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5.3 Mass Distributions for the Level Ellipsoid

Consider any rotationally symmetric mass configuration such as a solid heterogeneous

ellipsoid of revolution. Its external gravitational potential must have the representa-
tion

Vv, 0) =Y 4,Q. (1,%) P.(cosf) . (5-74)
n=0
This is a slightly different form of (5-37): we have put
a
A= —F— (5-75)
@ (i3)

for the coefficients. Furthermore the overbar on 6 will be dropped from now on
since we are using ellipsoidal coordinates exclusively and no confusion with spherical
coordinates is likely to arise. Henceforth,

9=90°—3 (5-76)

will denote the complement of the reduced latitude and no longer the spherical distance.
Thus, our ellipsoidal coordinates will be denoted by u, 6, \.

To derive the coefficients A, in terms of the density p, we start from the basic
equation (1-1):
! 0[
V(u, 8) = G///%dv : (5-77)
E

where the integral is extended over the reference ellipsoid u = b (which need not yet

be a level surface), denoted by E, and both potential V and density p are functions
only of u and 6, but not of A because of rotational symmetry.

The volume element in ellipsoidal coordinates may be found by transforming

dv = dzdydz = Jdudfd)\ (5-78)
with Jacobian determinant
du 86 oA
8y 08y Oy
M ot e o L 5-79
du 06 O\ ( )
i Gu 86 oA
0 analogy-to (4-15) and (4-16). The result is
dv = (u? 4 E?cos® §') sin 0'du'd6'd X' (5-80)
or
dv = (u* 4+ E? cos® §')du'do (5-81)
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zy—plane

coordinate ellipsoid
u=const.

FIGURE 5.3: A coordinate ellipsoid v = const. and the auxiliary spheres S and &

with
do = sin 0'd6'd) (5-82)

denoting the element of solid angle as usual; more precisely, it is the surface element of
the auxiliary unit sphere ¢ on which the point P, in Fig. 5.3 is situated. The primes
indicate that dv refers to the integration .point (u/, #’, \'). For E — 0, eq. (5-80)
reduces to the usual expression for the volume element in spherical coordinates.

At this point it is appropriate to use Fig. 5.3 to recall the geometric situation
and make it completely clear. Take an arbitrary point P (u, 8, A) in space and pass
the appropriate coordinate ellipsoid © = const. through it. Its semiaxes are u and
vu? + E?. The auxiliary “affine” sphere S thus has the radius y/u? + E2. For the
reduced latitude 8 or its complement 8 we have the familiar construction P — P; @
is the polar distance, not of P, but of the auxiliary point P. As we have seen, we also
need the concentric unit sphere o; to P there corresponds the auxiliary point Py on
.

Repeat the same construction for the point @ (u/, ', \’) which carries the volume
element dv, but note that the coordinate ellipsoid u’ = const. and the auxiliary sphere
S will be different! The concentric unit sphere o, however, remains of course the
same. In this way, to @ there corresponds on o the auxiliary point Q, which carries
the surface element do. The coordinate ellipsoid u’ = const. and the details of the
construction @ — @ — Q, are not shown in order not to overload the figure.

Orthogonality relations such as (1-41) will be used later; the corresponding inte-
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grals

/ do = / / sin §'dg'd\’ (5-83)
X'=06'=0
can either be regarded in a purely formal way or else interpreted by means of the
construction shown in Fig. 5.3, as integrals over the auxiliary unit sphere o.
Now we express 1/I by (5-32) which is permissible since for an external point there
is u > u/. Interchanging integration and summation we get

k3 b

V(u, 8) = GZZ/ [ [ et 0)-

n=0m=0yi_g ¢/=0 u'=0

G @ (l) P e P,..(cos 0) P, (cos 8")
- (cosmA cosm X' + sinmAsinm)')(u”? + E* cos’ ')dodu’ ,  (5-84)

as cosm()\ — A') = cosmA cosm) + sinmAsinm)'. Since p does not depend on X,
orthogonality (as explained above) is immediately seen to remove all nonzonal terms
(m # 0), and there remains (5-74) with

2r = b
.G Y o
A, = iz (2n+1) / / / p(u, 6)P, (zE) P,(cos@) -
A=06=0 u=0
-(u® + E? cos® §) sin 0dudfd) ; (5-85)

here C,, as given by (5-33) has been taken into account, and the primes have been
omitted for simplicity, which obviously is possible since A, are constants.
It is appropriate to expand p as a series in the following way:

(u? + E? cos® 8)p(u, ) = —-Zaz,, )Py, (cos 8)

v_O

; (5-86)

cf. also (Heine, 1961, vol. II, p. 107). By taking only even harmonics (subscript 2v)
we restrict ourselves to density distributions that are symmetric with respect to the
equator; for the ellipsoid of revolution this is as natural as rotational symmetry. The
functions a;,(u) are to subject to the condition that the mass distribution produces
a given external potential.

