg]

850 1200 2000

Standard non-suspended mass mwi
40 b 50 c 60 c

Mass relation d mAq/mwi [−] 4.3 5.0 7.3

Additional non-suspended mass ∆mwi [kg] 20 e 30 e 60 f

a Further related properties can be found in table 3.3 in chapter 3.7.1.
b Measured.
c Estimated value of non-suspended mass as corresponding to the series product without any

additional weight (based on [BS07]).
d It is assumed that the mass mAq corresponding to the quarter vehicle (see appendix E.2) is given

by mAq ≈ mA/4, where mA = mv − (4 ·mwi).
e Estimated weight of an induction electric motor based on the results presented on table 3.11 in

chapter 3.7.6. The active mass mEMact as presented in figure 3.9 and an estimated value for the
weight of the case and the gear box as presented in table 3.9 are considered.

f Estimated by extrapolation based on the results for the other two vehicle classes presented in this
table.

suspended masses on ride comfort is acceptable if the optimal region remains in the same

comfort band, it can be concluded, that the considered increased non-suspended masses

as corresponding to the performance requirements taken into account (see chapter 3.7.4)

lead to an acceptable reduction in ride comfort for the analyzed vehicle segments. An

approach involving subjective impressions of test drivers is presented in chapter 5.2.2

to further support this statement.

5.2.2. Subjective comfort assessment and correlation with simulation

results

Describing the subjective comfort perception using objective individuum independent

numeric or verbal (e.g. comfortable, fairly comfortable, very uncomfortable, etc.) at-

tributes is called objectify. Nevertheless, it is not an easy process, even for experienced

test drivers (see e.g. [Len09] and [Kna10]). In this work, a group of persons composed

of 34 normal drivers and 2 experienced test drivers was taken as population in order to

determine the influence of increased non-suspended masses on the subjective perception

of ride comfort.
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Figure 5.3.: Conflict diagram for different vehicle segments with and without increased
non-suspended masses. Results obtained considering a street type C (see
chapter 2.6.2) and a longitudinal vehicle speed of ẋV = 40 km/h.

Test drives on the road presented in figure 2.20 (see also figure E.2-c in chapter E.3.1 of

appendix E) with the test vehicle (see chapter B.1 in appendix B) and the conditions

presented in table 5.2 were carried out. To evaluate the subjective road comfort percep-

tion, an evaluation scale ranging from 1 (very uncomfortable) to 10 (very comfortable)

was proposed. For each considered longitudinal speed ẋV , the configuration correspond-

ing to the test vehicle without additional non-suspended masses (∆mwi = 0 kg), no

additional load mass (mload = 0 kg) and the tire inflation pressure recommended by

the car manufacturer (pTi = 2.3 bar) was selected as reference and a grade of 5.5 in the

proposed scale was assigned to it. Each test person was asked to subjectively evaluate

the ride comfort of each test drive condition by comparing it with the reference config-

uration corresponding to the selected longitudinal speed. While grades lower than 5.5

indicated a worse subjective ride comfort perception in comparison with the reference

condition, grades higher than 5.5 indicated a better subjective comfort perception.

Figure 5.4 presents the relative cumulative frequency5 of the grades given by all test

5See appendix A.1.
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Table 5.2.: Test drive conditions used to determine the influence of
increased non-suspended mwi masses on the subjective ride
comfort perception.

Parameter Symbol Units Values

Additional non-suspended mass ∆mwi [kg]
0 a 10 30

Additional load mass mload 0 a 400 b

Longitudinal vehicle speed c ẋV [km/h] 20 40

Tire inflation pressure pTi
[bar] 2.3 a,d 3.2

a Reference.
b Corresponds to approximately two thirds of the maximum authorized

additional load mass (see table B.1 in appendix B).
c Held constant during each test drive.
d Value recommended by the car manufacturer.

persons to the different test configurations considered. As can be seen in figure 5.4-a,

increased non-suspended masses lead to a worse subjective ride comfort perception. It

can also be seen, that while the longitudinal vehicle speed as well as the additional

load mass (figures 5.4-a and 5.4-b respectively) do not clearly affect the subjective

ride comfort perception, the increased tire inflation pressure strongly worsens it (figure

5.4-c).

With the purpose to establish a relation between the subjective ride comfort perception

and the objective criteria presented in chapter 5.1.1, the different conditions presented

in table 5.2 were simulated using the model presented in chapter 2. Due to the fact

that the road excitation contains shocks (curb and pothole), the maximum transient

vibration value z̈mtvv
V A of the frequency weighted acceleration (see equation 5.3) at the

driver’s seat frame is used as evaluation criteria. Furthermore, since the answers of the

test drivers are referred to the reference test condition, the relative maximum transient

vibration value

∆ z̈mtvv
A P =

z̈mtvv
V Aref

− z̈mtvv
V Amw

z̈mtvv
V Aref

· 100 (5.9)

is used, where z̈mtvv
V Aref

and z̈mtvv
V Amw

correspond to the frequency weighted accelera-

tion at the driver’s seat frame for the reference configuration and for the configuration

with increased non-suspended masses respectively. Finally, since the small differences

between the considered conditions were hardly perceived by the normal drivers, only

the (independently obtained but unanimous) answers of the experienced test drivers

are considered at this instance. Taking the subjective ride comfort perception of only
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Figure 5.4.: Results of the survey regarding the subjective ride comfort perception while
driving over the deterministic road excitation signal presented in figure 2.20:
variation of the additional non-suspended mass ∆mwi and the longitudinal
vehicle speed ẋV (a), variation of the additional load mass mload (b), and
variation of the tire inflation pressure pTi (c). The relative cumulative
frequency fcu(grade) of the grade given by all drivers (normal drivers and
experienced test drivers) is presented.

experienced test drivers is a common praxis used to reduce the uncertainty and noise in-

troduced by normal drivers, for which small comfort differences are difficult to objectify

(see e.g. [Len09]).

The comparison between the subjective ride comfort perception of the experienced test

drivers and the simulation results for different values of the longitudinal vehicle speed

ẋV is shown in figure 5.5. According to equation 5.9, the relative maximum transient

vibration value ∆ z̈mtvv
V A corresponding to the reference condition equals zero and the

corresponding surface in figure 5.5 is therefore a horizontal plane. While positive values

of ∆ z̈mtvv
V A (above the plane corresponding to the reference condition) indicate a better

subjective ride comfort perception, negative ones correspond to a worsening. In figure

5.5, the qualitative answer of the experienced test drivers (i.e. better or worse than

the reference test condition) and not an absolute value is depicted. While a better

subjective ride comfort perception is indicated with a point above the horizontal plane
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corresponding to the reference condition, a worse perception is related with a point

below it.

20 40 60 80 100

0
10

20

40
30

0

10

20

-10

-20

-30

-40

∆mwi [kg]
.

Vx [km/h]

m
tv

v 
..

   
   

V
 z

A
∆

[%
]

Subjective comfort perception of experienced test drivers
Reference configuration
Configuration with increased non-suspended masses

B
et

te
r 

th
an

re
fe

re
nc

e
W

or
se

 t
ha

n
re

fe
re

nc
e

Figure 5.5.: Comparison between the subjective ride comfort perception of the expe-
rienced test drivers and the simulation results for different values of the
longitudinal vehicle speed ẋV . Reference configuration: test vehicle with-
out increased non-suspended masses mwi = 0 kg, no additional load mass
mload = 0 kg and tire inflation pressure pTi = 2.3 bar.

Based on figure 5.5, following conclusions can be made:

• The tendency of the answers of the experienced test drivers can be qualitatively

depicted with accuracy with the help of the model presented in chapter 2. The

subjective ride comfort perception can be therefore estimated with the objective

assessment criteria calculated based on the simulation results obtained with the

presented vehicle model.

• The effect of increased non-suspended masses on the subjective perception of ride

comfort and on the related objective evaluation criteria depends on the driving

speed and is not always negative. Furthermore, a wide variation range of the

analyzed variables (e.g. increased non-suspended mass mwi or longitudinal vehicle

speed ẋV ) must be considered in order to increase the validity of the analysis.

• Under the considered conditions, no remarkable differences in the ride comfort
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subjective perception with and without increased non-suspended masses can be

expected. Nevertheless, there is room for improvement.

The results obtained in this chapter support the conclusion made in chapter 5.2 regard-

ing the acceptable ride comfort reduction related with increased non-suspended masses.

This results also agree with those presented recently in the literature, which, based

on test drives with vehicles with increased non-suspended masses, show no evidence of

relevant subjective or objective worsening neither of the ride comfort nor of the driving

safety (see e.g. [GFH10] and [GHKP12]).

5.2.3. Equivalence between the subjective ride comfort perception with

increased non-suspended masses and increased tire inflation pressure

With the aim to identify a more ”intuitive” variable producing similar effects on the

subjective ride comfort perception of drivers and passengers as increased non-suspended

masses, an approach based on the tire inflation pressure pTi is presented in this section.

Figure 5.6 shows the relative cumulative frequency6 fcu(grade) of the grades given by

all test drivers when driving over the deterministic road excitation signal presented in

figure 2.20 with increased non-suspended masses of mwi = 20 kg at both wheels of

the rear axle and with increased tire inflation pressure of pTi = 3.2 bar. Both curves

are approximated using a spline. It can be seen that the approximation lines present

the same behavior. Therefore, it is assumed that a relation between the influence

of increased non-suspended mass mw and increased tire inflation pressure pT can be

established.

In this work an empirical linear relation according to

∆pT = Cmw→p ·∆mw (5.10)

is proposed, where the proportionality factor Cmw→p is given by

Cmw→p =
∆pTi
∆mwi

· ∆gmw
∆gp

. (5.11)

The variables ∆mwi and ∆pTi correspond to the value of the additional non-suspended

mass and the additional tire pressure used during the test drives related with the results

6See appendix A.1.
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Figure 5.6.: Comparison between the subjective ride comfort perception with an addi-
tional non-suspended mass of ∆mwi = 20 kg at both wheels of the rear axle
and with an increased tire inflation pressure of pTi = 3.2 bar. The relative
cumulative frequency fcu(grade) of the grade given by the normal drivers
and the experienced test drivers is presented.

presented in figure 5.6 respectively, i.e. ∆mwi = 20 kg and ∆pTi = 0.9 bar. The terms

∆gmw and ∆gp indicate the difference between the reference and the approximation lines

for the conditions with increased non-suspended masses and with increased tire inflation

pressure respectively. Since this lines are approximately parallel, the mentioned terms

are measured for a relative cumulative frequency7 fcu(grade) = 50 %, resulting in

∆gmw = 5.5− 4.5 = 1.0 , (5.12a)

∆gp = 5.5− 3.0 = 2.5 . (5.12b)

With this, the proportionality factor becomes

Cmw→p =
0.9 bar

20 kg
· 1.0

2.5
= 0.018

bar

kg
. (5.13)

The approach presented in this section represents a possibility to easily carry out test

drives aiming to estimate the subjective ride comfort perception of vehicles with in-

creased non-suspended masses (at least at the rear axle) without using any special

device to actually increase them.

7See appendix A.1.
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5.3. Suspension systems to enhance the ride comfort and the

driving safety

In this section, two non-conventional passive, a semi-active and an active suspension

system aiming to enhance the ride comfort and the driving safety are presented. As

presented in figure 5.7, beside the constructive differences and the production costs,

the operating range, the system reaction time τws and the energy demand distinguish

these systems from each other. The considered concepts were presented in [RNW10]

and [RNW11b], and the obtained results are considered by some authors as a reference

point toward the electrification of vehicles using in-wheel motors (see e.g. [RA11]).
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Figure 5.7.: Comparison of the considered suspension systems to enhance the ride com-
fort and the driving safety (see also [Nie11] and [HEG11]).

5.3.1. Passive suspension systems

Passive suspension systems do not need any energy supply. This makes them attractive

for electrified vehicles (hybrid or pure electric ones), for which energy saving is even

more important than for vehicles with traditional internal combustion engines. Higher

energetic efficiency levels increase the driving range of electrified vehicles and make

them attractive for typical vehicle customers and thus for series production. Beside

the conventional passive suspension system presented in chapter 2.7, two alternative

passive suspension systems are presented and analyzed in the present work: a concept
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with eccentric electric motor and a concept using the electric motor as damping mass.

Eccentric concept

This concept can be used in vehicles with torsion beam axles. The electric motor is

positioned eccentric with respect to the rotation axis of the wheel. Because the distance

between the electric motor and the wheel must be kept constant, this concept is more

suitable for torsion beam axles. The implementation in other axle types would lead to

very complicated designs. Figure 5.8 shows a schematic representation of the eccentric

concept used in a torsion beam axle. The electric motor mEM is placed at distance lEM

from the wheel center mwi on the trailing arm of length lTA. The torque is transmitted

to the wheel using a belt (a chain transmission is also possible) tightened by a belt

pulley.

mAq

mwi

 Sc T, z

mEM

Scbi
Sdbi

lEM lTA

Belt pulley

CzAPwi

Ezroad

CzCi

Figure 5.8.: Schematic representation of the eccentric concept.

The mass mEM and the reduced moment of inertia Ired
EM of the electric motor can be

considered to be equivalent to the additional non-suspended mass

∆mwi =
mEM · (lTA − lEM )2 + Ired

EM

l2TA
(5.14)

located at the wheel center. Neglecting the moment of inertia Ired
EM of the electric

motor, the total mass on the wheel mwi + ∆mwi depends only on the position of the

electric motor on the trailing arm. Figure 5.9 shows the variation of additional non-

suspended mass ∆mwi as a function of the position lEM of the electric motor mass

mEM on the trailing arm and of the non-suspended mass mwi without any additional
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mass. Based on this figure, if the relation between the electric motor mass and the non-

suspended mass without any additional mass correspond to mEM/mwi = 50 %, the

electric motor must be placed at a distance corresponding to lEM ≈ 0.35 · lTA measured

from the wheel center. As expected, placing the electric motor near the joint between

the trailing arm and the suspended mass avoids increasing the non-suspended mass.

Moreover, it can be seen on the figure, that small changes in the position lEM of the

motor mass mEM lead to big changes on the additional non-suspended mass ∆mw.
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Figure 5.9.: Reduction of the additional non-suspended mass ∆mw for the eccentric
concept.

Since it is sufficient to determine the total non-suspended mass mwi+∆mwi and consider

the system as an unmodified passive trailing arm suspension, the results of this concept

are not going to be explicitly presented in the section 5.3.4 where the different systems

described in the present chapter are compared.

Damping mass concept

The concept presented here corresponds to that first introduced by Bridgestone in 2004

(see [STN06] and [MTI+06]). As shown in figure 5.10-a, the electric motor is used as

damping mass by suspending it on the wheel carrier over a spring and shock absorber

system.

As can be seen in figure 5.10-b, the damping mass adds an additional degree of freedom

to the vibrating system. The term

FC DMi
= FDM

C ci + FDM
C di

(5.15)
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Figure 5.10.: Damping mass concept: mechanism of the Advanced Dynamic Damper
Motor - ADM - mechanism as presented by Bridgestone (see [STN06] and
[MTI+06]) (a), schematic representation with the motor mass mEM being
used as damping mass (b).

corresponding to the (vertical8) force related with the spring and shock absorber system

of the damping mass and acting on the wheel carrier must be introduced in the equation

2.16 of linear momentum for the non-suspended masses (see chapter 2.4.2), which leads

to the modified equation (see forces definition in the mentioned chapter):∑
FC wi = FC Ti − FC wsi − FC DMi

+ GC wi . (5.16)

The spring force

FDM
C ci = cSDMi

·∆zDMi = cSDMi
·
(
zC Ci − zC DMi

)
(5.17)

is assumed to present a linear behavior and can be described as a function of the

static coefficient cSDMi
of the spring of the damping mass suspension and the vertical

displacements of the wheel carrier zC Ci
and the damping mass zC DMi

. The force of the

shock absorber

FDM
C di

= dSDMi
·∆żDMi = dSDMi

·
(
żC Ci − żC DMi

)
(5.18)

is also assumed to present a linear behavior and can be expressed in terms of the linear

damping coefficient dSDMi
of the shock absorber of the damping mass suspension and

8See assumption 2.2.
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the vertical velocities of the wheel carrier żC Ci
and the damping mass żC DMi

.

The static spring coefficient cSDMi
and the coefficient and linear damping coefficient

dSDMi
must be determined to avoid resonances between the damping mass and the

suspended or the non-suspended mass. Analogously to equation 2.83 in chapter 2.7.1,

the static spring coefficient cSDMi
can be written in terms of the natural frequency fDM

of the damping mass, the statical tire vertical stiffness cSTi, z and the damping mass

(corresponding in this case to the mass of the electric motor mEM ) as:

cSDMi
=

mEM · (2 · π · fDM )2 · cSTi, z
cSTi, z −mEM · (2 · π · fDM )2 . (5.19)

The linear damping coefficient can be determined analogously to equation 2.105 in

chapter 2.7.2 as a function of the static spring coefficient cSDMi
defined previously, the

mass of the electric motor mEM and the desired damping ratio ξDM for the damping

mass as:

dSDMi
= 2 · ξDM ·

√
cSDMi

·mEM . (5.20)

In this work, the natural frequency9 of the damping mass was set to fDM = 5.5 Hz and

its damping ratio, as suggested by Masaki et al. [MTI+06], to ξDM = 0.5.

A similar system producing a similar effect as the damping mass described in this chapter

but using the moment of inertia of a mass connected with one of the suspension control

arms of an independent axle system is presented in [NR09] and analyzed in [Pür11].

5.3.2. Semi-active suspension system

Semi-active suspension systems can be considered to be an intermediate technology

between active and passive suspension systems. While an active suspension system

can supply and dissipate energy to and from the vibrating system composed by the

suspended and the non-suspended mass, a semi-active suspension system can only dis-

sipate it. Nevertheless and in comparison with traditional passive suspension systems

with fixed properties leading to fixed amounts of dissipated energy (see chapter 2.7),

semi-active suspension systems dissipate different amounts of energy by adjusting their

9The natural frequencies of the suspended and the non-suspended mass are around 1 Hz and 10 Hz
respectively (see e.g. [Hir09a], [Wal06] and [MW04]).
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properties depending on a predefined algorithm (see e.g. [Kar90] and [FHT+09]). In

this regard, one of the most popular approaches for such systems is the semi-active sky-

hook control strategy presented by Karnopp et al. [KCH74]. This strategy is based on

the hypothesis, that an optimal ride comfort can be achieved by damping the vibrating

suspended mass with respect to the artificial sky (or the horizon) and not with respect

to the wheel body - real shock absorber - [HEG11]. Therefore, as shown in figure 5.11-a,

the idealized sky-hook shock absorber is considered to be placed between the suspended

mass mAq and the sky and not between the suspended mass and the non-suspended

mass mwi as for a real one.
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Figure 5.11.: Sky-hook control strategy for a variable shock absorber of a semi-active
suspension system: schematic representation (a) and fundamental function
[HEG11] (b).

