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Abstract

This thesis is concerned with nonlinear geometric subdivision schemes and interpola-
tory multiscale transformations derived from nonlinear subdivision schemes.

The first subdivision scheme goes back to de Rham, who refines a polygon by an
iterative linear procedure. De Rham shows that his univariate scheme converges and that
the produced limit is C'. Beginning in the early 90s, a framework for the systematic
analysis of linear schemes has been developed. In the bivariate setting, the analysis splits
into two parts: One considers on the one hand regular meshes, and on the other hand
so-called irregular faces or vertices. This is necessary since a closed surface with non-zero
Euler characteristic cannot be modeled by a regular mesh.

Linear subdivision schemes are computationally quite cheap and are therefore widely
used to process vector-valued data. For data which are not defined in a vector space,
but in some nonlinear geometry, say the space of diffusion tensors or the space of rigid
motions, one tries to find modified, necessarily nonlinear, subdivision rules so as to apply
to these data.

For the univariate case, results on the smoothness of such geometric, nonlinear, sub-
division schemes were obtained by J. Wallner and N. Dyn using the method of proximity
inequalities. On regular grids, multivariate nonlinear schemes whose dilation matrices are
multiples of the identity were treated by P. Grohs. In this thesis we show a smoothness
result for nonlinear, geometric schemes based on general dilation matrices, essentially
stating that a geometric scheme is as smooth as a linear scheme it is in proximity with.

Furthermore, we consider geometric schemes acting on general (not necessarily regular)
meshes. Here we deal with the singularities in the meshes and obtain, as a central result
of this thesis, C'! smoothness.

In general, the convergence statements for geometric, nonlinear, subdivision schemes
only hold for dense enough input data. However, for a certain class of curve subdivision
schemes acting in Cartan-Hadamard manifolds we show convergence for arbitrary input
data.

Finally, we analyze interpolatory multiscale transformations based on subdivision.
Linear transforms for regular grids were investigated by Donoho; he also proposed non-
linear geometric versions which act on manifold valued functions defined on Euclidean
space. These transforms were analyzed by Grohs and Wallner. In this thesis we propose
a transformation which acts on functions between manifolds. We characterize the decay
of detail coefficients in terms of the Holder-Zygmund smoothness of the corresponding
function.






Kurzfassung

Diese Dissertation befasst sich mit nichtlinearen Unterteilungsalgorithmen und Multi-
Skalen-Transformationen, die auf solchen Unterteilungsalgorithmen basieren.

Der erste Unterteilungsalgorithmus geht auf de Rham zuriick, der einen Polygonzug
iterativ durch ein lineares Verfahren verfeinerte. De Rham zeigte die Konvergenz seines
Verfahrens und wies nach, dass der erzeugte Limes C! ist. In den neunziger Jahren ent-
stand eine systematische Theorie zur Analyse von linearen Unterteilungsalgorithmen, die
auch den mehrdimensionalen Fall beinhaltet. Im Zweidimensionalen besteht die Analyse
aus zwei Teilen: Einerseits betrachtet man reguldre Netze, andererseits sogenannte singu-
lare Knoten beziehungsweise singuldre Facetten. Dies ist notwendig, da eine geschlossene
Flache mit nichttrivialer Euler-Charakteristik nicht mithilfe eines reguldren Netzes mo-
delliert werden kann.

Lineare Unterteilungsalgorithmen sind aus Sicht des Rechenaufwands sehr billig und
finden daher hdufig zur Verarbeitung von vektorraumwertigen Daten Verwendung. Liegen
die Daten in einer Mannigfaltigkeit, z.B. im Raum der Diffusionstensoren oder der starren
Bewegungen, so versucht man, Unterteilungsalgorithmen so zu modifizieren, dass sie auch
Daten in solchen nichtlinearen Geometrien verarbeiten.

Im Eindimensionalen erzielten J. Wallner und N. Dyn mithilfe von ,Proximity Inequa-
lities” Ergebnisse zur Glattheit solcher geometrischer, nichtlinearer Unterteilungsalgorith-
men. Im Fall regulidrer Netze wurden Unterteilungsalgorithmen, deren Dilatationsmatrix
ein Vielfaches der Identitét ist, von P. Grohs behandelt. In dieser Dissertation wird ein
Glattheitsresultat fiir nichtlineare Algorithmen mit beliebiger Dilatationsmatrix bewiesen;
es besagt im wesentlichen, dass ein geometrischer Unterteilungsalgorithmus Glattheitsei-
genschaften von einem in der Nihe liegenden linearen Unterteilungsalgorithmus erbt.

Ein weiterer Teil dieser Arbeit besteht in der Glattheitsanalyse von nichtlinearen Algo-
rithmen fiir den allgemeinen Fall nicht notwendigerweise regularer Netze. Wir behandeln
den Fall singulidrer Knoten beziehungsweise Facetten und zeigen C! Glattheit der durch
nichtlineare Unterteilung entstehenden Limiten; dies ist das zentrale Ergebnis der Disser-
tation.

Fiir geometrische, nichtlineare Unterteilungsalgorithmen gibt es im Allgemeinen nur
Konvergenzsitze fiir den Fall geniigend dichter Eingangsdaten. Fiir spezielle Riemannsche
Mannigfaltigkeiten, sogenannte Cartan-Hadamard-Mannigfaltigkeiten, und eine gewisse
Klasse von Unterteilungsalgorithmen beweisen wir in dieser Arbeit fiir den eindimensio-
nalen Fall ein Konvergenzresultat ohne Einschriankung an die Eingangsdaten.

Abschliefsend betrachten wir interpolierende Multi-Skalen-Transformationen, die auf
Unterteilungsalgorithmen fufen. Fiir reguldre Gitter und lineare Algorithmen wurden
solche Transformationen von Donoho untersucht; er schlug auch eine nichtlineare, geo-
metrische Variante vor, die auf Funktionen operiert, die Werte in einer Mannigfaltigkeit
annehmen und im Euklidschen Raum definiert sind. Diese geometrischen Transformatio-
nen wurden von Grohs und Wallner untersucht. In dieser Dissertation stellen wir eine
Transformation vor, die auf Funktionen zwischen zwei Mannigfaltigkeiten agiert. Wir
charakterisieren die Holder-Zygmund-Glattheit einer Funktion durch das Abklingen der
sogenannten Detail-Koeffizienten, die durch die Transformation gewonnen werden.
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Introduction

The first subdivision scheme goes back to de Rham [7|. This article takes the point
of view that a subdivision scheme is a refinement procedure for polygons, and each step
doubles the number of vertices. He shows that iterated application of his scheme produces
a sequence of (finer) control polygons which converge to a C'!' smooth function in the limit.
Further early work was done by Chaikin [5] which is with a view towards application in
computer graphics. Both articles deal with linear schemes which means that the refine-
ment procedure is linear. For general linear curve schemes a framework for their analysis
has been developed in the early 90s, [4, 11].

The case of subdivision schemes which refine polyhedral meshes instead of polygons
is much more involved. First of all, the reader should note that a closed surface with
non-zero Fuler characteristic cannot be modeled by a regular quadrilateral or regular
triangular mesh. Therefore, such meshes need to have singularities (i.e., vertices or faces
in whose neighborhood the combinatorics is not regular). Hence the analysis of surface
subdivision schemes has to treat the situation near such a singularity.

By the locality of the considered schemes the analysis splits into two parts: The first
part is to consider the regular mesh case, and the second one consists of the analysis
near singularities. Even the regular mesh case is more extensive than the univariate case
since one can also consider schemes based on dilation matrices different to multiples of
the identity. For work on the regular mesh case we refer to [4, 49, 26, 21, 18]. The
breakthrough in the analysis near singularities is the article [47] of U. Reif. Further
references are [68, 67, 44| and the comprehensive book [45]. Reif’s work contains the
first complete analysis of the first surface subdivision schemes introduced by Catmull and
Clark [3] and Doo and Sabin [10], and thus solves a problem which had been open for
more than fifteen years.

Subdivision has a wide range of applications. An overview of its use in Computer
Graphics and Geometric Modeling can be found in [69]. Note that subdivision is used to
‘model everything that moves’ in 3D animated movies [50]. But subdivision schemes also
have other applications; for instance, linear subdivision schemes defined on regular meshes
are applied to produce scaling functions in wavelet analysis [6]. Furthermore, subdivision
schemes are also used in the numerical solution of PDEs |24, 23].

In Chapter 1 we give a brief introduction to linear subdivision schemes and sum up
the results on linear subdivision we need in the subsequent chapters. Furthermore, we set
up a framework we need in the analysis of nonlinear schemes.

The theory of linear subdivision schemes is very extensive. In contrast, only in recent
years nonlinear subdivision has been subject to systematic analysis. To get an impression
of the diversity of this field, we exemplarily refer to [22], [57], [63] and the references
therein. We stick to geometric, nonlinear, subdivision in this work.

Geometric subdivision aims at handling data in nonlinear geometries such as Lie
groups, symmetric spaces, or Riemannian manifolds. Examples are the Euclidean mo-
tion group, hyperbolic space, Grassmannians or the space of positive definite matrices.
The latter space is especially interesting in diffusion tensor imaging, where data are mod-
eled as positive matrices sitting on a spatial grid. Other instances of geometric data in
connection with subdivision are given by Ur Rahman et al. [53].

In Chapter 2 we recall well known constructions which provide means of deriving geo-



metric subdivision schemes, using characteristics of linear ones. We also introduce a new
geometric analogue which is particularly suited to subdivision in Riemannian manifolds
and which in a natural way retains the symmetries of the linear scheme it is derived from.

In the analysis of nonlinear subdivision schemes some peculiar behavior can be ob-
served; for instance, the paper [65] treats a nonlinear (but not geometric) scheme where
the smoothness of the produced limit functions depends on the input data. It turns out
that in this respect geometric schemes behave quite tame, i.e., their smoothness does not
depend on input data. However, the input should be dense enough which is, in general,
needed to guarantee that the scheme converges. A framework for the analysis of geomet-
ric, nonlinear, subdivision schemes by means of so-called proximity inequalities has been
introduced by Wallner and Dyn in [57]. They show convergence and C! smoothness of a
large class of geometric curve subdivision schemes. Their technique splits into two parts:
The first part is to show that the geometric scheme fulfills proximity conditions with a
linear scheme. The second part is to show that an arbitrary (not necessarily geometric)
scheme which fulfills proximity conditions inherits convergence (for dense enough input)
and C' smoothness from the linear scheme it is in proximity with. This technique has
been extended to higher smoothness in [56]. In the multivariate regular setting, such
results were only known for subdivision schemes with dilation matrices which are scalar
multiples of the identity [14] before the author’s paper [60] .

In Chapter 3 we obtain results for schemes based on arbitrary dilation matrices which
operate on regular meshes. In fact, we show that the limit function obtained by a nonlinear
subdivision scheme which meets proximity conditions belongs to the Hdélder-Zygmund
class Lip, where o is real number arbitrarily close to but smaller than the smoothness
index of the linear scheme which the nonlinear scheme is derived from. This applies to the
geometric analogues of linear schemes considered in this thesis. This chapter is contained
in the paper [60].

In Chapter 4 we deal with an essential part of the theory which was missing: Conver-
gence and C'' smoothness of nonlinear subdivision rules for irregular meshes. We show
that a certain class of such schemes converges and produces C! limit functions. This
analysis is based on a local proximity inequality similar to the one in [57]: If a nonlinear
scheme is in proximity with a linear scheme which converges, respectively produces C*
limit functions, then the nonlinear scheme does the same for sufficiently dense input data.
This result applies to the geometric schemes considered in this thesis. This chapter is
based on the paper [62].

As already mentioned, convergence of geometric subdivision schemes in general is only
guaranteed if input data is dense enough. For a certain class of Riemannian manifolds,
so-called Cartan-Hadamard manifolds, and a certain class of geometric curve schemes we
can show convergence for all input data. This result is presented in Chapter 5. It is
contained in the paper [58].

The last chapter of this thesis is concerned with interpolatory multiscale transforms. In
[9], Donoho analyzes linear interpolatory wavelet transforms. In particular he characterizes
smoothness properties of a function by decay properties of the detail coefficients which
are derived from the function via the transformation. Interpolatory transforms can also
be defined in a reasonable manner in the setting of geometric subdivision [53]. In [17],
Grohs and Wallner show an analogue of Donoho’s result for the class of Hélder-Zygmund



functions in the geometric setting; they consider manifold-valued functions defined on
Euclidean space.

In Chapter 6, we treat manifold-valued functions defined on a two-dimensional man-
ifold. We define a multiscale transform, where both the choice of sample points and the
prediction operator are based on nonlinear geometric subdivision. We characterize the
Holder-Zygmund smoothness of a function in terms of the detail coefficient decay w.r.t.
our transform, in particular near irregular points. This chapter is based on the paper [61].






1 Linear subdivision schemes

This thesis mainly treats geometric nonlinear subdivision schemes for arbitrary meshes.
Most of the geometric schemes we treat are intrinsically defined and therefore only use
intrinsic information without referring to some ambient vector space. Nevertheless, the
way we follow for constructing such geometric schemes uses quantities derived from linear
schemes. Furthermore, the analysis of a geometric scheme is based on comparison with
a linear scheme ‘nearby’. For this reason we start with a brief introduction to linear
subdivision. One aim is to provide the information and terminology necessary to define
geometric analogues of linear schemes in Chapter 2. The other aim is to build a basis for
the analysis of nonlinear schemes in the Chapters 3, 4 and 5.

In this chapter we define linear subdivision schemes for (general) two-dimensional
meshes. We explain how the analysis of convergence and smoothness of a scheme can
be reduced to the particular case of k-regular meshes. Although a regular mesh is a k-
regular mesh for certain k, this case is treated separately due to its different behavior.
Another reason is that the regular mesh (or synonymously, regular grid) case immediately
generalizes to higher dimensions. These two cases of meshes are treated in detail.

We introduce our notation concerning meshes, as it is used later on. The combinatorics
(or the connectivity) of a mesh is an abstract triple K = (V, E, F) consisting of a set of
vertices V, edges F and faces F. A mesh (K, h) in some set M consists of the combinatorics
K and a vertex based positioning function h : V. — M. Typically, M = R3, e.g. in
Computer Graphics; in this thesis we are interested in the case when M is a smooth
manifold. The set h(V) is also called vertices, since h(v) represents the geometric position
of the vertex v. When we want to emphasize the difference between V' and h(V') we speak
of abstract and realized vertices, respectively.

We always assume that the mesh under consideration has so-called 2-manifold topology
which means that any edge has either one or two faces adjacent and that for each vertex
the set of neighboring vertices is nonempty and connected. The valence of a vertex or a
face is the number of edges it is adjacent to.

The n-ring of a face or a vertex are those vertices in the mesh which can be reached
from the face or the vertex by passing at most n faces. We use the notation N, (v) and
N, (F) for the n-ring of a vertex v, and of a face F, respectively.

A subdivision scheme S consists of a topological refinement rule and a geometric re-
finement rule. For a given connectivity (Vy, Fo, Fp), the topological rule generates a new
connectivity (Vi, Fy, F}). The geometric rule computes new vertex positions from old ones.
In other words, it acts as an operator on the positioning functions producing hy : Vi — M
from input hy : Vj — M. The geometric refinement rule should not be confused with a
geometric subdivision scheme which is just a subdivision scheme acting in a geometry, i.e.
acting on positioning functions i : V' — M where M is a smooth manifold. A subdivision
scheme is linear, if M is a vector space and if the operator acting on positioning functions
is linear. A subdivision scheme S is interpolatory if V; C Vi, and old (realized) vertex
positions are not changed during the subdivision process. In that case subdivision adds
new vertices to the existing ones.
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Figure 1. dual refinement Figure 2: primal refinement

Quadrilateral-based primal and dual quadrisection schemes

The historically first categories of topological refinement rules were primal quadrilate-
ral-based and dual quadrilateral-based topological rules based on quadrisection, of which
the schemes of Catmull/Clark and Doo/Sabin are examples. For a visualization, see
Figures 1 and 2. A primal quadrilateral quadrisection scheme produces a new connectivity
by a so-called face split: This means old vertices are retained and a new vertex is inserted
for each old edge and face. New edges are inserted between new vertices originating from
edge and face if they were adjacent, and between new vertices originating from vertex and
edge if they were incident. After one round of subdivision all new faces have valence four.
Vertices originating from faces and edges also have valence four while ‘vertex’-vertices
inherit the valence of their predecessors.

A dual quadrilateral quadrisection scheme generates a new connectivity by a so-called
vertex-split: A new vertex is created for each pair of face and adjacent vertex. Vertices
arising from the same old vertex share a new edge if the faces they stem from shared an
edge, and vertices arising from the same old face share a new edge if the vertices they
stem from shared an edge. A new face originates either from an edge, or a face, or a
vertex, whereby ‘edge’-faces have valence four and the others inherit the valence of their
predecessors. All new vertices have valence four and therefore in a second subdivision
step, irregular faces can only originate from old faces.

In case of quad-based refinement, vertices and faces are called regular if they have
valence four, otherwise they are called irreqular.

The geometric rule computes new vertex positions from old ones. In the case of linear
subdivision, we consider affine invariant rules, meaning that a new vertex position hq(w)
is an affine combination of finitely many previous ones:

hy(w) = Z aywho(v), where Z Qya = 1. (1.1)

veVp veEWVY

We call the mapping v — a,,, the stencil of w, and denote its support by suppg(w). We
further require that the rule only depends on the connectivity in a local neighborhood



Figure 3: Dual Refinement: The neighborhood of the irregular face becomes regular.

of globally fixed size [68|. We explain what we mean by this: Since a new vertex can
be identified with either a face, an edge or a vertex of the old mesh in the primal case,
or a face-vertex pair of the old mesh in the dual case, there is a natural notion of a
neighborhood of a new vertex in the old mesh. We require that there is an integer n,
such that, for any new vertex w, the choice of the stencil a.,, in (1.1) only depends on
the combinatorics of the n-neighborhood of w. Furthermore, we require that suppg(w) is
contained in this n-neighborhood of w. This is to avoid pathologies, and can be seen as
an uniform locality condition.

After a few iterations, the greater part of the combinatorics becomes regular, i.e.,
faces and vertices have valence 4. However, there are remaining isolated singularities,
extraordinary vertices in the primal case, and eztraordinary faces in the dual case, which
are surrounded by regular connectivity. For a visualization, see Figure 3. In this work
we are interested in limit properties of the subdivision scheme, i.e., for an initial mesh
(Ko, ho), we consider the sequence of its i-times subdivided meshes (K;, h;), where we are
interested in what happens if ¢ — co. Now the uniform locality condition guarantees that
the information needed for the limit behavior of the subdivision process near an irregular
vertex/face is contained in a certain n-neighborhood of the irregular vertex/face on each
subdivision level 7, where n does not depend on the subdivision level 7. If we choose the
level ¢ high enough, this n-neighborhood has regular combinatorics except for one irregular
vertex /face. This means that the analysis of subdivision on a general mesh reduces to
the analysis of two special kinds of meshes: Firstly, a mesh with regular combinatorics,
and secondly, a mesh with only one irregular vertex/face. Such a mesh is called k-regular,
where k is the valence of the extraordinary face/vertex. These two kinds of meshes are
discussed in Chapter 1.1 and Chapter 1.2, respectively. An extensive treatment of the
above reduction process can be found in D. Zorin’s thesis [66].

Schemes based on other types of topological rules

There are also various other types of topological refinement rules. In the community
of people who apply subdivision to graphics, the systematic classification of different
topological rules has gained quite a lot of interest and is presently still in progress; see
e.g. |54, 25, 8] and the references therein. It is not our aim in this thesis to contribute to
this classification.

Nevertheless, we consider schemes not based on quadrilateral quadrisection since they
have gained considerable importance in applications. First of all, triangle-based quadri-
section schemes like Loop’s scheme or the Butterfly scheme are widely used. See Figure 4
for a visualization of the topological refinement. Secondly, the quadrilateral-based primal
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Figure 4: Quadrisection for triangle-based Figure 5: v/3-refinement near an irregular
meshes. vertex.

and dual schemes we considered before, approximately increase the number of vertices by
a factor of 4 per subdivision step. Certain different topological rules, like e.g. v/2-schemes
or v/3-schemes, show the attractive feature of slow refinement which can be desirable in
certain applications. In contrast, there are also topological rules which provide a fast
‘zoom in’, like e.g. v/7-schemes. For example, subdivision schemes with fast refinement
are applied in the context of pyramid schemes for modeling the function of the retina
[59, 34| and for representing terrain data in geophysical applications [48]. So considering
more general topological rules provides more flexibility in the refinement speed which is
important in some applications. Last, but not least, certain schemes based on more gen-
eral topological rules provide anisotropic features, when applied in multiscale transforms
[40].

We try to introduce the reader to these classes of schemes by providing some examples.
The reader who is interested in a systematic treatment is referred to [54, 25, 8]. In
Chapter 1.2, we build a framework for the analysis near extraordinary vertices/faces,
which incorporates our examples and certain classes of the topological refinement rules in
[54, 25, §].

Primal v/3-subdivision is triangle-based, i.e., after the first subdivision step the mesh
consists of triangles. In case of triangle-based topological rules, a vertex is regular, if it
has valence 6; a face is regular if it has valence 3. The topological rule works as follows (cf.
Figure 5): A new vertex is inserted for each old vertex and each old face. Two vertices
which are descendants of neighboring faces and two vertices which are descendants of a
face and a neighboring old vertex are connected by an edge. Faces are given by three new
vertices of the following form: They originate from two neighboring faces and the third
vertex originates from an old vertex adjacent to both old faces.

V/2-subdivision is quad-based. For a visualization, see Figure 6. Similar to v/3-schemes,
for primal \/2-subdivision, a new vertex is given by each old vertex and each old face.
New edges are obtained between two new vertices which originate from an old face and a
neighboring old vertex. A new face is defined by four new vertices of the following form:
Two vertices originate from two adjacent old faces and the other two originate from two
old vertices which are both adjacent to the old edge shared by the two old faces.

The dual v/2-topological refinement rule (cf. Figure 7) ist obtained by applying the
primal rule to obtain combinatorics (Vi, Ey, F1), and then to exchange faces and vertices
to obtain the combinatorics (Fy, F1, V7). More graphically, a new vertex is obtained for
each old edge. New edges are given between any two new vertices which originate from
two old edges which share a common old vertex.
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Figure 6: Primal v/2-refinement. Figure 7: Dual v/2-refinement.

Primal \/7-subdivision is triangle-based. This topological refinement has a certain
asymmetry which requires the orientability of the initial mesh. Each old vertex defines
a new vertex. Furthermore, three new vertices are inserted per old face, called face-
vertices. The choice of new edges and faces is best explained with the help of figure
Figure 8. Since the initial mesh is orientable, we can a choose a consistent orientation
on the set of old faces. This orientation allows us to define a one-to-one correspondence
between face-vertices and triples of the form (old vertex, old edge, old face). Then edges
are inserted between two new vertices in the following cases: Firstly, between a vertex
originating from a vertex v and face-vertex whose associated triple has the form (x, x, v).
Secondly, between face-vertices whose associated triples have the same edge. Thirdly,
between face-vertices whose associated triples have the same vertex and whose associated
triples have faces which are neighbors in the old mesh. Note that the way of choosing the
correspondence between face-vertices and the triples influences the choice of new edges
and thus the combinatorics of the output mesh.

As in the case of primal and dual quadrisection, the geometric rule is required to be
affine invariant; a new vertex position h;(w) is computed by

hi(w) = Z aywho(v), where Z Qyap = 1.

veVp veWVY

We furthermore require the uniform locality condition already formulated for primal and
dual quadrisection schemes. This allows us to apply the same arguments as for pri-
mal/dual quadrisection schemes in order to reduce the general mesh case to the cases of
regular combinatorics and k-regular combinatorics.

Examples of V/3-subdivision schemes are Kobbelt’s v/3-scheme [31], Labsik and Grei-
ner’s interpolatory v/3-subdivision schemes and the schemes constructed in [41]. Examples
of v/2-schemes can be found in [33]. An example of a dual v/2-scheme is the well-known
simplest (or mid-edge) subdivision scheme of Peters and Reif [43]. Methods to produce
V/T-schemes have been proposed by Oswald [40].

1.1 Linear subdivision schemes on regular grids

We saw that local limit properties of a linear subdivision scheme can be inferred from
studying regular and k-regular meshes. For the regular mesh part, it is enough to consider
a mesh with (abstract) vertex set Z2. This is because of the locality of the subdivision
rules; it is not necessary to consider regular meshes which are e.g. topologically isomorphic
to the torus.
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Figure 8: \/7-refinement.

For such a regular input mesh with abstract vertex set Z2, a subdivision scheme
produces an output mesh, which again has a combinatorics with abstract vertex set Z2:
see Figure 9 for a visualization in case of quadrisection and v/2-refinement. So a (linear)
subdivision scheme can be seen as a (linear) operator on the space of sequences with index
set Z2. A sequence corresponds to the vertex-based positioning function above.

With this is mind, we give the following definition of the subdivision operator. We
explain afterwards how a subdivision scheme defines a subdivision operator.

Definition 1.1. A [linear subdivision operator S = S, p is a linear operator on the vector
space of sequences with index set Z¢ given by

Soapla) =), ala = MB)p(B), (1.2)

where the mask a : Z¢ — R has finite support, and M is a dilation matriz.

A d x d integer matrix M is called dilation matriz, if |M~"| — 0 as n — oco. M
is called isotropic, if it is C-diagonalizable and all eigenvectors have equal modulus. We
assume that

Zaezd a(a) = | det M]. (1.3)

This guarantees affine invariance, if S, s converges.

In the above definition we let d be arbitrary since this causes no trouble and provides
more generality. If we set d = 2, we are in the regular mesh case. The topological
refinement rule is encoded in the dilation matrix. For example, v/2-schemes can be realized
by the following dilation matrices:

u=( ) =)

The left-hand matrix yields a clockwise rotation of the grid, the right-hand matrix a
counter-clockwise rotation of the grid. For v/7 schemes the following dilation matrices are

possible:
3 -1 2 1
v=(2) - (A
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Figure 9: Primal quadrisection (left) and v/2-refinement (right), regular case.

Note that all four matrices displayed here are isotropic.
The weights for affine averaging which were given by the stencils a, ,, in (1.1) are now
stored in the mask a. The condition ) oy, = 1in (1.1) guarantees that (1.3) is fulfilled.
We study the subdivision operator defined by (1.2). We formalize the notion of con-
vergence of a subdivision scheme defined by a subdivision operator. Since the operator
acts on sequences with index set Z?, we can also consider it on the space of bounded
sequences [*°(Z%), where, by the finiteness of the mask, S, 5 is a bounded linear operator.

Definition 1.2. We say that a linear subdivision scheme S converges if, for arbitrary
bounded input p on Z¢, there is a uniformly continuous function f on R? such that

1 F(M5) = S*p|ljoe gy — O as k — oo.

Here f is sampled on M7 and a sequence on Z® is generated by the assignment oo —
MFa.

If it exists, the limit function for the Dirac sequence &y as input is denoted by ¢. This
compactly supported function fulfills the refinement equation

0= a(a)o(M - —a)

and thus ¢ is called the refinable function. Convergence of a linear scheme is equivalent to
convergence for the special input dy. This is a consequence of the locality, continuity, shift-
invariance and linearity of the subdivision operator. This is not the case for a nonlinear
scheme as we will see later. For input p we can write the limit as

P* ¢ =) hega P(K)P(- — k),

where ¢ is the refinable function.
Furthermore, convergence of a linear scheme is equivalent to the convergence of the
cascade algorithm:

G = D ala)or(M - —a), (14)

where ¢g belongs to a certain class of non-zero compactly supported continuous input
functions [21]. Tt turns out that the limit of this iteration coincides with the limit function
of subdivision for input dy; see [21].
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Convergence of a subdivision scheme is also equivalent to a certain smoothness index
vam of the scheme being greater than zero [21]. We define this index after giving some
preliminaries.

We say that a subdivision scheme satisfies sum rules of order k if for every a € Z¢
and any polynomial ¢ of total degree lower than k we have the identity

> @+ Bala+ B =3 a(B)ad).

Sum rules of order k imply polynomial reproduction of order k for the subdivision scheme
S. This means that subdivision applied to a sample p of a polynomial of total degree less
than k is again a polynomial of total degree less than k. In general, the converse is not
true [26], i.e., there are schemes which have polynomial reproduction of order k& and do
not fulfill sum rules of order k. A characterization of the equivalence of both notions in
terms of the mask can be found in [26]. As a result, if the scheme is stable, both notions
coincide. A scheme is called stable if the translation invariant subspace generated by ¢ is
isomorphic to [°°(Z%) via the operator producing limit functions, i.e., there are ¢,C’ > 0
such that, for all p € [*(Z9),

clpllec < lp* ¢lloc < Clipllco-

Sum rules are important to us since the maximal sum rule order determines an a priori
upper bound for the smoothness index of a scheme. So assume that the maximal sum-rule
order of S is k. Then we consider the spectral quantity px = px(a, M) defined by

pr = max{lim,,_,o || V*S"0[|}/" : i is a multiindex with |u| = k}, (1.5)
and define the smoothness index of the scheme by

Vo, = =108y . Pk (1.6)

where Ap.x is the greatest modulus of the eigenvalues of M. We use the usual multiindex
notation here: For a multiindex p = (u1,...,1q) € N&, and € = (£,...,&1) € R we let
|| = Ele Wi, p! = H?Zl wi!, and £F = Hle ¢! Furthermore we use the difference V*
defined by

Vip=Vi. .. Vg;p,

where V., p = p — p(- — ¢;) is the backward difference in direction of the canonical basis
vector e;.