On substituting (5-86), the expression (5-85) can readily be integrated. Because
of orthogonality, only the term with 2 = n survives, and (1-42) applies. The result

is b
An=i %/ )P (i%) du . (5-87)

Given A,, this is the only condition which the function a,(u) for the density must
satisfy. Obviously 4,, = 0 for odd n.
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For the level ellipsoid we get by (5-75) and (5-45)

I — 1.,.2.2
Uy = % ) (5-88)
(%)
w?a®
A= o (5-89)
3Q2 (1%)
A, = 0 otherwise . (5-90)
By (5-20) and (5-57) we have
b : ;
Qo |t—=| = —iarctane’ . (5-91)
E
By (5-21) and (5-48) there is
b :
Q@2 TE =t4c (5-92)
which can be expressed by (5-71) with (5-72):
1 GM (15 45 J,
XY LA e W L% R 5-93
Qo) | wratE ( 2 2 ez) ( )
Finally,
1
Up — sza2 = % arctane’ (5-94)
by (5-60). Combining all these relations we find simply
.GM .GM S SL5%T,
Ao = S e g s bl (5-82)
A4 = Aez ) H A1:A3=A5=...=0 . (5—96)

Thus the functions o, with n = 2v must satisfy the conditions (5-87) with the

constants A, given by (5-95) and (5-96).
Since only Ay and A, are different from zero, it is convenient to split off the terms
of degrees zero and two in the expansion (5-86), obtaining

(u® + E%cos® 8)p(u, 8) = R(u, 8) + S(u, ) , (5-97)
where
B, 8) = i [Golu) T () Pocost]] oo (5-98)

Sty iiazy(u)sz(cosa) | (5-99)
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Let us first consider the function R(u, #). By a simple transformation we get

R(u, 0) = % [ao(u)——%

3
+ Yo ay(u)(u? + E? cos® 0)] : (5-100)

('u.2 -+ % Ez) az(u) +

It will be convenient to introduce new functions G(u) and H(u) by

Sfulrs %% (w2 + %E‘) iy (5-101)
H) = o [eo(w) - o (w+ %E’) asw) (5-102)

in terms of which (5-100) becomes

u? + E? cos?

Ru, 0) = Hw) + 5= G) (5-103)
Since by (5-101) and (5-102) we have
ao(u) = 4r[G(u)+ H()] , (5-104)
() = o %ET? Gl ¥, (5-105)
and since by (1-33)
P, (z%) = -% (u2 + %E"’) , (5-106)

we obtain from (5-87) the simple expressions

bl b
4o = dmig 0/ (G(u) + H(u)]du

G ® (5-107)
—41rzEB/G(u)du

Il

Az

: Now we are in the position to formulate our solution for the problem of density
distributions for the level ellipsoid. By (5-97), (5-99), and (5-103) we may express
the density in the functional form

@), Hw)
uw?+ 3 E* " u?+ E?cos?§
1 il
et T Ercos?d an l;z(:z-‘».,('LL)I:'z,,(cos CAIE (5-108)

p(u, 0) =
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The conditions to be satisfied by the functions G(u), H(u), and a,(u) are as follows.
From (5-87), (5-95), (5-96), and (5-107) we have the integral conditions

b
M5 151
b
_ M3 150,
O/H(u)du = 47r( ~+5 ez) : (5-110)
and
5 U
/a,,(u)P,, (zﬁ) Bl . e (5-111)
0

In addition, we have certain regularity conditions. The functions G(u), H(u), and
ay,(u) must be chosen in such a way that by (5-108) the density p is regular, i.e.,
everywhere finite, piecewise continuous, and positive. It is easy to see that this set
of conditions is necessary and sufficient; that is, any function of the form (5-108) for
which (5-109), (5-110), (5-111), and the regularity conditions are satisfied, represents
a possible mass configuration for the level ellipsoid.

For later application, it will be often convenient to substitute

Gla) s = (u2 % % E’) o b (5-112)
H(u) = (u®+ E*A(u) , (5-113)
so that the density model (5-108) assumes the form
u? + E?
0 = —_—h
p(u7 ) g(u) + uz +E2 cosza (u) +
St L L > 0z (u)Pyy(cosb) . (5-114)

u? + E2cos? 6 “ar

Thus we have obtained a rather general solution of our problem. It would be
trivial to generalize our argument so as to obtain solutions that are not symmetric
with respect to the axis of rotation and to the equatorial plane but, as we have

mentioned, such solutions appear to be of no physical significance.
Numerical values. With the values of sec. 1.5 for the Geodetic Reference System

1980 (cf. also Moritz, 1984) we have

v=2

@ =63 T8 187m) ;
b'= 6356 752 m |,
E = 52184m |,
e’ = 0.006 694 380 (5-115)

Il

e 0.006 739 497
3986 005 x 10°m3%s~2
J, = 0.00108263 |,

Q
S
I
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and, with G determined by (1-2) to four significant digits only:

G =6.673 x 107 'ms kg™ , (5-116)

also
M = % =5.973 x 10%kg (5-117)
pm = b5.5l4g/em® (5-118)

for the earth’s mass and mean density are meaningful to four digits only; cf. sec. 1.5.
Hence the spherical-harmonic coefficients (5-95) are