It is then assumed that the time-dependent force10

Fsky
C di

= dsky
bi
· żC APwi (5.21)

of the idealized sky-hook shock absorber, which is described in terms of the time-

dependent vertical11 speed of the suspended mass żC APwi
and the (constant) linear

10To simplify the equations in this section, the time dependency is not explicitly indicated.
11According to assumption 2.2, only vertical forces are considered for the wheel movement.
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sky-hook damping coefficient dsky
bi

, is equal to the time-dependent (linear) force

FC di
= dsemi

bi
·
(
żC Ci − żC APwi

)
(5.22)

of the real shock absorber (see equation 2.95 in chapter 2.7.2), which is additionally a

function of the time-dependent vertical speed of the non-suspended mass mwi . Based

on these equations, the linear time-dependent semi-active damping coefficient dsemi
bi

can be expressed as:

dsemi
bi

= dsky
bi
· żC APwi

żC Ci
− żC APwi

. (5.23)

Furthermore, a semi-active shock absorber uses the force FC di
to enhance the ride

comfort by reducing the amplitude of the suspended mass movement. To reach this

goal, following strategy is proposed (see e.g. [KCH74] and [Kar90]): On the one hand,

the linear semi-active damping coefficient is allowed to be varied in the given range

dmin
bi
≤ dsemi

bi
≤ dmax

bi
. (5.24)

On the other, as can be seen figure 5.11-b (see also [HEG11]), while only small values

of the time-dependent force Fsemi
C di

from the semi-active shock absorber are allowed to

be transmitted when it acts in a direction tending to amplify the suspended mass move-

ment, larger values can be transmitted to reduce the movement amplitude. Therefore,

the resulting time-dependent reference semi-active shock absorber force Fref
C di

can be

expressed mathematically as:

Fref
C di

=

 dsemi
bi
·
(
żC Ci
− żC APwi

)
; if sign

(
żC APwi

)
= sign

(
żC Ci
− żC APwi

)
,

dmin
bi
·
(
żC Ci
− żC APwi

)
; if sign

(
żC APwi

)
6= sign

(
żC Ci
− żC APwi

)
.

(5.25)

Since effects like the compressibility of the damper oil and the deformability of the

pressure chamber of the damper affects the effectiveness of the control strategy (see e.g.

[Nie06], [Kol07] and [RW95]), following transfer function, proposed by Niemz [Nie06],

is used to consider the dynamic behavior of the system and obtain the time-dependent

value of the actual resulting semi-active shock absorber force Fsemi
C di

as a function of

the time-dependent value of the reference one Fref
C di

given by equation 5.25:

Gsemi (s) =
Fsemi

C di
(s)

Fref
C di

(s)
=

1

1 + 0.01 · s . (5.26)
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The values of the system parameters are presented in [RNW10].

5.3.3. Active suspension system

Active damping suspension systems can non only dissipate but also introduce energy into

the vibrating system to enhance the ride comfort or improve the driving safety (see also

figure 5.7). The control strategy presented in this chapter was introduced by Karnopp

[Kar83] in 1983 and states that the ride comfort of a vehicle can be improved near the

natural frequency of the suspended mass by introducing the active shock absorber force

Fact ∗
C di

= dact
bi
· żC APwi (5.27)

expressed in terms of the (constant) linear active damping coefficient dact
bi

and the

vertical speed of the suspended mass żC APwi
. Nevertheless, as presented in [RNW10],

this force acts damping the movement of the suspended mass but not that of the non-

suspended mass. Therefore, an additional passive shock absorber is introduced, as

shown in figure 5.7. This additional shock absorber is modeled as a linear force element

supplying a force

Fact
C di

= Fact ∗
C di

+ dSbi ·
(
żC Ci − żC APwi

)
. (5.28)

The active shock absorber considered in this work is composed by an electric syn-

chronous motor transmitting its torque to one of the transversal control arms of an

independent axle system through a single stage gearbox. A maximum power of Pact
di

=

4000 W by
∣∣ żC Ci

− żC APwi

∣∣ = 1.5 m/s was assumed (see [RNW10]). Moreover, the sys-

tem dynamics were taken into account by introducing a similar transfer function as that

presented in equation 5.26 for the semi-active shock absorber. An approach to define

the linear damping coefficient dSbi of the additional passive shock absorber as well as

further details on the entire considered system were presented in [RNW10].

5.3.4. Comparison

In this section, the performance of the different suspension systems described in the

present chapter (traditional passive, passive with electric motor used as damping mass,

semi-active, and active system) regarding vehicles with increased non-suspended masses

is presented. Since the effect of increased non-suspended masses on the driving safety is
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analyzed in depth in chapter 5.4, the analysis is focused here on the performance of the

systems regarding ride-comfort. The force-speed diagrams of the traditional passive, the

semi-active and the active12 suspension systems are presented in figure 5.12 [RNW10].

-3 -2 -1 0 1 2 3
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-2000

0
2000
4000
6000
8000

Traditional passive
Semi-active
Active (elect. actuator)

   .
∆zdi [m/s]

Compression Tension

C
F d

i [
N

]

Figure 5.12.: Force-speed diagrams for the traditional passive, semi-active and active
(only the curve corresponding to the electric actuator is presented) shock
absorbers [RNW10].

To analyze different working conditions, the additional increased non-suspended mass

∆mwi was varied simultaneously for all wheels in a range between 0 kg and 40 kg and

the longitudinal vehicle speed ẋV was changed between 10 km/h and 110 km/h. For

each value of the additional non-suspended mass, the vehicle with the traditional passive

system consisting in a suspension spring and a passive shock absorber (see chapter 2.7) is

taken as reference configuration. Straight ahead maneuvers driving over three different

excitation signals were simulated: a deterministic signal (like that presented in figure

2.20), a stochastic signal corresponding to a road type C (see chapter 2.6.2) and a

sinusoidal harmonic signal whose frequency fharm was varied between 0.8 Hz and 20 Hz

(see [RNW10] for the definition of this excitation). The relative change in the considered

assessment criterium AC (see sections 5.1.1 and 5.1.2) for each excitation condition is

calculated according to

∆AC =
ACref −ACcomp

ACref
· 100 % , (5.29)

where ACref correspond to value of the assessment criterium for the reference config-

uration and ACcomp to the corresponding value for the configuration being compared.

Positive values of ∆AC correspond to an improvement of the considered assessment

criterium and negative ones to a worsening. Figure 5.13 presents the simulation results.

12Regarding the active suspension system, only the part corresponding to the electric actuator is pre-
sented in figure 5.12.

158



5.3. Suspension systems to enhance the ride comfort and the driving safety

B
et

te
r

W
or

se

fhar  [Hz]

0
5

10
15

20 ∆mwi [k
g]

0
10

20
30

40

0
50

100

-50
-100

rm
s 
..

   
 V

  z
A

∆
[%

]

B
et

te
r

W
or

se

∆mwi [k
g]

0
10

20
30

40
.

Vx [km/h]

0
50

100
150

20

40

0

-20

rm
s 
..

   
 V

  z
A

∆
[%

]

B
et

te
r

W
or

se

m
tv

v 
..

   
   

V
 z

A
∆

[%
]

∆mwi [k
g]

0
10

20
30

40
.

Vx [km/h]

0
50

100
150

0

40

40

80

Deterministic excitation
(ride comfort)

B
et

te
r

W
or

se

∆mwi [k
g]

0
10

20
30

40
.

Vx [km/h]

0
50

100
150

0

40

-40∆χ
w

l i 
[%

]

Deterministic excitation
(driving safety)

Harmonic excitation
(ride comfort)

Stochastic excitation
(ride comfort)(a) (b)

(c) (d)

Traditional passive (reference) Damping mass Semi-active Active

Figure 5.13.: Performance comparison for the different suspension systems considered as
a function of the longitudinal driving speed ẋV and for different additional
non-suspended masses ∆mwi while driving straight ahead over different
excitation signals. Ride comfort change for sinusoidal harmonic excitation
(a), ride comfort change for stochastic excitation road type C (b), ride
comfort and driving safety change for deterministic excitation (see also
[RNW10]).

Figure 5.13-a shows the root mean square z̈rms
V A of the weighted vertical acceleration at

the rails of the driver’s seat for the sinusoidal harmonic excitation. It can be seen that in

frequency ranges close to the natural frequency of the non-suspended mass (i.e. 10 Hz),

the damping mass concept performs much better than the other suspension types. The

reason why the controlled damping systems do not give satisfying results in this area can

be found in the control algorithm itself. Both control strategies (semi-active and active)

are designed to enhance vehicle comfort near the natural frequency of the suspended

mass (i.e. 1 Hz) and in the region of the natural frequency of the internal organs, i.e.

approximately between 4 Hz and 10 Hz (see also [HEG11] and [Kna10]). Outside this

objective region, the control algorithm shows a worse performance than the reference
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configuration.

The root mean square z̈rms
V A of the weighted vertical acceleration at the rails of the

driver’s seat for the stochastic road excitation of type C (see chapter 2.6.2) is shown

in figure 5.13-b. The active electric suspension system can improve the ride comfort

behavior significantly in a wide speed range. Only at a small area by high speeds

( ẋV > 70 km/h) the traditional passive suspension system performs better compared

to the active electric one. The semi-active system shows a similar behavior than that of

the active concept except at low speeds, where the z̈rms
V A(t) values for the semi-active

system are up to 20 % higher. However, the damping mass concept shows the best

performance in the entire analyzed region. This can be explained as follows: As shown

in figure 5.13, the higher the non-suspended mass the greater the advantages of damping

mass concept to enhance the ride comfort in comparison with the reference configuration.

Additionally the frequency range in which the damping mass concept performs better

than the reference configuration becomes wider by increasing the non-suspended mass.

This result in an overall better behavior (at least regarding ride comfort) when the

system is excited by broadband signals like the stochastic one presented in figure 5.13-b

or the deterministic one presented in figures 5.13-c and -d.

The results for the deterministic excitation are presented in figure 5.13. The maximum

transient vibration value z̈mtvv
V A of the weighted vertical acceleration at the rails of

the driver’s seat is shown in figure 5.13-c and the wheel load factor in figure 5.13-d.

This abruptly road impact represents the worst scenario for the controlled suspension

systems. Due to the limitations of the system dynamics a phase delay between the

actuator reference signal and the actual system response is caused. As consequence

the performance of the controlled systems is highly sensitive to the vehicle speed. The

z̈mtvv
V A values presented in figure 5.13-c for the controlled suspension systems indicate a

worsening (up to ≈ −80 %) of the ride comfort in the entire analyzed range with only

few combinations of longitudinal speed and additional non-suspended mass for which a

better performance (up to ≈ 20 % mainly for low speeds) can be achieved. Considering

the driving safety criterium (wheel load factor χwli), the controlled systems cannot

offer the performance of the traditional passive system. The reason therefor lies again

in the comfort control law used (see chapters 5.3.2 and 5.3.3). On the other hand, the

driving safety criterium can be improved significantly with the damping mass concept.

The higher the non-suspended masses, the better the mentioned concept works and the

greater the differences with the other suspension systems. As mentioned before, the

driving safety of vehicles with in-wheel motors is analyzed in depth in chapter 5.4.
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vectoring

5.4. Driving safety enhancement of vehicles with in-wheel

motors through torque vectoring

As mentioned before, in-wheel motors increase the non-suspended masses tending to lead

to higher accelerations of the suspended mass and stronger fluctuations of the contact

force between tire and ground while driving on uneven roads. The higher accelerations

of the suspended mass tend to reduce the ride comfort and the stronger fluctuations of

the contact force between tire and ground tend to worsen the driving safety (see sections

5.1.3, 5.2 and 5.3.4 as well as e.g. [RND11] and [MW04]).

The reduction of the transmittable horizontal tire forces as result of the stronger vertical

wheel movements can destabilize the vehicle in extreme situations. Driving on a curve

with a sinusoidal vertical perturbation exciting the natural frequency of the suspended

mass is an example of such a situation [Müh93]. In this situation, the vehicle can

become uncontrollable for a normal driver and constitutes a greater hazard potential

as when driving or braking on an stochastically uneven road.

In the following sections, the potential of the torque vectoring system with in-wheel

motors presented in chapter 4.2 to attenuate the mentioned hazard on a driving safety

relevant maneuver by stabilizing the vehicle is analyzed (see also [RND11]). In the first

section, the maneuver and the simulation conditions are described. Afterwards, some

criteria to assess the driving safety under the described conditions are proposed. Finally,

the results are presented and discussed.

5.4.1. Maneuver definition

To analyze the influence of the increased non-suspended masses related with the in-wheel

motors on the vehicle lateral dynamics, an open-loop maneuver consisting in driving over

a sinusoidal perturbation in a curve with constant longitudinal speed ẋV and constant

steering wheel angle δst, as presented schematically in figure 5.14, is simulated.

As shown in table 5.3, the perturbation height was set to 25 mm. Two different wave

lengths exciting the natural frequency of the suspended and the non-suspended masses

(i.e. approximately 1 Hz and 10 Hz respectively) while driving with the mean value of

the considered vehicle longitudinal speeds (i.e. ẋV = 80 km/h) were simulated. The

steering wheel angle δst is adjusted depending on the currently simulated longitudinal

161



5. Vertical dynamics

E
z 

[m
]

Ex [m]

Ey [m]

0.1

0

-0.1

0

-100

100

200

0 20
40 60

80
100

120

Trajectory tangent
by perturbance impact

.
Vx

R0

Ez [m]

s [m]

Cross section of perturbation

0.025

λpert

Figure 5.14.: Schematic representation of the driving maneuver and the road used to
analyze the behavior of vehicles with in-wheel motors and torque vector-
ing system in driving safety relevant situations [RND11]. The variable s
corresponds to the driven distance.

vehicle speed ẋV to reach a steady state value of the lateral acceleration of ÿV ≈ 7m/s2

(see chapter 4.2.1). This value corresponds to approximately 95 % of the maximum

achievable lateral acceleration. The initial position, characterized by R0 in figure 5.14,

was adjusted to guarantee that the vehicle reaches the perturbation in a perpendicular

way. It must be mentioned, that the vehicle impacted the perturbation after having

reached the steady state. Finally, the non-suspended masses were varied simultaneously

at all wheels according to the values shown in table 5.3. The simulated maneuvers are

characterized by the combination of all parameters presented in this table. Furthermore,

in order to determine the potentials and limitations of the presented torque vectoring

system (see chapter 4.2), each maneuver was simulated with and without torque vector-

ing system.

As in chapter 4, a vehicle belonging to the subcompact vehicle class (see chapter 3.7.1

with a four-wheel drive powertrain architecture (see figure 3.16 in chapter 3.7.2) and

synchronous electric motors (see power and torque characteristics in table 3.11) is used

as basis for the simulations.
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vectoring

Table 5.3.: Simulation conditions used to analyze the influence of increased non-
suspended masses on the lateral dynamics of vehicles with in-wheel
motors and torque vectoring.

Parameter Symbol Values Units

Lateral acceleration ÿV 7 [m/s2]

Longitudinal vehicle speed ẋV 65, 80, 95 [km/h]

Additional non-suspended mass per wheel ∆mwi
0, 20, 40 [kg]

Wave length of the sinusoidal perturbationa λpert ẋV /1 Hz, ẋV /10 Hz [m]
a Mean value of the analyzed longitudinal vehicle speeds: ẋV = 22.2 m/s (80 km/h)

5.4.2. Alternative driving safety assessment criteria

The influence of increased non-suspended masses on the driving safety while driving on

roads with perturbations has not been extensively analyzed in the literature. Therefore,

there are not standardized or widely used assessment criteria to evaluate the driving

safety under these conditions. Beside the traditional criteria corresponding to the ver-

tical wheel movement zE Ci
and the wheel load factor χwli proposed to evaluate the

driving safety under not so critical driving situations (as presented in chapter 5.1),

three alternative methods are presented in this chapter to assess the driving safety in

critical driving situations (see also [RND11] and [Müh93]).

Sideslip angle difference

Since the sideslip angle β is an important magnitude used by drivers to perceive the

driving behavior (see e.g. [MW04]), the side slip angle difference

∆βref = max

( |β(t)− βref (t)|
|βref (t)|

)
· 100 % (5.30)

is proposed to assess the driving safety of the vehicle after the disturbance occurs. In

equation 5.30, β(t) indicates the actual value of the side slip angle and βref (t) the

corresponding value without disturbance. Due to the fact that the maneuver defined

in section 5.4.1 corresponds to a stationary one and since the disturbance occurs after

the steady state has been reached, the reference value βref (t) of the sideslip angle can

be replaced by its steady state value βS (see chapter 4.2.1 for the determination of the

163



5. Vertical dynamics

steady state values), i.e. βref (t) = βS . Furthermore, the higher the side slip angle

difference, ∆βref the worse the driving safety.

Deviation from the reference trajectory

The deviation from the reference trajectory is commonly used in the literature as cri-

terium for the driving safety assessment (see e.g. [FMH+01] and [RND11]). Taking into

account that the reaction time of the driver is about 1 s (see e.g. [ZBR97a], [ZBR97b]

and [MW04]), the deviation of the vehicle’s center of gravity from the reference trajec-

tory one second after the disturbance occurs is proposed as assessment criteria for the

driving safety as follows (see also [RND11]):

∆y1s = ∆ rE CG, ref · ntraj =
(
rE CG − rE CG, ref

)
· ntraj , (5.31)

where rE CG and rE CG, ref are the position vectors of the vehicle’s center of gravity in

the earth-fixed axis system (see chapter 2.2) without (reference trajectory) and with

disturbance (actual trajectory) respectively. Additionally, as can be seen in figure 5.15,

ntraj represents the unit vector perpendicular to the tangent to the reference trajectory.

Disturbance
occurrence

ErCG, ref

ErCG

.
Vx

ErCG, ref

ErCG

∆ErCG, ref

Tangent

∆y 1s

ntraj

Ex

Ey

EO

Reference trajectory
Actual trajectory

Figure 5.15.: Schematic representation for determining the deviation from the reference
trajectory.

As stated by Niederkofler [Nie11], the acceptable limits for the deviation from the

reference trajectory ∆y1s depend mainly on the traffic lane width. Taking into account

the vehicle track (see also table B.1 in appendix B) and the design parameters of modern

roads (see e.g. [Nat03]), allowable values of ∆y1s oscillate between 0.25 m and 1.25 m.

Assuming that the maneuver defined in chapter 5.4.1 can occur mainly on highways

and cross-country roads, ∆y1s = 0.5 m is taken as acceptable limit in this work.
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vectoring

Yaw acceleration characteristic value

The yaw reaction of a vehicle as a result of driver inputs (e.g. steering wheel angle

δst) or actuator interventions (like those introduced by a torque vectoring system - see

chapter 4 - or a single wheel steering system - see [Nie11]) constitutes an important

criterium to assess the vehicle lateral dynamics (see also [Ros09]). Based on this fact

and in order to evaluate the vehicle’s reaction during driving safety relevant maneuvers

while cornering (like that presented in chapter 5.4.1), the yaw acceleration characteristic

value, introduced by Otto [Ott87] in 1987, has been successfully used [RND11] (see figure

5.16).
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Figure 5.16.: Schematic representation for determining the yaw acceleration character-
istic value.