The smoothness index may seem artificial at first glance. However, it provides a lower
bound for the smoothness of the refinable function. Furthermore, if the scheme S is stable
and the corresponding dilation matrix is isotropic, the smoothness index determines the
smoothness of the scheme. We have

always : Vo < v(9), (1.7)
for stable S and isotropic M : Varr = V(). (1.8)

Here v(¢) is the Holder-index of the refinable function ¢ given by
v(¢) ;== max{\: ¢ € Lip, }.
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This result can be found in [18]. Here Lip, is the space of Holder-Zygmund functions of
order \. One possible definition of these spaces is to choose some integer k strictly greater
than A and to consider those bounded continuous functions which fulfill:

There is C' > 0, such that HV’;fHOO < Oly|pa (1.9)

for all y € RY where V,f = f — f(- — y). Then the Lip-seminorm | - |, » and the
Lip-norm || - ||rip, » are given by

| fluip, s = inf{C = C fulfills (1.9)}  and || flluipyx = | Flloo + | flLip,.-

With this norm Lip, becomes a Banach space. It turns out that for different choices of
k, we obtain the same linear space of functions and that different norms are equivalent.
For this and more information on Hélder-Zygmund spaces we refer to the book [51].

Let us put this in the form of a theorem:

Theorem 1.3. Let S be a subdivision scheme based on a general dilation matriz M. S
converges if and only if v, pr > 0. Then the smoothness index vq p provides a lower bound
for the Hélder-index of any limit function produced by S. If S is stable and M is isotropic,
then v, ar 48 the Hoélder-index of any nontrivial limit function produced by S.

We are in the middle of the discussion of the smoothness index v, 5 of a scheme S.
Besides from agreeing with the Holder index of the refinable function for isotropic dilation
and stable S, there is an important connection to the cascade algorithm which does not
rely on stability: If the dilation matrix is isotropic, v, s > k if and only if the cascade
algorithm (1.4) converges in C* for all input functions belonging to a certain natural class
of C* functions |19, Theorem 4.3|.

We provide some information we need in the analysis of nonlinear schemes later on.
For | < k, we define the quantity p; analogous to (1.5) by replacing k by I. The connection
between py and p; for k # [ is given by B. Han, |18, Theorem 3.1]:

Theorem 1.4. Let S, be a linear subdivision operator satisfying sum rules of order k.
Let A\pin be the smallest modulus of the eigenvalues of M. Then

pr = max(pp, A\t ) for any nonnegative integer | < k. (1.10)

We later use this connection between different p;’s in the proof of our smoothness
theorem for nonlinear schemes on regular meshes.

We briefly point out some ways to compute, or at least estimate, the smoothness
exponent (1.6). A very efficient way of computing the Lo-analogue of the smoothness
index is given in [18], where also a detailed exposition of this topic and references can
be found. The problem is reduced to finding the eigenvalues of a certain matrix which
is computationally not that expensive. Estimates from below for our L., setting, i.e., for
Va, M, are obtained via embedding theorems. For example, for d = 2, v, 5 is bounded from
below by the smoothness index of the scheme in the Lo-setting minus one. Fortunately,
there is also a quite fast algorithm for exactly determining v, 5s in case that the Fourier
transform of the mask is a positive function; see also [18].
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Another approach is to use the joint spectral radius criterion [21] and to brute-force
compute upper and lower bounds of the corresponding spectral radii. These bounds
converge very slowly, which makes such computations very expensive. However, this
method also works exactly in our L.-setting, at least in theory.

There is another, slightly different, approach to the smoothness analysis of subdivision
schemes going back to Dyn [11] which is based on iteration of the following theorem
formulated for the univariate case d = 1. Here the scale of C* spaces is considered for
measuring smoothness.

Theorem 1.5. Let S be a univariate affinely invariant subdivision scheme with dilation
factor 2. If the derived scheme SW converges, then the scheme S produces C' limit
functions.

Here the derived scheme is given by
StV = 2vs.

Applying the derived scheme iteratively to the differences of the input data yields an
approximation of the derivative of the limit function if it exists.

The derived scheme exists if and only if S is affinely invariant, which is equivalent to
the fact that first order sum rules are fulfilled. The existence of the k-th derived scheme is
equivalent to k-th order sum rules being fulfilled. By iterated application of Theorem 1.5,
one gets the following statement.

Corollary 1.6. Let S be a univariate convergent subdivision scheme with dilation factor
2. If the derived scheme S™ exists and converges, then the scheme S produces C* limit
functions.

A criterion for the convergence of a scheme S is the contractivity of the commutator
scheme 1S ie.,

There is n € N such that ||(%S[1])”||OO <1l. = S converges. (1.11)

Extending this approach to the multivariate situation is not so straightforward. The
case of dilation matrix M = nl still works in a certain sense: The statement has to be
modified but the technique of using the derived scheme to approximate derivatives still
works. In the case of more general isotropic dilation certain problems arise at that point.
We consider the case of dilation matrix M = nl first. Multivariate differences for an
Ré-valued sequence p € [*°(Z%)* are elements Ap € [*(Z4)*? given by

Ap(a) = (plar+e1) —pla), ..., pla+ e;) — p(a))”

So Ap is an R*¢-valued sequence on Z<¢. With this preparation, derived schemes can (at
least formally) be recursively defined by

SUA = NASEYU sl = g

Note that the coefficients in the masks of such derived schemes are no longer scalars, but
d'- matrices. This is the reason why such schemes are called vector subdivision schemes.
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Derived schemes are no longer uniquely defined in the multivariate setting. It turns out
that a k-th derived scheme exists if and only if k-th order sum rules are fulfilled [37].
A multivariate version of Corollary 1.6 and (1.11) reads:

Theorem 1.7. Let S be a multivariate scheme with dilation matrix NI, with sum rule
order k+1 (or, equivalently, such that the k+ 1-st derived scheme exists). If for all | with
0 <1 < k41, the spectral radius p(SU|a1) of the I-th derived scheme restricted to | times
differenced input data fulfills

P(%SUUAZ) <1
then S produces C* limit functions.

This theorem can be found in the thesis |13 and generalizes results for dilation factor
2. References to previous work can be found in [13|. The core of the argument is that
the k-th derived scheme applied to k times differenced input approximates the k-th order
derivatives of the limit function. This is no longer the case, if M is a general isotropic
dilation matrix; see [49]. However, we can use the result on the smoothness-exponent
(1.7) to obtain a result similar to Theorem 1.7. We decide to do this, although it is not
the scope of the thesis, since the auxiliary lemmas we need are used elsewhere later on.
For a scheme S on Z¢ with isotropic dilation matrix M, we let m = /det(M) and we
define (again formally) derived schemes by

SUA = mASIY, Sl = g,
This implies that, for all n € N,
(S[l+1})nAl+1 — mn(l+1)Al+15n. (112)

Also in this case it turns out that a k-th derived scheme exists if and only if k-th order
sum rules are fulfilled [37].

Theorem 1.8. Let S be a multivariate scheme on Z¢ with isotropic dilation matriz M
which has sum rule order k + 1 (which is equivalent to the existence of a k + 1-st derived
scheme). Let m = {/det(M). If the spectral radius p(S[k+1]|ars1) of the k+ 1-st derived
scheme restricted to the space of k + 1 times differenced input data A¥1°°(Z%) fulfills

p(LSEF ) < 1 (1.13)

then S produces C* limit functions.
Conversely, if S is stable and produces C* limits, then (1.13) is true.

For the proof we need the following very interesting fact: A stable scheme with
isotropic dilation matrix which produces C* limits has smoothness index v, 5 > k. This
is a consequence of |20, Corollary 4.2]. So if the smoothness index equals an integer k,
the limit functions cannot be C*. Or, if the limit functions are C*, the smoothness index
is strictly greater than k.
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Proof of Theorem 1.8. We start with the second part, i.e., we assume that S is stable and
produces C* limit functions. By |20, Corollary 4.2| v, 5s > k and a fulfills at least k -+ 1-st
order sum rules. Assume the maximal sum rule order of a equals i. Since we are in the
case of isotropic dilation, (1.10) reads

pr1 = max(p;, m~ V). (1.14)

We have two cases: If pypy1 = p;, then m "M = pp.; by the definition of v, ;. The
second case is that m~**t) > p,. Then prq = m~**+D. Putting both cases together,
Pkl = m~k+9) where ¢ = Vo — k > 0 in the first case, and ¢ = 1 in the second case,
respectively. By (1.15) (shown independently in Lemma 1.10), for any s > 1,

[AMS"plloe < Clprsr)" AP,

where C' > 0 is independent of p € [°°(Z¢) and n. Note that the differences V and A carry
the same information. Then, by (1.12),

H<S[k+1})nAk+1pHoo — Hmn(kJrl)Ak+1Sanoo < Cmn(kJrl) (ﬂk+18)nHAkaHoo
_ Cmn(k+1)(mf(k+e)5)n||Ak+lpHoo — C(m(175)8>nHAk+1pHOO.

Choosing s > 1 small enough yields
(L ST Al < C(m™s)™ | AF ' pl| oo = Cy™ | A p|oc,

where v = m~°s < 1 and C are independent of n and p. This yields (1.13).

We consider the first part of Theorem 1.8, i.e., we assume that p := p(LSFEH| ) <
1. Letting p = dy, and applying the definition of the spectral radius, there is for any € > 0
a constant C' > 0, independent of n, such that for any multiindex p of order k + 1,

IV"5" 8ol < C™"(p + )" [[ V" o]

This means at least that py1 < m™*(p + ¢€), and so pr1 < m~*. By (1.14), p; < m™*,
and so v, 3 > —log,,(m™%) = k. Then the scheme produces C* limit functions. O

For later use we also formulate the following lemma.

Lemma 1.9. Let S be a linear convergent scheme with dilation matriz NI. If a derived
scheme S converges, then there is a constant C' > 1 such that

|AS Do < C(1/2)F||Ap|lse,  for all bounded p : Z¢ — R.

Proof. For any f € I°(Z%), ||[SWFAf|| < D, with D independent of k since S! con-
verges. Restrict f to B = {—n,...,n}?, where n is big enough such that B controls
the limit on the unit square. We apply the Banach-Steinhaus-Theorem to the operators
(SUk restricted to the finite dimensional space of sequences vanishing outside 35 and on
0. This yields that [|2FAS* /||l = [[SPFAf |l < C'||Af||o, for all such sequences f'.
Here C’ is independent of f’. For general f, we find f’, such that on B, Vf =V /f. @O
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Besides from Theorem 1.8 the next lemma is needed in Chapter 3. Lemma 1.10 starts
from (1.5) and establishes the inequality (1.15). The main point here is that differences are
incorporated in the right-hand side of (1.15) and that general input data are considered;
this is going to be important for the analysis of nonlinear schemes. We did not find this
statement in the literature, even it is possibly already known.

Lemma 1.10. Assume that S = S, s a linear convergent subdivision rule which satis-
fies sum rules of order k. Then for every s > 1 there is C' > 1 such that, for all p € [*(Z%)
and all n € Ny,

sup [[V#S™"p|leo < C(prs)™ sup [|VFD|o- (1.15)
lul=k || =k

Proof. By the definition of pj in Equation (1.5) there is a constant C' > 0 such that, for
s>1,

IVHS™50lloe < C(prs)™  for all multiindices p with |u| = k. (1.16)

The constant C' depends on the choice of s but not on the exponent n. We use the notation
1(Z%) for the space of sequences on Z¢. We consider the mapping

p > {AVHS P} =k (1.17)

from [(Z%) to 1(Z%)", where r = (H,‘j_l) is the number of different multiindices with
|| = k. This mapping is linear. We show that this mapping only depends on the k-th
order differences of the input p, i.e., it only depends on {V#*p} =k : Since S satisfies sum
rules of order k, S leaves the set of samples of polynomials of degree lower than £ invariant
(see [26], Theorem 5.2). A sample of a polynomial p with deg(p) < k is characterized
by the vanishing of all differences of order k, i.e., V#p = 0 for all p with |u| = k. These
two observations guarantee that the property V#p = 0 for all multiindices p with order &
implies V#Sp = 0 whenever |u| = k. This implies that the mapping (1.17) only depends
on the k-th order differences of p.

With these observations at hand we use the locality of the subdivision scheme S and
construct a scenario which allows us to apply the principle of uniform boundedness which
then yields (1.15). To that end, we consider the ‘discrete simplex’ T' = {a € N¢ : |a| < k},
and choose N > 2k so large that the limit function of subdivision on [—1,1]¢ for input p
only depends on the values of p on Q = {—N,..., N}¢ (It is well known that for finitely
supported masks such an N exists). We start with (possibly unbounded) data p € I(Z%)
and find p’ € [(Z%) with

VHp = VHp' (p with |u] = k) and p'|r = 0. (1.18)

This is done by finding a polynomial with degree lower than £ which agrees with p on
T and subtracting it from p. We use the notation [(A) for the space of sequences on Z¢
vanishing outside A C Z?. We consider the projection operator P : [(Z?\ T) — 1(Q\ T),
which sets values outside ) to 0. We get a constant C' which is independent of p such that

sup [|[V¥Pp|loo < C sup [|[V*p||oo-
lul=k lul=k
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We consider the family of operators
(prs) VS QA T) — (27,

indexed by the multiindex p and the exponent n. This family is bounded on any sequence
q. The principle of uniform boundedness yields a constant C| independent of ¢, n, and p,
such that

sup [|[V*5"q[|loc < C(prs)” sup [[V*q[[
lul=k || =k

for g € (Q\T).
We consider general p € [*(Z?) and choose a sequence p’ according to (1.18) and
define ¢ € [(Q \ T) by ¢ = Pp’. Then we use the above estimates to get

sup [|[V#S"qllc < C(prs)" sup [|[V*pl[oo-
lul=k lul=k

Furthermore, for any multiindex p of order k, we have that V#S"q = V#S"p on
{—k,...,k}?% In view of the translation invariance of S, this implies (1.15). O

The next proposition is also needed in Chapter 3. Its purpose is to estimate Lip-
seminorms of the limit functions by differences of data.

Proposition 1.11. Assume that S, ts a linear convergent subdivision operator which
has maximal sum rule order k. Then for every v which is smaller that the smoothness index
Vo, the mapping p — pxd(M™-) of data on level m to limit functions is a bounded linear
operator from 1°(Z4) to Lip, for every input level m. The growth of the bounds of the
Lip, -seminorms in m can be estimated by differences of input data as follows: For all
s > 1 there is C > 1 such that

[ # S(M™ ) [rip, b < ClAmax|™7s™ sup IV#Dl|oo, (1.19)
=k

where C' is independent of m, and A\pax 1S an eigenvalue of M of greatest modulus.

Proof. Since the refinable function ¢ is a Lip, function, we have, for every s > 1, a
constant C' > 0 such that, for every nonnegative integer m,

|¢(Mm')|Lip,Wk S C|>\max|m’ysm-

As a consequence, the Lip,-seminorm for arbitrary bounded input data p can be estimated
by

[P x d(M™)|Lip, ke < CAmax]™5™ [Pl co-

This is due to the compact support of ¢. Since S satisfies k-th order sum rules, ¢ *x ¢ is a
polynomial with deg(q * ¢) < k for any sample ¢ of a polynomial of degree lower than k
(see e.g. the discussion around Theorem 2.1 in [26]). Therefore, the directional difference
V’;p x ¢ of the limit function for input p only depends on the k-th order differences

{V“p}|“|:k-
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We use the notation of the proof of Lemma 1.10, and define, for p € [°°(Z%), the
sequence ¢ € [(Q \T) by ¢ = Pp', where p’ is chosen according to (1.18). Then in the
cube [—1,1]%, the limit functions p* ¢ and q* ¢ are equal. If we consider the smaller cube
[—1/2,1/2]¢, we find a step size h > 0, such that the difference V’;p* ¢ and V’;q * O agree
for all vectors y € R? with ||y|| < h.

We consider the family of operators [(Q \ T') — Lip,,

q = |Amax| s gk Q(M™),

which is indexed by the exponent m. This family is bounded on every sequence ¢ €
[(Q\T). Therefore, the principle of uniform boundedness yields a constant C' > 0, which
is independent of ¢ and m such that

‘q * ¢(Mm')|Lip k S C‘)\max‘m’ysm sup HVMPHOO
Y

lul=k

This yields (1.19). O

1.2 Linear subdivision schemes near extraordinary points

In the beginning of this chapter we saw that limit properties of a linear subdivision
scheme can be inferred from studying regular and k-regular meshes. After treating the
regular mesh case in Chapter 1.1 we are now going to analyze k-regular meshes in order to
see what happens near singularities. We introduce a setup in the spirit of Reif’s framework
near extraordinary points [47] (but we have to incorporate some discrete component since,
in the nonlinear case, we do not have a finite set of a priori known surface patches).

We start with primal and dual quadrisection schemes restricting ourselves to a certain
class of schemes which we call standard schemes. Our notion of standard schemes differs
slightly from that in [45]. Afterwards we consider the more general case of shift-invariant
schemes where we also allow for other topological refinement rules. One difference between
standard schemes and the more general schemes discussed afterwards is that the latter may
have arbitrary isotropic dilation and may be triangle based. Furthermore, for the latter
class of schemes we impose weaker conditions on the eigenstructure of the subdivision
matrix.

Standard schemes

We first consider primal and dual quadrisection schemes. In this case the setup sim-
plifies. In the next part we consider the more general situation and extend our setup.

Our final objective is to derive convergence and smoothness results for nonlinear
schemes acting on meshes with irregular combinatorics. To that end we first define a
parametric notion of convergence near the singularity in a k-regular mesh.

Subdivision operators S, s based on quadrisection have dilation matrix M = 2I. We
consider Definition 1.2. There are two notions in this parametric definition of convergence
which are not a priori determined by our definition of a subdivision scheme S for general
meshes: The grid Z? with its refinements %ZQ, as well as the domain of the limit function
R2. We define substitutes for these two objects for k-regular meshes.
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D! f DY %
T Dt ' DO
] D> :

D? v v

Figure 10: 3-regular mesh combinatorics. left: Dual subdivision rules. right: Primal sub-
division rules. We show the sectors Dy, D¢, D5, the identification of common boundaries
of Dy and Dy being indicated by arrows. Combinatorics of 3-regular meshes at level 0
(thick lines, vertex set Vj) and level 1 (thin lines, vertex set V7) are shown.

We start with the domain D of the limit function: We glue k copies D°, ..., D*~1 of
the positive quadrant Q = [0, 00[ X [0, 0o[ together by identifying the y-axis of D’ with
the z-axis of D’*! (indices modulo k).

D=Q x Zk,

where Zj, are the integers modulo k. We refer to D’ as its j-th sector (see Figure 10 for a
visualization).

D becomes a metric space by defining the distance of points by the length of the
shortest path which connects them, with the metric in the single sectors being that of R2.
We introduce the map R’ which keeps the j-th quadrant and rotates the (j + 1)-st by 90
degrees. Thus, it bijectively maps two successive sectors to the upper half plane. Next, we
define domains Vp, Vi, ... which serve as a substitute for the grid Z? and its refinements
%ZQ (see Figure 10). In each sector we consider the set

V, =27"(Np x Np) (primal case), or
Vo= (@227 +27(Np x No) (dual case).

Then we obtain Vg, Vi, ... by
Vn = ‘7” X Zk;

with the appropriate identifications at boundaries. So V,,; arises from V,, by dilation
with factor 2 (see Figure 10). R’ maps parts of V}, to vertices of the regular grid 27"Z>
(or to a translated regular grid in the dual case). We choose edges and faces such that R’
maps the combinatorics to a part of the regular grid. So we obtain combinatorics with
one single vertex of valence k (primal case) or one single face of valence k (dual case).
The action of a subdivision scheme S on such k-regular input meshes is interpreted in
the following way: It transforms vertex data h : V,, — R< at level n to new vertex data

Sph: Viper — R
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We explicitly distinguish the operations on different levels since we find it more convenient
for the analysis of nonlinear schemes. The dilation operator o defined by o f(z) = f(2x)
obviously obeys 5,1 00 = 0 0.5,,. We now can define convergence near a singularity:

Definition 1.12. A subdivision rule S converges on the bounded k-reqular mesh p : Vo —
RY, if there is a uniformly continuous function f,: D — R? such that

1/

Here S;; is short for

v, — Si—1,0P|lee converges to 0, as i — oo.

Si7l:SiO...OSl for ZZZ,

and S;; is the identity if ¢ < I. S;_1 maps data on subdivision level 0 to data on level i,
by performing i steps of subdivision. For the limit we use the notation

Soo,Op = fp'

The first step in the convergence and smoothness analysis is to split the neighborhood
of the singularity into so-called rings D; (see Figure 11). We let

D; = Di(r) ={(z,y,7) € D : 2~ < max(x,y) < 2_’#‘},

where the ‘radius’ r denotes some scaling factor which is explained later on. The segments
D!(r) are given as the intersection of the i-th ring with the j-th sector:

D! = Di(r) = Di(r) N D’.

Furthermore, we define the i-th inner area D by

D} =|JD,u{o}. (1.20)

1>i
Finally, we let
D_y=D\Dj and D' =D (1.21)

With this preparation at hand, we formulate our notion of standard algorithms.

To formulate the assumptions on the schemes we consider, we need the notion of the
control set ctrl’(U) of a set U C D which is defined by D. Zorin in [68], and which is a
set of vertices in the i-th level mesh which determine the limit function on U. This means
that the limit function on U only depends on data on ctrl’(U).

Our Setup. We impose the following conditions on linear subdivision schemes. The
major restriction in contrast to Reif’s setup for standard algorithms [45] comes from the
fact that we do not take the point of view of iteratively generating control points of surface
patches. In the nonlinear case, this view is not possible since such a finite dimensional
space of patches is not available in general. This also explains that our notion of a
subdivision matrix, given below, differs from [45]. For us, a standard subdivision scheme
S is a linear, primal or dual quadrilateral scheme, which is based on quadrisection, with
the following properties:
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Figure 11: Parametrization near an extraordinary vertex of valence 3 (primal and dual quadri-
section). Left: The domain D is obtained by gluing three quadrants together. The first three
rings Dy, D1 and Dy are visualized. Right: The thick line circumscribes the control set of Dy
on level 0. The particular choice of the size parameter r = 4 is valid for Kobbelt’s interpolatory
quad scheme.

(1) For regular connectivity, the derived scheme S converges.

(2) There is a ‘radius’ r > 0, such that the control sets ctrl’(D? (1)) are vertices of a reg-
ular connectivity. The subdivision matrix A maps data on ctrl’(Dj(r)), controlling
the i-th inner area D!(r), to data on ctrl™"(D/(r)).

(3) The subdivision matrix A has eigenstructure
I>A=A>|us| > ...

with the geometric multiplicity of A being 2. The characteristic map y, defined
below, fulfills:

X|pn\foy is regular and injective.

We simply write Df instead of D{ (r). Examples of schemes which meet these requirements
are the generalized Lane-Riesenfeld schemes [70], which the classical Doo-Sabin [10] and
Catmull-Clark scheme |3] are particular examples of. Those two schemes are generalized
and analyzed in [44]. An example of an interpolatory scheme is Kobbelt’s interpolatory
quad scheme [30], which was analyzed by Zorin in [67].

The notion of a characteristic map has been introduced by Reif in [47]. Our definition
is slightly different and follows Prautzsch [46]. The limit function of subdivision on D,
which is the union of all rings D; and 0, is determined by data on ctrl’(D’). We choose two
linearly independent eigenvectors to the subdominant eigenvalue of A. (all such choices of
eigenvectors essentially lead to the same characteristic map.) Each one determines input
data on ctrl’(D’), say hj), hli : ctrl®(D’) — R. We use h),hl to define 2D input data on
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Figure 12: Characteristic input hg and one round of subdivision for the Doo-Sabin scheme. The
limit function for hg defines the characteristic map.

ctrl”(D}) by ho = (hj, hy). The limit function y : P — R? of these data hg is called the
characteristic map, i.e.,

X = Soo,oho;

see Figure 12. We have the following important scaling property of the characteristic map

X(2:) = Ax(). (1.22)

The following theorem is due to Reif [47]. A proof which immediately generalizes to
R? d > 2, has been given by Prautzsch [46].

Theorem 1.13. For a standard scheme S and input data py : ctrlO(D/) — RY, let Sa.0p0
be the limit function of subdivision. Then the map

Seopoo X' x(D) = RY is O

For almost all input data py, the image S opo(D') is a two-dimensional submanifold of
R? locally around the (extraordinary) limit point Ss opo(0).

Shift-invariant schemes for more general topological refinement rules

We generalize the notions introduced for standard schemes to a setting which incor-
porates more general topological refinement rules. Furthermore, we relax the conditions
on the eigenvalues of the subdivision matrix. Because of the greater generality the setup
becomes somewhat more abstract, but we are concerned with the same issues as for stan-
dard schemes. As in the case of standard schemes we try to find a parametric notion
of convergence for a scheme near a singularity. We consider primal quadrilateral and
primal triangular based schemes in detail, and point out a setup for dual schemes using
\/2-schemes as an example.

We assume that for regular meshes the scheme can be represented by a subdivision
operator with isotropic dilation matrix M which is associated with a rotation of the regular
quadrilateral lattice in the plane or the regular triangular lattice in the plane, respectively.
For v/2-schemes and v/3-schemes the corresponding angle is +45° (see Figure 9), in case
of v/7-schemes it is #arctan(v/3/5) which is not a rational multiple of 7 [40].
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Figure 13: Domains for limit functions near extraordinary points for v/2 schemes (left) and v/3
schemes (right). The rings Dy and Do are shown in dark gray, the ring D; in light gray. The
union of all rings and the origin is the domain D’.

We define a domain for the limit function of subdivision for a k-regular input mesh. We
refer to Figure 13 for a visualization. In the quadrilateral case, as for standard schemes,
we use k copies of the positive quadrant = [0, 00[x[0, 0o[ in R? to define the domain
D. In the triangular case, we have to define a substitute for the positive quadrant: We
let 2 be the sector with opening angle 7/3, and cyclically glue k copies of this sector 2
to obtain the domain D for the limit function. To sum up, in both cases,

DZQXZk

with identification of points according to the gluing which is done as follows:

In each sector we have polar coordinates (z,¢) where 0 < ¢ < 90° (60°, resp.). The
points (x,90°) of the first sector and the points (x,0°) of the second sector are identified,
and so on, where the points (x,90°) in the k-th sector and (z,0°) in the first sector are
also identified. In the triangular case, (x,90°) is replaced by (z,60°). In this way we
obtain polar coordinates on D where angles vary between 0° and (k 90)° (or (k 60)° in
the triangular case). For example, a point in D with polar coordinates (x,110°) comes
from the second sector and has angle 20° in that sector. The i-th copy of Q in D is
referred to as i-th sector.

Next we define the domain Vj for the initial k-regular mesh which serves as a substitute
for the grid Z? we used in the regular mesh case. In the quadrilateral case, we let ¥ be
the unit square [0, 1] x [0,1] C Q (the equilateral triangle of length 1 in the triangular
case). In the quadrilateral case, there is a quadrangulation of the sector € such that each
quadrilateral is congruent to X. We glue these sector-wise quadrangulations together to
obtain a quadrangulation of D. The vertices of this quadrangulation define the set 1}
which serves as domain for the initial k-regular mesh; see Figure 14 for a visualization. In
the triangular case, we have a regular triangulation of {2 where each triangle is congruent
to 2. We glue these sector-wise triangulations together to obtain a triangulation of D.
The vertices of this triangulation define the set V[, which serves as a domain for the initial
k-regular mesh.
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We define the domains Vi, V5, ... for the subdivided k-regular meshes (which serve
as a substitute for the refined grids M~"Z?). To that end we introduce the notions of
dilation and rotation on D : In polar coordinates, dilation by a factor A > 0 is given by
(x,¢) — (Az, ¢). Rotation about an angle ¢ is given by (z,¢) — (z, ¢ + ). The dilation
matrix M now induces a ‘similarity transform’ G = G,,-1 , with dilation m™! = |det M|
and rotation angle ¢) which is the same as the rotation angle in the regular case. We define

V=G

(In the standard scheme case, we used the definition G = G, ,, with rotation angle 1) =0
and the dilation factor A = 1/2).

A
1

Yx1

Figure 14: Primal v/2-subdivision for valence k = 3 near a central irregular vertex. Vertex
sets Vp at level 0 (left) and V) = GV at level 1 (right).

Convergence of a scheme can now be defined by Definition 1.12. As in the case of
standard schemes, the action of a subdivision scheme S on input on level n is denoted
by S,. We let S, ,,, = Sy -+ Sm, and S ,, is the operator mapping data on level n to the
corresponding limit function.