Ag = ix0.76382 x 10°m2s~2
A; = —ix098310 x 10°m?s~2 (B118)

and the constants on the right-hand side of (5-109) and (5-110) are

M5 15
T(Eﬁ?g) = 6.1181 x 10%kg
¥4
M( §+1_5J2) = —1.3646 x 10k G
P R &

5.3.1 A Simple Example

We shall now illustrate the general method by a simple example. Consider the repre-

sentation (5-114), with o, =0 (n = 4, 6, 8,...); this is obviously consistent with
(5-111). Thus

u? 4 E?

p(u, 0) = g(u) + i Eans MY - (5-121)

Assume

9(u) = p1=const. ,

3 e ) 0 € u € b=Aby (5-122)
) = {—pz=const. ; b—Ab £ u < b ,
so that
.9 pl’:z QR Al
p(u, 6) = w?+E (5-123)
S B 4 Bmbbigiu £

Since for Ab around 1000 km or smaller the expression (v? + E?)/(u® + E*cos?6)

is close to unity, this model represents a homogeneous core enclosed by an almost
homogeneous mantle.

The regularity conditions are evidently satisfied here if p > 0, and the integral
conditions determine the constant p; and give a relation between the other constants
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pz and Ab. We substitute (5-121) with (5-122) into (5-109) and (5-110) and perform
the elementary integrations. The result is

ﬁaszl = (ﬁ_Eﬁ)M "
3 25 42 ge?
AT sAB(3a? — 3bAb+ ABY) = ( R J‘) M g
TRl TR e
As %
?” a’b=v
is the volume of the ellipsoid and
M
== = P,
v
is the mean density, we obtain from (5-124)
LA
Py = <5_?e_{)pm ’
a2b (5—125)

P2 = (b= Po) Ayms —3hab 1 AR

The first formula determines p,, which is seen to be independent of the mantle
thickness Ab. With the value (5-118) for the earth’s mean density we get

p1="7.10g/cm® . (5-126)
The second formula then determines p, as a function of Ab. For instance, let
Ab = 1000 km

Then p, = 3.94 g/cm®, so that the density at the earth’s surface will be approximately
p1 — p2 = 3.16 g/cms, which is about the value of the density at the base of the
continental layers.

It is evident that such a primitive model does not represent an approximation to
the mass configuration of the real earth. It was chosen merely as an illustration of
the general method.

However, this model also has a certain theoretical interest because as Ab — 0,
we obtain as a limit the well-known singular mass distribution, by means of which
Pizzetti (1894) has founded the theory of the equipotential ellipsoid. Pizzetti’s model
represents a homogeneous ellipsoid covered by a surface layer of negative density. It
is, of course, quite unrealistic physically, but it has proved to be a highly successful
mathematical device for deriving formulas (e.g., Lambert, 1961). As long as only the
external potential is needed, any mathematical model for the mass distribution will
work provided it produces an equipotential surface of the shape of an ellipsoid of rev-
olution, and Pizzetti’s model was constructed precisely so as to fulfil this requirement.
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The presently preferred approach is the determination of the external potential
without explicitly using any density model at all, as we did in sec. 5.2, but Pizzetti’s
model remains of historic interest.

Let us thus investigate the limiting case of (5-122) as Ab — 0. As a limit, the
shell enclosed between the confocal ellipsoids u = b — Ab and u = b will reduce to a
surface layer on the ellipsoid u = b. The surface density will become, by (5-123), the
negative of

uz + E2
= e 5-127
T g + E?cos? 8 pan ( )
where An is the thickness of the shell measured along the normal to the reference
ellipsoid. We have
. dn
A= — Au
du

where by (5-65) we get

dn u? + E?cos?f
wNTwrE s

cf. also (Heiskanen and Moritz, 1967, p. 67). On the reference ellipsoid » = b this
reduces to

B+ B oo 1 s “Rr
Eayn _a\/a cos? 0 4 b? sin* @

On taking all this into account, the limit (5-127) becomes

a

o= o 5-129
Valcos? 0 + b?sin?f & ( )
where
G Alihr_x‘xo(pzAb) (5-130)
is a constant, which is determined from (5-125) as
1
a =73 b(pr — pm) - (5-131)

In this way we have recovered the singular Pizzetti distribution as a limiting case of
the regular distribution (5-123), because as the limit we have a homogeneous volume
distribution of density p, given by (5-125), combined with a surface layer of density
~0o given by (5-129) and (5-131).

Finally it should be mentioned that even the singular Pizzetti distribution can be
expressed in the form (5-121). This is possible through the use of the well-known
Dirac delta function 8(z), cf. sec. 3.3.2. This expression is

u? 4 E?

plu, 0) = po — ma,&(u -b) . (5-132)

It shows that the use of the Dirac function makes it possible to treat formally the

Potential of a surface layer as the potential of a volume distribution; this fact is
sometimes mathematically convenient.
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