Based on test drives, he established, that the magnitude of the steering reaction of

a normal driver after the occurrence of a disturbance during a driving safety relevant

maneuver while cornering mainly depends on two variables: on the one hand, it depends

on the mean value of the yaw acceleration ψ̈m calculated within the reaction time range

between 0.5 s and 1.0 s. On the other hand, the magnitude of the steering reaction

depends on the yaw rate difference given by

∆ψ̇ref = ψ̇m − ψ̇ref , (5.32)

where ψ̇m correspond to mean value of the actual yaw rate calculated within the men-

tioned reaction time range and ψ̇ref indicates the reference value of the yaw rate without

disturbance. Due to the fact that the maneuver defined in section 5.4.1 corresponds to a

stationary one and since the disturbance occurs after the steady state has been reached,

the reference value ψ̇ref of the sideslip angle can be replaced by its steady state value
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ψ̇S (see chapter 4.2.1 for the determination of the steady state values), i.e. ψ̇ref = ψ̇S .

Based on this observations, Otto proposed the yaw acceleration characteristic value as

follows:

Qψ̇,ch =

∣∣∣∣∣∆ψ̇reftR
+ ψ̈m

∣∣∣∣∣ , (5.33)

where tR = 0.75 s corresponds to the mean reaction time. According to the results

presented by Otto [Ott87], a driving situation in a curve can be managed by a normal

driver if Qψ̇,ch ≤ 5 ◦/s2.

5.4.3. Results

The simulation results corresponding to the wave length of λpert = 22.2 m (excitation

of the natural frequency of the suspended mass) and to the wave length of λpert =

2.2 m (excitation of the natural frequency of the non-suspended masses) are presented

in figure 5.17-a and -b respectively. The wheel load factor χwlrl of the curve inner

wheel of the rear axle (rear left for which the rear subscript rl is used), the sideslip

angle difference ∆βref , the deviation from the reference trajectory ∆y1s and the yaw

acceleration characteristic value Qψ̇,ch are presented for both analyzed conditions, i.e.

with and without torque vectoring system - TVS - (see sections 5.4.1 and 5.4.2).

Suitability of the proposed assessment criteria to identify driving safety critical

situations

Based on the simulation results, there are two aspects that must be analyzed before

the effect of the individual varied parameters is discussed. On the one hand, it must

be determined whether the considered maneuver can be considered as critical for the

driving safety. On the other hand, the suitability of the proposed assessment criteria

to identify and evaluate the driving safety in such critical situations has to be analyzed.

To address this issues, the results of the vehicle without torque vectoring system are

analyzed.

By observing the results of the vehicle without torque vectoring system in figure 5.17-a,

it can be noticed that perturbations exciting the natural frequency of the suspended

mass produce strong yaw reactions resulting in high yaw acceleration characteristic

values Qψ̇,ch [◦/s2]. The safety limit of 5 ◦/s2 is exceeded by the considered vehicle

166



5.4. Driving safety enhancement of vehicles with in-wheel motors through torque

vectoring

without torque vectoring system in the entire analyzed variation region. In contrast,

this excitation produces only small fluctuations in the vertical contact force between

tire and road leading to a better transmittability of horizontal tire forces (e.g. correcting

forces applied by the torque vectoring system) and to a small load factor χwlrl . The

lateral deviation from the reference trajectory ∆y1s varies between 2 cm and 3 cm and

can be classified as non critical. The maximum sideslip angle difference adopts a more

or less constant value of ∆βref = 30 %.

As can be seen in figure 5.17-b, exciting the natural frequency of the non-suspended

masses results in strong fluctuations of the vertical contact force between tire and

ground. Therefore, the related assessment criterium, i.e. the wheel load factor χwlrl ,

adopts values that are approximately the double of those corresponding to the long

wave excitation analyzed in the preceding paragraph. A deviation from the reference

trajectory of approximately ∆y1s = 0.65 m results because of the high lateral acceler-

ation ( ÿV = 7 m/s2) and the mentioned stronger fluctuations in the vertical contact

force between tire and ground. Since this value corresponds to near half of the vehicle’s

track (see vehicle parameters in table B.1 in appendix B), the situation can be classi-

fied as very critical. Moreover, while the yaw acceleration characteristic value Qψ̇,ch
is smaller as for the long wave excitation analyzed before, the sideslip angle difference

∆βref remains almost unchanged.

It can be concluded, that driving in a curve over a perturbation exciting the natural fre-

quency of both the suspended and the non-suspended masses results in a safety critical

situation. Furthermore, several assessment criteria must be considered to evaluate the

driving safety in such situations. Based on the simulation results, the yaw acceleration

characteristic value Qψ̇,ch can be recommended to assess the driving safety while driving

over perturbations exciting the natural frequency of the suspended mass. In the case

of perturbations exciting the natural frequency of the non-suspended masses, the wheel

load factor χwlrl and the deviation from the reference trajectory ∆y1s lead to a better

assessment. Finally, it was not possible to identify the safety critical situations based

on the proposed sideslip angle difference ∆βref .

Influence of the increased non-suspended mass

Considering the vehicle without torque vectoring system, the results reproduced the

negative influence of increased non-suspended masses on the driving safety. Additional
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non-suspended masses of ∆mwi = 40 kg at each wheel increase the considered criteria

between 40 % and 50 %.

Influence of the perturbation’s wave length

Since the vehicle reactions concerning the vehicle lateral dynamics take place in a fre-

quency range between 0 Hz and 2 Hz (see e.g. [MW04]), perturbations in a curve

exciting the system vehicle in this range produce strong yaw reactions. As mentioned

before, the yaw acceleration characteristic value Qψ̇,ch can be used to identify these kind

of critical safety situations. These results agree with those presented in the literature

(see e.g. [Müh93] and [MW04]). Perturbations exciting the natural frequency of the

non-suspended masses has a little influence on the yaw reaction of the vehicle but lead

to big fluctuations in the vertical contact force between tire and ground and therefore

to large deviations from the reference trajectory ∆y1s.

Influence of the longitudinal vehicle speed

The frequency of the excitation varies with the longitudinal vehicle speed. Since the

gradient of the transfer function Gzw/zroad
(ω) (relating the vertical wheel movement

and the vertical road excitation - see appendix E.2) in the proximity of the natural fre-

quency of the suspended mass is relatively small, only a weak influence of the excitation

frequency in this region and therefore of the longitudinal vehicle speed can be noticed.

In contrast, the longitudinal vehicle speed has a stronger influence on the considered

assessment criteria when driving over a perturbation exciting the natural frequency of

the non-suspended masses because of the greater gradient of the mentioned transfer

function in this region.

Suitability of the torque vectoring system to enhance the driving safety in critical

situations

The frequency of the considered perturbation has a strong influence on the effectiveness

of the torque vectoring system presented in chapter 4.2. For perturbations exciting

the natural frequency of the suspended mass it is possible to reduce the value of the

considered assessment criteria and therefore increase the driving safety. In contrast,
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the torque vectoring system seems to have only a small effect when considering the

perturbation exciting the natural frequency of the non-suspended masses. This can

be explained since strong fluctuations of the vertical contact force between tire and

ground reduce the transmittable horizontal tire forces and therefore also reduce the

potential of the torque vectoring system to correct the vehicle reactions introduced by

the perturbation. Furthermore, the better performance of the torque vectoring system

with increasing non-suspended masses in the region near the natural frequency of the

suspended mass (figure 5.17-a) measured in terms of the yaw acceleration characteristic

value Qψ̇,ch can be explained based on the fact that the influence of the suspended mass

mA over the non-suspended mass mwi decreases as mwi increases.
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Figure 5.17.: Simulation results corresponding to the maneuver driving in a left curve
over a sinusoidal perturbation with a wave length of λpert = 22.2 m (a) or
λpert = 2.2 m (b). TVS stands for Torque Vectoring System. The wheel
load factor is determined at the curve inner wheel, i.e. the rear left one
(right subscript rl).
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Summary chapter 5: Vertical dynamics The influence of the increased non-suspended

masses on the ride comfort and driving safety of vehicles with in-wheel motors was ana-

lyzed. Therefor, the traditional objective assessment criteria was presented in the first

part of the chapter. For the assessment of the ride comfort, criteria based on the fre-

quency weighted acceleration, like the root mean square (for harmonic and stochastic

excitation signals without shocks) and the maximum transient vibration value (for ex-

citation signals with shocks), were used. The vertical wheel movement and the wheel

load factor were taken as traditional assessment criteria to evaluate the driving safety.

The so-called conflict diagram relating these criteria was taken as basis to exemplify

the trade-off between ride comfort and driving safety. As a reference point, the comfort

bands proposed in the international standard ISO 2631-1:1997(E) [fSI97] were intro-

duced in this diagram. Based on this, it was shown, that ride comfort and driving

safety can be improved only within a certain region (called optimal region) by changing

the properties of a traditional passive suspension system. Furthermore, this diagram

was used afterwards to analyze the influence of the increased non-suspended masses.

The results showed that, according to the considered evaluation criteria, the lower the

relation mAq/mwi (i.e. for lower vehicle segments), the stronger is the effect of the

increased non-suspended masses on ride comfort and driving safety. Nevertheless, the

optimal region of the considered vehicles (belonging to three different vehicle segments)

remains within the same comfort band when considering the additional non-suspended

masses introduced into the system by the electric motors determined in chapter 3 (see

table 3.11). Based on the assumption that the effect of the increased non-suspended

masses on ride comfort is acceptable if the optimal region remains in the same com-

fort band, it can be concluded, that the considered increased non-suspended masses, as

corresponding to the performance requirements taken into account (see chapter 3.7.4),

lead to an acceptable reduction in ride comfort for the analyzed vehicle segments.

In the second part of this chapter, the results of test drives carried out on a road con-

sisting in an excitation signal with shocks (curb and pothole) with the aim to determine

the subjective perception of normal drivers and experienced test drivers were presented.

A total of 34 test persons were asked to drive with a modified test vehicle with a special

device designed to increase the non-suspended masses at the rear axle from 40 kg up to

80 kg. Different longitudinal speeds, tire inflation pressures and vehicle load conditions

were used. The results show that increased non-suspended masses tend to worsen the

subjective ride comfort perception. Furthermore, while the longitudinal vehicle speed as

well as additional load mass do not clearly affect the subjective ride comfort perception,
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the increased tire inflation pressure strongly worsens it.

With the objective to establish a relation between the subjective ride comfort perception

and the presented traditional objective assessment criteria, the conditions used for the

test drives were simulated with the model presented in chapter 2. Based on this and

since the small differences between the considered conditions were hardly perceived by

the normal drivers, only the answers of the experienced test drivers were taken into

account for this analysis. This is a common praxis used to reduce the uncertainty and

noise introduced by normal drivers, for which small comfort differences are difficult to

objectify (see e.g. [Len09]). The obtained results agree with those presented recently

in the literature and can be summarized as follows:

• The tendency of the qualitative answers of the experienced test drivers can be de-

picted with accuracy with the help of the presented vehicle model. The subjective

ride comfort perception can be therefore estimated with the objective assessment

criteria calculated based on the simulation results obtained with it.

• The effect of increased non-suspended masses on the subjective perception of ride

comfort and on the related objective evaluation criteria depends on the driving

speed and is not always negative. Furthermore, a wide variation range of the

analyzed variables (e.g. increased non-suspended mass mwi or longitudinal vehicle

speed ẋV ) must be considered in order to increase the validity of the analysis.

• Under the considered conditions, no remarkable differences in the ride comfort

subjective perception with and without increased non-suspended masses can be

expected. Nevertheless, there is room for improvement.

Additionally, an approach based on the tire inflation pressure as a more ”intuitive”

variable producing similar effects on the subjective ride comfort perception as increased

non-suspended masses was presented.

In the third part of the chapter, the potentials and limitations of two alternative pas-

sive suspension systems (eccentric concept and damping mass concept), a semi-active

system and an active system to improve ride comfort and driving safety of vehicles

with in-wheel motors were analyzed and compared with a conventional passive suspen-

sion system (reference) from a theoretical point of view. Using the validated vehicle

model it was possible to analyze their performance regarding ride comfort and driving

safety improvement under the consideration of different wheel masses, driving speeds
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and excitation signals. Both alternative passive concepts analyzed present advantages

regarding the considered assessment criteria for all considered conditions. Neverthe-

less, their design is associated with other problems like packaging, complex design or

suitability for a wide range of axle systems (e.g. steered axles). Moreover, under the

considered conditions, the damping mass concept showed improvements both in ride

comfort and driving safety up to 40 % in comparison with the reference passive system.

Greater improvements in ride comfort and driving safety were noticed with larger damp-

ing masses. The analyzed mechatronic systems present advantages in ride comfort (up

to 10 %) mainly for low speeds. It was shown that, in general, the performance in ride

comfort and driving safety of the active system is better than that of the semi-active

system. Finally, it must be noticed, that from the systems analyzed, only the damping

mass concept showed improvements in ride comfort and driving safety over the entire

speed range, for all values of the non-suspended masses taken into account and for all

considered excitations. Based on this and on the fact that this suspension system does

not need external energy supply, it can be seen as the most interesting alternative to

cope with the problems induced by the increased non-suspended masses related with

in-wheel motors if the related challenges regarding package can be solved.

In the last part of the chapter, the effect of increased non-suspended masses on the

driving safety of vehicles with in-wheel motors in realistic maneuvers was analyzed.

Therefor, an open-loop maneuver representing a driving situation in a curve with differ-

ent constant longitudinal speeds producing a lateral acceleration of 7 m/s2 (about 95 %

of the maximum achievable value) was simulated. Two different sinusoidal perturba-

tions with a height of 25 mm and wavelengths adjusted to excite the natural frequency

of the suspended and the non-suspended mass were used. To analyze the potentials

and limitations of the torque vectoring system presented in chapter 4.2 to enhance the

driving safety of vehicles with in-wheel motors, all scenarios were simulated with and

without it.

While the traditional assessment criteria presented in section 5.1 are suited to carry out

fundamental analysis, the investigation of the driving maneuver described in section

5.4.1 constitutes a more representative scenario to drawn detailed conclusions about

the influence of increased non-suspended masses on the driving safety of vehicles with

in-wheel motors (as also presented recently in the literature). Furthermore, since the

influence of increased non-suspended masses on the driving safety while driving on

roads with perturbations has not been extensively analyzed in the literature, there are

no standardized or widely used assessment criteria related. Therefore, four criteria were
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proposed to assess the driving safety in such scenarios: the traditional wheel load factor,

the sideslip angle difference, the deviation from the reference trajectory and the yaw

acceleration characteristic value. Based on the results, following conclusions can be

drawn:

• For both considered perturbations, the results showed that increased non-suspended

masses negatively influence the driving safety. Doubling the non-suspended masses

from 40 kg to 80 kg results in 40 % to 50 % higher values of the proposed assess-

ment criteria.

• Several criteria must be considered to properly assess the vehicle driving safety in

realistic scenarios.

• The yaw acceleration characteristic value can be used as basis to assess the driv-

ing safety while driving over perturbations exciting the natural frequency of the

suspended mass. This kind of excitation results in strong yaw reactions that can

be difficult to control for a normal driver.

• Perturbations exciting the natural frequency of the non-suspended masses lead to

big fluctuations of the vertical contact force between tire and ground. Big lateral

displacements result as a consequence. The wheel load factor or the deviation from

the reference trajectory can be used to assess the driving safety in such cases.

• Variations of the excitation frequency (as a consequence of changes of the longitu-

dinal speed or the wavelength) near the natural frequency of the non-suspended

masses produce stronger effects on the driving safety as variations near the natural

frequency of the suspended mass.

• The presented torque vectoring system helps to enhance the driving safety of

vehicles with increased non-suspended masses in the entire considered variation

range.
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The integration of the electric motor, a possibly needed gearbox, the brake system

and the suspension control arms within the wheel has not been sufficiently analyzed

and documented in the scientific literature and still represents one of the major open

questions related with in-wheel motors. An innovative approach for the mechanical

integration of in-wheel motors in several common single wheel suspension systems (e.g.

McPherson, double wishbone, multi-link, control blade) is presented in this chapter (see

also [RNA11b], [RNA11a] and [RN11]). It represents a synthesis process to be used for

the design of single wheel suspension systems and particularly of suspension systems

for vehicles with in-wheel motors.

The developed algorithm is based on a co-simulation between MATLAB R© and CATIA

V5 R©. MATLAB R© is used as master for the control of the entire optimization process

and for the interaction with the user. The suspension system kinematics is depicted

using the kinematics module of CATIA V5 R©. The starting point of the entire process is

a simplified CAD-model of the suspension system in which the in-wheel motor is to be

integrated (reference). The behavior of the desired characteristic suspension parameters

is determined in the first step. Afterwards simplified geometries representing the in-

wheel motor are added to the CAD-model. At this stage, first collision problems can

be visually identified. The next step corresponds to a fully automated optimization

routine aiming to find the position of the suspension hardpoints for which the behavior

of the characteristic suspension parameters (e.g. camber, toe, roll center position, scrub

radius) remains as close as possible to that of the reference suspension system. This

reduces the influence on the vehicle’s driving behavior and on comfort aspects related

with the suspension system. At the same time, collisions between the components are

detected and avoided during the suspension movement (bound/rebound and steering)

controlled by the algorithm. Two optimization algorithms were used and analyzed: the

Nelder-Mead simplex algorithm (see [RN11] for an application example and also [NM65]

for the principles of the Nelder-Mead simplex algorithm) and genetic algorithms (see
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[RNA11a] and [RNA11b]). Since each step during the optimization can be visualized in

CATIA V5 R©, the user can track the development of the entire process and has therefore

total control over it.

6.1. Suspension characterization process and previous

definitions

The driving behavior and comfort of a vehicle is strongly influenced by the performance

of its suspension system (see e.g. [MW04]). It is therefore important to characterize it

even in an early vehicle development phase. Generally speaking, this characterization

process corresponds to the description of the three-dimensional wheel movement during

bound/rebound and steering, and comprises the so-called suspension kinematics and the

compliance analysis (see e.g. [Mat08]). While all suspension elements are considered

as rigid bodies in the suspension kinematics analysis, elastic deformations due to the

forces acting on the system are taken into account in the compliance analysis. Anyway,

both cases are related with the behavior of the characteristic suspension parameters -

CSP - (e.g. camber, toe and caster angle - see also [RSB01]) during bound/rebound and

steering. In this work, all components of the considered suspension systems are assumed

as rigid bodies (suspension arms and tire) and therefore only kinematics analysis are

performed.

In a simplified way, a suspension system can be seen as a spatial mechanism composed of

closed loops of bodies - suspension arms - connecting the wheel carrier to the suspended

mass (or to the steering system) and transmitting the tire forces and torques to it.