We define subsets of D which are needed for analysis purposes. As in the case of
standard schemes, we use the symbol r to denote some scaling factor which is explained
later on and which should not be confused with the radial component of some polar
coordinate. We start with the neighborhood D’(r) of the singular point 0 of the domain
D given by

D'(r) :=r¥X X Z,
which means that D’(r) is obtained as scaling of the union of all copies of the unit square
in all sectors (or equilateral triangles in the triangular case).

Using the similarity transform G from above we obtain rings D;(r) (see Figure 13) as
follows:

Dy(r) = D'(r)\ GD'(r), Di(r)=GD'(r)\ G*D'(r),
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The segments D?(r) and the i-th inner area D!(r) are given by
Di(r) = G(Q x j)NDy(r),  Di(r)=GD'(r). (1.23)

The set D_; is given in analogy to (1.21), respectively.
We now formulate the setup for our class of more general schemes. Note that that
assumptions on the eigenvalues of the subdivision matrix are also weakened.

Our Setup. We consider subdivision schemes S with the following properties near a
singularity of valence k:

(1) For regular connectivity, the smoothness index v, 5 is greater than 1.

(2) There is a ‘radius’ r > 0, such that the control sets ctrl’(D? (1)) are vertices of a reg-
ular connectivity. The subdivision matrix A maps data on ctrl’(D}(r)), controlling
the i-th inner area D/(r), to data on ctrl™" (DL (r)).

(3) The largest eigenvalue of A is 1, and A has a unique pair of complex conjugate
subdominant Jordan blocks (if the corresponding eigenvalue is real, we assume that
there are exactly two Jordan blocks of highest multiplicity). The characteristic map
x : D\ {0} — R?, which is defined below, is regular and injective on the punctured
set U \ {0}, where U is some neighborhood of 0.

We simply write D; instead of D;(r), DJ instead of D!(r), ...in the following.

In order to define the characteristic map we consider a (complex) Jordan vector v of
highest multiplicity to a subdominant (complex) eigenvalue A. If X is real, we choose v
such that Rev and Imv are linearly independent. The characteristic map y : D — R?, is
obtained as limit of subdivision with input data [Re v, Imv].

Concerning the subdivision matrix we want to point out that the ordering of the
columns and rows of the matrix must be in correspondence to the similarity G .

To mention some sources of examples, v/3 and /7 schemes can be found in [41] and
[40]. Kobbelt’s /3 scheme serves as an example in [41].

The conditions on the eigenvalues in (iii) are, for example, fulfilled for so-called shift-
invariant algorithms [45]. An algorithm is shift-invariant if it is invariant w.r.t. shifting
the sector-index. We explain this: Assume that we have data py on V. Then each v € 1}
is of the form (x, j) with x € 2 and j € Z;. We can apply a shift by [ € Z; meaning that
(z,j) — (x,j + ). This induces a shift on the data pg; we call the result go. Then the
shift by k applied to the limit of a shift invariant algorithm for input py equals the limit
for input ¢q. This assumption is absolutely natural for a subdivision scheme in our sense,
since for a general mesh no a priori ordering near a singularity is available (the book [45]
has a somewhat different view towards subdivision which explains why shift-invariance is
a property there).

There is another interesting scheme we would like to incorporate into our framework:
Peters’ and Reif’s simplest subdivision scheme (mid-edge subdivision)[43|. This scheme
is a dual v/2-scheme. We have only treated primal schemes above. Except for the choice
of the discrete domain Vj the framework presented above can remain unchanged. We
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Figure 15: Choice of vertex sets Vj (left) and V; = GV} (right) for dual v/2-subdivision
near an irregular vertex of valence k = 3.

explain how to choose V; and the refinements V; such that the class of dual v/2-schemes
also fits into our framework; see Figure 15. We let

Vo=((3,3) +No x No) x Zi,  and  Viur = Gy pygmaVi

This means that Vj are the midpoints of the copies of X, and that the refinements V; are
obtained by i times application of the similarity transform with dilation factor 1/ V2 and
rotation angle +m/4 to Vj. Proceeding similarly, one can also include other dual schemes;
in particular dual quadrilateral schemes based on quadrisection.

The following theorem of U. Reif is analogous to Theorem 1.13 and is also valid in
the case of our more general dilation matrices. This has also been observed in the papers
[41, 40].

Theorem 1.14. Let S be a subdivision scheme fulfilling the assumptions above. For input
data po : ctrl®(D') — R, let Seo0Po be the limit function of subdivision for input py. Then
the map

Sewopoo X ' x(D) = RY is  CL

For almost all input data py, the image S opo(D') is a two-dimensional submanifold of
R locally around the (extraordinary) limit point Se opo(0).
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2 Nonlinear geometric subdivision schemes

In this chapter we introduce geometric subdivision schemes which handle data in
nonlinear geometries such as Riemannian manifolds or Lie groups. These schemes are
necessarily nonlinear. The constructions we present here use a linear rule as a template
and modify it such that the resulting scheme is able to process the geometric data. Various
such constructions have been proposed in the literature; see [53, 57, 55| and the references
cited there. We present some of them later on. The following construction is new.

Intrinsic mean subdivision:

Intrinsic mean subdivision is particularly suited to subdivision in Riemannian mani-
folds. The idea of an intrinsic mean in a Riemannian manifold M, also called Riemannian
center of mass, goes back to Cartan. For details, we refer to [27]. In the context of
‘meshless geometric subdivision’, intrinsic midpoints of surfaces were used in [36].

We consider a linear scheme S. The geometric rule of S is given by the stencils a,,,
which determine new vertex positions by

For the construction of the intrinsic mean analogue T" of S, we retain the topological rule.
For defining the geometric rule, observe that in Euclidean space the weighted center of
mass hq(w) is the minimizer of a quadratic function:

hi(w) = argmin, ZU oy ||ho(v) — q||§

Replacing the Euclidean distance by the Riemannian distance, we obtain the rule
ha(w) = argming > o, dist(ho(v), ¢)°. (2.1)

This minimizer is called (weighted) Riemannian center of mass or intrinsic mean. Using
the rule (2.1) naturally preserves the symmetries present in the coefficients a, .

Existence and uniqueness of h;(w) is guaranteed if the contributing old vertex positions
ho(v) lie in a small enough ball. For estimates on the sizes of these Riemannian balls we
refer to Kendall |28, 27]. It is a general issue that a geometric scheme, in general, is
only defined for dense enough input data; a fact we also encounter for all the schemes
presented later on. By dense enough we mean that the values ho(v) which contribute
to the calculation of hi(w) are nearby. However, in certain Riemannian manifolds and
for certain schemes the above construction is globally defined. We discuss this topic in
Chapter 5.

We have the following nice property:

ZU o expﬁll(w)(hg(v)) = 0. (2.2)

Here exp is the Riemannian exponential function. If the old vertex positions py(v) sit in a
small enough Riemannian ball, the balance condition (2.2) even characterizes the center
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of mass (2.1). This property could also serve as a definition if no distance is available,
like in a Lie group.
Obviously, (2.2) is equivalent to

hi(w) = expy, () (ZU Qyw exp,;l(w)(ho(v))). (2.3)

The following gradient descent converges to the intrinsic mean hq(w) :

Yj+1 = €XPy, (ZU Ay w eXpy_jl(hQ(U))), (2.4)

whenever the initial point y, is chosen in a small enough ball. This provides a way of
computing the mean.
In case of regular mesh subdivision the intrinsic mean analogue of S = S, )/ given by

Spla) =, ala—MB)p(A),
reads
T'p(a) = argmin,, Zﬁezd ala — Mp) dist(p(a), q)*. (2.5)

The equations (2.3) and (2.4) allow us to establish a connection between the intrinsic
mean analogue and the log — exp analogue we explain next.

Log-exp subdivision:

For log-exp subdivision the data is supposed to take values in a Lie group, a Rieman-
nian manifold or a symmetric space, see [58]. It was proposed in [53]. In order to define
the log-exp analogue 7' of a linear scheme S, we again retain the topological rule. In order
to define the geometric rule, we use the affine invariance of S, i.e. > Qy = 1 and
rewrite the geometric rule of S :

hi(w) = anuho(v) = 2(w) + ) avulho(v) —z(w)), (2.6)

where z(w) is an arbitrary point in Euclidean space.

The operation ‘point + vector’ and the operation ‘point — point’ in (2.6) are replaced
by exp and its inverse, respectively, which are available in a Lie group, a Riemannian
manifold or a symmetric space. We obtain

hy(w) = expx(w)(zv Quw exD, k) (ho(v))), (2.7)

veVy

with base points z(w) in the manifold. For Lie groups, exp,(v) = x exp(z~'v). The choice
of base points should match with the connectivity of the mesh: a vertex of a refined mesh
is combinatorically associated with a vertex, edge or face of the original mesh. It makes
sense to let w’s ancestor determine x(w), e.g. as intrinsic edge midpoint or face midpoint.
One possible face midpoint is the midpoint of diagonals.

For obtaining C! smoothness on general meshes it turns out that the choice of base
points is rather arbitrary: z(w) should just be chosen to lie in a neighborhood (of globally
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fixed size) of w. For obtaining smoothness higher than C? for regular meshes this is not
the case. Here a special choice of base points is necessary.
In the regular mesh case, the corresponding subdivision operator reads:

Tp(a) = exp, (Y ala—MpB)log,p(8)), (2.8)

Bezd
where ¢ is some base point dependent on .

Ur Rahman et al. [53]| choose ¢ = p(y) as base point, where & = M~ + r. Numerical
experiments in [64] suggest that no high order smoothness can be expected for that choice
of base-points for non-interpolatory schemes. In that paper, Xie and Yu propose a different

strategy. They choose the base point as the result of an auxiliary interpolatory scheme
(), which fulfills sufficiently high order sum rules. Then (2.8) reads

Tp(e) = exPapa)(D_,_,, alor = MB)108g,0) P(8): (2.9)

The correct choice of base-points is also the topic of the paper [16].

As intrinsic mean subdivision, log-exp subdivision is only well defined for dense enough
input. This is due to the fact that the log-function and the exp-function are in general
only locally defined.

We owe the connection between log-exp subdivision and intrinsic mean subdivision:
By (2.4) the action of the log-exp analogue at a point in a Riemannian manifold can be
interpreted as first step in the iteration to the intrinsic mean on the one hand. On the
other hand, by (2.3), the intrinsic mean analogue can be interpreted as log-exp analogue
with a very special choice of base points, namely the means itself. So for analysis purposes,
intrinsic mean subdivision can be seen as an instance of log-exp subdivision.

Subdivision using the geodesic analogue:

This construction works for Riemannian manifolds and was proposed in [57]. The idea
is to write the linear rule

hy(w) = Za%who(v), where Zauw =1, (2.10)

as an iterated process of affine averaging. To explain this, we use as an example the Doo-
Sabin scheme on regular meshes (producing the tensor product of the quadratic B-spline)
which has the form

h(w) = 15ho(vo) + 1ho(v1) + 5ho(v2) + 15ho(vs). (2.11)
With the affine averaging operator av, given by
avy(z,y) = (1 — Nz + Ny, A €ER,
we can rewrite (2.11) as

hi(w) = avya(avi/a(ho(vo), ho(v1)), avija(ho(v2), ho(vs)))
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This representation is by far not unique. It is shown in [57] that as a consequence of the
affine invariance every rule of the form (2.10) can be written as an iterated process of
affine averaging:

hy(w) = avy,(avy, (.. .),ava, (o .. avy, (.. .)). (2.12)

The replacement for the affine averaging operator av, in linear case is given by the geodesic
averaging operator g-av, . For two nearby points z and y in a Riemannian manifold we
consider the geodesic ¢ joining x and y which is parametrized such that ¢(0) = x and
¢(1) = y. Then the geodesic averaging operator g-av, is defined by

g-av, (z,y) = c(N).

Replacing each occurrence of av by g-av in (2.12) we obtain a geodesic analogue T" of the
scheme S :

hi(w) = g-av, (g-avy, (...),g-avy, (..., g-avy (...))). (2.13)

This analogue is again well-defined for dense enough input data. This restriction is due
to the fact that, in general, shortest geodesics need not exist and even if they do exist,
they do not have to be unique.

Subdivision using the projection analogue:

This analogue works for surfaces M embedded in some R™ or nice closed sets M in
some R"™ like compact sets with smooth boundary. In applications, the complements of
these second sets might be considered as obstacles the subdivision surface is not allowed
to intersect. The general idea is that there is some projection mapping available, such
that one can use a linear subdivision scheme S in R" for data in M and afterwards project
the output data back to M. This way of subdivision in a surface is pointed out in [57],
and a detailed treatment can be found in [15]. The case of subdivision in the presence of
obstacles can be found in [55].

We discuss the notion of a projection (or retraction) P: If we have dense enough input
data it is reasonable to assume that the output of S applied to data in M does not lie too
far from M. So it is sufficient that P is defined in an (open) e-neighborhood U of M. The
notion of a projection is formalized by requiring P o P = P. Since it shall be a projection
to M, we require P(U) C M. Then the projection analogue T" of S is defined by

T=PoS. (2.14)

The projection is also required to be at least continuous. The smoothness of the projection
limits the smoothness of the resulting geometric scheme [15].

We give some examples of projection mappings. In the case that M is a surface one
can use a closest point projection, or if a surface in R? is given as a level set f(z,y,2) =0
of a smooth function f then one case use gradient flow for projecting. The projection in
the obstacle case can be defined as follows: If x € M, then Px = x, and otherwise P
is a projection to the boundary of M. This mapping is only continuous which limits the
smoothness we can expect to C*.
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General bundle framework:

We briefly recall a general framework set up in [17] which we use in Chapter 6. The
framework applies to the log-exp analogues above and thus to the intrinsic mean analogue
via its interpretation as log-exp analogue with a special choice of base points.

It is assumed that the manifold M is the base space of a smooth vector bundle 7 : £ —
M with a smooth bundle norm (e.g. in a Lie group the trivial bundle with the Lie algebra
as fiber and some canonically extended norm on the Lie algebra, or the tangent bundle
of a Riemannian manifold with the norm induced by the Riemannian scalar product).
The substitutes of addition and subtraction are given by an operation & : EF — M,
which is defined in a neighborhood of the zero section of the bundle, and an operation
© : M x M — FE, which is defined near the diagonal (e.g., the Lie group exponential
or the Riemannian exponential and their inverses). Furthermore, y © z € 77*({z}) and
z @ (y © x) = y have to be fulfilled. Then the geometric analogue of (2.6) (w.r.t. this
bundle) is given by

n(w) = z(w) ® ZU .0 (o (v) © z(w)). (2.15)
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3 Analysis of nonlinear schemes with general dilation
on regular grids

In this chapter we obtain convergence and smoothness results on regular grids for
schemes which are ‘not to far apart’ from convergent and smooth linear schemes. The
nearness is formalized by so-called proximity conditions. We consider schemes based on
general dilation matrices. The results are applied to the geometric schemes explained in
Chapter 2. Such results have been obtained by [57, 56, 64| in the univariate case, and by
[14] in the multivariate case for standard dilation matrices, i.e., multiples of the identity
matrix. Our method of proof is not via derived schemes as in the above mentioned
references; that derived schemes exhibit problems in the case of general dilation has
already been observed by Sauer [49].

The material of this chapter is contained in [60].

3.1 Statement of the results

The fact that nonlinear subdivision is well-defined only for dense enough data entails
considerable technicalities in the proofs. The exact formulation of the prorimity between
a nonlinear scheme and the linear scheme it is derived from is similarly technical. We
introduce the following notions: For a subset N of Euclidean space and a positive real
number o, we consider the class Py, of o-dense data which lie in NV :

Py, = {p € 1®(Z% N) : ||Vepllso < o for all canonical basis vectors ei}.

Typically N is a surface in Euclidean space or some open set in Euclidean space obtained
as image of a chart. Further, we consider the quantity

J
2(p) = ZHFTp(Hv“pW, where T; = {y € N} | 11+ 29 + -+ jv; = j + 1}.
yeD; i=1 M=

(3.1)
For illustration, consider the cases j =1 and j = 2:

Qi(p) = sup |[V*p[>,  Qa(p) = sup [|[V*p|* + sup ||[V*p|| sup ||[V¥p].
lul=1 lul=1 lul=1 |]=2

Using this notation, we define proximity between subdivision rules S, T which operate on
data living in a Euclidean vector space.

Definition 3.1. Subdivision rules S and T obey proximity inequalities of order k in the
domain Py, if there is a constant C' > 0 such that, for all p € Py,

sup [|[V*(Sp —Tp)lleo < CQy(p) forj=1,... .k (3.2)

lpu|=5—1

This definition can locally be applied to a geometric scheme acting in an abstract
manifold N by going to Euclidean space using charts (if N C R" it can be applied
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directly). The linear scheme is applied w.r.t. to the chart representation of the data and
the output of the geometric scheme is transfered to Euclidean space by the chart.

The above conditions have been successfully applied to the analysis of geometric curve
subdivision schemes and multivariate schemes based on a dilation matrix of the form N1.
[57, 56, 64, 14]. It turns out that also in our setting, allowing dilation matrices to be
arbitrary, we can use them to obtain convergence and smoothness of T. However, we need
to follow a somewhat different path in our argumentation later on.

We use the following definition of convergence of a nonlinear scheme where we postulate
that iterated subdivision is well-defined.

Definition 3.2. A subdivision scheme T is called convergent for input data p iof T"p is
well-defined for all n, and if there is a uniformly continuous function f, such that

1 fp(M ") = T*pl| e za) = 0 as k — oo.

Here f, is sampled on M *Z? and a sequence on Z? is generated from this sample by
the change of coordinates a@ — MFa.

The statement of our first result, the following convergence theorem, is rather technical.
This is mainly due to the fact, that in the nonlinear case, where the scheme is in general
not globally defined, it must be guaranteed that the subdivision process is well-defined
on each intermediate level of subdivision. Note that we also obtain a nice sequence of
uniformly continuous functions converging to the limit of nonlinear subdivision.

Theorem 3.3. Consider a convergent linear subdivision rule S, acting on a regular
grid. We assume that S is in first order proximity with the subdivision rule T w.r.t. the
class of data Pn,. We assume that, for all p € Py, the subdivided data T'p takes its
values in some set N with N C N’ C R". Assume further that there is a subset N" C N
and o’ > 0 such that the o'-neighborhood U,/ (N") obeys

U, (N"YAN' C N.

Then there is a denseness bound o” > 0 such that the subdivision rule T converges for
bounded data p € Pyn ,n. Furthermore, using the notation of Definition 3.2

T'p* ¢p(M™) = f, as uniformly continuous functions.
Here ¢ is the refinable function generated by S.

Since we consider quite general sets N in this theorem we have to assume the existence
of the set N” with the above properties. However, if, for example, N is a ball of radius
r, then N” can be chosen as the ball with the same center and radius » — ¢’. Then, for
this particular choice of N, the theorem says that, if S and 7" fulfill proximity conditions
w.r.t. Py,, then T converges for dense enough input in the smaller ball N”. The next
statement is the main result of the present chapter. It concerns smoothness.

Theorem 3.4. Assume that the linear subdivision rule S, (acting on a regular grid)
has mazximal sum rule order k and that it is in k-th order proximity with a subdivision
rule T w.r.t. to some domain Py, of o-dense data. If T' converges for input data p, then
the limit f, is a Lip,, function for all v < v, .
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The proofs of these theorems are given in Chapter 3.2. The main reason for deriving
these theorems is that they apply to the geometric subdivision rules introduced above.
When transferring the data we operate in into R™ by means of some coordinate represen-
tation, we get nonlinear subdivision rules which work in R". Knowing that this produces
rules which are in proximity to linear rules, we conclude:

Theorem 3.5. The previous theorems regarding convergence and smoothness apply to
geometric subdivision rules which are the log-exp analogue or the intrinsic mean analogue
of the linear rule S, nr. In the log-exp case, the choice of base points must follow [16] (of
which (2.9) is a special case). Furthermore, they apply to the projection analogue, where
for the smoothness result it is required that the projection mapping is C**1.

Corollary 3.6. If the linear subdivision scheme S, 15 stable and M s isotropic, the
analogues mentioned in Theorem 3.5 produce limits f, whose smoothness index v(f,) is at
least as high as the smoothness index v(¢) of the refinable function ¢ of the linear scheme.
In particular, if the linear scheme produces C* limils, then the geometric analogues also
produce C* limits.

3.2 Convergence and smoothness analysis

Here we prove Theorem 3.3, Theorem 3.4 and its corollaries.

The first lemma shows the two important inequalities (3.3) and (3.4). The estimate
(3.3) establishes a certain contractivity of the nonlinear scheme 7. A similar estimate
is also an important intermediate step in all previous smoothness proofs for geometric
nonlinear schemes in the literature. In addition, we obtain the estimate (3.4) which is
central in the proof of Theorem 3.4.

Lemma 3.7. Assume that S, is a linear convergent subdivision scheme with mazimal
sum rule order k. Assume furthermore that S, and the (nonlinear) scheme T fulfill
k-order prozimity conditions w.r.t. some class Py, of o-dense input.

Then for any s > 1, we can find C > 0 and ¢” > 0 such that the following is true: For
input p € Py, for which we assume that T"p is defined for all n and that T"p € Py,
for all n, and for any j € {1,...,k} we have the inequality

sup IVFT"plloe < C max(pg, [Amin] 7)"s" sup V9Dl oo, (3.3)
ul=3 pl=1

where C' is independent of p. Here A\nin 1S an eigenvalue of the dilation matriz M of
minimal modulus. In particular there is a constant L > 0 with

Q;(Tp) < Lpjprs)" supy,—1 |Vl (3.4)

Proof. If the statement holds for some s > 1, it obviously holds for any s’ > s. So we
can fix s > 1 such that p;s < 1 forall j =1,... k. For every j € {1,...,k} there is, by
Lemma 1.10, a constant C’; (dependent on s) such that

sup [|[V*S"plloe < Ci(p;s)" sup [[V¥pllo.

=7 lul=J
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We let C" = max; <j<i Cj. Furthermore, we denote the proximity constants from (3.2) by
Cp.

For the next estimate, we consider j € {1,...,k} and a multiindex p of order j. We
apply Lemma 1.10 and (3.2) in order to obtain, for every n € N, the estimate

-1
IVFT"plloe < ZIIV“SZ T = 8$)T" " plloc + V" S"plloc
=0

n—1
<20 phs sup VT = 8)T" " 'plloe + C'pffs™ sup [|[V*pllo
1=0 ml=j—1 |ul=j
n—1
<2C'Cp Zpl ' QT 'p) + C'plts™ sup || VPl oo (3.5)
1=0 lul=i

Recall that by Theorem 1.4, p,,, = max(pg, | Amin| ") for m < k. We use induction on
‘the order of differences’ j to show (3.3) and start with the case j = 1. We show (3.3) for
the case 7 = 1 for the constants

p15(1 — p1s)
8C"”2Cp
To that end, we perform induction on the subdivision level n. The case n = 0 is clear,

since C" > 1. As to general n assume that (3.3) holds for all smaller values than n (still,
j = 1). Observing that we set C' = 2C" in (3.6), we have

C=C:=2C" and o¢" =07 :=min(o, ,1). (3.6)

(T p) = sup VAT 1p]1%, < 4C™ (prs)® =472 s V¥ plI2, (3.7)
pul=1 =1

by the induction hypothesis. This implies, using (3.5),

—_

n—

sup [[VT"plloc < C'pfts™ (8C2Cp(3(p15)"72) sup [IV7plloc + 1) sup [ *p]|cc

=1 I =1 =1

i
=)

(3.8)

Applying the geometric series, we get

n—l n—i-2 -1
>, (prs) < (p15) (1 —pus) . (3.9)
Our choice of of in (3.6) implies that
SUp =1 VPl < 0f <1/8 C'2Cp p1s(1 — pys). (3.10)

Plugging (3.9) and (3.10) into (3.8), we obtain (3.3) for the case j = 1.

We perform the induction step. As an induction hypothesis we assume that (3.3) is
valid for i = 1,...,j — 1 instead of j with constants C' = 2!C" and o _;. This means that
we consider input p € PNﬁ;/_l, for which iterated subdivision using 7" is defined and for
which T"p € Py, for all n € N. We assume that, for such input and i =1,...,7 — 1,

sup VAT D||oo < 2°C’ max(pr, [Amin]™)"s™ sup [|[V*D||oo, (3.11)

ll= |ul=1
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for any s’ > 1. We choose s’ as
s = sH/U+D, (3.12)

Recall that s is chosen in a way such that p;s < 1, as well as p;s < 1. We perform
induction on n to show (3.11) for ¢ = j for the constants

. o |
C=2C" and o" =0} =min(o] 272(1 = pis)p;s

: 1
J=b DCp 1),

where we define the constant D by
D = 21t1CIH Dy

The choice of D will become clear later on. The case n = 0 is obvious. For the induction
step we assume that (3.11) is valid for i = j and n replaced by smaller values than n.
There is only one v € I'; with v; # 0, namely v = (1,0,...,0,1). Using the induction
hypothesis its contribution to (3.1) can be estimated as follows:

sup [[VAT" ™l sup [VAT" " plloe < 27710 (pjprs*)" ' sup [[VEp[2.
lul=j =1 lul=1

For the other summands v € I'; (with 7; = 0) we obtain, using the induction hypothesis,

J

J
[ suplver=""tplz < [ 270" (ois) =1 sup || V4p

Vi
i=1 K= i=1 lul=1 -
< 9i+1 i+l (3+1)(n—1-1) ﬁp;n(nll) sup Hvup Zo
i=1 lul=1
J
< YT up ([ Vep|2 - [ e Y. (3.13)
|ul=1 i=1

The last inequality is a consequence of supy,|_; | V#p|lc < 1 which is due to our choice of
o”. Next, we show the estimate

J )
| T (3.14)

We recall that Theorem 1.4 states that p; = max(|A\pnm| ™", px); this implies in particular
that pp < pp1 < ... < p1 <L We distinguish different cases: If j < —log, .| Pk which
means that p, < |Anin| ™7, we apply Theorem 1.4 and obtain that p; = |Apm|™" for all
1 <i < j. As a consequence,

J ) i
Hi:1 'OZZ = ‘)‘min‘ == PiP1-

This shows (3.14) in case that j < — log)y, .| Pk- SO we can assume that j > —log, . ok,
i.e., pr > [Amin| 7. Then Theorem 1.4 implies p; = p;. If there is some non-zero factor v;,
such that i > —log, . | pk, then

J . J .
Vi < . Vi < — .
| |Z.:1 i > Pk | |2.:1ﬂ.7£1.0 i = PrP1L = PiP1
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This is true since p,, = pr = p;j and p; < p; < 1. If v # 0 only for ¢ smaller than
—logy, .| Pk» then

J _
Hi:l P = |Amin] It = [Amin] ‘)‘mln’ < PrpP1 = PjpP1-
This shows (3.14). Using the estimate (3.14) in (3.13), we obtain

Q1" p) < (27O + (IT;] = PO (piprs?)" T sup [V

=1
< D(pjprs”)" " sup [[V*p|1%. (3.15)
lu|=1
We use (3.5) and (3.15) to obtain
n—1
sup || V#T"pllo < 2C’CPZpl ST ") + C'ps™ sup [V plloo
lul=j _ lul=3j
n—1
<20 CPDZ p;is)"H(prs) ! sup [V¥pl1Z, + 277 1C"pls™ sup [|[V*pl|o
1=0 lul= lul=1
< Cpjs (200 D01 = p1s) ™ (p39) ™ sup [Vl +2771) sp [ 979l
= ul=

< VCpts" sup V4Dl oo
pl=1

The last inequality is valid since, by the choice of 0}’ , the term in brackets is smaller than
27. So the induction w.r.t. both n and j is complete. Finally, the statement (3.4) is shown
by (3.7) and (3.15). m

With these preparations at hand we can prove Theorem 3.3.

Proof of Theorem 3.3. We choose s > 1 such that sp; < 1. We let ¢y be the piecewise
linear B-Spline. Since both ¢y and the refinable function ¢ associated with S reproduce
constant functions and have compact support, the inequality

1p* do — P * ¢lloc < Crsup|=y [[V'Dlloo

holds for all bounded input data p with C not depending on p. Furthermore,

Ip* @olloe < Collpllec  and  [|p * @lloc < Csllplloo,

where the constants are the corresponding operator norms. Let Cj be the constant from
the first order proximity condition, and C;5 be the constant from (3.3). We use the symbol
oy for the constant from (3.6). Then we let

/

" . " g Ul(l B p%SQ) 12 o
_ 7). 1
o~ (“1’40105’< 2C;C,C2 ) ’05) (3.16)

We show that, for input data p € Py ,», T"p is defined for all n € Ny, and that T"p €
Pn . Then the assumptions of Lemma 3.7 are met and we can use this lemma to deduce
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convergence. We use induction on n. The case n = 0 is clear. As induction hypothesis
we assume that for all k =0,...,n — 1, T%p is well-defined and that it belongs to Py .
Furthermore, we assume that T%p takes values in U, (N”). Then T"p is defined, and for
k=0,....,n—1,

T4 5 ) = T (M) e = [[(T = ST p 5 (U™ o

< C3C4 sup ||V“Tkp||go.
=1

Using Lemma 3.7 and the above estimate we obtain, for m < n,

[T"p * do(M™) = T™p * go(M™)]| oo

n—1
< T * ($o(M™) = S(M™ )l + D [T px S(MF1) = THp x G(M*)] o0
k=m
+ 1 T7p + (Po(M™:) — ¢(M™)) |
n—1
< Oy sup [|[V*T™plloe + C5C4 Z sup ||[V*T*p||2 + Oy sup [[V*T™p]|
=1 e, I11=1 =1

n—1

< 2C1C5(prs)™ sup IV*plloc + CsCaCE Y (p15)** sup [[V#p]3,
ul=1 k=m lp|=1

< G (pr1s)™ + C3CaC3(prs)™ (1 — pis®) ™ sup IV pllZ, < o'(prs)™ (3.17)
/"L =

The last inequality is true because of the choice of ¢” in (3.16) and because, by assumption,
|VED|loo < o”. If we let m = 0 in (3.17), we obtain that 7"p takes values in U, (N").
Furthermore, sup), _; [|[V*T"p|o < C5(0/C5) = 0. This completes the induction.