The effect of the transmitted forces on the suspended mass movement and therefore

on the driving behavior and vehicle comfort depends on the spatial distribution of

the suspension arms and on their relative movement during bound/rebound and/or

steering. The points joining the suspension arms with the wheel carrier and suspended

mass are called hardpoints and determine the suspension kinematics. The relationship

between them and the suspension characteristic parameters is highly nonlinear and one

hardpoint generally influences more than one parameter. Traditionally, positioning the

hardpoints to obtain certain behavior of the suspension parameters is a ”manual” task

done by experienced suspension engineers. Furthermore, few automated approaches

can be found in the literature (see e.g. [RN11], [RNA11a], [RNA11b], [NHuRH09],

[AKH+02], [USSS02] and [SHK09]).
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6.2. Suspension Kinematics Optimization System - KOS

In-wheel motors are not only related with increased non-suspended masses affecting

ride comfort and driving safety (see chapter 5) but also with a complicated component

integration within the rim, in which there is limited space anyway. The single wheel

suspension systems used nowadays in passenger vehicles of the middle and upper classes

(but also increasingly in compact vehicles) must be modified in order to integrate the

electric motor and a possibly needed gearbox (see e.g. table 3.9 in chapter 3.7.6) within

the rim. In this chapter, the Suspension Kinematics Optimization System - KOS -,

a novel automated approach developed in the context of the present research project

to integrate the mentioned components in several kinds of (existing and future) single

wheel suspension systems, is introduced (further details about KOS can be found in

[Apo10]). The component integration shall fulfill two constraints:

• The characteristic suspension parameters - CSPs - shall meet a given target be-

havior in bound/rebound and during the steering motion. This target behavior

is adjusted during the vehicle’s early development phase to obtain a desired han-

dling performance and certain comfort characteristics. Therefore, if the in-wheel

motor is going to be integrated in an existing suspension system, the effects on

the behavior of the characteristic kinematic parameters of the suspension should

be minimized.

• Collisions between the different suspension elements (suspension control arms,

electric motor, possibly needed gearbox, etc.) must be avoided.

The approach presented in this chapter corresponds to a synthesis process and is

based, as mentioned before, on a co-simulation between MATLAB R© and CATIA V5 R©.

MATLAB R© serves as master for the control of the entire optimization process and

for the interaction with the user through a GUI1. CATIA V5 R© is used to represent

the suspension system kinematics [Böh10] and to depict the suspension components as

volumes (for example, to detect collisions) [Apo10]. Further, since each step during

the optimization cycle can be visualized in CATIA V5 R©, the user can track the devel-

opment of the entire process and has therefore total control over it. Due to the fact

that this approach combines typical core competencies of the design and the simulation

departments, it can be seen as an interface between them.

1Graphical User Interface
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In the presented approach, the analysis and optimization of suspension systems can be

done based on the twelve characteristic suspension parameters presented in table 6.1

(see for example [RSB01] for the definition of the different parameters and [Apo10] for

the determination methods used in the presented Suspension Kinematics Optimization

System - KOS).

Table 6.1.: Suspension parameters that can be used for the synthesis of
suspension systems in the presented approach.

Parameter Symbol Parameter Symbol

Camber angle γsusp Roll center heighta,c zsusp
RC

Toe angle δsusp Roll center transversal positionb,c ysusp
RC

Caster angle τsusp Track changec,d ∆ssusp
f/r

Kingpin inclination σsusp Wheel base alteration ∆Lsusp

Scrub radius rsusp
σ Anti-dive angle εsusp

Caster offset rsusp
τ Anti-squat angle κsusp

a Measured from the ground.
b Measured from the vertical symmetric plane of the vehicle.
c Behavior can be determined for a parallel or a nonparallel vertical movement of the

wheels belonging to the same axle as well as for the steering movement.
d The right subscript f/r is used to refer either to the front axle - f - or to the rear

one - r -.

Figure 6.1 shows the flow diagram of the presented Suspension Kinematics Optimization

System. The starting point is either a simplified CAD-model2 of the suspension system

in which the in-wheel motor is to be integrated (see figure 6.2) or the target behavior of

the suspension characteristic parameters. If the first option is chosen, then the target

behavior of the suspension characteristic parameters can be determined in the first mod-

ule ”reference values”. In the module ”suspension system to be optimized”, simplified

geometries corresponding to the in-wheel motor and the possibly needed gearbox are

integrated in the CAD-model. Based on the results of these two modules, the suspen-

sion kinematics is optimized in the third module ”suspension kinematics optimization”

considering the constraints described before.

2The suspension system is depicted in CATIA Kinematics as a skeleton-based CAD-structure with
simplified geometries (see e.g. [Böh10]).
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Module 1
Reference
values Determination

of CSPs

Module 2
Suspension system
to be optimized

In-wheel motor
integration*

Definition of
variation space

Suspension system
with in-wheel motor

Module 3
Suspension kinematics

optimization

 Target behavior
of CSPs

Original
suspension

system

External CSPs
goal behavior
determination

CSP: Characteristic
Suspension
Parameter Optimized

suspension system

Figure 6.1.: Flow diagram of the synthesis process of the presented Suspension Kinemat-
ics Optimization System - KOS. To optimize the kinematics of suspensions
without in-wheel motor, the simplified geometries (*) are not integrated in
the CAD-model.

Upper a-arm

Brake disk

Rim

Tire

Calliper

Lower a-arm

Figure 6.2.: Simplified CAD-model of the suspension system in which the in-wheel mo-
tor is to be integrated. The CAD-model of a double wishbone suspension
system is exemplarily presented in this figure.
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6.2.1. Module 1: Reference values

In this module, the target behavior of the suspension characteristic parameters is deter-

mined. Based on the desired range for the bound/rebound and the steering movement,

all parameters shown in table 6.1 can be determined. It is also possible to choose just

some of them to build up the set of target parameters to be used for the optimization

in the module ”suspension kinematics optimization”.

6.2.2. Module 2: Suspension system to be optimized

The goal of this module is to integrate the in-wheel motor and prepare the suspension

system for the optimization process of the third module. In the first step, simplified

geometries corresponding to additional parts, in this case, the electric motor and a

possibly needed gearbox, are integrated in the CAD-model of the suspension system

(see figure 6.3-a). This process is carried out based on the dimensions and positions

of the simplified geometries. Furthermore, collisions between the added geometries and

the suspension components can already be visually recognized in this early development

phase and, if desired, manually solved. It is important to highlight that the approach

presented in this chapter is also applicable for suspensions without in-wheel motor. In

this case, the simplified geometries corresponding to the electric motor and the gearbox

are not integrated in the CAD-model.

(a) (b)

Collision
Variation
spaces

Electric motor
and gearbox

Figure 6.3.: Introduction of the simplified geometries corresponding to the electric motor
and the possible needed gearbox in the simplified CAD-model (a). Defini-
tion of the variation space for each hardpoint belonging to the suspension
system to be modified (b). The CAD-model of a double wishbone suspen-
sion system is exemplarily presented in this figure.
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Another important step in this early development phase is the definition of the three-

dimensional space in which the hardpoints can be varied by the optimization algorithm.

This variation space is individually defined, directly in CATIA V5 R©, for each hardpoint

and can correspond to any three-dimensional body (see figure 6.3-b).

6.2.3. Module 3: Suspension kinematics optimization

In this module, the hardpoints are varied within the defined three-dimensional variation

spaces (see section 6.2.2) with the goal of obtaining a suspension system whose charac-

teristic suspension parameters behave as similar as possible as the target behavior (see

section 6.2.1). The inputs of this module are the CAD-model of the suspension system

to be optimized (defined in section 6.2.2) and the target behavior of the characteristic

suspension parameters. The mentioned task corresponds to an optimization problem,

for which two optimization algorithms were implemented an analyzed (see also [RN11],

[RNA11a], [RNA11b] and [Apo10]): The Nelder-Mead simplex algorithm and genetic

algorithms.

Optimization process using the Nelder-Mead simplex algorithm

The simplex algorithm is an iterative and computationally efficient algorithm presented

by John A. Nelder and A. Mead in 1965 [NM65] to optimize nonlinear problems. The

flow diagram of the implemented optimization process is presented in figure 6.4.

In a first step, the behavior of the characteristic parameters of the suspension to be opti-

mized (in this case it contains already the electric motor and the gearbox) is determined.

Afterwards, it is compared with the target behavior determined in the first module. If

the behavior of the characteristic parameters of the suspension being currently opti-

mized do not fulfill the requirements specified by the fitness function Jsusp (see section

6.2.3), the position of the hardpoints is varied by the algorithm. If the requirements are

fulfilled, the algorithm checks automatically for collisions using the appropriated tools

of CATIA V5 R©. In the case that there are collisions, the algorithm changes again the

position of the hardpoints; otherwise, a suspension system with optimized kinematics

(according to the framework described in this chapter) is obtained as output.
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Figure 6.4.: Flow diagram of the optimization process using the Nelder-Mead simplex
algorithm.

Optimization process using genetic algorithms

According to the science of artificial intelligence, genetic algorithms are a heuristic opti-

mization approach belonging to the class of evolutionary algorithms [Gol89]. Based on

a group of individuals (population) and inspired by nature, they reproduce the mecha-

nisms of selection, recombination and mutation to find the optimum of a given problem

(see figure 6.5). All individuals of a population are graded according to given evalua-

tion criteria (fitness function Jsusp to be optimized - see section 6.2.3). Based on their

fitness, some of them are selected as basis for the next generation of individuals. This

new generation is obtained through combination and randomly change of the properties

(analogous to the genes of any organism in the nature) of the selected individuals.

In this approach, each individual (suspension configuration) is characterized by the

position of the hardpoints that should be optimized. Based on the suspension system

with in-wheel motor (and gearbox), the initial population is generated randomly so

that all hardpoints of each suspension configuration reside within their corresponding

variation space.

It should be pointed out, that in comparison with, for example, gradient based algo-

rithms, genetic algorithms are better suited to find global optima [Gol89].
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Figure 6.5.: Flow diagram of the optimization process using genetic algorithms.

Fitness function

Following fitness function is proposed to calculate the fitness value of each suspension

configuration (see [RN11], [RNA11a], [RNA11b]):

Jsusp =


∑n

i=1

(
wom,i · wi ·

∑m
k=2

∆Pik + ∆Pi(k−1)

2
·∆ζ

)
; if there are no collisions,

Jsusp
clash; otherwise.

(6.1)

This equation relates the number n of suspension parameters to be optimized (see table

6.1), the number m of static points analyzed during the suspension movement, the

weighting factor wom,i to get the same order of magnitude for all selected suspension

parameters, the weighting factor wi and the normalized value Pik for each parameter,

which is given by

∆Pik =

∣∣∣∣ Pik −GPik
max (GPi)−min (GPi)

∣∣∣∣ , (6.2)

where GPik corresponds to the target value of the parameter i in the position k.

A graphical explanation of the proposed fitting function is presented in figure 6.6. The

difference between the characteristic parameters of the suspension configuration being
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currently analyzed and of the original suspension system is defined as the area between

the corresponding lines for each characteristic parameter Pi. This area is approximated

as a sum of rectangular regions. Each rectangle (hatched area) is defined between two

subsequent movements ∆ζ of the suspension (where ∆ζ = ∆zci for bound/rebound -

see chapter 2.7.1 - or ∆ζ = ∆δst for steering movements) and has a width corresponding

to the mean value ∆P̃ik of the normalized values related with the currently analyzed

suspension parameter Pik and Pi(k−1).

ζk-1

ζk

∆Pik

∆Pi(k-1)

{

∆ζ

{

∼
∆Pik

∆ζ

{
{

Value of
parameter Pi

Current behavior
Target behavior

min(GPi) Pik GPik

ζk

max(GPi)

Figure 6.6.: Graphical explanation of the fitting function used by the implemented op-
timization algorithms.

In case of clashes between the suspension components, the penalty value Jsusp
clash is

set, such that the corresponding suspension system is not further considered within

the optimization process. Furthermore, the optimization loop is finished when a given

maximum number of iterations is reached or when an individual with a fitness value

smaller than a given threshold esusp
J is found. In the first case, the individual with the

smallest fitness value corresponds to the best found solution.

6.3. Application cases

Based on the results presented in this work and on the detailed design of the electric

motor presented by Willberger [Wil11], a prototype of the in-wheel motor concept for a
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6.3. Application cases

vehicle belonging to the minicompact class3 A− including an air-cooled induction motor4

and a gearbox5 integrated in a rim with a diameter of 16 ” was built (see figure 6.7).

In this chapter, two single wheel suspension systems for rear axles with this concept

are presented as application cases of the synthesis process introduced in chapter 6.2: a

control blade and a double wishbone suspension system.

16“ rim
Induction
electric
motor

Gearbox

Electric
cables

Connections
for fluid coolant

(optional)Cooling rips

Figure 6.7.: In-wheel motor prototype with induction motor and gearbox for a vehicle
belonging to the minicompact class A− (see chapter 3.7 for the requirements
and the characteristics of the electric motor and [Wil11] for its detailed
electrical design).

For the optimization process described before in chapter 6.2, simplified geometries of

the electric motor and the gearbox, with the dimensions specified in table 6.2, were

considered.

The kinematic model used for both suspension systems is described in [HW09] (see also

[Böh10]).

3See characteristics of the different vehicle segments in table 3.3 of chapter 3.7.1.
4See table 3.11 in chapter 3.7.
5See table 3.9 in chapter 3.7.
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6. Mechanical component integration

Table 6.2.: Dimensions of the considered simplified geometries for the considered induc-
tion motor and the gearbox. The dimensions of the electric motor as well
as other aspects related with the detailed electric design can be found in
[Wil11] (see also [Apo10]).

Component
Diameter Length

[mm]

Electric motor 224 181

Gearbox 72 75

6.3.1. Control blade suspension system

For the synthesis of the control blade suspension system, the Nelder-Mead simplex algo-

rithm presented in chapter 6.2.3 was used. The original suspension system corresponds

to the control blade suspension system used at the rear axle in the Ford Focus from

1999. Further details were published in [RNW11a]. This suspension system is presented

in figure 6.8 together with the control blade suspension system for the rear axle of pas-

senger vehicles with in-wheel motors obtained with the approach presented in this work.

Further details about the obtained suspension system were published in [RN11]. The

position of the hardpoints belonging to the original and the modified double wishbone

suspension system is presented in appendix F.1.

(a) (b)

Figure 6.8.: Original control blade suspension system for the rear axle of the Ford Focus
from 1999 [HEG11] (a). CAD-model of the control blade suspension system
for the rear axle of passenger vehicles with in-wheel motors obtained with
the approach presented in this work (b). A 16” rim is used.

The behavior obtained for all suspension parameters listed in table 6.1 is acceptable in
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6.3. Application cases

comparison with the behavior of those for the original suspension. Some of them are

presented in figure 6.9. It should be mentioned, that an optimization process using the

presented approach can take up to five hours on a PC running under Windows R© XP

(32-bit), two GB RAM and two GHz clock rate depending on the number of hardpoints

to be varied.
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Figure 6.9.: Comparison of some suspension characteristic parameters for the presented
control blade suspension system with in-wheel motors for rear axles: cam-
ber angle (a) and toe angle (b) as well as the roll center height (c) and
transversal position (d) for a nonparallel vertical wheel movement.

6.3.2. Double wishbone suspension system

The approach based on genetic algorithms, as presented in chapter 6.2.3, was used

for the synthesis of the double wishbone suspension system. The initial suspension

kinematics is based on those of the formula student race vehicle of Graz University

of Technology. Further details were published in [RNW11a]. Figure 6.8 presents the
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6. Mechanical component integration

double wishbone suspension system for the rear axle of passenger vehicles with in-wheel

motors obtained with the approach presented in this work. Further details about the

obtained suspension system were published in [RNA11a] and [RNA11b]. The position of

the hardpoints belonging to the original and the modified double wishbone suspension

system is presented in appendix F.2.

Figure 6.10.: CAD-model of the double wishbone suspension system for the rear axle
of passenger vehicles with in-wheel motors obtained with the approach
presented in this work. A 16” rim is used.

The behavior obtained for all suspension parameters listed in table 6.1 is acceptable

in comparison with the behavior of those for the original suspension. In figure 6.11,

some of them are presented. Depending on the number of hardpoints to be varied, the

optimization time is about the double of that corresponding to the process based on

the Nelder-Mead simplex algorithm.
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Figure 6.11.: Comparison of some suspension characteristic parameters for the presented
double wishbone suspension system with in-wheel motors for rear axles:
camber angle (a) and toe angle (b) as well as the roll center height (c) and
transversal position (d) for a nonparallel vertical wheel movement.
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6. Mechanical component integration

Due mainly to the fact that the upper and lower control arms are joined (see points 5

and 7 in figure F.2), the double wishbone offers a narrower optimization margin than

the control blade suspension system. As can be seen in figure 6.11, this results in

greater differences between the target and the obtained behavior of the characteristic

suspension parameters. The optimization margin can be expanded by decoupling one

of both of the control arms mentioned (see e.g. [HEG11] and [Apo10]).

Figure 6.12-a shows the suspension kinematics optimization process schematically and

figure 6.12-b presents the evolution of the fitness function value. It can be seen how the

hardpoints position is changed over the iterations and how the fitness function value

converges to a minimum.
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Figure 6.12.: Schematic representation of the suspension kinematics optimization pro-
cess of a double wishbone suspension system using genetic algorithms (a).
Evolution of the fitness function value (b).

Summary chapter 6: Mechanical component integration In this chapter, a novel

approach to synthesize single wheel suspension systems was presented. It is called

Suspension Kinematics Optimization System - KOS - and is based on a co-simulation

between MATLAB R© and CATIA V5 R©. MATLAB R© serves as master to control the

entire optimization process and provides an interface for the user. CATIA V5 R© is used

to represent the suspension system kinematics, to depict the suspension components as
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volumes and to detect collisions between them.

With the presented approach, existing and future single wheel suspension systems, con-

sidered to be composed of rigid bodies, can be characterized based on twelve kinematic

suspension parameters. Moreover, this approach enables the optimization of the suspen-

sion kinematics to reach a given target behavior of the suspension parameters. This can

be used to modify a given single wheel suspension system to integrate in-wheel motors.

For the optimization process three different modules are used. The starting point for the

optimization process is a simplified CAD model of the suspension system to be modified.

In the first module, the target behavior of the suspension characteristic parameters is

determined. In the second one, dummy geometries corresponding to the electric motor

and the possibly needed gearbox are included in the CAD model. In the third module,

the position of the suspension hardpoints is optimized to reach the target suspension

parameters behavior and avoid collisions between the suspension components. Two

optimization algorithms were implemented and compared: the Nelder-Mead simplex

algorithm and genetic algorithms. Although the optimization time is about the double

when using genetic algorithms, they are more suited to find global optima and can

therefore reduce the number of times an optimization is to be started in order to find a

kinematically optimized suspension system.