A straightforward consequence of (3.17) is that T"p % ¢o(M™-) is a Cauchy sequence,
which implies the convergence of 1" for input data p which belong to Py» ,». Furthermore,

[T7p * (¢o(M"™:) = ¢(M™))[|oc < Crsupy, 1 [[VFT7P]loo,

and the right hand side approaches 0 as n — oo. This implies that the sequence of
uniformly continuous functions T"p * ¢(M™-) converges to the limit of 7" for input p as
n — oo. Hence, we also have that the limit f, of the nonlinear scheme is uniformly
continuous. This completes the proof. O

Our next objective is the proof of our main result on smoothness of nonlinear subdi-
vision schemes in the regular grid case.

Proof of Theorem 3.4. Since, by assumption, T converges for data p, subdivided data
eventually gets dense. So we can w.l.o.g. assume that p itself is already dense enough.
We show that T"p x ¢(M™-) is a Cauchy sequence in Lip, . Then Theorem 3.3 implies
that the limit function of T" belongs to Lip, . We choose s > 1 such that s2p; < 1. We let
C be the constant of Proposition 1.11 and Cy be the proximity constant of (3.2), and we
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denote the constant of (3.4) by L. We use Proposition 1.11 to estimate
[T p s (M) = T™p s G(M™)|Lip,
— ‘Tn—l—lp* ¢(Mn+1_) _ ST"p* ¢(Mn+1')|Lip7,k
< C1f Amax| ™" SUP || =k [VH(S = T)T"ploe

< 2010 | Amax " 8™ Qe (T ). (3.18)

By (3.4),
Qu(T"p) < L(prprs)” supy, -, [|[VFpll%. (3.19)
By the definition of the smoothness index v, s, we have py = |[Apax|¥»™. Therefore,

Pk Amax|” < 1. Using this fact and plugging (3.19) into (3.18) we get,
[T p s (M) = T"p s G(M™)|rip, e < 2C1CoL 7" supy, _ [[VFpl[2,,
where 7 = pg|Amax|75%[Amin| 7} < 1. We apply this estimate to obtain

||Tn+lp % ¢(Mn+l.) —T"p * (z)(Mn‘)”Lip,y,k
— [T s (M) = T G 1+ [T p % (M) = T s p(M™) o
< CLCL ™ (1 — 1) 7 supy, g [VPpll%. + [T p % (M) — T p s p(M™) oo,

where the second term tends to 0 by Theorem 3.3. Therefore, T"p * ¢(M™-) is a Cauchy
sequence in Lip, . This completes the proof. O

Proof of Theorem 3.5. Tt remains to verify the proximity inequalities. The geometric ana-
logues considered in this corollary are instances of the so-called g- f-analogues introduced
in [64]. Therefore the proximity inequalities for the intrinsic mean analogue (2.5), the
log-exp analogue (2.9), and the projection analogue (2.14) follow directly from Theorems
5.8 and 5.9 of [16]. O

Proof of Corollary 3.6. Theorem 3.5 ensures that the mentioned analogues produce limits
f» whose smoothness index v(f,) is at least as high as the smoothness index v, s of the
linear scheme. Then the smoothness index of the refinable function v(¢) equals the
smoothness index v, s [18]. The second statement of the corollary follows from the fact
that if S, s produces C* limits, then the corresponding smoothness index v, 5/ is strictly
greater than & [20]. O
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4 Analysis of nonlinear schemes on irregular combina-
torics

In this chapter we consider meshes with irregular combinatorics. We show that a
nonlinear scheme which is ‘not too far apart’ from a linear one converges (for dense enough
input data) and produces C* limits, if the linear scheme meets certain assumptions. The
geometric schemes considered in Chapter 2 are schemes which are ‘not too far apart’ from
the linear ones they are derived from. This allows us to conclude that, also on irregular
meshes, they converge (for dense enough input data) and produce C! limits. We start by
stating our main result. The remainder of the chapter is concerned with its proof where
we first consider (nonlinear) perturbations of standard schemes and then proceed to the
more general class of shift-invariant schemes, both defined in Chapter 1.2.

The results of this chapter are contained in the papers [62, 60].

4.1 Statement of the results

The main result of this chapter is the following:

Theorem 4.1. The geometric analogues of Chapter 2, i.e., the intrinsic mean analogue,
the log-exp analogue, the geodesic analogue and the projection analogue, of the linear
schemes defined in Chapter 1.2 (both standard schemes and shift-invariant schemes) con-
verge provided input data are dense enough and the mesh under consideration has bounded
face and vertex valences. These limits are even C1, if considered w.r.t. the characteristic
parametrization.

There are two ways to treat convergence (for dense enough input) and smoothness
issues for geometric schemes: The first is to embed the manifold into R¢, the second is
to go to a chart neighborhood. In both cases the geometric scheme 7', which then acts
in Euclidean space, is shown to meet a proximity condition with a linear scheme S. For
meshes of arbitrary combinatorics with a fixed, but arbitrary, bound L on the valence of
vertices and faces in the mesh, we define the class of o-dense meshes Py, with values in
N as all those meshes (K, h;) whose positioning function h; is bounded and has values
in N, and where the distance of neighboring vertices in N is smaller than o. We use the
following (local) proximity condition.

Definition 4.2. We consider a subset N C R? a denseness bound o > 0, and two
subdivision schemes S, T with the same topological rule.

Then S and T satisfy a (local) prozimity condition w.r.t. P, if there is a constant
C, such that for all input meshes (Ko, hy) which belong to Py, and all vertices w € Vi,
hi (w) only depends on holsupp(a. ) and

Ihf(w) = hf (W) <€ sup  [[ho(v1) — ho(v2)|%, (4.1)

v1,v2E€supp(a.,w)

Here hy and hT are the resulting positioning functions after refinement of (Ko, ho) using
S and T, respectively.
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Here supp(a.,,) is the support of the stencil a,, which are those vertices v which
contribute to the calculation of A7 (w). The proximity conditions used in [57] and [14] are
slightly weaker than the one in Definition 4.2; the difference is that we have to use locality
in order to show smoothness for the general mesh case.

Like in the analysis of linear schemes we can restrict the analysis of a nonlinear scheme
T (which is in local proximity with a linear scheme S) to the neighborhood of an extraor-
dinary face or vertex, respectively, when the regular mesh case has already been treated
(which is done in Chapter 3). This restriction is possible for the following reasons: By the
locality of the proximity condition (4.1), T is also a local scheme, and a new vertex gen-
erated by T' depends only on the old ones in the support of the according stencil of S. In
contrast to the linear case, this is not enough, because some additional technicality arises
in connection with the ‘dense enough’ assumption for input data, which can be overcome
as follows: If we have an input mesh with an upper bound on the valence of faces and
vertices, we can postulate the input data even denser, such that after the first subdivision
steps, the mesh is still dense enough near the singularity, but the connectivity around the
latter is that of a k-regular mesh locally near the singularity. Therefore, a convergence
or smoothness statement for k-regular meshes implies a corresponding statement for the
general case. This means that in order to prove Theorem 4.1, it is enough to prove The-
orem 4.4, Theorem 4.5, and Corollary 4.6. The first one is a convergence theorem. The
formulation is rather technical, which is mainly due to the fact that nonlinear schemes are
in general not globally defined and therefore we have to guarantee the well-definedness of
the data during the subdivision process. For our terminology concerning k-regular meshes
we refer to Chapter 1.2.

Definition 4.3. A subdivision scheme T 1is called convergent for k-reqular input data py,
defined on Vy, if iterated subdivision using T is well-defined, and if there is a uniformly
continuous function f, defined on D, such that

Hf’Vk - qu,opoHoo —0 as k — o0.

Theorem 4.4. Let S be a linear subdivision scheme as introduced in Chapter 1.2, and let
S and T' fulfill a local prozimity condition w.r.t. some Py ,. Assume that T,p, takes its
values in a set N' for all k-regular data p,, € Py, where N' is some set with N C N' C R™.
Assume further that there is a subset N” C N and o' > 0 such that the o’'-neighborhood
Uy (N") obeys

U, (N"YNN' C N.

Then there is a denseness bound o” > 0 such that T' converges for data py € P o» given
on Vy, and

Secit1Tiopo = Tooppo a8 i — 00, (4.2)
where convergence is understood in the sense of uniform convergence.

Since we consider quite general sets N in this theorem we have to assume the existence
of the set N” with the above properties. However, if, for example, N is a ball of radius
r, then N” can be chosen as the ball with the same center and radius r — ¢’. Then, for
this particular choice of N, the theorem says that, if S and 7" fulfill proximity conditions
w.r.t. Py, then T converges for dense enough input in the smaller ball N”.
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Theorem 4.5. We consider a linear subdivision scheme S as introduced in Chapter 1.2 on
k-regular input data. Assume that S and the scheme T fulfill a local proximity inequality
w.r.t. some class Py, of o-dense input. Then the limit of subdivision using T' is smooth.
More precisely, the limit function Taopoo X" for data py on Vy is well-defined and C* in
a neighborhood of the (extraordinary) point x(0).

Corollary 4.6. The geometric subdivision rules defined in Chapter 2 converge for dense
enough input data on k-reqular combinatorics and produce C limits w.r.t. the character-
istic parametrization.

The purpose of Chapter 4.2 is to prove these statements for standard schemes, whereas
Chapter 4.4 proves the above statements for the more general schemes of Chapter 1.2.

4.2 Analysis of standard schemes

In this part we prove Theorem 4.4 and Theorem 4.5 for standard schemes. We start
with some preparations and formulate some auxiliary lemmas we need for both the con-
vergence and the smoothness result. Then we prove the main results. These are contained
in [62].

As in Chapter 1.2 we interpret k-regular meshes as functions p, : V,, — R% We
introduce the following (nonlinear) difference operator: For some n € Ny, we consider
bounded input p,, € I°°(V,,,R?) and a subset B C V,,. We define

Appn(v) = sup{||pn(v) — pp(w)||ra : w is a face neighbor of v in B},
and furthermore
Dg(pn) = sup{Agpn(v): v € B}.

We drop the index B, if B = V,,. The quantity Dpg obviously satisfies the triangle inequal-
ity. Then the class Py of o-dense input can be written as

Py o = Uneng{pn : Vo, = N | p, is bounded, D(p,) < o}.

Here N denotes some subset of RY. With view towards application to geometric schemes,
one can think of N as a chart neighborhood or a surface embedded in Euclidean space.
Then the local proximity condition in Definition 4.2 reads: There is C' > 0 such that for
all n € Ny, and all n-th level data p,, € Pn,,
HSnpn(U) - Tnpn<1})” < Csupv1,v2€supps(v) ”pn(vl) - pn(UQ)HQ'

Note that any n-th level control set of U C D w.r.t. S also controls the limit of subdivision
using 7" on this set U due to the locality of the proximity condition. We consider the
sequence of sets V! = V,,, V! = ctr]"(D?) or V! = ctrl"(D,,), where n = 0,1,2,.... For
those sets, a local proximity condition implies that there is a constant F such that for
every level n and for data p,, € Py,

HSnpn(v) - Tnpn(vﬂ\//wl Hoo < F(DV,{ (pn))27 (4'3)
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This follows immediately from the locality of S, using the triangle inequality and the fact
that (a +0)? <2 (a® + %) for a,b € R.

We state a technical lemma which is a key ingredient in the proof of both the conver-
gence and smoothness result. The sequence g, in the lemma should be thought of as the
data the nonlinear scheme produces.

Lemma 4.7. Let S be a standard scheme. Let V! C V,, (n =0,1,2,...) be a sequence of
subsets, such that subdivision of data p, on 'V, determines S,p, on V, . We assume that
there are constants C' > 1 and v € (0,1) such that the following is true: For all levels n,

all n-th level data p, € I°(V!,RY), and all k > n,
Dy (Sk-1.nPn) < CY* "Dy (pn). (4.4)

Let m € Ny and suppose there is a constant C' > 0 such that for a sequence {gn}nmjo1 with
gn € 1%°(V! RY) we have the inequalities:

1gn+1 = Sngallsc < C"Y(Dy;(9a))? (4.5)
for all 0 <n <m, and
l—v
Dyy(90) < Nelech (4.6)

Then, for alll1 <k <m-+1,

Dy, (gr) < 2C~*Dy;(go)-

Proof. We use induction on k. For k = 1, Equations (4.5), (4.4) and (4.6) consecutively
yield
DV{ (91) SDV{ (g1 — Sogo) + DV{(SOQO) 20/’7(1)\/(; (go))2 + C’VDVO’ (90)
<C(2C"Dy;(g0) + 1)vDy;(g90) < 2CyDyy(go)-
We proceed with the induction step. Using (4.4) and (4.5) we have

VARVAN

k
Dy (gr) < 25:1 Dy (Sk-1191 — Sk-11-191-1) + Dy (Sk-1,090)
k
< lel C’Yk_lDV/ (91— Si—10-191-1) + Dy, (Sk-1.090)
k
<Y 209 AC Dy (911))” + C7 Dy (90)

We use the induction hypothesis and (4.6) to obtain

k
DVk’ (gk) < 2121 800/7k71+10272(171)(pvol (90>>2 + Cﬁ)/kDVO’ (90)

k

<CDy;(90) [Cz Zz=1 8C"y* " Dy; (go) + Vk}
8C'C?
L=~
This completes the proof. n

<Cv*Dy;(g0) [ Dy;(g0) + 1} < 2C~+* Dy (go).
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The next lemma uses differences to express the condition on the subdominant eigen-
values of the subdivision matrix. It is possibly not new, but we did not find it in the
literature.

Lemma 4.8. Let A: R™ — R™ be a matriz with single eigenvalue 1 for the eigenvector
vy = (1,...,1)T, and assume that all other eigenvalues have smaller modulus. We set
A'(b) := supy<g j<m |bx — bj| for b € R™. Then for every ¢ > 0 there is C' > 1 such that,
for alll € N, and all b € R™,

A'(A'D) < C(|Xo| +2)'A'(D), (4.7)

where Ny is a subdominant eigenvalue of A. If all eigenvalues p with |u| = |\a| have equal
algebraic and geometric multiplicity, then we can choose € = 0.

Proof. With the Jordan normal form J of A we have AV = VJ, where the generalized
eigenvectors of A are stored in V' = (vy,...,v,,). We assume that J is ordered by modulus
and denote the dual basis of V' by {v;}",. Then we can write

A'b = AVV o =) Al (b).

i=1

(A1) — ()] =[S0 (A — (Alwi)ius (2

< Zi_Q [(A'v;); — (A'vi)i| supgcicn |07 (D). (4.8)

For estimating the first factor, consider a Jordan block D of A of size o with eigenvalue
1, eigenvector wy, and ordered generalized eigenvectors wy, ..., w,_1. Then for integers
B>a>~v>0and 1 <j k<m,

_ Y
(Aw,); = (AP )l < [0S0 (25) 1| subucses [(0s); = ()il

For ¢ > 0 there is a constant C, > 0 such that for all 5 > a >~ >0,

YT () < Gl o),

since the sum on the left-hand side is a polynomial in 5. Thus, for € > 0 there is Cy > 0,
such that

ZiZQ |(A'v); — (A'vi)i| < Col|Aal + €)' supy<icn, [(03); — (03)]-
For the second factor on the right hand side of (4.8) we have, for 2 <i <m,
[07(0)] = [0 (b = broa)| < [[V7[[[[b = brvn[|oo
< (SUPy<icm [[V71]) - SUPy<icpn [bi — bal,

where ||-|| is the norm of the linear functionals on (*°({1, ..., m}, C). From this, the lemma
follows. O
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Convergence analysis

In this part we prove Theorem 4.4 for standard schemes. The proof of this theorem
consists of two parts: The first one is to show that the contractivity of the differences of
data generated by S implies the convergence of data generated by 7', if the input is dense
enough. The second part is to show this contractivity for a standard scheme S.

In order to show the first part, we consider the map

E:D — R?

E bijectively maps the entire domain D to the plane by first squeezing the j-th quadrant
into a sector of opening angle 27 /k with a shear transformation and then rotating it by an
angle of 275 /k. We connect the points E(V},), by straight lines according to the k-regular
connectivity and obtain a set of faces F,,.

Note that the notion of convergence of a scheme for input pg is invariant under
reparametrization with the help of E. So let us consider the whole subdivision process
w.r.t. E(V,) C R? instead of V,, C D.

The next statement is clear by the definition of the vertex sets V,,, the face sets F,,
and by the locality of S.

Lemma 4.9. Let S be a standard scheme acting as operators S, : I1*°(E(V,),R%) —
1°°(E(Vny1), RY). Then ||S,|| is uniformly bounded, and each face of F,, is convexr. Fur-
thermore there are constants Cy,Cy, R > 0 such that for all n € Ny,

(i) the infimum d of distances of neighboring vertices in E(V,,) satisfies C127™ < d’
< maxper, diam F < 05277

(i1) the value S,p,(v) is an affine combination of the local values {p,(w) : w €
B(v,27"R) N E(V,,)}, where B(z,r) is the open ball with radius v around .

Next, we need interpolation operators to extend the discrete data to continuous func-
tions. For every n € Ny, we define the interpolation operator

I, : I®°(E(V,),R?) — C,(R* RY),

where C), denotes the space of uniformly continuous functions, as follows: We split each
face F' € F,, into triangles, each of them determined by F’s barycenter and an edge. We
get data for the barycenter by the barycenter of the data on the neighboring vertices.
Then we use linear interpolation on the triangles. For z,y in a face, we obviously have

sup anpn(l’) - [npn(y>HRd < D(pn)
zyely,

Furthermore, these operators have the following properties:

Proposition 4.10. Let S be a standard scheme. Suppose there is v € (0,1) and C > 1
such that for any | € N, p, € I®(E(V}),RY), and n >,

D(Sn—1um1) < CY"'D(my). (4.9)
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Then, the sequence {1,Sn_1,p1 nen, converges to S py in C,(R?RY). In addition, there
are constants Cg,Ct > 0, independent of | € Ny and p;, such that

| Li1Sipr — Dipe]] < CD(mr),
|Soc2tl (V) — Dill < || Socupr — Iipi]] < CrD(m).

Proof. We start by estimating ||1,,115m9m — Imgm|| for general bounded g,,, defined on
E(V,,). Let x € R?, and choose faces F}, of F,, and F,,,,1, of F,, 41, resp., which contain
x. In addition denote by v,,, resp., v,11, a vertex of F,, resp., F, 11, nearest to x. Then,

”Im+15mgm($) - [mgm(l“)H S Hlm-&-lsmgm(m) - Im-l-lsmgm(vm-%-l)H"i_
+ 19mgm (Vms1) = Gm (V|| + [mgm (vm) = Lngm ()]
< D<Smgm) + D(Qm) + HSmgm(Uerl) - gm(vmm

In order to estimate the last summand on the right hand side, note that the value
SmGm(Um+1) is uniquely determined by g.|ev,.)nB(wns1,2-mRr), Where R is the constant
from Lemma 4.9. With the constant Cy of the same lemma it follows that d(v,,, vy41) <
30527, Consequently, max{d(vy,, y) : y € E(Vy) NB(Um41,2 " R)} < 2C,27™ 427" R.
Lemma 4.9(i) now implies that the number of faces in F,, not disjoint to B(vy,, (3C; +
R)27™) is bounded by D € N, where D is independent of m or v,. With B* =
B(Up+1,27™R), we can write Spgm (Um+1) = X e pov,ynpe Cagm (@) With - pyr o pe g =
Land }° gy, ynpe [ < [[Swll. We obtain

180 0042) = o = [ 22y e (@) = 30|

<
- quE(Vm)mB*
Altogether, it follows that

[ i+1.SmGm = TGl < D(Simgm) + (1Sm]|D + 1)D(gnm).
Equipped with this inequality, we estimate, for n > [,

”]n—i-lsn,lpl - InSn—l,lleoo SD(Sn,lpl> + (HSnHD + ]-)D(Sn—l,lpl)
<Cy"(|1Sul| D + 2)D(m1).-

g| - maXge 5(v)n8+ [9m(@) = G (Vm)l] < 1 Sm | DD (gm)-

For n” > n’ > n > [ we make use of the geometric series and get

[ 1S apr — Ly Swr—11p1]l oo <C(sup [|S,]|D + Q)Wnl%p(]?z)- (4.10)
n€Ng -7
We immediately see the first inequality of the proposition if we let n” = n’ = [. Further-
more, (4.10) implies that {I,,S,—1:pi}n>1 is Cauchy in the space of bounded continuous
functions. Since these functions are uniformly continuous, so is the limit, called f for the
moment. Now, || f|gw,) — Sn—1.1Pllec < ||f = InSn—1um1]| — 0 for n — oo. Thus f equals
Seoupi- Letting n' = [ in (4.10) yields the estimate

(sup [[Sn[|D +2)D(p1).

: 1
\f =Ll = Um || L1 Swrapr — Iipr]| <
n'’—oo 1 neNy

This proves the last statement of the proposition. O
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Proposition 4.11. Let S be a standard scheme acting on data defined on E(V,), and
suppose (4.9) holds true, i.e.,

D(Si—1.0Pn) < CY"D(pn),

for some 0 < v < 1, C > 1, and any data p,. Let furthermore T and N" be as in
Theorem 4.4, with V,, replaced by its image under E. Assume also that S and T fulfill a
local prozimity condition w.r.t. some Py ,. Then there is ¢ > 0 such that for any input
Po € Pnu g on level 0, Ti_1 opo (I € N) is defined and

D(T)-1.0p0) < 209D (po), (4.11)

with the same C' and 7y as in (4.9). For such py, {T1-10p0 }ien converges and the sequence
{I/T)—1 0po hien converges to the same limit in C,(R? RY).

Proof. We denote the constant of (4.3) by F, and use N’ and ¢’ from Theorem 4.4. Cp
is the constant from Proposition 4.10. We define the denseness bound ¢” by

J”:min (1_7)7 i 1_'70_/ 1_720_/ 2
SEC? 720" 4CgC~ "\ 8F (2 '

The reason for this choice of ¢” will become clear during the proof.

We intend to use Lemma 4.7 and induction on [. The condition (4.4) of Lemma 4.7
is fulfilled by our assumption on S. We start with [ = 1, and let gy = pg. Since pg €
[*(E(Vp), N"), N" C N, and D(py) < ¢” < o, data pg lie in the domain of Tj,. We let
g1 = Topo. Now the proximity condition (4.3) ensures the condition (4.5) of Lemma 4.7
with constant C’ = % Since D(py) < %;g);, the condition (4.6) of Lemma 4.7 is fulfilled.
We apply Lemma 4.7 and obtain

D(Topo) < 2CyD(py) < 0. (4.12)

The use of Proposition 4.10, the proximity condition (4.3) and our choice of ¢” consecu-
tively yield

|1 11Topo — Lopo|| < [[11Topo — L1Sopo|| + || 11S0po — Lopol|
< ||Topo — Sopol| + CD(po) < FD(py)* + CsD(po) < o’

It follows that Typo takes its values in N, and together with (4.12) that Topo is in the
domain of T7.
We now perform the induction step. We assume that g, = T5,,—10po is defined, that
To—1,0po takes its values in N, and that 7,,,_1 gpo is in the domain of T},,, for 0 < m <.
We let g1 = Tjopo. Then the proximity condition (4.3) implies condition (4.5) of
Lemma 4.7, again with C' = % So Lemma, 4.7 yields

D(ﬂ’opo) < 20’)/l+1,D<p0) < 0. (413)
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We use the proximity condition (4.3), Proposition 4.10, the induction hypothesis, and our
choice of ¢” to obtain

| 11417700 — Lopol|

l
< Zm:O [ L1 T3m,0P0 = T 1 ST —1.0P0l| + ([ T4 15m Tin—1,0P0 — L Trm—1,0p0]]
! !
< 2
< FZm:O D(Ty-10p0)" + Cp Zmiop(Tm—l,OPO)

<4FC? (3 9*) Dlp) +2C5C Y 4" Dlpy)

4FC? 20C
D 2

< D(po) < o' (4.14)
Thus T} gpo takes its values in N, and together with (4.13) T, opo is in the domain of T}.
This completes the induction step.

For the convergence statement, we assume that {” > I’ > [. As in (4.14), we get

4FC? 2CRC
D(Ti-1,0p0)° D(T;-
=2 (Ti-1,0p0)" + 1—~ (Ti-1,0p0)

16FC* 1C5C?

< ————~2D(py)? D(po).
S (po)+1_,yv (Po)

Ly 11T opo — Ty Ty opol| <

Since the right hand side approaches 0 as [ — oo, the sequence {I;7}_1 0po}ien is Cauchy
in C,(R?,RY) and therefore convergent. O

Lemma 4.12. With the notation and assumptions of Proposition 4.11, the sequence
SeoiTi-1.0p0 converges to Tn, opo in C,(R* RY) as | — oo.

Proof. For € > 0, choose L € N such that for all [ > L, || T 0po — IiTi-1,0p0]| < 5. By
Proposition 4.10 there is C7 > 0 such that

1So0iTi-1.000 — LTi-1.0p0]| < CrD(Ti—10p0) < 2C;C~'D(py).

Now choose Ly > L such that 20;0~v% < 5. Then for all | > Ly, | To0,000— SooiLi1—1,0p0]|
< €. ]

We have collected sufficient results to show Theorem 4.4.

Proof of Theorem 4.4 for standard schemes. It remains to show (4.9) for the operators
{Sn}nGNm i'e'a

D(Sl—l,npn) S O’Yl_nD<pn)7 (415)

for some 0 < v < 1, C' > 1, and any data p,,. Then Theorem 4.4 immediately follows from
Proposition 4.11.

We consider some [-th level data S;_; ,p, and split the domain D into the [-th inner
area Dj, the rings D, q,..., D,, and the ‘outer area’ D_ = D\ D! . Then we have

D(Slfl,npn> = (4'16)

max (Dctrll(Dz) (Slanpn), m ITILlaXl_l Dctrll(Dm) (Slflynpn), Dctrll(D,) (Sll,npn)) .

77777
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Before we consider S;_; ,p, separately on the items of the splitting, we need some prepa-
ration: Lemma 4.8 yields constants Cy > 1 and ~” € (0,1) such that for all 7,5 with
L2 ]
sup  [|Si—1,;p;(v) — Sic1pj(w)llge < Co(v")™7 sup  [[p;(v) — pj(w)|[pe.
v,wectrl*(D}) v,wectrl’ (D)

Since the sets ctrl’(D}) are finite, the triangle inequality yields a constant Cs > 0 such
that

Detrri (1) (Si-1,iP5) < C3(Y")" ™ Doty (1) (P5)- (4.17)

We consider S;_1 ,p, separately on the items of the splitting and begin with D;. We obtain
using (4.17) that

Degrtt(pp (St—10Pn) < C3(Y") ™" Dewrrr(py,)(Pn) < C3(7") "D (pn). (4.18)

We continue with the rings D, ¢,...,D,. For the ring D,,, where m =n,...,l — 1, we
consider its segments D; ., s € Zj. Since S converges on regular parts of the mesh,

and since Si—1nPnlcpt(ps ) i obtained by | — m steps of regular mesh subdivision from
Sm—1,nPnlctrim(Ds,) by our assumptions on S, we obtain

Dmﬂ(Dgﬂ)(‘sl—l,npn) S Cl(’y,)l_chtrlm(Dﬁn)(Sm—l,npn)- (419)

Here the constants C; > 0 and 0 < o' < 1 are independent of the levels [,n, m and data
pn. Since ctrl’(D2)) C ctrl’(D!), we use (4.17) and get

,Dctrll(Dfn)(Sl*ann) <G (7/)lim,Dctrll(D;n)(Smfl,npn) < ClC3(’Y/)lim(fyn)minp(pn)-
(4.20)

Since the n-th level control set of the outer area D_ has regular connectivity we can
proceed as in (4.19) to get

Dctrll(D,)(Sl—lmpn) < Cl(’y/)l_np(pn) (421)
If we summarize (4.18), (4.20), (4.21) and define the constants C' = C,C5 and v =
max(y’,7”), we get using (4.16) that (4.15) is true. This completes the proof. O

Remark 4.13. Proposition 4.10 and Proposition 4.11 are actually valid in a more general
setting: If the requirements of Lemma 4.9, where we can replace the 2 by m > 1, are
fulfilled for a sequence of arbitrary operators .S,,, point sets, and face sets, then Proposi-
tion 4.10 is still valid, and works as a convergence proof. Subsequently, Proposition 4.11
carries over to this more general setting with the same proof.