Two single wheel suspension systems, a control blade and a double wishbone suspension

system, for passenger vehicles with in-wheel motors at the rear axle were presented as

practical application examples. Using the presented approach, it was possible to reach

the characteristic parameters behavior of the unmodified suspension systems avoiding

collisions between the suspension components at the same time.
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7. Summary and conclusions

In the early days of the automotive industry, electric vehicles were seen as a clean,

quiet, comfortable, simple and easy to operate alternative in comparison with the other

existing technologies, i.e. steam and internal combustion engines. These advantages

assured them a market share of about 38 % by turn from the 19th to the 20th century

in the United States of America. Nevertheless, technical, economic, political and socio-

cultural factors inclined toward the internal combustion engines making them the most

significant power source technology worldwide by the beginning of the 1940s. Since

then, vehicles have become more complex, customers more exigent, society and politics

more aware of environmental issues, and oil resources more expensive to be exploited.

To cope with all demands, mobility and the vehicles itself must be redefined.

From the current point of view electric energy seems to be the most attractive main

energy form for future vehicles. Additionally, in-wheel motors are a historical as well as

a visionary solution toward the electrification of vehicles providing, at the same time,

new alternatives to fulfill increasing exigences regarding passenger cell space, passive

safety or styling. Moreover, since in-wheel motors constitute the shortest powertrain,

energy losses can be reduced. These advantages make in-wheel motors interesting for

original equipment manufacturers, suppliers and research institutions. Nevertheless,

although more than 30 prototypes and concepts have been presented mainly in the last

decade, no one has gained wide acceptance. This is maybe due to the lack of information

and insufficient research in fields like the effect of increased non-suspended masses on

ride comfort and driving safety, packaging within the rim, fail safe behavior, cooling of

components, complex control strategies or high production costs. In this work, those

aspects related with the mechanical integration of in-wheel motors were addressed. To

provide a founded knowledge basis, the analysis of these aspects were carried out in

different chapters, which are summarized as follows.
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7. Summary and conclusions

Chapter 1: Introduction. After a brief summary of the history of electric vehicles, a

general introduction to the in-wheel motors technology, including advantages and open

questions, was presented. Those open questions directly related to the mechanical in-

tegration of in-wheel motors in passenger vehicles were pointed out as the subject of

study in the present work: determination of general characteristics of electric motors

(torque, power and mass) and battery (energy and power capacity as well as battery

mass), potentials and limitations of in-wheel motors to enhance the vehicle lateral dy-

namics, influence on the ride comfort and driving safety, and mechanical integration of

components within the wheel.

Chapter 2: Simulation environment. In this chapter, the simulation environment

MOVES2, developed in the context of the present research project, involving the modu-

lar modeling of the driver-vehicle-environment system was introduced. The developed

models of the vehicle, the tire, the road and the passive suspension system were de-

scribed in detail. The vehicle model was considered to be composed of the suspended

body and the non-suspended masses as well as of additional masses positioned on the

suspended body via a spring-damper system. The tire model was divided into two sub-

models depicting the horizontal and vertical tire dynamics. To model the uneven road,

the widespread open source program OpenCRG R©, which is based on a Curved Regu-

lar Grid and is still being developed by several original equipment manufacturers, was

implemented and extended to be able to model and simulate the road unevenness. Semi-

physical approaches were developed to model the passive suspension system considered

to be composed of a suspension spring and a shock absorber. This chapter finalized

with the validation response of the entire model using measured data obtained with

the test vehicle Opel Combo 1.6 CNG. For the validation of the stationary response, a

steady state circular driving maneuver was used; for the transient response, a dynamic

maneuver (reaching almost the physical limits) with varying longitudinal speed ẋV and

an unsteady steering wheel angle input δst was taken as basis; and to validate the verti-

cal dynamic behavior, a driving maneuver on a synthetic test track consisting in a curb

followed by a pothole was used as reference.

Chapter 3: Longitudinal dynamics. This chapter focused on the determination of the

battery and electric motor characteristics for vehicles with in-wheel motors on the basis

of given performance requirements (e.g. maximum speed for different road inclinations,

driving range or acceleration and climbing ability) and taking into account the power
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demand of auxiliaries for this kind of vehicles. Therefor, optimization approaches using

the Nelder-Mead simplex algorithm were developed and presented. Based on them, the

torque and power (in nominal and overload service) as well as the approximated mass

of induction and synchronous electric motors can be determined. Moreover, the battery

mass as well as its energy and power capacity can be defined. Furthermore, the pre-

sented approaches were used to determine the characteristics of the mentioned electric

components for electric vehicles belonging to three different vehicle classes: minicom-

pact, subcompact and compact. Based on a regular modern Li-ion battery pack with

an energy-to-mass ratio of 150 Wh/kg and a power-to-mass ratio of 300 W/kg, a bat-

tery mass of 135 kg for the minicompact, 205 kg for the subcompact and 290 kg for the

compact vehicle class were obtained. Moreover, the results showed exemplarily that two

electric motors with a nominal torque of about Mn ≈ 17.0 Nm and a nominal power of

approximately Pn ≈ 11.2 kW are needed to meet the driving performance requirements

of a vehicle belonging to the minicompact class and a rear-wheel drive powertrain archi-

tecture. A transmission ratio of around 9 was determined for this vehicle class based on

the considered maximum rotational speed of the motor (11000 rpm) and the required

maximum longitudinal vehicle speed (120 km/h). A comparison of the weight of vehi-

cles with internal combustion engines and vehicles with in-wheel motors showed that

a weight reduction of about (6 %) can be expected under the consideration of rational

real world performance requirements covering most of the daily necessities of average

drivers.

Chapter 4: Lateral dynamics. To analyze the advantages and limitations of in-wheel

motors regarding the vehicle lateral dynamics, three different open-loop driving maneu-

vers were analyzed: step steer, open-loop sinusoidal steering input and open-loop fre-

quency response. Based on the literature, different assessment criteria were presented to

evaluate the performance of a given vehicle configuration in each of the analyzed driving

maneuvers. A control concept for a torque vectoring system with optimal longitudinal

tire force allocation was presented. Two electric powertrains (rear-wheel drive and four-

wheel drive) with in-wheel motors and torque vectoring system were compared with

a four-wheel drive electric powertrain without torque vectoring system. The obtained

results showed that in-wheel motors in association with the presented torque vectoring

system have substantial potential to enhance the lateral dynamics performance beyond

the level of vehicles with a conventional four-wheel drive powertrain architecture with-

out torque vectoring.
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Chapter 5: Vertical dynamics. The influence of the increased non-suspended masses

on the ride comfort and driving safety of vehicles with in-wheel motors was analyzed.

Therefor, the traditional objective assessment criteria was presented in the first part

of the chapter. The so-called conflict diagram relating these criteria was taken as

basis to exemplify the trade-off between ride comfort and driving safety. The results

showed that, the lower the relation between the suspended and the non-suspended mass

mAq/mwi (i.e. for lower vehicle segments), the stronger is the effect of the increased non-

suspended masses on ride comfort and driving safety. Furthermore, it was shown, that

the considered increased non-suspended masses, as corresponding to the performance

requirements taken into account in chapter 3, lead to an acceptable reduction in ride

comfort for the analyzed vehicle segments.

In the second part of this chapter, the subjective perception of 34 test drivers wile

driving with a modified vehicle was presented. The results showed that no remarkable

differences in the ride comfort subjective perception with and without increased non-

suspended masses are to be expected. Furthermore, based on the simulation results, a

good correlation between the subjective perception and the objective assessment criteria

was found. Additionally, an approach based on the tire inflation pressure as a more

”intuitive” variable producing similar effects on the subjective ride comfort perception

as increased non-suspended masses was presented.

In the third part of the chapter, the potentials and limitations of two alternative passive

suspension systems (eccentric concept and damping mass concept), a semi-active system

and an active system to improve the ride comfort and driving safety of vehicles with

in-wheel motors were analyzed and compared with a conventional passive suspension

system (reference) from a theoretical point of view based on simulations. The results

showed, that both alternative passive concepts analyzed present advantages regarding

the considered assessment criteria for all considered conditions up to 40 % in comparison

with the reference passive system. The analyzed mechatronic systems present advan-

tages in ride comfort (up to 10 %) mainly for low speeds. Based on the results and

on the fact that the damping mass concept does not need external energy supply, it

can be seen as the most interesting alternative to cope with the problems induced by

the increased non-suspended masses related to in-wheel motors if the related challenges

regarding package can be solved.

In the last part of the chapter, the effect of increased non-suspended masses on the

driving safety of vehicles with in-wheel motors in realistic maneuvers was analyzed.

196



Therefor, an open-loop maneuver representing a driving situation over a sinusoidal

perturbation in a curve with different constant longitudinal speeds producing a lateral

acceleration of about 95 % of the maximum achievable value was simulated. Due to

the lack of suitable assessment criteria in the literature, four criteria were proposed to

assess the driving safety in such scenarios. Based on the results, the suitability of the

proposed evaluation criteria was shown and the ability of the presented torque vectoring

system with in-wheel motors (chapter 4) to enhance the driving safety of vehicles with

increased non-suspended masses was evidenced.

Chapter 6: Mechanical component integration. In this chapter, a novel optimization

approach developed in the context of the present research project and based on a co-

simulation between MATLAB R© and CATIA V5 R© to synthesize single wheel suspension

systems was presented. With this approach, existing and future single wheel suspension

systems, considered to be composed of rigid bodies, can be characterized based on

twelve characteristic kinematic suspension parameters. Moreover, this approach enables

the optimization of the suspension kinematics to reach a given target behavior of the

suspension parameters. This can be used to modify a given single wheel suspension

system to integrate in-wheel motors. For the optimization process two optimization

algorithms were implemented and compared: the Nelder-Mead simplex algorithm and

genetic algorithms. Two single wheel suspension systems, a control blade and a double

wishbone suspension system, for passenger vehicles with in-wheel motors at the rear axle

were presented as practical application examples. Using the presented approach, it was

possible to reach the characteristic parameters behavior of the unmodified suspension

systems while avoiding collisions between the suspension components at the same time.

Final statements. An extensive and founded analysis of the visionary technology of

in-wheel motors for applications in passenger vehicles was presented in this doctoral the-

sis. In contrast to published approaches, the characteristics of the electric components

are the result of synthesis processes based on the driving performance requirements.

Corresponding methodologies were developed and analyzed in detail. Furthermore, the

advantages and limitations of in-wheel motors were evaluated using both theoretical

and realistic scenarios.

New scientific findings complementing known scientific results were presented. It was

possible to show that the increased non-suspended masses introduced by in-wheel motors
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result in an acceptable reduction in ride comfort under the consideration of the realistic

installed power needed for a given vehicle class. Moreover, it was highlighted that

advanced functionalities can be easily implemented thanks to the additional degrees

of freedom introduced by in-wheel motors. As an example, a control strategy for a

torque vectoring system was presented. Using it, it was shown that, in comparison

with vehicles with a conventional powertrain, the driving safety can even be improved.

Furthermore, it was evidenced, that the difficulties regarding the mechanical integration

of components within the wheel can be solved even for complex single wheel suspension

systems.

Summarizing, in-wheel motors are a real and visionary alternative toward the electri-

fication of vehicles. Nevertheless, further research is needed to answer some related

open questions. The present thesis aimed to offer corresponding approaches from the

methodological and engineering point of view in order to help bringing this technology

to series production by clarifying some of those questions related with the determination

of the electric components characteristics based on performance requirements, control

strategies (e.g. torque vectoring system) to profit from the advantages of in-wheel mo-

tors to enhance the vehicle lateral dynamics, the analysis of the effects of the related

increased non-suspended masses on ride comfort and driving safety, and the mechanical

integration of components in single wheel suspension systems.
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A. Appendix: Optimization methods and

mathematics

A.1. Relative cumulative frequency

For a variable a assuming random values aj with a certain frequency h, the relative

cumulative frequency fcu for a total of n observations or events is given by (see e.g.

[BV08]):

fcu(aj) =

j∑
i=1

hi
n
· 100 % . (A.1)

The relative cumulative frequency fcu(aj) gives insight into how often a particular oc-

currence aj is greater than any other occurrence of the observed variable a. In figure

A.1, the particular value aj is said to be greater than fcu(aj)-percent of all possible

occurrences of the random variable a.
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Figure A.1.: Relative cumulative frequency.
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B. Appendix: Simulation environment

B.1. Vehicle parameters

An Opel Combo 1.6 CNG (year of construction 2007) was used as test vehicle and taken

as reference for the parametrization and validation of the vehicle model presented in

chapter 2. Most of the parameters are taken from the vehicle’s technical data sheet or

directly determined from measured data obtained on different test rigs (see [Kol09] and

[Dür11]). The aerodynamic coefficients are based on values proposed in the literature

(see [Dür11]). Other parameters were identified based on measured data from test

drives using the identification routine implemented in the simulation environment (see

[RNW10] and [Mar09]). All parameters are presented in table B.1.

B.2. Tire parameters

The Continental tires ContiPremiumContactTM 2 185/60 R 15 are used on the test

vehicle and were taken as reference for the parametrization and validation of the model

presented in chapter 2. The tire model parameters for the horizontal tire dynamics were

determined based on measured data and are listed in table B.2. The model parameters

for the vertical tire dynamics correspond to those suggested by Schmeitz [Sch04] for a

tire similar to that used on the test vehicle.

B.3. Road parameters

The parameters used to reconstruct a road with certain roughness are taken from the

literature (see [Bau87] and [fSI95]) and presented in table B.3. The values for Ω0 and

Φroad (Ω0) depends on the desired road class (see chapter 2.6.2).
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Table B.1.: Vehicle model parameters.

Parameter Symbol Value Units

Vehicle mass in running order a,b mv 1571

[kg]
Maximum authorized additional load mass a,b mmax

load 623

Standard non-suspended mass c mwi, Std. 40

Wheel base b L 2.716

[m]
Front track b sf 1.417

Rear track b sr 1.440

Distance center of gravity to front axle c lf -1.3

Height of center of gravity (from ground) c hCG 0.65

Principal moments of inertia e

Around the xV axis IV CGA, x 650

[kg ·m2]
Around the yV axis IV CGA, y 1500

Around the zV axis IV CGA, z 2000

Moment of inertia of one wheel f,g IC wi, z 2

Tire inflation pressure (recomended value) b,c pTi
2.3 [bar]

Engine mass e mEng 170 [kg]

Engine position e,h

Along the xV axis r
V OV →PEng, x

1.4

[m]Along the yV axis r
V OV →PEng, y

0

Along the zV axis r
V OV →PEng, z

0

Engine suspension e
Vert. spring stiffness cEng 596483 [N/m]

Vert. damping coef. dEng 4500 [N ·s/m]

Projected frontal area b Aw 2.3 [m2]

Drag coefficient d Cd 0.35

[−]Lift coefficient d Cl 0

Lateral drag coefficient d Cs 0
a Vehicle mass definitions according to the Council Directive 92/21/EEC of 31 March 1992 of the

European Union [Com92].
b From technical data sheet of the test vehicle: Opel Combo 1.6 CNG (year of construction 2007).
c Measured.
d From the literature (see [Huc05]).
e Identified.
f Approximated by calculations.
g Including tire, rim, brake disk and other rotating parts of the wheel carrier. See C.2 to calculate

the reduced moment of inertia IC red wi, z
.

h Measured from the vehicle’s center of gravity with PEng as the engine attachment point (PAddj
in equation 2.25).
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Table B.2.: Tire model parameters.

Parameter Symbol
Value for

Units

FW Ti, z nom = 2500N 2 · FW Ti, z nom

L
on

g.
a

Peak FW Ti, x max 2740 5480
[N]

Saturation F∞W Ti, x 2130 4350

Initial stiffness d
(

FW Ti, x

)
0

430 1100 [N/%]

L
at

.
a

Peak FW Ti, y max 2720 4990
[N]

Saturation F∞W Ti, y 2600 4700

Initial stiffness d
(

FW Ti, y

)
0

51600 80200 [N/rad]

P
n

eu
.

tr
ai

la Initial value (npi/LTi
)0 0.24 0.50 [−]

Slip for npi = 0 m sl0yi 12 22
[%]

Slip for n∞ pi = 0 m slSyi 22 19

S
ti

ff
n

es
s

a Longitudinal cSTi, x
200 [

kN

m

]
Lateral cSTi, y

100

Vertical cSTi, z
200

Rolling resistance coeff.b froll 0.01

[−]
Contact patch length c Pls0 0.8148

Pls1 6.645 · 10−4 [m/
√

N]

Pls2 4.524 · 10−6 [m/N]

Cam ellipsis c Pa 1.2162

[−]Pb 1.0608

Pc 1.6481

Dynamic tire radius c Pr0 0.3127 [m]

Pr1 −2.292 · 10−4 [m/
√

N]

Pr2 1.176 · 10−6 [m/N]

Pr3 1.265 · 10−10 [m/N3/2]

Unloaded tire radius d r0 0.3159 [m]
a From measurements.
b Statical values according to Hirschberg [Hir09a].
c According to Schmeitz [Sch04].
d Calculated based on the tire dimensions (185/60 R 15).

203



B. Appendix: Simulation environment

Table B.3.: Parameters to reconstruct a road
with certain roughness given a spe-
cific power spectral density Φroad.

Parameter Symbol Value Units

Form factor a
βP1

0.1

[−]
βP2

1.6

Correlation factor a αroad 0.6

Unevenness exponent b w 2.0
a According to Bauer [Bau87].
b According to the ISO-Standard 8608:1995(E)

[fSI95].

B.4. Single-mass oscillator model parameters

The behavior of the functions corresponding to the speed parameter CTω (see [RSB01]

and [Wal06]) as well as to the statical cSTi, z and dynamical cDTi, z tire stiffness coefficients

(based on measures - see also [Mar09]) of the single-mass oscillator model is presented

in figure B.1.
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Figure B.1.: Tire vertical stiffness coefficients (see chapter 2.5.2): (a) Speed coefficient
CTω vs. tire rotational speed ωC wi, y

as well as (b) statical cSTi, z and (c)

dynamical cDTi, z tire stiffness coefficients vs. tire inflation pressure pTi .

Figure B.2 shows the behavior of the obtained tire vertical force FW Ti
as a function

of the effective tire vertical deflection ρzi , the tire rotational speed ωC wi, y
and the tire

inflation pressure pTi . In the case of the influence of the tire inflation pressure pTi on the

tire vertical force FW Ti
, a high correlation between the measured data and the obtained

curves can be observed (see also [Mar09]).
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Figure B.2.: Behavior of the tire vertical force FW Ti
as a function of the effective tire

vertical deflection ρzi , the tire rotational speed ωC wi, y
(a) and the tire

inflation pressure pTi (b).

B.5. Passive suspension system parameters

The parameters used for the suspension spring and the shock absorber models described

in chapter 2.7 are presented in table B.4. While the parameters for the spring were deter-

mined based on measured data1, those related with the shock absorber were determined

with the help of the identification routine implemented in the simulation environment

MOVES2 and presented in [RNW10] (see also [Mar09]). The corresponding character-

istic curves are shown in figure B.3. For the spring, a high correlation between the

obtained curves and the measured data is achieved.
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Figure B.3.: Suspension spring (a) and shock absorber (b) characteristic curves for the
front and rear axle of the test vehicle.