Smoothness analysis

So far we have shown convergence for a nonlinear scheme 7', which is in proximity to
a standard scheme S. In this part we analyze C' smoothness.

More precisely, we reconsider the sequence Sy, ,,1,—1,0po Which converges to T gpo in
C(D,R%) by Lemma 4.12. We reparametrize each sequence member with the inverse of
Reif’s characteristic parametrization y over the relevant set D’ C D and show that then
convergence is true even in the space C'(x(D’),R%). The main statement is the following
which was stated as Theorem 4.5 above:
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Theorem. Let S be a standard subdivision scheme, and assume that S and T fulfill a
local prozimity condition w.r.t. Py,. Then for py € Pyn ,n (which ensures convergence
of T for py by Proposition 4.11), the function Tu opo o X' is continuously differentiable,
where Tooopo : D' — N is the limit function of T, and x : D' — R? is the characteristic
map.

Notice that if T' converges, data eventually get dense enough. So for showing smooth-
ness, a ‘dense enough’ assumption is no restriction. In order to show Theorem 4.5 we first
prove a series of lemmas.

Lemma 4.14. Let T' be in prozimity to a standard scheme S w.r.t. Py,, and let py €
Pyu g (which ensures convergence of T' for py by Proposition 4.11). Then there is a
constant Cy > 1 such that, for all i > 1, and all j € Z,,

Dctrli(Df)(ﬂ_l’Op[]) < Clz_i—O—ZDCtrll(Dlj)(,Tl_Lopo). (422)
Furthermore there is a constant Cy > 1 such that, for anyl € N,
Dctrll(D;) (T1-1.0p0) < 02)\127(;&10(%) (po)- (4.23)

Here )\ is the subdominant eigenvalue of the subdivision matriz A.

Proof. We begin with the first statement. Note that Tjopy is defined for any [ € N. For
any ¢ > [, we have that Si,17lj—1l,1,0p0|ctrli(l)lj) is determined by Tl*LOPO‘ctrll(D{) by means
of subdivision w.r.t. regular connectivity. Lemma 1.9 and the triangle inequality yield a

constant C’ > 0 such that
Dctrp(plj)(Si—1,le—1,opo) < CIQ_HZDCM(DZJ)(Tz—l,opo)-

This constant C” is independent of the level i, the segment index j, the ring index [ and
data po. We apply Lemma 4.7 with v = 1/2 to the sets {ctrl’(D})}i>;. In Lemma 4.7, we
start on subdivision level [ instead of level 0. The condition (4.4) of Lemma 4.7 is fulfilled
by Lemma 1.9. The locality of the proximity condition and the fact that py € P o
guarantee that the remaining conditions of Lemma 4.7 are met. We conclude that (4.22)
holds true.

We show the second statement. From Lemma 4.8 we get a constant C’ > 0 such that

Dt (pr) (Si-1,0p0) < C/Achtrlo(D6)<p0>'

Then we apply Lemma 4.7 for the sequence {ctrll(Df)}leNO; the assumptions of Lemma 4.7
are fulfilled, which can be seen by a similar argument as above, and (4.23) follows. m

Proposition 4.15. Let a standard scheme S and a (nonlinear) scheme T fulfill a local
prozimity condition w.r.t. Py,. Let furthermore x : D' — R? be the characteristic map,
and py € Pnv o (which ensures convergence of T for py by Proposition 4.11). Then
SociTi—10p0 0 X+ € CHx(D'), N). In addition, there is a constant C > 1 such that, for
all t > n, and all j € Zy,

[(Soc,i+1Ti.0P0 — Soc,iTi-1,0p0) © X_1|X(D5L) CL(x(Di)RY) S CViDctrlo(Dg)(p0>2' (4.24)

Here we let v = max(27', \), where X denotes the subdominant eigenvalue of the subdivi-
ston matriz A.
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Proof. Theorem 1.13 implies that S opo o x ™! € C(x(D’), N). By the scaling property
of the characteristic map, i.e., x(-/2™) = A"y, and since S produces C'-limits on regular
connectivities, S/ Tj—10po ox ' is CL.

In order to prove (4.24) we first show that there is a constant C5 > 0, which is
independent of 7, j, and n, such that

[(Sec,it1Ti0P0 — Soc,iTi-1,0P0)| ps ||CI(D¥“Rd) < C32|(Ti — Si)Ti—1.0P0]| - (4.25)

On a regular connectivity, the scheme S commutes with translation. Furthermore, its
corresponding mask has finite support. Hence S, ; is a bounded linear operator from
1 (ctrl'(D]),R?) to C'(Dj,R?). Scaling a grid by two at most doubles the C"-norm, so
for any bounded data f; € I°°(ctrl’(D7), R?), we get

||Soo,ifi||cl(Dz“Rd) S 2l||Soo,0||l°°—>ClezHoo

This implies (4.25). ' ‘

Since x is a diffeomorphism in a neighborhood of D}, all h € C*(D},R?) obey the
inequality ||k o X_llx(Dg)Hcl < D||hl|¢r for some D > 0, which is independent of h. Using
the scaling relation y(-/2") = A"y again, yields a constant Cy > 0 which is independent
of i, j, and n such that, using (4.25),

||(Soo,z'+1Tz‘,0po - Soo,z'Ti—l,opo) o X_1|x(DZL)”Cl(x(D£L),Rd)
< PN (T — S)Th 1 000l sl

We now use the proximity condition (4.3), and obtain that there is a constant C5 > 0
such that

2
I(Ti = Si)Ti-1,0P0lcenri+1 (piylloo < Cs <Dctrli(D%)(E‘1vop0)>
< C5C5CTNM272 20D oy (Do)

For the last inequality we used Lemma 4.14 and C} and C5 denote the constants from
this lemma. Altogether,

1(Soc,i+1 73000 = SooiTi1,0P0) © X |y oy lor piy ety < CTCECC5N" 274 Doy (10)°
This completes the proof. n

Proposition 4.16. Let T' be in prorimity to a standard scheme S w.r.t. Py,, and
let po € Pnwon (which ensures convergence of T for py by Proposition 4.11). Then
{Ssc,it1Ti0po }bien, is a Cauchy sequence in Cl(x(D"),R%).

Proof. The linear operators
Ly 1(ctrl (D)), RY) = €' (x(D}), R,

assigning the limit function of subdivision by S w.r.t. the characteristic parametrization
to data on ctrl’(D)), are bounded, since they operate on finite dimensional space. We

7

consider, for ¢,k € Ny, the isometric isomorphism
Vi : 1%(ctrl’(D]),RY) — 1°°(ctrl®(D}), RY),
Vipi(z) = pi(27 ),
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We have V;, o L; = Ly o V; ;. Now the scaling property of the rings of the characteristic
map yields, for any i € Ny and any p; € [®(ctrl'(D}),R?), the estimate ||Lip;|lcr <
| Lo|IX"||pil|oo, Where A again denotes the subdominant eigenvalue of the subdivision
matrix. Using the constant C3 > 0 from the proximity condition (4.3), we obtain
1(Sos,i+1T5.000 — SeciTi-1.000) © X x(op llen

= [|Lin (T3 = Si)Tizo0poller < A Lol CsDegnri pry (Ti-1,0P0)?

< C/)\_i)\QiDctrlo(D/o)<p0>2 < C/)\ipctrlo(D(’))(pO)27 (426)
where C" = C3Cs]|Ly|| with the constant Cy of Lemma 4.14. We know from Proposi-
tion 4.15 that for any i € Ny, the limit function Se ;1175 0po 0 X+ € CH(x(D’'),RY). We
use both (4.24) and (4.26) and see that

1(Seo,i+1T30P0 — SociTi0p0) © X~ Hyon ller < C”riDctrlo(Dg))(Po)2

for some C' > 0 and 7 := max(2~!, \). This implies, for k,[ € Ny,

— min 1
1(Sook Te-1,0P0 — SooaTi-1,0P0) © Xy ller < Cy (k’l):Dctrlo(Dé)(p(])za (4.27)

which completes the proof. O
Finally we are able to show Theorem 4.5.

Proof of Theorem 4.5 for standard schemes. By Lemma 4.12, S ,, 1,1 0po converges to
T 0po o0t D" in the sup norm. Since this sequence is Cauchy on x(D’) with respect to the
C' norm by Proposition 4.16, its limit Th, gpoox ! must be continuously differentiable. [

We can add a condition which guarantees that T, opo(D’) locally is a submanifold
around the extraordinary point 7, opo(0). Note that the statement below is not as strong
as the respective statement in the linear case.

Corollary 4.17. Let a standard scheme S and a (nonlinear) scheme T be in prorimity
w.r.t. Pyo, and let py € Py gn (which ensures convergence of T for py by Proposi-
tion 4.11). Assume that the Jacobian Jo(Seoopo© X~ ') in the extraordinary point 0 of the
limit function of linear subdivision using S fulfills || Jo(Se.0P0 © X )(@)|lee > &l|@]leo for
some & > 0. Assume further that

Dewro(pry(po) < (E(1 =) /C)7,

where C' is the constant from (4.27), v = max(271, \), and X is the subdominant eigenvalue
of the subdivision matriz A. Then also the nonlinear scheme T produces a 2-dimensional
manifold locally around the extraordinary point.

Proof. From (4.27) it follows that
1(So0.0P0 — Tso00) © X~ (o ller < C(1 =)™ Do oy (p0) .
Thus, for any = € R? with ||z]| = 1,

1 Jo(Teo0p0 © X ) (@) > [|J0(Seo.0p0 © X ) (@) = I|(Sac0p0 — Too0p0) © X~ |
> &= C(1 =) "Deguo(pry(p0)? > 0.

This shows that the Jacobian is regular in 0, which completes the proof. O
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Figure 16: Initial rounds of subdivision for a subdivided cube connectivity.

We still owe the proof of Corollary 4.6.

Proof of Corollary 4.6 for standard schemes. By Theorem 4.4 and Theorem 4.5, conver-
gence and smoothness are ensured, if a local proximity condition holds. Although Wallner
and Dyn’s and Grohs’ proximity inequality in [57] and [15], respectively, is slightly weaker,
they actually prove our local proximity condition for the geodesic analogue in [57], Lemma
5, and the projection analogue in [15], Theorem 4, respectively. A proof which works for
the log-exp analogue is the proof of [14], Proposition 7.2. Then the local proximity condi-
tion (4.1) for the intrinsic mean analogue is a consequence of its interpretation as log-exp
analogue with special base points. O]

4.3 An application

As an application we show how subdivision in the geometric setting can be used to
generate manifold-valued smooth functions on smooth two-dimensional manifolds. To
that end, we consider two meshes with the same connectivity. Let us assume the first
mesh has its values in the smooth manifold N. Let the second mesh ‘cover’ a smooth
2-manifold M, and assume that its positioning function is one-to-one. Then we have a
map from the positions in M to that in N. Now, let S be a standard scheme, T be an
analogue acting in M, and 7" an analogue acting in N. Iterated application of both T
and T’ simultaneously yields a sequence of mappings, defined in discrete subsets of M,
with values in V. The first steps of this process are visualized in Figure 16 and Figure 17.
Here we used the projection analogue on spheres on the one hand, and intrinsic mean
subdivision in the Riemannian manifold of positive matrices on the other hand. The
theoretical basis is given by the following corollary, formulated near extraordinary points
of valence k.

Corollary 4.18. Let T and T' be analogues of the same standard scheme S, and let input
data po : Vo — M and pfy : Vo — N be dense enough. If Tooopoo x ' : x(D') — M is
injective and reqular, then

Téo,opf) © (Too,opo)_1 : Too,OpO(D/) — Téo,opf)(D,) (4.28)
is a C* mapping.

Note that Corollary 4.17 gives a sufficient condition for regularity near the extraordi-
nary point. Then, at least in a small neighborhood, we also have injectivity.
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Figure 17: Two rounds of subdivision analogous to the Doo-Sabin scheme using projec-
tion and intrinsic means. One can clearly observe the oscillation near the valence 16
extraordinary face, especially in the data position. Also note that 8 valence 3 faces are
nearby.

Proof. Consider the following commutative diagram:

x(D') C R?

Too,0p0 T% 0Po

M 2 Ty opo(D) D’ T2, opo(D') C N

This means that T pf © (Tso0p0) ™" = Tl oth © X" o(Toeopo © X~ 1) 7!, where x is the
characteristic map. Now the statement follows from Theorem 4.5. O

4.4 Analysis of shift-invariant schemes

The purpose of this part is to prove Theorem 4.4 and Theorem 4.5 for nonlinear
schemes meeting local proximity inequalities with a linear shift-invariant scheme intro-
duced in Chapter 1.2. It is actually not difficult to generalize the result concerning
convergence of standard schemes. This is done first. Then we show C' smoothness w.r.t.
the characteristic parametrization, which involves some work since in contrast to standard
schemes the conditions on the eigenvalues of the subdivision matrix are relaxed. This part
is contained in [60].

Our first task is to establish contractivity of a nonlinear scheme 7" which is in proximity
to a linear shift-invariant scheme S (from Chapter 1.2) near the singularity. The next
lemma uses Lemma 4.8 and the proximity condition (4.1) to get a grip on the differences
of data near the extraordinary point obtained during the subdivision process.

Lemma 4.19. Assume that a linear shift-invariant scheme S from Chapter 1.2 and the
scheme T fulfill the local prozimity condition (4.1) w.r.t o-dense input Py,. Then for
s > 1 there is a constant C' > 0 and ¢” > 0 such that the following is true: If the input
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data py belongs to Py ., if iterated subdivision for input po is defined, and if Tj_1 opo stays
within Py, for all 1 <n, then

Dewrtr(pyy) (Tn-1,0p0) < C(AS)" Doy (Po) (4.29)
where X\ is the modulus of a subdominant eigenvalue of the subdivision matriz of S.

Proof. We start by rephrasing (4.7). For any s > 1 there is a constant C, > 1 such that
for all levels n the following is true: The linear scheme is contractive for data on the
control sets of the inner areas D), (defined by (1.23)) in the following sense

Dctrl"(D;l)(Snfl,Opo) < CL()\S)nDctr10(D6)(Po)- (4-30)

To see this, we consider the definition of the subdivision matrix A of the scheme S in
Chapter 1.2. The subdivision matrix A maps data on ctrl’(Dj}) to subdivided data on
ctrl'(D}). Therefore, A™ maps data on ctrl’(Dj}) to n-times subdivided data on ctrl”(D’).
In this interpretation, (4.7) estimates differences of dim(A) many subdivided data items
by dim(A) many input data items. Therefore, application of the triangle inequality and
enlarging the constant C' of (4.7) yields (4.30).

We also rewrite the local proximity condition (4.1) in the following way: There is a
constant C' such that for o-dense input p,, € Py, on some data level n,

[Pa(v1) = pa(w2) I, (4.31)

where supp(a.,,) denotes the set of vertices on level n which contribute to the calculation
of S,p(w). The locality of the proximity condition guarantees that any n-th level control
set of U C D w.r.t. S also controls the limit of subdivision using 7" on this set U. This
fact and estimating differences on supp(a.,,) by differences of neighboring vertices yields
a constant C'p such that, for o-dense input p,, € Py,

18P = Tpa) e+, ) lso < CP(Detstn(py) (). (4.32)

S0 (w) = Trpn(w)]|oo < Csupvl,vgesupp(w,w)

Here we also used that (a + b)* < 2 (a* +?) for a,b € R.
With these preparations we define the ‘denseness’-bound ¢” by

” 1 —As)As

For data py meeting the requirements of the lemma we show that

Detntn () (Tn-1,000) < 2CL(AS)" Doy (o) (4.34)

using induction on n; this implies (4.29) with C' = 2C;. We start with n = 1 and estimate

Denr(p)(Toro) < Dot (pyy (Toro — Sopo) + Degr (py) (Sopo)
< 2 Topo — Sopolewr (o1 lloo + Degert(pry (Sopo)
< 20p(Degyro(py) (P0))? + CL(AS) Do 1y (P0)
< CL(2CpDeyro(py)(Po) + A8)Degero(py) (Po)
< 2CL(AS)Degero(py) (Po)-
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The second inequality estimates differences by twice the sup-norm of data. For the third
inequality we used proximity in the form of (4.32) and the contractivity of the linear
scheme near the singularity in the form of (4.30). For the fourth inequality notice that
Cr > 1. The last inequality is a consequence of our choice of ¢” in (4.33). As induction
hypothesis we assume that (4.34) is true for all I < n. We now show (4.34) by estimating

Dewir(p2,) (Tn-1,0P0)
< Z Detrin(p2,) (Sn-1,T1-1,0P0 — Sn—-1,1-1T1-2,0P0) + Detrin(D2,) (Sn—1,0P0)
< Z Cr(As)"™ lDCtrll(D/)(Tl—Lopo — Si-1T1-2,0p0) + Detrin (1) (Sn—1,0p0)
<Z 201 (A8)" ' Cp(Degaii-1(py_,)(Ti-2,000))* + CL(A8)" Degro iy (P0) -

For the second inequality we used the contractivity of S near the singularity in the sense
of (4.30). For the third inequality we estimated differences by twice the sup-norm and
then applied the proximity inequality (4.32). We use the induction hypothesis and obtain

Dctrl"(D’ )(Tn 1 opo)
< Z SCLCP )‘S)n e); (/\ )Q(Z_l) (Dctrlo(Dé)(pO))Q + CL()‘S)RDctrIO(Dé) (pO)

k
< C’L,Dctrlo(D’ (pO) |:02 Zl:l 8CVP()\S)TLJrliQ,DctrlO(D’)( ) (AS) :|

< Cp(As)"D MD 1
= L( S) CtrlO(DE))(pO) (1 _ )\S))\S ctrlD(D6)<p0) +

< 2CL(AS)"Deero oy (Po)-

For the first inequality we use the contractivity of 7" which is the induction hypothesis.
The last inequality is true by our choice of ¢”. This completes the induction. O

We have collected all information to show Theorem 4.4 (for shift-invariant schemes),
which we recall here.

Theorem. Let S be a linear subdivision scheme as introduced in Chapter 1.2, and let
S and T fulfill a local prozimity condition w.r.t. some Py ,. Assume that T,p, takes its
values in a set N' for all data p, € Pn, where N' is some set with N C N' C R™. Assume
further that there is a subset N C N and o' > 0 such that the o’'-neighborhood U, (N")
obeys

Uy (N"YNN"C N.

Then there is a denseness bound o” > 0 such that T' converges for data py € Py» on given
on Vy, and

Sec,it1liopo —+ Tooopo  as 1 — 00, (4.35)
where convergence is understood in the sense of uniform convergence.

Proof. We split the proof of this statement into several parts. In part (1) we obtain the
contractivity of the nonlinear scheme 7', where we assume that T, opy is defined for all n
and certain input data po. In part (2) we define interpolation operators which extend the
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discrete data on different levels to continuous functions and derive some properties. In
part (3) we define the constant ¢” and explain our choice of ¢”. In part (4) we apply the
interpolation operators from part (2) to show that that iterated subdivision by T is well
defined for o”-dense data pg in Py~ ., thus justifying the assumption of (1). Furthermore,
we use the proximity of S and 7" and the contractivity of T to derive the convergence of
T for data in Py» .. In part (5), we use part (4) and the interpolation operator from part
(2) to show (4.35).

(1) In this part we obtain contractivity of 7. We denote a subdominant eigenvalue
of the subdivision matrix of the linear scheme S by the symbol A, and we let M be the
dilation matrix corresponding to S. We choose s > 1 such that

v = smax(|\|,1/vdet M) < 1.

We show that there is ¢f and C; > 1 such that the following is true: If input data py on
level 0 belongs to Py ., if iterated subdivision for input pg is defined, and if p; = T;_1 opo
stays within Py, for all [ < n, then

D(T,_1.p) < Ciy"'D(pr). (4.36)

This is a consequence of the corresponding statement near the singularity which is formu-
lated in Lemma 4.19 and the corresponding statement for the regular mesh case which is
Lemma 3.7. The constant (] is the product of the corresponding constants of Lemma 3.7
and Lemma 4.19, and o{ is obtained as follows: We apply Lemma 4.19 for the denseness
bound o used in the statement of the theorem. We obtain a constant o7, .. 419- Then
we apply Lemma 3.7 for this constant, i.e., we replace the ¢ in Lemma 3.7 by 07 14 4.19-
The resulting denseness bound is denoted by o7.

In order to conclude (4.36), one has to show that ‘no interaction takes place between
the neighborhood of the singularity and the regular part’: To that end we split the domain
D into the inner area D!, (defined by (1.23)), the rings D;, i = 0,...,n—1 and the ‘outer’

ring
D_,=D\D'

The union of the corresponding n-th level control sets equals V,,, and control sets of
neighboring items of the splitting overlap (recall that control sets were defined w.r.t. the
linear scheme S and that any n-th level control set of U C D w.r.t. S also controls the
limit of subdivision using 7" on this set U).

We consider (4.36) separately on the items of the splitting: The control set of the
outer ring D_; intersected with each sector has regular combinatorics on all data levels.
Therefore the validity of (4.36) on ctrl”(D_) is a consequence of Lemma 3.7. On D!,
(4.36) is a direct consequence of Lemma 4.19 applied to ctrl”(D],). We consider the rings
D; : For each segment D{ of the ¢-th ring we consider its n-th level control set and get

D (pi) (Th—1,0p0) < Clemma 3.7(s det M_l)(n_i)/zpctrli(Dg) (Ti-1,0p0)
< ClLemma 3.7CTLemma 4.19(s det Mil)(nii)/2<8)‘>ipctrlo(Do)(pO) < Cy"D(po)-

Altogether, this shows (4.36) and completes part (1).
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(2) The convergence of subdivision with 7" is quite intricate, mostly due to the fact
that the well-definedness of iterated application of T" has to be guaranteed. That is why
we need interpolation operators I; which map data on level ¢ to a uniformly continuous
function on the domain D. The domain D is perfectly suited to smoothness analysis
across sector boundaries (not near the central point). However, in this part we are only
concerned with convergence and we use a homeomorphism E : D — R? to reparametrize
data on each level, and to reparametrize limit functions. £ maps the entire domain D to
the plane by first squeezing the j-th sector into a sector of opening angle 27/k by means
of a shear transformation and then rotating it by an angle of 27j/k. It is straightforward
to see that there are constants cy, ¢y such that for x,y € D,

o dist(z, y) < dist(E(z), E(y)) < cp dist(z, y).

This implies that convergence of a scheme is invariant under reparametrization by means
of F.

The points E(V;) are still associated with a k-regular combinatorics. By connecting
points in E(V;) with straight lines according to the combinatorics we get a realization of
its edges and faces in R2. For defining the interpolation operator I; which maps data on
E(V;) to a function on R? we split each face into triangles, each of them determined by
the face’s barycenter and an edge. We get data for the barycenter by the barycenter of
the data on the neighboring vertices. Then we use linear interpolation on the triangles.
For x,y in a face and data p,, defined on E(V},), we obviously have

sup | Lupn () — Lipn(y)||re < D(pn)- (4.37)

x,y belong to the same face

Furthermore the infimum d’ of distances of neighboring vertices in E(V;) satisfies
cs(det M)™/? < d' < {diam F : F is a face on level i} < ¢y(det M)~ (4.38)

where the constants c3, ¢4 are independent of the the level 7. In addition, there is a constant
R for all levels i such that the value

S;ps(v) is an affine average of {p;(w) : w € B(v, (det M)™"/2R)}. (4.39)

Here the considered points w are elements of E(V;), and B(x,r) is the open ball with
radius r around x.

Interpolation operators I; mapping data on V; to functions on D are obtained from
the operators I; by reversing the reparametrization E.

The interpolation operators I; have the following properties: There are constants
Cp,Cr > 0, which depend neither on 7 nor on bounded data p; on level 7, such that

| Li41Sipi — Lipil] < CD(ps), (4.40)
| Soc.ililvi — pill < ||Ss0ipi — Lipill < CrD(pi). (4.41)

When showing (4.40) and (4.41) we may replace I; by I;, and we may reparametrize both
data and limit functions using the map E. This is justified, since a reparametrization does
not effect the statements. We begin with (4.40). For arbitrary x € R? we choose faces F;
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and Fj;,, containing = on levels ¢ and ¢+ 1, respectively. We consider vertices v; of F; and
v;+1 of Fiyq and estimate, using (4.37),

||f_i+1§ipi(x) — ]_zngx)” ) )
< | i1 Sipi(w) — Liga Sips(viga) | + 19ipi(vig1) — pi(va) || + [ Lipivi) — Lips(2) ||
< D(Sipi) + D(ps) + [|1Sipi(vig1) — pi(wvi)]]-

In order to estimate the last summand on the right hand side, note that by (4.39) the
value S;p;(vit1) is uniquely determined by pilgvi)nB(oi,y,(det mr)-i2g)- With the constant
c4 of (4.38) it follows that dist(v;, v;y1) < 2c4(det M)~/2. Consequently, max{dist(v;, ) :
y € BE(V;)) N B(viy1,27°R)} < 2c4(det M)™"/2 +(det M)~"/2R. The left hand inequality
in (4.38) now implies that the number of faces on level ¢ which are not disjoint to the
ball B(v;, (2c4 + R)(det M)~"/?) is bounded by some integer D which is independent of
the level i and v;. With B* := B(v;;1, (det M)~/2R), we can rewrite (4.39) as Sip;i(vis1)
= quE(w)mB* agpi(q), where quE(w)mB* ag =1 and quE(Vi)ﬂB* ag| < [|S;]|. We obtain

I8(0100) = 1 = [, 2a(0) ~ i)
<3 i ol Mo Ia) — )| < 1S1DD ()
Altogether, it follows that
1 Li1Sipi — Lipil| < D(Sips) + (S]] D + 1)D(ps). (4.42)

This implies (4.40), since [|S;| is uniformly bounded in i.
We show (4.41) for the interpolation operators I;. Equipped with (4.42), we estimate,
for n > i,

<Cry" " ([1SullD 4 2)D(p:),

where we used the contractivity of S which follows, for example, from part (1), since S
can be seen as a scheme in proximity to S. For n” > n’ > n > i we make use of the
geometric series and get

. , 1
| L7 1Sn ipi — Lo Sy 1,60 || o SC(SURI; [Sull D +2)7" T—> VD(Z%)- (4.43)
nelNg -

Thus {I,S,_1.:pi }n>i is a Cauchy sequence in the space of bounded continuous functions.
Since these functions are uniformly continuous, so is the limit, called f for the moment.
NOW7 ||f|E(Vn) - Sn—l,ipi”oo < ||f - [nSn—l,ipiH — 0 for n — oo. Thus f equals Soo,zpz
Letting n’ = ¢ in (4.43) yields the estimate

(sup [[Sul| D + 2)D(ps)-

- n&eNp

) o ; 1
If = Lipill = Um || L1 Spripi — Lipsl| <
n''—o0 1

This implies (4.41).
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(3) We define the constant ¢” which guarantees convergence by

7 . n O 1_7 / 1_/72 /%
o —m1n<al,a,203010,(20P0120> ) (4.44)
Here ¢’ and o are the constants from the statement of the present theorem. The constant
Cp is given by (4.40), and the symbol Cp denotes the proximity constant as used in
(4.32). We take Cy, o} and the contractivity factor v from part (1), see (4.36). For
o-dense input data pg, contractivity of 7" in the sense of (4.36) is guaranteed whenever
iterated subdivision for input py is defined, and 7;_; ¢po stays within Py ,. The choice of
the other items in (4.44) guarantees these two properties as shown in part (4). The second
item is important in the estimates (4.45) and (4.47). The last two items are important in
the estimates (4.46) and (4.48).

(4) We apply the interpolation operators from part (2) to show that iterated subdivi-
sion using 7" is well defined for o”-dense data py in Py ,» and that T} gpo stays within Py ,
for all ¢. We use induction on the subdivision level . We consider input data py € Py .
Since D(py) < ¢” < o, subdivision by T for input p, is defined. From (4.36) we get that

D(Topo) < C17D(po) < Cro” < 0. (4.45)

The last inequality is a consequence of the choice of o”.
Now we use the interpolation operators from part (2) and get

[ 11Topo — Topoll < [[11Topo — T1Sopol| + [[11.S0po — Topol
< |1 Topo — Sopoll + CD(po)
< CpD(po)* + CpD(po) < & + 5. (4.46)
Here we used (4.40) for the second inequality and the proximity condition (4.32) for
the third inequality. The last inequality is a consequence of our choice of ¢”. From the
assumptions of the theorem it follows that Typy takes its values in N. Combining this fact
with (4.45), we get that Typy € Py, and thus Topg is in the domain of 7. This serves as
the induction base (i=0).
We use as an induction hypothesis that T},_; opo is well-defined, that 7}, gpo takes its

values in N, and that T, opo is in the domain of T, forn =1,...,¢.
From (4.36) we get

D(T;0po) < C1y"™'D(py) < Cr0" < 0. (4.47)

The last inequality is a consequence of the choice of o”.
Now we use the interpolation operators from part (2) and get

”[i+lTi,0p0 — Topol|
< Z [ 1n1T.0p0 — Lng1:SnTn—1.0p0l| + [[Tn18nTn-1.0P0 — InTn-1,0p0l]
<Cp ano D(T,-1.0p0)° + C Z o D(Tw-1,0p0)

<CpC (37 7™) Do) + CuCi Y 4" Dlpo)

< CpC} CpC

<1 D(f 1_vaQ§%+%. (4.48)
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Here we used (4.40) and the proximity condition (4.32) for the second inequality. The
last inequality is a consequence of our choice of ¢”. From the assumptions of the theorem
it follows that T} opy takes its values in N. Combining this fact with (4.47) we get that
T;opo € Pno and thus T;gpo is in the domain of 7;;; which means that 7}, gp is well-
defined. This completes the induction.