1The measured data is presented in [Dür11]
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Table B.4.: Passive suspension system parameters.

Parameter Symbol
Value

Units

Front Rear

S
u

sp
en

si
on

sp
ri

n
g

a Natural frequency b fAq 1.68 2.1 [Hz]

Static ground clearance ∆zSci 0.043 0.054

[m]
Limits of linear region

Bound ∆zci, III0 0.110 0.060

Rebound ∆zci, I0 0.015 0.010

Exponential coefficient during bound nc,III 58 8.5 [−]

S
h

o
ck

ab
so

rb
er

c

Compression-tension relation parameter γd 0.63 0.73

[−]
Damping ratio ξd 0.27 0.32

Exponential coefficient during tension nd,T 0.438 0.433

Damper force relation factor in exponential region II κd 0.586 0.703

Trigger speed of relief mechanisms
Compression ∆żdi, C0

-0.85 -0.81
[m/s]

Tension ∆żdi, T0
0.85 0.38

a Determined based on measurements (see [Dür11] for the measured data).
b In the literature, a value between 1.0 Hz and 2.2 Hz is recomended (see e.g. [MW04]).
c Identified based on the driving maneuver presented schematically in figure 2.20 (see also [Mar09]).
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C.1. Equations of motion for the longitudinal vehicle dynamics

Figure C.1 shows the simplified model for the longitudinal vehicle dynamics according

to Hirschberg [Hir09a]. In this model, the vehicle is considered to be composed of a

suspended mass (right subscript A) and two axles, one at the front and one at the rear

(right subscripts f and r respectively). Furthermore, it is assumed that the effective

wheel radius rdyn is the same for the front and the rear wheels. Additionally, a left

subscript is used to indicate the coordinate system in which a variable is defined. For

example, in figure C.1 the left subscript V is used to indicate the vehicle coordinate

system1.
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Figure C.1.: Model of the longitudinal vehicle dynamics [Hir09a].

1See the German standard DIN 70000 [fN94] for the definition of the road vehicles, vehicle dynamics
and road-holding ability vocabulary.
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From equation 2.4, the equation of linear momentum of the suspended mass mA in the

xv direction results in:

mA · ẍV = Fxf + Fxr − Faero − Fclimb , (C.1)

where Fxf and Fxr correspond to the reaction force between the suspended mass and

the front and rear axles respectively. Furthermore, Faero is the aerodynamic force and

Fclimb the necessary force to overcome a road with a given inclination αroad.

Analogously and applying also the principle of conservation of the angular momentum

to the axles results in:

mwf/r · ẍV = FW Tf/r, x
− Fx,f/r , (C.2)

Ired
f/r · ω̇C wf/r, y

= MD/B,f/r − rdyn · FW Tf/r, x
− MW Tf/r, y

. (C.3)

In equations C.2 and C.3 the subscript f/r was used to denote variables corresponding

to both the front and the rear axle. In this sense, FW Tf/r, x
indicates the longitudinal

tire force, MD/B,f/r corresponds to the driving (subscript D) or braking (subscript B)

torque2, and MW Tf/r, y
is the torque due to the rolling resistance (see equation 2.41 in

chapter 2.5.1). Moreover, rdyn is the dynamic tire radius, Ired
f/r denotes the reduced

moment of inertia and ω̇C wf/r, y
corresponds to the angular acceleration of the wheels

at the front and rear axle respectively.

Taking into account the equation 2.30a for the longitudinal tire slip and neglecting the

artificial velocity vN , the rotational speed of the wheels ω̇C wf/r, y
can be written as a

function of the vehicle longitudinal speed as

ωC wf/r, y
=

ẋV
rdyn

· s∗f/r , (C.4)

where the generalized tire slip s∗f/r is defined as:

s∗f/r =


1

1− slxf/r
; while driving (i.e. ẋV > 0 m/s),

1; for a free rolling wheel (i.e. ẋV = 0 m/s), or

1 + slxf/r ; while braking (i.e. ẋV < 0 m/s).

(C.5)

2In figure C.1, positive driving torques MD,f/r and/or negative braking torques MB,f/r are depicted.
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Equations C.4 and C.5 can also be used to find the relation between the rotational

acceleration of the tires ω̇C wf/r, y
and the longitudinal acceleration of the vehicle ẍV .

Rearranging equations C.1 and C.2 results in:

(
mA +mwf +mwr

)
· ẍV = FW Tf , x

+ FW Tr, x − Faero − Fclimb . (C.6)

Solving equation C.3 for FW Tf/r, x
leads to:

FW Tf/r, x
=

1

rdyn
·
(
MD/B,f/r − MW Tf/r, y

− Ired
f/r · ω̇C wf/r, y

)
=

MD/B,f/r

rdyn
− Froll,f/r −

Ired
f/r

rdyn
· ω̇C wf/r, y

, (C.7)

where MW Tf/r, y
/rdyn has been replaced by the rolling resistance force Froll,f/r.

Inserting equation C.7 in equation C.6 and taking into account the relation between

the rotational acceleration of the tires ω̇C wf/r, y
and the longitudinal acceleration of the

vehicle ẍV (see equations C.4 and C.5), leads to:

(
mv +

Ired
f · s∗f + Ired

r · s∗r
r2
dyn

)
· ẍV =(

MD/B,f +MD/B,r

rdyn

)
− (Froll,f + Froll,r)− Faero − Fclimb , (C.8)

where the sum of the suspended mass mA and wheel masses mwf/r has been replaced

by the total vehicle mass or mass in running order3 mv:

mv = mA +mwf +mwr . (C.9)

According to the Council Directive 92/21/EEC of 31 March 1992 of the European Union

[Com92], the mass mv includes the suspended mass mA and the non-suspended masses

(mwf and mwr) as well as a 75kg driver. Moreover, it is assumed here, that in the case

of electric vehicles, the mass of the battery mBatt is also included in mv.

3Vehicle mass definitions according to the Council Directive 92/21/EEC of 31 March 1992 of the
European Union [Com92].
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Furthermore, with the general rolling resistance force

Froll = Froll,f + Froll,r (C.10)

and the general driving/braking force

MD/B

rdyn
=
MD/B,f +MD/B,r

rdyn
, (C.11)

equation C.8 can be rewritten as(
mv +

Ired
f · s∗f + Ired

r · s∗r
r2
dyn

)
· ẍV =

MD/B

rdyn
− Froll − Faero − Fclimb . (C.12)

By neglecting the tire slip (slxf/r = 0), the equation

MD/B

rdyn
= Fxresistance (C.13)

approximately holds in the quasi-stationary equilibrium, where the quasi-stationary

total resistance force Fxresistance can be expressed as a function of the the total reduced

moment of inertia for both axles Ired = Ired
f + Ired

r (see chapter C.2) as

Fxresistance =

(
mv +

Ired

r2
dyn

)
· ẍV + Froll + Faero + Fclimb , (C.14)

or in the compact form:

Fxresistance = F ẍV
+ Froll + Faero + Fclimb . (C.15)

Equation C.13 states that in the quasi-stationary equilibrium, the necessary force to

produce a certain (instantaneous) longitudinal movement of the vehicle, corresponds to

the sum of all resistance forces. Furthermore, equations C.13, C.14 and C.15 can be

used for the synthesis process described in chapter 3 in order to determine the nominal

torque and power of the electric motors as well as the battery mass to drive a certain

cycle.
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C.2. Determination of the reduced moment of inertia

C.2. Determination of the reduced moment of inertia

The reduced moment of inertia Ired
f/r is an auxiliary variable corresponding to the

moment of inertia of a simplified equivalent dynamical system embracing all rotatory

powertrain components connected to the wheels of an axle (including the wheels itself).

To assure the equivalence, both systems have to show the same dynamic behavior. This

is possible when the kinetic energy of the reduced system Ered
k is the same as the

kinetic energy of the original (powertrain) system E0
k:

Ered
k = E0

k . (C.16)

Taking into account the rotational acceleration ψ̈i and the moments of inertia Ii of the

n different powertrain components, equation C.16 can be written as:

Ired
f/r · ψ̈2

f/r

2
=

i=n∑
1

Ii · ψ̈2
i

2
. (C.17)

Considering a powertrain composed of rigid bodies, the rotational accelerations ψ̈i of

the different powertrain components are related with the rotational acceleration ψ̈f/r

of the considered axle4 through

ψ̈i = ii→f/r · ψ̈f/r , (C.18)

where ii→f/r correspond to the total transmission ratio along the part of the powertrain

between the component i and the considered wheel at the front f or at the rear r axle.

Introducing equation C.18 in equation C.17 and simplifying the rotational acceleration

of the considered axle ψ̈f/r, the reduced moment of inertia Ired
f/r can be expressed as:

Ired
f/r =

i=n∑
1

Ii · i2i→f/r . (C.19)

4The right subscript f is used for the front axle and right subscript r for the rear one.
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C.3. Driving cycles

General information about the driving cycles considered in this work is presented in the

following sections.

C.3.1. ARTEMIS

The Assessment and Reliability of Transport Emission Models and Inventory Systems

- abbreviated ARTEMIS -was an EU-Project carried out between 2000 and 2004. The

participants were 36 organizations from 15 countries (Europe and Israel) involved in re-

search topics of transportation. The goal was the development of a harmonized emission

model for road, rail, air and ship transportation systems in order to provide consistent

emission assessments in Europe. One of the main topics of ARTEMIS was the analysis

and establishment of driving cycles representing modern driving patterns in Europe.

Field tests conducted between 1980 and 2004 have been analyzed to identify reasonable

driving patterns and create representative city, road and highway driving cycles [BM07].

C.3.2. HYZEM

The main goal of the European Hybrid Technology Development Approaching Efficient

Zero Emission Mobility - abbreviated HYZEM - project was the assessment of hybrid

vehicles potentials in Europe [And04]. Between 1994 and 1997 14 OEMs and research

institutions from eight European countries undertook special efforts to derive typical

traffic situations in Europe in order to set up more realistic driving cycles for urban, road

and highway scenarios [And04]. Nowadays, HYZEM cycles are widely used by scientific

communities in order to assess fuel consumption and pollutant emissions, especially

when designing hybrid and electric vehicles [NBW06].

C.3.3. INRETS

The INRETS cycle family was derived at the Institut National de Recherche sur les

Transports et leur Sécurité. The data were obtained by measuring driving patterns

using about 30 passenger cars in France in the late eighties [And04].
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C.3.4. NEDC

The New European Driving Cycle - NEDC is a modal standardized cycle widely used in

Europe (see [Uni07]). It is composed of two successive parts representing a city (called

ECE) and a highway cycle (EUDC). Some authors argue that realistic consumption

and emission information could not be obtained using the NEDC because it does not

represent a real driving pattern (see e.g. [And04]). Nevertheless, it is widespread used

for compatibility reasons since this driving cycle has been used for long time and there

is therefore a lot of information based on it that otherwise would not be comparable.

C.3.5. FTP-75

This driving cycle used in North America was initially specified in 1975 as Federal Test

Procedure in the Code of Federal Regulations number 40 (Protection of Environment)

part 86 (Control of emissions from new and in-use highway vehicles and engines) and is

known as FTP-75 [oE00]. It corresponds to a transient standardized cycle representing

a typical driving in the United States and consisting of three phases: cold start, transient

and hot start.

C.3.6. Japan-10-15

This modal standardized driving cycle created initially in 1983 is specified in the Japanese

standard JISHA 899 Technical Standard for 10-15-Mode Exhaust Emission Measure-

ment for Gasoline-Fueled Motor Vehicles from the Japan Industrial Safety and Health

Association - JISHA.

C.3.7. Energy storage device

There are several ways to store the energy in a vehicle, as presented in figure C.2.

Chemical energy sources have been traditionally used in vehicles due to their higher

energy-to-mass ratio EBatt specific compared to other energy storages, as can been seen

in figure5 C.3-a. Nevertheless, actual studies estimate the maximum of the worldwide oil

5The energy-to-mass ratio of gasoline and diesel corresponds to their lower heating value - LHV - (see
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Figure C.2.: Energy storage classification [Hof09].

production curve to be reached in the coming twenty to thirty years followed by a strong

fall (see e.g. [Kon09], [MC09] [SZ08]). Therefore, the automotive industry is moving

toward alternative energy sources, from which the electrochemical ones (the batteries)

seem to be the most attractive alternative (see e.g. [WFO09], [Hof09] and [She09]).

Furthermore, since not all the energy needed during the entire lifetime of the vehicle

can be stored in a battery with acceptable volume and weight, rechargeable batteries

made of so-called secondary cells are considered. However, there is still a long way

to fulfill the requirements of actual automotive customers used to drive vehicles with

internal combustion engines regarding safety, costs, lifetime, cycle stability, drive range

e.g. [WFO09]). The power-to-mass ratio PBatt specific depends on the engine technology (see e.g.
[Bit09]).
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(or indirectly the energy-to-mass ratio) and the driving performance (related with the

power-to-mass ratio). Nonetheless, some authors suggest that the driving performance

requirements and therefore the design requirements of modern and future vehicles must

be reevaluated since statistics show that in crowded regions (as in Europe), most trips

are undertaken in urban areas, lasting five kilometers in average, with 1.1 persons per

vehicle and at speeds that are below 20 km/h in 85 % of the cases [Hir11], [BH11].
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Figure C.3.: Ragone chart: Energy-to-mass and Power-to-mass ratios for different en-
ergy storage and converter technologies (see e.g. [WFO09], [Hof09], [Bit09],
[vdBVvM+06] and [CC00]).

Due to its cycle stability and comparatively high energy-to-mass ratio (see figure C.3-b),

the nickel-metal hydride battery has been widely used until now in several applications

concerning electric and hybrid vehicles. Nevertheless, its future as main energy storage

is limited because of its relative short lifetime and restricted optimization possibilities

to enhance its energy-to-mass ratio [WFO09]. The nominal efficiency of nickel-metal

hydride batteries is around 70 % [Hof09].

Most research efforts are concentrated worldwide nowadays in the development of

lithium-ion batteries. The reason is the strong potential of this battery technology

to reach high energy-to-mass ratios in comparison with the other battery technologies

presented in figure C.3. Furthermore, lithium-ion batteries are characterized by low self-
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discharge, high cycle stability and quite good nominal efficiency (up to 93 %) [WFO09],

[Hof09], [Ise09]. Lithium-ion batteries are however related with some disadvantages

when used in automotive applications. Mechanical damages can lead to leakages and

excessive charges or discharges can result in thermal runaway. Under this condition, the

temperature within a battery cell can increase. If the resulting heat cannot be dissipated

by the battery cooling system, other cells can get damaged and a chain reaction starts.

Since damaged cells can explode (depending on their chemical composition), a fail safe

condition must be guaranteed through e.g. pressure relief valves or non-flammable foam

[WFO09]. Moreover, based on the current industrial technical knowledge, the optimiza-

tion potential of this kind of battery is chemically limited to energy-to-mass ratios about

200 Wh/kg and power-to-mass ratios about 10000 W/kg [WFO09]. Therefore, appli-

cation oriented research to develop battery technologies capable to fulfill all customers

expectations is strongly needed. However, the lithium-ion battery is going to be taken

as basis for further analysis in this work as it seems to be the most promising technology

considering the current knowledge in this area.

Information about other energy storage technologies can be found in [WFO09], [Hof09],

[WB06] or [Ise09].

C.4. Electric motors

Figure C.4 shows a classification of electric motors [Hof09]. In this section, the syn-

chronous motor with permanent magnets and the induction motor are described and

analyzed since they seem to be the most attractive electric motor types for the auto-

motive industry on the way toward the electrification of the powertrain of passenger

vehicles (see e.g. [Wil11]). As stated in chapter 3.5, the expression synchronous motor

is used in this work to refer to the synchronous motor with permanent magnets. More

information about other motor types can be found, for example, in [BT09], [Ise02],

[WFO09], [Hof09], [WB06] and [Wil11].

Additionally, an approach to determine the torque and power of the two considered

electric motor types is presented. This approach can be used in the early design phase

to set the motor specifications to fulfill given driving performance requirements (as

described in the section 3.2).

Synchronous and induction motors belong to the so called alternating current motors
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Figure C.4.: Classification of electric motors [Hof09].

or briefly AC-motors. This kind of electric motors are characterized by interleaved

phase coils (windings) distributed along the periphery of the stator. When connected

to a three phase power system6 they produce a rotatory magnetic field whose frequency

frmf depends on the frequency of the power supply fsupp and on the number of pole-

pairs pEM according to [Ise02]:

frmf =
fsupp
pEM

. (C.20)

It can be distinguished between synchronous and induction AC-motors depending on

the layout of the rotor [Ise02]. Figure C.5 shows a comparison between the design of

these two electric motors considered in this work.

Stator

Winding
head

Rotor

Drive
shaft

Stator

Winding
head

Wound
rotor

Drive
shaft

Synchronous motor Induction motor

Figure C.5.: Comparison of the design of induction (with wound rotor) and synchronous
motors [Hof09].

6Three phase windings are the most used for high power while two phase windings are suitable for
residential applications with low power requirements (below some kW) [BT09].
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C.4.1. Induction motor

The operating principles of this kind of motors were introduced by the Italian Galileo

Ferraris and the Yugoslav Nicola Tesla in 1885 and 1887 respectively. Afterwards,

the Russian Michail von Dolivo-Dobrowolsky presented the first three-phase induction

motor in 1889 [Kol11]. Nowadays, about 95 % of all driving propulsion systems are

induction motors. This is mainly due to its robustness, its low production and main-

tenance costs, as well as its easy and robust design. Though until now the induction

motors were operated mainly at a continuous rotational speed (e.g. pumps, ventilators

or compressors), modern power electronics makes it possible to use them in controlled

powertrains with variable rotational speed (e.g. traction powertrains or lifts).

When a three phase induction motor is star or delta connected to a three phase alter-

nating power system, an alternating current flows through the conductors of each phase

in the stator. These currents are 120◦ phase delayed in time. Because the phases in

the stator are also 120◦/pEM spatially displaced, a rotatory field with a frequency frmf

(see C.20) or a synchronous rotational speed

ωsyn = 2 · π · frmf = 2 · π · fsupp
pEM

(C.21)

arises in the air gap (space between the rotor and the stator of an induction motor7)

[Kol11]. This rotatory field induces a voltage in the uninsulated conductors of the cage

rotor or in the windings of the wound rotor. The circuit diagram of a three phase

induction motor connected to a power supply with a voltage Usupp and a frequency

fsupp can be seen in figure C.6 [Ise02].

It must be pointed out, that cage rotors are more robust than wound rotors and that

wound rotors are used normally in applications with limited variable speed [BT09].

Therefore, induction motors with cage rotor are more suitable than traction motors in

passenger vehicles.