As a consequence, for 0”-dense input in Pyw o, T; gpo exists for all ¢ and T is contractive
for such input in the sense of (4.36). Toward convergence, we choose i’ > 7' > i and
estimate, similar to (4.48),

CpC?

| L1 T opo — Lis1 Ty opol| < T VQD(TW,OPO)? + T D(Ty opo)
< ZPUL g ZEZL D (py).
S (po)” + [ (po)

Since the right hand side approaches 0 as i — oo, the sequence {I;T;_1 opo }ien is a Cauchy
sequence in C(D,RY) and therefore convergent. Each sequence member is uniformly
continuous, which implies the same for the limit. Thus 7" converges for input in Py» .

(5) It remains to show (4.35). We consider € > 0, and choose the index L large enough
such that for all indices i > L, ||Toopo — LiTi—10p0| < 5. With (4.41) we estimate, for
i> L,

1So0.iTi—1.0p0 — LiTi—10poll < CrD(Ti—10p0) < CrCiy"D(po).

Now we choose Ly > L such that C;Ciy™0¢” < 5. Then for all i > Lo, ||Twopo—
SeoiLi—10p0|| < €. This proves (4.35). O

Our next task is to prove Theorem 4.5 which is a smoothness statement w.r.t. the
characteristic parametrization. To that end, we need the following two lemmas concerning
the characteristic parametrization of limit functions.

Concerning the constants in the proofs of the remainder of this chapter we employ the
following conventions: We use generic constants ¢, C' which can change from line to line.

Lemma 4.20. Let \ be a subdominant eigenvalue of the subdivision matriz A of a linear
subdivision scheme as defined in Chapter 1.2 (which has the single dominant eigenvalue
1). If we choose the ring index ng sufficiently large, we get a constant C > 0 such that,
for all n > ny and each C* function f : D, — R%,

1 o X et uomray < CIAT" (det M) ™| fllcr(p, ra) (4.49)

(M is the dilation matriz, D, is the n-th ring). The constant C' does not depend on the
ring index n > ng.

Proof. By our assumptions on the linear scheme S, its characteristic map y is one-to-one
in a neighborhood of the point 0. So we find an index ng, such that y is one-to-one on
D, . In the following we assume that ng is chosen such that this requirement is fulfilled.
We write y,, for the restriction of y to the ring D,,.
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Our argument is based on the following fact which we verify only at the end of the
proof: There is a ring index ny and a constant C' > 0 such that the differential of the
characteristic map y obeys

ldaxa ()| = CIAI" (det M)™2 o], (4.50)

where C' is independent of the ring index n > ny and the point x € D,. We use the
Euclidean norm for the tangent vectors v; ||d,x,|| is the induced operator norm. In other
words, (4.50) states that differentials are lower bounded, uniformly for all x € D,,, with
constant C' independent of the ring. If (4.50) is proved, we can apply the inverse function
theorem to obtain a constant C' > 0 such that

sup |[|dyx;, || < CA["(det M)~ (4.51)
y€x(Dn)

where C' is independent of the ring index n > ng. Using the submultiplicativity of operator
norms we get, for y € x(D,,),

Idy (f o X I < ld g FIL - edyxi, I < CIA™ (det M)~ fll o1, may.

This implies (4.49), since sup-norms of functions do not change under reparametrization.

To show (4.50) we need some preparations. We consider a Jordan block of the subdi-
vision matrix A corresponding to a subdominant eigenvalue A. We denote its multiplicity
by m and order the Jordan vectors w;, such that wy is the eigenvector. For the Jordan
vector with the highest multiplicity, we have the expression

m—1 .
A”wm,l = Zi:o (?) )\”*Zwm,i,l. (452)

Since (”) grows as n' as n — oo, the dominating term in this expression is given by

(m’il))\’%_m“wo. We define vectors v; in the following way: If the subdominant eigenvalues
of A are complex conjugate numbers, we use the vectors w; to define new vectors v;
where each component consists of the tuple of real numbers consisting of the real and the
imaginary part of the corresponding component of w;. If the subdominant eigenvalues of A
are real and equal, we use vectors w; as above and a second set of vectors w; corresponding
to the second subdominant Jordan block with the same ordering as above. We define new
vectors v; where each component consists of the tuple of real numbers consisting of the
corresponding components of w; and w;, respectively.

Then the characteristic map y is the limit of subdivision for the input data stored in

the vector v,,_;. We define &, : Dy — R? by
Xn =& o (G™)7L (4.53)

Then &, is the limit function on Dy of linear (regular mesh) subdivision for 0-th level
input data obtained from A™v,,_;.

We let v : Dy — R? be the limit function for input data on level 0 obtained from vy,
and let f; : Dy — R? be the limit functions for the other v;. All these limits are C* on
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Dy, since they were obtained by regular mesh subdivision. Furthermore, the finiteness of
the control set ctrl’(Dy) yields

1S50.0p0llc1 (D) < Cllpollocs

for arbitrary input data py on ctrl’(Dy). Knowing this and the fact that A™v,,_; is dom-
inated by (mil) AP=mHlyg for n — oo, which is a consequence of (4.52), we see that the
sequence of mappings

(7)) A, () = ()i CY(Dy),

as n tends to co. This implies that v is regular, since we assumed that &, (which is a
reparametrization and restriction of the characteristic map) is regular for sufficiently large
n. This fact allows us to estimate the Jacobian of &, from below as follows: We start out
by using the inverse triangle inequality to estimate

s ()]l = 1,2 )X ™ i) + 3 ()N fria ()]
m—2

> () AP I ()] =D (A e Sl 0] (4.54)

We use that (”) grows as n' as n — oo to estimate the binomial coefficients. Due to

the compactne;s of Dy we find a constant C' > 0 such that for all points z € Dy and
all functions f; the differentials obey ||d.fi|| < C. Since v is regular we get a lower
constant ¢ > 0 such that, for all z € Dy, ||d.%(v)|| > ¢|lv||. Making the constant ¢ smaller
(which comes form estimating the binomial coefficients and multiplying with A™~1) these
estimates help us to get

m—2 .
ldo&a(0)ll > e ™ AP Jloll = C Y0 Aol = e Aol = OnT). (4.55)

If we now choose ng large enough, there is a constant ¢ > 0 which does not depend on
the index n > ng such that

[du&n (V)] > en™ A" [Jv]l. (4.56)
With (4.53) we get, for x € D,,
[ daxn ()] = A" [deG ™" (0)]| = | A" det M™|Ju]].
This proves (4.50). O

Lemma 4.21. Let p, be input data on the control set ctrl" (D)) of the inner area D!, for
data level n. Then for large enough ngy, and s > 1, there is a constant C' > 0, which does
not depend on the level n > ngy and data p,, such that

[ Soo,nPn © X_lHCl(X(D;L),Rd) < C|/\|_n5n||pn|ctrl"(D£1)HOO' (4.57)

Here X\ is a subdominant eigenvalue of the subdivision matriz.
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Proof. We use the notation of the proof of Lemma 4.20 and choose the integer ng so large
that x is regular and injective on D;,_\ {0} and such that Lemma 4.20 works. Over the
characteristic parametrization, the subdivision scheme S produces C*! limit functions. As
in Lemma 4.20, from the finiteness of the control set ctrl"(D;, ) we conclude that the
differential of limit functions w.r.t. the characteristic parametrization can be estimated
by

sSup Hdﬂc(Soo,nopno © X_I)H < C”pno|ctr1”0(D4lo)||oov (4.58)

zex(Dr,,)
where the constant C' is independent of the ng-th level input data p,, given on ctrl" (D, ).
In order to derive (4.57) from (4.58) we consider input p,, on level n > nyg, given on the
control sets ctrl”(D;,) of the inner area D). Reparametrizing this discrete data with the
help of the similarity transform G, i.e., applying G~ ", yields data p,, on level ng. The
limit function S n,pn(over D)) equals Su nPr, ©G™ 0. Our objective is to get the estimate

sup “dﬂc(soompn © X_l)H < CA[T"s" sup de(soomoﬁno © X_l)H (4'59)

zex(D},) zex(Dy,,)

with the constant C' not depending on the level n > ng. If this estimate is established,
then (4.57) is a direct consequence of (4.58) if we keep in mind that a reparametrization
of any function does not change its sup-norm. To show (4.59), we split D;, and D, into
rings and show (4.59) on the rings. More precisely, we show, letting r = n — ng, that

sup || du(SoonPn 0 X )| < CIAT"S™ sup ||da(SoomePny © Xl (4.60)
z€X(Diyr) zex(Dy)

with the constant C not depending on the [ > ng and r > 0. Although the exponents of ||
and s in (4.59) and (4.60) differ by ng this does not affect the estimate since the resulting
constant [A|"0s™ is independent of [ and r, or n, respectively. Although (4.60) does not
consider the central point 0, it nevertheless implies (4.59), since we know that both the
function S npn ox~! and the function Soo,noPno © x~ ! are continuously differentiable in 0.
In order to show (4.60) we consider the maps &, and & introduced in the proof of
Lemma 4.20. Those maps are reparametrizations of the characteristic map on the rings
Dy, and Dy, respectively, such that both maps are defined on Dy. We use the mapping

Zip i =§0 fz_+1r : X(Digr) = x(Dr)

to reparametrize limit functions defined on x(D;y,) and to obtain functions defined on
x(Di) C x(Dy,,) where we have the estimate (4.58). In order to analyze the mappings Z,,
we need some preparations. First, the estimate (4.56) together with the inverse function
theorem shows that there is a constant C' > 0, independent of the indices [ > ng and
r > 0, such that

sup [l &t < O+ ) A (4.61)

yeX(Diyr)

Secondly, we proceed similar to (4.54) and (4.55) in Lemma 4.20, but estimate from above,
instead of from below, to get a constant C' which does not depend on [ and x € Dg such
that
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Using the chain rule and both (4.61) and (4.62), we obtain

sup || dyZi || < C((L+r)"™AT7) - (A1) < C A7

yEX(Diyr)

where C' is independent of I > ng and r > 0. Since S nPn 0 X' = SoomnePne ©X ' © Z1 O
the ring x(D;1.), we can apply the chain rule to estimate

sup || de(Seonpn o XTI < sup (|deZipll sup [|d(SoonoPno © X7
xeX(Dl+’7‘) xEX(Dl-H”) IEX(DZ)

< C|>\‘_TST sup Hdr(Soo,noﬁno © X_I)H7
zex(Dy)

where the constant C' does not depend on [ > ng and r > 0. This proves (4.60), which
completes the proof. O

We proof the main result of this part.

Proof of Theorem 4.5. We use the ring index ny of Lemma 4.20 which guarantees that
the estimates of Lemma 4.20 and Lemma 4.21 are valid.

We show that the functions Se.;Ti—1,0po © x~ ! form a Cauchy sequence in the Banach
space C'(x(Dy, ), R%). Since this sequence (with each member reparametrized by x) con-
verges to the limit of subdivision in the space C(D,R?) according to Theorem 4.4, it also
converges to the reparametrized limit of subdivision in the space C'(x (D}, ), R?). So if the
sequence is Cauchy in C! its limit agrees with the reparametrized limit of subdivision,
which must then be a C*! function.

In order to show that the sequence Sy ;7;_10po © x is Cauchy we show that there is a
constant C, which does not depend on the level ¢ > ng, such that

| (Soc,i+1Ti,0P0 — Soo,iTi-1,0P0) © X_l”Cl(X(D;LO),Rd) < C’Yipctrlo(D())(pO)Qa (4.63)

for v = s?max((det M)~/2,|)|), and s > 1 chosen such that v < 1. If (4.63) is shown,
the geometric series yields the desired statement.
We consider (i + 1)-st level data ¢;11 given by

qi+1 ‘= (Tz - Sz')Tz'—l,opo-

According to (4.63), we have to estimate the C' norm of the limit function S. ;4 1¢i1 of
linear subdivision using S for input data ¢;; w.r.t. the characteristic parametrization. In
order to get fine enough estimates, we split the ng-th inner area D, into the rings D,
(no < n < i) and the (i + 1)-st inner area D). ,. We estimate S ;111 © x~' on the
domains x(D,) and x(D;,,) separately.

We begin with the rings D,,. We fix n with ng < n < i. From Lemma 4.19 we get a
constant C' > 0 which does not depend on the ring index n such that

Dctrl"(DﬁL)(Tnfl,OPO) < C|>\‘n8nDctr10(D6)(p0>' (4.64)

In Chapter 1.2 we assumed that the control sets ctrl”(DJ) of the segments D’ have
regular combinatorics. Therefore, the limit function w.r.t. linear subdivision using S on
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the domain D, is obtained from n-th level data on ctrl”(D,,) by means of subdivision on
a regular part of the mesh. By the locality of the proximity inequality, the same is true
for using T instead of S. Then Lemma 3.7 implies that

DCtﬂi(Dn)(E_LOpO) S C det M(n_i)/QSi_nDctrln(Dn)(Tn—l,OPO)
< C det M(nﬂ'm\)\|n5iDctr10(D6)(po)-

For the second inequality we used (4.64). The constants C' do not depend on i. The
proximity inequality and the above estimate yield

Dctrli“(Dn)(Qz‘H) <C Dctrli(Dn)(Tz‘—LOPO)2
S C det Mn_i‘APnSQiDCtﬂO(Dé) (po)Q, (465)

where the occurring constants do not depend on the index i. We turn to estimating C*
norms. From the scaling relation and the translation invariance of the scheme S in regular
parts of a mesh we get a constant C' which is again independent of ¢ and the level n, where
ng < n < i, such that

|Ss0,i+1Gi1llcr (o ey < C det M72||gi | it (o) lloo- (4.66)
These facts together with Lemma 4.20 imply

[So0,it1Gi+1 © X et u(omray < C AT (det M) ™| Sos is1Gis1 o2 (0, mey
< C N7 (det M) gt | i () o
< C |N|"s% (det M)(n_i)/QDcmO(Dg)(PD)Q'

The constants C' do not depend on the indices n and 7. For the first inequality we used the

estimate (4.49) of Lemma 4.20. The second and the third inequality are a consequence

of (4.66) and (4.65), respectively. This proves (4.63) on the rings x(D,,) with ring index

ng <n < 1.

It remains to consider the (i + 1)-st inner area D/, ;. We obtain

1||Cl(x(D§+1),]Rd) <C |/\|_i3i||q@‘+1|ctr1i+1(D;+1)||oo
<C |/\|_181Dctrli(D;)(E—l,OpO)Q
<C |)\|i32ipctrlo(D6)(p0)27

where the constants C' are independent of i. We use Lemma, 4.21 for the first estimate. The
second inequality is obtained by applying the local proximity inequality, and Lemma 4.19
gives the last inequality. This estimate proves (4.63) on x(Dj,,), which completes the
proof.

Note that if we have pure eigenvalues, x is already invertible on D, and Lemma 4.21
is true for any n € Ny. So we can choose ng = 0 in that case. O

| Soc,i+1it1 © X~

Finally, we show Corollary 4.6.

Proof of Corollary 4.6. Tt remains to verify the local proximity condition (4.1). This
follows directly from [57, Lemma 5| for the geodesic analogue, [15, Theorem 4| for the
projection analogue, from [14, Proposition 7.2] for the log-exp analogue, and for the
intrinsic mean analogue by its interpretation as log-exp analogue with special choice of
base points. O
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5 Convergence of schemes in Cartan-Hadamard mani-
folds

This part of the thesis is concerned with convergence of geometric subdivision schemes
for all input data. The results of this chapter are contained in [58]. This circle of problems
is much more involved than the convergence results for dense enough input data. This is
due to the fact that convergence for dense enough input data is a local problem and thus
only local properties of manifolds (which are locally homeomorphic to R™) enter the scene.
In contrast, when we are interested in convergence for all input data, the global structure
of the manifold is important. Furthermore, the geometric analogues we considered in
Chapter 2 are, in general, even only well defined for dense enough input data. So if we
want to speak about convergence for all input data, we need manifolds with additional
properties which guarantee that the geometric scheme under consideration is well defined
for all input data. A class of manifolds meeting this requirement for the intrinsic mean
analogue is the class of so-called Cartan-Hadamard manifolds provided the mask of the
scheme is positive. Cartan-Hadamard (CH-)manifolds are complete simply connected
Riemannian manifolds with nonpositive sectional curvatures. Examples are the spaces of
positive n x n-matrices which are e.g. treated in Chapter XII of [32]. CH-manifolds have
the nice feature that the Riemannian exp-map is a diffeomorphism. Furthermore, the
weighted intrinsic mean of finitely many points is globally well defined [29, Ch. 8, Thm.
9.1] .

In this chapter we thus consider intrinsic mean subdivision schemes with positive
weights in CH-manifolds. The main result of this chapter is the following theorem for the
curve case:

Theorem 5.1. Assume that T is an ‘“intrinsic mean’ curve subdivision scheme analogous
to an affinely invariant linear scheme S with positive mask. Let T act on data in a
CH-manifold. If S is contractive in the strong sense, i.e., for bounded input p,

sup dist(Sp;, Spi-1) < 7 sup dist(p;, pi-1), v <1, (5.1)

then the same inequalities true with S replaced by T (with the same constant ), and T
converges for all input data.

Note that the derived scheme S of any linear scheme S yields a constant v = SIU/N
(where N is the dilation factor of S) which can be used for Equation (5.1) provided v < 1.
This yields the following corollary.

Corollary 5.2. If T operates in a CH-manifold and is the intrinsic mean analogue of an
affinely invariant linear curve scheme S with positive mask and the derived scheme fulfills
S| < N, then T converges for all input data.

As an example we consider the Lane-Riesenfeld schemes which produce B-Splines
as limit functions. For these schemes the dilation factor is 2. It is well known that
|SM|| = 1 < 2. This together with the smoothness result of Theorem 3.5 implies the
following corollary:
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Corollary 5.3. The intrinsic mean subdivision schemes which inherit their weights from
the Lane-Riesenfeld curve schemes converge for all input data in a CH-manifold and the
limits are as smooth as the corresponding B-splines.

For the proof of Theorem 5.1 we need the following lemma from differential geometry:

Lemma 5.4. Let M be a CH-manifold and let ¢; be nonnegative weights with y ;" ¢; = 1.
We consider two sets of points p; and q; and regard the corresponding intrinsic means
M(py,ci) and Mg, o) of these two sets of points with the same weights c;. Then

dist (M (p;,es), Migs,c) < Zci dist(ps, ;). (5.2)

=1

Remark 5.5. A similar statement with constants on the right hand side is true locally
without requiring the manifold to be a CH-manifold. These constants depend on the
sectional curvature of the manifold in question. We refer to [27] for details.

Proof. We follow the proof of Corollary 1.6. in [27]. We use the notation m, = my,
and my = mg, ¢,)- Consider the real-valued mapping P, defined on the CH-manifold given
by

P,(z) = %Z c; dist(, ¢;)*.
By [27, Theorem 1.2], its gradient reads

grad Py(x) = — Z ciexp,’ q. (5.3)

It is a consequence of [27, (1.5.1)] and the last sentence in the proof of [27, Theorem 1.2|
that for all x in the manifold

dist(z, m,) < |grad P,(z)|. (5.4)

Here the nonpositive sectional curvature of the CH-manifold is used. Combining (5.3)
and (5.4), and letting © = m,,, yields

. -1

dist(m,, mg) < | Z Ci €Xp,,, a)- (5.5)
CH-manifolds have the additional important property that the exp-mapping is not de-
creasing distances 32|, i.e., for points z,y, z in the manifold,

|exp; 'z —exp; ' y| < dist(x,y). (5.6)

In our current notation the balance condition (2.2) for the intrinsic mean m, reads

Z ¢ exp;i (p;) = 0. (5.7)

%
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Starting from (5.5) we use (5.6) and (5.7) to estimate

dist(m,, mg) < | Z Ci expfni 4il
i
= | Z G exp;li q; — Z & exp;li pi‘
- i
< Z ¢
< Z c; dist(qs, pi)-
;

-1 -1
€XPp, 4i — €XPpy, Di

O
We are going to prove Theorem 5.1.
Proof of Theorem 5.1. We show that for data p,
sup dist(T'p;, Tpi—1) < v sup dist(p;, pi1).- (5.8)

Locality of 7" implies that w.l.o.g. we can assume that data are bounded. From (5.8)
we immediately conclude that data eventually gets dense enough after sufficiently many
subdivision steps. This means that if we have shown (5.8) the statement of the theorem
is a consequence of Theorem 3.3.

To that end we consider the scheme S with mask {a;};cz. Depending on the dilation
factor N, we obtain N essentially different sets of nonnegative averaging coefficients b*) =
{ag_in}1, where k € Z. These coefficients are used to define the weights for the intrinsic
means. In order to estimate

ChS)C(,_sz7 sz‘_l) = dist(m(pl7b§i>), m(pl’bl(i_l))) (59)

we are going to apply Lemma 5.4. If we compare the right-hand side of (5.9) and the
left-hand side of (5.2) we see that on the one hand we have one sequence of points and two
sets of weights, on the other hand we have two sequences of points and one set of Welghts
To overcome this problem we define a new sequence of weights w; using the weights b

and bl(Z , and we derive new sequences of points x; and y; from the sequence p;. Below,
we are going to show that the following means coincide:

m(ml};”) = Maywy) and m(pl,bl“‘l)) = M(y;,w;)- (5.10)

We define the weights w;, and z;,y; as follows: For [ € Z, we denote the partial sums of
the weights b and b¢~1 by

= TA an | = Ti_l .
> b and D= b
r<l r<l

We merge the two monotonously increasing sequences C; and D; and order them according
to their values. We get a monotonously increasing sequence IW; and two monotonously
increasing mappings jco, Jp : Z — Z of indices such that

W(je(l)) = C() and W(jp(l)) = D(1).



71

We define the weights w; by
wj =W; = Wj_1.

Surely, w; defines a nonnegative weight sequence. In order to define the point x; we
consider the smallest index kg > j in the sequence W which ‘comes from the sequence C”,
i.e., ko =min{k > j : k € jc(Z)}. The preimage j' (ko) defines the index in the sequence
of points p we use to define x;. For y; we proceed in an analogous way. Thus we let

Tj = Pmin{m:jc(m)>j} and Yj = Pmin{m:jp(m)>j}-

We show (5.10): We consider the sequence members p; as formal objects, meaning
that p, = ps if and only if r = s. We start with the left-hand side of (5.10). We consider
a point p;, examine the sequence x to find the indices j with x; = p;, and show that the
sum of corresponding weights > w; = bl(i)

For fixed [, z; = p; if and only if jo(l — 1) +1 < j < je(I). This is a consequence of

jo being monotonously increasing. So x is of the form (..., pi—1, 05, P1s - - D1 D1 Ppray - - )5
and
je () .
S wj=Wiew = Wieaey = Cr = Cioy = b}
j=jc(l-1)+1

Therefore, for all x,

Jjo()

Zb )dlst (z, p)? Z Z w; dist(z xj ij dist(x :z:]

I j=jc(l-1)+1

This implies that m

argument.
Application of (5.9), (5.10) and (5.2) yields

sy = M) The second part of (5.10) follows by the same
7l “ b

dist(Tp;, Tpi—1) < ij dist(z;, y;)- (5.11)

J
We investigate the right-hand expression of (5.11): We are going to show that
ij dist(z;,y;) < Z |Cr — Dy| - sup dist(ps, pi—1)- (5.12)
j ! ’

We fix j and consider two neighboring sequence members W; and W,_y (W; > W;_;) and
examine subsequences of the form {W; q),...,Wj, @)}, the values being between C; and
D;. We want to find the indices [ with

{Wj—h VVJ} - {ch(l)7 ) WJD(l)}' (5'13)

Clearly, the index [ fulfills (5.13) if and only if jo (1) < j < jp(l). This is the case if and
only if min{m : jp(m) > j} <1 < min{m : je(m) > j}. With the roles of C; and D,
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exchanged we obtain {W;_, W;} C {W,,q),..., Wj.@} if and only if min{m : jo(m) >
j} <l <min{m: jp(m) > j}. This means that the number of indices

# AW, Wi C {WainGe 0,50 - -+ » WinaxGe)dp @)}
= |min{m : jo(m) > J} - mln{m : jp(m) > j}|. (5.14)

Furthermore, by definition,

Tj = Pmin{mijo(m)>j}  aNd  Yj = Dmin{msjip(m)>j}-

Note that the right-hand side of (5.14) is the absolute value of the difference of the indices
of the sequence p appearing in z; and y;. We show (5.12):

ij diSt(ZL’j, yj) = Z(VV] - I/Vj—l) diSt(pmin{m:jc(m)zj}apmin{m:jD(m)Zj})
J J
<D (W= Wj) - [min{m < jo(m) > j} = min{m : jp(m) > j}| - sup dist(pi, pi-1)
j i

max(jo (1),jp (1))

= Z Z (Wj — W;j-1) - sup dist(p;, pi-1)

I j=min(jc(),jp(1))+1

= Z |Ci — Dy| - sup dist(pi, pi—1)-
l 7

Here we have used the triangle inequality. The last but one equality is a consequence of
(5.14). This completes the proof of the estimate (5.12). We conclude, using (5.11), that

dist(Tp;, Tpi—1) < Z |Cy — Dy - sup dist(pn, pr_1)- (5.15)
l n

We are going to show that
> |G =Dy <. (5.16)
l
Then plugging (5.16) into (5.15) yields (5.8) which completes the proof. To show (5.16)
we define the ‘sign sequence’ o; by
o] = sign(Cl - Dl) (517)

Then we have

> 1C—Di| = Zm(@ ~ D))
—Zal D b = i)

r<l r<l

Y (- X (e 519

T I>r T >r
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We define a test data sequence ¢ : Z — R by ¢, = Zzzr 0. Obviously, this sequence is
bounded and |¢, — ¢,—1| < 1 for all r. By (5.18),

Z |Cr — D] = Z b — Z g b = | qub$i) _ qub$¢—1)|
l r r r r

=1Sq¢; — Sqi—1| < vysuplg — qr—1| = - (5.19)

This shows (5.16) which completes the proof. O
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6 Interpolatory multiscale transforms for functions be-
tween manifolds

This last chapter uses geometric subdivision schemes to define interpolatory multiscale
transforms for functions between manifolds. We consider the case when the domain
manifold is a 2-manifold. The purpose of this chapter is to characterize the smoothness
of a function by the decay of its detail coefficients which are derived by the transform.
This chapter is contained in [61].

Such results have quite a history. In [9], D. Donoho analyzes linear interpolatory
wavelet transforms. He characterizes smoothness properties of a function by decay prop-
erties of the detail coefficients which are derived from the function via the transformation.
Interpolatory transforms can also be defined in a reasonable manner in the setting of ge-
ometric subdivision which has been observed by Donoho et al.[53]. In [17], Grohs and
Wallner show an analogue of Donoho’s result concerning the decay of detail coefficients
for the class of Holder-Zygmund functions in the geometric setting. More precisely, they
consider a continuous function

f:R"— M,

where M in a manifold. This function is sampled on the grid 27°Z" to obtain a grid
function

fii2mzr 5 M

A geometric subdivision scheme T is applied to f; and the (generalized) difference &
(defined at the end of Chapter 2) between this prediction 7'f; and the finer sample f;4
on the grid 27#71Z" gives the i-th level detail coefficients:

di= ;0T fi-1.

Then the transform reads

f = (fo,do,du, . . .). (6.1)

The corresponding linear transform is obtained by replacing 7" by a linear scheme S, and
© by —.

Smoothness of a function f is related to decay of the coefficients d; by the following
theorem which is part of the results of [9] and the result of [17]. In this context smoothness
of a function is measured by its membership in the Hoélder-Zygmund classes Lip,, .

Theorem 6.1. Let S be a linear interpolatory subdivision scheme on the reqular mesh
which produces Lip,, limits, and assume that f is a continuous function on R with image
contained in a compact subset. Let v < a.

Then f € Lip, if and only if the coefficients d; w.r.t. the linear scheme decay as
O(277Y), i.e., there is C' > 0 such that 27||d;]|e < C for all i.

Assume furthermore that T' 1s a geometric analogue of S, and that fy is dense enough
such that the geometric version of the transform is defined. Then the detail coefficients
w.r.t. T also decay as O(277") if and only if f € Lip,, .
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In contrast, we treat domains which are not necessarily Euclidean, i.e., we deal with
manifold-valued functions, defined on a two-dimensional manifold. We consider a multi-
scale transform, where both the choice of sample points and the prediction operator are
based on nonlinear geometric subdivision. Since 2-manifolds with non-zero Euler charac-
teristics cannot be covered with regular quad meshes or triangular meshes, we must be
able to process irregular combinatorics.

The chapter is organized as follows. In Chapter 6.1 we give the definition of the trans-
form. The remainder of the chapter is devoted to the characterization of Holder-Zygmund
functions in terms of the detail coefficient decay w.r.t. our transform, in particular near
irregular points. The results are stated in Chapter 6.2, where we also give some examples.
The proofs are collected in Chapter 6.3.

6.1 Definition of a multiscale transformation for geometric data

In the following let N be a two-dimensional smooth domain manifold, and let M
be a smooth target manifold of arbitrary dimension. We explain a way of sampling
continuous functions from N to M: Consider a mesh (K, pg) which covers N. We use an
interpolatory subdivision scheme T, which processes data in N and which is a geometric
analogue of a linear scheme S. Application of T” yields a sequence of subdivided meshes
(K1,p1), (Ka,p2),. ... The (realized) vertex sets X; = p;(V;) in N are nested.

We assume that two (realized) vertices p;(v) and p;(w) never coincide, i.e., we assume
that p; is injective. Sufficient conditions for injectivity are given in Chapter 6.2.

We propose the following discrete interpolatory multiscale transform: We point-sample
a continuous function f: N — M on X, and let

fi=Ff

So f; is an M-valued function defined in the discrete subset X; C N.

To define a prediction operator 7" we use a second interpolatory analogue 7" of S
which processes data in the target manifold M. T" is applied to the mesh (K, f o p;)
whose realized vertex set is f(X;). The result is a mesh (K;1, g;+1) where g, has values

pi Pi+1
/ \ Figure 18: Definition of the prediction op-

Vi Ji Tii Vit erator for a multiscale transform based on

\ interpolatory geometric subdivision.
fopi gi+1=T"(fop;)

M

X,

P Xl arvision i 37

in M. By our assumption on the injectivity of p;.1, the function g;14 o p;ll X1 > M
is well defined. We define the prediction operator T' by

Tf; = giv1 0Pt
Using the geometric operation & (defined at the end of Chapter 2) pointwise, detail
coefficients are defined by

di = fir1 © T
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Our multiscale transform is now defined by
R: f-) (f07d07d1---)- (62)

Note that the well-definedness of the transform depends on the well-definedness of the
subdivision operators 7" and 1", which in general can only be guaranteed for dense enough
input data. This translates to the fact that we cannot arbitrarily choose the coarsest level
for sampling (as in the linear case), but there is a bound on the maximal ‘zoom out’.
It turns out, however, that the guaranteed theoretical bounds are very pessimistic in
contrast to what can be observed in practice.

In applications, we have the following finite version of the transform. It reads

Rn : fn — (fo, do, R ,dn_1>. (63)

A special case occurs if M is a vector space and 7" is a linear scheme. Then the
multiscale transform is linear.

On the other hand, if N = R? and the initial covering of N is given by the Z? lattice,
choosing T" as an interpolatory linear scheme which reproduces linear functions yields the
multiscale transform (6.1) which was defined in [53].

6.2 Statement of the results and examples

In order not to introduce additional technical problems, we formulate our results for
the case when N is compact. However, considering compact sets /N and using a local
definition of Holder-Zygmund functions seems a straightforward way to generalize the
results to non-compact V.

Our main theorem is Theorem 6.4. Its formulation needs the following notions: the
smoothness index of a linear subdivision scheme, Holder-Zygmund functions between
manifolds, a certain non-degeneracy property referring to a mesh covering a manifold,
and the quantities ||d;||;, (¢ € Ng) which encode the decay of the coefficients under the
transformation (6.2). We define these objects first and then state the theorem.

Non-degeneracy Property of a Covering Mesh

Consider the initial mesh covering the manifold N in Chapter 6.1. In order to formulate
the non-degeneracy property, we need a certain differentiable manifold Q. @) is obtained
by imposing a smooth structure on the mesh by considering it as a topological space in
the canonical way and using the characteristic maps y, as charts (which are defined in
each 1-ring neighborhood N, of a vertex v):

Yo : Ny, CQ — R

For analysis purposes, we consider the mapping s from the manifold ) to N, which is
given as the limit of subdivision. We request the following non-degeneracy property:

k: @ — N is regular and injective. (6.4)
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Obviously, this property guarantees that no vertices of the initial mesh or its subdivided
meshes coincide in N as required in Chapter 6.1. Furthermore, it guarantees that x is
onto, and thus invertible. This follows e.g. from degree theory [35]".

If N has non-zero Euler characteristic, we can weaken (6.4) by dropping the injectivity
assumption which then is fulfilled automatically. Again, this a consequence of degree
theory [35]2.

Corollary 4.17 yields a way to infer the regularity of x from properties of initial data
po using the regularity of the according limit of S (if py does not satisfy this condition,
there is still the chance that pq,ps,... do). So (6.4) can be effectively verified for given
initial data po (or the following py, pa, .. .).

Definition of the decay measure ||d;||;,

Our decay conditions near extraordinary vertices are only slightly more involved than
the very simple decay conditions in Theorem 6.1. To formulate these conditions we again
need the notion of the control set ctrl’(U) of a set U C D which is defined by D. Zorin
in [68], and which is a set of vertices in the i-th level mesh which determine the limit
function on U. This means that the limit function on U only depends on data on ctrl’(U).

First we consider k-regular meshes and use the notation of Chapter 1.2. For fixed 7, we
split the domain D into the rings D; (0 < j < i) and the inner area D\(DoU...UD;_4).
For their i-th level control sets we use the notation

‘/Z»j = Ctrli(Dj), j < ia
Vi = ctrl(D\(Dy U ... U D;_1)). (6.5)

The corresponding subsets of X; (defined at the beginning of Chapter 6.1) are denoted
by X7 = p;(V7). We take the difference d;_; = f; © T'f;_1; and measure each component
with its bundle norm. Then we define

il = max;(A7277) I8l [l where s;(z) = [|di(z)]. (6.6)

Here A is the subdominant eigenvalue of the subdivision matrix A (of our considered
standard scheme). It turns out that this is the appropriate quantity to measure the detail
coefficient decay near extraordinary vertices with.

Note that our definition is essentially a weighted sup-norm, where the weights depend
on the ‘distance’ to an extraordinary vertex.

! For the reader’s convenience we give the following short direct argument: Consider a curve v : [0, 1] —
N connecting a point = v(0) in the image x(Q) and an arbitrary point y = (1) in N. Consider the
maximal parameter ¢y such that for all smaller parameters ¢ < ¢y the curve v([0,¢]) stays in x(Q). The
compactness of N implies that v([0,to]) C x(Q). So there is p € @ with s(p) = v(to) and & is a local
diffeomorphism. Now, if ¢y were not 1, the inverse function theorem and the continuity of v would
guarantee that there is a neighborhood U of k(p) C k(N) and ¢ > 0 such that v([to — &,t0 +¢]) C U.
This is a contradiction and therefore x is onto.

2As above, we give a short argument for the reader’s convenience: By the regularity of x and the
compactness of @, it follows that x is a smooth finite covering. Then the Euler characteristic of the
covering space @ must be a multiple of the Euler characteristic of N. But this is a contradiction to the
fact that the manifolds IV and @ are homeomorphic.
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The definition of | - ||; , naturally extends to an arbitrary mesh and the corresponding
subdivided meshes: Near extraordinary vertices, we locally use the above definition and
obtain a global definition by ‘gluing’. Therefore, we do not introduce complicated notation
for that situation.

Smoothness Index of a Linear Subdivision Scheme

We assume that S is a standard scheme or a triangular quadrisection scheme fulfilling
all the requirements of a a standard scheme except for being quadrilateral based. Let v
be the smoothness index of S on regular meshes, i.e., the greatest number such that S
produces Lip,, limits for all v < v. Now we consider the subdivision matrix A for a valence
k vertex. We order the eigenvalues according to their modulus by 1, A, A, 3, pi4, . ... Then
we let v/ = min(log, |us3],2) (subdivision schemes with log, |us3| > 2 are not desirable
anyway [45]). We call

w = min(v, V) (6.7)

the smoothness index of S near an extraordinary vertex of valence k. For a general mesh,
take the minimum of the smoothness indices of all extraordinary vertices.

On the Definition of Holder-Zygmund Classes for Functions between Manifolds

Here we first follow Triebel [52] to define Holder-Zygmund functions from the compact
manifold N to R. We equip N with an auxiliary Riemannian structure. We consider
finitely many exponential charts exp;il (whose images are balls of the same radius r)
covering N and a subordinate C*° partition of unity {¢;}. We say a continuous function
f N — R belongs to the Hélder-Zygmund class Lip,(N,R) if (f¢;) o exp,, is a Lip,-
function on R? if we consider it extended by 0 outside the ball of radius r; Lip, was
defined in Chapter 1.1 with the help of (1.9).

Note that this definition does not depend on the chosen Riemannian structure. It also
does not depend on the chosen centers of the balls, nor on the radius r, nor the partition
of unity [52]. So the imposed Riemannian structure is only a tool for defining the Holder-
Zygmund Classes, and does not prejudice the subdivision scheme we are going to employ:
If N is, for example, a Lie group we can still use a Lie group scheme.

We are going to define the class Lip, (N, M) where both N and M are smooth mani-
folds and N is compact. We equip both N and M with an auxiliary Riemannian structure.

Definition 6.2. Let f : N — M be a continuous function. Choose finitely many open
geodesic balls B(x;,r) which cover N, and finitely many balls B(y;, R) which cover im f,
such that each f(B(z;,1)) is contained in one of the balls B(y;, R). We choose a partition
of unity {p;} subordinate to the balls B(x;,r). The continuous function f : N — M
belongs to the class of Holder-Zygmund functions between N and M,

felip,(N,M) <= f;€Lip (R",R"), for alli.

Here f; is obtained from (g;p;) oexp,, : B(0,7) = R™ by extending with 0 outside the ball,
and g; = exp;j1 o f | Blair)-
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Note that in the above definition, the main purpose of introducing the Riemannian
structure is to obtain nice charts. Concerning well-definedness we have the following
statement, whose proof is given later on.

Proposition 6.3. The definition of Lip. (N, M) does not depend on the imposed Rieman-
nian structure, the particular choice of balls, or the partition of unity.

We formulate our main result:

Theorem 6.4. Let S be an interpolatory linear standard scheme or a triangular scheme
based on quadrisection which fulfills all the assumptions imposed on a standard scheme
except for being triangular based instead of quad based. Assume furthermore that the two
interpolatory schemes T and T" (acting in N and M, resp.,) both fulfill the local proxzimity
conditions (4.1) w.r.t. S. Assume that an initial mesh covering N has the non-degeneracy
property (6.4), and that the smoothness index of S fulfills w > 1 on its mesh combinatorics.
Then the multiscale transform R defined by T',T" and the initial mesh covering N has
the following property: The smoothness of a continuous function f : N — M s related to
the decay of detail coefficients d; w.r.t. R by

f € Lip (N, M) if and only if  sup;ey, [|dilliy < C (6.8)
for 0 <y <w. Here || - || is defined by (6.6).

In Chapter 6.1 we already encountered the fact that nonlinear subdivision schemes are
in general only defined for dense enough input. By choosing a high enough index iy, the
samples of the continuous function f on all levels X; with ¢ > iy are dense enough such
that the multiscale transform is well defined if we start on level iy instead of level 0. Then
the statement of the theorem holds if we choose the ig-th level mesh as initial mesh. As
the statement is an asymptotic one in 7, the initial level iy does not matter anyway.

Remark 6.5. We want to point out that by considering N as a smooth (meaning C')
manifold, Theorem 6.4 does not apply to the case when N itself is a subdivision surface
in R3. The central technical reason is our use of geodesic balls in the definition of the
Holder-Zygmund classes. This is done to obtain ‘nice’ chart neighborhoods. However, a
subdivision surface already brings nice chart neighborhoods. Although we omit this case
in this paper to avoid further technical complications, we strongly conjecture that the
above theorem is also true when N is a subdivision surface.

Remark 6.6. Modifications of our proofs would also work for C! schemes with w = 1.
However, this would produce an additional case in most situations which we want to
omit. Furthermore, we want to point out that we do not know how to prove the above
theorem if the scheme is not C!, or w < 1.

For the geometric situation we have the following result:

Corollary 6.7. If T" and T" are geometric (bundle) analogues of a linear scheme S which
operate in N and M, respectively, then (6.8) is valid in this geometric setting.

Linear schemes which meet our requirements are the modified butterfly scheme and
Kobbelt’s interpolatory quad scheme [30]|. The butterfly scheme was proposed by Dyn
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et al.[12]. It was modified by Zorin [72] to produce smooth limits near extraordinary
vertices. An analysis of both schemes can be found in [67].

As a consequence of Corollary 6.7, the Riemannian analogues (2.1) and (2.7) of the
modified butterfly scheme and of Kobbelt’s interpolatory quad scheme fulfill (6.8). Other
analogues meeting the requirements of the corollary are the projection analogue and the
geodesic analogue analyzed in [57].

The exact value of the smoothness index w defined by (6.7) depends on the valences
of the vertices in the combinatorics K. For its numerical evaluation in case of Kobbelt’s
scheme we refer to [67].

The modified butterfly scheme has some properties which are very nice for our pur-
poses:

Corollary 6.8. Let T' and T" be geometric (bundle) analogues of the modified butterfly
scheme in N and M, respectively, and assume that the initial mesh which covers N fulfills
(6.4). Then for continuous f : N — M and and any positive vy, which is smaller than the
smoothness index of the butterfly scheme on regular meshes,

f €Lip, (N, M) if and only if ||dilloc < c27"7,
Here d; are the coefficients of the multiscale transform (6.2).

The above corollary involves the smoothness index of the butterfly scheme on regular
meshes which is known to lie in the interval [1.44,2]. The lower bound is given in [18],
and the upper bound is clear since the 4-point scheme does not produce C? limits. Note
that the statement of Corollary 6.8 does not depend on the valences of the vertices in the
combinatorics K, and that the decay conditions are as in the regular mesh case. This
corollary is proved at the very end of Chapter 6.3.

6.3 Proofs

The main part of this section is devoted to the proof of Theorem 6.4. We begin by
providing some information on the invariance properties of Hélder-Zygmund functions.

For an open subset U C R™ and 0 < a < 1 we define the Hélder classes C1*(U,R?) as
the space of C' functions f : U — R? such that, for the differential of f, ||d.f — d,f|| <
Cllz — y||*, for all z,y € U.

We need the following properties of Holder-Zygmund and Hdolder classes which mainly
concern invariance under composition and multiplication.

Proposition 6.9. Assume that 0 < v < 2 and that 0 < o < 1 such that a > v — 1.
Consider f € Lip, (R",R?). Let U, V be open sets in R", and let g : U — V be a C"
diffeomorphism with g € CY*(U,R™). Furthermore, assume that U', V' are open sets in
R% and that h: U' — V' is a C* diffeomorphism with h € C»*(U',RY). Let K C W C R"
be a compact set contained in the open set W, and f': W — R? be a continuous bounded
function which fulfills |AZf'(z)|] < C||t||” for all x € K and ||t|| < to, where B(y,2ty) C
W for all y € K. Under the assumption that all sets are connected and contain 0, we have
the following statements.

(i) If u € Lip, (R") with suppu C int K, then the product uf’ : R™ — R? (extended by
0 outside K ) belongs to Lip. (R",R?).
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(1) If L C U is compact, then there is an open neighborhood N of g(L), such that
gt e CH(N,R").

(iii) If f is compactly supported in 'V, then fog € Lipv(R”,Rd). Furthermore, | fogl|vip,
< C”chl’“(suppf)HfHLipw-

(iv) If f has compact support and im f C U’, then ho f € Lipw(R”,Rd).

Proof. Note that for 0 < o < 1 the Holder spaces C1*(R") and the Holder-Zygmund
spaces Lip, ,(R") coincide (which is, in general, no longer true, if we replace R™ by an
open set U).

In order to avoid pathologies (arising from the choice of domains), the Holder functions
and the Holder-Zygmund functions in the statements are compactly supported or defined
in a neighborhood of the open set of interest— not only on the open set itself. This allows
us to use certain results for the R™ case rather than having to deal with problems at
the boundaries of the domain. In particular, certain proofs given for the R™ case which
are based on differences and moduli of continuity (which are quantities of a local nature)
carry over to our setting.

In case v # 1, (i) is a straightforward computation. For v = 1, we can use the
representation [2, Equ. (2.4)] and proceed in a way analogous to the proof of Proposition
3 in [2]. This is justified, since our setup allows to apply |2, Equ. (2.2)].

We come to (ii). The corresponding statement for the R case is stated as Theorem
2.1 in [1] and is there attributed to Norton [38]. The argumentation in [1] is a local one,
and choosing N as a set with compact closure in g(U) yields (ii).

For v # 1, statements (iii) and (iv) in the R™ case are Lemma 2.2 and Lemma 2.3
of [1]. Again, by the locality of the arguments in the proof of these lemmas, and by the
compactness of supp f, (iii) and (iv) hold true as stated.

The R™ statement analogous to (iii) for v = 1 is the composition theorem of [39]. Its
proof which is based on certain moduli of continuity also applies to the situation in (iii).

A statement similar to (iv) in the R™ case for 7 = 1 is Theorem 2 of [2]. The difference
is that only the case d = 1 is stated. However, the moduli 7 and v employed in [2| can
be generalized to arbitrary dimension d in the obvious way. Then the generalization to
arbitrary d of Proposition 4 and Theorem 6 in [2] remains valid. An analysis of the proofs
of Proposition 4 and Theorem 6 of |2] shows that they also apply to the situation in (iv)
(every C1 function fulfills the condition [2, Equ. (1.1)]). O

We decided to give a not too detailed proof because following the lines in the references
and checking that they are of local nature, and thus apply to our situation, is easily
possible while explicitly writing down the argumentation would mostly copy the lines in
the references and take up lots of space.

With the help of Proposition 6.9 we are able to show Proposition 6.3.

Proof of Proposition 6.3. 1t is sufficient to show the result for connected N. We assume
that the conditions of Definition 6.2 are fulfilled for a function f and geodesic balls B(x;,r)
and B(y;, R), respectively. We consider another such set of balls B'(z, ") and B'(v;, R')
with respect to different Riemannian metrics on N and M, respectively. Consider the
partition of unity {;} and the functions f; as in Definition 6.2, and an analogous partition
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of unity {¢}.} and the corresponding functions f; corresponding to the different choice of
balls. We have to show that, for all k, f; € Lip, (R™ R").

To that end, we choose some small enough R’ and finitely many balls B’(¢;, R")
which cover f(N) such that, for each ¢, there is j and [ with B'(¢;, R") C B(y;, R) and
B'(q;, R") C B'(v, R). Then we choose some small enough ” and finitely many balls
B'(ps, ") which cover N such that, for each s, there is i and k with B'(p,,r") C B(x;, 1)
and B'(ps,r") C B'(zx,7’), and such that there is ¢ with f(B’(ps,r”)) C B'(q:, R"). We
let {¢”} be a partition of unity subordinate to the balls B'(ps,r").

We construct the functions f7 following Definition 6.2, using the balls B'(ps, "),
B'(q:, R") and the partition of unity {¢”}. The statements (i),(iii), and (iv) of Propo-
sition 6.9 together yield f € Lip, (R™,R") for all s.

Consider now f;. Modulo a change of exponential charts, we can write f;, = > 1 f
with smooth functions ¢, with compact support. By Proposition 6.9 (iii) and (iv), this
change of exponential charts leaves the Lip, property invariant. By Proposition 6.9(i),
multiplication with 1, leaves the Lip. property invariant. Thus f; € Lip, (R™,R"). O

We have shown that our definition of Holder-Zygmund functions between manifolds is
consistent.

Recall that, for a function p, on V,, for some k-regular mesh and a subset B of V,,, we
use the notation

Dg(pn) = sup{||pn(v) — pn(w)|| : v and w are neighbors in B}.

We drop the index B, if B = V,,. Dg gives an upper bound on the coarseness of the
corresponding mesh on B. Theorem 4.5 is only concerned with C! smoothness. We need
the following generalization concerning Holder functions.

Theorem 6.10. Let S be a linear subdivision scheme which meets the requirements of
Theorem 6.4, and let T be in proximity with S. Let w > 1 be the smoothness index of S for
a k-reqular mesh. If T' converges for k-reqular input py (which is guaranteed if py is dense
enough in the sense that D(py) is small) then its limit is in C*~1 w.r.t. the characteristic
parametrization, whenever 1 < a < w.

Proof. We first consider linear subdivision and then use the results to obtain the corre-
sponding statement for the nonlinear case.

We consider the limit function h = S gpo for input py and its restriction h,, = h|p,, to
the ring D,,. As before, A denotes the subdominant eigenvalue of the subdivision matrix
A and p denotes the modulus of the sub-subdominant eigenvalue(s). We are ordering the
eigenvalues of A by their modulus, 1 > A = X > |us| > ... > |u,| > .... Then hy can
be represented as hg = Y Z?:o Blel with {e/} being the eigen-rings of the subdivision
scheme [45] and ¢ being coefficients. Here the index 7 corresponds to the eigenvalues
and the index j corresponds to the Jordan block of the corresponding eigenvalue. The
limit function on the m-th ring has the nice representation

P = Bo + 51/\m€1(2m‘) + BaA™ea(2™-)

Iy
+Zl§_;( Z ieil(21) = B+ R (6.9)
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See Chapter 4.6 of [45] for details.

Consider now the function h,, o x~!, i.e., we look at the characteristic parametrization
of the limit. By [45], the differential of h” as defined by (6.9) fulfills d(h” o x7!) =
O(A™™(us)™) uniformly on D, as m — oo for every s > 1.

Assume that « is a real number with 1 < a < w. Since limits on regular meshes are
Cle=1 for all points x,y in, say, three consecutive rings x(Dp,—1) U X(Dpm)Ux(Dpmy1) the
Holder condition

lds(hox™) = dy(hox ™M)l < Clla —y[*~ (6.10)

is fulfilled for some constant C' > 0 which is independent of the particular m.

We consider the situation near the central point 0. We write A’ for the function defined
on each D, by h., (m € N) and by Sy in 0 (2!, is defined in (6.9)). Analogously, we define
", the only difference being that h”(0) = 0. Then i/ o x~! is an affine-linear function and
therefore d, (k' o x™1) — d, (W o x~') = 0. Hence

ldo(h o x™) = do(h o x ™I/ l2]|*7F = [lda(h" 0 x ™Il ll2]|*~-

Now, consider x € x(D,,). Two consecutive rings are \-homothetic. So there are k, K > 0
which are independent of x and m such that kA™ < ||z|| < KA™. Therefore, there are
C1,Cy > 0 such that

do (R, o x DI/ ||2]|*F < Culldu(hlh 0 x 71|/ A
< COA ™ (us)" A = (s A"

We choose s > 1 such that p = sA\*~* < 1. Then s(u/A\*) = (u/N)(sA"~*) = p. This is
because the first factor equals 1 by definition of v. Then, ||dy(hy, 0 X7 Y)||/||lz]|* < Cop™
< (5. This implies that the Holder condition (6.10) holds also in 0.

For points x and y, which lie in two rings, say x(D,) and x(D;), with |r — s| > 2, we
estimate differentials by

lds(hox ™) = dy(hox™ Il < llda(hox ™) = do(hox ™)l + [ldy(hox™") — do(hox I

By the contraction of the rings, ||z — y||* > cmax(||z|%, ||y||*) for some ¢ > 0 which is
independent of x and y as long as |r — s| > 2. This yields a (larger) constant C” such that
(6.10) still holds with C' replaced by C’. Altogether, this implies that the limit of linear
subdivision is a C**~! function.

Since we now know that S produces C*~! limits for o < w, we can base the proof
for the nonlinear case upon the perturbation arguments used in the proof of Theorem 4.5.
We assume a < w. We point out where modifications are necessary. First of all, note that
for a function v on R™ and some h > 0, we have ¢, C' > 0 such that the dilated function
u(h-) can be estimated by ch®||u|gra-1 < ||u(h-)||cra-1 < Ch¥||ul|gra-1. (C is a generic
constant, which can change from line to line from now on.) With this in mind, we can
use the argumentation of Proposition 4.15 to obtain that

||(Soo,i+1Ti,0po - Soo,z‘Tz‘—Lopo) o X_llx(Dn) Hclvafl
< CRT"AT)YNTE = S)Ti-1,0P0]ctati+1 (D)l oo
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Invoking this estimate yields a statement analogous to (4.24) for the rings near the ex-
traordinary vertex:

1(Socsi1Ti0P0 = SooiTi-1.00) © X~ (o llorer < CYP™ D0y (p0)?, (6.11)

where vy := max(27', ). The C**~! version of (4.26) reads
1(Sos,i+1Ti.0P0 — Soc,iTi-1,0P0) © X_1|X(D;) lorar < CAC™ D101y (po)*. (6.12)

The estimates (6.11) and (6.12) now imply that the limit using 7" is C**~1. This follows
with minor modifications from the proofs of Proposition 4.16 and Theorem 4.5. O]

The next proposition treats Euclidean space data defined over a 2-manifold. It is a
special case of our main result.

Proposition 6.11. Let the interpolatory scheme T' act on the smooth compact 2-manifold
N and assume that it is in proximity to a linear interpolatory scheme S. Assume that
the initial mesh (Ko, po) in N fulfills the non-degeneracy property (6.4). Let w > 1 be
the smoothness index of S for that mesh. We apply the linear version of the transform
(6.2) to a continuous function f : N — R Then for any v with 0 < v < w we have the
characterization

f € Lip, (N, RY)  if and only if Sup;en, [|dilliy < C. (6.13)
Furthermore, || folloo + SUDsen, 1dilliy provides an equivalent norm on Lip. (N, RY).

Proof. The proof of this statement takes some time. We split it into several parts. Part
(1) reduces the statement to a statement involving only one extraordinary vertex. In
parts (2)—(5) we show the reduced statement: Part (2) is the ‘only if’-part in case 7 #
1. The ‘if’-part of the statement is treated in part (3). In part (4) we explain why
| folloo + supjen, |1dilli, defines an equivalent norm on Lip. (N, R?) in case v # 1. In Part
(5) we show the ‘only if’-part and treat the norm equivalence for v = 1.

We need the sets V; and X; which were defined in Chapter 1.2 and at the beginning
of Chapter 6.1, respectively. The subsets V;j and Xf are given by (6.5) and the lines
following (6.5), respectively. We let C' be a generic constant which can change from line
to line.

(1) We reduce the statement to a more accessible situation near extraordinary vertices.
To that purpose, consider the neighborhood of an extraordinary vertex x € Xy C N and
the corresponding point 0 € Vj in the glued domain D. Denote by X; = x(V;) the image
of V; under characteristic parametrization. With the diffeomorphism « of (6.4), yor ™! is
a local diffeomorphism mapping z to 0 € R% Thus yox~! sends neighbors of 2 € X; C X
to neighbors of 0 € X;. For a visualization see Figure 19.

Now choose finitely many small geodesic balls B(y;, ) which cover N, such that each
k1 (B(y;, 7)) is completely contained in some characteristic chart neighborhood. Let {¢;}
be C* functions such that each 1); is supported in B(y;,r) and equal to 1 on B(y;,r —¢),
where & > 0 is so small such that the balls B(y;,r — ¢) still cover N. If f € Lip. (N, R?)
then f; is compactly supported in B(y;, ) and the extension of its chart representation
with 0 outside the ball is in Lip, (R?, R?). Let us denote this extension also by fv;.
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Figure 19: Setup for the proofs of Proposition 6.11 and Theorem 6.4.

The mapping u; = yor ‘o exp;jl is a diffeomorphism from B(0,r) into R?. Its image
contains the compact set w;(supp f1;). Since & is a limit of subdivision, Theorem 6.10
implies that the inverse uj_1 is Ot~ for all o < w. Therefore, for a with v < a < w,
Proposition 6.9 implies that (f;) ou;1 S Lipy(RQ, R?) (with the usual 0-extension). This
means that a Holder-Zygmund function on N transforms to a Holder-Zygmund function
near 0 in the image of a characteristic chart.

Conversely, if we have a Holder-Zygmund function ¢ in the image of a characteristic
chart which is compactly supported in u;(B(0,7)), we use Proposition 6.9 to obtain that
g o u; is Holder-Zygmund on N (with extension by 0). For a Holder-Zygmund function
g defined on x(D) which is not necessarily supported in u;(B(0,7)) we can multiply g
with ¢; o u‘l to obtain a function that has support in u;(B(0,r)) and apply the above to
obtain a Holder Zygmund function on N.

We define the details d; and the control sets Xj analogous to the details d; and the
control sets XZ , only by replacing X; C N by X! C RQ. Then, locally near an extraordinary
vertex, the details d; of f given on N and the details d; of f o ko x~! are equal.