Alternating currents arise also in the rotor due to the induced voltage. This currents

produce a rotatory magnetic field in the rotor as well. Due to the interaction of the

magnetic fields, a tangential force (Lorentz force) arises in the air gap producing a torque.

7The air gap of induction motors varies from approximately 0.3 mm (for low powers) to about 3.0 mm
(for large powers) [BT09].
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Usupp, fsupp

Stator windings
Rotor windings

Figure C.6.: Circuit diagram of a three phase induction motor [Ise02].

According to Lenz’s law, the rotor moves in the direction of the rotatory magnetic field

to counteract the source of the inducted voltage. The smaller the difference between

the rotational speed of the rotor ωrot, IM and the rotational speed of the magnetic field

ns, the weaker the induced voltage in the rotor. This difference can by expressed as the

slip sIM :

sIM =
ωsyn − ωrot, IM

ωsyn
= 1− ωrot, IM

ωsyn
. (C.22)

No voltage would be inducted if the slip sIM becomes zero. Nevertheless, under normal

circumstances, this situation never occurs due to friction effects (e.g. in bearings or due

to the air). The rotational speed of the rotor is always smaller than the synchronous

rotational speed (ωrot, IM < ωsyn) and the absolute value of the slip is always greater

than zero (sIM > 0). Therefore, this electric motor is also called asynchronous motor

[Kol11].

The nominal efficiency of induction motors (by nominal torque and power) varies with

the output power and is about 80 % to 90 % [Vog88]. More details as well as the math-

ematical and physical description of induction motors used as power units in passenger

powertrains can be found in [Wil11].

C.4.2. Synchronous motor

The North-American Charles S. Bradley and the German Friedrich August Haselwan-

der submitted patent applications regarding a three phase synchronous AC-generator

in March and July of 1887 respectively (see [KK04] and [HP90]). Since then, the syn-
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chronous motors have been widely used mainly as electric generators in power plants

(e.g. hydraulic or wind power plants) but also as automobile alternators, small power

actuators in automobiles (e.g. electric power steering assist) and other applications with

a wide spectrum of speed and power [BT09]. While they have been mainly operated at

constant speeds, modern power electronics makes it possible to use them in controlled

powertrains with variable rotational speed [Ise02]. Additionally, modern power elec-

tronics avoids also the use of a start-up device (starter), which constitutes, otherwise,

a disadvantage of synchronous motors compared with other motor types [WB06].

The stator design of a synchronous motor is very similar to that of an induction motor.

Nevertheless, in contrast to the induction motor, in which the magnetic field in the

rotor is inducted by the magnetic field in the stator, windings supplied with direct

current (figure C.7-a) or permanent magnets create the magnetic field in the rotor of

the synchronous motor. The rotor moves then synchronously with the rotatory magnetic

field of the stator with a rotational speed (see equation C.21).

ωrot, SM = ωsyn . (C.23)

The permanent magnets can be distributed on the rotor surface or can be buried in the

rotor itself (see e.g. [WB06] and [Kol11] for other forms of buried magnets). As stated

before, the expression synchronous motor is used in this work to refer to synchronous

motors with buried permanent magnets. The use of magnets in this kind of electric

motors reduces the mechanical and electrical complexity avoiding windings in the rotor

and the contact between moving parts (no abrasion and simplification of maintenance).

It should be pointed out, that in the traditional layout with the rotor placed within

the stator (internal rotor), the fixation of the magnets on and in the rotor is related

with some problems due to the centrifugal force. This has led to the use of this kind of

motors in applications with low power requirements [WFO09]. This problem does not

arise when the stator is placed within the rotor (external rotor). However, the fixation

problem is being resolved to some extent for traditional designs with internal rotor and

the use of this kind of motors in higher power applications is expected to be possible

[BSK06]. Nevertheless, the synchronous motor with buried permanent magnets is still

the most used electric motor type for the electrification of the powertrain of passenger

vehicles (see e.g. [Hof09] and [WB06]). The nominal efficiency of induction motors (by

nominal torque and power) varies with the output power and is about 92 % to 99 %
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[Vog88]. Figure C.7 presents the circuit diagram of synchronous motors with wound

rotor (a) and with buried permanent magnets (b).

Stator windings
Rotor windings

Ustat, DC

Stator windings
Buried magnets

(a) (b)

Usupp, fsupp Usupp, fsupp

Figure C.7.: Circuit diagram of a three phase induction motor [Ise02] with wound stator
(a) and with buried permanent magnets (b).

C.4.3. Comparison of the structural and operational characteristics of

synchronous and induction motors

As stated before, synchronous and induction motors seem to be the most attractive

technologies for the automotive industry toward the electrification of the powertrain of

passenger vehicles. Nevertheless, there is no unique preference for any of these two motor

types. Their structural and operational advantages and disadvantages are described by

[Wil11] as presented in table C.1 (see also [Hof09], [WFO09] and [WB06]). Based on this

information, it is evident, that while synchronous motors have structural advantages,

induction motors have operational advantages. Therefore, it is a priori not possible to

decide between these two kinds of motors for the electrification of the powertrain of

passenger vehicles. Each application case must be analyzed individually to state the

suitability of each motor type.

C.4.4. Efficiency of induction and synchronous electric motors

The efficiency plays a very important role when selecting the motor type to be used to

electrify the powertrain of a vehicle since it determines the energy consumption of the

vehicle. Figure C.8 shows representative efficiency characteristic diagrams of induction

and synchronous motors with a traditional flux control according to Willberger [Wil11].
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Table C.1.: Advantages and disadvantages of synchronous and induction motors [Wil11]

Criteria Induction motor Synchronous motor
S
tr

u
c
tu

ra
l

Torque density
ΦEM

o ΦEM depends on opti-
mization criteria and
heat transfer condi-
tions.
High ΦEM leads to
high losses.

++ ΦEM depends on opti-
mization criteria and
heat transfer condi-
tions.
High number of poles
have high ΦEM and
high losses.

Active mass
mEMact

or Volume
[Hof09]

o Wounds in rotor
increase the motor
weight.

++ Magnetic field in ro-
tor through magnets⇒
less mEMact

O
p

e
ra

ti
o
n
a
l

Efficiency ηEM +
Copper and iron losses
in stator.

++
Copper and iron losses
in stator.

Copper losses in rotor. Very low losses in rotor.

Drag loss (decoupling
mechanism)

++ No drag losses (no
decoupling mechanism
necessary).

- Permanent excitation
of rotor due to perma-
nent magnets (decou-
pling mechanism rec-
ommendable / neces-
sary).

Overloading capacity ++ High, since high rotor
temperatures are per-
missible.

+ Low, since high temper-
atures lead to demagne-
tization.

High speed service ++
ηEM increases in the
field weakening region. +

ηEM drops down in the
field weakening region.

Breakdown torque ∼
ω−2.

Breakdown torque ∼
ω−1.

High optimization
potential to increase
ηEM .

Fail safe ++
Idle speed and short cir-
cuit are safe states.

-
Short circuit ⇒ Alter-
nating torque, brake
torque
Idle speed ⇒ Drag
torque

C
o
st

s Production + Relative low produc-
tion cost.

o Awaited cost increase
in row materials for
magnets.

– Very bad - Bad o Neutral + Good ++ Very good
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It can be seen, that while the efficiency of synchronous motors is higher at partial loads

in nominal service (under the nominal torque Mn and up to the nominal rotational

speed ωn ), the induction motor presents higher efficiency values in overload service and

in the field weakening region. Based on this, it can be deduced, that the type of electric

motor to be selected depends on the operating points of the considered application.
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Figure C.8.: Schematic steady state efficiency characteristic diagrams of induction (a)
and synchronous (b) motors [Wil11].

The automotive industry prefers synchronous motors (with permanent magnets) as

induction motors to electrify the powertrain of passenger vehicles because, among other

things, of their higher nominal efficiency8 (see e.g. [WFO09], [Hof09] and [WB06] as

well as chapters C.4.2 and C.4.3). The energy consumption in a driving cycle for a

vehicle using synchronous motors is lower than for the same vehicle using induction

motors. These synchronous motors are normally controlled using conventional power

electronics with a constant flux control strategy in the region of constant torque (see

figure 3.7), as presented by Hofmann [Hof09]. Nevertheless a variable flux control can

be implemented in the power electronics with the aim of reducing losses in the entire

operating range of both synchronous and induction motors [WH10], [Wil11]. Using this

strategy, the efficiency of induction motors in the region of constant torque and nominal

service can be increased up to 45 % while the efficiency of synchronous motors (with

permanent magnets) can be increased in the region of constant torque and overload

service up to 5 % [Wil11]. Representative efficiency characteristic diagrams of induction

and synchronous motors using a variable flux control strategy are presented in figure C.9.

Additionally, using the variable flux control, the energy consumption is pretty much the

same for both electric motor types in the New European Driving Cycle - NEDC - (see

chapter C.3.4).

8The nominal efficiency of an electric motor is defined at nominal torque Mn and nominal Power Pn .
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Figure C.9.: Schematic steady state efficiency characteristic diagrams of induction (a)
and synchronous (b) motors with variable flux control [Wil11].

Summarizing, not only the general characteristics of the electric motor type (as pre-

sented in chapters C.4.1, C.4.2 and C.4.3) and its nominal efficiency but furthermore

the application scenario and the control strategy must be taken into account to select

an electric motor type to be used for the electrification of the powertrain of a passenger

vehicle.

C.4.5. Comparison between the traction force diagrams of a vehicle with

internal combustion engine and a vehicle with electric motor(s)

Figure C.10 shows the traction force diagram for a vehicle with internal combustion

engine and a vehicle with electric motor(s). It should be noticed, that the curve illus-

trated in this figure, representing the electric motor, can be obtained in nominal service

for both an induction and a synchronous motor. Nevertheless, the curve corresponding

to the overload service is considered since most of the driving conditions with a normal

passenger car correspond to operating points far away from the full load curve and those

near it normally do not correspond to a permanent working condition (see e.g. [Wil11]

and [Lun09]). Although the results are slightly different when considering the overload

service of both motor types, in figure C.10 the curve of a synchronous motor (SM) is

presented exemplarily.

While in a vehicle with electric motor(s) the maximum torque in nominal ( Mn ) or

overload ( Mmax ) service is available from standstill ( ẋV = 0 km/h), in a concept with

internal combustion engine a speed converter (clutch) is needed to bridge the gap to

reach the engine idle speed. Thus, in a concept with electric motor(s), the maximum
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Figure C.10.: Comparison between the steady state traction force diagrams of a vehicle
with internal combustion engine - ICE - (see also [HW09]) and a vehicle
with electric motor(s). The curve of a synchronous motor (SM) in overload
service is shown exemplarily. For the ICE, only the maximum torque for
all gears is presented. Both the ICE and the electric motor presented lead
to similar driving performances (e.g. same maximum longitudinal speed
ẋmax

V p=0 % on flat road.).

excess traction force and therefore the climbing and acceleration ability are available

from standstill. Furthermore, due to the fact that the maximum torque remains constant

until the nominal rotational speed of the engine ωn , the excess traction force and hence

the climbing and acceleration ability show a more constant behavior than in a vehicle

with internal combustion engine.

It is worth noting, that the traction curves presented in figure C.10 for both the internal

combustion engine and the electric motor lead to similar driving performances. This can

be concluded from the similar excess traction forces that can be obtained in both cases.

Nevertheless, a very important difference between both concepts are the gaps between

the curve corresponding to the internal combustion engine and the line of constant

power. In the case of a synchronous motor (as presented in the figure), these gaps are

not present. This leads to a more uniform driving performance avoiding, for example,

frequent gear shifting when driving uphill in a vehicle with internal combustion engine.

This difference together with the overloading ability of electric motors suggests also,

that an electric motor with lower nominal power could lead to a very similar driving

performance as that offered by a corresponding internal combustion engine.

Another important aspect concerns the behavior of the output power. While in a

vehicle with internal combustion engine a gearbox is needed to adjust the traction force
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depending on the power requirements and the current driving speed, in an electric

vehicle a gearbox is not strictly necessary. A transmission (with constant or variable

ratio) can be used to adjust the speed range reducing, at the same time, the nominal

torque Mn and therefore the motor weight (see also [Hof09]).

C.5. Power electronics

As stated before in chapter 3.4.1, lithium-ion batteries are considered as energy storage

devices for further analysis in this work. When working in the corresponding state

of charge range, these batteries supply a nearly constant direct current. This current

must be converted before being supplied to the alternating current motors considered

in this work (see chapter 3.5). Generally speaking, the electric energy can be converted

in four different ways, as shown in figure C.11. The energy stored in the battery must

be converted using a DC/AC converter before being supplied to the electric motors.

To be able to recuperate kinetic energy while braking, the alternating current must be

converted again in direct current to be supplied to the battery. Furthermore, a DC/DC

converter must be used to supply electric energy to auxiliaries with a lower voltage than

that of the battery used to supply the electric motors (called also traction battery).

AC
AC

DC
AC

AC
DC

DC
DC

~ ~

= =

DC/AC converter
(e.g. batterie to

e-motor)

DC/DC converter
(e.g. traction batterie to

electrical auxiliaries)

AC/DC converter
(e.g. e-motor to
battery - energy
recuperation)

Figure C.11.: Electric energy conversion (see [WFO09] and [Hof09]).

In theory, the frequency frmf of the rotatory magnetic field (see also equation C.21),

the voltage in the stator Vstat, IM , the number of pole-pairs pEM and the slip sIM can

be used to control the rotational speed ωrot, IM and the torque MEM of an induction

motor. Nevertheless, the slip sIM results from the applied load torque and the number of
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pole-pairs pEM cannot be continuously varied during operation. Therefore, the voltage

in the stator Vstat, IM and the frequency of the rotatory field frmf , which depends

on the frequency of the power supply fsupp (as shown in equation C.20), are used.

This is shown in figure C.12 for an induction motor. In this figure, some so-called

operating characteristic curves are presented. Each curve corresponds to a constant

synchronous speed of the rotatory field in the stator ωsyn i (see equation C.21). In idle

state, the rotatory speed of the rotor ωrot, IM is the same as the synchronous speed of

the magnetic flux in the stator ωsyn. Under this condition, there is no slip sIM (see

equation C.22) and no output torque MEM is supplied, as shown exemplarily in figure

for a certain synchronous speed ωsyn i. If the load applied on the output of the electric

motor is increased, the speed of the rotor ωrot, IM decreases leading to a new operating

point characterized by a higher slip sIM and therefore by a higher output torque MEM .

Furthermore, the synchronous rotatory speed ωsyn i can be increased by increasing the

frequency of the rotatory magnetic field frmf according to C.21. By keeping the load

constant, this would lead to another operating point at a higher output speed.
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Figure C.12.: Operational characteristic curves of an induction motor in steady state
for different frequencies of the rotatory field frmf .

For rotational speeds under the nominal one ωn (region of constant torque), an operating

point can be reached by varying the frequency of the rotatory field in the stator frmf .

In this region, the stator voltage Vstat, IM is linearly varied with the frequency frmf up

to the nominal voltage Vnom, stat, IM to avoid influencing the breakdown torque Mb and

to maintain the magnetic flux Φstat constant, which is given by [Spr09]:
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Φstat ∼
Vstat, IM
frmf

. (C.24)

For higher rotational speeds (ωi > ωn ), the voltage Vstat, IM is kept constant (Vnom, stat, IM )

resulting in a weakening of the magnetic flux [Hof09]. This behavior gives the name to

this kind of motor. Furthermore, the power electronics changes the phase sequence of

the alternating current to change the direction of rotation of the electric motor.

The power electronics to control the synchronous motor is similar to that explained be-

fore for induction motors. In both cases, the nominal efficiency of the power electronics

is around 93 % [WFO09].

C.6. Dimensioning of electric motors: Four-wheel drive

powertrain architecture

Figure C.13 presents the traction force diagram for the considered vehicles with a four-

wheel drive powertrain architecture. These results are very similar to those presented

in chapter 3.7.6, figure 3.18. Since the same vehicle mass was considered for vehicles

with two and four in-wheel motors, the main difference arises because of the moment of

inertia of the additional electric motors and the transmission ratio of their corresponding

gearboxes.

C.7. Weight of different electric vehicles (EV) in comparison

with their counterparts with internal combustion engine

(ICE)

Table C.2 shows the weight of different electric vehicles (EV) in comparison with their

counterparts with internal combustion engine (ICE). The approach to estimate the mass

mv0 of the corresponding vehicle without mechanical powertrain and fuel tank as well

as the mass of the power electronics mPE total is presented in table 3.12, chapter 3.7.6.

The battery mass can be found in table 3.8, chapter 3.7.5. To approximate the mass

of the electric motors, the mass of one electric motor for the subcompact vehicle A
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with internal combustion engine (ICE)

Table C.2.: Weight of different electric vehicles (EV) in comparison with their counter-
parts with internal combustion engine (ICE).

Two in-wheel motors (rear-wheel drive)

2xIM 2xSM

A− A B A− A B

EM
Individual a mEM

[kg]

20.2 30.0 34.6 16.9 25.0 28.9

Total mEM total 40.5 60.0 69.2 33.7 50.0 57.8

Mass EV b mv, EV 810.5 995.0 1169.2 803.6 986.2 1159.0

Rel. weight change c ∆mv [%] -4.6 -5.2 -2.6 -5.5 -6.1 -3.4

Four in-wheel motors (four-wheel drive)

4xIM 4xSM

A− A B A− A B

EM
Individual a mEM

[kg]

10.1 15.0 17.3 8.4 12.5 14.4

Total mEM total 40.5 60.0 69.2 33.7 50.0 57.7

Mass EV b mv, EV 840.5 1025.0 1199.2 833.5 1016.2 1188.8

Rel. weight change c ∆mv [%] -1.1 -2.4 -0.1 -1.9 -3.2 -0.9
a The mass of an electric motor for the subcompact vehicle class was approximated to 25 kg

(synchronous motor) and 30 kg (induction motor). This values take into account the active mass
of the electric motor (see chapter 3.5.2), bearings and housing. The mass of the electric motors for
the other vehicle classes was obtained proportionally based on their nominal torque Mn (see also
table 3.11.

b Vehicle mass in running order mv, EV = mv0 +mEM total +mPE total +mBatt (see also table
3.12).

c ∆mv = (mv, EV −mv, ICE)/mv, EV (see also table 3.12).

was estimated as 25 kg (synchronous motor) and 30 kg (induction motor) based on

chapter 3.5.2. The mass of one electric motor for the other vehicle classes considered

was approximated proportionally to its individual nominal torque (see table 3.11 in

chapter 3.7.6).

Based on this approach, it can be concluded, that no appreciable weight change for an

electric vehicle in comparison with its counterpart with internal combustion engine is to

be expected. Therefore, the assumption made in chapter 3.7 concerning similar masses

for these kind of vehicles can be assumed as valid for the calculations presented there.
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Figure C.13.: Steady state traction force diagrams for the vehicles with four in-wheel
motors.
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D.1. Single track vehicle model

The single track vehicle model as shown in figure D.1 was presented by Riekert and

Schunck in 1940 [RS40]. It is a simple vehicle model needing few parameters and

leading to usefully results to understand the fundamental behavior of vehicles and the

influence of vehicle (e.g. wheelbase and weight distribution) and tire parameters [Wal06].