If a ball B(y;,r) in N does not contain an extraordinary vertex, then we are in the
regular mesh case. But this is a special instance of a 4-regular mesh in case of quad
meshes, and a 6-regular mesh in case of triangular meshes which is treated by the general
k-regular case.

Summing up, it is enough to show the following reduced statement for the k-regular
mesh for a continuous function f with compact support in a neighborhood of x(D’):

f €Lip,(x(D),R?% ifand only if  supey || fi — Si—1fic1lliny < C. (6.14)
We also show that || fol|oc + Supsen, ||.fi = Si—1fi—1|li,y Provides an equivalent norm on

Lip (x(D),R?) = {f € Lip, (x(D),R?) : supp f C K} (6.15)

for some fixed but arbitrary neighborhood K of 0. Then the corresponding statement in
the proposition follows from Proposition 6.9(iii).

For the further proof we let d = 1, since the right hand expression in (6.14) is equiva-
lent (lower and upper constants) to the maximum of the corresponding component-wise
expressions.

(2) We show the ‘only if’-part of (6.14) for v # 1. So our assumption is that f €
Lip,(x(D),R). fi denotes the restriction of f to X;. The subdivision scheme S acts on
functions on V; as a linear operator S; and thus also on functions on X;. We denote this
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operator on functions on X; by S;, too. We abuse notation and also use Seo,i to denote
the operator which maps input X; — R to its limit (D) — R.

Consider the restriction of f; to the sets X7 (the index i corresponds to level i and
the index j to the ring j near an irregular vertex). In the course of the proof we have to
estimate the norm of (f; — S;_1fi—1)|gs. We have to distinguish two cases depending on
whether [ := i — j, (i.e., the difference between level and ring index) is small or not.

If we choose [ sufficiently large, say [ > [y, we get that

1(fi = Sicifi) g lloo < 10 = Socim1fim1) o) llso (6.16)

where we let D = D; U D;U Dj,. This is a consequence of S being interpolatory and
the fact that the control sets X on level i of x(D;) are contained in D.

For [ =i —j < lp, we find » € N such that X} C x(D}_,), where D := D'\(Dy U
...UD;_1). (D" was defined as the union of all the rings D;, i € N, and 0 in Chapter 1.2.)
Then

1(fi = Sicrfie) g lloo < 10 = Socimafimt) vy ) llo- (6.17)

Observe that showing
1(f = Ssciet fimt) x(py)loo < CA26707 and (6.18)
I(f = Socim1fim1) lx(pp loo < CA™ (6.19)

is enough to complete this part of the proof. This is because (6.18) and (6.19) together
imply that (6.18) is valid with D; replaced by Dj or by Dj, respectively, if we enlarge the
constant C. Then (6.16) and (6.17) imply ||(fi — Si—1fi—1)] g4 llee < CA720=D7 where C
is independent of ¢ and j. This is the right-hand side of (6121)

We show the approximation estimates (6.18) and (6.19). We consider the two cases
v > 1 and v < 1, and use the fact that in both cases the spaces of Holder-Zygmund
functions and Holder functions on Euclidean space coincide with equivalent norms (which
is not true for v = 1). If v > 1, we write f = f(v) + d,f(- — v) + g(-) with g(z) =
O(|Jx — v||") for £ — v by our assumption. The linear bounded operator which first
samples f and then maps the result to the limit of subdivision reproduces constants.
Furthermore, it reproduces linear functions f : x(D) — R. So, for a vertex v € X; i,
we have Se ;i 1fi1 = f(v) + dyf(- —v) + h(:) for some h with h(x) = O(||lz — v||?) by

Theorem 6.10. Then, if v is a point in X;_; nearest to x, we obtain
f(z) = Secic1fici(x) = g(x) — h(z) = O(||z — v|]?) for  — v. (6.20)

If v < 1, the estimate (6.20) is shown in the same way, without using differentials.

In order to estimate ||z—v|| in (6.20) we introduce the notation o (A, B) = sup,¢ 4inf,ep
|z — v||. By the definition of V4, o(D;, Vi¥) = O(27%) and o(D,, V') = O(27%) as k — o,
uniformly in r for » < k. Because the characteristic map is a diffeomorphism on each ring
Dy, fulfilling the scaling relation x(27!) = Ax(+), we have that o(x(D},), XF) = O(\¥) and
that o(x(D,), X;) = O(A\"2"7*) as k — oo uniformly in r for r < k. So for & € x(D}_,),
we get inf,cx, | |lz —v|| = O(N'). Also, for j < i—1, and = € x(D;), we obtain that
infcs, , |7 — ol = O(V2i7).
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Then plugging ||z — v|| < CAM2U~") into (6.20) and enlarging the constant C' yields
both (6.18) and (6.19). This completes part (2) of the proof.

(3) We show the ‘if’-part of (6.14). The continuous functions g; = S, f; uniformly
converge to f on X(D) for the following reason: Since S is interpolatory, for a vertex
v; € X; nearest to x we get

lgi(z) — f(@)|| < [[Secifi(®) — Seoifi(vi)ll + || f () — f(vi)]
< Csup{||f(v) — f(w))]|| : v,w neighboring vertices} + || f(x) — f(v;)]|,

and the right hand side tends to 0 as 1 — oo.
The right-hand side of (6.14) implies that, for ¢ > j,

lgi = gi-1lxy lloe < NSsoollllfi = Sfimtlgilloo < C'llSc0l2977N7. (6.21)

Here C’ is the constant in the decay condition which depends on f. In this part, we
continue to use the symbol C' as a generic constant which can change from term to term,
but we only employ it if it does not depend on f. We use (6.21) to quantify the distance
between f and the approximants g; on the ring x(D;) :

If = gilwplloe < N9k = gemlo) e

< > =k \J7 < 9D \IT
< OISl Y, 207N < 00207 (6.22)
Now we consider the inner domains x (D). Using the right-hand side of (6.14), an estimate
analogous to (6.21) yields

19: = gi1lyp oo < C'CA7, (6.23)

whenever ¢ < j. Then,
TN N SN [ Aoy

J ky > (G=k)v \Jv
< OllSscoll 3, A7+ 2, 207
<OCNTYT T max(27 )P < C'OAn (6.24)

We proceed to estimate second differences, beginning on the rings x(D,). By enlarging
the constant C' in (6.22), the statement of (6.22) remains valid for sufficiently small e-
neighborhoods U; of x(D;). We choose the neighborhoods U; in such a way that each Uj
is a scaled copy of the neighborhood U, where the scaling factor equals M. Then there is
ho > 0 such that, for any j, all € x(D;), and all ¢ with ||¢|| < A hg, the second difference
A? f(z) only depends on f|U;.

We let a be a real number with 7 < a < w. Consider the modulus of continuity
wi(h, f) = supyyyn (A2 )lx(pp > for h < Mhg. We have the estimate

. . n—1 . .
w%(hv f) S w%(h7 f - gn) + Zi:O w%(hv gi+1 — gl) + w%(h7 gO)
-1

<A = gl + 3 B lgis — il +wAlhogo). (6.25)
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where || - [|a,j = supy h=w)(h, )+ - [yv;) lloe-
With the help of (6.22) and (6.24) we can estimate the first summand on the right-hand
side of (6.25) by

1(f = gn)lxw;)lloo < CCATIR(mITm max(n=70)y, (6.26)

We note that the last summand in (6.25) can be estimated by w?(h, go) < CC’h" by Theo-
rem 6.10. We consider the sum in (6.25). By the locality of the subdivision scheme S, the
limit function locally is a linear combination of finitely many generating functions. Fur-
thermore, on a regular mesh, an integer shift of those generating functions is a generating
system for the shifted functions. Near 0 in a k-regular mesh, changing to a finer resolution
only dilates the generating systems, we get || git1 — gillay < C20 A7 g;11 — gilywy) I
in case that i > j. If i < j, we obtain ||gis1 — gillay < CAT||giv1 — 9i|X(U7uD;)Hoo- By
combining these estimates, we get

n—1 n—1 PP .
Zi:o | giv1 — Gillay < CZi:O po N~ min(igagmax(i=j0a) g Gilx(a)llso

< cc’ anl BN~ min(i,j)(a—'y)Qmax(i—j,(])(oc—v). (627)

=0

Here A; = Uj for i > j, and A; = U; U D;; for i < j. For the second inequality we used the
estimates (6.21) and (6.23). We further discuss this upper bound in (6.27). We consider
n with n > j and set h = 277"\, Then,

B Z"‘l 1,0 )\~ min(i.g)(a—) gmax(i—j,0) (a—) _ Zf_‘ol \G—min(i,) (@) g (max(i—j0)+j—n)(a—7)

=0
j—1 . n—1 .
(=i)(a—=y) (i=n)(a—y)
<Y ATy <0, (6.28)

where C'is independent of n and j. We plug (6.28) into (6.27) and the result into (6.25).
For h = 297") and j < n we obtain, using also (6.26),

hwh(h, f) < 4C'C + CC' + CC, (6.29)

where the constants do not depend on j and n. Since the sequence h, = 297"\ nicely
tends to 0, it follows that there is hy with 0 < hy < hy such that, for all j and h with
0<h<hyN,

hwi(h, f) < C'C. (6.30)

Having estimated second differences on the rings x(D,) we now consider the neighborhood
of the central point. Instead of D; we consider the central domain D}, and employ the

second modulus of continuity & (h, f) := SUD|j¢|< H(Aff)]X(D})H, for h < Mhg. Analogous
to (6.25) we estimate

. . j-1 . .
wy(h, f) < @3(h, f = g;) + Zi:o @3 (R, giv1 — gi) + @3(h, go)

i1 :
<A = g hoplloe + 3 Bllgisr — aillog +wihig). (631)



6.3 Proofs &9

where the above definition of || - ||, is modified by replacing U; by U. By (6.24), the first
summand on the right-hand side of (6.31) is bounded from above by 4|/(f — g;)|vv;)lls
< CC'NV7. Similar to (6.27) and (6.28), letting h = (c\)’, for some ¢ with 0 < ¢ < 1,
which is small enough to guarantee that &} is defined, we obtain, using (6.23),

- = @ — i—1 ay —io
WY g = gillay < CHTTY BT lgin = gilvwy Nl
j—1 .
< oo Y pepnites,
<CC'h o ho\

— o' N TG <« o
=CC Zizo A <cc' (6.32)
Here the constants C, C' are independent of j. Combining these two estimates and plug-
ging them into (6.31), we get, on the inner domain (D),

@ (e, f) < C'C (6.33)

uniformly in j. Firstly, this yields the decay condition |AZf(0)|| < C'C||t||” in the central
point. Furthermore, if we consider some z in the j-th ring x(D;), and some y in the i-th
ring with j —i > 2 then (6.33) ensures that || f(z) —2f(53) + f(y)|| < CC'||x—y|]". If the
distance is smaller, then (6.30) applies. In summary, this shows that f € Lip.(x(D), R?).

(4) We explain why in the case v # 1 the expression ||f||}, = || folleo + sup;en, lI.fi —
Si—1fi-1lliy is an equivalent norm on LipZ (x(D),R?) (which is defined by (6.15)). By (2)
and (3) the subspace of continuous functions where [ - || < oo coincides with Lipé( It
is a straightforward computation that [| - ||’ defines a norm. The constants C' occurring
in (3) do not depend on f (for constants depending on f, we used the symbol C’). This
implies existence of C' > 0, independent of f, such that

1 lLipse < CILFII- (6.34)

Since part (3) includes the case v = 1, (6.34) is also valid for v = 1.

For the converse part, we have to analyze the proof of part (2). In the beginning of part
(2), we reduce the statement of part (2) to (6.18) and (6.19). Examining this reduction
we see that the occurring constants ‘C’ do not depend on f. It remains to analyze the
constants occurring in the proof of (6.18) and (6.19): By careful examination, it turns out
that f only influences constants via the O()-term in (6.20). This means that we have to
look at the Holder constants of the functions g and h occurring in part (2). By definition,
those Holder constants are bounded by some multiple of the Holder norm of f. Summing
up, there is C' > 0, independent of f such that

AN < ClL Nwipss (6.35)

in case 7 # 1. Thus those norms are equivalent for v # 1 (The inequality (6.35) for the
case 7 = 1 is shown at the end of part (5)).

(5) It remains to show the ‘only if’-part of (6.14) for v = 1. To that purpose, we use
interpolation theory. We refer to [42] for a thorough treatment in connection with Holder-
Zygmund classes. It is well known that Lip, is the interpolation space [Lip,_, Lip;, Ji/2.
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This notation means the following: For two Banach spaces X and Y with Y C X, the
symbol [X, Y]y denotes the space of all f € X such that Peetre’s K-functional K(f,t) <
Ct?, for 0 < t < 1, where

K(f,1) = infgey [|f = gllx +tlglly-

The interpolation space becomes a Banach space with norm || - || = sup, t K (-, ).

We proceed in the following way: We assume that f € Lip; C Lip,__. Then for every
t with 0 < ¢ < 1 there is g; € Lip,,, such that t V|| f — gillLip1—¢) +t2| gl Lip(14¢) < C,
where C' does not depend on t.

We let hy = f — g;. We consider the coefficients under the multiscale transform of
f, hy and ¢g; on Xij for arbitrary but fixed i. We denote these coefficients on X’f by
d(f),d(g:), ... By (4) we have ||d(hy)[|oc < C'2070=IN D[Ryl i), and [|d(ge) |0 <
20D+ N+ gy llpip4e). By applying the triangle inequality and letting ¢'/? =
20=12 \I& we get

27N d(f)lloo < 27X Nd(Pi) oo + 27 AT d(91) |0
< C"27 0Ny || Lip(i—e) + C"20 7N gl Lip(140)

< max(C, C"YE 2| f = gilluipa—o) + /2| ge|lLip(11e))
< O\l flluip, - (6.36)

For the last inequality we have used the equivalence of the norm induced by the K-
functional and the norm induced by second differences. (6.36) means that we have the
desired decay of the multiscale coefficients if f € Lip, .

Furthermore, the coefficient based norm || - ||} from part (4) obeys
111 < CllfllLip, -
The other direction, i.e., || f||Lip, < CJ/f||1, was already established in (6.34). Hence || f|}
is an equivalent norm on Lip, . O

Having collected all this information we are now able to prove Theorem 6.4.

Proof of Theorem 6.4. This proof is quite long which is the reason why we split it into
several parts. In part (1) we reduce the statement to a statement only involving one
extraordinary vertex. We proceed similar to the proof of Proposition 6.11 which is the
reason for keeping this part short. Part (2) is the ‘only if’-part of the reduced statement,
and part (3) is its ‘if’-part (which is actually the hard estimate).

For a visualization of the setup we refer to Figure 19. We use the notation of the proof
of Proposition 6.11. Furthermore, we use the symbol C' for a generic constant which can
change from line to line.

(1) Similar to the proof of Proposition 6.11 we reduce the statement to the situation
near an extraordinary vertex. We show that a certain way of ‘applying charts’ does neither
affect the Holder-Zygmund classes nor the decay of detail coefficients.

We cover f(IN) with balls B(z, R), and N with balls B(y;, ) such that each f(B(y;,r))
is completely contained in one of the B(zj, R)’s and such that the image of each B(y;,r)
under k! is completely contained in some characteristic chart neighborhood.
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We let ¢; be C™ functions supported in B(y;,r) and equal to 1 in B(y;,r — ¢), where
e > 0 is so small that the balls B(y;,r — ¢) still cover N. Then the extension by 0 of
g; = exp,o(fi;) 0 exp;j1 is in Lip. (R? R?). Except for applying charts, g; agrees with f
on B(y;,r—¢).

With the mapping u; = x o k™

! already defined in part (1) of the proof

© exp,
of Proposition 6.11 we obtain that the 0O-extension of g, o uj_l is in LipV(RZ,Rd), by
Proposition 6.9.

Conversely, assume that we have Holder-Zygmund functions g; (of order ) such that
each g; is supported in a neighborhood of x(D’) and maps to R%. We also write f,; and
B(y,,r) for their corresponding reparametrizations by charts. We assume that each g;
agrees with f o uj’l on u;(supp ¢;). Then we restrict g; to u;(B(y;, 7)) and multiply the
result with ;o u;l to obtain a Holder-Zygmund function g} with support in u;(supp ;).
Then g} o u; (extension by 0) is Holder-Zygmund and agrees with f on B(y;,r — ).
Furthermore, the coefficients of the multiscale transform for g; around 0 and the transform
of f near the corresponding extraordinary vertex agree.

After going to charts for M, the following statement implies the theorem. For a k-
regular mesh and for a continuous function f with compact support in a neighborhood of
X(D') we have

f € Lip (x(D),R?) ifandonly if  supsey || fi — Tiz1fic1llin < C. (6.37)

There is one more thing to explain here: We let the scheme 7" act in a chart which allows
us to write an ordinary minus sign in (6.37). The right-hand side expression in (6.37),
|| fi = Ti—1 fi—1||i , which is based on the Euclidean norm, is bounded both from above and
below by constants times || f; © T;_1 fi—1||i,, which is based on the smooth bundle norm.
This is true locally (because in finite dimensional spaces every two norms are equivalent
and the bundle norm is smooth) and also globally because the image of f is compact.

(2) We show the ‘only if’-part of (6.37), assuming f € Lip,(x(D),R%). Equation
6.14) yields that sup;, — S 1 fiqlli, < C'. We consider the sets X? and observe
1€Ng Y 7

1fi = Sic1filgslloo < C2U797X77. Since S and T fulfill the proximity condition (4.1),

| fi — Eflfiflfxljﬂoo <|fi— Siflfifl‘){'lj’loo + | (Si—1fio1 — Eflfifl)’)?f|’oo
< C2UTIINT 4+ CDyy (finr)? (6.38)

Here we let X/ = X/, if i > j, and X/ = X7, if i < j. Then Dy 1(fl-_l) is the difference
of function values of f on neighboring vertices in )N(ij_l. Neighboring vertices in Xij_l have
distance of order 2~ ™in(i=7=1.0) \min(i=1). thig was shown at the very end of part (2) of the
proof of Proposition 6.11.

If f € Lip,,, then f € Lip, /5, ., when we choose € > 0 such that ¢ < max(1—~/2,7/2).
This choice of ¢ guarantees that v/2 + e < 1. Then the Lipschitz norm based on first
differences is an equivalent norm on Lip, .. . Hence, since f € Lip, .., and all f;’s are
samples of f, we get, with the above order of distances of neighboring vertices, that

DXj_l (fi71> <02 min(z’fjfl,O)('y/QJre))\min(j,ifl)('y/ZJrs). (639)
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Plugging (6.39) into (6.38) yields the decay of the detail coefficients w.r.t 7" which is
required by (6.37).

(3) We now consider the ‘if’-part of (6.37), i.e., we assume that a continuous function
[ has coefficient decay as stated by (6.37). We again look at the control sets X/. By
assumption, the decay conditions read:

1(fi = Tima fia) | s | < Cp27 07907, for i > j (6.40)
|(fi = Tie1fiz1) < CpA7. (6.41)

X;

Here CY is a constant which depends on the continuous function f, but is neither dependent
on the ‘ring-index’ j nor on the detail level i. Our aim is to show that (6.40) and (6.41)
imply that for ¢ > j,

1(fi = Sicafima) |zl < C'27 I\, (6.42)

and the same for ¢ = j, but with the right hand side replaced by C’\"". Here the constant
C" should not depend on i or j. Once (6.42) is proved we apply (6.14), and obtain that
[ € Lip, as desired.

It remains to show (6.42) which will take some time. We start by invoking the prox-
imity and decay conditions to obtain the following estimate for ¢ +1 > j :

1(firr = Sif)lzs I < N(fivn = Tifi) g5 I+ I(Tifi = Sifi)lzs |l

< Cfg—(z‘ﬂ—j)v/\jv + CprpXj(fi)z. (6.43)

Here C), is the proximity constant. This estimate is valid for dense enough input, which
we can always achieve by going to a finer sampling level since f is continuous. Analogously,
ifi+1<y,

(i = Siflgr | < 2607 + CD ()2 (6.44)
From (6.43) and (6.44) we can conclude (6.42) if we know the estimates

DX,?’(fi) < 2= (i=0)/2 \iv/2 (i > §), (6.45)
Dii(f;) < CAN2 (1 <7, (6.46)
for some constant C' > 0. We are thus left with proving (6.45) and (6.46). We write, for
i > > i,
fi=(fi = Sicafic1) + o+ (Sicagir fim — Sicajfy) + (Sica i f5 — Sicaj-1f5-1)
+ .o+ (Sictio1 fiorr — Sic1io fo) + Sic1io fio

= Z Si—1.k(fe = Sk—1fe—1) + Si—1,i0 fio- (6.47)

k=ip+1
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Here iy is a nonnegative integer which will be specified later on. By Lemma 4.14, there is
a constant Cs such that for any subdivision level k£ and input p; on level k,

ngg’(Si—Lkpk) < 052_(i_k)D)2]g (k) (i >k >j),

DXg(Si—l,kPk) < 032_(1'_]'))\3'—1@@5%_ (pr) (i>j>k),

D (Si-1.kpk) < OS)\i_kDf(i (Pr) (j>i>k). (6.48)
Furthermore,

D)Zi(fk — Sp—1fi—1) < ,D)Zi(fk —Tp1fr-1) + Dj(g (Te—1fr—1 — Sk—1fr—1)
< 2/[(fe = Te-rfe-) | gl + 21 (Th-1 fom1 = Se—1fr—1) | 5|

We use the telescoping sum (6.47) to estimate Dy, (f;) and apply both (6.48) and the
previous inequality to the single terms: If i > j > iy we get

Dj(g(fi) <2||(fi — Ti—lfi—1)|j(g|| +2|[(Ti-1 fic1 — Si—1fi—1)’5(g||
i—1 .
+ QZk:jJrl Cs2 B (fi — Terfe-D)lggll + [1(Th-1fo-1 = Se-1fe-1) | 5411)

i il
+ QZk:ioﬂ Cs2 DN F(||(fr — Tk—lfk—l)b”(i’” + || (Th-1 fr—1 — Sk—lfk—l)b}i”)
+ ngf(ifj))\jfiop)z. (fio)-

J
i0

Using (6.40), proximity and again (6.48), we further obtain

i—1 j
Df(?(fi) < QC’fQ—(i—j)’Y)\j’Y + 2050f< Z 9= (i=k)o=(k=j)v \jv + Z 2—(i—j))\j—k)\k’7>
' k=j+1 k=io+1
i—1
+ QOper(gil(fi—l)z + 2CSOpr< Z 2_(7’_]{:)2)5(-;71 (fk—1)2
k=j+1
* 3 2Dy ()
k=ip+1
+ 02 IN=0D ;s (fi)) = A+ B+ C. (6.49)
i

Here the symbols A, B, C' refer to the first line, second plus third lines, and fourth line,
resp., in (6.49). Analogously, we obtain, for j < i,

N i—1 . o
DX? (fi) < 2C'f27(273)7)\” +2CsCy Zk:ioﬂ 9= (i=k)g—(k=j)v \i¥

i—1 .
+ ZCPTDXffl (fi71)2 + QCSCpr Zk 2_(l_k)Dij (fk.,l)z

=i0+1 k—1

+ 027D, (fi) =2 A+ B+ C. (6.50)
20
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Furthermore, for j > 1,

Df(? (fz) < QC(f)\i7 + QC’SC’f Zl Nk kY

k=io+1
+20,Dgs (fim1)? +205C Y o NPy (fe)?
+ CsN Dy (fio) = A+ B+ C. (6.51)
%0

We estimate the terms called ‘A’ in the formulas (6.49), (6.50), and (6.51): Since v/2 < 1,
we can estimate A in (6.49) by A < 2CsCy - 2-=D/2)\7/2. 7 where

E)(1=/2)9—(k—=3)7/2 \3v/2 (i=3)(1=7/2) \ (G—=k)(A—=7/2) \ kv /2
7 = Zk i 2~ ( A +Zk ra A Ner/2,

In order to estimate Z we get rid of the dependence on the index j by introducing
q= HlaX(Q_l, A) < 1: We obtain

7 < Z =R A=1/2) gkv/2 < Z ¢? < qv/Q)*l
k=ip+1 k=ip+1

This yields an upper bound on Z independent of 7, j, and iy. Proceeding in an analogous
way for (6.50) and (6.51) yields a constant D > 1, independent of 7, j, and iy such that

A < D27/ )\iv/2 in case of (6.49) and (6.50), (6.52)
A < DX/? in case of (6.51). (6.53)

We are ready to estimate Dy, (f;). We choose ¢’ such that

ol 1
2 —.

(CsC,p)18D? - max(\, 2712 (1 — max(),271)2) ! < : (6.54)

This reason for this choice becomes clear later on.
Note that f is continuous, thus uniformly continuous because of its compact support.
Therefore we can choose the initial level iy for our estimates such that

D(f;) < min(1, (18D*CsC,,) 1@ + 1) min(A, 27H)") = D’ for all i >iy.  (6.55)

We show that, for all ¢ > 1,

Dyi(fi) < min(3D27C1/2)\U=0n/2 [y) (i > j > i), (6.56)
Dyi(fi) < min(3D270701/2 D) (J <o), (6.57)
Dei(fi) < min(3DA0N/2 ) (j >1). (6.58)

Once (6.56)—(6.58) are proved, we obtain (6.45) and (6.46) which in turn completes the
proof.
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It remains to show (6.56)—(6.58) for which we use induction on i. The case i = ig is
clear. We assume that (6.56)—(6.58) hold for the values iy, ...,7—1. We get, for i > j > iy,
using the decomposition (6.49), (6.52), and (6.55),

Dii(f;) <A+B+C

min(\, 271"

18DQC’SCPT

< D2 (i=)7/2 ) (i—i0)v/2 + B+ Do~ (i=i)/2 )\ (i—i0)v/2 (6.59)

< D2-G=IN2)\iv/2 4 B 4+ 052 =) \(i—io) .

Analogously, using (6.50), (6.51) and (6.52), (6.53), we obtain, for i > ig > j, that D, (f;)
< 2D2-=00/2 4 B and for j > i that Dg,(f;) < 2DA-07/2 4 B, Z

We only consider the case ¢+ > 7 > io,zsince the other cases are analogous. In this
case, it remains to show that B < D2-(=97/2)\U~0)7/2 We use the induction hypothesis
(6.56)—(6.58) and see that for ig + i’ < j, the definition of B in (6.49) implies

B S 2CSCPT<ZI<::3’+1 2 ’ k)DX7 fk 1 + Zk io+i'+1 (i_j)Aj_kDXifl(fk_l)Q
ig+i’ (i ik
+ Zk:w 27 INTED g (fr) )
< 18D2050pr < Z;:jﬂ 9= (i=k)g—(k=1=j)y \(i—io)y ZZ:iOHIH 2—(i—j))\j—k’)\(k—1—io)7>

+ 2C5C,, (i + 1)27 =)\ =+ iy

For the third sum, we used that, by the induction hypothesis, Df(i,l(fkfly <D?<D.
We now expand the definition of D’ in (6.55) in the last term and get

B < (CSCW) 18 D2 (2~ (=D/2)\(i=io)v/2).

( Z 9= (-M(1-Fg-t-1-9F G- Z o~ (=) (1-F) \ G-k 7%))\(#140)%)
k=j+1 k=ig+i'+1

+205C,, (18D*CsC,, ) 1@ 4 1)(#' + 1) 7127 = N =Gt pin (), 2717, (6.60)

We estimate the sums in brackets:

Z 9=(i=k)(1=5)g=(k=1-i)3 \(i=i0)3 | Z o= (=)(1-3) \ (=K (1=F) y (k=1=i0) 3

k=j+1 k=io+i'+1
: 0 0 J 0l
< E 2—(k—1—j)§)\(j—io)§+ E \(k—=1=io)5
k=j+1 k=ip+i'+1

< 3 max(\27H)F 03 = max(A, 2773 (1 — max(),27)2) !

k=io+i'+1
Plugging this into (6.60) and simplifying the last term yields
B S (CSCpr>18D2(2_(i_j)'7/2>\(j_2‘0),y/2)‘

ol
2

’ maX(A7 271)1'/%<1 — max()\, 271> )71 + %2*(1*])>\]sz



96 6 Interpolatory multiscale transforms for functions between manifolds

We further apply (6.54) to obtain
B< %2—(1‘—3')7/2)\0—@'0)7/2 + %2—(1'—]'))\]‘—1’0 < %2—(1’—3‘)7/2)\(3'—@'0)7/2. (6.61)

For ig + 4 > j as well as the other two cases (6.57) and (6.58) one proceeds in an
analogous way. This completes the induction step and shows (6.56)—(6.58). The proof of
Theorem 6.4 is done. [

We conclude with the proofs of Corollary 6.7 and Corollary 6.8.

Proof of Corollary 6.7. By Theorem 6.4 a local proximity condition (4.1) must be shown
for a geometric (bundle) analogue of S given by (2.15). This is done in [17]. O

Proof of Corollary 6.8. The smoothness index w = min(v, ') was defined by (6.7). By
[71], v/ = 2, and since v < 2, w = v. Further, the subdominant eigenvalue A of the
subdivision matrix equals 1/2. So letting A = 1/2 in (6.6) completes the proof. O
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