It serves also as basis for the design of vehicle dynamics controllers (see e.g. [Ros09]).
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VMA, z .
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.
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Figure D.1.: Simplified single track vehicle model.

This model is based on following simplifications (see e.g. [Wal06]):

• The wheel contact points W of the wheels belonging to the same axle (i.e. front
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or rear axle) are assumed to coincide along the vehicle long axle.

• The height of the vehicle center of gravity is considered to be zero. Therefore,

pitch and roll movements are neglected and the rotational speed of the suspended

mass ωV A, z around its vertical axis is approximately equal to the yaw rate ψ̇ (i.e.

ωV A, z ≈ ψ̇).

• The mass and the moment of inertia of the suspended and all the non-suspended

masses are assumed to be concentrated in the common center of gravity and given

by mv and Iv, z.

• The longitudinal vehicle speed ẋV is assumed as constant for a given operating

point and becomes therefore a model parameter.

• The influence of the vehicle suspension (e.g. mechanical trail) are neglected.

• Small values of the steering wheel angle δst are assumed.

As proposed by Niederkofler [Nie11], the single track vehicle model is used in this work

as basis for the design of the horizontal dynamics controller presented in chapter 4.2.2,

with the state vector x composed by the sideslip angle β and the yaw rate ψ̇:

x =
[
β ψ̇

]T
. (D.1)

Since the mass properties of the suspended and the non-suspended mass are assumed to

be concentrated on the center of gravity of the entire vehicle (total vehicle mass mv and

equivalent moment of inertia around the vertical axis Iv, z), the equations of motion

for the single track vehicle can be deduced based on those presented in chapter 2.4.1.

Taking into account the linear momentum along the vehicle transversal axis yV and the

angular momentum around the center of gravity (see chapter 2.4.1), the equations of

motion describing the lateral dynamics of the single track vehicle model can be written

in terms of the total vehicle mass mv, the total moment of inertia of the vehicle around

its vertical axis Iv, z, the vehicle lateral acceleration ÿV , the yaw acceleration ψ̈, the

yaw rate ψ̇, the vehicle longitudinal speed ẋV , the lateral tire forces FW Tf/r, y
at each

individual front and rear tire1 and the distances lf/r from the vehicle center of gravity

1The right subscripts f and r are used to denote variables at the front and rear axles respectively.
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to the front and rear axles (see also [Hir09a]):

[
mv 0

0 Iv, z

]
·
[
ÿV
ψ̈

]
= mv ·

[
−ψ̇ · ẋV

0

]
+ 2 ·

(
FW Tf , y

+ FW Tr, y

)
2 ·
(

FW Tf , y
· lf + FW Tr, y · lr

)
+ M̂V A, z

 . (D.2)

The term M̂V A, z is introduced as an external additional yaw moment to influence the

lateral dynamics of the vehicle. As presented in chapter 4.2.2, M̂V A, z correspond in this

work to the control yaw moment that is used as reference by the optimal longitudinal

force allocation algorithm (see chapter 4.2.3) to determine the individual longitudinal

tire forces FW Ti, x
.

Assuming lateral accelerations not greater than approximately 3 m/s2 (see e.g. [Wal06])

and small steering wheel angles δst � 1 rad, the lateral tire forces, as presented in

chapter 2.5.1, can be simplified to (see also [Hir09a]):

FW Tf , y
= −cα,f ·

(
−δst +

ẏV + ψ̇ · lf
ẋV

)
, (D.3a)

FW Tr, y = −cα,r ·
(

ẏV − ψ̇ · lr
ẋV

)
, (D.3b)

where cα,f/r correspond to the tire cornering stiffness (assumed as constant) of the front

and rear tires respectively (see e.g. [Hir09a], [Wal06] or [MW04] for the explanation of

this parameters and [Nie11] for the parameter values).

Furthermore, assuming small values of the sideslip angle β and considering that the

magnitude of the total horizontal speed v of the vehicle can be expressed in terms of

the magnitude of the longitudinal ẋV and lateral ẏV speeds as

v =

√
( ẋV )2 + ( ẏV )2 , (D.4)

following relations can be established for a given operating point (where v̇ = 0 is valid):

ẋV = v · cos (β)→ ẋV ≈ v , (D.5a)
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ẏV = v · sin (β)→ ẏV ≈ v · β , (D.5b)

ÿV = v̇ · sin (β) + β̇ · v · cos (β)→ ÿV ≈ β̇ · v . (D.5c)

Introducing equations D.3 and D.5 in the system of equations D.2, the equations of

motion for the extended single track vehicle model can be written in the state space in

terms of the state vector given by equation D.1, the input vector

u =
[
δst

]
, (D.6)

and the controllable input vector

uc =
[
M̂V A, z

]
(D.7)

as:

ẋ = A · x+B · u+Bc · uc , (D.8)

where

A = 2 ·


−cα,f + cα,r

mv · ẋV

−cα,f · lf + cα,r · lr
mv · ( ẋV )2 − 1

2

−cα,f · lf + cα,r · lr
Iv, z

−
cα,f · l2f + cα,r · l2r

Iv, z · ẋV

 , (D.9a)

B = 2 ·
[

cα,f
mv · ẋV

cα,f · lf
Iv, z

]T
, (D.9b)

Bc =

[
0

1

Iv, z

]T
. (D.9c)
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E.1. Frequency filter for the seat in vertical direction

According to the International Standard 2631-1 [fSI97], the transfer function of the filter

Wk (see also figure 5.1) used to obtain the frequency weighted vertical acceleration z̈wV P

based on the measured (or simulated) vertical acceleration z̈V P of a point P is given as

a function of the frequency ω = 2 · π · f by:

Wk(ω) =
z̈wV P

z̈V P

= Wk,h(ω) +Wk,l(ω) +Wk,t(ω) +Wk,s(ω) , (E.1)

where

Wh(ω) =

∣∣∣∣∣∣∣∣∣
1

1 +

√
2 · k1

j · ω +

(
k1

j · ω

)2

∣∣∣∣∣∣∣∣∣ , (E.2a)

Wl(ω) =

∣∣∣∣∣∣∣∣∣
1

1 +

√
2 · j · ω
k2

(
j · ω
k2

)2

∣∣∣∣∣∣∣∣∣ , (E.2b)

Wt(ω) =

∣∣∣∣∣∣∣∣∣
1 +

j · ω
k3

1 +
j · ω
K1 · k3

+

(
j · ω
k3

)2

∣∣∣∣∣∣∣∣∣ , (E.2c)

Ws(ω) =

∣∣∣∣∣∣∣∣∣
1 +

j · ω
K2 · k4

+

(
j · ω
k4

)2

1 +
j · ω
K2 · k5

+

(
j · ω
k5

)2 ·
(
k4

k5

)2

∣∣∣∣∣∣∣∣∣ , (E.2d)

and j correspond to the imaginary unit.
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The values of the coefficients ki and Kn are defined in the mentioned International

Standard 2631-1 and reproduced in table E.1.

Table E.1.: Coefficients of the frequency filterWk used to weight the vertical acceleration
according to the International Standard 2631-1 [fSI97].

Parameter Value Units

k1 2 · π · 0.4 [
rad

s

]k2 2 · π · 100

k3 2 · π · 12.5

k4 2 · π · 2.37

k5 2 · π · 3.35

K1 0.63
[−]

K2 0.91

E.2. Quarter vehicle model

The simplified quarter vehicle model, as presented in figure E.1, is composed by two

masses mAq and mw representing the mass of a vehicle corner1 and a non-suspended

mass respectively, each having the movement in vertical direction as only degree of

freedom. They are connected by the suspension system, which in the case of a passive

system is composed by a suspension spring and a shock absorber. The system is ex-

cited by the road unevennesses indicated by zroad in figure E.1. Furthermore, since it

is assumed that both mAq and mw have only one degree of freedom (movement in the

vertical direction z) and that the system without excitation remains in steady state un-

der the action of the gravitational force, the movement of both masses can be described

in a single coordinate system, for which, therefore, no special index is used. Finally, in

most cases the tire damping, as explained in chapter 2.5.2 is neglected.

According to equations 2.1 and 2.3, the equation of linear momentum for the suspended

mAq and for the non-suspended mass mw can be then written as:∑
FA = Fc + Fd = mAq · z̈A , (E.3a)

1Considering the total mass of the vehicle mA to be homogeneously distributed over its volume, the
mass of a vehicle corner mAq would correspond to a quarter of its total mass, i.e. mAq = mA/4.
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zw

zroad

zA
mAq

mw

Scbi
Sdbi

 Sc T, z

Figure E.1.: Simplified quarter vehicle model.

∑
Fw = −Fc − Fd + FT = mw · z̈w . (E.3b)

Considering a linear system, the suspension spring force Fc, the shock absorber force Fd

and the force of the spring representing the tire vertical stiffness FT can be expressed

according to equations 2.80, 2.95 and 2.62 respectively as:

Fc = cSb ·∆zc = cSb · (zw − zA) , (E.4a)

Fd = dSb ·∆żd = dSb · (żw − żA) , (E.4b)

FT = cST, z · ρzi = cST, z · (zroad − zw) , (E.4c)

where zA/w and żA/w correspond to the displacement or the vertical speed of the quarter

vehicle mass mAq and the non-suspended mass mw respectively. With the state vector

x =
[
zA zw żA żw

]T
, (E.5)

the equations of motion of the quarter vehicle model can be written in state space as:

ẋ =

[
0(2×2) I(2×2)

−M−1 ·C −M−1 ·D

]
· x+

[
0(2×1)

M−1 · u(t)

]
, (E.6)

where the mass-matrix M , the stiffness matrix C, the damping matrix D and the

time-dependent input vector u(t) are given by:

M =

[
mAq 0

0 mw

]
, (E.7a)
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C =

[
cSb −cSb
−cSb cSb + cST, z

]
, (E.7b)

D =

[
dSb −dSb
−dSb dSb

]
, (E.7c)

u(t) =

[
0

cST, z · zroad(t)

]
. (E.7d)

From the state space representation E.6, the transfer function for the vertical accelera-

tion of the suspended mass in the frequency domain

Gz̈A/zroad
(ω) =

Kq1 · (jω)3 +Kq2 · (jω)2

Kq3 · (jω)4 +Kq4 · (jω)3 +Kq5 · (jω)2 +Kq6 · (jω) +Kq7

, (E.8)

as a measure of the ride comfort (see chapter 5.1.1), and the transfer function for the

vertical movement of the non-suspended mass in the frequency domain

Gzw/zroad
(ω) =

Kq8 · (jω)2 +Kq1 · (jω) +Kq2

Kq3 · (jω)4 +Kq4 · (jω)3 +Kq5 · (jω)2 +Kq6 · (jω) +Kq7

, (E.9)

as a measure of the driving safety (see chapter 5.1.2), can be obtained. The coefficients

Kq1 to Kq8 are functions of the system parameters:

Kq1 = dSb · cST, z , (E.10a)

Kq2 = cSb · cST, z , (E.10b)

Kq3 = mAq ·mw , (E.10c)

Kq4 =
(
mAq +mw

)
· dSb , (E.10d)

Kq5 = mAq ·
(
cSb + cST, z

)
+mw · cSb , (E.10e)

Kq6 = dSb · cST, z , (E.10f)

Kq7 = cSb · cST, z , (E.10g)

Kq8 = mAq · cST, z . (E.10h)

By multiplying equation E.9 by the statical tire stiffness coefficient in vertical direction

cSTi, z (see equation 2.62 in chapter 2.5.2 and also chapter B.4 in appendix B) the transfer
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function for the contact force FW Ti,z
between the tire and the ground

G FW Ti,z/zroad
(ω) = Gz̈w/zroad

(ω) · cSTi, z , (E.11)

can be obtained.

E.3. Test drives with additional non-suspended masses

To analyze the subjective effect of increased non-suspended masses on the ride comfort

while driving over the deterministic road excitation signal presented in figure 2.20, test

drives with different non-suspended masses were carried out with different additional

non-suspended masses ∆mwi (see chapter E.3.1) and the subjective perception of normal

drivers and experienced test drivers were collected with the help of a questionnaire (see

chapter E.3.2).

E.3.1. Device to increase the non-suspended masses for test drives

The device presented in figure E.2-a was designed as part of the present work to be

able to simulate increased non-suspended masses ∆mwi in a range from 10 kg to 35

kg. The device consist of steel discs of 5 kg and 10 kg that can be attached to the

wheel hub with the help of an adapter (see also figure E.2-b). Since the effect of the

increased non-suspended masses on the suspension components and therefore on the

driving safety were unknown at the time the test drives were carried out, the device

was designed to be attached only on the wheel hubs of the rear axle of the test vehicle

presented in chapter B.1 in appendix B in order to reduce any possible risk.

E.3.2. Questionnaire to collect the subjective ride comfort perception of

test drivers

The questionnaire presented in figure E.3 was used to collect the subjective comfort

perception of both the normal drivers and the experienced test drivers. It allowed to take

the perceptions for a combination of different values of the additional non-suspended

masses at the rear axle ∆mwi , the longitudinal vehicle speed ẋV , the tire inflation

pressure pTi and the additional load mass mload. For each longitudinal speed, the
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Detail of
additional
non-suspended
mass ∆mwi=30 kg

Modular device to simulate 
additional non-suspended masses ∆mwi

Rim-group with ∆mwi = 25 kg

2 x
5 kg

4 x
10 kg

2 x
10 kg*

Adapter
∆mwi
* Mounted directly on rim

(a)

(b) (c)

Figure E.2.: Modular device to simulate increased non-suspended masses ∆mwi : Com-
ponents (a), rim and device configuration corresponding to an additional
non-suspended mass of ∆mwi = 25 kg (b), picture of the test drives car-
ried out with an additional non-suspended mass of ∆mwi = 30 kg at the
rear axle while driving on the deterministic signal presented in figure 2.20
consisting in a curb followed by a pothole with a height of zE road = 27 mm.

reference vehicle configuration was assumed to correspond to the test vehicle (see chapter

B.1 in appendix B) without additional non-suspended masses (i.e. ∆mwi = 0 kg), no

additional load (i.e. mload = 0 kg) and the tire inflation pressure recommended by

the car manufacturer (i.e. pTi = 2.3 bar). For this configuration, a grade of 5.5 in

the proposed evaluation scale ranging from 1 to 10 was assigned. Values lower than

the reference are related with a worse and higher values with a better ride comfort

perception.
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Figure E.3.: Questionnaire used to collect the subjective ride comfort perceptions of
normal drivers and experienced test drivers while driving with additional
non-suspended masses ∆mwi .
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F. Appendix: Mechanical component

integration

F.1. Control blade suspension system

The position of the hardpoints belonging to the original and the modified control blade

suspension system for passenger vehicles with in-wheel motors at the rear axle is pre-

sented in table F.1. See figure F.1 for the numbering of the presented hardpoints.

Table F.1.: Position of the hardpoints corresponding to the control blade suspension
system (see [Apo10]). Positions are measured in the wheel center axis system
OC (see chapter 2.2).

Hardpoint Nr.a
Original susp. system With in-wheel motor

xC yC zC xC yC zC

[mm]

1 0.0 0.0 0.0 0.0 0.0 0.0

2 125.0 -136.5 -118.3 125.0 -136.5 -118.3

3 -101.0 -115.6 -114.9 -101.0 -115.6 -114.9

4 127.5 -358.8 -100.2 127.5 -358.8 -100.2

5 -118.7 -605.4 -93.2 -118.7 -605.4 -93.2

6b 59.4 -89.1 130.1 56.3 -84.9 145.2

7b 72.0 -374.5 131.0 97.2 -378.4 129.5

8 513.3 -150.0 15.2 513.3 -150.0 15.2
a Numbering according to figure F.1.
b Modified hardpoint.
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Cz

Cy

Cx

1

2
3

4

5

6
7

8

Figure F.1.: Wheel center axis system OC (see chapter 2.2) and schematic representa-
tion of the hardpoints belonging to the control blade suspension system.

F.2. Double wishbone suspension system

The position of the hardpoints belonging to the original and the modified double wish-

bone suspension system for passenger vehicles with in-wheel motors at the rear axle is

presented in table F.2. See figure F.2 for the numbering of the presented hardpoints.

Cz

Cx
Cy

1
7

9

82

3
4

6

5

Figure F.2.: Wheel center axis system OC (see chapter 2.2) and schematic representa-
tion of the hardpoints belonging to the double wishbone suspension system.
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Table F.2.: Position of the hardpoints corresponding to the double wishbone suspension
system (see [Apo10]). Positions are measured in the wheel center axis system
OC (see chapter 2.2).

Hardpoint Nr.a
Original susp. system With in-wheel motor

xC yC zC xC yC zC

[mm]

1 0.0 0.0 0.0 0.0 0.0 0.0

2b -30.0 -50.0 -150.0 16.4 -71.9 -129.2

3b -150.0 -500.0 -150.0 -230.7 -518.0 -113.4

4b 200.0 -500.0 -150.0 247.8 -544.6 -177.5

5b -50.0 -30.0 -120.0 -101.1 -42.0 -114.9

6b -200.0 -500.0 -150.0 -226.6 -528.2 -115.7

7b -40.0 -60.0 100.0 13.8 -106.8 177.6

8b -150.0 -380.0 50.0 -150.4 -401.1 161.5

9b 150.0 -380.0 50.0 179.2 -323.5 119.6
a Numbering according to figure F.2.
b Modified hardpoint.
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[Bau87] R. Bauer. Erzeugung von Räumlichen Fahrbahnmodellen für Komfortun-

tersuchungen im Labor. Master’s thesis, Institute of Mechanics, Vienna

University of Technology, 1987.

[BBS08] C. Borroni-Bird and M. Shabana. Chevrolet Sequel: Reinventing the

Automobile. In SAE International, editor, Proceedings of the SAE World

Congress and Exhibition. SAE International, 2008.
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[HBWH11] T. Hüsemann, C. Bachmann, S. Winter, and D. Henrichmöller. Mobile
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[Mat08] W. Matschinsky. Die Radführungen der Strassenfahrzeuge, volume 2.

Springer Berlin Heidelberg New York, 2008.

[MBBB10] W. J. Mitchell, C. E. Borroni-Bird, and L. D. Burns. Reinventing the

automobile - Personal urban mobility for the 21st century. MIT press,

2010.

[MC09] G. Maggio and G. Cacciola. A variant of the Hubbert curve for world

oil production forecasts. Energy Policy, 37(11):4761, 2009.

[MG08] M. Morioka and M. J. Griffin. Absolute thresholds for the perception

of fore-and-aft, lateral, and vertical vibration at the hand, the seat, and

the foot. Journal of Sound and Vibration, 314(1-2):357–370, 2008.
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